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Summary

Towards numerical simulation of phase transitional
flow for cooling purposes

Cooling technologies exploiting the high latent heat in the transition of liquid
to vapour are known to be efficient. Examples are heat pipes, spray cooling, mi-
crochannels, direct liquid immersion and jet impingement. These technologies
have been pushed further by modern electronic industries due to the demand of
manufacturing smaller and more powerful electronic devices. A new challenge
has been raised in the cooling of 3D structured chips, which is transporting heat
out of chips without occupying too much space or interfering the computation.
Phase transitional cooling is a potential solution to this challenge. Therefore, a
better understanding of phase transitional flow is urgently required.

The study on phase transition dates back to the Hertz-Knudsen relation,
which has been used extensively during the last 130 years. Recently, researchers
started to question the rationality of this relation and phase transitional models
developed from it. The major objections focus on the use of an empirical coeffi-
cient in Hertz-Knudsen based models, because it makes these models physically
non-versatile. Fortunately, the energy jump condition sheds light on developing
phase transitional models without empirical coefficient. In this thesis, a phase
transitional model based on the energy jump condition is developed.

In order to quantify the cooling effect, the numerical approach should satisfy
both the mass conservation and the energy conservation laws. The property of
mass conservation is a necessary prerequisite for energy conservation, because
an error in mass, no matter in which phase it happens, indicates an error in
the energy that the mass carries. Hence, an immiscible two-fluid model which
is capable of producing a sharp interface while ensuring mass conservation is
preferred.



Abundant investigations are devoted to tackle the problem of immiscible
two-fluid flows. The representation of the interface between two phases can be
either sharp or diffuse. Based on these ideas, numerous efforts have been con-
ducted to represent the interface numerically. In order to implement the energy
jump condition, the Piecewise Linear Interface Calculation (PLIC) method is
chosen, because it can produce a sharp interface and ensure mass conservation
if implemented correctly. The PLIC method has been reported to be complex to
implement. In this thesis, an interface reconstruction algorithm and a generic
advection scheme are developed, in order to decrease the difficulty of imple-
mentation.

In vapour-liquid flows at small length scales, for example flows in microchan-
nels and in the pores of a heat pipe, surface tension plays an important role and
usually dominates over gravity as well as inertia. Hence, an accurate calculation
of the surface tension is required. In order to achieve this property in the PLIC
method, the standard Continuum Surface Force (CSF) model is modified and
two curvature calculation methods are evaluated, which include the divergence
formula and the Height Function (HF) method.

In order to test the developed two-phase flow solver, rising bubbles in the
ellipsoidal regime and the spherical regime are simulated. The results obtained
are compared with benchmark solutions and good agreements are found. The
phase transitional model is validated by the Stefan problem and the interface
sucking problem, which have been solved analytically. Simulations on these
two test cases are conducted with variable density ratios and numerical results
agree well with analytical results.
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Chapter 1
Introduction

1.1 Cooling by phase transition

1.1.1 Conventional cooling technologies

Conventional cooling methods are generally classified into four categories which
are:

1. Cooling by radiation and natural convection;

2. Cooling by forced convection of air;

3. Cooling by forced convection of a liquid;

4. Cooling by liquid evaporation.

In general, radiation and natural convection have the lowest heat removal rate.
Natural convection is the most popular cooling method in low heat flux ap-
plications due to its features of low-cost, simplicity, reliability and noise-free
operation. Examples are cooling in cell phones and televisions. In cases where
natural convection is inadequate, air is forced to flow faster to remove the heat,
usually by application of fans, and this method of cooling is known as forced
air cooling. This method has been widely used to dissipate heat to the atmo-
sphere from electronic devices, for example computers and telecommunication
base stations. If the required heat flux density further increases, the working
medium is changed from air to a liquid, which usually has a higher mass den-
sity, specific heat capacity and thermal conductivity. This method of cooling is
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known as forced liquid cooling technology and many of the commercial heat
exchangers belong to this category. Well-known examples are condensers in
power plants which use cooling water to remove residual heat from the steam
cycle, or water cooling systems in high power electric motors.

The evaporation of a liquid is the most efficient cooling method because
of the high latent heat required in the transition of liquid to vapour. The wet
cooling tower in a power plant is a very familiar example, in which the ambient
air flows through a hot water spray, a small portion of the water evaporates, and
the energy consumed in the evaporation is taken from the remaining water, thus
reducing its temperature. Another well-known example is that humans sweat
to prevent the body temperature from exceeding the normal level too much.
In this example the heat transfer is increased by the hair on our skin which
functions as a structure to enhance the cooling effect by increasing the contact
area.

1.1.2 New challenges

Cooling technologies exploiting phase transition are advanced further by mod-
ern electronic industries. Nowadays, electronic devices are becoming smaller
and smarter, resulting in a significant increase in power density and heat flux
density. According to the 2004 International Electronics Manufacturing Initia-
tive (iNEMI) technology roadmap [69], the maximum power and heat flux den-
sity of microprocessors, which are shown in Fig. 1.1, were projected to surpass
360 W and 190 W/cm2 in the year of 2020, respectively. However, this fore-
cast for heat dissipation turned out to be an underestimation. It was reported
in 2007 [1] that the electronic industries were facing the challenge to remove
very high heat flux densities of 300 W/cm2 while maintaining the temperature
below 85 ◦C. In order to solve this challenge, cooling technologies exploiting
phase transition have been developed, such as heat pipes [21] [22], spray cool-
ing [61] [90], microchannels [49] [51] [89], direct liquid immersion [44] [38]
and jet impingement [84] [83]. Note that microchannels, direct liquid immer-
sion and jet impingement can also operate in single-phase cooling mode.

The demand for 3D structured chips by semi-conductor industry has raised
a new challenge for cooling technologies at small scale. It is reported that most
of the heat from a chip is not generated by the switching of transistors, but by
the resistance in the wires that carry signals between transistors [4]. The power
loss by wire resistance can be as much as 99% of the total power loss. How-
ever, in 3D chips, the wires between transistors are shorter on average than in
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Figure 1.1: Projections of maximum chip power and heat flux density.

conventional chips, which means that less power and time are spent on com-
munication between transistors. Hence 3D chips have the potential to be more
power-efficient and computationally faster. Therefore, the challenge is how to
transport the heat out of 3D chips without occupying too much space in the
chips nor interfering the computation. In this scenario, a better understanding
of phase transition is urgently required to ensure a safe encapsulation of chips
and to develop an efficient phase transition cooling technology.

In order to understand the effects of miniaturization, it is important to re-
alize that a volume scales with the cube of the length and a surface area with
the square of the length. Therefore, physical phenomena related to a surface
are more significant when the characteristic length scale is small. When elec-
tronic systems decrease in size, transport characteristics like viscosity, diffusivity
as well as surface characteristics like surface tension and contact line pinning
become more important. At the micro-scale, they even dominate over volume
forces like gravity and inertia. For example, the reading on a medical mercury-
in-glass thermometer is fixed when it is taken out of the warm human body
and we have to shake it really hard to reset the reading. The reason is that
the tube diameter of a medical mercury-in-glass thermometer is very small, so
that the gravitational force is relatively small compared to the surface tension
force. Therefore, the reading of the thermometer is resistant to tilting but can-
not withstand the centrifugal forces created by shaking. Consequently, surface
tension dominates in small-scale vapour-liquid two-phase flow and should be
calculated accurately.

In order to develop an algorithm for phase-transitional flow, two aspects are
important:
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1. vapour-liquid two-phase flow without phase transition;

2. phase transition.

1.2 Limit of continuum assumption

Flow in micro-electronics operates on the scale of microns or a few millimeters.
In order to determine whether statistical mechanics or continuum mechanics
should be used to describe the flow problem, the Knudsen number is introduced
as,

K n = λ

L
(1.1)

in which λ is the mean free path of the fluid and L is the characteristic length
of the problem. If K n < 0.01, the continuum assumption is valid. The mean
free path of the saturated vapour at 25◦C and 80◦C is calculated using the Mean
Free Path Calculator provided by Georgia State University [63]. The resulting
mean free path and the corresponding minimum characteristic length where
the continuum assumption still holds are presented in Tab. 1.1. Note that
the saturation pressure is used in the calculation of the mean free path. It is
noted that water liquid is much denser than water vapour. Therefore, it is the
water vapour that determines whether the continuum assumption holds or not.
A more general conclusion has been drawn that the conventional continuum
description of transport phenomena is applicable to flow of fluids with small
molecules like water, on the scale of tens to hundreds of microns [81].

Table 1.1: Mean free path of saturated water vapour. T and p denote the temperature
and pressure of the saturated water vapour. Dmolecule denotes the diameter
of the water molecule.

T (◦C) p (kPa) Dmolecul e (nm) λ (µm) L (µm)
25 3.17 0.275 4.68 468
80 47.4 0.275 0.306 30.6

Therefore, the following review of numerical methods for phase-transitional
flow will concentrate on the continuum method based on the Navier-Stokes
equation, in spite of many particle based methods, for example Molecular Dy-
namics (MD), the direct simulation Monte Carlo method (DSMC) and the Lat-
tice Boltzmann method (LBM).
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1.3 Vapour-liquid two-phase flow

1.3.1 Description of the interface between phases

In two-phase flows, an interface exists between two phases. Examples of two-
phase flows and interfaces are abundant, for instance, the free surface of water
or an oil droplet in water. In the former example, the interface separates gas
and liquid while in the latter one, the interface separates two different liquids.
The representation of the interface is of great importance, because the physical
properties of the phases on both sides of the interface may vary greatly and heat
and mass transfer as well as chemical reactions may take place on the interface.

The nature of the interface has been studied extensively for more than two
centuries . Young, Laplace and Gauss considered the interface as a surface with
zero thickness endowed with surface tension [3]. The mechanical equilibrium
between the surface tension and the pressure difference across the interface is
always satisfied, since the interface has zero thickness, indicating a zero-mass
interface. In this sense, the interface is sharp. Another idea, that the interface
has a certain thickness, was developed by Lord Rayleigh and Van der Waals.
This notion of a diffuse interface is applicable when the interfacial thickness
is comparable to the length scale of the phenomena being examined. For in-
stance, the interface in a one-component vapour-liquid system can be regarded
as diffuse when its temperature is just below the critical value. In such a sys-
tem, when the critical temperature is reached, one phase can be converted to
the other without crossing the phase-transition line, indicating that there is no
obvious interface between the two phases [80].

Based on these basic ideas regarding the interface, either sharp or diffuse,
numerous efforts have been conducted to represent the nature of the interface
numerically.

1.3.2 Numerical methods for immiscible two-phase flow

The challenge in immiscible two-phase flow

The challenge in simulating multiphase flow lies in the treatment of the advec-
tion terms in the equations for the volume fraction α of either of the two phases
Eq. 1.2 and momentum equation Eq. 1.3,

∂α

∂t
+∇· (αU ) = 0 (1.2)
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∂(ρU )

∂t
+∇· (ρUU ) =−∇p +∇· [µ(∇U +∇UT )]+ρg+Fs (1.3)

Note that the volume fraction α is also named the color function and denoted
by C or F in other researches, but in this study, we stick to volume fraction α.

It is known that in solving the advection terms in these equations, high order
schemes (2nd order or higher) induce dispersive "ripples" in regions where high
gradient of α exists, which indicates overshoots or undershoots. In contrast,
low order schemes do not induce ripples but suffer from excessive numerical
diffusion [112] [53]. Many researchers have tried to find a flux scheme for
the advection terms in these equations to describe the motion of the interface
accurately while maintaining the interface as thin as possible.

In this thesis one of the objectives is to tackle this difficulty from the per-
spective of the Finite Volume Method (FVM), so the advection terms in Eq. 1.2
and Eq. 1.3 are generalized, integrated and discretized,∫

V
∇· (ψU )dV =

∫
∂V
ψ f U f ·dS ≈∑

ψ f φ (1.4)

in which ψ can be volume fraction α or momentum density ρU , φ indicates the
volume flux and subscript f indicates the quantities defined on the faces of a
control volume. Consequently, efforts have been focused on the calculation of
ψ f φ and more specifically, on the calculation of ψ f , because φ is determined by
the velocity field.

Smooth Volume of Fluid method

The Volume of Fluid (VOF) approach was first proposed by Hirt et al. [37] in
1981. A variable α ∈ [0,1] is introduced, which is defined as the volume fraction
of one phase in the flow field. The essential idea is to use the information of
volume fraction α from both downstream and upstream of an advecting cell face
to obtain a rough estimation of the shape of the interface. Then the interface
position is used to compute the flux of α in a donor-acceptor way. Note that in
the history of two-phase flow, the term "Volume of Fluid" is generally used to
refer to algorithms that solve the transport equation for volume fraction. The
reasons are that these algorithms use the volume fraction of one fluid to describe
the spatial distribution of the binary mixture and significant differences between
these algorithms usually lie in the treatment of the advection term.
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In order to solve the problems encountered in flows where a discontinuity
occurs, for example shocks and interfaces, the idea of Flux Corrected Transport
(FCT) was proposed by Boris et al. [8] [7] [9] in 1973 and generalized to more
spatial dimensions by Zalesak et al. [112] in 1979. The FCT method was es-
sentially a hybrid combination of high and low order schemes. The numerical
errors introduced in the transport stage by high order schemes are corrected in
the anti-diffusion stage by low order schemes [8]. Rudman [72] shows that FCT
can provide an interface with small thickness without the use of any interface
reconstruction method. Rudman [73] also shows that a FCT algorithm imple-
mented for both the momentum and mass advections is able to produce robust
and stable results. Bonometti et al. [6] reported that the multidimensional FCT
method proposed by Zalesak [112] has a tendency to distort the interface in
several types of simple flows. In order to avoid this distortion, they splitted the
transport equation of α into three successive one-dimensional steps and intro-
duced a correction procedure to ensure mass conservation in simulations with
long durations. This modified method allows the interface to deform properly
while maintaining the thickness of the interface within 3 computational cells.

The idea of Total Variation Diminishing (TVD) was proposed by Harten [34]
in 1984, which is an alternative technique to handle oscillations in the advection
terms. The basic idea of TVD is that a flux limiter or slope limiter is introduced
to ensure the monotonicity of flow properties near discontinuities like a shock
[108] or an interface [100] [65].

The Normalized Variation Diagram (NVD) was proposed by Leonard [54],
in which a normalized variable is introduced to simplify the expression of the
Quadratic Upstream Interpolation for Convective Kinematics (QUICK) method
to a linear form. The expressions of different NVD schemes were presented
by Leonard [53] and Darwish [16] and the performance of various schemes
have been compared. Ubbink et al. [94] [93] developed a scheme called Com-
pressive Interface Capturing Scheme for Arbitrary Meshes (CICSAM) based on
the idea of NVD. The CICSAM scheme switches between different differencing
schemes to ensure a bounded scalar field α, while the thickness of the interface
is maintained at around one or two times the grid size.

The Tangent of Hyperbola for INterface Capturing (THINC) scheme calcu-
lates the flux of volume fraction using a hyperbolic tangent function [105].
Later on, an improved version of THINC was proposed [106] and extended to
three-dimensions [41], where the thickness of the interface is maintained in
three grid cells.

The Constrained Interpolation Profile (CIP) [107] method offers another
idea to suppress diffusions or oscillations near the interface. In the CIP method,



8 Introduction

the volume fraction as well as the gradient of the volume fraction are advected.
Later on, Sato et al. [74] improved CIP by introducing a conservative local
interface sharpening scheme to control the interface thickness.

The famous two-phase solver in OpenFOAM, interFoam, was developed by
Weller [103] [101]. An additional “artificial” compression term is added to the
volume fraction transport equation to counteract the diffusion of the volume
fraction,

∂α

∂t
+∇· (Uα)+∇· (α(1−α)Uc ) = 0 (1.5)

in which Uc is the compression velocity that is normal to the interface. Uc is
given by,

Uc = min(cα|U |, max(|U |))
∇α
|∇α| (1.6)

∇α
|∇α| indicates the unit normal vector on the interface. The positive coefficient cα
controls the degree to which the interface is compressed. A larger cα indicates a
larger compression, but cα|U | is not larger than the local extrema of the velocity.
In practice, cα varies between 1 and 4.

Interface Reconstruction Volume of Fluid methods

The interface calculated by VOF methods is not considered as sharp unless one
of the Interface Reconstruction VOF (IR-VOF) procedures is applied. The first
member of the IR-VOF methods developed is the Simple Line Interface Calcu-
lation (SLIC) method by Noh et al. [64] and this idea has been adopted by
Hirt et al. [37] in the first version of the VOF method. In the SLIC method,
the interface in a cell is represented as a line in 2D and a plane in 3D. A part
of the orientation information of the interface is lost because the interface is
designated with a direction of one of the axes. Yokoi et al. [109] proposed an
improved version of the SLIC method called Weighted Line Interface Calcula-
tion (WLIC). The interface is assumed to be both horizontal and vertical in each
cell in which an interface exists. Then the two fluxes of the volume fraction on
one cell face are calculated and weighted to obtain the final flux. The weights
are calculated from the unit normal vector on the interface. The WLIC method
is easy to implement and its advantage over SLIC is that the direction of the
interface is accounted for in the volume fraction flux calculation.

The idea of the Piecewise Linear Interface Calculation (PLIC) method [110]
[111] originates from the papers by Youngs in the 1980s. The interface in a
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cell is represented as a line in 2D and a plane in 3D, which is similar to the
interface in SLIC/WLIC, but its orientation depends on the unit normal vector
on the interface instead of on the directions of the coordinate axes. Once the
interface is reconstructed, the fluxes on advecting faces are calculated employ-
ing the interface position. Unfortunately, the interface reconstruction and the
advection algorithms are not detailed in Youngs’ papers. Instead, reconstruction
and advection algorithms for 2D Cartesian grids are specified by Rudman [72].
Scardovelli et al. [76] proposed algorithms to reconstruct the interface for 2D
rectangular and 3D cuboid grids. Gueyffier et al. [32] proposed a Lagrangian
propagation method to account for the motion of the interface and to subse-
quently calculate the flux of volume fraction for 3D cases. Van Sint Annaland
et al. [99] showed that there are essentially five intersecting patterns in a cubic
cell and the corresponding determination criteria as well as plane equations are
given.

The idea that the interface can be represented by a higher order spline or
surface has been raised. In the Parabolic Reconstruction of Surface Tension
(PROST) method [71], the interface in a cell is represented by a parabolic
spline in 2D or a quadratic surface in 3D. However, the advection scheme of
the volume fraction is not specified in the PROST method. Diwakar et al. [18]
proposed another interface reconstruction scheme based on the parabolic spline
assumption, yet minor interfacial oscillations are found when compared to the
PLIC method. López et al. [58] advanced the idea to a piecewise cubic spline
interface employing the interface position provided by PLIC. Diwakar et al. [18]
and López et al. [58] used the same advection scheme in their algorithms, which
can be found in a book on computational geometry [67]. Ginzburg et al. [30]
shared the same idea with López et al. [58] in reconstructing the interface, and
they adopted the advection scheme proposed by Kim et al. [46].

Other methods for two-phase flow

In the Level Set (LS) method, an interface Γ is described as the zero level set of
a smooth function φ, which is called the level-set function and defined as the
signed distance function to the interface,

φ(x) =


−d , x ∈Ω−
+d , x ∈Ω+

0, x ∈ Γ
(1.7)
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where d is distance to the interface, and Ω− and Ω+ indicate the two phases ,
respectively. The level-set function φ is advected by the velocity [87],

∂φ

∂t
+U ·∇φ= 0 (1.8)

In this equation, non-oscillatory schemes WENO/ENO are adopted to calculate
the advection term.

The advantage of the Level Set (LS) method over VOF is that the interface
is always sharp and the continuous φ makes the calculation of the surface ten-
sion easier. However, the disadvantage of LS is its poor performance in mass
conservation [29]. Therefore, the coupled LS-VOF method [86] and the conser-
vative LS method [66] have been proposed to tackle this problem of the mass
conservation.

The Front Tracking (FT) method is another sharp interface approach, in
which the Navier-Stokes equations are solved on a fixed grid and the interface
is explicitly represented by a separate unstructured grid that moves through
the fixed grid [96] [92]. The FT method provides a natural way of calculating
surface tension, but it is complicated to handle complex topological changes of
the interface.

The Diffuse Interface Model (DIM) [31] provides an appealing alternative
to two-phase flow problems, in which the interface is treated as a transition re-
gion where physical properties vary rapidly but continuously. Superficially, the
smooth VOF method and the DIM both lead to a finite thickness interface. How-
ever, the finite thickness interface in the smooth VOF method is induced by the
numerical diffusion while it is governed by physical equations in the DIM [27].
Anderson et al. [3] addressed the advantages of the DIM in handling a near-
critical fluid, topological changes of the interface and contact line singularity.

1.4 Numerical methods for phase transition

Phase transitions can be driven by many effects, including the difference in
phase concentration, pressure or temperature. The phase transition driven by a
concentration difference follows Fick’s law of diffusion, for example, the evap-
oration of a sessile droplet on a substrate [39] [17]. The second type of phase
transition is induced when the pressure drops sufficiently and it is termed cavi-
tation [12]. Although cavitation is a kind of phase transition, its thermal effect
is not profound and is usually neglected in engineering applications. Exam-
ples of cavitation are abundant in fluid machinery and engineering, including
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draft tube cavitation in Francis turbines [20], tip leakage cavitation in water-
jet pumps [104] and horse-shoe cavitation on the suction side of Delft twisted
hydrofoils [23] [24].

We will focus on the thermally-driven phase transition, in which the system
contains a liquid phase and a vapour phase. The first attempt towards a phase
transition model dates back to Hertz [36] and Knudsen [47], who studied the
condensation on the surface of mercury using relations from the kinetic theory
of gases. In 1953, Schrage [77] modified the Hertz-Knudsen (HK) equation,
considering the macroscopic gas flow towards the interface caused by conden-
sation. Later, in 1991, Tanasawa [88] made some modifications and simplifica-
tions to Schrage’s work, assuming that the vapor temperature near the interface
is almost the same as the interfacial temperature. In 1980, Lee proposed an-
other phase transition model based on the HK equation called Lee model [52]
and this model has been implemented in the commercial CFD code ANSYS-
Fluent.

Although the Hertz-Knudsen relation has been used in calculating evapo-
ration and condensation for more than 130 years, in recent years, researchers
started to question the HK relation and phase transition models derived from
it. Fujikawa [26] argued that models based on the HK relation are questionable
because the interfacial boundary condition cannot be obtained without solv-
ing the Boltzmann equation in the Knudsen layer at the interface. Aaron [68]
wrote a review on the inconsistencies of coefficients in the HK relation obtained
from experiments. For example, the coefficients calculated from evaporation
and condensation of water, vary from 0.001 to 1. The Hertz-Knudsen relation
has been questioned in more reviews [59] [60] [5].

The energy jump condition [45] sheds light on developing physical phase
transition models without empirical coefficients. The essential idea is that a
heat balance between phase transition and heat conduction exists. The mass
transfer rate is based on net energy transfer rate across the interface, which can
be denoted by

ṀL+Q̇ = 0 (1.9)

in which Ṁ (kg/s) denotes the mass change of liquid per unit time and L (J/kg)
is the specific latent heat. Q̇ (J/s) is the conductive heat flux per unit time to or
from the interface,

Q̇ = (λl∇Tl −λv∇Tv ) ·n (1.10)

in which λ is the thermal conductivity and n is the normal vector with the
magnitude of the interface area. Note that in this method, the temperature
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gradient ∇Tl is defined on the liquid side of the interface and ∇Tv is defined on
the vapour side of the interface.

Welch et al. [102] applied this energy jump condition together with Youngs’
VOF [110]. They tested this combination of algorithms in the Stefan problem
and the interface sucking problem, for which analytical solutions are known,
and numerical results agree well with the analytical solution. Gibou et al. [28]
applied the energy jump condition in the Level Set method and tested their
code in 1D cases by comparison with analytical solutions as well as 2D droplet
evaporation and 2D film boiling. The advantage of their research is that a grid
refinement study is conducted in the 2D film boiling case.

Ling et al. [55] adopted a hybrid Volume of Fluid Level Set method (VOSET)
[82] for interface capturing and employed the energy jump condition for the
mass flux. The scheme adopted for the temperature gradient on the interface is
improved based on the method used by Guo et al. [33]. The convection term
and the diffusion term in the energy equation are discretized using the MUSCL
scheme and the central differencing scheme , respectively. Ling et al. [56] [57]
continued to study the VOSET method coupled with the energy jump condition
in 3D. A normal probe method [95] was adopted to calculate the temperature
gradient on the interface. The numerical results of a micro-channel boiling
flow are compared with the experimental and numerical results obtained by
Edel [19] and Mukherjee [62]. Ling et al. [57] also showed the difficulty to
obtain grid independent results.

1.5 Goals and outline

In order to better understand the mechanism of the phase transition in cooling
technologies, the aim of the research described in this thesis is the development
of an accurate numerical algorithm based on the open-source computational
fluid dynamics platform OpenFOAM v6.0. OpenFOAM is becoming more and
more popular in both academia and industry thanks to its free availability and
versatility.

The algorithm should meet three requirements, which are,

1. accurate incorporation of surface tension;

2. mass conservative;

3. energy conservative.
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The first requirement stems from the fact that surface tension dominates in flow
problems with small length scales. The energy conservation property is crucial
if the cooling effect has to be quantified. The property of mass conservation
is a precondition for energy conservation, because an error in mass, no matter
whether it occurs in the liquid or in the vapour phase, also implies an error
in the energy that the mass carries. Besides the three requirements mentioned
above, there is an internal requirement for numerical simulations, which is the
property of grid independence.

Although the algorithm is designed for cooling purposes, it can also be ap-
plied to boiling scenarios. For instance, the design of the steam generator in a
nuclear power plant [91] [43] requires a better understanding of the Departure
from Nucleate Boiling (DNB) to prevent the boiler tube from thermal damage
in order to operate safely.

Before working on OpenFOAM, about ten months were spent on imple-
menting the same algorithms into ANSYS-Fluent using User Defined Functions
(UDF). During this implementation various problems have been encountered:

1. In Fluent, the interface is dispersed over several cells, although the sharp
VOF model implemented in Fluent is said to be the Youngs VOF. It turned
out to be impossible to change the sharp VOF model.

2. Strong spurious currents were found when the sharp VOF model was used.
Based on our experience, this is probably related to the error in the cur-
vature calculation. It was impossible to change the curvature model in
Fluent to the best of our knowledge.

Due to these problems, OpenFOAM was thought to be a better platform than
ANSYS-Fluent to develop the phase transition model, although this implied that
a PLIC model had to be developed from scratch.

The outline of this thesis is sketched below. In Chapter 2, the standard
Continuum Surface Force (CSF) model is modified to facilitate an accurate in-
corporation of the surface tension. The effect of a smoothing procedure on the
curvature is investigated and quantified. In Chapter 3, the performance of the
Height Function method and its compatibility with the PLIC method is inves-
tigated. In Chapter 4, a PLIC algorithm and a generic advection scheme are
proposed and elaborated following Youngs’ idea. Algorithms are tested by a ris-
ing bubble in the ellipsoidal regime and a rising bubble in the spherical regime.
In Chapter 5, a heat-balanced phase transition model based on the energy jump
condition is proposed. The phase transition model is developed based on the
sharp interface provided by the PLIC method. A conservative energy equation is



14 Introduction

solved. Algorithms are tested for the Stefan problem and the interface sucking
problem. Finally, conclusions of the thesis are summarized and suggestions for
future research are given in Chapter 6.



Chapter 2
Continuum Surface Force
model

2.1 Introduction

Surface tension plays an important role when the spatial scales of the interface
shape in a flow of a gas-liquid mixture are small. In the development of the
Piecewise Linear Interface Calculation (PLIC) method, spurious currents were
found to be so strong that they resulted in instability. This motivates investiga-
tions on the curvature accuracy, since the surface tension force is proportional
to the local curvature of the interface. An accurate prediction of the curvature
of the interface of two immiscible phases is required. This chapter presents the
special treatment of the calculation of the curvature that is needed in using the
Continuum Surface Force (CSF) model [11]. In the CSF model, the surface
tension term is written as

Fs =σκ∇α (2.1)

in which σ is the surface tension coefficient and α is the volume fraction of either
phase which is chosen as the liquid volume fraction in this study specifically. κ
is the curvature of the interface

κ=−∇S · n̂ (2.2)
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in which n̂ is the unit normal vector of the interface,

n̂ = ∇α
|∇α| (2.3)

The gradient operator ∇S is used in Eq. 2.2 instead of ∇, because n̂ is only
defined on the interface. The definition of the gradient operators is given by
[42]

∇=∇S +∇N = t̂1(t̂1 ·∇)+ t̂2(t̂2 ·∇)+ n̂(n̂ ·∇) (2.4)

∇S = t̂1(t̂1 ·∇)+ t̂2(t̂2 ·∇) (2.5)

∇N = n̂(n̂ ·∇) (2.6)

in which n̂ is the unit normal vector of the surface and t̂1, t̂2 are two perpendic-
ular tangential unit vectors of the surface , respectively. Since

∇S · n̂ =∇· n̂ −∇N · n̂ (2.7)

and

∇N · n̂ = n̂ · (n̂ ·∇)n̂ = 1

2
(n̂ ·∇)(n̂ · n̂) = 0 (2.8)

it is also possible to calculate the curvature as

κ=−∇· n̂ (2.9)

2.2 The sign of the curvature

In order to simplify the study, we next discuss the sign of the curvature of a plane
curve and generalize the conclusion to surfaces in 3D space. The conventional
definition of the sign of the curvature is depicted in Fig. 2.1, in which the curve
is given by y = sin(x) and n̂ indicates the unit normal vector defined on the upper
side of the curve. As indicated by the figure, the curvature is negative between
[0,π) where the unit normal vectors n̂ diverge, positive between (π,2π] where
n̂ converge and equal to zero at x = π. This relation between the normal unit



2.2 The sign of the curvature 17

0 π/2 π 3/2π 2π
x

-1

0

1

y κ < 0
κ > 0

n̂

Figure 2.1: Convention of the sign of the curvature κ.

vector and the sign of the curvature is verified in simulations in later sections
and should also apply for surfaces in 3D.

Additionally, the sign of the curvature depends on the definition of the di-
rection of the unit normal vector of the surface. It is possible to define the
direction of the unit normal vector as pointing either in the positive or in the
negative y-direction. The curvature calculated for these two choices have the
same magnitude but the opposite sign. The reason is that the unit normal vector
on one side of the surface converges when it diverges on the other side of the
surface.

It is known that the pressure inside a bubble and inside a droplet is larger
than outside, in other words, the pressure gradient points inwards near the
interface for both a bubble and a droplet. If the CSF model and the convention
of the curvature discussed above are correct, they should produce results that
are consistent with the direction of the pressure gradient across the interface. In
the CSF model the pressure gradient caused by surface tension ∇ps is calculated
by Eq. 2.1 and presented in Fig. 2.2. For clarity, the unit normal vector is
defined using the liquid volume fraction n̂ = ∇α

|∇α| . In the case of a circlular
bubble, ∇α points outwards and κ < 0 due to the diverging n̂, so ∇ps points
inwards. In the case of a circlular droplet, ∇α points inwards and κ> 0 due to
the converging n̂, so ∇ps points inwards as well. This shows that the definition
of the curvature and the direction of the pressure gradient are consistent in both
cases. If n̂ is calculated from the vapour volume fraction, both ∇α and n̂ point
in the opposite direction and κ has the opposite sign, but ∇ps has the same
magnitude and direction.
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Figure 2.2: Pressure gradient caused by surface tension ∇ps near the interface of a cir-
cular bubble (a) and a circular droplet (b). ∇α is the gradient of the liquid
volume fraction, n̂ is the unit normal vector on the interface, κ is the curva-
ture.

2.3 Calculation of curvature

The conservative form of the momentum transport equation is

∂(ρU )

∂t
+∇· (ρUU ) =−∇p +∇· [µ(∇U +∇UT )]+ρg+Fs (2.10)

in which U is the velocity field, ρ is the mixture mass density, µ is the mixture
dynamic viscosity, p is the pressure field, g is the gravitational acceleration and
Fs is the surface tension term calculated by Eq. 2.1. The mixture mass density
and dynamic viscosity are calculated as the volume-fraction-weighted averages
of the liquid and vapour values:

ρ =αρl + (1−α)ρv (2.11)

µ=αµl + (1−α)µv (2.12)

where α is the liquid volume fraction, ρl , ρv are the density of liquid and vapour
and µl , µv are the dynamic viscosity of liquid and vapour , respectively. If the
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surface tension term is integrated over a single grid cell, we obtain∫
V
Fs dV =−

∫
V
σ∇· ∇α

|∇α|∇αdV (2.13)

As σ is constant and ∇α is also considered constant in the grid cell, they can be
put outside of the integral.

−
∫

V
σ∇· ∇α

|∇α|∇αdV =−σ∇α
∫

V
∇· ∇α

|∇α|dV (2.14)

Applying Gauss theorem to Eq. 2.14,

−σ∇α
∫

V
∇· ∇α

|∇α|dV =−σ∇α
∫
∂V

∇α
|∇α| ·ndS (2.15)

where ∂V is the surface bounding grid cell V. Discretizing Eq. 2.15,

−σ∇α
∫
∂V

∇α
|∇α| ·ndS ≈−σ∇α∑ (∇α) f

|∇α| f
·S f (2.16)

in which the summation is taken over the faces of the grid cell, S f is the normal
vector of the faces of the grid cell with a magnitude equal to the area of each
face. (∇α) f denotes the linear interpolation of ∇α from the cell centers to the
face centers. By comparing Eq. 2.1 and Eq. 2.16, the curvature κ in the CSF
model is calculated as

κ≈− 1

Vp

∑ (∇α) f

|∇α| f
·S f (2.17)

where the volume of the cell is denoted by Vp . Note that this formulation allows
the calculation of the curvature in all grid cells where |∇α| 6= 0. In order to apply
Eq. 2.17 to all cells, including the ones where |∇α| = 0, it is necessary to add a
small positive number to the denominator.

2.4 Application of CSF with sharp α field

In order to investigate the capability of CSF to predict the curvature and to
assess the accuracy of this prediction, tests are performed in Matlab with the
same algorithm as in OpenFOAM. A two-dimensional vapour bubble in liquid is
initialized with a sharp interface, as shown in Fig. 2.3, in which α is the volume
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fraction of liquid. The bubble is located with its center at the origin and has a
radius of 1, while the computational domain is a square of 4 by 4. The number
of cells within one radius of the bubble is denoted by NR , which is temporarily
set to 50.

Figure 2.3: Sharp initialization of vapour bubble in liquid indicated by the liquid volume
fraction field.

The curvature field calculated from the sharp α field is presented in Fig.
2.4. The curvature field is characterized by a double ring structure around the
actual position of the interface, which is very counter-intuitive at the first sight.
Intuitively, the curvature should only be defined at the exact location of physical
interfaces and in a discrete formulation, it should only exist in interface cells.
The formula for the surface tension term in the momentum transport equation
is Fs = σκ∇α, so the ∇α term eliminates the undesirable values outside the
interface cells, since ∇α is only unequal to zero very close to the interface, if
it is calculated based on the sharp α field. The curvature distribution along
the horizontal axis is shown in Fig. 2.5, in which the solid red line indicates
the curvature of a bubble with radius equal to r, κ = −1/r . The double ring
structure appears as spikes on both sides of the interface in this perspective.
The calculated curvature deviates from −1/r in the region of the interface.

The unit normal vector n̂ calculated from the sharp α field does not show
a good orthogonality to the interface as shown in Fig. 2.6. It gives rise to
problems in calculating curvature and determining direction of the interface,
in which the latter would cause errors in calculating the advection of α field.
Based on these facts, we are motivated to use the smoothed α field in these
senarios.
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Figure 2.4: Curvature field κ calculated from the sharp α field. The interface between
vapour and liquid is indicated by the red circle.
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Figure 2.5: κ distribution along the horizontal axis of the bubble, without smoothing of
the volume fraction field. The red solid line indicates κa =−1/r .
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Figure 2.6: The unit normal vector calculated from the sharp α field.

2.5 Application of CSF with a smoothed α field

In the light of the piecewise linear interface calculation, it is preferable to use
the sharp α field as much as possible to maintain the advantageous properties
of the sharp interface model, for example the sharp transition between the mass
density and viscosity of the liquid and vapour. However, as we saw in the previ-
ous section, the sharp α field causes problems in the calculation of the curvature
and determination of the direction normal to the interface. It is suggested in lit-
erature [11] that the field should be smoothed before calculating the curvature
κ, in order to obtain a more accurate κ field. This smoothing of the volume frac-
tion field has become a common technique in Volume of Fluid (VOF) methods,
irrespective of whether the interface is modeled as sharp or diffuse. However, as
stated by Kothe et al. [48], smoothing should be used with caution,because too
little smoothing results in a too noisy curvature field, while too much smoothing
gives rise to nonphysical high frequency capillary waves.

In order to investigate the smoothing technique, a smoothing procedure is
implemented in Matlab. The smoothing method adopted is based on the two-
dimensional binomial filter,

B 2 = 1

4
[1 2 1]T · 1

4
[1 2 1] = 1

16

 1 2 1
2 4 2
1 2 1

 (2.18)

When this smoothing operator is applied once, the value of the center cell de-
pends on the weighted average of itself and the value of the eight cells around
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it. This smoothing operator can be applied multiple times. The volume frac-
tion field that is smoothed 64 times is presented in Fig. 2.7a. For simplicity
of notation, α̃n indicates the α field that is smoothed n times. Similarly, κn

denotes the curvature field calculated from α̃n . The corresponding κ64 field is
illustrated in Fig. 2.7b, in which the ring structure is even more obvious than
in Fig. 2.4 where no smoothing was applied. The curvature on the interface
between vapour and liquid is -1.

(a) Volume fraction field (b) Curvature field

Figure 2.7: Volume fraction field and curvature field obtained from 64 consecutive ap-
plications of the B2 filter to the sharp volume fraction field of a bubble with
radius 1. The interface between vapour and liquid is indicated by the red
circle.

In order to investigate this ring structure, first the distribution of α after
n times smoothing is shown along one of the coordinate axes in Fig. 2.8.
The slope of the volume fraction near the interface decreases with increasing
smoothing, from very steep for the sharp volume fraction field to gentle after
128 times smoothing. Fig. 2.9 presents the curvature on the same coordinate
axis that results from the smoothed volume fraction fields. The solid red line is
the curvature calculated from the radius, κa =−1/r . The double ring structure
appears as spikes on both sides of the interface in this perspective. Upon re-
peated application of the filter, the magnitude of the spikes decreases and they
move further away from the interface. The slope of the curve between the two
spikes decreases with more smoothing, as illustrated in Fig. 2.9b, generating
a flatter region between the spikes. The figure also shows that close to the in-
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terface the curvature agrees with the value −1/r , if the volume fraction field is
smoothed.
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Figure 2.8: Smoothed volume fraction distribution along the horizontal axis for various
numbers of application of the smoothing operator, as indicated in the legend.

0 0.5 1 1.5 2

x

-50

-30

-10

10

30

50

c
u
r
v
a
t
u
r
e

κa

κ0

κ2

κ8

κ32

κ128

(a) global

0.9 1 1.1
x

-8

-6

-4

-2

0

2

4

6

8

10

c
u
r
v
a
t
u
r
e

κa

κ0

κ8

κ64

(b) details

Figure 2.9: Distribution of curvature along the horizontal axis after n times smoothing.
The red solid line indicates κa =−1/r .

Note that in the computation of the volume flux induced by the surface
tension force Fs when the Poisson equation is being assembled, the curvature κ
needs to be linearly interpolated to cell faces. Therefore, it is desirable to have
curvature close to the analytical value not only in the center of the interface
cells but also in cells near the interface. In fact, from Eq. 2.1 we see that the
region where κ is effective depends on the region where |∇α| is non-zero.
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In the previous part we saw that smoothing of the volume fraction field
leads to a more accurate curvature field at the physical interface. In order
to minimize the number of smoothing operations, and hence the computing
time, it is desirable to quantify the accuracy of the curvature depending on the
number of times of smoothing. From Eq. 2.1 we see that the region where κ is
effective depends on the region where |∇α| is non-zero. An operator bool () is
defined here in order to facilitate the study,

bool (a) =
{

0, a = 0

1, a 6= 0
(2.19)

For simplicity of notation we write

κn,m = κnbool (|∇α̃m |) (2.20)

in which κn is calculated from the α field smoothed n times and α̃m indicates
the α field smoothed m times. In order to illustrate the effect of bool (), κ64,0 and
κ64,1 are presented in Fig. 2.10, in which the non-zero band of κ64,0 is narrower
than of κ64,1. Compared to Fig. 2.7b, the curvature is limited to cells near the
interface and its magnitude is approximately correct. In Fig. 2.11 the quantity
κn,m is shown as a function of the coordinate along the horizontal axis in the
region of interest. The red solid line indicates the curvature calculated from
κa = −1/r . With an increase of m, the region where κn,m is non-zero expands.
This inspires the following idea to find suitable values for n and m to be used
in the calculation of Fs =σκn∇α̃m .

For a given curvature field κn,m , two quantities are defined as

ηn,m =

√√√√∑N
i=1

(
κn,m,i−κa

κa

)2

N
(2.21)

ηmax
n,m = max

(∣∣∣∣κn,m,i −κa

κa

∣∣∣∣) , i ∈ [1, N ] (2.22)

to measure the relative error between the estimations of the curvature and its
analytical value κa in the whole computational domain, in which N is the num-
ber of non-zero points in κn,m . If η is smaller than a certain threshold ηt , the
calculation of the curvature is regarded as accurate enough. The ultimate goal
is to determine the combination of n and m to achieve an optimum with respect
to both accuracy and computational cost.
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(a) κ64,0 (b) κ64,1

Figure 2.10: Contour of κ64,0 and κ64,1
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Figure 2.11: κn,m distribution along the horizontal axis in the region of interface. The
red solid line indicates the analytical curvature calculated from κ=−1/r .
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The sharp α field fails to predict the unit normal vector of interface in an
accurate way, as presented in Fig. 2.6. If the α field is smoothed, the unit
normal vector shows a better orthogonality with the interface, as illustrated in
Fig. 2.12, but the non-zero area of κ expands as shown in Fig. 2.10. However,
in a model based on a sharp interface, it is desirable to keep the non-zero κ

values as close to the interface as possible, since the curvature is defined only
at the interface. Considering advantages and disadvantages of both the sharp
and smoothed α field, we use the following formulation for the surface tension
force, where |∇α| makes sure that the force is only applied in a region very close
to the interface and ∇α̃1

|∇α̃1| ensures an accurate direction:

Fs =σκn
∇α̃1

|∇α̃1|
|∇α| (2.23)

Since the term ∇α̃1
|∇α̃1| only determines the direction of the force and not its mag-

nitude, the number of times α is smoothed should not influence the surface
tension force much. Compared to Eq. 2.1, ∇α is replaced by ∇α̃1

|∇α̃1| |∇α|, with a
direction of ∇α̃1 and magnitude of ∇α.
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Figure 2.12: The unit normal vector calculated from the α field smoothed once.

Consequently, based on Eq. 2.23, Eq. 2.21 and Eq. 2.22, m is set to zero and
ηn,0, ηmax

n,0 are the quantities that will be analyzed. For simplicity of notation,

ηn = ηn,0 (2.24)

ηmax
n = ηmax

n,0 (2.25)
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The relative errors are presented in Fig. 2.13 for a 200 by 200 grid with 50
cells in the radius of the bubble. We see that errors decrease rapidly for low
numbers of smoothing and the rates of decrease slow down later on. The error
is also calculated for different grid sizes, as presented in Tab. 2.1, which gives
a good basis for the choice of a proper value of n depending on grid size and
accuracy requirements. The table also indicates that a fine grid demands more
smoothing times than a coarse grid to reach a certain accuracy of curvature.

0 100 200 300
times of smoothing

10-3

10-2

10-1

100

101

η
n
,
η
m
a
x

n ηn

η
max

n

Figure 2.13: Relative error in the curvature, ηn and ηmax
n as a function of the number of

times smoothing for a grid with 50 cells in the radius of the bubble.

Table 2.1: Times of smoothing to obtain a relative error in the curvature, ηn or ηmax
n be-

low a given threshold for different grids, in which ηt and NR denote threshold
of error and the number of cells in the radius of the bubble , respectively.

(a) ηn

ηt

NR 25 50 100 200

10−1 3 4 6 8
10−2 30 32 34 37
10−3 155 265 321 337

(b) ηmax
n

ηt

NR 25 50 100 200

10−1 7 9 12 19
10−2 51 53 61 81
10−3 202 414 539 564

An increase of the number of smoothing operations that are applied to the
volume fraction field does not always lead to a more accurate curvature estima-
tion. As illustrated in Fig. 2.14, ηn and ηmax

n have a minimum value around
10−4 after approximately 800 times smoothing. This implies that increasing the
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number of smoothing operations will not indefinitely decrease the error. On the
other hand, a finer grid is capable of providing a more accurate curvature if the
volume fraction field is smooth enough. We note that it is not always efficient
or necessary to obtain a very accurate surface tension term in the momentum
equation, since other sources of error start to become dominant.
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Figure 2.14: ηn and ηmax
n as a function of the number of times smoothing for a grid with

50 cells in the radius of a circular bubble.

2.6 Curvature error in an elliptical bubble

The interface deforms when a vapour bubble is subjected to a gravitational field
or shear flow, in which case the local radius of curvature of the bubble becomes
dependent on the position. This can lead to insufficient resolution if the local
radius of curvature becomes small while the grid size remains the same. In
this condition, the local radius is under-resolved and the excess smoothing op-
erations introduce more errors in the curvature calculation as depicted in Fig.
2.15a and Fig. 2.15b. As shown in Fig. 2.15a, the smoothing operation does
not help increasing the accuracy of the curvature when there are only two cells
in the radius of the bubble. Fig. 2.15b shows the error for a case with only four
grid cells in the radius of the bubble. We see that, the maximum relative error
of curvature exceeds 0.3 after 30 times of smoothing.

In order to better investigate the error in curvature of a deformed bubble,
an elliptical bubble is initialized in liquid as shown in Fig. 2.16. The general
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Figure 2.15: ηn and ηmax
n as a function of the number of smoothing for grids with dif-

ferent number of cells in the radius of a circular bubble.

equation for an ellipse is written as

x2

a2 + y2

b2 = 1 (2.26)

For the present case we have taken a = 1, b = 0.5. The analytical curvature of an
ellipse described by Eq. 2.26 and represented as x = a cos t , y = b sin t , is

κ=− ab

(a2si n2t +b2cos2t )3/2
(2.27)

in which t is a parameter ranging from 0 to 2π. The analytical curvature field
of ellipses with aspect ratio a/b = 2 is illustrated in Fig. 2.17, in which the
large values near the center of the ellipse are discarded in order to highlight
the behavior near the interface. The variation of the analytical curvature near
locations (1, 0), (-1, 0) in the direction of the x axis is relatively rapid comparing
to the variation near locations (0, -0.5) and (0, 0.5) in the direction of the y axis.
The analytical curvature at locations (1, 0) and (-1, 0) equals -4 and it equals
-0.5 at locations (0, -0.5) and (0, 0.5), respectively. At the point where the
curvature equals -4, the local radius of curvature equals 0.25 and at the point
where the curvature equals -0.5, the local radius of curvature equals 2. The cell
size is ∆x = 1/50, so the equivalent radial resolutions along the x and y axes are
NR,x = 0.25/∆x ≈ 12, NR,y = 2/∆y = 100.
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Figure 2.16: Sharp initialization of a ellipse bubble in liquid indicated by the liquid vol-
ume fraction field.
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Figure 2.17: Analytical curvature field of ellipses with an aspect ratio equals to 2. The
actual interface position is depicted by the red solid line.
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In Fig. 2.18 the quantity κn,m is shown as a function of the coordinate along
the horizontal and vertical axes in the region of interest. It is difficult to obtain
a satisfactory result in the region of the interface along the x axis, as shown in
Fig. 2.18a, in which the magnitude and the slope of the estimated curvature are
seen to decrease with the number of times of smoothing. While the magnitude
of κ32,0 is in the right range, its slope deviates from the analytical one. On the
other hand the slope of κ64,0 approaches the analytical one, but its magnitude
is much lower. In the region of the interface along the y axis, the calculated
curvature converges to the analytical one after proper smoothing, as shown in
Fig. 2.18b. Note that the κ is calculated on the cell center so far, and it will
be interpolated to cell faces in order to calculate the flux induced by surface
tension. Due to this reason, both the magnitude and the slope of κn,0 matter.
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Figure 2.18: κn,m distribution along the horizontal axis and vertical axis in the region of
the interface. The red solid line indicates the analytical curvature. Cell size
is ∆x = 1/50.

In order to quantify the error in the calculated curvature, the maximum
relative error in the curvature on different grids is depicted in Fig. 2.19 as a
function of times of smoothing. The evolutions of ηmax

n on different grids share
the same character. The error decreases before reaching a minimum. ηmax

n is
sensitive to excessive smoothing if the grid is not very fine, and it increases after
reaching the minimum.

The times of smoothing to obtain an error below a given threshold for dif-
ferent grids is presented in Tab. 2.2. Comparing it with the data shown in Tab.
2.1, an elliptical bubble requires more smoothing times to get the accuracy level
of 10−1 than a circular bubble and it cannot reach the lower accuracy level of
10−2. For a circle, smoothing is possible, since the curvature is the same along
the interface. For an ellipse it varies, and if you smooth you obtain an average of
the curvature over a certain region. Therefore, the curvature will start deviating
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Figure 2.19: Maximum relative error of curvature as a function of times of smoothing.
∆x indicates the size of the grid cells.

if smoothing is too much, especially near the maximum and minimum values of
the curvature.

Table 2.2: Number of times of smoothing to obtain a relative error below a given thresh-
old for different grids, in which ηt and ∆x denote threshold of error and the
cell size , respectively.

ηt

∆x
1/25 1/50 1/100 1/200 1/400

10−1 - 16 19 28 42
10−2 - - - - -
10−3 - - - - -

2.7 Conclusions

The aim of this chapter was the development of an accurate model to calculate
the surface tension force. The standard Continuum Surface Force (CSF) model
was developed based on the smooth interface assumption. However, the two-
phase model adopted in this thesis is the Piecewise Linear Interface Calculation
(PLIC) method, which provides a sharp interface if it is implemented correctly.
Indeed, problems are found when the standard CSF and PLIC are employed in
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two-phase flow simulations in our research. Therefore, modifications have been
made to the standard CSF model on two aspects,

1. the calculation of the curvature;

2. the direction of the surface tension force.

A sharp volume fraction field does not allow accurate calculation of the cur-
vature and of the orientation of the interface. Therefore, a smoothing procedure
is introduced and its effects on the curvature calculation as well as the interface
normal have been systematically investigated. Scripts are developed in Matlab
to facilitate this. Eventually, the relative error in the curvature of a spherical
and a elliptical bubble have been shown. The results show that,

1. The smoothing procedure allows a more accurate unit normal vector of
the interface.

2. The smoothing procedure does increase the accuracy of the curvature if
the bubble is well-resolved on the grid.

3. The relative error in the curvature calculated from the smoothed volume
fraction converges when the grid is refined.

4. If the bubble is not well-resolved, in general the smoothing procedure
makes calculation of the curvature less accurate.

5. There is a limit on the number of times the smoothing procedure can be
applied without deteriorating the curvature calculation.



Chapter 3
Height Function method

3.1 Introduction

A major problem of the Volume of fluid (VOF) method is the accurate calcula-
tion of the curvature from the volume fraction field. One of the options is the
Height Function (HF) method in which a local height function is calculated us-
ing the volume fraction field as well as the grid size. The curvature then follows
from the first- and second-order derivative of the local height function. This
method has been used in previous studies [15] [25] [85] and is presently re-
stricted to rectilinear orthogonal grids, in which the cell size is uniform in each
direction. Here we will introduce this method in 2D. As illustrated in Fig. 3.1,
the curvature in cell P is to be calculated. The method consists of the following
steps.

1. First, it has to be established whether the height function has to be deter-
mined as function of the x- or the y-coordinate. To this end, determine
whether the height function depends on x or y by finding the component
of the unit normal vector of the interface with maximum magnitude. For
example, if the unit normal vector is defined as n̂ = (nx ,ny ) in cell P and
|ny | > |nx |, the height function is calculated as a function of y .

2. In the second step, the height function is defined as

hi , j =


∑ j+3

s= j−3αi ,s∆y, if |ny | > |nx |
∑i+3

r=i−3αr, j∆x, if |ny | < |nx |
(3.1)
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in which hi , j and αi , j denote the height function and liquid volume frac-
tion in cell (i , j ). ∆x and ∆y indicate the size of the cell in both directions.

3. It is assumed that the index of cell P is (i , j ). In order to facilitate explain-
ing the algorithm generically in Fig. 3.1, generic variables are used here.
If |ny | > |nx |, then
hW = hi−1, j , hP = hi , j , hE = hi+1, j ,
∆h =∆x, ∆v =∆y .
If |ny | < |nx |, then
hW = hi , j−1, hP = hi , j , hE = hi , j+1,
∆h =∆y , ∆v =∆x.

4. Calculate the derivative and the second-order derivative of the height
function for cell P by central differencing as

h′ = hE −hW

2∆h
(3.2)

h′′ = hE −2hP +hW

∆2
h

(3.3)

5. Calculate the curvature of cell P as

κP =− h′′

(1+h′2)3/2
(3.4)

For example, the curvature of interface cell P in Fig. 3.1 is required. First it
is determined based on the components of the unit normal whether the height
function is calculated as a function of x or y . A 3× 7 stencil is isolated from
the computational domain. Note that 7 cells are required in the direction of
summation. Second, the height function in cells W, P, E is calculated using the
liquid volume fraction and vertical size of the cell. In this case the results are
hW = 4∆v , hP = 3.6∆v , hE = 3.3∆v , respectively. Then the derivative as well
as the second-order derivative are obtained, and finally the curvature of the
interface in cell P is calculated. If ∆x = ∆y = 0.001, h′ = −0.35 and h′′ = 100,
κP ≈−84.1 in this example.

Note that it is better to calculate the unit normal vector of the interface using
the smoothed volume fraction when HF method is employed in the Piecewise
Linear Interface Calculation (PLIC) method.
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Figure 3.1: Illustration of the Height Function method in 2D. ∆h and ∆v are the horizon-
tal and vertical size on the cell, n̂ is the unit normal vector of the interface in
cell P. Cells P, W, E are cells in which the height function is calculated. The
number in each cell indicates the liquid volume fraction.

3.2 Accuracy of Height Function method

In the following parts we will answer two questions about the accuracy of the
HF method:

1. Does the HF method provide accurate values for the curvature, if the vol-
ume fraction field is accurate?

2. Does the piecewise linear representation of the interface introduce errors
in the curvature calculation?

In the PLIC method, the interface is represented as a line segment in the inter-
face cell, which is shown as the blue line in Fig. 3.2. However, the real interface
is a curve which is shown as the red curve in Fig. 3.2. Obviously, there is a
difference between the area below the blue line and the area below the red
curve. This introduces an error in the initialization of the field of liquid volume
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fraction α at the initial time of the simulation. Although the error in α is small,
it might influence the accuracy of the curvature calculation.

Figure 3.2: Comparison of liquid area calculated from piecewise linear and curve repre-
sentation of the interface. The red curve indicates the exact interface and the
blue line indicates the piecewise linear interface.

3.2.1 Circular bubble

The accuracy of the HF method in the calculation of the curvature of a circular
bubble is assessed by means of an implementation of the method in Matlab. The
computational domain ranges from -2 to 2 in both x and y direction, which is
the same as in Fig. 2.3. At the center of the domain, a circular bubble of radius
1 is initialized. The initial liquid volume fraction field α is calculated based on
both the exact circular interface and the piecewise linear interface, in which the
former is regarded as the most accurate initialization of α. Accordingly, they are
denoted by αex and αpl i , respectively and the curvature calculated from them
are denoted by κex and κpl i , respectively. Note, however, that this does not
imply that κex is the exact value of the curvature, but it is the curvature based
on the exact value of the volume fraction.

It should be mentioned that the curvature calculated here using the HF
method is projected to the exact location of the interface from cell centers in
order to facilitate the quantification of the accuracy. As illustrated in Fig. 3.3,
the curvature is projected to the exact location of the interface in the direction
of the y axis if the magnitude of ny is larger than the magnitude of nx . On the
other hand, if the magnitude of nx is larger than the magnitude of ny , the pro-
jection is in the direction of the x axis. By applying this projection procedure,
it is possible to compare the curvature calculated by the HF method with the
analytical curvature κa which is only defined on the interface.
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κ

Figure 3.3: Projection of curvature κ from cell center to the interface, indicated by the
green arrow. n̂ is the unit normal vector of the interface in this interface cell
and nx , ny are the x, y components of n̂.

We define the relative error in the curvature by

η=
∣∣∣∣κ−κa

κa

∣∣∣∣ (3.5)

in which κa is the analytical value of the curvature on the interface which equals
-1 in this case. The spatial and angular distributions of η in a mesh with cell size
∆x = 1/50 are shown in Fig. 3.4. In Fig. 3.4b we can see that both ηex and ηpl i

oscillate with an angular period of π/2. The oscillation of ηex is in the order of
magnitude of 10−4 while the oscillation of ηpl i ranges between 10−4 and 10−1.
ηex reaches its maximum value at (2n +1)π/4, (n = 0,1,2,3,) and its minimum
value at nπ/2, (n = 0,1,2,3,).

Quantification of accuracy

In order to quantify how the accuracy depends on grid size, two quantities are
defined to measure the overall accuracy of the curvature calculated by the HF
method,

η2 =
√∑N

i=1η
2
i

N
(3.6)

η∞ = max(η1,η2, ...,ηN ) (3.7)
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Figure 3.4: Relative errors of curvature calculated from the exact circular interface and
the piecewise linear interface. Note that the angle starts at zero on the posi-
tive x axis and the grid size is ∆x = 1/50.

where N is the number of sampling points on the interface. The overall accu-
racy η2 and η∞ are presented in Fig. 3.5 as functions of the reciprocal of grid
size 1/∆x. As shown in Fig. 3.5a, η2,ex and η∞,ex decrease with increasing 1/∆x,
which means that the curvature calculated from αex with the HF method be-
comes more accurate if the grid is refined. However, in Fig. 3.5b, it is shown
that η2,pl i and η∞,pl i are not sensitive to grid refinement. They keep the same
magnitude of 10−2 and 10−1 , respectively throughout the grid refinement and
remain almost constant beyond 1/∆x = 100.
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Figure 3.5: The overall accuracy η2, η∞ as functions of the reciprocal grid size 1/∆x.
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3.2.2 Errors in the Height Function method

Two errors

The extreme values in ηex and the oscillation of ηpl i in Fig. 3.4b are intriguing.
Two types of errors can be distinguished in order to facilitate the following
discussion.

1. The error in the curvature formulation Eq. 3.4, including the error intro-
duced by using 1st- and 2nd-kind central differences.

2. The error induced by the approximation of the height function using the
volume fraction.

The reasons are described next. Height functions calculated from the liquid
volume fraction are denoted by hv and the analytical height function is denoted
by ha . The relation between them is given by,

hv = ha +ε (3.8)

in which ε denotes the difference between them.
The error analysis of the first derivative of the volume fraction based height

function is denoted by,

h′
v,P = hv,E −hv,W

2∆

= ha,E −ha,W

2∆
+ εE −εW

2∆
= h′

a,C D,P +ε′P
= h′

a,P +O(∆2)+ε′P

(3.9)

in which h′
a,C D,P indicates the first derivative calculated from the analytical

height function using central difference. h′
a,P indicates the analytical first deriva-

tive. O(∆2) indicates the error introduced by the 1st-order central difference.
The error ε′P is caused by the error in the volume fraction based height function,
and it is given by,

ε′P = εE −εW

2∆
(3.10)
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Similarly, the second derivative of the volume fraction based height function
is given by,

h′′
v,P = hv,E −2hv,P +hv,W

∆2

= ha,E −2ha,P +ha,W

∆2 + εE −2εP +εW

∆2

= h′′
a,C D,P +ε′′P

= h′′
a,P +O(∆2)+ε′′P

(3.11)

in which h′′
a,C D,P indicates the second derivative calculated from the analytical

height function using central difference. h′′
a,P is the analytical second deriva-

tive. O(∆2) indicates the error caused by the 2nd-order central difference. ε′′P is
caused by the error in the volume fraction based height function, and it is given
by,

ε′′P = εE −2εP +εW

∆2 (3.12)

Note that the 1st- and 2nd-order derivatives estimated by central differencing
are second-order accurate if the grid is uniform.

Different definitions of the height function

It is noted that the definition of the height function is not unique. Eq. 3.1
only shows one of the available options of calculating the height function in
numerical simulations. In general, the height function denotes the height of the
interface.

It is useful to distinguish different definitions of the height function which
are shown in Fig. 3.6. In the figure, part of a circle with a radius of 1 is indicated
by the blue solid arc. ha is the height function obtained from the analytical
expression of the interface. The exact interface is given analytically. The volume
fraction obtained from the exact interface location is termed αex and hex is the
height function calculated from αex . The volume fraction obtained from the
piecewise linear interface location is termed αpl i and hpl i is the height function
calculated from αpl i . Correspondingly, the curvatures calculated from ha , hex

and hpl i using the HF method are denoted by κha , κex and κpl i , respectively.
Note that the analytical curvature is κa =−1.

For simplicity, hex or hpl i is given by

hex/pl i =
Sshade

∆
(3.13)
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in which ∆ is the width of each column. Sshade is the shaded area in a column
of cells. It equals the area of the curved edge "trapezoid" when the exact inter-
face is applied and it equals the area of the polygon when the piecewise linear
interface is applied.

ha

hex

(a) ha and hex

hpli,1

hpli,2

(b) hpl i

Figure 3.6: Different definitions of the height function. The heights of the approximated
interface are indicated by dashed lines.

ha is the analytical height function, and it can be used to calculate the error
induced by the curvature formulation separately without introducing the error
caused by the approximation of the height function. hex is the height function
obtained from αex which is based on the analytical interface position. hex is
the most accurate height function that can be obtained by summing the volume
fractions in the VOF method. Obviously, the transient shape of a bubble in
VOF simulations can not be determined by an analytical expression. Therefore,
neither ha nor hex is applicable in real simulations and hpl i is the only option.

Relative errors

Based on the three height functions, the relative errors in the curvature are pre-
sented in Fig. 3.7. Only one eighth of a circle with a radius of 1 is investigated
and the grid size is ∆ = 1/50. ηha , ηex and ηpl i indicate relative errors of the
curvature calculated from ha , hex and hpl i using the HF method , respectively.
In the figure, ηha decreases slowly in the beginning and drops fast near θ =π/4.
ηex increases gradually and remains in the order of magnitude 10−4. ηpl i is close
to ηex in some regions while it deviates from ηex in other regions. Oscillations
in ηpl i are as large as three orders of magnitude.
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Figure 3.7: Relative error in the curvature based on the three height functions. Grid size
∆= 1/50.

The error in the height function

In Fig. 3.7 it is shown that the HF method can produce an accurate curvature
if the height function is accurate. Therefore, the dominant contribution to the
error in the height function originates from the approximation of the height
function using the volume fractions.

The relative error in the first derivative h′
v,P and the second derivative h′′

v,P
are given by,

η1st = ε′P /h′
a,C D,P (3.14)

and

η2nd = ε′′P /h′′
a,C D,P (3.15)

in which ε′P and ε′′P can be calculated from hex or hpl i .
η1st ,pl i and η2nd ,pl i are compared with ηpl i in Fig. 3.8. In the figure, η1st ,pl i

shows less oscillations than η2nd ,pl i . η2nd ,pl i partially overlaps with ηpl i , which
demonstrates that η2nd ,pl i dominates ηpl i . In other words, the oscillation of ηpl i

is dominated by the discrepancy between the analytical second-order derivative
and the second-order derivative calculated from the height function based on
the piecewise linear interface.

It remains interesting to investigate why the piecewise linear interface in-
duces this behavior. In order to facilitate the discussion, it is better to distin-
guish the 1st-kind Piecewise Linear Interface (PLI) and the 2nd-kind PLI, which
are shown in Fig. 3.9. Note that the direction of summation of the height func-
tion in this figure is in the vertical direction. In the right column of cells, the
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Figure 3.8: Comparion of ηpl i , η1st ,pl i and η2nd ,pl i . Grid size ∆= 1/50.

interface is cut by a horizontal grid line, so according to the standard method
adopted in this thesis, the piecewise linear interface should have two pieces in
two cells and this scenario is called 2nd-kind PLI. In addition, the 1st-kind PLI
is indicated by the green dashed line in the figure, in which the linear interface
is not cut into two pieces by the horizontal grid line. It is noted that the concept
of the standard PLI allows both 1st- and 2nd-kind PLI.

liquid

vapour

Figure 3.9: In the right column of cells, the 1st-kind Piecewise Linear Interface (PLI) is
indicated by the green dashed line and the 2nd-kind PLI is indicated by the
red solid lines.

The errors in the two height functions are plotted as functions of angle in
Fig. 3.10. Note that the analytical height function is the reference. εex indicates
the discrepancy between the analytical height function and the height function
based on the liquid volume fraction given by the exact interface. εpl i indicates
the discrepancy between the analytical height function and the height function
based on the liquid volume fraction given by a piecewise linear interface. ε1st pl i

indicates the discrepancy between the analytical height function and the the
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height function based on the liquid volume fraction given by the 1st-kind piece-
wise linear interface.

0 π/16 π/8 π3/16 π/4
θ

10−4

εex
εpli
ε1stpli

Figure 3.10: Errors in different height functions based on liquid volume fraction as a
function of θ. The red dotted curve indicates the ε1st pl i distribution, which
is obtained from the 1st-kind piecewise linear interface.

In Fig. 3.10, εex increases gradually from θ = 0 to θ = π/4 and this is the
reason for the extreme value in ηex at θ = π/4 which is shown in Fig. 3.7. The
oscillations of εpl i are the reason for the oscillations of η1st ,pl i and η2nd ,pl i in
Fig. 3.8. εex varies mildly, so it is possible for ε to cancel partially to produce
small ε′P and ε′′P .

The reason for the oscillation in εpl i in Fig. 3.10 is that the interface switches
between 1st- and 2nd-kind PLI. In the figure, the red dotted curve indicates
the ε1st pl i distribution, which is obtained from the 1st-kind piecewise linear
interface. ε1st pl i increases gradually from θ = 0 to θ = π/4 just like εex except
that it is higher in magnitude. In every column of cells where the interface
is represented by the 2nd-kind PLI, the error in the height function is lower,
which is reasonable because in Fig. 3.9 the 2nd-kind PLI is indeed closer to the
exact interface. However, this occasionally-more-accurate height function does
not help with curvature calculation, instead, it induces the much less accurate
curvature κpl i which is shown in Fig. 3.7.

In general, the central difference scheme can partially cancel the error if the
error varies mildly. Therefore, we postulate that the curvature based on the
1st-kind PLI κ1st pl i should have approximately the same accuracy as κex . This
assumption is validated by the results shown in Fig. 3.11, in which the red
dotted line indicates the relative error of κ1st pl i .

It appears that the problem is solved if the interface can be kept 1st-kind PLI.
It should be investigated whether this method also works well in other cases.
This will be a topic for future research. In the remainder of this thesis, we will
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Figure 3.11: Relative error of the curvature based on different kinds of height functions.
Grid size ∆= 1/50.

use the standard PLI.

3.2.3 Elliptical bubble

In order to test the accuracy of HF method in calculating the curvature of an
elliptical bubble, the Matlab script is modified. The computational domain is
still the same but instead of a circular bubble, an elliptical bubble at the center
of the domain is chosen as the initial configuration. The ellipse is described by:

x2 +4y2 = 1 (3.16)

As in the previous section, two kinds of initialization of the liquid volume frac-
tion field are employed and they are denoted as αex and αpl i , respectively.
Accordingly, the curvature fields calculated from αex and αpl i are indicated by
κex and κpl i . The analytical curvature of an ellipse described by Eq. 3.16 is

κa =− 1

2(si n2t +0.25cos2t )3/2
(3.17)

The spatial and angular distributions of η in a mesh with cell size ∆x = 1/50
are shown in Fig. 3.12. In Fig. 3.12b, both ηex and ηpl i share the same period
of π. The overall accuracy η2, η∞ as functions of the reciprocal of grid size 1/∆x
is presented in Fig. 3.13. In Fig. 3.13a, η2,ex and η∞,ex decrease with increasing
of 1/∆x. However in Fig. 3.13b, η2,pl i and η∞,pl i show little variation except
the drop at the beginning of the chart. η∞,pl i keeps constant at a value of 0.125
after 1/∆x = 50 while η2,pl i oscillates around 0.06.
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Figure 3.12: Relative errors of curvature calculated from the exact elliptical interface
and the piecewise linear interface. Note that the angle starts from the x
axis and the grid size ∆x = 1/50.
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Figure 3.13: The evolution of the overall accuracy η2, η∞ according to the reciprocal of
grid size 1/∆x.



3.3 Conclusions 49

3.3 Conclusions

In this chapter, the Height Function (HF) method is revisited, which is a pop-
ular curvature calculation method. In our research, problems have been en-
countered when the HF and PLIC methods are employed simultaneously in
two-phase flow simulations. Therefore, Matlab scripts are developed to test
the accuracy of the HF method and its compatibility with the PLIC method. The
results show that

1. The Height Function method provides an accurate curvature if the liquid
volume fraction α is given by the exact interface position and the grid is
sufficiently fine.

2. Piecewise linear representation of the interface introduces small errors in
the volume fraction field.

3. The small errors in the volume fraction which are introduced by the piece-
wise linear representation of the interface, cause considerable errors in the
curvature calculation when the Height Function method is applied.

4. The maximum relative error of the curvature is on the order of 10% and
independent of the grid size.





Chapter 4
Piecewise Linear Interface
Calculation

4.1 Introduction

The idea of Piecewise Linear Interface Calculation (PLIC) was first proposed by
Youngs [110] [111]. The interface is assumed to be linear in an interface cell,
which in our algorithm is defined as a cell where 0.001 < α < 0.999. It is noted
that α is the liquid volume fraction. Similar to other methods in the family of
Volume of Fluids (VOF) methods, the transport equation of α is solved,

∂α

∂t
+∇· (αU ) = 0 (4.1)

By integrating the advection term over control volume and time, its discrete
form is obtained,∫ t+∆t

t

∫
V
∇· (αU )dV d t ≈∑

α f
(
U f ·S f

)
∆t (4.2)

in which subscript f indicates that the quantity is defined on the faces of the
control volume. Quantity α f is the face value of α, U f is the face value of
the velocity, S f is the outward normal vector on each face and its magnitude
is the area of the cell face and ∆t is the time step. The description of PLIC
starts with the flux calculation of α in Eq. 4.2, specifically the calculation of α f .
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The basis of PLIC is that a piecewise linear interface can be reconstructed and
subsequently employed to calculate α f accurately.

4.2 Interface reconstruction

4.2.1 Intersection patterns of the interface and the cell

The basic idea behind the interface reconstruction in PLIC [110] [111] is that
the position of the linear interface in a grid cell can be calculated from the liquid
volume fraction α, the normal vector on the interface n̂ and the coordinates
of the nodes of the cell. The normal vector of the interface is defined by the
unit gradient of the liquid volume fraction n̂ =∇α̃1/|∇α̃1|, in which α̃1 indicates
the liquid volume fraction which is smoothed once as shown in Fig. 2.12 and
explained in Section 2.5. A linear interface in an interface cell is illustrated in
Fig. 4.1, in which the interface is indicated by line segment EF .

A B

CD

E

F

n̂ = ∇α̃1

|∇α̃1|

α = SABEF/SABCD

Figure 4.1: Illustration of piecewise linear interface calculation.

The intersection relations between the interface and the cell are addressed
in the first place. If the interface does not cross any node of the cell, there are
only two intersection patterns between the interface and the cell, which are the
neighbour-intersection and the opposite-intersection, as shown in Fig. 4.2. If
the interface crosses node(s) of the cell, duplicate solutions are produced, which
can and will be deleted later in the algorithm. Neighbour-intersection means
that the interface intersects two neighbouring edges in a cell, while opposite-
intersection means that the interface intersects two opposite edges in a cell.
There are four possibilities in neighbour-intersection, which are EF intersecting
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with D A and AB , AB and BC , BC and C D or C D and D A. There are two pos-
sibilities in opposite-intersection, which are EF intersecting with AB and C D
or BC and D A. All the possibilities sum up to 6, which exhausts all possible
intersections. The reason is that the number of possible combinations of edges
(unordered, without replacement) is C 2

4 = 6. For each possibility in neighbour-
intersection, the shape of the liquid area is either triangular or pentagonal. For
each possibility in opposite-intersection, the shape of the liquid area is quadri-
lateral.

A B

CD

E

F

(a) neighbour-intersection

A B

CD

E

F

(b) opposite-intersection

Figure 4.2: Interface intersecting with cell edges.

4.2.2 Determination of intersection points

In this algorithm, points E and F are regarded as the intersections between the
edges and the linear interface. In other words, E and F can be represented by a
set of linear equations. For example, the linear interface intersects with edge i
in point E and intersects with edge j in point F . Note that edge i and edge j can
be any combination of the four edges. Then, points E and F can be represented
by {

nx x +ny y + cn = 0

ai x +bi y + ci = 0
(4.3)

{
nx x +ny y + cn = 0

a j x +b j y + c j = 0
(4.4)
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, respectively. In these equations, nx and ny are the known components of the
interface normal n̂ = (nx ,ny ), and cn is an unknown coefficient. ai , bi , ci and a j ,
b j , c j are coefficients of the equations describing edge i and edge j , respectively.
The intersection points E and F are expressed as a function of cn ,

E = fE (cn) (4.5)

F = fF (cn) (4.6)

Note that E and F are currently defined as the intersection points of two lines.
As long as we do not know on which edges points E and F are located, these
intersection points might end up outside the cell, in which case they will be
discarded. Now coordinates of the nodes of the cell and the representations of
E and F are known. These points are the potential points confining the liquid
area. The next step is to figure out which of these potential points are the ones
that actually confine the liquid area.

Before moving to the next step, we note that the polygonal area [10] can be
calculated by

S = 1

2

N−1∑
i=0

(xi yi+1 −xi+1 yi ) (4.7)

Note that N indicates the number of the nodes of the polygon, which are ar-
ranged counter-clockwise and denoted as Pi = (xi , yi ).

If the intersection pattern is neighbour-intersection, the liquid area can be
either triangular or pentagonal. The shape of the liquid area can be determined
by using the direction of the normal vector of the interface n̂. As illustrated
in Fig. 4.2a, if the liquid area is determined by triangle AEF , then it can be
represented as a function of cn employing Eq. 4.7:

Sl i qui d (cn) =α∗Scel l (4.8)

in which α indicates the liquid volume fraction and Scel l indicates the cell area.
If the liquid area is pentagon BC DF E , as shown in Fig. 4.2a, then another
equation is obtained but still of the same form as Eq. 4.8. If the intersection
pattern is opposite-intersection, the liquid areas are quadrilateral in both condi-
tions, so another equation in the form of Eq. 4.8 for the quadrilateral shape can
be derived. The derivation of Eq. 4.8 can be found in the appendix 4.8.1 for
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all three shapes. Eq. 4.8 is essentially a quadratic equation, so the number of
solutions can be 0, 1 or 2. cn obtained here is substituted back into E and F for
examination. If E and F obtained here are on edge i and edge j , respectively,
they are a valid solution to the interface position. Note that an edge in a cell
is essentially a line segment, so the intersection point must not only satisfy the
collinear condition but also be in the range confined by the nodes of the edge.

4.2.3 Overview of the interface reconstruction

The interface reconstruction algorithm has been presented in case the shape of
the liquid area is known. However, in practical simulations, the shape of the
liquid area remains unknown until the interface position is calculated. In or-
der to break this dilemma, the method of "calculate and check" is applied. The
essence of this method is that all possible scenarios are calculated and subse-
quently checked if the interface positions make sense or not. There is exactly
one scenario that gives a possible solution and that is the unique solution. If the
presumed shape is different from the actual shape, it is impossible to find an
interface position that makes sense. For example, if the liquid area is triangular
and it is presumed to be pentagonal in the calculation, either the interface posi-
tion exceeds the boundaries of the cell or the equation for the interface position
does not have a solution. The latter case is implied by a complex (i.e. non-real)
solution of the quadratic equation of cn , Eq. 4.8.

The interface reconstruction algorithm described above has been implemented
in OpenFOAM v6 together with this "calculate and check" method.

4.3 Advection scheme

The PLIC algorithm is able to reconstruct the sharp interface for an immiscible
two-phase flow system, but a special advection scheme is still necessary to keep
the interface sharp in the next time step [110]. In this section, this idea is inter-
preted in another way to fit into OpenFOAM, and to allow an easy combination
with other numerical schemes.

If we look back to Eq. 4.2, in the calculation of the flux of α, the volume flux
U f ·S f is fixed when the velocity field is updated after solving the pressure Pois-
son equation. Hence, the calculation of the flux of α is simplified to calculating
the face value of α which is denoted by α f in the equation.

Based on the sharp interface reconstructed by PLIC as shown in Fig.4.1, α f

on the right face of the cell, can be calculated as depicted in Fig. 4.3. The unit
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normal vector of BC is denoted by n f . The procedure is:

1. offset edge BC in the adverse direction of n f with a distance of |U f ·n f |∆t ;

2. find the intersection points P , Q with the two edges perpendicular to edge
BC and the intersection point S of this offset edge with the interface;

3. calculate α f = SPBES
SPBCQ

.

This is just one of the many advection patterns. Although it is possible to list
all advection patterns, we chose to avoid implementing them in the code, be-
cause too many selective structures increase the complexity of the code and
complicate debugging. A generic algorithm is proposed to include all possible
advection patterns.
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Q

S

n̂ = ∇α̃1

|∇α̃1|

α = SABEF/SABCD

U f · nf
αf = SPBES

SPBCQ

|U f · nf |∆t

Figure 4.3: Face value estimation.

4.3.1 The generic advection algorithm

In order to facilitate the following discussion, the points in Fig. 4.4 that confine
the liquid area are named liquid points, which are points A, P , B , E , S, F and
are indicated by blue triangular marks. Similarly, the points that confine the
area which will be advected to the neighbouring cell are named advected points,
which are P , B , E , C , Q, S and are indicated by red cross. The points that confine
the liquid area which will be advected to the neighbouring cell are named as
advected liquid points, which are points P , B , E , S. Obviously, advected liquid
points are the points that are both liquid points and advected points. In other
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words, advected liquid points are the intersection of the set of the liquid points
and the set of the advected points.

It is easy to find the advected liquid points manually for each advection
pattern. However, the question is how to develop a generic algorithm which
is applicable to all patterns. Reviewing Fig. 4.4, all the liquid points are on
the same side of the interface pointed by the interface normal n̂. If the point
halfway between E and F is G and an arbitrary liquid point is denoted by Y ,
then this rule can be described by a vector relation

−−→
GY · n̂ ≥ 0 (4.9)

A similar rule can be found for any advected point Z ,

−−→
H Z ·Sn ≥ 0 (4.10)

in which H is the point halfway between P and Q and Sn is the normal vector
on the face BC . Examples are presented in Fig. 4.4. P is a liquid point because−→
GP · n̂ > 0 and C is an advected point because

−−→
HC ·Sn > 0.

Finally, if an arbitrary point shown in Fig. 4.4 except G and H is denoted by
X and it satisfies

−−→
G X · n̂ ≥ 0,

−−→
H X ·Sn ≥ 0 (4.11)

at the same time, point X is one of the advected liquid points. When all the
advected liquid points are found, they are sorted in counter-clockwise direction
and then the advected liquid area is calculated applying Eq. 4.7. An extreme
advection pattern occurs when the number of the advected liquid points is zero;
then α f = 0 because the liquid area is zero.

4.3.2 Robustness improvement of the advection scheme

In the previous subsection, the positions of points P and Q are dependent on the
distance of the offset which is given by |U f ·n f |∆t . Strange behavior is observed
if this offset distance is relatively small. Two examples of this behavior will be
introduced in this subsection.

Example 1: advection area is zero

Referring to the advection pattern shown in Fig. 4.3, the advected area is
SPBCQ = |U f ·n f |∆t∆y . It is noticeable that SPBCQ approaches zero in case of
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n̂ = ∇α̃1
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Figure 4.4: Advected liquid points. Liquid points are indicated by the blue triangular
marks and the advected points are indicated by the red crosses. Advected
liquid points are the points indicated by both marks. G is the midpoint of E
and F . H is the midpoint of P and Q. Sn indicates the normal direction of
face BC .

a slowly moving interface (U f ·n f → 0), in combination of with a fine grid
(∆y → 0) and small time step (∆t → 0). In general, very small real numbers are
not desirable in the denominator of numerical calculations.

Example 2: error in S

Point S is calculated from the solution of the intersection point of the linear
equation for line EF and line PQ. Due to the machine precision, S might be
shifted to S′ or S′′ as depicted in Fig. 4.5. If the error in S is comparable
to the offset distance, a considerable error is induced in α f and subsequently
accumulated in α.

Solution

In order to prevent these unwanted phenomena and make the method robust,
the algorithm is modified. As shown in Fig. 4.6, α f is estimated based on
the line ratio instead of area ratio if the offset is too small. The "small offset
distance" is defined by the ratio of the advected area over the cell area,

kar =
|U f ·n f |∆t∆y

∆x∆y
= |U f ·n f |∆t

∆x
(4.12)

in which ∆x and ∆y are the grid spacing in x and y direction, respectively. If kar

is smaller than a certain threshold, which is usually 10−3 in the simulation, the
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advected area is considered small enough compared to the cell volume to apply
the advection scheme based on line ratio.
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α = SABEF/SABCD

U f · nf

αf = SPBES
SPBCQ

|U f · nf |∆t

Figure 4.5: The scenario that an er-
ror in the position of
S is comparable to the
offset distance.
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αf = |−−→BE|

|−−→BC|

Figure 4.6: α f is estimated based
on the line ratio if the
offset distance is too
small.

4.3.3 Choice of the time step

In Fig. 4.3 and Fig. 4.6, two types of advection schemes are presented. In the
application of these schemes, there is one scenario that should be addressed as
it induces systematic errors, which is depicted in Fig. 4.7. If two neighbouring
faces of a cell are required to calculate α f based on the PLIC advection scheme,
liquid area PBQ∗H is advected twice. It is possible to eliminate this source of
error by dividing this twice advected liquid area into 2 parts and advect them
in each direction, which indicate α f ,BC = SHBCQ

SHBES
and α f ,AB = 1. However, it is not

so easy to implement this for all possible combinations of advection patterns,
unless a generic algorithm is proposed. Hence, a compromise is made here,
which is using the method with this over-advection error but suppress it by
choosing the time step properly.

The over-advected liquid area is expressed by

SHQ∗BP =U f ,BCU f ,AB∆t 2 (4.13)

in which U f ,BC and U f ,AB indicates the velocity magnitude on cell faces BC
and AB , respectively. Note that the over-advected liquid area is proportional
to ∆t 2 while the advected area is proportional to ∆t , so the relative error due
to over-advection on one face is proportional to ∆t . In a certain velocity field,
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only part of the interface cells have the neighbouring-faces advection pattern
shown in Fig. 4.7, so the contribution of over-advection to the overall error also
depends on the character of the velocity field. Finally, a practical suggestion for
the choice of time step is that the maximum Courant number is kept below 0.1.
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α = SABEF/SABCD

U f · nf
αf = SPBES

SPBCQ

U f · nf αf = 1

Figure 4.7: Advection schemes applied on neighbouring faces.

4.3.4 Overview of the advection scheme

If the advection ratio kar defined in Eq. 4.12 is larger than the threshold, the
advection scheme is switched into the area ratio mode illustrated in the Fig. 4.3.
Otherwise, if the advection ratio is smaller than the threshold, the advection
scheme is switched into the line ratio mode illustrated in the Fig. 4.6. Usually,
kar is set to 10−3 in the algorithm. Hence, the advection of α from an interface
cell is well-defined so far, but other conditions exist and should be taken care of
separately.

It is noted that in order to stabilize the curvature calculation, the cutoff
value of α is set to 10−5, which means that if α< 10−5, α is assigned a new value
0 and if α > 1− 10−5, α is assigned a new value 1. In the current algorithm,
the interface cell is defined as the cell with 0.001 ≤ α ≤ 0.999. Therefore, cells
with 0 ≤ α < 10−3 or 1−10−3 < α ≤ 1 are considered as non-interface cells. The
linear interfaces are not reconstructed in non-interface cells and it is certainly
impossible to calculate the face value of α employing the PLIC advection scheme
when the mixture flows out of these cells. Note that the cut value of α used here
is the same as in the Fluent and the criteria 10−3 for determining the interface
cell is the lowest value to make the solver stable.
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Consequently, in case of advection of α between two non-interface cells,
the Van Leer scheme [97] [98] is used to calculate the face value of α which is
denoted by α f . In case of advection of α from a non-interface cell to an interface
cell, α f is assigned the α value of the non-interface cell.

4.4 Governing equations for two-phase flow

Governing equations for the immiscible two-phase flow are

∂α

∂t
+∇· (αU ) = 0 (4.14)

∂(ρU )

∂t
+∇· (ρUU ) =−∇p +∇· [µ(∇U +∇UT )]+ρg+Fs (4.15)

in which α is the liquid volume fraction, U is the velocity field, ρ is the mixture
mass density, µ is the mixture dynamic viscosity, p is the pressure field, g is the
gravitational acceleration and Fs is the surface tension term. The mixture mass
density and dynamic viscosity are calculated as the volume-fraction-weighted
averages of the liquid and vapour values:

ρ =αρl + (1−α)ρv (4.16)

µ=αµl + (1−α)µv (4.17)

where ρl , ρv are the density of liquid and vapour and µl , µv are the dynamic
viscosity of liquid and vapour, respectively.

The advection terms in Eq. 4.14 and Eq. 4.15 are generalized, integrated
and discretized by,∫

V
∇· (ψU )dV =

∫
∂V
ψ f U f ·dS ≈∑

ψ f φ (4.18)

in which ψ can be liquid volume fraction α or momentum density ρU , φ in-
dicates the volume flux and subscript f indicates the quantities defined on the
faces of a control volume. α f is calculated using the PLIC advection scheme
developed in section 4.3. It is noted that (ρU ) f = [α f ρl +(1−α f )ρv ]U f in which
U f is interpolated to cell faces linearly.
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The transient term is solved using the first order explicit Euler scheme since
the Courant number must be kept low in order to ensure the accuracy of the α f

calculation. The default treatments are adopted in OpenFOAM on the viscous
term and the gravity term.

The surface tension is incorporated by the modified CSF model which has
been discussed in section 2.5. It reads,

Fs =σκ ∇α̃1

|∇α̃1|
|∇α| (4.19)

in which κ can be calculated by the divergence formula Eq. 2.9 using the
smoothed liquid volume fraction κn =−∇S · (∇α̃n/|∇α̃n |), or the HF method Eq.
3.4. The volume flux induced by the surface tension can be written as

φs =
(

1

Ap

∫
V
Fs dV

)
f

·S f =σ
(

VP

Ap

)
f

κ f

( ∇α̃1

|∇α̃1|
|∇α|

)
f
·S f (4.20)

in which Ap indicates the coefficient in the discretization [13], () f indicates
an operation interpolating value from the cell centers to the cell faces. This
face-centered formula of the surface tension is suggested by Popinet [70] and
Francois et al. [25]. It is noted that the estimation of κ f can be achieved in two
ways,

1. Linear interpolation.

2. The projection method which is proposed by Francois et al. [25],

κ f =


0.5∗ (κoc +κnc ), if the owner and neighbour cells are interface cells.
κoc , if the owner cell is an interface cell and the neighbour cell is not.
κnc , if the neighbour cell is an interface cell and the owner cell is not.

(4.21)

For an internal face of the mesh, it belongs to two cells. In OpenFOAM,
one of them is named owner cell and the other is named neighbour cell.
In Eq. 4.21, subscripts oc and nc indicate owner cell and neighbour cell,
respectively.

When the curvature is calculated by the divergence formula, linear interpola-
tion is employed. When the curvature calculated by the Height Function (HF)
method, the projection method is used.

These algorithms have been implemented in the open-source software Open-
FOAM v6 and the solver is named plicFoam.
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4.5 Test cases of rising bubbles

In the map of shape regimes of bubbles and drops established by Clift et al. [14],
which is duplicated in Fig. 4.8, non-dimensional parameters are employed to
facilitate the classification of the shape of bubbles and drops. The Reynolds
number, which describes the ratio of inertial forces to viscous forces is defined
as

Re = ρlUg L

µl
(4.22)

The Eötvös number which describes the ratio of gravitational forces to surface
tension forces is defined as

Eo =
ρlU

2
g L

σ
(4.23)

where ρl is the liquid mass density, µl is the liquid dynamic viscosity and σ is the
surface tension coefficient. The characteristic length L is defined as the initial
diameter of the bubble

L = 2r0 (4.24)

where r0 is the initial radius of the bubble. The characteristic velocity is chosen
as the gravitational velocity

Ug =√
g L (4.25)

In this section, test cases with different Reynolds and Eötvös numbers are sim-
ulated and discussed.

4.5.1 Benchmark quantities

In order to assess the quality of the methods we will perform a visual compari-
son of the interface of bubbles. However, this only qualitatively determines the
results of simulations. In order to obtain a more rigorous comparison between
simulation results, several quantities are defined.

1. Center of mass xc is used to track the translation of the bubbles, which is
defined as

xc =
∫
ΩxdΩ∫
ΩdΩ

(4.26)
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Figure 4.8: Shape regimes for bubbles and drops subjected to gravitation in liquids [14].

in which Ω indicates the region occupied by the bubble, x indicates the
position vector. Note that xc = (xc , yc ), and in case of a symmetric compu-
tational domain, the change in xc is negligible while yc is the quantity of
interest.

2. Circularity is used to quantify the deformation of the bubble, which is
defined in 2D as

Ci = Pa

Pb
(4.27)

in which Pa denotes the perimeter of the area-equivalent circle and Pb the
perimeter of the bubble calculated from the isoline α= 0.5. If the bubble
is a perfect circle, Ci = 1 and Ci decreases when the bubble deforms.

3. Rise velocity ur is defined as the velocity of the center of mass in y-
direction.

4. Mass conservation In order to calculate mass transfer based on the multi-
phase flow model, mass conservation must be ensured as one of the char-
acteristics of the model. The relative error of the bubble area is adopted
here to quantify the mass conservation, which is defined as

ηba = At − A0

A0
(4.28)
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where A0 indicates the initial bubble area and At indicates the bubble area
at time t .

4.5.2 Quantification of convergence

Quantification of error

In order to quantify the relative error of the temporal benchmark quantities
defined above, three quantities are defined here,

mean(q) = 1

N

N∑
i=1

∣∣∣∣ qr e f ,i −qi

qr e f ,i

∣∣∣∣ (4.29)

rms(q) =
√√√√ 1

N

N∑
i=1

∣∣∣∣ qr e f ,i −qi

qr e f ,i

∣∣∣∣2

(4.30)

max(q) = max

(∣∣∣∣ qr e f ,i −qi

qr e f ,i

∣∣∣∣) , i ∈ [1, N ] (4.31)

Note that q denotes any benchmark quantity, subscript r e f indicates the refer-
ence data, subscript i indicates the time level, N indicates the number of time
levels. The reference data can be the data from the finest grid or from the
benchmark.

It is noted that the relative error quantities defined here, mean and rms, are
different from the relative error norms l1 and l2 adopted by Hysing et. al. [40].
Instead, mean and rms are essentially consistent with the norms defined by
Popinet [70]. The definitions of the l1 and l2 norms used by Hysing et al. are
duplicated here,

l1 er r or : ||e||1 =
∑N

i=1 |qr e f ,i −qi |∑N
i=1 |qr e f ,i |

(4.32)

l2 er r or : ||e||2 =
√√√√∑N

i=1 |qr e f ,i −qi |2∑N
i=1 |qr e f ,i |2

(4.33)

A disadvantage of the error norms of Eq. 4.32 and Eq. 4.33 is that data points
with larger absolute error have a bigger influence on the overall relative error,
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even if they only have a small relative error. A simple test is conducted here to
illustrate this problem. Two sequences of qr e f and q are shown in Tab. 4.1. The
relative error of q is kept unchanged for both sequences while the absolute error
varies. The results are shown in Tab. 4.2. ||e1|| and ||e2|| vary for different data
sets, although the relative error of each data set is kept unchanged. However,
mean and rms remain the same for both data sets. The values of ||e1|| and ||e2||
are very close to the relative error of the data point with the maximum absolute
error in each data set. Consequently, l1 and l2 norms are not suitable to quantify
the overall relative error of a certain quantity since the measures are dominated
by the accuracy of the data point that has larger absolute error.

Table 4.1: Examples for the test of l1 and l2 norms.

(a) sequence 1

qr e f 1 1000 1
q 1.01 1100 1.01
absolute error 0.01 100 0.01
relative error 0.01 0.1 0.01

(b) sequence 2

qr e f 1000 1 1000
q 1010 1.1 1010
absolute error 10 0.1 10
relative error 0.01 0.1 0.01

Table 4.2: Relative errors

||e1|| ||e2|| mean rms
sequence 1 0.0998 0.1 0.04 0.058
sequence 2 0.01 0.01 0.04 0.058

Rate of convergence

It is assumed that the relative error ε is a function of ∆x,

ε= k∆xτ (4.34)

in which k is the coefficient and τ is a real number. If the relative error on the
current grid is denoted by εc and the relative error on the refined grid is denoted
by εr , the ratio of them can be written as

εc

εr
=

(
∆xc

∆xr

)τ
(4.35)



4.5 Test cases of rising bubbles 67

Subsequently, the expression for τ is derived,

τ= log10 (εc /εr )

log10 (∆xc /∆xr )
= (

log(εc /εr )
)/(

log(∆xc /∆xr )
)

(4.36)

τ defined here is the rate of convergence.
Eq. 4.34 might be controversial since it has been discussed in subsection

4.3.3 that the relative error caused by over-advection of α is proportional to the
time step ∆t . By the CFL condition, ∆t = O(∆x). Therefore, the overall relative
error is still a function of ∆x indicated by Eq. 4.34.

4.5.3 Rising bubble in ellipsoidal regime

According to the shape regimes by Clift et al. [14], if the dimensionless numbers
of a rising bubble are Re = 35 and Eo = 10, this bubble ends up in the ellipsoidal
regime, which is elliptical in 2D. The configuration of the test case is the same
as the benchmark test case [40]. The computational domain is depicted in
Fig. 4.9, which is a 1 by 2 rectangle. A bubble with diameter 0.5 is initialized
at position (0.5,0.5). Note that the length unit in this subsection is m. The
boundary conditions are applied in the same was as in the benchmark test case.
The left and right walls are free-slip walls, while at the top and bottom walls
no-slip conditions are applied. The physical properties used in this test case are
listed in Tab. 4.3. The configurations in this test case are exactly the same as in
the benchmark test case.

2

1

0.5

0.
5

0.
5

slip slip

non-slip

non-slip

Figure 4.9: Computational domain. Length unit: m.
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Table 4.3: Physical properties

Re Eo ρ1 (kg /m3) ρ2 µ1 (Pa · s) µ2 g (m/s2) σ (N /m)

35 10 1000 100 10 1 0.98 24.5

Circularity

The circularity evolutions calculated from our plicFoam algorithm are compared
with the benchmark results computed with the code TP2D [40] as shown in
Fig. 4.10, Fig. 4.11 and Fig. 4.12 for three grid sizes, which are ∆x = 1/80, ∆x =
1/160 and ∆x = 1/320, respectively. Note that the grid size in our simulations is
kept the same as for the benchmark result for each comparison. In each picture,
n indicates that the α field is smoothed n times to calculate the curvature. The
circularity evolution changes slightly due to the variations of the smoothing
number n. The optimum n for grid size ∆x = 1/80, ∆x = 1/160 and ∆x = 1/320
are 9, 22 and 32, respectively, which are basically determined by the last part
(from 2.6s to 3.0s) of the circularity evolution. If the circularity shows a good
agreement with the benchmark at the end of the simulation, it indicates that
the final shape is well-predicted. Circularity evolutions from plicFoam show
an overall good agreement with the benchmark results, except near t = 1.9s.
The higher circularity near this time indicates that results from plicFoam show
slightly less and faster deformation of the bubble than the benchmark. Fig. 4.13
presents the optimum results of plicFoam for all grid sizes and the benchmark
result on the finest grid.

The bubble remains almost circular at the initial stage of rise from 0s to 0.6s.
After that, the bubble deforms continuously into a flatter shape until 1.9s. In
the final stage, the bubble deforms into a more circular shape and keeps that
shape afterwards.

It is shown that the discrepancy between the results of plicFoam for different
grid sizes is very small, but they all slightly deviate from the benchmark result.
In order to quantify the convergence of the circularity of results computed with
plicFoam, the result from plicFoam, n = 32, ∆x = 1/320 is regarded as the refer-
ence to calculate the error norms defined in Eq. 4.29, Eq. 4.30 and Eq. 4.31.
The results are presented in Tab. 4.4. All the error norms are in the order of
magnitude of 10−4 for different grids. The rate of convergence which is calcu-
lated based on these error norms of circularity is shown in Tab. 4.5. Results
in both tables show that the errors decrease upon grid refinement. It is striking
that the mean error decreases more slowly than the other two norms. The maxi-
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Figure 4.10: Circularity evolution, grid size ∆x = 1/80. n is the number of smoothing
procedures applied to α.
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Figure 4.11: Circularity evolution, grid size ∆x = 1/160. n is the number of smoothing
procedures applied to α.
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Figure 4.12: Circularity evolution, grid size ∆x = 1/320. n is the number of smoothing
procedures applied to α.
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Figure 4.13: Circularity evolution, comparison of different grids. n is the number of
smoothing procedures applied to α.
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mum norm (Eq. 4.31) seems to converge slightly better than proportional to ∆x,
while the rms converges slightly less than proportional. The results computed
from plicFoam converge regarding the circularity.

Table 4.4: Convergence of errors of circularity. Reference data ∆x = 1/320.

∆x mean rms max

1/80 1.59e-4 2.08e-4 6.75e-4
1/160 1.02e-4 1.25e-4 2.88e-4

Table 4.5: Rate of convergence of circularity.

τmean τr ms τmax

0.64 0.73 1.23

Piecewise linear interface and final shapes

The piecewise linear interface calculated with plicFoam is presented in Fig. 4.14,
in which the black line segments indicate the piecewise linear interface. Note
that the data shown in the figure is the data obtained for the largest grid size
∆x = 1/80, with number of smoothing n = 9, for the sake of a better illustration
of the piecewise linear interface. If the grid size is smaller, it becomes harder
to see the piecewise linear interface in each cell. The figure shows that the
piecewise linear interface is very close to the isoline α= 0.5, and they get closer
if the grid is refined. Therefore, in the following discussion, the piecewise linear
interface is represented by this isoline.

The final shapes computed with plicFoam on different meshes are compared
with the benchmark TP2D on the finest mesh (∆x = 1/320) in Fig. 4.15. Note
that the interfaces from plicFoam are represented by the isoline α = 0.5. As
shown in the figure, the bubble shapes from plicFoam, grid size ∆x = 1/80 (green
dashed line) and ∆x = 1/160 (blue dashed line), show an overall agreement with
the benchmark results except in the region where the curvature is maximum.
The bubble shape calculated with plicFoam on the finest grid, ∆x = 1/320, shows
a good agreement with the benchmark even in the region of maximum curva-
ture.
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(a) overall view
(b) details near the maximum curva-

ture

Figure 4.14: Liquid volume fraction α at the final instance (3s) in bubble rising, grid size
∆x = 1/80. The black line segments indicate the piecewise linear interface
and the white solid line indicates the isoline with α= 0.5.
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Figure 4.15: Comparison of final shapes on different grids. The black line indicates the
result from the benchmark TP2D, grid size ∆x = 1/320. The green, blue
and red dashed lines represent the isoline α = 0.5 computed with plicFoam
on different meshes with grid sizes ∆x = 1/80, ∆x = 1/160 and ∆x = 1/320,
respectively.
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Center of mass and rise velocity

The y component of the center of mass yc and the rise velocity ur of the bub-
ble are shown in Fig. 4.16 and Fig. 4.17, respectively, where the dashed lines
indicate the results obtained with plicFoam on different grids. The benchmark
result is based on the finest grid. The results from plicFoam show a good agree-
ment with the benchmark. The rise velocity of the bubble reaches its maximum
0.241m/s at 0.9s, and slows down gradually to its final velocity 0.194m/s.

In order to obtain the rate of convergence of the error norms, yc and ur on
grid ∆x = 1/80 and ∆x = 1/160 are compared with the data on grid ∆x = 1/320.
The results are shown in Tab. 4.6 and Tab. 4.7. Note that the data used to
calculate the error norms of ur ranges from 0.2s to 3s in order to avoid the high
relative errors caused by the small velocity in the initial stage of the simulation.
The error norms of yc and ur are small and decrease with decreasing grid size.
The rates of convergence of yc and ur are calculated and presented in Tab. 4.8.
The rates of convergence calculated from the mean norms are slightly lower
than from the rms and max norms for both quantities. τmax obtained from ur

indicates a better convergence than proportional to ∆x and the other rates of
convergence indicate a convergence less than proportional to ∆x. The results
obtained from plicFoam converge in terms of center of mass and rise velocity.
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Figure 4.16: Center of mass.
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Figure 4.17: Rise velocity.

Mass conservation

The comparison of the relative error of the bubble area ηba between TP2D and
plicFoam is shown in Fig. 4.18. In general, ηba obtained from plicFoam is smaller
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Table 4.6: Error norms of center of mass yc . Reference data: plicFoam, ∆x = 1/320.

∆x mean rms max

1/80 9.14e-4 1.07e-3 1.65e-3
1/160 6.15e-4 7.14e-4 1.08e-3

Table 4.7: Error norms of rise velocity ur . Reference data: plicFoam, ∆x = 1/320.

∆x mean rms max

1/80 5.48e-3 6.46e-3 1.42e-2
1/160 2.98e-3 3.38e-3 6.54e-3

in absolute value than ηba from TP2D, regardless of the grid size. Mean, rms
and maximum values of |ηba | of all results are calculated and shown in Tab.
4.9. The mean, rms and maximum values of |ηba | of the benchmark are on
the same order of magnitude as the result from plicFoam on the coarsest grid,
∆x = 1/80. However, if the grid for plicFoam is as fine as TP2D, the error in the
mass conservation of plicFoam is one order of magnitude less than the error in
TP2D.

4.5.4 Rising bubble in spherical regime

According to the map of shape regimes for bubbles and drops in Fig. 4.8, if the
dimensionless numbers of a rising bubble are Re = 1 and Eo = 0.25, this bubble
would end up in the spherical regime, which means that the bubble is circular
in 2D. The computational domain and the boundary conditions of this test case
are shown in Fig. 4.19. The width of the domain is 4×10−4 and the height of
the domain is 6× 10−4. A circular bubble with radius 1× 10−4 is initialized at
(2×10−4, 2×10−4). The left and right walls have slip conditions, while on the

Table 4.8: Rates of convergence of yc and ur .

(a) yc

τmean τr ms τmax

0.57 0.58 0.59

(b) ur

τmean τr ms τmax

0.88 0.93 1.12
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Figure 4.18: Relative error of bubble area.

Table 4.9: Mean, rms and maximum values of |ηba | of all results.

mean rms max

TP2D, ∆x = 1/320 5.73e-5 7.05e-5 2.09e-4
plicFoam, ∆x = 1/80 5.51e-5 6.32e-5 8.64e-5

plicFoam, ∆x = 1/160 5.02e-5 5.69e-5 7.36e-5
plicFoam, ∆x = 1/320 4.41e-6 5.71e-6 1.05e-5
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top and bottom walls have no-slip conditions. Note that the unit of length is m.
The physical properties adopted in this case are listed in Tab. 4.10. Three levels
of grids are employed in simulations, which are 80×120, 160×240 and 320×480.
They are called coarse, medium and fine grid, respectively, in order to make the
discussion easier. The duration of the simulations is 0.12s.
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Figure 4.19: Computational domain of the rising bubble in spherical regime. Unit of
length: m.

Table 4.10: Physical properties

Re Eo ρ1 (kg /m3) ρ2 µ1 (Pa · s) µ2 g (m/s2) σ (N /m)

1 0.25 1000 10 8.859e-3 8.859e-5 9.81 3.924e-4

Circularity

The circularity of a 2D rising bubble in the spherical regime should remain
close to 1, which is the circularity of a circle. Simulations are conducted with
different grids and different numbers of smoothing applied to α. The circularity
evolutions are presented in Fig. 4.20, which oscillate just below 1. Statistical
data collected from the circularity is presented in Tab. 4.11. In each simulation,
the difference between the mean and rms values is lower than 1×10−7, so they
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appear to be the same in the table. The influence of the smoothing number n
on the circularity is not significant until 5 or 6 digits, which indicates that the
error in the the calculation of the curvature is relatively small compared to other
sources of error. The minimum values of all simulations are higher than 0.999
and the circularity approaches 1 when the grid is refined.
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Figure 4.20: Circularity evolutions on different grids. n denotes the number of smooth-
ing procedures applied to α to calculate the curvature.

The rate of convergence based on circularity is presented in Tab. 4.12. It
is calculated using the data from coarse grid n = 10, medium grid n = 26 and
fine grid n = 40 in Tab. 4.11, and the reference data is the ideal circularity 1.
It is noted that the data with the maximum smoothing number in each grid
level is chosen because the error in curvature calculation for a spherical bubble
decreases as long as the smoothing number is in a reasonable range, according
to the discussion in Chapter 2. The table shows that the rate of convergence is
higher than proportional to ∆x when the data on the coarse grid is compared
with the medium grid. However, the rate of convergence calculated from the
data on the medium grid and the fine grid is lower than proportional to ∆x. The
rate of convergence slows down as the grid is refined because the calculated
circularity is already quite close to the ideal circularity and the rounding off
errors become more important. Based on the calculated circularity and the rate
of convergence, we can conclude that the quality of the results is good.

Piecewise linear interface, center of mass and rise velocity

A quarter of the bubble is shown in Fig. 4.21, in which the black line segments
indicate the piecewise linear interface. Note that the result shown in the picture
is from the coarse grid. The y component of the center of mass, yc and the rise
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Table 4.11: Mean, rms and minimum values of Ci of all results. Rising bubble in the
spherical regime.

mean rms min

coarse, n = 8 0.999673 0.999673 0.999493
coarse, n = 9 0.999674 0.999674 0.999496
coarse, n = 10 0.999672 0.999672 0.999497

medium, n = 18 0.999885 0.999885 0.999817
medium, n = 22 0.999882 0.999882 0.999806
medium, n = 26 0.999879 0.999879 0.999799

fine, n = 24 0.999937 0.999937 0.999893
fine, n = 32 0.999942 0.999942 0.999899
fine, n = 40 0.999936 0.999936 0.999893

Table 4.12: Rate of convergence of circularity. Rising bubble in the spherical regime.
Reference data: ideal circularity of a circle 1.

grid τmean τr ms τmax

coarse vs medium 1.44 1.44 1.32
medium vs fine 0.92 0.92 0.91
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velocity of the bubble ur are shown in Fig. 4.22 and Fig. 4.23, respectively. yc

is almost a linear function of time for most part of it except in the initial stage.
In Fig. 4.23, the bubble accelerates to 1.4×10−3 m/s in 3.4×10−3 s, after which
it speeds up to 1.5×10−3 m/s and slows down slightly afterwards.

In order to obtain the convergence of the error norms, yc and ur on the
coarse and medium grid are compared with the data on the fine grid. The results
are shown in Tab. 4.13 and Tab. 4.14. The error norms of yc and ur decrease
as the grid is refined. The rates of convergence of yc and ur are calculated and
presented in Tab. 4.15, which indicates that the rate of convergence is slightly
lower than proportional to ∆x. Consequently, simulations converge in terms of
center of mass and rise velocity.

Table 4.13: Error norms of center of mass yc . Rising bubble in the spherical regime.
Reference data: fine grid.

∆x mean rms max

coarse 3.20e-3 3.56e-3 4.97e-3
medium 1.70e-3 1.88e-3 2.62e-3

Table 4.14: Error norms of rise velocity ur . Rising bubble in the spherical regime. Refer-
ence data: fine grid.

∆x mean rms max

coarse 1.06e-2 1.10e-2 1.56e-2
medium 5.54e-3 5.68e-3 8.06e-3

Table 4.15: Rates of convergence of yc and ur . Rising bubble in the spherical regime.
Reference data: fine grid.

(a) yc

τmean τr ms τmax

0.91 0.92 0.92

(b) ur

τmean τr ms τmax

0.94 0.95 0.95
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Figure 4.21: Liquid volume fraction α at the final instance (0.12s) on the coarse grid.
The black line segments indicate the piecewise linear interface.
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Figure 4.22: Center of mass.
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Figure 4.23: Rise velocity.
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Mass conservation

The relative error of the bubble area ηba is presented in Fig. 4.24. Mean,
rms and maximum values of |ηba | are shown in Tab. 4.16, in which all the
data are in the order of magnitude of 10−6 or 10−7. It should be noted that
in order to stabilize the curvature calculation, the cutoff value of α is set to
10−5, which means that if α < 10−5, α is assigned a new value 0 and if α >
1−10−5, α is assigned a new value 1. Therefore, Fig. 4.24 and Tab. 4.16 do not
necessarily indicate that the medium grid provides the best mass conservation.
Mass conservation on different grids are equally accurate, since all the data
show a relative error lower than 10−5. The cutoff of α is a larger source of error
in this algorithm and it is not easily possible to quantify.
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Figure 4.24: Relative error of bubble area on coarse, medium and fine grid. n denotes
the number of smoothing procedures applied to α to calculate the curva-
ture.

Table 4.16: Mean, rms and max values of the relative error on the bubble area of all
grids.

mean rms max

coarse, n = 10 2.04e-06 2.78e-06 8.15e-06
medium, n = 26 4.30e-07 5.00e-07 9.49e-07

fine, n = 40 8.28e-07 9.98e-07 1.72e-06
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4.6 Rising bubble in ellipsoidal regime based on
Height Function method

The circularity evolutions of the rising bubble in the ellipsoidal regime are pre-
sented in Fig. 4.25. Results calculated with plicFoam, HF method on different
grids are compared with the benchmark result solved by TP2D on the finest
grid. Obviously, the results calculated from plicFoam, HF method deviate from
the benchmark result from 1.5s to 2.5s. Their final circularities are quite close
to the benchmark result at 3s. The discrepancy of the circularity evolutions ob-
tained with plicFoam, HF method on different grids is found very small. This
is consistent with the conclusion we obtained in chapter 3 that the curvature
accuracy calculated by HF method is not sensitive to grid refinement.
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Figure 4.25: Circularity evolution, comparison of different grids.

The final shapes of bubble computed with plicFoam, HF method on different
grids are compared with the benchmark TP2D, as illustrated in Fig. 4.26. The
interfaces are represented by the isoline α= 0.5. The final shapes obtained from
plicFoam, HF method which are indicated by the dashed lines are slightly more
circular than the benchmark result which is indicated by the solid line. The
difference is large at the top of the bubble and the part where the maximum
curvature is located.

In summary, the Height Function method is not the best choice for curvature
calculation in the two-phase model Piecewise Linear Interface Calculation.
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Figure 4.26: Comparison of final shapes on different grids. The black line indicates the
result from the benchmark TP2D, grid size ∆x = 1/320. The green, blue
and red dashed lines represent the isoline α= 0.5 computed with plicFoam,
HF method on different meshes with grid sizes ∆x = 1/80, ∆x = 1/160 and
∆x = 1/320 , respectively.

4.7 Conclusions

In this chapter, a Piecewise Linear Interface Calculation method in two dimen-
sions has been proposed and elaborated on. An advection scheme based on the
idea of Youngs has been proposed and the generic algorithm has been elabo-
rated. The advantage of the generic advection algorithm is that it greatly re-
duces the difficulty to realise Youngs’ advection without compromising its accu-
racy. The algorithms are implemented in OpenFOAM v6 and the code is named
plicFoam. Two curvature methods have been implemented, which are the di-
vergence of unit normal vector on the interface and the Height Function (HF)
method.

The performance of plicFoam is investigated by two test cases, which are
a rising bubble in the ellipsoidal regime and a rising bubble in the spherical
regime. Good agreement has been found between the results obtained by plic-
Foam and benchmark/analytical results. Relative errors of quantities including
circularity, center of mass and rising velocity have been shown and they are
sufficiently low to conclude that the simulation methods are accurate. More
importantly, plicFoam shows good performance in conserving mass.

Also results obtained by plicFoam with the HF method are shown. Although
the final shape of the bubble in plicFoam agrees well with the benchmark so-
lution, the evolution of the circularity deviates from the benchmark results.
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Therefore, the method that uses the divergence of the unit normal vector is
preferred to calculate the curvature.

4.8 Appendix

4.8.1 Derivation of the interface quadratic equation

In this appendix, the derivation of Eq. 4.8 for triangular, quadrilateral and
pentagonal liquid areas are elaborated.

Expressions of both ends of the interface

As described previously, the linear interface intersects with two arbitrary cell
edges i and j in points E and F and the intersection points can be represented
as the solutions of the linear equation sets:

{
nx x +ny y + cn = 0

ai x +bi y + ci = 0
(4.37)

{
nx x +ny y + cn = 0

a j x +b j y + c j = 0
(4.38)

Note that edge i and edge j are different edges of the cell and cn is the only
unknown variable. Then, E and F can be represented by the following functions
of cn ,

E(cn) = (xE , yE ) =
(−bi cn +ny ci

nx bi −ai ny
,

ai cn −nx ci

nx bi −ai ny

)
(4.39)

F (cn) = (xF , yF ) =
(−b j cn +ny c j

nx b j −a j ny
,

a j cn −nx c j

nx b j −a j ny

)
(4.40)

in which nx bi −ai ny 6= 0 and nx b j −a j ny 6= 0 are satisfied naturally, because
the interface is assumed to intersect with cell edges. Obviously, if the interface
is parallel to one of the edges, it is impossible to find an intersection point with
it. The representation of E and F is simplified by

E(cn) = (xE , yE ) = (k1cn +m1,k2cn +m2) (4.41)
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F (cn) = (xF , yF ) = (k3cn +m3,k4cn +m4) (4.42)

in which the coefficients are

k1 = −bi

nx bi −ai ny
, m1 =

ny ci

nx bi −ai ny
, k2 = ai

nx bi −ai ny
, m2 = −nx ci

nx bi −ai ny
(4.43)

k3 =
−b j

nx b j −a j ny
, m3 =

ny c j

nx b j −a j ny
, k4 =

a j

nx b j −a j ny
, m4 =

−nx c j

nx b j −a j ny
(4.44)

The coefficients ai , bi , ci , a j , b j and c j can be derived from the coordinates
of nodes.

ai = yPi+1 − yPi , bi = xPi −xPi+1 , ci = xPi+1 yPi −xPi yPi+1 (4.45)

a j = yP j+1 − yP j , b j = xP j −xP j+1 , c j = xP j+1 yP j −xP j yP j+1 (4.46)

Note that the subscript i for a, b and c indicates the index of the edge while
the subscript Pi for x, y indicates the i th node. The same rule is applied to
subscript j and P j . The relation between the edge index and the node index is
shown in Fig. 4.27, in which edge i is confined by points Pi and Pi+1. If the
subscript i ≥ 4, it is assigned a new value

�� ��i = i mod 4 in order to keep the index
valid.

Pi Pi + 1

Pi + 2Pi + 3

edge i

edge i + 1

edge i + 2

edge i + 3

Figure 4.27: Relation of the edge index and the node index.
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Fixed interface

As shown in Fig. 4.28, there are 4 possible triangular liquid areas. The intersec-
tion patterns are the same neighbour-intersection, but the edges that intersect
with the interface are different. Actually, it is possible to fix the position of the
interface and shift the nodes in clockwise direction to obtain the same 4 possi-
ble triangular areas. A generic illustration is presented in Fig. 4.29, in which
i = 0,1,2,3. If the subscript i ≥ 4, it is assigned a new value

�� ��i = i mod 4 in order
to keep the index valid. If i = 0, Fig. 4.29 represents the left top figure in Fig.
4.28. If i = 1, Fig. 4.29 represents the right top figure in Fig. 4.28.

P0 P1

P2P3

E

F

P0 P1

P2P3

E

F

P0 P1

P2P3 E

F

P0 P1

P2P3

E

F

Figure 4.28: Possible of triangular liquid areas.

Triangular liquid area

Then, Eq. 4.8 can be derived for the triangular liquid area employing Eq. 4.7
for the calculation of the area of the triangle.

Sl i qui d (cn) = 1

2
(xE yPi+1 −xPi+1 yE +xPi+1 yF −xF yPi+1 +xF yE −xE yF )

=αScel l

(4.47)
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Pi Pi + 1

Pi + 2Pi + 3

E

F

Figure 4.29: The generic triangular liquid area, i = 0,1,2,3.

This equation is expressed as

kac2
n +kbcn +kc = 0 (4.48)

in which

ka = k2k3 −k1k4

kb = (k1 −k3)yPi+1 + (k4 −k2)xPi+1 +m3k2 +m2k3 −m1k4 −m4k1

kc = (m1 −m3)yPi+1 + (m4 −m2)xPi+1 +m2m3 −m1m4 −2αScel l

(4.49)

Coefficients k1, k2, k3, k4, m1, m2, m3 and m4 are calculated using Eq. 4.43 and
Eq. 4.44. Note that edge j collapses to edge i +1 in this instance. By solving
this quadratic equation, a possible value for cn is obtained. Then, cn is used to
calculate the coordinates of E and F with Eq. 4.39 and Eq. 4.40. Points E and F
should satisfy the condition that they are on edge i and edge i +1 , respectively.
The pairs of E and F which do not satisfy this condition are discarded. Note
that i ranges from 0 to 3, which means that 4 quadratic equations are solved if
the liquid area is presumed to be triangular.

Quadrilateral liquid area

The generic quadrilateral liquid area is illustrated in Fig. 4.30. Eq. 4.8 is derived
for this case,

Sl i qui d = 1

2
(xE yPi+1 −xPi+1 yE +xPi+1 yPi+2 −xPi+2 yPi+1

+xPi+2 yF −xF yPi+2 +xF yE −xF yE ) =αScel l

(4.50)

This equation is expressed as

kac2
n +kbcn +kc = 0 (4.51)
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in which

ka = k2k3 −k1k4

kb = k1(yPi+1 −m4)+k2(m3 −xPi+1 )+k3(m2 − yPi+2 )+k4(xPi+2 −m1)

kc = xPi+1 yPi+2 −xPi+2 yPi+1 +m1 yPi+1 −m2xPi+1 −m3 yPi+2 +m4xPi+2

+m2m3 −m1m4 −2αScel l

(4.52)

Coefficients k1, k2, k3, k4, m1, m2, m3 and m4 are calculated using Eq. 4.43
and Eq. 4.44. Note that i ranges from 0 to 3, which means that 4 quadratic
equations are solved if the liquid area is presumed to be quadrilateral.

Pi Pi + 1

Pi + 2Pi + 3

E

F

Figure 4.30: The generic quadrilateral liquid area, i = 0,1,2,3.

Pentagonal liquid area

The generic pentagonal liquid area is illustrated in Fig. 4.31. Eq. 4.8 is derived
for this case,

Sl i qui d = 1

2
(xPi yE −xE yPi +xE yF −xF yE +xF yPi+2 −xPi+2 yF

+xPi+2 yPi+3 −xPi+3 yPi+2 +xPi+3 yPi −xPi yPi+3) =αScel l

(4.53)

This equation is expressed as

kac2
n +kbcn +kc = 0 (4.54)

in which

ka = k1k4 −k2k3

kb = k1(m4 − yPi )+k2(xPi −m3)+k3(yPi+2 −m2)+k4(m1 −xPi+2 )

kc = xPi m2 −m1 yPi +m3 yPi+2 −xPi+2 m4 +m1m4 −m2m3

+xPi+2 yPi+3 −xPi+3 yPi+2 +xPi+3 yPi −xPi yPi+3 −2αScel l

(4.55)
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Coefficients k1, k2, k3, k4, m1, m2, m3 and m4 are calculated using Eq. 4.43
and Eq. 4.44. Note that i ranges from 0 to 3, which means that 4 quadratic
equations are solved if the liquid area is presumed to be pentagonal.

Pi Pi + 1

Pi + 2Pi + 3

E

F

Figure 4.31: The generic pentagonal liquid area, i = 0,1,2,3.





Chapter 5
Phase transitional flow

5.1 Introduction

The velocity field at the interface between two immiscible phases is not diver-
gence free in case phase transition happens and the mass density ratio of the
fluids does not equal 1. A sketch of an example of evaporation at an interface
is presented in Fig. 5.1, in which Ṁ is the mass of liquid that evaporates per
unit time. It is defined as negative in case of evaporation and positive in case
of condensation. In case of evaporation, a volume −Ṁ/ρl of liquid evaporates
into a volume −Ṁ/ρv of vapour per unit time. Due to the presumed incom-
pressible nature of the flow, a volume −Ṁ

(
1
ρv

− 1
ρl

)
in the interface cell needs to

be advected to neighbouring cells per unit time. Hence, the mass conservation
equation is modified to,∫

V
∇·UdV =−Ṁ

(
1

ρv
− 1

ρl

)
(5.1)

In the case of evaporation, the volume of inflation −Ṁ
(

1
ρv

− 1
ρl

)
is positive,

indicating that fluid flows out of the control volume; in the case of condensation,
the volume of inflation is negative, indicating that there is a net flow into the
control volume.

Correspondingly, Eq. 4.1 is also modified by adding a source term

∂α

∂t
+∇·(αU ) = α̇ (5.2)
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vapour

liquid

Ṁ, (kg/s)

Figure 5.1: Evaporation at an interface. Ṁ is the evaporation rate.

The change in liquid mass induces a change in liquid volume fraction, so the
following relation between α̇ and Ṁ is obtained,

α̇= Ṁ

ρl Vcel l
(5.3)

in which Vcel l is the volume of the interface cell. Note that α is the volume
fraction of liquid, so α̇< 0 if evaporation occurs and α̇> 0 if condensation occurs.

The internal energy transport equation in conservative form is

∂e

∂t
+∇· (Ue) =∇· (k∇T ) (5.4)

in which e is the energy per unit volume and is named the energy density,

e = elα+ev (1−α) (5.5)

el and ev are the energy density of the liquid and vapour, respectively. They are
equal to

el = ρl cl Tl (5.6)

ev = ρv cl Tsat +ρv cv (Tv −Tsat )+ρv L (5.7)

in which subscripts l and v indicate the liquid and vapour phases, respectively.
ρ is the mass density, c is the specific heat, T is the temperature. Tsat is the
saturation temperature and L is the specific latent heat at temperature Tsat .

Accordingly, the temperature in pure liquid, mixture and pure vapour cells
can be calculated from the energy density by

T =


e

ρl cl
, α= 1

Tsat , 0 <α< 1
e−ρv cl Tsat−ρv L

ρv cv
+Tsat , α= 0

(5.8)



5.2 The heat balanced phase transition model 93

Note that the temperature of the mixture cell is not calculated based on its in-
ternal energy. The temperature field is updated every time the energy equation
is solved.

5.2 The heat balanced phase transition model

It is very important to determine Ṁ in a consistent way since α̇ depends on
it, as shown in Eq. 5.3. Applying the Rankine-Hugoniot jump condition to
the interface [28], a heat balance between the phase transition and the heat
conduction is established,

ṀL+Q̇ = 0 (5.9)

in which Q̇ is the rate of heat transferred to or from the interface by conduction
in case of evaporation or condensation. This heat conduction takes place on
both liquid and vapour side, so the rate of heat conduction Q̇ is decomposed
into liquid part Q̇l and vapour part Q̇v [79] [50],

Q̇ = Q̇l +Q̇v (5.10)

The calculation of Q̇l and Q̇v should be handled carefully, because the interface
is a special heat sink/source. It absorbs heat in case of evaporation and releases
heat in case of condensation, but remains at constant saturation temperature
and the interface keeps moving. In contrast to usual single-phase conduction
problems where a heat flux leaves one control volume and enters the neigh-
bouring one, the heat flux at the interface between two phases cannot go to the
other side of the interface because the heat is used for the phase transition.

In the regime of liquid-vapour phase transition, four scenarios of heat con-
duction on either side of the interface are shown in Fig. 5.2, in which A is the
area-weighted normal on the interface that points into the liquid phase, and ql

and qv are the heat fluxes in the liquid and vapour phases, respectively. Note
that Q̇l or Q̇v is positive when the heat is transported to the interface from the
liquid or vapour phase, while they are negative when the heat is transported
away from the interface to either phase.

In Fig. 5.2a, the liquid temperature is higher than the saturation tempera-
ture while the vapour is at saturation temperature. Evaporation happens due
to heat conduction from the liquid side to the interface. The rate of conduction
on the liquid side should be positive, Q̇l > 0, because it needs to compensate the
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vapour

liquid

Tl > Tsat Q̇l > 0

∇Tl ql A

(a) liquid side, evaporation

vapour

liquid

Tl < Tsat Q̇l < 0

∇Tl ql A

(b) liquid side, condensation

vapour

liquidTv > Tsat Q̇v > 0

∇Tv qv A

(c) vapour side, evaporation

vapour

liquidTv < Tsat Q̇v < 0

∇Tv qv A

(d) vapour side, condensation

Figure 5.2: Heat conduction on the liquid and vapour sides of the interface in cases of
evaporation and condensation, in which A is the area-weighted normal on
the interface that points into the liquid phase, and ql and qv are the heat
fluxes in the liquid and vapour phases, respectively.

heat used for evaporation. Accordingly, Q̇l is given by,

Q̇l =+ql · (−A)
ql =−λl∇Tl

}
=⇒ Q̇l =λl∇Tl ·A (5.11)

where λl is the thermal conductivity of the liquid and Tl is the liquid tempera-
ture.

In Fig. 5.2b, vapour is at saturation temperature. Condensation happens
because the temperature of the liquid is lower than the saturation temperature,
Tl < Tsat . The rate of conduction on the liquid side should be negative, Q̇l <
0, which indicates that the heat is leaving the interface to the liquid phase.
Accordingly, Q̇l is given by,

Q̇l =−ql ·A
ql =−λl∇Tl

}
=⇒ Q̇l =λl∇Tl ·A (5.12)

Hence the same expression for the rate of heat conduction in the liquid phase
holds for both evaporation and condensation:

Q̇l =λl∇Tl ·A (5.13)
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Note that ql is always in the same direction as the area vector, which is −A in
Eq. 5.11 and A in Eq. 5.12. If the heat flux q points away from the interface, an
extra minus sign is added as shown in Eq. 5.12. Similarly, the heat conduction
rate in the vapour phase for both evaporation and condensation is given by,

Q̇v =−λv∇Tv ·A (5.14)

where λv is the thermal conductivity of the vapour and Tv is the temperature of
the vapour.

Combining Eq. 5.9, Eq. 5.10, Eq. 5.13 and Eq. 5.14, Ṁ can be written as

Ṁ = (−λl∇Tl +λv∇Tv ) ·A
L

(5.15)

Combining Eq. 5.3 and Eq. 5.15, the source term in the volume fraction equa-
tion is given by

α̇= (−λl∇Tl +λv∇Tv ) ·A
ρl Vcel l L

· (5.16)

5.3 Implementation of the model in one dimen-
sion

Mass source

In the discussion of the mass source in Eq. 5.16, the heat conduction to or
from the interface compensates the latent heat absorbed or released during the
phase transition. An important question is how to calculate ∇T∗ ·A, in which
the subscript * can be either l or v . An illustration of the cells near the interface
with the relevant temperatures indicated is shown in Fig. 5.3, which suggests
to use for ∇T∗ ·A,

∇Tv ·A= Tsat −Tv

h1
A (5.17)

∇Tl ·A= Tl −Tsat

h2
A (5.18)

in which h1 denotes the distance between the vapour cell center and the inter-
face and h2 denotes the distance between the liquid cell center and the inter-
face. Note that the vapour and liquid temperatures are taken in the first cell
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fully occupied by that phase. A is the area of the interface. The source term α̇

in one-dimension is therefore calculated as

α̇=
(
−λl

Tl −Tsat

h2
+λv

Tsat −Tv

h1

)
A/(ρl Vcel l L) (5.19)

h1 h2

Tv Tsat Tl
W P E

w e

Figure 5.3: Temperature in cells near the interface.

Heat conduction

Care should be taken in the solution of the energy equation in an interface cell.
It is not physical to define a mixture temperature based on the energy contained
in the interface cell. The reason is that there is a distinct boundary between
the liquid and the vapour, so the thermodynamic states of the two fluids are
different. On the other hand, the definition of a mixture temperature implies
a homogeneous thermodynamic state. Therefore, the mixture temperature can
never be adopted to calculate the conductive heat flux between the interface
cell and the neighbouring pure fluid cells.

Fortunately, the gradient of temperature can be defined on the vapour and
liquid side, respectively, and the rate of heat conduction on face w and e, shown
in Fig. 5.3, are calculated as

Q̇w =λv (∇T )w ·S f =λv
Tsat −Tv

h1
|S f | (5.20)

Q̇e =λl (∇T )e ·S f =λl
Tl −Tsat

h2
|S f | (5.21)

in which S f is the face-area-weighted normal vector on the cell face. The rate
of heat conduction in cell P is given by,

Q̇P = Q̇w −Q̇e =
(
λv

Tsat −Tv

h1
−λl

Tl −Tsat

h2

)
|S f | (5.22)
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If we rewrite Eq. 5.19, the heat involved in phase transition per unit time
Q̇tr a is given by,

Q̇tr a = α̇ρl Vcel l L =
(
−λl

Tl −Tsat

h2
+λv

Tsat −Tv

h1

)
A (5.23)

in which A = |S f | = 1 in one-dimension. It is noted that Q̇P = Q̇tr a , which means
that conduction from pure liquid and vapour cells to the interface cell con-
tributes to the energy change by phase transition in the interface cell.

Heat convection

The calculation of heat convection in the interface cell is elaborated here. The
convection term in Eq. 5.4 is discretized as,∫

V
∇· (Ue)dV ≈∑

e f U f ·S f =
∑

e f φ (5.24)

in which e f is the face value of the internal energy calculated as,

e f = elα f +ev (1−α f ) (5.25)

Note that el and ev are calculated based on the energy of the cell from which
the volume flux φ comes. Also note that el and ev are defined in Eq. 5.6 and Eq.
5.7, respectively and α f is calculated based on the PLIC face value estimation
shown in Fig. 4.3. The method is explained next.

As an example, an evaporating interface is shown in Fig. 5.4, in which the
volume flux φ points out of the the cell, so el and ev are calculated based on
this cell. It is assumed that the energy density of one phase is uniform in a
cell, which is easy to understand for a pure vapour or liquid cell. In case of an
interface cell, the energy density of the saturated phase is calculated first, and
then the energy density of the unsaturated phase is calculated. For the example
shown in Fig. 5.4, the vapour phase is the saturated phase, so the energy density
of the vapour is calculated as

ev = ρv cl Tsat +ρv L (5.26)

and the energy density of the liquid is calculated as

el = (e −ev (1−α))/α (5.27)

in which α 6= 0 because it is an interface cell.
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In Fig. 5.4, the blue rectangle EBC F indicates the liquid and the green
rectangle AEF D indicates the the vapour. The rectangle PBCQ indicates the
volume of the fluid that is advected to the neighbouring cell in one time step.
The energy density contained in the rectangle PBCQ is calculated as,

ePBCQ = el VEBC F +ev VPEFQ

VPBCQ
= (

elα f +ev (1−α f )
)

(5.28)

in which VPBCQ = φ∆t and ePBCQ is also denoted as e f in order to fit the inte-
gral expression of the convective term. The convective heat transported to the
neighbouring cell is denoted as

EPBCQ = ePBCQVPBCQ = e f φ∆t (5.29)

Hence, e f φ denotes the convective heat flux in Eq. 5.24 across face BC .

A B

CD

E

F

P

Q

ev el φ

Figure 5.4: Convection in an interface cell.

5.4 One-dimensional Stefan problem

5.4.1 Problem descriptions

Analytical solution

The Stefan problem has been widely used for the validation of phase transition
simulation models [75] [102]. An illustration of the Stefan problem is shown in
Fig. 5.5. A free-slip channel with its left end closed and right end open is filled
with vapour and liquid. The temperature on the left wall Tw is kept constant
and it is higher than the saturation temperature Tsat . The liquid and vapour
are both at saturation temperature at initial time 0. The liquid evaporates due
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to the heat conduction from the hot wall through the vapour phase, and the
vapour generated pushes the liquid out of the channel.

The theoretical solution of the Stefan problem is presented by Alexiades [2]
and duplicated here. The interface position X (t ) and the temperature profile
T (x, t ) are given by

X (t ) = 2χ
√
Γv t (5.30)

T (x, t ) = Tw +
(

Tsat −Tw

erf(χ)

)
erf

(
x

2
p
Γv t

)
(5.31)

in which Γv is the thermal diffusivity of the vapour, defined by Γv = λv /(ρv cv ),
erf(x) indicates the error function and x is the one-dimensional coordinate,
which equals 0 at the wall. Note that the temperature profile only holds for
x < X (t ) where the vapour phase is located. When x ≥ X (t ), the temperature
equals the saturation temperature. χ is determined by the transcendental equa-
tion

χexp(χ2)erf(χ) = cv (Tw −Tsat )p
πL

(5.32)

x

T Tw

Tsat

vapour liquidwall outlet

Figure 5.5: Illustration of the Stefan problem.
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Is temperature profile linear?

The temperature profile is not linear as depicted in Fig. 5.5, which is implied by
Eq. 5.31. In fact, the degree of linearity of the temperature profile is determined
by the Stefan number St , which is defined as

St = c∆T

L
(5.33)

in which c is the specific heat capacity of the vapour cv and ∆T is the temper-
ature difference Tw −Tsat in this case. Combining Eq. 5.30 and Eq. 5.31, the
temperature profile is given by

T (x, t ) = Tw + Tsat −Tw

erf(χ)
erf

(
χ

X (t )
x

)
(5.34)

which indicates that the temperature profile is essentially the error function
translated and scaled. The transcendental equation Eq. 5.32 can be rewritten
as

χexp(χ2)erf(χ) = Stp
π

(5.35)

The term on the left hand side χexp(χ2)erf(χ) is a strictly increasing function
when χ≥ 0. According to this equation, χ→ 0 and χ/X (t ) → 0 in Eq. 5.34 when
St → 0, so the shape of Eq. 5.34 is dominated by the shape of the error function
for small and positive values of its argument, which is approximately linear.
Consequently, the temperature profile is almost linear when St approaches zero,
otherwise, the temperature shows a more non-linear profile.

Interface velocity and liquid velocity

It is helpful to consider the difference between the interface velocity, ui and the
liquid velocity, ul , respectively. In order to facilitate the discussion, the Stefan
problem is defined in a channel with finite length, although it is not confined
in the original problem description. Hence, ul is the velocity of the liquid that
flows out of the domain. Due to the incompressibility of the fluids, this velocity
is constant in the liquid phase. The interface velocity ui depends on the liquid
velocity ul , but they are different. For example, the liquid velocity ul = 0 when
ρl /ρv = 1, because the total volume of the fluids in the domain does not change.
However, in this case the interface keeps moving with velocity ui 6= 0 because
phase transition takes place.
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In the Stefan problem, the liquid flows out of the domain because the in-
crease in the volume of the vapour, −Ṁ∆t/ρv is larger than the decrease in the
volume of the liquid, −Ṁ∆t/ρl , in which −Ṁ∆t denotes the mass of liquid that
evaporates in one time step ∆t . The volume of the liquid that flows out of the
domain is denoted by −Ṁ∆t ( 1

ρv
− 1

ρl
), so the volume flux in the liquid is

φ=−Ṁ

(
1

ρv
− 1

ρl

)
(5.36)

Based on this equation, the liquid velocity is given by,

ul =
φ

A
=− Ṁ

A

(
1

ρv
− 1

ρl

)
(5.37)

in which A is the area of the cell face.
The interface moves due to the generation of vapour. The increase of the

vapour volume in one time step is − Ṁ∆t
ρv

and it equals the volume that the
interface sweeps, ui A∆t . Therefore, the interface velocity is given by,

ui =− Ṁ

ρv A
(5.38)

Combining Eq. 5.37 and Eq. 5.38, the relation between the interface velocity
and the liquid velocity is obtained,

ul

ui
= 1− ρv

ρl
(5.39)

A more intuitive interpretation of the interface velocity is indicated by Fig.
5.6, in which the old interface is indicated by the blue dashed line and the
new interface is indicated by the blue solid line. The process of evaporation is
separated into two stages, which are the disappearance of the liquid and the
generation of the vapour. In the figure, the red shade indicates the disappear-
ance of the liquid, so the green and blue area indicates the liquid that remains
in the domain after the first stage of the evaporation. In its second stage, the
newly generated vapour occupies the volume created by the disappearing liq-
uid, −Ṁ∆t/ρl and pushes the liquid further back to create more volume for the
vapour, −Ṁ∆t ( 1

ρv
− 1

ρl
). In the figure, the density ratio is set to be ρl /ρv = 3, so

1 portion of liquid evaporates into 3 portions of vapour, and 2 portions of liquid
are pushed out of the domain. The relation between the liquid velocity and the
interface velocity is ul /ui = 2/3.



102 Phase transitional flow

old new

t t+ ∆t

−Ṁ∆t/ρl −Ṁ∆t
(

1
ρv
− 1

ρl

)

Figure 5.6: Volume change of fluids due to phase change, ρl /ρv = 3.

5.4.2 Simulation setup and results

In the simulations presented here, the length of the computational domain is
10−3m, and the interface is initialized at X0 = 2 × 10−7m, which implies that
the initial time of the simulation is larger than zero. The wall temperature
is Tw = 383.15K and the saturation temperature is Tsat = 373.15K. Three grids
with different grid sizes are employed in the simulation, which are coarse with
∆x = 2 × 10−5m, medium with ∆x = 1 × 10−5m and fine with ∆x = 5 × 10−6m.
Physical properties of vapour and liquid phases are adopted from water and
steam at 373.15K [35], and shown in Tab. 5.1. The final time of the simulations
is 0.05s. Note that all the quantities used are in SI units. A time step splitting
scheme is applied when the interface crosses the face of a cell, which is discussed
in section 5.7.1.

The transient terms in the liquid volume fraction equation Eq. 5.16 and
the energy equation Eq. 5.4 are treated by the explicit Euler. The advection
terms in both equations are treated by the PLIC advection scheme. The source
term in the liquid volume fraction equation is placed at the center of cells. The
conduction term in the energy equation is elaborated in section 5.3.

Table 5.1: Physical properties used in the Stefan problem.

ρ (kg m−3) c (J kg−1K−1) λ (W m−1K −1) L (J kg−1)

liquid 958.35 4215.7 0.67721 2.256e6

vapour 0.59817 2080.0 0.02457
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Interface position

The interface position as a function of time is compared with the analytical
solution in Fig. 5.7 for the three simulations with different grid sizes. The
simulated interface position on all grids is in good agreement with the analytical
solution. Note that the interface starts from X0 = 2×10−7m in the simulation,
therefore the interface position should be shifted in time. According to Eq. 5.30,
the shift in time can be calculated as,

∆tX0 =
X 2

0

4χ2Γv
(5.40)

in which ∆tX0 is in the unit of second.
In order to quantify the error in the simulated interface position, the analyt-

ical solution is used as a reference in defining the relative error of the interface
position,

ηi n f =
|xs −xa |

xa
(5.41)

where xs and xa are the simulated and the analytical interface position at a
certain instant of time, respectively. The relative error of the interface position
is a function of time. Therefore, the mean, rms and maximum on different grids
are calculated and presented in Tab. 5.2. In Tab. 5.2, mean, rms and maximum
are in the order of magnitude of 10−4 and they decrease with grid refinement.

0.00 0.02 0.04

t (s)

0.0

0.5

1.0

X
(m

)

×10−4

analytical

coarse

medium

fine

Figure 5.7: Interface position X on different grids compared with analytical solution.



104 Phase transitional flow

Table 5.2: Mean, rms and maximum values of the relative error of the interface position.

mean rms max

coarse 2.36e-4 2.90e-4 9.12e-4
medium 1.46e-4 1.80e-4 8.83e-4

fine 1.23e-4 1.32e-4 7.83e-4

Temperature profile at final time

The temperature profile on different grids at the final time instant 0.05s is
shown in Fig. 5.8. For all grid sizes the profile is in good agreement with
the analytical solution. In Fig. 5.8b, it is shown that the finer grid provides a
temperature profile closer to the analytical solution. In order to quantify the
discrepancy between the simulated temperature profiles and the analytical, the
relative error is defined as,

ηT = |Ts −Ta |
Ta

(5.42)

in which Ts is the simulated temperature, and Ta is the corresponding analytical
temperature. Note that the temperature is stored at the center of the cells in
the present collocated finite volume method, so Ta is also evaluated in the cell
centers. It should be noted that errors in the temperature profile only occur in
the vapour phase in this specific problem, therefore ηT in the liquid phase does
not contribute. Mean, rms and maximum of ηT on the three grids are shown in
Tab. 5.3. In the table, mean, rms and maximum values of the relative error of
the temperature are in the order of magnitude of 10−6 and they decrease with
grid refinement.

Table 5.3: Mean, rms and maximum values of the relative error of the temperature pro-
file.

mean rms max

coarse 3.61e-6 4.24e-6 7.42e-6
medium 3.10e-6 3.60e-6 6.36e-6

fine 1.92e-6 2.23e-6 3.95e-6
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Figure 5.8: Temperature profile on different grids at the final time compared with the
analytical solution.

Mass and energy conservation

The mass and energy conservation of the simulations are investigated. The
accumulated relative error in mass is defined as,

ηmass =
∣∣∣∣∣n−1∑

i=0

Mti+1 − (Mti +Mout ,ti )

Mt0

∣∣∣∣∣ (5.43)

in which n is the number of time steps, ti indicates the i th time instant, Mti

indicates the total mass of both phases in the computational domain at time
instant ti and Mout ,ti indicates the mass of liquid flowing out of the domain
from instant ti to ti+1. Specially, Mt0 is the initial mass in the computational
domain. Mti is calculated as,

Mti =
m−1∑
j=0

ρ j Vcel l =
m−1∑
j=0

(ρlα j +ρv (1−α j ))Vcel l (5.44)

in which m is the number of cells in the domain, α j is the j th cell in the com-
putational domain. Mout ,ti is defined as,

Mout ,ti =− ∑
outlet f ace

ρlφ∆t (5.45)

in which φ is the volume flux on the face of the outlet and ∆t is the time step.
The accumulated relative error in the internal energy is defined as,

ηener g y =
∣∣∣∣∣n−1∑

i=0

Eti+1 − (Eti +Ei n,ti +Eout ,ti )

Et0

∣∣∣∣∣ (5.46)
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in which n is the number of time steps, subscript ti indicates the i th time instant.
Eti indicates the energy in the computational domain, Ei n,ti is the heat flow by
conduction from the wall in one time step, and Eout ,ti indicates the amount of
heat that flows out of the domain in one time step. Specially, Et0 is the internal
energy at the initial time. Eti is defined as,

Eti =
m−1∑
j=0

e j Vcel l =
m−1∑
j=0

(elα j +ev (1−α j ))Vcel l (5.47)

in which m is the number of cells in the domain, subscript j indicates the j th

cell in the computational domain. Eout ,ti is calculated by,

Eout ,ti =− ∑
outlet f aces

elφ∆t (5.48)

in which φ is the volume flux on the faces of outlet and ∆t is the time step.
The accumulated relative errors in mass ηmass of the simulations on different

grids are shown in Fig. 5.9. ηmass on all grids is in the order of magnitude
of 10−8 and it shows a staircase-like pattern with a step every time when the
interface crosses the face of a cell. The reason is elaborated in section 5.7.2 and
a counter-measure is proposed.
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Figure 5.9: The accumulated relative errors in mass on different grids.

The mean, rms and maximum of the accumulated relative error in mass and
energy on different grids are shown in Tab. 5.4 and Tab. 5.5. The mean, rms
and maximum of ηmass are in the order of magnitude of 10−8 and they decrease
with grid refinement. The mean, rms and maximum of ηener g y are in the order
of magnitude of 10−12 or 10−11, but they increase with grid refinement. The
reason is that the round-off error caused by the machine precision dominates
this precision level and it increases when the grid is refined.

Also simulations with different density ratios are conducted. The results are
shown in appendix 5.7.3.
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Table 5.4: Mean, rms and maximum values of the relative error of the mass ηmass .

mean rms max

coarse 4.03e-8 4.87e-8 8.30e-8
medium 1.68e-8 2.10e-8 3.96e-8

fine 1.38e-8 1.54e-8 2.53e-8

Table 5.5: Mean, rms and maximum values of the relative error of the energy ηener g y .

mean rms max

coarse 4.93e-12 6.12e-12 1.40e-11
medium 1.18e-11 1.47e-11 2.97e-11

fine 3.25e-11 3.75e-11 6.50e-11

5.4.3 Efficient working fluids in the Stefan problem

Inspired by the simulations based on different density ratios, which are pre-
sented in appendix 5.7.3, an interesting question is raised what is a better
working fluid in the Stefan problem? This means, which fluid is the optimal
for transferring heat from the wall to the fluid?

The partial derivative of the temperature with respect to the spatial coordi-
nate at the wall can be derived based on Eq. 5.31.

∂T

∂x

∣∣∣∣
x=0

= Tsat −Tw all

erf(χ)
p
πΓv t

(5.49)

Next the heat that is transferred from the wall to the fluid in a time interval
from 0 to t is obtained as,

Q =−
∫ t

0
λv

∂T

∂x

∣∣∣∣
x=0

dτ =−2λv
(Tsat −Tw all )

p
t

erf(χ)
p
πΓv

(5.50)

A larger value of Q indicates a more efficient working fluid in terms of cooling
capacity.

As Γv =λv /ρv cv , Eq. 5.50 can be rewritten as,

Q = 2p
π

kq
p

t (5.51)
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in which

kq = (Tw all −Tsat )
√
λvρv cv

erf(χ)
(5.52)

Working fluids that induce a larger kq are better since they enable a larger
transfer of energy from the wall to the fluid. It is clear that a larger λvρv results
in a larger kq . However, it is ambiguous how Tw all −Tsat , cv and L influence kq ,
because Tw all −Tsat and cv influence both the numerator and the denominator
of kq . Note that χ is obtained from the transcendental equation which is a
function of the Stefan number St . Therefore, it is harder to reach a conclusion
about a general guideline for the choice of a working fluid than to compare the
cooling capacity of various working fluids.

Three fluids have been chosen to compare their cooling capacity at a tem-
perature near 373.15K. The physical properties of water, ethanol and benzene
are shown in Tab. 5.6. kq does not only depend on the physical properties of
the fluids, but also on the temperature difference. Hence, kq is plotted as a
function of temperature difference, as shown in Fig. 5.10a. Note that the phys-
ical properties of the fluids are assumed to be constant within this temperature
range Tw all −Tsat ∈ [0.01,20]. kq for water is lower than kq for the other two
fluids, although water has the highest specific latent heat.

The coefficient kq is normalized as,

ηkq = kq /kq,w ater (5.53)

and shown in Fig. 5.10b, in which kq,w ater indicates kq of water. It appears that
ηkq is independent of the temperature difference. In order to check this, the
mean value of ηkq and the standard deviation from the mean value of ηkq are
defined as,

µη = 1

N

N∑
i=1

ηkq,i (5.54)

ση =
√√√√ 1

N

N∑
i=1

(ηkq,i −µη)2 (5.55)

in which N is the number of sampling points. µη and ση are shown in Tab.
5.7, in which ση of three working fluids are in the order of magnitude of 10−16,
which is very small. Therefore, it is safe to conclude that ηkq is independent
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of the temperature difference. It means that the cooling capacity of different
working fluids at a certain working temperature is independent of the temper-
ature difference. In Tab. 5.7, µη indicates the relative cooling capacity of the
working fluids with water chosen as a reference. In this example, water is the
least efficient among the three working fluids because it has the lowest µη.

Table 5.6: Physical properties of three different fluids at saturation conditions.

(a) water at 373.15K

ρ (kg m−3) c (J kg−1K−1) λ (W m−1K −1) L (J kg−1)

liquid 958.35 4215.7 0.67721 2.256e6

vapour 0.59817 2080.0 0.02457 -

(b) ethanol at 380K

ρ (kg m−3) c (J kg−1K−1) λ (W m−1K −1) L (J kg−1)

liquid 706.4 3257 0.1472 7.9704e5

vapour 4.393 1943 0.02504 -

(c) benzene at 380K

ρ (kg m−3) c (J kg−1K−1) λ (W m−1K −1) L (J kg−1)

liquid 782.7 1999 0.1156 3.7316e5

vapour 5.672 1429 0.01808 -

5.4.4 Relation between the Nusselt number and the Stefan
number

The Nusselt number is defined as,

Nu = hX

λv
(5.56)

in which h is the heat transfer coefficient. X is the characteristic length, which is
defined as the distance between the wall and the interface. Although the Nusselt
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Figure 5.10: Coefficient kq and its normalization.

Table 5.7: Mean and standard deviation of ηkq in the Stefan problem.

µη ση

water 1.0 1.33e-16
ethanol 1.63 4.20e-16
benzene 1.08 1.95e-16

number is the ratio of the convective heat transfer and the conductive heat
transfer, it is adopted here to investigate the non-dimensional phase transitional
heat transfer.

Based on Eq. 5.51, the time derivative of Q is derived as,

Q̇ = kqp
πt

(5.57)

Applying Newton’s law of cooling, q can be written in the form,

Q̇ = h A∆T (5.58)

in which ∆T is the temperature difference and h is the heat transfer coefficient
and A is the heat transfer area which equals one. Combining Eq. 5.57 and Eq.
5.58, h is obtained as,

h = kq

∆T
p
πt

(5.59)
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Then, applying Eq. 5.30, Eq. 5.52 and Eq. 5.59, the Nusselt number can be
expressed as,

Nu = 2χp
πerf(χ)

(5.60)

The Nusselt number Nu depends only on the coefficient χ and χ is determined
by the transcendental equation which depends on the Stefan number St , so Nu
depends on St only. The Nusselt number is presented as a function of the Stefan
number in Fig. 5.11, in which Nu increases monotonically when St increases.
Note that χ→ 0+ when St → 0+ according to the transcendental equation Eq.
5.35, so the limit of Nu is given by,

lim
χ→0+

Nu = lim
χ→0+

2χ′p
πerf′(χ)

= lim
χ→0+

2p
π 2p

π
e−χ2 = 1 (5.61)

Consequently, Nu → 1 when St → 0+.
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Figure 5.11: Nusselt number as a function of Stefan number.

5.5 One-dimensional interface sucking problem

5.5.1 Analytical solution

An illustration of the interface sucking problem is shown in Fig. 5.12, in which
a one-dimensional free-slip channel with its left end closed and right end open
is filled with vapour and liquid. The initial temperature of the liquid Tover

is higher than the saturation temperature Tsat while the vapour is saturated
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Tv = Tsat . Evaporation happens due to the over-heated liquid and the generated
vapour pushes the liquid out of the channel. Similar to the Stefan problem, the
velocity in the vapour phase is zero due to the incompressibility.

x

T Tover

Tsat

vapour liquidwall outlet

Figure 5.12: Illustration of the interface sucking problem, in which Tover denotes the
temperature of the over-heated liquid.

A similarity solution to the interface sucking problem is found by Welch et.
al. [102], however, its final expression is not shown in their paper. This is the
reason that we will perform the derivation again with the aim to get a concise
expression for the solution. The analytical solution is elaborated here. The
reference frame is fixed at the interface,

ξ= x −
∫ t

0
ui (t )dτ (5.62)

so that the interface is represented by ξ = 0. ui denotes the interface velocity.
The energy equation in this relative reference frame can be written as,

∂T

∂t
+ (u −ui )

∂T

∂ξ
= Γl

∂2T

∂ξ2 (5.63)

in which u is the liquid velocity in the absolute reference frame and Γl denotes
the thermal diffusivity in the liquid phase. The temperature at the interface is
always Tsat . The temperature far away from the interface is hardly influenced
by the phase transition, so it remains equal to Tover . Therefore, the boundary
conditions are written as,

T (ξ= 0, t ) = Tsat (5.64)
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T (ξ→∞, t ) = Tover (5.65)

At the initial time, the channel is filled with liquid, so the initial condition
equals,

T (ξ, t = 0) = Tover (5.66)

According to the energy jump condition at the interface, the conductive heat flux
on the liquid side equals the amount of energy needed for the phase transition.

ρl (ui −ul )L−λl
∂T

∂ξ

∣∣∣∣
ξ=0

= 0 (5.67)

The velocity of the liquid ul and the velocity of the interface ui are related by

ul

ui
= 1−β (5.68)

in which β = ρv /ρl is the ratio of the vapour mass density and the liquid mass
density. The derivation of this relation is detailed in section 5.4.1. Therefore,
combining Eq. 5.68 and Eq. 5.67, the interface velocity ui is given by

ui =C
∂T

∂ξ

∣∣∣∣
ξ=0

(5.69)

in which C =λl /ρv L. Employing Eq. 5.68, the energy equation is rewritten as,

∂T

∂t
−βui

∂T

∂ξ
= Γl

∂2T

∂ξ2 (5.70)

A similarity solution to the energy equation is obtained by applying the trans-
formation,

T (ξ, t ) = Bφ(η) (5.71)

in which B = Γl /(Cβ) and a new parameter is introduced,

η=
√

1

2Γl

ξp
t

(5.72)
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Consequently, the ordinary differential equation that governs the interface suck-
ing problem is obtained as,

φ′′+ (η+φ′(0))φ′ = 0 (5.73)

with boundary conditions

φ(η= 0) = Tsat /B (5.74)

φ(η→∞) = Tover /B (5.75)

By reducing the order of the ordinary differential equation, a general solu-
tion is obtained,

φ(η) =p
2C1eC 2

1 /2
(p

π

2
erf

(
η+C1p

2

)
+C2

)
(5.76)

in which C1 and C2 are constants that are determined by the boundary condi-
tions.

φ(η= 0) =p
2C1eC 2

1 /2
(p

π

2
erf

(
C1p

2

)
+C2

)
= Tsat

B
(5.77)

φ(η→∞) =p
2C1eC 2

1 /2
(p

π

2
+C2

)
= Tover

B
(5.78)

A new parameter χ is introduced by,

χ= C1p
2

(5.79)

Eq. 5.76 can be rewritten as,

φ(η) =−pπχexp(χ2)erfc(
ηp
2
+χ)+ Tover

B
(5.80)

in which erfc(x) is the complementary error function. By subtracting Eq. 5.77
from Eq. 5.78, a transcendental equation which only includes χ is obtained,

χexp(χ2)erfc(χ) = Stp
π

(5.81)
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in which the Stefan number is defined as,

St = Tover −Tsat

B
= cl∆T

L
(5.82)

The parameter χ is constrained, χ ∈ [0,+∞) because St > 0 and exp(χ2)erfc(χ) >
0. χ can be obtained by solving this transcendental equation numerically.

Based on the original expression of the temperature profile, Eq. 5.76, the
interface velocity is obtained as,

ui =C
∂T

∂ξ

∣∣∣∣
ξ=0

= BCC1√
2Γl t

= χ

β

√
Γl

t
(5.83)

Then the distance between the wall and the interface is calculated by integrating
the interface velocity,

X =
∫ t

0
ui d t = χ

β

√
Γl

∫ t

0

1p
t

d t = 2χρl
√
Γl t

ρv
(5.84)

The temperature profile in the relative reference frame, T (ξ, t ) is obtained as,

T (ξ, t ) = Tover + Tsat −Tover

erfc(χ)
erfc

(
ξ

2
√
Γl t

+χ
)

(5.85)

By applying ξ= x −X to Eq. 5.85, the temperature profile in the absolute refer-
ence frame is found,

T (x, t ) = Tover + Tsat −Tover

erfc(χ)
erfc

(
x

2
√
Γl t

+χ(1− ρl

ρv
)

)
(5.86)

Note that this formula only gives the temperature profile in the liquid and that
the vapour is at saturation temperature.

Consequently, the interface position is given by Eq. 5.84, the temperature
profile is given by Eq. 5.86 and coefficient χ is obtained by solving the tran-
scendental equation Eq. 5.81. The analytical solution of the interface sucking
problem presented here has a similar expression as the analytical solution of the
Stefan problem found by Alexiades [2].

5.5.2 Simulation setup

In the simulations presented here, the length of the computational domain is
10−3 m. The interface is initialized at X0 = 1×10−6 m. The saturation tempera-
ture is Tsat = 373.15K and the initial temperature of the liquid is Tover = 378.15K.
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The physical properties of the vapour and liquid phases are adopted from water
and steam at 373.15K [35], shown in Tab. 5.1. Three grids with different grid
sizes are employed in the simulations, which are coarse with ∆x = 1× 10−5m,
medium with ∆x = 5×10−6 and fine with ∆x = 2.5×10−6m. The duration of the
simulations is 0.02s. The simulations do not start from time 0 but from a later
time instant, ti ni t i al = 0.02s, in order to avoid the steep temperature gradient on
the liquid side of the interface. The reason for this is explained next.

The temperature gradient at the position of the interface obtained from Eq.
5.85 is equal to,

∂T

∂ξ

∣∣∣∣
ξ=0

=
√

ρl

λl cl

Lχp
t

(5.87)

Hence the temperature gradient is large when t is small.
The distance that the interface moves from time 0 to ti ni t i al is given by,

Xi ni t i al =
2χρl

√
Γl ti ni t i al

ρv
(5.88)

Hence, the interface has moved over a distance of Xi ni t i al +X0 before the simu-
lation starts and the total time shift is calculated by,

ts =
(Xi ni t i al +X0)2ρ2

v cl

4χ2λlρl
(5.89)

The energy density field is initialized by adopting the analytical temperature
profile at time ts .

e =αel + (1−α)ev (5.90)

The energy density of liquid el is calculated by,

el =
ρl cl A

αVcel l

∫ ξi+1

ξi

T (ξ, ts )dξ= ρl cl

α∆x

∫ ξi+1

ξi

T (ξ, ts )dξ (5.91)

in which ξi and ξi+1 are liquid boundary in a cell and α is the liquid volume
fraction in that cell. The energy density of the vapour is equal to ev = ρv cl Tsat +
ρv L, which is constant.
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5.5.3 Simulation results

Interface position

The interface position as a function of time is compared with the analytical
solution in Fig. 5.13 for simulations with different grid sizes. The simulated
interface position on all grids agrees well with the analytical solution.

The relative error of the interface position ηi n f is defined in Eq. 5.41. ηi n f

is a function of time, so in order to obtain an overall estimation of the data, the
mean, rms and maximum of ηi n f are calculated and shown in Tab. 5.8. The
mean, rms and maximum of ηi n f are either in the order of magnitude 10−3 or
10−4, and they decrease faster than first order when the grid is refined.
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Figure 5.13: Interface position X on different grids compared with the analytical solu-
tion.

Table 5.8: Mean, rms and maximum values of the relative error of the interface position.

mean rms max

coarse 1.17e-3 1.39e-3 2.49e-3
medium 4.84e-4 5.53e-4 8.72e-4

fine 1.74e-4 1.92e-4 2.84e-4

Temperature profile at final time

The temperature profile on different grids at the final time is shown in Fig. 5.14,
which shows good agreement with the analytical solution. In Fig. 5.14b, it is
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shown that the result on a finer grid agrees better with the analytical interface
position. The relative error of the temperature profile ηT is defined in Eq. 5.42
in order to quantify the discrepancy between the simulated temperature profile
and the analytical solution. Mean, rms and maximum of ηT on the three grids
are shown in Tab. 5.9, and all statistics decrease when the grid is refined.
The results show that the convergence is almost second order in the grid size.
It is noted that ηT is collected over the whole computational domain and the
maximum of ηT occurs in the liquid phase near the interface.
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Figure 5.14: Temperature profile on different grids at the final time compared with the
analytical solution.

Table 5.9: Mean, rms and maximum values of the relative error of the temperature pro-
file.

mean rms max

coarse 4.84e-5 1.02e-4 3.35e-4
medium 1.58e-5 3.30e-5 1.02e-4

fine 3.90e-6 7.95e-6 2.52e-5

Mass and energy conservation

The accumulated relative error of mass ηmass and energy ηener g y are defined in
Eq. 5.43 and Eq. 5.46, which are employed here to investigate the conservation
of mass and energy. ηmass and ηener g y as functions of time are depicted in Fig.
5.15. The mean, rms and maximum of ηmass and ηener g y are shown in Tab.
5.10 and Tab. 5.11, respectively.
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Figure 5.15: The accumulated relative errors in mass and energy on different grids.

In Tab. 5.10, it can be seen that the statistical properties of ηmass on the
coarse grid are higher than on the two finer grids. It seems strange that ηmass

on the medium grid is lower than on the fine grid. The reason can be explained
in the following way. The global mass error is dominated by the mass error in
the liquid phase since the density ratio ρl /ρv ≈ 1600, which is large. Moreover,
the cut-off value of the liquid volume fraction α is 10−7, which is actually a
larger source of error in ηmass . Therefore, discretization errors are not the main
reason for the error in the mass conservation and this explains why a finer grid
does not necessarily result in a smaller relative error in the mass conservation.
Note, however, that the error in mass conservation is very small on all grids and
in the order of the cut-off value of the liquid volume fraction.

Table 5.10: Mean, rms and maximum values of the relative error of the mass ηmass .

mean rms max

coarse 1.07e-7 1.21e-7 1.92e-7
medium 2.52e-8 2.79e-8 4.27e-8

fine 3.10e-8 3.50e-8 5.58e-8

In Tab. 5.11, statistical properties of ηener g y are in the order of magnitude
10−12 or 10−13, which are in the accuracy level of the machine precision.

Also simulations with different density ratios are conducted. The results are
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shown in the appendix 5.7.4.

Table 5.11: Mean, rms and maximum values of the relative error of the energy ηener g y .

mean rms max

coarse 2.02e-13 2.65e-13 6.58e-13
medium 1.41e-13 1.57e-13 3.24e-13

fine 1.32e-12 1.58e-12 2.82e-12

5.5.4 Cooling characteristics in the interface sucking prob-
lem

In this section, cooling characteristics of liquids in the interface sucking problem
are investigated.

The temperature gradient at the interface follows from Eq. 5.85 as,

∂T

∂ξ

∣∣∣∣
ξ=0

=
√

ρl

λl cl

Lχp
t

(5.92)

The heat demanded by the evaporation in a time interval from 0 to t is equal
to,

Q =−
∫ t

0
λl

∂T

∂ξ

∣∣∣∣
ξ=0

d t =−2kq
p

t (5.93)

in which coefficient kq is defined as,

kq =
√
ρlλl

cl
Lχ (5.94)

Working fluids that have a larger kq are better because more energy is consumed
by the evaporation. It is clear that a larger ρlλl results in a larger kq . However, it
is not intermediately clear how the temperature difference ∆T , the specific heat
capacity of the liquid cl and the specific latent heat L influence kq . Therefore,
we will compare the cooling capacity of liquids.

Three fluids have been chosen to compare their cooling capacity at a tem-
perature near 373.15K, which are water, ethanol and benzene. The physical
properties of these fluids are shown in Tab. 5.6. kq is plotted as a function of



5.5 One-dimensional interface sucking problem 121

the temperature difference in Fig. 5.16a, which shows that kq of water is higher
than kq of the other two fluids. Note that the physical properties of the fluids
are assumed to be constant within the temperature range ∆T ∈ [4.5,5.5]. In Fig.
5.16b kq is normalized as ηkq , which appears to be independent of the temper-
ature difference. The mean µη and the standard deviation ση are calculated and
shown in Tab. 5.12. The standard deviation of ηkq of ethanol and benzene are
in the order of magnitude 10−4, so it is safe to conclude that the cooling capacity
of different working fluids at a certain working temperature is independent of
the temperature difference. In the same table, µη indicates the relative cooling
capacity of the working fluids with water chosen as a reference. In this exam-
ple, water is the most efficient among the three working fluids because it has
the highest µη.
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Figure 5.16: Coefficient kq and its value normalized with kq of water.

Table 5.12: Mean and standard deviation of ηkq in the interface sucking problem.

µη ση

water 1.0 0.0
ethanol 0.354 1.50e-4
benzene 0.260 1.74e-4
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5.5.5 Relation between the Nusselt number, the Stefan num-
ber and the density ratio.

The Nusselt number is defined as,

Nu = hX

λl
(5.95)

Note that h is the heat transfer coefficient instead of the convective heat trans-
fer coefficient. X is the characteristic length, which is chosen as the distance
between the wall and the interface.

The time derivative of Q is found from Eq. 5.93,

Q̇ =
∣∣∣∣dQ

d t

∣∣∣∣= kqp
t

(5.96)

in which kq is defined in Eq. 5.94. According to Newton’s law of cooling, the
rate of heat transfer can be written as,

Q̇ = h A∆T (5.97)

in which A is the heat transfer area which is equal to 1. Therefore, h can be
written as,

h = kq

∆T
p

t
(5.98)

Applying Eq. 5.81, Eq. 5.84 and Eq. 5.98 to the definition of the Nusselt
number,

Nu = 2χp
πexp(χ2)erfc(χ)

ρl

ρv
(5.99)

from which it follows that the Nusselt number depends only on the coefficient
χ and on the density ratio ρl /ρv . Since χ is determined by the transcendental
equation Eq. 5.81 which depends on St , it is clear that Nu depends only on the
Stefan number St and the density ratio ρl /ρv .

Isolines of the Nusselt number Nu are depicted in Fig. 5.17. Note that
both axes are in logarithmic scale. Water, ethanol and benzene are indicated
in the figure and their Nu are shown in Tab. 5.13. Only in the green area
at the lower right corner of the figure St has a larger influence on Nu than
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Figure 5.17: Isolines of the Nusselt number Nu, which is a function of the Stefan number
St and the density ratio ρl /ρv . In the green area at the right lower corner,
St has a larger influence on Nu than ρl /ρv . Note that both axes are in
logarithmic scale.

Table 5.13: The Nusselt number Nu of water, ethanol and benzene in the interface suck-
ing problem.

water ethanol benzene

Nu 9.64 2.15 2.41

ρl /ρv . Therefore, for the three fluids discussed here, the density ratio ρl /ρv has
a dominant influence on the Nusselt number Nu.

It is interesting that the Nusselt number in the interface sucking problem
has a fixed value if the fluid properties and the temperature difference are kept
fixed. As a consequence, the heat transfer coefficient is related to the interface
position,

h = Nuλl

X (t )
(5.100)

According to Newton’s law of cooling,

Q̇ = h A∆T (5.101)

and the amount of heat can be obtained by integrating Q̇ over time,

Q =
∫ t

0
Q̇d t =

∫ t

0

Nuλl

X (t )
A∆T d t (5.102)
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This relation shows that the amount of transferred heat can be found if the time
evolution of the interface position is known with sufficient accuracy.

5.6 Conclusions

Phase transitional flow differs from two-phase flow in three aspects:

1. The velocity is not divergence free at the interface between the two phases
when phase transition happens and the mass density ratio of the fluids
does not equal one: if ρl /ρv 6= 1, then ∇·U 6= 0 near the interface.

2. The velocity discontinuity across the interface. The velocity changes abruptly
from one phase to the other. For example, in the Stefan problem, liquid
moves out of the channel while the vapour velocity remains zero.

3. The discontinuity of the temperature gradient at the interface.

The not-divergence-free velocity is taken care of by Eq. 5.1 and the velocity
discontinuity across the interface is treated by the time step splitting which has
been elaborated in Appendix 5.7.1. The discontinuity of the temperature gradi-
ent at the interface is treated by separate calculations of numerical temperature
gradients in two phases, as shown in Fig. 5.2.

In this chapter, a sharp interface is provided by the Piecewise Linear Inter-
face Calculation (PLIC) method. A heat balanced phase transition model based
on the energy jump condition is proposed. A mass source is added in the trans-
port equation of the volume fraction to account for the amount of liquid that
evaporates or condenses. In the discretization, the continuity equation Eq. 5.1 is
substituted into the momentum equation to account for the velocity induced by
the volume variation during phase transition. The algorithms are implemented
in OpenFOAM.

It was first attempted to solve the non-conservative equation [75] for the
Stefan problem, but the results were neither grid independent nor energy con-
servative. Therefore, in this chapter, a conservative energy equation is adopted
for the transport of the internal energy. The implementation of the conduction
and the convection terms are also described in this chapter. An expression of
the analytical solution of the interface sucking problem has been found based
on the similarity solution.

The phase transition model is tested by the Stefan problem and the interface
sucking problem. For both problems, density ratio ρl /ρv varies from 1, 10, 100,
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1000 to 1600. All numerical results agree well with analytical solutions and the
results converge upon grid refinement, and are mass conservative and energy
conservative.

How to choose an efficient working fluid for cooling purposes is discussed
in the Stefan problem. The characteristics of cooling a liquid in interface suck-
ing problem is also discussed. The Nusselt numbers of these two problems are
studied. In the Stefan problem, the Nusselt number is a function of the Stefan
number only, Nu = Nu(St ). In the interface sucking problem, the Nusselt num-
ber is a function of the density ratio and the Stefan number, Nu = Nu(ρl /ρv ,St ).

5.7 Appendix

5.7.1 Time step splitting

As discussed in section 5.4.1, two factors contribute to the motion of the inter-
face, which are:

1. change of liquid into vapour;

2. advection of the liquid.

When the interface leaves the cell within one time step, the liquid volume frac-
tion α can be negative due to the collective effects of both factors. In the imple-
mentation of the Volume of Fluid method, a negative α is corrected to 0. If this
happens, less liquid leaves the domain than it should, which results in a breach
of conservation of mass and energy. This error in mass and energy conservation
accumulates in time and becomes significant when it happens on the side of the
interface with higher mass and energy density.

In order to decrease this error, the original time step ∆tor i is split into two
parts, ∆ts and ∆tor i −∆ts when the interface crosses the edge of the cell, so that
the interface is located exactly at the cell face after ∆ts . This is illustrated in Fig.
5.18, where fluid flows out of the cell through face BC . The liquid present in the
cell at the old time is indicated by the blue area BC F E . The velocity of vapour
is zero, so the advection of the vapour on face AD equals zero. According to Eq.
5.16, the calculation of α can be simplified to,

αr =αn−1 − α f ,BCφBC∆t

Vcel l
+ α̇∆t (5.103)

in which αn−1 is in the old time level and αr is the predicted α. α f ,BC is the
face value of α on cell face BC which is calculated using the PLIC face value
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estimation. If an interface cell will be a pure vapour cell after one time step,
αr = 0 and α f ,BC = 1. By substituting this into Eq. 5.103, ∆ts is found to be equal
to,

∆ts = αn−1Vcel l

φBC − α̇Vcel l
(5.104)

Note that this procedure is valid only when the interface will cross the face of
the cell within the next time step, so that ∆ts <∆tor i . This method is applied to
both test cases in this chapter.
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Figure 5.18: An interface cell with small α.

5.7.2 Staircase-like pattern in the relative errors of mass

In the Stefan problem, it has been shown in Fig. 5.9 that the accumulated
relative errors of mass show a staircase-like pattern. The reason is that the
value of α is adjusted after solving the α equation. A small positive value ε is
defined as the cut-off value and it equals 10−7 in this study. If α > 1− ε, α is
assigned the new value 1; if α< ε, α is assigned the new value 0. According to
the current algorithm, the vapour temperature in the interface cell is Tsat . When
the interface enters a new cell, the temperature in the nearest vapour cell does
not significantly deviate from Tsat , which means that |α̇∆t | is very small, even
smaller than the cut-off value ε. Hence, this change in liquid volume fraction
is neglected, which means that |α̇∆t | volume of vapour is instead occupied by
liquid. This mass error |(ρl −ρv )α̇∆t | accumulates in time and contributes to
the increase in ηmass . This increase in mass only lasts for a short time after the
interface enters a new cell, because the temperature in the nearest vapour cell
recovers to the correct level rapidly.
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Vapour temperature in the interface cell

It has been stated that the temperature in the nearest vapour cell is approxi-
mately Tsat when the interface enters a new cell. In fact the vapour temperature
in the interface cell remains saturated based on the current implementation of
the model. The reasons are the following,

1. The conduction to or from the interface cell equals exactly the amount of
latent heat absorbed or released in the phase transition.

2. The convection on the vapour side equals 0 because the velocity of vapour
equals 0 due to the assumed incompressibility of vapour in this study and
the convection on the liquid side is actually the flow of liquid at tempera-
ture Tsat .

3. The new vapour generated by the evaporation is at temperature Tsat .

No extra heat is available to increase the temperature of the vapour in the in-
terface cell. Consequently, the temperature of the vapour in the interface cell
remains Tsat .

Energy mixing strategy

Obviously, the vapour temperature in the interface cell should gradually in-
crease from Tsat when the interface moves further in that cell. In order to obtain
this feature, an energy mixing strategy is proposed. The idea of this strategy is
simple, and amounts to transferring part of the energy in the neighbouring pure
vapour cell to the vapour in the interface cell, so that the temperature profile
on the vapour side of the interface becomes linear. The strategy is shown in
Fig. 5.19, in which the temperature profile on the vapour side after mixing is
assumed linear,

Tvi e −Tsat

Tve −Tsat
= h2

h1
= k (5.105)

where h1 is the distance between the center of the neighbouring cell and the
interface and h2 is the distance between the center of the vapour volume in the
interface cell and the interface. Tvi e and Tve are the vapour temperature in the
interface cell and in the neighbouring pure vapour cell after applying the mixing
strategy, respectively.
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Figure 5.19: Energy mixing strategy.

If ∆E is the amount of energy transferred to the interface cell, then the
relation between the energy before and after the energy mixing can be written
as,

Evi e = Evi +∆E (5.106)

Eve = Ev −∆E (5.107)

in which Evi and Ev are the vapour energy in the interface cell and the vapour
cell before the transfer, Evi e and Eve are the vapour energy in the interface cell
and the vapour cell after the transfer. Combining Eq. 5.105, Eq. 5.106 and Eq.
5.107 results in,

k = Tvi e −Tsat

Tve −Tsat
=

Evi+∆E
(1−α)Vcel l

−ρv cl Tsat −ρv L

Ev−∆E
Vcel l

−ρv cl Tsat −ρv L
(5.108)

from which ∆E is found as,

∆E = k(1−α)Ev −Evi + (1−k)(ρv cl Tsat +ρv L)(1−α)Vcel l

1+k(1−α)
(5.109)

Evi and Ev are given by,

Evi = (ei −ρl cl Tlα)Vcel l (5.110)

Ev = ev Vcel l (5.111)
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in which ei denotes the energy density in the interface cell, and Tl = Tsat .
After applying this energy mixing strategy, the new ηmass on different grids

is presented in Fig. 5.20. The new ηmass is in the order of magnitude of 10−9,
which is one order of magnitude lower than the ηmass of the original algorithm
shown in Fig. 5.9, and the staircase-like pattern disappears. Since this proce-
dure does not change the total energy in the system, the error in the total energy
will remain in the order of the machine precision.
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Figure 5.20: The accumulated relative errors in mass on different grids.

5.7.3 Simulations of Stefan problem with different density
ratios

More simulations are performed of the Stefan problem with different density
ratios to show the versatility of the current phase change algorithm. Note that
the energy mixing strategy is deployed. The density ratio of the simulations is
taken as 1, 10, 100 and 1000. Most of the physical properties remain unchanged
as shown in Tab. 5.1. The modified ρl , ρv and λv are shown in Tab. 5.14.

Table 5.14: Modified physical properties in the Stefan problem.

ρl /ρv 1 10 100 1000

ρl 100 1000 1000 1000
ρv 100 100 10 1
λv - 0.2457 - -

The mean, rms and maximum values of the relative error of the interface
position, ηi n f are presented in Tab. 5.15. Mean and rms values of ηi n f decrease
upon the grid refinement. The maximum value of ηi n f decreases upon the grid
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refinement only for density ratio ρl /ρv = 10, while for other density ratios, this
does not hold anymore.

Table 5.15: Statistics of the relative error of the interface position ηi n f in the Stefan
problem.

(a) ρl /ρv = 1

mean rms max

coarse 3.06e-4 3.42e-4 7.14e-4
medium 1.30e-4 1.91e-4 7.44e-4

fine 3.92e-5 9.36e-5 7.17e-4

(b) ρl /ρv = 10

mean rms max

coarse 2.46e-4 2.79e-4 6.42e-4
medium 9.36e-5 1.46e-4 6.38e-4

fine 3.22e-5 7.29e-5 6.04e-4

(c) ρl /ρv = 100

mean rms max

coarse 2.46e-4 2.79e-4 6.42e-4
medium 9.54e-5 1.49e-4 6.51e-4

fine 3.25e-5 7.40e-5 6.15e-4

(d) ρl /ρv = 1000

mean rms max

coarse 2.44e-4 2.77e-4 6.36e-4
medium 9.32e-5 1.45e-4 6.38e-4

fine 3.27e-5 7.29e-5 6.04e-4

The mean, rms and maximum values of the relative error of the temperature
profile, ηT are presented in Tab. 5.16. The statistics of the relative error are in
the order of magnitude of 10−7. Note that the convergence criteria for the en-
ergy equation is 10−6. This explains that the statistics do not show convergence
with grid refinement.

The mean, rms and maximum values of the relative error of the mass ηmass

and the relative error of the energy ηener g y are presented in Tab. 5.17. ηmass of
all cases are below 10−7 and ηener g y of all cases are in the order of magnitude
10−11 or even lower. Therefore, it is safe to conclude that all simulations are
mass and energy conservative.

5.7.4 Simulations of the interface sucking problem with dif-
ferent density ratios

Also more simulations are performed of the interface sucking problem with dif-
ferent density ratios to test the current phase change algorithm. Most of the
physical properties are kept the same as in Tab. 5.1, except the liquid density
ρl , vapour density ρv and liquid specific heat capacity cl . The modified physical
properties are shown in Tab. 5.18. In order to perform simulations in the same
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Table 5.16: Statistics of the relative error of the temperature profile ηT in the Stefan
problem.

(a) ρl /ρv = 1

mean rms max

coarse 2.85e-7 3.26e-7 5.12e-7
medium 2.06e-7 2.37e-7 3.91e-7

fine 2.54e-7 2.93e-7 4.94e-7

(b) ρl /ρv = 10

mean rms max

coarse 5.11e-7 5.88e-7 9.34e-7
medium 2.07e-7 2.41e-7 4.13e-7

fine 3.17e-7 3.65e-7 6.16e-7

(c) ρl /ρv = 100

mean rms max

coarse 5.09e-7 5.85e-7 9.31e-7
medium 2.03e-7 2.37e-7 4.05e-7

fine 3.14e-7 3.62e-7 6.11e-7

(d) ρl /ρv = 1000

mean rms max

coarse 4.81e-7 5.53e-7 8.79e-7
medium 2.09e-7 2.44e-7 4.17e-7

fine 3.30e-7 3.81e-7 6.42e-7

Table 5.17: Statistics of the relative error of the mass, ηmass and relative error of the
energy ηener g y in the Stefan problem. The density ratio equals 1, 10, 100 or
1000 and is indicated in the first column.

ηmass ηener g y
mean rms max mean rms max

1
coarse 1.00e-15 1.00e-15 1.00e-15 1.02e-13 1.20e-13 1.98e-13
medium 1.00e-15 1.00e-15 1.00e-15 2.20e-13 2.65e-13 5.39e-13
fine 1.00e-15 1.00e-15 1.00e-15 7.08e-13 8.13e-13 1.37e-12

10
coarse 3.64e-08 4.26e-08 6.92e-08 5.61e-12 6.47e-12 1.11e-11
medium 1.29e-08 1.61e-08 3.31e-08 3.09e-11 3.59e-11 6.38e-11
fine 3.52e-09 3.83e-09 5.20e-09 3.53e-12 4.34e-12 8.13e-12

100
coarse 3.54e-08 4.20e-08 6.67e-08 5.57e-12 6.42e-12 1.10e-11
medium 1.78e-08 2.21e-08 4.46e-08 1.50e-11 1.73e-11 3.02e-11
fine 1.22e-08 1.28e-08 1.62e-08 1.56e-12 1.95e-12 3.58e-12

1000
coarse 9.68e-09 1.04e-08 1.49e-08 2.38e-13 2.93e-13 6.01e-13
medium 2.87e-08 2.94e-08 3.69e-08 8.09e-12 9.31e-12 1.60e-11
fine 1.25e-08 1.40e-08 2.30e-08 2.61e-11 3.01e-11 5.24e-11
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computational domain, the thermal layer in the liquid which is essentially the
varying part of the temperature profile, should not exceeds the length of the
computational domain. It is noted that in simulations with density ratio 10 and
1 and cl kept the same, the expansion of vapour becomes slower and subse-
quently it takes more time for the interface to travel a sufficiently long distance
in the computational domain. However, for these simulations, the thickness of
the thermal layer easily exceeds the length of the computational domain. In
order to fix this, cl and ti ni t i al are increased for cases with density ratio 10 and
1.

Table 5.18: Modified physical properties in the interface sucking problem.

ρl /ρv 1 10 100 1000

ρl 100 100 1000 1000
ρv 100 10 10 1
cl 210785 4215.7 - -

The mean, rms and maximum values of the relative error of the interface
position, ηi n f are shown in Tab. 5.19. The statistics decrease upon grid refine-
ment.

The mean, rms and maximum values of the relative error of the temperature
profile, ηT are shown in Tab. 5.20. The statistics decrease upon grid refinement
in the case with density ratio 1000. In cases with density 1, 10 and 100, no
significant change of statistics are found.

The mean, rms and maximum values of the relative error of the mass ηmass

and relative error of the energy ηener g y are presented in Tab. 5.21. ηmass of all
cases is in the order of magnitude 10−7 or even lower and ηener g y of all cases are
in the order of magnitude 10−11 or even lower. Therefore, it is safe to conclude
that all simulations are mass and energy conservative.
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Table 5.19: Statistics of the relative error of the interface position ηi n f in the interface
sucking problem.

(a) ρl /ρv = 1

mean rms max

coarse 1.80e-3 1.93e-3 3.26e-3
medium 4.50e-4 4.83e-4 9.32e-4

fine 1.12e-4 1.21e-4 2.44e-4

(b) ρl /ρv = 10

mean rms max

coarse 3.20e-4 4.72e-4 1.56e-3
medium 6.88e-5 1.08e-4 4.27e-4

fine 1.55e-5 2.56e-5 1.17e-4

(c) ρl /ρv = 100

mean rms max

coarse 1.91e-4 3.21e-4 1.18e-3
medium 4.30e-5 7.43e-5 3.46e-4

fine 1.04e-5 1.83e-5 9.70e-5

(d) ρl /ρv = 1000

mean rms max

coarse 7.20e-4 8.33e-4 1.59e-3
medium 3.09e-4 3.54e-4 6.07e-4

fine 1.10e-4 1.23e-4 1.92e-4

Table 5.20: Statistics of the relative error of the temperature profile ηT in the interface
sucking problem.

(a) ρl /ρv = 1

mean rms max

coarse 2.10e-3 3.65e-3 9.68e-3
medium 2.12e-3 3.67e-3 9.67e-3

fine 2.10e-3 3.64e-3 9.67e-3

(b) ρl /ρv = 10

mean rms max

coarse 2.82e-4 4.20e-4 8.93e-4
medium 2.81e-4 4.18e-4 8.92e-4

fine 2.80e-4 4.16e-4 8.92e-4

(c) ρl /ρv = 100

mean rms max

coarse 1.90e-5 2.89e-5 6.99e-5
medium 1.89e-5 2.89e-5 6.86e-5

fine 1.89e-5 2.89e-5 6.84e-5

(d) ρl /ρv = 1000

mean rms max

coarse 2.02e-5 4.15e-5 1.36e-4
medium 6.93e-6 1.42e-5 4.16e-5

fine 1.53e-6 2.86e-6 7.05e-6
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Table 5.21: Statistics of the relative error of the mass, ηmass and relative error of the
energy ηener g y in the interface sucking problem. The density ratio equals 1,
10, 100 or 1000 and is indicated in the first column.

ηmass ηener g y
mean rms max mean rms max

1
coarse 1.00e-15 1.00e-15 1.00e-15 1.35e-11 1.59e-11 2.83e-11
medium 1.00e-15 1.00e-15 1.00e-15 1.79e-11 2.08e-11 3.62e-11
fine 1.00e-15 1.00e-15 1.00e-15 8.14e-12 1.11e-11 2.33e-11

10
coarse 4.76e-08 5.39e-08 8.58e-08 2.00e-12 2.36e-12 6.87e-12
medium 1.57e-08 1.73e-08 2.60e-08 6.96e-12 7.88e-12 1.16e-11
fine 1.01e-08 1.12e-08 1.73e-08 5.36e-12 6.22e-12 1.12e-11

100
coarse 5.69e-08 6.46e-08 1.03e-07 2.88e-12 3.32e-12 5.74e-12
medium 1.68e-08 1.86e-08 2.74e-08 6.91e-12 7.81e-12 1.13e-11
fine 1.23e-08 1.36e-08 2.09e-08 5.54e-12 6.41e-12 1.13e-11

1000
coarse 7.01e-08 8.14e-08 1.35e-07 5.73e-13 6.51e-13 1.09e-12
medium 1.44e-08 1.59e-08 2.47e-08 1.26e-13 1.46e-13 2.12e-13
fine 1.87e-08 2.13e-08 3.47e-08 1.12e-12 1.31e-12 2.48e-12



Chapter 6
Conclusions and outlook

6.1 Conclusions

The goal of this thesis was the development of a numerical approach for phase
transitional flows in cooling applications. The numerical approach should meet
the requirements of mass conservation and energy conservation. The reason
is that energy conservation is a crucial property if the cooling effect is to be
quantified. Also, the property of mass conservation is a precondition for energy
conservation, because an error in mass conservation results in an error in energy
conservation, no matter this error happens in the liquid phase or in the vapour
phase. For cooling applications at small length scales, for example, cooling of
electronics and 3D chips, the numerical approach should be able to accurately
incorporate surface tension.

The energy jump condition is an appealing foundation for a phase transi-
tion model which is free of empirical coefficients. The energy jump condition
is essentially the heat balance between heat conduction and phase transition.
The energy jump condition requires a sharp interface. Therefore, the Piecewise
Linear Interface Calculation (PLIC) method is adopted because it can provide a
sharp interface and ensures mass conservation.

In the development of the PLIC method, spurious currents were found to be
so strong that they resulted in instability. In order to find a method to suppress
spurious currents, the accuracy of curvature calculation has been investigated in
Chapter 2 and Chapter 3. In Chapter 2, the standard Continuum Surface Force
(CSF) model is modified to facilitate an accurate incorporation of the surface
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tension. The relative error of the numerically obtained curvature is investigated
and it is concluded that a smoothing procedure increases the accuracy of the
curvature calculated by the divergence of the unit normal vector of the interface.
The reason that smoothing increases the accuracy of the curvature calculated
by the divergence formula is that it smooths the sharp volume fraction field
provided by PLIC.

In Chapter 3, the Height Function (HF) method for the curvature calculation
is revisited. It is reported in literature that the HF method can provide accurate
curvature, but our results do not support this conclusion when the HF method
is applied in combination with PLIC. Therefore, Matlab scripts are developed
to investigate the performance of the HF method in an isolated environment.
The results show that the HF method is not compatible with the PLIC method,
because the small error in the volume fraction field which is introduced by the
piecewise linear interface representation can induce a considerable error in the
curvature.

In Chapter 4, a PLIC algorithm and an advection scheme are proposed fol-
lowing Youngs’ idea. The advection scheme was designed to be generic, so that
the difficulty of implementing Youngs’ advection is reduced while its accuracy
is maintained. The solver developed is named plicFoam and it produces grid
independent and mass conservative results for the test cases studied. Results
produced by plicFoam agree well with either benchmark or analytical solutions.
The two test problems studied are rising bubbles in the spherical and in the
elliptical regimes. Results obtained by the HF method are also compared with
the benchmark solution, and are found to be less accurate.

In Chapter 5, a heat balanced phase transition model based on the energy
jump condition has been proposed. The phase transition model is based on the
sharp interface provided by the PLIC method. A conservative energy equation
is solved. The phase transition model is tested for the Stefan problem and the
interface sucking problem with variable density ratios, ranging from 1 to 1600.
All numerical results agree well with analytical solutions and the results con-
verge upon grid refinement and are mass conservative and energy conservative.

6.2 Outlook

The PLIC-VOF is a numerical method to handle immiscible two-phase flows and
it is able to produce mass conservative results. The idea of reconstructing the
interface and calculating the advection based on the reconstructed interface is
easy to understand, but rather difficult to implement. Another disadvantage of
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PLIC is that the algorithms are developed based on the shape of the cell, which
means that the algorithm designed for quadrilateral cells cannot be applied to
triangular cells and the algorithm designed for 2D cannot be applied to 3D
cases. However, the advantages of PLIC outweigh these disadvantages.

The PLIC method proposed in this thesis has the potential to be applied to
grids with quadrilateral cells. The reason is that intersection patterns are de-
scribed by a linear equation set without assuming a vertical relation between
neighbouring edges. The generic advection scheme can also be applied to
quadrilateral cells. The reason is that vector operations are used to determine
the face value of the volume fraction. Unfortunately, there was insufficient time
to test these features. The irregularity of the grid might induce errors in the
curvature and the advection. The error in the curvature can be suppressed by
applying a smoothing procedure. The error in the advection might decrease
when a smaller time step is applied.

The PLIC method can be extended to 3D, as it has been done previously [99]
[76]. It is also good to develop a new 3D PLIC following the idea of 2D PLIC
presented in this thesis. No 3D PLIC advection scheme has been elaborated in
literature. Hence, it is better to extend the generic advection algorithm detailed
in this thesis to 3D hexahedral cells. A first problem that has to be solved in
developing the 3D generic advection scheme is the computation of the volume
of a general polyhedron given its nodes.

The heat balanced phase transition model has to be extended to 3D to solve
realistic engineering problems. However, it is wise to extend the model to 2D
first. The reason is related to the velocity jump across the interface. In the case
of the 1D interface sucking problem, the overheated liquid evaporates and the
generated vapour pushes the liquid out of the channel. In this problem, the
velocity of the vapour phase is zero while the velocity of the liquid is not equal
to zero. Hence, advection exists only in the liquid and the vapour can never be
advected to the neighbouring cell. The solution to the velocity jump in 1D is to
adjust the time step so that the interface is exactly located at the cell face after
the time step, which has been elaborated in Appendix 5.7.1. This solution is
applicable in 1D since the piecewise linear interface is parallel to the cell faces in
1D. When the interface sucking problem is extended to 2D, which is essentially
a 2D bubble growing in an overheated liquid, the solution for the velocity jump
is not so obvious. In 2D cases, the interface is in general not parallel to cell
faces, so the over-advection of the vapour has to be counteracted. In order to
tackle this problem a method has to be found to handle this problem without
compromising too much the mass conservation nor the energy conservation.

For the study of a 2D growing bubble, it is suggested to obtain its 2D an-
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alytical solution in order to provide a reference for numerical solutions. It is
possible to obtain the analytical solution of a 2D growing bubble since analyti-
cal solutions of the 1D interface sucking problem and a 3D growing bubble [78]
have been solved.
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