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Abstract

This research re-adresses the single mode TM110 cavity theory and ex-
tends this theory to equations for the dual mode TM110 cavity. The
dual mode cavity is used to streak electrons in a plane instead of along
the conventional streak line. This would allow the electron beam to
be pulsed at the same frequency as a 74.9625 MHz laser, which, if
synchronized, can be used to study dynamic processes on the femto-
and picosecond scale (e.g. molecular vibrations).
The magnetic field amplitude, retrieved from the Lissajous figure, is
calculated as a function of the input power. The constant with which
the square root of the power is proportional to the magnetic field am-
plitude, is found to be 0.471±0.001 mT W−1/2 for the 40-th harmonic
frequency of the laser (the first mode) and 0.248 ± 0.003 mT W−1/2

for the 41-st harmonic frequency of the laser (the second mode). This
deviates some from the theoretically expected value of approximately
0.635 mT W−1/2, but it is in the same order of magnitude.
Finally, the influence of a phase shifter on the line spacing within
the Lissajous figure is tested. As the lines do not at all shift as ex-
pected, no qualitative, meaningful conclusions are drawn from this
experiment.
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1 Introduction

The act of microscopy has already been around for hundreds of years, but it was not until 1924, when
De Broglie stated his famous hypothesis that electrons are wave particles, that the road to electron
microscopy was opened [1]. The De Broglie wavelength of an electron is much smaller than the wave-
length of light particles used at that time (X-ray and visible light). Because of this, using electrons
in microscopy allowed for higher resolutions with larger magnifications. The first electron microscope
was build in 1933 [2] and from then, electron microscopes continued to improve.

Microscopy was tilted to a higher level by the introduction of more advanced techniques such as
Scanning Electron Microscopy (SEM) and Transmitting Electron Microscopy (TEM). The study of
dynamic processes on femto- and picosecond scale is becoming more popular as, for example, the
study of materials can then go as far as seeing molecular vibrations. Studying dynamic processes
with spectroscopy is also called time-resolved spectroscopy and it often involves pump-probe mea-
surements. In these measurements, the pump is an optical source that initiates a reaction in the
sample and the probe is a second source, which then monitors the reaction after a certain period of
time. These measurements therefore require two sources with frequent pulses that can be synchronized.

One of the pulsed sources that is used in this research, is a 75 MHz laser. The second source is
created by using a cavity. Due to magnetic forces created in the cavity, a continuous beam of electrons
can be streaked, such that after a slit, a pulsed electron beam is obtained. See figure 1.1 for a schematic
overview of this process. Currently this technique allows for a pulsed electron beam to be created at
3 GHz, which means that only one in every fourty electron pulses is synchronized with a laser pulse
and therefore useful. Each fourty pulses, 39 are excess and cause noise in the signal. Therefore a new
technique was proposed by [4], in which a cavity streaks in two perpendicular directions. By doing
so, theoretically, a pulsed electron beam at 75 MHz can be reached, which can be synchronized to the
laser. This report starts off with the theory and through several experiments, it will be checked if the
technique proposed by [4] can actually work.

Figure 1.1: Schematic representation of the principle of streaking electrons with a cavity. The electron
beam reaches the cavity with a time varying transversal magnetic field, resulting in the electrons being
streaked towards a slit, where only certain pulses pass the slit. [3]

Chapter 2 of this report will thouroughly explain the theory of the newly proposed cavity. Most
of the theory is derived from the theory on the originally used cavity. Chapter 3 deals with the
characterization of the cavity used and the setup used for the experiments. Furthermore chapter 3 is
finalised by the description of the two main experiments conducted in this research. Chapter 4 covers
the results of the experiments done and relates them to the theory of chapter 2. Chapter 5 concludes
the report and gives an outlook for further research work. Finally, a couple of appendices, containing
an uncertainty analysis, a schematic diagram on the electronic devices used and some further results,
complete the report.
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2 Theory

In order to conduct the experiments, some basic, but probably novel knowledge needs to be understood.
This chapter focusses on adressing, deriving and explaining the essential theory.

Resonant frequency (RF) cavities are pillboxes in which the cavity walls can reflect electromagnetic
waves that are supplied to the cavity. If the frequency of the supplied waves is at the resonant frequency
of the cavity, standing waves can be created for which the field amplitude can build up strongly. This
electromagnetic field can be used to influence beams of electrons. The resonant frequency depends on
multiple factors such as the cavity’s geometry and the filling of the cavity. During this experiment,
cavities with a resonant frequency around 3 GHz are used (microwave cavities). Ultimately a cavity
filled with dielectric material will be used, but for the sake of understanding that, vacuum cavities will
be explained first.

2.1 RF cavities

The cavities described in this report consist of a cylindrical space with radius R in the x, y-plane and
length d in the z-direction (see figure 2.1) that can either be empty or filled with a certain type of
material with permittivity ε and permeability µ. The space is surrounded by metallic walls, which can
reflect electromagnetic waves. Through the centre of the cavity, in the positive z-direction, a beam of
electrons can be sent. Within the cavity, an electric ( ~E) and magnetic ( ~B) field can be created. By
solving Maxwell’s equations with the appropriate boundary conditions it turns out that at least one
out of Ez and Bz has to be zero. If Ez equals zero, it is known as a transverse electric mode (TE) and
if Bz equals zero it is a transverse magnetic mode (TM). Furthermore the modes are characterized by
the integers l, m and n which are related to the eigenvalues of the wave vector k. This research will
focus on using cavities with transverse magnetic waves. As the beam of electrons passes through the
cavity in the z-direction at r = 0, both fields especially need to be inspected around r � R.

Figure 2.1: Schematic representation of a cavity, indicating its shape and important quantities, such
as the length d, the radius R and the direction of the electrons as well as its placement in Cartesian
and cylindrical coordinates. [3]
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2.1.1 Fields

The first TM mode, TM010, has a magnetic field of zero at r = 0 and an electric field which is strongest
in the z-direction around r = 0. By analysing these properties in the Lorentz’ formula,

~F = qe(~v × ~B + ~E), (2.1)

in which qe is the electron charge and ~v the particle velocity, it is quickly found that the TM010 mode
exerts a force (~F ) on the electrons in the z-direction. For the experiment a mode is needed, which
exerts a force on the electrons in the x- or y-direction or both. The next mode is the TM110 mode, or
the dipole mode, which has a non-zero magnetic field in r = 0 and an electric field which is zero at that
place. As the force due to the Lorentz effect is perpendicular to the magnetic field and the direction
of the velocity of the electrons, this mode does exert a force in the x, y-plane on the electrons. Figure
2.2 shows the directions and amplitudes of the ~B (a) and the ~E (b) field.

(a) The ~B-field (b) The ~E-field

Figure 2.2: The magnetic and electric fields in the TM110 cavity. The dashed line indicates the electron
path along the positive z-axis. [3]

The non-zero fields in the cavity for the TM110 mode are solely the electric field in the z-direction and
the magnetic field in the x, y-plane (here expressed in the cilindrical coordinates r and θ). These field
components are given by equations (2.2), (2.3) and (2.4) [3].

Ez(r, θ, t) =
2B0

k
ω0J1(kr) cos θ cosω0t, (2.2)

Br(r, θ, t) =
2B0

k

J1(kr)

r
sin θ sinω0t, (2.3)

Bθ(r, θ, t) =
2B0

k

∂J1(kr)

∂r
cos θ sinω0t, (2.4)

in which B0 is the amplitude of the magnetic field, ω0 is the resonant angular frequency of the specific
cavity mode, k is the wavenumber (k = ω0

√
εµ) and Jn(kr) is the n-th order Bessel function of the

first kind. As said before, we are interested in the behaviour of the ~B-field around r � R and an
analysis of the first order Bessel function in that region gives;

lim
r→0

J1(kr)

r
≈ lim
r→0

∂J1(kr)

∂r
≈ k

2
. (2.5)

By using r̂ = cos(θ)x̂ + sin(θ)ŷ, θ̂ = − sin(θ)x̂ + cos(θ)ŷ and the result of equation (2.5); equations
(2.3) and (2.4) can be simplified into,

~B(t) = B0 sin (ω0t)ŷ. (2.6)
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2.1.2 Power

The power loss in the vacuum pillbox is primarily due to the conducting walls, which can absorb the
power in the form of heat. The power needed to feed a vacuum cavity Pvac is given by equation (2.7);

Pvac =
1

2

∫∫
S

|~n× ~B|
µ2σδ

dS, (2.7)

where ~n is the normal surface to the cavity walls and µ, σ and δ are respectively the permeability,
conductivity and skin depth of the metal. Solving equation (2.7) for the TM110 cavity yields,

Pvac =
2πRB2

0

δσµ2
(d+R)J2

0 (kR). (2.8)

For the copper cavity that is used in this experiment (with a frequency of approximately 3 GHz at a
temperature around 300 K), µ = 4π ·10−7 N A−1, σ = 5.84·107 Ω−1 m−1 and δ = 2/

√
µσω0 = 1.2·10−6

m [4].

2.1.3 Dielectric material

Using dielectric material allows for performance improvement of the cavity and eventually to a reduc-
tion in size, which is desirable because less space and material is used and thus there is less power
absorbed by the walls. A dielectric material reduces the velocity of electromagnetic waves by a factor
of
√
εr to vd = c/

√
εr. This causes the wave number k to increase with that same factor, resulting in

k = ω
vd

= ω
c

√
εr.

The changes that the dielectric induces, lead to some extra power losses. Firstly, a factor Pid is
introduced, which explains the loss due to the use of dielectric material in the ideal case. Secondly an
extra factor Pd is used to correct for the fact that the situation is not ideal. Pd can be calculated from
equation (2.9) and an equation for both of the terms added as a factor from the vacuum cavity power
loss can be found in equation (2.10) [4].

Pd =
ω0ε
′′ε0

2

∫∫∫
V

| ~E|2dV =
πω0B

2
0c

2dε′′ε0R
2

ε′
J2

0 (kR), (2.9)

Pid + Pd

Pvac
=

1√
ε′
d/Rvac + 1/

√
ε′

d/Rvac + 1
+

ε′′

ε′2δ

d

d/Rvac + 1
, (2.10)

in which εr = ε′+iε′′, is the relative permittivity (where the imaginary part is the frequency dependent
conductivity) and Rvac is the radius of the initial vacuum cavity. Dielectrics often have a characteristic
loss tangent tan δ which is given by,

tan δ =
ε′′

ε′
. (2.11)

Dielectric materials will be used both to reduce the cavity size, and because of a reduction of up to
90% of the power consumption. As can be seen from equations (2.10) and (2.11) a dielectric should
be chosen such that its loss tangent is as small as possible and its relative permittivity is high.

2.2 Transition to dual mode cavity

Until now, we have only treated the single mode TM110 cavity. Throughout the rest of this research,
a dual mode cavity will be used. As a result, some amendments need to be made to the previously
stated equations.
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2.2.1 Fields

Equation (2.6) still applies to the dual mode cavity. Only now, two different signals are fed to the
cavity to excite two modes perpendicular to each other. In the rest of this report, both signals will
mostly be treated separately but they can be given by the single vectorial equation (2.12);

~B(t) = B0,40 sin(2πf0,40t)x̂+B0,41 sin(2πf0,41t)ŷ, (2.12)

in which the subscripts 40 and 41 are given to the quantities because the two modes are the 40-th and
41-st harmonic of the used laser. Logically, this difference in frequency requires different dimensions of
the cavity along both transverse axes, as the conditions under which standing electromagnetic waves
can exist in the cavity are different. As mentioned before, the cavity will contain a piece of dielectric
material. The problem of the different resonant frequencies along both axes can be solved by the
shape of this dielectric material. It is more convenient to change the shape of the dielectric then that
of the cavity housing, so the cavity housing will still be circular, but the dielectric will be of an oval
shape. Changing the length of the oval dielectric along one direction relative to the other allows for
the different resonant frequencies to exist, but the exact dimensions of the dielectric will be treated in
chapter 3.

2.2.2 Cavity dimensions

The length of the cavity is determined by the energy (or velocity) of the electrons and the frequency
used in the cavity. In order to exert a maximum force on the electrons the cavity should have a
length of d = ve/2f0. For a 30 keV electron source (which is the energy of the electrons from the
source in this experiment) ve =

√
2E/me = 1.027 · 108 m s−1. Furthermore, the lowest frequency

(= f0,40 = 2.9985 · 109) determines the length of the cavity as the frequency is in the denominator.
With all the above information the effective length of the cavity becomes d = 17.1 mm.

The radius of the cavity is eventually determined after taking into account the use of dielectric material,
but for various calculations, the radius for a vacuum cavity Rvac also needs to be known. Although the
radii for both modes will differ, the eventually used cavity will be perfectly cilindrical and the problem
of different radii for the different frequencies will be solved through an oval dielectric. The radius is
determined from the boundary conditions of the electromagnetic equations for the cavity. By looking
at figure 2.2b and equation (2.2), it can be seen that J1(kr) → 0 for r → R. Solving that condition
for the Bessel function of the first kind yields ka = 3.832. With k = 2πf0/c, Rvac,40 = 60.97 mm and
Rvac,41 = 59.48 mm.

2.3 Streaking

In the end, studying the dimensions of the cavity, the properties of the material that fills them and
the field and powers we generate in the cavity, is all for the purpose of being able to understand how
and why electrons will start travelling a certain path. Understanding where electrons will hit a screen
at a certain distance is essential for creating a correct setup.

2.3.1 Single mode chopping (∼ 3 GHz)

With the cavities described in the previous section, RF chopping can be performed. In other words,
a beam of electrons is manipulated by the induced electromagnetic fields after which a slit assures a
chopped, or pulsed, beam of electrons. In single mode RF chopping the fields that are present in the
cavity vary in time, in order te create a streaked beam after the cavity, as was already shown in figure
1.1. In this research, a slit will not yet be used, but the streak length of the beam is of great interest.
The streak length χ is given by equation (2.13);
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χ =
2Lqe
πmef0

B0, (2.13)

where L is the length between the detection screen and the middle of the cavity. In this case B0 can be
derived from equations (2.8) and (2.10). This will be worked out in more detail in the next subsection.

2.3.2 Dual mode chopping (∼ 75 MHz)

Currently, with single mode streaking, frequencies around 3 GHz are achieved. If, however, a dual
mode cavity is used together with a 74.9625 MHz Ti:Sapph laser, the laser frequency can theoretically
be achieved. This is basically done by streaking the beam in two directions, much like in figure 1.1,
but then with an additional mode perpendicular to the one shown in the figure. These two modes
will have the following resonant frequencies and directions: f0,40 = 2.9985 GHz (40-th harmonic of
the laser) streaking the y-direction, and f0,41 = 3.0735 GHz (41-st harmonic of the laser) streaking in
the x-direction. The result can be simulated by the following parametric plot (derived from equation
(2.12), while ignoring the field amplitudes):

x(t) = sin(2πf0,40t), y(t) = sin(2πf0,41t) with t ∈ [0, 2π]. (2.14)

Figure 2.3: Simulated parametric plot of equation (2.14). A clear Lissajous figure can be seen with
equidistant lines as no phase shifting is applied.

The Lissajous figure of figure 2.3 is a simulation of what should be seen on a detector behind the cav-
ity. The dimensions of the Lissajous figure are highly interesting as they tell us something about the
field in the cavity just like the streak length tells something about the field in the single mode cavity.
Actually, as later in this report will become clear, the fields do not affect each other very much and
therefore the size of the Lissajous figure can be approximated by the streak lengths of its specific modes.

As the streak lengths are eventually converted to a magnetic field amplitude B0 by using (2.13),
it is usefull to know the relationship between the power and the magnetic field amplitude. From equa-
tion (2.8), we know that B0 ∝

√
P but the constant at which these are proportional can be calculated

from (2.10). Using equations (2.9) and (2.10), and εr = 37 and tan δ = 2 · 10−4, the theoretically
expected constant at which

√
P is proportional to B0 can be calculated. For the 40-th mode, it follows

that B0,40 = 0.6320
√
P and for the 41-st mode, it follows that B0,41 = 0.6427

√
P .
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2.3.3 Phase shifting

Because of phase differences between the two modes, the lines in the Lissajous figure can be shifted
compared to figure 2.3. Phase differences shift lines in such a way that the lines are not necessarily
equidistant anymore. Phase shifting is done through making the pathlength of the signal of one of the
modes longer while keeping the other constant. For example keep y(t) as it is in (2.14) and give x(t)
a phase difference ϕ;

x(t) = sin
(

2πf0,40t+ ϕ
)
, (2.15)

where ϕ = s
c and s is the additional pathlength that the signal travels. For example; s = 0.4 mm gives

the Lissajous figure in figure 2.4. Still a Lissajous figure can be seen, but the distance between lines is
not the same for all lines.

Figure 2.4: Simulated parametric plot with the conventional trigometric function for y(t), but a phase
shift of 0.4 mm has been applied to x(t). This is still a Lissajous figure, but the lines are not equidistant
anymore.
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3 Experiment

This chapter sets out the setup of the different experiments. This includes the setup of the actual
measurements from which the results and conclusions of this research will be drawn, but it also includes
some essential experiments to understand how the behaviour of the cavity changes due to various factors
of influence.

3.1 Dual mode cavity design and characterization

During all experiments in this research, the dual mode cavity is used. A copper housing is used which
can be screwed to a copper lid. The copper lid can be screwed to a holding mechanism, which is
attached to a cooling system inside a 100 CF flange. Furthermore, an SMA connector for each mode
is present on the outside of the flange. Smaller flanges make sure the SMA connector have another
end which is in the vacuum, and which can be attached to the cavity. The watercooling system also
has a transition from the vacuum to the outside of the setup. A photograph of the cavity flange with
the most important aspects is shown in figure 3.1.

Figure 3.1: The CF 100 flange where the TM110 dual mode cavity can be mounted to. The SMA
connectors for the power supply are indicated as well as the actual place for the cavity and the water
cooling tubes.

3.1.1 Cavity design

The flange, described above, holds the most important object in this research; the dual mode TM110

cavity. A schematic cross sectional drawing of the cavity is shown in figure 3.2. Inside the cavity,
which in itself is circular, is a piece of dielectric material in an oval shape. The dielectric material is
ZrTiO4 and the dielectric oval has axis lengths of 15.15 mm and 14.06 mm. All three, the housing,
the lid and the dielectric have a hole in the centre so the electrons can travel through the centre of
the cavity. The oval dielectric is held in place by screwing the lid to the housing. The cavity can now
have two modes, perpendicular to each other, along the long and the short axis of the oval shaped
dielectric. Both axes have their own stub and antenna, which is connected to an SMA connector just
outside the cavity. The signal thereby enters the cavity along the antenna, and the field, which the
signal generates, can be modified by the turning the stub further towards the dielectric.
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Figure 3.2: Schematic drawing of the cavity, with the places of the antenna and the stub given. The
orange material is the copper housing and lid and the green is the dielectric. For the dual mode
transition this cross-sectional drawing holds in both of the perpendicular direction to the z-axis. [3]

3.1.2 Characterization using adjustable RF sources and a network analyser

First of all, the dual mode cavity needs to be completely understood. After it is tuned correctly it will
be build into the large SEM setup and once it is in the SEM, making amendments to the cavity is a
rigorous and time-consuming job to do. Thus for the sake of preventing work to be done to the cavity
when it is in the SEM, the cavity will first be fully characterized and tuned in a separate vacuum test
setup. There are a couple of factors that will have an influence on the cavity’s performance, of which
the most significant ones are listed below.

• The power is the factor with the most significant influence on the cavity’s characteristics. The
power that is sent to the cavity changes the resonant frequency of both modes and it is therefore
analysed quantitatively. The signal that is sent to the cavity is generated by an adjustable RF source
and it reaches the cavity after it has passed a 100W amplifier (+45dB) and a power meter, which
measures both the forward and the reverse average power in Watts. A schematic representation of
this experiment can be seen in figure 3.3.

Figure 3.3: Process diagram for the measurements of the frequency as a function of the power.

This experiment is done for both modes seperately and the RF source is set at different powers
ranging between -60 dBm and +10 dBm. For each setting of power, the frequency of the signal is
changed untill the power meter gives an as low as possible reverse average. A low reverse signal
indicates that most of the forward signal is absorbed by the cavity. At this lowest point of the
reverse average, the system is given enough time to stabilize (especially the temperature and power
still fluctuate for some time as the cavity gets heated due to the additional power), and then the
frequency and the forward and reverse average power are denoted. The results of the frequency
changes due to increasing power can be seen in figure 3.4.
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Figure 3.4: Result of the frequency measurements as a function of power for both modes including
uncertainties. The black squares correspond to the 40-th mode and to the left y-axis and the black
line is a linear fit through the data points. The red circles correspond to the 41-st mode and to the
right y-axis and the red line is also a linear fit.

As the y-axis for both modes covers an equally large range of frequencies, it can be concluded that
the 40-th mode degrades a little faster in frequency as a result of increasing power. In fact, the
decrease in frequency of the 40-th is equal to 67±1 kHz/W, while that of the 41-st mode is equal to
57 ± 1 kHz/W. This information will later be used to correctly adjust the stubs of the cavity with
a network analyzer, anticipating the changes that will occur as soon as higher power RF signals are
sent to the cavity.

• The vacuum setup also changes the resonant frequencies of both modes. This is likely, due to the
relative permittivity of the air. Moreover, heat dissipation is different in vacuum compared to air
pressure. In order to be able to tune the stubs outside the vacuum, while anticipating the change
due to the vacuum, the resonant frequency of both modes is measured outside and inside the vacuum
test setup. All these four measurements are done with the network analyzer and thus without a
significant power input, as well as without any stubs. The results are shown in table 3.1.

Table 3.1: Overview of the results of comparable measurements in vacuum and in air pressure. The
data shows a frequency increase of approximately 1 MHz due to the vacuum.

Air pressure ∼ 1.0 · 105 mbar (GHz) Vacuum ∼ 1.5 · 10−2 mbar (GHz)
40-th mode 2.9925 2.9938
41-st mode 3.0684 3.0695

It can be concluded that the frequency change due to vacuum is a positive offset of approximately
1 MHz. As there are so many other factors that influence the frequency and as the offset due to
vacuum has not been tested at different powers or temperatures for example, it does not make any
sense to make more accurate conclusions from the data in table 3.1. However, now we can anticipate
on how the stubs need to be set before the cavity goes into the vacuum setup.
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• The temperature also has an effect on the resonant frequencies. The temperature of the cooling
water is in this case the measure for the temperature of the housing of the cavity. As has been
measured before [5], the dielectric material heats up to several hundreds of degrees but the housing
can be cooled to a constant temperature by the cooling system. The influence of the temperature on
the resonant frequencies has already been measured by [5]. It was determined that the temperature
of the 40-th mode increases by (14 ± 1) · 101 kHz per K and the temperature of the 41-st mode
increases by (13± 1) · 101 kHz per K.

On the other hand, specifically knowing these relations is actually not that important. Because,
as is also stated in [4], the temperature is a way to eventually fine tune the frequency, as one can
regulate the temperature from outside the vacuum setup in contrast to the tuning stubs. During
this research, the temperature of the water in the stabilization unit will be kept at 313.15 ± 0.02 K
all the time.

• The stress on the dielectric will affect its properties and the resonant frequencies of the cavity.
Stress can be exerted on the dielectric by screwing the cavity’s closing lid deeper in the housing.
The lid was screwed to the housing with a momentum wrench at 1.25 N m.

• Finally, the tuning stubs are the most important factor to influence the frequency. The relationship
between the frequency offset and the depth of the tuning stubs in the cavity has already been shown
by [5] for both modes. Eventually the stubs will be set at the depth that best achieves the desired
resonant frequencies in both modes. As this is a trial and error process and as these resonant
frequencies depend on so many other factors, there are no further characterization experiments
performed (e.g. the frequency offset due to tuning stub depth at different powers or temperatures)
and the behaviour of the frequency due to the stubs is predicted by using results from [5] solely.

3.2 Experimental setup

In order to save the amount of devices and equipment used, first a setup where both signals are initially
combined and sent through a single amplifier is tested. This resulted in very unexpected behaviour of
the frequencies and powers of both modes and this setup was therefore not usable. More details on
this single amplifier setup and the measurements with it can be found in appendix C. A new setup
was tested where both modes had their own cables, attenuators and amplifiers, but first the creation
of the harmonic signals will be explained.

3.2.1 Creation of 40-th and 41-st harmonic of the laser

After the cavity’s characteristics and behaviour are well understood, it is time to test it in combination
with the various devices that will also be used in the final setup. The two modes are synchronised
to the laser by using two electronic devices: a PLL synchronizer, that has been designed before to
generate the 40-th harmonic, and a device that creates the 41-st mode by mixing the 40-th mode and
the laser frequency.

The mode-lock frequency of the laser is adjustable, but the PLL synchronizer has filters for out-
put frequencies of 2.9985 GHz and a few MHz around that. This means that the laser can best be
adjusted at 74.9625 MHz as the synchronizer creates the 40-th harmonic of the input signal from the
laser. This 40-th harmonic is then sent to the second electronic device which first splits the signal
in two ways. One is sent to the cavity after going through a variable attenuator and the other is
combined with the original laser signal, which then creates the 41-st mode. Unfortunately, the up
converter, which adds the laser frequency to the 40-th harmonic, also subtracts the signal from the
40-th harmonic, creating the 39-th harmonic. In the measurements, around 25% of the power consists
of the 39-th harmonic, which is reflected by the cavity and then dissipated at the amplifier. A more
detailed and schematic representation of the two devices and how the laser signal is converted to its
40-th and 41-st harmonic can be found in appendix B.
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3.2.2 Attenuation, amplification and power control

After both modes are accurately generated, they are sent to separate amplifiers. Both modes can be
attenuated variably by the devices described in the previous subsection, after which the gain of the
circuit is set in such a way, that a maximum of 16 W can be sent to both modes of the cavity.

After the separate amplification of both modes, they are sent to their corresponding SMA connec-
tor on the cavity. Just before both modes enter the cavity, a Bird power meter also measures the
forward and reverse average of both modes. This setup is similar to the one shown in figure 3.3,
although it is used twice here and the generation of the signals is done by the devices described in the
previous subsection.

3.2.3 SEM

After characterising the cavity, it is incorporated in the existing Scanning Electron Microscope (SEM)
setup. The complete setup consists of five main elements. One of them is the cavity itself, which has
been explained in enough detail. Secondly, the electron source, consisting of an electron gun and a
focussing column (taken from a 30 keV XL-30 SEM), generates a beam of electrons. The focussing
column can be used to control the amount of current, and to focus the beam. A more detailed expla-
nation of the source is provided in [4] and [6].

Thirdly, there are several pairs of steering coils and a solonoid is used along the beam path of the
electrons. These are used to direct the beam of electrons both transversally, as well as the angle of the
beam. Each set of steering coils has four coils that allow for horizontal as well as vertical manipulation
of the beam and two of these sets combined allow for angle and position control. Finally, two detection
screens are used. One of them is a phosphor screen which is placed just after the cavity. The phosphor
screen can be observed with a CCD camera through a transparent flange. The other screen is an
electron detector at the end of the beam line, which is more accurate. A schematic representation of
the setup can be seen in figure 3.5.

Figure 3.5: Schematic overview of the experimental setup that is used. The SEM produces the elec-
trons which travel to the cavity. The slit is placed directly after the cavity but it is not used in the
experiments. The phosphor screen and the detector are used to make images of the Lissajous figure
created by the cavity.

3.3 Field of Lissajous figure as function of power

Ideally, one would prefer doing all the measurements with the electron detector as it is very clean, has a
high resulation and an accurate and known pixel calibration. Unfortunately at the time of conducting
this experiment there were multiple other components in the beam line that made it impossible to
research the field amplitudes as a function of the power on the electron detector. Therefore, this
experiment is done with a phosphor screen 0.1 m behind the cavity. The electrons hit the phosphor
screen after which it emits light. First, a pixel calibration is performed, and then the rest of the
experiment is done.
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3.3.1 Pixel size

Before something reasonable can be said about the sizes of the measured Lissajous figures, the size of
one pixel needs te be known. All photos of the phosphor screen with the streaked electrons have been
taken at the same day with all settings exactly equal. Therefore the pixel calibration only needs to be
done on one photo. The phosphor screen is exactly 2 cm wide with a negligible uncertainty. The pixel
size l in meters, can be calculated from two known points in the photo;

l =
0.02√

(x2 − x1)2 + (y2 − y1)2
, (3.1)

where (x1, y1) and (x2, y2) are the characteristic points in the cross-hair, also indicated in figure 3.6.
The pixel numbers are determined by using MatLab and the uncertainty that accompanies the pixel
numbers is estimated to be 2.

Figure 3.6: Picture of the phosphor screen with both points at the ends of the cross-hairs indicated
from which the pixel calibration is done.

Together with the uncertainty analysis on l, which is done in appendix A, the following pixel size
including uncertainty is found: l = (2.77± 0.01) · 10−5 m.

3.3.2 Measurements

The relations given by equations (2.8), (2.10) and (2.13), provide the theoretically expected constants
of proportionality between B0 and

√
PRF. By measuring the size of the Lissajous figure for various

values of the input power PRF, the constants can also be determined experimentally. The power sup-
plied to both modes is equal to the power loss in the cavity for both modes. Therefore a snapshot is
taken for various combinations of powers.

Four different measurements are done, two for each mode. One with the other mode off and one
with the other mode set around 16 W. Not only the constants can be calculated but it can also be
checked if the modes influence each other. In all four measurements, a snapshot will be taken at
different powers. From every snapshot the size of the Lissajous figure can be determined from the
amount of pixels and the pixel size. The calculated streak lengths χ40 and χ41 can be transformed to
magnetic field amplitudes by using equation (2.13) and their uncertainty analysis is given in appendix
A. The results can be plotted in a linear relationship and the slope of the line can be compared to the
theoretically expected value.
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3.4 Influence of phase-shifter on the Lissajous figure

The second main experiment in the scope of this research is measuring the effect of phase shifting one
of the signals. The RF supply cable is attached to a phase shifter before it is attached to the cavity.
This phase shifter can be controlled by a micrometer. Different snapshots are made for steps of 0.1
mm of additional pathlength. Using equation (2.15), the pathlength can be calculated as a phase shift
ϕ and the expected Lissajous figure can be theoretically drawn for all steps.

These theoretically expected Lissajous figures can be compared to the measured ones. Unfortunately,
a quantitative analysis cannot be performed, as many components block parts of the beam before
it reaches the detector. Therefore, one cannot see the exact place in the Lissajous figure from the
detector image.
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4 Results

This chapter gives and explains the results achieved after conducting the experiments described in chap-
ter 3. First, it will be shown that a Lissajous figure can be obtained. Second, the amplitudes in both
dimensions of the figure will be analysed. Finally, the influence of phase-shifting one of the modes on
the Lissajous figure will be examined.

In the first place, it needs to be proven that a Lissajous figure can be drawn on the detector. If
the setup does not generate the two harmonics accurately enough, just a blurry rectangle will be seen
on the detector instead of a repeating Lissajous figure. After turning on the cavity, the result shown
in figure 4.1 could be seen.

Figure 4.1: Shot from the detector at the end of the beam path. A clear Lissajous figure can be seen,
but due to a difference in phase, the lines are not equidistant.

Figure 4.1 clearly shows a Lissajous figure. As will also be seen later, the Lissajous figure does not
need to be a perfect square if both modes receive an equal amount of power. Due to different quality
factors of the modes, the amplitude of the field in a direction might still differ from the other, even
though the input powers are the same.

In the Lissajous figure, it can also be observed that the lines are not equidistant. The cause for
the different distances between lines is the difference in phase between the two modes. This does
not affect the field amplitude and therefore it is not necessary to have equidistant lines for the field
measurements performed in the next section. The final section of this chapter will deal with the effects
of changing the phase difference between the modes.
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4.1 Field of Lissajous figure as function of power

Figure 4.2 shows how χ40 and χ41 are determined from the snapshots taken.

Figure 4.2: Example of a snapshot from the phosphor screen. The streak lengths are highlighted to
show which mode streaks in which direction.

From now on, four different modes will be treated. First of all, the 40-th and 41-st mode, which
are a distinction in frequency. Secondly, a difference can be made between the single and the dual
mode. When speaking of the single mode of one of the frequency modes, it is implied that the the
other frequency mode is turned off and that the system can be treated as a conventional single mode
setup at that specific frequency. Sequentially, the dual mode implies that both frequency modes are
generated. In this case, still a single frequency mode can be focussed upon.

Firstly, it is checked if using the cavity as a dual mode cavity has influence on the behaviour of
one of the frequency modes relative to the behaviour of that same frequency in a single mode cavity.
The results for the 40-th mode are shown in figure 4.3 and similar results, but for the 41-st mode can
be found in Appendix D.
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Figure 4.3: The magnetic field amplitude as a function of the input power of the 40-th mode. The blue
line shows the single mode situation (where the 41-st mode is off) and the red line shows the decrease
in the amplitude as the 41-st mode is also turned on. Furthermore, the black line shows the decrease
in the amplitude of the 41-st mode, while its input power is kept constant.

From figure 4.3, it can be seen that the difference between the single and dual mode results is relatively
small. The blue line shows the magnetic field amplitude of the 40-th mode used in the single mode
cavity and when using the same frequency in the dual mode cavity, the red line is the resulting rela-
tionship. At 16 W of input power, the 40-th, dual mode has a magnetic field amplitude of about 0.05
mT less than the 40-th, single mode, which is approximately a decrease of 3%. This means that the
dual mode cavity can be seen as two single mode cavities that almost do not interact, and it is therefore
assumed that the single mode cavity theory holds independently for the two modes. Furthermore, the
black line shows how much the 41-st mode decreases in magnetic field amplitude as its input power is
kept constant, due to increasing the input power of the 40-th mode. The 41-st mode magnetic field
amplitude decreases by approximately 0.1 mT, while its input power is kept constant.

The two square root relationships from figure 4.3 are shown again in figure 4.4, but with an axis
transformation on the x-axis. Figure 4.4 shows the magnetic field amplitude as a function of the
square root of the input power for all four different situations. Both the single and dual mode, for
both the 40-th and the 41-st frequency mode. It has already been concluded that the distinction
between the single and dual mode is relatively small, but figure 4.4 shows this again.
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Figure 4.4: The relationship between the magnetic field amplitude and the square root of the input
power for all four situations. It can be seen that the difference between the single and dual mode usage
is small, but that there is quite some deviation between the harmonic modes.

Because of the linearity and the fact that all lines go through the origin it can indeed be confirmed that
PRF ∝ B2

0 . From figure 4.4, the slopes of all four lines can be calculated and they can be compared to
theoretically expected values. The values of the slopes and the theoretical expectations are shown in
table 4.1.

Table 4.1: Overview of the resulting slopes of the four measurements. Also the theoretically expected
value is shown. The measured values are not really similar to the theoretical values, but they are in
the same order of magnitude.

Theoretical (mT W−1/2) Single mode (mT W−1/2) Dual mode (mT W−1/2)
40-th 0.6320 0.471± 0.001 0.457± 0.002
41-st 0.6427 0.248± 0.003 0.242± 0.003

As can be seen from the values in the table, the experimental values are somewhat smaller than the
theoretical values. This can be explained by other power losses then those that are theoretically taken
into account. The input power PRF is determined by substracting the reflected power from the for-
ward power, but power might be lost in the cables after the power meter, this means that PRF is
actually lower. Moreover, there can be various other factors where more power is dissipated such as
dissipation through holes in the cavity. Another reason might be the method of measuring the sizes
of the Lissajous figure. This is done through photographing a phosphor screen, and errors arise if
the photos are not taken from the correct angle. For more accurate results, this experiment should
actually be repeated by collecting the Lissajous figures with the detector at the end of the beamline.
Unfortunately, at the time this experiment was done, the electron detector could not be used due to
various other components that blocked the beam path partly.
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Finally, it should be noted that the magnetic field amplitude that can be generated in both modes
with input powers of around 16W is 1.85 ± 0.04 mT and 0.98 ± 0.02 mT for the 40-th and the 41-st
mode respectively. These amplitudes are of satisfactory size and fall within the range of amplitudes
that have been used in time-resolved microscopy before.

4.2 Influence of phase-shifter on the Lissajous figure

In order to link the results of this experiment to the theory explained, simulations are made by
using equation (2.15) and (2.14) for s = 0, 0.1, 0.2, ..., 1.0, 1.1 mm. As explained in the theory, these
correspond to similar displacements of the phase shifter. The detector images are linked to their correct
simulation by setting the phase shifter at the point where the lines in the Lissajous figure are best
equidistant, this is the reference point of the micrometer where s = 0 mm. From that point on, the
phase shifter is shortened with steps of 0.1 mm. The results, simulated and detected, are shown until
s = 1.1 mm, because one step further gives an equal result to s = 0 mm again. The snapshots taken
with the detector linked to their corresponding simulation, are shown together in figure 4.5.

s = 0 mm s = 0.1 mm s = 0.2 mm
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s = 0.3 mm s = 0.4 mm s = 0.5 mm

s = 0.6 mm s = 0.7 mm s = 0.8 mm
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s = 0.9 mm s = 1.0 mm s = 1.1 mm

Figure 4.5: (Stretching over multiple pages.) The resulting detector images, related to the simulations.
Underneath every pair of figures, the amount of path length s that is added, relative to the first pair
of pictures, is shown.

The fact that the detector images are curly at the edges can be explained by the components that the
beam passes through after the first cavity. Due to other cavities in the path of the beam, part of the
electrons get blocked and the edges affect the electrons there, resulting in deviating behaviour at the
edges of the detector images.

Unfortunately the results from the detector do not exactly match the expected results. From the
simulations, it can be concluded that the line spacing along both diagonals, follows the same repeti-
tion pattern. However, on the detector images, the line spacing does not repeat itself in equal patterns
along both diagonals. From the Lissajous simulations and theory, this is not as expected.

When studying the first six detector images (s = 0 mm until s = 0.5 mm), it can be seen that
the (almost) vertical lines shift towards each other eventually resulting in half the lines, while the
(almost) horizontal lines, split en shift out of each other resulting in a doubling of the amount of lines.
This means that in the s = 0 mm image, the amount of ”horizontal” lines is half the amount of the
”vertical” lines and vice versa in the s = 0.5 mm image. It is not yet understood why this happens.
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5 Conclusion

First of all the theory described by [4] is briefly explained and after that, thouroughly applied to the
dual mode cavity. Then the cavity is characterised and the influence of the power, vacuum, tempera-
ture, stress and the tuning stubs on the resonant frequencies of both modes is measured or explained.
The last and most relevant tasks, performed in this research, are the two experiments on the Lissajous
figures.

The size of the Lissajous figure was measured as a function of power. By plotting the square root
of the power on the x-axis and by converting the sizes to magnetic field amplitudes, the data in the
graph could be fitted with a linear fit. The slope of the linear fit could be compared to the theo-
retical expectation value. The experimental result for the 40-th mode in the dual mode cavity was
0.457± 0.002 mT W−1/2 and that for the 41-st mode was 0.242± 0.003 mT W−1/2. These differ some
from the theoretical values of around 0.635 mT W−1/2, but they are in the same order of magnitude.
The difference though, can well be explained by power losses that were not taken into account in the
theory, such as the power dissipation through the holes in the cavity.

The other experiment focussed on the effect of phase shifting on the Lissajous figure. The result-
ing detector images are shown in pairs with the expected simulated Lissajous figures. Unfortunately,
the results do not match with the simulations. At a certain point in the measurements, the amount
of lines along one of the diagonals of the Lissajous figure was half that of the lines along the other
diagonal, and this should not be possible. It is not yet understood why this strange phenomenon
occurs, so that is definitely a subject for further research.

Outlook

For now, the dual mode cavity seems to work in the setup, but in the future a more standardized
method could be designed to screw the lid to the cavity with the dielectric material kept in place in
between. Currently, one just approximately guesses the angle around the z-axis at which the oval
dielectric should be and then screws the lid to the cavity, hoping that the dielectric will stay in its
place. Of course this leaves a great opportunity for errors, and this could be prevented by thinking of
a way to keep the dielectric in exactly the right orientation.

Besides this improvement for the setup, there are two main problems to be tackled by further re-
search. In the detector measurements done during this research, the electron beam was focussed
on the electron detector itself. This made analysing the images easier. Eventually, when real spec-
troscopy is performed, the electron beam should be focussed in the middle of the cavity [4]. When
this is changed, it needs to be checked if the Lissajous figure still has separable lines on the electron
detector and if thus the resolution is still satisfactory.

Finally, as already mentioned before, the behaviour of the Lissajous figure under the influence of
phase shifting needs to be understood. Currently the lines of the Lissajous figure do not shift as would
be expected and there is no understanding of how this is possible yet. Equidistant line spacing is of
high importance when using the setup for time resolved measurements combined with the laser, as
only two electron pulses in every period (one crossing on the Lissajous figure) may pass a pinhole.

23



Bibliography

[1] Weinberger P. (2006). Revisiting Louis de Broglie’s famous 1924 paper. Philosophical Magazine.

[2] Ernst Ruska Nobel Prize Autobiography. URL http://www.nobelprize.org/nobel_prizes/

physics/laureates/1986/ruska-bio.html.

[3] Van Ninhuis M. (2016). Time-of-Flight Electron Energy Loss Spectroscopy by using miniaturized
RF technology. Eindhoven University of Technology.

[4] Lassise A. (2012). Miniaturized RF technology for femtosecond electron microscopy (Doctoral dis-
sertation). Eindhoven University of Technology. http://repository.tue.nl/739203.

[5] Van Oostrom M. (2017). karakterisering van een dual-mode RF cavity voor ultrasnelle elektronen
microscopie (Bachelor thesis)(Dutch). Eindhoven University of Technology.

[6] Toonen W. (2017). Time-of-Flight Electron Energy Loss Spectroscopy using a TM010 cavity for
longitudinal phase space manipulation. Eindhoven University of Technology.

24

http://www.nobelprize.org/nobel_prizes/physics/laureates/1986/ruska-bio.html
http://www.nobelprize.org/nobel_prizes/physics/laureates/1986/ruska-bio.html
http://repository.tue.nl/739203


Appendix A - Uncertainty Analysis

In order to obtain a correct understanding of the uncertainties in the sizes of the Lissajous figures
measured as functions of input power, an uncertainty analysis is performed. If a variable z is a function
f of the variables s1, s2 and s3, then the uncertainty ∆z can be given in terms of the uncertainties of
the dependent variables as shown in (A.1).

∆z =

√( ∂f
∂s1

)2

(∆s1)2 +
( ∂f
∂s2

)2

(∆s2)2 +
( ∂f
∂s3

)2

(∆s3)2 (A.1)

In the case of the Lissajous figure, the difference in pixels is always multiplied by the pixel size l. It
needs to be taken into account that the pixel size itself is calculated from the photographs and thus
has an uncertainty. The diameter of the used phosphor screen is exactly 2 cm and it is assumed that
its uncertainty is negligible. The equation for l is given in (3.1) and by using (A.1), the uncertainty in
the pixel size ∆l can be calculated as follows;

∣∣∣ ∂l∂x1

∣∣∣2 =
∣∣∣ ∂l∂x2

∣∣∣2 = (x2−x1)2

((x2−x1)2+(y2−y1)2)2
l2, (A.2)∣∣∣ ∂l∂y1 ∣∣∣2 =

∣∣∣ ∂l∂y2 ∣∣∣2 = (y2−y1)2

((x2−x1)2+(y2−y1)2)2
l2, (A.3)

∆l = l

√
(x2−x1)2((∆x1)2+(∆x2)2)+(y2−y1)2((∆y1)2+(∆y2)2)

(x2−x1)2+(y2−y1)2 (A.4)

and with ∆x1 = ∆x2 = ∆y1 = ∆y2 = 2 equation (A.4) becomes;

∆l =
2
√

2l√
(x2 − x1)2 + (y2 − y1)2

=
2
√

2

0.02
l2. (A.5)

Knowing the uncertainty in the pixel size, the uncertainty in the calculations of the sizes of the
Lissajous figures can be calculated. The uncertainty in the streak lengths can be calculated by using
the following partial derivatives;

∣∣∣ ∂χ∂x1

∣∣∣2 =
∣∣∣ ∂χ∂x2

∣∣∣2 = (x2−x1)2

((x2−x1)2+(y2−y1)2)2
l2, (A.6)∣∣∣ ∂χ∂y1 ∣∣∣2 =

∣∣∣ ∂χ∂y2 ∣∣∣2 = (y2−y1)2

((x2−x1)2+(y2−y1)2)2
l2, (A.7)∣∣∣∂χ∂l ∣∣∣2 = (x2 − x1)2 + (y2 − y1)2. (A.8)

Again, by using ∆x1 = ∆x2 = ∆y1 = ∆y2 = 2 and equation (A.5) the uncertainty in χ becomes,

∆χ = 2
√

2l

√
1 +

l2

0.022
. (A.9)
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Appendix B - Dual Mode Setup

Figure B.1: Schematic representation of the electronic components used in the devices to generate the
40-th and 41-st harmonic of the laser.
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Appendix C - Single Amplifier Setup

Theoretically it should be possible to combine both signals and send them through the same cables and
amplifier. This would save equipment and therefore it is preferable. First the setup, as schematically
shown in figure C.1, is tested. Both signals are generated and sent to a splitter/combiner, which
combines the signals, although, in theory, they are still separately recognizable due to their differing
frequencies. The combined signal is sent through a 100 W amplifier (+45 dB) and sent to a circulator.
This circulator is used to split the reflected part from the incoming part. The signal is thereby, first
sent to the 40-th mode of the cavity where only the 40-th mode signal is absorbed and the 41-st
harmonic frequency is reflected and sent to the other cavity connector via the circulator. Just before
the signal enters both modes, the forward and reflected average are measured by Bird power meters.

Figure C.1: Process diagram for the single amplifier setup. The two signals are first combined and
later separated by the cavity and the circulator.

Testing with this setup yielded some very unexpected results, especially the measured powers did not
behave as expected. For that reason, two quantitative series of measurements have been performed.
First the power of the 41-st mode was measured as a function of the generated power with the 40-th
mode off. Second, the same was done except this time, the 40-th mode was generating at its maximum.
The results can be found in figure C.2.

27



Figure C.2: Results of the test where an error in the setup was tried to be visualized. As can be seen
the same measurement performed but first with the other mode off and second with the other mode
on, yielded very different slopes, while they should actually match, because still the same attenuation
and amplification is used.

One would expect both lines to have approximately the same slope, because the same attenuation,
amplification and cables are used. Still, the slopes differ a lot. This was the main reason for concluding
that a single amplifier setup with a circulator would not work for the dual mode cavity experiments.
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Appendix D - 41-st Mode Results

Figure D.1: The magnetic field amplitude as a function of the input power of the 41-st mode. The
blue line shows the single mode situation (where the 40-th mode is off) and the red line shows the
decrease in the amplitude as the 40-th mode is also turned on. Furthermore, the black line shows the
decrease in the amplitude of the 40-th mode, while its input power is kept constant.
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