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A B S T R A C T

Locating defects in an underground cable connection can be based on the propagation of transient signals
emerging from faults or weaknesses in the insulation. The accuracy depends on the precise knowledge of the
propagation characteristics of high-frequency components in the signals. These characteristics are analysed for
multi-conductor cables in case of non-perfect rotational symmetry. Deviations can arise from the positioning of
the conductors within the cable cross section or from an inhomogeneous distribution of dielectric materials. It is
investigated to what extent the signal propagation modes, applicable for a symmetric configuration, remain a
suitable representation for signal interpretation when the symmetry is slightly disturbed. This is judged by
means of Raleigh-Schrödinger perturbation analysis in comparison to electromagnetic field simulations. Cable
designs for the medium-voltage level incorporate measures to confine the electric field in designated regions.
Slight asymmetry does not lead to strongly perturbed modes. For low-voltage cables, electric field control is not
needed, and the conductors are positioned within short distance of each other. Modes can change significantly
upon a relatively small asymmetry. Inhomogeneous heat dissipation, e.g. from a short-circuit current upon a
fault, can cause a temporarily asymmetric permittivity distribution over the cable cross section. The feasibility to
detect such effect from changing signal velocities of the propagation modes is discussed.

1. Introduction

High-frequency signal propagation in the electrical power grid can
be of interest for monitoring purposes. Present and future developments
in diagnostic techniques aim for precise location of faults by on-line
monitoring systems. An example is defect location in underground
power cables, based on the propagation of fast transient signals upon a
system fault or partial discharges originating from a weak spot in the
insulation, Fig. 1. A fast transient in this context means a signal con-
taining frequencies up to several tens of megahertz, as higher fre-
quencies are hardly detectable after having travelled distances typically
ranging from about hundred metres to several kilometres [2–6]. Un-
derstanding the propagation of these signals in multi-conductor cables
is of importance when the signal waveform or its timing is used as basis
for power system monitoring [7–9].

Conductors in underground power cables are usually configured
with rotational symmetry and a common earth screen around the as-
sembly. This symmetry is convenient with respect to production and for
medium- and high-voltage cables such design also has its merits for

electric field control. Three-phase power cables usually have their
conductors in a three-fold symmetric configuration. The insulation of
power cables consists of different materials. In medium-voltage XLPE
(cross-linked polyethylene) cables, semiconductive layers are applied
for electric field control and swelling tapes to mitigate the effects of
water ingress. For low-voltage power cables, the electromagnetic design
is less critical and relatively large deviations from symmetry may occur.
In a three-phase low-voltage cable with an additional neutral con-
ductor, the latter carries less current and is sometimes designed with a
smaller cross section. A commonly used insulation material is PVC
(polyvinyl chloride) applied around the conductors of the three phases
and the neutral. The remaining space contains a filler material. Besides
an inhomogeneous cable cross section due to production tolerances or
because of cable design, asymmetry can arise from system dynamics
during operation. Thermal effects upon changing loads or a short circuit
in the connection can lead to a variation in material properties. During
such event the propagation characteristics may change as temperature
rises. As illustration, Fig. 2 shows the signal transit time along an
1195 m long mass-impregnated medium-voltage cable in service (blue
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curve, for details see [7]). The variation corresponds to load cycling
during each week with low load during the weekends. Besides the daily
variation, also an overall change in propagation time is observed, which
can be ascribed to a changing ambient temperature (red curve re-
presents the daily average). The simultaneously monitored partial dis-
charge activity correlates with the temperature variation caused by the
load cycles. Accounting for the temperature is not only important for
correctly locating the partial discharges based on signal arrival time.
Changing temperature can also affect the intensity of their occurrence.

The sensitivity to deviations from symmetry, in terms of variation of
propagation characteristics, is studied in this paper. The eigenmodes for
signal propagation in asymmetric cables have complex and frequency
dependent components, hampering intuitive interpretation of the wa-
veforms. However, in case of small deviations from symmetry, the
original modes may still be a good approximation. The second objective
concerns the feasibility of applying perturbation analysis. The specific
interest explored in this paper is the Rayleigh-Schrödinger perturbation
approach, originally developed to analyse quantum mechanical systems
[11,12]. In first order perturbation, the modes valid for the symmetric
cable are employed with modified eigenvalues accounting for the per-
turbation. By comparison with results from numerical simulation of the
asymmetric cable, it can be decided whether these modes remain a
suitable basis for the interpretation of the signal waveforms.

The general description of modal analysis for multi-conductor
transmission lines can be found in textbooks, e.g. [13–15], and for
specific power cable designs in e.g. [6,16–19]. Analytical and numerical
techniques for non-symmetric geometries are described in literature,
e.g. [16,20–24]. The present paper explores the validity of the sym-
metric propagation modes when the assumed symmetry is only ap-
proximate. The Rayleigh-Schrödinger perturbation analysis addresses
such situation. A historical overview is provided in [25] with examples
on, besides quantum mechanics, the fields of acoustics, microwaves and
mechanical engineering. Reference [15] applies the technique to ana-
lyse asymptotic behaviour of propagation operators in a system of lossy
multi-conductor transmission lines. The application in the present study
considers the technique as a powerful and elegant method to verify
predictions from numerical electromagnetic field simulations and to
investigate whether larger perturbations can still be described in terms
of the modes of the original system. Its formulation in the setting of
multi-conductor transmission lines is summarised in Section 2. Three
examples will be analysed. In Section 3, the effect of an asymmetric
layout of a three-phase medium-voltage cable is studied. Section 4 ap-
plies the approach to a four-conductor low-voltage cable design with
asymmetry arising from the smaller neutral conductor diameter. In-
homogeneity in the distribution of the dielectric permittivity is ana-
lysed in Section 5. Section 6 concludes with a brief discussion on the
applicability.

2. Cable propagation modes

A power cable is assumed to have translational symmetry. This
means that the same geometry and material properties continues along
the cable distance z. The telegrapher’s equations in frequency domain
exploit this symmetry and relate the conductor currents I= (I1 ⋯ IN)T

and the voltages with respect to the common earth screen V= (V1 ⋯
VN)T through the series impedance Z and shunt admittance Y [13]:

= =V I I V
z

z
z

z zz Z Y( ) ( ) and ( ) ( )
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These equations can be decoupled and transformed to obtain the
modal solutions:
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2.1. Solution for rotational and reflection symmetric cable

The current and voltage relations in (2) are diagonalisable through
the same transformation when the admittance and impedance matrices
are subjected to the same N–fold rotational symmetry in the positioning
of the N conductors. Such symmetric matrix will be denoted as K(0).
Matrices describing this geometry are invariant under a cyclic permu-
tation. Impedance and admittance matrices (and also their product) are
referred to as circulant [26,27]:
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The normalised orthogonal eigenvectors and the corresponding ei-
genvalues, numbered i with 0 ≤ i≤ N–1, can be expressed as [25–27]:
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Fig. 1. Example of an 1801 m mass-impregnated cable monitored during a
month on PDs (Partial Discharges, each dot represents a single PD); the location
of the concentration was determined based on the propagation time difference
of PD signals arriving at both cable ends [1].
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Fig. 2. Partial discharge activity (bottom), signal transit time (blue curve) and
mean daily temperature (red curve, recorded by the Dutch meteorological in-
stitute [10]) from an 1195 m three-phase medium-voltage power cable in ser-
vice; Monitoring period is from September 1 till December 4, 2014. (For in-
terpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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When the conductors are laid in a straight line also reflection
symmetry holds, meaning Kj= KN–j for 0 < j < N in (3). This reduces
the number of distinct eigenvalues and the modes become two-fold
degenerate (except for i = 0 and i = N/2 when N is even). More spe-
cifically, both for N = 3 and N = 4 there is one degenerate mode and
one respectively two modes are nondegenerate. For small deviations
from perfect symmetry, one expects that the deviations in propagation
coefficients of the eigenmodes are small as well. In that case, these
deviations can be analysed as a perturbation. For degenerate modes,
this is not necessarily true as any linear combination of the corre-
sponding eigenvectors can be taken. One needs to select which one
closely represents the perturbed system.

2.2. Perturbation analysis

The matrix K = ZY can be decomposed in a component K(0) de-
scribing a symmetric cable for which the propagation characteristics
are known, and a perturbation term K(1) accounting for the asymmetry.
This asymmetry will cause perturbations in the eigenvectors xi and
eigenvalues λi:

= +
= + + +
= + + +

x x x x
g
g g
g g

K K K

i i i i

i i i i

(0) (1)

(0) (1) 2 (2)

(0) (1) 2 (2) (5)

Here, g is a scale parameter by which the strength of the pertur-
bation can be varied [12]. The order of the expansion terms of the ei-
genvectors and eigenvalues are indicated as superscripts (between
brackets). Substitution into the eigenvalue relation Kxi = λi xi, and
equating the terms with the same power of g, results in:
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2.2.1. Nondegenerate modes
The first equation in (6) describes the unperturbed system (sym-

metric cable) with known modes xi(0) and eigenvalues λi(0). The first
order correction xi(1) can be expanded in terms of the unperturbed
(orthogonal and normalised) vectors xj(0):

=x x x x( )i j i j
j

(1) (0)† (1) (0)

(7)

The factors between the brackets are the projections of xi(1) onto the
basis formed by xj(0). The first order correction for the eigenvalues can
be found from left multiplication of the second equation in (6) with the
transposed conjugate of xi(0):
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The first order perturbation in the eigenvalues is expressed in terms
of the unperturbed eigenvectors. The appendix describes the second
order perturbation analysis. It will be occasionally applied to verify
whether higher order corrections lead to significant improvement.

2.2.2. Degenerate modes
Degenerate modes become distinct upon a perturbation. Gradually

reducing the perturbation causes the corresponding eigenvectors to
converge to a specific linear combination of the originally chosen set of
degenerate eigenvectors. In case of the presence of a two-fold degen-
erate mode, numbered n, we need first to find the proper linear com-
bination. We refer to these eigenvectors with ynv(0) (nth eigenvalue, two
times degenerate: v = 1,2) and apply them to the second and third
equation in (6):
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Multiplying the first equation in (9) with the transposed conjugates
of xn1(0) and xn2(0) results in:
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The eigenvectors of (10) provide the proper linear combinations of
the unperturbed eigenvectors and the eigenvalues are the first order
correction from which the propagation velocity and attenuation cor-
rections can be calculated. The expression for the second order cor-
rection in the eigenvalues is provided in the appendix.

3. Three-phase medium-voltage cable

The first order perturbation in the propagation parameters employs
the original eigenvectors but with modified eigenvalues. These results
will be compared to solutions from electromagnetic field simulations.
The perturbation term K(1) in (5) can be calculated as the difference
between the products of the impedance and admittance matrices ob-
tained from electromagnetic simulations on the real cable design and
the closely related symmetric version.

3.1. Cable modes

The method is applied to investigate the variation in the modes,
while gradually deviating from rotational symmetry. According to (3),
there are two distinct components in the impedance and admittance
matrices for a symmetric three-phase cable: Zs and Ys as diagonal ele-
ments, Zm and Ym as off-diagonal elements. The eigenvalues obtained
from (2) and (4) are:

= + +
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The selected combination of eigenvectors are chosen to be real va-
lued, normalised and orthogonal:
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The numbering is chosen according to Section 2.2. The columns in
the transformation matrix T are the eigenvectors given in (12). Modal
voltages and currents are obtained from Vm = T–1V and Im = T–1I:
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The choice of eigenvectors is not unique and distinct definitions for
the voltage and current modes can be taken [13]. A more intuitive
definition is in terms of the “sp” (shield-to-phase) mode and two “pp”
(phase-to-phase) modes for which modal voltages and currents are
defined as [3,28,29]:

- “sp” mode: Vsp=⅓(V1 + V2 + V3) respectively Isp=(I1 + I2 + I3)
- “pp” modes: Vpp,1=(V1-V2) and Vpp,2=(V1-V3) respectively
Ipp,1=½(I1-I2) and Ipp,2=½(I1-I3)
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These modes can be obtained from (12) by taking a proper linear
combination of the degenerate modes and scaling of the resulting vol-
tage and current vectors. The importance of identifying these modes is
illustrated with a pulse refection measurement made on a cable seg-
ment of 350.9 m via a 50 Ω measurement cable, see Fig. 3. All con-
ductors of the cable under test, except for the injection point, are left
open. The injection both excites the sp- and pp-modes, resulting in two
distinct reflections from the far end. Also multiple reflections are de-
tected for these modes. In [3,29], it is shown that the reflection pattern
can be modelled in large detail based on signal mode decomposition.

3.2. Cable simulation

The design parameters and material properties for the examined
medium-voltage cable shown in Fig. 4 are summarised in Table 1. The
admittance and impedance matrix for the cable configuration are de-
termined by means of an electromagnetic field solver (Electro respec-
tively Oersted, both employing the Boundary Element Method [30]).
For a chosen frequency range (5 kHz – 25 MHz), the per-unit-length
cable parameters are calculated, see Fig. 5. Most noticeable is the low
mutual capacitance, indicating that the semiconductive layers around
the XLPE insulation effectively screen the electric field between the core
conductors. Fig. 6 shows the modal characteristic impedance, propa-
gation velocity and attenuation for the unperturbed cable as function of
frequency f [13]:

= =
= =

Z Y Z Y T ZYT
Z T Z T Z Y T T

with
with

m m m m

c m c c

1

,
1 1 1 (14)

The attenuations are the real parts αi of the propagation coefficients
on the diagonal of γ and the propagation velocities vi are obtained from
the imaginary parts βi: vi = 2π f /βi. The dash-dotted curves in Fig. 6
indicate the characteristic impedances when employing the definitions
of the aforementioned sp- and pp-modes instead of using (13).

3.3. Asymmetry

To simulate deviations from perfect symmetry, two phases are ro-
tated simultaneously in opposite direction with respect to the cable
centre. Simulations were made with steps of 3° from –6° to 15° (see
Fig. 4). The purpose is to investigate the sensitivity of the propagation
parameters, in particular the velocities, upon this variation. Fig. 7 de-
picts the propagation velocity for the three modes as function of fre-
quency. The blue curves belong to the symmetric situation and the red
curves show the result for a rotation over +12°. The values of the
vector components for each mode for a frequency of 1 MHz are in-
dicated and are within 5% from the unperturbed mode components
(one mode is exact because of reflection symmetry along a vertical line
in the cross sections of Fig. 4). The dashed curves are the result of first
order perturbation. It is concluded that the original modes are a good
representation of the actual ones.

The propagation velocity and attenuation are shown as a function of
the rotation angle in Fig. 8. The electromagnetic field simulations are
performed for a frequency of 1 MHz. The horizontal blue lines show the
symmetric cable as reference. The originally degenerate modes obtain
distinct velocities. Their velocity difference is about 0.5% per degree
rotation angle, indicating that asymmetry in the layout has a significant
effect. First order perturbation (dashed curves) provides accurate re-
sults. For the nondegenerate mode, shown in Fig. 8(a), there is a slight
deviation. A second order correction (dots) manages to account for the
discrepancy, but its contribution is minor. The small discontinuities in
the attenuation curves are related to the interruption of the direct
contact of insulation screens around conductors when rotating them.

4. Three-phase low-voltage cable with neutral conductor

An analysis similar to the one performed for the medium-voltage
cable in Section 3 is conducted for a low-voltage cable. The cable
contains four conductors, which are placed in a four-fold rotationally
symmetric configuration. Sometimes, to save conductor material, the
neutral conductor has a smaller diameter leading to asymmetry in the
cable cross section.

4.1. Cable modes

The impedance and admittance matrices with four-fold rotational

signal 
source 

digitizer 

cable under test 
measurement 

cable (50 Ω) 

1st reflections 
2nd reflections 

injected 
pulse 

0th

reflection

1×pp

1×sp 

2×pp 

2×sp 

sp+pp 

Fig. 3. Pulse reflection measurement with schematic of test circuit; 0th re-
flection: at interface measurement cable and cable under test (350.9 m, Fig. 4);
1st reflections: single transit of sp- and pp-modes; 2nd reflection: two times
transit of sp-, pp-modes and combination of both.

filler 
material 

XLPE 
insulation inaluminium 

conductor 

copper 
earth screen

swelling tape

semiconductive 
layers

1

2 

3 1

2 

31

2 

3

Fig. 4. Medium-voltage XLPE cable [29] and modelled cross sections: the
centre cross section shows a simplified representation of the real design; left
and right: simulated models where the bottom conductors are simultaneously
rotated towards or from each other over an angle of 6°.

Table 1
Simulation parameters for medium-voltage XLPE cable, see Fig. 4.

Description Value

Resistivity of conductor 2.82 × 10−8 Ωm
Resistivity of semiconductor 0.03 Ωm
Resistivity of swelling tape 0.01 Ωm
Resistivity of earth screen 1.68 × 10−8 Ωm
Radius of conductors 8.55 mm
Outer radius of conductor screens 9.35 mm
Outer radius of XLPE insulation layers 12.75 mm
Outer radius of insulation screens 14.00 mm
Distance centre conductors w.r.t. centre cable 16.16 mm
Inner radius of swelling tape (or against insulation screens) 30.15 mm
Inner radius of earth screen 30.50 mm
Outer radius of earth screen 31.50 mm
Relative permittivity of XLPE 2.23–0.001j
Relative permittivity of filler material 2.0
Relative permittivity of semiconductive layer & swelling tape 1000
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symmetry and reflection symmetry are of the form:
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The eigenvalues and the selected combination of normalised or-
thogonal eigenvectors are:
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The first mode describes a signal equally present on all conductors
with respect to the earth screen. The choice made for the second and

Fig. 5. Per-unit-length parameters from electro-
magnetic field analysis of a symmetric three-phase
XLPE cable; blue curves: diagonal elements (self-
impedance/admittance), red curves: off-diagonal
elements (mutual values). (For interpretation of the
references to colour in this figure legend, the reader
is referred to the web version of this article.)

Fig. 6. Characteristic impedance (magnitude and
phase angle), propagation velocity and attenuation
for the nondegenerate (blue) and degenerate (red)
modes in a symmetric three-phase medium-voltage
cable; dash-dotted curves represent the character-
istic impedances in terms of sp- (blue) and pp- (red)
modes. (For interpretation of the references to
colour in this figure legend, the reader is referred to
the web version of this article.)
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third mode relates to differential signals between opposite conductors.
The fourth mode involves an alternating polarity around the four
conductors.

4.2. Cable simulation

Two configurations are simulated, namely a four-fold symmetric
cable and a version with a smaller diameter for one conductor. The
cross sections of the simulated configurations are depicted in Fig. 9
together with a picture of a sample showing a low-voltage cable with a
smaller neutral conductor. The design parameters for the PVC insulated
cable are summarised in Table 2.

4.3. Asymmetry

The propagation velocities and attenuation coefficients for the
modes of the symmetric cable (blue curves) and non-symmetric cable
(red curves) are plotted in Fig. 10 in the same order as mentioned in
(17). The mode x0 is represented well by the first order perturbation
analysis. The first degenerate mode x11 remains unaltered because the

x11 = (½√2 ,  0 ,  -½√2)T 

x12 = (-0.4247+0.0001j ,  0.7995 ,  -0.4247+0.0001j)T

x0 = (0.5653+0.0001j  ,  0.6007 ,  0.5653+0.0001j)T

Fig. 7. Propagation mode velocities: blue curves are from a symmetric cable
and red curves from a cable with rotated conductors, the dashed lines indicate
the result of first order perturbation analysis; shown eigenvectors correspond to
simulations made for a frequency of 1 MHz. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
article.)

 (a)                                               (b)                                                (c) 

Fig. 8. Propagation velocity and attenuation for a)
nondegenerate mode x0 and b–c) degenerate modes
x11, x12; horizontal blue lines serve as reference
(symmetric cable), red curves represent the cable
with rotated conductors and dashed respectively
dotted curves are results of first and second order
perturbation analysis. (For interpretation of the
references to colour in this figure legend, the reader
is referred to the web version of this article.)

1 

2 

3 

4 

1

2

3

4 

filler 
material 

PVC 
insulation 

aluminium 
conductor 

steel
earth screen 

Fig. 9. Low-voltage cable designs [31] with left: four conductors in four-fold
symmetry; right: neutral conductor with reduced cross section; centre: sample
of three-phase cable with neutral conductor.

Table 2
Simulation parameters for low-voltage PVC cable, see Fig. 9.

Description Value

Resistivity of conductor 2.71 × 10−8 Ωm
Resistivity of earth screen 5.99 × 10−7 Ωm
Cross sections of conductors 154 mm2

Rounding radii of conductors 3.0 mm
Cross section of neutral conductor in case of reduced size 69.9 mm2

Distance centre of reduced size conductor to centre of cable 8.22 mm
Thickness of PVC insulation layers 2.0 mm
Diameter of central filler region 3.0 mm
Diameter of outside fillers 2.0 mm
Inner radius of earth screen 21.0 mm
Outer radius of earth screen 22.0 mm
Relative permittivity of PVC at 1 MHza 3.92–0.19j
Relative permittivity of filler material 4.0

a Measured values as function of frequency are obtained from [31].
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cable exhibits reflection symmetry with respect to a line through the
centres of the neutral and the opposite phase conductor. The other two
modes, x12 and x2, are only poorly represented by the perturbation
analysis.

To investigate the discrepancies in more detail, one of the segment-
shaped conductors is decreased gradually in size starting from a four-
fold symmetric configuration. The PVC layer around the conductor
remains 2 mm thick and the space around this layer is replaced by air.
The nondegenerate modes are plotted in Fig. 11(a) and the originally
degenerate modes in Fig. 11(b), for a frequency of 1 MHz. The non-
degenerate mode x0 and the degenerate mode x11 remain in good

agreement with perturbation analysis (dashed lines: first order, dotted
lines: second order). For the modes x12 in Fig. 11(b) and x2 in
Fig. 11(a), deviations in first order perturbation start occurring already
within 5% reduction of the conductor size. Closer inspection showed
that the downscaled conductor quickly starts forming a mode with re-
spect to all other conductors (including earth screen). As a con-
sequence, not all modes are close to the original ones and these cannot
be considered as small perturbations.

Reducing a conductor’s cross section results in higher propagation
velocities, since the emptied space is replaced by material having re-
lative permittivity 1 (air). In Fig. 11(c) the value of the relative

 (a)                                  (b)                                 (c)                                 (d) 

Fig. 10. Modes for symmetric cable (blue) and
cable with smaller size neutral conductor (red): a)
nondegenerate mode x0, b–c) degenerate modes
x11 and x12 respectively, and d) nondegenerate
mode x2; dashed curves are first order perturbation
analyses. (For interpretation of the references to
colour in this figure legend, the reader is referred to
the web version of this article.)

(a) (b) (c) 

x0

x2

x11

x12

Fig. 11. Propagation velocities of a) nondegenerate
mode and b) degenerate modes: blue lines are re-
ferences from the symmetric cable, perturbation
analyses are indicated with dashed (first order) and
dotted (second order) curves; c) degenerate modes
when added material has relative permittivity 1
(top), 2 (middle) and 4 (bottom). (For interpreta-
tion of the references to colour in this figure legend,
the reader is referred to the web version of this
article.)
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permittivity is varied. The effect on the degenerate modes is analysed
for a value of 1 (top), 2 (middle) and 4 (bottom). It is observed that
perturbation analysis matches better for a higher relative permittivity.
The reason may be related to the refraction of electric field lines. These
lines tend to be closer to perpendicular at a high-to-low dielectric
permittivity transition due to electrostatic boundary conditions, similar
to the situation with the originally larger conductor size. The two de-
generate modes tend to diverge with reduced neutral size, but the de-
gree of diversion depends on the filling material properties. Fig. 12
shows the per-unit-length inductances and capacitances involving the
scaled neutral conductor. The relative variation of the inductance va-
lues is small compared to the relative variation in the capacitances, in
particular for the mutual couplings (both logarithmic scales along the
vertical axes in Fig. 12 cover three orders of magnitude). The mutual
capacitances are large compared to those from the medium-voltage
cable design in Fig. 4 for which electric field control in the design en-
sures well-defined and small capacitances between the conductors, see
Fig. 5. Obviously, these capacitances increase with the permittivity of
the replacing dielectric material.

5. Sensitivity to dielectric material properties

Material properties are sensitive to temperature. Temperature de-
pendency of the relative dielectric permittivity translates into changing
transmission line properties. For diagnostic techniques based on high-
frequency signal propagation, an altered velocity can lead to incorrect
conclusions, e.g. regarding a fault location.

The dielectric permittivity of PVC changes rather abruptly when
reaching a temperature of about 75 °C, where a phase transition occurs.
With increasing frequency the effect diminishes, but still over 10% in-
crease can be observed for 1 MHz at a temperature just below the phase
transition compared to ambient temperature [32]. For the symmetric
cable described in Section 4, the sensitivity to a varied dielectric per-
mittivity is investigated. Two situations are considered. A fault occurs
between two phase conductors, positioned either opposite or adjacent
in the cable cross section. Excessive temperature rise upon a short cir-
cuit can arise in a short time and it is assumed that during the fault the
PVC insulation around the conductors carrying the fault current obtains
higher temperature as compared to the remainder of the cable insula-
tion.

A change in permittivity between –10% and 20% is considered in
the analysis. The observed effect on the velocity shown in Fig. 13 is
significant for all propagation modes. The degenerate mode velocities
tend to diverge stronger when opposite conductors are involved, see

Fig. 13(a), compared to two adjacent conductors, see Fig. 13(b). The
prediction from perturbation analysis in first order shows only a slight
deviation for two modes when the permittivity of the insulation layers
around adjacent conductors is increased.

6. Concluding remarks

The presented study addresses the feasibility of applying perturba-
tion analysis when, for whatever reason, symmetry is broken.
Eigenvectors for propagation modes only take a simple form for sym-
metric situations, and once the symmetry is broken the eigenvector
components may become complex and frequency dependent. Still, one
likes to interpret them as basic modes allowing for convenient signal
interpretation. In terms of perturbation analysis, this is the first order
approximation. For cables at the medium- and high-voltage levels,
measures to control the electric field stress (well-defined insulation
thickness and presence of semiconductive layers) can result in the ad-
mittance matrix not being strongly affected by the asymmetry. As a
consequence, the unperturbed eigenvectors remain a good representa-
tion. For low-voltage cables, such measures are not required, and the
conductors can be in close vicinity of each other. Therefore, a small
change in geometry can have a relatively large effect on the electro-
magnetic interactions between the conductors.

The value of adding a perturbation analysis is its capability to
identify involved modes in terms of the original modes from the cable
without the perturbation. A major deviation indicates that an expansion
in terms of the modes for a symmetric cable is no longer valid. This
knowledge can be relevant e.g. for signal recognition in cable diag-
nostics. For faults in high- and medium-voltage cables, it is of im-
portance to obtain the location of the defect immediately when a fault
occurs. Presently, monitoring systems are used that utilise the first ar-
riving transient wave front to determine the fault location. In low-
voltage distribution systems, a similar approach is being employed.
When customers regularly experience power interruption or have
power quality complaints, devices that are capable of injecting pulses
into the connection upon registering a fault condition can be placed in a
secondary substation (sometimes integrated in a “smart fuse”) or at the
customer’s side of the connection. The fault location is subsequently
determined by reflectometry. During the fault, the short-circuit current
locally (within the cross-section) heats the cable, changing the propa-
gation properties. Knowledge of these changes can help in identifying
the defect more accurately.

L44

L43

L42

C44

C43

C42

εr=4 
εr=2 
εr=1 

Fig. 12. Per-unit-length inductance and capaci-
tance for four-conductor cable with scaled diameter
of conductor 4: self-value (blue), mutual value with
respect to an adjacent conductor (red) and the op-
posite conductor (green); the relative permittivity
εr of the material replacing the space when redu-
cing the conductor size is varied. (For interpreta-
tion of the references to colour in this figure legend,
the reader is referred to the web version of this
article.)
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Appendix

A.1. Second order perturbation in nondegenerate modes

Left multiplication of the second equation in (6) with the transposed conjugate of xj(0) for j≠ i and substitution in (7) yields an expression for the
perturbation in the eigenvector xi(1):

=

= +

x x x x

x x
x x

xa

K

K

( )( )j i j i

i i
j i

j

j i

i
j i i j

(0) (0) (0)† (1) (0)† (1) (0)

(1) (0)
(0)† (1) (0)

(0) (0)
(0)

(18)

The correction in the direction of the unperturbed vector is taken separately in (18). When calculating the second order perturbation in the
eigenvalues, this term does not provide a contribution [12]. To find an expression for this correction, left multiply the third equation in (6) with the
transposed conjugate of xi(0) and substitute (18):

= +

=

x x
x x x x

K
K K

0 ( )
( )( )

i i

j i i j

i i

i
j i i j

(0)† (1) (1) (1) (2)

(2)
(0)† (1) (0) (0)† (1) (0)

(0) (0)
(19)

As is clear from the denominators in (18) and (19), special attention needs to be paid to nondegenerate modes. This also applies when eigenvalues
are very close, such that perturbation terms cannot be considered small [12].

A.2. Second order perturbation in degenerate modes

The first order perturbed eigenvectors can be expanded in terms of the non-perturbed ones. The degenerate vectors of mode n (ynu(0)) are
separated from the other eigenvectors (xm(0) with m ≠ n):

= +
=

y y x y xa ( )nv nu m nv m
u

vu
m n

(1)

1

2
(0) (0)† (1) (0)

(20)

The summation contains the projections of ynv(1) onto xm(0). Multiplying the first equation of (9) with xm(0)† for m ≠ n and substitution in (20)

(a) (b) Fig. 13. Propagation velocities as function of re-
lative change in permittivity for a) fault current
along two opposite conductors and b) fault current
along two adjacent conductors (right); blue lines
indicate the unperturbed modes, red curves re-
present the four modes and dashed lines are first
order perturbation results. (For interpretation of
the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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gives:

=

= +
=

x y x y

y y
x y

xa

K
K

( ) m nv m nv

nv nu
m nv

m

m n

u
vu

m n n m

(0) (0) (0)† (1) (0)† (1) (0)

(1)

1

2
(0)

(0)† (1) (0)

(0) (0)
(0)

(21)

To obtain the second order perturbation in the degenerate eigenvalues, multiply the second equation of (9) with ynv(0)† and next substitute (21):

= +

=

y y
x y y x

K
K K

0 ( )
( )( )

nv nv

m nv nv m

nv nv

nv
m n n m

(0)† (1) (1) (1) (2)

(2)
(0)† (1) (0) (0)† (1) (0)

(0) (0)
(22)
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