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1 Introduction

The world, fusion energy, and this research

The earth is in dire need of help. As global energy consumption keeps increasing,
so do greenhouse gas emissions. This in turn, through many feedback mechanisms
[1, 2], raises the earth’s average temperature and sea-levels. Since the energy-thirst
of the human race is hard to quench, we must turn to renewable energy resources.
Many options exist, but only few will be able to sustain the increasing need for
energy in the long run. Fusion is one of those options.

There are many different concepts for a fusion energy power plant. The tokamak (a
Russian acronym for “toroidal chamber with magnetic coils”) is the leading candidate
as of now (in terms of funding and technological readiness). This axisymmetric ma-
chine confines a plasma (an ionized gas) by making use of strong magnetic fields
and large currents. The device is shaped like a doughnut, a necessity arising due
to something called the Hopf-Poincaré theorem [3]. The plasma contains the fuel
of our machine - the deuterium and tritium nuclei which will fuse into helium and
produce energy. Using this configuration the tokamak tries to produce more energy
than it consumes (quantified in Lawson’s criterion [4]), a feat which ITER hopes to
demonstrate. A sketch of a tokamak device can be seen in figure 1.1.

Figure 1.1: An illustration showing the essential workings of a tokamak. The toroidal field coils provide a
strong magnetic field around the torus. The inner poloidal field coils provide a loop voltage, driving plasma
currents. The plasma currents in turn give rise to a poloidal magnetic field, resulting in helical magnetic
fields. Finally, some outer poloidal field coils are necessary for combating so-called hoop forces, and tire-
tube forces. An important feature of the tokamak is that it is invariant under rotations (axisymmetric).
This symmetry is ultimately responsible for a stable plasma configuration. Adapted from Eurofusion [5].
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Tokamaks however, are not free of problems. These machines are plagued by many
different complications, such as large heat fluxes and neutron activation of mate-
rials. An important complication of tokamaks we will be focusing on is a so-called
disruption. During this cataclysmic event, a large amount of energy contained in
the machine is released in a short amount of time. This can be seen in a number of
different diagnostics: the plasma current suddenly drops, and the thermal energy
stored in the plasma quickly falls as well. This can lead to a host of unwanted ef-
fects, such as runaway electrons, large heat fluxes, and induced structural forces
on the machine. This possibly has awful consequences; structural integrity could be
compromised, and essential components might break or melt due to the large heat
fluxes. So, understanding how these disruptions might occur and be prevented is
of vital importance for future operation of these machines.

These disruptions are often preceded by the growth of so-called magnetic islands
[6]. Magnetic islands are regions of the plasma where the structure of the magnetic
field is different than in the bulk of the plasma. Outside the magnetic island, field
lines form nested surfaces around the magnetic axis (called flux surfaces). Within
the island, the magnetic field lines form nested surfaces around a single magnetic
field line which also resides in the island. This different structure has magnetic
field lines which connects flux surfaces at different radial locations. Transport along
these field lines is very fast, thus evening out temperature and density gradients.
This is equivalent to having a region with highly enhanced transport. As islands
grow, transport is enhanced further, which in turn degrades many of the important
operational parameters of the tokamak (e.g. the plasma temperature, the plasma
density, etc.). Understanding how islands can grow could help mitigate and reduce
the risk of disruptions. For example, there are clear indications that magnetic island
growth could be stifled due to plasma bulk flows [7]. The precise causal links be-
tween disruptions and these magnetic islands are still to be understood, but there
is a clear interplay between the two.

One of the ways that magnetic islands can grow is via so called error-field pene-
tration events, often also called mode-penetration events. Mode penetration refers
to the sudden decrease of plasma bulk flow when an error-field (that is, a non-
axisymmetric part of the magnetic field) exceeds some threshold value. Error-fields
arise due to, for example, the discrete number of coils (ripple field), or induced cur-
rents in a resistive wall. The velocity decrease means that the plasma bulk flow
velocity near the region where an island resides drops close to zero in a lab-frame of
reference. As plasma velocity has a suppressing effect on island size, this sudden
halt allows the island to grow, possibly leading to a disruption. There is plentiful ex-
perimental evidence for mode penetration events [8–11]. An experimental run show-
ing growth in island width and halt in plasma velocity after an error-field penetration
event is shown in figure 1.2. Here we see that when an error-field exceeds a critical
value, magnetic islands suddenly grow and plasma bulk flow velocity is suppressed.

There are indications that mode-penetration events could be of importance to ITER,
and future fusion power plants. Error fields in ITER are projected to be on the order
of δB/B « 10´4 which, as extrapolations from other machines have shown, could
be sufficient to induce a mode-penetration event [12]. These error-fields could be
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Figure 1.2: Graphs showing a few time-traces from TEXTOR shot #94444. From top to bottom one
can see: DED current as a function of time, plasma rotation velocity at a specific radial coordinate as
a function of time as measured via charge exchange spectroscopy, and island width as a function of
time as measured via soft x-ray cameras. Error-fields are created by slowly increasing current through
the Dynamic Ergodic Divertor (DED) in TEXTOR, a set of coils which are used to produce error-fields.
The island width suddenly increases when the strength of the error field is increased beyond a critical
threshold value, and correspondingly the plasma velocity drops. Adapted from Koslowski et al. [8].

reduced by introducing correcting coils and other measures, but it is a clear moti-
vation to deepen and enhance understanding of this phenomenon.

Although some simulations have been done of this phenomenon [13, 14], these are
often in highly simplified geometries and scenarios (e.g. slab geometries, neglecting
external factors). It is the goal of this research to simulate such a mode-penetration
event using M3D-C1 in a full cylindrical geometry, to gain understanding into the
event and benchmark M3D-C1 in a non-linear regime. This is still a simplified model,
but it is an important step towards a full toroidal simulation. Furthermore, the re-
sults are benchmarked against analytical theory and previous simulations [15, 16] to
see how well they correspond. It is the eventual goal that mode-penetration events
may be simulated in highly realistic (perhaps ITER relevant) scenarios, so that we
may better understand its caveats.

It is important to note that M3D-C1 is an extended-MHD code, meaning that it does
build on some set of assumptions (sufficient collisions between particles, electron
mass negligible compared to the ion mass, etc.). One could question how much the
physics behind mode-penetration would be altered if one would take an approach
which build on less assumptions (for example, mode-penetration in a drift-kinetic
model). This has been investigated and it is found that results are only slightly al-
tered in these more realistic approaches [17, 18]. Thus, an MHD approach is justified.
It is also favorable as these MHD codes are computationally less intensive than the
more complex models.

We tackle the problem of simulating a mode-penetration event by divvying up the
task into multiple sub-tasks. The first task consists of an investigation into the
analytical theory, presented in section 2. This encapsulates the theory behind the
MHD models used, and an investigation into the analytics of mode-penetration it-

3



self. For the theory behind mode-penetration we develop a novel heuristic model,
meant to help us gain intuition in the physics behind mode-penetration. We also
add a novel component into the model of mode-penetration which encapsulates an
external effect which had not been accounted for before, namely the effect of exter-
nal driving forces such as NBI-beams on mode-penetration. Finally, we also develop
a novel set of equilibrium equations, meant to initialize the simulations.

After the excursion into theory, we investigate a previous simulation which is most
similar to what we would like to achieve in M3D-C1, namely a case by Yu et al. [16].
This case is alsomakes use of a cylindrical geometry, and shows amode-penetration
event. To benchmark against this result, we build a set of simulations which are
similar in M3D-C1. This is presented in section 3. In section 4, we investigate the
results obtained by M3D-C1 to see if they show similar quantitative and qualitative
results to the benchmark case. The differences of these results are discussed in
section 5. Possible reasons for the discrepancies are highlighted, and some recom-
mendations are made for future research. Finally, we present the main conclusions
of the research in section 6.
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2 Analytical theory

In this section, the analytical theory behind this thesis is elaborated. This consists
of three different parts. Firstly, the two fluid model is derived which is employed by
M3D-C1. Secondly, the theory behind mode penetration is elaborated to find scaling
laws and relevant regions in parameter space. It is also expanded upon by adding
novel components. Finally, a novel set of resistive viscous equations are derived,
describing plasmas which are at equilibrium in a cylindrical geometry.

2.1 The two fluid model

It is important to understand the underlying physics on which M3D-C1 is built to
understand its caveats and limitations. To do so, we derive the so-called two-fluid
model (which M3D-C1 employs). We combine arguments from Freidberg, Braginskii,
and Shkarofsky to make a comprehensive overview of the two-fluid model [19–21].
Although we will run M3D-C1 in a single-fluid mode, the deviations from the two-
fluid model are only small. The two-fluid model will also be used to derive the so-
called layer equations in the section on mode-penetration.

Distribution function and its moments

We suppose that there are enough particles in the system that a continuous dis-
tribution function is sufficient to describe all the particles of some species s. This
distribution function fs(x,v, t) describes how particles are distributed in both real
space, and velocity space. The number of particles contained in a hyper-volume
d3xd3v located at x0,v0 are then described by dN = f(x0,v0, t)d

3xd3v. We’d like to
track the evolution of this distribution function. For a plasma with collisions the
temporal evolution can be described by the Vlasov equation, which forms the fun-
damental basis of plasma physics. It takes on the following form,

Bfs
Bt

+∇ ¨ (vfs) +∇v ¨ (afs) = Css1 . (2.1)

Here:

v = a velocity vector in velocity space
a = an acceleration vector, the temporal derivative of v
∇v = Feynmann subscript notation for the gradient with respect to v
Css1 = the collision operator, describing collisions between species s and s1

To make solving this equation more manageable, we prefer to track moments of the
distribution function instead of the full function itself. We introduce the following
averaging definition to abbreviate writing in taking these moments,

xφy(x, t) =
ş

φfsd
3v

ns
,

ns(x, t) =
ż

fsd
3v

(2.2)
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where the integral is taken over the entirety of velocity space. Furthermore,

φ = an arbitrary dyad
ns = the number density.

We now multiply equation (2.1) by φ and average over velocity space. If one assumes
that limvÑ8 aφfs = 0, then the final expression can be simplified using integration
by parts. This assumption should be checked for all cases, but as fs usually scales
as a Maxwellian (e´v2

) the limit converges for any polynomial expression of φ. The
equation reduces to

Bnsxφy

Bt
+∇ ¨ xnsφvy ´ ns

(
x

Bφ

Bt
y + xv ¨ ∇φy + xa ¨ ∇vφy

)
= ns∆φ. (2.3)

Here, we define ns∆φ to be the moment of the collision operator, i.e.

ns∆φ ”

ż

φCss1d3v. (2.4)

Using equation (2.3), one can quite readily derive important transport equations.

Density, momentum, and energy equations

To find the density equation, we set φ = 1. This is equivalent to taking the zeroth
moment of the distribution function with respect to velocity. This reduces equation
(2.3) to

Bns
Bt

+∇ ¨ xnsvy = ns∆(1). (2.5)

This is the mass continuity equation, with some source term determined by the
collision operator (i.e. ns∆(1)).

Using φ = msv (with ms being the particle mass) we retrieve the momentum equa-
tion,

B

Bt
(msnsxvy) +∇ ¨ (msnsxv b vy) = nsmsxay + nsms∆v. (2.6)

Here, b denotes the dyadic product. Finally, we can retrieve the energy equation by
setting φ = msv

2/2 = ET,s. This gives us

BnsxET,sy

Bt
+∇ ¨ xnsET,svy = nsmsxa ¨ vy + ns∆ET,s. (2.7)

Equations (2.5), (2.6), and (2.7), are not in their canonical form yet. To write them
in a more familiar form, we split up the velocity into a bulk flow and a deviation.
Specifically, we set

v = us + w,
xwy = 0,

(2.8)
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where us is the plasma bulk flow and w is the deviation from the bulk flow. Further-
more, we introduce the convective derivative as( D

Dt

)
s
=

B

Bt
+ us ¨ ∇. (2.9)

Using this convective derivative, the continuity, momentum, and energy equation
can be respectively reduced to(Dns

Dt

)
s
+ ns∇ ¨ us = ns∆(1), (2.10)

msns

(Dus

Dt

)
s
+∇ ¨ Ps +msnsus∆(1) = nsmsxay + nsms∆v, (2.11)

ns

(D[msu
2
s/2 + 3Ts/2]

Dt

)
s
+∇ ¨ (Ps ¨ us)+(1

2
msu

2
s +

3

2
Ts

)
ns∆(1) +∇ ¨ qs = nsmsxa ¨ usy +

1

2
nsms∆v

2.

(2.12)

Here,

Ps = msnsxw b wy, the pressure tensor
qs = msnsxw2wy, the heat flux
Ts = msxw2y/3, the thermal energy

These equations are still cumbersome, but they will simplify after we take a closer
look at the collision terms.

Collisions

To make progress with simplifying the collision terms, we assume that the plasma
consists of two fluids (hence it being called the two fluid model). This assumption
can be broken if one accounts for impurities or neutrals in the plasma, but for sim-
plicity’s sake we will neglect these effects. One fluid will consist of electrons, and
the other one of hydrogen ions, thus we will write down equations (2.10-2.12) for
each of the species. Furthermore, we assume that only Lorentz forces are at play.
Now our first assumption states that there is no source for electrons or ions. This
would be broken if neutrals are taken into account, but we choose to neglect this ef-
fect. This means that the ∆(1) term will be zero. Secondly, since collision between
like particles conserves momentum of given species, the only contribution to the
∆v term will come from electron-ion collisions. Furthermore, the rate at which mo-
mentum is transferred from ions to electrons must be the same as the rate from
electrons to ions. Quantatively,

ż

(mevCei)d
3v = ´

ż

(mivCie)d
3v = R. (2.13)
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Here Cab is the collision term describing how the distribution function of species
a changes as it collides with species b. A similar argument holds for the collisions
between species which transfer energy. Between like particles, no energy is trans-
ferred, while between unlike some energy is transferred. Since total energy is con-
served, the rate at which energy is transferred from ions to electrons must equal
the rate from electrons to ions. Thus,

ż

(
1

2
mev

2Cei)d
3v = ´

ż

(
1

2
miv

2Cie)d
3v = Q (2.14)

We are now in a position to write out the full two-fluid equations.
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Two-fluid equations

We now write out the continuity, momentum, and energy equations for a two com-
ponent plasma. Furthermore, we use the fact that only the Lorentz force FL is at
play. We add in Maxwell’s equations to find that the two-fluid equations reduce to

(Dni
Dt

)
i
+ ni∇ ¨ ui = 0,(Dne

Dt

)
e
+ ne∇ ¨ ue = 0,

mini

(Dui

Dt

)
i
+∇ ¨ Pi = R + niFL,i,

mene

(Due

Dt

)
e
+∇ ¨ Pe = ´R + neFL,e,

3

2
ni

(DTi
Dt

)
i
+ Pi : ∇ui +∇ ¨ qi = Q

3

2
ne

(DTe
Dt

)
e
+ Pe : ∇ue +∇ ¨ qe = ´Q

∇ ˆ E = ´
BB
Bt

∇ ˆ B = µ0e(niui ´ neue) +
1

c2
BE
Bt

∇ ¨ E =
e

ε0
(ni ´ ne)

∇ ¨ B = 0

(2.15)

These equations form the basis of the two-fluid model, which are the equations
employed by M3D-C1. We are now quite close to the form of the two-fluid equations
thatM3D-C1 uses, butwe still require some additional caveats, for example a closure
of the pressure tensor. Firstly, the plasma is assumed to be quasi-neutral implying
that ni = ne. The pressure tensor is split up into an anisotropic and isotropic part:

Ps = psI +Πs. (2.16)

It is easy to show that ps = nsTs. Furthermore, we use the fact thatme ! mi. In turn
we prefer to solve not for the electron velocity, but for the current and ion velocity.
This is preferable, as current is more easily measured. These are defined by

ui = u
J = en(u ´ ue).

(2.17)

Additionally we assume that all timescales are large enough that we can neglect the
displacement current in Maxwell’s equations. Finally, the closures for R, Π, q, and
Q need to be chosen as well. These take the form as can be seen in equations 2.19.
These closures are elaborated in N. Ferraro’s 2009 paper [22], but most of them
derive from Braginskii’s 1965 paper [20]. Using all these closures, the final form of
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the two-fluid equations are found to be(Dni
Dt

)
+ ni∇u = 0,

mini

(Du
Dt

)
= J ˆ B ´ ∇(pi + pe) ´ ∇ ¨ Πi,(D(pi + pe)

Dt

)
+ Γ(pi + pe)∇ ¨ u = (Γ ´ 1)(ηJ2 ´ ∇ ¨ q ´ Πi : u)+

1

nie
J ¨

(
∇pe ´ Γ

∇ni
ni

pe

)
,(Dpe

Dt

)
+ Γpe∇ ¨ u = (Γ ´ 1)(ηJ2 ´ ∇ ¨ qe)+

1

nie
J ¨

(
∇pe ´ Γ

∇ni
ni

pe

)
,

BB
Bt

= ´∇ ˆ E,

E + u ˆ B = ηJ +
1

nie
(J ˆ B ´ ∇pe)

(2.18)

with

Πi = ´µ(∇v + [∇vT ]),

q = ´κ∇(Te + Ti)

qe = ´κ∇Te ´ κ‖
B b B
B2

¨ ∇Te,

Γ =
5

3

(2.19)

A straightforward derivation of the ion anisotropic tensor closure can also be found
in Batchelor [23]. These closures can also be interpreted as diffusion equations,
where µ is a factor dictating the momentum diffusivity, κ is a factor dictating the
heat diffusivity perpendicular to field lines, and κ‖ is a factor dictating heat diffu-
sivity parallel to the field lines. It is important to note that κ and µ can be arbitrary
functions of the location. The specific form of these functions is left as a choice
(one could for example use a constant factor κ). The set of equations (2.18) are the
equations M3D-C1 evolves.
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2.2 Mode penetration

We now take a section to describe the analytical theory behind mode-penetration,
as derived by Fitzpatrick in 1993 [15]. As the phenomenon is inherently non-linear,
it requires quite a bit a algebra and footwork. To facilitate the interpretation of
this calculation, we first present a novel heuristic model. This model is meant to
exemplify the essentials of mode-penetration, with a strong focus on the physics.
After this, a formal derivation of the mode-penetration phenomenon is given.

2.2.1 Heuristic model

We shall understand this heuristic model by breaking it up into three parts: a sketch
of the set-up, an introduction of the forces acting on the plasma, and finally the
derivation of mode-penetration itself.

The set-up

Figure 2.1: Example of a perturbing vector field, with mode number (m = 2, n = 1), in a straight cylinder
tokamak with major radius R0 = 4. In straight cylinder geometry the major radius encapsulates the
length over which the cylinder is periodic. Thus after traversing 4 meters across the axial (or toroidal)
extent of the circle, the cylinder is the same. The toroidal direction is the one going into the page. The
mode number can be deduced by observing that the vectors are symmetric under half of a full poloidal
rotation in a poloidal cross-section. The toroidal mode number (n) can be deduced by observing that
after traversing a quarter of the total toroidal distance (which is the toroidal extent plotted here), vec-
tors have rotated a quarter of a full circle. This implies that after traversing the entire toroidal axis,
vectors will have rotated once meaning that n = 1. This plot was generated by using the function
B = Re

[
∇ ˆ (e´r2 ¨ ei¨(mθ´2πnz/R0)ẑ)

]
, which is divergence free.

The scenario we will be focusing on is the following. Suppose we have a cylindrically
symmetric plasma, with a purely axial (or ”toroidal”, in a straight tokamak sense)
flow profile present. We now perturb the plasma with some (m,n) perturbation.
This perturbation can best be thought of as adding some small Fourier components
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in the poloidal and toroidal direction. The periodicity of this Fourier component is
characterized by the symmetry in both the poloidal and toroidal direction. If the per-
turbing vector field is invariant under 2π/n of a poloidal rotation, the poloidal mode
number is n. If the perturbing vector field is invariant under an axial translation of
R0/m, the toroidal (or axial) mode number is m. This is exactly what (m,n) charac-
terizes: m is the translation symmetry in the axial direction, whereas n is rotational
symmetry in the poloidal direction. An exemplary perturbing vector field is given in
figure 2.1.

The presence of this perturbation will in turn give rise to an (m,n) magnetic island
chain forming on the resonant surface (the resonant surface is the locations where
the safety factor q is equal to m/n). Magnetic islands are regions of the magnetic
field that are distinct from the rest of the plasma: a magnetic field line within a
magnetic island will always stay within it, and is bounded by the separatrix. As
mentioned in the introduction, outside the magnetic island field lines form nested
surfaces around the magnetic axis. Within the island, the magnetic field lines form
nested surfaces around a single magnetic field line which also resides in the island.
The separatrix defines the boundary between these two differing behaviours. A
sketch of a magnetic island chain is given in figure 2.2.

Figure 2.2: A (5, 1) magnetic island chain. The island separatrix is shown in orange, and the resonant
surface in purple. It can be seen that the surface is periodic in the toroidal direction.

Now an interesting peculiarity of the island separatrix, is that there is no flow of
plasma across it, a results found in 1991 by Fitzpatrick [24]. This has the conse-
quence that our magnetic island chain can effectively be treated as a solid body
entrenched in a fluid. The plasma has a velocity relative to the island, meaning that
the island chain experiences a net viscous force pulling on it. This force will pull the
island out of the position where it originally formed.

However the (m,n) perturbation which gave rise to the island stays in its original
position. Normally the perturbation and the magnetic island align perfectly, but
because of the viscous force pulling on the island they now have a certain phase
difference. This is exemplified in figure 2.3. The phase difference means that flux
surfaces no longer align with the perturbations. Switching to a reference frame that
is co-moving with the plasma velocity, this is equivalent to a conductor which is
placed in a varying magnetic field. From Faraday’s law of induction we know that a
changing magnetic field must give rise to electric fields. These electric fields in turn
give rise to so-called eddy currents in the plasma, simply through Ohm’s law E = ηJ.
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These eddy currents in turn interact with the magnetic field, giving rise to J ˆ B
forces which tend to push the magnetic island back to its equilibrium position. This
is where the non-linearity comes into play - perturbed fields give rise to perturbed
currents, which in turn interact with the perturbed field again.

Figure 2.3: A phase difference between the magnetic islands and the perturbation which gave rise to it.
The lines in this plot represent the centre of the magnetic island after the phase shift (orange), and the
places where the perturbation is the strongest on the resonant surface (blue). It can be seen that the
blue lines are lagging slightly behind the orange ones. The size of this gap is related to the phase shift.

The forces

We are interested in the equilibrium of this force balance. What is the final outcome
of this battle between electro-magnetic and viscous forces? To make progress it is
important to realize that both the viscous force and the electromagnetic forces are
functions of plasma velocity. There are certain caveats to both forces, and we shall
investigate the viscous force first.

The first important fact of the viscous force that is readily obtained is the fact
that it scales linearly with the plasma velocity. However, there is still an important
degree of freedom left in the system. The plasma within the magnetic island chain
can have some non-zero velocity. This affects the total viscous force, as it is the
difference in velocity that matters for the viscous force. We fix this island velocity
to some non-zero value [25], meaning that at zero plasma velocity, there is a non-
zero viscous force present. This means that the viscous force as a function of the
plasma velocity is a translated straight line.

Next we shift our attention to the electromagnetic force. This force is dictated by
three different parameters,

|J ˆ B| = |J||B| sin(∆φ). (2.20)

Here B is the full magnetic field (including the perturbation). We start by investigat-
ing the |J||B| quantity, excluding the sin(∆φ) term. To be clear, ∆φ is the phase shift
and not the previously mentioned moment of the collision operator. When there is
no plasma velocity, the external perturbation will give rise to an response field in
the plasma (magnetic islands and such). This response field will ensure that J ˆ B
is in force balance within the plasma, but the the |J||B| component itself need not
be zero. Small modulations of plasma velocity only barely effect the magnitude of
|J||B|, and the field stays constant. In the fast flowing regime however (so fast
plasma flows), eddy currents (currents which arise due to the fluctuating magnetic
fields) will be the dominant response to the external perturbation. To see how the

13



force magnitude scales with plasma velocity, we make use of a simple toy-model.
This model is not meant to perfectly represent our system, but it exemplifies the
screening-out effect from eddy currents.

Adopting a frame of reference that is co-moving with the plasma bulk flow, the
external perturbation becomes a temporally modulated magnetic field with a fre-
quency proportional to the plasma velocity which we shall call ω. We model the
plasma as an infinite conducting slab. We would like to find the response field to
this modulating external field. To do so, we make use of Maxwell’s equations, in
combination with Ohm’s law:

B(Bext + Bres)

Bt
= ´∇ ˆ E,

E = ηJres,

∇ ˆ Bres = µ0Jres.

(2.21)

Here Bext is the external perturbation and Bres is the response field. Imposing that
Bext = B0e

i(kx´ωt)ẑ, one can readily show that

Bres = ´
B0

1 + iηk2/µ0ω
ei(kx´ωt)ẑ,

|Jres||Bext + Bres| =
kB2

0

µ0

ηk2/µ0ω

1 + (ηk2/µ0ω)2
.

(2.22)

Here, k is a typical inverse lengthscale. In the fast frequency limit (so a fast flowing
plasma) the |J||B| quantity scales as 1/ω.

We now investigate the steady state behaviour of sin(∆φ). The angle ∆φ is directly
related to the angle between the magnetic islands and the perturbation giving rise to
it. When there is no velocity present this angle is zero. For low velocities, the angle
scales linearlywith plasma velocity. This cannot continue indefinitely, because if the
angle would keep growing unbounded with plasma velocity the island phase would
loop back on itself at some point. This would mean that the island could go on to
repeat this behaviour indefinitely never converging to an equilibrium. Thus it must
grow to some value asymptotically with ever increasing plasma velocity. Combining
these two behaviours, we find that the electromagnetic force scales linearly with
plasma velocity in the low-velocity regime, and decreases towards zero in the high
velocity regime.

The last caveat to the forces is understanding how it scales with the perturbation
strength. Equation (2.22) indicates a squared scalingwith the perturbation strength
for the electromagnetic force, and this does indeed hold in all regimes. This is be-
cause the induced currents in both the low velocity and high velocity regime scale
with the perturbation strength, meaning that the total force also goes with the
square of the perturbation. The viscous force however is independent of the per-
turbation strength.

Mode-penetration

We now combine all these different scaling laws to understand the equilibrium be-
haviour of the plasma. A plot of the electromagnetic and viscous force as a func-
tion of perturbation strength and plasma velocity is given in figure 2.4. Fixing the
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Figure 2.4: The surfaces describing the electromagnetic force (orange) and the viscous force (blue). The
plasma is in equilibrium if these two forces are equal, and this equilibrium solution is highlighted in black.

perturbation strength, we see that there are three distinct behaviours for plasma
equilibria.

For low perturbation strengths a single solution exists where both forces are equal.
This solution has a fast plasma velocity. This solution will be coined the “fast” so-
lution branch. For high perturbation strengths, there is again a single solution. This
solution has a very low plasma velocity compared to the fast solution. It will thus
be coined the “slow” solution branch. For intermediate perturbation strengths, a
third solution comes into play. This new solution is inaccessible because it is un-
stable. This can best be understood by taking some point on this intermediate
solution and slightly perturbing the plasma velocity. A slight increase of plasma ve-
locitymeans that the viscous forcewins (so it is stronger than the electro-magnetic
force), pulling the islands even further from equilibrium. A slight decrease in plasma
velocity means that the electromagnetic force wins, further pulling the island in-
ward. Similar argumentation can be used to show that the fast and slow solutions
are stable.

This instability means that there is no way to go from the slow solution branch
to the fast one in a continuous, reversible manner. They can only be accessed dy-
namically. It is the sudden jump from a high plasma velocity to a low one that is
coined the mode-penetration. This bifurcation happens at some critical value of the
perturbation strength, Bcrit.

To account for external forces (supplied by NBIs or other means) near the magnetic
island, we additionally introduce an extra force into this force balance. Assuming
this force is only weakly dependent on plasma velocity and perturbation strength,
this new force can be interpreted as an offset to the viscous force (i.e. a trans-
lation in the Force direction in figure 2.4 of the blue surface). This offset can be

15



used to control the threshold perturbation amplitude at which mode-penetration
occurs.

After this investigation into the heuristic model, we will look into the actual theory
behind mode-penetration. We will start by deriving the central equation which con-
tains the information on how plasma interacts with external responses, modelled
as perturbations - the tearing mode equation
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2.2.2 Tearing mode theory

To derive the tearing mode equation we start with the central equation for plasma
equilibria, which follows from (2.18). We assume an ideal-MHD equilibrium, meaning
that

J ˆ B = ∇p ñ ∇ ˆ (J ˆ B) = 0. (2.23)

Making use of vector calculus identities, and the incompressibility of magnetic and
current fields, one can expand the identity into an easier form. It reduces to

(B ¨ ∇)J ´ (J ¨ ∇)B = 0. (2.24)

We linearize the equations by introducing equilibrium and perturbed quantities. We
substitute the magnetic and current fields as

B Ñ B0 + δB,
J Ñ J0 + δJ.

(2.25)

Neglecting the second order quantities, and excluding equilibrium quantities (be-
cause they already solve equation (2.23)) one finds

(δB ¨ ∇)J0 + (B0 ¨ ∇)δJ ´
[
(δJ ¨ ∇)B0 + (J0 ¨ ∇)δB

]
= 0. (2.26)

We take the equilibrium magnetic field to be of the following form

B0 = Bθ(r)θ̂ +Bz ẑ ñ J0 =
1

µ0r

B(rBθ)

Br
ẑ. (2.27)

Here, r is the distance from the magnetic axis, θ is the poloidal angle, and z is ax-
ial or toroidal direction. Furthermore, the perturbations are assumed to be of the
following form

δB(r, θ, z) = δB(r)eiξ (2.28)

Here ξ = mθ´nz/R0. This form is chosen because it is a single mode of a Fourier de-
composition of an arbitrary perturbation, so we can respresent any perturbation as
a sum of arbitrary modes. We also take that the axial component (the ẑ component)
of δB is negligible compared to the other components. This arises due to the fact
that the field arising from the coils is usually dominant, but the assumption does
not hold in general. This allows us to write δB in terms of a flux-function ψ. This is
due to the incompressibility of the magnetic field, analogous to how one defines a
flow potential in incompressible flows. We rewrite the perturbed field as

δB = ∇ ˆ (ψẑ), (2.29)

where ψ = ψ(r)eiξ. Using the fact that ∇ ˆ B = µ0J, equation (2.26) can be written
in terms of the flux function. We introduce the shorthand

∇2
r,θψ ”

1

r

B

Br

(
r

Bψ

Br

)
´
m2

r2
ψ. (2.30)
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This allows us to write out the equations from (2.26) as:

µ0δJ = ´i
n

R0

Bψ

Br
r̂ +

nm

rR0
ψθ̂ ´ ∇2

r,θψẑm

∇2
r,θψ = ´

m
n µ0J

1
z(r)

Bθ

[
Bzr
BθR0

´ m
n

] . (2.31)

Here jz = J0 ¨ ẑ. The last equation of (2.31) is the well-known tearing mode equation.
We simplify it by introducing the safety factor, and the resonant surface safety
factor. We find

∇2
r,θψ(r) +

µ0J
1
z

Bθ

qs
q ´ qs

ψ(r) = 0 (2.32)

where:

q = Bzr/BθR0,
qs = m/n.

This equation describes how the perturbed magnetic field depends on equilibrium
quantities like the rotational transform, and the axial current. We see that this tear-
ing mode equation has a singular point at q = qs. To interpret what this means,
we investigate the behaviour of the current near this singular point. From (2.31)
we see that the current also diverges near this singular point. This indicates that
ideal MHD is no longer a valid approximation, as resistive effects will become im-
portant. We assume that ideal MHD holds for the region where r R [rs´, rs+]. The
regions are stitched together using the constant-ψ approximation, which assumes
that ψ(rs´) = ψ(rs+) = ψs. Finally, we require two boundary conditions to fully solve
the tearing mode equation. We assume that the flux function is well behaved near
the magnetic axis and vanishes at infinity. Thus,

ψ(0) = 0, ψ(8) = 0. (2.33)

We now inspect some essential features of the tearing mode equation.

Vacuum solutions

We inspect the vacuum solutions of the tearing mode equation, (2.32). These can
be obtained by setting J 1

z(r) = 0. The equation reduces to

1

r

B

Br

(
r

Bψ

Br

)
=
m2

r2
ψ. (2.34)

Using the substitution ψ(ln r), the equation takes the simple form

ψ(r) = ar´m + brm, (2.35)

where a and b are constants set by boundary conditions. These vacuum solutions
are much easier to work with than the full tearing mode equation, and are a valid
approximation in systems where current is very peaked. If one is outside this peaked
current region, the vacuum solutions are close to the true solutions to the tearing
mode equation.
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Rutherford stability parameter

We dedicate a short section to stability of a perturbation, as this will be relevant
for the result. An important parameter arising from the tearing mode equation, is
the so-called Rutherford stability parameter. In Rutherford’s 1973 paper he showed
that the jump in derivatives near the singular surface determines the stability of the
mode [26]. The typical definition for this parameter is

∆1 =
1

ψs

[
Bψ(r)

Br

]rs+
rs´

. (2.36)

Rutherford found that for ∆1 ą 0 the mode is unstable, whereas for ∆1 ă 0 the mode
is stable. The stability means that ψ stays bounded for stable modes, whereas is
grows for unstable modes. This in turn means that the island width, which is goes
as

?
ψ, grows for ∆1 ą 0, whereas it stays bounded for ∆1 ă 0. We will now derive

this dependence on ψ for the island size.

Magnetic islands and island width

-6 -4 -2 0 2 4 6
-2

-1

0

1

2

ϕ

x

Figure 2.5: A plot showing different solutions to equation (2.40). The island separatrix can be seen in
blue. The orange solution is outside the magnetic island, whereas the green one is within it. These
regions are distinct.
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To relate the flux function to magnetic islands, we use the fact that the helical flux
is a conserved quantity [27]. The helical flux is defined by the following differential
equation,

Bψ˚

Br
= B˚ ” Bθ(1 ´

q

qs
). (2.37)

In this section, Bθ entails the perturbation as well. We Taylor expand this expression
to first order around the resonant surface, rs. Introducing the shear as s = (r/q)Bq/Br
the helical magnetic field reduces to

Bψ˚

Br
= ´

Bzss
R0qs

(r ´ rs) +
Bψ

Br
. (2.38)

The ψ component refers to the perturbed part, as defined in equation (2.29). Sub-
stituting in x = r ´ rs, we find

ψ˚ = ´
1

2

Bzss
R0qs

x2 + ψ ñ x2 = ´
2R0qs
Bzss

[
ψ˚ ´ ψ

]
. (2.39)

If we choose the same helical mode number as the perturbation, ψ reduces to some
function ψ(r) multiplied by some phase factor eiϕ. This phase factor depends on
which helical surface we choose. Substituting in this result returns,

x2 =
2R0qs|ψ|

Bzss

[ψ˚

ψ1
´ cos(ϕ)

]
. (2.40)

Taking ψ to be roughly constant within the magnetic island (which is the constant-ψ
approximation), there is a family of solutions, for different values of ψ˚. A plot show-
ing some solutions can be seen in figure 2.5. On the separatrix ψ = ψ˚, and the island
width is easily calculated to be

W = 4

d

R0qs|ψ|

Bzss
. (2.41)

Here we see the relation between the magnetic flux function and the island width.
Thus, if the flux function grows over time, so does the magnetic island.

2.2.3 The electromagnetic force

Here, we calculate a general expression for the electromagnetic force. This will be
useful, as in the force balance this electromagnetic force has to be balanced against
the viscous force. It turns out that torque is a slightly more natural quantity to look
at instead of force, due to 1/r terms appearing in forces. The first important real-
isation is that in ideal MHD equilibrium all torque comes from jumps in derivatives.
This can be seen by investigating the ideal MHD equilibrium equation J ˆ B = ∇p.
We rewrite it to,

Tθ,EM =

ż

r(J ˆ B) ¨ θ̂dV =

ż

Bp

Bθ
dV,

Tz,EM = R0

ż

(J ˆ B) ¨ ẑdV = R0

ż

Bp

Bz
dV.

(2.42)
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Here the T quantities denote torque. Because of the periodicity of p (pressure) in
z and θ, this can only be non-zero if there are jumps in derivatives. We fill in the
perturbed quantities, and realise that all first order terms contain a eiξ term. The
first order terms will average to zero in the integration, so only the second order
terms will survive. We keep in mind that we always take the real part of these
complex quantities. Writing out the product of the real parts (instead of the real
part of the product), the surviving terms are

Tθ,EM =
1

4

ż

r(δJ˚ ˆ δB + δJ ˆ δB˚) ¨ θ̂dV,

Tz,EM =
R0

4

ż

(δJ˚ ˆ δB + δJ ˆ δB˚) ¨ ẑdV.

(2.43)

Here ˚ denotes complex conjugation. Carrying out the cross products, and remem-
bering that δB has no ẑ component, the cross products become

Tθ,EM =
1

4

ż

r(δj˚
z δBr + δjzδB

˚
r )dV,

Tz,EM =
R0

4

ż

(δj˚
r δBθ + δjrδB

˚
θ ´ δj˚

θ δBr ´ δjθδB
˚
r )dV.

(2.44)

Using equation (2.29) and integrating by parts, the two components become,

Tθ,EM = 4π2R0
m

µ0

i

4

([
r

Bψ

Br

]rk+

rk´

ψ˚
k ´

[
r

Bψ˚

Br

]rk+

rk´

ψk

)
,

Tz,EM = ´
1

qs
Tθ,EM +

ż

R0

(
rδj1˚

r Br + rδj1
rB

˚
r

)
dV.

(2.45)

Here the last integral term is simplified using current conservation. Now, we impose
the constant-ψ approximation to neglect the integral term in equation (2.45).

Interaction of the force with the island

To calculate the interaction of an external mode with the magnetic island, we will
split up the magnetic flux function (the flux function that solves δB = ∇ˆ (ψẑ)) into
two parts. One part, ψmode, represents purely the tearing mode, without any effect
of the external coil. The second part, ψcoil, represents the ideal MHD response to the
external perturbation caused by the coil. To make progress in solving this complex
equation, we assume that most current is located at small radii r ă rk+, so that we
can use the vacuum solutions from equation (2.35) in this region.

Firstly, we try to find an expression for ψmode. At r = rk+ we make use of the
constant-ψ approximation to set the boundary condition ψ(rk+) = ψk. Since it
is unaffected by the external structure, the second boundary condition is simply
ψ(8) = 0. Using the vacuum equation we find the solution

ψmode(r) = ψk

(rk+
r

)m
. (2.46)
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Now the second equation describing ψcoil is a bit more complicated. The first bound-
ary condition is set by realizing that in ideal MHD, the resonant surface will try
to screen out the external perturbation by screening currents. This means that
ψcoil(r = rk+) = 0. The second boundary condition is simply that ψ(8) = 0. But,
since there is current flowing at the coil location, there is a jump in the magnetic
flux function at this coil location rc. To calculate this jump we will look at another
magnetic flux function first, namely that of the coil without a plasma present. This
function ψvac upholds three boundary conditions, namely

ψvac(r = 0) = 0, ψvac(r = rc) = ψc, ψvac(r = 8) = 0. (2.47)

Here ψc is related to the amount of current flowing in the coil. Using the vacuum
solutions we find

$

’

’

&

’

’

%

ψvac = ψc

(
r
rc

)m
r P [0, rc),

ψvac = ψc

(
rc
r

)m
r P [rc,8).

(2.48)

The jump across the coil surface is easily calculated to be[
Bψvac

Br

]rc+
rc´

= 2m
ψc

rc
(2.49)

Since there is no plasma flowing at the coil location, the jump in derivatives has to
be the same. Using this as a matching condition we find

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

ψcoil = 0, r P [0, rk+)

ψcoil = ψvac(rk+)
(

rm

rmk+
´

rmk+

rm

)
, r P [rk+, rc)

ψcoil = ψvac(rk+)
(

rmc
rmk+

´
rmk+

rmc

)
rmc
rm , r P [rc,8).

(2.50)

Now that we have finally acquired the two flux functions we combine them simply
by adding them with some phase difference,

ψ = ψmodee
iξ+i∆ϕ + ψcoile

iξ. (2.51)

Using this, we can calculate the Rutherford stability parameter to be

∆1 = ∆1
mode +∆1

coil

∆1
coil = 2m

ψvac(rk+)

ψk

1

rk+
e´i∆ϕ.

(2.52)

Using these flux functions, the electromagnetic force can be found to be

Tθ,EM = ´4π2R0
m2

µ0
ψkψvac(rk+) sin∆ϕ. (2.53)
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2.2.4 Viscous forces

We now dedicate a section to the calculation of the viscous forces, which will com-
pete with the electromagnetic forces. The viscous forces will be modelled by mak-
ing use of the closure explained by Batchelor [23]. Here, the viscous force densities
fv are shown to be

fv = ∇ ¨

#

µ
[
∇u + (∇u)T

]+
. (2.54)

This is equation is essentially telling us that gradients in the velocity field will give
rise to forces, and the strength of this force is proportional to the viscosity. We will
slightly adjust the equations by rewriting them in terms of fluid frequency instead
of velocity, as this will simplify these equations a great deal. These frequencies are
defined by

uθ = rΩθ, uz = R0Ωz. (2.55)

Using this, the poloidal and axial components of this force can be found to be

fv ¨ θ̂ =
1

r2
B

Br

(
µr3

BΩθ

Br

)
,

fv ¨ ẑ =
R0

r

B

Br

(
µr

BΩz

Br

)
.

(2.56)

From here, we integrate over across the region containing the magnetic island to
find the torque. This is then evaluated to be

Tθ,V S = 4π2R0

[
µr3

BΩθ

Br

]rs+
rs´

,

Tz,V S = 4π2R3
0

[
µr

BΩz

Br

]rs+
rs´

,

(2.57)

Here rs stands for the radial value of the separatrix. The viscous forces are thus
related to the jumps in the profiles across the magnetic island. We fix the rotation
speed of the magnetic island to

Ωθ(rs) = Ωθ,0,

Ωz(rs) = Ωz,0.
(2.58)

This allows us to solve the equation, subject to three conditions. We impose that
the profiles are well-behaved on-axis, meaning that Ω1

θ(0) = Ω1
z(0) = 0. Finally, we

fix the edge value to uphold a no-slip condition, meaning that Ωθ(a) = Ωz(a) = 0.
For the driving term of the differential equation (so the term which will drive fluid
velocities), we take a novel approach. The poloidal part will have no driving term, but
the toroidal (or axial) part will contain a driving term (e.g. neutral beam injection).
The driving term will be written as being proportional to some arbitrary function
f(r). This will slightly modify the equation. We solve the equations given in (2.56)
to find

$

’

’

&

’

’

%

Ωθ(r) = Ωθ,0 r P [0, rs´),

Ωθ(r) = Ωθ,0

şa
r
(µr13)´1dr1

şa
rs+

(µr13)´1dr1 r P [rs+, a).

(2.59)
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$

’

’

&

’

’

%

Ωz(r) = Ωz,0(1 + κF
şrs´

r
g0(r

1)
µr1 dr

1) r P [0, rs´),

Ωz(r) = Ωz,0

( şa
r
(µr1)´1dr1

şa
rs+

(µr1)´1dr1 ´ κF
şa

r
g(r1)
µr1 dr

1 + κF

şa
rs+

g(r1)dr1/µr1

şa
rs+

dr1/µr1

şa

r
dr1

µr1

)
r P [rs+, a).

(2.60)

Here,

κF = Relative strength of the driving term versus the island,
fv ¨ ẑ = κFΩz,0f(r)

g0(r) =
şr

0
r1

R0
f(r1)dr1

g(r) =
şr

rs+
r1

R0
f(r1)dr1.

Using these forms of the profiles, the jumps in derivatives can readily be calculated.
We find[

µr3
BΩθ

Br

]rs+
rs´

= ´
Ωθ,0

şa

rs+
(µr3)´1dr

,

[
µr

BΩz

Br

]rs+
rs´

= ´Ωz,0

#

1
şa

rs+
(µr)´1dr

+ κF

( şa

rs+
g(r1)dr1/µr1

şa

rs+
dr1/µr1

´ g0(rs´)
)+

.

(2.61)

Now the forces are found to be

Tθ,V S = ´4π2R0
Ωθ,0

şa

rs+
(µr3)´1dr

,

Tz,V S = ´4π2R3
0Ωz,0

#

1
şa

rs+
(µr)´1dr

+ κF

( şa

rs+
g(r1)dr1/µr1

şa

rs+
dr1/µr1

´ g0(rs´)
)+

.

(2.62)

This concludes the calculation of the viscous forces.

2.2.5 Viscous drag and phase shifts

We now need to relate how the electromagnetic and viscous forces interact with
the island. These interactions will give rise to a phase shift ∆ϕ, and eddy currents.
To investigate the specifics of this, we’ll have to make use of the layer equations.
These describe the dynamics of the plasma within a small layer surrounding the
magnetic island. These are derived in Ara’s 1978 paper [28]. We now give a brief
overview of this derivation.
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Layer equations

The two-fluid model will be used to derive this set of layer equations. We will write
equations (2.18) in a slightly different form:

Bnα
Bt

+∇ ¨ (nαUα) = 0,

3

2
nα

(DTα
Dt

)
α
+ pα∇ ¨ Uα = 0,

BB
Bt

= ´∇ ˆ E,

∇ ˆ B = µ0J,

ρ
(DUi

Dt

)
i
= ´∇p+ J ˆ B ´ ∇ ¨ Πi,

E + Ue ˆ B = ηJ ´
∇pe
ne

(2.63)

Here, α is now an index for the ion and electron species. We assume that all quan-
tities only depend on the radial coordinate. Investigating the radial component of
Ohm’s law, and the ion momentum equation we find

Bpe
Br

= ´ne(Er + Ue,θBz ´ Ue,zBθ),

Bpi
Br

= ne(Er + Ui,θBz ´ Ui,zBθ).

(2.64)

For the equilibrium quantities we assume that the ion flow is purely toroidal (thus
axial in the cylinder). By relating the electron flow to the current we then find

Ui,z =
Er

Bθ
´

1

Bθne

Bpi
Br
,

Ui,θ = 0,

Ue,z = Ui,z ´
Jz
ne
,

Ue,θ = ´
Er

Bz
´

1

Bzne

Bpe
Br

(2.65)

The analysis will be continued in a frame of reference in which Er = 0, thus with a
velocity of Er/Bθ in the toroidal direction. We linearize the momentum ion momen-
tum equation and Fourier transform it to find

´iω1ρUi,r,1 = ´
B

Br

[
p1 + B0 ¨ B1/µ0

]
´ 2

Bθ,0Bθ,1

µ0r
+ ik ¨ B0Br,1/µ0+

µ
B2

Br2
Ui,r,1,

´iω1ρUi,θ,1 = ´mi
[
p1 + B0 ¨ B1/µ0

]
/r +

Bθ,0Br,1

µ0r
+ ik ¨ B0Bθ,1/µ0+

µ
B2

Br2
Ui,θ,1 +

Br,1

µ0

BBθ,0

Br
,

(2.66)
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where ω1 = ω´kzEr/Bθ,0, the Doppler shifted typical frequency, and k ¨ B0mBθ,0/r+
kzBz,0. To derive the equations of (2.66), we have assumed that both the perturbed
magnetic field and velocity field have no toroidal component. Furthermore, we as-
sume that within the singular layer B2f1/Br2 " f1/r

2. From these two equations we
can derive that for m = ´1 modes, the following holds:

µ0ρ
(
ω1 ´ i

µ

ρ

B2

Br2

)
B2

Br2
Ui,r,1 = ´k ¨ B0

B2

Br2
Br,1. (2.67)

We relate this equation to a radial displacement by stating ξ̂9e´iω1t. This gives us

iµ0ρω
1
(
ω1 ´ i

µ

ρ

B2

Br2

)
B2ξ̂

Br2
= k ¨ B0

B2

Br2
Br,1. (2.68)

From the linearized Ampere’s law, one can find

Br,1 = ik ¨ B0ξ̂ + i
η

µ0ω1

B2Br,1

Br2
. (2.69)

We expand the last two equations about the resonant surface to find

i
B2ψ

By2
= ´ω1τR(ψ ´ yφ),

y
B2ψ

By2
= (ω1τA)

2 B2φ

By2
+ i

ω1τ2A
τV

B4φ

By4
.

(2.70)

Here,

ψ = the perturbed poloidal flux,
φ = s(rs)Bθ0(rs)ξ̂,
y = r/rs,
τA = R0

a

µ0ρ(rs)/Bznss,
τV = r2sρ(rs)/µ(rs),
τR = µ0r

2
sη(rs).

These are the layer equations for a two fluid model.

Visco-resistive regime

We are interested in the behaviour of the layer when both viscosity and resistivity
are important, which is needed to relate the phase shift to the plasma velocity.
In this case the inertial effects play no part in the plasma evolution. This is true
whenever we can neglect the ω12 term in equation (2.70). To see when this holds,
we assume the ordering τR " τV " τA. Fitzpatrick states that this holds whenever
[15]:

ω1 ! τ
1/3
V /τ

2/3
A τ

2/3
R . (2.71)
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So whenever ω1 is less than the combination of these timescales, inertial effects are
unimportant. Using this result, Fitzpatrick shows that

∆1rs « 2.1036iω1
(τ2Aτ5R
τV

)1/6
. (2.72)

Now we need to relate these expressions to the angle between the external per-
turbation and the tearing mode. Rearranging the Rutherford stability parameter of
equation (2.36), we find,

ψk

Ψvac
ei∆ϕ =

1

1 ´ ∆1/∆1
mode

, (2.73)

where Ψvac = ´2mψvac(rk)/rk∆
1
mode. Using this expression one can find that the

angle reduces to

∆ϕ = arctan
(

Im(∆1/∆1
mode)

Re(1 ´ ∆1/∆1
mode)

)
. (2.74)

Filling in the known expression for ∆1, one can find that

sin(∆ϕ) = Aω1

a

1 + (Aω1)2
, (2.75)

where A = 2.1036
(

τ2
Aτ5

R

τV

)1/6
1

∆1
moders

. This has the expected behaviour we expanded
upon in the heuristic model, namely linear for low velocities, and converging to
some asymptote for high velocities. Finally, we can also calculate the magnitude
of ψk/Ψvac. This reduces to

ˇ

ˇ

ˇ

ˇ

ψk

Ψvac

ˇ

ˇ

ˇ

ˇ

=
1

a

1 + (Aω1)2
. (2.76)

This has the expected 1/ω behaviour in the high velocity regime.

2.2.6 Mode penetration

We now bring everything together to derive the central equations describing mode
penetration events. First, we remind ourselves of the form of the viscous force:

Tθ,V S = ´Cθ,V SΩθ,0,

Tz,V S = ´Cz,V SΩz,0.

(2.77)

Secondly, we recall the form of the electromagnetic force namely:

Tθ,EM = ´4π2R0
m2

µ0
ψkψvac(rk+) sin∆ϕ,

Tz,EM = ´
1

qs
Tθ,EM

(2.78)
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Using all the results from the previous page, we find that the electromagnetic force
reduces to the form

Tθ,EM = ´Cθ,EMψ
2
vac

ω1

A+ ω12
,

Tz,EM = ´
1

qs
Tθ,EM

(2.79)

Here ω1 = mΩθ ´nΩz, which can be interpreted as the non-helical part of the rotation
(that is, perpendicular to the (m,n) magnetic field lines). To cast the viscous force
into non-helical coordinates, we define

ω0 ” mΩθ,0 ´ nΩz,0 (2.80)

These are all the relevant equations. Please note the dependence of the different
torques - viscous torques scale linearly with plasma velocity whereas electromag-
netic torques scale linearly only for small velocities, and asymptotically grow to zero
for high velocities. To find the steady state behaviour, we simply set forces the sum
of torques to zero. However before we do so, we will introduce a novel component
into our model. There might be an extra torque working on the islands, namely an
external NBI-torque. We will take this to be some constant Tz,NBI , working only in
the toroidal (or axial) direction. This reduces our full set of equations to.

Tθ,EM + Tθ,V S = 0

Tz,EM + Tz,V S + Tz,NBI = 0 (2.81)

Let us go through the algebra. Substituting equation (2.80) in the first equation of
(2.81) one finds,

Tz,EM =
n

m
Tθ,V S .

Now the second equation of (2.81) reduces to

n

m
Tθ,V S + Tz,V S + Tz,NBI = 0.

We can solve this equation for Ωz,0, which gives us,

Ωz,0 =
1

Cz,V S

[
Tz,NBI ´

n

m
Cθ,V SΩθ,0

]
.

We can use this expression to find the relationship between ω0 and Ωθ,0. This leaves
us with

Ωθ,0 =
ω0 ´ nTz,NBI/Cz,V S

m+ n2Cθ,V S/mCz,V S
.

Now comes an important assumption. We assume that in steady state tearing
mode will almost exactly follow the plasma velocity (as it will be viscously dragged

28



along by it, until the viscous forces are zero). Thus we can set ω0 = ω1 ´∆ω. We can
then use the poloidal force equation (the first of equation (2.81) to find

Cθ,V S
nTz,NBI/Cz,V S ´ ω1 +∆ω

m+ n2Cθ,V S/mCz,V S
= Cθ,EMψ

2
vac

ω1

A+ ω12
. (2.82)

This in the exact form we want it in. On the LHS, we have no dependence on the
perturbation strength and a linear dependence on plasma velocity, offset by some
value. On the RHS we have a scaling quadratically in the perturbation strength,
linear in plasma velocity for low velocities, and 1/ω1 for high plasma velocities. This
is exactly as in the heuristic model.

Interestingly, the novel component Tz,NBI acts as an offset. This has the conse-
quence that increasing the NBI torque raises the critical field strength atwhichmode
penetration occurs. Thus if one wants to operate at high error field strengths, one
could ensure that mode penetration does not occur by increasing the NBI torque in
the island region. This holds assuming that the other factors on the LHS of equation
(2.82) are only weakly dependent on the NBI torque. If not, one could still use the
dependence on Tz,NBI to control the critical field strength.
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2.3 Visco-resistive equilibria

To make sure we start our simulations in an equilibrium state (which we will then
perturb in a manner consistent with mode-penetration), we need to calculate equi-
librium states. In this section, we derive a set novel set of equations, describing
a visco-resistive equilibrium. These equations will thus be used to initialize the
M3D-C1 simulations. Firstly, we set out to find a list of equations which describe
visco-resistive equilibria. The following set of assumptions are made.

1. Loop voltages drive toroidal currents

2. The plasma is heated both ohmically and via a source term (e.g. via ion cy-
clotron resonant heating)

3. Ion and electron temperatures are equal

4. The plasma loses thermal energy conductively

5. The plasma is in force balance

6. The source term driving plasma flow is purely toroidal

7. The total toroidal plasma current is constrained to a certain value

8. Magnetic fields and currents have no radial component

9. Spitzer resistivity holds

10. Viscoscity and heat diffusivity are arbitrary continuous functions of the minor
radial coordinate

This corresponds to the following set of equations,

ηJφ =
VL

2πR0
,

ηJ2
φ + P = ´∇ ¨ (κ∇Te),

(J ˆ B) ¨ r̂ = ∇p ¨ r̂,

(∇ ¨ [µ(∇u + (∇u)T )]) ¨ φ̂ = −f ¨ φ̂
ż

Jφda = Ip

(2.83)

where:
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η = Spitzer resistivity,
J = Plasma current,
VL = Loop voltage,
R0 = The major radius,
P = The external heating source,
κ = The thermal conductivity,
Te = The electron temperature,
B = The magnetic field,
p = The plasma pressure,
µ = The plasma viscoscity,
u = The plasma velocity,
f = The force density of the beam driving plasma flows,
Ip = The total plasma current.

It is important to note that all these variables, except for VL, Ip and R0, can be
functions of the minor radial coordinate. In passing we note that using these as-
sumptions, one can derive a set of scaling laws which have been included in the
appendix. We solve for these equations one at a time, begin with the temperature
equation.

Temperature equation

We start by squaring Ohm’s law, or the first equation of (2.83), and substituting
this in the temperature equation. Furthermore, the operators are written out in
cylindrical geometry and the resistivity is substituted with its Spitzer form η =
η0T

´3/2. This reduces the equation to the final form,[ VL
2πR0

]2T (r)3/2
η0

+ P (r) = ´
1

r

B[rκ(r)T 1(r)]

Br
. (2.84)

Now we proceed to make the equation dimensionless. We split up the profiles into
products in the following fashion:

r = aρ,

T (r) = T0t(r),

κ(r) = κ0k(r),

P (r) = β
[ VL
2πR0

]2T 3/2
0

η0
pheat(r).

(2.85)

Here,

a = The minor radius
T0 = The central temperature
κ0 = The central heat diffusivity
β = The fraction of ohmic heating that comes from an external source

31



This allows us to rewrite equation (2.84) in the following dimensionless form

γ[t(ρ)3/2 + βpheat(ρ)] = ´
1

ρ

Bρk(ρ)t1(ρ)

Bρ
,

γ =
a2T

1/2
0

κ0η0

( VL
2πR0

)2
.

(2.86)

This is a second order ODE which needs to be solved for three different conditions:

t1(0) = 0, t(0) = 1, t(1) = tedge. (2.87)

Two of these conditions can be used as boundary conditions for the ODE, and the
third one sets a value for γ. We are nearly in a position to calculate T0, but not quite.
VL is another unknown in this system of equations, so we need to be able to relate
these two to one and another before we can completely determine the temperature
profile. This can be done after we have determined an expression for the magnetic
field, which is done next.
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Poloidal magnetic field equation

The poloidal magnetic field can easily be calculated from the toroidal current flowing
through the plasma. This is because of Amperè’s circuital law,

¿

BS

Bp(r)dl = µ0

ĳ

S

JφdS (2.88)

From ohm’s law, an expression for the axial current is quite readily found. This is
combined with equation (2.86) gives the following expression for the axial current,

Jφ =
VLT

3/2
0

2πR0η0

( 1
γ

1

ρ

B[ρk(ρ)t1(ρ)]

Bρ
+ βp(ρ)

)
. (2.89)

Since the total current was defined to be Ip, we can integrate equation (2.89) over
the entire area to find,

Ip = ´
a2VLT

3/2
0

R0η0

( 1
γ

ż 1

0

1

ρ

B[ρk(ρ)t1(ρ)]

Bρ
ρdρ+ β

ż 1

0

pheat(ρ)ρdρ
)
. (2.90)

Using the boundary conditions defined in (2.87), and defining the total integral of
the heat deposition as ptot, the final expression becomes

Ip = ´
a2VLT

3/2
0

R0η0

(k(1)t1(1)
γ

+ βptot

)
. (2.91)

From this equation, an important property for equilibria can already be deduced.
Since Ip is positive definite, and it is reasonable to assume that the temperature is
strictly decreasing near the edge, this equation can only hold if

0 ď β ă

ˇ

ˇ

ˇ

k(1)t1(1)

γptot

ˇ

ˇ

ˇ
. (2.92)

To interpret what this means, we use equations (2.86) and (2.91) to find the fi-
nal temperature and loop voltages of the steady-state solution. Solving these two
equations, one finds that

VL =

[
64π6η20κ

3
0R

5
0

a4Ip
(´γ)2(k(1)t1(1) + βγptot)

]1/5
,

T0 =

[
η20I

4
p

16π4a4κ20

´γ2

(k(1)t1(1) + βγptot)4

]1/5
.

(2.93)

From equation (2.93) we can see that if a larger fraction of heating is supplied by
a non-ohmic source, the central temperature increases rapidly. As ohmic heating
scales as ηJ29V 2

LT
3/2
0 9(k(1)t1(1) + βγptot)

´4/5, the amount of ohmic heating also in-
creases. These two processes strengthen each other, and they diverge at a critical
value where the temperature can grow indefinitely. Equation (2.92) shows what
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this critical value is. This argument breaks down as efficiency of energy trans-
fer is dependent on temperature as well. At high temperatures, less and less en-
ergy is transferred from the source to the plasma, so that these processes cannot
strengthen each other indefinitely.

A second interesting caveat of equation (2.93) is the seemingly counter-intuitive
results that for higher plasma currents, less loop voltage is needed. This can be
understood as follows: there are two effects competing for the increase and de-
crease of loop voltage. The increasing effect is simply Ohm’s law VL = ΩIp. The
decreasing effect is the temperature dependence of Spitzer resistivity (for higher
temperatures, resistivity decreases). Since driving more current increases temper-
ature via Ohmic heating, the temperature increases and resistivity decreases. In the
end, the decreasing effect of the resistivity wins out over Ohm’s law, giving rise to
this counter-intuitive result.

We are now also in a position to calculate the poloidal magnetic field. We adjust
the bounds of the integral of equation (2.90) to run from zero to some normalized
radius ρ, and we substitute in the results from (2.93). Combining this with Amperè’s
circuital law, one finds that

Bp(ρ) =
µ0Ip
2πa

[
βγ

şρ

0
ρ̂pheat(ρ̂)dρ̂/ρ+ k(ρ)t1(ρ)

βγptot + k(1)t1(1)

]
. (2.94)

It is easily verified that at the edge, the poloidal magnetic field reduces to µ0Ip/2πa.
This is what one would expect from Amperè’s circuital law. We further simplify
equation (2.94) by referring to the term in square brackets as b(ρ) and the prefactor
as Bmax, thus reducing the equation to

Bp = Bmaxb(ρ). (2.95)

Pressure equation

The pressure can be found from the MHD force balance equation. Using B = Bφφ̂ +

Bpθ̂, the MHD force balance reduces to

Bp

Br
= ´

1

µ0

[
1

2

BB2
p

Br
+

1

2

BB2
z

Br
+
B2

p

r

]
. (2.96)

We relate the toroidal magnetic field to the poloidal field via the q-profile,

Bz =
R

r
q(r)Bp. (2.97)

We proceed to make the equation dimensionless in the following fashion:

p = p0Π(r)

ε = a/R0.
(2.98)
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This leaves us with the following final equation for the pressure,

BΠ

Bρ
βp = ´

[
Bb(ρ)2

Bρ
+

1

ε2
B[q(ρ)b(ρ)/ρ]2

Bρ
+ 2

b(ρ)2

ρ

]
,

βp =
2µ0p0
B2

max

.

(2.99)

Equation (2.99) needs to be solved subject to two conditions,

Π(0) = 1, Π(1) = Πedge. (2.100)

One of these conditions can be used as a boundary condition to the ODE, and the
other one can be used to set βp. It is interesting to note thatΠ1(0) = 0, provided that
pheat(r) does not diverge near the centre and that q(r) is approximately constant to
first order around the centre. This can easily be shown using L’Hôpital’s rule. The
condition ensures that the pressure profile is flat in the centre. Finally, we choose
to add the option to impose a flat toroidal field profile. This leaves an extra degree
of freedom, namely q0. This can be chosen arbitrarily.
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Velocity equation

The velocity equation can be quite readily obtained from equation (2.83). Writing
out all the derivatives and dyads the scalar equation reduces to

µ
1

r

B

Br

[
r

Bvφ
Br

]
+

Bµ

Br

Bvφ
Br

= ´fφ. (2.101)

We once more make use of the same recipe to make the equation dimensionless.
We define the dimensionless profiles in the following manner,

vφ = v0v(r),

µ = ,(r)מ0מ
fφ = f0f(r).

(2.102)

This reduces the ODE to it’s dimensionless form

מ
ρ

B

Bρ
[ρv1] + 1v1מ = ´αf,

α =
f0a

2

0v0מ
.

(2.103)

Equation (2.103) needs to be solved, subject to three boundary conditions,

v1(0) = 0, v(0) = 1, v(1) = 0. (2.104)

Two can be used as boundary conditions for the second order ODE, and one can be
used to set α.

Numerical implementation

Finally, we dedicate short section to clarify how these equations are solved numeri-
cally. As the problem comes down to solving second and first order ODEs, we clarify
how an exemplary case is solved. Firstly, for first order ODEs the form of equation
(2.99) is

f 1(ρ) = λg(ρ), f(0) = 1, f(1) = fend (2.105)

where:

f(ρ) = The equation to be solved for
g(ρ) = Some known function
λ = A parameter

Choosing some arbitrary value for λ, this can easily be solved using forward Euler

fn+1 = fn +∆hλgn, f0 = 1. (2.106)
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Here, the subscript n denotes the different node locations on which it is solved,
and ∆h is the step-size of the method. This however, does not solve our second
boundary condition (unless we had a very lucky guess for λ). We do know that
the final value of f using this method, is some function of λ. In other words, our
condition can thus be stated as

ffinal(λ) = fend. (2.107)

This is in essence a simple root finding problem. We solve this by making use of
the Newton-Rhapson method. This can be best understood as a discrete Taylor
expansion. Say ffinal(λ) has been sampled at λi´2 and λi´1. The next guess, λi, will
then uphold the equation

ffinal(λi) « ffinal(λi´1) +
ffinal(λi´2) ´ ffinal(λi´1)

λi´2 ´ λi´1
(λi ´ λi´1),

0 = ffinal(λi´1) +
ffinal(λi´2) ´ ffinal(λi´1)

λi´2 ´ λi´1
(λi ´ λi´1).

(2.108)

The guess is iterated until the answer is within some tolerance of fend.

The technique for second order ODEs is not much different. The form of equation
(2.86) is

λ[f3/2 + βpheat] = ´

[
gf 1

ρ
+ g1f 1 + gf2

]
,

f(0) = 1, f 1(0) = 0, f(1) = fend.

(2.109)

We first split this up into two coupled first order ODEs. This is done by setting
f 1 = u. The equation can now be written as

u1 = ´
1

g

[
λ(f3/2 + βpheat) +

gu

ρ
+ g1u

]
,

f 1 = u.

(2.110)

This can be solved using forward Euler as well,

un+1 = un ´
∆h

gn

[
λ(f3/2n + βpheat,n) +

gnun
ρn

+ g1
nun

]
,

fn+1 = fn +∆hun.

(2.111)

To avoid numerical evaluation of the 1/ρ term, the value of f2(0) is evaluated using
L’Hôpital’s rule. Using boundary conditions, it can be found to be

f2(0) = ´
λ+ λβpheat(0)

2
. (2.112)

Again we find that ffinal is a function of λ. We thus solve for the last boundary
condition using the Newton-Rhapson method. The last second order ODE, equation
(2.103) is solved in the same fashion.

It is important to note that the Newton-Rhapson method finds a solution, but it
does not have to be a unique solution. To make progress, we simply assume unique-
ness. This assumption is checked by verifying that the final profiles look physical.
For all tests performed, this seems to be the case. This of course does not prove
uniqueness, but it is a solid check to see if the found solution is sensible.
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Code

A code calculating the different profiles using the previously mentioned numerical
methods has been developed in fortran. It is made available online via GitHub under
a MIT licence [29]. It comes with a fortran namelist as an input file for ease of use.
Functions such as the heat diffusivity profile, need to be changed in the source code
itself.
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3 Benchmark & M3D-C1

3.1 Benchmark specification

Many benchmark options are available, but we choose one most similar to our case
of interest. Q. Yu et al. have done work on error-field penetration with the initial-
value code TM1 [16]. In this calculation, a cylindrical plasma column with parame-
ters similar to the TEXTOR tokamak [30] (such as number density, plasma current,
plasma temperature, minor radius, and more) is perturbed with a resonant mag-
netic perturbation (RMP) giving rise to islands and finally an error-field penetrated
state. The fact that the simulations show a mode-penetration event is verified by
investigating two cases. In one case, the initial plasma velocity on axis (and thus
the momentum drive on-axis) is relatively low. In this case the critical field strength
needed to achieve an error-field penetrated state is reached, and mode penetration
is observed. In the second case the initial plasma velocity on axis (and thus the mo-
mentum drive) is relatively high. This in turn leads to a higher critical field strength,
which is not exceeded. Now the plasma does not become mode penetrated. Both
can be seen in figure 3.1. The effect of mode-penetration is readily seen in the graph
plotting the island width over time, and in the plot of plasma velocity. The island
width for the mode penetrated state grows to quite significant values (the solid
line), whereas the case with no mode penetration stays small (the dotted line). For
the plasma velocities, the mode penetrated state shows a clear halt of plasma ve-
locity near the resonant surface (the solid line with low plasma velocity). The case
without mode penetration is virtually unaffected (the solid line with high plasma
velocity). There are some initial oscillations though, which are a result of the simu-
lations relaxing towards equilibrium.
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(a) Island width (b) Poloidal plasma velocity

Figure 3.1: In figure 3.1a we see a plot of the island width as a function of time. On the y-axis, w/a denotes
the normalized island width (fraction of minor radius). The x-axis is normalised with respect to resistive
time-scales. After some initial oscillations the island width either blows up for a mode penetrated state
(solid line), or stays small and is not mode penetrated (dotted line). In figure 3.1b, we see a plot of the
poloidal plasma velocity for a mode-penetrated state, and a non-mode penetrated state. The mode
penetrated state shows a clear decrease of plasma velocity on the resonant surface (the solid line with
low velocities). The case with no mode-penetration shows no such behaviour (solid dotted line with
higher plasma velocity). These graphs are taken from results obtained by Q. Yu et al. [16].

There are a few ways in which the research done by Q. Yu et al. differs from what
is implemented in M3D-C1. Firstly, the force profile to drive plasma flows used in
the benchmark case has a non-zero component at the location of the magnetic
island. This means that they might not have observed mode penetration in a col-
loquial sense, but with the influence of external forcing (as presented in the theory
section). Furthermore, the initial profiles for temperature and density in the bench-
mark are chosen (quite arbitrarily) to be parabolic. Finally, since only two parts of
the parameter space have been sampled in the benchmark case, we cannot be sure
that this is a mode-penetration event. A true mode penetration event is charac-
terized by a sudden halt in plasma velocity (and correspondingly an island growth)
when a critical field strength is exceeded. With only the two points there could be
a continuous spectrum of island widths for different values of error field strength,
without mode penetration ever occurring.
In M3D-C1 we choose to use a peaked force density profile, which has negligible
strength near the magnetic islands. The initial profiles are calculated via the visco-
resistive equilibrium equations, so that they should be in equilibrium.
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3.2 Computational domain

We shortly clarify the different geometries and imposed coordinate systems used in
the M3D-C1 simulations. The simulations are run in a cylindrical geometry, with pe-
riodic boundary conditions in the toroidal (or axial) direction. This is shown in figure
3.2. This differs from the true toroidal geometry, as we neglect curvature effects
in the simulation (i.e., effects arising due to the curvi-linear coordinate system). We

Figure 3.2: The geometry used for simulations in M3D-C1. The coordinate grid consists of Cartesian
coordinates labelled by (R,Z, φ), where R corresponds to the major radial coordinate, Z corresponds to
the vertical offset, and φ corresponds to the toroidal angle. The toroidal angle φ has a periodic boundary
condition such that f(R,Z, φ = 0) = f(R,Z, φ = 2π), for any function in this domain. A plasma column
with minor radius 1 and major radius 4 can be seen in orange.

often convert this coordinate grid to cylindrical coordinates. Here we take the cen-
tre of the cylindrical plasma column at φ = 0 to be the origin. Quantitatively the
conversion between these two coordinate grids is as follows,

r =
a

(R ´R0)2 + Z2,

θ = arctan Z

R ´R0
,

z = R0φ.

(3.1)

Here, R0 is the major radial coordinate. The periodicity of the toroidal coordinate
implies that f(r, θ, z = 0) = f(r, θ, z = 2πR0).
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3.3 Setting the parameters

It is important that the simulations inM3D-C1 are in similar parts of parameter space
as compared to the research by Yu et al., to ensure that we are in physically similar
regimes. The benchmark uses the following parameters:

T (r = 0) = 1800 eV
T (r = a) = 300 eV
ne(r = 0) = 3.2 ¨ 1019 m´3

ne(r = a) = 3.0 ¨ 1018 m´3

Bz(r = 0) = 2.5 T
q(r = 0.6a) = 2

a = 0.47 m
R = 1.75 m
τR = a2µ0/η

χK = 21a2/τR

µ = 21a2/τR

(3.2)

Since the form of the resistivity is nowhere explicitly specified in the paper by Yu
et al., we assume it to be Spitzer resistivity. The total plasma current is stated
nowhere as well. Since we know it is based on TEXTOR-relevant parameters, we
choose a typical value found in TEXTOR namely roughly 0.2 mega-Amperes [30–
32]. We set the equilibrium equations and obtain the following values for physical
parameters:

T (r = 0) = 920 eV
T (r = a) = 128 eV
ne(r = 0) = 3.6 ¨ 1019 m´3

ne(r = a) = 3.2 ¨ 1018 m´3

Bz(r = 0) = 2.78 T
q(r = 0.5a) = 2

a = 0.47 m
R = 4.0 m
τR = 0.4 s
τχ = 0.02 s
τµ = 0.02 s
Ip = 0.2 MA

(3.3)

The profile shapes, after they have been imported to M3D-C1 can be seen below.
These are the profiles that M3D-C1 will evolve. For completeness we also include
the FORTRAN input file used for the equilibrium equations. It can be found in the
appendix.
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Figure 3.3: The equilibriumprofiles after they have been imported intoM3D-C1. Signed distancemeasures
the distance away from the magnetic axis, with positive being towards the outboard side and negative
being towards the inboard side. The slight oscillations that can be seen at the edges of the current
density profile are interpolation errors, and they fade away quite quickly as the profiles are evolved.
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3.4 Numerical methods employed by M3D-C1

We take a section to briefly clarify the working principles of M3D-C1. M3D-C1 is a
finite element method (FEM) code, which means it uses FEM to solve the set of
partial differential equations described in equation (2.18). FEM approximates the
true solution of the set of partial differential equations in the following manner. Let
u(x, t) be the solution to some differential equation. We set

u(x, t) «
ÿ

i

ui(t)ψi(x), (3.4)

where ψi(x) is a so-called basis function, ui is the value of the function at a pre-
described discrete node (node i). The basis function ψi(x) takes on the value 1 at
node i but is zero at every other node. There’s a lot of freedom in chosing the basis
function, but M3D-C1 chooses to use C1 continuous basis functions which means
that the basis function and its first derivative is continuous. To see how this approx-
imation facilitates solving the partial differential equation, we look at the diffusion
equation as an example,

Bu

Bt
=

B2u

Bx2
. (3.5)

We multiply this equation by some set of test-functions φj(x) and integrate over the
entire domain Ω. This does mean that we implicitly assume that both the solution
and the test function are members of Hilbert space, an assumption that is rarely
broken.

ż

Ω

Bu

Bt
φjdx =

ż

Ω

B2u

Bx2
φjdx,

ż

Ω

Bu

Bt
φjdx =

[
φj

Bu

Bx

]
BΩ

´

ż

Ω

φ1
j

Bu

Bx
dx.

(3.6)

We now take our test functions to be the same as our basis function. Note that this
is not necessary, and one could in principle use different test and basis functions.
We also substitute equation (3.4) as the solution to the PDE. We find

ÿ

i,j

u1
i(t)

ż

Ω

ψi(x)ψj(x)dx =
ÿ

i,j

[
ui(t)ψ

1
i(x)ψj(x)

]
BΩ

´
ÿ

i,j

ui(t)

ż

Ω

ψ1
j(x)ψ

1
i(x)dx. (3.7)

Once boundary conditions are imposed, the system reduces to something of the
form

M ¨ u1(t) = A ¨ u(t), (3.8)

where M is often referred to as the mass-matrix, and A is often called the stiffness-
matrix, and u is a vector with components ui. The system has thus reduced to a
simple system of first-order ODEs, which can be solved using a method of choice
(e.g., Crank–Nicolson, Runga-Kutta, etc.). This example is meant to illustrate how
using FEM we can convert some complicated differential equation with a solution
that resides in function space, to first a discrete set equations using the test-
functions, and finally to a vector equation using the basis functions. There are a
lot more nuances and subtleties to how M3D-C1 employs FEM, which are clarified
in a host of different papers [33–35].
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3.5 M3D-C1 specifications

M3D-C1 can be run in a plethora of different configurations, so it is important to
specify how we are exactly using M3D-C1. We highlight the most important of these
settings. The full settings (which are specified in a FORTRAN namelist) can be found
in the appendix. We run M3D-C1 in the following configuration:

• We use a one-fluid model (ion and electron fluids have the same velocities).
This does not change the specifics of mode penetration significantly [16].

• The plasma current is held constant by applying a PID controller to the loop
voltage (which drives plasma current). Quantitatively, the loop voltage is set
by the following integro-differential equation

VL(t) = Pe(t) + I

ż t

0

e(τ)dτ +D
Be(t)

Bt
, (3.9)

where e(t) is the difference between the desired plasma current Ip and the
measured one Ip(t) (e(t) = Ip(t) ´ Ip). The P , I, and D terms are the same
constants for all simulations.

• Resistivity is assumed to be of the Spitzer form, with a slight offset to avoid
division by zero errors

• Viscosity is assumed constant over the entire plasma region

• Heat diffusivity is assumed constant over the entire plasma region

• We use 8 toroidal planes

• The mesh is an unstructured mesh, with a circular boundary

• We use a multi-domain set-up, with a plasma region, a conducting wall, and a
vacuum region

• We run it in non-linear mode (as is essential for mode-penetration)

• We run it in straight tokamak (cylinder) mode

The mesh (the nodes of the basis functions) can be seen in the figure below.
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Figure 3.4: The mesh used in all simulations. This unstructured mesh has three different regions sepa-
rated by colored circles; a plasma region, a wall region, and a vacuum region. These can be seen respec-
tively as the centre circle, the inner annulus, and the outer annulus. The mesh is fine in the plasma region
to properly resolve the islands, and is coarse in the vacuum region to speed up simulations.

3.6 Case specification

Three different cases have been simulated, which are meant to closely resemble the
benchmark cases. We have one case where there is no NBI driving plasma flows.
This case should feel no effect from the electromagnetic force, and should show a
clear increase in magnetic island width. The second case has some NBI force driving
plasma flows. This case should still be mode-penetrated (corresponding to the big-
island case of the benchmark). The last case is one where there are strong plasma
flows driven by NBI. This should correspond to the casewheremode-penetration has
not occurred in the research by Yu et al.. The NBI-profiles are all Gaussians, which
are very peaked on axis (to avoid NBI-induced mode penetration). We quantify the
respective NBI strengths by the central equilibrium plasma velocity as found by the
visco-resistive equilibrium equations. The specific values can be found in the table
below. Besides this the cases are all started with the same parameters. However,
during the simulations various parameters were tweaked to circumvent numerical
crashes (e.g. current hyperdiffusivity, number density diffusivity, wall resistivity).
These were tweaked as little as possible, but still make for slightly different input
files at the end of the simulations. This makes true benchmarking hard, as we stray
from the original input parameters a bit.

Case 1 v0 = 0.0 ¨ 100 m/s
Case 2 v0 = 9.2 ¨ 104 m/s
Case 3 v0 = 1.8 ¨ 105 m/s

Table 1: The central equilibrium velocity for each of the different cases.
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4 Results

We show all relevant results obtained by M3D-C1 simulations in this section. A
novel set of data acquisition and plotting routines used for these results were de-
veloped in an object oriented way for python. The structure of this plotting and
data acquisition is highlighted in the appendix, and is made available on the M3D-C1
github.

4.1 Island width evolution

Using routines described in the appendix A.4, we can plot the island width as a
function of time for the different cases tried in M3D-C1. This is shown in figure
4.1.

Figure 4.1: Island width as a function of time. Normalized island width denotes the island width w over
the minor radius (i.e. w/a). Case 1 (no initial driving of flows) blows up to large island sizes, and M3D-C1
eventually crashes for this case. Case 2 (intermediate driving of flows) converges to some fixed island
width, after some transients. Interestingly, the initial growth for case 1 and and case 2 is nearly identical,
and only after this initial (linear) growth do differences occur. This is a strong indication that the non-
linear island evolution is velocity dependent. This is again confirmed in case 3 (strong driving of plasma
flows), which even shows a different initial growth in the linear regime. In the non-linear regime some
small some differences can still be seen, but it is hard to tell as the simulation has not reached equilibrium.
Case 3 has not converged, as M3D-C1 would crash at the latest time-step. This issue has not been
resolved yet.

There are some important differences between the M3D-C1 results and the bench-
mark, the most obvious one being the quantitative difference between the island
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sizes (which differ by an order of magnitude). Furthermore, we do not see simi-
lar trends for the island widths as seen in the research by Yu et al, indicating that
we are not observing mode-penetration. The most likely reason for this will be ex-
panded on in section 4.4. The results are interesting nonetheless, as they do show
non-linear dependence of island width on plasma velocity. Most notably, the initial
(linear) growth follows very similar patterns for all cases. However, after this initial
growth, non-linear effects begin to dominate and differences between the cases
becomes more pronounced. Case 1 (no driving of plasma flows) shows a growth of
the island width in the non-linear phase, whereas case 2 and 3 do show a suppres-
sion of island width as compared to case 1. However, one should be careful in stating
this for case 3 (with strong driving of plasma flows) as this case has not converged
to equilibrium yet, so we do not know if the final state will be suppressed.
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4.2 Island migration

Another interesting feature of the magnetic islands is that the X-points (the loca-
tion where the separatrix becomes degenerate) tend to migrate inwards during the
simulations, a novel observation. This can be seen in figure 4.2. The most likely cul-
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(c) Island at last time-step of case 2
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Figure 4.2: The magnetic island separatrix for different simulations. Figure 4.2a shows the initial island
separatrix at t = 0, which is the same for all simulations. Figure 4.2b shows the island separatrix at
the last time-step for case 1. The island has significantly increased in size, and has shifted inwards (i.e.
to smaller radial values). Figure 4.2c shows the island separatrix for the last time-step in case 2. This
shows a similar behaviour as case 1; the island has shifted inward, and has increased in size. The increase
in size however is less significant then in case 1. In interesting feature of this plot is that the underside
of the separatrix is sampled much more sparsely than the upper half. This is most likely due to the fact
that the original field line was just above the seperatrix, but accumulated errors eventually pushed the
integrator to a new field line below the separatrix. Figure 4.2d shows the last time-step of case 3. This
does show a clear increase in island size again, however the inward shift is much less pronounced. This
is most likely due to the fact that this case was halted earlier than other cases.

prit for this inward shift is a change in the current density profile. We present the
following novel explanation for this migration, exemplified in figure 4.3. We observe
that the presence of the magnetic island tends to flatten out the current in the re-
gion of the magnetic island in the simulation. We postulate that this is most likely
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Figure 4.3: A sketch of the current density profile before the island has flattened the current (blue), and
afterwards (orange). The magnetic island region resides |r| P [0.7, 0.9]. Both current density profiles are
calculated have the same amount of current running through them (i.e.

ş

rj(r)dr is the same). This has
the effect that the current density on axis is decreased.

due to enhanced transport within the magnetic island, but the mechanisms are not
fully understood. Now, since there is feedback control (PID, via the loop voltage) on
the total amount of current, the integral of the current density is conserved. The
combination of the flattening of current density in the island region and the total
current conservation has the effect that the central current density is decreased.
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Figure 4.4: Here we see a comparison of the toroidal current density profiles at the start and end of
the simulation corresponding to case 1. The plots are toroidally averaged, to average out non-symmetric
effects. We see the effects which were postulated; flattening of current density in island region, and
decrease of central current density. The other cases show the same effects.

The central decrease is most likely a consequence of the cylindrical coordinate sys-
tem. Namely, an increase of current density at larger r values weighs more heavily
than a decrease at lower values (this is due to the extra r factor in the integral,
arising from the Jacobian of the coordinate change). The decrease in turn effects
the safety factor in the following manner. The central safety factor value q0 can be
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calculated as follows:

lim
rÑ0

Bp(r) =
µ0

ş

j(r)rdr

r
«
µ0

ş

j0rdr

r
=

1

2
µ0j0r,

q0 = lim
rÑ0

rBz

RBp(r)
=

2Bz

Rµ0j0
.

(4.1)

Thus we find that this decrease in central current density leads to an increase of
the central safety factor. We also know that the edge safety factor is constant,
since qa is completely determined by the poloidal field at the edge (Bp(a)), which in
turn is set by the total plasma current. Connecting q0 and qa in a similar way for the
two profiles, we find that the rs value where q(rs) = 2 must shift inward. This is
important as this q = 2 surface is the resonant surface on which this island resides.
This decrease of j0 is indeed also observed in the simulations. This is shown in figure
4.4. The inward movement is relevant, as it pushes the core structure into a more
and more eccentric shape. If this eccentricity becomes too high reconnection might
occur, changing the topology and transport near this essential core region.
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4.3 Velocity profiles

One of the hallmarks of mode penetration events is the sudden decrease of plasma
velocity near the resonant surface, which is also seen in figure 3.1. We check if
a similar behaviour occurs for the three cases set up in M3D-C1. We define the
positive poloidal plasma velocity as anti-clockwise rotating plasma. We obtain the
graphs showcased in figure 4.5. One clear difference between the case by Yu et al.
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Figure 4.5: The poloidal velocity profile for different simulations. Figure 4.5a shows the initial island
poloidal velocity profile at t = 0, which is the same for all simulations. Figure 4.5b shows the poloidal
velocity profile at the last time step of case 1. The velocity or comparatively small, and do not show
a clear structure as in mode penetration. Figure 4.5c showcases the poloidal velocity at the last time
step of case 2. Here we do see a pattern similar to that of a mode penetrated state: a clear reduction
of plasma velocity near the resonant surface. However, the quantitative differences between this case
and the benchmark are large. In figure 4.5d, we see the poloidal velocity profile at the last time step of
case 3. The profile is much less comparable to that of the benchmark, but this could be because the
simulation has not yet reached equilibrium.

and these cases is the quantitative difference in the poloidal plasma velocity. Yu
had found poloidal plasma velocities of 104, roughly an order of magnitude higher
than what was found in these simulations. One of the reasons that is stays much
lower in these simulations is perhaps the large island obstructing it from flowing
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any faster. We also attempted new simulations with higher driving of plasma flows.
These became numerically stable quite quickly. This instability is most likely due
to the fact that velocities become so high that they are comparable to Alfvénic
velocites, and could be driving Alfvénic waves (meaning that time-steps have to
be small enough to resolve Alfvénic responses and mesh has to be fine enough to
resolve these waves). Toroidal velocities were observed to be roughly 105 meters per
second in the simulations from M3D-C1. The central Alfvénic velocity can be found
to be

Bz(0)

µ0ρ(0)
= 1.0 ¨ 107 m/s.

Here, ρ is the mass density. If one increases the toroidal velocities to be an order of
magnitude higher, we see that we are already at 10% of the Alfvén velocity. More-
over, we are also at 1% of the speed of light. Although this is not a large fraction yet,
some relativistic effects like synchrotron radiation might become more important
sinks of energy.
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4.4 Inherent stability

The most likely reason for the stark difference for the results by Yu et al. and
the M3D-C1 case is the inherent differences of the tearing mode, arising from the
Rutherford stability parameter as expanded on in section 2.2.2. In the 2008 paper
it is stated that the mode is stable (meaning that it does not grow exponentially in
the linearized theory). We however find different results when doing a run without a
resonant magnetic perturbation, and with some small initial noise added. The mode
does grow without bound in the linear version of M3D-C1. The mode structure, and
the unbounded growth of the mode is shown in figure 4.6b. This growth of the tear-
ing mode leads to the growth of the magnetic island, as the strength of the tearing
mode is related to the island width via W9

?
ψ, as explained in section 2.2.2. Since

the dominant response of the mode comes not from this external interaction with
the perturbation but internally, we are not observing mode-locking. Stability was
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Figure 4.6: In this figure we investigate the blow-up of the mode in the linearized version of M3D-C1. In
figure 4.6a we plot the toroidal component of the vector potential A at t = 0.03 s, where ∇ˆA = B. This
shows a (2,1) mode structure. An even more telling sign that this is an unstable mode is the exponential
blow up of the magnetic energy in figure 4.6b, which translates to a straight line on a log-plot.

also checked for various slightly differing cases (i.e. double the plasma current, half
the major radius, etc.), but these were all found to be unstable. The stability differ-
ence might be different due to several reasons. Firstly, the stability could be very
sensitive to equilibrium profiles, meaning that the differences between the visco-
resistive equilibrium equations and the parabolic initial profiles assumed in the paper
by Yu et al. could be enough to go beyond some stability threshold. Finally, although
not stated in the paper, TM1 does have the option to add neo-classical terms (i.e.
curvature terms) to the cylindrical MHD equations. These can have a stabilizing ef-
fects on the mode. These could perhaps be responsible for the mismatch as well.
A proper check to find the reason for the mismatch would be to use initial profiles
used in the paper by Yu in M3D-C1 as well, and check if they do show stability. An-
other option would be to check the stability of the visco-resistive solutions in TM1
to see if they differ from what has been found in M3D-C1.
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5 Discussion

We find large discrepancies between the benchmark case and the M3D-C1 simula-
tions, the first of which is the quantitative and qualitative difference in the island
width for the varying cases. The most important contributor to this is the fact that
the mode is unstable in M3D-C1, whereas in TM1 (the case tried by Yu et al.) it is sta-
ble. Some other reasons for this discrepancy in island width could be attributed to
a host of different reasons. One reason might be that in the bench-mark case one
is not observing mode-penetration in the colloquial sense, but mode penetration
induced by force near the magnetic island (as explained in the theory section). An-
other possible culprit could be convergence of the M3D-C1, or the benchmark case.
It has not been investigated that results stay the same for increasing mesh resolu-
tion, and temporal resolution. To ensure that this is no issue, a convergence study is
needed. This would however be costly in terms of computation time needed (within
the scope of this thesis), as the simulations presented here take roughly 2-3 weeks
to finish per simulation. Since these were run on 16 nodes with 16 CPUs each, this
is equivalent to roughly 16 ˆ 16 ˆ 2/52 « 10 CPUYears.

The second interesting find is the migration of the island. Although no quantitative
results are given of this in the benchmark paper, the island does seem to stay in
its original position (r = 0.6a) in graphs presented (for example in figure 3.1). The
mismatch could be explained by the large differences in island width. Islands were
observed to have a flattening effect on the current density in the simulations done in
M3D-C1. As these island become larger, the flattening effect takes place over awider
region. As explained, this reduces the central current density, and changes the q
profile. As the islands in the benchmark case are much smaller, the flattening effect
could have little to no effect on the central current density (and even the current
density profile as a whole). This in turn ensures that the q profile is unchanged and
island will stay in their original position.

The third discrepancy found is the difference in the poloidal plasma velocity profiles.
Firstly, the quantitative difference is stark with the M3D-C1 case being roughly an
order of magnitude lower than the benchmark case. Cases were tried with higher
driving forces for plasma velocity, but these quickly became unstable. The reason
for the mismatch is most likely again due to the stability of the mode. The islands
are much larger in the M3D-C1 case, and since the island could be modelled as a
solid body much more force is needed to accelerate the island. This is turn could
lead to lower velocities of the plasma. Another possible reason is the closure cho-
sen for the viscosity in M3D-C1. We choose it to be constant in the entire compu-
tational domain, but one could also use the Braginskii form of viscosity, or some
other functional form. If this decreases the viscosity significantly (roughly an order
of magnitude), then the discrepancy could be attributed to this fact. A final possible
reason could be the model of the driving forces used. In M3D-C1 the driving forces
are modelled as an NBI-injection. If the benchmark case uses a different model it
could affect how strongly plasma flows are driven.

As pointed out in the previous paragraph, the most important reason for the differ-
ences is the inherent stability of the mode. It is found that the mode is unstable
in the linear code version of M3D-C1, but stable in the benchmark case. The reason
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for this is harder to pin-point, but we point out a multitude of possible reasons.
Firstly, the initialisation of the codes was similar but not exactly the same for the
codes. These slight differences could be enough to push M3D-C1 into an unstable
regime, whereas TM1 stays within stability boundaries. To properly check this one
could check the profiles used in M3D-C1 in TM1 for stability, and one could initialize
M3D-C1 with the profiles used in TM1 to see if those are stable. Secondly, TM1 has a
non-zero contribution of external driving force on the magnetic island. This in turn
could effect stability, and even the physics ofmode-penetration (as presented in the
theory section). Thirdly, TM1 is a spectral code (meaning that it operates in Fourier
space as opposed to real space) and truncation of these harmonics could affect sta-
bility properties of this mode. A convergence study would be required to verify that
this is indeed the case. Finally TM1 has the option to turn on neo-classical effects (or
curvature effects) and these can act stabilizing for the magnetic islands. Although
not stated explicitly, perhaps some neo-classical effects were included to keep the
island stable, whereas the simulations M3D-C1 do not include this effect.

6 Conclusions

The main goal of this research is to benchmark mode-penetration events in M3D-C1
so that they may be simulated in more realistic geometries, and to further under-
standing of mode-penetration events. To do so we expand on the available literature
by adding novel components to the error-field penetration model, and by developing
a set of visco-resistive equilibrium equations to initialize the simulations. We note
the interesting discovery that localized forces near the magnetic island are found
to have the effect of increasing the threshold error-field strength for which mode-
penetration occurs, and thus might be used as an additional control parameter to
ensure that the plasma does not become mode-penetrated.

After initializing M3D-C1 with the viso-resistive equilibrium equations in a man-
ner resembling to the benchmark, we run the simulations to see if we find simi-
lar results. However, there are stark differences between benchmark case and the
M3D-C1 case. Large quantitative and qualitative differences are found, and a mode-
penetration like event is not observed.

This is seen in a number of different diagnostics. The island width is observed to
be much larger in the M3D-C1 case as compared to the benchmark, and the island
width does not become suppressed as in the benchmark case. The second diag-
nostic is the poloidal plasma velocity, which has a much lower magnitude than the
benchmark case. It again does not show a mode-penetration event.

We suspect that the most likely culprit for this discrepancy is the inherent stability
of the mode. In M3D-C1, the mode is inherently unstable, whereas in the benchmark
case the mode is stable. This could be due to several reasons;

• slight differences in equilibrium profiles between benchmark and M3D-C1,

• different numerical methods for codes used in benchmark and M3D-C1,
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• non-zero contributions of external driving forces near the magnetic island in
the benchmark case, as compared to no contribution here in M3D-C1,

• possible inclusion of someneo-classical effects in the benchmark case, whereas
these are not present in M3D-C1.

• The possible use of implicit sources to make the initial unperturbed equilibrium
a solution to the time-dependent equation

• The possible use of a reduced MHD model in TM1

Besides these discrepancies, another interesting effect is found. Islands tend to mi-
grate inwards during the simulations in M3D-C1. This can be explained as the com-
bination of two effects; the current density profile tends to flatten in the magnetic
island region, and the total amount of current is conserved. This in turn tends to
drive down the current density on axis, and increase the safety factor on axis. Since
the safety factor at the edge is constant (due to the fact that the plasma current
is constant), one can conclude that the resonant surface drifts inwards.

Although the research goal has not been met yet, this work does show a clear way
towards completing that goal, which will be expanded on in section 7. The main
problem in running these simulations has been identified (mode stability). If solved
we could set harder bounds on allowable error-field strengths in ITER, an important
design constraint hopefully preventing fatal disruptive events.

7 Future recommendations

Finally, we make some recommendations for future directions of this research. We
suggest that the benchmark case is initialized with the visco-resistive equilibrium
profiles to check for stability. We also suggest that M3D-C1 is initialized with the
profiles used in the benchmark case. This should point out if the discrepancy is a
purely profile-dependent property, or if a more fundamental reason is the reason
for this. If the stability issue is resolved, we suggest to run a set of different sim-
ulations, which mirror the benchmark case. It is expected that these simulations
will need some tweaking to be numerically stable. When all simulations are con-
verged, we’d suggest taking the most restrictive case (the simulation that needed
the most tweaking by for example increasing hyper-diffusivity) and running all sim-
ulations again with these most restrictive settings. This should exclude effects
which arise due to this nudging of input parameters.

If these new results obtained by M3D-C1 do follow the benchmark nicely, we sug-
gest to run an extra set of simulations to ensure that this is indeedmode-penetration,
and not a case without the bifurcation. One should take the analogue of the small-
island benchmark case in M3D-C1 as a starting point (i.e. initialization) for new sim-
ulations. Using this as a starting point, one should run a host of simulations with
increasing error-field strengths. If this is a true error-field penetration event, there
should be a clear bifurcation in island width and plasma velocity where the critical
field-strength is achieved. One could then do the same in reverse; take this mode-
penetrated simulation as a starting point and decrease the field strength until some
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threshold is crossed and the solution should jump back to a non mode-penetrated
state. This bifurcating behaviour would be a clear indicator that we are observing a
true mode-penetration event.

When these steps have been completed, an interesting step for future research
would be to expand these simulations to full toroidal geometries with circular plas-
mas (in their poloidal cross-section). In this manner, we could take a small aspect-
ratio limit and see if the results match the cylindrical cases. This would be com-
pletely novel. Finally, one could then run simulations which mirror experimental
runs and compare the results.

Another peculiar discovery made during the research into the theory is that external
driving forces near the magnetic island tend to drive the threshold field strength
for which mode-penetration occurs upwards. This should be checked in currently
available mode-penetration simulations, and in experiment. This is relevant as it
might be used as an extra control parameter to ensure mode-penetration does not
occur.
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A Appendix

A.1 Fortran namelists

Here we showcase the namelists (or input files) used for the equilibrium code, and
M3D-C1. Firstly, the equilibrium codes namelist is a s foillows:

! Numerical Options
! =================

drho = 1E-5 ! Stepsize for forward Euler

! Model Options
! =============

b_flat = 0 ! Parameter indiciting if the
! pressure will be calculated
! consistently via the q profile
! (b_flat = 1), or if one will
! assume a flat b_z profile
! (b_flat = 0). q-profile is
! defined in the .f90 file

eta_fac = 10.0 ! Prefactor for spitzer resistivity
mu_fac = 1.0 ! Prefactor for viscosity, but also

! for F0_real. This is to keep the
! max velocity fixed.

! Physical parameters
! ===================

ln_lambda = 17.0 ! Plasma parameter
z_ion = 1 ! Charge number for ions
beta = 0.0 ! Fraction of non-Ohmic

! heating (from an
! external heat source)

t_end = 0.143 ! Fraction of central
! temperature value at
! edge

p_inf = 0.0122 ! Fraction of central
! pressure value at
! edge

a = 0.47 ! Minor radius
R0 = 4.0 ! Major radius
Ip = 2.0E5 ! Plasma current
kappa0 = 9.4E19 ! Heat diffusivity
v_fin = 0.0 ! Fraction of central

! velocity value at
! edge

F0_real = 1.05E0 ! Total toroidal force
! density

mu_v_real = 1.57e-7 ! Viscosity
q0 = 1.5 ! Central q0 value.
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! Only applicible iff
! b_flat=0

The M3D-C1 namelist is as follows:

! I/O Options
! ===========
ntimemax = 20000 ! number of time steps
ntimepr = 50 ! number of time steps per output
iprint = 1 ! 1 = print detailed debug info
itimer = 1 ! 1 = print timing info

irestart = 1 ! 1 = read restart

iwrite_aux_vars = 1
iwrite_transport_coeffs = 1

ike_harmonics = 4
ibh_harmonics = 4

! iadapt = 1
! adapt_smooth = 0.02
!
! Numerical Method Options
! ========================
dt = 10.0 ! time step

integrator = 0 ! 0 = Crank-Nicholson, 1 = BDF2
thimp = 1.0 ! implicitness parameter for CN
imp_mod = 0
isplitstep = 1

int_pts_main = 12
int_pts_aux = 12
int_pts_diag = 12

ivform = 1
jadv = 1
isurface = 0

itime_independent = 0

regular = 1e-8

max_ke = 0.

! Model Options
! =============
itor = 0 ! 1 = toroidal geometry, 0 = slab geometry
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linear = 0 ! 0 = nonlinear; 1 = linear
eqsubtract = 0 ! 1 = subtract equilibrium in nonlinear simulations

numvar = 3 ! 1 = 2-field; 2 = 4-field; 3 = 6-field
idens = 1 ! 1 = advance density

ipres = 0 ! 1 = include electron pressure equation
itemp = 1
ipressplit = 1
gyro = 0

inertia = 1

ion_mass = 1.
z_ion = 1.

tcur = 0.251503677612526
vloop = 5.276199467944493E-007
control_type = 1
control_p = -0.01
control_d = 0.
control_i = -1e-4

ibeam = 5
beam_rate = 2.0599973e+20
beam_x = 4.
beam_z = 0.
beam_v = 100000.000000000
beam_dr = 0.094

! Equilibrium Options
! ===================

itaylor = 33 ! determines initial conditions
! 0: Tilting Cylinder
! 1: Taylor reconnection
! 2: Force-free Taylor state
! 3: GEM-reconnection
! 4: Wave propagation

iread_j = 1
iread_f = 1
iread_p = 1
iread_ne = 1
iread_omega = 1

xlim = 4.47
zlim = 0.0
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rzero = 4.
p0 = 4e-2 ! total pressure
pi0 = 2e-2 ! ion pressure

irmp = 2
xzero = 4.
zzero = 0.
mpol = 2
eps = 1e-5 ! size of initial perturbation

! maxn = 20

ln = 1.0

! Transport Parameters
! ====================
iresfunc = 4
eta_fac = 10.0
eta_wall = 0.1
ivisfunc = 0

amu = 4.303362378745227E-007 ! kinematic viscosity
amuc = 1.0e-4.
amupar = 0.
denm = 1.0e-8 ! density diffusion
kappat = 4.309514858657082E-007 ! isotropic thermal diffusion
kappar = 0.01 ! field-aligned thermal conductivity
ikapscale = 0

gam = 1.66666666666667 ! adiabatic constant

! db = 0.0322 ! ion skin depth

! hyper = 1e-10 ! tor cur dens hyper diff
! hyperi= 1e-10 ! pol cur dens hyper diff
! hyperc= 1e-10
! hyperv= 1e-10
hyperp =1e-9
imp_bf= 1 ! Implicit f equation
imp_hyper=1 ! Implicit for f
inocurrent_pol= 1 ! No poloidal current on boundary
iconst_n = 0

! Boundary Conditions
! ===================
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iconst_bz = 0
ifbound = 1

nonrect = 1

imulti_region = 1

mesh_filename = 'part.smb'
! mesh_filename = 'AnalyticModel.smb'
mesh_model = 'circle-0.02-0.0-0.0.txt'

xmag = 4. ! x-coordinate of magnetic axis
zmag = 0. ! z-coordinate of magnetic axis
pedge = 0.

ntor = 1

nplanes = 8

A.2 Scaling laws

From the visco-resistive equilibrium equations, we can derive a set of scaling laws
which could be relevant for determining the sensitivity of certain parameters. From
equations (2.93), (2.99) we know the scalings of T0 p0 and VL on physical param-
eters. Using n09p0/T0, we can also retrieve a scaling law for density. With density
handy, all timescales can easily be found. All relevant scaling laws are found to be
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A.3 Building a python-friendly plotting environment

To make plotting easier (and more importantly, to circumvent using IDL), we have
build an object oriented python plotting environment. The object has the following
structure:

Figure A.1: The main simulation object with all of its subclasses. The available fields, time traces, and
diagnostics can all be accessed within the object. The constants can by found by checking all the at-
tributes of ”Constants”. The lines indicate the commands that have to be used, and the blocks indicate
the objects.

Using this structure, plotting routines can be build easily and without much code.
Most of the IDL routines have been reproduced in python so that people fimiliar with
IDL have an easy time transferring. The python plotting routines, and a manual for
using them, have been added to the M3D-C1 github repository.
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A.4 Methodology for field-line tracing

We monitor the island width in all the simulations. This is done by solving the field-
line tracing equation for the magnetic fields (giving us magnetic field lines). Given a
magnetic field B at time t0, the field line (parameterized as x(λ)) obeys the following
differential equation:

Bx(λ)
Bλ

= B(x(λ), t0). (A.2)

This equation can be discretized and solved numerically in the following way,

∆x = B(xi, t0)∆λ,

xi+1 = xi +∆x.
(A.3)

The true field-line tracing routine uses a more complex integrating routine with
smaller accumulative errors, but the essence is the same. Solving this equation
for different initial conditions (encapsulated in its initial position x0), we find a set
of magnetic field lines. Finally, we make a Poincaré plot of these magnetic field lines
by plotting where the field lines intersect a given toroidal cross-section. This leaves
us with a set of intersection coordinates per field line. An exemplary Poincaré plot
is provided in figure A.2.

Figure A.2: Exemplary Poincaré plot. The neighboring points of the same color are from the same field-
line. A clear magnetic-island structure can be seen, with both a (2, 1) and a (3, 1) island chain.

From these Poincaré plots, the island width is extracted in the following fashion.
Firstly all the points are converted from (R,Z) coordinates to cylindrical coordinates
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(i.e. (r, θ)), with the magnetic axis (the central magnetic field line) as the origin.
Ordering the coordinates in θ (the cylindrical angle coordinate), we get a list of con-
secutive (meaning consecutive in the poloidal angle) radial coordinates. Per field line
we take the difference between consecutive radial coordinates, and save only the
largest one per field line. We then take the largest difference for all field lines to be
the island width. When sampling is dense enough, this definition of island width is
equivalent to the following. The island width is the largest difference in the radial
coordinate for fixed a fixed poloidal angle.
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A.5 Analytical model for the Kadomtsev sawtooth process

We note some other work, which has been done in conjunction with Chris Smiets
(a fellow colleague at the lab). We expected that it was possible to build a straight-
forward analytical model for a Kadomtsev sawtooth process, which captured the
essentials (reconnection of magnetic field lines, the replacement of the magnetic
axis by a new one, the changes of the q profile). The magnetic field is described by
B = ∇ ˆ (ψφ̂). Please note that we do include curvature effects in this model (i.e.,
we are using true toroidal coordinates) We postulate that only three functions were
needed to fully describe the essentials,

ψ0 = the initial equilibrium magnetic field with q0 ă 1,
ψ8 = the equilibrium magnetic field after reconnection has occurred,
ψmode = a function with a (m = 1, n = 1) mode structure.

The final profile ψ8 can be calculated from the initial profile ψ0, as is shown in [27].
Note that there is no reference to time-scales in this model. We combine and pa-
rameterize the functions in the following fashion:

ψ(α, ε) = (1 ´ ε)ψ0 + εψ8 + αψmode (A.4)

We choose the following path in the parameter space (α, ε):

0.2 0.4 0.6 0.8 1.0
ϵ

α

Figure A.3: Path in parameter space. α rises up to some maximum value αmax, and ε is bounded between
0 and 1. The path is followed in a clockwise manner.

Using this path in parameter space, we employ a field-line tracing code to investi-
gate the structure of the magnetic field in a Poincaré plot. The results can be seen
in figure A.4. A more in depth treatment of the methodology and results is currently
being written.
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(a) Poincare plot at (α = 0.0, ε = 0.0) (b) Poincare plot at (α = 0.08, ε = 0.7)

(c) Poincare plot at (α = 0.03, ε = 0.9) (d) Poincare plot at (α = 0, ε = 1.0)

Figure A.4: Poincare plots as one traverses parameter space.
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