
 Eindhoven University of Technology

MASTER

Dynamic Landau theory for electrically-responsive liquid crystal networks

Kusters, G.L.A.

Award date:
2020

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/841ea9f5-1988-4026-9785-70ad1b2e4e22


Dynamic Landau�eory for
Electrically-Responsive Liquid Crystal

Networks

Eindhoven University of Technology
Department of Applied Physics

Theory of Polymers and Soft Matter

Author:
Guido L.A. Kusters
0921770

Supervised by:
dr. Nicholas Tito

prof. dr. ir. Paul van der Schoot
prof. dr. Cornelis Storm

January 2020



Abstract

Liquid crystal networks (LCNs) combine the orientational order of liquid crystals with the elastic
properties of polymer networks, leading to vast application potential in the �eld of responsive
coatings, e.g. for haptic feedback, self-cleaning surfaces and pa�ern formation. Recent experimental
work has further paved the way toward such applications by realising the fast and reversible surface
modulation of an LCN coating upon actuation with an AC electric �eld [1, 2]. �e authors propose
that the underlying mechanism giving rise to this behaviour is the creation of microscopic excluded
volume, i.e. volume that can no longer be occupied, upon reorientation of the liquid crystalline
mesogens; in the LCN literature this is o�en, rather contradictorily, referred to as “free volume”.
Although this mechanism is made plausible by means of Molecular Dynamics simulations [1, 3], a
comprehensive theoretical framework remains lacking. As a thorough theoretical understanding
can provide a guideline for optimising device design, we construct a Landau-type theory for bulk
electrically-responsive LCNs based on the principle of free volume creation. We �nd that our
model exhibits strong qualitative agreement with the phase diagram obtained from simulations,
and it provides a set of testable predictions: the liquid crystal mesogen aspect ratio, their initial
orientational order cross-linked into the polymer network and the cross-linking fraction all increase
the plasticisation time required for the �lm to macroscopically deform. �e same trends hold for
the AC actuation timescale that yields the greatest deformation, providing an experimental handle
to �ne-tune device design to industrial limitations and applications. Finally, we extend the model
to thin �lms, where we observe that free volume nucleates at the top of the �lm and subsequently
permeates the LCN. �is is in accordance with simulations and underscores the importance of the
interface in initiating macroscopic deformations.
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Chapter 1

Introduction

1.1 Liquid crystal elastomers

Liquid crystals constitute a class of materials that exists on the interface between liquids and solids.
On the one hand, these materials, typically consisting of elongated low molecular weight molecules,
exhibit long range orientational order. Accordingly, the associated optical properties are anisotropic
[4], reminiscent of a crystalline solid. On the other hand, liquid crystals can �ow under stress,
as expected of a liquid. Interestingly, the above properties can be readily adjusted by means of
external stimuli, such as electric �elds or temperature, to change the structural properties of the
liquid crystal [5]. �is makes liquid crystals very desirable from a technological perspective, with
applications ranging from liquid crystal displays (LCDs) [6, 7] to organic electronic devices and
material templating on the nanoscale [8].
Polymer networks, similarly, are of major technological interest. A polymer network consists of long,
potentially cross-linked, chains of molecules, such that the number of con�gurations available is
immense. Accordingly, entropy dictates the shape a polymer network takes [9]. �is leads to a host
of interesting properties, such as a highly nonlinear response to strain (rubber elasticity) [10] and
viscoelastic �ow under stress [11]. Technological applications capitalising on these properties pervade
every-day life, including rubber bands, car tyres, polymer coatings [12] and even photovoltaics
[13, 14].
Already in 1981 it became apparent that it is possible to combine these two peculiar materials,
when Heino Finkelmann synthesised the �rst liquid crystal elastomer: liquid crystalline mesogens
cross-linked into a polymer matrix [15]. Topologically, this uni�cation of liquid crystals and polymer
networks can take various forms [16], as Figure 1.1 shows. For example, main chain LCEs incorporate
the liquid crystal mesogens into the polymer backbone. In contrast, in side chain LCEs the liquid
crystal mesogens are pendant to the polymer backbone. Finally, liquid crystal networks (LCNs)
incorporate mesogens as cross-linkers between polymer chains, possibly in addition to pendant
mesogenic side groups. As will become apparent later, for the purpose of this work our focus is on
LCNs.
From a physical point of view, the combination of liquid crystals and polymer networks is of
particular signi�cance due to the coupling between the long range orientational order of the liquid
crystal and the elastic properties of the polymer network it introduces [17]. Indeed, this mechanism
introduces entirely new features not found in either liquid crystals or polymer networks. �ese
include large spontaneous deformations upon a temperature-induced phase transition of the liquid
crystal mesogens [18] and so� elasticity, i.e. macroscopic deformation at (almost) no energetic cost by
reorientation of the liquid crystal mesogens [19]. A microscopic understanding of these mechanisms
has paved the way for rapid development toward potential applications such as (so�) actuators
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(a) Main chain (b) Side chain (c) Network

Figure 1.1: Schematic cartoon of the most prevalent liquid crystal elastomer topologies. We indicate
liquid crystalline mesogens in black and the polymer backbone in grey.

[20, 21], surgical interventions [22, 23, 24] and 3D printing shape-memory LCEs [25].

1.2 Responsive coatings

Here, we speci�cally highlight the application potential of LCEs in the area of stimuli-responsive
coatings due to their highly tunable dynamical behaviour. In this context, considerable work has
been done to develop photoresponsive [26, 27] and thermoresponsive [28, 29, 30] �lms. Although
such �lms provide great versatility due to their remote and possibly dynamical actuation, the range
of pre-programmed topographical pro�les and the timescale of deformation remain limited. �us, in
an a�empt to further pave the way toward dynamical, �nely-resolved control of the topographic
pro�le, recent work by Liu et al. proposes an electrically-responsive LCN coating [1].

1.3 Experimental motivation

In their work, Liu et al. make use of a transparent LCN �lm, superimposed on a set of interdigitated
electrodes (see Figure 1.2). Here, the main advantage of using an LCN, as opposed to conventional
electrically deforming polymer coatings such as piezoelectric �lms [31] or electroactive polymers
[32], is that the LCN can change shape without being limited by the compliance of the electrodes and
the underlying substrate. �e chemical composition of the used LCN is such that it consists roughly
for 50w% of two di�erent liquid crystal diacrylates that form the polymer network, see the structural
formulas 1. and 2. in Figure 1.2c. Each diacrylate contains a mesogenic group at its centre, signifying
a “cross-linked” mesogen, and binds to other strands in the polymer network via the acrylate groups
at either end. �e monoacrylate shown under 3. in Figure 1.2c takes up the remaining 50w%, and
contains a cyano-capped mesogenic group at its free end that couples strongly to the electric �eld.
As this component only contains one acrylate group to bind to the polymer network, the “dipolar”
mesogens form pendant side chains. �e above means both that the experimental LCN contains an
approximately equal number of “cross-linked” and “dipolar” mesogens, and that the network is very
dense in mesogenic component.
Upon subsequent application of an AC electric �eld to the interdigitated electrode array, the authors
report the following �ndings:

• Fast and reversible formation of surface corrugations which are pre-programmed by the
electrode placement;

• Surface height modulation of up to several per cent in magnitude;
• Clear dependence of the modulation magnitude on the actuation frequency, with the optimum
presumably corresponding to some natural timescale of the LCN.

2



(a) Interdigitated electrodes (b) LCN �lm

(c) Experimental LCN chemistry (d) Simulated LCN chemistry

Figure 1.2: Schematic representation of the experimental set-up and the LCN chemistry. (a): Interdi-
gitated indium tin oxide (ITO) electrodes on glass with the relevant dimensions. (b): Formation of
surface corrugations in the LCN �lm (blue) due to the application of an AC electric �eld (yellow) to
the interdigitated electrode array (grey). (c): Chemical composition used to polymerise the LCN, with
their respective weight percentage. 1. and 2. denote the liquid crystal diacrylates used to form the
polymer network (incorporating “cross-linked” mesogenic groups). 3. denotes the “dipolar” liquid
crystal monoacrylate that couples strongly to the electric �eld through the added cyano group (d):
Composition of the LCN in simulations. �e main-chain polymer is modelled as a string of beads
shown in blue. �e “cross-linked” mesogens are modelled as a sti� chain of 5 beads, connected on
both ends to the main-chain polymer, shown in orange. �e “dipolar” mesogens, shown in green, are
modelled similarly but have only one connection to the main-chain polymer and exhibit a strong
permanent dipole moment on their free end. Figure adapted from [1] under a Creative Commons
A�ribution 4.0 International License h�p://creativecommons.org/licenses/by/4.0/.

To explain their �ndings, the authors propose “free volume” generation as the responsible mechanism.
In the context of this work, this refers to the volume the liquid crystal mesogens exclude from being
occupied due to their mutual orientations, i.e. their excluded volume. Clearly, as the mesogens
become more orientationally disordered this opens up increasingly large molecular voids of “free”
volume, increasing the modulation of the LCN1. �is mechanism also motivates the use of an AC
electric �eld, as such molecular voids must eventually be �lled again due to viscoelastic relaxation.
Note that the above interpretation of free volume is markedly di�erent from what is generally
understood by the term in the �eld of liquid crystal physics: the volume available to each mesogen

1 �e relation between the creation of molecular voids of “free” volume and the modulation of the LCN holds by
virtue of the LCN being su�ciently dense in mesogenic component; sparse and �exible polymer networks could
simply locally accommodate the mesogen reorientation.

3
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to freely move around in, promoting translational entropy2. Although, with this in mind, excluded
volume would be a more apt term for our intended use, here we defer to prior work in using the term
free volume.
�e mechanism of free volume creation is made plausible through a comparison with Molecular
Dynamics simulations, carried out both by the authors and others [1, 3, 33], which are able to probe
the orientational properties of the LCN on the molecular scale. Here, the LCN is modelled in terms
of a �exible main-chain polymer and sti� cross-link and side-group (dipolar) mesogens, as Figure
1.2d shows. In order to compare with the relatively dense experimental LCN, the stoichiometry
is made such that there are on average two bonds to a mesogen of either species for every three
main-chain monomer beads. Although this is by no means the �rst time that the mechanism of
free volume has been proposed in the context of LCEs [34, 35, 36], a comprehensive theoretical
framework remains lacking. In particular, such a framework can prove invaluable in determining the
experimentally accessible parameters that dictate the e�ectiveness of the electrically deforming LCNs
under consideration and in quantifying the qualitative understanding we have based on simulations.
In other words, a concrete theoretical framework can inform on “smart” design strategies to optimise
the LCN deformation, minimising the need for costly trial and error in experiments. �is point is
especially pressing given the fact that research on the proposed set-up is still ongoing and topical [2].
�us, in this work we aim to construct a theoretical model for electrically-responsive LCN �lms and
provide clear guidelines on how to improve the experimental design, paving the way for applications
in the �elds of haptic feedback, self-cleaning surfaces and �nely controlled pixel-like deformations
(voxels) [37, 38].

1.4 Outline

�e remainder of this thesis is laid out as follows. In chapter 2 we introduce the theoretical concepts
that will prove useful in constructing the model. Chapter 3 details a simpli�ed approach to the model,
where we treat the liquid crystal mesogens in a coarse-grained fashion. Here we pay a�ention to the
phase behaviour of the model, and �nd that it deviates from simulations in some key areas. �en, in
Chapter 4 we rectify this incongruity between theory and simulations by explicitly incorporating
both cross-linked and dipolar mesogens into the description; this yields good qualitative agreement.
Following this, we study the dynamic behaviour of the model in Chapter 5, where we pay speci�c
a�ention to the predictive ability of the model in relation to experiments. In particular, we show that
the timescales governing the LCN actuation can be in�uenced by varying experimental parameters
such as themesogen aspect ratio, the cross-linking fraction and the degree of initial orientational order
cross-linked into the network. Subsequently, in Chapter 6 we extend the description to encompass
thin �lms and identify the �lm surface as an important area for “nucleating” free volume. Lastly, we
end this thesis with a conclusion and outlook, in Chapter 7.

2 �e application of the concept of “free volume” to LCNs is interesting from a fundamental point of view because
it is usually associated with lyotropic liquid crystals. �at is, a class of liquid crystal whose orientational order is
primarily driven by entropy. LCNs, on the other hand, belong to the class of thermotropic liquid crystals, for which
the primary driver behind orientational order is enthalpy.

4



Chapter 2

�eoretical background

2.1 Liquid crystals

Figure 2.1: A test mesogen (green) in the co-
ordinate system we use. Here u denotes the unit
orientation vector of the test mesogen and θ, φ
denote the angles it makes with the coordinate
axes.

As we will be concerned with the physics of
liquid crystal networks, liquid crystalline meso-
gens cross-linked into a polymer matrix, a
formal understanding of liquid crystals will
prove indispensable. In particular, we will be
interested in the orientational order of nematic
liquid crystals, which order along a preferen-
tial axis n which we call the director. �e driv-
ing force behind this orientational order, for
the thermotropic1 liquid crystal networks under
consideration in this text, is the competition
between enthalpy and entropy. �at is, the mo-
lecular interactions between themesogensmust
overcome the loss of orientational entropy to
induce nematic ordering. As temperature dic-
tates the relative importance of the two, one
can identify it as the relevant thermodynamic
control variable. In other words, cooling a ther-
motropic liquid crystal in the isotropic phase
su�ciently, results in the nematic phase to form,
and vice versa.
We now set out to uniquely specify the orient-
ational order of the liquid crystal. To this end,
we must incorporate information on both its
magnitude and its direction. Here, it is import-
ant to realise that the direction of orientational order n “hides” an underlying inversion symmetry
of the nematic liquid crystal: changing the sign of the director n → −n must leave the nematic
liquid crystal invariant. As a result, we can use neither a scalar order parameter nor a vector order
parameter to completely capture the orientational order. �is follows from the fact that the former
includes no information on the direction of orientational order, whereas the la�er fails to re�ect the

1 �e alternative is a lyotropic liquid crystal, describing rod- or plate-like particles �nely dispersed in a host �uid.
In this case orientational order is induced by the competition between two “kinds” of entropy: orientational and
positional. �e relevant thermodynamic control variable is then the concentration.
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inversion symmetry n→ −n. �is means we must resort to using a second rank tensor as our order
parameter.
In order to construct the tensor order parameter from a microscopic point of view, we de�ne the
mesogen orientation unit vector u. Le�ing θ denote the angle the mesogens make with the y-axis
and φ the polar angle in the xz-plane (see Figure 2.1), the projections of u onto the coordinate axes
are ux = cosφ sin θ, uy = cos θ and uz = sinφ sin θ. �e corresponding second moments 〈uxux〉 =
1
2

(
1− 〈cos2 θ〉+

〈
sin2 θ cos 2φ

〉)
, 〈uyuy〉 = 〈cos2 θ〉 and 〈uzuz〉 = 1

2

(
1− 〈cos2 θ〉 −

〈
sin2 θ cos 2φ

〉)
,

with 〈. . .〉 the ensemble average, then provide a measure for the orientational order along the co-
ordinate axes. Choosing, without loss of generality, the director n along the y-axis, we �nd that
all combinations 〈uiuj〉 with i 6= j must vanish; there is no reason to break the corresponding
symmetries within the current frame of reference. With this, we are able to write down the tensor
order parameter as

Qij =

〈
uiuj −

1

3
δij

〉
, (2.1)

where we have added the Kronecker delta δij to make sureQ = 0 in the isotropic phase. �e resulting
Q-tensor is symmetric and traceless.

We can further simplify the tensor order parameter (2.1) if the liquid crystal is uniaxial, i.e. rotationally
symmetric about the director n. In this case

〈
sin2 θ cos 2φ

〉
= 0 and the tensor order parameter only

depends on the average 〈cos2 θ〉. Introducing the scalar order parameter S ≡ 3
2
〈cos2 θ〉 − 1

2
then

allows us to write the tensor order parameter as

Quni
ij = S

(
ninj −

1

3
δij

)
. (2.2)

Here −1
2
≤ S ≤ 1 measures the magnitude of orientational order along n, with S = 1 indicating

perfect alignment, S = 0 indicating isotropic orientation and S = −1
2
indicating perpendicular

alignment.
If, however, the liquid crystal is not rotationally symmetric about the director, we must include an
additional order parameter P ≡ 3

2

〈
sin2 θ cos 2φ

〉
. �is may be the case when the mesogens are highly

anisometric or when one applies an external �eld to a liquid crystal with a greater perpendicular
than parallel susceptibility. In addition, the experiments relevant to this work [1, 2] also use electric
�elds to break the rotational symmetry about the director of the liquid crystal network. We call such
a liquid crystal biaxial, and describe the corresponding tensor order parameter as

Qbi
ij = S

(
ninj −

1

3
δij

)
+

1

3
P
(
mimj − (n×m)i (n×m)j

)
, (2.3)

where the unit vectorm indicates the axis of biaxial ordering; in our case along the x-axis.

2.2 Landau theory

Now that we have explored the description of liquid crystalline order, the next step is to investigate
how the orientational properties of the liquid crystal network translate to the network expansion
that is of major experimental interest. To this end, the main formalism we use is Landau theory.
Landau theory is a powerful tool that is generally used for the description of phase transitions near
the critical point. �e goal in such a theory is to write down a Landau free energy density L in terms
of some order parameter η and coupling constants {ζi}, such that it re�ects the phase transition.
�at is, minimising L w.r.t. the order parameter η must re�ect a transition from η = η0 to η 6= η0

6



upon varying the relevant thermodynamic control variable T . �e crucial assumption here is that
we can compute the thermodynamic functions of state by di�erentiating L as if it were the relevant
thermodynamic potential (see Section 5.6.2 of Goldenfeld [39]).
In order to construct L, the main requirements one has to contend with are symmetry and analyticity:
the Landau free energy density must obey the symmetries of the system as well as be an analytic
function of the order parameter η and the coupling constants {ζi}. If this is the case, one can expand
L near the critical point TC as a power series expansion in terms of η, according to

L =
∞∑

n=0

an ({ζi} , T ) (η − η0)n , (2.4)

with an ({ζi} , T ) phenomenological constants. Here one discards all terms that violate the symmet-
ries of the system under consideration and typically truncates the power series a�er the minimum
number of terms required to capture the phase transition qualitatively.
�e procedure outlined above is o�en used to derive critical exponents upon approaching the critical
point. Remarkably, it is quite possible for very di�erent systems to exhibit identical critical exponents.
Indeed, since the critical exponents only depend on the lowest order terms in the power series
expansion, systems with the same symmetries must invariably possess the same critical exponents,
independent of the microscopic details. �is phenomenon is called universality, and one celebrated
example is the equivalence of liquid-gas coexistence and ferromagnetic magnetisation curves near
the critical temperature.
Although what we described above focuses entirely on phase transitions close to the critical point,
the scope of Landau theory is much larger than this. �at is, the symmetries on which one bases the
Landau free energy density L must hold even far away from the critical point. As a result, one can
conceivably construct simple models that yield qualitatively sound behaviour even far away from the
critical point. �us, Landau theory also provides an avenue to conveniently construct a qualitative
theory with very limited microscopic information about the system at hand. �is is the route we
shall primarily be interested in pursuing in this work.

2.2.1 Landau theory of the isotropic-nematic phase transition

In what follows we illustrate the e�ectiveness of a simple Landau theory by working out the isotropic-
nematic phase transition for uniaxial liquid crystals; this will later form the foundation of our more
complicated Landau theory for electrically-responsive liquid crystal networks.

Constructing the Landau free energy density

Our �rst step is to �nd an order parameter with which to describe the liquid crystal near the isotropic-
nematic phase transition. As per the tenets of Landau theory, this order parameter must obey the
symmetries of our problem. As discussed in Section 2.1, neither the molecular orientation vectors,
nor the nematic scalar order parameter provide a complete description of the liquid crystalline
order. Instead, we use the nematic tensor order parameter Q, which encapsulates information on the
magnitude of orientational order, as well as the axis about which the orientational ordering occurs.
Although this order parameter tensor correctly re�ects the nematic inversion symmetry n→ −n,
it lacks one critical feature: rotational invariance. We must require this as in the absence of any
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external �elds or boundary conditions, all director orientations are equivalent2; our order parameter
must re�ect this. It is straightforward to show that taking the trace remedies this problem. Indeed,
TrQn, with n = 1, 2, 3, constitutes a complete set of the invariants of Q.

With this in mind, the Landau free energy density takes the form of a power series expansion in
terms of the order parameter, according to

L =
∞∑

n=0

an (T ) TrQn

= a0 + a1 TrQ+ a2 TrQ2 + a3 TrQ3 +
1

2
a4

(
TrQ2

)2

+ . . .

= a0 +
2

3
a2S

2 +
2

9
a3S

3 +
2

9
a4S

4 + . . . ,

(2.5)

with an (T ) phenomenological constants. Note that here we have replaced the quartic term with its
analogue in terms of the set of tensor invariants we use and we have subsequently inserted equation
(2.2).
�e next step is to determine the form of the phenomenological constants in equation (2.5). Since
the thermodynamic behaviour of the system is prescribed by derivatives of L, we set a0 = 0 with
no loss of generality. �is leaves us with a set of three phenomenological constants for which we
must choose the temperature dependence. To this end, we expand about some temperature o�set T∗,
according to 




a2 = a0
2 + a1

2 (T − T∗) +O
(
(T − T∗)2) ,

a3 = a0
3 + a1

3 (T − T∗) +O
(
(T − T∗)2) ,

a4 = a0
4 + a1

4 (T − T∗) +O
(
(T − T∗)2) .

(2.6)

If we identify T∗ with the isotropic spinodal temperature, we must demand ∂2L/∂S2|S=0 = 0 for
T = T∗. �is means that a0

2 = 0. �e linear term in T − T∗ we must incorporate, however, as
it allows a2 to switch sign and so induce the phase transition. All higher order terms in T − T∗
will never dominate the thermodynamic behaviour and so we neglect these. Moving on to the
cubic coe�cient, we note that a0

3 6= 0 as it is the dominant term in the Landau free energy density
for T = T∗. However, we can safely neglect the term proportional to T − T∗ as the a1

2 term will
always dominate it. Although it seems that these two coe�cients give a representative picture of the
dominant contributions to the free energy near the critical point, it turns out that the quartic term
a0

4 6= 0 is vital to a thermodynamically consistent description. �at is, without it the free energy is
unbounded from below; we would simply recover S → −∞. �us, we require the quartic term to
stabilise the ground state. �is concludes our consideration of the phenomenological constants, as
all higher order terms, both in S and in T − T∗, will never become dominant terms in the Landau
free energy density and so can be neglected.
With the above considerations in mind, the Landau free energy density becomes

f =
1

2
a (T − T∗)S2 − 1

3
BS3 +

1

4
CS4, (2.7)

where we have introduced the phenomenological constants a = 4
3
a1

2, B = −2
3
a0

3 and C = 8
9
a0

4 for
convenience. It is clear that we must have a > 0 in order to promote nematic order upon cooling and
that we must have C > 0 to ensure the free energy is bounded from below. However, the choice of

2 �e breaking of the continuous symmetry of director orientation signi�es a set of Goldstone modes: transverse
�uctuations that require arbitrarily low but non-zero free energy depending on the �uctuation wavelength. �e
amount of free energy associated with such a �uctuation is proportional to gradients of the order parameter, such
that longer wavelengths correspond to smaller free energies.
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sign for the cubic term is a bit more subtle. Here we inform our choice by anticipating the results of
the following Section, where we show that the value of the scalar order parameter S in the nematic
phase is proportional to B. As a result, we demand B > 0 to ensure that we recover conventional
nematic ordering along the director. Finally, note that we have suggestively wri�en f instead of
L, as, for all intents and purposes, we shall treat the Landau free energy density as if it were the
Helmholtz free energy density in what follows.

Calculating the phase diagram

Armed with the free energy density of the nematic liquid crystal, we now set out to investigate the
equilibrium behaviour. Using equation (2.7) it is straightforward to calculate the binodal and spinodal
curves, according to

∂f

∂S
= a (T − T∗)S −BS2 + CS3 = 0,

∂2f

∂S2
= a (T − T∗)− 2BS + 3CS2 = 0.

(2.8)

Combining the equations in (2.8), we �nd that the isotropic spinodal corresponds to S∗ = 0 with
spinodal temperature T∗, whereas the nematic spinodal corresponds to S+ = B/2C with spinodal
temperature T+ = T∗ +B2/4aC . Interestingly, re-scaling the order parameter as s = S/S+ and the
temperature as t = (T − T∗) / (T+ − T∗) allows us to derive the law of corresponding states

ts− 2s2 + s3 = 0 (2.9)

from the binodal curve. �at is, equation 2.9 represents a universal equation of state independent of
phenomenological parameters!
�us, in order to calculate the phase diagram, we need only solve equation (2.9), yielding the solutions

{
s = 0 (isotropic)
s = 1±

√
1− t (nematic).

(2.10)

Subsequently evaluating the stability ∂2f/∂S2 > 0 of the solution branches indicates that the
isotropic branch is stable for t > 0 and unstable for t < 0, whereas the nematic branch is stable
for s > t and unstable for s < t. With the aim of contextualising these results, we show the phase
diagram in Figure 2.2, along with the free energy landscape at key points in the phase diagram.
By plo�ing these two side by side we can simply read o� the order parameter s that minimises
the free energy at a given temperature t (Figure 2.3a) and relate this directly to the phase diagram
(Figure 2.3b). From this we clearly see how decreasing the temperature decreases the free energy
corresponding to the nematic phase and eventually favours the nematic phase over the isotropic
phase. As we will show shortly, the phase transition occurs when the nematic and the isotropic phase
have the same free energy density, indicated with the green curve. �e remaining two curves show
the free energy landscape at the isotropic (black) and nematic (blue) spinodal temperature: here the
corresponding solution for s passes between a free energy maximum and a free energy minimum.

Determining the phase transition

With the phase diagram in hand, all that is le� is to determine the point at which the phase transition
occurs, i.e. the point of phase coexistence. To this end, we must demand equal chemical potentials µ,
pressures p and temperatures T . In order to translate these conditions to our Landau theory, it is
convenient to carry out the Legendre transformation G = F + pV , with G the Gibbs free energy,
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(a) Free energy landscape (b) Phase diagram

Figure 2.2: Phase diagram of a liquid crystal near the isotropic-nematic phase transition (b), sup-
plemented with the corresponding free energy landscape at key points in the phase diagram (a).
(a): Solid lines denote the free energy density f re-scaled with the phenomenological constants
C3/B4 as a function of the re-scaled nematic scalar order parameter s = S/S+ for various values
of the re-scaled temperature t = (T − T∗) / (T+ − T∗). Here we re-scale with the nematic spinodal
S+ = B/2C and T+ − T∗ = B2/4aC . (b): Binodal curves for the re-scaled order parameter s as a
function of the re-scaled temperature t. Black lines denote stable solution branches, red lines denote
unstable solution branches and the dashed green line indicates the isotropic-nematic phase transition.

F the Helmholtz free energy and V the volume. Subsequently dividing by the volume, we recover
the condition f + p = µρ, with ρ the particle number density3. Comparing this condition for the
isotropic (I) and nematic (N) phase then leads to the expression

fI − fN + pI − pN = µIρI − µNρN. (2.11)

Presuming equal number densities ρI = ρN , as must formally be the case in the canonical (NV T )
ensemble, we conclude that the phase coexistence conditions can be simpli�ed to fN = fI = 0.
Combining this condition with the law of corresponding states (2.9), we recover the �rst order phase
transition from s = 0 to sIN = 4/3 at the phase transition temperature tIN = 8/9 (see Figure 2.2).

2.2.2 Landau theory of the paranematic-nematic transition in an external
�eld

In addition to the Landau theory for the isotropic-nematic phase transition worked out above, it
will prove helpful to also investigate how the Landau theory must be adapted in the presence of an
external (electric or magnetic) �eld. A�er all, incorporating an external �eld marks the starting point
for describing the liquid crystal networks used in the experiments of interest to this work [1, 2],
which are actuated using electric �elds.
In order to introduce an external electric �eld into the Landau theory we must �rst deliberate on the
form such a term may take. Our guiding principle here is that the Landau free energy density must
remain consistent with the system symmetries. Recalling the nematic inversion symmetry n→ −n,
it is clear that the external �eld contribution to the free energy must be independent of whether
we apply the �eld parallel or antiparallel to the director; only the angle the �eld makes with the
director axis is of signi�cance. �is means the external �eld contribution to the free energy must be
proportional to −EQE, where E indicates the electric �eld and the minus sign stresses that it is

3 Here we use the thermodynamic identity G = µN , with N the number of particles.
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energetically favourable to align with the �eld. Here the constant of proportionality must necessarily
scale as the di�erence between the parallel and perpendicular susceptibility of the liquid crystal to
the electric �eld. Indeed, if the former dominates the mesogens align with the electric �eld, whereas
the mesogens align perpendicular to the electric �eld if the la�er dominates; in this work we focus
solely on �eld-aligning mesogens.
�e reader may recognise the form we propose here as the energy associated with an induced dipole
moment in an electric �eld. Naturally, this raises the question of what happens if the liquid crystalline
mesogens have a permanent dipole moment instead. Indeed, for a mesogen with a permanent dipole
moment p one would expect an associated energy −p · E, where the inner product encapsulates the
orientation of the mesogen with respect to the �eld if we presume the permanent dipole moment to
lie along the molecular axis. It turns out, however, that if one averages the energy contribution over
all mesogens −〈p · E〉, with 〈. . . 〉 the ensemble average, we can rewrite this energy in terms of the
nematic order parameter Q; this averaging is usually carried out using a Boltzmann distribution [40].
�e result then again takes the form −EQE [5, 16, 40], as one may have already anticipated based
on symmetry considerations. We note that the quadratic dependence on the electric �eld results
upon passing from the dipolar description of the orientation of the permanent dipole moment to the
quadrupolar description of nematic orientational order. �is indicates that the energy contribution
due to permanent electric dipoles can e�ectively be absorbed into the electric susceptibility anisotropy
of the liquid crystal. With these considerations inmind, the Landau free energy density in the presence
of an electric �eld follows as

f =
1

2
a (T − T∗)S2 − 1

3
BS3 +

1

4
CS4 −HS, (2.12)

with H ∝ |E|2. Note that here we have chosen the director along the �eld axis, as the global free
energy minimum occurs when the mesogens align with the �eld.
We now investigate what e�ect the addition of the external �eld H has on the phase behaviour of
the liquid crystal. Most strikingly, since we have added a linear term in S, we no longer recover a
truly isotropic phase S = 0; the �eld term always induces some �nite order S 6= 0. Although this
precludes a proper isotropic-nematic phase transition, there may still exist a transition between a
weakly ordered “paranematic” phase and a strongly ordered nematic phase if the �eld is weak. �at
is, if varying the temperature can still induce a discontinuous “jump” in the order parameter. As we
increase the �eld strengthH , however, the magnitude of such a discontinuous “jump” decreases. �e
reason for this is that the �eld term−HS e�ectively “tilts” the free energy landscape in favour of the
nematic phase. �is both increases the orientational order in the “paranematic” phase and requires
us to increase the temperature to higher values in order to weaken the orientational order in the
nematic phase. �e result is that the di�erence in orientational order between the two phases at the
point of phase coexistence decreases as we apply stronger external �eldsH . Figure 2.3 visualises this
e�ect.
It turns out that there exists a critical �eld strength H beyond which the discontinuous order para-
meter “jump” vanishes: the “paranematic” and the nematic phase can be said to be indistinguishable
beyond this point. It is straightforward to evaluate this critical point by demanding

∂f

∂S
= a (T − T∗)S −BS2 + CS3 −H = 0 (2.13)

∂2f

∂S2
= a (T − T∗)− 2BS + 3CS2 = 0 (2.14)

∂3f

∂S3
= −2B + 6CS = 0. (2.15)
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(a) H = 0 (b) H = H/2

Figure 2.3: Free energy landscape in the absence of an external �eld (a) and for a sub-critical
external �eld strength H = H/2, with H = B3/27C2 the critical �eld strength. Here we show
the free energy density f re-scaled with the phenomenological constants C3/B4 as a function
of the re-scaled nematic scalar order parameter s = S/S+ for various values of the re-scaled
temperature t = (T − T∗) / (T+ − T∗). Here we re-scale with the nematic spinodal S+ = B/2C and
T+ − T∗ = B2/4aC . �e phase transition temperature for H = 0 is t = 8/9 (black) and the phase
transition temperature for H = H/2 is t = 10/9 (blue).

We solve this set of equations for S, T,H to recover the critical point S = 2S+/3, T = T∗ +
4 (T+ − T∗) /3 and H = B3/27C2. Figure 2.4 illustrates how the disappearance of the phase trans-
ition manifests itself in the phase diagram.
In order to further analyse the phase transition as a function of the external �eld strengthH we must
solve for phase coexistence. In other words, we again demand ∂f/∂S = 0 and ∂2f/∂S2 > 0 in both
the “paranematic” and the nematic phase, as well as equal free energy densities f between the two
phases. �e reader may check that solving these equations explicitly is a formidable mathematical
challenge. In order to circumvent such complications, we instead expand the free energy density f
about the critical point by substituting s = 2/3 + σ [41]. �e free energy density in terms of the new
order parameter σ then becomes

C3

B4
f = − 1

108
− h

81
+

t

72
+

(
− 1

27
− h

54
+

t

24

)
σ +

(
t

32
− 1

24

)
σ2 +

1

64
σ4, (2.16)

where we have re-scaled the external �eld strength to its critical value h = H/H . �ose familiar
with Landau theory will immediately recognise the form of equation (2.16): it represents a simple
Ising ferromagnet in a generalised external �eld4. It thus becomes apparent that near the critical
point a liquid crystal in an external �eld behaves like an Ising ferromagnet in an external �eld!
Although this observation may not immediately seem useful to solving for phase coexistence in the
problem at hand, it actually simpli�es the mathematics considerably. Indeed, based on the symmetry
of equation (2.16) we can only satisfy the condition of equal free energy densities f (σP ) = f (σN)
between the paranematic (σP ) and the nematic (σN ) phase if the linear term vanishes. In other
words, the phase transition line must be given by tPN = 8/9 + 4h/9, corresponding to the solutions
σN,P = ±2

3

√
1− h. Mapping back onto the original problem, the solutions for the paranematic and

the nematic phase obey sN,P = 2/3
(
1±
√

1− h
)
. It is clear that these solutions are only valid below

4 �e Ising ferromagnet must be invariant upon �ipping all spins from up to down and vice versa. �us, if we let σ be the
sum of all these spins, i.e. the total magnetisation, the free energy density must be invariant under transformations
σ → −σ. �is means we must discard all odd terms in the free energy expansion f = 1

2a (T − TC)σ2 + 1
4Bσ

4,
with TC the Curie temperature and a,B phenomenological constants. �e linear term in σ added in equation (2.16)
represents an external �eld that breaks the up-down symmetry of the Ising ferromagnet.
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Figure 2.4: Binodal curves for the re-scaled order parameter s = S/S+ as a function of the re-scaled
temperature t = (T − T∗) / (T+ − T∗) for various values of the re-scaled external �eld strength
H/H , with H = B3/27C2 the critical �eld strength. Here we re-scale with the nematic spinodal
S+ = B/2C and T+ − T∗ = B2/4aC . We indicate stable solution branches in black, grey and blue,
and we indicate unstable solution branches in red and orange; the stable solution branch in blue has
no unstable counterpart.

the critical �eld strength 0 ≤ h ≤ 1; we no longer have a phase transition beyond this point. As a
�nal remark, we note that a similar e�ect occurs when one operates above the critical temperature
t = 4/3, as the reader may easily verify by rewriting the solutions in terms of t instead of h.
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Chapter 3

Simple biaxial model

In this Chapter we make a �rst step in modelling the electrically-responsive liquid crystal networks
showcased in experiments [1, 2]. �e aim here is to make our point of departure as simple as possible,
while still retaining the most important experimental observation(s). �at is, our minimal model
should at least capture the macroscopic expansion of the liquid crystal network in the transverse
direction upon in-plane actuation with an electric �eld.
Although the usual theoretical description of liquid crystal elastomers explicitly models the intricate
interplay between strain and orientational order [17], this being a vital mechanism in understanding
key features such as so� elasticity [19], this is not the route we follow in this work. �e reason for
this is that a description based purely on strain cannot fully account for the observed phenomenology,
both in experiments and simulations (see Appendix B). �is hints at the importance of an additional
mechanism in driving such an expansion. Experimentalists have readily identi�ed this mechanism as
corresponding to the creation of free volume within the liquid crystal network [34, 35, 36, 1, 2]. �e
qualitative picture that then emerges is one of the electric �eld ‘kicking’ the dipolar mesogens out of
their initial equilibrium orientation, creating molecular voids in the process. In turn, these molecular
voids build up to give rise to a macroscopic shape-change of the liquid crystal network. In line with
this reasoning, in what follows we absorb all shape-changes into a single scalar order parameter that
keeps track of the free volume that is created.

3.1 Model free energy

With the philosophy of the model established, we can start deliberating over the actual form it will
take. Let us start by de�ning the geometry of the model, that is, choosing the axes along which we
measure (nematic) orientional order. In keeping with experimental conventions, we opt to align
the y-axis with the axis of initial nematic order with which the liquid crystal network is prepared.
�e x-axis then lies along the direction in which the electric �eld is applied, whereas the desired
transverse expansion is measured along z (see Figure 3.1). �e signi�cance of this choice of coordinate
system is re�ected in the form of the corresponding nematic tensor order parameter Q (see Section
2.1), which becomes diagonal. A�er all, we only expect nematic order to occur along the principal
axes x, y, z; there is no reason to break the symmetries corresponding to o�-diagonal components.
Now that we have established that the Q-tensor must only have diagonal components, this leaves us,
in principle, with two independent components; the third is �xed by the tracelessness condition. �is
means that, at its most basic level, the orientational order apparent within the model must in some
way be biaxial. Motivated by this observation, we take a simple biaxial model, where we treat the
orientational order of the cross-linked and dipolar mesogens as identical, as our point of departure.
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Figure 3.1: Schematic representation of the liquid crystal network. �e liquid crystal mesogens are
initially aligned along the y-axis (le�). When we subsequently apply an external �eld E along the
x-axis (right), the dipolar mesogens reorient, creating pockets of free volume.

�e corresponding Q-tensor is then simply that of a biaxial nematic

Q =



− (S − P ) /3 0 0

0 2S/3 0
0 0 − (S + P ) /3


 , (3.1)

with S ≡ 3
2
〈cos2 θ〉 − 1

2
the nematic scalar order parameter measured along the y-axis and P ≡

3
2

〈
sin2 θ cos 2φ

〉
the degree of biaxiality in the orthogonal plane. Here, θ denotes the angle the

mesogens make with the y-axis, φ is the polar angle in the xz-plane and 〈. . .〉 indicates taking the
ensemble average (see Figure 2.1).
Armed with a full description of the orientational order within the model, we are now able to
construct the Landau free energy density in terms of the invariants TrQn, n = 1, 2, 3, resulting in
the expression

f = α (S) +
1

2
β (S)P 2 +

1

4
γP 4, (3.2)

where 



α (S) = 1
2
a(T − T∗)S2 − 1

3
BS3 + 1

4
CS4,

β (S) = 1
3
a(T − T∗) + 2

3
BS + 1

3
CS2,

γ = 1
9
C.

(3.3)

Here a,B,C are the usual Landau coe�cients, T is the temperature and T∗ is the isotropic spinodal
temperature.
In order to adapt the free energy density (3.2) to our current purposes, we must add two key features,
namely a coupling to the electric �eld and a coupling to a scalar free volume order parameter. �e
former we implement in a straightforward manner by noting that the electric �eld acts solely on
the dipolar mesogens, reorienting them along the x-axis. �is must simultaneously increase the
orientational ordering along the x-axis and decrease the orientational ordering along the y- and
z-direction. Although neither S nor P can satisfy these conditions on their own, the best we can
do within the current approach is to explicitly couple the external �eld H ∝ |E|2 to the degree of
biaxiality P via a free energy contribution fH = −HP 1. As we will show later in this Chapter, the

1 Note that here we can no longer simply insert a coupling term of the previously proposed form −EQE ∝
−H (P − S) as there is a stark contrast in electric susceptibility between the cross-linked and dipolar mesogens.
�at is, since only the dipolar mesogens e�ectively interact with the electric �eld, only that part of the Q-tensor
that corresponds to the orientational order of the dipolar mesogens should couple to the electric �eld.
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decrease in orientational order along the y-direction then follows from the coupling between the
nematic scalar order parameter S and the degree of biaxiality P . We remark that this di�culty in
coupling to the electric �eld already shows an important drawback of a simple biaxial approach:
apparently S and P are not natural order parameters with which to describe the problem at hand.
�at is, neither can properly be mapped onto the orientational order of the cross-linked or dipolar
mesogens that constitute the liquid crystal network. Nevertheless, it is instructive to work out this
minimal model as a point of reference.
We subsequently implement a phenomenological coupling to the created free volume η ≡ (V − V0) /V0,
with V the current volume and V0 its initial value. Recall that, in this context, by free volume we mean
the volume the liquid crystal mesogens exclude from being occupied due to their mutual orientations,
i.e. their excluded volume. �e corresponding physical picture is then one where the mesogens create
increasingly large molecular voids of free volume as the liquid crystal network becomes increasingly
orientationally isotropic; for the moment we neglect the subsequent viscoelastic relaxation of these
voids of free volume to focus purely on the mechanism of their creation. �is suggests a coupling
term of the form fcoupling = 9

2
ξηTrQ2, with ξ a phenomenological coupling constant. Indeed, such

a term promotes the creation of free volume as the liquid crystal network becomes increasingly
orientationally disordered, whereas it promotes the annihilation of free volume as the liquid crystal
network becomes increasingly orientationally ordered. In order to ensure the free energy remains
bounded from below, we must add a bulk modulus-like term of the form fmodulus = 1

2
B0η

2, which
penalises volume changes away from the initial volume. Subsequently pu�ing all the free volume
terms together, we arrive at a free volume contribution to the free energy density as given by
fη = ξη [3 (S2 − S2

0) + P 2] + 1
2
B0η

2, where we have added a coupling to the initial nematic order
S = S0, P = 0 to demand that the initial con�guration corresponds to η = 0.
Incorporating the above additions into the Landau free energy density (3.2), the adapted free energy
density reads

g = α (S) +
1

2
β (S)P 2 +

1

4
γP 4 −HP +

1

2
κ (S − S0)2 + ξη

[
3
(
S2 − S2

0

)
+ P 2

]
+

1

2
B0η

2, (3.4)

with α (S) , β (S) , γ de�ned in equation (3.3). Here we have taken the liberty of localising S bymeans
of a harmonic potential well 1

2
κ (S − S0)2; this e�ectively cross-links a memory of the formation

conditions (S = S0) into the liquid crystal network. �is is a necessary term to ensure that S does
not simply change sign upon the application of any external �eld. �at is, it ensures that we retain
a component of nematic order along the axis of initial ordering, rather than solely along the �eld
direction.
Moreover, the observant reader will have noticed that in writing equation (3.4) we have passed
from the canonical ensemble, with Helmholtz free energy F (N, V, T ), to the isothermal-isobaric
ensemble, with Gibbs free energyG(N, p, T ). �e reason for this is that if we wish for the free energy
density to be a minimum with respect to η, the volume can no longer be a conserved quantity. In
order to treat η as a proper order parameter, we must instead carry out the Legendre transformation
G = F + pV , where p stands for the excess pressure; we have not wri�en down the pressure term
explicitly in equation (3.4) because we are solely interested in the case of no excess pressure p = 0.
�is Legendre transformation allows us to justify a minimisation procedure w.r.t. the (free) volume
from a thermodynamic viewpoint, as ∂G/∂V ≡ 0 at thermodynamic equilibrium. With this in mind,
it is then convenient to identify g in equation (3.4) with the Gibbs free energy per unit reference
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volume G/V0
2,3, ensuring that the Landau free energy density allows minimisation w.r.t all order

parameters.

3.2 Integrating out the free volume degree of freedom

Now that we have an expression for the Landau free energy density within our simple biaxial
approach, let us investigate how the model additions change the phase behaviour of the biaxial
nematic. To this end, we set out to calculate the binodal curve by demanding

∂g

∂S
= α′ (S) +

1

2
β′ (S)P 2 + κ (S − S0) + 6ξηS = 0, (3.5)

∂g

∂P
= β (S)P + γP 3 −H + 2ξηP = 0, (3.6)

∂g

∂η
= ξ

[
3
(
S2 − S2

0

)
+ P 2

]
+B0η = 0, (3.7)

where the primes indicate derivatives with respect to S. A closer look at equation (3.7) shows that
we can integrate out the free volume degree of freedom η entirely. �at is, we can express η entirely
in terms of the remaining order parameters, according to

η = − ξ

B0

[
3
(
S2 − S2

0

)
+ P 2

]
. (3.8)

Equation (3.8) makes it clear that free volume can only be created upon decreasing the uniaxial
orientational order S; both increasing S and developing a degree of biaxiality P result in the
annihilation of free volume instead. Physically, this makes sense when interpreting the free volume
order parameter in terms of molecular voids: the excluded volume between orientationally disordered
mesogens is much larger than that for orientationally ordered mesogens.
By inserting equation (3.8) into equations (3.5) and (3.6), the above relation allows us to reformulate
the equilibrium conditions into a description that no longer depends explicitly on η. Working out the
technicalities, we arrive at the equilibrium conditions

∂g

∂S
= −κS0 +

[
α′ (S) +

(
18
ξ2

B0

S2
0 + κ

)
S − 18

ξ2

B0

S3

]
+

1

2

[
β′ (S)− 12

ξ2

B0

S

]
P 2 = 0, (3.9)

∂g

∂P
= −H +

[
β (S) + 6

ξ2

B0

S2
0 − 6

ξ2

B0

S2

]
P +

[
γ − 2

ξ2

B0

]
P 3 = 0, (3.10)

from which we derive the associated e�ective free energy density

g̃ = α̃ (S) +
1

2
β̃ (S)P 2 +

1

4
γ̃P 4 −HP − κS0S (3.11)

2 If one were to write down the actual Gibbs free energy density G = G/V , thermodynamic equilibrium would
demand ∂G/∂η = −G/ (1 + η). �is means the Gibbs free energy density must take the form G = g/ (1 + η),
with ∂g/∂η = 0. Identifying g ≡ G/V0 is then just a convenient way of reconciling the Landau theory with
equilibrium thermodynamics. A�er all, one explicitly constructs the Landau theory to yield the proper behaviour
upon minimising w.r.t. all order parameters.

3 As was the case in the canonical ensemble, we automatically satisfy the phase coexistence conditions of equal
chemical potentials µ, pressures p and temperatures T in the isothermal-isobaric ensemble if we demand equal free
energies per unit reference volume g ≡ G/V0. �e former holds because of the relation G = µN , such that g1 = g2

implies µ1 = µ2. �e la�er two simply hold by virtue of working in the NpT ensemble.
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by means of integration. Here we have suggestively recast the functions




α̃ (S) = α (S) + 1
2

(
18 ξ2

B0
S2

0 + κ
)
S2 − 9

2
ξ2

B0
S4,

β̃ (S) = β (S) + 6 ξ2

B0
S2

0 − 6 ξ2

B0
S2,

γ̃ = γ − 2 ξ2

B0
,

(3.12)

to stress the correspondence with a simple biaxial nematic. Indeed, barring the �eld terms acting
on P and S, the free energy densities are identical; we have merely renormalised the associated
phenomenological constants!

3.2.1 Development of uniaxial order

Although the observation that coupling to the free volume does not fundamentally change the
free energy density is a striking one, it tells us very li�le. To interpret the physical meaning of
this coupling, we must delve deeper into the renormalised phenomenological constants themselves.
Since there are a lot of e�ects at play here, let us start by investigating the e�ects on the uniaxial
contribution to the free energy P = 0. Neglecting, for the moment, the coupling to the network
itself, i.e. se�ing κ = 0, we �nd that coupling to the free volume depresses the isotropic spinodal
temperature T̃∗ = T∗ − 18 ξ2

aB0
S2

0 . �is means that the range of temperatures where the isotropic
phase is stable, T > T̃∗, grows, implying the isotropic phase is increasingly favoured over the nematic
phase. In other words, there is a stabilising e�ect on the isotropic phase at the expense of the nematic
phase due to the interaction with the free volume. �e reason for this is that the creation of free
volume provides an additional pathway for decreasing the free energy in the isotropic phase. �is
mechanism can be read o� from the dependence of the isotropic spinodal temperature T̃∗ on the
initial orientational order S0. We rationalise this by noting that the amount of free volume that can
be created, with the e�ect of decreasing the free energy, is directly proportional to the degree with
which the orientational order can be decreased. �us, increasingly large values of S0 allow for the
creation of more free volume upon approaching the isotropic phase and so have a more signi�cant
stabilising e�ect on the isotropic phase.
�ere is, however, also an opposing e�ect resulting from the coupling to the free volume, apparent
from the renormalised phenomenological coe�cient C̃ = C−18 ξ2

B0
. Indeed, this coe�cient penalises

nematic order of the form S4 in the free energy density; decreasing this coe�cient naturally stabilises
the nematic phase at the expense of the isotropic phase. �is is not too surprising, as free volume
can now be annihilated to accommodate increasing the orientational order. We remark that C̃ is
independent of the initial nematic order S0; the initial orientational order does not limit the amount
of free volume that can be annihilated. To see this, note that within the Landau theory, S can, in
principle, grow arbitrarily large. Consequently, the associated free volume annihilation must follow
suit. �is obviously represents a limitation of Landau theory as a whole, since, in reality, both are
bounded (−1

2
≤ S ≤ 1 and −1 ≤ η). As a result, we should be careful in interpreting quantitative

results, and cut o� any order parameter that threatens to exceed its associated boundaries.
Following the above considerations, it is thus not immediately evident whether coupling to the free
volume stabilises the nematic or the isotropic phase. In order to ascertain this, we investigate the phase
transition temperature TIN. Note that, since we have merely renormalised the phenomenological
constants, we can just insert these into the phase transition temperature derived in Section 2.2.1 to
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obtain

TIN = T̃∗ +
2B2

9aC̃

≈ T∗ +
2B2

9aC
+ 18

ξ2

aB0

(
1

2
S2
IN − S2

0

)
.

(3.13)

In writing equation (3.13) we have assumed weak coupling to the free volume ξ2/B0C � 1, and we
have substituted SIN = 2B/3C; the la�er explicitly links back our result to the isotropic-nematic
phase transition we considered in the previous Chapter, i.e. in the absence of free volume coupling
or a polymer network (see Section 2.2.1). From equation (3.13) it is clear that whether the nematic
or isotropic phase is stabilised depends crucially on the value of S0 in relation to the orientational
order parameter at the phase transition SIN. Since a spontaneously formed nematic must have
S0 ≥ SIN, one expects the free volume coupling to stabilise the isotropic phase in spontaneously
formed liquid crystal networks. Conversely, if the liquid crystal network is prepared with su�ciently
weak orientational order, for example by applying a small stress or sub-critical external �eld, the
nematic phase is stabilised.
Interestingly, the free volume e�ect we report here is exactly the opposite of the e�ect Warner and
Terentjev, who neglect free volume entirely, �nd as a result of cross-linking a liquid crystal network in
the nematic phase S0 [17]. �at is, they �nd that cross-linking the nematic phase generally stabilises
the nematic phase at the expense of the isotropic phase, unless S0 is su�ciently small. Within the
model, we capture this behaviour as well by means of the network coupling term 1

2
κ (S − S0)2. To

see this, consider that, like with the free volume contribution to the free energy, the quadratic term
1
2
κS2 can be absorbed into the isotropic spinodal temperature T̃∗ = T∗ − κ. �is shi�s down the

isotropic spinodal temperature and so stabilises the isotropic phase at the expense of the nematic
phase. However, we must also contend with the linear term −κS0S, which acts as an external �eld
on S. Naturally, given S0 > 0 this contribution to the free energy favours nematic order S > 0.
To �nd out which of these e�ects dominates, we again work out the phase transition temperature
analogous to Section 2.2.2. �is shows that the la�er starts to dominate the former for S0 > SIN/2,
meaning we recover a stabilised nematic phase upon cross-linking in the nematic phase, unless S0

is su�ciently small; this is in qualitative agreement with the work of Warner and Terentjev [17].
�us, apparently, the free volume and cross-linking e�ects compete to determine the phase transition
temperature shi�; since free volume is highly energetically unfavourable at equilibrium, we expect
the free volume e�ect we report above to describe a small correction term. Indeed, the experimentally
observed trend is one of increasing/decreasing phase transition temperature upon increasing the
cross-linking density in the nematic/isotropic phase [42].

3.2.2 Development of biaxial order

Now that we know, in principle, the e�ect that coupling to the free volume has on the development
of uniaxial order, the next step is to consider the development of biaxial order P . In order to fully
isolate the dynamics of the biaxial order from that of the uniaxial order, here we consider the limit of
�xed uniaxial order parameter S = S0; this corresponds to the limit κ→∞, signifying an in�nitely
sti� network with static cross-links. In this case, the free energy density (3.11) becomes

g̃ =
1

2
β̃ (S0)P 2 +

1

4
γ̃P 4 −HP, (3.14)

where we have disregarded the unimportant constant terms for convenience.
It is clear that the form of equation (3.14) corresponds to the Landau theory for a simple Ising
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ferromagnet in an external �eld. From our analysis in Section 2.2.2 we already know that this means
there can only be a phase transition from a disordered phase P = 0 to an ordered phase P 6= 0 in
the absence of an external �eld H = 0; within a �eld we always recover P 6= 0. �is observation
compels us to focus on the caseH = 0, as this provides us with a way to determine the shi� in phase
transition temperature induced by the free volume coupling.
We thus set out to determine the phase transition temperature. To this end, we start by minimising g̃
w.r.t. P , resulting in a uniaxial solution, PU, and a biaxial solution, PB, according to

{
PU = 0

P 2
B = −β̃ (S0) /γ̃ ≈ −β (S0) /γ (1 + 2ξ2/B0γ) ,

(3.15)

where we have again approximated ξ2

B0C
� 1. Equation (3.15) suggests that we only recover biaxial

order if β̃ (S0) < 0, as we must have γ̃ > 0 for the free energy to be bounded from below. Although
this condition is by no means trivial if one simultaneously has to contend with the equilibrium
conditions of the uniaxial order parameter S, working with our current assumptions this is easily
achieved by decreasing the temperature su�ciently. With this in mind, we �nd from equation (3.15)
that coupling to the free volume bolsters the magnitude of the biaxial order parameter P . We trace
this e�ect back to the renormalised coe�cient γ̃ = γ − 2ξ2/B0, constraining the growth of biaxial
order. Indeed, now that free volume can be annihilated to accommodate biaxial order, such constraints
are naturally relaxed. Note that for biaxial order there is no counteracting e�ect promoting P = 0,
as the initial con�guration is purely uniaxial. As a result, the biaxial order can only grow relative to
the initial con�guration; it can only induce net free volume annihilation, and no creation.
We subsequently locate the exact temperature where the biaxial order starts to develop by demanding
the phase coexistence condition g̃ (PU) = g̃ (PB), i.e. β (S0) = 0. �e resulting phase transition
temperature, TUB, obeys

TUB = −S0 (2B + CS0) . (3.16)

Interestingly, the phase transition temperature is independent of the parameters ξ2/B0, indicating
that the free volume coupling has no e�ect on the onset of the biaxial phase in the limit of a static
uniaxial order parameter S = S0. We again trace back the reason for this to the initial con�guration
corresponding to P = 0, η = 0. �at is, since η ∝ −P 2, the free volume can only start playing a role
once biaxial order has already set in.

3.3 Phase diagram

In the previous Sections we established the qualitative e�ect that coupling to the free volume has
on the behaviour of our model by focusing on simple limits. In this Section we expand on this by
treating the model with its full complexity. �at is, we now consider the response of the liquid crystal
network to an external electric �eld and explicitly link back to the resulting network expansion. �is
we do by solving the equilibrium conditions (3.5)-(3.7) numerically.
However, before we start this endeavour, it proves useful to �rst re-scale the order parameters to
reduce the number of free parameters. To this end, we introduce the substitutions





s = S/S+

t = (T − T∗) / (T+ − T∗) ,
h = H/H,

p = P/ (B/C) ,

η̃ = η/ (ξB2/B0C
2) ,

(3.17)

20



where S+ = B/2C and T+ − T∗ = B2/4aC denote the spinodal of a regular nematic, and H =
B3/27C2 denotes the critical �eld strength. �is leaves us with only two free (dimensionless)
parameters: the strength of the coupling to the polymer network κ̃ ≡ κ/ (B2/C) and the strength
of the coupling to the free volume ζ ≡ ξ2/B0C . It should be noted that, in principle, the initial
degree of nematic order s0 represents an additional free parameter. However, it is convenient to
link this parameter to the temperature by noting that we should recover s = s0 for h = 0. �is
means that s = s0 should minimise the free energy density g|h=0 at the operating temperature t, i.e.
s0 = 1 +

√
1− t, assuming we cross-link in a spontaneously formed nematic phase, see equation

(2.10). Here, we have tacitly assumed the temperature remains constant throughout the experiment;
if this is not the case s0 should depend solely on the initial temperature t0. �us, we can fully describe
our re-scaled order parameters s, p and η̃ in terms of the temperature t, the �eld strength h and the
dimensionless parameters κ̃ and ζ .
Following this, we scan parameter space in search of a parameter regime representative of the expected
underlying physical mechanisms, i.e. free volume creation due to slight changes of the mesogenic
orientational order. Subsequently solving the the equilibrium conditions (3.5)-(3.7) numerically, we
recover the solutions as shown in Figure 3.2. From this we clearly read o� that, upon increasing the
external �eld strength h, the degree of biaxial order p naturally increases (Figure 3.2b). As anticipated
at the start of this Chapter, the degree of uniaxial order s decreases to accommodate this (Figure
3.2a). �e result is a liquid crystal network that becomes increasingly orientationally disordered
upon increasing the external �eld strength h; this manifests itself in the form of free volume creation
(Figure 3.2c). �en, as we increase the �eld strength even further, we recover a phase transition that
inverts the sign of the uniaxial order parameter s. In other words, beyond the phase transition the
uniaxial component of the orientational order is perpendicular to the original director, instead of
along it; the external �eld has overcome the sti�ness of the polymer network. �is reorientation
is accompanied by an increase in the degree of biaxial order, further lining up the liquid crystal
network along the �eld axis. Correspondingly, free volume is annihilated upon and beyond the
phase transition. Here, we remark that one can easily read o� the exact �eld strength at which the
phase transition occurs from the free energy density (Figure 3.2d): this is the point where the stable
solution branches cross. Naturally, the �eld strength at which this transition occurs increases upon
increasing κ̃ or s0. As such, it is the coupling to the initial network con�guration 1

2
κ (S − S0)2 that

the external �eld must overcome to induce the phase transition.

3.4 Comparison with simulations

Now that we have a �rm understanding of the phase behaviour of our simple biaxial approach, we are
in a position to make some meaningful comparisons with prior work. Due to the lack of experimental
work on characterising the phase behaviour, here we focus speci�cally on coarse-grained molecular
dynamics (MD) simulations; the work we use as reference employs the HOOMD-blue package to
simulate the liquid crystal network within the isothermal-isobaric (NpT ) ensemble, using periodic
boundary conditions [3]. As shown in the Introduction (see Figure 1.2d), the authors represent the
polymer main chains as strings of particles held together by harmonic bonds and the cross-linked
mesogens as a collection of �ve particles held together by bonds of �xed length; these particles are
then kept in a rod-like shape by harmonic potentials for their respective angles. �e dipolar mesogens
are modelled in the same manner, but only connect to a single polymer chain particle and respond to
electric �elds. Here, care is taken to emulate the experimental system that is very dense in mesogenic
component, by making the stoichiometry such that there are on average two bonds to a mesogen
of either species for every three particles on the polymer main-chain. All particles subsequently
interact via Lennard-Jones potentials. We refer readers interested in the exact simulation protocol to
the respective texts [1, 3].
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(a) Uniaxial orientational order (b) Biaxial orientational order

(c) Relative volume (d) Free energy density

Figure 3.2: Phase behaviour of the simple biaxial model as a function of the re-scaled external �eld
strength h. (a): re-scaled uniaxial orientational order parameter s. (b): re-scaled degree of biaxiality
p. (c): re-scaled free volume order parameter η̃; prior to re-scaling the free volume order parameter
reads η ≡ (V − V0) /V0, with V the system volume and V0 the reference volume. (d): re-scaled
Gibbs free energy per unit reference volume g̃ = g/ (B4/C3), with g the Gibbs free energy per unit
reference volume. Black lines denote stable solutions and red lines denote unstable solutions. �e
system follows the stable solution branch with the lowest free energy, such that the order-disorder
phase transition occurs at the point where the stable branches of the free energy density cross. For
the re-scaling procedure, see equation (3.17) and below. Model parameters used: t = −3.0, κ̃ = 1.0,
ζ = 0.05.

�e MD simulations described above have been used to analyse the orientational order of both
cross-linked and dipolar mesogens, as well as the volume change of the network relative to the initial
con�guration, as a function of the electric �eld strength. In order to connect with our model, we
combine the simulated orientational order parameters into a single order parameter measured along
the �eld axis. �e reason for this is that the uniaxial order parameter s does not exactly map onto the
orientational order of the cross-linked mesogens and neither does the biaxial order parameter p map
exactly onto the orientational order of the dipolar mesogens; we can only compare their combined
orientational order. With this in mind, Figure 3.3 compares the model and simulation results.
From this we see that our simple biaxial approach reproduces some of the qualitative features
observed in simulations. Namely, we �nd that the response to the electric �eld is weak for low �eld
strengths and grows gradually until the phase transition. At this point, the theoretically predicted
orientational order exhibits a “jump” to positive values: the mesogens now predominantly orient
along the �eld axis. Although the simulation results exhibit no clear phase transition, we observe a
sharp increase in orientational order that emulates this e�ect. In both cases the corresponding free
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(a) �eory (b) Simulation

(c) �eory (d) Simulation

Figure 3.3: Phase diagram as a function of the external �eld strength for theory (le�) and simulation
(right). �eory: (a): re-scaled orientational order parameter, measured along the �eld axis (x-axis), as
given by −s/2 + p, with s the re-scaled uniaxial orientational order parameter and p the re-scaled
degree of biaxiality. (c): re-scaled free volume order parameter η̃; prior to re-scaling the free volume
order parameter reads η ≡ (V − V0) /V0, with V the system volume and V0 the reference volume. We
plot as a function of the square root of the re-scaled external �eld strength h, as

√
h ∝ |E|. Black lines

denote stable solutions, red lines denote unstable solutions and the order-disorder phase transition
occurs around

√
h ≈ 5.1, as the green line indicates. �e solid lines follow the minimum of the free

energy density; the remaining lines are dashed for ease of reading. For the re-scaling procedure,
see equation (3.17) and below. Model parameters used: t = −3.0, κ̃ = 1.0, ζ = 0.05. Simulation:
(b): orientational order parameter, measured along the �eld axis (x-axis), is obtained by averaging
contributions from cross-linked and dipolar mesogens. (d): volume increase in percent measured
relative to the equilibrated volume in the absence of an electric �eld. We plot as a function of the
electric �eld strength E in terms of

√
E/ (4πε0D3), with E and D the fundamental reduced units

of energy and distance for the Lennard-Jones potential, and ε0 the vacuum permi�ivity. Di�erent
colours indicate di�erent random network topologies and lines are guides to the eye. Data taken
from [3].

volume follows the degree of orientational disorder. Within the theoretical model the free volume
exhibits a discontinuous decrease at the phase transition, as the orientational order parameter “jumps”
from virtually isotropic to highly ordered. �e simulations, on the other hand, show the free volume,
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as measured relative to the initial con�guration in the absence of an electric �eld4, steadily increasing
and passing through a maximum. One can verify that this maximum corresponds approximately
to the point where the liquid crystal network is most orientationally disordered, as illustrated in
Figure 3.4 (see Appendix B for more details). �is leads us to conclude that, at least prior to the phase
transition, the free volume e�ect on which we base our theory qualitatively explains the simulation
results.
At this point, however, the a�entive reader will be rightfully worried about the absence of a discon-
tinuous phase transition in the simulations, in contrast to the theoretical model; we only mentioned
this in passing in the previous paragraph. Indeed, this observation implies that the theory and
simulations describe fundamentally di�erent transitions: discontinuous and continuous. A potential
explanation for this incongruity would be that the discontinuous phase transition is spread out in the
simulation due to �nite size e�ects. However, since increasing the size of the simulated system yields
no discernible sharpening of the transition [33], we expect the transition to truly be continuous
in simulations. As a result, we are forced to conclude that the current model still lacks some vital
ingredients, and that at a fundamental level.
In addition, we note that both the theory and the simulations show a sharp decrease in free volume
beyond the phase transition. However, looking at the corresponding order parameter values, both
must have vastly di�erent origins. Indeed, within the model free volume creation and annihilation
is directly coupled to the orientational order of the liquid crystal network5, and so the observed
free volume annihilation must be due to increasing orientational order. However, in the simulations
the orientational order saturates, whereas the free volume keeps decreasing. It is thus clear that
this free volume annihilation cannot entirely be due to the increase in orientational order. Instead,
we remark that both experiments and simulations hint at the liquid crystal network being glassy
[1, 2, 3, 33]. Based on this, we hypothesise that in the simulations of [3] the electric �eld “kicks” the
liquid crystal network out of its initial, locally stable con�guration, a�er which the system relaxes
to a new glassy “equilibrium”6. �is suggests that upon increasing the electric �eld strength the
system is increasingly perturbed from its initial con�guration, and we then expect the subsequent
relaxation to result in increasingly small free volume, in accordance with Figure 3.3d. �e reasoning
behind this is that free volume does not form spontaneously, and even when it is formed by means
of e.g. an electric �eld it quickly relaxes [1, 2, 3, 33]. �is tells us that free volume must be (highly)
energetically unfavourable, and so systems that are increasingly perturbed from their locally stable
initial con�guration can relax to increasingly small free volume. We will not a�empt to capture this
mechanism within the equilibrium description of our Landau theory, and henceforth we focus on the
regime 0 ≤ E ≤ 20, where we can be certain free volume creation is an important e�ect. �is is also
likely the experimentally relevant regime.
�us, we have found that using a simple biaxial approach we can already reproduce some of the
qualitative features observed from simulations. Indeed, upon increasing the electric �eld strength
we found that both theory and simulations show an initial regime where the orientational order
responds weakly to variations in �eld strength. �is regime is followed by a narrow region where the
response to electric �eld variations is very sharp, and �nally by saturation of the orientational order
parameter. In addition, we concluded that the concomitantly created free volume follows the degree

4 Notice that although the initial con�guration is stable on the simulation timescales, it need not necessarily coincide
with thermodynamic equilibrium. �is is likely also why the system volume recovered from the simulations [3], as
shown in Figure 3.3d, shows a decrease for weak electric �elds. A�er all, the application of a weak electric �eld
allows the system to relax to a con�guration with lower free energy, indicating that free volume is energetically
unfavourable.

5 �e free volume order parameter η is, in fact, enslaved by the orientational order parameters s and p within the
model. �at is, we expressed η entirely in terms of s and p by “integrating out” the free volume.

6 Relaxation within a glassy system becomes su�ciently slow such that it never truly reaches thermodynamic
equilibrium [43, 44]
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Figure 3.4: Estimate of the global degree of orientational order S2 in the simulations of [3] as a
function of the electric �eld strength E, obtained by projecting the orientational order of the cross-
linked mesogens onto a uniaxialQ-tensor along y and the orientational order of the dipolar mesogens
onto a uniaxial Q-tensor along x. We show S2 ≈

(
4S2

c,x + 2Sc,xSd,x + S2
d,x

)
/4, with Sc,x and Sd,x

the orientational order parameters of the cross-linked and dipolar mesogens one would measure
along the �eld axis (x-axis). �e electric �eld strength is in simulation units; the conventions are
given under Figure 3.3. Di�erent colours indicate di�erent random network topologies and lines are
guides to the eye.

of global orientational disorder in the regime that is likely of experimental interest, as expected based
on the creation of molecular voids of free volume.
However, from the above it is also clear that the current results are by no means conclusive. �e �rst
observation that already hinted at the limitations of the biaxial model came in the form of the order
parameters we use: the uniaxial orientational order parameter S and the degree of biaxiality P . A�er
all, these cannot be mapped directly onto the cross-linked and dipolar mesogen species that play an
important role in both simulation and experiment; this means a proper microscopic interpretation
remains lacking. Moreover, we observed a discontinuous order-disorder phase transition from
the simple biaxial model, whereas simulations show a continuous phase transition; this hints at a
fundamental di�erence between theory and simulations. �us, we are forced to conclude that the
model must be reconsidered in order to realise a fully consistent theory for liquid crystal networks.

25



Chapter 4

Two population model

In the previous Chapter we saw that a simple biaxial approach can already reproduce some of the
qualitative features observed in simulations. However, at the same time the microscopic interpretation
of the model le� a lot to be desired. A�er all, the uniaxial and biaxial orientational order parameters,
S and P , employed in the previous Chapter are in no way natural order parameters with which to
describe the problem at hand: neither can be mapped onto the orientational order of the cross-linked
or dipolar mesogens. As a result, selective coupling terms involving only one mesogen species were
ad-hoc at best in this approach. �us, it is clear that the biaxial model must be adapted to yield a
physically sound interpretation. With this in mind, our aim in the current Chapter is to improve on
the model by explicitly incorporating cross-linked and dipolar mesogens in our description.

4.1 Breakdown of the biaxial approach

Naively, one would expect that working in terms of the orientational order parameters of the cross-
linked and dipolar mesogens, rather than the uniaxial and biaxial orientational order parameters
S and P , would not fundamentally change our approach. Indeed, assuming that the orientational
order remains constrained to the principal axes x, y, z, we must still recover a Q-tensor that is
globally biaxial. �e major di�erence, however, is that it is now composed of contributions from
the cross-linked and dipolar mesogens, which are, in principle, independent. �at is, both mesogen
species can reorient more or less independently from the other. �is already hints at the breakdown
of the biaxial approach, as it no longer makes sense to describe a liquid crystal network comprising
two independent mesogen species with a single orientational order parameter tensor.
To further substantiate why the biaxial approach is no longer valid if we consider independent
mesogen species, let us consider an example. Consider a liquid crystal network composed of cross-
linked mesogens ordering uniaxially along the y-axis and dipolar mesogens ordering uniaxially along
the x-axis. �e corresponding Q-tensors are given by





Qc =



−Sc/3 0 0

0 2Sc/3 0

0 0 −Sc/3


 ,

Qd =




2Sd/3 0 0

0 −Sd/3 0

0 0 −Sd/3


 ,

(4.1)

where the subscript c denotes cross-linked mesogens and the subscript d denotes dipolar mesogens.
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In general, the global orientational order parameter tensor follows as Q = fQc + (1− f)Qd, with f
the fraction of cross-linked mesogens and 1− f the fraction of dipolar mesogens. Since we have an
even distribution of cross-linked and dipolar mesogens, we set f = 1/2 in what follows. Subscribing
to the biaxial approach, we must subsequently construct our Landau free energy density in terms of
the invariants of Q, i.e.

g =
3

4
a (T − T∗) TrQ2 − 3

2
B TrQ3 +

9

16
C
(

TrQ2
)2

=
1

8
a (T − T∗) (Sc + Sd)

2 − 1

24
B (Sc + Sd)

3 +
1

64
C (Sc + Sd)

4 .
(4.2)

Assuming, for the sake of argument T < T∗, since we are interested in nematic order for both
mesogen species, we �nd that the quadratic term yields couplings of the form−ScSd. �is interaction
promotes having Sc and Sd of opposite sign; since the cross-linked and dipolar mesogens order
along perpendicular axes, this means the quadratic term favours alignment. �e cubic term similarly
promotes the formation of a macroscopically nematic phase. A problem presents itself, however, if we
investigate the quartic term. Here, we �nd couplings of the form S3

cSd and ScS3
d , favouring Sc and Sd

to be of the same sign. �at is, the quartic term promotes the cross-linked mesogens ordering at right
angles with respect to the dipolar mesogens, and vice versa. �e reason behind this is that the quartic
term favours global orientational disorder, as it also does in the Landau theory of the regular nematic.
Although this, in and of itself, is not problematic, here we �nd that the quartic term introduces an
unphysical mechanism to induce this orientational disorder when we distinguish multiple mesogen
species. �e scenario where one more strongly aligns the dipolar mesogens by means of an electric
�eld neatly illustrates the unphysicality of this mechanism, as the aforementioned couplings would
have the cross-linked mesogens respond by ordering more strongly along the perpendicular axis!
We remark that the same qualitative picture applies when the mesogen species order along arbitrary
axes. Based on the above, we conclude that we can no longer use a biaxial approach if we consider
multiple, independent mesogen species.

4.2 Model free energy

Knowing that it cannot su�ce to describe the liquid crystal network analogous to a biaxial liquid
crystal, we must �nd an alternative manner in which to construct the Landau free energy density.
Considering that the observation that the cross-linked and dipolar mesogens are, in principle, inde-
pendent, formed the crux of our argument for discarding any biaxial approach, it would be intuitive
to simply treat their respective tensor order parameters independently as well. In other words, the
procedure we propose here is to construct the Landau free energy density in terms of the individual
invariants corresponding to each mesogen species, as if these were entirely independent of each
other. We can then later add phenomenological coupling terms to ensure their interaction, while
�ltering out any unphysical mechanisms.
With this in mind, the next step is to determine the form the individual Q-tensors take for each
mesogen species. Starting with the cross-linked mesogens, it is clear that their orientational order
varies relatively li�le compared to that of the dipolar mesogens. Noting that the experimentally
observed orientational order parameter does not change greatly upon application of the electric
�eld [1, 2], it is then safe to assume the cross-linked mesogens do not reorient appreciably in the
experimentally relevant regime. �is conclusion motivates us to to describe the orientational order
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of the cross-linked mesogens by means of the uniaxial tensor order parameter

Q1 =



−S1/3 0 0

0 2S1/3 0
0 0 −S1/3


 , (4.3)

with S1 the nematic scalar order parameter of the cross-linked mesogens. Note that here we have
neglected any biaxiality apparent from the cross-linked mesogens themselves; this would constitute
a small correction term but greatly complicate the model.
Determining the Q-tensor corresponding to the dipolar mesogens is a subtler a�air, as the dipolar
mesogens can orient along either the axis of initial ordering (y-axis) or the �eld axis (x-axis). As
a result, the tensor order parameter must accommodate the possibility of reorientation between
the two. A convenient way of allowing such reorientation is to introduce a population of dipolar
mesogens 1− ϕ that orients along the y-axis and a population of dipolar mesogens ϕ that orients
along the x-axis. One can then simply write down uniaxial Q-tensors for both orientations





Q2 =



−S2/3 0 0

0 2S2/3 0

0 0 −S2/3


 ,

Q3 =




2S3/3 0 0

0 −S3/3 0

0 0 −S3/3


 ,

(4.4)

and interpolate between the two bymeans of the population fractionϕ. Here S2 stands for the nematic
scalar order parameter of the dipolar mesogens that orient along the y-axis, whereas S3 applies along
the x-axis1. We remark that this population approach naturally allows for the reorientation of only a
fraction of the dipolar mesogens, rather than all of them; a phenomenon that is readily observed in
simulations and so makes us more con�dent in our approach [33].
Having decided on a description of the orientational order, next we can start constructing the
Landau free energy density. Recalling that, within the current model, our aim is to describe the
cross-linked and dipolar mesogens independently from each other, we write their individual liquid
crystal contributions to the free energy density as

gi =
1

2
a (T − T∗)S2

i −
1

3
BS3

i +
1

4
CS4

i , i = 1, 2, 3. (4.5)

Note that here we also treat the two dipolar mesogen populations independently. Moreover, for the
sake of simplicity, we have tacitly assumed identical Landau coe�cients for the di�erent mesogen
species.
In order to nevertheless clearly distinguish between the di�erent types of mesogen, we introduce
selective coupling terms of the form 1

2
κ (S1 − S0)2 and −HS3. �e �rst, as in the previous Chapter,

symbolises cross-linking a memory of the formation conditions S1 = S0 into the liquid crystal
network. �is term solely acts on the cross-linked mesogens. �e second coupling term, on the
other hand, distinguishes between the two dipolar mesogen populations by postulating that only
the �eld-aligned mesogens e�ectively “feel” the external �eld. �e reason we do not also couple the
�eld-unaligned population of dipolar mesogens to the electric �eld is that such a coupling would blur
the distinction between the di�erent dipolar mesogen populations. Indeed, such a coupling would

1 We purposely do not combine the two into a single tensor as we are interested in resolving their individual phase
behaviour. As argued before, combining the two leads to unphysical couplings.
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yield a contribution to the free energy density of the form 1
2
HS2, promoting S2 < 0. �is suggests

a tendency for the �eld-unaligned population of dipolar mesogens to order perpendicular to their
director, since the electric �eld axis also lies perpendicular to their director. �is clearly undermines
the model philosophy of having two dipolar mesogen populations ordering along perpendicular axes.
We remark, however, that not coupling the �eld-unaligned population of dipolar mesogens to the
electric �eld does not necessarily detract from the model, as the relevant free energy is that describing
the di�erence in free energy between the two states, i.e. the �eld-unaligned and the �eld-aligned
populations of dipolar mesogen. Incorporating the above additions, the result is a free energy density
of the form

gmesogens = g1 + g2 + x2 (g3 − g2 −HS3) +
1

2
κ (S1 − S0)2 , (4.6)

where we have introduced x ≡ √ϕ to ensure φ ≥ 0. We remark that equation (4.6) intuitively
identi�es the di�erence in free energy density between the two dipolar mesogen populations as the
driving force behind reorientation, as it should be.
�e free energy density of equation (4.6) does not tell the whole story, however. �e most striking
omission, perhaps, is the interaction between the cross-linked and dipolar mesogens: the current
description treats the two as completely decoupled from each other. In order to rectify this, we
introduce excluded volume-like interaction terms of the form 3

4
λTr

(
Q1 −Qi

)2

, i = 2, 3; these
interactions promote alignment between the cross-linked and dipolar mesogens. Note that we ignore
explicit interactions between the dipolar mesogen populations; this we all absorb into the interaction
with the population fraction x2. �e second feature missing from equation (4.6) is not as obvious, but
just as vital to a consistent description of the liquid crystal network. To identify this missing feature,
consider that, in order to fully capture the behaviour of the dipolar mesogens, we must treat the
population parameter x ≡ √ϕ as a proper order parameter. �at is, the free energy density must also
be a minimum with respect to x at equilibrium. As a result, we are forced to include an additional
term 1

2
B1x

4. �e reason for this is that without it the free energy density is unbounded from below2.
Incorporating these additions, the free energy density becomes

gLQ = g1 + g2 + x2 (g3 − g2 −HS3) +
1

2
B1x

4 +
1

2
κ (S1 − S0)2

+
1

2

(
1− x2

)
λ (S1 − S2)2 +

1

2
x2λ

(
S2

1 + S1S3 + S2
3

)
,

(4.7)

where we have taken care to scale all terms involving S2 with 1− x2 and all terms involving S3 with
x2.
Following this, we �nalise the Landau free energy density by adding the phenomenological coupling
to the scalar free volume order parameter η; this was the primary focus of the previous Chapter. We
reiterate that by this we mean the excluded volume of the liquid crystalline mesogens, rather than the
volume associated with their translational entropy. �e corresponding physical interpretation is then
one where the liquid crystalline mesogens create microscopic voids upon reorienting, increasing the
volume of the liquid crystal network; for themoment we neglect the subsequent viscoelastic relaxation
of these voids. Furthermore, we remind the reader that the coupling to the free volume connected
the creation and annihilation of free volume to the degree of global orientational (dis)order. Here, in
an appeal to the internal consistency of the free energy density, we propose decomposing the degree
of global orientional order in a contribution from the cross-linked mesogens, a contribution from
each dipolar mesogen population, and a contribution from their cross terms. �at is, we approximate

2 As we are dealing with a population fraction here, we must constrain 0 ≤ x2 ≤ 1 to recover physically sensible
results. Although this precludes the free energy density actually going to g → −∞ since x2 remains bounded, the
additional term 1

2B1x
4 is still important. Indeed, minimising the free energy density without it invariably results in

either x2 = 0 or x2 = 1; we require the additional term for x2 to take intermediate values.
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the degree of global orientational order as 9
2

TrQ2 = 9
2

(1− x2) Tr
(
Q1+Q2

2

)2

+ 9
8
x2 Tr

(
Q1 +Q3

)2

,
where we have again ignored explicit cross terms between the dipolar mesogen populations. We
remark that this approach ensures all terms involving dipolar mesogen populations are scaled in a
similar manner to O (x2), as an internally consistent description demands. �e �nalised Landau free
energy density then reads

g = g1 + g2 + x2 (g3 − g2 −HS3) +
1

2
B1x

4 +
1

2
κ (S1 − S0)2

+
1

2

(
1− x2

)
λ (S1 − S2)2 +

1

2
x2λ

(
S2

1 + S1S3 + S2
3

)
+

1

2
B0η

2

+
3

4
ξη
[(

1− x2
)

(S1 + S2)2 + x2
(
S2

1 − S1S3 + S2
3

)
− 4S2

0

]
,

(4.8)

where we have again added a coupling to the initial nematic order S1 = S2 = S0, x2 = 0 to make
sure the initial con�guration corresponds to η = 0.

4.3 Integrating out the volume degree of freedom

4.3.1 Equilibrium conditions

Armed with the full Landau free energy density (4.8), we now set out to investigate the role that free
volume plays in the current model. To this end, we follow the same procedure as in the previous
Chapter, starting with the calculation of the binodal curves

∂g

∂S1

= g′1 + κ (S1 − S0) + λ

[(
1− x2

)
(S1 − S2) + x2

(
S1 +

1

2
S3

)]

+
3

2
ξη

[(
1− x2

)
(S1 + S2) + x2

(
S1 −

1

2
S3

)]
= 0, (4.9)

∂g

∂S2

=
(
1− x2

) [
g′2 + λ (S2 − S1) +

3

2
ξη (S1 + S2)

]
= 0, (4.10)

∂g

∂S3

= x2

[
g′3 −H + λ

(
S3 +

1

2
S1

)
+

3

2
ξη

(
S3 −

1

2
S1

)]
= 0, (4.11)

∂g

∂x
= 2x

[
g3 − g2 −HS3 +B1x

2 +
1

2
λ
[
− (S1 − S2)2 +

(
S2

1 + S1S3 + S2
3

)]

+
3

4
ξη
[
− (S1 + S2)2 +

(
S2

1 − S1S3 + S2
3

)] ]
= 0, (4.12)

∂g

∂η
= B0η +

3

4
ξ
[(

1− x2
)

(S1 + S2)2 + x2
(
S2

1 − S1S3 + S2
3

)
− 4S2

0

]
= 0, (4.13)

where we have abbreviated g′i ≡ ∂gi/∂Si, i = 1, 2, 3. Although the set of equations (4.9)-(4.13)
readily illustrates how quickly the Landau theory we construct can grow in complexity, let us �rst
limit ourselves to investigating the key features we can take away from these equations.
Firstly, we remark that the equilibrium conditions for the dipolar mesogen populations S2 and S3

are multiplied with the factors (1− x2) and x2, respectively. �is indicates that the equilibrium
conditions for S2 are satis�ed at x2 = 1, regardless of all other order parameter values; the same
holds for S3 at x2 = 0. �is is not too surprising, however, as these limits correspond to situations
where we only have a single population of dipolar mesogens, i.e. all dipolar mesogens order along
the same axis. Naturally, equilibrium of the unoccupied population is irrelevant in this case.

30



A similar e�ect occurs for the equilibrium condition corresponding to the population order parameter
x itself, which represents chemical equilibrium between the two populations of dipolar mesogens3.
Here we �nd that we always satisfy the equilibrium condition for x = 0. Mathematically, this simply
follows from the fact that all terms involving x are O (x2) or of higher order. Recalling that the
reason for writing ϕ ≡ x2 was to ensure ϕ ≥ 0, it follows that, physically, this observation represents
the constraint that we cannot have negative population fractions. Since increasing the fraction of
�eld-aligned dipolar mesogens from x2 = 0 must either be lower or raise the free energy density,
it is clear that x2 = 0 always represents a local free energy density maximum or minimum; hence
∂g/∂x = 0. Although, based on this reasoning, one would also expect a similar e�ect for x2 = 1, this
is absent from equation (4.12) because the Landau free energy density does not explicitly constrain
x2 ≤ 1; this we must enforce by hand.
In addition, a closer look at the bracketed part of equation (4.12) shows that we can explicitly solve
for x2, i.e. at equilibrium we can express x2 entirely in terms of the remaining order parameters. �is
means we can, in principle, integrate out the population fraction x2 to arrive at a free energy density
that is entirely independent of it, just as we did for the free volume η in the previous Chapter. Before
we embark on such an endeavour, however, let us �rst investigate the behaviour of the population
fraction at equilibrium

x2 =
1

B1

[
g2 − g3 +HS3 +

1

2
λ (S1 − S2)2 − 1

2
λ
(
S2

1 + S1S2 + S2
3

)

+
3

4
ξη (S1 + S2)2 − 3

4
ξη
(
S2

1 − S1S3 + S2
3

) ]
. (4.14)

Identifying B1 as a “sti�ness” dampening the growth of the population fraction, we subsequently
recognise all bracketed terms as di�erent mechanisms by which the population fraction can change.
Treating these mechanisms in order of decreasing importance, we identify the �rst three terms as
corresponding to reorientation as a result of the applied external �eld; stronger �elds naturally
induce a larger �eld-aligned population. �e last two terms on the �rst line subsequently represent
reorientation induced by excluded volume interactions with the cross-linked mesogens. A�er all, if
the alignment of the �eld-aligned population with the cross-linked mesogens becomes particularly
poor, it becomes increasingly favourable to lower the corresponding population fraction; a similar
argument applies to the �eld-unaligned population. Finally, the terms constituting the second line
represent reorientation due to free volume e�ects. �at is, the dipolar mesogens adapt the population
fraction to be�er match the degree of global orientational (dis)order to the available free volume4.
Subsequently switching focus to equation (4.13), it is clear that, as in the previous Chapter, the
procedure outlined above also applies to the free volume order parameter η. �e result takes the
form

η =
3

4

ξ

B0

[
4S2

0 −
(
1− x2

)
(S1 + S2)2 − x2

(
S2

1 − S1S3 + S2
3

)]
, (4.15)

for which the interpretation is decidedly more straightforward: the system simply creates or annihil-
ates free volume to accommodate the degree of global orientational (dis)order.

3 Chemical equilibrium demands equal chemical potentials µi = ∂G/∂Ni|p,T = V0∂g/∂Ni|p,t, with G the Gibbs
free energy, g the Gibbs free energy per unit reference volume V0 and Ni the number of particles of species i; the
derivative is taken at constant pressure p and temperature T . Se�ing N2 = Nd

(
1− x2

)
and N3 = Ndx

2, with Nd
the total number of dipolar mesogens, we subsequently equate the chemical potentials of the two dipolar mesogen
populations to yield −∂g/∂x|p,T = ∂g/∂x|p,T . As we only satisfy this equality for ∂g/∂x|p,T = 0, we identify the
equilibrium condition for x with chemical equilibrium between the two dipolar mesogen populations.

4 Although, from a physical point of view, it is clear that the mesogens create free volume by means of reorientation,
and not the other way around, the model makes no distinction between the two: all coupling terms in the free
energy density invariably work both ways.
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4.3.2 Recasting the Landau free energy density

Although the previous Section seems to suggest that it is possible to integrate out both the population
fraction x2 and the free volume η from the free energy density, this turns out not to be the case. �e
reason for this is that combining equations (4.14) and (4.15) results in solutions that are fractions
of order parameters, rather than proper power series. �is complicates the process of integrating
out the associated order parameters and, maybe more importantly, we would stray away from the
philosophy of Landau theory in doing so5. �is compels us to choose a single order parameter to
integrate out, while we treat the other explicitly. Since our major interest lies with the e�ect of the
free volume on the overall phase behaviour, we opt to integrate out the free volume order parameter η
in what follows; the population fraction x2 is much more easily approximated to allow the analytical
investigation of interesting limits.
We thus set out to derive a free energy density independent of the free volume order parameter η,
in order to connect with our results in the previous Chapter. Here, we work in the limit of static
cross-linked mesogens, i.e. κ→∞, for ease of analysis. With this in mind, it su�ces to insert the
solution (4.15) into equations (4.10)-(4.12) to recover, by means of repeated integration, the e�ective
free energy density
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)
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+
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(4.16)

where we have discarded all constant terms6. From equation (4.16) it is evident that the model
e�ectively interpolates between the population of �eld-unaligned dipolar mesogens S2 and the
population of �eld-aligned dipolar mesogens S3, with free volume-mediated interaction terms
coupling the two.
Focusing �rst on the interaction terms, we note that the �rst three all describe three-way interactions
between the cross-linked mesogens and both dipolar mesogen populations. �e �rst is of the form
S2

1S2S3, whichmeans this term penalises orientational order of the cross-linkedmesogens ifS2S3 > 0.
�is corresponds to the case where both dipolar mesogen populations have a positive order parameter
and so order along their respective directors. In other words, the dipolar mesogen populations order

5 Note that it is, in principle, possible to expand the resulting fractions into a power series before integration to again
recover the form of a proper Landau theory. We choose not to do this, however, as such an expansion invariably
changes the underlying free energy density.

6 �e free energy density we recover introduces additional x4 terms such that it is no longer guaranteed that the
highest order term has a positive prefactor. �is shows us that, due to the interactions between η and x2, the free
energy density is not truly bounded from below. Formally, one would need to introduce a term proportional to x6,
with positive prefactor, to rectify this. However, since we must constrain 0 ≤ x2 ≤ 1 in our analysis, we neglect to
incorporate such a term as it will never play a vital role. �is is to keep the number of tunable parameters limited.
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along perpendicular axes. As a result, the network is already relatively orientationally disordered
and so there is an incentive to create rather than annihilate free volume. Decreasing the orientational
order of the cross-linked mesogens then simply reinforces this free volume creation.
Conversely, we remark that if S2S3 < 0, i.e. the dipolar mesogen populations align with each other,
the �rst term promotes orientational order of the cross-linked mesogens instead. �e reasoning
behind this is that there is now an incentive to annihilate free volume due to the present orientational
order; the cross-linked mesogens then follow suit. We remark, however, that since we constrain
S1 = S0 in the current description, this last mechanism introduces a tendency for the dipolar
mesogen populations to align with each other in order to accommodate the orientational order that
is already present. �at is, the present orientational order of the cross-linked mesogens promotes
free volume annihilation and, since this orientational order is static, the dipolar mesogens conform
to this ordering to reinforce the free volume annihilation. It is clear that this last point is an artefact
of making the cross-linked mesogens static. A�er all, aligning both dipolar mesogen populations
is clearly in con�ict with the philosophy of the model and so, for the purpose of this work, we are
primarily interested in the case of S2S3 > 0.
With the above reasoning in mind, it is then straightforward to recognise that the following two
terms carry a similar signi�cance to the �rst, but apply to the di�erent dipolar mesogen populations
S2 and S3 instead. Finally, the last coupling term involves only the dipolar mesogen populations and
promotes their individual orientational order. Within the context of our model, this translates to free
volume creation by having the populations order along perpendicular axes.

4.3.3 Development of orientational order of dipolar mesogens

With the interpretation of the coupling terms established, we now switch focus to the individual
contributions of each dipolar mesogen population. Here, we observe that both take the form of a
Landau theory for a regular nematic in an external �eld. �at is, they contain the usual quadratic,
cubic and quartic terms in S, with the linear term signifying the external �eld. Indeed, the only
di�erence with a regular nematic is that all coe�cients are renormalised. �is observation tells us that
we can straightforwardly extract the e�ect of free volume on the phase behaviour by calculating the
paranematic-nematic phase transition analogous to Section 2.2.2. We limit ourselves to investigating
the population of �eld-aligned dipolar mesogens S3 by se�ing x2 = 1 in equation (4.16), as this
limit explicitly contains the external �eld H and allows for an intuitive comparison with the biaxial
approach of the previous Chapter.
Following this, we �rst read o� the renormalised phenomenological coe�cients H̃, T̃∗, B̃, C̃ that
allow us to map the problem at hand explicitly onto that of a regular nematic in an external �eld.
A�er all, with these coe�cients in hand, we can simply use the result derived in Section 2.2.2 to
locate the phase transition line7
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+

3C̃

aB̃
H̃

≈ T∗ +
2B2

9aC
+

3CH

aB
− λ

a

(
S0

SIN
+ 1

)

+
9ξ2

16aB0

(
−6H

B

(
S0

SIN
+ 1

)
− 5S2

0 + 6
S3

0

SIN
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(S0 + SIN)

)
,

(4.17)
7 �is phase transition line is only valid below the critical point T / T∗+B2/3aC−λ/a andH / B3/27C2+λS0/2,
where we have neglected the small free volume-associated correction for the sake of brevity.

33



where we have assumed ξ2/B0C � 1 and abbreviated SIN = 2B/3C . We recognise in the �rst
three terms the phase transition line of a regular nematic in the external �eld H . �e following term
denotes a correction due to excluded volume-like e�ects and the term on the last line indicates free
volume-induced corrections.
Starting with the excluded volume e�ects, we conclude that the term proportional to λ lowers the
phase transition temperature. �e result is a stabilised isotropic phase at the expense of the nematic
phase. �is we rationalise by noting that the cross-linked mesogens order perpendicularly with
respect to the dipolar mesogen. As a result, the excluded volume interactions between the two
frustrate the development of orientational order and so favour the isotropic phase accordingly.
Continuing with the free volume-induced shi� of the transition temperature, we recover a wide
range of e�ects. Firstly, there is a contribution proportional to the external �eld H that aligns the
dipolar mesogens more strongly along their director. �is e�ect is generally counteracted by a free
volume-associated correction term that promotes free volume creation, and so an increase in available
space, to allow weaker orientational order. �e reasoning behind this is that, since the mesogens are
already quite well-ordered, there is less to be gained by annihilating free volume than by creating
free volume. Indeed, the degree by which the orientational order can be decreased, and so the free
volume increased, is generally much greater than the degree by which the orientational order can be
increased, and so the free volume decreased.
We recognise this same counteracting e�ect of the free volume when inspecting the excluded volume-
like contribution. As we already ascertained, the excluded volume interactions frustrate the nematic
order and so favour orientational disorder. �e associated free volume correction then counteracts
this by promoting ordering perpendicular to the cross-linked mesogens so that the maximum amount
of free volume can be created. �e result is a correction that stabilises the nematic phase at the
expense of the isotropic phase.
Finally, the remaining free volume-associated terms result purely from the orientational order
S1 = S2 = S0, x2 = 0 that was cross-linked into the network. Assuming a spontaneously formed
network S0 ≥ SIN, we �nd that this contribution generally raises the phase transition temperature
and so stabilises the nematic phase. �e mechanism behind this is then again the creation of free
volume by having the cross-linked and dipolar mesogens order along perpendicular axes.
Linking back to the biaxial approach of the previous Chapter, amid generally similar mechanisms we
�nd a few striking di�erences with our current approach. Most notably, in Section 3.2.2 we concluded
that the free volume has no e�ect on the onset of biaxial order. We remind the reader that the reason
for this was that the degree of biaxiality can only increase from the uniaxial reference con�guration.
Since free volume e�ects are directly linked to orientational order in our description, this forced
us to conclude that the free volume can only start playing a role a�er biaxiality has already set in.
Based on the two population model, however, we clearly see that no such mechanism is present if we
treat the di�erent mesogen species independently. Indeed, now each mesogen species or population
has an individual Q-tensor and so can both increase and decrease the associated orientational order
more or less independently. It is then clear that the free volume exerts its in�uence on the dipolar
mesogens in a similar fashion at it does for the cross-linked mesogens, which we previously analysed
in Section 3.2.1. Moreover, we note that treating the di�erent mesogen species independently also
causes the additional excluded volume-associated corrections apparent in equation (4.17); in the
simple biaxial approach all such interactions were simple absorbed into the Q-tensor.
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4.4 Phase diagram

Having exhausted our analytical toolbox, the next step is to numerically calculate the phase diagram
corresponding to the two population model. To this end, we introduce the set of substitutions





si = Si/S+, i = 0, 1, 2, 3

t = (T − T∗) / (T+ − T∗) ,
h = H/H,

η̃ = η/ (ξB2/B0C
2) ,

(4.18)

where we remind the reader that S+ = B/2C and T+−T∗ = B2/4aC denote the spinodal of a regular
nematic, whereas H = B3/27C2 denotes the critical �eld strength. Comparing with the biaxial
approach of the previous Chapter, which was characterised by the strength of the coupling to the
polymer network κ̃ ≡ κ/ (B2/C) and the strength of the coupling to the free volume ζ ≡ ξ2/B0C ,
we have now introduced two additional dimensionless parameters. �ese are the strength of the
excluded volume-like interactions between the di�erent mesogens species λ̃ ≡ λ/ (B2/C) and the
“sti�ness” B̃1 ≡ B1/ (B4/C3) associated with the population fraction of dipolar mesogens. �e
former naturally follows from the fact that we now treat the mesogen species independently, and so
their interactions are no longer absorbed into the orientational tensor order parameter Q. �e la�er
we needed to introduce in order to enable a fraction of the dipolar mesogens to switch population,
rather than all of them at once. Note that, as in the previous Chapter, we link the degree of initial
orientational order s0 to the temperature according to s0 = 1 +

√
1− t; this presumes the network

is spontaneously formed at temperature t.
Following this, we choose values for the newly introduced dimensionless parameters λ̃ and B̃1, and
subsequently solve the equilibrium conditions (4.9)-(4.13) numerically. Figure 4.1 shows the results,
where we have projected the orientational order onto a uniaxial and a biaxial order parameter to
facilitate a comparison with the previous Chapter. Arguably the most striking feature we see here is
the absence of any response to the external �eld below an apparent “critical” �eld strength h = h∗.
We will see later that this threshold is related to overcoming the excluded volume interactions with
the cross-linked mesogens in order to reorient the dipolar mesogens along the �eld axis. For now we
take this as given, and conclude that this threshold must scale with λ̃ and s0.
In addition, we �nd that we no longer recover a sharp order-disorder phase transition following the
regime of no or weak response. Instead, the orientational order parameters more gradually change
upon varying the external �eld strength. �is is not too surprising, however, as we have introduced
the freedom for the dipolar mesogens to gradually reorient from the �eld-unaligned population to
the �eld-aligned population. As a result, we e�ectively stretch out the reorientation of the dipolar
mesogens over a much longer range of �eld strengths than if we would force them to reorient all at
once.
Apart from these features, however, the general trends we observe are still in line with our previous
results, as we expect them to be. �at is, we recover an initial regime of very minor response
(no-response regime), followed by a steep response to the external �eld and a subsequent approach to
saturation of the orientational order. �e corresponding free volume initially increases as the network
becomes increasingly orientationally disordered, but eventually decreases again when the network
orders more and more along the �eld axis for high �eld strengths h. We remark that the “kinks”
apparent from Figure 4.1 demarcate an additional regime of saturation: here all dipolar mesogens
align with the external �eld and so we only have one population of dipolar mesogens (x2 = 1). It is
then clear that the “kinks” themselves follow from the fact that we constrain the population fraction
0 ≤ x2 ≤ 1.
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(a) Orientational order (b) Population fraction

(c) Relative volume (d) Free energy density

Figure 4.1: Phase diagram of the two population model as a function of the re-scaled external
�eld strength h. (a), (b): orientational order projected onto a re-scaled uniaxial orientational order
parameter s =

(
s1 + (1− x2) s2 − 1

2
x2s3

)
/2 and a re-scaled degree of biaxiality p = 3x2s3/4.

Here si, i = 1, 2, 3 denote the orientational order parameters of the cross-linked mesogens, the
population of �eld-unaligned dipolar mesogens and the population of �eld-aligned dipolar mesogens,
respectively; the population fraction x2 keeps track of the fraction of dipolar mesogens that aligns
with the external �eld. (c): re-scaled free volume order parameter η̃; prior to re-scaling the free volume
order parameter reads η ≡ (V − V0) /V0, with V the system volume and V0 the reference volume.
(d): re-scaled Gibbs free energy per unit reference volume g̃ = g/ (B4/c3), with g the Gibbs free
energy per unit reference volume. Black lines (drawn and dashed) denote stable solutions and green
lines denote stable solutions with saturated population of �eld-aligned dipolar mesogens x2 = 1. For
the re-scaling procedure, see equation (4.18) and below. Model parameters used: t = −3.0, κ̃ = 1.0,
ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0.

4.5 Comparison with simulations

Although the previous Section already highlighted some striking di�erences between the two popu-
lation model and the biaxial approach, the feature that led us to propose an alternative approach
in the �rst place is the explicit distinction between cross-linked and dipolar mesogens. In order to
more clearly shed light on the individual phase behaviour of each of these mesogen species, we now
compare the theoretically predicted phase diagram with simulations. Figure 4.2 shows the results,
where we have projected the orientational order of all mesogen species onto the �eld axis (x-axis) to
allow for a straightforward comparison.
From Figure 4.2 we conclude that there is good qualitative agreement between the model and the
simulations, even when we resolve the phase behaviour of the cross-linked and dipolar mesogens
separately. Focusing �rst on the orientational order of both mesogen species, this manifests in a
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(a) �eory (b) Simulation

(c) �eory (d) Simulation

Figure 4.2: Phase diagram as a function of the external �eld strength for theory (le�) and simulation
(right). �eory: (a): re-scaled orientational order parameter, measured along the �eld axis (x-axis),
as given by sI = −s1/2 (dashed) and sII = − (1− x2) s2/2 + x2s3 (solid) for the cross-linked and
dipolar mesogens, respectively. (c): re-scaled free volume order parameter η̃; prior to re-scaling
the free volume order parameter reads η ≡ (V − V0) /V0, with V the system volume and V0 the
reference volume. We plot as a function of the square root of the re-scaled external �eld strength h, as√
h ∝ |E|. Black lines denote stable solutions and green lines denote stable solutions with saturated

population of �eld-aligned dipolar mesogens x2 = 1. �e order parameter conventions we use are
detailed under Figure 4.1, and for the re-scaling procedure see equation (4.18) and below. Model
parameters used: t = −3.0, κ̃ = 1.0, ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0. Simulation: (b): orientational order
parameter, measured along the �eld axis (x-axis), for cross-linked (dashed) and dipolar mesogens
(solid). For �eld strengths larger than shown here the orientational order parameters further saturate.
(d): volume increase in percent measured relative to the equilibrated volume in the absence of an
electric �eld. For �eld strengths larger than shown here the volume further decreases. We plot as a
function of the electric �eld strength E in terms of

√
E/ (4πε0D3), with E and D the fundamental

reduced units of energy and distance for the Lennard-Jones potential, and ε0 the vacuum permi�ivity.
Di�erent colours indicate di�erent random network topologies and lines are guides to the eye.

regime of weak or no response to the external �eld at low �eld strengths, followed by a steep response
to the external �eld. Subsequently, the orientational order keeps increasing but levels o� to saturation
at high �eld strengths. In the model, this la�er regime is captured in terms of a saturated population
of �eld-aligned dipolar mesogens.
Within the model, the free volume then simply accommodates the degree of orientational order
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by either creating or annihilating free volume. Accordingly, we recover a regime of no response,
followed by a sharp increase in free volume near the critical �eld strength h = h∗. If we increase the
�eld strength further the system keeps creating free volume as the network becomes increasingly
orientationally isotropic. �is trend persists until the global orientational order starts to decrease
again, which occurs when the system starts to order more and more strongly along the �eld axis
(x-axis). We remark that the volume increase recovered from simulations, measured relative to the
initial con�guration in the absence of an electric �eld, exhibits the same qualitative features, granting
further credence to the current approach. We remark that the fact that Figure 4.2d shows a volume
decrease at very weak electric �elds is likely due to the fact that the initial con�guration, while
stable on the simulation timescales, does not necessarily coincide with thermodynamic equilibrium.
Applying a weak electric �eld then allows the system to relax to a con�guration with a lower free
energy by decreasing its volume slightly.
Finally, we wish to draw the reader’s a�ention to the fact that the theoretical results show only a
single curve for each order parameter, whereas the simulation results show three distinct curves
corresponding to di�erent random network topologies. �e reason for this is twofold. Firstly,
upon re-scaling the theory, we have made the theoretical description independent of the Landau
coe�cients a,B,C . �at is, we have collapsed all curves corresponding to di�erent values of the
Landau coe�cients onto a single universal curve. We remark, however, that even a�er the re-scaling
procedure we are le� with a set of free re-scaled parameters, namely the temperature t, the coupling
to the polymer network κ, the coupling to the free volume ζ , the mesogen-mesogen coupling λ and
the “sti�ness” B1 associated with the population fraction of dipolar mesogens. In producing Figure
4.2 we have chosen representative values for these re-scaled parameters within a suitable parameter
regime. Since the used parameter values are not necessarily unique, the above tells us the theory is
able to capture the distinct curves the simulations show for di�erent random network topologies
by slightly varying the model parameters; this we veri�ed explicitly. �is is not too surprising, as
each di�erent random network topology is invariably characterised by slightly di�erent physical
properties, which directly translate to di�erent parameter values in the theoretical description.
�us, we have found that by explicitly incorporating cross-linked and dipolar mesogens into themodel
description we are able to resolve their individual phase behaviour, which is in good qualitative
agreement with simulations. In addition, this revision of the model introduced a “critical” �eld
strength below which there is no response to the electric �eld, as opposed to the region of weak
response we encountered in the previous Chapter; simulations seem to re�ect a similar regime.
Furthermore, we found that the two population model gives rise to a continuous order-disorder phase
transition in line with simulations, rather than the discontinuous “jump” the biaxial model predicted.
�e general trends we observed previously, however, are again present in the current model: the
regime of weak or no response is still followed by a steep response to electric �eld variations and
�nally saturation of the orientational order, with the concomitantly created free volume naturally
following the global degree of orientational disorder. Based on the above considerations we adopt
the two population model for the remainder of this work, and henceforth investigate how the model
can be exploited to yield experimentally relevant predictions.
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Chapter 5

Dynamics

In the previous Chapter we improved on our model by explicitly incorporating both cross-linked
and dipolar mesogens into our description. �is addition allowed us to probe their individual phase
behaviour, which enabled a more meaningful comparison with simulations. From this, we found
that our theoretically predicted phase diagram is qualitatively consistent with simulations, lending
further credence to the physical mechanisms that form the foundation of our model. In what follows
we further analyse the model we se�led on in the previous Chapter and investigate what predictions
the model can make.
More speci�cally, we will be interested in the dynamical behaviour of the model. Indeed, from an
experimental point of view it is much more interesting to probe how the liquid crystal network
approaches its eventual equilibrium con�guration, rather than the exact con�guration it ends up
in. �e reason for this is that for most industrial applications it is desirable to keep creating free
volume, and the associated height modulation, before this energetically unfavourable free volume
relaxes away again. �at is, from an experimental point of view one aims to perpetually operate out
of thermodynamic equilibrium. As a result, an in-depth understanding of the dynamical behaviour
of the liquid crystal network is of vital importance to optimising experiments and applications.

5.1 Relaxational dynamics

Before we can launch into an investigation of the model dynamics, we must �rst �nd a way to
reconcile the idea of Landau theory with dynamics. In this context, considerable work has been done
by Hohenberg and Halperin, who propose a wealth of dynamical models with which to describe
di�erent physical systems [45]. �e simplest of these descriptions assume purely relaxational
dynamics, meaning the associated dynamical equations allow the system to e�ectively “move down”
the free energy landscape toward the free energy minimum. It is clear that these equations must
be dissipative, as the amount of (free) energy is naturally reduced as a function of time. For the
remainder of this work, we focus purely on such relaxational dynamics.
All that remains, then, is to consider the form the relaxational dynamics should take in our model.
Generally speaking, one decides on this by examining the relevant order parameter: di�erent
dynamics should apply depending on whether the order parameter is a conserved quantity or not. A
non-conserved order parameter can locally be created, whereas a conserved order parameter must
be transported through the system. Accordingly, the former case (“model A”) incorporates a creation
term for the order parameter, whereas the la�er case (“model B”) includes spatial gradients to realise
order parameter transport; it is straightforward to generalise this to a third case including both
creation terms and spatial gradients (“model C”).
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For the purpose of this work it is su�cient to limit ourselves to modelA dynamics, i.e. the relaxational
dynamics of non-conserved order parameters. �e reason for this is that orientational order is a
non-conserved quantity and the same must apply to the population order parameter x, since it is
likewise related to mesogen reorientation. �is leaves us with the free volume order parameter η,
which must also be non-conserved as we are speci�cally interested in global free volume increases.
With this in mind, the dynamical equations governing each order parameter ψ = S1, S2, S3, x, η all
take the same form

∂τψ = −Γψ
∂g

∂ψ
+ θψ, (5.1)

where we denote the time τ , g is the Landau free energy density, Γψ is some kinetic coe�cient and
θψ represents a Gaussian noise term. Note that since our order parameters are all dimensionless, the
associated kinetic coe�cients all have the dimension of inverse viscosity Γψ [m s kg−1].
Equation (5.1) shows us that the temporal evolution of the order parameter ψ is directly related
to the derivative of the free energy density with respect to ψ. �is dependence makes explicit the
relaxational nature of the dynamics (see Figure 5.1): if ∂g/∂ψ > 0 we “move up” in the free energy
landscape and so the order parameter ψ decreases. Similarly, if ∂g/∂ψ < 0 we “move down” in the
free energy landscape, meaning the order parameter ψ should increase. We remark that the kinetic
coe�cient Γψ that serves as prefactor to this dependency “hides” the dissipative physics that makes
decreasing the (free) energy possible; we will later use this observation to estimate how the kinetic
coe�cients of the di�erent order parameters are related.

Figure 5.1: Schematic representation of the relaxational dynamics. Here we show a free energy
density landscape g as a function of the order parameter ψ. Grey circles represent possible order
parameter values and how these relax to the free energy minimum.

Finally, a note on the Gaussian noise term θψ is in order. It is natural to assume an average of zero for
this noise 〈θψ〉 = 0. Subsequently noting that correlations between such random “kicks” to the order
parameter occur on a time of the order of molecular collisions, we approximate the associated time
correlation function as 〈θψ (t) θψ′ (t

′)〉 = 2Γψδ (t− t′) δψ,ψ′ , where the Dirac delta belies a separation
of timescales [45, 46]. �at is, we assume time correlations decay in�nitely quickly and that the
noise associated with the di�erent order parameters ψ and ψ′ is uncorrelated. With this in place,
the prefactor 2Γψ then ensures the �uctuation-dissipation theorem is satis�ed [45, 46]. �is �nding
can be made intuitive by noting that the �uctuation-dissipation theorem states that the �uctuations
at equilibrium can be related to the response of the system to an external perturbation. Since the
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kinetic coe�cient Γψ encompasses the dissipative physics by which the perturbed system relaxes to
equilibrium, it is to be expected that the �uctuations at equilibrium depend on it as well.
Interestingly, from a practical point of view, the primary reason one generally includes the Gaussian
noise term θψ is to ensure the system reaches the proper equilibrium con�guration. �at is, we
require noise to make sure the system does not get “stuck” in local free energy minima, but eventually
reaches the global free energy minimum. Keeping this in mind, we cast a brief glance back to the
phase diagram we calculated in the previous Chapter (see Figures 4.1 and 4.2) and remind the reader
that it exhibits no discontinuous order parameter jumps with the current choice of model parameters1.
In other words, there is no (free) energy barrier to be overcome in the region of interest, and so the
Gaussian noise term in the dynamical equation (5.1) turns out to be super�uous. �us, in what follows
we save ourselves a signi�cant amount of computational work in averaging out the �uctuations by
simply neglecting noise altogether.

5.2 Governing equations

5.2.1 Dimensionless description

With the framework of relaxational dynamics established, it makes sense to �rst try to minimise
the number of free parameters by re-scaling the set of equations (5.1) to allow for a dimensionless
description. To this end, we remind the reader of the substitutions





si = Si/S+, i = 0, 1, 2, 3

t = (T − T∗) / (T+ − T∗) ,
h = H/H,

η̃ = η/ (ξB2/B0C
2) ,

(5.2)

where S+ = B/2C and T+ − T∗ = B2/4aC denote the spinodal of a regular nematic, whereas
H = B3/27C2 denotes the critical �eld strength. As before, we re-scale the coupling to the polymer
network κ̃ ≡ κ/ (B2/C), the coupling to the free volume ζ ≡ ξ2/B0C , the excluded volume-like
interactions λ̃ ≡ λ/ (B2/C) and the “sti�ness” of the population fraction B̃1 ≡ B1/ (B4/C3).
We subsequently recognise that all order parameter re-scalings are of the form ψ̃ = ψ/ψref, with
ψ = S1, S2, S3, x, η and where ψref = S+, S+, S+, 1, ξB

2/B0C
2 indicates the relevant re-scaling.

Writing the non-dimensionalised free energy density g̃ = g C3/B4 and re-scaling the time τ̃ = τ/τ0

with some as of yet unspeci�ed reference time τ0 then allows us to recast the set of dynamical
equations (5.1) in the dimensionless from

∂τ̃ ψ̃ = −τ0Γψ
ψ2
ref

B4

C3

∂g̃

∂ψ̃
. (5.3)

Equation (5.3) allows us to read o� the e�ective kinetic coe�cients Γ̃ψ̃ = τ0ΓψB
4/ψ2

refC
3 relevant

to the re-scaled order parameters ψ̃. Note, however, that this �nding does not yet conclude our
1 As long as we keep the temperature �xed, this holds even as we approach the �eld-induced paranematic-nematic
transition of the underlying liquid crystal. To see this, consider that the paranematic-nematic transition occurs
for �eld strengths h ≤ 1 (see Section 2.2.2). However, since the electric �eld only e�ectively interacts with the
�eld-aligned population of dipolar mesogens S3, we can only observe this if x2 > 0. Noting that the population order
parameter x only assumes non-zero values for h∗ � 1, we conclude that this behaviour is completely suppressed. It
should be noted, however, that there exist parameter regimes for which the critical behaviour of x2 is discontinuous
itself. We do not focus on this as these parameter regimes as these either correspond to unphysical limits or weaken
the agreement with simulations.
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re-scaling of the dynamical equations, as all e�ective kinetic coe�cients still depend on the reference
time τ0, which we may choose freely. A clever choice here would be to measure time relative to
the dynamics of one of the order parameters, e.g. the free volume order parameter η̃, such that
we no longer need to explicitly incorporate the associated kinetic coe�cient. �at is, by choosing
τ0 = (ξB2/B0C

2)
2
C3/ΓηB

4 we set the kinetic coe�cient associated with the free volume order
parameter η̃ to unity, leaving us with the e�ective kinetic coe�cients





Γ̃s1 = (ΓS1/Γη) / (C2B2
0/4B

2ξ2) ,

Γ̃s2 = (ΓS2/Γη) / (C2B2
0/4B

2ξ2) ,

Γ̃s3 = (ΓS3/Γη) / (C2B2
0/4B

2ξ2) ,

Γ̃x = (Γx/Γη) / (C4B2
0/B

4ξ2) ,

Γ̃η̃ = 1.

(5.4)

5.2.2 Relating the kinetic coe�cients

�e �nal step in reducing the complexity of the problem at hand is to have a closer look at the
(bare) kinetic coe�cients themselves and see how these may be related. To this end, we start by
noting that based on a dimensional analysis of equation (5.1) the kinetic coe�cients Γψ related to
our order parameters ψ = S1, S2, S3, x, η all have the dimension of inverse viscosity. �at is, the
kinetic coe�cients all encompass some combination of viscous dissipative processes, which can
generally be expressed in terms of reorientation and transport of mass [47]. For the orientational
order parameters S1, S2, S3 we expect the dominant contribution to be a rotational viscosity, whereas
the dynamics of the relative volume η we expect mass transport to dominate; this we associate with
a bulk viscosity. Although it may be tempting to also add the population order parameter x to the
list of orientational order parameters, as x similarly describes a rotational process, this is not entirely
justi�able. �is is because the population fraction x2 describes the fraction of dipolar mesogens
that has undergone a reorientation of 90° to align with the external �eld, i.e. director reorientation,
whereas the orientational order parameters describe reorientations along the director. Based on this,
we distinguish three distinct viscous mechanisms that dictate the kinetic coe�cients of the model,
which we describe in the following paragraph.
Although it is, in principle, possible to derive approximate microscopic expressions for some of the
viscosities at play here [48, 49, 50], these invariably depend on a number of unknown parameters and
so do not further our cause. Instead, here we su�ce with a utilitarian approach by simply arguing
the relative magnitude of each kinetic coe�cient. Firstly, we set ΓS2 = ΓS3 as both concern the
same type of dipolar mesogen reorientation, but along di�erent axes. Subsequently, we argue that
ΓS1 < ΓS2 = ΓS3 must hold by virtue of the cross-linked mesogens having to more explicitly contend
with the polymer matrix. Following this, we expect the dynamics of full 90° direction reorientation
Γx to be slower than reorientation along the director ΓS2 ,ΓS3 . Indeed, the former process generally
involves overcoming some (free) energy barrier2, in this case the excluded volume interaction with
the cross-linked mesogens, whereas the la�er process is associated with more gradual gradients
in the free energy. We remark that it is up for debate whether the dynamics of Γx is also slower
than the dynamics of the cross-linked mesogens ΓS1 ; this invariably depends on the topology of the

2 Note that, formally, such a (free) energy barrier must shrink as a function of the external �eld strength h. A�er all,
x2 represents how the dipolar mesogens are distributed over the two �eld-aligned and �eld-unaligned populations.
Consequently, when x2 grows the physical interpretation is then a decrease in the relative importance of the
(free) energy barrier separating the two populations. �is also means that x2 = 1 coincides with the (free) energy
barrier vanishing completely. However, since the most interesting regime involves populations of both �eld-aligned
and �eld-unaligned dipolar mesogens, we choose to neglect this e�ect here. �e result is that we absorb all �eld-
dependent e�ects into the free energy density itself, on the grounds that a �eld-dependent kinetic coe�cient would
introduce additional couplings to the model.
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polymer network and the nature of the cross-links, among other factors. Here we simply assume
that Γx < ΓS1 holds on the grounds that we expect only minor reorientations of the cross-linked
mesogens to be allowed by the polymer network, which we consequently expect to be associated with
local (free) energy gradients rather than (free) energy barriers. Lastly, we argue that the dynamics
associated with the free volume Γη should be faster than all mesogen reorientation dynamics, since
this describes the formation of molecular voids when mesogens have already reoriented to allow for
this; the timescale we associate with this is that of molecular collisions. As a result, we are le�
with the sequence of kinetic coe�cients Γx < ΓS1 < ΓS2 = ΓS3 < Γη. For simplicity, we choose
these kinetic coe�cients such that the same sequence holds for the re-scaled order parameters:
Γ̃x < Γ̃s1 < Γ̃s2 = Γ̃s3 < Γ̃η̃.

5.3 Linearised dynamics

Now that we have reduced the set of governing equations as much as possible, we �rst turn to
investigating the short-time limit to get a feeling for the dynamics. To keep the results insightful,
here we work in the limit of static cross-linked mesogens S1 = S0, i.e. κ̃→∞; the results remain
similar even when we relax this constraint, but the mathematics quickly becomes overbearing. �us,
we expand the (re-scaled) order parameters around the initial con�guration s1 = s0, s2 = s0 + ε δs2,
s3 = s0 + ε δs3, x = ε δx, η̃ = ε δη̃, with ε� 1, and insert the result into the dynamical equations
(5.3). Subsequently retaining only terms of O (ε), the set of dynamical equations reads

∂τ̃




δs2

δs3

δx
δη̃


 = −




(
−s0 + s2

0 + 2λ̃
)

Γ̃s2/8 0 0 3S0ζΓ̃s2/4

0 0 0 0

0 0 s0

(
−4h+ 81s0λ̃

)
Γ̃x/108 0

3s0ζΓ̃η̃/4 0 0 ζΓ̃η̃







δs2

δs3

δx
δη̃


 .

(5.5)
From equation (5.5) we can already take away two major �ndings: in the short-time limit the �eld-
aligned dipolar mesogens (s3) are static, and the dynamics of the population order parameter x
decouples entirely from the dynamics of the other order parameters. Consequently, we already know
at a glance that δs3 (τ̃) = δs3 (0) and

δx (τ̃) = δx (0) exp

(
s0Γ̃x
108

(
4h− 81λ̃s0

)
τ̃

)
(5.6)

must hold. Interestingly, equation (5.6) shows the existence of a critical �eld strength h∗ = 81λ̃s0/4
above which reorientation of the dipolar mesogens along the �eld axis occurs. �at is, for h > h∗
the population of �eld-aligned dipolar mesogens x2 grows exponentially, whereas for h < h∗ any
deviation from x = 0 decays exponentially such that all dipolar mesogens remain �eld-unaligned.
Notice that this is the same critical �eld strength that we encountered in the static theory of the
previous Chapter, see Figure 4.2, indicating critical slowing down near the phase transition at h = h∗.
It is clear from the dependence of this critical �eld strength on λ̃ and s0 that the underlyingmechanism
inhibiting reorientation at low �eld strengths is the excluded volume interaction with the cross-linked
mesogens. In other words, for reorientation of the dipolar mesogens to occur, the external �eld must
overcome the excluded volume interaction with the cross-linked mesogens that initially constrains
the orientation of the dipolar mesogens. We remark that we already encountered this critical �eld
strength in the phase diagrams of the previous Chapter: the linearised dynamics we calculated here
directly dictates whether the dipolar mesogens will eventually reorient at equilibrium!
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�e above allows us to reduce the set of dynamical equations (5.5) to

∂τ̃

(
δs2

δη̃

)
= −

((
−s0 + s2

0 + 2λ̃
)

Γ̃s2/8 3s0ζΓ̃s2/4

3s0ζΓ̃η̃/4 ζΓ̃η̃

)(
δs2

δη̃

)
. (5.7)

�e standard approach to solve such a system of coupled linear di�erential equations is to diagonalise
the matrix coupling the di�erent order parameters, according to

−
((
−s0 + s2

0 + 2λ̃
)

Γ̃s2/8 3s0ζΓ̃s2/4

3s0ζΓ̃η̃/4 ζΓ̃η̃

)
= P DP−1, (5.8)

where the columns of P contain the matrix eigenvectors and D is a diagonal matrix �lled with the
corresponding eigenvalues. We can immediately see the merit of this procedure if we subsequently
recast equation (5.7) as

∂τ̃ v = D v, (5.9)

with v ≡ P−1

(
δs2

δη̃

)
. Since D is a diagonal matrix there is no longer any cross-talk between the

dynamics of the vector components v1 and v2: we have essentially opted for a more natural basis
in terms of order parameters to describe the problem at hand3. Note that these vector components
contain information on what combinations of order parameters constitute actual modes, and so could
possibly point us toward more convenient order parameter choices in the future. However, for the
problem at hand these take a rather complicated form without adding to our physical understanding;
hence we choose to leave out the explicit expressions. Instead, we focus on simply solving the
di�erential equations (5.9) for v1 and v2, which take the form of simple exponential functions with
exponents characterised by the eigenvalues of our original matrix. It is subsequently trivial to
translate the solutions for v1 and v2 back to δs2 and δη̃.
Leaving out the details for the sake of brevity and skipping straight to the results, we recover solutions
of the form
{
δs2 (τ̃) = exp

(
χ−+χ+

2
τ̃
) [
δs2 (0) cosh

(
χ−−χ+

2
τ̃
)

+ (α δs2 (0) + β δη̃ (0)) sinh
(
χ−−χ+

2
τ̃
)]
,

δη (τ̃) = exp
(
χ−+χ+

2
τ̃
) [
δη (0) cosh

(
χ−−χ+

2
τ̃
)

+
(
β

Γ̃η̃
Γ̃s2

δs2 (0)− α δη̃ (0)
)

sinh
(
χ−−χ+

2
τ̃
)]
.

(5.10)

Here, α, β are coe�cients that dictate the form of the solutions and so are directly related to the
vector components v1 and V2, and we denote the eigenvalues of our original matrix

χ± =
1

16

[
− 8Γ̃η̃ζ − 2Γ̃s2λ̃− Γ̃s2s

2
0 + Γ̃s2s0

±
√

(8Γ̃η̃ζ + 2Γ̃s2λ̃+ Γ̃s2(s0 − 1)s0)2 + 16Γ̃η̃Γ̃s2ζ(s0((9ζ − 2)s0 + 2)− 4λ̃)

]
. (5.11)

Physically, the above equations teach us how the order parameters δs2 and δη̃ are intricately related
in the short-time limit: both grow or decay on identical timescales χ± and exhibit similar coe�cients

3 Naturally, if the original matrix contains no diagonal components, i.e. is already a diagonal matrix, the vector
components v1 and v2 must simply coincide with δs2 and δη. �is occurs when we set s0 = 0, ζ = 0 or Γ̃s2 = Γ̃η̃=0,
upon which both order parameters become independent of each other.
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α, β dictating the form of this growth4. Since the coe�cients α and β take lengthy forms without
adding signi�cant physical insight, as was the case with the vector components v1 and v2, we again
leave out the explicit expressions. Instead, we su�ce with qualitatively sketching the physical
ingredients that these coe�cients contain. Looking more closely at equation (5.10) it is, for example,
not too surprising that the coe�cient α turns out to contain the diagonal terms of the matrix (5.8),
governing the individual growth or decay of the order parameters. Conversely, β turns out to
comprise the o�-diagonal terms, signifying the interactions between the two. Finally, inverted sign
for α is simply due to the fact that growth in orientational order δs2 inhibits free volume creation δη̃,
and vice versa.
In addition, we remark that the question of whether we recover exponential growth or decay of both
order parameters depends entirely on the sign of the eigenvalues (5.11): if at least one eigenvalue
is positive, both order parameters become linearly unstable. Focusing on the largest eigenvalue
and neglecting the free volume interaction ζ � 1 for the moment, we conclude that our solutions
become linearly unstable when the stability condition 2λ̃ + s2

0 − s0 > 0 is violated. �at is, only
for a combination of su�ciently weak excluded volume interactions λ̃ and su�ciently weak initial
orientational order s0 can the interaction between the dipolar mesogens and the volume drive an
instability5. It is important to note that whether such an instability occurs is entirely independent
of the external �eld strength h, meaning that it must occur even in the absence of an external �eld
h = 0, if at all. Since this is clearly unphysical, equation (5.11) provides us with an additional handle
for verifying our parameter regime: we must choose a su�ciently strong combination of λ̃ and s0 to
ensure the initial con�guration in (linearly) stable in the absence of an external �eld. It is clear from
the phase diagrams in the previous Chapter that the parameter regime we currently use satis�es this
condition.
Finally, we numerically check our linearised solutions with the full nonlinear solutions of the
dynamical equations, as shown in Figure 5.2. Note that for the sake of completeness we have relaxed
the constraint s1 = s0; the associated linearised solution naturally decays exponentially. Figure 5.2a
shows that the response of the re-scaled free volume order parameter η̃ to the electric �eld (solid
line) is extremely minor until a characteristic time τ̃ ≈ 600 has passed. Figure 5.2b shows the same
qualitative behaviour for the re-scaled orientational order of both cross-linked (dashed line) and
dipolar mesogens (solid line). Subsequently comparing with the numerical solution shown in Figure
5.2c (solid line), we �nd that the aforementioned characteristic response time coincides with the
time required for the population of �eld-aligned dipolar mesogens x2 to grow. �is suggests that
the short-time response of the liquid crystal network to an external �eld is dictated entirely by the
dynamics of the population order parameter x. Indeed, all remaining order parameters are linearly
stable around the initial con�guration and so remain static in the short-time limit. It is only a�er an
appreciable number of dipolar mesogens has changed population by reorienting along the �eld axis
that the macroscopic response to the electric �eld becomes signi�cant. �e fact that the linearised
solution (dashed line) overlaps with the numerical solution (solid line) in Figure 5.2c indicates that the
associated timescale is well-described within our short-time approximation. Moreover, we explicitly
capture this e�ect for the orientational order of the dipolar mesogens (Figure 5.2b, dash-do�ed line)
due to its dependence on the population fraction x2, but this behaviour does not automatically follow
for the free volume order parameter η̃ in the short-time approximation (Figure 5.2a, dashed line).
In order to nevertheless illustrate that the initial dynamics of the free volume is governed by approx-
imately the same timescale as that of the population fraction, we again integrate out η̃ and express
it in terms of the other order parameters according to equation (4.15). �e underlying assumption
here is that the dynamics of η̃ is su�ciently fast such that the free volume can equilibrate on the

4 If the eigenvalues χ± have a nonzero imaginary part, the associated growth or decay would be oscillatory. However,
within the current model such modes are not accessible using positive, real-valued parameter values.

5 �is one can easily verify by checking that the corresponding Hessian matrix determinant becomes negative.
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(a) Relative volume (b) Orientational order

(c) Population fraction

Figure 5.2: Evolution of the two population model under the in�uence of the re-scaled external �eld
h = 50, as a function of the re-scaled time τ̃ . (a): re-scaled free volume order parameter η̃; prior to
re-scaling the free volume order parameter reads η ≡ (V − V0) /V0, with V the system volume and
V0 the reference volume. (c): population fraction x2, which keeps track of the fraction of dipolar
mesogens that aligns with the external �eld. Solid curves denote the full nonlinear solution to the
(re-scaled) dynamical equations (5.1) and dashed curves indicate the short-time approximation. �e
dash-do�ed curve in (a) shows the hypothetical short-time approximation for η̃ if we insert the
enslavement relation (4.15). (b): re-scaled orientational order parameter, measured along the �eld
axis (x-axis), as given by sI = −s1/2 (dashed) and sII = − (1− x2) s2/2 + x2s3 (solid) for the
cross-linked and dipolar mesogens, respectively. Here si, i = 1, 2, 3 denote the re-scaled orientational
order parameters of the cross-linked mesogens, the population of �eld-unaligned dipolar mesogens
and the population of �eld-aligned dipolar mesogens, respectively. �e dashed and solid curves
denote the full nonlinear solution to the (re-scaled) dynamical equations (5.1) for the cross-linked and
dipolar mesogens, respectively. �e do�ed and dash-do�ed curves show the corresponding short-time
approximations. For the re-scaling procedure, see equation (5.2) and below. Model parameters used:
t = −3.0, κ̃ = 1.0, ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0, Γ̃s1 = 0.05, Γ̃s2 = Γ̃s3 = 0.1, Γ̃x = 0.01, Γ̃η̃ = 1.0.

timescales on which the other order parameters evolve. �e reason for this is that the enslavement
relation (4.15) only formally holds at thermodynamic equilibrium. �e result, as indicated by the
dash-do�ed line in Figure 5.2a, shows good correspondence with the full non-linear solution and so
supports our argument that the free volume rise time is dictated by the dynamics of dipolar mesogen
reorientation6.

6 In fact, if we expand the dynamical equations up to O
(
ε2
)
, this behaviour comes out automatically. As the solving

this set of equations becomes a rather lengthy and tedious a�air in this case, without adding much insight, we
advise the reader to use so�ware such as Mathematica to verify that a rigorous calculation indeed shows that the
initial dynamics of the free volume order parameter η occurs on the same timescale as that of the population order
parameter x.
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Based on the above we conclude that there must be some characteristic “nucleation” time associated
with the response of the liquid crystal network to an electric �eld, in which a population of �eld-
aligned dipolar mesogens forms. Here, we pay particular a�ention to this observation because of its
relevance to experiments: van der Kooij et al. report a distinct “plasticisation time” prior to network
deformation upon the application of an alternating electric �eld [2]. �at is, a�er turning on the
electric �eld in their experiments, it takes a certain amount of time in which they postulate the
network to become plasticised for the liquid crystal network �lm to develop major deformations. �is
correspondence between theoretical predictions and experimental observations allows us to connect
explicitly with experiments. A�er all, based on our linearised dynamics, we can straightforwardly
estimate this “plasticisation time” by solving δx (τ̃) ≈ 1 to yield

τ̃c ≈ −
108

Γ̃xs0

1

4h− 81λ̃s0

log δx (0), (5.12)

valid for h ≥ 81λ̃s0/4. �is arms us with testable predictions regarding the “plasticisation time”
upon variation of experimental parameters. Firstly, we remark that increasing the excluded volume
interactions λ̃ has the e�ect of increasing the “plasticisation time”. To probe this dependence
experimentally, one could increase the aspect ratio of the liquid crystal mesogens to induce an
increase in λ̃. �e theory predicts an increased “plasticisation time” in this case, as longer mesogens
more e�ectively inhibit mesogen reorientation. A similar e�ect can be achieved by increasing the
cross-linking fraction of the network. In addition, the dependence on s0 indicates that increasing the
degree of initial orientational order of the network should have a similar e�ect on the “plasticisation
time”, as this orientational order must be overcome to induce reorientation. We stress that these
insights strengthen the case of the theory and could prove useful in optimising the experimental
set-up for applications that require fast response, such as haptics.

5.4 Free volume relaxation

Our analysis in the previous Section �rmly pins down the initial response of the liquid crystal
network to an electric �eld. However, the equilibration toward equilibrium that follows this initial
dynamics is slightly worrisome. To see this, consider that Figure 5.2a shows free volume creation
until equilibrium is reached, a�er which the free volume is conserved as long as the electric �eld
stays on. To support this claim we have veri�ed, to the best of our abilities, that there are no kinetic
traps present in the used parameter regime, i.e. the free energy density has no local minima in which
the system can get trapped. From the perspective of our model, this phenomenology is not too
surprising, as we speci�cally constructed the Landau theory to yield the desired network expansion
upon decreasing the global orientational order. However, although this implementation emulates the
formation of molecular voids of free volume giving rise to the network expansion, up to this point
we have neglected that these voids must also relax viscoelastically. With this stipulation in mind,
we would instead expect the free volume to exhibit a sharp overshoot as the �eld is turned on, to
subsequently relax to some new equilibrium value (see Figure 5.3); this phenomenology is con�rmed
by both experiments and simulations [1, 2, 3, 33].
�e above underscores that free volume is highly energetically unfavourable and suggests that in
thermodynamic equilibrium we should recover no net change in free volume at all: all free volume
has relaxed away. �is observation begs the question of why, then, we were able to make meaningful
comparisons regarding the free volume creation between theory and simulations in the previous
Chapters, while completely ignoring this free volume relaxation. To answer this question we must
again recall that the experiments and simulations hint at the liquid crystal network being glassy
[1, 2, 3, 33]; this would suggest the experimental and simulated liquid crystal network are unlikely to
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truly reach thermodynamic equilibrium on the available timescales. Indeed, Figure 4.2d clearly shows
net free volume creation for low to intermediate electric �eld strengths at the end of the simulation
time; here the liquid crystal network presumably gets “stuck” in some locally stable con�guration.
At high �eld strengths, however, we see from Figure 4.2d that more and more free volume can relax
away as the system is perturbed further from its initial, locally stable, “equilibrium” con�guration.
Based on the above, we conclude that the e�ect of free volume relaxation is a vital motivator for
using alternating electric �elds for experimental and industrial applications. Indeed, the use of a
constant electric �eld, turned on at time τ̃ = 0, would simply induce an overshoot in free volume
followed by relaxation, whereas alternating electric �elds could constantly create and annihilate
free volume by driving the system out of equilibrium. As such, in order to recover sensible results
regarding the dynamics of the liquid crystal network under the in�uence of (alternating) electric
�elds, we set out to incorporate free volume relaxation into our theory.
One possible way to tackle this problemwould be to add an additional order parameter for the polymer
network, which could introduce a tendency for the polymer network to contract into the theory
when chosen meticulously. However, the addition of yet another order parameter would make the
model signi�cantly more complex; and this while the model is already quite intricate with the current
number of order parameters. To circumvent this di�culty, we instead take a phenomenological
approach to capturing free volume relaxation within the theory: we add a dissipative7 term of the
form

gdiss =
1

2
γη2 〈τηi〉η (5.13)

to the free energy density, with γ a phenomenological constant. Here, we have (hypothetically)
divided the system into in�nitesimal elements i, each of which can expand by some set amount to
create free volume, such that 〈τηi〉η denotes the time since the free volume element ηi was created,
averaged over all the free volume elements in the system8. It is important to stress that equation
(5.13) does by no means represent a proper free energy density in the thermodynamic sense. Indeed,
because of its time dependence this term cannot pertain exclusively to equilibrium conditions. Instead,
we merely treat equation (5.13) as if it were a free energy density, with the goal of adding a term to
the dynamical equation of η that enforces relaxation. Accordingly, the incorporation of equation
(5.13) ensures that the free volume in the system decreases over time until η = 0 is reached; the
underlying assumption is that η = 0 minimises the true free energy of the system. Although, with
this in mind, we could just as easily have added a dissipative term directly to the dynamical equation
of η, we do not pursue such an approach because this would suggest that the system relaxes toward a
con�guration η = 0 that does not minimise the model free energy density. �is is clearly undesirable
from a thermodynamic point of view.
To subsequently facilitate implementation into our numerical scheme for solving the dynamical equa-
tions that govern the model, we �rst non-dimensionalise equation (5.13) to yield g̃diss = γ̃η̃2 〈τ̃η̃i〉η̃ /2.
Here, we have re-scaled the phenomenological constant γ̃ ≡ γ/ (ΓηC

5B4
0/B

4ξ4); the re-scalings for
η and for τ are given in Section 5.2.1. Following this, all that remains is to �nd an expression for
〈τ̃η̃i〉η̃: the time since free the free volume element η̃i was created, averaged over all the free volume

7 Dissipation is arguably the most straightforward mechanism through which to achieve the desired free volume
relaxation, as it enforces full relaxation over time. Alternatively, adding an elastic term to the free energy density
only further penalises the creation and annihilation of free volume, but does not facilitate its dynamic relaxation;
in fact, the free energy density already contains an elastic term 1

2αη
2. Note that a full description of viscoelastic

free volume relaxation would instead require us to couple to some external constitutive model, e.g. Maxwell or
Kelvin-Voigt [9]. For our current purposes this is outside the scope of this work.

8 Here we have chosen for a linear dependence on the time τ for the sake of simplicity. Note that although other
forms, e.g. power laws, may be just as valid, the exact dependence of τ does not signi�cantly alter the qualitative
behaviour of the model. Indeed, a stronger dependence on time simply makes free volume dissipation a more
prominent mechanism within the model.
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elements in the system. It is convenient to decompose this quantity into the instantaneous time τ̃
itself and a reference time τ̃η̃i,ref that keeps track of the time at which each free volume element η̃i was
created: 〈τ̃η̃i〉η̃ = τ̃ − 〈τ̃η̃i,ref〉η̃ , where 〈. . . 〉η̃ again indicates averaging over all free volume elements
in the system. Anticipating the need to make this expression numerically accessible, preferably
without explicitly treating each free volume element η̃i, we recursively de�ne the reference time in
the coarse-grained manner9

〈τ̃η̃i,ref〉η̃ (τ̃) ≈ η̃ (τ̃ − dτ̃) τ̃ref (τ̃ − dτ̃) + |η̃ (τ̃)− η̃ (τ̃ − dτ̃)|τ̃
η̃ (τ̃)

, (5.14)

with τ̃ref (0) = 0. Note that in writing equation (5.14) we have connected back to the macroscopic free
volume order parameter η ≡ (V − V0) /V0, which represents the sum of all free volume elements in
the system η =

∑
i ηi. �is �nally allows us to reproduce the distinctive volume overshoot upon the

application of an electric �eld, as observed in simulations.
Figure 5.3 compares the obtained theoretical results with simulations. Although from this we generally
�nd qualitative agreement, there is one striking di�erence that clearly distinguishes the two. Namely,
the theoretical results exhibit a “nucleation”, or “plasticisation”, time required to create an appreciable
amount of free volume (see equation (5.12)), which is absent from the simulations. As argued before,
we stress that this corresponds to an experimentally observed feature that the theory captures [2], but
it turns out the simulations do not. It is not clear what the root cause is of the discrepancy between
simulation and experiment. A closer look at Figures 5.3a and 5.3c makes it clear that, within the
model, the free volume “dissipation” goes hand-in-hand with a slight reorientation of the liquid
crystal mesogens to accommodate the decreased volume; the two remain intricately coupled. �e
reason that the response of the liquid crystal mesogens to decreasing the free volume is only minor
can be traced back to the fact that the mesogens primarily interact with each other and the electric
�eld; free volume e�ects constitute only a small correction to this behaviour (see also Section 3.2.1).
We remark that the �nal con�guration the model evolves toward coincides with the global free
energy minimum, given that the free volume order parameter is constrained to η̃ = 0 through the
incorporation of equation (5.13); the system does not get trapped in a local free energy minimum. It
is unclear whether the same mechanism also characterises the simulations in Figures 5.3b and 5.3d.
�is could be further investigated by explicitly comparing theory and simulations at lower electric
�eld strengths, where free volume e�ects are expected to be relatively more important10.

5.5 Re-interpreting the phase diagram

Following the previous Section, where we introduced the feature of free volume “dissipation” into our
model, it is important to re-evaluate the phase diagram to ensure this does not induce any qualitative
changes. To this end, we subscribe to the simpli�ed idea of the liquid crystal network slowly relaxing
toward equilibrium and subsequently ge�ing “stuck” in a locally stable con�guration due to its glassy
nature. �is then allows us to generate a phase diagram based on this idea, by numerically solving
the relaxational dynamics of the model and ending the associated solution a�er a certain time τ̃�nal;
this is the timescale on which the system presumably gets “stuck”. Figure 5.4 compares the resulting

9 �e coarse-graining here comes from the fact that we do not consider each free volume element individually. �at
is, we do not keep track of when each individual free volume element is created or annihilated, as one might do in a
fully microscopic description.

10 Failure to recognise distinct free volume e�ects in simulations may hint at the free volume becoming decoupled from
the orientational order during relaxation, i.e. this may become a purely elastic process. However, since introducing
such a time-selectiveness in our coupling terms would be ad-hoc at this point, we will not pursue this idea further.
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(a) �eory (b) Simulation

(c) �eory (d) Simulation

Figure 5.3: Temporal evolution of various order parameters under the in�uence of a constant electric
�eld, turned on at time τ̃ = 0, for theory (le�) and simulation (right). �eory: results obtained by
solving the relaxational dynamics for the two population model, incorporating a dissipative term that
ensures relaxation of free volume (see equation (5.13)). (a): re-scaled free volume order parameter
η̃; prior to re-scaling the free volume order parameter reads η ≡ (V − V0) /V0, with V the system
volume and V0 the reference volume. (c): re-scaled orientational order parameter, measured along
the �eld axis (x-axis), as given by sI = −s1/2 (dashed) and sII = − (1− x2) s2/2 + x2s3 (solid)
for the cross-linked and dipolar mesogens, respectively. �e order parameter conventions we use
are detailed under Figure 5.2, and for the re-scaling procedure see equation (5.2) and below. Model
parameters used: h = 325, t = −3.0, κ̃ = 1.0, ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0, γ̃ = 0.001, Γ̃s1 = 0.05,
Γ̃s2 = Γ̃s3 = 0.1, Γ̃x = 0.01, Γ̃η̃ = 1.0. Simulation: (a): volume increase in percent measured relative
to the equilibrated volume in the absence of an electric �eld. (d): orientational order parameter,
measured along the �eld axis (x-axis), for cross-linked (black) and dipolar (blue) mesogens. Dots
denote measurement points, where a time step dt = 0.001T is used, with T =

√
MD2/E , and we

use an electric �eld strength E = 30.0, measured in terms of
√
E/ (4πε0D3). HereM, D and E

denote the fundamental reduced units of mass, distance and energy for the Lennard-Jones potential,
and ε0 denotes the vacuum permi�ivity.

theoretical phase diagram with the simulated phase diagram11.
From this we conclude the major qualitative features of the phase diagram, and its correspondence
with simulations, remain largely unchanged when incorporating free volume “dissipation”. Indeed,
from Figure 5.4a we still recover for the orientational order of the liquid crystal mesogens a region
of no or weak response, followed by a steep response to variations in the external �eld strength

11 �e “kink” in the phase diagram near
√
h =
√
h∗ ≈ 5 is due to the fact that the response time diverges at this point,

and so cu�ing o� the dynamics at this point invariably leads to artefacts due to computational limitations. �is is
another indication of critical slowing down near the phase transition at h = h∗.
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(a) �eory (b) Simulation

(c) �eory (d) Simulation

Figure 5.4: Phase diagram for as a function of the external �eld strength for theory (le�) and
simulation (right). �eory: results obtained by solving the relaxational dynamics (5.1) for the
two population model, incorporating a dissipative term that ensures relaxation of free volume
(see equation (5.13)), and truncating the solution at the re-scaled time τ̃�nal = 15000. (a): re-scaled
orientational order parameter, measured along the �eld axis (x-axis), as given by sI = −s1/2 (dashed)
and sII = − (1− x2) s2/2 + x2s3 (solid) for the cross-linked and dipolar mesogens, respectively.
(c): re-scaled free volume order parameter η̃; prior to re-scaling the free volume order parameter
reads η ≡ (V − V0) /V0, with V the system volume and V0 the reference volume. Black lines denote
stable solutions and green lines denote stable solutions with saturated population of �eld-aligned
dipolar mesogens x2 = 1; the di�erent curves indicate di�erent values for the “strength” of free
volume dissipation γ̃. �e order parameter conventions we use are detailed under Figure 5.2, and for
the re-scaling procedure see equation (5.2) and below. Model parameters used: h = 50, t = −3.0,
κ̃ = 1.0, ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0, γ̃ = 0.001, Γ̃s1 = 0.05, Γ̃s2 = Γ̃s3 = 0.1, Γ̃x = 0.01,
Γ̃η̃ = 1.0. Simulation: (b): orientational order parameter, measured along the �eld axis (x-axis), for
cross-linked (dashed) and dipolar mesogens (solid). For �eld strengths larger than shown here the
orientational order parameters further saturate. (d): volume increase in percent measured relative to
the equilibrated volume in the absence of an electric �eld. For �eld strengths larger than shown here
the volume further decreases. We plot as a function of the electric �eld strength E; the conventions
for the simulation units are given under Figure 5.2. Di�erent colours indicate di�erent random
network topologies and lines are guides to the eye.

and �nally saturation12. �is is is qualitative correspondence with the simulation data shown in
12 Note that even though the free volume relaxes away almost entirely as compared to the case without “dissipation”,
the orientational order parameters remain largely unchanged. �is is because the external �eld is the dominant
factor in inducing orientational order, which occurs independently from the free volume.
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Figure 5.4b. However, unlike before, the free volume, as shown in Figure 5.4c, can no longer simply
follow the degree of global orientational disorder (Figure 5.4a), since free volume is “dissipated” over
time. As a result, the amount of free volume we recover is signi�cantly lower than before, but the
qualitative trend is still roughly in line with the orientational order of the liquid crystal mesogens.
To see why this is, consider that the amount of free volume that is initially created is still highly
dependent on the orientational order. Naturally, this initial free volume remains in�uential over the
amount of free volume we recover a�er allowing free volume “dissipation” for a given time. Again,
the qualitative correspondence with simulation data, as shown in Figure 5.4d remains intact.
Based on the above, we conclude that the only major qualitative feature that incorporating free
volume “dissipation” introduces is a weakened response to variations in the external �eld strength.
�is is because a lot of the subtler e�ects associated with small variations in the external �eld strength
become increasingly minor due to the free volume relaxing away. Since such a smoothening of our
pro�le has no major bearing on our correspondence with simulations or experiments, however, we
remain con�dent in the physical mechanisms that lie at the foundation of our model, even in the
presence of free volume “dissipation”. We thus see no immediate reason to revise the current model.

5.6 Optimal design strategy

Now that we have, to the best of our knowledge, incorporated the most salient features of experiments
and simulations into our model description, we set out to use the model as a predictive tool to aid
the design of future experiments and applications. In this context, we are speci�cally interested in
actuating the liquid crystal network with an alternating electric �eld and subsequently maximising
the resulting free volume that is sustained during operation. �e aim here is to �nd the optimal
frequency at which to actuate the liquid crystal network.
Before we start applying alternating electric �elds and varying the actuating frequency, however, it
pays dividends to �rst consider what we would expect based on physical arguments. From Figure 5.3
we already saw that free volume both requires a certain amount of time to be created an subsequently
relaxes away due to the “dissipation” of free volume. �e characteristic volume overshoot apparent
from the Figure then originates from a competition between these two timescales. We remark that a
similar competition must lie at the origin of an optimal actuating frequency for alternating electric
�elds. Indeed, if the actuating frequency is too slow, all free volume “dissipates” out of the system
before new free volume is created. Conversely, if the actuating frequency is too fast, the electric
�eld does not last long enough to induce appreciable free volume creation before it again changes
direction; the liquid crystal network can not respond fast enough. Following this reasoning, we
expect the rise time of the free volume under the in�uence of a constant electric �eld, 1/τ̃rise, which
we de�ne as the time required to reach the free volume maximum a�er the electric �eld is turned
on, to be intricately related to the optimum actuating frequency for free volume creation under the
in�uence of an alternating electric �eld.

5.6.1 Constant electric �elds

Taking the above expectation as our point of departure, it makes sense to �rst characterise how the
free volume rise time scales with the amplitude of a constant electric �eld

√
h ∝ |E| that is turned

on at τ̃ = 0. �at is, we apply an electric �eld of the form h (τ̃) = hΘ (τ̃), with Θ (τ̃) the Heaviside
step function, and measure the time until the free volume maximum is reached, τ̃rise. Figure 5.5 shows
the results, from which we discover an approximate proportionality 1/τ̃rise ∝ h ∝ |E|2, which starts
at the critical �eld strength h = h∗; below this there is no response to the electric �eld. �is relation
should come as no surprise to the a�entive reader, as the timescale we probe here is closely related
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to the “nucleation” or “plasticisation” time we discussed in Section 5.3. Accordingly, the rise time is
similarly dictated by the dynamics of mesogen reorientation (through the population fraction x2),
and so must approximately obey equation (5.12), as also shown in Figure 5.5. �e mismatch between
numerical result and analytical estimate stems from the fact that the initial response, on which the
analytical estimate is based, depends crucially on the �eld strength h. However, the rise time is
limited by the subsequent relaxation of the free volume; this becomes increasingly important for
higher �eld strength h, as an increasing amount of free volume must relax. �e signi�cance of our
results here is that if there exists a close relation between the rise time upon turning on a constant
electric �eld and the optimal actuating frequency under the in�uence of an alternating electric �eld,
as we supposed in the previous Section, equation (5.12) provides us with clear guidelines on how to
shi� the optimum frequency (closer) to an experimentally accessible regime.

Figure 5.5: Re-scaled rise time associated with the re-scaled free volume order parameter η̃ as a
function of the re-scaled external �eld strength h ∝ |E|2; prior to re-scaling the free volume order
parameter reads η ≡ (V − V0) /V0, with V the system volume and V0 the reference volume. �e
solid curve denotes the numerical result and the dashed curve shows the analytical estimate, see
equation (5.12). For the re-scaling procedure see equation (5.2) and below. Model parameters used:
t = −3.0, κ̃ = 1.0, ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0, γ̃ = 0.05, Γ̃s1 = 0.01, Γ̃s2 = Γ̃s3 = 0.1, Γ̃x = 0.01,
Γ̃η̃ = 1.0.

5.6.2 Alternating electric �elds

In order to verify whether there indeed exists a relation between the free volume rise time and
the associated optimum actuation frequency, we now apply an alternating electric �eld h ∝
(|E| cos 2πωτ)2 ∝ 1

2
|E|2 (1 + cos 4πω̃τ̃). Note that here we have re-scaled the actuating frequency

ω in a similar manner as the time τ̃ ≡ τ/τ0, according to ω̃ ≡ ωτ0, with τ0 as de�ned in Section
5.2.1. In keeping with our results from the previous Section, we next investigate which actuation
frequency ω̃ yields the greatest steady-state free volume creation as a function of the �eld strength
h; this we do by means of a sweep over ω̃ at each �eld strength. Figure 5.6a shows the results of such
a frequency sweep for h = 50, from which we recognise two distinct resonance frequencies. Figure
5.6b shows these resonance frequencies as a function of the �eld strength.
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Optimal actuation frequency

From Figure 5.6a we recognise that the model allows two distinct resonance frequencies: a low-
frequency resonance (blue) and a high-frequency resonance (red). A comparison with Figure 5.6b
shows that we recover only the low-frequency resonance at low �eld strengths, whereas we only �nd
the high-frequency resonance at high �eld strengths; there is also a narrow region in between where
we �nd both resonance frequencies. �e reason for this is that upon increasing the �eld strength
the high-frequency resonance peak, as shown in Figure 5.6a, grows relative to the low-frequency
resonance peak, with the opposite e�ect occurring upon decreasing the �eld strength. As a result,
for su�ciently low �eld strengths the high-frequency resonance vanishes entirely in the tail of the
low-frequency resonance peak. �e same happens to the low-frequency resonance at su�ciently
high �eld strengths. We note that both resonance peaks vanish entirely below the �eld strength
range shown in Figure 5.6b, as we are then below the critical �eld strength h < h∗.
In addition, a note regarding the magnitude of the resonance frequencies shown in Figure 5.6b as
compared to the previously obtained rise time is in order. To make this comparison more intuitive,
we have plo�ed the actuation frequency times four, since this corresponds to the timescale on which
the alternating electric �eld strength rises in magnitude from zero to its amplitude13. Keeping this in
mind, we observe that the low-frequency resonance occurs on similar timescales as compared to the
rise time, albeit a bit slower. �is last feature is not too surprising, given the fact that the alternating
electric �eld oscillates during this time, whereas the rise time is associated with turning on a constant
electric �eld with the same amplitude. Conversely, high-frequency resonance occurs at timescales
that are signi�cantly faster than the corresponding rise time. It is important to note, however, that
this resonance still carries the same trends as the rise time upon variation of the model parameters;
increasing the mesogen aspect ratio, the cross-linking fraction and the degree of initial orientational
order cross-linked into the network all serve to favour actuation at lower frequencies, and vice versa.

Free volume generation mechanisms

To further investigate these resonance frequencies we apply an alternating electric �eld near the
resonance frequency. Figure 5.7 shows how the population fraction of �eld-aligned dipolar mesogens
responds for both the high-frequency and the low-frequency resonance at a �eld strength h = 50.
We start by focusing on the high-frequency resonance, for which we remark that the population of
�eld-aligned dipolar mesogens x2 never fully relaxes to x = 0. Instead, an appreciable population of
�eld-aligned dipolar mesogens is continually maintained, as Figure 5.7a shows. From this we conclude
that the high-frequency peak corresponds to e�ectively “pumping” the system (see Figure 5.7b).
�at is, during one oscillation period of the electric �eld the dipolar mesogens initially align with
the electric �eld as it is turned on. �en, as the electric �eld starts changing sign, and so decreases
in magnitude, the dipolar mesogens fall back slightly. Finally, the dipolar mesogens again align
with the electric �eld when it fully changes sign. �is suggests the dipolar mesogens never make a
full up-to-down reorientation, but only slightly adapt their orientational order along the direction
the �eld initially speci�es. �e orientational order of the dipolar mesogens can thus be said to be
“pumped” along this direction. Note that this qualitative picture is in line with our conclusion that the
high-frequency resonance occurs at timescales that are signi�cantly faster than the corresponding
rise time (see Figure 5.6b).
Conversely, the low-frequency resonance clearly shows full relaxation of the population of �eld-
aligned dipolar mesogens x2 = 0, as Figure 5.7c depicts. �is indicates that, during one oscillation

13 An alternating electric �eld with actuation frequency ω̃ makes a full oscillation in the time T̃ = 1/ω̃. Since we are
interested in the timescale on which the magnitude of the electric �eld strength either rises from zero to |E| or falls
from |E| to zero, the relevant timescale for us is 1/ω̃.
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(a) Frequency sweep h = 50 (b) Resonance frequencies

Figure 5.6: Re-scaled steady-state free volume η̃ as a function of the re-scaled actuation timescale ω̃−1

for a re-scaled electric �eld strength h = 50 and the associated resonance frequencies as a function
of the re-scaled external �eld strength h ∝ (|E| cos 2πω̃τ̃)2 (right). (a): representative sweep over
ω̃−1, with corresponding steady-state value for the re-scaled free volume order parameter η̃; the
coloured dots indicate two distinct resonance frequencies. (b): coloured dots indicate resonance
frequencies, the solid curve represents the inverse re-scaled free volume rise time upon turning on a
constant electric �eld and the dashed line denotes the corresponding analytic estimate (equation
(5.12)); do�ed lines are guides to the eye. For the re-scaling procedure, see equation (5.2) and below.
Model parameters used: t = −3.0, κ̃ = 1.0, ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0, γ̃ = 0.001, Γ̃s1 = 0.05,
Γ̃s2 = Γ̃s3 = 0.1, Γ̃x = 0.01, Γ̃η̃ = 1.0.

period of the electric �eld, we can think of the dipolar mesogens as initially aligning with the �eld,
completely relaxing, and �nally aligning with the �eld again (see Figure 5.7d). Note that although the
model does not make a distinction between up or down along the �eld direction, this would break
the nematic inversion symmetry, physical intuition tells us that the dipolar mesogens should follow
the �eld direction a�er completely relaxing. �is means that during one oscillation period we expect
the dipolar mesogens to trace out a full reorientation from up to down, or vice versa. Accordingly, we
identify the low-frequency resonance with full dipolar mesogen reorientation. With this qualitative
picture in mind it is not too surprising that the low-frequency resonance occurs on similar timescales
as the corresponding rise time, as we previously concluded from Figure 5.6b.
Armed with this cursory look at the di�erent mechanisms for steady-state free volume generation,
we can now try to rationalise why the low-frequency resonance dominates at low �eld strengths and
the high-frequency resonance dominates at high �eld strengths, as we saw from Figure 5.6b. Again
commencing with the high-frequency resonance, which corresponds to the mechanism of “pumping”,
we note that at high �eld strengths more free volume is created. �is consequently lengthens the
relaxation time of both the free volume and the dipolar mesogens. At the same time, the speed at
which said free volume is created increases. As a result, by continually “pumping” the system one
will eventually be able to maintain an out-of-equilibrium free volume exceeding that associated with
le�ing the dipolar mesogens fully reorient during each electric �eld cycle, which corresponds to the
low-frequency resonance. However, for weaker �elds, when relaxation of the dipolar mesogens is
still su�ciently fast relative to the creation of free volume, full reorientation of the dipolar mesogens
can become the dominant mechanism for free volume generation. A�er all, the full reorientation
of the dipolar mesogens naturally traces out a larger amount of volume as compared to the minor
reorientation associated with “pumping” the system.
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(a) Population fraction (high-frequency) (b) “Pumping” mechanism (high-frequency)

(c) Population fraction (low-frequency (d) Full reorientation mechanism (low-frequency)

Figure 5.7: Fraction of �eld-aligned dipolar mesogens (le�) under the in�uence of an alternating
sinusoidal electric �eld, with re-scaled �eld strength h = 50, as a function of the re-scaled time
τ̃ . �e top panels correspond to a high re-scaled actuation frequency ω̃ = 6500 and the bo�om
panels correspond to a low re-scaled actuation frequency ω̃ = 300; the panels on the right illustrate
the corresponding mechanism of free volume generation as a function of the re-scaled timescale
ω̃τ̃ . Right: the black curve denotes the electric �eld strength and its polarity, whereas the green
ellipsoids pictorially indicate how the dipolar mesogens respond. Here the dashed ellipsoids indicate
the previous orientation of the mesogen and we take the positive �eld direction to be upward. For
the re-scaling procedure see equation (5.2) and below. Model parameters used: h = 50.0, t = −3.0,
κ̃ = 1.0, ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0, γ̃ = 0.001, Γ̃s1 = 0.05, Γ̃s2 = Γ̃s3 = 0.1, Γ̃x = 0.01, Γ̃η̃ = 1.0.

Experimental relevance

Based on the qualitative picture established above we further tailor our results to experimentally
veri�able observations by simultaneously sweeping over both the electric �eld strength and the
actuation frequency. Figure 5.8a shows the theoretical results, fromwhich we can take away a number
of key �ndings. Firstly, the free volume, and so the concomitant LCN expansion, naturally increases
with increasing electric �eld strength; this induces the dipolar mesogens to orient increasingly
perpendicular to the cross-linked mesogens14.
What is more noteworthy, however, is that the two distinct mechanisms for free volume generation
we identi�ed previously, relevant at di�erent �eld strengths and timescales, also �nd their way into
the current results. Indeed, at low �eld strengths we �nd that decreasing the actuation frequency
leads to increasingly large LCN expansion, whereas at high �eld strengths increasing the actuation
frequency yields the greatest LCN expansion; there is a cross-over region in between these regimes.

14 Here we limit the analysis to �eld strengths that are unable to push the system beyond its free volume maximum,
which occurs at even higher �eld strengths for AC actuation. We will later see that this is indeed the experimentally
relevant regime (Figure 5.8d).
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In order to make sense of this phenomenology we refer back to Figure 5.6a, which visualises the dif-
ferent resonance frequencies that correspond to the di�erent mechanisms for free volume generation.
From a comparison with Figure 5.6b it is clear that upon increasing the electric �eld strength both
resonance frequencies shi� to higher frequencies, with the high-frequency mechanism of “pumping”
eventually overtaking the low-frequency mechanism of full reorientation. With this in mind, it is
not too surprising that Figure 5.8a shows that decreasing the actuation frequency yields the greatest
LCN expansion at the low �eld strengths where the mechanism of full reorientation dominates.
A�er all, upon decreasing the �eld strength the resonance corresponding to the mechanism of full
reorientation is located at increasingly low frequencies, indicating that for increasingly low actuation
frequencies this mechanism start to become relevant at increasingly low �eld strengths.
A similar reasoning explains the observation that increasingly high actuation frequencies yields the
greatest LCN expansion at high �eld strengths. Namely, the high-frequency resonance corresponding
to the mechanism of “pumping”, dominant at high �eld strengths, shi�s to increasingly fast actuation
timescales upon increasing the �eld strength. Combined with the observation that increasing the
�eld strength generally increases the associated LCN expansion, this suggests that for su�ciently
high �eld strengths increasing the actuation frequency must lead to greater LCN expansion.
We remark that Liu et al. have performed similar sweeps in their MD simulations, shown in Figure
5.8b [1], which exhibit a striking resembles to our theoretical results. Indeed, the simulation results
clearly show a low-�eld regime dominated by slow actuation timescales and a high-�eld regime
dominated by fast actuation timescales. �is suggests that the simulations, too, are characterised by
two distinct free volume generation mechanisms; which mechanism dominates then depends on the
electric �eld strength.
Note, however, that within our theory we only recover the separation into two distinct regimes,
as described above, if we sweep over a su�ciently broad range of actuation frequencies. Indeed,
Figure 5.8c shows a sweep over both �eld strength and actuation frequency similar to that shown
in Figure 5.8a, but now over a narrower frequency range. From this we �nd only a single regime:
increasing the actuation frequency yields the greatest LCN deformation regardless of �eld strength.
�is is because for a su�ciently narrow range of actuation frequencies, one e�ectively probes only a
single mechanism for free volume generation. �at is, only for su�ciently low actuation frequencies
does it become apparent that further decreasing the actuation frequency already yields signi�cant
modulation at increasingly low �eld strengths (see the green curve in Figure 5.8a). Similarly, one
requires a su�ciently high actuation frequency to observe that upon further increasing the actuation
frequency an increasingly high �eld strength is required to induce signi�cant modulation (see the
blue curve in Figure 5.8a)15. �e result is a monotonic increase in steady-state free volume generation
upon increasing the actuation frequency. �e trend we observe here is in line with experimental
results reported by Liu et al., as shown in Figure 5.8d.
�e above suggests two possible causes for the qualitative discrepancy between the experimental
results on the one hand and theory and simulation on the other. Firstly, the range of actuation
frequencies used in experiments may be too narrow to recover the full behaviour predicted by
theory and simulation.�e system would then e�ectively only probe a single mechanism for free
volume generation, in this case the mechanism of “pumping”, to yield only a single, monotonic
regime. Alternatively, it is possible that the electric �eld strengths used in experiments are too high
to capture the regime dominated by low-frequency actuation; this regime occurs at low electric
�eld strengths in theory and simulation. �is implies that, for the sake of a comparison with both

15 Both of these e�ects can be directly linked to the frequency sweep of Figure 5.6a. �e former results from the
low-frequency resonance and, accordingly, we require an actuation timescale that is su�ciently slow to observe
this e�ect before the high-frequency resonance starts dominating. Conversely, the la�er e�ect occurs for actuation
frequencies that are initially much higher than the high-frequency resonance. �en, as we increase the electric �eld
strength, the high-frequency resonance shi�s to higher frequencies and so moves closer to the actuation timescale
that was initially much faster than the high-frequency resonance.
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theory and simulation, the experimentally relevant �eld strengths should be classi�ed as “high”. �is
would again point at “pumping” of the dipolar mesogens being the relevant mechanism for free
volume generation. In order to ascertain which of the two scenarios sketched above characterises
the experiments, we propose experimentally increasing the range of both actuation frequencies and
electric �eld strengths. Based on the theory, we expect one of these experiments to uncover the
opposite trend of increasing LCN modulation upon decreasing the actuation frequency, dominant at
low �eld strengths16.
Finally, we remark that the qualitative correspondence between the free volume rise time and the
associated resonance frequency, as reported on in Figure 5.6b, provides an additional experimental
handle to control the LCN response. �at is, by virtue of the analytical estimate for the rise time
(5.12), we know that the excluded volume-like interactions with the cross-linked mesogens through
λ̃ increase the free volume rise time. As a result, we expect increases in the mesogen aspect ratio and
cross-linking fraction to decrease the associated resonance frequency. We expect that increasing the
degree of initial orientational order has a similar e�ect. We remark that these observations �nd their
signi�cance in the fact that they allow for moving the resonance frequency to timescales that are
easily experimentally accessible by �ne-tuning the experimental set-up.

16 With the eye on the very minor modulations apparent from Figure 5.8d, especially at lower �eld strengths, it is
unlikely that such a trend is experimentally measurable upon further decreasing the �eld strength.
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(a) �eory (b) Simulation

(c) �eory (d) Experiment

Figure 5.8: Percent modulation of the liquid crystal network as a function of electric �eld strength
and actuation frequency in theory (le�), simulation (top right) [1] and experiment (bo�om right) [1].
(a), (c): re-scaled free volume order parameter η̃ as a function of the re-scaled electric �eld strength√
h ∝ |E| and the re-scaled actuation frequency ω̃. For the re-scaling procedure, see equation (5.2)

and below. Model parameters used: t = −3.0, κ̃ = 1.0, ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0, γ̃ = 0.001,
Γ̃s1 = 0.05, Γ̃s2 = Γ̃s3 = 0.1, Γ̃x = 0.01, Γ̃η̃ = 1.0. �e conventions used for simulation and
theory are given under Figure 5.2. (b): simulation oscillation frequency is measured in terms of
(100× dt), with dt the simulated step size, and the �eld strength is also in simulation units. Figures
(b) and (d) reprinted from [1] under a Creative Commons A�ribution 4.0 International License
h�p://creativecommons.org/licenses/by/4.0/.
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Chapter 6

�in �lms

Up to this point, all the work we presented applied to homogeneous bulk systems. �is, however, is
in stark contrast to the systems studied in experiments, which concern thin liquid crystal network
�lms [1, 2]. It is clear that such thin �lms naturally allow for spatial inhomogeneities: a spatially
varying external �eld induces in-plane inhomogeneities and di�erent boundary conditions on the
top and bo�om of the �lm induce inhomogeneities in the transverse direction. �us, in an a�empt to
bridge this gap between theory and experiments, in this �nal Chapter we investigate what novel
features are introduced when we describe the liquid crystal network as a spatially inhomogeneous
thin �lm. Here, as in the previous Chapter, we will primarily be concerned with dynamics.

6.1 Inhomogeneous Landau theory

Now that we no longer consider a bulk system, we must adapt our Landau theory to accommodate
spatial inhomogeneities. To sketch how to derive the corresponding inhomogeneous Landau theory,
we closely follow the motivation put forth by Goldenfeld [39]. Let us start by considering the
spatially varying order parameter ψ = ψ (r), with r the position vector. If we wish to subsequently
make a connection with our bulk Landau theory, we must think about the length scale on which
spatial variations occur, i.e. the length scale on which the order parameter remains approximately
homogeneous. �is one usually describes by means of the correlation length σ: the characteristic
length scale on which spatial correlations decay1. �is tells us that the spatially inhomogeneous
system essentially consists of segments with linear dimension ∼σ that are decorrelated from each
other. In other words, we can divide the system into segments of linear dimension ∆ ≈ σ that are all
approximately spatially homogeneous. �is observation facilitates a coarse graining at the length
scale ∆, where we can de�ne the local order parameter within each segment as

Ψ∆ (r) =
1

N∆ (r)

∑

i∈r

〈ψi〉 , (6.1)

with N∆ (r) the number of order parameter values 〈ψi〉 we sum over. Note that in writing equation
(6.1) we have tacitly assumed an underlying la�ice over which we sum. With this in mind, it becomes
clear that the coarse-grained order parameter Ψ∆ at position r simply corresponds to the order
parameter 〈ψi〉 at la�ice site i, averaged over the number of la�ice sites in the corresponding segment,
N∆ (r).

1 �is correlation length depends crucially on the position in the phase diagram we operate at. It grows upon
approaching a phase transition and eventually diverges at the phase transition: the correlation length spans the
entire system and so a bulk description becomes exact.
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With this coarse-grained order parameter in hand, one might naively suspect that we can now simply
add up the free energy contributions from each segment, such that we end up with a Landau free
energy of the form2

L =

∫

V

d3rL (Ψ∆ (r)) . (6.2)

Here, we integrate over the volume V and L denotes the Landau free energy density. �is cannot
be correct, however, as minimising equation (6.2) would imply that the system locally minimises
the free energy density L, with no regard for the smoothness of the order parameter pro�le Ψ∆ (r).
In other words, the free energy (6.2) ignores the interactions between neighbouring segments, for
which it is highly energetically unfavourable to exhibit signi�cantly di�erent order parameter values.
In order to remedy this problem we must introduce an additional contribution to the free energy that
penalises spatial variations in the order parameter pro�le. It turns out that the simplest analytical
term that accomplishes this takes the form |∇Ψ∆ (r)|2, leading to the free energy

L =

∫

V

d3r

[
L (Ψ∆ (r)) +

1

2
K|∇Ψ∆ (r)|2

]
, (6.3)

with K > 0 a phenomenological constant.
With this inhomogeneous formulation of Landau theory set down, we must also adapt the procedure
by which we minimise the free energy; se�ing the derivative of the free energy density w.r.t. the
order parameter to zero no longer su�ces. To see why this is the case, observe that the Landau
free energy L in equation (6.3) is no longer a simple function of the order parameter, but rather
it is a functional of the spatially varying order parameter pro�le Ψ∆ (r). �at is to say, the free
energy functional L [Ψ∆], where the square brackets indicate L is a functional of Ψ∆ (r), provides
a mapping from the function Ψ∆ (r) to the number L. �is contrasts with the free energy density
g in previous Chapters, which provided a mapping from the scalar order parameter value ψ to the
number g. Consequently, if we wish to investigate minima of the free energy functional L in the
space of order parameter pro�les Ψ∆ (r), we must consider small deviations from such an order
parameter pro�le rather than small deviations from some scalar value. In other words, we must use
the natural extension of the partial derivative, applied to the space of functions rather than scalars,
to minimise the free energy functional L [Ψ∆]. We call this extension the functional derivative, and
the corresponding equilibrium condition reads

δL [Ψ∆]

δΨ∆ (r)
= 0. (6.4)

We refer the interested reader to Chapter 3 of Hansen and McDonald [51] for an intuitive explanation
of the functional derivative, or to Appendix A of Engel and Dreizler [52] for a more mathematically
rigorous treatment.
We remark that the same reasoning holds for recasting the dynamical equations introduced in the
previous Chapter, which now take the form

∂τΨ∆ (r) = −ΓΨ∆

δL [Ψ∆]

δΨ∆ (r)
+ θΨ∆

(r) . (6.5)

As before, τ denotes time, ΓΨ∆
denotes the kinetic coe�cient and θΨ∆

(r) denotes a Gaussian noise
term which we neglect for the purpose of this work.

2 Here we immediately write down the Landau free energy in integral form as Ψ∆ (r) is a slowly varying function in
space. �is holds by virtue of choosing the la�ice spacing to be much smaller than the length scale ∆.
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6.2 Spatially inhomogeneous model

6.2.1 Free energy functional

Having established how a spatially inhomogeneous Landau theory ought to be constructed, in
principle, we now set out to apply this procedure to our model. Working, as before, in the isothermal-
isobaric ensemble, the Landau free energy functional reads

G [S1, S2, S3, x, η] =

∫

V

dr3

[
g (S1 (r) , S2 (r) , S3 (r) , x (r) , η (r))

1 + 〈η〉

+
1

2

∑

Ψi=S1,S2,S3,x,η

KΨi|∇Ψi (r)|2
]
, (6.6)

where we have dropped the subscript ∆ for the sake of brevity. Here, we integrate over the system
volume V , g indicates the Gibbs free energy per unit reference volume and the �nal contribution
sums over the square gradient terms penalising spatial gradients in each individual order parameter
pro�le. Note that the factor 1/ (1 + 〈η〉) serves to convert g into the Gibbs free energy per unit
volume, where we de�ne 〈η〉 ≡ (V − V0) /V0 as a measure for the system-averaged amount of free
volume3. To make the connection with our Landau theory for bulk systems explicit, here we insert
for g (S1, S2, S3, x, η) the Landau free energy density we constructed in the previous Chapters, as
given by equation (4.8); the only di�erence is that now all order parameters vary spatially as well as
temporally.

6.2.2 Equilibrium conditions

Before we can turn to investigating the relaxational dynamics applicable to this spatially inhomogen-
eous model, we must �rst consider the equilibrium con�guration to which the system relaxes. To
this end, we follow equation (6.4). �is procedure straightforwardly allows us to obtain the order
parameter pro�les S1 (r) , S2 (r) , S3 (r) , x (r), which minimise (or, alternatively, maximise) the free
energy functional G. However, problems arise if we a�empt to do the same for the free volume order
parameter pro�le η (r). To illustrate the complication, consider that the (free) volume enters the
free energy functional both in the integrand and the integration boundaries. �is means that the
problem we aim to solve is, in a way, self-consistent: minimising the free energy functional over some
integration domain V yields a pro�le for η (r), which subsequently changes the integration domain,
which in turn changes the order parameter pro�le η (r) minimising the free energy functional, and
so on. Clearly, more work is required to compute thermodynamic equilibrium with respect to η.
In order to solve the free boundary problem sketched above, we consider how the free volume
in�uences the integration domain. �at is, in which direction(s) does the thin �lm expand upon
actuation. �e simplest assumption one can make in this regard is to consider the network as
clamped in the plane, such that all volume expansion occurs in the transverse direction. �is suggests

3 Here, we have chosen to write 1/ (1 + 〈η〉) rather than 1/ (1 + η (r)), which arguably yields a locally more accurate
description. To understand the rationale behind this, consider that the integration boundaries V cannot be position-
dependent; here we are forced to employ a spatial average. Although this does not preclude local variations in the
volume-correction term 1/ (1 + η (r)) in the integrand, such local variations would induce new order parameter
couplings which cannot be compensated by the integration volume V . Since we explicitly constructed g to re�ect
the underlying symmetries and most important physical mechanisms of the model, this is undesirable. �us, in
the spirit of Landau theory, we opt for a coarse-grained approach where we average out the local variations in the
volume-correction term 1/ (1 + 〈η〉).
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a substitution of the form z = (1 + 〈η〉) z′, leaving x = x′ and y = y′ invariant. Insertion into
equation (6.6) allows us to recast the Gibbs free energy functional as

G [S1, S2, S3, x, η] =

∫

V0

dr′3

[
g (S1 (r) , S2 (r) , S3 (r) , x (r) , η (r))

+
1 + 〈η〉

2

∑

Ψi=S1,S2,S3,x,η

KΨi |∇rΨi (r)|2
]
, (6.7)

where the domain of integration is now restricted to the reference volume V0. Cross terms for the
spatial gradient contributions to the free energy density (of the same order in ∇r) vanish due to
symmetry: the value of the associated free energy cost should be independent of the direction of the
spatial gradients. Note that in writing equation (6.7) we have suggestively le� all spatial coordinates
in terms of the original space r, rather than transforming to the deformed space r′. �is is because,
although we have restricted the integration domain to the reference volume, our order parameters
still take all arguments within the actual volume. Leaving the spatial coordinate r unchanged is then
just a convenient way to ensure we work in terms of a single spatial coordinate without the need for
any explicit transformation.
�e above considerations lead us to �nally evaluate the equilibrium conditions of the spatially
inhomogeneous model as

δG

δΨi

=
∂g

∂Ψi

(r)− (1 + 〈η〉)KΨi∇2
rΨi (r) = 0, (6.8)

where Ψi = S1, S2, S3, x, η. Here we assume that the system-averaged free volume order parameter
〈η〉 is static for the purpose of this calculation; we recover the proper volume self-consistently by
iteratively solving equation (6.8) until 〈η〉 converges.

6.3 Numerical implementation: dynamics

6.3.1 Dimensionless description

�e formulation of the equilibrium conditions (6.8), as presented in the previous Section, paves the
way for an investigation of the model dynamics

∂τΨi (r) = −ΓΨi

δG [Ψi]

δΨi (r)
, (6.9)

where we have omi�ed the Gaussian noise term for the same reasons as in the previous Chapter
(see Section 5.1). In order to facilitate a sensible numerical solution to this set of equations, we again
reformulate the dynamical equations into a dimensionless description.
As has become customary in this work, the re-scalings we use to this end are given by





si = Si/S+, i = 0, 1, 2, 3

t = (T − T∗) / (T+ − T∗) ,
h = H/H,

η̃ = η/ (ξB2/B0C
2) ,

(6.10)

where S+ = B/2C and T+ − T∗ = B2/4aC denote the spinodal of a regular nematic, whereas
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H = B3/27C2 denotes the critical �eld strength. Similarly, we remind the reader that we re-scale
the coupling to the polymer network κ̃ ≡ κ/ (B2/C), the coupling to the free volume ζ ≡ ξ2/B0C ,
the excluded volume-like interactions λ̃ ≡ λ/ (B2/C) and the “sti�ness” of the population fraction
B̃1 ≡ B1/ (B4/C3). Finally, the re-scaled kinetic coe�cients read





Γ̃s1 = (ΓS1/Γη) / (C2B2
0/4B

2ξ2) ,

Γ̃s2 = (ΓS2/Γη) / (C2B2
0/4B

2ξ2) ,

Γ̃s3 = (ΓS3/Γη) / (C2B2
0/4B

2ξ2) ,

Γ̃x = (Γx/Γη) / (C4B2
0/B

4ξ2) ,

Γ̃η̃ = 1.

(6.11)

In addition to these previously de�ned quantities, we must now also incorporate the re-scaled square
gradient coe�cients 




K̃s1 = KS1C/4B
4,

K̃s2 = KS2C/4B
4,

K̃s3 = KS3C/4B
4,

K̃x = Kx,

K̃η̃ = Kηξ
2/B2

0C,

(6.12)

as well as the free volume re-scaling parameter ηref ≡ η/η̃ = ξB2/B0C
2. �is last addition is

necessary due to the presence of the volume-correction term (1 + 〈η〉), which now explicitly demands
the value of the free volume order parameter η rather than its re-scaled value. Luckily, our previous
results allow for a well-informed estimate of this parameter: based on the phase diagram of Figure
4.2 we �t the magnitude of η to simulations, yielding ηref ≈ 0.02. Notice that this ��ing procedure
only works if we �x the values of the remaining parameters to those used in Figure 4.2, which we do
in what follows.
With this in hand, all that remains is to choose appropriate values for the re-scaled square gradient
coe�cients. Since we are mainly interested in what novel features are introduced due to the inclusion
of the square gradient terms, we take a pragmatic approach here. �at is, we choose the values
of these coe�cients to ensure that the associated smoothening of the order parameter pro�le is
temporally separated from the bulk response of the model we investigated in the previous Chapter.
�is turns out to be the case for KΨi ∼ 10−4, with Ψi = S1, S2, S3, x, η. �e magnitude of these
coe�cients relative to each other only has a minor in�uence on the results if we restrict ourselves to
this regime.
�e above considerations culminate in the set of dimensionless dynamical equations

∂τ̃ Ψ̃i (r) = −Γ̃Ψ̃i

[
∂g̃

∂Ψ̃i

(r)− (1 + ηref 〈η̃〉) K̃Ψ̃i
∇2
rΨ̃i (r)

]
, (6.13)

where Ψ̃i indicates the re-scaled order parameters, Γ̃Ψ̃i
the associated re-scaled kinetic coe�cients

and g̃ the non-dimensionalised free energy density.

6.3.2 Solution strategy

Armed with the set of dimensionless dynamical equations (6.13), we now shi� focus to �nding
tractable solutions to them. �e �rst step in this regard is to consider the domain on which we
desire a solution. Although it is in principle possible to solve the dynamical equations for the full
three-dimensional liquid crystal network �lm, using a spatially varying electric �eld to emulate
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interdigitated electrodes, a simpler geometry may also re�ect the most salient model features. To see
this, consider that the fact we consider the liquid crystal network to be clamped in the plane suggests
that the transverse z-direction encompasses the most interesting physical processes. �is notion is
reinforced by the fact that the model A dynamics we subscribe to in this work contains only local
order parameter creation, and no order parameter transport. �us, within the model, the only thing
distinguishing between di�erent x, y-positions is the spatially varying electric �eld. Accordingly, we
conclude that we can recover the most salient model features by only considering spatial variation in
the z-direction, greatly reducing the computational complexity of the problem at hand.
Following this de�nition of the solution domain, next we must consider the corresponding boundary
conditions at the bo�om and top of the thin �lm. A�er all, it are exactly these boundary conditions
that give rise to spatial gradients, as the dynamical equations do not discriminate between di�erent
heights, save to enforce a smooth order parameter pro�le. Starting with the bo�om of the thin �lm,
we remark that the underlying substrate inhibits mesogen reorientation and so free volume creation.
As a result, we �x the all order parameters to their initial values at the lower boundary, according to

si
∣∣
z=0

= s0, i = 1, 2, 3,

x
∣∣
z=0

= 0,

η
∣∣
z=0

= 0.

(6.14)

Next we consider the top of the thin �lm, which describes the interface of the liquid crystal network
with the ambient air. In an a�empt to capture this interface explicitly within the model, we set
the value of the free volume order parameter η̃ here to the maximum value a�ainable within the
model4. �e reasoning behind this is that the ambient air embodies entirely free volume. �us, by
se�ing the model free volume to its maximum value at the network-air interface, we establish that at
the interface the network free volume is as close to being entirely free as it can get. �e ensuing
free volume order parameter pro�le will then be a smoothly varying function that drops from its
maximum value at the interface to some equilibrium value in the bulk: we e�ectively recover a di�use
network-air interface. �is leaves only the boundary conditions for the remaining order parameters
at the top of the �lm to be de�ned. Since there is no clear reason to also �x their values at the top of
the �lm, we instead demand re�ecting boundary conditions. �e set of boundary conditions at the
upper boundary then reads

∂si
∂z

∣∣∣
z=d

= 0, i = 1, 2, 3,

∂x

∂z

∣∣∣
z=d

= 0,

η̃
∣∣
z=d

= η̃max,

(6.15)

where z = d denotes the top of the thin �lm and we read o� from the derivatives that the re�ecting
boundary conditions prohibit order parameter �ow through the boundary.

4 We do not set the free volume at the interface with the ambient air to some arbitrarily large value as this may
induce non-physical couplings through the square gradient terms. Indeed, since such a high free volume is not
accessible to the model in equilibrium, it is possible for it to force the system to some local free energy minimum via
a trajectory the model would normally never take. �us, our choice of se�ing the free volume order at the top of the
thin �lm to the maximum free volume a�ainable within the model ensures the underlying physical mechanisms
remain unchanged.
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6.3.3 Numerical procedure

With the problem we aim to tackle clearly de�ned, all that remains is to elucidate the numerical
procedure we use to compute the model dynamics. We solve the dynamical equations (6.13) on a
one-dimensional la�ice in the transverse z-direction. Here, we work in units of the initial �lm height
d0, meaning that we initialise the thin �lm between 0 ≤ z ≤ 1; the �lm will subsequently expand
to 0 ≤ z ≤ 1 + 〈η (τ̃)〉 as a function of time5. We �nally carry out the explicit calculations using a
Forward-Time Central-Space (FTCS) �nite di�erence scheme; further details regarding the numerical
code can be found in Appendix D.

6.4 Results

Following the procedure outlined above, we now have all the required tools to investigate how
spatial gradients in the transverse z-direction alter the behaviour of the liquid crystal network. To
investigate this, we turn on an electric �eld of constant amplitude at τ̃ = 0. Figure 6.1 shows the
evolution of the LCN �lm height that ensues, where the apparent discontinuities are numerical
artefacts resulting from the �nite number of la�ice sites we use. Increasing the number of la�ice
sites decreases this e�ect, which vanishes in the continuum limit.

Figure 6.1: LCN �lm height d relative to the initial �lm height d0 as a function of the re-scaled time
τ̃ under the in�uence of a constant re-scaled electric �eld h = 50. We use 100 la�ice sites and
discontinuities correspond to the LCN expanding to include an additional la�ice site or contracting
to exclude an existing la�ice site. For the re-scaling procedure, see equation (4.18) and below.
Model parameters used: t = −3.0, κ̃ = 1.0, ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0, γ̃ = 0.05, Γ̃s1 = 0.01,
Γ̃s2 = Γ̃s3 = 0.1, Γ̃x = 0.01, Γ̃η̃ = 1.0, K̃s1 = 7.5 · 10−4, K̃s2 = 5.2 · 10−4, K̃s3 = 5.9 · 10−4, K̃x =
4.7 · 10−4, K̃η̃ = 10−4.

From Figure 6.1 we conclude that the current description is, for the most part, qualitatively in line
with the bulk model discussed in previous Chapter. Indeed, the bulk model predicted an initial
“nucleation” time in which the dipolar mesogens gradually start to reorient along the electric �eld
axis, followed by a sharp peak in free volume, and so deformation of the LCN, which relaxes as
a function of time (Figure 5.3). For the spatially inhomogeneous description we clearly recognise

5 In order to ensure that the initial con�guration is properly equilibrated, i.e. su�ciently smooth, we �rst compute
the dynamics in the absence of an external �eld; this we use as the initialisation for subsequent calculations.
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a similar sharp peak in the �lm height followed by relaxation, as expected based on the creation
and viscoelastic relaxation of molecular voids of free volume. However, contrary to the bulk model,
where free volume creation prior to the sharp peak in free volume was extremely minor, Figure 6.1
already shows appreciable expansion of the �lm before the peak in �lm height occurs. �at is, in the
spatially inhomogeneous description we already �nd a macroscopic expansion of the thin �lm before
the bulk response of the LCN to the applied electric �eld occurs. �us, apparently, the incorporation
of spatial gradients has introduced an additional or easier pathway to creating free volume inside the
thin �lm.
To further probe the physical mechanism behind this di�erence between the spatially inhomogeneous
description and the bulk model, next we examine the model dynamics inside the thin �lm. To this
end, Figure 6.2 schematically shows the temporal evolution of the corresponding order parameter
pro�les.

(a) Free volume (b) Population fraction

(c) Cross-linked mesogens (d) Dipolar mesogens

Figure 6.2: Spatially varying order parameter pro�les for di�erent re-scaled simulation times τ̃ under
the in�uence of a constant re-scaled electric �eld h = 50. Here we measure the height in the �lm z in
terms of the initial �lm height d0, and the horizontal line at η̃ ≈ 4.7, x2 ≈ 1, sI ≈ −1.19, sII ≈ 3.8
corresponds to the interface of the thin �lm with the ambient air. (a): re-scaled free volume order
parameter η̃; prior to re-scaling the free volume order parameter reads η ≡ (V − V0) /V0, with V
the system volume and V0 the reference volume. (b): population fraction of �eld-aligned dipolar
mesogens x2. (c), (d): re-scaled orientational order parameter, measured along the �eld axis (x-axis),
as given by sI = −s1/2 for the cross-linked mesogens (c) and by sII = − (1− x2) s2/2 + x2s3

for the dipolar mesogens (d); si, i = 1, 2, 3 denote the re-scaled orientational order parameters for
the cross-linked mesogens, the population of �eld-unaligned dipolar mesogens and the population
of �eld-aligned dipolar mesogens, respectively. For the re-scaling procedure, see equation (4.18)
and below. Model parameters used: t = −3.0, κ̃ = 1.0, ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0, γ̃ = 0.05,
Γ̃s1 = 0.01, Γ̃s2 = Γ̃s3 = 0.1, Γ̃x = 0.01, Γ̃η̃ = 1.0, K̃s1 = 7.5 · 10−4, K̃s2 = 5.2 · 10−4, K̃s3 =
5.9 · 10−4, K̃x = 4.7 · 10−4, K̃η̃ = 10−4.
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Focusing �rst on the temporal behaviour of the free volume order parameter pro�le (Figure 6.2a),
we indeed recover additional phenomenology as compared to the bulk model. Speci�cally, we now
recognise three distinct features occurring, each associated with its own timescale. Starting from a
smoothly varying pro�le interpolating between the interface and the bulk (solid curve), a�er turning
on the electric �eld free volume initially starts “di�using” into the thin �lm from the interface (dashed
curve). Subsequently, a wave-like pa�ern forms and travels deeper into the �lm; the free volume
starts to permeate the �lm. Following this, free volume creation also occurs deep in the thin �lm
(do�ed curve), leading to a bulk-like response in this region. Finally, on even longer timescales the
free volume eventually relaxes back to its initial pro�le (loosely do�ed curve).
We now interpret each of these features in turn, and ascertain their origin. Firstly, we a�ribute the
“di�usion” of the free volume into the thin �lm to the square gradient terms promoting a smooth
pro�le. To see this, consider that close to the network-air interface the amount of free volume
increases; this is our way of emulating the interface with the ambient air. Accordingly, the model
then demands that the degree of orientational order must decrease close to the interface; this quantity
is intricately coupled to the free volume. As a result, it is easier to induce mesogen reorientation, and
so free volume creation, close to the interface, as these mesogens are already more orientationally
disordered to begin with. Physically, we can link this to the fact that the mesogens positioned close to
the interface have fewer neighbours to impede their reorientation; the same is not true for the bo�om
of the �lm, as reorientation of those mesogens is strongly impeded by the underlying substrate. It is
then clear that, upon the application of an electric �eld, free volume creation starts at the top of the
thin �lm. �e subsequent permeation of the liquid crystal network is then simply a combination of
the mesogens deeper into the �lm initially being less orientationally disordered and so slower to
respond, and the interactions between neighbouring mesogens imposing a smooth order parameter
pro�le, i.e. the square gradient terms.
Following this, the free volume permeates deeper into the thin �lm, forming an apparent travelling
wave. �e inward motion we already understand based on the previous paragraph, but the formation
of a travelling wave has a di�erent origin: free volume “dissipation”. A�er all, all free volume that is
created also “dissipates” out of the system as a function of time. Consequently, since the free volume
creation starts at the network-air interface, it is here that the free volume has existed for the longest
time; this local free volume is then also the �rst the “dissipate” out of the system. �is e�ect gives the
visual impression of a travelling wave moving into the �lm, as the free volume in its wake relaxes
back to its initial value.
Subsequently, the mean-�eld response of the mesogens deep in the �lm, which do not “feel” the
interface, starts. Accordingly, the timescale that corresponds to this phenomenon is the response
time of the unperturbed bulk system; this is identical to the rise time for bulk systems we determined
in the previous Chapter. Finally, also the free volume created by this bulk response “dissipates” out
of the system, leaving us again with the free volume order parameter pro�le we started o� with.
�e remaining order parameters, associated with mesogen reorientation, show similar behaviour
(see Figures 6.2b-6.2d). �at is, mesogen reorientation also commences at the interface, subsequently
permeates the �lm and follows with a bulk-like response deep in the �lm. �e �nal relaxation,
however, does not revert the order parameters to their initial pro�les. As with the bulk model (Figure
5.3), we a�ribute this to the system �nding the new equilibrium con�guration a�er the free volume
has “dissipated” away.
�e above observations greatly gain in signi�cance upon a comparison with the phenomenology
found in simulations6 [33]. A�er all, the simulations show a similar trend of the free volume creation
commencing at the interface, subsequently permeating the thin �lm and �nally relaxing to some new
“equilibrium” con�guration. Similarly, mesogen reorientation is observed to start at the interface

6 Current experiments are unable to probe local free volume creation inside the thin �lm, and so cannot contribute to
such a comparison.
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and subsequently permeate the �lm. Although, at present, we do not possess the data to make
detailed comparisons, the corresponding phenomenology between theory and simulations hints at
the importance of the interface in accelerating free volume creation.

69



Chapter 7

Conclusion

At the outset of this thesis we speci�ed the aim to “construct a theoretical model for electrically-
responsive LCN �lms and provide clear guidelines on how to improve the experimental design”. In
particular, this goal was motivated by recent experiments by Liu et al. [1], who report:

• Fast and reversible formation of surface corrugations which are pre-programmed by the
electrode placement;

• Surface height modulation of up to several per cent in magnitude;
• Clear dependence of the modulation magnitude on the actuation frequency, with the optimum
presumably corresponding to some natural timescale of the LCN.

In pursuit of a more concrete understanding of these �ndings, in this work we investigate the
physical mechanisms underlying morphological shape-changes in electrically-responsive liquid
crystal network �lms using a dynamic Landau theory. Following the observation that a purely
strain-based description can replicate neither the experimentally observed magnitude of deformation
nor the full qualitative behaviour observed from simulations, here we propose a Landau theory
focused entirely on free volume e�ects; this allows us to more or less freely tune the deformation
magnitude. In Chapter 3 we introduce a minimal model based on this philosophy, describing the
network as a biaxial nematic liquid crystal. Although this description reproduces some of the most
salient features found in experiments and simulations, we �nd that it cannot properly distinguish
between the cross-linked and dipolar mesogens that constitute the liquid crystal network and so does
not provide a natural description of the problem at hand. We rectify this by explicitly incorporating
the, in principle independent, orientational properties of the individual mesogens species in Chapter
4. We �nd that the adapted model improves the qualitative correspondence with experiments and
simulations, and provides a more concrete molecular interpretation of the trends we observe.
Subsequently, in Chapter 5 we study the dynamics ensuing from the adapted model description, which
is reversible. Here we start by considering the short-time linearised dynamics a�er a constant electric
�eld is applied, which provide an analytical estimate for the experimentally observed “plasticisation”
time of the liquid crystal network. Based on this we expect that increasing the mesogen aspect
ratio, increasing the cross-linking fraction and increasing the degree of initial “frozen-in” nematic
order should all increase the “plasticisation” time. Following this, we study alternating electric �elds,
where we recover two distinct mechanisms for free volume creation: high-frequency “pumping” and
low-frequency full reorientation. We �nd that the former mechanism is most e�cient at the moderate
�eld strengths and actuation frequencies accessible in experiments, and occurs on timescales related
to the “plasticisation” time. Accordingly, we expect the mesogen aspect ratio, cross-linking fraction
and initial “frozen-in” nematic order to alter the experimental optimum actuation frequency as well.
Finally, in Chapter 6 we extend the model to thin �lms and investigate the e�ects of transverse
heterogeneities. Here we �nd that, upon application of a constant electric �eld, free volume creation
commences at the �lm interface and subsequently permeates the �lm, until it relaxes away again.
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�ese �ndings are in qualitative agreement with simulations, hinting that the �lm interface may play
an important role in “nucleating” free volume creation.
�us, we conclude that the Landau theory we constructed is in good qualitative agreement with
simulations and captures most of the experimental features we aimed to address. Indeed, the model
description allows for reversible deformation of the LCN of up to several percent in magnitude.
Moreover, we �nd that the speed with which such deformations ensue can be altered through
experimentally accessible parameters such as the mesogen aspect ratio, cross-linking fraction and
initial “frozen-in” nematic order; these same parameters also dictate the optimum actuation timescale
of the LCN within the model. Since accelerating the dynamics of the LCN through these means is
generally associated with a decrease in deformation magnitude, our theory provides basic guidelines
on how to manipulate the experimental parameters to make the trade-o� between actuation speed
and deformation magnitude.

Outlook

�e model we propose in this work provides testable predictions regarding the dynamical behaviour
of the liquid crystal network �lm upon variation of experimental parameters: mesogen aspect ratio,
cross-linking fraction and initial “frozen-in” nematic order. Accordingly, the most pressing future
research we propose is to vary these parameters both in experiments and simulations in order to
verify the model.
In addition, the model predicts the existence of two distinct mechanisms for free volume creation, in
line with simulation results. Although the available experimental data does not necessarily re�ect
this, the proof is inconclusive. Experimental sweeps over a wider range of electric �eld strengths and
actuation frequencies could test these predictions.
Moreover, the model itself can be expanded upon. Firstly, although a purely strain-based description
cannot explain the experimental results, the coupling between orientational order and strain is widely
recognised as an important mechanism in understanding, e.g. the so� elasticity of liquid crystal
elastomers [19]. Furthermore, in two spatial dimensions such a coupling is known to give rise to
spatial instabilities reminiscent of active ma�er systems [53], which may also play a role in dictating
the morphology of the thin liquid crystal network �lms. We thus propose future research in which
both strain and free volume creation are combined in a hybrid model.
Secondly, as the liquid crystal network �lms are glassy in reality, temperature dependence also
plays a large role. In particular, both experiments and simulations show an optimum operation
temperature for network expansion near the glass transition temperature [1, 3]. Although we have
some preliminary results on replicating this temperature optimum by using temperature-dependent
kinetic coe�cients in the currentmodel, amore elaborate investigation of the temperature dependence
could provide guidelines to realise optimum network expansion at room temperature.
Another avenue for future research is the waveform we use to optimise the transverse expansion of
the liquid crystal network �lm. Although in this work we focus only on simple harmonic waveforms,
many other options are experimentally viable as well. It would, for example, be interesting to probe
the model with square waves, which provide two tunable timescales (“on” and “o�”) to optimise the
network response. As it is even experimentally feasible to combine di�erent waveforms, there is an
immense amount of freedom in �ne-tuning the most e�ective actuation protocol.
Finally, although we recognised that treating the liquid crystal network as a thin �lm introduces
novel features under the in�uence of a constant electric �eld, we restricted ourselves to a relatively
simple one-dimensional description and did not investigate its behaviour under the in�uence of
alternating electric �elds. Naturally, a more sophisticated three-dimensional description is likely to
introduce additional features due to in-plane gradients and transport that we have neglected thus
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far. Similarly, as the novel features introduced by treating the liquid crystal network as a thin �lm
all vary in magnitude and adhere to di�erent timescales, it is not straightforward to ascertain their
e�ect on the optimum actuation frequency without carrying out the explicit calculations. �us, we
propose future work to extend the model to describe the full three-dimensional experimental set-up
and to investigate the response of the thin �lm to alternating electric �elds.
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Appendix A

List of symbols

Name Symbol Dimension
Eigenvalue χ± [−]
Electric �eld E [V m−1]
External �eld strength H ∝ |E|2 [J/m3]
Free energy [J]

Gibbs G
Helmholtz F
Landau L

Free energy density [J/m3]
Gibbs G
Gibbs per unit reference volume g
Helmholtz f
Landau L

Kinetic coe�cient [m s kg−1]
Free volume Γη
Nematic scalar ΓS
Population fraction Γx

Landau coe�cients liquid crystal
a [J/K/m3]
B,C [J/m3]

Model parameter [J/m3]
Mesogen-mesogen “excluded volume” coupling λ
Free volume “bulk modulus” B0

Free volume coupling ξ
Free volume “dissipation” γ
Network coupling κ
Population fraction “bulk modulus” B1

Order parameter [−]
Free volume η ≡ (V − V0) /V0

Nematic biaxial P
Nematic scalar S
Nematic tensor Q

Population fraction ϕ ≡ x2
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Name Symbol Dimension
Renormalised Landau coe�cient/parameter

H̃, B̃, C̃ [J/m3]
T̃∗ [K]

Re-scaled external �eld strength h ≡ H/H [−]
= H/ (B3/27C2)

Re-scaled Gibbs free energy density g̃ ≡ g/ (B4/C3) [−]
Re-scaled kinetic coe�cient [−]

Free volume Γ̃η̃ ≡ 1

Nematic scalar Γ̃s ≡ (ΓS/Γη) / (C2B2
0/4B

2ξ2)

Population fraction Γ̃x ≡ (Γx/Γη) / (C4B2
0/B

4ξ2)
Re-scaled model parameter [−]

Mesogen-mesogen “excluded volume” coupling λ̃ ≡ λ/ (B2/C)
Free volume coupling ζ ≡ ξ2/B0C
Free volume “dissipation” γ̃ ≡ γ/ (ΓηC

2B4
0/ξ

4)
Network coupling κ̃ ≡ κ/ (B2/C)

Population fraction “bulk modulus” B̃1 ≡ B1/ (B4/C3)
Re-scaled order parameter [−]

Free volume η̃ ≡ η/ (ξB2/B0C
2)

Nematic biaxial p ≡ P/ (B/C)
Nematic scalar s ≡ S/S+

= S/ (B/2C)
Population fraction ϕ ≡ x2

Re-scaled square gradient coe�cient [−]
Free volume K̃η̃ ≡ Kηξ

2/B2
0C

Nematic scalar K̃s ≡ KSC/4B
2

Population fraction K̃x ≡ Kx

Re-scaled temperature t ≡ (T − T∗) / (T+ − T∗) [−]
= (T − T∗) / (B2/4aC)

Re-scaled time τ̃ ≡ τ/τ0 [−]
= τ/

[
(ξB2/B0C

2)
2
C3/ΓηB

4
]

Square gradient coe�cient [J m−1]
Free volume Kη

Nematic scalar KS

Population fraction Kx

Subscript/superscript [−]
Critical point
Cross-linked mesogens 1

Initial, “frozen-in” 0

Field-aligned dipolar mesogens 3

Field-unaligned dipolar mesogens 2

Isotropic spinodal ∗
Nematic spinodal +

Temperature T [K]
Time τ [s]
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Appendix B

Strain-based approach

In this Appendix we brie�y present an alternative model description based on the interplay between
the orientational order of the liquid crystal and the mechanical deformation of the polymer network.
To this end, we follow the framework established by Warner and Terentjev [17] and use it to modify
the two population model introduced in Chapter 4. Here, the aim is to make only minimal changes
to the model, solely replacing the mechanism of free volume creation with a strain-based alternative.
�is facilitates as fair a comparison as possible with the model we propose in the main text. Given
the fact that this Appendix builds on the theory and model we propose in the main text, we advise
readers who wish to get the most out of this Appendix to read up to Chapter 4 prior to reading
this Appendix. Readers less interested in the technicalities can skip straight to the Results of this
Appendix; the last paragraph in particular sums up the most important �ndings.

B.1 Nematic rubber elasticity

Before we are able to modify the model to re�ect a strain-based approach, it is necessary to �rst lay
down some additional theoretical groundwork regarding the theory of nematic rubber elasticity.

B.1.1 Statistical physics of conventional polymers

�e main concept that proves indispensable in this context is the step length, well-known from the
statistical physics of polymers [9]. Consider, for example, an ideal polymer chain consisting of N
segments of length b. Assuming the segments are freely jointed together, the polymer chain traces
out a random walk of N steps with root-mean-square step length b. It is then straightforward to
recover the associated mean-squared displacement

〈
R2
x

〉
=
〈
R2
y

〉
=
〈
R2
z

〉
=

1

3

〈
R2
〉

=
1

3
Nb2, (B.1)

with R the end-to-end distance of the polymer chain. Since, for a freely jointed chain, we have
〈R〉 = 0, the above expression describes the standard deviation of the Gaussian distribution governing
the end-to-end distance R. It is clear that the probability distribution then reads

p (R) =

(
3

2πNb2

)3/2

exp− 3R2

2Nb2
. (B.2)

We can subsequently use this knowledge of the polymer chain statistics to construct the partition
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sum
ZN (R) = p (R)ZN , (B.3)

where ZN is the total number of con�gurations available to the N segments. Noting that internal
energy plays no role in this simple freely jointed chain model, this allows us to write down the purely
entropic free energy of such a polymer strand

Fs = −TSs = F0 +
3R2

2Nb2
kBT + C, (B.4)

with Ss the entropy and kB the Boltzmann constant. Here, F0 = −kBT lnZN and C are additive
constants; the la�er derives form the normalisation of the probability distribution. �us, based purely
on the statistics of the polymer chain in terms of step lengths, we are able to construct the free energy
associated with this simple model.

B.1.2 Extension to elastomers

Step length tensor

Following this, it stands to reason that a similar approach could prove useful in modelling liquid
crystal elastomers. �e main di�erence is that now we must also consider how the liquid crystalline
mesogens alter the statistics of the polymer chains. Clearly, if we are to describe the LCE as a
freely jointed chain, the step length is no longer isotropic in the presence of su�cient mesogenic
orientational order. Instead, the segments along the axis of orientational order are longer than those
along the transverse axis: we now have an anisotropic step length tensor b.
We subsequently set out to investigate exactly how this step length tensor b is related to the nematic
tensor order parameterQ. To this end, we start by considering main-chain LCEs, where the mesogens
are incorporated directly into the polymer backbone. Still subscribing to the freely jointed chainmodel,
this case suggests that the orientational distribution of the mesogens and the polymer backbone are
approximately identical. It is then relatively straightforward to show that [17]

b = b
(
δ + 3Q

)
, (B.5)

with δ the identity matrix and where b now plays the role of a microscopic reference step length.
When, alternatively, we deal with side-chain LCEs, where the mesogens are pendant on the polymer
backbone, the orientational correspondence between mesogens and polymer backbone is clearly
much weaker. In this case, for su�ciently weak orientational order of the mesogens, one can expand
the step length tensor to instead yield

b ≈ b
(
δ + βQ

)
, (B.6)

with β < 3 an in principle unknown proportionality factor; not to be confused with the reciprocal
thermal energy, 1/kBT , with kB the Boltzmann constant. Note that within this speci�ed range β
can take any value, dependent on the exact network chemistry and topology; the correspondence
can even be such that mesogenic orientational order along one axis forces the polymer backbone to
order along the transverse axis β < 0.
�is �nally brings us to the statistical mechanical description of LCNs, consisting of both cross-linked
(Qc) and pendant (Qd) mesogens. In this case, the expansion of the step length tensor takes into
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account a coupling to both mesogen species, according to

b ≈ b
(
δ + αQc + βQd

)
, (B.7)

with β � α / 3. �at is, the orientational distribution of the polymer backbone is dominated by the
cross-linked mesogens, with minor corrections due to the pendant mesogens.

Free energy density

Armed with this qualitative picture of the step length tensor, we now shi� focus to evaluating
the associated (entropic) free energy density. Our point of departure in this endeavour is the
orientationally anisotropic generalisation of equation (B.2), which reads

p (R) ∝
(

1

det b

)1/2

exp− 3

2Nb
R b−1R. (B.8)

Here, it is useful to remark that both R and b refer to the network under current conditions; an
identical distribution p0 holds for the (stress-free) formation conditions, where we replace R by R0

and b by b0. �ese two network con�gurations are connected through the deformation of the network
R = λtR0, with λt the deformation tensor.
We can subsequently use this probability distribution to derive the entropy associated with each
network strand by invoking Boltzmann’s entropy formula Ss = kB ln p (R), where we have tacitly
neglected all constant contributions. In evaluating this expression, it is important to recall that all
network con�gurations R are subject to the initial distribution p0 (R0) at formation. �at is, we must
average the associated (fully entropic) free energy per network strand over the formation conditions,
according to

Fs =
3kBT

2Nb

〈
R b−1R

〉
p0(R0)

+
kBT

2
ln

det b

b3
, (B.9)

where we have added the (constant) b3 term in the logarithm to make its argument dimensionless.
We �nally arrive at the free energy density of the LCE by multiplying with the network strand density
ns, yielding

f =
3µ

2Nb

〈
R0 λt

Tb−1λt R0

〉
p0(R0)

+
µ

2
ln

det b

b3
, (B.10)

where we recognise µ = nskBT as the linear shear modulus corresponding to a rubber with the same
network strand density. Here, we have also rewri�en the end-to-end vector in terms of its analogue
at the formation conditions R = λtR0, which facilitates a further simpli�cation of equation (B.10) by
means of explicitly evaluating the averages over the probability distribution at formation conditions
p0. A�er working out the details, the �nal expression for the LCE free energy density reads

f =
µ

2
Tr
(
b0 λt

Tb−1λt

)
+
µ

2
ln

det b

b3
, (B.11)

where Tr indicates taking the trace.
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B.2 Modi�ed model free energy density

B.2.1 Reference model

With the statistical physics of the LCN characterised in the previous Section, we are now ready to
investigate how to modify the model we use in the main text to re�ect this. However, before we carry
out any changes, it pays dividends to �rst brie�y discuss the free energy density of equation (4.8),

g = g1 + g2 + x2 (g3 − g2 −HS3) +
1

2
B1x

4 +
1

2
κ (S1 − S0)2

+
1

2

(
1− x2

)
λ (S1 − S2)2 +

1

2
x2λ

(
S2

1 + S1S3 + S2
3

)
+

1

2
B0η

2

+
3

4
ξη
[(

1− x2
)

(S1 + S2)2 + x2
(
S2

1 − S1S3 + S2
3

)
− 4S2

0

]
,

(B.12)

which serves as our point of reference. �e main distinguishing feature of this model is that we con-
sider three, in principle independent, mesogen species: cross-linked mesogens (1), dipolar mesogens
that do not align with the external �eld H ∝ |E|2 (2) and dipolar mesogens that do align with the
external �eld (3). We subsequently keep track of the population of �eld-unaligned dipolar mesogens
(1− ϕ) and the population of �eld-aligned dipolar mesogens (ϕ) by means of the population fraction
ϕ ≡ x2. With this in mind,

gi =
1

2
a (T − T∗)S2

i −
1

3
BS3

i +
1

4
CS4

i , i = 1, 2, 3, (B.13)

describe the nematic contribution to the free energy density for each mesogen species. Here a,B,C
are phenomenological Landau coe�cients, T denotes the temperature, T∗ the isotropic spinodal
temperature and S the nematic orientational order parameter. Following this, the term proportional
to κ signi�es how the cross-linked mesogens still “feel” the initial orientational order S0 at which the
network is formed. Similarly, the terms proportional to λ describe excluded volume-like interactions
between the cross-linked and dipolar mesogens, compelling them to align with each other. Finally, we
arrive at the terms related to the free volume order parameter η ≡ (V − V0) /V0. Here the quadratic
term is a bulk modulus-like contribution that resists changes in volume, whereas the linear term
explicitly links the creation or annihilation of free volume to the global degree of orientational order.
More speci�cally, if the system becomes more orientationally disordered free volume is created,
whereas if the system becomes more orientationally ordered free volume is annihilated.

B.2.2 Modi�ed model

Free energy density

We subsequently modify the model by simply replacing the free volume associated terms in equation
(B.12) with the strain-based description we derived in equation (B.11). �is yields a free energy
density

g = g1 + g2 + x2 (g3 − g2 −HS3) +
1

2
B1x

4 +
1

2
κ (S1 − S0)2

+
1

2

(
1− x2

)
λ (S1 − S2)2 +

1

2
x2λ

(
S2

1 + S1S3 + S2
3

)

+
1

2
Bλt

(
detλt − 1

)2

+
µ

2
Tr
(
b0 λt

Tb−1λt

)
+
µ

2
ln

det b

b3
,

(B.14)
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where we have added an additional bulk modulus term resisting volume-changing deformations,
with Bλt denoting the bulk modulus1. Here, for the sake of simplicity, we write b ≈ b

(
δ + 3Q1

)
and

b0 ≈ b
(
δ + 3Q0

)
, i.e. we treat the step length tensor of the LCN as if it is dictated entirely by the

orientational order of the cross-linked mesogens. Moreover, we point out that the thin LCN �lm used
in experiments is e�ectively clamped on a substrate, such that its dimensions in the plane remain
�xed. �us, as our �nal simpli�cation step we set λt,xx = λt,yy = 1 and λt,i 6=j = 0, leaving us with
one order parameter λt,zz governing the transverse deformation of the thin LCN �lm2.

Dimensionless description

In order to subsequently facilitate a numerical investigation of the above model free energy density,
we non-dimensionalise our model. To this end, we primarily use the same procedure as in the main
text, with some minor additions to incorporate the new strain-related terms. Here we brie�y reiterate
the set of re-scaled quantities we use, as given by





si = Si/S+, i = 0, 1, 2, 3

t = (T − T∗) / (T+ − T∗) ,
h = H/H,

(B.15)

where S+ = B/2C and T+ − T∗ = B2/4aC denote the nematic spinodal, whereas H = B3/27C2

denotes the critical �eld strength. In addition, we have the re-scaled parameters κ̃ ≡ κ/ (B2/C),
λ̃ ≡ λ/ (B2/C), µ̃ ≡ µ/ (B2/C), B̃λt ≡ Bλ/ (B4/C3) and B̃1 ≡ B1/ (B4/C3). As before, we
match the degree of initial orientational order of the network to the temperature, according to
s0 = 1 +

√
1− t.

Interestingly, the strain-based description in terms of step lengths b ≈ b
(
δ + 3Q1

)
requires us to

also explicitly describe the orientational order of the mesogens. �at is, we cannot fully describe
the step length-dependent terms in the free energy density in terms of the re-scaled orientational
order parameter si. �is forces us to explicitly keep track of the parameter S+ = B/2C , linking the
orientational order parameter Si to its re-scaled counterpart. For lack of data on the phase behaviour
of the speci�c mesogens used in the experiments of [1], here we use data obtained for the liquid
crystal compound MBBA to determine S+ instead. �at is, we treat the mesogens as if they were
MBBA, which leads us to set S+ ≈ 0.3 [54, 55].
Finally, we take a utilitarian approach to determining the newly introduced model parameters B̃λt and
µ̃. FromWarner and Terentjev we know that, roughly, µ ∼ 104−106 J/m3 andBλt ∼ 109−1010 J/m3

[17]. Similarly, from the literature available on the Landau theory of liquid crystals, we know that the
Landau coe�cients we use to re-scale these parameters are generally on the order B,C ∼ 106 J/m3

[55]. �us, working in the limiting case that allows the greatest volume change, i.e. choosing
µ ∼ 106 J/m3 large and Bλt ∼ 109 J/m3 small, we then set µ̃ = 1 and B̃λt = 1000.

1 �eoretical investigations of shape changes in LCEs are o�en carried out in a volume preserving fashion, asBλ � µ
[17]. However, since we are interested speci�cally in the height modulation of a clamped LCN �lm, we must clearly
take volume changes into consideration

2 In a spatially inhomogeneous description o�-diagonal terms λt,i6=j may become important as well, as long as the no
deformation boundary conditions near the substrate are satis�ed.
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B.3 Results

With the full, dimensionless model established, we are ready to investigate the qualitative features
that the strain-based approach gives rise to. In particular, we are interested in the phase diagram, as
shown in Figure B.1.
From this we conclude that the qualitative behaviour regarding the orientational order of both the
cross-linked and dipolar mesogens is very similar for the free volume and strain-based theories.
Moreover, the agreement with simulations is also strong, as we can clearly distinguish a region of no
to weak response, followed by a strong response and �nally saturation of the orientational order.
Next we investigate the deformation associated with this orientational order. Here, we remark that in
the simulations of [3], as shown in Figure B.1a, this deformation is measured in terms of the volume
increase relative to the initial con�guration in the absence of an electric �eld. �is con�guration is
stable on the simulation timescales, but in general does not correspond to thermodynamic equilibrium;
hence why applying a small electric �eld allows the LCN to slightly decrease in volume. If we
subsequently compare the simulations with the free volume theory, we again �nd qualitatively
similar results. Indeed, upon increasing the �eld strength, both clearly show a region of no to weak
response, followed by an increase in volume and �nally a decrease in volume. �is decrease in
volume becomes even more marked upon increasing the electric �eld strength to values higher than
shown here (see Figure 3.3d). One can check from Figure B.2 that the associated peak in volume
obtained from the simulations corresponds to the maximum degree of orientational disorder that is
a�ained, as predicted by the free volume theory. Note that since the simulation data only encompass
the orientational order parameter of both mesogen species measured along the x-axis, along which
the electric �eld is applied, here we have resorted to approximating the degree of global orientational
disorder based on these quantities.
�e approximation procedure is as follows. We start by observing that for appreciable electric �eld
strengths E the dipolar mesogens generally reorient along the �eld direction (x-axis), whereas
the cross-linked mesogens remain oriented along the y-axis. Subsequently, we approximate their
orientational order as if both mesogens are governed by uniaxial Q-tensors along these axes.
�at is, we write the nematic tensor order parameter of the cross-linked and dipolar mesogens
as Qc,ij = Sc

(
δiyδjy − 1

3
δij
)
and Qd,ij = Sd

(
δixδjx − 1

3
δij
)
, respectively, with Sc and Sd their

respective orientational order parameter. We stress, however, that in the simulations only the ori-
entational order along the x-axis is measured. Accordingly, we must rewrite these expressions in
terms of the apparent order parameters Sc,x and Sd,x one would measure along the x-axis. �e result
reads Qc,ij = −2Sc,x

(
δiyδjy − 1

3
δij
)
for the cross-linked mesogens and Qd,ij = Sd,x

(
δixδjx − 1

3
δij
)

for the dipolar mesogens. Armed with these expressions, we can then straightforwardly evaluate
our estimate for the global degree of orientational order S2 = 3

2
1
2

(Qc,ij +Qd,ij)
1
2

(Qc,ij +Qd,ij) =(
4S2

c,x + 2Sc,xSd,x + S2
d,x

)
/4, where we have assumed equal fractions of cross-linked and dipolar

mesogens as is the case in the simulations [1, 3, 33] and experiments [1, 2]. �is approximation
is clearly inaccurate at low �eld strengths where the dipolar mesogens are still aligned along the
y-direction, but for the higher �eld strengths where the volume optimum occurs we expect this
approximation to be reasonably accurate.
�e trends for the LCN volume increase discussed above are in clear contrast to the results of the
strain-based approach, which predicts a saturation of the volume at high �eld strengths, rather
than a decrease. Within the model, this is because the strain is coupled solely to the orientational
order of the cross-linked mesogens, which only slightly reorient; the in�uence of the much more
orientationally mobile dipolar mesogens on the macroscopic deformation is only “felt” through their
interactions with the cross-linked mesogens.
�is suggests that it may be possible to reproduce a decrease in volume at high �eld strengths, as
observed in the simulations, within the strain-based model by directly coupling the dipolar mesogens
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to the strain as well; this turns out to be the case. We expect, however, that in reality this coupling
between dipolar mesogens and strain is not su�ciently strong to appreciably alter the phase diagram
for the shown �eld strengths; the shape of the polymer chains is dominated by those mesogens cross-
linked in the network. Moreover, even if such a coupling as we propose here would be su�ciently
strong to induce a distinct volume maximum in the phase diagram, the point at which this occurs
will then crucially depend on the strength of this coupling, rather than on the degree of global
orientational disorder which simulations suggest.
In addition, a note is in order regarding the magnitude of the deformation predicted by the strain-
based model we present here. A�er all, the volume change shown in Figure B.1e is not even a
tenth of a percent. �is is rather worrisome when compared with the volume increase observed in
simulations, which is roughly an order of magnitude larger, and the volume increase observed in the
experiments, which can be several percent [1, 2]. Although we could easily remedy this problem
by either decreasing the bulk modulus resisting deformations or increasing the rubber modulus
favouring deformations, we cannot be certain whether this is justi�ed. Indeed, in constructing the
model we already informed our choice of these parameter values on the available literature, and
speci�cally chose those values that would allow for the greatest deformation. �us, this �nding
casts further doubt on the ability of a purely strain-based model to induce the large volume changes
observed in experiments.
In conclusion, we �nd that a purely strain-based model is, under reasonable assumptions, unable
to reproduce the most salient features apparent from the simulations [3] and experiments [1]. �at
is, in the shown range of electric �eld strengths simulations show a clear correspondence between
the system volume and the degree of global orientational disorder, including a distinct volume
maximum. �is relation between volume increase and global orientational disorder is absent from
the strain-based model. Moreover, the volume change predicted by the strain-based model, with our
choice of parameters informed by the available literature, is order(s) of magnitude smaller than what
is observed in both simulations and experiments. Taken together, these points compel us to pursue
free volume creation as the mechanism responsible for the phenomenology observed in experiments
and simulations, rather than the coupling between strain and orientational order.
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(a) Simulation (b) Simulation

(c) Free volume theory (d) Free volume theory

(e) Strain-based theory (f) Strain-based theory

Figure B.1: Phase diagram for simulation (top) [3], the free volumemodel (middle) and the strain-based
model (bo�om). Simulation (a): volume increase in percent measured relative to the equilibrated
volume in the absence of an electric �eld. For �eld strengths larger than shown here the volume
further decreases. (b): orientational order parameter, measured along the �eld axis (x-axis), for
cross-linked (dashed) and dipolar mesogens (solid). For �eld strengths larger than shown here the
orientational order parameters further saturate. We plot as a function of the electric �eld strength
E; the conventions for the simulation units are given under Figure B.2. Di�erent colours indicate
di�erent random network topologies and lines are guides to the eye. �eory: (c): re-scaled free volume
order parameter η̃. (e): lateral strain. (d), (f): re-scaled orientational order parameter, measured along
the �eld axis (x-axis), as given by sI = −s1/2 (dashed) and sII = − (1− x2) s2/2 + x2s3 (solid) for
the cross-linked and dipolar mesogens, respectively. We plot as a function of the square root of the
re-scaled external �eld strength h, as

√
h ∝ |E|. Black lines denote stable solutions and green lines

denote stable solutions with saturated population of �eld-aligned dipolar mesogens x2 = 1. For
the order parameter conventions and re-scaling procedure, see Section B.2. Model parameters used:
t = −3.0, κ̃ = 1.0, ζ = 0.05, λ̃ = 0.4, B̃1 = 5.0, S+ = 0.3, µ̃ = 1, B̃λt = 1000.
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Figure B.2: Estimate of the global degree of orientational order S2 in simulations as a function of the
electric �eld strength E, obtained by projecting the orientational order of the cross-linked mesogens
onto a uniaxial Q-tensor along y and the orientational order of the dipolar mesogens onto a uniaxial
Q-tensor along x. We show S2 ≈

(
4S2

c,x + 2Sc,xSd,x + S2
d,x

)
/4, with Sc,x and Sd,x the orientational

order parameters of the cross-linked and dipolar mesogens one would measure along the �eld axis
(x-axis). �e electric �eld strength E is in terms of

√
E/ (4πε0D3), with E and D the fundamental

reduced units of energy and distance for the Lennard-Jones potential, and ε0 the vacuum permi�ivity.
Di�erent colours indicate di�erent random network topologies and lines are guides to the eye.
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Appendix C

Mathematica notebooks

C.1 Numerical solver thermodynamic equilibrium

ClearAll [ ” Globa l ∗ ” ]
( ∗ Def ine Q−t e n s o r ∗ )
Q = ({

{2 S / 3 , 0 , 0} ,
{0 , −S / 3 + P / 3 , 0} ,
{0 , 0 , −S / 3 − P /3}

} ) ;
Q0 = ({

{2 S / 3 , 0 , 0} ,
{0 , −S / 3 + P / 3 , 0} ,
{0 , 0 , −S / 3 − P /3}
} ) / . S → S0 / . P → 0 ;

( ∗ Non−d imen s i o n a l i s e d model f r e e energy d en s i t y ∗ )
g = c ˆ 3 / B ˆ4 ( 3 / 4 A Tr [Q .Q] − 3 / 2 B Tr [Q .Q .Q] + 9 / 1 6 c Tr [Q .Q] ˆ 2 −

H P + µ η (Tr [Q .Q] − Tr [Q0 . Q0 ] ) +
1 / 2 B0 η ˆ 2 + 1 / 2 κ ( S − S0 ) ˆ 2 / .

S → B / ( 2 c ) s / . S0 → B / ( 2 c ) s0 / .
A → t B ˆ 2 / ( 4 c ) / . H → h B ˆ 3 / ( 2 7 c ˆ 2 ) / .

P → B / c p ) / . η → µ B ˆ 2 / (
B0 c ˆ 2 ) η / . κ → B ˆ 2 / c κ / .

B0 → µ ˆ 2 / ( ζ c ) / / Simplify ;
( ∗ Equ i l i b r i um cond i t i o n s , where we a l r e a d y i n t e g r a t e out η t o \
ea s e a long the numer ics ∗ )
eqη = D[ g , η ] ;
η s o l s = Solve [ eqη == 0 , η ] [ [ 1 ] ] ;
eqs = D[ g , s ] / . η s o l s ;
eqp = D[ g , p ] / . η s o l s ;
( ∗ Hess i an s t a b i l i t y ma t r i x de t e rm inan t ∗ )
h e s s i a n = Det [ ( {

{D[ g , { s , 2} ] , D[ g , s , p ] , D[ g , s , η ]} ,
{D[ g , p , s ] , D[ g , {p , 2} ] , D[ g , p , η ]} ,
{D[ g , η , s ] , D[ g , η , p ] , D[ g , {η , 2} ]}
} ) ] ;

( ∗ Parameter v a l u e s ∗ )
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ζ = 0 . 0 5 ;
κ = 1 . 0 ;
s0 = 1 + Sqrt [ 1 − t ] ;

( ∗ Numer i c a l l y s o l v e e q u i l i b r i um ∗ )
t = −3;
imax = 1 0 0 0 0 ;
( ∗ Crea t e s o l u t i o n a r r a y s to s t o r e da t a ∗ )
s o l = Cons tantArray [ 0 , { imax + 1 } ] ;
ha r r ay = Cons tan tArray [ 0 , { imax + 1 } ] ;
( ∗ I t e r a t a t e over f i e l d s t r e n g t h and s o l v e e q u i l i b r i um c on d i t i o n s ∗ )
For [ i = 1 , i < imax + 2 ,
i ++ , {h = 40 / imax ( i − 1 ) , ha r r ay [ [ i ] ] = Sqrt [ h ] ,
s o l [ [ i ] ] = NSolve [{ eqs == 0 , eqp == 0} , { s , p } , Reals ]} ]

Clear [ h ]

( ∗ Couple each s o l u t i o n to i t s c o r r e spond ing f i e l d s t r e n g t h ∗ )
L = s / . s o l / / Fla t ten / / Length ;
Len = Cons tan tArray [ 0 , { imax + 1 } ] ;
a r r ay = Cons tan tArray [ 0 , {L } ] ;
Len [ [ 1 ] ] = s / . s o l [ [ 1 ] ] / / Length ;
a r r ay [ [ 1 ; ; Len [ [ 1 ] ] ] ] = har ray [ [ 1 ] ] ;
For [ i = 2 , i < imax + 2 , i ++ ,
{Len [ [ i ] ] = s / . s o l [ [ i ] ] / / Length ,
a r r ay [ [ Total [ Len [ [ 1 ; ; i − 1 ] ] ] + 1 ; ; Total [ Len [ [ 1 ; ; i ] ] ] ] ] =
har ray [ [ i ] ] } ]

( ∗ Take the s o l u t i o n s f o r the r e s p e c t i v e o rde r pa rame te r s ∗ )
η s o l =

Par t i t ion [ R i f f l e [ a r ray , η / . η s o l s / . s o l / / Fla t ten ] , 2 ] ;
s s o l = Par t i t ion [ R i f f l e [ a r ray , s / . s o l / / Fla t ten ] , 2 ] ;
p s o l = Par t i t ion [ R i f f l e [ a r ray , p / . s o l / / Fla t ten ] , 2 ] ;

( ∗ D i s t i n g u i s h s t a b l e and un s t a b l e s o l u t i o n s based on Hess i an \
s t a b i l i t y ma t r i x de t e rm inan t ∗ )
vec = Cons tan tArray [ 0 , {L } ] ;
For [ i = 1 , i < L + 1 ,
i ++ , { I f [ ( h e s s i a n / . {η → η s o l [ [ i , 2 ] ] , s → s s o l [ [ i , 2 ] ] ,

p → p s o l [ [ i , 2 ] ] , h → η s o l [ [ i , 1 ] ] ˆ 2 } ) <
0 , { vec [ [ i ] ] = 1} ]} ]

η s o l s t a b l e = Delete [η so l , Posi t ion [ vec , 1 ] ] ;
η s o l u n s t a b l e = Delete [η so l , Posi t ion [ vec , 0 ] ] ;
s s o l s t a b l e = Delete [ s s o l , Posi t ion [ vec , 1 ] ] ;
s s o l u n s t a b l e = Delete [ s s o l , Posi t ion [ vec , 0 ] ] ;
p s o l s t a b l e = Delete [ pso l , Posi t ion [ vec , 1 ] ] ;
p s o l u n s t a b l e = Delete [ pso l , Posi t ion [ vec , 0 ] ] ;

( ∗ Compute co r r e spond ing f r e e energy d en s i t y ∗ )
f a r r a y = Cons tan tArray [ 0 , {L } ] ;
For [ i = 1 , i < L + 1 ,
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i ++ , { f a r r a y [ [
i ] ] = ( g / . {η → η s o l [ [ i , 2 ] ] , s → s s o l [ [ i , 2 ] ] ,

p → p s o l [ [ i , 2 ] ] , h → η s o l [ [ i , 1 ] ] ˆ 2 } ) } ]
f r e e en e r gy = Par t i t ion [ R i f f l e [ a r ray , f a r r a y ] , 2 ] ;
f r e e e n e r g y s t a b l e = Delete [ f r e e ene rgy , Posi t ion [ vec , 1 ] ] ;
f r e e e n e r g y un s t a b l e = Delete [ f r e e ene rgy , Posi t ion [ vec , 0 ] ] ;
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Appendix D

Python scripts

D.1 Numerical solver thermodynamic equilibrium

1 # Import
2 from scipy.optimize import fsolve
3 import numpy as np
4

5 # Define constants
6 tau = -3.0
7 s0 = 1.0 + np.sqrt(1.0-tau)
8 zeta = 0.05
9 kappa = 1.0
10 Lambda = 0.4
11 B1 = 5.0
12

13 # Create array of field strength values
14 hsteps = 3000.0
15 hf = 150.0
16 dh = hf/hsteps
17 harray = np.linspace(0.0, hf, int(hsteps)+1, endpoint=True)
18

19 # Create arrays to store dynamical order parameters
20 s1array = np.zeros(int(hsteps)+1)
21 s2array = np.zeros(int(hsteps)+1)
22 s3array = np.zeros(int(hsteps)+1)
23 xarray = np.zeros(int(hsteps)+1)
24 etaarray = np.zeros(int(hsteps)+1)
25

26 # Create arrays to store indicators of the quality and
stability of the solution↪→

27 error = np.zeros(int(hsteps)+1)
28 hessian = np.zeros(int(hsteps)+1)
29

30 # Solution in the absence of an external field
31 s1array[0] = s0
32 s2array[0] = s0
33 s3array[0] = s0
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34

35 # Introduce variable to keep track of whether field-aligned
population is saturated↪→

36 count = 0
37

38 # Solve equilibrium conditions for varying field strength
39 for i in range(1,int(hsteps)+1):
40 h = harray[i]
41 # For small values of x: search for solutions near the

equilibrium for h=0↪→

42 if xarray[i-1] <= 0.01:
43 # Solve equilibrium conditions (”equations”) for all

oder parameters, with initial guess↪→

44 s1array[i], s2array[i], s3array[i], xarray[i],
etaarray[i] = fsolve(equations, (s0, s0, s0,
np.sqrt(0.3), 2.0))

↪→

↪→

45 # Else we have a sizable field-aligned population
46 else:
47 # Field-aligned population is saturated
48 if count == 1:
49 # Search for solutions with saturated field-aligned

population (”equations2”, x=1, s2 is no longer
relevant)

↪→

↪→

50 # Initial guess is the configuration at the previous
field strength↪→

51 s1array[i], s3array[i], etaarray[i] =
fsolve(equations2, (s1array[i-1], s3array[i-1],
etaarray[i-1]))

↪→

↪→

52 xarray[i] = 1.0
53 # Field-aligned population is not saturated
54 else:
55 s1array[i], s2array[i], s3array[i], xarray[i],

etaarray[i] = fsolve(equations, (s1array[i-1],
s2array[i-1], s3array[i-1], xarray[i-1],
etaarray[i-1]))

↪→

↪→

↪→

56 # Make sure that solution remains bounded between
0 <= x2 <= 1↪→

57 # If we violate this condition
58 if xarray[i] >= 1.0:
59 # Field-aligned population must be saturated at

x2=1, s2 is no longer relevant↪→

60 x = 1.0
61 xarray[i] = 1.0
62 s2array[i] = 0.0
63 # Solve ”equations2” for saturated field-aligned

population↪→

64 s1array[i], s3array[i], etaarray[i] =
fsolve(equations2, (s1array[i-1],
s3array[i-1], etaarray[i-1]))

↪→

↪→
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65 # Going forward we have a saturated field-aligned
population x2=1 at higher field strengths↪→

66 count = 1
67 # Save numerical error and Hessian matrix determinant

(stability)↪→

68 error[i] = np.max(equations((s1array[i], s2array[i],
s3array[i], xarray[i], etaarray[i])))↪→

69 hessian[i] = hessianmatrix((s1array[i], s2array[i],
s3array[i], xarray[i], etaarray[i]))↪→

70

71 # Prepare empty arrays to split up solutions into stable,
unstable and saturated contributions↪→

72 s1stable = np.array([])
73 s2stable = np.array([])
74 s3stable = np.array([])
75 xstable = np.array([])
76 etastable = np.array([])
77 hstable = np.array([])
78 gstable = np.array([])
79

80 s1unstable = np.array([])
81 s2unstable = np.array([])
82 s3unstable = np.array([])
83 xunstable = np.array([])
84 etaunstable = np.array([])
85 hunstable = np.array([])
86 gunstable = np.array([])
87

88 s1sat = np.array([])
89 s2sat = np.array([])
90 s3sat = np.array([])
91 xsat = np.array([])
92 etasat = np.array([])
93 hsat = np.array([])
94 gsat = np.array([])
95

96 # Loop over all field strengths and classify solutions
97 for i in range(0,int(hsteps)+1):
98 # x2=1 is saturated
99 if xarray[i] == 1.0:
100 s1sat = np.append(s1sat,s1array[i])
101 s2sat = np.append(s2sat,s2array[i])
102 s3sat = np.append(s3sat,s3array[i])
103 xsat = np.append(xsat,xarray[i])
104 etasat = np.append(etasat,etaarray[i])
105 hsat = np.append(hsat,harray[i])
106 gsat = np.append(gsat,

freeenergydensitysat((s1array[i], s3array[i],
etaarray[i], harray[i])))

↪→

↪→

107 else:
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108 # If the Hessian matrix determinant is positive the
solution is stable↪→

109 if hessian[i] >= 0:
110 s1stable = np.append(s1stable,s1array[i])
111 s2stable = np.append(s2stable,s2array[i])
112 s3stable = np.append(s3stable,s3array[i])
113 xstable = np.append(xstable,xarray[i])
114 etastable = np.append(etastable,etaarray[i])
115 hstable = np.append(hstable,harray[i])
116 gstable = np.append(gstable,

freeenergydensity((s1array[i], s2array[i],
s3array[i], xarray[i], etaarray[i], harray[i])))

↪→

↪→

117 # Else the solution is unstable
118 else:
119 s1unstable = np.append(s1unstable,s1array[i])
120 s2unstable = np.append(s2unstable,s2array[i])
121 s3unstable = np.append(s3unstable,s3array[i])
122 xunstable = np.append(xunstable,xarray[i])
123 etaunstable = np.append(etaunstable,etaarray[i])
124 hunstable = np.append(hunstable,harray[i])
125 gunstable = np.append(gunstable,

freeenergydensity((s1array[i], s2array[i],
s3array[i], xarray[i], etaarray[i], harray[i])))

↪→

↪→
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D.2 Dynamics bulk

1 # Import
2 import numpy as np
3

4 # Define constants
5 tau = -3.0
6 s0 = 1.0 + np.sqrt(1.0-tau)
7 Gamma = 1.0
8 zeta = 0.05
9 kappa = 1.0
10 Lambda = 0.4
11 B1 = 5.0
12 gamma = 1e-3
13

14 # Inverse actuating frequency
15 omegainv = 6500.0
16

17 # timescales
18 fsc = 0.05
19 fsd = 0.1
20 fx = 0.01
21 Gammas1 = Gamma * fsc
22 Gammas2 = Gamma * fsd
23 Gammas3 = Gamma * fsd
24 Gammaeta = Gamma
25 Gammax = Gamma * fx
26

27 # Create time array
28 tsteps = 500000.0
29 tf = 50000.0
30 dt = tf/tsteps
31 t = np.linspace(0.0, tf, int(tsteps)+1, endpoint=True)
32

33 # Create arrays to store dynamical order parameters
34 s1 = np.zeros(int(tsteps)+1)
35 s2 = np.zeros(int(tsteps)+1)
36 s3 = np.zeros(int(tsteps)+1)
37 x = np.zeros(int(tsteps)+1)
38 eta = np.zeros(int(tsteps)+1)
39

40 # Initialise order parameters
41 s1[0] = s0
42 s2[0] = s0
43 s3[0] = s0
44 x0 = 1e-8
45 x[0] = x0
46 eta[0] = (3*(4*s0**2 - (s0 + s0)**2 + (2*s0*s0 + s0**2 + s0*s0 -

s0**2)*x0**2))/16.↪→

47
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48 # Alternating external field
49 h0 = 50.0
50 h = np.sqrt(h0) * np.cos(2 * np.pi * t / omegainv)
51

52 # Introduce reference time for free volume ”dissipation”
53 # Keeps track of when free volume was created, on average
54 tref = np.zeros(int(tsteps)+1)
55

56 # Solve relaxational dynamics iteratively
57 for i in range(1,int(tsteps)+1):
58

59 # Time that free volume has existed for
60 time = t[i-1] - tref[i-1]
61

62 s1[i] = s1[i-1] - dt * Gammas1 * ((-2*s1[i-1]**2 +
s1[i-1]**3 - 4*s0*kappa - (-2*s2[i-1] + (2*s2[i-1] +
s3[i-1])*x[i-1]**2)*(3*zeta*eta[i-1] - 2*Lambda) +
s1[i-1]*(6*zeta*eta[i-1] + 4*(kappa + Lambda) +
tau))/16.)

↪→

↪→

↪→

↪→

63

64 s2[i] = s2[i-1] - dt * Gammas2 * (-((-1 +
x[i-1]**2)*(s1[i-1]*(6*zeta*eta[i-1] - 4*Lambda) +
s2[i-1]*((-2 + s2[i-1])*s2[i-1] + 6*zeta*eta[i-1] +
4*Lambda + tau)))/16.)

↪→

↪→

↪→

65

66 s3[i] = s3[i-1] - dt * Gammas3 * ((x[i-1]**2*(-8*h[i-1]**2
+ 27*(s1[i-1]*(-3*zeta*eta[i-1] + 2*Lambda) +
s3[i-1]*((-2 + s3[i-1])*s3[i-1] + 6*zeta*eta[i-1] +
4*Lambda + tau))))/432.)

↪→

↪→

↪→

67

68 x[i] = x[i-1] - dt * Gammax *
((x[i-1]*(-32*h[i-1]**2*s3[i-1] + 9*s3[i-1]**3*(-8 +
3*s3[i-1]) + 1728*B1*x[i-1]**2 - 9*(-8*s2[i-1]**3 +
3*s2[i-1]**4 + 24*s1[i-1]*s2[i-1]*(3*zeta*eta[i-1] -
2*Lambda) + 6*s2[i-1]**2*(6*zeta*eta[i-1] + 4*Lambda +
tau) -

↪→

↪→

↪→

↪→

↪→

69 6*s3[i-1]*(s1[i-1]*(-6*zeta*eta[i-1] + 4*Lambda)
+ s3[i-1]*(6*zeta*eta[i-1] + 4*Lambda +
tau)))))/864.)

↪→

↪→

70

71 eta[i] = eta[i-1] - dt * Gammaeta * ((zeta*(-12*s0**2 +
3*(s1[i-1] + s2[i-1])**2 - 3*(2*s1[i-1]*s2[i-1] +
s2[i-1]**2 + s1[i-1]*s3[i-1] - s3[i-1]**2)*x[i-1]**2 +
16*eta[i-1]))/16.+ gamma * eta[i-1] * time)

↪→

↪→

↪→

72

73 # Update reference time
74 if eta[i] != 0:
75 # Upon free volume increase
76 if eta[i] >= eta[i-1]:
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77 # New reference time is coarse-grained average of
reference time existing free volume and newly
created free volume

↪→

↪→

78 # min(...,t) added to ensure we encounter no
problems when eta[i]-eta[0]≈ 0, otherwise the
numerical reference time could diverge

↪→

↪→

79 tref[i] = min(((eta[i-1]-eta[0])*tref[i-1] +
(eta[i]-eta[i-1])*t[i])/(eta[i]-eta[0]),t[i-1])↪→

80 # Upon free volume decrease reference time remains
unchanged↪→

81 else: tref[i] = tref[i-1]
82 # Update reference time if there is no free volume eta=0
83 else:
84 tref[i] = t[i-1]
85

86 # Constrain x s.t. it neither exceeds 1 nor gets stuck” at 0
87 if x[i] > 1.0:
88 x[i] = 1.0
89 elif x[i] < x0:
90 x[i] = x0
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D.3 Dynamics thin �lm

1 # Import
2 import numpy as np
3

4 # Define constants
5 tau = -3.0
6 s0 = 1.0 + np.sqrt(1.0-tau)
7 Gamma = 1.0
8 zeta = 0.05
9 kappa = 1.0
10 Lambda = 0.4
11 B1 = 5.0
12 gamma = 1e-3
13 etaref = 0.02
14 Ks1 = 7.5e-4
15 Ks2 = 5.2e-4
16 Ks3 = 5.9e-4
17 Keta = 1e-4
18 Kx = 4.7e-4
19

20 # Timescales
21 fsc = 0.05
22 fsd = 0.1
23 fx = 0.01
24 Gammas1 = Gamma * fsc
25 Gammas2 = Gamma * fsd
26 Gammas3 = Gamma * fsd
27 Gammaeta = Gamma
28 Gammax = Gamma * fx
29

30 # Create time array
31 tsteps = 300000.0
32 tf = 3000.0
33 dt = tf/tsteps
34 t = np.linspace(0.0, tf, int(tsteps)+1, endpoint=True)
35

36 # Define space grid
37 xsteps = 110.0
38 xmax = 1.1
39 dx = xmax/xsteps
40 z = np.linspace(0.0, xmax, int(xsteps)+1, endpoint=True)
41

42 # Constant external field
43 h0 = 50.0
44 h = np.sqrt(h0)
45

46 # Create arrays to store dynamical order parameters
47 s1 = np.zeros((int(tsteps)+1,int(xsteps)+1))
48 s2 = np.zeros((int(tsteps)+1,int(xsteps)+1))
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49 s3 = np.zeros((int(tsteps)+1,int(xsteps)+1))
50 eta = np.zeros((int(tsteps)+1,int(xsteps)+1))
51 x = np.zeros((int(tsteps)+1,int(xsteps)+1))
52

53 # Keep track of film height
54 edge0 = 1.0
55 edge = np.zeros(int(tsteps)+1)
56 edge[0] = edge0
57

58 # Set boundary conditions at interface
59 xbc = 1.0
60 s1bc = 2.375253593605017
61 s2bc = 2.1017785870247865
62 s3bc = 3.7907431209279934
63 etabc = 4.686077470803987
64

65 # Initialise order parameters based on previous iteration
without external field↪→

66 x0 = 1e-8
67 s1[0] = s1old
68 s2[0] = s2old
69 s3[0] = s3old
70 x[0] = xold
71 eta[0] = etaold
72

73 # Initialise lattice-averaged free volume
74 etaavg0 =

(np.sum(eta[0][0:np.where(z+1e-8>round(edge[0]*xsteps)/↪→

75 xsteps)[0][0]+1])/np.where(z+1e-
8>round(edge[0]*xsteps)/↪→

76 xsteps)[0][0])
77

78 # Introduce reference time for free volume ”dissipation”
79 # Keeps track of when local free volume was created, on average
80 tref = np.zeros((int(tsteps)+1,int(xsteps)+1))
81

82 # Solve relaxational dynamics iteratively
83 for i in range(1,int(tsteps)+1):
84 # Compute lattice-averaged free volume
85 etaavg = (np.sum(eta[i-1][0:np.where(z+1e-8>round(edge[i-

1]*xsteps)/↪→

86 xsteps)[0][0]+1])/np.where(z+1e-8>round(edge[i-
1]*xsteps)/↪→

87 xsteps)[0][0])
88 # Iterate over all lattice sites
89 for j in range(0,int(xsteps)+1):
90 # Lower boundary film
91 if j==0:
92

93 # Dirichlet boundary conditions
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94 s1[i][j] = s0
95 s2[i][j] = s0
96 s3[i][j] = s0
97 x[i][j] = x0
98 eta[i][j] = eta[0][j]
99

100 # Upper boundary film
101 elif j == np.where(z+1e-8>round(edge[i-

1]*xsteps)/xsteps)[0][0]:↪→

102 # Dirichlet boundary condition
103 eta[i][j] = etabc
104

105 # Finite difference dynamics
106 # Neumman boundary conditions (reflecting)
107 # Apparent in square gradient terms (last terms)
108 s1[i][j] = s1[i-1][j] - dt * Gammas1 *

(((-2*s1[i-1][j]**2 + s1[i-1][j]**3 -
4*s0*kappa - (-2*s2[i-1][j] +

↪→

↪→

109 (2*s2[i-1][j] + s3[i-1][j])*x[i-
1][j]**2)*(3*zeta*eta[i-1][j] -
2*Lambda) + s1[i-1][j]*

↪→

↪→

110 (6*zeta*eta[i-1][j] + 4*(kappa + Lambda)
+ tau))/16.)↪→

111 - Ks1/dx**2 * (1 + etaref*etaavg) *
(s1[i-1][j-1] - 2*s1[i-1][j] +
s1[i-1][j-1]) )

↪→

↪→

112

113 s2[i][j] = s2[i-1][j] - dt * Gammas2 * ((-((-1 +
x[i-1][j]**2)*(s1[i-1][j]*(6*zeta*eta[i-1][j] -
4*Lambda) +

↪→

↪→

114 s2[i-1][j]*((-2 + s2[i-1][j])*s2[i-1][j]
+ 6*zeta*eta[i-1][j] + 4*Lambda +
tau)))/16.)

↪→

↪→

115 - Ks2/dx**2 * (1 + etaref*etaavg) *
(s2[i-1][j-1] - 2*s2[i-1][j] +
s2[i-1][j-1]))

↪→

↪→

116

117 s3[i][j] = s3[i-1][j] - dt * Gammas3 * (
((x[i-1][j]**2*(-8*h**2 + 27*(s1[i-1][j]*↪→

118 (-3*zeta*eta[i-1][j] + 2*Lambda) +
s3[i-1][j]*((-2 +
s3[i-1][j])*s3[i-1][j] +
6*zeta*eta[i-1][j] +

↪→

↪→

↪→

119 4*Lambda + tau))))/432.) - Ks3/dx**2 *
(1 + etaref*etaavg) * (s3[i-1][j-1]
- 2*s3[i-1][j] + s3[i-1][j-1]))

↪→

↪→

120

121 x[i][j] = x[i-1][j] - dt * Gammax *
(((x[i-1][j]*(-32*h**2*s3[i-1][j] +
9*s3[i-1][j]**3*

↪→

↪→
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122 (-8 + 3*s3[i-1][j]) + 1728*B1*x[i-1][j]**2
- 9*(-8*s2[i-1][j]**3 +
3*s2[i-1][j]**4 +

↪→

↪→

123 24*s1[i-1][j]*s2[i-1][j]*(3*zeta*eta[i-1][j]
- 2*Lambda) +
6*s2[i-1][j]**2*(6*zeta*eta[i-1][j]
+

↪→

↪→

↪→

124 4*Lambda + tau) - 6*s3[i-1][j]*(s1[i-
1][j]*(-6*zeta*eta[i-1][j] +
4*Lambda) +

↪→

↪→

125 s3[i-1][j]*(6*zeta*eta[i-1][j] +
4*Lambda + tau)))))/864.)↪→

126 - Kx/dx**2 * (1 + etaref*etaavg) *
(x[i-1][j-1] - 2*x[i-1][j] +
x[i-1][j-1]))

↪→

↪→

127

128 # Constrain x s.t. it neither exceeds 1 nor gets
stuck” at 0↪→

129 if x[i][j] > 1.0:
130 x[i][j] = 1.0
131

132 elif x[i][j] < x0:
133 x[i][j] = x0
134

135 # Inside film
136 elif j < np.where(z+1e-8>round(edge[i-

1]*xsteps)/xsteps)[0][0]:↪→

137

138 # Local time that free volume has existed for
139 time = t[i-1] - tref[i-1][j]
140

141 # Finite difference dynamics
142 s1[i][j] = s1[i-1][j] - dt * Gammas1 *

(((-2*s1[i-1][j]**2 + s1[i-1][j]**3 -
4*s0*kappa - (-2*s2[i-1][j] +

↪→

↪→

143 (2*s2[i-1][j] + s3[i-1][j])*x[i-
1][j]**2)*(3*zeta*eta[i-1][j] -
2*Lambda) + s1[i-1][j]*

↪→

↪→

144 (6*zeta*eta[i-1][j] + 4*(kappa + Lambda)
+ tau))/16.)↪→

145 - Ks1/dx**2 * (1 + etaref*etaavg) *
(s1[i-1][j+1] - 2*s1[i-1][j] +
s1[i-1][j-1]) )

↪→

↪→

146

147 s2[i][j] = s2[i-1][j] - dt * Gammas2 * ((-((-1 +
x[i-1][j]**2)*(s1[i-1][j]*(6*zeta*eta[i-1][j] -
4*Lambda) +

↪→

↪→

148 s2[i-1][j]*((-2 + s2[i-1][j])*s2[i-1][j]
+ 6*zeta*eta[i-1][j] + 4*Lambda +
tau)))/16.)

↪→

↪→
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149 - Ks2/dx**2 * (1 + etaref*etaavg) *
(s2[i-1][j+1] - 2*s2[i-1][j] +
s2[i-1][j-1]))

↪→

↪→

150

151 s3[i][j] = s3[i-1][j] - dt * Gammas3 * (
((x[i-1][j]**2*(-8*h**2 + 27*(s1[i-1][j]*↪→

152 (-3*zeta*eta[i-1][j] + 2*Lambda) +
s3[i-1][j]*((-2 +
s3[i-1][j])*s3[i-1][j] +
6*zeta*eta[i-1][j] +

↪→

↪→

↪→

153 4*Lambda + tau))))/432.) - Ks3/dx**2 *
(1 + etaref*etaavg) * (s3[i-1][j+1]
- 2*s3[i-1][j] + s3[i-1][j-1]))

↪→

↪→

154

155 x[i][j] = x[i-1][j] - dt * Gammax *
(((x[i-1][j]*(-32*h**2*s3[i-1][j] +
9*s3[i-1][j]**3*

↪→

↪→

156 (-8 + 3*s3[i-1][j]) + 1728*B1*x[i-1][j]**2
- 9*(-8*s2[i-1][j]**3 +
3*s2[i-1][j]**4 +

↪→

↪→

157 24*s1[i-1][j]*s2[i-1][j]*(3*zeta*eta[i-1][j]
- 2*Lambda) +
6*s2[i-1][j]**2*(6*zeta*eta[i-1][j]
+

↪→

↪→

↪→

158 4*Lambda + tau) - 6*s3[i-1][j]*(s1[i-
1][j]*(-6*zeta*eta[i-1][j] +
4*Lambda) +

↪→

↪→

159 s3[i-1][j]*(6*zeta*eta[i-1][j] +
4*Lambda + tau)))))/864.)↪→

160 - Kx/dx**2 * (1 + etaref*etaavg) *
(x[i-1][j+1] - 2*x[i-1][j] +
x[i-1][j-1]))

↪→

↪→

161

162 eta[i][j] = eta[i-1][j] - dt * Gammaeta *
(((zeta*(-12*s0**2 + 3*(s1[i-1][j] +
s2[i-1][j])**2 -

↪→

↪→

163 3*(2*s1[i-1][j]*s2[i-1][j] + s2[i-1][j]**2
+ s1[i-1][j]*s3[i-1][j] -
s3[i-1][j]**2)*x[i-1][j]**2 +

↪→

↪→

164 16*eta[i-1][j]))/16.
165 + gamma * (eta[i-1][j]-eta[0][j]) * time
166 )
167 - Keta/dx**2 * (1 + etaref*etaavg) *

(eta[i-1][j+1] - 2*eta[i-1][j] +
eta[i-1][j-1]))

↪→

↪→

168

169 # Update reference time
170 if eta[i][j] != 0:
171 # Upon free volume increase
172 if eta[i][j] >= eta[i-1][j]:
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173 # New reference time is coarse-grained
average of reference time existing free
volume and newly created free volume

↪→

↪→

174 # min(...,t) added to ensure we encounter no
problems when eta[i][j]-eta[0][j]≈ 0,
otherwise the numerical reference time
could diverge

↪→

↪→

↪→

175 tref[i][j] = min(((eta[i-1][j]-
eta[0][j])*tref[i-1][j] +
(eta[i][j]-eta[i-
1][j])*t[i])/(eta[i][j]-eta[0][j]),t[i-
1])

↪→

↪→

↪→

↪→

176 # Upon free volume decrease reference time
remains unchanged↪→

177 else: tref[i][j] = tref[i-1][j]
178 # Update reference time if there is no free volume

eta=0↪→

179 else:
180 tref[i][j] = t[i-1]
181

182 # Constrain x s.t. it neither exceeds 1 nor gets
stuck” at 0↪→

183 if x[i][j] > 1.0:
184 x[i][j] = 1.0
185

186 elif x[i][j] < x0:
187 x[i][j] = x0
188

189 # Outside film
190 # Apply Dirichlet boundary conditions that hold at

interface↪→

191 # To visualise where the thin film ends
192 else:
193 s1[i][j] = s1bc
194 s2[i][j] = s2bc
195 s3[i][j] = s3bc
196 eta[i][j] = etabc
197 x[i][j] = xbc
198

199 # Update film height
200 edge[i] = edge0 * (1 + etaref * etaavg)/(1 + etaref *

etaavg0)↪→

201

202 # Correct upper boundary
203 l = np.where(z+1e-8>round(edge[i]*xsteps)/xsteps)[0][0]
204 s1[i][l] = s1bc
205 s2[i][l] = s2bc
206 s3[i][l] = s3bc
207 eta[i][l] = etabc
208 x[i][l] = xbc
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209 if (np.where(z+1e-8>round(edge[i]*xsteps)/xsteps)[0][0] <
210 np.where(z+1e-8>round(edge[i-1]*xsteps)/xsteps)[0][0]):
211 s1[i][l+1] = s1bc
212 s2[i][l+1] = s2bc
213 s3[i][l+1] = s3bc
214 eta[i][l+1] = etabc
215 x[i][l+1] = xbc
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Liquid crystal networks (LCNs) combine the orientational order of liquid crystals with the elastic
properties of polymer networks, leading to vast application potential in the field of responsive
coatings, e.g. for haptic feedback, self-cleaning surfaces and pattern formation. Recent experimental
work has further paved the way toward such applications by realising the fast and reversible surface
modulation of an LCN coating upon actuation with an AC electric field [1, 2]. Here we construct
a Landau-type theory for electrically-responsive LCNs to explain these experiments and inform on
“smart” design strategies. We show that the theory exhibits strong qualitative agreement with
Molecular Dynamics (MD) simulations, and provide a set of testable predictions: the liquid crystal
mesogen aspect ratio, their initial orientational order cross-linked into the polymer network and
the cross-linking fraction all increase the plasticisation time required for the film to macroscopically
deform. The same trends hold for the AC actuation timescale that yields the greatest deformation,
providing an experimental handle to fine-tune device design.

Introduction.—Liquid crystal networks (LCNs) com-
bine the orientational properties of liquid crystals with
the elastic properties of polymer networks by incorpo-
rating liquid crystalline mesogens into the polymer ma-
trix [3]. The resulting coupling between the strain im-
posed on the material and the orientation of the liquid
crystalline mesogens it contains introduces novel features
that cannot entirely be traced back to either of the LCN
constituents [4]. Striking examples include large sponta-
neous deformations upon a temperature-induced phase
transition of the liquid crystalline mesogens [5] and soft
elasticity, i.e. macroscopic deformation at (almost) no
energetic cost by reorientation of the liquid crystalline
mesogens [6].

The theoretical description of these materials was
pioneered by Warner and coworkers, who proposed a
framework combining classical elasticity theory with the
Landau-de Gennes theory for liquid crystals [7, 8]. This
was later expanded upon to illustrate, among other
things, the occurrence of phase transitions and insta-
bilities in LCNs [5, 9, 10], why these materials display
soft deformation modes [11–13] and how they respond to
electric fields [14]. The book by Warner and Terentjev
provides a comprehensive overview of the most important
results [15].

This deeper understanding of LCNs has led to the
rapid development toward industrial applications such
as (soft) actuators [16, 17], surgical interventions [18–20]
and 3D printing shape-memory LCEs [21]; most of these
exploit the susceptibility of the liquid crystal mesogens
to external stimuli such as temperature or electric fields
[22].

Recently, LCNs were also recognised as a prime candi-
date for stimuli-responsive coatings due to their highly

tunable dynamical behaviour, with envisaged applica-
tions in the fields of haptic feedback, self-cleaning sur-
faces and finely controlled pixel-like deformations (vox-
els) [23, 24]. This suggests that a swift response and a
large susceptibility to the applied stimulus are desirable
properties for these applications. Considerable work has
already been done to develop photoresponsive coatings
[25, 26], which contain azobenzene moieties that undergo
a trans to cis conversion under illumination, as well as
thermoresponsive coatings [27–29]. Although such coat-
ings provide great versatility due to their remote and pos-
sibly dynamical actuation, the range of pre-programmed
topographical profiles and the timescale of deformation
remain limited. Recent work by Liu et al. proposes an
electrically-responsive LCN coating in an attempt to mit-
igate these limitations [1], further paving the way toward
dynamical, finely-resolved control of the topographic pro-
file.

In their work, Liu et al. employ a transparent LCN film
superimposed on an array of interdigitated electrodes.
The used LCN is dense in mesogenic component and in-
corporates an equal amount of liquid crystalline mesogens
fully cross-linked into the polymer matrix and of end-on
side group mesogens with a strong dipole moment. Upon
in-plane actuation with an AC electric field, the authors
report:

• Fast and reversible formation of surface corruga-
tions pre-programmed by the electrode placement.

• Surface height modulation of up to several percent
in magnitude.

• Clear dependence of the modulation magnitude on
the actuation frequency.
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Liu et al. rationalise this behaviour by remarking that,
upon in-plane actuation, the liquid crystalline mesogens
reorient slightly, increasing their mutual excluded vol-
ume. The physical picture that then emerges is one of
molecular voids of unoccupied volume opening up fol-
lowing mesogen reorientation and subsequently relaxing
viscoelastically as a function of time. This can lead to a
macroscopic, transverse expansion of the film by virtue
of the high density of mesogenic component in the LCN.
Note that in the LCN literature this mechanism is of-
ten, rather contradictorily, referred to as “free volume”
creation. [1, 2, 30–32].

Although Molecular Dynamics (MD) simulations,
which are able to probe the orientational properties of
the LCN on the molecular scale, make it plausible that
excluded volume governs LCN expansion [1], a compre-
hensive theoretical framework remains lacking. In partic-
ular, such a framework can prove invaluable in informing
on “smart” design strategies by identifying experimen-
tally relevant parameters dictating the effectiveness of
the LCN modulation, quantifying the qualitative under-
standing we have based on simulations and minimising
costly trial and error in experiments. This last point is
especially pressing given the fact that research on the
proposed set-up is still ongoing and topical [2].

Here we construct a Landau-type theory for
electrically-responsive LCNs. After noting the failure of
the conventional (neo-)classical theory of nematic elas-
tomers to capture the experimental phenomenology, we
instead take the connection between excluded volume
and the LCN expansion as the basis for our description.
We subsequently compare the resulting phase diagram
with additional MD simulations [33], which show strong
qualitative agreement. Following this, we extend the
model to describe relaxational dynamics, which we use
to show that the timescales governing the LCN actua-
tion can be influenced by varying experimental parame-
ters such as the mesogen aspect ratio, the cross-linking
fraction and the degree of initial orientational order cross-
linked into the network. Finally, we link back to the work
of Liu et al., and detail how our theory explains some of
their major findings.

Model.—We describe the LCN under consideration by
means of a Landau-type theory, deeply rooted in the sym-
metry of the underlying liquid crystal. This provides a
convenient avenue for constructing a qualitative theory
without the need for in-depth knowledge of the micro-
scopic properties of the system. Although the obvious
approach to modelling the LCN would be to subsequently
connect to classical elasticity theory, following Warner
and Terentjev [15], it turns out that such a model fails
to reproduce the experimental findings. After all, exper-
iments show a marked volume expansion, whereas the
classical theory of nematic elastomers predicts approx-
imately volume-preserving deformations. See [34] for
more details. This suggests a different mechanism lies

at the root of the experimental findings, motivating us
to construct a minimal model description based on the
interplay between excluded volume and the LCN expan-
sion.

FIG. 1. Simulation snapshots visualising the problem geome-
try. Here cross-linked mesogens are indicated in orange, dipo-
lar mesogens in green and the main-chain polymer in blue.
The coloured dots drawn on the beads indicate binding sites,
which are used as adhesion points during in situ polymerisa-
tion. The mesogens are initialised along the y-axis and reori-
ent upon actuation with an electric field along the x-direction,
increasing the LCN volume. Since in experiments the sam-
ple is clamped in the xy-plane, there the volume expansion
occurs exclusively in the transverse z-direction.

The model describes the LCN primarily in terms of
the liquid crystalline mesogens and their orientation; the
LCN is effectively liquid crystalline itself, after all. Fig-
ure 1 shows the corresponding geometry. Here we distin-
guish two distinct mesogen species: mesogens fully cross-
linked into the polymer matrix (indicated in orange) and
“dipolar” mesogens that couple strongly to the electric
field (indicated in green), which are present in approxi-
mately equal number. The polymer chains are indicated
in blue. MD simulations show that, when an electric field
is subsequently applied perpendicular to the axis along
which the mesogens are prepared, the cross-linked meso-
gens remain ordered predominantly along the initial axis.
Conversely, the dipolar mesogens partly reorient to or-
der along the field axis but also partly get “stuck” along
the initial axis, depending on the electric field strength
[35]. To reflect this, within the model we split up the
description of the dipolar mesogens into a field-aligned
population, containing a fraction x2 of the dipolar meso-
gens, and a field-unaligned population that contains the
remaining fraction 1− x2 of dipolar mesogens.

With this in mind, we take as point of departure for
the model the standard Landau free energy density for
the isotropic-nematic phase transition of a liquid crystal
[22, 36]

gi =
1

2
a (T − T∗)S2

i −
1

3
BS3

i +
1

4
CS4

i , i = 1, 2, 3, (1)
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where the subscripts 1, 2, 3 refer to the cross-linked
mesogens, the field-unaligned dipolar mesogens and the
field-aligned dipolar mesogens, respectively. Here S ≡
3
2 〈cos2 θ〉 − 1

2 denotes the nematic orientational order
parameter, with θ the angle a liquid crystalline meso-
gen makes with the preferential orientation of the liquid
crystal as a whole and 〈. . . 〉 the ensemble average. T

denotes the temperature, T∗ the spinodal temperature
of the isotropic phase and a,B,C are phenomenological
coefficients.

Scaling the contribution of each mesogen species with
the appropriate population fraction, we recover the total
Landau free energy density

g =g1 + g2 + x2 (g3 − g2 −HS3) +
1

2
B1x

4 +
1

2
κ (S1 − S0)

2
+

1

2

(
1− x2

)
λ (S1 − S2)

2
+

1

2
x2λ

(
S2
1 + S1S3 + S2

3

)

+
1

2
B0η

2 +
3

4
ξη
[(

1− x2
)

(S1 + S2)
2

+ x2
(
S2
1 − S1S3 + S2

3

)
− 4S2

0

]
,

(2)

where we have added additional coupling terms to fi-
nalise the description. Firstly, H ∝ |E|2 couples the
field-aligned dipolar mesogens to the electric field E. In
addition, κ ensures that the initial orientational order
S0 cross-linked into the network is felt by the cross-
linked mesogens and λ signifies excluded volume-like in-
teractions that align the cross-linked and dipolar meso-
gens. Finally, η ≡ (V − V0) /V0 denotes an order pa-
rameter measuring the excluded volume relative to the
initial configuration, with V the system volume and V0
the initial volume. The coupling through ξ then links
volume expansion to a decrease in global orientational
order, whereas an increase in global orientational order
results in volume contraction. The remaining terms con-
taining B0, B1 signify bulk modulus-like terms ensuring
the free energy remains bounded from below. Here we
choose the temperature T s.t. the initial configuration
S1 = S2 = S3 = S0, x2 = 0 and η = 0 coincides with the
free energy minimum in the absence of an electric field.

From a thermodynamic point of view, it is convenient
to identify equation (2) with the Gibbs free energy per
unit reference volume. This ensures that a minimisa-
tion w.r.t. the order parameters S1, S2, S3, x, η, as de-
manded by Landau theory, coincides with the thermo-
dynamic definition of equilibrium. Figure 2 shows the
results of this minimisation procedure, as compared with
the phase diagram we obtain from the MD simulations;
here all theoretical parameters are re-scaled to allow for
a dimensionless description (see [34] for the full non-
dimensionalisation procedure).

Figure 2 illustrates good qualitative correspondence
between theory (left) and simulation (right). Indeed, fo-
cusing first on the orientational properties of the LCN,
we observe for increasing field strength:

1. No to weak response to variations in the electric
field strength for both mesogen species.

2. A critical field strength beyond which the response
to variations in the electric fields strength is strong.

FIG. 2. Phase diagram for the re-scaled theory (left) and
MD simulations (right) as a function of electric field strength.
The top panels show the orientational order parameter for the
cross-linked (dashed lines) and dipolar mesogens (solid lines),
measured along the electric field axis. The bottom panels
show a measure for the concomitantly generated excluded vol-
ume. Theory: the orientational order parameter is re-scaled
s = S/ (B/2C), the excluded volume order parameter is re-
scaled η̃ = η/

(
ξB2/B0C

2
)

and the electric field strength is

re-scaled
√
h =

√
H/ (B3/27C2) ∝ |E|. For the full re-scaling

procedure and the used parameter values, see [34]. Simula-
tion: the electric field strength in measured in Lennard-Jones
units; for further details see [34]. Different colours denote dif-
ferent random network topologies and lines are guides to the
eye.

3. Saturation of the orientational order.

The same qualitative features hold for the concomi-
tantly generated excluded volume, albeit with a decrease
in volume in the final regime as opposed to the satura-
tion of the orientational order. This last feature, which
gives rise to a maximum in the excluded volume curve,
follows directly from the orientational order at the corre-
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sponding electric field strength: the maximum occurs at
the point of maximum global orientational disorder.

Thus, we find that the mechanism of excluded volume
generation, on which the theoretical model is based, qual-
itatively explains simulation results and shows good qual-
itative correspondence.

Dynamics.—The equilibrium model we describe here
can also be used to investigate the dynamic behaviour of
the LCN by complementing it with a set of differential
equations governing the temporal behaviour of the or-
der parameters. For the non-conserved order parameters
under consideration, the simplest form these differential
equations can take describe relaxational dynamics [37],
according to

∂τψ = −Γψ
∂g

∂ψ
+ θψ. (3)

Here τ denotes time, ψ takes the place of the relevant or-
der parameter, i.e. S1, S2, S3, x or η, Γψ denotes the as-
sociated kinetic coefficient and θψ represents a Gaussian
noise term required to satisfy the fluctuation-dissipation
theorem [38].

Although the Gaussian noise term plays an integral
part in the dynamics of some systems [39–43], here we
limit ourselves to mean-field dynamics by setting θψ = 0.
After all, the phase diagram we report in Figure 2 shows
no free energy barriers, indicating the LCN ends up in
the proper equilibrium configuration regardless of noise.
Thus, in what follows we suffice with explicitly solving
only the deterministic part of equation (3).

Figure 3 shows the solution for the re-scaled excluded
volume order parameter η̃ under the influence of a DC
electric field, as compared with simulations. Here we
have added a dissipative contribution to the free energy
density

gdiss =
1

2
γη2〈τ〉η, (4)

with γ a phenomenological coefficient and 〈τ〉η the
ensemble-averaged time the free volume has existed for.
We remark that this contribution is no true free energy in
the thermodynamic sense because of its time dependence;
we simply treat it as such to ensure the excluded volume
relaxes as a function of time. Physically, this signifies the
viscoelastic relaxation of the molecular voids that form
upon mesogen reorientation and give rise to volume ex-
pansion within the model; an effect we have neglected
up to this point. Indeed, such relaxation is an integral
feature of the volume expansion dynamics observed from
experiments and simulations [1, 2], hence the need for
AC actuation to achieve steady-state LCN modulation.

Note that, formally, this implies that at thermody-
namic equilibrium there cannot exist any non-zero ex-
cluded volume. However, as the LCNs under consid-
eration are glassy in nature, full relaxation to thermo-

FIG. 3. Time traces of the generated excluded vol-
ume for the re-scaled theory (left) and MD simulations
(right). Theory: the excluded volume order parameter is re-
scaled η̃ = η/

(
ξB2/B0C

2
)

and the time is re-scaled τ̃ =

τ/
[(
ξB2/B0C

2
)2
C3/ΓηB

4
]
. We apply a re-scaled electric

field strength
√
h =

√
H/ (B3/27C2) = 18. For the full re-

scaling procedure and the used parameter values, see [34].
Simulation: we apply an electric field strength E = 30, in
terms of Lennard-Jones units; for further details see [34].

dynamic equilibrium does not occur on the available
timescales. Accordingly, in our simulations the temporal
evolution of the system stops upon reaching some locally
stable configuration. With this stipulation in place, a
similar construction for the re-scaled theory can be used
to show that the qualitative features of the phase diagram
in Figure 2 remains unchanged following the addition of
excluded volume relaxation [34].

Figure 3 illustrates that the response to a DC elec-
tric field is remarkably similar for theory and simulation,
both showing a sharp rise in excluded volume followed
by its relaxation. A striking difference between the two,
however, is the theoretical prediction of a “nucleation”
time for free volume creation; this corresponds to the
time required for a significant population of field-aligned
dipolar mesogens to form and thus for stable actuation.
This already hints at the effective actuation frequency
range being limited by the intrinsic timescales of the
LCN. Although this feature is absent from the simula-
tions, in recent experimental work Van der Kooij et al.
report a similar timescale which they associate with the
plasticisation of the polymer network [2].

To further substantiate the experimental relevance of
the predicted “nucleation” time we estimate the short-
time dynamics by linearising the dynamical equations (3)
in the observables S1, S2, S3, x

2 and η. That is, we ex-
pand about the initial configuration S1 = S0 + ε δS1,
S2 = S0 + ε δS2, S3 = S0 + ε δS3, x2 = ε (δx)

2
and

η = ε δη, with ε � 1, and solve the set of dynamical
equations up to O (ε). The resulting solution for the re-
scaled free volume η̃ is indicated by the dashed curve in
Figure 3.

We find that the “nucleation”, or plasticisation, time
roughly corresponds to the time required to saturate the
field-aligned population of dipolar mesogens x2 = 1 in
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the short-time approximation. The estimate then reads

τn ≈ −
1

ΓxS0

1

2H − 3λS0
log δx (0), (5)

where δx (0) denotes the initial fraction of field-aligned
dipolar mesogens. This clearly indicates that some initial
disorder is important in driving excluded volume gener-
ation, as for a perfectly aligned initialisation δx (0) → 0
the “nucleation” time diverges τn → ∞. Although in
experiments and simulations the initial configuration is
naturally slightly disordered due to noise, in the theory
we enforce this by setting δx (0) > 0.

More importantly, however, equation (5) explicitly
shows the dependence of the “nucleation” time on ex-
perimentally accessible parameters. Although the de-
pendence on the electric field strength H is straightfor-
ward to interpret by noting that it exerts a torque on
the dipolar mesogens to induce reorientation, equation
(5) also suggests that decreasing the orientational order
cross-linked into the network S0 generally decreases the
“nucleation” time. Similarly, the dependence on the im-
portance of excluded volume interactions λ hints that
a decrease in “nucleation” time can be achieved by de-
creasing the liquid crystalline mesogen aspect ratio or the
cross-linking fraction. Finally, the divergence of the “nu-
cleation” time at H = 3λS0/2 indicates a critical field
strength below which the LCN does not respond to elec-
tric fields, as recognised from the phase diagram in Figure
2.

AC actuation.—The characteristic “nucleation” time
turns out to also be relevant when we apply an AC elec-
tric field H ∝ (|E| cos 2πωτ)

2
, with ω the actuation fre-

quency and τ the time. The top left panel in Figure
4 shows how the re-scaled actuation frequency ω̃ that
yields maximum excluded volume generation varies as a
function of the re-scaled electric field strength

√
h ∝ |E|

(coloured data points), as compared to the “nucleation”
time (solid black curve; the dashed line shows the esti-
mate equation (5)). This clearly illustrates the existence
of two distinct regimes: “slow” actuation dominates at
low field strengths (blue) and “fast” actuation dominates
at high field strengths (red). Although the former occurs
on timescales slightly slower than the “nucleation” time
and the latter occurs on significantly faster timescales,
both exhibit the qualitative trends apparent from equa-
tion (5) upon variation of the model parameters. This
provides an experimental handle to influence the optimal
actuation frequency.

We further probe the origin of these two regimes by
varying the actuation frequency at constant electric field
strength. This yields two temporally separated optima
for excluded volume generation, as the top right panel
in Figure 4 shows. As can straightforwardly be veri-
fied by checking the temporal evolution of the fraction of
field-aligned dipolar mesogens x2 [34], the low-frequency

FIG. 4. Optimum AC actuation frequency for steady-state ex-
cluded volume gain as a function of electric field strength (top)
and the corresponding microscopic mechanisms (bottom).
Top left: Data points show the optimum re-scaled actuation

frequency ω̃ = ω
[(
ξB2/B0C

2
)2
C3/ΓηB

4
]

in the regimes of

low electric field strength
√
h =

√
H/ (B3/27C2) ∝ |E| (blue)

and high electric field strength (red). The black curve denotes
the “nucleation” time at the same field strength, with the es-
timate equation (5) indicated with the dashed line. Top right:
steady-state excluded volume gain η̃ = η/

(
ξB2/B0C

2
)

as a
function of the actuation timescale 1/ω̃ for an electric field

strength
√
h = 7. For the full re-scaling procedure and the

used parameter values, see [34]. Bottom: schematic repre-
sentation of the reorientation of the dipolar mesogens during
a full oscillation of the electric field in the low-field regime
(left, blue) and the high-field regime (right,red). The dipolar
mesogens are indicated with green ellipsoids, with the dashed
outlines denoting their previous orientation.

regime corresponds to the complete reorientation of the
dipolar mesogens upon each cycle of the electric field (see
the bottom left panel of Figure 4). Conversely, the high-
frequency regime corresponds to the dipolar mesogens
ordering increasingly strongly along the field axis upon
each subsequent cycle of the electric field (see the bottom
right panel of Figure 4).

To link these different mechanisms to experimentally
verifiable predictions we subsequently perform a simul-
taneous sweep over both electric field strength and ac-
tuation frequency, as Figure 5 shows. Focusing first on
the top left panel, which shows a range of actuation fre-
quencies encompassing the optima for both mechanisms,
we again recover two regimes. At low field strengths
low-frequency actuation yields the greatest excluded vol-
ume generation, whereas at high field strengths high-
frequency actuation yields optimal results; there is a
cross-over region in between. We remark that Liu et al.
have performed similar sweeps in their MD simulations,
shown in the bottom left panel [1], which show the same



6

separation into two distinct regimes as a function of field
strength. This suggests that the competition between
two different mechanisms for excluded volume generation
also plays an important role in the MD simulations.

The top right panel in Figure 5, alternatively, shows
the theoretical prediction for the same sweep over a nar-
rower range of actuation frequencies. As for a suffi-
ciently narrow range of actuation frequencies one effec-
tively probes only a single mechanism, the result shows
a single, monotonic regime. The trend we observe here
is in line with experimental results reported by Liu et
al., shown in the bottom right panel, suggesting that the
experimentally used range of actuation frequencies is too
narrow to observe the different mechanisms for excluded
volume generation.

FIG. 5. Steady-state excluded volume gain as a function
of electric field strength and actuation frequency for the-
ory (top), MD simulations (bottom left) and experiments
(bottom right). Theory: the excluded volume is re-scaled
η̃ = η/

(
ξB2/B0C

2
)
, the actuation frequency is re-scaled ω̃ =

ω
[(
ξB2/B0C

2
)2
C3/ΓηB

4
]

and the electric field strength is

re-scaled
√
h =

√
H/ (B3/27C2) ∝ |E|. For the full re-scaling

procedure and the used parameter values, see [34]. Simula-
tion: electric field strength is in terms of Lennard-Jones units;
for further details see [34]. Bottom panels reprinted from [1]
under a Creative Commons Attribution 4.0 International Li-
cense http://creativecommons.org/licenses/by/4.0/.

Thus, from an experimental viewpoint the model pre-
dicts, on the one hand, that broadening the range of actu-
ation frequencies gives rise to non-monotonic behaviour
as a function of the actuation frequency; this leads to two
distinct regimes. On the other hand, the model, in accor-
dance with MD simulations, suggests that increasing the
electric field strength leads to saturation of the excluded
volume generation at a given actuation frequency.

Conclusion and Outlook.—In summary, we have con-
structed a Landau-type theory based on the principle of

excluded volume generation, which shows strong qualita-
tive correspondence with MD simulations. Subsequently
extending the model to include dynamics indicated that
there is a “nucleation” time associated with macroscopic
excluded volume gain; a finding reinforced by experi-
ments [2]. Based on the model, we predict that this “nu-
cleation” time scales inversely with the liquid crystalline
mesogen aspect ratio, the cross-linking fraction and the
initial orientational order cross-linked into the network.
Finally, we showed that the AC actuation of the model
LCN is governed by two competing mechanisms, which
operate at different frequencies and dominate at different
electric field strengths. We used this framework to ratio-
nalise the existence of two distinct regimes in the MD
simulation data reported by Liu et al., and postulated
that the absence of a second regime in their experiments
is due to a too narrow range of actuation frequencies [1].

Accordingly, we propose experimentally varying the
liquid crystalline mesogen aspect ratio, cross-linking frac-
tion and initial orientational order cross-linked into the
network, as well as increasing the range of actuation
frequencies and field strengths to verify the theory we
propose here. This potentially provides concrete ex-
perimental handles to fine-tune experiments to indus-
trial limitations and applications, paving the way toward
LCN-based devices in the fields of haptic feedback, self-
cleaning surfaces and pattern formation.
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