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Time-domain impedance boundary condition modeling with the
discontinuous Galerkin method for room acoustics simulations

Huiqing Wanga) and Maarten Hornikxb)

Building Physics and Services, Department of the Built Environment, Eindhoven University of Technology, P.O. Box 513,
5600 MB Eindhoven, The Netherlands

ABSTRACT:
The time-domain nodal discontinuous Galerkin (TD-DG) method is emerging as a potential wave-based method for

three-dimensional (3D) room acoustics modeling, where high-order accuracy in the low frequency range, geometri-

cal flexibility, and accurate modeling of boundary conditions are of critical importance. This paper presents a formu-

lation of broadband time-domain impedance boundary conditions (TDIBCs) of locally-reacting surfaces in the

framework of the TD-DG method. The formulation is based on the approximation of the plane-wave reflection coef-

ficient at normal incidence in the frequency domain using a sum of template rational functions, which can be directly

transformed to the time-domain. The coupling of the TDIBCs with the discontinuous Galerkin discretization is

achieved through the characteristic waves of the upwind flux along the boundary, where a series of first-order auxil-

iary differential equations is time-integrated in a high-order way. To verify the performance of the formulation,

various numerical tests of single reflection scenarios are shown to demonstrate the cost efficiency and memory-

efficiency of high-order basis functions, among which a 3D application to an impedance boundary of rigidly backed

glass-wool baffle for room acoustic purposes is presented. VC 2020 Acoustical Society of America.
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I. INTRODUCTION

Sound propagation in a room is a complicated process

due to the geometry of the room and the objects inside it.

Furthermore, a variety of surface natures and surface impe-

dances, which are typically frequency-dependent, make it

extremely hard to achieve analytical representations of the

acoustic field. Therefore, computer simulation of the sound

field in indoor environments has become a common tool for

the analysis of sound in rooms.1

In general, room acoustic modeling techniques can be

divided into two categories, namely, geometrical acoustics

methods and wave-based methods. Thanks to the steady

increase in computing power, wave-based methods have

become more mature during the past decades.2 Compared to

frequency-domain wave-based methods, time-domain

modeling allows single run broadband calculations with

moving sources and time-varying domains and generates

directly the impulse response of the room. After applications

to fields as aeroacoustics,3 the time-domain discontinuous

Galerkin (TD-DG) method has for the first time been evalu-

ated as a potential wave-based method for room acoustics

modeling purposes.4 Its high accuracy and ability to handle

complex boundary geometries were demonstrated through

verifications by analytical solutions and by comparison

against measurement results of a real room. Since the

acoustic wave equation is solved element-wise, highly effi-

cient parallel-computing solvers that exploit modern hard-

ware have been developed.5,6 The applicability of the

discontinuous Galerkin (DG) solver to a large scale room

acoustics simulation is demonstrated in Ref. 7, in analogy

to the example of a cathedral-like geometry presented in

Ref. 8. However, in order to provide physical simulation

results that match real materials, a time-domain impedance

boundary condition (TDIBC) formulation that handles

frequency-dependent acoustic properties is needed.

The acoustic behavior of a locally reactive reflecting sur-

face can be characterized by the surface impedance,9 the

admittance,10–12 or the plane-wave reflection coefficient.13–16

Although these quantities are mathematically equivalent, the

implementations of their respective TDIBC models differ at a

discrete level. Furthermore, for time-domain computations,

the impedance models defined in the frequency domain

should satisfy the causality, reality, and passivity conditions

in order to be physically admissible.9,17,18 One approach to

incorporate the frequency-dependency is to model the imped-

ance boundary based on the mass-spring-damper sys-

tem.10,11,19–22 Besides, approaches based on well-chosen

basis functions or digital filters in the frequency domain have

been developed. Zhong et al.12 proposed to transform the fre-

quency domain transfer function of the impedance model in

the form of rational polynomials to an equivalent time-

domain representation using the state-space canonical form.

Approaches based on digital filter design have been proposed

in Refs. 23 and 24. Another popular family of impedance
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models is the so-called multi-pole model,10,13,14,16,25–28

which offers great flexibility for fitting impedance values

while ensuring physical admissibility conditions.

The aforementioned various TDIBC formulations and the

corresponding stability analysis are usually tailored to the spe-

cific discretization methods that are used to simulate acoustic

wave propagation. For example, a formulation based on the

admittance in the framework of the finite volume method and

its fully-discrete stability analysis using the trapezoid rule

approximation to the time derivative is presented in Ref. 29.

For the TD-DG method, an early attempt to implement the

impedance boundary condition was made by Reymen et al.,10

where the three-parameter impedance model20 was reformu-

lated in the form of a complex conjugate pole. The normal

velocity on the impedance boundary was updated based on the

convolution of the pressure from previous time steps with the

impulse response of the admittance and the convolution is cal-

culated in a piecewise-linear recursive way. Recently, two for-

mulations based on the reflection coefficient instead of the

impedance or admittance were proposed in Ref. 30 and Ref. 4

at the same time. Compared to the TDIBC formulations based

on either the impedance or the admittance, the formulation

using the reflection coefficient is computationally desirable as

it is capable of handling singular cases of both the hard-wall

and pressure-release boundaries without the need for excep-

tional treatments, where the impedance and the admittance

value approaches infinity, respectively. Reference 4 adopts the

upwind flux based on the characteristics of the hyperbolic law

throughout the whole computational domain while Ref. 30 uses

the centered flux along the impedance boundary and the upwind

flux on the interior of the domain. From the analysis of disper-

sive properties,31,32 the central flux has zero dissipation error.

However, it could exhibit unphysical waves. Compared to the

upwind flux, it is less accurate in terms of the dispersion error,

which is of vital importance for the room acoustic auralization

applications as shown by Saarelma et al.34

The main objective of this work is to develop a robust,

efficient and generic TDIBC for locally-reacting materials,

aiming at a further step towards a fully-fledged TD-DG

solver for realistic room acoustic simulations. The formula-

tion of the numerical flux along the impedance boundary is

derived straightforwardly based on the plane-wave reflection

coefficient and the characteristic acoustic waves, and its

detailed implementations in the DG method are presented.

The extension of previous frequency-independent imped-

ance boundary formulation4 to the frequency-dependent one

is achieved through the multi-pole representation of the

reflection coefficient in the frequency domain. The fitting of

parameters of this representation for an empirical impedance

model or measurement data is achieved by solving an opti-

mization problem. Combined with the auxiliary differential

equations (ADE) method, the whole computation can be

performed in a low-storage and high-order accuracy manner.

To validate this formulation, numerical simulations of a sin-

gle reflection scenario are performed. The convergence rates

are verified and the benefits of using the high-order polyno-

mial basis are highlighted. Both the amplitude and the phase

error from the reflection, which are important for room

acoustics modeling featuring multiple reflections, are inves-

tigated and quantified for both the plane-wave reflection in a

one-dimensional (1D) setting and the spherical-wave reflec-

tion in a three-dimensional (3D) case. Application to a typi-

cal impedance model of a rigid-frame porous material for

room acoustic uses is used to demonstrate the feasibility of

the proposed approach.

The paper is organized as follows. The formulations of

impedance boundary conditions within the TD-DG method

are presented in Sec. II. Section III discusses and quantifies

the accuracy of the implemented formulation by comparison

with analytical solutions. Finally, the conclusions and out-

look can be found in Sec. IV.

II. TDIBC IN DG METHOD

A. Governing equations and spatial discretization

In this work, the governing equations are the linear

acoustic equations for a motionless propagation medium

@v

@t
þ 1

q
rp ¼ 0;

@p

@t
þ qc2r � v ¼ 0; (1)

where v ¼ ½u; v;w�T is the particle velocity vector, p is the

sound pressure, q is the constant density of air, and c is the

constant speed of sound. Equivalently, Eq. (1) reads

@q

@t
þr � FðqÞ ¼ @q

@t
þ Aj

@q

@xj
¼ 0; (2)

where qðx; tÞ ¼ ½u; v;w; p�T is the acoustic variable vector

and Aj is the constant flux Jacobian matrix with coordinate

index j 2 ½x; y; z�. Let Dk be a set of simplex and geometri-

cally conformal elements that discretize the computational

domain Xh, i.e., Xh ¼ [K
k¼1Dk. The local solution qk

hðx; tÞ in

element Dk, where subscript h denotes the numerical

approximation, is given by

qk
hðx; tÞ ¼

XNp

i¼1

qk
hðxk

i ; tÞlk
i ðxÞ; (3)

where qk
hðxk

i ; tÞ are the unknown nodal values, lki ðxk
i Þ is the

multi-dimensional Lagrange polynomial basis of order N,

which satisfies lk
i ðxk

j Þ ¼ dij, and indices i, j denote the order-

ing of nodes. Np is the number of local basis functions (or

nodes) inside a single element and equal to ðN þ dÞ!=ðN!d!Þ
for simplex elements, where d is the dimensionality. The

basis (shape) function lk
i ðxÞ is determined by the nodal dis-

tribution xk
i , and in this study, the Legendre-Gauss-Lobatto

(LGL) quadrature points are used for 1D problems and the

a-optimized nodes distribution35 is used for 3D tetrahedron

elements due to its low Lebesque constants. After the

Galerkin projection and integration by parts twice, the semi-

discrete nodal DG formulation of Eq. (2) reads,
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ð
Dk

@qk
h

@t
þr � Fk

hðqk
hÞ

� �
lk
i dx ¼

ð
@Dk

n � ðFk
hðqk

hÞ � F�Þlki dx;

(4)

where n ¼ ½nx; ny; nz� is the outward normal vector of the

element surface @Dk. F�, the so-called numerical flux across

element intersection @Dk, is a function of both the solution

value from the interior side of the intersection, i.e., q�h and

the exterior value qþh . In this study, the upwind numerical

flux is used throughout the whole domain because of its low

dispersive and dissipation error.33,36 It is defined by consid-

ering the direction of the characteristic speed, i.e.,

n � F�ðq�h ; qþh Þ ¼ LðKþL�1q�h þ K�L�1qþh Þ; (5)

where K is a diagonal matrix with diagonal entries

½0; 0; c;�c�. Kþ and K� contain the positive and negative

entries of K, respectively. L is the eigenmatrix of the nor-

mally projected flux Jacobian, i.e.,

An ¼ ðnxAx þ nyAy þ nzAzÞ
¼ LKL�1: (6)

Physically, Kþ (K�, respectively) corresponds to the charac-

teristic waves propagating along (opposite to respectively)

the outward normal direction n, which is referred to as outgo-

ing waves out of Dk (incoming waves into Dk, respectively).

Therefore, the outgoing waves are associated with the interior

solution q�h , whereas the incoming waves are dependent on

the exterior (neighboring) solution qþh . Finally, the semi-

discrete formulation is obtained by substituting the nodal

basis expansion Eq. (3) and the upwind flux Eq. (5) into the

strong formulation Eq. (4). The resulting vector-matrix form

of the formulation and more descriptions of implementations

can be found in Ref. 4.

It is well known that generally, the rate of convergence

of the DG scheme in terms of the global L2 error is hNþ1=2 (h
being the element size).37 When solving initial value prob-

lems such as calculating the room impulse response consid-

ered here, the dominant error comes from the spatial

representations of the initial conditions, while the additional

dispersive and dissipative errors from the wave propagation

are relatively small and only visible after a very long time

integration.31 When the upwind flux is used, the dissipation

error is of order ðjhÞ2Nþ2
while the dispersion error is of

order ðjhÞ2Nþ3
,33,36 where j is the wavenumber. It should

be noted that the audibility of the numerical error on the per-

ceptual level is important for practical room acoustic simu-

lations. Future studies are needed to investigate the

modeling requirements and error constraints of the TD-DG

scheme for the auralization purposes.

B. Numerical flux formulation of TDIBC

Previously, a frequency-independent impedance bound-

ary formulation was proposed to simulate a locally-reacting

surface within the DG method and its semi-discrete stability

was proved using the energy method.4 The essential idea is

to reformulate the numerical flux along the normal direction

to the impedance boundary surface by utilizing the charac-

teristic waves of the linear acoustic equations and the reflec-

tion coefficient R. The incoming and outgoing characteristic

acoustic waves, which are denoted as -in
n and -out

n , and ori-

ented in the opposite and the same direction of the outward

normal n along the boundary surface, respectively, are

defined as

-in
n ðxÞ ¼

pðxÞ
qc
� vnðxÞ; (7)

-out
n ðxÞ ¼

pðxÞ
qc
þ vnðxÞ; (8)

where vnðxÞ ¼ vðxÞ � n denotes the particle velocity com-

ponent normal to the surface at a given angular frequency

x. Let Zs denote the normalized surface impedance, i.e.,

ZsðxÞ ¼
1

qc

pðxÞ
vnðxÞ

; (9)

and the plane-wave reflection coefficient RðxÞ at normal

incidence angle satisfies1

RðxÞ ¼ ZsðxÞ � 1

ZsðxÞ þ 1
: (10)

Inserting Eq. (9) into Eq. (10) directly yields the following

condition concerning the reflection coefficient and charac-

teristic waves

RðxÞ ¼ -in
n ðxÞ

-out
n ðxÞ

: (11)

The time-domain implementation of the impedance bound-

ary condition is realized by coupling the above condition

Eq. (11) with the DG discretization through the reformula-

tion of the upwind flux near the boundaries. The use of the

plane-wave reflection coefficient at normal incidence is con-

sistent with the fact that the numerical flux from the nodal

DG scheme is always normal to the boundary surface.

Furthermore, the impedance surface is assumed to be locally

reacting, which holds true when the sound speed in the

reflecting material is much lower than that of the incident

wave, especially for porous materials with a high flow resis-

tivity.38 However, it should be noted that many common

materials used in room acoustics such as solid panels and

membranes are extendedly-reacting.

In this work, the real-valued frequency-independent reflec-

tion coefficient R1 is extended to the frequency-dependent

one RðxÞ through the use of the multi-pole model. The whole

TDIBC formulation consists of three steps. The first step is to

transform the impedance values ZsðxÞ, which can be obtained

from either a continuous semi-empirical impedance model

or measured discrete impedance values, within the interested

frequency range, to the corresponding normal reflection
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coefficient RðxÞ using Eq. (10). Second, the target reflection

coefficient RðxÞ is approximated with a sum of rational

functions39

RðxÞ � R1 þ
XS

k¼1

Ak

fk þ ix

þ
XT

l¼1

1

2

Bl � iCl

al � ibl þ ix
þ Bl þ iCl

al þ ibl þ ix

� �

¼ R1 þ
XS

k¼1

Ak

fk þ ix
þ
XT

l¼1

Blixþ Clbl þ alBl

ðal þ ixÞ2 þ b2
l

;

(12)

where ½R1;Ak;Bl;Cl; fk; al; bl� 2 R are all real numerical

parameters. R1 is the limit value of RðxÞ as the frequency

approaches infinity. fk and al6ibl are the real poles and

complex conjugate pole pairs respectively. To satisfy the

causality and reality conditions fk; al; bl need to be positive,

and the passivity condition is fulfilled when jRnðxÞj � 1.16

By applying the inverse Fourier transform to Eq. (12),

the so-called reflection impulse response function in the

time-domain is obtained as

RðtÞ � R1dðtÞ þ
XS

k¼1

Ake�fktHðtÞ

þ
XT

l¼1

e�al tðBl cosðbltÞ þ Cl sinðbltÞÞHðtÞ; (13)

where dðtÞ and H(t) are the Dirac delta and Heaviside func-

tion, respectively. As shown in Ref. 39, each term in R(t)
can be interpreted as follows. The first term of Eq. (13)

stands for the instantaneous response since R1 is the fre-

quency independent value or high-frequency limit of RðxÞ.
The second term is an exponentially decaying relaxation

function, which mimics the absorption behavior of porous

materials. The last group of terms is the so-called damped

multi-oscillators that can be linked to resonator-type absorb-

ers, where the imaginary part of the pole bl determines the

oscillation period and the real part al governs the decaying

rate.

The third and last step of the proposed TDIBC formula-

tion is to enforce the multi-pole impedance model into the

numerical flux along the impedance boundary surface. The

time-domain counterpart of the characteristic acoustic

waves as defined in Eqs. (7) and (8) can be obtained by pre-

multiplying the acoustic variables q with the left eigenma-

trix L�1, i.e.,

L�1q ¼

0

0

-out
n ðtÞ

-in
n ðtÞ

2
66664

3
77775 ¼

0

0
pðtÞ
qc
þ vnðtÞ

pðtÞ
qc
� vnðtÞ

2
666666664

3
777777775
: (14)

It should be noted that the first two characteristic terms in

Eq. (14) are numerically irrelevant in the whole boundary

formulation since their characteristic speeds (the first two

diagonal values in K) are zero. Finally, the numerical flux

formulation of the TDIBC reads

n � F�ðq�h Þ ¼ LK 0; 0;-out
n ðtÞ;-in

n ðtÞ
� �T

; (15)

where -out
n ðtÞ can be first calculated with the interior solu-

tion values at each of discrete nodes along the boundary as

-out
n ðtÞ ¼

p�ðtÞ
qc
þ v�n ðtÞ; (16)

and then based on the condition of Eq. (11), the time-

domain incoming wave -in
n ðtÞ is obtained from the convolu-

tion of -out
n ðtÞ with R(t) of Eq. (13),

-in
n ðtÞ ¼

ðt

�1
-out

n ðsÞRðt� sÞds: (17)

To compute the convolution Eq. (17), the ADE method39,40

is used. Substitution of the reflection impulse response R(t)
Eq. (13) into Eq. (17) yields

-in
n ðtÞ ¼ R1-out

n ðtÞ þ
XS

k¼1

Ak/kðtÞ

þ
XT

l¼1

Blw
ð1Þ
l ðtÞ þ Clw

ð2Þ
l ðtÞ

h i
; (18)

where the so-called accumulators or auxiliary variables

/kðtÞ;w
ð1Þ
l ðtÞ;w

ð2Þ
l ðtÞ, are given by

/kðtÞ ¼
ðt

0

-out
n ðsÞe�fkðt�sÞds; (19a)

wð1Þl ðtÞ ¼
ðt

0

-out
n ðsÞe�alðt�sÞ cos ðblðt� sÞÞds; (19b)

wð2Þl ðtÞ ¼
ðt

0

-out
n ðsÞe�alðt�sÞ sin ðblðt� sÞÞds: (19c)

The first term in Eq. (18) corresponds to the real-valued

impedance boundary formulation. The bounds of the integrals

in Eq. (19) are reduced to ½0; t� due to the causality constraint

indicated in the Heaviside function H(t). The accumulators are

calculated by solving the following first-order ordinary differ-

ential equations (ODEs) with zero initial values, which result

from the differentiation of Eqs. (19) with respect to time

@/k

@t
þ fk/kðtÞ ¼ -out

n ðtÞ; (20a)

@wð1Þl

@t
þ alw

ð1Þ
l ðtÞ þ blw

ð2Þ
l ðtÞ ¼ -out

n ðtÞ; (20b)

@wð2Þl

@t
þ alw

ð2Þ
l ðtÞ � blw

ð1Þ
l ðtÞ ¼ 0: (20c)
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As shown by Dragna et al.,39 the ADE method keeps the

same order accuracy of a general multi-stage time integra-

tion scheme. Furthermore, since these accumulators only

exist on the boundary nodes and only one time stage history

of their values need to be stored, this approach has the bene-

fit of low memory requirements.

C. Discussions on time stepping and stability

In this work, the basic idea of method of lines (MOL) is

followed. After the spatial discretization with the DG

method, a five-stage, fourth-order explicit Runge-Kutta

(RK) scheme41 is used to integrate all the time-derivatives

of the discretized system. An explicit time-stepping method

comes with the conditional stability, which necessitates an

upper bound on the time step size Dt. From the classical sta-

bility analysis of the MOL,42,43 it is required that the time

step size Dt is small enough so that the product of Dt with

the full eigenvalue spectrum of the spatially-discretized sys-

tem falls inside the stability region of the time integration

scheme.42,43 However, for the proposed scheme, the spatial

discretization with the DG method is no longer completely

decoupled from the time integration. To be more specific,

the spatially-dependent upwind flux along the impedance

boundary involves the time-integrated auxiliary variables,

which are in turn stated explicitly in terms of the spatial

dependent variables as shown in Eqs. (18) and (20). As a

result, the stability analysis for the coupled system as con-

sidered here is not as straightforward as the well-established

von Neumann analysis, which is typically applied to an

initial-valued system of ODEs as in Ref. 29. Instead of pro-

viding a solid proof of discrete stability, the preliminary sta-

bility analysis for coupled systems from Refs. 39 and 44 are

adopted for reference. It was claimed that the maximum

allowable time step is determined by two factors: (1) the

usual Courant-Friedrichs-Lewy (CFL) condition for the spa-

tial discretization with DG method, which requires that

Dt � C1=maxjkNj, where kN represents the eigenvalues of

the spatial discretization by DG method and C1 is a constant

depending on the stability region of the time-stepping

method; (2) the stiffness of the ADEs as shown in Eq. (20),

which is influenced by the maximum possible value of the

parameters f; a, b in the multi-pole approximation. In this

work, as will be presented in the following section, the stiff-

ness is restricted so that the stability of the ADEs is auto-

matically satisfied given a time-step size resulting from the

first factor. For the first factor, it is known that for the linear

system with first order of spatial differentiation, the gra-

dients of the normalized Nth order polynomial basis are of

order OðN2=hÞ near the boundary part of the element,31 con-

sequently, the magnitude of the maximum eigenvalue kN

scales with the polynomial order N as: max ðkNÞ / N2, indi-

cating that Dt / N�2. This severe time step size restriction

greatly limits the computational efficiency of high polyno-

mial order approximations.44 The temporal time steps are

determined in the following way:31

Dt ¼ CCFL �minðDxlÞ �
1

c
� 1

N2
; (21)

where Dxl is the smallest edge length of mesh elements and

CCFL is a constant of order Oð1Þ.

D. Properties of rational functions and parameters
identification

When fitting a generic broadband impedance model

with Eq. (12), the fitted solutions are not unique. The three

admissibility conditions need to be verified for each set of

parameters as, otherwise, unphysical instabilities arise.

Also, the additional computational work is proportional to

the number of poles used. Furthermore, each term in the

reflection impulse response R(t) may vary drastically even

though the corresponding frequency domain model RðxÞ as

a whole approximates the same impedance models or data

equally well. Consequently, for the sake of numerical stabil-

ity and computational efficiency, restrictions on the parame-

ter values and number of poles are needed.

Each rational function with single real pole has two

degrees of freedom (DoF). It is a monotonically decreasing

function over frequency in terms of magnitude, which resem-

bles a low-pass filter. At zero frequency, the maximum value

is A=f obtained from Eq. (12) and the rate at which the mag-

nitude decreases becomes smaller with increasing value of f.

The rational function with complex conjugate pole pair

has four parameters (DoFs). Recall that the mass-spring-

damper three-parameter impedance model is expressed as

ZsðxÞ ¼ R0 þ X1ixþ X�1

ix
; (22)

with the resistance R0, the stiffness X�1, and the mass X1

being positive. Inserting above Eq. (22) into Eq. (10) yields

RðxÞ ¼ 1� 2ix=X1

�x2 þ R0 þ 1

X1

ixþ X�1

X1

: (23)

By comparing Eq. (23) with the complex-pole rational func-

tion, it can be seen that they differ in the constant term 1, the

sign of the complex part in the numerator, and the number of

parameters. In an attempt to mimic the physical behavior of a

mass-spring-damper system, we define Cbþ Ba ¼ 0, i.e.,

C ¼ �aB=b. Consequently, the DoFs are reduced to three

and the magnitude of each rational function Bix=ð�x2

þ2aixþ a2 þ b2Þ now increases from 0 at zero frequency to

the maximum value of B=2a at the resonance frequency

x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
, and then approaches 0 asymptotically.

To give an example of how to obtain the parameters of

the multi-pole approximation for a specific impedance

model, we consider a glass-wool baffle mounted on a rigid

backing that is typical for room acoustic purposes. The sur-

face impedance is modeled by the Johnson-Champoux-

Allard-Lafarge (JCAL) model,45 which is a phenomenologi-

cal model considering wave propagation in porous materials
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on a microscopic scale. The characteristic impedance Zc

reads Zc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qeff Beff

p
, where the effective density qeff and

the effective bulk modulus Beff are described by

qeff ¼
qa1
u

1þ ru
ixa1q

1þ 4ia2
1gq

r2K2u2

 !1=2
2
4

3
5; (24)

Beff ¼
cP0

u
c� c�1

1þ ug
ixk00qPr

1þ4ixk020 qPr

gK02u2

 !1=2
2
4

3
5

0
BBB@

1
CCCA
�1

:

(25)

The descriptions of physical parameters and their values for a

typical glass wool material measured from experiments46 are

given in Table IV in the Appendix. The surface impedance of

rigidly backed porous layer with thickness of d reads

Zs ¼ �iZccotðjeff dÞ; (26)

where the wavenumber of the porous material is given as

jeff ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qeff =Beff

q
. In this study, the parameters in the

multi-pole fit are obtained by the optimization technique

first presented by Cott�e et al.25 It is shown25 that the opti-

mization technique is capable of ensuring the positivity of

the fitting parameters in order to meet the causality and

reality conditions. Furthermore, the number of poles can

be pre-defined and the maximum values of parameters can

be confined such that the stiffness of ADEs falls below the

threshold as determined by the discrete stability condition.

However, different from the general impedance boundary

formulations using admittance as described in Refs. 11

and 29, where the condition for passivity is framed in

terms of the positivity of real-valued fitting coefficients of

the impedance model, the passivity condition of the cur-

rent impedance boundary formulation is fulfilled when

jRnðxÞj � 1.16 Consequently, a posterior check jRnðxÞj
� 1 is needed.

For the JCAL model under consideration, it is sufficient

to use real poles alone since the absorption coefficient

increases monotonously with frequency. Since RðxÞ is a

complex value, both the real parts and the imaginary parts

should be fitted simultaneously instead of the amplitude and

the phase in order to avoid wrap around ambiguity.11 The

real-pole approximation can be rearranged to

RðxÞ �
XS

k¼1

Ak

fk þ ix
¼
XS

k¼1

Akfk

f2
k þ x2

� i
XS

k¼1

Akx

f2
k þ x2

:

(27)

Following the approach as in Ref. 25, the optimization is

performed considering 100 frequencies logarithmically sam-

pled between 20 and 1000 Hz, and the Euclidean norm of

the deviation of real parts are minimized while keeping the

difference of imaginary parts at each of the sampled fre-

quency under a tolerance value �, i.e.,

min
Ak ;fk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX100

i¼1

Re RðxðiÞÞ½ � �
XS

k¼1

Akfk

f2
k þ xðiÞ2

�����
�����

vuut
0
B@

1
CA

such that

0 � fk � fmax

8i; Im RðxðiÞÞ½ � þ
XS

k¼1

AkxðiÞ
f2

k þ xðiÞ2

�����
����� � �;

8>><
>>:

(28)

where fmax is the threshold value for f due to the discrete

stability condition and is chosen as 5� 104 in this work con-

sidering the CFL condition and the interested frequency

range up to 1000 Hz. To solve this minimization problem,

the interior-point algorithm47 of the non-linear minimization

function fmincon from the MATLAB optimization toolbox48 is

used. A series of optimizations is run to get a good fit. In the

first run, the initial values of Ak and fk are chosen randomly

between 0 and fmax and a relatively large value of � is used,

e.g., � ¼ 1� 10�1. Then, the obtained set of coefficients is

TABLE I. Coefficients Ak and fk of the real pole approximation for the

rigidly backed layer of JCAL model.

Coefficients Ak fk

k¼ 1 3:4454� 102 1:2967� 103

k¼ 2 1:1999� 104 4:3215� 104

k¼ 3 4:9999� 104 2:8108� 103

k¼ 4 2:9954� 103 1:4546� 104

k¼ 5 �4:9298� 104 2:8111� 103

FIG. 1. (Color online) Real and imaginary part of the normal reflection

coefficient of rigidly backed layer of JCAL model (red solid line), real pole

fitting with the set of coefficients in Table IV (dashed blue line) in fre-

quency band 20–1000 Hz.
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used as the initial value for the next optimization with a smaller

value of �. The process continues until a good approximation is

obtained. Numerical experiments show that there is a compro-

mise between the number of poles and the fitting accuracy. One

set of coefficients is given in Table I, and the fitted reflection

coefficient is plotted in Fig. 1. The maximum absolute value

error at the sampled frequencies are 6:1513� 10�4 and

3:6357� 10�5 for the real and imaginary parts, respectively.

III. NUMERICAL VERIFICATIONS

In this work, all the simulations are initiated with the

same Gaussian-shaped pressure conditions

pðx; t ¼ 0Þ ¼ eð�ln 2=b2Þðx�xsÞ2 ; (29a)

vðx; t ¼ 0Þ ¼ 0; (29b)

where xs represents the source coordinates and b the half-

bandwidth of this Gaussian pulse. A smaller value of b indi-

cates a source spectrum up to a higher frequency.

A. Numerical properties and error in 1D

To verify the convergence property of the proposed for-

mulation of the TDIBC and to quantify both the dissipation

and dispersion error, a 1D single reflection scenario is con-

sidered. Each of the following experiment consists of two

simulations. In the first simulation, the direct sound signal,

denoted as pdðtÞ, is recorded. In the second simulation, a

reflecting surface is present and the measured sound pres-

sure signals contain both the direct sound and the sound

reflected from the impedance surface. The reflected sound

signal prðtÞ can obtained by subtracting pdðtÞ. The spectra

of the direct sound and the reflected sound, denoted as

Pdðf Þ and Prðf Þ, respectively, are obtained by Fourier

transforming pd and pr without windowing. Let R1 denote

the distance between the source and the receiver and R2 is

the distance between the receiver and the image source

mirrored by the reflecting impedance surface. The numeri-

cal plane-wave reflection coefficient Rnum is calculated as

follows:

Rnumðf Þ ¼
Prðf Þ � GðjR1Þ
Pdðf Þ � GðjR2Þ

; (30)

where GðjRÞ is the 1D Green’s function for the free field

propagation and j is the wavenumber. For room acoustic

modeling, where multiple reflections happen inside an

enclosure, it is important to quantify the error arising from

each reflection. The dissipation error �amp in dB and the

phase error �# in % from a single reflection are calculated as

follows:

�ampðf Þ ¼ 20 log10

���� Ranaðf Þ
Rnumðf Þ

����; (31a)

�#ðf Þ ¼
1

p
j#ðRanaðf ÞÞ � #ðRnumðf ÞÞj � 100%; (31b)

where Ranaðf Þ is the analytical plane-wave reflection coeffi-

cient and #ð�Þ extracts the phase angle of a complex number.

For a given broadband incident acoustic wave of arbitrary

amplitude, the loss of sound pressure level (SPL) and the

distortion of the phase across the frequency range of interest

can be quantified.

Consider an 1D test case with an impedance boundary

condition on the left (x¼ 0 m) and a non-reflecting boundary

condition on the right (x¼ 10 m). The Gaussian pressure

pulse is located xs¼ 6 m while the receiver location is at

xr¼ 3 m. b is chosen as 0.15 such that the pulse has a signifi-

cant frequency content up to 1000 Hz. The simulation is run

for a non-dimensional time of �t ¼ t=ðlref =cÞ ¼ 15, where t is

physical time and lref¼ 1 m is used as the reference length,

to make sure that the rightward-traveling wave has left the

domain while the reflected leftward-traveling wave has

passed the receiver location to a sufficient extent. The real-

valued, single real pole, and single complex conjugate pole

cases are considered separately. Without loss of generality,

the real-valued specific impedance is chosen as Zs¼ 19, the

real pole coefficients are chosen as ½A; f� ¼ ½6:4� 103;
8� 103�. The complex conjugate pole pair has coefficient

½B;C; a; b� ¼ ½1:3195 � 103;�7:6179 � 102; 9:4247 � 102;
1:6324 � 103�, which corresponds to a maximum value of

reflection coefficient 0.7 at the resonance frequency 300 Hz.

FIG. 2. (Color online) Convergence rate test of �L2 with CCFL¼ 1 and N ¼ 3; 4; 5; 6: (a) real-valued impedance, (b) single real pole, (c) single complex con-

jugate pole.
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1. Convergence rate verification

The numerical errors originate from the spatial and tem-

poral discretization of the interior domain, as well as from

the impedance boundary formulation, where an extra recur-

sive convolution error may be involved. Before quantifying

the error magnitudes, first, the convergence rate, denoted by

kc with respect to the mesh sizes, is verified. The physical

domain is discretized with ½20; 40; 60; 80; 100� uniform ele-

ments (Dx ¼ ½0:5; 0:25; 0:167; 0:125; 0:1� m). Two error

measures are used. The first one is the standard L2 error

defined as �L2 ¼ jjpanað�t ¼ 15Þ � pnumð�t ¼ 15ÞjjL2 , where

panað�t ¼ 15Þ and pnumð�t ¼ 15Þ denote the analytical solu-

tion49 and the numerical solution at the final time across the

whole domain. jj � jjL2 denotes the L2 integration, which is

carried out numerically and accurately up to the order of

polynomial approximation. The second error measure is

defined as the absolute-valued deviation of magnitude of the

reflection coefficient at discrete sampling frequencies, i.e.,

�Rðf Þ ¼ jRanaðf Þ � Rnumðf Þj.
In practice, it is desirable to set CCFL very close to the

stability limit to save computational time. In order to get

insights into the effects of the temporal errors on the conver-

gence rate from both the time derivative approximation and

the convolution, all test are performed using relatively large

time steps that correspond to CCFL¼ 1 in Eq. (21) for each

set of the polynomial basis order and the mesh size. The

global �L2 error is shown in Fig. 2, where a first-order fit is

used to calculate the convergence rate. The expected con-

vergence rate hNþ1=2 with different polynomial orders is

observed for all kinds of boundaries considered. Figure 3

shows the convergence rate kc of the reflection coefficient

magnitude at some frequencies with a polynomial basis of

order N¼ 4. It can be seen that for all types of boundaries,

the convergence rate lies between 4 and 5 as expected across

the frequency range of interest. Furthermore, by comparing

the real-valued impedance boundaries with the other two

frequency-dependent boundaries in both Figs. 2 and 3, it can

be seen that the magnitudes of error of all types of bound-

aries are almost the same, indicating that the extra time inte-

gration error from the coupled ADEs are negligible.

Numerical tests with a smaller time step of CCFL¼ 0.1 have

been carried out and it is found that the numerical error

remains the same. In other words, the spatial error from the

DG discretization dominates over the time integration error

arising from the time partial derivative approximation of the

wave equation and the coupled ADEs.

2. Cost efficiency and memory efficiency of high order
basis functions

One benefit of the DG scheme is its low dissipation and

dispersion error for a given mesh resolution with the usage

FIG. 3. (Color online) Convergence rate test of �Rðf Þ with CCFL¼ 1. (a) Real-valued impedance, (b) single real pole, (c) single complex conjugate pole.

FIG. 4. (Color online) The dissipation error �amp in dB, the phase error �# in % and the amplitude of the plane-wave reflection coefficient from a single

reflection for a single real pole model.
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of high-order polynomial basis function results. However,

a small time step size is needed to satisfy the conditional

stability of the explicit time-integration scheme. Another

concern is related to the computational memory space to

store all the acoustic variables and the geometry informa-

tion of the mesh. For room acoustic simulations, the

desired length of the impulse response determines the sim-

ulation time, while the highest frequency of interest

decides the required memory space under a given mesh

resolution.

To investigate whether the high-order basis function is

a good choice for modeling frequency-dependent impedance

boundary in terms of the cost efficiency the following mea-

sure as a function of basis function order N is used to give a

general estimate of the computational cost under a required

simulation time44

WcðNÞ ¼ Ntimesteps � NDOF; (32)

where Ntimesteps is the number of time steps and NDOF is the

total number of DOF. This simplified computational cost

measure assumes serial computations and excludes the

effects of advanced parallel computing and matrix

operations on the computational time. For 1D problems,

NDOF ¼ ðN þ 1Þ � K (K being the number of elements), and

under the explicit time-stepping stability condition as in Eq.

(21), the computational cost can be re-written as

WcðNÞ ¼ C � K � N2 � ðN þ 1Þ � K; (33)

where the constant factor C is determined by the CFL num-

ber and the number of acoustic variables. Now, suppose the

computational budget is set by restricting K �N2 � ðNþ1Þ �K
�2:4�105, then, for polynomial basis function of order

N¼½2;3;6;7�, the number of mesh elements K¼½141;81;
31;25�. Simulations with a practically large time step that

corresponds to CCFL¼1 in Eq. (21) are performed for each

combined set of the polynomial basis order and mesh.

Figure 4 shows the dissipation error �amp and the phase

error �# as defined in Eq. (31), as well as the amplitude of

the plane-wave reflection coefficient from a single reflection

corresponding to a single real pole model, while Fig. 5

presents the results for a single complex conjugate pole

model. It can be seen that the numerical errors using high-

order polynomial basis functions such as N¼ 6, 7, are much

smaller than those with low-order basis functions like N¼ 2,

3, indicating that high-order basis functions achieve a better

accuracy under a given computational complexity. In other

words, under a given threshold value for dissipation and dis-

persion error, high-order basis functions use less computa-

tional power. However, it should be noted that the cost

efficiency benefits of using high-order basis concluded

above are based on the simplified measure of the computa-

tional cost as in Eq. (32), while in practice, other factors

such as the parallel implementations could affect the compu-

tational time as well.

To check the memory efficiency of high-order basis

functions, similar numerical experiments as described above

are performed with the polynomial basis function of order

N ¼ ½3; 5; 7� and the time step size resulting from CCFL¼ 1

FIG. 5. (Color online) The dissipation error �amp in dB, the phase error �# in % and the amplitude of the plane-wave reflection coefficient from a single

reflection for a single complex conjugate pole model.

TABLE II. The dissipation error �amp in dB as a function of DPW for various polynomial order N ¼ ½3; 5; 7�.

Single real pole Single complex conjugate pole

DPW N¼ 3 N¼ 5 N¼ 7 N¼ 3 N¼ 5 N¼ 7

8 1:4786� 100 1:1201� 10�1 5:4273� 10�2 1.4789� 100 1:1199� 10�1 5:4275� 10�2

10 1:4626� 10�1 1:5818� 10�2 6:7342� 10�3 1:4639� 10�1 1:5808� 10�2 6:7357� 10�3

12 3:1635� 10�2 1:7270� 10�3 1:4177� 10�3 3:1596� 10�2 1:7212� 10�3 1:4185� 10�3
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in Eq. (21). The corresponding number of mesh elements

are chosen as K ¼ ½60; 40; 30� in order to have almost the

same number of DOF, i.e., NDOF¼ 240. The dissipation and

dispersion error is quantified with respect to the DOF per

wavelength (DPW), which is defined as4

DPW ¼ c

f
�
�

Np � K
V

�1=d

: (34)

Here, f is the frequency of interest, Np ¼ N þ 1 is the num-

ber of points inside single 1D element, d is the physical

dimension, and V is the volume of the whole domain. For

the considered 1D test, DPW � ½8; 10; 12� when f � ½1000;
800; 680� Hz. Table II shows the dissipation error �amp for

both the single real pole case and the single complex conju-

gate pole case, while the results of the phase error �# are dis-

played in Table III. Almost the same error magnitudes are

obtained for both types of poles. Furthermore, it can be

observed that given the same spatial resolution, high-order

basis functions achieve better accuracy compared to low-

order basis functions.

B. 3D single reflection from an impedance surface
modeled by JCAL

To verify the impedance boundary condition formulation

in 3D, a large 3D domain with a reflecting impedance bound-

ary on the bottom is now considered. The impedance of the

reflecting boundary is the surface impedance of the rigidly

backed glass-wool panel as in Eq. (26). This test case mimics

the reflection scenarios that happen multiple times in a real

room acoustic simulation. The Gaussian pressure pulse is cen-

tered at xs ¼ ½0; 0; 0� m, a plane reflecting surface is placed

2 m away from the source at z¼ – 2 m and two receivers are

placed at xr1 ¼ ½0; 0;�1� m and xr2 ¼ ½4; 4;�1� m, which

corresponds to the normal incidence and the oblique incidence

with an incidence angle of 63	, respectively. The value of b as

in Eq. (29) is chosen as 0.17 so that the pulse has a significant

frequency content up to 700 Hz. In this work, the hard wall

boundary conditions are imposed on exterior boundaries of the

whole computational domain, and the simulations are stopped

as soon as the pulse has passed the receivers’ location to a suf-

ficient extent, but before the reflected waves from the exterior

boundaries reach the receivers. For the normal incidence case,

Fig. 6 shows the configuration diagram to obtain the reflected

sound at the first receiver xr1 with a reflecting surface on the

bottom. For the oblique incidence case, a cubic domain of

dimension ½�5:5; 9:5� � ½�5:5; 9:5� � ½�2; 7:5� in meters is

used to obtain the reflected sound at xr2. The simulations are

run for a non-dimensional time of �t ¼ t=ðlref=cÞ ¼ 10.

Uniform structured tetrahedra meshes generated with the

meshing software GMSH50 are used for this study. In order to

have sufficient spatial resolution at the highest frequency of

interest 700 Hz, the mesh size is chosen as 0.5 m and simula-

tions with polynomial basis of order N ¼ ½7; 9� are performed,

resulting in DPW of ½8:8; 10:8�. The time step sizes used cor-

respond to CCFL¼ 1 as in Eq. (21).

The analytical solutions of the total pressure, which

includes both the direct sound and the reflected sound, for

the considered test case exist in the frequency domain.51 For

the Gaussian pulse as described in Eq. (29), the direct sound

reaching the receivers can be calculated analytically as

pd;anaðtÞ ¼ ½ðrsr � ctÞ=2rsr�eð�ln 2=b2Þðrsr�ctÞ2 þ ½ðrsr þ ctÞ=2rsr�
eð�ln 2=b2ÞðrsrþctÞ2 (with rsr being the source-receiver dis-

tance).4 Figure 7 shows the comparison of the simulated

pressure and the analytical solutions for both cases in terms

of the amplitude and the phase. A good match between

these results is observed, demonstrating the correct imple-

mentation and high precision of the proposed boundary

scheme.

However, the comparison of the pressure field alone

hardly reveals detailed information regarding the error

behaviour. To investigate that, the error measures of Eq.

(31) defined in the 1D tests are considered. The analytical

spherical-wave reflection coefficient Rana
52 corresponding to

the rigidly backed glass-wool as in Eq. (26) and the numeri-

cal reflection coefficient Rnum is calculated as shown in

TABLE III. The phase error �# % as a function of DPW for various polynomial order N ¼ ½3; 5; 7�.

Single real pole Single complex conjugate pole

DPW N¼ 3 N¼ 5 N¼ 7 N¼ 3 N¼ 5 N¼ 7

8 1.2155� 100 4:9461� 10�1 3:5896� 10�2 1.2113� 100 4:9467� 10�1 3:5932� 10�2

10 9:2882� 10�1 1:6612� 10�1 1:6333� 10�2 9:2877� 10�1 1:6613� 10�2 1:6323� 10�2

12 5:4287� 10�2 7:1990� 10�2 7:4670� 10�3 5:4289� 10�1 7:1992� 10�2 7:4616� 10�3

FIG. 6. (Color online) 3D computational domain to obtain reflected sound

at normal incidence.
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Ref. 4. It should be noted that the observed numerical errors

could arise from several potential mechanisms, including

the dissipation and dispersion during the wave propagation,

the reflection from the impedance boundary. In particular,

early truncation of the recorded time signal has a large effect

on the low frequency error. In order to focus on the error

arising from the boundary condition alone and to rule out

the effects of other mechanisms, the well-established hard

FIG. 7. (Color online) Complex pressure of a single reflection from a locally reacting, frequency dependent impedance boundary, compared with the ana-

lytic solution. (a) Amplitude. (b) Phase in degree.

FIG. 8. (Color online) The dissipation error �amp, the phase error �# in and the amplitude of the spherical-wave reflection coefficient for the rigidly backed

JCAL layer and the rigid wall. (a) Normal incidence. (b) Oblique incidence.
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wall boundary condition31,53 and its associated error is used

as a reference bound for the reflecting surface. Its imple-

mentation has been verified in previous work4 by compari-

son against the analytical solution for a 3D cuboid room

with rigid walls. Figure 8 shows the results of both the nor-

mal incidence and the oblique incidence cases. It is observed

that the error behaviour of the proposed impedance bound-

ary condition more or less follows the hard wall case. The

small deviation can be partly attributed to the approximation

error of the JCAL model using the multi-pole models.

Furthermore, reduction of error in the high frequency range

with a higher polynomial order illustrates the convergence.

IV. CONCLUSIONS

In this work, a numerical formulation for the TDIBC

implementations in the framework of the TD-DG method is

developed for the simulation of broadband sound propaga-

tion problems, specially targeting at the room acoustic appli-

cations. The essential idea is to model the acoustic reflection

behaviour of a locally-reacting surface using the reflection

coefficient RðxÞ in the form of a multi-pole model and then

reformulate the corresponding time-domain upwind flux.

This work is an extension of previous frequency-

independent impedance boundary formulation to a generic

broadband one. The properties of the multi-pole model are

discussed, followed by a straightforward and effective

parameter identification strategy to ensure the fully-discrete

stability of the whole formulation. An application example

of a typical impedance boundary of a rigidly-backed glass-

wool baffle for room acoustic purposes is presented.

To verify the performance of the formulation, the

reflection coefficients obtained from numerical tests are

compared with the analytical ones. The 1D tests verify the

high-order convergence property of the proposed formula-

tion for accurately representing the reflection behavior of

the plane wave. Meanwhile, the benefits of using high-order

polynomial basis functions are demonstrated through the

single reflection scenario, indicating a significant improve-

ment in both cost efficiency and memory efficiency. The 3D

tests further demonstrate the capacity of the proposed meth-

odology for representing practical locally-reacting imped-

ance boundary in the multi-dimensional case. To sum up,

the proposed method further strengthens the potential of the

TD-DG method as a wave-based method for room acoustics

modeling.
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