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Summary

Motion systems are mechanical devices tailored to perform positioning tasks. In
our modern society, such devices are ubiquitous, being an integral part of many
systems from printing machines to flight simulators and medical devices. A state-
of-the-art application where motion systems play a crucial role are wafer scanners,
which are complex machines used in the semiconductor industry to produce in-
tegrated circuits by lithography. More specifically, a vital part of these machines
is the wafer stage motion system, which is responsible for positioning a silicon
wafer with a photosensitive layer at a given location where a light beam creates a
pattern on the wafer. Recent expectations for wafer stages are expressed in terms
of both high accuracy (< 10−9m) and high accelerations of more than 50m/s2, cor-
respond to a challenging engineering task. To achieve these goals, modern wafer
stages rely on the use of double-stroke magnetically levitated planar actuators,
leading to bulky, complex and expensive motion systems. Moreover, the physi-
cal connection of the mover with the environment through a cable slack results in
disturbances that drastically limit the achievable performance. As an alternative
for the next generation motion systems, a new single-stroke moving-magnet pla-
nar motor is proposed, which can possibly replace the aforementioned actuation
systems. In this actuator design the mover is a freely-floating body with no physi-
cal connection to the environment, thereby decoupling the effect of environmental
disturbances on the mover. Next to its advantages, several challenging dynamic
phenomena are present in this actuation system, such as the intrinsically position-
dependent electromagnetic interaction. Additionally, the spatially non-uniform
distribution of forces acting on the wafer stage can induce mechanical deforma-
tions to the moving body due to limited stiffness, severely hindering the attained
positioning accuracy.

One of the contributions of this research is the development of a high-fidelity
model of the planar actuator based on fundamental electromagnetic and mechan-
ical principles, resulting in the description of the joint electromechanical behavior.
The resulting model is defined on a specified position grid by means of Linear
Time Invariant submodels, which locally approximate the dynamics of the intrin-
sically position-dependent system. In order to compactly describe the relation
among the local models a position-dependent interpolation scheme is proposed
which maintains the underlying physical relations between the involved coeffi-
cients. The result is the development of a Linear Parameter Varying (LPV) model,
which continuously characterizes the system dynamics by making use of a sin-
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vi Summary

gle state-space model, whose matrices are parametrized as a function of the posi-
tion. As such, the developed model can be utilized to investigate the stability and
performance of the system in the whole operating region, thus allowing for the
development of control techniques that explicitly take into account the position-
dependent dynamics.

As an alternative to the aforementioned first-principles modeling, a data-driven
modeling approach has been developed for the system. The resulting locally lin-
ear parametric model allows for the accurate description of the system dynamics
in terms of a black-box model on a specified position grid. Moreover, in prac-
tice, first-principle models can still be inaccurate, e.g. due to inaccurate material
properties. Towards the refinement of the dynamics of the analytic LPV model
a model update method has been proposed in this thesis, which assures that the
physical relation between the LPV model parameters is preserved. This is accom-
plished by matching the behavior of the developed analytic LPV model with the
experimentally estimated locally linear parametric models on the specified posi-
tion grid. As a consequence, the benefits of each modeling approach are combined
in the resulting updated model. The resulting high fidelity model allows for the
design of model-based control solutions. To this end Linear Time Invariant (LTI)
control approaches have been investigated that achieve robustness against model
uncertainties and position variations. Additionally, next to the modeled dynami-
cal input-output relationship, the behavior of the magnetically levitated systems
is affected by additional disturbances that deteriorate the maximum attained posi-
tioning accuracy. To tackle these undesired phenomena a machine learning-based
compensation scheme has been developed and experimentally verified, which is
capable of learning static and dynamic disturbance effects that act on the system
and compensate them by a feedforward control action.

Finally, the presented rigid body-based control design approaches cannot ex-
plicitly cope with the induced spatial deformations on the surface of the mover
due to the presence of flexible dynamics. In this thesis a method has been pro-
posed for the active control of the deformation. This is achieved by properly
shaping the force distribution on the moving magnet plate, which is enabled by
the existence of multiple actuators (“overactuation” scheme). As a consequence,
the independent control of elementary deformation shapes (modes) is enabled,
increasing the achievable control bandwidth of the system. The performed exper-
iments on a planar motor prototype have validated the effective reduction of the
deformations using the proposed scheme.
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1 CHAPTER

Introduction

1.1 Motion systems: origins and modern applications

The design and construction of machines to perform complex tasks is incident to
human evolution. Human needs, blended with curiosity, have been the driving
forces of innovation since antiquity, from machines that move heavy objects, such
as the magnificent inclined plane and the water wheels, to sophisticated machines
that performed complex calculations, such as the Antikythera mechanism (Freeth
et al. 2006), and the water clock of Ctesibius (Mayr 1970). From the time of the in-
dustrial revolution the proliferation of machines has been exponential. Whether
it was the spinning jenny or the sewing machine, their delicate design, precise
motion and high production rates were synonyms for the technological advance.
Among them, probably the most sophisticated example was the rotary steam en-
gine. Designed by James Watt in 1794 (Hobsbawm 2010), it was that important
and innovative that its improvement attracted the interest of many engineers and
scientists. Actually, the regulation of the speed of the steam engine was one of
the most significant problems up until the mid 19th century. For this purpose
various feedback control devices were invented. These devices were based on a
core component: the flyball governor, shown in Figure 1.1 (Kang 2016). Using
the basic idea in feedback control design, the governor ideally regulates the flow
rate of the steam based on the deviation of the speed of the engine from a desired
value. The origins of the control theory are traced back exactly to this period.
More specifically, it was James Clerk Maxwell with his analysis of the stability of
the governors (Maxwell 1868) that laid the groundwork for the modern control
theory1 (Kang 2016).

Nowadays, we possess the ability to design and construct complex systems
that perform much more elaborate and delicate tasks than the steam engine. At
the same time, the regulation of the behavior of these machines is facilitated by
the development of sophisticated control design tools, much more advanced than
the governors. All in all, when it comes to mechanical devices it is fair to say that

1In fact, the first known feedback system is probably the water clock of Ctesibius, created around
300BC (Mayr 1970).

1



2 Chapter 1 Introduction

Figure 1.1: Watt’s centrifugal governor. When the speed increases, the two masses
are moving outwards. Through the lever, this motion reduces the aperture of the
throttle valve, thus reducing the flow rate of steam. Image source: Wikimedia
Commons (2017)

the technology for the design and control of such machines has reached a mature
level. Still, new challenges are constantly arising.

One such proliferating field, in terms of number of applications, but also chal-
lenges, is the field of motion systems, which are mechanical devices, responsible
for positioning an object on a specified location (Steinbuch et al. 2003). Motion
systems are a core element in many high-end technologies. From spacecraft and
aircraft technologies to microscopy and printing systems, to name a few, the range
of applications categorized as motion systems is quite vast and, at the same time,
diverse. In general, motion systems are described in mathematical terms by means
of second-order differential equations, based on Newton’s laws of motion. Often,
though, different motion systems barely share enough common features, which
would allow for common solutions in terms of design and control.

An industrial application where motion systems play an integral role is the
semiconductor industry, which is responsible for the design and fabrication of
Integrated Circuits (ICs). Being an indispensable part of almost every modern
electronic device, the ICs played a core role in the technological advances that
took place in the last 50 years. Following the invention of ICs in 1953 (Lojek 2007),
today they can be found in almost every modern electronic device, from mobile
phones and computers to cars, airplanes and even home appliances, constituting
an indispensable part of modern technology. The proliferation of ICs is mainly
owed to the fact that the information they can process per volume has almost
steadily increased throughout the years. In fact, it was Moore in 1965 that first as-
serted the trend. In what is probably the most popular technological “prophecy”,
he stated (Moore 1965) that the number of transistors in an integrated circuit will
double every year (in reality, this is consistently happening every two years).

Nowadays, Moore’s law offers a road map for the IC manufacturing industry.
The modern semiconductor industry is striving to keep pace with the law, both
to fulfill the increasing needs of the customers, but also to meet the expectations
imposed to the industry, effectively acting as a self-fulfilling prophecy (Schaller
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Figure 1.2: ASML NXT:2000i lithog-
raphy machine.

Figure 1.3: Schematic representation
of a wafer. The various dies are
shown as rectangles.

1997). The constant progress resulted in 2018 in the first commercial chip with res-
olution as low as 7-nanometers, constructed by TSMC (Apple press release 2018).
Additionally, in order to keep up with the increased market demands as well as to
maximize profits, the semiconductor industry aims at high throughput rates that
nonetheless do not sacrifice the intended resolution.

To achieve these goals, the semiconductor industry is mainly relying on the op-
tical lithography process. In this process, ICs are developed on a photosensitive
substrate (also called wafer), usually made of silicon, which is divided in expo-
sure areas called dies as shown in Figure 1.3. The fabrication process involves a
series of physical and chemical sub-processes (Mack 2006). Among them, in the
scanner lithography machines, a pattern, called the reticle, is projected by a slit
of light onto the wafer. Towards the projection of the desired part of the reticle
on the desired wafer location, motion systems accurately move in a synchronized
manner both the wafer and the reticle stage (Butler 2011).

The motion system responsible for positioning the wafer stage is usually re-
quired to move for a few hundred millimeters on the horizontal plane, consid-
ering that the diameter of a circular wafer, such as the one shown in Figure 1.3,
is typically 300mm. For each exposure area, called a die, the scanning process
takes place. When the scanning is complete, the motion system has to rapidly
place the next die under the exposure location and the exposure process repeats
itself. In the scanner lithographic machines, such as ASML’s NXT:2000i, shown
in Figure 1.2, scanning takes place under a constant velocity motion profile. As
a consequence, ensuring a high throughput rate, and at the same time asserting
that the error is within the desired limits during exposure define two crucial and
demanding performance specifications that the lithography machines have to sat-
isfy. Recent expectations for wafer stages include a below nanometer scanning
accuracy ( < 10−9m), as well as accelerations of more than 50m/s2.
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1.2 Planar motor designs

To realize the aforementioned planar motion under the aforementioned specifi-
cations, various planar motor approaches have been considered throughout the
years. A commonly used planar motor configuration consists of a combination
of linear motors in the so-called H-drive configuration. Two motors provide mo-
tion on the y-direction, while a third motion system is mechanically attached to
them. The latter is allowed to move on the x-direction and thus the combination
of the three motors offers motion in the x− y plane. The main drawback of these
motors is that they are usually bulky while the achieved accuracy is in the mi-
crometer range. In the semiconductor industry, this motor has been successfully
used in various applications. For example, in the ASML Twinscan XT series, the
long-stroke H-drive is combined with a second short-stroke actuator stacked on
top of the x motor, which improves the accuracy at the cost of further increasing
the weight of the moving mass.

As an alternative to the H-drive design, the first single electromagnetic motor
allowing for planar motion was proposed by Sawyer (1968). In principle, the elec-
tromagnetic motors have a simpler design, thus reducing the weight of the mov-
ing mass and the mechanical complexity of the motor. In the years that followed
various approaches were proposed with different levels of positioning accuracy
and stroke range, e.g. see (Rovers 2013, Chapter 2) for a review on the various
designs. The main characteristic among these approaches is that they rely on me-
chanical or air bearings for ensuring stability. As such the latter ones have to be
carefully incorporated in the machine, which is not ideal in terms of simplicity of
the design.

To overcome this limitation, the electromagnetic interaction can act as a bear-
ing mechanism itself. In this case, due to the intrinsic instability of the system a
control mechanism has to stabilize the moving mass in all six Degrees of Freedom
(DOF). In magnetically levitated planar actuators the electromagnetic interaction,
i.e. the interaction between coils and magnets can take place under two differ-
ent configurations. In the moving-coil configuration the magnets are placed on a
stationary base while the moving mass is equipped with coils. Then, under the
proper actuation of the coils, the levitation and positioning of the moving mass at
the desired location is accomplished. In the semiconductor industry, such a topol-
ogy has been successfully used in the ASML NXT series and it is based on a design
first proposed by Cho et al. (2001) and further discussed by Compter (2004).

The moving-coil configuration technology has reached a mature level, follow-
ing many years of research and industrial usage. However, some drawbacks are
noticeable. First of all, the fact that the coils are on the moving part means that the
cooling mechanism has to be mounted on it, too. The latter is required to regulate
the temperature of the coil array. Otherwise, the heat generated by the current
running through the coils can cause severe deformation on the moving mass, thus
limiting the positioning accuracy and the maximum applied forces. As a remedy,
the moving mass is often built rigid and heavy enough to reduce the extent of
deformations. In this case the demands in terms of power consumption are quite
significant, especially in high-end machines where high accelerations are required.
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In turn, as the supplied forces become higher the induced thermal effects become
even more significant, leading to a repetitive design cycle. Even more impor-
tantly, the fact that the coils are on the moving body necessitates their wiring with
the power sources. Thus a connection between the moving body and the physical
environment has to be established. The wiring allows for the connection of ad-
ditional sensors on the moving body, thus increasing the information that can be
retrieved about its state. However, this physical connection unavoidably results
in disturbances from the environment ending up on the moving mass, thus dete-
riorating the achieved accuracy. Despite these limitations, this configuration has
been successfully used in the wafer stage of the NXT series lithography machines.
In order to achieve the desired nanometer accuracy, the wafer stage comprises
of a double-stroke system. The coil-moving planar motor acts as a long-stroke
providing a rough positioning accuracy on the operating plane, while a second
short-stroke mechanism is responsible for the nanometer-accurate positioning of
the moving body.

1.3 Towards nanometer accurate single-stroke planar
actuation systems

The demands for high throughput rates and accelerations in the next genera-
tion lithography machines necessitate the exploration of alternative design ap-
proaches. For the wafer stage, such an alternative design is the moving-magnet
configuration. In contrast with the moving-coil configuration, the moving-magnet
motor is comprised of a stator base and a freely floating magnet plate. The lack
of any physical connection between the latter and the environment means that
the induced disturbances are expected to be significantly reduced compared to
the moving-coil planar motor. Moreover, as the coils and the cooling mechanism
are now mounted in the non-moving frame, the mass of the moving plate can be
significantly reduced compared to the coil configuration, resulting in a smaller,
lighter moving body and less severe thermal effects. As a result, high accelera-
tions can be applied while keeping the power demands relatively low. In total,
the aforementioned attributes of the moving-coil configuration allow in principle
for the design of a one-stroke mechanism, which can deliver in the whole operat-
ing range the desired nanometer accuracy.

Together with its advantages, compared to the moving-coil configuration, the
moving-magnet configuration has its own drawbacks. More noticeably, in the
moving-magnet configuration more coils are required, such that the whole long-
stroke region is covered. Nonetheless, each coil requires a power amplifier in
order to operate, which are in general expensive2 and bulky devices. Addition-
ally, for a freely-floating mass such as the moving magnet, retrieving information
about its status, e.g. position, temperature etc., by mounting sensors on the mov-
ing mass is difficult, if not impossible. As a consequence, the availability of lim-
ited information is creating additional challenges in terms of filtering and control
design.

2A cost analysis between the two planar motor configurations is beyond the scope of this thesis.
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The first publications and patents regarding moving-magnet configurations
were presented during the second half of 1990s. These include the work by Kim
and Trumper (1998), where the proposed motor can move over a 50mm × 50mm
plane, as well as the patent by Frissen and Compter (2009). Xiaodong and Us-
man (2012) proposed a moving-magnet configuration, claiming that the operating
range can be extended to allow for long-stroke motion, but no elaborate experi-
mental tests are discussed and therefore the performance capabilities cannot be
evaluated. In de Boeij et al. (2008) a magnet-moving configuration is proposed
with a maximum displacement error of 20µm under an 1m/s

2 acceleration profile.
In the work by Jansen (2007); van Lierop (2007) a new planar actuation system is
proposed and developed, which is capable of a long-stroke motion. The devel-
oped planar motor is capable of moving over a surface of 406mm× 400mm, while
the maximum displacement error during constant velocity, under a maximum ac-
celeration profile of 10m/s

2, is below 20µm (Achterberg et al. 2011).

Fundamentally, the various magnet-moving planar motors differ from each
other in terms of magnet and coil array design. In Rovers et al. (2013a) a compar-
ison is performed among different existing coil configurations together with two
new coil designs, which are optimized in terms of power dissipation and force
distribution. More specifically, the desired specifications include the limitation of
power demands as well as the limitation of the asymmetry of the induced forces
on the moving mass. Based on these results, a new motor named Double Layer
Planar Motor (DLPM) has been proposed and constructed, which is presented in
Figure 1.4. The main characteristics are the following:

C1 A lightweight magnet plate of approximately 10kg.

C2 A Halbach array magnet configuration (Halbach 1980) with 281 magnets
that maximizes the magnetic field at the bottom part of the magnet plate,
resulting to lower power dissipation.

C3 A coil array comprised of two layers, which are placed perpendicular with
respect to each other. The total number of coils is 160, 80 in each layer, while
40 can be simultaneously active at every time instant. At each position of
the magnet plate, the 40 coils closest to the magnet plate are activated.

C4 A long-stroke range in the horizontal plane equal to 200mm× 200mm.

C5 The positioning accuracy of the magnet plate is evaluated by making use of a
set of Laser Interferometer (LIFM) sensors, which measure the displacement
of the magnet plate. The LIFM sensors are mounted on a separate structure,
the metrology frame. Therefore, the metrology frame defines the inertial
coordinate frame.

The DLPM, which in the remainder of this thesis will be also referred to as
the Nanometer-Accurate Planar Actuation System (NAPAS) prototype, will be
the running example as well as the prototype used in the performed experiments,
which are presented in this thesis. More specifically, the electromagnetic rela-
tions, describing the coil-magnet interaction, as well as the mechanical relations,
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Figure 1.4: Left: bottom view of the magnet plate in the NAPAS prototype. Right:
Overview of NAPAS prototype (photograph by Bart van Overbeeke).

describing the motion dynamics of the moving mass will be investigated. Conse-
quently, the open questions and challenges related to this design will be discussed
in the next section. While lithography machines, which utilize the epitome of the
state-of-the-art planar motion systems, play an important role towards setting the
goals of this thesis, a broader scope is maintained, when possible, thus allowing
for the applicability of the developed methods in problems generally encountered
in the motion systems technology. Finally, in this thesis the main (but not exclu-
sive) focus is directed towards the mechanical properties and the motion control
of the moving magnet, while the electromagnetic properties are mainly under ex-
amination in the dissertation by Custers (2019).

1.4 Challenges in magnetically levitated planar actu-
ation systems

1.4.1 Modeling challenges for flexible motion systems

In this section, the main challenges for the state-of-the-art planar motors are dis-
cussed. First of all, like any mechanical system, planar motors are characterized
by limited stiffness of the mechanical plate. When a spatially non-uniform dis-
tribution of forces acts on the moving body, as a result of the limited stiffness,
mechanical deformations are induced to the moving body. Unless properly sup-
pressed, the resulting deformations can potentially severely reduce the attained
positioning accuracy. Often, though, motion systems are treated as rigid bodies,
which is a convenient yet sufficient approximation in many practical applications.
This approximation is usually allowed, both due to proper mechanical design, e.g.
by using a heavy, rigid mass, as well as due to the proper design of the controller.
The latter means that the designed controller guarantees that the (usually) high-
frequency flexible dynamics are well outside the control bandwidth and that they
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Figure 1.5: Schematic representation of the wafer carrying motion system. Left: In
the rigid-body case, the surface of the wafer is flat. Right: When flexible dynamics
are present, the surface of the motion system is deformed.

are sufficiently suppressed3.

In the rigid-body case, the modeling of the motion dynamics can be easily per-
formed by resorting to Newton’s laws of motion, thereby simplifying the control
design process. Additionally, the rigid-body approximation has significant con-
sequences in terms of measurement (position estimation) and actuation. More
specifically, in terms of position measurement, the displacement and rotation of
the moving magnet frame with respect to an inertial coordinate frame can be ana-
lytically computed by resorting to straightforward geometric considerations that
involves the sensor topology. In a similar manner, the position of the Point of In-
terest (PoI) with respect to the inertial frame can be computed in a straightforward
manner, if the relative position of the PoI with respect to the moving body frame is
known, e.g. see Murray et al. (1994). Moreover, irrespective of the force distribu-
tion on the magnet plate, the total effect of the exerted forces can be equivalently
rewritten as a combination of a unique force and torque vector, exerted on a spe-
cific location, e.g. the Center of Mass (CoM). As a consequence, for the DLPM
prototype, the effect of the 40 active coils on the magnet plate can be equivalently
described by a force and torque vector.

The new generation of motion systems, such as the ones employed in the wafer
stages, are expected to be lightweight to meet the modern, stringent performance
requirements. As a result of the lightweight design, the flexible dynamics are ex-
pected to take place at relatively low frequencies. Unless they are properly taken
into account during the control design process, the achieved performance of the
closed-loop system may not meet the desired specifications in terms of scanning
accuracy (see Figure 1.5). Even worse, they may lead to instability. In parallel
to this, the ever higher throughput rate specifications inevitably lead to more ag-
gressive motion profiles, which again may excite the flexible dynamics and cause
deterioration of performance. Flexible dynamics on the DLPM prototype addi-
tionally result to the following consequences:

3It is worth clarifying that in this work, the term “rigid-body approximation” does not mean that
the flexible dynamics of the system are neglected. Instead they are considered to be outside the desired
frequency bandwidth range. As such in the control design process these flexible dynamics are usually
not taken into account explicitly.
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• Due to the asymmetric and non-uniform distribution of forces, resulting
from the coil topology in the stator, the induced deformations due to flexible
behavior depend on the coordinates of the PoI on the plate.

• The displacement of the Points of Interest (PoIs) on the deformed surface
cannot be computed by straightforward geometric considerations, based on
the topology of the sensors. While this is the case in the rigid-body case, in
the flexible case, the deformation of the PoI has to be taken into account, too.

• At low frequencies, the flexible dynamics are approximately described by
the compliance function, which can be seen as the DC gain approximation
of these dynamics (Kontaras et al. 2016). Moreover, the value of the com-
pliance depends on the position of the PoI on the magnet plate. As a con-
sequence, the flexible dynamics result in a quasi-static deformation of the
magnet plate. In contrast with the double-stroke design, in the one-stroke
DLPM prototype, the forces required for large displacements directly affect
the flatness of the magnet plate, i.e. the whole moving body.

In total, towards the fulfillment of the performance specifications described
in Section 1.3, the modeling of the planar actuator based on fundamental electro-
magnetic and mechanical principles, which include both the rigid-body as well
as the flexible dynamics, is essential. This defines the first challenge that is of
importance in this thesis.

Challenge 1

How to derive a model that accurately describes the joint electromechanical
behavior of a flexible planar actuation system?

In the related literature, two different modeling approaches are followed. In
the first class of methods, a data-driven approach is followed, which results in a
model that can be directly used for control purposes. The resulting model can be
non-parametric, expressed in terms of Frequency Response Function (FRF) esti-
mates that describe the frequency response of the system at the specified operat-
ing point and at a finite number of frequencies. Using this model, loopshaping-
based control design techniques can be followed, such as Sequential Loop Closing
(SLC), e.g. see de Roover (1997); Steinbuch et al. (2010). Alternatively, a para-
metric model can be estimated from the experimental data, see de Callafon and
van den Hof (2001); Oomen et al. (2014). The availability of a parametric model
enables the use of advanced control design techniques, such as H∞- and Linear
Quadratic Regulator (LQR)-based approaches (Zhou et al. 1996). Additionally, ro-
bust control design techniques can be used to cope with uncertain dynamics, e.g.
see van de Wal et al. (2002). In general, data-driven Linear Time Invariant (LTI)
models are usually easy to derive, using standard software packages, e.g. Ljung
(2019). Moreover, by relying on experimental evidence, they are capable of accu-
rately capturing the true dynamics of the system. However, it is often the case
that for the identified model there is no physical interpretation of the involved
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model parameters. For example, this is the case when black-box models are iden-
tified (Ljung 1999). Moreover, in the case of intrinsically unstable systems (such
as the planar motor), the presence of a stabilizing feedback controller is necessary.
In turn, designing a controller may be impossible or it will be extremely conser-
vative in terms of achieved bandwidth, if no prior information about the system
dynamics is present.

Alternatively, a first-principles modeling approach can be followed. In this
case, the knowledge of the physical principles that govern the system can be used
to build a model that describes its dynamic behavior. In this way, the resulting
model preserves intuition regarding the involved parameters. In turn, it facilitates
the intuitive definition of performance goals in terms of physics-related quantities
during the control design process. For the DLPM prototype, regarding the electro-
magnetic phenomena, analytic methods have been developed and experimentally
verified, e.g. see Jansen (2007); Rovers (2013). Regarding the mechanical behavior,
the motion dynamics of the magnet plate can be analytically described by Partial
Differential Equations, which are expressed in terms of time and space coordi-
nates. By employing the principle of separation of variables (Rao and Yap 1995),
the displacement of a point on a flexible structure can be described by

y(p, t) =

∞∑
j=1

φj(p)ηj(t). (1.1)

In (1.1), the functions φj(p) : R3 7→ R are the so-called modes or modeshapes
of the system. Each of these modes describes a spatially periodic motion of the
flexible body, with p ∈ R3 denoting the spatial coordinates of a point in that body.
Moreover, ηj(t), with t ∈ R, is the time-dependent quantity associated with the
jth mode, which specifies the time evolution of a mode. Finally, y(p, t) is the re-
sulting displacement of the point p at the specified time instant. As an example,
in Figure 1.6 the product φj(p)ηj(t) has been plotted for a flexible, flat surface that
is described by two modes. In this case, the output y(p, t) is simply the addition
of the two plots at a given time instant.

Nonetheless, deriving an analytic expression for the coefficients in (1.1) is of-
ten a laborious or even impossible task for complex mechanical structures. As a
remedy, a solution can be derived by resorting to numerical approximations, for
example performed in a Finite Element Method (FEM) software environment. The
FEM-based approach simplifies the problem by computing the dynamic response
of the system on a pre-specified, finite set of spatial coordinates. Then, by com-
bining the electromagnetic relations with the expressions regarding the motion
dynamics results in a multiphysical model, which describes the dynamic relation
between the currents in the coils and the displacement of the moving magnet. This
approach has been successfully utilized for magnetically-levitated planar motors,
e.g. see Rovers et al. (2013). Still, first-principles approaches may suffer from var-
ious drawbacks (van den Hof 2006, Chapter 1). More specifically, they often lead
to complex models, for which the application of control design techniques may
be cumbersome. Additionally, they may be unreliable, e.g. due to the presence of
unforeseen dynamics. In any case, the validation of first-principles models using
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Figure 1.6: The product φ1(p)η1(t) and φ2(p)η2(t) at different time instants.

experimental data is required in order to verify their capability in describing the
true system dynamics.

1.4.2 Position-dependent dynamics

In many planar motor configurations the presence of position-dependent dynam-
ics has been asserted, e.g. see Wassink et al. (2005); Tóth et al. (2011); Rovers et al.
(2012, 2013a). For the DLPM prototype, in the previous section it has been dis-
cussed that the characteristics of the deformation depend on the location of the
PoI on the magnet plate. In other words, the dynamics of a point on the magnet
plate depend on its position on the magnet plate. The latter phenomenon gives
rise to position-dependent dynamic effects on the DLPM prototype. More specifi-
cally, in the contactless, freely-floating magnet plate of the DLPM, the information
regarding the position of the magnet plate with respect to the inertial frame is
retrieved by the LIFM sensors, which are fixed on this (metrology) frame. As a
consequence, different points of the plate are targeted by the sensors as the plate
moves in the operating region. Combined with the fact that the flexible dynamics
have a different effect on each point of the magnet plate, it results in a nonlin-
ear, position-dependent relation between the flexible dynamics and the measured
displacements.

In a similar fashion, position-dependent effects arise in the actuation side, too.
By supplying the coils with currents, forces are generated in the magnet plate,
which allow for the positioning of the magnet plate at a desired location. The
coils, though, are attached to the fixed stator base, see Figure 1.4. Therefore the
relative distance between the (fixed) coils and the (moving) magnets changes as
the magnet plate moves. Since the magnetic field is a function of position and
time, the resulting forces depend on the relative distance between the coils and
the magnets (Griffiths 1999).
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Figure 1.7: The LPV concept. The relation between the input u and the output
y is linear, but this relation depends on the scheduling variable p that enters the
system as an external variable.

In total, it becomes apparent that an LTI modeling approach, which is com-
monly used in motion systems, is not capable of incorporating the aforementioned
position-varying effects of the investigated planar motor. To cope with these phe-
nomena, a different perspective is required. In Steinbuch et al. (2003), such an al-
ternative approach is followed. To the author’s knowledge, this is the first work,
where the Linear Parameter Varying framework has been employed for the iden-
tification and control of an H-bridge motion system. In general, the LPV frame-
work can efficiently handle the varying dynamics by extending the notion of the
LTI systems (Tóth 2010). More specifically, a varying signal, called the schedul-
ing variable, is introduced to describe these changes in the operating conditions.
The LPV framework defines a linear relation between the inputs and the outputs,
however, this relation is dependent on the scheduling variables, as shown in Fig-
ure 1.7. Moreover, this scheduling variable is assumed to be accessible in real time.
Based on these remarks, an LPV state-space model is described by

ẋ(t) = A(p(t))x(t) +B(p(t))u(t)

y(t) = C(p(t))x(t) +D(p(t))u(t),
(1.2)

with p(t) : R 7→ P ⊆ Rnp denoting the scheduling variables vector, x : R 7→ Rn is
the state vector, u : R 7→∈ Rnu is the input vector and y : R 7→∈ Rny is the output
vector, while A,B,C,D are functions of the scheduling variables of conformal
dimensions.

Initiated by the seminal work of Shamma and Athans (1990), and building
on the gain scheduling paradigm, the LPV framework can be seen as a middle
ground between the LTI and the nonlinear frameworks. However, by extending
modeling and control approaches from the LTI framework, it preserves the sim-
plicity of the latter while managing to describe a broader class of systems. As
a result, numerous experimentally validated applications of the LPV framework
have been reported in the related literature, see Hoffmann and Werner (2015) for a
recent review on the subject. For the modeling of nonlinear systems using an LPV
model structure, two main methods exist (Lovera et al. 2013; Tóth 2010), namely
the analytic methods and the experimental modeling techniques. In the analytic
methods the availability of a nonlinear model is a prerequisite. Then an LPV
model is derived either by approximation-based methods, e.g. by interpolating
among local snapshots of the initial model (“local” approaches) or by substitution-
based techniques (“global” approaches) , e.g. by rewriting the nonlinear equations
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Figure 1.8: Modeling approaches for LPV systems. Left: An example of
approximation-based method. A collection of local LTI models is used to derive
an LPV model, which can partially describe the behavior of the underlying non-
linear system. Right: The embedding concept. The initial nonlinear system is
embedded to an LPV model, usually at the expense of conservativeness.

in such a way that the dynamics of the initial system are embedded into the result-
ing LPV model dynamics, usually by introducing some conservativeness (Tóth
2010, Chapter 7). These two approaches are graphically shown in Figure 1.8.

Similar to the analytic modeling, the experimental modeling of the LPV sys-
tems is made possible either by a global or a local approach. In the former one
a unique experiment is performed, for which both the input and the scheduling
variables are assumed to be persistently excited. In contrast with this, the local
methods make use of a collection of locally identified LTI models, which are inter-
polated such that a final LPV model is derived. In principle, the global methods
are capable of approximating better the underlying dynamics, since they can in-
clude information about the dynamic variations of the scheduling variable. In re-
ality, though, designing such an experiment might be cumbersome and moreover
it may be prohibitive due to safety concerns. On the contrary, the local methods
intrinsically ignore the dynamic dependency on the scheduling variables, while
additional difficulties may arise if the local models have to be transformed to a
common state basis (Tóth et al. 2007). Moreover, the interpolation step is by no
means a trivial procedure (Bachnas et al. 2014).

In the LPV literature for planar motion systems, a data-driven approach has
been followed in Steinbuch et al. (2003) where the x-position is the scheduling
variable, and in Wassink et al. (2005) for a magnetically levitated planar motor,
where only position variations on the y-direction were taken into account. In both
cases a collection of LTI models are identified first, followed by a transformation
to a “common” state basis and the subsequent interpolation among the models.
Then, a controller is designed based on the Linear Fractional Representation (LFR)
(Zhou et al. 1996) of the LPV models. However, the local state transformations
result in a globally incoherent state basis, e.g. see Shamma and Athans (1992);
Tóth et al. (2007); Kulcsar and Toth (2011). This incoherence eventually limits the
efficiency of LPV control approaches. In total, the LPV modeling approaches fol-
lowed in the two previous publications can be classified as local methods (Lovera
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et al. 2013). Another local approach is presented in Voorhoeve et al. (2018). In
contrast with the previous methods, local parametric models, described by a Ma-
trix Fraction Description (MFD) parametrization, are identified based on FRF es-
timates, using a non-convex optimization approach. Then, these models are fitted
to a state-space model, where a modal representation (Gawronski 2004, Chapter
2) of the motion system dynamics is imposed. Then, the parameters of the derived
model are again optimized using a non-convex optimization approach. In the ex-
amined system, it is assumed that position-dependent effects are only present in
the output but not in the state equation. Based on this remark, deriving an LPV
boils down to the interpolation of the output matrixC(p(t)). This method exploits
the available knowledge regarding the structural relation of the system dynamics,
while it avoids the pitfalls of the previous methods, since a function interpolation
is performed, instead of an interpolation of local models. Therefore, all the iden-
tified local models are expressed in a common state basis. In total, this method
resorts to various non-convex optimization algorithms in a rather ad-hoc way to
improve upon the representation capabilities of the LPV model. Moreover, since
the interpolation takes place after the identification of a modal state-space model,
this step is not optimized using experimental data. Finally, a global black-box
modeling approach is followed in Tóth et al. (2011), where an Orthonormal Ba-
sis Function (OBF)-based Input/Output (I/O) motion system is identified, which
can be directly rewritten in an LFR form. In this way, an accurate model can be
derived, however no physical interpretation of the model parameters exists.

In total, the question of how to identify high-fidelity LPV models for the pla-
nar actuation systems, especially for control purposes, still defines a challenging
topic. The aforementioned data-driven approaches incorporate various levels of
prior knowledge regarding the system dynamics, however they usually result in
partial or full loss of physical intuition regarding the estimated parameters. On
the other hand even if an LPV state-space model can be successfully derived via
analytic methods (see Challenge 1), then it is reasonable to expect that a mismatch
between the model and experimental data might be present, e.g. due to uncertain
parameters or unforeseen dynamics. As a conclusion, it would be advantageous
to make use of a first-principles model, where physical intuition is preserved, and
to update its parameters so that it can successfully represent the experimental
data. This defines the second challenge in modern motion systems.

Challenge 2

How to update the parameters of the position-dependent first-principles planar
motor model, so that it matches with the experimental data?

1.4.3 Control design

As in every physical system, generalized disturbances, i.e. deterministic signals
that are not influenced by the controller, are almost always present in planar ac-
tuation systems. Often, a mathematical description for the acting disturbances
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is known beforehand or it can be accurately estimated. In such cases, a proac-
tive compensation of the expected disturbances can be achieved, by properly
incorporating this information into a feedforward controller. For example, the
most common approach in rigid-body motion systems is the implementation of
the so-called mass feedforward, in order to compensate for the expected effect
of the reference signal (Lambrechts et al. 2005). Since the optimal feedforward
controller equals the inverse of the plant dynamics (Skogestad and Postlethwaite
2007, Chapter 2), various methods have been developed and implemented in mo-
tion systems depending on the system dynamics, e.g. see Clayton et al. (2009) for
an overview.

Often, additional deterministic yet unmeasurable disturbances act on the mo-
tion system. For planar motors, as it has been described in the previous sections,
one of the favorable properties of the moving-magnet configuration, compared to
the moving-coil configuration, is the suppressed effect of environment-induced
disturbance effects, due to the lack of a cable slack, which is nonetheless present
in the moving-coil configuration. Still, the remaining disturbances may be a hin-
drance towards nanometer accuracy. For this reason the presence of a feedback
controller is necessary to mitigate their effect. However, as the need for higher
accuracy grows constantly larger, the need for mitigating these disturbances by
means of feedforward control becomes more urgent, defining one of the main
challenges in the field. Additionally, similar to the planar motor dynamics, it is
reasonable to expect that these disturbances also show position-dependent and
nonlinear characteristics.

Challenge 3

How to mitigate the effect of deterministic, nonlinear and position-dependent
deterministic disturbances acting on a planar actuation system by means of

feedforward control?

This topic has been extensively investigated in the related literature. In gen-
eral, compensating for the external disturbances boils down to two steps: first,
the disturbance is identified, either as a function of measured variables, such as in
Butler (2013), or as a function of the time index, such as in the Iterative Learning
(IL) schemes (Bristow et al. 2006a). Then, the opposite of the estimated distur-
bance is fed to the system using a feedforward control, ideally fully attenuating
the disturbance. More specifically, in Butler (2013) a disturbance compensation
scheme is proposed and applied on a reticle stage. This method is based on the
approximation of the reticle stage dynamics using a mass model description of the
underlying dynamics. Based on this assumption, an estimation of the disturbance
force is first derived. Then, the estimated force, as a function of the position, is
supplied in a Lookup Table (LUT), which eventually computes the opposite force
such that the disturbance is attenuated. Moreover, this approach is extended to
account for velocity-dependent disturbances, again leading to a LUT-based feed-
forward controller.

Additionally, a data-driven approach, which optimizes the parameters of a
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feedforward controller, which is described using an Finite Impulse Response (FIR)
model structure, is presented in Baggen et al. (2008). In this method, the FIR
parameters are optimized iteratively through repetitions of the same trajectory,
towards the mitigation of external disturbances. In the specific case where the
disturbance is a periodic signal, IL techniques, e.g. see Bristow et al. (2006a), can
be used. Such techniques have been experimentally validated in motion systems,
e.g. see Mishra et al. (2007); Bolder and Oomen (2015). In general, compensating
for the external disturbances is a challenging task, since these signals, in contrast
with the reference signal, are not known.

The aforementioned approaches have shown promising results. Towards the
further improvement of the disturbance rejection capabilities, it is evident that the
first step, i.e. the disturbance estimation step, has to be further explored. More
specifically, a challenging research question is how an accurate estimator of the
external disturbances can be derived, which at the same time shows high flex-
ibility, e.g. it is not restricted to iterative disturbances. Nonetheless, the latter
estimator should still allow for the incorporation of prior information, whenever
available, regarding the characteristics of the disturbance.

In parallel to the efforts towards attenuating the disturbances via feedforward
control, remaining disturbances, uncertainties, as well as the intrinsic instability
of the motion dynamics render the presence of a feedback controller indispens-
able. The design of a high bandwidth and robust feedback controller is a crucial
aspect in modern motion systems. Approaches include loopshaping-based design
such as SLC (de Roover 1997; Steinbuch et al. 2010), which can directly make use
of the FRF estimates, but requires a diagonally dominant system (Skogestad and
Postlethwaite 2007). Moreover, optimization-based designs have also been pro-
posed, e.g. see van de Wal et al. (2002). In the latter, an LTI robust controller is
designed such that robustness against the position-dependent dynamics of the ex-
amined motion system is attained, at the cost of conservativeness. Finally, in the
work by Wassink et al. (2005) the designed LPV feedback controller resulted in a
marginal improvement of 4.4% in terms of tracking error, when compared to an
LTI robust control approach. However, the latter marginal improvement hints at
the deficiencies of the followed modeling approach, discussed in Section 1.4.2. In
total, the effort to design a feedback control which implicitly or explicitly incorpo-
rates information regarding the position dependent dynamics defines one of the
active topics in the modern motion systems technology.

Challenge 4

How to design a robust, high-bandwidth feedback controller for the modern,
position-dependent planar actuation systems?

1.4.4 Exploiting additional actuators and sensors

The transition from conventional motor designs for planar motion, such as the H-
bridge, to the magnetically levitated planar motor concept has several benefits, as
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they were discussed in Sections 1.2 and 1.3. In parallel to the advancements in
the planar motor technology, nowadays, the availability of relatively cheap and
accurate sensors is a reality. By placing additional sensors on an appropriate
topology, the extraction of information regarding the rigid and flexible states of
the planar motor can be significantly facilitated, for example, by better averaging
out the noise contribution, see (Gawronski 2004, Chapter 7) and van de Wal and
de Jager (2001) for a comprehensive review on the topic. Correspondingly, the
multi-actuation of the planar motors is often desirable. This is indeed the case
in the DLPM prototype, where at every time instant 40 active coils are used to
generate the desired forces and torques. In the rigid-body case, the controlled sig-
nals are equal to six, i.e. three force and three torque components, specified on a
given 3-dimensional coordinate frame. Therefore, there are more actuators than
the controlled variables. In essence, multi-actuation distributes the actuation ef-
fort in multiple coils. As a result, the energy demands from each coil are lower,
compared to a configuration with less coils. Additionally, the system is more fault-
tolerant, e.g. at the failure of one coil, the rest 39 coils can still provide the desired
forces and torques.

In all the control approaches presented in Section 1.4.3, the rigid-body con-
trol of the motion systems has been pursued. However, due to the presence of
flexible behavior, the designed control has to guarantee stability and sufficiently
suppress the flexible dynamics. Still, the presence of flexible dynamics is a limit-
ing factor towards the increase of the control bandwidth (van Herpen et al. 2014).
Alternatively, ways should be investigated for the better exploitation of the multi-
ple sensors and actuators. This topic defines another important challenge for the
DLPM prototype and, in general, for planar motors.

Challenge 5

How to exploit additional actuators and sensors to explicitly control the flexible
behavior on the mover of the magnetically levitated planar motor?

The suppression of the flexible dynamics has a long history in control litera-
ture, since it is an often encountered problem in industrial applications, such as
the spacecraft industry (Balas 1978). Typical remedies can be split into two cate-
gories, namely passive and active solutions (Preumont 1997). Passive techniques
aim at modifying the properties of the plant to attain favorable properties such as
improved damping and isolation of vibration, e.g. through the use of smart mate-
rials (Schneiders et al. 2003) or a proper (re)design of the structure. On the other
hand, active techniques aim at modifying the behavior of the system by properly
shaping its closed loop dynamic response. Both techniques have their own merits
and drawbacks which can be application dependent, while a combination of the
two solutions is possible when stringent performance requirements are set.

From a control design perspective, an often followed active approach is the so-
called over-actuation and oversensing approach. More specifically, the presence
of a higher number of actuators (“over-actuation”) and sensors (“oversensing”)
compared to the number of rigid-body degrees of freedom allows in principle the
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estimation and independent control of the flexible modes. In practice, the active
control of the flexible modes is enabled by properly shaping the distribution of the
forces on the magnet plate surface. The magnetically levitated planar actuators are
especially suitable for achieving such a configuration, since their topology enables
the mounting of multiple sensors and actuators.

In fact, the idea of using over-actuation/oversensing in planar motion systems
dates back to the publications by Schneiders et al. (2003, 2004). Experimental re-
sults have been reported in Galvan et al. (2012) using loopshaping techniques and
in van Herpen et al. (2014) using the H∞ framework for the design of feedback
control, which was nonetheless only validated with the moving mass at standstill.
Moreover, in Ronde et al. (2014) a data-based approach for the active feedforward
control of flexible modeshapes is proposed, and in Ronde et al. (2014) a model-
based approach for the design of a feedforward controller has been described,
whose parameters are optimized iteratively by repeating the same trajectory, in a
similar way as in the previously discussed method for the rigid-body case, pro-
posed by Baggen et al. (2008). In the latter four publications the same short-stroke
experimental prototype has been used, which is capable of moving for a limited
range in z and rotating around x and y axes. Moreover, the related dynamics are
approximated using the LTI framework.

For the new generation, single-stroke, magnetically-levitated planar motors it
is important to investigate how these over-actuation and oversensing ideas can
be adapted towards the active compensation of the spatial deformations. More
specifically, the following points require further attention for the DLPM prototype,
compared to the aforementioned studies:

• The demand to independently control all 6 available rigid-body DOFs to-
gether with multiple flexible modes, depending on their contribution on a
specific location. As such, compared to the previous cases, the number of
inputs to be controlled is higher and so is the associated complexity of the
problem.

• The lack of physical actuators on the moving body, as it is the case in the
aforementioned studies. In magnetically levitated planar motors the forces
are distributed over the magnet plate, resulting from the interaction of the
magnetic field with the currents in the coils. As such, they exhibit position-
dependent relations, which have to be systematically incorporated in the
over-actuation control scheme.

1.5 Problem statement

In the previous section the main challenges in the planar actuation systems were
described. Based on this discussion, the primary research objective of this thesis
can be summarized as follows:



1.5 Problem statement 19

Research objective

Develop modeling and control tools for magnetically levitated
planar actuation systems, which explicitly handle position-dependent
dynamics and optimally exploit the available sensors and actuators,

towards nanometer positioning accuracy.

Based on the research objective, the focal point in this thesis will be directed to-
wards moving-magnet planar actuation systems, such as the Double Layer Planar
Motor prototype. Moreover, the DLPM prototype will be used for experimental
validation purposes. Nonetheless, it is within our intentions to allow for the appli-
cability of the developed methods in the broader class of flexible motion systems.
Within this context, the following goals are defined, related to the corresponding
challenges defined above:

G1 Develop a first-principles model that preserves physical intuition regarding
the involved parameters. The final model must be able to describe

• both the electromagnetic and mechanical phenomena that take place in
motion systems, and additionally

• the rigid and the flexible behavior of the planar motor, as well as

• the position-dependent dynamics.

G2 Formulate the dynamics of the derived first-principles model in terms of an
LPV representation. Moreover, develop a model update method which is
capable of estimating the parameters of the derived LPV model using ex-
perimental data.

G3 Develop and experimentally assert the performance capabilities and limi-
tations of feedback control methods, which can incorporate information re-
garding the position-dependent dynamics of the planar actuation system.

G4 Develop and experimentally verify a feedforward controller to compensate
position-dependent, nonlinear disturbances. Essentially, this goal boils down
to deriving an estimator for the external disturbances that act on the DLPM
prototype. The following properties are desirable for the estimator:

• The ability to capture any position-dependent and nonlinear character-
istics of the disturbances.

• The incorporation of prior knowledge, if it is available, on the distur-
bance estimator, regarding the characteristics of the disturbance.

G5 Develop and experimentally verify an over-actuation control scheme towards
the active control of the spatial deformations.

The aforementioned goals are further analyzed in the following paragraphs:
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Goal 1

The planar motor mainly exhibits electromagnetic and mechanical phenomena.
As such, the modeling and interconnection of these two parts is necessary, to-
wards describing the multiphysical behavior of the system. For the mechanical
part of the prototype, the goal is to derive a FEM-based approximation of the dy-
namics, since an analytic solution of the associated PDEs is impossible due to the
complex mechanical structure of the magnet plate. However, the FEM does not
necessarily preserve the physical intuition. Moreover, it approximates the spatial
dynamics, which is not always necessary. On the contrary, when possible, it is
preferred to develop and make use of analytic, first-principles models to describe
underlying dynamics. This is both for preserving a physics-based interpretation of
the involved variables as well as avoiding any unwanted or uncontrolled approx-
imations that take place in FEM. Then, the analytic, first-principles-based descrip-
tion of the dynamics has to be combined with the approximated first-principles
dynamics, i.e. the FEM-based model, towards deriving a high-fidelity model.

Goal 2

Due to the utilization of a FEM-based description of the dynamics, the resulting
model is defined on a specified position grid by means of Linear Time Invariant
submodels, which locally approximate the dynamics of the intrinsically position-
dependent system. Based on the stated advantages of the LPV framework, de-
scribed in Section 1.4.2, the second goal of this thesis is to employ the developed
first-principles model and embed it in an LPV form. The LPV model is capable of
continuously characterizing the system dynamics by making use of a single state
space model, whose matrices are parametrized as a function of the position. Ad-
ditionally, it is expected that some mismatch between experimental evidence and
the derived LPV model will be present. This is mainly due to the substantial num-
ber of choices that have to be performed in a FEM environment, e.g. the properties
of the materials of the magnet plate, the definition of an appropriate mesh grid etc.
(Mottershead and Friswell 1993). The update of the LPV model parameters has to
fulfill a number of favorable properties. More specifically, the preservation of the
physical meaning of the LPV model parameters will be sought. In parallel to this,
the formulation of the model update problem in terms of an optimization prob-
lem, especially from a system theoretic point of view, will be valuable towards
the better understanding of the optimization goal and the interpretation of the
attained result.

Goal 3

As already discussed, the LTI feedback control design is a mature and extensively
studied field. The goal is to investigate how it can be employed and confront with
the position-dependent dynamics of the DLPM. The LTI control design methods
unavoidably encompass a certain level of conservativeness, since they cannot take
explicitly into account the position-dependent phenomena. Therefore, if the LTI
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control paradigm is to be followed, then the designed controllers have to be robust
against these variations of the dynamics. Both Single Input Single Output (SISO)
methods, such as SLC design, as well Multiple Input Multiple Output (MIMO)
methods, such as H∞ and robust control design, will be studied. Finally, the ex-
perimental evaluation of these methods in the DLPM prototype will be pursue,d
towards concluding about the benefits and limitations of the developed feedback
controllers.

Goal 4

This goal refers to the estimation and subsequent compensation, by means of
feedforward control, of deterministic disturbances that deteriorate the position-
ing accuracy of the planar motor. To this end, a promising class of prediction
techniques, the so-called supervised machine learning techniques, are of rele-
vance. These methods are characterized by high approximation capabilities in
regression problems. In contrast with LUT-based approaches, they can cope with
high-dimensional input spaces in a straightforward manner, while the resulting
predictor is described by means of an analytic function Rasmussen and Williams
(2005). In the recent years, Machine Learning (ML) techniques have attracted,
among others, the interest of researchers in the system identification community
(Ljung et al. 2011). More specifically, the synergy between the two classes of meth-
ods has been extensively studied in a series of publications, both for the identifi-
cation (Pillonetto et al. 2014, 2011; Darwish et al. 2018) as well as for the control
(Kocijan Kocijan) of LTI and LPV systems.

Kernel-based methods are a class of ML methods for inferring an underly-
ing function from a finite set of measurements. The main attribute of the kernel-
based methods is that information regarding the function to be estimated is in-
scribed in mathematical structures, the so-called kernels. The information can ei-
ther amount to basic properties, such as smoothness of the function, or more spe-
cific properties, such as periodicity with respect to some input signal. Moreover,
the kernel functions are parametrized in terms of the so-called hyperparameters.
By properly choosing the hyperparameters, e.g. via optimization techniques, the
accurate estimation of the underlying function can be achieved (Rasmussen and
Williams 2005). Finally, the resulting predictor based on a Gaussian Process (GP)
is parametrized in terms of a linear combination of kernel functions, which is in
general favorable for practical implementation.

The goal in this work is to develop a kernel-based method using GP, which
is capable of predicting and subsequently attenuating position-dependent distur-
bances. More specifically, the dynamic behavior of the disturbance as a function
of relevant measurable signals has to be learned using experimental data, while
also employing any prior knowledge regarding the disturbance characteristics. If
the learning procedure is successful, a position-dependent feedforward controller
can then be designed to predict and counteract, in a proactive manner, the effect
of the expected disturbance signal.
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Goal 5

The DLPM offers the means for developing and experimentally testing an over-
actuation approach, since 40 coils can be simultaneously actuated to drive the
planar motor (Rovers 2013). More specifically, based on Challenge 5, the inves-
tigated planar motor prototype is capable of moving to all 6 rigid-body DOFs.
However, the lightweight design brings into light the presence of flexible dynam-
ics, which eventually deteriorate the positioning accuracy. Therefore, the goal is
to actively control the rigid-body modes as well as multiple flexible modes at the
same time. Moreover, due to the position-dependent actuation-related dynamics
that the DLPM exhibits, the proposed method has to be able to systematically take
these phenomena into account.

1.6 Outline of the thesis

In this section, an outline of the thesis is given, together with the main contribu-
tions. In total, there are 7 chapters. Following Chapter 1, in Chapter 2, a descrip-
tion of the DLPM prototype is given. Then, the first-principles-based modeling
of the moving-magnet planar actuation system is described, that includes both an
analytically derived Euler-Lagrange model as well as a Finite Element Method-
based model. The combination of the two models is presented, such as physical
intuition is preserved. Then, the motion dynamics model is interconnected with
the electromagnetic model and the model that describes the measurement sys-
tem, resulting in a multiphysical model. The multiphysical model describes the
dynamic relation between the currents, supplied in the coils, and the displace-
ments, as they are measured by the sensors. Finally, the basic control structure is
described, which is used throughout this thesis.

A different modeling path is followed in Chapter 3, where the data-driven
modeling of the planar motor is described by making use of FRF estimates. The
FRF estimates are then compared to the first-principles model, which has been
derived in Chapter 2. The comparison highlights the capabilities of the first-
principles model to represent the underlying system dynamics. Based on this
comparison, the necessity for developing a method for fine-tuning the parameters
of the first-principle model is revealed. To this end, the interpolation of the first-
principles model, which is defined over a discrete number of magnet plate points,
is performed, towards the derivation of an LPV state-space model description of
the dynamics. In this way, a compact representation of the system dynamics is
established, which can continuously characterize the behavior of the DLPM in the
whole operating region. Finally, a model update technique is presented, which
updates the parameters of the LPV state-space model. This is accomplished by
locally matching the behavior of the developed analytic LPV model with the ex-
perimentally estimated linear parametric models at a specified position grid.

In Chapter 4, the control design for the moving magnet planar motor is dis-
cussed. More specifically, the Linear Time Invariant framework is employed to-
wards the development of flexible behavior and position dependency aware LTI
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controllers. These include both an SLC control approach, combined with an H∞-
based model decoupling approach. Additionally, a robust control design method
is developed, so that stability is guaranteed in the whole operating region, by
capturing the uncertainty in terms of additive uncertainty. Finally, the developed
feedback control methods are experimentally evaluated and compared and con-
clusions are derived.

In Chapter 5 the focus is directed towards the position-dependent disturbances,
which result in deterioration of the positioning accuracy. As a solution, a Gaus-
sian Process-based approach is developed. First, the learning and compensation
of static disturbances is described. Based on the developed method, a feedfor-
ward controller is designed and experimentally tested on the DLPM prototype.
Then, a method for the learning and subsequent compensation of dynamic ex-
ternal disturbances is developed and its effectiveness is asserted in a simulation
environment.

In Chapter 6 the active compensation of the spatial deformations acting on the
magnet plate is discussed. To this end, an over-actuation scheme for the DLPM
is developed, which is experimentally validated in the DLPM prototype. In the
designed experiment, a disturbance current is supplied to a coil, which mainly
excites a specific mode. Then, the over-actuation scheme is employed to attenuate
the disturbance, using a feedforward controller. The derived results are presented
in this chapter.

Finally, in Chapter 7 conclusions are drawn. More specifically, a reflection
upon the derived results with respect to the specified goals is presented. Addi-
tionally, possible future research directions are discussed.
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2 CHAPTER

Description and first-principles
modeling

This chapter introduces the magnetically-levitated moving-magnet
planar motor prototype which was developed at the Eindhoven Uni-

versity of Technology (TU/e). The operation of the DLPM prototype re-
lies on the accurate description and utilization of electromagnetic as well
as mechanical phenomena, towards the goal of analyzing its behavior
and developing model-based control solutions for the positioning of the
moving-magnet plate in the three dimensional space. Moreover, by com-
bining information from multiple measurement systems, the estimation
of the transformation and rotation of the magnet plate with respect to the
inertial frame is enabled. In this chapter, the basic components of the
experimental setup are first introduced in Section 2.1, which include the
metrology frame, the stator base and the magnet plate. In Section 2.2 the
related coordinate frames are introduced and the relation between them
is shown. This section provides a mathematical framework that will be
used for the rest of this thesis. Then, in Section 2.3, the electromagnetic
principles that characterize the coil-magnet interaction are introduced,
followed in Section 2.4 by the introduction of the mechanical principles
that describe the motion of the magnet plate. Then, in Section 2.5, the
aforementioned models are combined, together with the model that de-
scribes the measurement system. This analysis reveals how the motion
of the magnet plate can be controlled, which is the subject of Section 2.6.
Finally, conclusions are drawn in Section 2.7.

25
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2.1 The NAPAS prototype: the building components

2.1.1 An overview of the NAPAS prototype

Magnetically levitated planar actuators exploit the magnetic field to produce mo-
tion on a moving body. This is achieved by properly shaping the intensity and
direction of the magnetic field in the three dimensional space. The DLPM proto-
type achieves this goal by exploiting the interaction between the stator, which is
composed of a series of coils, and the translator, which is the magnet plate. These
two structures are not physically connected with each other. As a freely floating
body, the moving magnet can be positioned in the desired 6 Degrees of Freedom
(DOFs) configuration through the proper actuation of the available coils, which
are fed with currents via power inverters.

Apart from the actuation, the goal of accurately positioning the moving mag-
net requires two additional fundamental ingredients; the definition of a “global”
reference frame, with respect to which the positioning accuracy will be evaluated,
as well as a sensory system that will provide the technical means to evaluate the
positioning accuracy. For these reasons a third structure, the metrology frame,
is used to mount high accuracy LIFM devices that measure displacements with
subnanometer accuracy. Additionally, two sets of Eddy Current Sensors (ECS)
are employed as auxiliary measurement systems. More specifically, one set of
ECSs measures the relative distance between the metrology frame and the stator
base, while the second set of ECSs measures the relative distance between the sta-
tor base and the magnet plate. A schematic drawing of the NAPAS prototype is
presented in Figure 2.1, where the three distinctive parts, namely the metrology
frame, the stator base and the magnet plate are clearly visible. Each one of these
parts is analyzed below.

2.1.2 The stator base

The stator base is a concrete, heavy body, on top of which a double layer coil array
is placed (Rovers 2013, Chapter 6). On each coil layer a metal plate is attached,
equipped with a water cooling system that regulates the temperature of the coils,
ensuring that no overheating will take place. The double layer configuration, as
shown in Figure 2.2, consists of 160 ironless coils in total (80 in each layer) which
are placed perpendicular in the two layers. It is due to this topology that the NA-
PAS prototype is also referred to as the DLPM prototype. The designed coil topol-
ogy combines favorable properties from different existing topologies, such as the
Herringbone Pattern Planar Actuator (HPPA), see Jansen et al. (2008), the Electro-
dynamic Planar Motor (EPM) proposed by Frissen and Compter (2009) and the
Contactless Planar Actuator with Manipulator (COPAM) by de Boeij et al. (2009),
in terms of energy dissipation (both in magnitude and fluctuation per position),
maximum temperature, harmonic content and repercussions due to manufactur-
ing tolerances, see Rovers et al. (2013a,b); Rovers (2013) for a further discussion
on the double layer design and a comparison with the aforementioned designs.
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Stator base

Eddy Current Sensor
(Coil-Metrology)

Cooling plate, coil array

Eddy Current Sensor
(Coil-Translator)

Laser Interferometer

Air mount

Magnetic plate

Metrology frame

Figure 2.1: The main components of the NAPAS prototype.

Figure 2.2: The double layer coil array of the NAPAS prototype.
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Table 2.1: Stator base specifications.
Parameter Value Unit

Top coil length 156.0 mm
coils coil width 30.0 mm

bundle width 12.1 mm
coil height 2.1 mm

Bottom coil length 154.5 mm
coils coil width 28.5 mm

bundle width 11.4 mm
coil height 7.8 mm

Coil base length 684 mm
width 684 mm

As it is shown in Figure 2.1, the magnet plate covers only a fraction of the
available operating plane. Moreover, the electromagnetic coupling between the
magnet plate and the coils is dominated by the currents running in the coils un-
derneath the plate. For the purpose of compactness as well as limitation of the
manufacturing cost of the experimental setup, only 40 power amplifiers are used,
which allow for the simultaneous actuation of 40 coils. These coils correspond to
the ones closest to the magnet plate, at every admissible magnet plate location. In
order to guarantee the actuation of all 160 coils, 40 multiplexers are used for the
selection of the 40 active coils. The main specifications of the stator are presented
in Table 2.1.

2.1.3 The magnet plate

The translator of the planar actuator, shown in Figure 2.3, is mainly composed of
an aluminum plate. On its bottom surface a magnet array is glued, which consists
of 281 permanent magnets. They are positioned in a quasi-Halbach array (Jansen
2007, Chapter 2), which is built of two different types of magnets, namely a cube
and a rectangular cuboid magnet. This magnet topology ensures the maximiza-
tion of the magnetic field on the bottom side, i.e. where the magnets are located.
This configuration facilitates the operation of the planar actuator by minimizing
the energy required for producing the desired forces and torques. The 4 sides of
the plate are covered by aluminum coated strips, while the top surface is covered
with a silicon coated wafer. In this way the beams from the LIFMs can be reflected
back, giving information about the movement of the magnet plate (Rovers 2013,
Chapter 7). The main attributes of the magnet plate are summarized in Table 2.2.

2.1.4 The metrology frame and measurement systems

Measuring the position of the magnet plate requires the definition of an inertial
(global) coordinate frame that enables the representation of the position of the
plate. This requirement is realized in the DLPM by the metrology frame, with
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Figure 2.3: Schematic view of the magnet plate. The top (left) and bottom (right)
surface are shown. The silicon coated wafer is shown in yellow (left), while the
magnets are shown in black (right).

Table 2.2: Specifications of the magnet plate.
Parameter Value Unit

Magnets magnet pitch 33.3 mm
main magnet width 18.04 mm
Halbach magnet width 15.04 mm
magnet height 8.0 mm
permanent flux density 1.28 T
relative permeability 1.04 -

Magnetic outer width 415 mm
plate outer length 415 mm

width, mirror to mirror, outer side 350 mm
length, mirror to mirror, outer side 350 mm
width, mirror to mirror, inner side 310 mm
length, mirror to mirror, outer inner 310 mm
height, bottom to top of side mirror 48 mm
height, bottom to top of center mirror 13.5 mm
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the associated coordinate frame denoted by M in the remainder of this thesis.
The isolation of the metrology frame from any external disturbances is necessary.
Otherwise, such disturbances would result to the displacement of the metrology
frame, which would be misinterpreted as an opposite displacement of the magnet
plate. To achieve this isolation, four air mounts are used, which act as low-pass
filters with a cut-off frequency of 2Hz. In the NAPAS prototype 3 Agilent 10735A
LIFM devices are used, where each one delivers a set of 3 measurements, with a
maximum angular range at 0.3m of 1mrad. For the estimation of the pose of the
translator, the 3 LIFMs are placed perpendicular to each other, as shown in Fig-
ure 2.4, thus enabling the acquisition of nanometer-accurate information regard-
ing the position in each of the three principal axes. The measurement direction of
each one of the 9 LIFMs is assumed to be parallel to one of the three metrology
coordinate frame axes. In the sequel, the LIFM measurement vector is denoted as

yL =
[
yLx1

yLx2
yLx3

yLy1
yLy2

yLy3
yLz1 yLz2 yLz3

]> (2.1)

to highlight the fact that, out of the 9 available LIFM there are three measuring in
x, three in y and three in z direction. The coordinates of the LIFM heads, expressed
in the metrology frame, are presented in Appendix B.

Despite the high accuracy of the LIFM system and the isolation of the metrol-
ogy frame from high-frequency external disturbances, the measurement system
is still susceptible to low-frequency disturbances that may result in an undesired
drift of the metrology frame with respect to the translator frame. Moreover, the
Agilent LIFMs can only measure incremental (relative) movements of the transla-
tor, thus necessitating the use of an absolute measurement system for the initial-
ization of the LIFMs. In total, to overcome these two limitations an additional set
of sensors is required. More specifically, for the proper initialization of the mea-
surement system, a set of 6 ECSs is utilized. These sensors are placed on the stator
base and are capable of measuring the absolute position of the translator with re-
spect to the coil frame. The range of the sensors is 2mm, which only covers a small
fraction of the operating plane. Nonetheless, the position information from these
sensors is adequate for the proper calibration and initialization of the LIFMs. For
this purpose, the sensors are located at the coil stator corner where initialization
takes place, which corresponds to the location where the magnet plate is depicted
in Figure 2.1.

Using the previous set of ECSs, the proper initialization of the DLPM system
is enabled. However, the low-frequency of the metrology frame cannot be com-
pletely attenuated, despite the presence of the air mounts. As a result, the magnet
plate will follow the motion of the metrology frame. In turn, such a motion means
that the relative distance between the coils, which lie on the concrete stator base,
and the magnets will change, even if the relative distance between the metrology
and the magnet plate remains the same. As it is further discussed in Section 2.3,
the forces acting on the magnet plate not only depend on the supplied current
levels but also on the relative distance between the coils and the magnets. For
this reason, capturing the relative distance between the coils and the magnets is
required, too. To this end, a second set of 6 ECSs is installed, which measures
the relative position of the metrology frame with respect to the coil frame. Then,
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Figure 2.4: Top (left figure) and side (right figure) view of the NAPAS prototype.
a) The six stator-to-translator ECSs. b) The three LIFM sensors. c) The six stator-
to-metrology ECSs. x̄M, ȳM and z̄M correspond to the unitary vectors of the three
principal directions.

by properly combining the information from these sensors (metrology-to-stator
base) with the information from the LIFM sensors (metrology-to-translator), the
translation and rotation of the magnet plate with respect to the coil frame can be
estimated, as it will be shown later in this chapter.

Finally, a fourth LIFM measurement system is installed on the metrology frame.
It consists of 25 LIFMs and it is capable of delivering high accuracy absolute mea-
surements of the position of the top surface of the translator with respect to the
metrology frame. This set of sensors provides a measure of the deformation that
may occur on the magnet plate due to the limited stiffness of the structure. The
characteristics of these LIFMs are also given in Appendix B.

In summary, there are four sets of sensors installed in the NAPAS prototype,
shown in Figure 2.4 (except for the 25-LIFMs, which are not shown for the purpose
of clarity of the figure). In this figure, the magnet plate position coincides with the
initialization position, i.e., the position where the magnet plate should be always
placed in order to take off and land. Additionally, the global (or metrology) coor-
dinate frame is shown, which coincides with the CoM of the plate at the starting
location. The main characteristics of the aforementioned measurement systems
are summarized in Table 2.3. By combining these systems, it will be shown in the
following sections how the motion control of the magnet plate is achieved.

2.1.5 Summary

In this section, the goal is to provide a summary about the main components of the
DLPM prototype and their role, thus showing what mathematical principles are
relevant towards the operation of the setup. In total, three main components have
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Table 2.3: Specifications of the measurement systems.
Sensor Attached Measured Meas. Number of Sensor
type frame frame type sensors resolution
ECS Stator base C Translator T Absolute 6 0.7µm
ECS Stator base C MetrologyM Absolute 6 0.7µm
LIFM MetrologyM Translator T Relative 9 0.15nm
LIFM MetrologyM Translator T Absolute 25 1pm

i Mechanical
system

Electromag.
interaction 

Figure 2.5: Block diagram of the magnetically levitated planar actuation system.
The currents i result in a magnet force distribution FM

M. In turn, these forces lead
to the motion of the magnet plate, which is mathematically described by the states
x.

been discussed: the metrology frame, the stator base and the magnet plate. The
working principles of the DLPM lie on the electromagnetic interaction between
the coils, embedded in the stator base, and the permanent magnets, which are
attached to the magnet plate. Therefore, a mathematical framework for describing
the electromagnetic interaction is required. The result of this interaction is a force
distribution on the magnet plate, which in turn leads to the motion of the latter.
Therefore, the mechanical properties of the system have to be described, too1.
In total, the planar actuator is modeled as an interconnection of the mechanical
and the electromagnetic system, as shown in Figure 2.5. Finally, for describing the
displacement of the magnet plate with respect to the global coordinate frame, the
mathematical relations that associate the movement of the plate with the resulting
sensor readings has to be established, too.

In the following chapters, the aforementioned mathematical relations will be
introduced. To facilitate this discussion, the associated coordinate frames, used
to characterize the relative position between the metrology, the stator base and
the translator will be introduced first. Then the electromagnetic equations will be
introduced, followed by the description of the mechanical system and the mathe-
matical principles of the measurement system.

1Possible thermal effects will not be treated in this work. An interested reader can resort to Li
et al. (2009) and the references therein for a treatise on the effect of thermal errors in physical systems.
Also Rovers (2013) covers the effect of temperature variations on the coils in a magnetically levitated
moving-magnet planar actuation system.
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2.2 Definition of coordinate frames and rigid-body trans-
formations

In this section, a few necessary definitions and properties regarding the involved
coordinate frames will be given. Moreover, it will be briefly described how, under
the rigid-body assumption, transformations from a coordinate frame to another
can be performed. This discussion will be vital for the next sections, where various
coordinate frames will be employed depending on the problem at hand. In total,
three coordinate frames are required to describe the system: the metrology (M),
stator or coil (C), and translator (T ) coordinate frame, which are attached to the
corresponding bodies. At this point, a few definitions are necessary.

Definition 2.1 The origin of the translator coordinate frame, denoted by T , coincides
with the Center of Mass of the magnet plate.

Based on the discussion in Section 2.1.4, the metrology frame will be consid-
ered as the inertial (or reference) frame. The three frames can of course move
with respect to each other. For this reason, it is important to define the starting
configuration for these frames.

Definition 2.2 At t = 0s, the metrology coordinate frame and the stator coordinate frame
coincide with the translator coordinate frame.

For convenience, the origin of the coordinate frames at start will correspond
to the CoM of the magnet plate, when it is at rest and it is placed at the corner of
the stator base, as shown in Figure 2.4. Following the definition of the coordinate
frames, the goal is to describe how points in space can be expressed in either of
the three coordinate frames, as well as how the coordinate frames are interrelated.
To this end, it is assumed that the motions of the bodies are rigid, that is to say,
any motion of the examined body in space preserves the relative distance between
any two points in the body, see also (Murray et al. 1994, Chapter 2).

As an example, consider a point in space, as shown in Figure 2.6, represented
by a single dot. The vector from the origin of theM coordinate frame to the point
of interest can be described in Euclidean coordinates by

~pM = xM~̄xM + yM~̄yM + zM~̄zM (2.2)

where ~̄x, ~̄y, ~̄z ∈ R3 are the unit vectors on the three principal directions, ~pM ∈ R3

is the geometric vector from the origin of the frame to the point p and xM, yM and
zM ∈ R are variables that define the distance of the point from the origin ofM on
the respective axes. The coordinate vector of (2.2) is then defined by

pM :=
[
xM yM zM

]> (2.3)

and similarly, in the coordinate frame T , shown in Figure 2.6, it is defined by

pT :=
[
xT yT zT

]>
. (2.4)
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Figure 2.6: The inertial coordinate frameM and the coordinate frame T attached
to the moving body.

Then, we can describe the coordinates of the point, pM using another coordinate
frame, such as T , under the rigid-body assumption. This is achieved by

pM = R
(
χMT , ψ

M
T , ζMT

)
pT + pMT , (2.5)

where R
(
χMT , ψ

M
T , ζMT

)
: R× R× R 7→ R3×3 and

pMT =
[
xMT yMT zMT

]> ∈ R3 (2.6)

are, respectively, the rotation matrix and the displacement vector of T with respect
toM, expressed inM2. Equivalently, the position of a point in the T coordinate
frame can be expressed as

pT = R
(
χMT , ψ

M
T , ζMT

)> (
pM − pMT

)
. (2.7)

The three angles χMT , ψ
M
T , ζMT parametrize the rotation matrix and they describe

three successive rotations around a specific axis, see (Murray et al. 1994, Chapter
2) for an elaborate discussion on the subject. In this work, the Yaw-Pitch-Roll

2The above angles, used to describe the rotation matrix are also called the Euler angles. The descrip-
tion of a rotation is also possible by making use of quaternions (Murray et al. 1994). The parametriza-
tion using quaternions avoids the well-known gimbal lock, at the cost of an additional parameter
needed to describe the rotation, and the loss of physical intuition concerning the involved coefficients.
In the examined class of systems only a few degrees of rotations are allowed. Therefore, a gimbal lock
can never happen under normal operation and therefore the parametrization of the rotation matrix
using Euler angles is preferred.
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representation is used, defined as

R
(
χMT , ψ

M
T , ζMT

)
= Rz

(
ζMT
)
Ry
(
ψMT

)
Rx
(
χMT

)
=

cos ζMT − sin ζMT 0
sin ζMT cos ζMT 0

0 0 1

 cosψMT 0 sinψMT
0 1 0

− sinψMT 0 cosψMT


×

1 0 0
0 cosχMT − sinχMT
0 sinχMT cosχMT

 ,
(2.8)

where ζMT , ψMT and χMT define the rotations around the z̄M, ȳM and x̄M axes,
respectively. In the remainder of this thesis, the matrix R

(
χMT , ψ

M
T , ζMT

)
will be

simply denoted as RMT when there is no ambiguity, and similarly as R̂MT , when
the involved angles are estimates of the true values.

For a freely floating body, capable of moving in all the available 6DOFs, the
aforementioned variables define the set of the generalized coordinates. It is con-
venient to define a new vector to represent them as follows:

qMT =
[
xMT yMT zMT χMT ψMT ζMT

]>
. (2.9)

The subscript and superscript of qMT clarifies that the generalized coordinates are
related to the frames M and T . Additionally, it will be useful in some case to
define a vector that contains only the rotational variables:

rMT =
[
χMT ψMT ζMT

]>
. (2.10)

Therefore, by making use of (2.6) and (2.10), (2.9) can be equivalently expressed
as

qMT =
[
pMT
>

rMT
>
]>

. (2.11)

In summary, the aforementioned approach for describing motions of rigid bod-
ies, which is usually encountered in the field of robotics, e.g. see Murray et al.
(1994), Spong et al. (2006), offers an elegant way to describe the relations between
different coordinate frames. Indeed, the motion system under examination shows
strong resemblance with the robotic systems, see also Steinbuch et al. (2010). As
such, we will often resort to this framework to describe the displacements and
rotations among the various coordinate frames.

2.3 Electromagnetic principles

2.3.1 Forces between magnets and coils

Positioning the magnet plate on a desired location in the operating region cannot
be achieved without the proper actuation of the coils. By supplying the required
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currents in each of the available coils, forces are generated, as a result of the inter-
action with the permanent magnets, which in turn result in the movement of the
magnet plate. To describe this interaction the Lorentz force equation is used, see
Furlani (2001). For an infinitesimal coil volume, the Lorentz force is described by

F = J ×BdV , (2.12)

where F [N ], J
[
Am−2

]
and B [T ] denote the force, electric current density and

the magnetic flux density coordinate vectors, respectively, defined in the three
principal directions. Moreover, dV denotes the infinitesimal volume. Similarly,
the torque around a point is computed by

τ = r × (J ×B) dV , (2.13)

where τ [N ·m] is the torque vector and r[m] is the vector starting from the point
around which the torque is computed and ending at the infinitesimal volume.

In moving permanent magnet planar actuators, such as the NAPAS prototype,
the permanent magnets are the main source of the magnetic field, see (Rovers
2013, Chapter 3). As a result, the density of the magnetic field at a given point in
space depends on the position of the magnetic array. In order to compute (2.12)
and (2.13), the magnetic field B has to be known at a given location. Two main
approaches exist for the computation of the magnetic field, which are based on the
static field theory; the harmonic model and the surface charge model approach3.
Both methods are characterized by their own merits and drawbacks in terms of
accuracy and computational time, e.g. see Jansen et al. (2014, 2007) for a descrip-
tion and comparison between the two. The main advantage of the surface charge
model is that it allows for the calculation of the contribution of each individual
magnet on the total magnetic field, thus enabling the comprehensive analysis of
the underlying electromagnetic interaction. For the magnetically levitated planar
actuator, the surface charge model is chosen, based on the discussion in (Rovers
2013, Chapter 2).

Following the calculation of the magnetic field, the force and torque can be
computed via (2.12) and (2.13), respectively, for an infinitesimal current carrying
volume. In the case of a coil, the forces and torques have to be computed over the
whole coil volume. The force which is exerted on a coil j due to the magnetic field
of the ith magnet, as shown in Figure 2.7, expressed in the coil coordinate frame C,
is described by making use of (2.12) and integrating over the whole coil volume,

F jiC,coil

(
q CT
)

=

∫
V j

J j ×Bi

(
q CT
)
dV . (2.14)

The associated torque vector, computed around the CoM of the magnet plate is

3FEM methods are not suitable in this case due to the need for a dense grid, as it is explained in
(Rovers 2013, Chapter 3.1).
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CoM

Side Mirror

Aluminum plate
Magnet array

Coil array

Coil jMagnet i

Figure 2.7: Schematic view of the cross section on the coil array and the mag-
net plate. The red arrows indicate the coordinate vectors. The green vectors are
merely used to indicate the objects presented in this figure.

described by (2.13) and it is equal to

τ jiC,coil

(
q CT
)

=

∫
V j

rj
(
q CT
)
×
(
J j ×Bi

(
q CT
))
dV

=

∫
V j

(
ri + rij

(
q CT
))
×
(
J j ×Bi

(
q CT
))
dV

=

∫
V j

rij
(
q CT
)
×
(
J j ×Bi

(
q CT
))
dV + ri ×

∫
V j

J j ×Bi

(
q CT
)
dV

=

∫
V j

rij
(
q CT
)
×
(
J j ×Bi

(
q CT
))
dV + ri × F jiC,coil

(
q CT
)

(2.15)
where q CT is a vector that describes the generalized coordinates that define the
position of the translator coordinate frame T with respect to the coil coordinate
frame C,

q CT =
[
x CT y CT z CT χ CT ψ CT ζ CT

]>
. (2.16)

As it is evident in (2.14) and (2.15), the force and torque vectors depend on
the relative position q CT of the coil array with respect to the magnetic array. Ad-
ditionally, in (2.15) the torque arm rj

(
q CT
)

has been rewritten as a summation of
two quantities. The first quantity describes the q CT - dependent arm that is used
to describe the forces generated by an infinitesimal coil volume on the magnet
i. On the contrary, the second quantity is the fixed distance between the CoM of
the magnet plate and the magnet under consideration. By making use of (2.14)
and (2.15), the total force and torque exerted on the magnet plate can be described
as the reaction force, resulting from the summation of the individual forces and
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torques among all magnets and coils,

F C,mag
(
q CT
)

=

nc∑
j=1

nM∑
i=1

−F jiC,coil

(
q CT
)
, (2.17)

τ C,mag
(
q CT
)

=

nc∑
j=1

nM∑
i=1

−τ jiC,coil

(
q CT
)
, (2.18)

where nc denotes the number of coils and nM the number of magnets. In the
NAPAS prototype there are nc = 40 active coils and nM = 281 magnets. It is more
convenient to collect (2.17) and (2.18) in a coordinate vector4,

W C
(
q CT
)

=

[
FCx,mag

(
q CT
)
, FCy,mag

(
q CT
)
, FCz,mag

(
q CT
)
,

τCx,mag
(
q CT
)
, τCy,mag

(
q CT
)
, τCz,mag

(
q CT
)]> , (2.19)

expressed in the C coordinate frame, where the three first entries correspond to the
x, y and z components of F C,mag and the last three entries are the corresponding
components of τ C,mag. Additionally, by combining equations (2.14), (2.15), (2.17)
and (2.18), the vector in (2.19) can be written in a matrix form as (Rovers 2013)

W C
(
q CT
)

= M r
C
(
q CT
)
i, (2.20)

with M r
C
(
q CT
)
∈ Rnr×nc and nr = 6, corresponding to the available DOFs. With

this definition, the jth column of M r
C
(
q CT
)
, multiplied by the jth entry of the cur-

rent vector i corresponds to the force and torque contribution of the jth coil in the
total force and torque. Since the metrology frame is chosen as the inertial frame,
it is convenient to express (2.20) with respect to the metrology coordinate frame
axes,

WM
(
q CT
)

= R
(
χMC , ψ

M
C , ζMC

)
W C

(
q CT
)

= R
(
χMC , ψ

M
C , ζMC

)
M r
C
(
q CT
)︸ ︷︷ ︸

Mr
M(q CT )

i. (2.21)

Moreover, in the remainder of this thesis we will not make use of the forces ex-
erted on the coils. Therefore, for notational convenience we will drop the “mag”
subscript in the defined forces and torques. For example, the vectorWM in (2.21)
is expressed as

WM
(
q CT
)

=

[
FMx

(
q CT
)
, FMy

(
q CT
)
, FMz

(
q CT
)
,

τMx

(
q CT
)
, τMy

(
q CT
)
, τMz

(
q CT
)]> . (2.22)

Finally, as it will be shown in Section 2.4.3, it will be useful to define in a ma-
trix form the force generated on the magnet plate by the magnetic field of each

4For reasons of brevity and when there is no risk of confusion, the notation for position dependency
of electromagnetic forces will be skipped.
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individual magnet due to the current running through each coil. By making use
of (2.14) the resulting equation is expressed as

FM
C
(
q CT
)

= MM
C
(
q CT
)
i, (2.23)

with MM
C
(
q CT
)
∈ R3nM×nc , while FM

C
(
q CT
)
∈ R3nM is defined as

FM
C
(
q CT
)

=

[
FM
Cx1

(
q CT
)

FM
Cy1

(
q CT
)

FM
Cz1
(
q CT
)

. . .

FM
CxnM

(
q CT
)
FM
CynM

(
q CT
)
FM
CznM

(
q CT
)]> (2.24)

in the coil coordinate frame, with FM
Cxi
(
q CT
)

denoting the force in x-direction re-
sulting from the magnetic field of magnet i, while the corresponding y and z com-
ponents are defined in a similar way. Since the metrology frame is used as the in-
ertial frame, it is useful to describe the forces exerted on the translator, described
in (2.23), in terms of the metrology frame axes. The latter is defined as

FM
M
(
q CT
)

= R
(
χMC , ψ

M
C , ζMC

)
MM
C
(
q CT
)︸ ︷︷ ︸

MM
M(q CT )

i.
(2.25)

The relation between (2.24) and (2.19) can be directly established. More specif-
ically, the summation of all the x, y and z affiliated components of (2.24) equals
FCx

(
q CT
)
, FCy

(
q CT
)

and FCz
(
q CT
)
, respectively, as they were defined in (2.19). Ad-

ditionally, the relation between (2.24) and (2.17) is straightforward. For example,
the x, y and z components of the quantity−F jiC,coil

(
q CT
)

equals the entries of (2.24)
that describe the force on the three principal axes resulting from the magnetic field
of the ith magnet, when only the jth coil is active. A direct consequence is that,
by neglecting the torque around the center of the magnets in (2.15), the resulting
forces and torques in (2.24), in stator base coordinates, or by (2.25), in metrology
frame coordinates, correspond to the case where the forces are directly applied
to the center of the magnets. These observations will be exploited in order to
connect the mechanical model, described in Section 2.4, with the electromagnetic
model that was presented in this section.

Finally, the discussion above reveals that the considered mathematical princi-
ples define a position-dependent yet static relationship between the currents run-
ning through the coils and the generated forces. This is due to the assumption of
a static magnetic field in the analysis. In reality, dynamic effects might be present
as well. The variation of the magnetic field, e.g., during acceleration results in
eddy currents that run through the conductive permanent magnets, as well as the
cooling plate used to regulate the temperature in the coil array. The induced cur-
rents effectively act as disturbance forces on the moving magnet. Consequently,
modeling and investigating the significance of these forces is required towards an
accurate model of the electromagnetic effects. This topic has been recently inves-
tigated for the DLPM prototype in Custers (2019); Custers et al. (2019). Based on
these results, it is expected that these parasitic forces will not have a significant ef-
fect on the operation of the NAPAS prototype. Therefore they are excluded from
the developed analytic electromagnetic model.
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Figure 2.8: The internal magnet forces exerted on each individual magnet. The x
and y axes correspond to the location of the magnets, expressed in the translator
coordinate frame.

2.3.2 Forces among magnets

Apart from the forces between the magnet array and the coil array, there are ad-
ditional forces that each magnet exerts to the rest of the magnets on the magnet
plate. These forces, unless properly counteracted, play an important role in case of
a limited stiffness magnetic array, as they can result in a static deformation of the
magnet plate. The calculation of these forces can be performed by resorting to the
analytic surface charge model. More specifically, it is possible to derive analytic
equations for the computation of the interaction forces between two orthogonal,
see Jansen et al. (2009), as well as parallel, see Akoun and Yonnet (1984), mag-
netized magnets. Using these two analytic equations, the internal forces in the
magnetic array can be computed, as shown in Rovers et al. (2009). For the NAPAS
prototype the resulting forces are shown in Figure 2.8. Based on this figure, the
absolute forces in x and y direction are less than 20N. However, in the z direction,
their absolute values can be as high as 200N. Finally, it is worth noticing that the
internal magnet forces in each direction sum up to zero, therefore no rigid-body
motion can take place due to these forces.

2.4 Mechanical principles

2.4.1 Introduction to mechanical modeling

In this section, a first-principles based approach towards the mathematical de-
scription of the motion dynamics of the magnet plate is described. To this end, an
analytic model will be first derived using the Euler-Lagrange modeling approach,
under the rigid-body assumption. Then, the limitations of this model will be dis-
cussed, followed by the introduction to Finite Element Method-based modeling
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approach. Finally, the two developed models will be combined in a way that pre-
serves favorable properties from both models.

2.4.2 Euler-Lagrange based modeling

Derivation of the Euler-Lagrange equations

There are many different ways to come up with an analytic formulation of the
rigid-body dynamics of a motion system, e.g. see Harrison and Nettleton (1997);
Murray et al. (1994). In this section the Euler-Lagrange modeling approach will be
used. As a first step in the derivation, we observe that, on the translator coordinate
frame T , it holds that ∫

VT

ρ(rT )rT dV = 0, (2.26)

where ρ denotes the density of a infinitesimal mass at a distance rT from the
origin of the coordinate frame T , expressed in the translator coordinates. The
result in (2.26) follows from the fact that the frame T is positioned at the CoM of
the magnet plate, i.e. (2.26) is just the mathematical definition of the point where
the CoM is located.

In the Euler-Lagrange approach, the kinetic co-energy of the translator to-
gether with its potential energy have to be derived, e.g. see Jeltsema and Scherpen
(2009) for an introduction to the subject. The kinetic co-energy is expressed in the
metrology coordinates, resulting in

T ∗
(
qMT
)

=
1

2

∫
VM

ρ (rM) ||ṙM||22 dV

=
1

2

∫
VM

ρ (rM)

(∣∣∣∣∣∣ṘMT rT ∣∣∣∣∣∣2
2

+ 2r>T Ṙ
M>
T ṗMT +

∣∣∣∣ṗMT ∣∣∣∣22) dV , (2.27)

where (2.5) has been used to describe r. Moreover, the fact that the time derivative
of rT is zero is used, as a direct consequence of the rigid-body assumption5. The
utmost right term in (2.27) represents the velocity of the origin of the translator
frame with respect to the metrology coordinate frame. This term can be formu-
lated as follows:

1

2

∫
VM

ρ (rM)
∣∣∣∣ṗMT ∣∣∣∣22 dV =

1

2

∫
VM

ρ (rM) dV
∣∣∣∣ṗMT ∣∣∣∣22

=
1

2
m
∣∣∣∣ṗMT ∣∣∣∣22

(2.28)

5The relative distance between two points on a rigid-body, expressed in a coordinate frame attached
to this body does not change.
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with m representing the mass of the magnet plate. Similarly, the middle term in
(2.27) is equal to

1

2

∫
VM

ρ (rM) 2r>T Ṙ
M>
T ṗMT dV = ṗM

>

T ṘMT

∫
VM

ρ (rM) rT dV = 0, (2.29)

following the result in (2.26). This result also highlights why placing the origin
of the translator coordinate frame at the CoM results in a simplified expression.
Finally, for the first term, we notice that a cross product can be written as follows:

a× b = âb, with â =

 0 −a3 a2

a3 0 −a1

−a2 a1 0

 , a =
[
a1 a2 a3

]> (2.30)

where the hat symbol denotes the transformation of a vector in the above skew-
symmetric matrix form. The product RT

−1

M ṘTM results in a skew symmetric ma-
trix, denoted as ω̂TMT , and it characterizes the angular velocity of the translator
with respect to the metrology frame as seen from the translator coordinate frame,
expressed as a function of qMT . Now we are in position to describe the first term
of (2.27), e.g. see (Murray et al. 1994, Chapter 4),

1

2

∫
VM

ρ (rM)
∣∣∣∣∣∣ṘMT rT ∣∣∣∣∣∣2

2
dV = ωT

>

MT

∫
VM

ρ (rM) r̂>T r̂T dV


︸ ︷︷ ︸

I

ωTMT

= ωT
>

MT IωTMT ,

(2.31)

where I ∈ R3×3 is the well-known inertia matrix that characterizes the magnet
plate. For the NAPAS prototype, the off-diagonal elements of I are negligible
compared to the diagonal ones and so they are not taken into account. Moreover,
using the transformation vTMT = RMT

>
ṗMT , the velocity of the CoM of the trans-

lator with respect to the metrology frame can be rewritten as the velocity of the
translator with respect to the metrology frame as seen from the translator frame.

Finally, the total translator velocity is written asV TMT
(
qMT
)

=
[
vTMT

>
ωTMT

>
]>

,
leading to the following expression for the kinetic co-energy:

T ∗
(
qMT
)

=
1

2
V TMT

>


m · I3 0

0

Ix 0 0
0 Iy 0
0 0 Iz


V TMT , (2.32)

where Ix, Iy and Iz denote the inertia values around the x, y and z axes, respec-
tively. The mass and inertia values for the NAPAS prototype are given in Table 2.4.

Following the definition of the kinetic co-energy, the potential energy has to be
defined. Expressed in the translator coordinate frame, it is given by

V
(
qMT
)

= mgzMT , (2.33)
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Table 2.4: Mass and inertia values for the NAPAS prototype
m [kg] Ix [kg ·m2] Iy [kg ·m2] Iz [kg ·m2]

10.137 0.1273 0.1273 0.2518

under the assumption that the metrology frame corresponds to the zero potential
level. The combination of the kinetic co-energy and the potential energy expres-
sions are used to define the Euler-Lagrange equation, see Jeltsema and Scherpen
(2009), as

d

dt

∂L
(
qMT , q̇

M
T
)

∂q̇MT
−
∂L
(
qMT , q̇

M
T
)

∂qMT
= W gen., (2.34)

with W gen. representing the generalized forces that act on the generalized coor-
dinates qMT and L is the Lagrangian function, defined as

L
(
qMT , q̇

M
T
)

= T ∗
(
qMT
)
− V

(
qMT
)
. (2.35)

In (2.34), the generalized forces are introduced but they are not yet defined. For
this purpose, we notice first that the instantaneous work is constant, irrespective
of the applied frame. Therefore, the following equality holds:

V T
>

MT (W T −GT ) = q̇M
>

T J>
(
qMT
)

(W T −GT ) , (2.36)

based on the fact that the velocity can be expressed as V TMT = J
(
qMT
)
q̇MT (Spong

et al. 2006), with J defined in Appendix A. Therefore, the generalized forces, act-
ing on the generalized coordinates, correspond to

W gen. = J>
(
qMT
)

(W T −GT )

= J>
(
qMT
)
RM

>

T (WM −GM) .
(2.37)

Additionally, WM represents the input, defined in (2.21) and GM is the gravity
force in metrology coordinates, defined as6

GM =
[
0 0 mg 0 0 0

]>. (2.38)

Approximation and state-space representation of the Euler-Lagrange model

The established Euler-Lagrange equation in (2.34) can be rewritten as (Spong et al.
2006)

M(qMT )q̈MT + C(qMT , q̇MT )q̇MT = J>
(
qMT
)
RM

>

T (WM −GM), (2.39)

6Here it has been inherently assumed that the z axis of the metrology frame is parallel to the gravity
force. If this is not the case, then additional sensors should be used such that the relative rotation of
the metrology frame with respect to the direction of the gravity can be computed, which would result
to nonzero x and y gravity components.
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where M
(
qMT
)

is a positive definite matrix and C(qMT , q̇
M
T ) is the Coriolis matrix.

The involved quantities are described in Appendix A. In (2.34) it was implied that
the dissipation energy is zero. This approximation is based on the fact that the
magnet plate is a freely floating body and therefore no mechanical frictions take
place (except for the effect of the air drag, which is assumed to be negligible).
Equivalently, (2.39) can be rewritten in a nonlinear state-space form as

d

dt

[
qMT
q̇MT

]
=

[
06×6 I6×6

06×6 −M−1(qMT )C(qMT , q̇
M
T )

] [
qMT
q̇MT

]
+[

06×6

M−1(qMT )J>
(
qMT
)
RM

>

T

]
∆WM,

(2.40)

with
∆WM = (WM −GM) . (2.41)

The expression in (2.40) reveals that the involved equations are nonlinear with
respect to the generalized coordinates qMT , q̇MT . More specifically, the involved
equations are nonlinear due to the way that angles χMT , ψ

M
T , ζMT and their deriva-

tives enter the equations. In this thesis the imposed reference profiles for the an-
gles are set to zero. This is justified by the fact that, in many planar actuator
applications such as in lithographic machines, the angles are kept small. As a
consequence, a small angle approximation is usually performed, e.g. see Butler
(2011). The first-order Taylor approximation around zero angles, angular veloci-
ties and torques and with z-force linearized around the gravity force is expressed
as

d

dt

[
qMT
q̇MT

]
=

[
0nr×nr

Inr×nr

0nr×nr
0nr×nr

] [
qMT
q̇MT

]
+

[
0nr×nr

Br

]
∆WM (2.42)

with Br ∈ Rnr×nr defined by

Br = diag (1/m, 1/m, 1/m, 1/Ix, 1/Iy, 1/Iz) , (2.43)

where diag denotes a diagonal matrix. In total, the Euler-Lagrange modeling
approach results in a state-space model, which is described in terms of physics-
related quantities, such as mass, inertia, displacements and rotations. However,
since it is based on the rigid-body assumption, it cannot describe the flexible be-
havior of the magnet plate, due to limited stiffness of the translator. To cope with
these dynamics, a FEM-based approach is presented in the next section.

2.4.3 FEM based modeling of the magnet plate motion dynamics

Introduction to modal modeling

The main assumption incorporated in the Euler-Lagrange based modeling is the
rigidness of the moving body. In reality, a mechanical system always exhibits a
flexible behavior due to limited stiffness, usually at relatively high frequencies. As
a result, a flexible behavior may be observed. Fortunately, in applications where
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Figure 2.9: A mass-spring-damper system consisting of three masses.

the bandwidth of interest is way below the frequency range where the flexible be-
havior arises, then the rigid-body assumption can provide a high-fidelity model.
However, in high-end planar actuation systems, stringent demands for high speed
motions unavoidably lead to high bandwidth actuation signals, which in turn ex-
cite the flexible modes. As a result, the behavior of the closed-loop system may be
influenced by the flexible behavior, hindering the fulfillment of the performance
specifications or even leading to loss of stability. In such cases, the description of
the flexible dynamics is vital towards the derivation of a highly accurate model
that allows for the design of a controller that satisfies the desired specifications.

For systems of discrete particles or continuous medium with simple proper-
ties, analytic equations can be derived to describe the dynamic response under
specific assumptions. Indeed, this topic is thoroughly covered in the related liter-
ature, e.g. see Rao and Yap (1995) for an introduction. As it will be shown in the
following paragraphs, the discrete case is of interest in this work. More specifi-
cally, in the following paragraphs the nodal model description will be introduced,
followed by the introduction on the modal model description. Moreover, the re-
lation between the two model descriptions will be shown. This discussion will
allow for the comprehension and subsequent usage of the model that describes
the behavior of the planar actuator prototype.

An example of a model comprised of discrete particles is shown in Figure 2.9.
The three masses are interconnected through springs and dampers. The mechan-
ical system can be described in terms of second-order differential equations as

Mnp̈n +Dnṗn +Knpn = Fn ⇔m1 0 0
0 m2 0
0 0 m3

p̈1

p̈2

p̈3

+

 d1 −d1 0
−d1 d1 + d2 −d2

0 −d2 d2

ṗ1

ṗ2

ṗ3


+

k1 + k3 −k1 −k3

−k1 k1 + k2 −k2

−k3 −k2 k2 + k3

p1

p2

p3

 =

F1

F2

F3

 ,
(2.44)

with pj , Fj denoting the position of the mass mj and the force exerted on this
mass, respectively. By definition, the mass matrix Mn is positive definite, while
the stiffness matrixKn and the damping matrixDn are positive semi-definite. The
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set of equations in (2.44) is called the nodal description of the system dynamics,
because the associated coordinate vector pn represents the displacement of the
involved structural locations, which in this case correspond to the three masses.
A few observations are important. First of all, it is straightforward to rewrite
(2.44) in a state-space form. The resulting number of states is equal to 2nd, where
nd is the number of the nodes. Additionally, it is directly inferred that in the
three dimensional case, where each node is free to move in all three DOFs the
resulting states will be equal to 6nd, since the number of the associated DOFs for
each particle is 3, resulting in nDoF = 3nd total DOFs.

A different description of (2.44) can be defined in terms of modal coordinates.
To this end, the damping matrix will be considered zero for now. We start be
asserting that a solution of the second-order differential equation (2.44) is equal to
φejωt. By substituting this solution to the homogeneous equation, the following
equation holds: (

Kn − ω2Mn

)
φejωt = 0. (2.45)

As a result, the condition
det
(
Kn − ω2Mn

)
= 0 (2.46)

has to be satisfied. In total, the number of ωi values that satisfy (2.46) is less or
equal than the available DOFs. To each one of these natural frequencies corre-
sponds an eigenvector φi. By collecting the eigenvectors in a matrix, defined as
Φ =

[
φ1 · · · φnm

]
∈ RnDoF×nm , with nm denoting the number of natural fre-

quencies, a similarity transformation to the modal coordinates is enabled. For this
purpose, a new state vector is defined as

pn = Φq, (2.47)

with q representing the so-called modal states. Substituting (2.47) in (2.44) and
left-multiplying by Φ> results in

Φ>MnΦ︸ ︷︷ ︸
Mm

q̈ + Φ>DnΦ︸ ︷︷ ︸
Dm

q̇ + Φ>KnΦ︸ ︷︷ ︸
Km

q = Φ>F n ⇔

Mmq̈ +Dmq̇ +Kmq = Φ>F n,

(2.48)

where Mm, Dm and Km denote the modal mass matrix, the modal damping ma-
trix and the modal stiffness matrix, respectively. It can be shown that the resulting
matricesMm andKm are diagonal, e.g. see (Craig and Kurdila 2006, Chapter 10.1).
Usually, the eigenvectors are normalized with respect to the mass matrix, result-
ing in Φ>MnΦ = Inm . However, as it has been shown by O’Kelly and Caughey
(1965) the matrix Φ does not necessarily diagonalize the damping matrix. To
overcome this limitation, a commonly used solution for lightly damped systems
is to describe the resulting modal damping matrix as a weighted combination
of the modal mass and modal stiffness matrix, resulting in a diagonal modal
damping matrix, too (Gawronski 2004). Finally, it holds that M−1

m Km = Ω2 =

diag
(
ω2

1 , . . . , ω
2
nnm

)
with ω corresponding to the solutions of (2.46), placed with-

out loss of generality in ascending order by properly rewriting (2.48), while the
modal damping matrix can be expressed asDm = 2ZΩ, withZ = diag (ζ1, . . . , ζnnm)
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containing the damping coefficients. As a consequence, the model (2.48) can be re-
formulated as

q̈ + 2ZΩq̇ + Ω2q = Φ>F n. (2.49)

The resulting states of the modal model (2.49) are decoupled, due to the diago-
nalization of the associated matrices. As a result, the contribution of each mode
can be described independently. This observation reveals the main advantage of
the modal representation; since each mode is decoupled from the others, a lower-
dimensional model can be derived by excluding some of the modes, following
a trade-off between the number of excluded modes and the error introduced by
excluding them. As it will be shown in the next section, this observation can be
exploited towards the derivation of a low-dimensional model that describes the
dynamics of the translator of the magnetically levitated planar actuator.

Application to the NAPAS prototype

Following the discussion in Section 2.1, it is evident that the magnet plate of
the NAPAS actuator is a complex structure, comprised of many different mate-
rials and a complex geometric structure. Taking into account that it is a continu-
ous medium, it follows that analytic approaches for the derivation of mathemat-
ical relations to describe the flexible mechanical behavior of the system are non-
applicable. As an alternative, a numerical approximation of the latter equations
is pursued in this section. This can be indeed performed by resorting to a FEM
modeling approach.

The FEM modeling approaches tackle the modeling problem by first dividing
the initial system into finite elements (nodes). Subsequently, they establish the
equations that describe the dynamic behavior of these elements (Zienkiewicz et al.
2005). For describing the mechanical properties of the NAPAS magnet plate, the
FEM approach proceeds by discretizing the three-dimensional magnet plate using
a finite number of nodes. Moreover, in the FEM model a selection of the desired
inputs and outputs has to be performed. Following a similar consideration as in
(Rovers 2013, Chapter 4), the inputs are approximated as forces exerted on every
magnet, resulting in 281 input locations, where a force in (x, y, z) directions is
exerted. Effectively, with this approximation the torque around the center of each
magnet, see (2.15), is assumed to be zero. As it will be shown shortly, with this
assumption, (2.24) can be directly used to connect the mechanical model with the
electromagnetic model. Additionally, the desired outputs correspond to the nodes
on the surfaces measured by the LIFMs, that is to say, the two side mirrors (one
in x- and one in y-direction) as well as the top mirror. Since the LIFMs can only
detect the displacement in one direction, the corresponding displacements are of
relevance, e.g. for the nodes in the x-direction, their displacement on the same
direction is of relevance etc.

For the magnet plate, a three-dimensional model of the magnet plate has been
designed using the ANSYS mechanical environment. Then, based on the proper-
ties and specifications described in the previous paragraph, the FEM model has
been simulated. By properly processing the results from the FEM analysis, the ma-
trices required for the construction of the state-space model have been derived,
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namely Mm Km, and Φ, except for the modal damping matrix, which has been
added manually in the derived state-space model. It is worth noticing that the
entries of the computed modeshape matrix correspond to both the input and the
output node locations. Without loss of generality, let us assume that the resulting
modeshape matrix Φ can be rewritten as

Φ =

[
ΦI

ΦO

]
⇔

Φ =

[
ΦI

r ΦI
f

ΦO
r ΦO

f

]
,

(2.50)

where the superscript I is used to denote the modeshapes associated with the loca-
tions where the inputs are exerted, and O denotes the modeshapes at the locations
where the displacements are measured, i.e. at the side and top mirrors7. It should
be stressed out that, in principle, a modeshape is neither an “input” nor an “out-
put” modeshape. The latter distinction is used in this thesis purely for the sake
of clarity in the notation, with the purpose of facilitating the discussion in the fol-
lowing sections. Additionally, the subscripts “r” and “f” denote the rigid-body
and the flexible body modes, respectively.

To further characterize the matrix (2.50), it is important to notice that, since the
magnet plate is allowed to move in the 3D space, for each node there correspond
three modeshape vectors, one for each principal direction. Therefore, if there are
in total nd nodes and nm modes, then Φ ∈ R3nd×nm . Moreover, the location of
each node is fully characterized by its translator coordinates. Therefore, the mode-
shapes can be seen as a function of the translator coordinates. Consequently, the
matrix Φ in (2.50) is simply built by evaluating these functions at the location of
the nodes. In mathematical terms, for a specific node, its associated modeshape
submatrix is denoted by φ (xT , yT , zT ) : R3 7→ R3×nm and it is defined as

φ (xT , yT , zT ) =

φx (xT , yT , zT , 1) · · · φx (xT , yT , zT , nm)
φy (xT , yT , zT , 1) · · · φy (xT , yT , zT , nm)
φz (xT , yT , zT , 1) · · · φz (xT , yT , zT , nm)


=

φx (xT , yT , zT )
φy (xT , yT , zT )
φz (xT , yT , zT )

 ,
(2.51)

with φx, φy and φz : R3 7→ Rnm denoting the modeshape row vectors related to
the x, y and z metrology coordinate, respectively. Moreover, based on the notation
in (2.51), φx (xT , yT , zT , i) : R3 7→ R denotes the value of the ith modeshape at the
x-direction (similarly for the other modeshapes). Similar to (2.50), the superscripts
I and O are used in the remainder of this thesis to signify the association of the
modeshape with an actuation (input) or a measurement (output) related node,
respectively, e.g. φO

z (xiT , yiT , ziT ) refers to the modeshape at z direction of an

7It is by no means necessary that the input locations do not coincide with the output locations,
however, this is the case for the examined planar actuation system. If this is not the case then the input
and output modeshape matrices may have common rows.
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output related node, specified by its xiT , yiT and ziT coordinates. Based on the
arrangement of the magnet forces in the vector FM

M
(
q CT
)
, see (2.24) and (2.25), the

input related modeshape matrix equals

[
ΦI

r ΦI
f

]
=



φI
x

(
x

M1
T , yM1

T , zM1
T
)

φI
y

(
x

M1T , yM1T , zM1T
)

φI
z

(
x

M1
T , yM1

T , zM1
T
)

...
φI
x

(
x

MnM
T , yMnM

T , zMnM
T

)
φI
y

(
x

MnM
T , yMnM

T , zMnM
T

)
φI
z

(
xMnM

T , yMnM
T , zMnM

T

)


∈ R3nM×nm , (2.52)

with xMj
T , yMj

T , zMj
T denoting the translator coordinates of the jth magnet, with

j ∈ {1, . . . , nM} and nM = 281 denoting the total number of magnets for the
DLPM prototype.

In a similar fashion, the output modeshapes can be defined. To this end, the
vector ynode ∈ R3nO specifies the displacement of the nO output nodes in the three
principal directions of the metrology frame. It is defined as

ynode =
[[
x1M y1M z1M

]
· · ·

[
xnOM ynOM znOM

]]>
, (2.53)

with x
jM, yjM, zjM denoting the displacement of the jth output node at the x, y

and z axis, with j ∈ {1, . . . , nO} and nO denoting the total number of output nodes
for the DLPM prototype. Based on (2.53), the associated output modeshape matrix
is equal to

[
ΦO

r ΦO
f

]
=



φO
x (x1T , y1T , z1T )

φO
y (x

1T , y1T , z1T )

φO
z (x1T , y1T , z1T )

...
φO
x

(
x
nOT , ynOT , znOT

)
φO
y

(
x
nOT , ynOT , znOT

)
φO
z

(
x
nOT , ynOT , znOT

)


∈ R3nO×nm . (2.54)

The number of the associated rigid-body modes are equal to the available
DOFs. This means that, for a freely floating body such as the magnet plate under
investigation, there are nr = 6 rigid-body modes. On the other hand, the num-
ber of flexible modes, denoted by nf , is subject to user selection. Indeed, defining
the “true” number of modes for a continuous medium is quite vague, see Hughes
(1987) for a relevant discussion on the subject. A viable solution is to restrict to the
modes that are the most relevant to the problem at hand. To this end, it is repeated
once more that each modeshape is associated with a specific natural frequency,
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see (2.46). Then, in the case of mechanical systems, which effectively behave as
low-pass filters, selecting the flexible modes, which correspond to the natural fre-
quencies up to a specific frequency value is a reasonable choice, since the higher-
frequency modes are expected to contribute less in the dynamic response of the
system. In this work the first four flexible modes are usually considered in the
performed experiments (except otherwise stated), while the derived FEM model
contains 9 flexible modes. The resulting state-space model description is given by

d

dt


qr

qf

q̇r

q̇f

 =

 0nm×nm Inm[
0nr×nr

0
0 −Ω2

] [
0nr×nr

0
0 −2ZΩ

] 

qr

qf

q̇r

q̇f

+


0nr×3nM

0nf×3nM

ΦI
r
>

ΦI
f

>

FM
M

ynode =
[

ΦO
r ΦO

f 03nO×nr 03nO×nf

] 
qr

qf

q̇r

q̇f

 ,

(2.55)

where FM
M ∈ R3nM , ΦO

r ∈ R3nO×nr , ΦO
f ∈ R3nO×nf , ΦI

r ∈ R3nM×nr , ΦI
f ∈ R3nM×nf

and ynode ∈ R3nO . The total number of modes is equal to nm = nr +nf . The vector
q =

[
q>r q>f

]> denotes the modal states, comprised of the rigid-body states qr

and the flexible body states qf . Additionally, Z = diag (ζ1, . . . , ζnf
) ∈ Rnf×nf is

the diagonal matrix containing the damping coefficients, while the damping co-
efficients for the rigid-body modes are set to zero, following the discussion in the
Euler-Lagrange modeling. The diagonal matrix Ω ∈ Rnf×nf contains the natural
frequencies and it is described by

Ω = diag (ω1, . . . , ωnf
) , ωi < ωi+1. (2.56)

Using the modal representation, the output is described as a summation of nm
sub-motions. Each of these sub-motions is characterized by the corresponding
modeshape, which is in turn associated with a specific natural frequency of the
system. In Figure 2.10, an example deformation of the top mirror surface is shown,
together with the first 8 modeshapes of the mechanical model of the magnet plate,
as a function of the xT , yT coordinates. By properly multiplying each modeshape
with the corresponding flexible state from the vector qf and summing them up,
the deformation in the central figure can be derived.

In total, the derived FEM model using the ANSYS software environment is
capable of describing both the rigid-body and the flexible mechanical behavior
of the magnet plate. The main characteristic of the resulting model is that the
derived linearized dynamics are defined at a finite number of translator points,
based on the selected nodes. In the next section, the main effort is directed towards
combining the Euler-Lagrange model with the FEM model. Towards ensuring that
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Figure 2.10: An example deformation (central figure) and the first 8 modeshapes
that characterize the NAPAS prototype.

an accurate, physics-based description of the dynamics is derived, the comparison
of the properties of the two models is performed, too.

2.5 Combining the models

2.5.1 Comparison of Euler-Lagrange and FEM models

In Sections 2.4.2 and 2.4.3, the Euler-Lagrange and the FEM modeling approaches
have been introduced, respectively. In this section, the goal is to combine the two
models such that an accurate, physics-based description of the motion dynamics
of the DLPM is derived. To this end, a comparison between the two resulting
models is deemed useful. First of all, it has been already discussed how the Euler-
Lagrange model is capable of only representing the rigid-body dynamics of the
magnet plate. Therefore, a description of the flexible dynamics is only available
in the FEM model. As far as the rigid-body dynamics is concerned, the following
remarks are useful:

• The rigid-body states, computed by the ANSYS FEM analysis, do not nec-
essarily represent the displacements and rotations on the desired inertial
frame, i.e. the metrology coordinate frame. On the contrary, the latter is true
for the Euler-Lagrange model.

• The rigid-body dynamics in the resulting FEM-based state-space model are
inevitably linearized. On the other hand, the Euler-Lagrange model results
in a nonlinear model, which can be then linearized.
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• In Euler-Lagrange model, the input and output matrices, associated with
rigid-body states, are modeled using first principles and therefore the re-
sulting quantities represent physical parameters (such as mass, inertia etc),
e.g. see (2.43). However, this is not the case for the FEM model, due to the
fact that its input and output matrices are related to the properties of the
locally defined nodes.

• In the FEM model, the forces are assumed to be exerted at the center of the
magnets, while the torques around the center of the magnets, see (2.15), have
been approximated as zero. On the other hand, the Euler-Lagrange method
does not inherit any assumptions regarding the location of the forces.

In total, the Euler-Lagrange model has more advantages than the FEM-based
description of the rigid-body dynamics. For this reason, the rigid-body dynamics,
derived by the Euler-Lagrange modeling approach, will be combined with the
flexible body dynamics, based on the FEM modeling paradigm.

2.5.2 The state equation

In this section the state equation of the multiphysical system is derived. To this
end, the effect of gravity, as well as the internal magnet forces have to be taken
into account. Based on the discussion in Section 2.3.2, the internal magnet forces
only affect the flexible states of the system. Regarding the gravity contribution on
the flexible states, it is assumed that it is equally distributed over the actuation
locations, i.e. the centers of the permanent magnets. Therefore, a gravity force
equal to mg/nM is exerted on each one of them on the zM-direction. The resulting
vectorGM

M is described by

GM
M =

[
GM
M1

>
GM
M2

> · · · GM
MnM

>
]>

, GM
Mi

>
=
[
0 0

mg

nM

]
, (2.57)

in accordance with the definition of the magnet force vector, defined in (2.24).
Finally, the internal magnet force vector, denoted by F int, is defined based on the
discussion in Section 2.3.2. Now, all the elements required for defining the state-
space equations are available.

Nonlinear state equation

In the combined model, the states qr and q̇r of the FEM model, defined in (2.55),
are replaced by the qMT and q̇MT states of the Euler-Lagrange model, defined in
(2.40)8. Together with the addition of the gravity and the internal magnet forces
terms, the following nonlinear state-space model is derived to describe the dy-
namic relation from the rigid-body and magnet forces, exerted on the magnet

8In the following sections we will use qr and qM
T interchangeably when there is no risk of confu-

sion.
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plate, to the rigid- and flexible-body states, expressed in the metrology coordi-
nates:

d

dt


qr

qf

q̇r

q̇f

 =

 0nm×nm
I[

0 0
0 −Ω2

] [
−M−1(qMT )C

(
qMT , q̇

M
T
)

0
0 −2ZΩ

] 

qr

qf

q̇r

q̇f

+

 0nm×3nM+nr[
M−1(qMT )J>

(
qMT
)
RM

>

T 0nr×3nM

0nf×nr
ΦI

f

>

] [ ∆WM
∆FM

M

]
,

(2.58)
with ∆WM defined in (2.41), while ∆FM

M is equal to

∆FM
M
(
q CT
)

= FM
M
(
q CT
)
−GM

M + F int, (2.59)

whereFM
M are the magnet forces, defined in (2.25). The relation between the forces

in (2.58) and the currents running through the coils is defined by

[
WM

(
q CT
)

FM
M
(
q CT
) ] =

[
M r
M
(
q CT
)

MM
M
(
q CT
) ] i, (2.60)

following the corresponding definitions in (2.20) and (2.23). Therefore, (2.58) can
be expressed in terms of the current inputs as

d

dt


qr

qf

q̇r

q̇f

 =

 0nm×nm
I[

0 0
0 −Ω2

] [
−M−1(qMT )C

(
qMT , q̇

M
T
)

0
0 −2ZΩ

] 

qr

qf

q̇r

q̇f

+

 0nm×nc[
M−1(qMT )J>

(
qMT
)
RM

>

T M r
M
(
q CT
)

ΦI
f

>
MM
M
(
q CT
) ]  i+

 0nm×nr
0nm×3nM[

M−1(qMT )J>
(
qMT
)
RM

>

T 0nr×3nM

0nf×nr
ΦI

f

>

] [ −GM
−GM

M + F int

]
(2.61)

Linearized state equation

In a similar way, the linearized version of (2.58) can be derived. Since the angles
are assumed to be small, a reasonable linearization point is around zero angles,
angular velocities and torques. By making use of (2.42), the following relation is
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derived:

d

dt


qr

qf

q̇r

q̇f

 =

 0nm×nm I[
0 0
0 −Ω2

] [
0 0
0 −2ZΩ

] 

qr

qf

q̇r

q̇f

+

 0nm×nr
0nm×3nM[

Br 0nr×3nM

0nf×nr ΦI
f

>

] [ ∆WM
∆FM

M

]
.

(2.62)

By comparing (2.61) and (2.62), it is evident that the source of nonlinear behavior
in the state equation is the rotations. Therefore, there is no need to linearize (2.58)
with respect to a position xMT , yMT , zMT .

Moreover, the state equation (2.61), linearized around zero rotations, rotational
velocities and torques, is equal to

d

dt


qr

qf

q̇r

q̇f

 =

 0nm×nm
I[

0 0
0 −Ω2

] [
0 0
0 −2ZΩ

] 

qr

qf

q̇r

q̇f

+

+

 0nm×nc[
BrM

r
M
(
q CT
)

ΦI
f

>
MM
M
(
q CT
) ]

∆i,

(2.63)

with ∆i = i− ieq and ieq satisfying the equation[
M r
M
(
q CT
)

MM
M
(
q CT
) ] ieq = −

[
−GM

−GM
M + F int

]
(2.64)

To summarize, a direct connection between the mechanical and the electromag-
netic model has been established in (2.62), for the nonlinear case, and in (2.63), for
the linearized case. To complete the definition of the state-space dynamics, the
output equation is defined in the next section, i.e. the equation that describes the
displacement of the nodes on the magnet plate as a function of the rigid-body and
flexible states.

2.5.3 The measurement equation

Node displacement equations

The goal in this section is to describe the displacement in the 3-dimensional space
of the nodes, defined on the magnet plate. This is accomplished by combining
an analytic description of the rigid-body dynamics, based on the geometric char-
acteristics of the planar actuation system, with the semi-analytic results from the
FEM model. Two different output vectors are considered. In the one case, the
outputs correspond to the displacement of all the nodes on the magnet plate, as
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they were derived from the FEM model. While this case does not correspond to
the truly measured locations in the DLPM prototype, using the LIFM sensors, it is
nonetheless useful towards defining the equations that describe the sensor mea-
surements. Then, in the second case, the outputs correspond to the displacement
of the points in the magnet plate which are observed by the LIFM sensors at a
given time instant.

First, the case where the outputs correspond to the displacement of all the
nodes on the magnet plate is considered. The displacement vector ynode ∈ R3nO ,
defined in (2.53), contains the displacement of all the nO nodes in the x, y, x coor-
dinates, expressed in the metrology coordinate frame. The goal in this section is
to describe (2.53) by combining the geometric properties of the prototype with the
information regarding the flexible modes, which originates from the FEM model.
To this end, it is asserted that, in the rigid-body case, the position of each node on
the magnet plate is characterized by the coordinates xT , yT and zT . As such, the
position of the nodes in the inertial (metrology) coordinate frame can be directly
deduced by (2.5) as a function of the generalized coordinates qMT and its local co-
ordinates. For the ith node, at the location (xiT , yiT , ziT ), its displacement in the
metrology coordinates is described byxiMyiM

ziM

 = R
(
χMT , ψ

M
T , ζMT

)xiTyiT
ziT

+

xMTyMT
zMT


︸ ︷︷ ︸

fFri
(qMT )

+

φO
x (xiT , yiT , ziT )

φO
y (xiT , yiT , ziT )

φO
z (xiT , yiT , ziT )

 qf

︸ ︷︷ ︸
fFfi

(qMT ,qf)

.
(2.65)

Moreover, fFri
: Rnr 7→ R3, fFfi:R

3+nf 7→ R3 are the functions that describe re-
spectively the rigid-body and the flexible states’ contribution to the displacement
of the ith node. By making use of (2.65), the displacement of all the nodes in (2.53)
is specified as a function of the states qMT and qf , since the position of the nodes
(in translator coordinates) is pre-specified in the FEM environment and therefore
it is known. As a result, computing (2.65) is straightforward.

LIFM measurement equations

While (2.65) describes the displacement of all the available nodes, in practice, at a
given time instant, only the displacements of the nodes observed by the LIFM sen-
sors are accessible. Therefore, it is essential to establish the relation between the
states and the corresponding displacements observed by the LIFMs. However, in
contrast with the node displacement equations, the translator coordinates of the
points observed by the LIFMs are not necessarily known. Therefore, compared to
(2.65), further consideration is required towards deriving the measurement equa-
tion.

To derive the measurement equations, first consider an LIFM that measures
the displacement in xM. Towards deriving the measurement equation, the trans-
lator coordinates of the point targeted by the LIFMs have to be specified first. Few
observations are useful at this point. First, for the investigated point, its yM and
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Figure 2.11: Magnet plate at two different positions. The magnet plate at the initial
position is shown in top right. The metrology frame coincides with the translator
frame at the initial location. When the plate moves at the bottom left position, the
LIFM measures the distance yLx between the targeted point at the initial position
and the new targeted point at the final position. In this figure, xT corresponds
to the x coordinate of the +xT mirror, expressed in translator frame, and xM is
the x coordinate of the targeted node at the new location, expressed in metrology
coordinates.

zM values coincide with the coordinates of the source of the x-direction LIFM
beam. This is due to the fact that the path of measurement for the x-direction
LIFM beam is parallel to the metrology coordinate frame. The latter quantities
are known, since the location of the sensors with respect to the defined global
metrology frame can be measured. Additionally, irrespective of the point on the
translator which is observed by the x-direction LIFM beam, the xT value is com-
mon for all the points that could intercept the laser beam. This is due to the fact
that the side mirror is (approximately) a flat surface, and the fact that the transla-
tor coordinate axis in x is defined to be normal to the mirror surfaces. As such, it
is a fixed quantity that is defined by the geometry of the translator. By resorting
to the Definition 2.2 we observe that

xM = xT − yLx, (2.66)

as it is graphically shown in Figure 2.11. In (2.66), yLx denotes the laser measure-
ment in the x-direction, xM is the position of the targeted point on the translator,
expressed in the metrology coordinate frame and xT is the position of the same
point, expressed in the translator coordinate frame. The minus sign is justified by
the fact that the LIFMs measure negative displacements when the magnet plate
makes a positive displacement such as the one shown in Figure 2.11.

The end goal is to describe the measured displacement yLx as a function of the
states, in a similar way as in (2.65). Based on the aforementioned observations,
though, it is concluded that this is not possible, because in (2.65) there are two
unknown quantities: yT and zT . However, these two variable can be derived by
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solving the bottom two equations of (2.65) with respect to yT , zT . Then, by sub-
stituting the resulting expressions into the top equation of (2.65) and also making
use of (2.66), it results in the LIFM measurement equation.

The aforementioned solution does not necessarily render an analytic form.
This is due to the possibly nonlinear dependence of the flexible dynamics part
fFfi on yT , zT . Nonetheless, for small deformations in the non-measured direc-
tions, i.e. the yM and zM dimension for the x-LIFMs, an analytic, approximate
solution can be derived. More specifically, by solving the bottom two equations of
(2.65) with respect to yT , zT and neglecting the flexible modes’ contribution, the
two coordinates are described by[
yT
zT

]
=
([
R
(
χMT , ψ

M
T , ζMT

)]
(2:3,2:3)

)−1
[
yM −

[
R
(
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M
T , ζMT

)]
(2,1)

xT − yMT
zM −

[
R
(
χMT , ψ

M
T , ζMT

)]
(3,1)

xT − zMT

]
,

(2.67)
where the notation

[
R
(
χMT , ψ

M
T , ζMT

)]
(2:3,2:3)

corresponds to the submatrix ofRMT ,
formulated using the elements at rows 2 and 3 and columns 2 and 3. Then, substi-
tuting (2.67) into the top equation of (2.65) and making use of (2.66), results in the
LIFM measurement equation, which is a function of the generalized coordinates
qMT , the flexible states qf and the (known) geometric quantities yM, zM and xT :
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(2.68)

Finally, by making use of (2.67), it follows that φO
x can also be written as a function

of the generalized coordinates χMT , ψMT , ζMT , yMT and zMT .

Using analogous arguments, the measurement (output) equations are derived
for all the available LIFM beams in x, y and z directions. For the y-direction beams,
the quantity yT , corresponding to the distance from the origin of T to the mirror
targeted by the y-LIFMs is known (see Appendix C). The rest two coordinates are
computed by[
xT
zT

]
=
([
R
(
χMT , ψ

M
T , ζMT

)]
([1,3],[1,3])

)−1
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]
(2.69)

and the approximate output equation is described by

yLy =
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(2.70)
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For the z-direction beams, the quantity zT , corresponding to the distance from the
origin of T to the mirror targeted by the z-LIFMs is also known (see Appendix C).
The rest two coordinates are computed by[
xT
yT

]
=
([
R
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χMT , ψ
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T , ζMT

)]
(1:2,1:2)

)−1
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]
(2.71)

and the approximate output equation is described by
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(2.72)

To summarize, using equations (2.68),(2.70) and (2.72), the measurement of an
LIFM sensor has been expressed as a function of the generalized coordinates qMT ,
the flexible modes qf and the known translator coordinates xT , yT , zT of the tar-
geted points.

In the remainder of this thesis, it will be useful to be able to explicitly indicate
that the position-dependent LIFM translator coordinates are a function of the gen-
eralized coordinates qMT . These variables are collected in the vector pO

T ∈ R2ny ,
defined as

pO
T =

[
yLx1T , zLx1T , yLx2T , zLx2T , yLx3T , zLx3T , xLy1T , zLy1T ,

xLy2T , zLy2T , xLy3T , zLy3T , xLz1T , yLz1T , xLz2T , yLz2T , xLz3T , yLz3T
]>
.

(2.73)
In terms of notation, xLy2T denotes the x translator coordinate of the magnet plate
point targeted by the LIFM yLy2

. In a similar way, the rest of the variables in
(2.73) are defined. The vector pO

T can be equivalently described in terms of known
geometric quantities and the generalized coordinates qMT , by direct substitution of
(2.67), (2.71) and (2.69) in the translator variables (2.73). This operation is denoted
as

pO
T = g

(
qMT
)
, (2.74)

with g : R2ny 7→ Rnr .

The equations above enable the definition of the measurement vector yL, de-
fined in (2.1), in terms of the generalized coordinates qMT . By combining (2.68)-
(2.72), yL can be split into the rigid-body states and the flexible states contribution
part, expressed succinctly as

yL = fLr

(
qMT
)

+ fLf

(
g
(
qMT
)
, qf

)
, (2.75)

with fLr : Rnr 7→ Rny and fLf : Rnr+nf 7→ Rny 9. Moreover, by direct inspection
9It should be stressed out that the value of the modeshapes φ in function fLf are only available

at the location of the nodes selected in the FEM model. Therefore, computing the value at a different
location can be either achieved by local interpolation methods or by first estimating a function based
on the available nodes and then evaluating it at the desired location.
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of (2.68), (2.70) and (2.72), the function fLf can be equivalently expressed as:

fLf

(
g
(
qMT
)
, qf

)
= FLf

(
g
(
qMT
))
qf , (2.76)

with FLf

(
g
(
qMT
))

: Rnr 7→ Rny×nf .

Finally, it will be often useful to linearize the nonlinear equation (2.75) around
an operating point, e.g. qMT0

, qf0 . By expanding (2.75) using the Taylor series and
under the assumption that fLf is smooth of at least class 1, then (2.75) is approxi-
mated as

yL − fLr

(
qMT0

)
− fLf

(
g
(
qMT0

)
, qf0

)︸ ︷︷ ︸
∆yL

≈
[
Cr

(
qMT0

, qf0

)
Cf

(
g
(
qMT0

)
, qf0

)] [qMT − qMT0

qf − qf0

]
,

(2.77)
with

Cr

(
qMT0

, qf0

)
=
∂fLr

(
qMT
)

∂qMT
+
∂fLf

(
g
(
qMT
)
, qf

)
∂qMT

∣∣∣∣
qMT =qMT0

,qf=qf0

,

Cf

(
g
(
qMT0

)
, qf0

)
=
∂fLf

(
g
(
qMT
)
, qf

)
∂qf

∣∣∣∣
qMT =qMT0

,qf=qf0

= FLf

(
g
(
qMT0

))
,

(2.78)

defining the Jacobian matrices with respect to the rigid-body and the flexible
states. The analytic expressions for ∂fLr

(
qMT
)
/∂qMT and ∂fLf

(
g
(
qMT
))
/∂qf are

given in Appendix C. As it will be shown in Section 2.6, the equations (2.75)-(2.78)
will enable the estimation of the states, based on the available measurements.

2.5.4 Plant dynamics: from currents to displacements

The state-space model for the DLPM prototype, defined by the state equation
(2.61) of the multiphysical, flexible model dynamics, and the output equation
(2.75), has in total nc = 40 inputs and ny = 9 outputs. Even when a linearized
version of the model is considered, the coupling between the input and output
channels clearly defines an additional challenge when it comes to control design.

The main characteristics of the DLPM dynamics are shown in Figure 2.12,
where the frequency response from two coils to two nodes on the z-mirror sur-
face at two different locations is plotted. More specifically, in Figure 2.12 the pres-
ence of flexible dynamics, coupling between the input-output pairs and position-
dependent dynamics is asserted. The flexible dynamics manifest themselves in
the resonances peaks. Moreover, it is evident that, for example, the coil current
i1 affects both zM1 and zM2. Finally, by comparing the frequency response in the
two locations, it is clear that the dynamics are position dependent. In connection
to these remarks, it is worth pointing out that the acclaimed benefits of the modal
representation of the motion dynamics and especially the fact that it decouples
the states cannot be exploited, since the resulting multiphysical model, from the
currents to the measured LIFM displacements, is coupled. In principle, these char-
acteristics impose serious challenges in terms of control design. However, there
is a way to cope with these dynamics and therefore simplify the design of the
feedback and feedforward controllers. This topic is treated in the next section.
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Figure 2.12: Frequency response for the linearized system at xMT = 0.01m, yMT =
0.01m ( ) and xMT = 0.15m, yMT = 0.1m ( ). The height is equal to zMT =
0.0005m in both cases and the angles are zero.

2.6 Control structure for the NAPAS setup

2.6.1 An overview of the control scheme

The planar actuation system is coupled both in the input as well as in the output
side. For example, a current running through one of the available coils results
in forces exerted on multiple magnets. In a similar fashion, the variation of one
of the states may result in a variation of more than one LIFM measurements. In
motion systems, it is often desired to perform the control design on a decoupled
system, e.g. see Butler (2011), both for maintaining physical intuition when setting
the performance specifications as well as for simplicity during the control design
process, since for a decoupled system only SISO controllers have to be designed,
instead of a MIMO controller. For example, under the rigid-body assumption, a
successful decoupling and linearization of the planar actuation system dynamics
would result in six independent mass systems, each of which is controlled by
one input and influences only one output, e.g., a force in x-direction results in a
displacement only in the x-direction.

For the DLPM prototype, the control approach is based on the input and out-
put decoupling and linearization of the dynamics. This is a typical approach in
motion dynamics, where first-principles models are often available, e.g. see Butler
(2011); Steinbuch et al. (2010). The block diagram of the system containing the con-
trol scheme is presented in Figure 2.13. For simplicity, the internal magnet forces
and the gravity force are not shown in this figure. There are three main blocks that
constitute the controller; the commutation block, that decouples the forces and the
currents (input decoupling), the state estimation block, that decouples the LIFM
measurements and the states (output decoupling), and the main control block,
which consists of the feedforward and the feedback controllers. In the following
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Figure 2.13: The block diagram of the NAPAS prototype.

paragraphs each one of the aforementioned blocks will be analyzed and methods
for their design and implementation will be discussed. In this way, their merits
will be revealed together with their drawbacks. In turn, the latter attributes will
shed light on how the controller can be adapted towards the improvement of the
performance of the planar actuation system. First, the commutation algorithm is
introduced.

2.6.2 The commutation algorithm

Following the derivation of the electromagnetic model in Section 2.3, the non-
linear, position-dependent relation between forces/torques and the currents was
highlighted, under the static magnetic field assumption. In electromechanical sys-
tems, the commutation algorithm is a standard approach to decouple and lin-
earize the electromagnetic relations, e.g. see van Lierop (2007). By making use of
these relations, the commutation algorithm computes the required currents for
achieving a specific force and torque distribution. As such, it assists the con-
trol design process by allowing the definition of the controller outputs in terms of
force and torque distributions on the moving body, which can then be intuitively
associated with the mechanical model, towards the control of its motion.

Under the rigid-body assumption, the relation between the forces and torques
and the 40 active currents is described by (2.21). Therefore, an estimation of the
forces and torques is computed by

ŴM

(
q̂ CT

)
= M̂ r

M

(
q̂ CT

)
Si

(
q̂ CT

)
i, (2.79)

where the related estimated quantities, denoted using the hat symbol (̂·), are ex-
pressed in the metrology coordinate frame, while the electromagnetic matrix M r

M

has been defined in (2.21). In (2.79), the matrix Si
(
q̂ CT

)
∈ R40×160 is introduced,

which is a selection matrix with ones and zeros that selects the 40 active coils at a
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given location out of the 160 available coils. With some abuse of notation and for
the purpose of clarity, the selection matrix Si will be omitted in the remainder of
this thesis.

In the commutation algorithm, ŴM expresses the force/torque commands in
metrology coordinates, provided by the feedback and feedforward controllers, as
shown in Figure 2.13. In order to compute the required currents, the position-
dependent matrix M̂ r

M has to be available at every time instant. Nonetheless,
computing the matrix requires the evaluation of the integrals (2.14) and (2.15),
which is nonetheless prohibitive in a real-time application, due to the associated
computational burden. In order to circumvent this problem, two solutions have
been reported in the literature: the use of computational methods, e.g. approxima-
tion of the coil volume by a number of infinitesimal volumes, or analytic methods,
where further assumptions have to be made, e.g. regarding the shape of the coil
and the relative orientation between the coil and the magnets, see Rovers et al.
(2010); Jansen et al. (2007). To allow for a fast and accurate computation of (2.79),
the approach described in Rovers et al. (2012) is used. Based on this method, the
matrix M̂ r

M is computed on a fine grid of positions off-line, by approximating the
integrals by a sum of infinitesimal coil volumes. Then, this information can be
supplied in a Lookup Table (LUT), which computes the aforementioned matrix
at a given location. However, the 6-dimensional vector q CT together with the de-
mand for a fine grid for the LUT unavoidably results in enormous memory needs
to save the generated data. As a remedy, by restricting the admissible rotations
to zero and additionally exploiting the fact that the magnetic flux density decays
exponentially with respect to the height z CT , e.g. see Custers et al. (2019), Xiaodong
and Usman (2012), only x CT and y CT are used to generate the LUTs.

Additionally, based the discussion in Section 2.1.4, there are no sensors avail-
able to directly estimate the relative position of the translator with respect to the
coil frame q CT over the whole operating region. Fortunately, the ECS sensors that
measure the metrology frame with respect to the coil frame can be combined with
the LIFM sensors that measure the translator frame with respect to the metrol-
ogy frame to derive an estimation for q̂CM. Using the composition rule, e.g. see
(Murray et al. 1994, Chapter 2), it holds that

R̂CT = R̂CMR̂
M
T ,

p̂CT = R̂CMp̂
M
T + p̂CM.

(2.80)

Therefore, using (2.80), the vector qCT can be estimated, thus enabling the compu-
tation of M̂r

M

(
q̂ CT

)
in (2.79).

The computation of the required currents to achieve a specific force/torque
pair can be formulated in terms of an optimization problem. For example, using
(2.79), the optimization in terms of the `2 norm (Golub and van Loan 2013) is
described by

arg min
i

∣∣∣∣∣∣ŴM

(
q̂ CT

)
− M̂ r

M

(
q̂ CT

)
i
∣∣∣∣∣∣2

2
. (2.81)

The optimization problem in (2.81) renders an analytic solution via the Least Squares
approach. For the DLPM the number of coils nc is equal to 40, which is larger than
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the controlled quantities, which are equal to nr = 6. Since the associated prob-
lem is under-determined, multiple solutions exist. The minimum-norm solution,
e.g. see Golub and van Loan (2013), minimizes the norm of the supplied currents.
Therefore, under the assumption that the ohmic resistance is equal for all the coils,
the minimum-norm solution corresponds to the minimum power dissipation so-
lution10. The associated optimization problem is expressed by

arg min
i
||i||22 , subject to ŴM

(
q̂ CT

)
= M̂ r

M

(
q̂ CT

)
i, (2.82)

resulting in

i = M̂
r

M
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)(
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ŴM
(
q CT
)
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(2.83)

Under the assumption that the position-dependent matrix M̂ r
M

(
q̂ CT

)
is equal to

the true value, it is straightforward to show that

WM
(
q CT
)

= ŴM
(
q CT
)
, (2.84)

that is to say, the true forces/torques acting on the rigid-body are equal to the
desired ones.

Finally, it is worth noticing that further specifications and constraints can be
incorporated in the optimization problem. For example, weighting filters can be
defined such that the contribution of the coils at the borders of the magnet plate is
reduced, thus allowing for a smooth switch among the coils, see (van Lierop 2007,
Chapter 3) for an elaborate discussion on this topic.

2.6.3 The position and flexible modes estimation block

Introduction

The measurements obtained by the available LIFMs can be directly used for con-
trol purposes. However, it is more desirable to define the control specifications in
terms of meaningful variables, which do not necessarily coincide with the sensor
measurements. This is indeed the case for the DLPM prototype, since the states of
the derived first-principles model correspond to physics related quantities, such
as positions and rotations. To accomplish this goal, the estimation of the states
from the available data is necessary.

In many cases the design of an observer is performed, which could be also
implemented on a mechanical system. For the case where position-dependent
dynamics are present, more elaborate solutions have been investigated, e.g. see

10If the resistances are different for each coil, the minimum power solution is derived through the
minimization of arg mini i

>Ri , where R is a diagonal matrix that contains the resistances associated
with the corresponding coils.
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Verkerk et al. (2012), that resort to optimization based techniques. In some cases
though, the rates of change of the rigid or/and the flexible states is not of interest.
In this case, a simpler approach may be employed, by exploiting the geometric
configuration of experimental setup as well as the measurement equations, de-
scribed in Section 2.5.3. Two cases are presented in this section. First, the estima-
tion of the rigid-body states is discussed, under the rigid-body assumption. Then,
this approach is extended to account for the flexible dynamics in the estimation
problem.

Position estimation under the rigid-body assumption

By making use of (2.75), under the rigid-body assumption, the relation between
the LIFM measurements and the generalized coordinates qMT at time instant k is
equal to

yL (k) = fLr

(
qMT (k)

)
(2.85)

where yL ∈ Rny and fLr : Rnr 7→ Rny , with nr denoting the number of rigid
modes, i.e. the size of the vector qMT . The function fLr is constructed by using
(2.68)-(2.72). The goal is estimating qMT , i.e. solving the following optimization
problem:

arg min
qMT

∣∣∣∣yL (k)− fLr

(
qMT (k)

)∣∣∣∣ . (2.86)

The objective function (2.86) is clearly non-convex. Therefore, a solution can be de-
rived by resorting to numerical optimization techniques. However, due to the as-
sociated computational complexity, such approaches may be challenging when it
comes to real-time implementation, since (2.86) has to be solved at every sampling
instant. As an alternative, an analytic solution for the estimation of the rigid-body
states can be derived by employing the Taylor series expansion. Rewriting (2.85)
in terms of a Taylor series expansion (under the assumption that fLr is smooth)
around qMT (k − 1) results in

yL (k) = yL (k − 1) + C
(
qMT (k − 1)

) (
qMT (k)− qMT (k − 1)

)
+ h2 (k) , (2.87)

where C
(
qMT (k − 1)

)
∈ Rny×6 is the Jacobian matrix, defined as

C
(
qMT (k)

)
=
∂fLr

(
qMT
)

∂qMT

∣∣∣∣
qMT =qMT (k)

(2.88)

and computed using (2.68)-(2.72). In (2.87) it has been assumed that (2.85) is exact.
As a consequence, the substitution of fLr

(
qMT (k − 1)

)
with yL (k − 1) has been

enabled. Moreover, in (2.87), h2 (k) is the contribution of the second and higher
order terms in the Taylor series.

When there is lack of ambiguity, the Jacobian matrix C
(
qMT (k)

)
will be simply

denoted as Ck, the output difference yL (k) − yL (k − 1) as ∆yL(k) and the dif-
ference in the generalized coordinates

(
qMT (k)− qMT (k − 1)

)
as ∆qMT (k). Under

the assumption that the resulting Jacobian matrix in (2.88) is full rank, the first-
order approximation of (2.87) can be used to derive an estimate of the rigid-body
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states. To this end, the estimated Jacobian matrix at time instant k is denoted as
Ĉ
(
q̂MT (k)

)
, while when there is not ambiguity, it will be simply denoted as Ĉk.

Then, the following optimization problem is formulated:

arg min
q̂MT (k)

∣∣∣∣∣∣∆yLr (k)− Ĉk−1∆q̂MT (k)
∣∣∣∣∣∣2

2
(2.89)

and the solution is analytically computed by

q̂MT (k) =
(

Ĉ>k−1Ĉk−1

)−1
Ĉ>k−1︸ ︷︷ ︸

Ĉ†k−1

∆yLr (k) + q̂MT (k − 1).
(2.90)

With this approach, q̂MT is a position-dependent variable, which is computed by
(2.90) at every sampling instant. As a result, the estimated rigid-body position at a
given time instant depends on the previously estimated position, which manifests
itself both explicitly as well as in the Jacobian matrix. As a result, C and qMT (k−1)
have been replaced with their respective estimated values in (2.90).

The formulation of the state estimation problem in terms of incremental LIFM
measurements, ∆yLr, is actually necessary for practical reasons. One reason is
related to the computational load for computing at a given time instant, k the
function (2.85), evaluated at the rigid-body values of the previous time instant.
The main reason, though, is related to the discussion in Section 2.1.4. As it was
mentioned in that section, the LIFM sensors are capable of measuring the rela-
tive (and not the absolute) displacement of an object. At the unfortunate event
of (instantaneous) loss of a measurement by an LIFM, the LIFM will start again
counting from zero. As a result, if the equations were formulated in terms of ab-
solute LIFM measurements, it would not be anymore possible to incorporate back
the information from that LIFM in the position reconstruction algorithm. Finally,
it should be mentioned that, due to the successive approximations performed in
a real-time computation of the rigid-body states using (2.90), the error introduced
in each time instant will be carried over to the next approximation steps. The
following lemma describes the accumulated error up to a given time instant.

Lemma 2.1 Given a number of approximation steps k and an initial estimate q̂MT (0), the
error in the generalized coordinates at the kth approximation is equal to

ek =q̂MT (i)− qMT (i)

=

k−1∑
i=1

(
Ĉ †i−1Ci−1 − Ĉ †i Ci

)
qMT (i) +

(
Ĉ †k−1Ck−1 − I6

)
qMT (k)+

+
(
I6 − Ĉ †0 C0

)
q̂(0) +

k∑
i=1

Ĉ †i−1h2 (i) .

(2.91)

Proof: Using straightforward calculations, the estimate q̂MT (i) is computed recur-
sively using (2.90) for i ∈ {1, · · · , k}. Then, ∆y is replaced by the true equation
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(2.87). Finally, by successively replacing the estimated past values of q̂MT with
their corresponding expression until q̂MT (0) is attained, the desired result is de-
rived. �

Based on (2.91), it is concluded that the sources of estimation errors can be
twofold, namely a mismatch between the true and the estimated Jacobian func-
tion, as well as the error due to the neglected higher order terms in the Taylor
series. Additionally, the two sources are intertwined, e.g., the position estimation
error at a given time instant due to the higher order terms in the Taylor series will
affect the value of the Jacobian at the next time instant. Nonetheless, when a high
sampling rate is used, which for the DLPM prototype is equal to Ts = 0.00012s,
these sources of error can be considered negligible. In these cases, the estimation
using (2.90) is preferred. Indeed, unless otherwise stated, in the remainder of this
thesis, the solution (2.90) is used to estimate the rigid-body states.

Position and flexible states estimation

The approach for estimating the rigid-body modes can be extended to the flexible
case in a straightforward manner, using the measurement equation (2.75). Ac-
tually, a Taylor series approximation of the measurement equations around an
operating point has already been presented in (2.77). If the approximation takes
place around the position of the magnet plate at time instant k − 1, then the mea-
surement output at time k is approximately described by

yL (k) ≈yL (k − 1) +
[
Cr

(
qMT (k − 1) , qf (k − 1)

)
Cf

(
g
(
qMT (k − 1)

)
, qf (k − 1)

)]
×
[
qMT (k)− qMT (k − 1)
qf (k)− qf (k − 1)

]
,

(2.92)
where the entries in the Jacobian matrix are defined in (2.78). Therefore, under
the assumption that the Jacobian matrix has full column rank, an estimate of the
rigid-body and flexible states is computed by the Least Squares solution[
q̂MT (k)
q̂f(k)

]
=

[
q̂MT (k − 1)
q̂f(k − 1)

]
+[

Ĉr

(
q̂MT (k − 1) , q̂f (k − 1)

)
Ĉf

(
g
(
q̂MT (k − 1)

)
, q̂f (k − 1)

)]†
∆yL,

(2.93)
where Ĉr and Ĉf correspond to the estimated quantities of Cr and Cf .

2.6.4 Controller design

In high-accuracy motion systems the controller is comprised of a combination of
a feedforward and a feedback action. In order to cope with the nonlinear and
position-dependent dynamics, the decoupling blocks were introduced in the two
previous sections, i.e. the commutation block in the input side, presented in Sec-
tion 2.6.2, and the position reconstruction block, presented in Section 2.6.3. Under
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the rigid-body assumption, the resulting dynamic mapping ŴM 7→ q̂MT exhibits
two favorable properties. First, it is (ideally) a diagonal system, for which SISO
design approaches can be employed. Secondly, it is defined in terms of physics-
related parameters, such as masses and inertias, as well as forces/torques and
translations/rotations on the inertial (metrology) frame, therefore allowing the
intuitive definition of performance goals.

In practice, even if the position-dependent commutation and position recon-
struction blocks result in a perfectly decoupled system, this does not hold any-
more true in the case where flexible dynamics are present (Butler 2011). Depend-
ing on the complexity of the system and the desired performance goals, different
control design approaches can be followed, e.g. by taking the flexible behavior
into account, exploiting possible iterative processes, dropping the LTI assump-
tion in favor of explicitly incorporating parameter-varying phenomena etc. In this
section a basic approach for the design of feedforward and feedback controllers
is briefly discussed, which renders the system stable. Moreover, additional top-
ics will be discussed, namely the trajectory planning, as well as the initialization
procedure.

Feedforward control design and trajectory planning

In the state-of-the-art motion systems, the feedforward controller often accounts
for the largest proportion of the delivered forces on the system. As such, an ex-
tended literature exists on this topic, e.g. see Clayton et al. (2009). A popular,
straightforward approach adopts an LTI rigid-body point of view (Steinbuch and
Norg 1998; Steinbuch et al. 2010). This approach is supported by two key fac-
tors; the dominance of the rigid-body behavior at low frequencies, where usually
the target bandwidth frequency is set, and the reference profiles that are usually
employed in motion systems. These profiles are implemented using smooth tra-
jectory generators, characterized by a mostly low frequency content. As it has
been shown by Lambrechts et al. (2005), trajectories up to 4th order can be com-
puted using an algorithmic approach so that the desired velocity (v), acceleration
(a), jerk (j) and snap (d) bounds are satisfied (in principle, the method can be ex-
tended to higher orders). An example of a fourth order trajectory is shown in
Figure 2.14. These profiles can be directly employed towards the design of a feed-
forward controller in motion systems. Under the rigid-body approximation, the
decoupled system is described by

G ≈ diag
(

1

ms2
,

1

ms2
,

1

ms2
,

1

Ixs2
,

1

Iys2
,

1

Izs2
.

)
(2.94)

Therefore, a mass feedforward controller can be directly implemented by invert-
ing the system dynamics and making use of the acceleration profile, resulting in

KFF = diag
(
mr̈x,mr̈y,mr̈z, Ixr̈Ix , Iy r̈Iy , Iz r̈Iz ,

)
, (2.95)

where r̈ denotes the second time derivative of the corresponding reference sig-
nal, which is directly accessible in the reference profile. This inversion-based ap-
proach is one among many different approaches that have been developed. In the
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Figure 2.14: Example trajectory profile. Top to bottom: snap, jerk, acceleration,
velocity and position profiles.

presence of flexible dynamics the feedforward controller (2.95) inverts partially
the system dynamics. To additionally account for the flexible dynamics, a direct
extension of this method can be performed, e.g. by taking into account the DC
contribution of the flexible dynamics (compliance) through the addition of a snap
feedforward term (Boerlage et al. 2004) or by the approximation of the flexible sys-
tem with a two mass, spring and damper configuration (Lambrechts et al. 2005).

In general, though, the aforementioned assumptions can be proven restrictive
when stringent performance specifications are imposed. For example, flexible mo-
tion systems usually contain a number of anti-resonances, some of which have a
real part. For these non-minimum phase systems a method based on the inver-
sion of the dynamics leads to an unstable system, thereby rendering the solution
practically useless. In such cases, a solution can still be obtained by resorting to a
time domain formulation of the problem, e.g. see the work by Zou and Devasia
(1999). Additionally, the feedforward design can be recast in terms of an opti-
mization problem, e.g. see Boerlage et al. (2003) for an H∞ formulation. The LTI
assumption can also be proven to be a restrictive assumption, especially when the
performance specifications require a fast movement of the motion system. In such
cases, approaches using the Linear Time Varying (LTV) (Kasemsinsup et al. 2016)
or the LPV control framework have also been proposed (Bloemers et al. 2018), fol-
lowing the ideas by Devasia and Paden (1998), or using Linear Matrix Inequality
(LMI) based approaches, e.g. see Theis et al. (2015).
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Finally, another approach that has recently regained attention in the field of
motion systems is based on the observation that many positioning tasks are or
can be approximated as repetitive motions. The field of Iterative Learning Control
(ILC) exploits this observation by following a learning procedure to repetitively
update the control signal, so that the error in the next execution of the reference
profile is reduced, e.g. see Bristow et al. (2006b) for a comprehensive review on
the subject. The ILC approaches are in general categorized as data-driven. Ad-
ditionally, the combination of the ILC framework with parametric model update
techniques, e.g. using a basis expansion to characterize the feedforward controller,
has been investigated extensively, see van der Meulen et al. (2008); Stearns et al.
(2008).

In this work, the mass feedforward will be the standard selection, mainly due
to its simplicity, while it will not hinder the development of the methods, which
are discussed in the following chapters. Moreover, in terms of trajectory plan-
ning, the 4th order trajectory generator is used (Lambrechts et al. 2005) only for
the x and y coordinates. As far as the angles is concerned, during normal opera-
tion the reference values are always set to zero, therefore it is not needed to use a
complex trajectory profile. In fact, keeping the angles below |±1|mrad is crucial,
due to the angular range of the LIFM sensors (Keysight Technologies 2017). More-
over, regarding the height zMT , in the initialization procedure, its reference value is
gradually increased from 0m (lying on the coil array) to 0.0005m (levitation). After
this point, the height remains constant. Therefore, no trajectory generator is used
for zMT , either. It is worth noting that the selection of this height is the result of a
trade-off. On the one hand, it has to be guaranteed that the height is large enough,
such that any undesired rotations will not result in the magnet plate touching the
coil bed, which would be detrimental for the setup. On the other hand, the height
should be low enough for two reasons. First, to reduce the impact force at an
unexpected crash. Secondly, to reduce the power consumption and therefore the
heating of the coils. The latter is due to the fact that the required current for de-
livering a specific force on the magnet plate scales exponentially with the distance
between the magnets and the coils, see (Custers 2019, Chapter 5.2.4).

Feedback control design

The modeling of high-end motion systems is usually an elaborate task. This is
mainly due to the fact that model-based control solutions are followed, towards
deriving nanometer accurate positioning of the magnet plate. Therefore, the ac-
curacy of the model is reflected in the performance capabilities of the controller.
When the dynamics of the system are well captured, then the feedforward con-
troller assumes the largest role in terms of providing the required forces, towards
positioning the system on a desired location. The feedback controller however
still plays a crucial role in the intrinsically unstable planar actuation system. The
presence of unmodeled or unforeseen dynamics as well as external disturbances
may result in significant deviations from the desired reference value or even in-
stability of the closed-loop system. For this reason, the subject of feedback control
for motion systems has been widely reported in the related literature.
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Again, by adopting an LTI rigid-body point of view, the design of a feedback
controller for the DLPM prototype follows the general paradigm of appropriately
shaping the frequency response of a SISO open loop system, e.g. see Butler (2011).
This is enabled under the assumption of an almost decoupled system for which
the flexible behavior appears at frequencies way beyond the desired bandwidth
frequency. Therefore, the decoupled dynamics are approximately described by
(2.94). Then, the loop shaping approach can followed, usually be employing a
combination or variations of the following terms, e.g. see Steinbuch and Norg
(1998):

• An integral action to attenuate any DC disturbances.

• A lead-lag filter to create a satisfactory phase margin around the bandwidth
frequency.

• A Low-Pass Filter (LPF) to suppress high frequency content such as flexible
modes.

• A notch filter to compensate for resonances.

In the next chapters, unless otherwise stated, the following feedback controller is
used as a reference:

KFB = diag (kFB(m), kFB(m), kFB(m), kFB(Ix), kFB(Iy), kFB(Iz)) , (2.96)

where kFB(·) : R 7→ R is a function, described by

kFB(ν) = ν
3.53 · 106 (s+ 12)

2

s(s+ 240)2
. (2.97)

The controller (2.96) consists of an integrator, a double zero at low frequencies
(below bandwidth) and a double pole at high frequencies (above bandwidth fre-
quency). The resulting system bandwidth is equal to 60rad/s (≈ 9.5Hz), far below
the flexible dynamics frequency region, thus the presence of notch filters is not
required. The corresponding frequency response is shown in Figure 2.15.

Similar to the feedforward controller case, the feedback control design can be
extended to account for additional dynamics that may be present. In the case of
(rather low) coupling, an adaptation of the SISO loopshaping technique has led
to the Sequential Loop Closing (SLC) framework (Mayne 1979), which enjoys the
benefits of SISO loopshaping design while taking the interaction into account, at
the cost of having no robustness guarantees. Alternatively, a full MIMO approach
can be followed by resorting to optimization based techniques, such as the H∞
and the Robust control framework (van de Wal et al. 2002). Finally, in order to
explicitly incorporate position-dependent dynamics the LPV framework has been
investigated by Wassink et al. (2005); Steinbuch et al. (2003), where a data-driven
modeling of the wafer stage is followed by a Linear Fractional Transformation
(LFT) representation of the dynamics and the subsequent design of an LPV con-
troller, following the approach by Scherer (2001a).
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Figure 2.15: Frequency response of the loopshaping based feedback controller for
ν = 1. The magnitude is shown in the top figure, while the phase response is
shown in the bottom one.

In the chapters to follow the subject of feedback controller design and imple-
mentation will be revisited, in order to investigate how the attained performance
of the planar actuation system can be increased. However, the controller in (2.96)
will still be used, e.g., during identification experiments. Finally, the performance
of the closed-loop system has to be evaluated with respect to a specific Point of
Interest (PoI). In this thesis, the PoI will correspond to the CoM, which coincides
with the origin of the translator coordinate frame. As a result, the difference be-
tween the reference and the estimated generalized coordinates q̂MT will be evalu-
ated.

Startup, performance controller and bumpless switching

The integral action in (2.96) is an indispensable component of the feedback control
design. At startup, when the magnet plate lies on the coil bed, a reference value
on the zMT -direction is first provided to elevate the plate on the desired height.
Only then is the planar motion on the xMT − yMT plane enabled. Often, due to
large deviations between the setpoint and the measured output, a large control
signal is generated by the controller. In case that the control signal exceeds the
linear operation range of the actuator, then large control values start accumulating
due to the integral action, eventually locking the actuator in a saturation mode
(Edwards and Postlethwaite 1998; Peng et al. 1996). This phenomenon is called
windup and it may lead to large overshoots or even instability.

A simple approach to counteract the windup effect in the DLPM prototype
is to employ a startup controller, in which the integrator is replaced by a pole at
a non-zero frequency. For the DLPM prototype, this pole is placed at 12rad/s.
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Then, during normal operation, the final or performance controller is used. How-
ever, switching from the startup controller to the performance controller is not
trivial; not only stability has to be guaranteed, but moreover the switch has to
be as smooth as possible, both for safety reasons and also for making the system
available for operation as fast as possible. In other words, the switch has to be
bumpless. In mathematical terms, bumpless switching for a continuous system
means that continuity of the controller output signal is maintained when the sys-
tem switches from one controller to another, under the assumption that the input
signal is continuous Arehart and Wolovich (1996). In the DLPM prototype, for the
avoidance of a violent switch between the two controllers, the same structure is
imposed on both controllers. Then, by exploiting the common structure, the ini-
tial location of the aforementioned pole is shifted towards zero, resulting in the
integral term, shown in the performance controller in (2.96). The shifting of the
pole is performed slowly enough such that the transition is bumpless. After the
switch, the magnet plate is cleared for motion on the xMT − yMT plane.

In general, it is worth noting that the problem of bumpless controller switch-
ing falls into the general category of Anti-Windup Bumpless Transfer (AWBT)
schemes. This topic had drawn a lot of attention in the past decades, mainly from
the end of 1980s until the end of 1990s, e.g. see Edwards and Postlethwaite (1998)
and the references therein. In this context, the main research subject is the inves-
tigation of the mismatch between the controller output and the true input of the
plant. Then, the associated research question is how this difference can be mini-
mized. For example, the integral windup effect, which results in a different plant
input than the one computed by the controller, due to saturation in the actuator,
can be seen as an AWBT problem. Similarly, within the AWBT framework falls
the problem of controller switching. In this scenario, multiple controllers may run
in parallel. Depending on the operating region, one of them is active, while the
rest run offline. Then, by employing the AWBT scheme the goal is to minimize
the difference between the output of the online and the offline controller, so that,
at the event of a controller switch, this is performed in a smooth manner.

Based on the discussion above, various controller switching techniques that
belong to the AWBT framework could also be applied in the DLPM prototype.
For example, such a switching mechanism for planar actuation systems has been
reported in Kowalski et al. (2010), where a Linear Quadratic Bumpless method for
a magnetically levitated planar actuator has been presented, based on the idea in
Turner and Walker (2000). Moreover, in Bloemers (2018) two alternative methods
have been investigated and experimentally validated on the DLPM, where the one
is performed during stand-still, by exploiting the invariance of the states, as well
as a method which is based on the constructability property of the controller. The
simplicity and the experimentally verified efficacy of the aforementioned switch-
ing technique via pole shifting, though, renders it sufficient for the needs of the
DLPM prototype, when the feedback controller that was presented in the previ-
ous subsection is used. However, as it will be shown in the following chapters,
different switching approaches have to be used, when more advanced controller
are employed.



2.7 Conclusion 73

2.7 Conclusion

In this chapter the Nanometer-Accurate Planar Actuation System has been intro-
duced and its operating principles have been presented. Based on the resulting
model, it has been shown how the control design problem can be significantly
simplified when the commutation and position reconstruction blocks are used.
Using these blocks, the topic of feedback and feedforward control design has been
briefly discussed, too.

Clearly, one phrase was ubiquitous in this chapter; position-dependency, and
the implications that arise from it. The nonlinear phenomena, present both in the
input and output side, dictated the development and use of the decoupling blocks,
which in turn facilitated the control design process, both in terms of complexity
of the controller as well as by preserving physical intuition. The decoupling of the
nonlinear dynamics, both in the input as well as in the output side is an attractive
approach due to the availability of first principles models that describe the electro-
magnetic and the measurement systems, respectively, as it was shown in Sections
2.6.2 and 2.6.3. In practice, though, the inherent assumptions in the commuta-
tion and measurement blocks, combined with possible model mismatches, may
result in imperfect decoupling, which in turn will result in position-dependent
effects, that the controller has to systematically cope with. In order to evaluate
the efficiency of the decoupling methods and in general the modeling steps pre-
sented above, the comparison of the developed model with experimental data is
required. This will be exactly the topic of the next chapter.
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3 CHAPTER

Data-driven modeling

This chapter deals with the experimental modeling of the DLPM pro-
totype. In motion systems, the availability of first principles that

describe their dynamic behavior is usually exploited towards the deriva-
tion of a high-fidelity model, as it was described in Chapter 2. In reality,
a mismatch between the model and the physical dynamic behavior of the
actual system is expected to a certain degree. In this chapter, experimen-
tal methods are employed to evaluate the achieved accuracy and possibly
update the parameters of the first-principles-based model. Following the
introduction in Section 3.1, the experimental modeling of the planar actu-
ation system is presented in Section 3.2, focusing on the FRF estimates of
the system dynamics at various positions. A method is presented to verify
the electromagnetic model as well as the equations that describe the rela-
tion between the states of the first-principles model and the LIFM mea-
surements. In parallel, the FRF estimates and the first-principles-based
model are compared. Based on these results, a partial mismatch is ob-
served between the expected behavior, described by the first-principles
model, and the real one, captured by the FRF estimates. Therefore, the
goal of updating the model parameters of the first-principles model, so
that its dynamic behavior matches with the experimental data is formu-
lated. To this end, a review of the available identification methods for
linear and parameter-varying motions systems in Section 3.3 highlights
the benefits of employing the Linear Parameter Varying modeling frame-
work to compactly describe the dynamics of the planar motion system.
The LPV modeling of the planar motor dynamics is performed in Sec-
tion 3.4. The resulting model is capable of continuously characterizing
the system dynamics by making use of a single state space model, whose
matrices are parametrized as a function of the position. By employing
the developed LPV model, an LMI-based update method is presented in
Section 3.5, which updates the global behavior of the LPV first-principles
model. The simulation results verify the validity of the proposed scheme.
Finally, conclusions are drawn in Section 3.6.

75
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3.1 Introduction to non-parametric modeling via FRFs

The first-principles modeling of the moving-magnet planar actuation system, de-
scribed in Chapter 2, relies on an idealistic mathematical description of the elec-
tromagnetic and mechanical phenomena that take place. In practice, the existence
of unforeseen dynamics or modeling errors can never be excluded in a practical
setting. As a result, a mismatch in the behavior of the underlying system and
the first-principles model is to be expected. To evaluate the latter mismatch, it
is useful to resort to experimental evidence. The Frequency Response Function
estimation is a popular approach for deriving a non-parametric model of the LTI
system dynamics, e.g. see Ljung (1999), Pintelon and Schoukens (2012) for a re-
view on the subject. The aim of the FRF estimation is to estimate the frequency
response of a system G(jωk) at a finite number of frequencies on the basis of a
finite data. Moreover, it is used as an intermediary step towards the derivation of
a parametric model, e.g., in terms of a state-space model.

Among others, the popularity of the FRF estimation approaches lies on the
fact that the FRFs can be computed in a relatively easy way and moreover they
can be directly used for control purposes, using loopshaping techniques. In this
way, any approximation errors introduced by the parametric approximation of the
non-parametric FRF estimate are avoided. In turn, parametric models are neces-
sary for model-based control solutions, such as Linear Quadratic Gaussian (LQG)
orH∞-based control designs. Moreover, the FRF estimate can be directly used for
validation purposes, i.e. to compare the frequency response of an available para-
metric model with respect to the experimentally derived FRF estimate. Due to
the aforementioned favorable properties, FRF estimates have been widely used in
planar motion technology towards loopshaping-based control solutions, e.g. see
Steinbuch et al. (2010); Butler (2011); de Roover (1997). For the same reasons, de-
riving FRF estimates is of high value for the DLPM prototype, too. The derivation
of the FRF estimates for the DLPM is treated in the next section.

3.2 Data-driven non-parametric modeling of the pla-
nar actuation system

3.2.1 The FRF estimation method

In this section, the FRF estimation procedure is introduced. In general, multiple
approaches can be followed towards the derivation of the FRF estimate. The se-
lection of the most appropriate approach mainly depends on the characteristics
of the system to be estimated, such as the number of I/O channels, the operation
of the system in closed or open loop etc. Additionally, several experiment design
parameters have to be selected by the user, such as which input signals to excite,
which frequency region is of interest, etc., see (Ljung 1999, Chapter 13) for an elab-
orate discussion on the subject. In the following, the discussion is limited to the
FRF estimation methods which have been used in practice for the estimation of the



3.2 Data-driven non-parametric modeling of the planar actuation system 77

GK

H

+- +

++
r +

Figure 3.1: Block diagram of system operating in closed loop

DLPM dynamics. More specifically, the indirect and the direct methods for closed-
loop systems are presented (van den Hof 1998), and the connection between them
is also highlighted.

One of the early choices in the experiment design procedure is the selection of
the class and the properties of the excitation signal. Here, the considered excita-
tion signal is a multisine (Pintelon and Schoukens 2012), i.e. it corresponds to a
summation of multiple sines with different phase, amplitude and period values,
described in discrete time by

u(k) =

Ns∑
i=1

ai sin (2πfikTs + φi) , (3.1)

with Ns the total number of sines, ai is the amplitude, fi the frequency and φi the
phase of the ith sine, while k is an integer, while the sampling period is denoted
by Ts. The total period of the multisine is assumed to be equal to NTs seconds,
with N a positive integer number.

For illustration purposes consider the system presented in Figure 3.1. The goal
is to identify the system G(jω) at a discrete number of frequencies, while K(jω)
represent the feedback controller and transfer matrix H(jω) describes the noise
dynamics. Before introducing the FRF estimate, the Discrete Fourier Transform
(DFT) has to be introduced.

Definition 3.1 (Discrete Fourier Transform) Consider a discrete-time signal e(tTs),
t = 1, . . . , N , sampled with sampling frequency equal to Fs = 1/Ts, where Ts is the sam-
pling period. Then the DFT and the inverse-DFT of the signal e are defined respectively
by

ẽ(
kFs

N
) =

N∑
t=1

e(tTs) exp(
−i2πkt
N

),

e(tTs) =
1

N

N∑
k=1

ẽ(
kFs

N
) exp(

i2πkt

N
),

(3.2)

with ẽ denoting the DFT of the signal e and k = {1, . . . , N}.

For the excitation of a MIMO system, two approaches can be followed (Pin-
telon and Schoukens 2012). In the one approach, the independent excitation of
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each input is performed and all the output signals are captured. By repeating this
experiment over all available inputs, the FRF estimate of the system dynamics
can be derived. In contrast with this, the simultaneous excitation of all the in-
puts can be performed. For a system with nu inputs, the independent excitation
of each input leads to a

√
nu times smaller Signal-to-Noise Ratio (SNR) value, or

it requires nu times larger measurement time for the same SNR value, compared
to the simultaneous excitation of all the inputs. Moreover, the independent ex-
citation does not reflect the real operating conditions of the system, especially at
the presence of nonlinear effects (Pintelon and Schoukens 2012, Chapter 2). As
a consequence, the simultaneous excitation is usually preferred towards deriving
an FRF estimation and it is also considered here. Due to the fact that all the inputs
are simultaneously excited, the FRF estimation method requires the execution of
nu experiments, where nu is the number of input signals u. Moreover, in order to
improve the estimation results, averaging of the data is often performed. To this
end, it is assumed that there are Nper ∈ N measured periods of the multisine sig-
nal. For the ith experiment, i ∈ {1, . . . , nu}, and the νth period, ν ∈ {1, . . . , Nper},
the DFTs of the nu input signals are placed in a column vector ũ(i,ν)(kFs/N), with
k ∈ {1, · · · , N}. By stacking column wise the DFTs from all the nu experiments at
the period ν, the matrix Ũ (ν)(kFs/N) ∈ Cnu×nu is derived:

Ũ (ν)(
kFs

N
) =

[
ũ(1,ν)(kFs

N ) · · · ũ(nu,ν)(kFs

N )
]
, (3.3)

with k ∈ {1, · · · , N}.

The collection of data, as it has been presented in (3.3) is performed for the DFT
signals ũexc, ũtot and ỹ, shown in Figure 3.1. Typically, for systems that operate
under closed loop, indirect FRF estimation methods are employed to avoid bias
in the resulting estimate. In this case, the estimated FRF is given by

Ĝ(jωk) =
1

Nper

Nper∑
ν=1

Ỹ (ν)(k)Ũ (ν)−1

exc (k)

 1

Nper

Nper∑
ν=1

Ũ
(ν)
tot (k)Ũ (ν)−1

exc (k)

−1

, (3.4)

which corresponds to the product of the process sensitivity,G (I +KG)
−1 with in-

verse of the the input sensitivity, with the input sensitivity defined as (I +KG)
−1.

Moreover, it is worth noticing that, for the specific case where the excitation sig-
nal is a multisine as the one presented here, (3.4) coincides with the direct estimate

due to the fact that a periodic excitation signal is used, i.e. Ũ
(ν)

exc is identical for all
ν ∈ {1, . . . , Nper}. Therefore, (3.4) can be equivalently rewritten as

Ĝ(jωk) =
1

Nper

Nper∑
ν=1

Ỹ (ν)(k)Ũ
(ν)−1

tot (k). (3.5)

Based on the presented method, the FRF estimates of the DLPM prototype will be
derived in the next section.
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3.2.2 Experiment design for the DLPM

Input and output signals

As it was discussed in Chapter 2, the plant is mathematically described by a series
interconnection of the mechanical and the electromagnetic model, while a set of 9
LIFMs is used to measure the displacement of the targeted nodes, see Figure 3.2.
Therefore, the goal is to derive an FRF estimate that describes the dynamic map-
ping from the currents i to the LIFM measurements yL, which is of dimensions
9 × 40, corresponding to the number of LIFM measurements and coil currents,
respectively.

The discussion in the previous section highlighted the benefits of simultane-
ous excitation of all the inputs. Therefore, this approach is intended for use in
the DLPM prototype. However, the proclaimed advantages of the simultaneous
excitation method may be compromised in practice, due to the fact that all the
input and output signals have to be captured and saved in real-time. The DLPM
prototype is faced with such a challenge, i.e. the dSpace computer, used in the
experimental setup, cannot simultaneously capture in real-time the 40 coils and
the 9 LIFM measurements. On the other hand, by resorting to the individual ex-
citation of each coil, the aforementioned problem is circumvented. However, in
both cases, the experiment duration is expected to be very high, due to the large
number of inputs. In addition to this, and irrespective of the selected excitation
method, the presence of position-dependent effects means that these experiments
have to be repeated in multiple locations, in order to capture the latter phenom-
ena, thus increasing further the duration of the experiment.

To allow for the real-time capturing and saving of the input-output data, a
plausible approach is to include in the FRFs that we would like to estimate sub-
systems which are already known, such that, for the resulting system to be esti-
mated, the sum of inputs and outputs is lower. In practice, three solutions for the
FRF estimation of the system can be followed:

A1 The inclusion of the input decoupling matrix, i.e. the commutation. This
means that the mapping ŴM 7→ yL is estimated. The resulting FRF has 6
inputs and 9 outputs.

A2 The inclusion of the output decoupling matrix, i.e. the position/modes es-
timation block. The resulting mapping to be estimated is i 7→ q̂MT . The
resulting FRF has 40 inputs and 6 outputs.

A3 The inclusion of both the input and the output decoupling matrix. The re-
sulting mapping to be estimated is ŴM 7→ q̂MT . The resulting FRF has 6
inputs and 6 outputs.

Essentially, the most appropriate choice is dictated by the requirements that the
identified system has to fulfill. For example, if the goal is to design a feedback
and feedforward controller for the system using loopshaping techniques, then A3
is definitely the most reasonable choice, since it delivers the FRF of the equivalent
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Figure 3.2: Simplified block diagram of the planar actuation system, including
input excitation.

plant as “seen” by the feedback controller. Therefore, the control design process
can be directly performed using this FRF estimate.

On the other hand, if the goal is to investigate the accuracy of an already avail-
able parametric model, then, by using A3 (which contains user-defined blocks,
i.e. the commutation and the rigid-body position estimation block), the relation
between a physical input (e.g. current in a coil) and a physical output signal (e.g.
displacement measured by LIFM) is “hidden” by the input and output decou-
pling blocks. Moreover, due to the properties of the input and output decoupling
blocks, the latter relation cannot be uniquely established. For example, if the ap-
proach A1 is used, it means that there can be 6 independent excitation signals,
corresponding to the desired force/torque vector ŴM, which are used to com-
pute the required 40 current values. Clearly, the 40 currents are dependent with
respect to each other, since they can be described as a linear combination of the 6
signals. Therefore, it is not possible any more to separate the effect between two
different coil currents on a PoI, which poses an additional difficulty in terms of
estimating the parameters of the plant.

Inevitably, the aforementioned limitation is encountered in all the methods.
By choosing A2, it means that there is only a slight decrease in the number of
captured signals, from 49 to 46, which is still challenging for the DLPM computer.
On the contrary, for A1 the number of signals is significantly reduced from 49 to
15. For this reason, the identification of the ŴM 7→ yL mapping (A1) is chosen,
as it is shown in Figure 3.2.

Experiment locations

Based on the results of Chapter 2, the presence of position-dependent dynamics
in the planar motor is expected. Since the FRF estimation approach assumes that
the underlying system is LTI, the utilization of the FRF estimation approach in the
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Figure 3.3: FRF measurement locations on the xMT − yMT plane

DLPM prototype requires further consideration. More specifically, an FRF esti-
mate can only be derived when the plate is restricted around a specific operating
point, where the position-dependent dynamics can be approximated by an LTI
model. Since the DLPM prototype operates at a constant reference height with
reference angles equal to zero, the position-dependent dynamics of interest are a
function of the xMT and yMT position. Therefore, the derivation of local FRF esti-
mates on a specified xMT − yMT grid is pursued, as shown in Figure 3.3. The grid
is defined by

PG = XMT × YMT (3.6)

with xMT ∈ XMT , yMT ∈ YMT and XMT = YMT = {0.02, 0.06, 0.10, 0.18} [m], while
the height is kept constant, equal to zMT = 0.0005m and the angles are equal to
0rad. The above locations have been chosen such that no switches between coils
are taking place. In this way, any parasitic effects due to transient electromagnetic
phenomena are avoided.

Design of the excitation signal

The excitation signal Ŵ exc, which is applied at the location shown in Figure 3.2,
has to be properly designed, based on the prior knowledge about the system dy-
namics and the purposes of use of the resulting FRF estimate. Various signal
classes can be used to excite the system, such as white noise Gaussian signals,
multisines, binary random sequences etc. (Verhaegen and Verdult 2011, Chapter
10). For the excitation of the DLPM a random-phase multisine signal is selected,
since it leads to lower variance estimates, compared to white-noise Gaussian ex-
citation signals (Pintelon and Schoukens 2012, Chapter 2).
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For the planar actuation system, the results from Chapter 2 can be directly
employed to roughly select the desired frequency range. Based on these results,
the flexible dynamics are expected to take place at frequencies higher than 100Hz.
Moreover, with a sampling period of Ts = 0.00012s (≈ 8.33kHz), an upper bound
equal to 2kHz is set on the excited frequencies as a precaution against aliasing
(Proakis 2001). In total, the frequency range of excitation is chosen to be equal
to f ∈

[
0.5, 2 · 103

]
[Hz], with a step in the excited frequencies equal to 0.5Hz. In

order to suppress the contribution of nonlinear distortions, only the odd frequen-
cies of the aforementioned frequency range are excited (Pintelon and Schoukens
2012). Consequently, the set of excited frequencies is equal to fexc ∈ {0.5, 1.5, 2.5,
. . . , 1999.5}[Hz].

At each location, nu experiments are performed. Moreover, it is beneficial for
numerical reasons that the resulting excitation matrix W̃exc is orthogonal (Do-
browiecki et al. 2006). To achieve this, the DFT of a single multisine signal is
generated, e.g. the excitation signal of the first input of the first experiment. Then,
a frequency-independent transformation matrix T is applied on each frequency of
the aforementioned excitation signal. For example, by denoting the original signal
as e0 with DFT ẽ0, the orthogonalization process via the transformation matrix T
results in

Ẽ(k) = ẽ0(k)T, (3.7)

where ẽ0(k) ∈ C, T ∈ Cnu×nu and Ẽ(k) ∈ Cnu×nu . The matrix T is orthonormal
and its entry at jth row and lth column is defined by (Dobrowiecki et al. 2006)

[T ](j,l) = n
−

1

2
u e

−2πi(j − 1)(l − 1)

nu


.

(3.8)

Each of the nu columns of Ẽ(k) corresponds to the DFT at frequency kFs/N of
all the nu inputs signals, which are used in one experiment. This procedure is
applied, towards deriving the matrix W̃exc(kFs

N ) : R 7→ Cnu×nu is derived, with
k ∈ {1, · · · , N}. In practice, the desired DFT of the multisine is first derived.
Then, it is multiplied with T , defined in (3.8), resulting in the matrix W̃exc(kFs

N ).
Finally, the inverse DFT is computed, which results in the time-domain excitation
signal, which is used to excite the system dynamics.

3.2.3 Measurements and FRF estimation of the DLPM

In this section the final details of the experiment design are discussed, followed by
the presentation of the derived FRF estimates. First of all, to reduce the variance
of the FRF estimate, the resulting periodic excitation signals have been repeated
for Nper = 16 periods. For the forces, the maximum amplitude is restricted to
4.5N and for the torques to 0.225N m. All the individual sines in the multisine
signal have equal amplitude. For the computation of the FRF estimates, the first
2 periods of the measured signals have been discarded, following the inspection
of the output data yL. The latter inspection revealed that transient dynamics are
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Table 3.1: Resonance frequencies of the DLPM prototype.
Flexible mode 1 2 3 4 5
Frequency [Hz] 226.5 546.5 698.5 1050 1158

still present during the first 2 periods. By removing these parts of the signals, the
effect of transient dynamics is minimized, leading to better FRF estimates.

Towards the estimation of the FRF, the DFT of the total input in the commuta-
tion block is formed, denoted as W̃tot ∈ Cnu×nu , as well as the DFT of the LIFM sig-
nals, ỸL ∈ Rny×nu , as it was defined in (3.4). Then, the FRF estimate of the equiv-
alent plant, defined as the dynamic mapping from the desired forces/torques to
the LIFM measurements, is described by

Ĝ(j2πfk) =
1

Nper

Nper∑
ν=1

Ỹ
(ν)
L (k)W̃

(ν)−1

tot (k). (3.9)

where Ĝ(j2πfk) is the estimate of the equivalent plant, computed at the excited
frequencies. Based on the discussion in Section 3.2.1, the estimate coincides with
the one derived through the indirect method. Using (3.9), the FRF estimates at the
grid points shown in Figure 3.3 have been computed. In Figure 3.4, the magnitude
of the FRF estimates corresponding to the LIFMs yLx1 , yLy1

and yLz1 has been plot-
ted for three different experiment locations. Moreover, the resonance frequencies
for the first 5 modes are given in Table 3.1.

A few brief conclusions can be drawn from Figure 3.4. First, the position de-
pendency is observed through the shift of the anti-resonance frequencies among
the FRF estimates at the plotted locations. Moreover, the resonance frequencies
remain unaffected by the position variation. This is in line with the model devel-
oped in Chapter 2, which resulted in a state-space model with constant A matrix,
as shown in (2.62). Based on the results of Chapter 2, the goal is to compare the ex-
perimentally derived FRF estimates with the first-principles model and conclude
about the modeling accuracy of the latter. This goal is fulfilled in the following
two sections. First, in Section 3.2.4, methods to verify the electromagnetic model
as well as the position measurement model are presented. Then, in Section 3.2.5 a
comparison of the FRF estimates with the first-principles model is performed.

3.2.4 Verification of electromagnetic model and output equations

The lack of intermediate measurements between the electromagnetic and the me-
chanical system, i.e. force measurements, defines one of the main challenges faced
in the planar actuation system. More specifically, the main advantage of the first-
principles model is the preservation of physical intuition regarding the state-space
model parameters. However, due to the lack of force measurements, it is not triv-
ial to independently evaluate the accuracy of the two main subsystems, i.e. the
electromagnetic interaction and the motion dynamics. In some cases, though, this
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Figure 3.4: FRF estimates at xMT = 0.18m, yMT = 0.02m ( ), xMT = 0.18m, yMT =
0.06m ( ) and xMT = 0.18m, yMT = 0.10m ( ).
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Figure 3.5: Block diagram of the DLPM with one coil out of the commutation.

difficulty can be bypassed, under specific assumptions. The goal of this section
is to describe how the accuracy of the electromagnetic relations can be verified
by resorting to experimental evidence. In fact, the discussion in this section is
directly connected to the work in Custers (2019), in which the corresponding ex-
perimental results are provided. As a result, the main focus in this section will be
on providing the mathematical framework for the verification of the electromag-
netic relations. Based on a similar rationale, a method for the verification of the
measurement equations will be provided, too.

Starting off with the verification of the electromagnetic model, its accuracy can
be verified without requiring the measurement of the exerted forces on the mov-
ing plate. For this purpose, the high number of coil actuators with respect to the
outputs of the feedback and feedforward controller is exploited, towards devis-
ing an experiment. More specifically, one of the 40 available coils is taken out of
the commutation, while the rest 39 are used to actuate the system, as shown in
Figure 3.5. The out-of-commutation coil, whose current is denoted by id, is used
as a disturbance input and it is fed with a DC current. In order to show how this
experiment can be used to draw conclusions about the accuracy of the electromag-
netic model, some notation and assumptions are introduced first. By making use
of the frozen LTI model of the planar actuator at a specified position, described by
(2.62), (2.60), (2.83), (2.96), the relation between the feedback controller command,
denoted by Ŵ

FB

M , and id is described in the Laplace domain by

Ŵ
FB

M (s) = −
(
I +K (s) Ĉ †r

(
s−2CrBrM

r
M + ΦO

f Pf(s)Φ
I
f

>
MM
M

)
M̂

r

M
†)−1

×K (s) Ĉ †r

((
s−2CrBrM

r
M,d + ΦO

f Pf(s)Φ
I
f

>
MM
M,d

)
id+

s−2CrBr

(
Ŵ

FF

M −GM
)

+ ΦO
f Pf(s)Φ

I
f

>
MM
M,d

(
F int −GM

M

))
(3.10)
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with

Pf(s) = diag
(

1

s2 + 2ζ1ω1s+ ω2
1

, . . . ,
1

s2 + 2ζnf
ωnf

s+ ω2
nf

)
=
(
s2I + 2ZΩs+ Ω2

)−1
.

(3.11)

Moreover, in (3.10) (with a slight abuse of notation) the matricesM r
M andMM

M that
describe the electromagnetic relation are of dimensions 6×39 and 843×39, that is,
the column that corresponds to the out-of-the-commutation coil has been removed
from the latter matrices and instead it is used to define the vectors M r

M,d ∈ R6

and MM
M,d ∈ R843. In a similar fashion, for the commutation matrix it holds that

M̂
r

M
†
∈ R39×6.Due to the integral action in the feedback controller, discussed

in Section 2.6, it can be rewritten as K(s) = K0(s)/s. By resorting to the final
value theorem Franklin et al. (1994), the step response of the stable system (3.10) as
t→∞ is described by (the position dependency has been suppressed for brevity)

lim
t→∞

Ŵ
FB

M (t) ≡ lim
s→0

Ŵ
FB

M (s)

=− lim
s→0

(
s3I +K0 (s) Ĉ †r

(
CrBrM

r
M + s2ΦO

f Pf(s)Φ
I
f

>
MM
M

)
M̂

r

M
†)−1

×K0 (s) Ĉ †r (s)

((
CrBrM

r
M,d + s2ΦO

f Pf(s)Φ
I
f

>
MM
M,d

)
id+

+ CrBr

(
Ŵ

FF

M −GM
)

+ s2ΦO
f Pf(s)Φ

I
f

>
MM
M,d

(
F int −GM

M

))

=−
(
K0 (0) Ĉ †r CrBrM

r
MM̂

r

M
†)−1

×K0 (0) Ĉ †r CrBr

(
M r
M,did + Ŵ

FF

M −GM
)

=−
(
M r
MM̂

r

M
†)−1 (

M r
M,did + Ŵ

FF

M −GM
)
.

(3.12)

Based on (3.12), the true difference of the desired force/torque vector at a fixed
location between the case where id is zero and the case where it is equal to a DC
value is equal to

∆Ŵ
FB

M =
(
M r
MM̂

r

M
†)−1

M r
M,did. (3.13)

Therefore, the difference of the desired feedback controller values, as they are
computed by the feedback controller during the experiment, can be compared
with the estimated difference based on (3.13)1. For computing the estimated dif-

ference, we notice that M̂ r
MM̂

r

M
†

= I , therefore the estimated difference is equal
to M̂ r

M,did. This comparison can be used to assess the accuracy of the derived
electromagnetic model. However, it should be stressed out that a possible mis-
match does not clearly indicate the source of that; the mismatch could be either

1It is important to notice that the difference of the feedback controller values is always known
because these signals are generated by the controller, which is implemented in a computer.
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due to inaccurate modeling of M r
M,d, i.e. the electromagnetic interaction model of

the coil that was taken out of commutation, or/and due to inaccurate modeling
of M r

M, i.e. the rest 39 coils that are used in the commutation. Nonetheless, it is
important to notice that with this methodology only the electromagnetic model
is evaluated, unaffected by possible modeling errors in other blocks. Finally, the
maximum relative error between the desired (known) and estimated force/torque
values, using (3.13), has been computed in (Custers 2019, Chapter 5) for different
q̂MT positions. Based on these results, the relative error is below 5%, except for τ̂x,
for which the maximum difference was equal to 6.8%.

Finally, it is interesting to notice that an analogous experiment could be de-
vised for the verification of the LIFM measurement equation, too. In this case,
an LIFM signal, denoted by yLd

, can be removed from the position reconstruction
block and instead used to compare its measured value with the one estimated us-
ing the measurement equations, when a motion is performed. To this end, with
some abuse of notation, the relation between the remaining LIFM measurements,
yL ∈ Rny−1, and the estimated states is given by (2.90), in the rigid-body case,
or by (2.93), if the flexible dynamics are estimated, too. Then, an estimate ŷLd

of the measurement yLd
can be computed by (2.85) or (2.75), respectively. The

comparison between the measured and estimated quantities reveals how accu-
rate the measurement equation is for yLd

. In practice, such a comparison should
be performed when the number of sensors is much higher than the states to be
estimated. Otherwise, the removal of one measurement from the reconstruction
algorithm may increase the risk of inaccurate position estimates and therefore it
would endanger the safe operation of the prototype.

3.2.5 Comparison of the FRF estimates and first-principles model

In the previous section, two approaches to verify the electromagnetic and the mea-
surement models have been discussed. More specifically, by exploiting basic prop-
erties about the actuators and the LIFM devices, respectively, it has been shown
how estimates based on the first-principles model can be first derived and then
compared with experimentally derived measurements, thus asserting the model-
ing accuracy of the model. In this section, the goal is to evaluate the modeling
accuracy of the multiphysical first-principles model, which contains the electro-
magnetic relations, the motion dynamics and the measurements equations. To
this end, the model which has been developed in Chapter 2 is compared with the
FRF estimates, derived in Section 3.2.3.

As a first remark, in the modal representation of the first-principles model
(2.62) the flexible modes frequencies explicitly appear in the diagonal matrix Ω.
Based on this, a straightforward comparison between the resonance frequencies
of the first-principles model and the FRF estimates has revealed that the frequen-
cies of the latter do not exactly correspond to the estimated ones. Consequently,
the corresponding values in the Ω matrix have been updated, following a visual
inspection of the FRF estimates. After performing this step, the comparison of the
two frequency responses is performed at the various locations where an FRF mea-
surement is available. To facilitate the discussion, the Bode magnitude plots at the
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position x̂MT = 0.1m, ŷMT = 0.1m, ẑMT = 0.5mm and zero angles have been plotted
in Figure 3.6, corresponding to the dynamic mapping ŴM 7→ yL. For reasons
of clarity, out of the 9 available LIFM measurements only one LIFM output per
direction has been plotted. Moreover, in Figure 3.7, the mapping to the estimated
rigid-body coordinates, ŴM 7→ q̂MT , has been plotted at the same position.

A few remarks can be made, based on these figures. Regarding the rigid-body
dynamics, they manifest themselves by the double integrator line, which can be
clearly observed at the low frequencies. The first-principles model can quite ac-
curately represent this contribution at the most dominant channels. By observing
Figure 3.6, for the output yLx1

, these channels correspond to the inputs F̂Mx, τ̂My

and τ̂Mz , for the output yLy1
, these are F̂My , τ̂Mx and τ̂Mz and for the output yLz1 ,

these are F̂Mz , τ̂Mx and τ̂My . Indeed, for these channels it is observed that there
is a good match between the first-principles model and the FRF estimate. Similar
conclusions can be made by observing Figure 3.7, where the diagonal channels,
which are the most dominant, are well captured by the first-principles model.

Nonetheless, in Figure 3.7, the FRF estimate reveals that the off-diagonal chan-
nels also have a significant effect, e.g. see F̂My 7→ ẑMT . This is an expected be-
havior, due to the fact that the rigid-body estimation block neglects the flexible
dynamics (Butler 2011), which eventually show up in the rigid-body dynamics.
In general, the first-principles model can partially represent the high-frequency
dynamics, e.g. see F̂Mz 7→ x̂MT above 100Hz. However, at low frequencies, where
the rigid-body dynamics are dominant, this is clearly not the case. The mismatch
in the frequency region between the first-principles model and the FRF estimate
is explained by the following reasons:

• In the first-principles model, an ideal cancellation of the electromagnetic re-
lations is accomplished via the inversion of the latter relations in the commu-
tation block (based on the rigid-body assumption). In reality, an inaccurate
model leads to coupling, e.g., a desired force F̂Mx may not lead to an iden-
tical real force FMx. In addition to this, it may lead to forces or torques in
other directions, such as FMy .

• Similarly, in the first-principles model, an ideal estimation of the rigid-body
dynamics is assumed. In practice, a mismatch may be present, e.g. due to
errors in the estimation block or due to errors during initialization of the
measurement systems, see also Section 2.1.4.

• The commutation block depends on the estimated rigid-body position. There-
fore, an error in the estimated position affects the currents, computed by the
commutation, which can lead to a non-ideal cancellation of the electromag-
netic part.

• A mismatch between the estimated and the true position means that the
compared Bode magnitudes in Figure 3.6 no longer correspond to exactly
the same rigid-body location.

Looking into the flexible dynamics in a more detailed manner, it is first as-
serted that the manual adjustment of the resonance frequencies in the first-principles
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Figure 3.6: Comparison of the Bode magnitude for the estimated FRF ( ) and
the first-principles model ( ). The transfer matrix corresponds to the dynamic
mapping Ŵ tot 7→ [yLx1

, yLy1
, yLz1 ]

>.
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Figure 3.7: Comparison of the FRF magnitude for the estimated FRF ( ) and the
first-principles model ( ), Ŵtot 7→ q̂MT .
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model resulted in a good match in terms of frequency location. On the other hand,
the peak amplitude of the resonances is not captured always accurately, e.g., see
the resonance peak at 546.5Hz in the channel F̂My 7→ yLz1 in Figure 3.6. Ad-
ditionally, mismatch in the anti-resonances is present, e.g. at 75Hz in the channel
F̂Mz 7→ yLy1

. These two observations reveal that inaccuracies in the input (electro-
magnetic interaction and commutation) and output matrices (measurement equa-
tion) of the first-principles model are present, too, which is in accordance with the
comparison of the rigid-body dynamic behavior above. Moreover, for the peak
amplitude values of the resonances, the damping coefficients, defined in the Z
matrix in (2.62), play an important role Franklin et al. (1994). Therefore, the latter
quantities may be also inaccurately defined in the fist-principles model.

Finally, the FRF estimate of the decoupled system ŴM 7→ q̂MT shows a position-
dependent behavior, as it is shown in Figure 3.8. This is explained by the fact that
the commutation and position estimation blocks do not fully cancel the respec-
tive true dynamics, as it has been shown in this section. In turn, since the latter
matrices are position-dependent, the mismatch between the true and estimated
electromagnetic and position estimation matrices results in a position-dependent
dynamic behavior for the dynamic mapping ŴM 7→ q̂MT .

To summarize, by comparing the first-principles model with the experimen-
tally derived FRF estimates, it has been shown that the input (commutation) and
output (position estimation) decoupling blocks achieve in practice an adequate
decoupling, which can be exploited during the control design process. Inevitably,
though, some level of conservatism is required in the control design, as a safe-
guard against the observed model mismatches. In order to further improve the
capability of the first-principles model to represent the real system, a methodology
should be sought towards updating the dynamic behavior of the first-principles
model. The latter can be achieved by properly updating relevant parameters of
the state-space model. The topic of updating the dynamic model of the planar
motor is treated in the next sections.

3.3 Data-driven parametric modeling of motion sys-
tems

3.3.1 Introduction

In the previous section, it has been shown that the first-principles model can par-
tially represent the true system dynamics, which have been experimentally de-
rived via FRF estimates. In order to further improve the modeling accuracy of
the first-principles planar motor model, the aim of this section is to explore model
update techniques, which can update the state-space coefficients of the developed
first-principles model such that the updated state-space model matches with the
experimental evidence. To this end, a review on the available parametric identi-
fication and model update techniques is performed first, with a strong focus on
motion systems, highlighting their merits and drawbacks. First, a review on LTI



92 Chapter 3 Data-driven modeling

Figure 3.8: FRF estimates of the dynamic mapping ŴM 7→ q̂MT at the x̂MT − ŷMT
locations (0.02m, 0.02m) ( ), (0.02m, 0.10m) ( ) and (0.02m, 0.18m) ( ).
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identification techniques for motion systems is presented, followed by the pre-
sentation of techniques for the LPV class of systems. As it will be shown in the
following sections of this chapter, the expected dynamics of the DLPM can be well
represented using the LPV modeling framework.

3.3.2 LTI system identification

Black-box and grey-box identification methods

By keeping pace with the ever stricter performance demands in motion systems,
the identification of these systems has attracted an increasing attention in recent
years. In parametric system identification literature, e.g. see Ljung (1999); Pin-
telon and Schoukens (2012), identification techniques are usually distinguished
based on the level of availability of prior knowledge, ranging from black-box sys-
tem identification, where the model parameters are completely unknown, to var-
ious shades of grey-box identification, where part of the dynamical relations are
unknown or inaccurate and need to be estimated. Similarly, in the identification
literature for motion systems as well as the adjacent field of robotic manipulator
systems, various approaches have been developed and used, depending on the
level of available knowledge.

Black-box LTI techniques for motion systems have been often used in direct
connection with control design, e.g. see de Callafon et al. (1996); de Callafon and
van den Hof (2001); Oomen et al. (2014) and van de Wal et al. (2002). Nonetheless,
in many applications, the availability of a parametric formulation of the system
dynamics due to first-principles knowledge favors the development of grey-box
identification methods. Indeed, in the vast majority of the related literature, the
nodal or modal parametrization, as they were defined in (2.44) and (2.49), respec-
tively, is postulated. Then, in grey-box techniques the estimation of these phys-
ical parameters is sought. Moreover, when combined with an initial estimate of
the involved parameters, obtained, e.g. through simple measurements (such as
mass and inertia) or through approximation of first-principles models, e.g using
FEM-based solutions, these methods aim at updating these parameters, such that
a better match with experimental data is obtained. In fact, in many real-life appli-
cations, first-principles models are available even at an early design phase due to
various reasons, e.g. to get a first idea about the response of a system to be de-
signed and probably update the design or, in cases where these techniques deliver
an adequate approximation of the underlying dynamics, to enable the control de-
sign process.

The research question of updating the model parameters of motion systems
goes beyond this specific class of systems. In fact, the research question of updat-
ing the nodal or modal parameters of a dynamic structure, derived by a FEM or
a similar approximation-based approach, is also encountered in other engineer-
ing sectors, such as in civil engineering. In general, the motivation for resort-
ing to parametric model update methods is the premise that, often, there exists
a plethora of options that have to be set in the aforementioned FEM approaches,
such as the design of an appropriate mesh grid in a FEM model or the selection of
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the correct material properties. However, the consequences of such selections are
often poorly understood, or there may be inadequate information for selecting the
correct parameter values. Inevitably, in such cases modeling inaccuracies (Motter-
shead and Friswell 1993) are to be expected. Instead of trying to experiment with
these options in the FEM environment, such that an improved matching of the
resulting parametric model with the experimental evidence is attained, it is more
convenient to perform the model update step directly on the resulting parametric
model, where physical intuition is often preserved.

Model update based on modal characteristics or FRF estimates

Grey-box LTI identification is a rather extensive field that contains methods with
various levels of prior knowledge. In this work, the main focus is directed to-
wards methods for motion systems that make use of frequency domain data. The
latter is motivated by the fact that, in motions systems, a strong emphasis is put in
accurately characterizing frequency domain quantities, such as natural frequen-
cies, since the control design process is often performed by defining frequency
domain related specifications. The existing methods can be split into two main
categories. In the first category, the optimization criterion is formulated in terms
of a difference between the obtained FRFs or the modal characteristics extracted
directly from them (e.g. resonances, modeshapes etc) and the parametric model.
These approaches have been extensively studied for more than 20 years by various
engineering communities, e.g. see Mottershead and Friswell (1993); Arora (2011).
In the majority of these methods, an iterative Least Squares approach is followed
for updating the parameters of the available dynamic model. These methods are
based on a first-order Taylor expansion of the model parameters around their ini-
tial values, either for the update of physical parameters (e.g. stiffness matrix) or
other generic parameters of the parametric nodal model (2.44) (Dorosti et al. 2018;
Mottershead et al. 2011). The use of generic parameters in principle avoids the
need to update a huge number of parameters. For example, such generic param-
eters can be the eigenvalues of the mass matrix in (2.44). In this case, only the
largest eigenvalues may be adjusted, since they are expected to have a large im-
pact in the attained system dynamics. However, in the case of a FEM model with
thousands of nodes present, there is still an enormous amount of data that has to
be processed. As a remedy, in Dorosti et al. (2018) a subset of the nodes is selected
in the update process. However, this approach does not systematically exploit
the underlying relation among the various physical parameters of the model and
eventually the model update destroys this structure.

Model update based on local parametric models

As an alternative, the update/identification of the first-principles model parame-
ters can be performed using locally identified LTI models. In general, these meth-
ods involve as a first step the identification of parametric models from experi-
mental data, often collected at different operating points. At the availability of
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FRF estimates, LTI models can be fitted to these estimates. Then, these local para-
metric models are used to update the parameters of the first-principles model.
This step involves the formulation of an optimization problem that minimizes
the mismatch between the first-principles model and the experimentally derived
parametric model2.

Within this framework, one of the first methods was proposed by Xie and
Ljung (2002). The idea lies on the simple observation that the experimentally de-
rived and the global model should have the same input-output behavior. There-
fore, if the two state-space models describe the same dynamic relation, then they
must be connected via a similarity transformation. In this context, the optimiza-
tion problem minimizes the Frobenius norm of the difference between the exper-
imentally derived state-space matrices and the matrices of the global model. As
a result of the proposed formulation, the similarity transformation matrix that
connects the aforementioned quantities has to be estimated, too, leading to a bi-
linear problem. To resolve this issue, under the assumption that a good initial
estimate of the model is present, the optimization algorithm proceeds by splitting
the initial problem into two locally convex sub-problems, where the global model
matrices or the similarity transformation are kept fixed and the opposite quantity
is updated in an iterative manner. Following the same idea, another approach was
proposed by Mercère et al. (2014) using a null-space problem formulation.

In Prot and Mercère (2011) the optimization problem is solved by resorting
to a non-convex update technique that avoids the iteration between the two up-
date steps mentioned above, see also Mercère et al. (2012) for a comparison with
the method by Xie and Ljung (2002). The aforementioned methods formulate the
model update problem by means of an optimization problem that minimizes the
distance between matrix quantities. Alternatively, system theoretical norm mini-
mization problems may be employed, which offer a better insight into the associ-
ated cost function and the result of the optimization routine. Such an approach is
proposed in Bergamasco and Lovera (2013); Vizer et al. (2016), where an H∞ for-
mulation of the model update problem is presented and it is solved by resorting to
a non-convex optimization problem. Finally, another method has been developed
by Voorhoeve et al. (2018), where a series of non-convex optimization algorithms
are solved to derive local parametric estimates of a motion system on the desired
basis.

While these model update methods are directly applicable to LTI systems, the
presence of position-dependent dynamics in the DLPM, as it was shown in (2.61),
(2.77), renders the application of such methods on the DLPM quite problematic.
For example, consider the case where experimental data is collected at specific
locations and it is used to update the frozen dynamics of the planar motor at
these locations. If such approaches were to be used, then two main limitations
are encountered. First, the separate update of the frozen dynamics at each loca-
tion would eventually result in the loss of the underlying relation between the
parameters of these frozen models. Additionally, these model updates would
leave unaffected the dynamics of the (infinitely many) frozen models between

2In the remainder of this chapter the first-principles model will also be mentioned as the “global
model”.
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the updated locations. Even if an interpolation method was chosen to update the
dynamics of the original nonlinear system after the update of the local models
had taken place, then this could still result in erroneous behavior, since the phys-
ical meaning of the parameters is already lost. In contrast with this, if the global
behavior is established from the beginning, then the update can be performed on
the parameters of the global model, thereby preserving the underlying relation of
the dynamics. To this end, the usefulness of the LPV framework will be shown
next.

3.3.3 LPV system identification

In Chapter 2, it has been shown that the dynamic behavior of the planar actua-
tion system is characterized by position dependencies. As a consequence, the LTI
modeling approaches for motion systems, presented in 3.3 are rather restrictive.
In order to cope with the position-dependent dynamics, the LPV framework, pre-
sented in Chapter 1 can be exploited towards the update of the model dynamics,
e.g. see Leith and Leithead (2000); Rugh and Shamma (2000) for a introduction to
the LPV theory. The LPV state-space model has been already defined in (1.2), but
for the reason of convenience it is repeated here:

ẋ(t) = A(p(t))x(t) +B(p(t))u(t)

y(t) = C(p(t))x(t) +D(p(t))(t),
(3.14)

with p(t) : R 7→ P ⊆ Rnp denoting the scheduling parameter vector. As a result,
the state-space matrices A,B,C,D are functions of the scheduling parameters, i.e.
A : P 7→ Rnx×nx , B : P 7→ Rnx×nu , C : P 7→ Rny×nx , D : P 7→ Rny×nu and x ∈ Rnx ,
u ∈ Rnu and y ∈ Rny . Additionally, in the remainder of this thesis, the following
operator will be often used to denote (3.14):

G(p) =

(
A(p) B(p)
C(p) D(p)

)
. (3.15)

In terms of identification, despite sharing many common ideas with the LTI
identification, the identification of LPV systems still imposes many challenges,
e.g. see Tóth (2010) for a comprehensive review on the subject. The identification
methods for LPV systems are usually divided into two main categories; the global
methods, where an LPV model is estimated from an experiment with varying
scheduling parameters, and the local methods, where multiple local experiments
are performed under constant scheduling parameter values around a given set of
positions, and an LPV model is assembled by the collected information. Addition-
ally, the identification can be either performed using an input-output or a state-
space LPV model structure. As far as the control design problem is concerned, the
vast majority of the LPV control approaches rely on a state-space representation of
the LPV dynamics, e.g. see Rugh and Shamma (2000); Scherer and Weiland (2000)
for a review on the available approaches, and Hoffmann and Werner (2015) for a
review on the reported applications of the LPV control theory. Only recently, ef-
forts have been directed towards the design of controllers for an I/O LPV system
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(Wollnack and Werner 2016; Wollnack et al. 2017). On the other hand, the identifi-
cation of an I/O LPV system and the subsequent conversion to a state-space form
is possible, but the realization step is rather complicated, see Tóth et al. (2012);
Tóth (2010).

Global LPV identification is based on performing a global experiment over
the whole operating region. Both the inputs as well as the scheduling parame-
ters have to be persistently excited, e.g. see Lovera et al. (2013) and the references
therein. In practice, this assumption is rarely met and moreover it is not always
desired, e.g. due to safety reasons. Moreover, it is not possible to define frequency
domain specifications and constraints in the identification algorithm. As an al-
ternative, the local identification approaches are based on the derivation of local
LTI models and the subsequent interpolation to end up with an LPV state-space
model. These local LTI models are assumed to offer an accurate description of the
frozen dynamics at the selected identification locations, derived through System
Identification techniques, such as Subspace Identification (Verhaegen and Verdult
2011; van Overschee and de Moor 1996) or Prediction Error Methods (Ljung 1999).

One of the main difficulties in the local approaches is that, when a state-space
model representation is desired, the local LTI models are not necessarily expressed
on the same state basis. As a result, before the interpolation step, the states of the
local LTI models have to be brought to a common state basis via similarity trans-
formations. Within this framework a number of methods have been developed
by resorting to some canonical form, such as the controllability canonical form
(Steinbuch et al. 2003; Wassink et al. 2005; Paijmans et al. 2006), the observability
canonical form (de Caigny et al. 2014), the balanced subspace form (Lovera and
Mercère 2007) etc. Unfortunately, as it was shown by Shamma and Athans (1992);
Tóth et al. (2007); Kulcsar and Toth (2011), the above methods face two limitations.
First, they inherently impose restrictions on the rate of change of the scheduling
parameters, which is in general true for any local method. Secondly, and most
importantly, due to the fact that the matrices that transform the local models to
the canonical basis are constructed to locally achieve a coherent state representa-
tion there exist no guarantees regarding the accuracy of the resulting LPV model
even at different frozen locations3. In total, the remarks in the previous paragraph
reveal that the assembly of a black-box LPV model from local LTI models is a la-
borious task. Fortunately, when additional prior knowledge is present, some of
the above restrictions may be avoided.

One assumption that is often made in the LPV identification literature is that
the dependency on the scheduling parameters is known a priori. In this case, if the
global model can be written in an LFR form (Zhou et al. 1996), a solution can be
derived by resorting to an H∞ based non-convex optimization algorithm (Vizer
and Mercère 2014; Vizer et al. 2015). Alternatively an H2-based non-convex opti-
mization algorithm may be employed as shown by Petersson and Löfberg (2009).
By resorting to a system norm, in these methods the accuracy of the LPV model
is evaluated with respect to its local input-output behavior. Additionally, in Vizer

3In Z. and L. (2017), the (rather trivial) case where the local coherent models are related to the
original LPV model through a common static similarity transformation matrix is presented, which in
practice shows limited use.
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et al. (2013) a similarity transformation-based approach has been extended to ac-
count for affine and polynomial LPV models. These methods can be used both for
black-box modeling (but with the risk of having an over-parametrized state-space
model) and grey-box modeling, where a specific structure containing unknown
coefficients is imposed from the beginning. In this way, the need for transform-
ing the local LTI models to a common state basis is avoided, thus avoiding all the
associated problems of the methods mentioned above.

A method where the dependency on the scheduling parameter is not a priori
known is presented inVoorhoeve et al. (2018). In this method, an interpolation step
is performed after all the local models have been identified on the desired modal
representation form. As such, it is unfortunately blind to any errors introduced by
the interpolation. Finally, it is worth mentioning an OBF-based LPV identification
approach, presented in Tóth et al. (2011) applied to a motion system by using an
I/O representation of the underlying system dynamics, which has the advantage
that it directly admits an LFR form. However, this method does not exploit the
model structure of the motion system.

3.3.4 Towards an LPV representation of planar motor motion dy-
namics

In the previous two sections, various methods have been presented for the iden-
tification of motion systems. For the nonlinear dynamics of the DLPM prototype,
deciding for the most appropriate approach has to essentially take into account
the following aspects:

A1 A nonlinear analytic model is available, developed in Chapter 2, resulting
from the combination of an Euler-Lagrange model of the rigid-body dynam-
ics, together with a FEM approximation of the flexible dynamics.

A2 An analytic model regarding the flexible dynamics is only available at a grid
of positions, specified by the output nodes.

A3 FRF estimates are available at a grid of positions. These estimates can also
be used to derive a parametric LTI model description of the local system
dynamics.

A4 A mismatch between the first-principles-based model and the FRF estimates
has been observed.

These remarks are essential towards the selection of the most appropriate ap-
proach for the derivation of an accurate model for the DLPM dynamics. To this
end, based on the discussion in the previous section, it is evident that the LPV
framework, when available, is a preferable modeling approach for describing the
dynamics of a nonlinear system. In this context, it has also been shown in the pre-
vious section that the most promising identification approaches for LPV systems
entail the use of prior knowledge regarding the underlying system dynamics, re-
sulting in a grey-box identification problem. Such a prior knowledge is available
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for the DLPM system (A1). Despite the fact that the derived nonlinear model (2.61)
in Chapter 2 is not yet in an LPV form (A2), the available information about its
dynamic behavior can be potentially used to derive an LPV representation of the
planar motor dynamics. This defines the first necessary step: the embedding to an
LPV model to represent the planar motor dynamics, based on the first-principles-
based nonlinear model. This is the subject of Section 3.4.

If such an LPV model is available, the experimentally derived information
of the planar motor dynamics in terms of local LTI estimates (A3) can be ex-
ploited. Indeed, the comparison of the frequency responses between the first-
principles model and the FRF estimates in Section 3.2.5 showed already that the
first-principles model can partially represent the real dynamics of the system.
However, mismatch between the first-principles model and the FRF estimates is
still present (A4). Consequently, the goal is not only to exploit the structure of
the first-principles model, towards a grey-box identification of the dynamics, but
additionally exploit the already asserted modeling accuracy of the available first-
principles model. This means that the state-space coefficients of first-principles
model could be used as initial estimates of the true system dynamics. Then, a
model update method has to be developed, which optimizes the parameters of
the first-principles LPV model, based on the local information of the true dynam-
ics. This can be extremely useful, especially if the model update method is non-
convex, for which a good initialization point is quintessential for the successful
update of the model parameters. As such, in the second step, the goal is to de-
velop a method to update the dynamic behavior of the attained LPV model, such
that the updated LPV model can represent more accurately the true dynamics and,
at the same time, the prior information regarding the dynamics of the true system
is systematically exploited.

In total, when an analytic, nonlinear model is available, which can partially
represent the true system dynamics, then the reformulation of the model in terms
of an LPV representation and the subsequent optimization of its parameters based
on available data is pursued, since any known structural dependencies can be es-
tablished and exploited. Consequently, a model update procedure can be formu-
lated, which, although relying on locally estimated data, can update the dynamics
of the whole LPV system, while preserving these structural dependencies. The
two steps are graphically depicted in Figure 3.9.

3.4 LPV representation of the planar motor dynamics

3.4.1 Introduction to LPV modeling of planar motor dynamics

In this section, the goal is to represent the dynamics of the DLPM, expressed in
state-space form by (2.61)(state equation) and (2.75), (2.76)(output equation) by
means of an LPV model. By inspecting these equations, it is evident that an LPV
formulation of the state-space model can be achieved by defining the scheduling
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Figure 3.9: The LPV model update procedure. Left: An LPV model is embedded
in the available nonlinear model. Right: By making use of frozen instances of
the LPV model as well as locally identified LTI models of the nonlinear system,
the goal is to update the LPV model dynamics such that they match with the
experimental evidence. This is achieved by matching the two dynamic models at
all the available locations, which are depicted as circles.

parameter vector

p =
[
qM

>

T q̇M
>

T qC
>

M

]>
, (3.16)

with p ∈ R3nr . Using this scheduling parameter vector, the original nonlinear
system can be embedded in an LPV form (3.14). In practice, the scheduling pa-
rameters in (3.16) are not measured. Still, for the generalized coordinates qMT , qCM,
their values can be estimated using geometric considerations, as it was discussed
in Chapter 2. However, this is not possible for q̇MT , which could be instead es-
timated via an observer or the (prone to noise) differentiation of qMT . Moreover,
it is worth noticing that, if such an LPV model was defined, the modeshapes at
a position where no corresponding entry exists in ΦO, ΦI should be instead esti-
mated via interpolation, e.g. using a LUT. Finally, it is worth noticing that, since
part of the scheduling parameters p are also states of the state-space model, the
LPV representation of the nonlinear state-space model is not unique (Rugh and
Shamma 2000), therefore multiple alternative embeddings to an LPV form can be
performed.

The above LPV formulation is clearly not attractive, while it neglects the spe-
cific operating characteristics of the DLPM. To derive a practically useful LPV
model, a few remarks are necessary. First, in the DLPM, the reference angles are
constantly set to zero and the associated error is expected to be small. Moreover,
the displacement due to flexible behavior is expected to be relatively small com-
pared to the rigid-body behavior, while the former behavior is further suppressed
by the feedback controller, which acts as a LPF at the frequency region where
the resonances are present. Based on these remarks, the linearized state equation
around zero angles, angular velocities, torques and flexible modes can be used.
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To this end, the state-space model, defined in (2.63), (2.64) is used4. The state
equation is repeated here for convenience:

d

dt
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and, around the same linearization point, the linearized output equation (2.75) is
equal to
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)
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(3.18)

with
qMT0

=
[
xMT yMT zMT 0 0 0

]
(3.19)

and pMT , rMT defined in (2.6), (2.10), respectively, while Cr

(
pMT

)
is given by (C.4).

In the derived state-space model, the position-dependent dynamics manifest
themselves in various ways. Let us examine each state-space matrix separately.
First of all, the A matrix of the state equation does not depend on the schedul-
ing parameter. The B (p) matrix contains various position dependent quantities.
More specifically, the electromagnetic interaction matrices M r

M and MM
M, intro-

duced in Section 2.3, depend on q CT , which can be rewritten in terms of qMT and
qCM. Moreover, as it was detailed in Section 2.4.3 and specifically in (2.52), the in-
put modeshape matrix ΦI

f depends on the translator coordinates. Nonetheless, it
is a constant matrix. More specifically, the input modeshape matrix was derived
under the assumption that the forces are exerted at the center of the magnets.
Consequently, the position of the input locations with respect to the translator co-
ordinate frame is fixed, irrespective of the relative position of the metrology, coil
and translator frames. Moreover, the entries of ΦI

f are already estimated by the
FEM model. Consequently, in principle, it is not required to express the entries
of ΦI

f as evaluations of the corresponding modeshape functions, evaluated at the
coordinates of the centers of the 281 magnets.

4Of course, different linearization points could be examined. For example, by estimating the flexible
states via (2.93), they could also be included in the scheduling parameter vector and therefore it would
not be needed to linearized the model around zero flexible states.
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Nonetheless, estimating the underlying functions φ̂
I
x (xT , yT , zT ), φ̂

I
y (xT , yT , zT )

and φ̂
I
z (xT , yT , zT ) that define ΦI

f can be beneficial in some cases. More specifi-
cally, first observe that ΦI

f is of dimensions nM · 3× nf . For example, using nf = 9
and taking into account that nM = 281 results in 7587 parameters. Moreover,
it is often the case that these 3nMnf values are not precisely estimated by the
FEM model. Then, if the adjustment of ΦI

f , e.g. via an optimization routine is
required, so that the modeling accuracy of the updated state-space model (3.17) is
improved, then the large number of the involved coefficients can be a hindrance.
As an alternative, the underlying relation among the entries of ΦI

f can be described
by means of functions, dependent on the translator coordinates. In this way, the
values of a specific modeshape, e.g. φIx (xT , yT , zT , i), at the various magnet lo-
cations can be computed by evaluating the estimated function at these locations.
In this way, the structural dependencies among the entries of ΦI

f are established
and therefore they can be preserved during a model update step. Moreover, if the
underlying function is smooth enough, a function with way less parameters than
3nMnf can be derived, leading to a more compact representation of ΦI

f .

Regarding the output equation (3.18), it is evident that it is expressed in an
LPV form with the rigid-body displacements pMT as scheduling parameters. In
summary, the linearized planar motor model can be described in terms of an LPV
representation by defining the following scheduling parameter vector:

p =
[
qM

>

T qC
>

M

]>
. (3.20)

Finally, another point regarding the measurement equation requires further con-
sideration. More specifically, the matrix FLf

(
g
(
qMT0

))
has been estimated in the

FEM model at the output nodes, which are in turn defined on a specified grid.
However, in contrast with the input modeshape matrix ΦI

f , as the magnet plate
moves, the entries of the matrix FLr that appear in the output equation change.
This is due to the fact that the points of the magnet plate, which are targeted by
the LIFM beams, change, since the LIFMs are fixed on the metrology frame. As
a result, based on the information at the nodes, the value of FLf

(
g
(
qMT0

))
has to

be available at every admissible location, i.e. the whole surface of the mirrors
targeted by the LIFMs. To achieve this, in the next section, analytic functions for
describing the modeshapes are derived.

3.4.2 Derivation of position-dependent modeshape function

As it was detailed in Chapter 2, the motion of the magnet plate is described by
means of Partial Differential Equations. Due to the complex structure of the mov-
ing body, it is impossible to resort to analytic methods to describe the dynamic
behavior of the magnet plate. To circumvent the associated complexity, the FEM
analysis numerically approximates the analytic solution on a finite collection of
nodes. For model prediction and control purposes, though, it is essential to be
able to describe the dynamic response of the setup on any admissible location
of the plate. This can be achieved by employing interpolation methods (Bach-
nas et al. 2014), such as piecewise polynomial functions (e.g. spline functions) or
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smooth functions, such as high order polynomial or sinusoidal functions. By in-
terpolating the modeshapes with respect to the spatial coordinates, a continuous
relation between the coordinates and the modeshapes is derived.

Interpolation of output modeshapes

Towards the interpolation of the output modeshapes, a polynomial interpolation
scheme is employed in this thesis. Different interpolation schemes, as they were
presented in Bachnas et al. (2014) can be used as well. Nonetheless, as it will be
shown in the following sections, using a function which is linear in the parameters
enables the use of convex-based optimization solutions for the adjustment of these
parameters, towards matching the associated LPV model with the experimental
evidence. To this end, the following remarks are useful towards reducing the com-
plexity of the interpolation scheme. First of all, it has been shown in Section 2.5.3
that an LIFM measuring the displacement at a specific direction in metrology co-
ordinates is mainly affected by the modeshape vector associated with the same
direction, for example, the measurements of the LIFM sensors at the xM direc-
tion, expressed in (2.68), mainly depend on φO

x (similarly for the other directions).
As a consequence, instead of making an effort to estimate the three associated
functions using all the available nodes, only the relevant nodes will be used for
each one of the three modeshapes. In turn, for the output modeshapes, this means
that a function approximation of φO

x will be made using the nodes at the surface
of the x-side mirror, which is targeted by the x-LIFMs. Similarly, for the surface
targeted by the y-LIFMs, only the function φO

y is of interest, see (2.70). Finally, for
the top mirror, which is targeted by the z-LIFMs, onlyφO

z is of relevance, as shown
in (2.72). In this way, the complexity of the functions to be estimated is reduced,
compared to the case where the functions to be estimated have to accurately de-
scribe the modeshapes at all the nodes. In turn, it is expected that the estimated
functions can achieve high accuracy with lower order polynomials.

Based on the previous remarks, consider φOz (xT , yT , zT , j), based on the no-
tation (2.51), which has been computed by the FEM model at a grid of locations,
specified by xiT , yiT , ziT . These locations, characterized by the subscript i, corre-
spond to the z-mirror surface nodes, as they were defined in FEM software. Then,
the goal is to estimate φOz as a function of the translator coordinates, using the
available estimates of φOz . Based on (3.18), such a function has to be computed
only for the flexible modes, i.e. j ∈ {nr + 1, · · · , nm}. For the first nr modes, i.e.
the rigid-body modes, an analytic function has already been derived using the
Euler-Lagrange modeling approach and therefore it is not required to estimate
such functions.

In the translator coordinate frame, due to the geometry of the translator, all
the nodes on the z-mirror surface are characterized by the same zT value. As a
result, the corresponding modeshapes can be seen solely as a function of xT and
yT . By exploiting this fact, φO

z can be described by means of a polynomial basis
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expansion5 as

φOz (xiT , yiT , ziT , j) =

∞∑
k=0

∞∑
l=0

xkiT y
l
iT ξ

O
z (k + l, j), (3.21)

where ξOz (k+l, j) ∈ R are the basis coefficients and i corresponds to all the nodes at
the z-mirror surface. The products of the translator coordinates in (3.21) form the
polynomial basis. Using (3.21), the goal is to estimate the coefficients ξOz (k + l, j)
given a maximum polynomial order, denoted as no. In this case, the following
optimization problem is formulated:

arg min
ξ̂Oz

∑
i

∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣
φOz (xiT , yiT , ziT , j)−

no∑
k=0

no−k∑
l=0

xkiT y
l
iT ξ̂

O
z (k + l, j)︸ ︷︷ ︸

φ̂O
z (xT ,yT ,j)

∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣
,

for j ∈ {nr + 1, · · · , nm} and i ∈ (z-mirror surface nodes).

(3.22)

In words, the goal is to estimate nf functions using a polynomial basis expan-
sion. Each function computes the modeshape value at a given location, which is
expressed in translator coordinates. To compute the coefficients the modeshapes
are used, as they are computed by the FEM model on a grid of positions. By
formulating (3.22) in terms of the `2-norm, the coefficients ξ̂Oz can be analytically
computed by the Least Squares solution, for all the nf flexible modeshapes. The
chosen maximum polynomial order in (3.22) is no = 6, leading to 28 basis func-
tions per function vector. The results for the first two flexible modes are shown in
Figure 3.10.

In all the nf problems in (3.22), the employed monomials are common. Based
on this remark, it is useful to derive a compact representation of the approximated
functions. The approximated vector function is defined by

φ̂
O
fz (xT , yT ) =

[
φ̂Oz (xT , yT , nr + 1) · · · φ̂Oz (xT , yT , nm)

]
, (3.23)

with each of the entries corresponding to the solution of (3.22) for the given j ∈
{nr + 1, · · · , nm}. Then, the following two definitions are introduced.

Definition 3.2 The scheduling function pO
z (xT , yT ) : R2 7→ RnB , associated with φ̂

O
z

is defined by

pO
z (xT , yT ) =

[
x0
T y

0
T · · · x0

T y
no

T x1
T y

0
T · · · x1

T y
no−1
T · · · xno

T y
0
T

]>
=
[
1 y1

T · · · yno

T xT · · · xT y
no−1
T · · · xno

T
]>
,

(3.24)
5The investigation of different modeshape interpolation schemes is beyond the scope of this the-

sis. Nonetheless, the derivation of compact, accurate representations of the modeshapes defines an
interesting and challenging research topic.
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Figure 3.10: Plot of φz values estimated at a grid via FEM modeling ( , discrete
points) and by using the analytic equation, described by (3.27) ( , continuous
surface).

with

nB =

no+1∑
k=1

k (3.25)

denoting the number of basis functions.

Definition 3.3 The coefficient matrix, associated with the vector function φ̂
O
fz (xT , yT ),

is defined by

Ξ̂O
z =

[
ξ̂
O
z (1) · · · ξ̂

O
z (nm)

]
, with

ξ̂
O
z (j) =

 ξ̂Oz (1, j)
...

ξ̂Oz (nB, j)

 ∈ RnB

(3.26)

and Ξ̂O
z ∈ RnB×nf .

The scheduling function pO
z contains all the products of xT and yT up to the spec-

ified order no. Then the following lemma holds.
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Lemma 3.1 (Estimation of modeshape vector function φ̂
O
fz) The estimated modeshape

vector function φ̂
O
fz , defined in (3.23), is equal to

φ̂
O
fz (xT , yT ) = pO

z

>
(xT , yT ) Ξ̂O

z . (3.27)

Proof: The result is derived in a straightforward manner by making use of Defi-
nitions 3.2 and 3.3 and equations (3.22) and (3.23). �

By following the same procedure, polynomial-based functions are estimated
for the modeshapes of the two side mirrors. More specifically, for a given mode-
shape j, the functions φ̂Ox (yT , zT , j) and φ̂Oy (xT , zT , j) are estimated using a poly-
nomial basis expansion by solving, respectively, the following two optimization
problems:

arg min
ξOx

∑
i

∣∣∣∣∣∣φOx (xiT , yiT , ziT , j)− φ̂Ox (yiT , ziT , j)
∣∣∣∣∣∣ ,

j ∈ {nr + 1, · · · , nm}, i ∈ (x mirror surface nodes targeted by x-LIFMs),
(3.28)

with φ̂Ox (yT , zT , j) = pO
x
>

(yT , zT ) ξOx (j) and

arg min
ξOy

∑
i

∣∣∣∣∣∣φOy (xiT , yiT , ziT , j)− φ̂Oy (xiT , ziT , j)
∣∣∣∣∣∣ ,

j ∈ {nr + 1, · · · , nm}, i ∈ (y mirror surface nodes targeted by y-LIFMs),
(3.29)

with φ̂Ofy (xT , zT , j) = pO
y
>

(xT , zT ) ξOy (j). Moreover, the vectors pO
y
>

(xT , zT ) and

pO
x
>

(yT , zT ) are derived in a similar fashion as shown in (3.24). Using these two
vectors, the corresponding estimated vector functions are expressed, in a way
analogous to (3.27), by

φ̂
O
fx (xT , zT ) = pO

x

>
(xT , zT ) Ξ̂O

x ,

φ̂
O
fy (xT , zT ) = pO

y

>
(xT , zT ) Ξ̂O

y .
(3.30)

Finally, to quantify the level of accuracy in terms of percentage, the Best Fit Ratio
(BFR) criterion is used, defined as (Ljung 1999)

BFR = 100%

(
1−max

(
||y − ŷ||2
||y − ȳ||2

, 0

))
, (3.31)

where y is the true output, ŷ is the estimated output and ȳ is the sample mean of
the true output signal. The BFR criterion delivers an estimate between 0% for no
match and 100% for perfect match between the two signals. The corresponding
BFR values for the approximated output modeshape functions for no = 6 are
given in Table 3.2. The results verify that, using this approach, a good match is
attained for the first 9 modes that the FEM model contains.



3.4 LPV representation of the planar motor dynamics 107

Table 3.2: BFR values for output modeshape functions
Flexible mode #

Function 1 2 3 4 5 6 7 8 9
φOx 99.7 99.5 99.6 99.5 99.7 99.6 98.6 99.1 99.4
φOy 99.7 99.5 99.7 99.7 99.5 98.7 99.5 99.1 99.5
φOz 99.9 99.6 99.6 96.8 96.7 95.9 95.9 95.9 94.9

Interpolation of input modeshapes

In a similar manner, for the actuation side, the goal is to estimate the function

vectors φ̂
I
fx (xT , yT , zT ), φ̂

I
fy (xT , yT , zT ) and φ̂

I
fx (xT , yT , zT ). More specifically,

for the magnet forces, two remarks are of relevance. First, the three function vec-

tors φ̂
I
fx (xT , yT , zT ), φ̂

I
fy (xT , yT , zT ) and φ̂

I
fx (xT , yT , zT ) have to be estimated in

this case, since each one is associated with the corresponding force component.
Moreover, all the magnets are characterized by the same zT . As a result, in the
functions to be estimated only the xT and yT coordinates are used to define the
basis functions. Based on these remarks, the following functions are estimated:

φ̂Ix (xT , yT , j) , by solving arg min
ξ̂Ix

∑
i

|| φIx (piT , j)− φ̂Ix (xiT , yiT , j) ||,

φ̂Iy (xT , yT , j) , by solving arg min
ξ̂Iy

∑
i

|| φIy (piT , j)− φ̂Iy (xiT , yiT , j) ||,

φ̂Iz (xT , yT , j) , by solving arg min
ξ̂Iz

∑
i

|| φIz (piT , j)− φ̂Iz (xiT , yiT , j) ||,

j ∈ {nr + 1, · · · , nm}, i ∈ nodes at the center of magnets.

(3.32)

Based on the discussion above, in (3.32), the monomials used as basis functions
in all three functions are common. They are denoted as pI (xT , yT ) and they are
defined as in (3.24) for a given order. A compact formulation can be derived in

this case, too. The estimated coefficients are collected in the vectors ξ̂
I
x(j), ξ̂

I
y(j)

and ξ̂
I
z(j) ∈ RnB , for j ∈ {nr + 1, . . . , nm}, which in turn are used to define the

coefficient matrices Ξ̂I
x, Ξ̂I

y and Ξ̂I
z , respectively, based on Definition 3.3. Then, the

estimated functions in (3.32) are described in the following compact form:

φ̂
I
fx (xT , yT ) = pI> (xT , yT ) Ξ̂I

x,

φ̂
I
fy (xT , yT ) = pI> (xT , yT ) Ξ̂I

y,

φ̂
I
fz (xT , yT ) = pI> (xT , yT ) Ξ̂I

z.

(3.33)

Using a maximum monomial order no = 7, the matrices Ξ̂I
x, Ξ̂I

x and Ξ̂I
x have been

estimated. For the input function vectors, the BFR values are given in Table 3.3.
Based on these results, it can be concluded that the polynomial basis expansion
can efficiently approximate the first 9 modeshapes of the DLPM prototype model.
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Table 3.3: BFR values for input modeshape functions
Flexible mode #

Function 1 2 3 4 5 6 7 8 9
φIx 98.7 99.0 97.4 97.0 97.1 96.0 95.8 94.8 95.1
φIy 98.7 99.0 97.4 97.1 97.0 95.8 96.0 94.8 95.2
φIz 99.9 99.5 99.7 99.5 99.5 99.3 99.3 95.6 94.2

Moreover, each matrix Ξ̂I
x, Ξ̂I

x and Ξ̂I
x is of dimensions 36× 9. In total, in order to

describe the matrix ΦI
f , 972 parameters are required, way less than the 7587 that

are used in FEM analysis. Nonetheless, it should be stressed out that, if higher
modes are estimated, the accuracy of a polynomial basis function estimation is ex-
pected to drop. This is related to the fact that, for higher modeshapes, their spatial
frequency increases, therefore a polynomial approximation may not be capable
of capturing these steeper changes of the modeshape amplitudes as a function of
position. In this case, different approaches can be followed, such as different basis
functions, e.g. sinusoidal, or spline interpolation methods. In total, though, the
function vectors that have been estimated in this section can accurately describe
the modeshapes and moreover they result in a compact representation. There-
fore, they can be used towards a compact LPV formulation of the planar motor
dynamics. This is the subject of the next two sections.

3.4.3 LPV model with translator coordinates scheduling of flexi-
ble modeshapes

Measurement equation

In order to get an LPV model with respect to the translator coordinates, the Equa-
tions (3.27) and (3.30) are employed to describe FLf in (3.18). For the planar actu-
ator prototype, the matrix is expressed as

FLf

(
pO
T

)
=



pO
x
>

(yLx1T , zLx1T ) 0 0

pO
x
>

(yLx2T , zLx2T ) 0 0

pO
x
>

(yLx3T , zLx3T ) 0 0

0 pO
y
> (
xLy1T , zLy1T

)
0

0 pO
y
> (
xLy2T , zLy2T

)
0

0 pO
y
> (
xLy3T , zLy3T

)
0

0 0 pO
z
>

(xLz1T , yLz1T )

0 0 pO
z
>

(xLz2T , yLz2T )

0 0 pO
z
>

(xLz3T , yLz3T )


︸ ︷︷ ︸

PO
T
>(pO

T )

ΞO
x

ΞO
y

ΞO
z


︸ ︷︷ ︸

ΞO
T

= PO
T
> (

pO
T

)
ΞO
T

(3.34)
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where PO
T
> (

pO
T

)
: R2ny 7→ R3nB×ny , and ΞO

T ∈ R3nB×nf , while the scheduling

parameter vector pO
T ∈ R2ny is defined in (2.73).

State equation

For the state equation (3.17), the goal is to replace ΦI
f in theB (p) with the function

expressions (3.33), exploiting the fact that there are common scheduling functions.
Based on this fact, the transpose of the input modeshape matrix ΦI

f can be written
as

ΦI
f

>
:= BfT (pI

T )

=
[
ΞI
x
>

ΞI
y
>

ΞI
z
>
]

︸ ︷︷ ︸
ΞI
T
>

(
I3 }

[
pI (x

M1
T , yM1

T
)
· · · pI (xnMT , ynMT )

])

= ΞI
T
>
P I
T
(
pI
T
)
,

(3.35)
where ΞI

T ∈ R3nB×nf , P I
T
(
pI
T
)

: R2nM 7→ R3nB×3nM . In (3.35), the block-wise
Kronecker product is used, denoted by }, such that

P I
T
(
pI
T
)

= I3 }
[
pI (x

M1
T , yM1

T
)
· · · pI

(
x

MnM
T , yMnM

T

)]
=
[
I3 ⊗ pI (x

M1
T , yM1

T
)
· · · I3 ⊗ pI

(
x

MnM
T , yMnM

T

)]
,

(3.36)

with ⊗ denoting the Kronecker product. Moreover, in order to denote concisely
that P I

T in (3.36) is a function of scheduling parameters, the scheduling parameter
vector pI

T has been defined, which contains all the involved scheduling parame-
ters:

pI
T =

[
xM1

T , yM1
T , xM2

T , yM2
T , . . . , xMnM

T , yMnM
T

]
. (3.37)

It should be nonetheless stressed out that, unlike pO
T , pI

T is not a scheduling pa-
rameter vector, in the sense that pI

T remains constant, irrespective of the position
of the magnet plate.
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LPV state-space model

By making use of the equations (3.35) and (3.34), the state-space model (3.18),
(3.17), is equivalent to

d

dt


qr

qf

q̇r

q̇f

 =

 0nm×nm Inm×nm[
0nr×nr

0nr×nf

0nf×nr
−Ω2

] [
0nr×nr

0nr×nf

0nf×nr
−2ZΩ

] 

qr

qf

q̇r

q̇f


+

 0nm×nc[
BrM

r
M
(
q CT
)

ΞI
T
>
P I
T
(
pI
T
)
MM
M
(
q CT
) ]


︸ ︷︷ ︸

B(p)

∆i

yL =
[
Cr

(
pMT

)
PO
T
> (

pO
T

)
ΞO
T 0ny×nr

0ny×nf

]
︸ ︷︷ ︸

C(p)


qr

qf

q̇r

q̇f

 .

(3.38)

The scheduling parameters are collected in the vector p,

p =
[
qM

>

T pO>
T qC

>

M

]>
∈ R2nr+2ny . (3.39)

Of course, the scheduling parameters related to the translator coordinates, pO
T can

be explicitly parametrized in terms of the generalized coordinates, based on (2.74).
In this way, a simpler formulation of the state-space dynamics is expected, since
the dimension of (3.39) is decreased. This subject is treated in the next section.

3.4.4 LPV model with generalized coordinates scheduling of flex-
ible modeshapes

In this section it is described how the number of scheduling parameters can be
significantly reduced, compared to the representation in (3.38), through the use
of the generalized coordinates qMT to describe the translator related scheduling
parameters pO

T . To this end, it is worth emphasizing that such a transformation is
readily available via (2.74). Moreover, it is observed that such a transformation has
an effect exclusively on the matrix FLf in (3.18). Due to the linearization around
zero angles, such a transformation only results in dependencies on the translation
coordinates xMT , yMT and zMT .

As an example, the transformation procedure for φz is treated here, which is
related to the top z-mirror. The vector pO

z , defined in (3.24) contains products of
the translator coordinates xT , yT . Via (2.71) and for R

(
χMT , ψ

M
T , ζMT

)
= I3, each

of these products in (3.24) are equivalently described, using the binomial theorem,
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by

xn1

T y
n2

T =
(
xM − xMT

)n1
(
yM − yMT

)n2

=(−1)n1+n2

n1∑
k1=0

n2∑
k2=0

(−1)n1+n2−k1−k2
n1!

k1!(n1 − k1)!

n2!

k2!(n2 − k2)!

× (xM)
n1−k1 (yM)

n2−k2
(
xMT
)k1
(
yMT
)k2

,

(3.40)

where n1 and n2 are the powers of the variables xT and yT . In (3.40), the metrol-
ogy variables xM, yM are known beforehand since they are related to the topol-
ogy of the system (see Section 2.5.3). What it was thus accomplished is the de-
scription of the product in translator coordinates as a product of the generalized
coordinates. This procedure can be followed for all the non-zero vectors in the ma-
trix PO

T , defined in (3.34). By analogy with (3.24), the scheduling function for the
generalized coordinates is denoted by pO

MT
(
xMT , y

M
T , zMT

)
and it contains all the

resulting combinations among these three generalized coordinates, with a max-
imum monomial order equal to no. To complete the reformulation of (3.27), the
transformation matrix ΛO

z (xM, yM) ∈ RnB×nBn is introduced, computed by mak-
ing use of (3.40) for every combination in (3.24), such that

pO
z (xT , yT ) = ΛO

z (xM, yM)pO
MT

(
xMT , y

M
T , zMT

)
. (3.41)

The resulting number of basis functions in pO
MT equals

nBn
= 1 +

no∑
i=1

3i. (3.42)

The same procedure is repeated for all the non-zero vectors in PO
T , resulting in

FLf

(
pO
T

)
≡ FLf

(
g
(
qMT0

))
=
(
Iny ⊗ pO

MT
> (
xMT , y

M
T , zMT

))
︸ ︷︷ ︸

PO
MT

>(pMT )

×



ΛO
x
> (
yMLx1

, zMLx1

)
0 0

ΛO
x
> (
yMLx2

, zMLx2

)
0 0

ΛO
x
> (
yMLx3

, zMLx3

)
0 0

0 ΛO
y
> (
xMLy1

, zMLy1

)
0

0 ΛO
y
> (
xMLy2

, zMLy2

)
0

0 ΛO
y
> (
xMLy3

, zMLy3

)
0

0 0 ΛO
z
> (
xMLz1

, yMLz1

)
0 0 ΛO

z
> (
xMLz2

, yMLz2

)
0 0 ΛO

z
> (
xMLz3

, yMLz3

)



ΞO
x

ΞO
y

ΞO
z



︸ ︷︷ ︸
ΞO
MT

=PO>
MT

(
pMT

)
ΞO
MT ,

(3.43)
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where PO
MT : R3 7→ RnynBn×ny , ΞO

MT ∈ RnynBn
×nf and pMT =

[
xMT , y

M
T , zMT

]
.

While the variables in pI
T are not scheduling parameters, see Section 3.4.2, it is

worth noticing that a similar approach can be followed for the matrix ΦI
f , resulting

in an expression of the form

ΦI
f

>
:= BfMT

(
qMT
)

= ΞI
MT

> (
I3nM ⊗ pI

MT
(
xMT , y

M
T , zMT

))︸ ︷︷ ︸
P I
MT (pMT )

(3.44)

with ΞI
MT ∈ R3nMnBn×nf and P I

MT : R3 7→ R3nMnBn×3nM . By combining (3.43)
and (3.44) an equivalent representation for (3.38) can be derived, expressed in
generalized coordinates,

d

dt


qr

qf

q̇r

q̇f

 =

 0nm×nm Inm×nm[
0nr×nr 0nr×nf

0nf×nr −Ω2

] [
0nr×nr 0nr×nf

0nf×nr −2ZΩ

] 

qr

qf

q̇r

q̇f

+

 0nm×nc[
BrM

r
M
(
q CT
)

ΞI
MT

>
P I
MT

(
pMT

)
MM
M
(
q CT
) ]

∆i

yL =
[
Cr

(
pMT

)
PO
MT

> (
pMT

)
ΞO
MT 0ny×nr

0ny×nf

]
qr

qf

q̇r

q̇f

 ,

(3.45)

The scheduling parameters are again collected in the vector p, which is now de-
fined as

p =
[
qM

>

T qC
>

M

]>
∈ R2nr . (3.46)

3.4.5 Remarks on the LPV representations

The two LPV representations of the linearized state-space models, presented in
Sections 3.4.3 and 3.4.4 are essentially equivalent, under the zero rotations as-
sumption. Effectively, the difference between the two representations is related
to the way that the scheduling parameters are defined. When using the local coor-
dinates, in practice, one has to first compute the generalized coordinates qM

>

T and
then use the equation (2.74) to derive the corresponding local coordinates, which
will be used as scheduling parameters. On the other hand, in the parametrization
of Section 3.4.4, the latter function is used beforehand to derive the new output
and input matrix. A simple inspection reveals that the main differences between
the two representations boil down to the number of the involved matrix coeffi-
cients as well as the number of the scheduling functions. To show this, consider
the matrix FLf . In essence, the number of scheduling functions is equal to the
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number of basis matrices required for an affine representation of FLf . Using the
representation in terms of translator coordinates, (3.34), there are nB scheduling
functions per LIFM and in total nynB − ny + 1 scheduling functions, due to the
fact that they all share a non-position-dependent basis function, with nB defined
in (3.25). On the other hand, the basis functions for the representation in terms of
generalized translation coordinates, (3.43) is equal to nBn

, defined in (3.42). The
number of scheduling functions as a function of the maximum order of the poly-
nomials, no, is presented in Figure 3.11. Moreover, the number of the non-zero
matrix elements of ΞO

T , based on the translator coordinates representation and
defined in (3.34), is compared with the ones of ΞO

MT , which is based on the gen-
eralized coordinates and it is defined in (3.43), as a function of no. The acquired
results are presented in Figure 3.12.

It can be directly inferred that the representation on the translator coordi-
nates requires a reduced number of matrix coefficients than the representation
in the generalized coordinates. Nonetheless, the disadvantage associated with
the former representation is the increased number of scheduling functions, which
can be a challenging factor when used for LPV control synthesis, e.g. see Hoff-
mann and Werner (2015). Therefore, for control synthesis, the representation
(3.43) using generalized coordinates is advantageous. The representation in trans-
lator coordinates has another advantage, though, which is essential for grey-box
identification purposes; the structure of FLf in (3.34) preserves the structural de-
pendencies among the various measurement locations. For example, the entries
pO
x
>

(yLx1T , zLx1T ), pO
x
>

(yLx2T , zLx2T ) and pO
x
>

(yLx3T , zLx3T ) in PO
T , see (3.34),

are simply the evaluations of the same scheduling function at the three magnet
plate points which are targeted by the x-LIFM sensors. As such, they are all mul-
tiplied by the same coefficient matrix ΞO

x . On the other hand, in the generalized
coordinates description, the information regarding the structural dependencies is
lumped into the coefficient matrix ΞO

MT , see (3.43). As such, the underlying re-
lation between the various measurement locations does not explicitly appear in
the latter matrix. Therefore, a grey-box identification method cannot preserve the
relation between the various measurement locations.

Finally, another remark regarding the derived LPV model is important. More
specifically, irrespective of the chosen parametrization, the resulting LPV model
implicitly incorporates the assumption of slow variations of the position. This
is the direct outcome of the way the modeshapes, defined on a selected discrete
grid, were interpolated to derive the desired result. In reality, due to the position
dependency of the modeshapes, the transformation matrix Φ from the nodal to the
modal coordinates is position-dependent, see also Section 2.4.3. More specifically,
the modeshape matrix Φ is a function of the translator coordinates (or equivalently
the generalized coordinates), therefore the transformation from nodal to modal
coordinates leads to the expression, compare with (2.48),

Φ>Mn

(
Φq̈ + 2Φ̇q̇ + Φ̈q

)
+ Φ>Dn

(
Φq̇ + Φ̇q

)
+ Φ>KnΦq, (3.47)

which clearly results to the familiar modal representation (2.48) only if the rate of
change of the modeshape matrix, Φ̇, is zero. The ramifications of neglecting these
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Figure 3.11: Comparison of the scheduling functions used in FLf for ny = 9, nm =
1 and different no values.

Figure 3.12: Comparison of matrix coefficients used in FLf for ny = 9, nm = 1 and
different no values.
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terms point to the discussion regarding the typical problems experienced in the
linearization-based techniques for the derivation of an LPV model as it was dis-
cussed in Section 3.3.3, see also Shamma and Athans (1990); Shamma and Athans
(1992).

3.5 LPV identification based on localH∞model match-
ing

3.5.1 Description of theH∞-based LPV model update

In this section a method is developed to update the state-space matrices of a Linear
Parameter Varying model based on experimentally-derived local LTI approxima-
tions of the underlying nonlinear system dynamics. Based on the discussion in
Section 3.3.4, the goal is to develop a method, which is capable of updating the
parameters of a state-space LPV model based on experimentally identified local
LTI models, while using to good advantage the accuracy of the initial LPV model.
First, the developed method is described for the case where the update of the pa-
rameters of an LPV model is sought. Then, the method is further adjusted for the
specific case of the DLPM LPV model, which was developed in this chapter.

Denote the available LPV model, e.g. derived via first-principles, as

Ĝ(p,θ) =

(
Â(p,θ) B̂(p,θ)

Ĉ(p,θ) D̂(p,θ)

)
, (3.48)

where θ is a collection of the parameters to-be-updated and p are the scheduling
parameters. Moreover, a collection of accurate, locally identified LTI models are
assumed to be available, described by

ẋi = Aixi +Biu

y = Cixi +Diu,
(3.49)

or, using the compact notation,

Gi =

(
Ai Bi
Ci Di

)
, (3.50)

where i ∈ {1, . . . , NL} and NL is the number of locally identified LTI models.
It is important to notice that the locally parametrized models may be expressed
in different state coordinates. For a local model i, identified around a specific
operating point, the difference between the frozen dynamics of the LPV model,
computed at that point, and the LTI model can be formulated in terms of a state-
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space model as

G∆(i,θ) = Gi − Ĝ(pi,θ)

=

 Ai 0 Bi
0 Â(pi,θ) B̂(pi,θ)

Ci −Ĉ(pi,θ) Di − D̂(pi,θ)


=

(
A∆(i,θ) B∆(i,θ)
C∆(i,θ) D∆(i,θ)

)
,

(3.51)

where pi is the scheduling parameter vector corresponding to the specified lin-
earization point. The level of mismatch between the two models can be quantified
in terms of the H∞ norm of the augmented LTI model (3.51). Then, an H∞-based
minimization of (3.51) with respect to the parameters θ is established as

arg min
θ

|| G∆(i,θ) ||H∞ (3.52)

and it can be equivalently restated as

arg min
θ

γ, subject to || G∆(i,θ) ||H∞< γ, γ > 0. (3.53)

By employing the Kalman-Yakubovich-Popov (KYP) Lemma (Scherer and Wei-
land 2000), under the assumption that the eigenvalues of A∆(i,θ) are strictly neg-
ative, then the optimization problem (3.53) can be rewritten in terms of the matrix
inequality

arg min
θ

γ, subject to || G∆(i,θ) ||H∞< γ ⇔

arg min
θ,Xi

γ, subject to

A∆(i,θ)>Xi + XiA∆(i,θ) XiB∆(i,θ) C∆(i,θ)>

B∆(i,θ)>Xi −γIna
u

D∆(i,θ)>

C∆(i,θ) D∆(i,θ) −γIna
y


︸ ︷︷ ︸

F(G∆(i,θ),Xi)

≺ 0

(3.54)
where na

y and na
u are the number of outputs and inputs of the augmented system,

respectively. Additionally, in order to impose stability of the augmented model
(3.52), the symmetric matrix Xi is restricted to be strictly positive definite (Scherer
and Weiland 2000).

The previous optimization is based on only one local estimate. For the NL

available local LTI models, a way to minimize the difference between the frozen
instances of the LPV model and the locally identified LTI models is by solving the
following optimization problem6:

arg min
θ

γ, subject to max
i∈{1,...,NL}

||G∆(i,θ)||H∞ < γ ⇔

arg min
θ,X1,...,XNL

γ, subject to

F (G∆ (1,θ) ,X1) · · · 0
...

. . .
...

0 · · · F (G∆ (NL,θ) ,XNL
)

 ≺ 0

(3.55)
6This is by no means the only possible criterion, e.g. the sum of the individual H∞ norms of all

local systems could be minimized instead.
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In essence, this optimization problem minimizes the largest singular value of
G∆(i,θ) among all frequencies and all NL local systems, i ∈ {1, . . . , NL}. Ad-
ditionally, in order to impose stability of all the augmented models in (3.55), the
symmetric matrices Xi, i ∈ {1, · · · , NL} are restricted to be strictly positive defi-
nite.

The optimization problem (3.55) is non-convex, due to the products between
the Xi matrices and the state-space matrices that depend on the LPV model pa-
rameters, θ. In turn, the non-convexity may be a hindrance towards deriving a
satisfactory solution. In order to circumvent this difficulty, the assumption that
an adequately good initial estimation of the true system dynamics exists, as it
was discussed in Section 3.3.4, is exploited. The main idea lies on the division
of the original, non-convex optimization problem in (3.55) into two separate sub-
problems:

Step 1: arg min
Xi

γi, subject to

F (G∆ (i,θ) ,Xi) ≺ 0,

−Xi ≺ 0, for every i ∈ {1, . . . , NL}

(3.56)

Step 2: arg min
θ

γ, subject toF (G∆ (1,θ) ,X1) · · · 0
...

. . .
...

0 · · · F (G∆ (NL,θ) ,XNL
)

 ≺ 0
(3.57)

In the first step, the system parameters θ are kept fixed and the local Xi are op-
timized, leading to a convex optimization problem, described in terms of LMIs.
By starting with this optimization step, the prior knowledge on the LPV model
parameters is exploited. Then, in the second step the previously optimized Xi are
kept constant and the θ parameters are optimized. If the state-space matrices in
G∆(i,θ), i ∈ {1, . . . , NL} are linear in the parameters θ, then this step also leads
to an LMI optimization problem with respect to θ. By starting with the first step
and then iterating between the two steps, due to the convexity of the optimization
problems, the convergence to a local minimum point is guaranteed7.

3.5.2 Implementation on the DLPM prototype

In this section, the developed method will be further adjusted for the case of the
DLPM dynamics, focusing on the update of the motion dynamics. As it has been
shown in Section 3.4, position-dependent dynamics are present in the C(p) matrix
of the measurement equation, see (3.38), while the entries of the B(p) matrix also
depend on the translator coordinates8. The position-dependent dynamics led to
two equivalent representations, namely (3.38) and (3.45). Among them, as it was

7The optimization procedure can be recast in terms of a bisection based approach for numerical
reasons. The latter is described in Appendix D.

8A position-dependent D matrix may also be present. For simplicity, in this section it will nonethe-
less be treated as constant.
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already discussed in Section 3.4.5, updating the system matrices using (3.38) is
preferable, due to the lower number of involved coefficients but mainly due to
the fact that it preserves the underlying structural dependencies among the model
parameters. For this reason, the linearized state-space model (3.38) will be the
running example in this section.

One point that requires further attention in the case of mechanical systems,
which are capable of moving in an unrestricted manner in some of their DOFs,
is the presence of poles on the imaginary axis. These poles render the proposed
model update method unsuitable, since the resulting H∞ norm will be infinite.
Therefore, the proposed approach has to be modified accordingly, such that the
modified G∆(i,θ) models are stable and, at the same time, the structural depen-
dencies in the first-principles LPV model are preserved. To this end, it is evident
that, due to the modal model parametrization, the rigid-body dynamics are de-
coupled from the flexible dynamics. Therefore, the state-space model (3.38) can
be reformulated as a parallel interconnection between the rigid and the flexible
part. The two sub-models are described respectively by

Ĝr (p) =


[

0 I
0 0

] [
0

BrM
r
M
(
q CT
) ][

Cr

(
pMT

)
0
]

0

 , (3.58)

Ĝf (p) =


[

0 I
−Ω2 −2ZΩ

] [
0

ΞI
T
>
P I
T
(
pI
T
)
MM
M
(
q CT
) ][

PO
T
> (

pO
T

)
ΞO
T 0

]
0

 , (3.59)

such that

Ĝ (p) = Ĝr (p) + Ĝf (p) , (3.60)

where in this context, the plus sign implies that the two subsystems are connected
in parallel. The poles of the rigid-body dynamics (3.58) clearly lie on the origin.
A straightforward way to enable the use of the H∞ method is by multiplying
the total system dynamics with a High-Pass Filter (HPF), which contains a pair of
zeros at the origin, so that the pair of poles in the rigid-body dynamics is canceled.
A MIMO diagonal HPF is described by

Hhp =



bp1s
2

s2+2ζp1ωp1s+ω2
p1

0 · · · 0

0
bp2s

2

s2+2ζp2ωp2s+ω2
p2
· · ·

...
...

. . . . . .
...

0 · · · 0
bpnus

2

s2+2ζpnuωpnus+ω
2
pnu

 . (3.61)

It is convenient to realize the HPF in a state-space form, since the model update
takes place using this representation. By defining the diagonal matrices Ωhp =
diag

(
ωp1, . . . , ωhnu

)
, Zhp = diag

(
ζp1, . . . , ζhnu

)
and Bhp = diag

(
bp1, . . . , bhnu

)
a
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state-space representation of (3.61) is defined as

Hhp =


[

0 I
−Ω2

h −2ZhΩh

] [
0
Bh

]
[
−Ω2

h −2ZhΩh
]

Bh

 . (3.62)

Apart from rendering theH∞ norm finite, the HPF can be seen as a weighting fil-
ter, similar to the H∞ control design synthesis problem (Skogestad and Postleth-
waite 2007). Therefore, additional terms may be used apart from the HPF, in or-
der to further shape the resulting state-space model and emphasize frequency
bands of interest, or reduce the magnitude of less important frequency regions.
In general, though, the weighting filter has to be designed in such a way that the
resulting state-space model preserves linearity with respect to the parameters-to-
be-updated.

Here, the case where the HPF is placed on the input side is analyzed with
Ωh = ωhInu , Zh = ζhInu . The resulting state-model model is described by

Ĝ (p)Hhp = Ĝr (p)Hhp + Ĝf (p)Hhp

=

 ÂGH (p) B̂GH (p)

ĈGH (p) 0ny×nu

 (3.63)

with

ÂGH (p) =

[
0nr+nf+nu Inr+nf+nu

A21
GH A22

GH

]
, (3.64)

A21
GH =

 −Ω2
h 0nr×nf

0nr×nu
0nf×nr −Ω2 −ΞI

T
>
P I
T
(
pI
T
)
MM
M
(
q CT
)

Ω2
h

0nu×nr
0nu×nf

−Ω2
h

 , (3.65)

A22
GH =

 −2ZhΩh 0nr×nf
0nr×nu

0nf×nr −2ZΩ −2ΞI
T
>
P I
T
(
pI
T
)
MM
M
(
q CT
)
ZhΩh

0nu×nr
0nu×nf

−2ZhΩh

 , (3.66)

B̂GH (p) =


0nu+nr+nf×nu

BrM
r
M
(
q CT
)
Bh

ΞI
T
>
P I
T
(
pI
T
)
MM
M
(
q CT
)
Bh

Bh

 , (3.67)

CGH (p) =
[
Cr

(
pMT

)
PO
T
> (

pO
T

)
ΞO
T 0ny×nu 0ny×nr

0ny×nf
0ny×nu

]
. (3.68)

Following this formulation, the identified local systems have to be multiplied with
the same HPF, too. Then, the augmented state-space model is formulated, as it has
been shown in (3.51).
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Transformation to an LMI

The augmented state-space model (3.51) that is built with the use of (3.63) is not
necessarily linear in the parameters. For example, if both Ω and Z have to be up-
dated, the resulting products render (3.63) nonlinear. To circumvent this problem,
the following diagonal matrices are defined:

K1 = Ω2,

K2 = ZΩ,
(3.69)

thereby achieving a linear-in-the-parameters formulation of (3.63). After the up-
date of the desired parameters, the values of Ω and Z can be uniquely determined
from these equations. Finally, it is worth noting that the resulting state-space rep-
resentation in (3.63) is not minimal. If the HPF is stable, the resulting model (3.63)
is stable and therefore the KYP lemma can be used, as in (3.54), where the involved
inequalities in (3.56) and (3.57) are strict (in case of a controllable system, the in-
volved inequalities are non-strict), see Balakrishnan and Vandenberghe (2003) for
a further discussion on the subject. Finally, it is worth noticing that the focus here
is the update on the motion dynamics. If however the update of the electromag-
netic quantities is required, too, then the resulting matrices are not linear in the
parameters, therefore alternative update techniques have to be sought.

3.5.3 Simulation example

To validate the proposed approach, the NAPAS prototype will be used as a sim-
ulation example. As it was described in Chapter 2, it consists of 9 LIFMs that
measure the displacement of the plate, while there are 281 magnets, on the cen-
ter of which the input forces of the mechanical system are assumed to be exerted.
Following the discussion in this chapter, an equivalent plant is identified, which
contains the commutation block, together with the electromagnetic and the me-
chanical part of the system. In this simulation example, the LTI A matrix as well
as the position-dependent C matrix will be updated. Moreover, the first 3 flexi-
ble modes are considered, together with the 6 rigid-body modes. The D matrix is
set to zero. For simplicity, the rigid body equations based on the FEM model are
used.

By using NL = 20 local LTI models the update procedure is followed, as it was
described in the previous section. First, a set of rigid-body positions is generated
and the corresponding frozen “true” models are computed. Then, the Ω and Z
coefficients are defined by adding a randomly generated offset to their original
values, such that the maximum mismatch between the true and the “estimated”
LPV model values is less or equal to 5%. Similarly, the basis functions in the C
matrix are disturbed by 0.1% compared to the true values. Finally, the HPF is
placed on the input side, having a common value for ωh = 1rad/s and ζh = 1.
The optimization problem has been solved using the Yalmip software package
(Löfberg 2004).
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Figure 3.13: Comparison of the Bode magnitudes between the locally identified
model ( ), the initial frozen LPV model ( ), and the updated frozen LPV model
estimation after the LMI update of the LPV model coefficients ( ).

The magnitude of the frequency responses for the locally identified LTI mod-
els, the frozen dynamics of the initially estimated LPV model and the frozen dy-
namics of the updated LPV model, all multiplied by the HPFs, at one of the avail-
able NL locations are shown in Figure 3.13, where for reasons of readability only a
subset of the input-output pairs has been plotted. As it can be seen, even the small
deviations of the parameters in the simulation example led to large deviations in
terms of FRFs. Still, at a first glance, it can be seen that the updated model matches
with the locally estimated model, at least up to 1000Hz, which corresponds to the
region where the resonances are present. It is also worth noticing that, due to the
location of the double pole of the HPF at 1rad/s = 0.16Hz, which is way below the
resonances of the DLPM model, the effect of the double integrator is still visible
in Figure 3.13.

In order to get a better idea about the results of theH∞-based update method,
the maximum singular values of the initial and updated error dynamics, multi-
plied by the HPF, are shown in Figure 3.16. Based on these plots, a few conclu-
sions can be drawn. First of all, it is evident that the model update method man-
ages to substantially reduce the relative mismatch between the true and the esti-
mated model dynamics at all the available locations. Moreover, the improvement
is higher on the low frequencies, where the mismatch in terms of σ̄ values is larger.
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Table 3.4: Natural frequency values [Hz]
Flexible Mode # True system Initial LPV model Updated LPV model

1 226.5 227.26 227.38
2 546.5 545.34 545.13
3 698.50 696.95 697.06

Table 3.5: `2 error of modeshape values.
Flexible Mode # Initial error Final error

1 0.0459 0.0004
2 0.3875 0.0026
3 0.1368 0.0011

In turn, this is mainly due to the large mismatch in the rigid-body dynamics. The
updated model is capable of capturing the rigid-body behavior since the error is
drastically reduced in low frequencies, approximately up to 10Hz. In general, the
update method can better describe the model dynamics globally, i.e. in all the
examined positions. However the update model still shows a non-negligible er-
ror at the resonance frequencies. Indeed, it has been observed that in the updated
LPV model, the natural frequencies are not always more accurate than the initial
model, as shown in Table 3.4.

As far as the modeshapes is concerned, the modeshape values at a grid of
positions defined by xT , yT ∈ [−0.15, 0.15] m has been computed, with a step size
of 0.01m. The resulting `2 norm of the differences between the true and the initial
values as well as between the true and the final values are shown in Table 3.5.
Based on these results, it is shown that indeed the final modeshapes are much
closer to the true ones, compared to the initially estimated modeshapes. The first
two flexible modeshapes are also shown in Figure 3.14.

To get a better understanding evolution of the γ values, together with their
upper and lower values are shown in Figure 3.15. In this simulation example,
a bisection-based optimization has been performed, based on the algorithm pre-
sented in Appendix D. It is important to notice that, any improvement in the X
update region (Step 1) does not affect the resulting model. On the contrary, any
improvement is due to the state-space update step, i.e. the Step 2 in (3.57). It can
be indeed verified that progress is performed in the first 3 executions of the opti-
mization in Step 2, while in the fourth iteration of Step 2 no further improvement
is observed.

In summary, it has been shown that the H∞-based model update method can
successfully update the LPV model parameters, such that a better matching with
the experimental data can be derived. Finally, it is worth noticing that the location
of the HPF poles can be effectively used as a tool to select the frequency range
of interest. For example, by choosing a cutoff frequency beyond the resonances
of the system the importance of achieving a good match around these resonances
will be increased. In general, for the examined system, it has been also observed
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Figure 3.14: Comparison of the first (left plot) and second (right plot) flexible
modeshapes. The true modeshape ( ), the initially estimated ( ) and the final
modeshape ( ) are shown.

Figure 3.15: Evolution of γ values. The γ value ( ), the upper value γ̄ ( ) and
the lower value γ

¯
( ) are shown. Moreover the iterative executions of Step 1 (

) and Step 2 are shown ( ). The zoomed version of the figure is shown at the
top right corner.
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Figure 3.16: σ̄ values of the error dynamics between the locally identified LTI
model and the initial frozen LPV model ( ), as well as between the locally iden-
tified LTI model and the updated frozen LPV model ( ). The lines correspond
to local dynamics at different locations. The dashed lines correspond to the maxi-
mum values for each of the two cases.

that it leads to a numerically challenging problem. This is actually the price to pay
for enforcing a modal representation of the dynamics. In fact, the square of the Ω
values explicitly appear in the A matrix of the state-space model (3.38), which
for the third natural frequency it is equal to 1.92 · 107. Clearly, such large values
lead to numerically challenging problems, thus imposing a serious challenge in
the proposed model update technique.

3.6 Conclusions

In this chapter the design of the identification experiment and the subsequent
estimation of the Frequency Response Functions has been described. In order to
capture the position-dependent dynamics, FRF estimates have been derived on a
grid of locations. Subsequently, the estimates have been compared with the first-
principles dynamic model. Based on the comparison, it has been observed that the
first-principles model can partially describe the underlying dynamics. Especially
for the dominant channels, the first-principles can accurately represent the system
behavior. However, that has not been the case for the off-diagonal channels, where
a bigger mismatch has been observed.

Based on these remarks, it has been deemed necessary to resort to model esti-
mation techniques, towards the improvement of the accuracy of the first-principles
model. To this end, it has been reasoned that the adjustment of the model dynam-
ics, based on the experimentally captured local dynamics, has to guarantee that
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the global behavior of the first-principles model is updated. To this end, the LPV
framework has been employed. Due to its ability to capture and continuously
describe the underlying system dynamics, a compact, LPV state-space represen-
tation of the first-principles model has been pursued and successfully performed.
Two different LPV representation have been derived. It has been concluded that
the representation that relies on the local, translator coordinates to describe the
modeshapes preserves the underlying relation between the corresponding model
parameters, however it leads to a large number of scheduling functions, which is
often undesirable in terms of LPV control design. On the other hand, a represen-
tation that makes use of the generalized coordinates has shown to abandon these
underlying structural dependencies, in favor of a compact representation, with
less scheduling functions.

By making use of the first-principles LPV model, an H∞-based model update
method has been developed and appropriately adjusted to the considered class
of motion systems. The model makes use of the local coordinates, due to the fact
that the structural dependencies clearly appear in the resulting state-space model,
which is crucial for updating the model parameters. The main characteristics of
the proposed method are the following:

• In takes into account the ability of the developed first-principles model to
describe (at least partially) the underlying true dynamics of the system.

• It updates the global behavior of the LPV model, by relying on the local com-
parison of the frozen LPV dynamics with the identified local models. In this
way, the imposed structural dependencies between the model parameters is
preserved.

Finally, in the presented simulation example it has been shown that the devel-
oped model update method is capable of successfully updating the parameters of
the LPV model. In this way, a more accurate description of the system dynamics
can be achieved. Since the update model preserves the modal description of the
system dynamics, it is valuable towards enabling model-based control solutions,
which focus on the explicit control of specific modeshapes. Starting from the next
chapter, the control of the DLPM prototype is investigated.
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4 CHAPTER

Control design under position
variations

This chapter addresses LTI feedback control design for the DLPM
prototype. The widely acknowledged benefits of LTI control ap-

proaches have been exploited in a multitude of industrial problems. In
the context of planar technology, the design and development of LTI con-
trollers for these systems is the most common approach towards achiev-
ing nanometer accuracy under high accelerations. Nonetheless, in the
light of position-dependent and flexible dynamics, the application of this
framework in planar actuation systems turns out to be quite challenging.
More specifically, due to the introduced linearity assumption regarding
the system dynamics, guaranteeing the stability of the intrinsically non-
linear system inevitably comes at the cost of conservativeness in terms
of maximum attainable performance. On the other hand, the often used
decoupling and linearization of the dynamics using physics-based argu-
ments does not always fully address the position-dependent dynamics.
Based on these, the goal of this chapter is the design of flexibility- and
position-dependencies- aware LTI feedback controllers which balance be-
tween robustness (against nonlinear effects) and performance, while as-
serting that the introduced conservativeness is minimal. The chapter is
organized as follows. In Section 4.1 an introduction to the topic of feed-
back control design for planar actuation systems is given. Then, in Sec-
tion 4.2 an approach to switch between two controllers is discussed, which
is necessary towards the experimental evaluation of the developed con-
trollers. The latter are introduced in Section 4.3 and 4.4, where the SLC
and the robust control design approaches are discussed, respectively. Ad-
ditionally, in Section 4.3 an H∞ decoupling approach is discussed, which
facilitates the design of the SLC controller. These techniques are experi-
mentally evaluated in the DLPM prototype and a comparison of the re-
sults is performed. These results are discussed in Section 4.5. Finally, in
Section 4.6 conclusions are drawn.

127
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4.1 Introduction

The presence of flexible and position-dependent dynamics defines the main chal-
lenge for the magnetically levitated planar motors. This behavior has been indeed
verified for the DLPM prototype both by means of analytic modeling of the elec-
tromagnetic and the mechanical dynamics (Chapter 2) as well as experimental
modeling through FRF estimation (Chapter 3). To cope with these dynamics, the
control design approach, described in Section 2.6 involves three mains blocks: an
input decoupling block (commutation), an output decoupling block (position and
flexible states reconstruction) and the main control block, which is comprised of a
feedback and a feedforward controller. In this chapter the focus is on the design of
the feedback controller, which plays a significant role not only for achieving stabil-
ity for the intrinsically unstable system but also for accomplishing the desired per-
formance specifications. More specifically, under the introduced trajectory profile
in Chapter 2, in the acceleration phase of the profile, the feedforward controller
provides the largest proportion of the total force. However, during standstill and
constant velocity phases the feedback control plays an important role by attenu-
ating disturbances and diminishing the influence of noise. The constant velocity
phase is actually the most crucial in many applications, such as in the scanning
lithography process Butler (2011), therefore the feedback controller plays a crucial
role towards achieving the desired performance.

Ideally, the control design problem is significantly simplified via the presence
of the commutation and position/flexible states reconstruction blocks, whose pur-
pose is twofold. On the one hand, the resulting system, as seen by the feedback
controller, i.e. ŴM 7→ q̂MT , is linear. On the other hand, the decoupling of the
dynamics is accomplished. These two effects are advantageous for a number of
reasons. First of all, in the resulting decoupled system the independent control of
the states is allowed, thus enabling the use of SISO control techniques, which is
clearly simpler than resorting to MIMO approaches. Additionally, the fact that the
aforementioned decoupling blocks are defined in terms of first-principles quanti-
ties (as it was detailed in Chapter 2) results in physics-related controller inputs
and outputs, namely displacements/rotations and forces/torques, respectively,
defined on the desired coordinate frame. Therefore, the control design process is
significantly simplified by allowing for the intuitive definition of the desired per-
formance goals. Finally, by linearizing the dynamics of the system, LTI control
approaches are enabled, thus avoiding the need for complex nonlinear control
techniques.

In practice, the aforementioned advantages can often be compromised for mul-
tiple reasons. More specifically, model uncertainties as well as neglected and un-
foreseen dynamics inevitably lead to a non-ideal decoupling. This in turn means
that the contribution of the non-diagonal I/O channels is not zero anymore, while
the linearity property may be lost, too. In this case, SISO LTI approaches may lead
to loss of performance or even instability. Such phenomena are indeed present in
the DLPM, as it has been shown in Figure 3.7 and Figure 3.8.

By acknowledging these challenges, the LTI framework is still an appealing
approach for the control of motion systems, however extra care has to be taken.
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Within this framework, in order to tackle the aforementioned limitations and achieve
a high bandwidth for the closed-loop system, two (rather complementary) ap-
proaches can be followed:

• The improvement of the decoupling of the system, thus enforcing a diago-
nally dominant plant. This facilitates the design of higher bandwidth SISO
controllers.

• The utilization of LTI control design techniques, which systematically incor-
porate information regarding the off-diagonal channels and they can implic-
itly take into account variations due to the position-dependent dynamics.

The presence of position-dependent phenomena inevitably leads to conservative
control designs, under the LTI framework. More specifically, the design of an LTI
controller has to be performed at a specific location, where a description of the lo-
cal LTI dynamics is available. The LTI design is typically deemed successful if the
desired bandwidth is achieved and robustness against a defined class of uncertain
dynamics is attained. However, due to the different dynamics per position, it may
be the case that, using the same controller, the closed-loop system at a different
location than the one used for control design does not satisfy the desired robust-
ness margins, or, even worse, it may be unstable. As a remedy, since the dynamics
usually vary in a smooth fashion with respect to position, by reducing the desired
bandwidth, stability is attained at the examined set of positions (and hopefully
at the whole operating region). By acknowledging these challenges, the goal of
this chapter is to develop tailored LTI control techniques which overcome these
limitations and moreover to experimentally evaluate the performance capabilities
of the developed LTI controllers in the DLPM prototype.

In this chapter the rigid-body approximation will be used in the commutation

and the position reconstruction, i.e. M̂r
M

(
q̂ CT

)†
and Ĉ†r

(
q̂MT

)
are used, defined

in (2.83) and (2.90) respectively. Under this approximation, the following devel-
opments are performed. First, a static decoupling approach is proposed by re-
sorting to anH∞ convex optimization problem. Then, two LTI control techniques
are investigated, which can implicitly incorporate, each one at a different level,
information regarding the position-dependent and coupled dynamics of the sys-
tem. These are the SLC framework and the robust control approach, based on
the H∞ synthesis approach. As a byproduct of the research questions sought to
be answered in this chapter, the following question is of relevance: if a different
structure between the performance and the startup controller is chosen, how can a
bumpless switching between the two be guaranteed? This question connects with
the discussion in Section 2.6.4, however in that section the discussed solution was
only suitable for the associated feedback controller. Finally, the aforementioned
topics are addressed in the following sections, starting with the bumpless switch-
ing question.
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4.2 Bumpless switching

In Section 2.6.4, the topic of bumpless controller switching has been introduced.
In the approach implemented on the DLPM prototype, the common structure be-
tween the startup controller and the performance controller has been exploited to
achieve a bumpless switching between the two controllers. For the feedback con-
troller that has been presented in Section 2.6.4, such an approach is rather simple,
yet sufficient. In the general case, though, the two controllers do not necessarily
have to share a common parametrization. On the contrary, by confining to this
switching solution, the structure and therefore the capabilities of the performance
controller are seriously limited. In order to overcome this hindrance, a smooth,
bumpless switching between the two controllers has to take place. In total, the
following properties are desired for the bumpless switching policy:

P1 The switching occurs only once at standstill, during the initialization proce-
dure.

P2 At the time of switching, the output of the two controllers is identical.

P3 Only one controller is active at a given time instant. For a given switching
time instant k∗ the active controller K is equal to

K =

{
Ks, for 0 ≤ k < k∗

Kp, for k∗ ≤ k
, (4.1)

where the startup controller is denoted byKs and the performance controller
by Kp.

P4 The closed-loop system under both Kp and Ks is stable.

By demanding that the same input-output behavior is established between the
two controllers effectively renders the use of a common state basis or the same
number of states between the two controllers unnecessary. Moreover, since the
switching has to take place only once during standstill at a fixed location, the
utilization of the LTI framework is a reasonable approximation.

Based on P1, it is evident that a tailored switching scheme for the examined
motor can be significantly simplified. More specifically, since the system is as-
sumed to be at standstill, the transient behavior of the system has settled. A state-
space description of the performance controller, defined in discrete time is given
by

xKp(k + 1) = AKpxKp(k) +BKpe(k)

u(k) = CKpxKp(k) +DKpe(k),
(4.2)

with e(k) ∈ Rny defined as the error signal, which is equal to the reference minus
the output, u ∈ Rnu is the plant’s input and xKp

∈ Rnxs is the state vector associ-
ated with Kp. For the developed model of the DLPM prototype, the error is equal
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to e(k) ≡ r − q̂MT and u(k) = ŴM. At steady state, the state vector is described
by [(

I −AKp

)
−CKp

]
xKp

(k) =

[
BKp

0
DKp

−I

] [
e(k)
u(k)

]
, (4.3)

which defines a set of linear equations. The goal is to estimate the states xKp
based

on the measured error and controller output. An analytic solution can be derived
by minimizing the 2-norm of the mismatch between the left and right hand side
of (4.3). The Least Squares (LS) solution is equal to

xKp
(k) =

(
I −AKp

−A>Kp
+A>Kp

AKp
+ C>Kp

CKp

)−1

×((
BKp

−A>Kp
BKp

− C>Kp
DKp

)
e(k) + C>Kp

u(k)
)
.

(4.4)

It is worth emphasizing that, in practice, the error and input values e and u at
steady state are not constant due to the presence of noise. As a remedy, under the
assumption that the noise has zero mean value, the averaged values of the latter
quantities over a specified time window can be used instead. Using this simple
approach, presented in Bloemers (2018), the bumpless switching is accomplished,
which enables the implementation of the control approaches that follow on the
DLPM prototype. Finally, it should be stressed out that, while properties P2-P4
are quite general, P1 is essentially what enables the use of the aforementioned,
simple solution. At the same time, though, it restricts its applicability to a wider
class of systems, where switching has to take place as fast as possible.

4.3 SISO control

4.3.1 Introduction

This section addresses the subject of LTI SISO feedback control design for the
DLPM prototype. The family of SISO control design approaches is definitely the
most popular in the field of control. Among others, its success in a wide range of
applications is related to the simplicity and applicability of the loopshaping de-
sign approach, which is the most popular SISO control design approach, as well
as the vast theoretical results that assert the benefits of these methods. As it was
discussed in Section 4.1, though, the performance capabilities of these approaches
are challenged by both the presence of position-dependencies as well as the in-
teraction among the off-diagonal I/O channels. To cope with these two phenom-
ena and pertain the benefits of the SISO LTI control design, the limitation arising
from off-diagonal channel interaction is first treated by introducing a decoupling
method that enhances the diagonal dominance of the plant. Then, the problem of
control design is investigated, using the SLC framework.
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4.3.2 H∞-based decoupling

A standard approach to suppress the interaction between the various I/O chan-
nels is the use of decoupling matrices (Skogestad and Postlethwaite 2007). De-
coupling matrices can be either constant or transfer matrices. Moreover, they can
be either used in the input or/and the output side of the feedback controller, e.g.
depending on where the source of coupling between the various channels arises.
By introducing the input and output decoupling matrices TI and TO, respectively,
the purpose of decoupling is to pre- and post-multiply the plant dynamics such
that a desired response is acquired, i.e.

TO(s)Pc (s)TI(s) = Pd (s) , (4.5)

where Pd (s) denotes the desired decoupled (diagonal) system and Pc(s) is the
original (coupled) system. When the original plant is MIMO and the goal is to
follow a SISO control approach, then the ideal decoupling will result in a diago-
nal Pd, thus enabling the utilization of SISO control approaches. Clearly, the ideal
decoupling matrix can be directly computed by inverting the plant dynamics. For
example, if all the involved transfer matrices are square, the desired plant dynam-
ics are obtained by setting TO = I and TI = P−1

c Pd. In this case, a parametric
estimate of the plant Pc is required. Indeed, in many applications the decoupling
matrices can be computed in advance via parametric model-based approaches.
For example, the commutation and the position/modes reconstruction blocks fall
into this category, since they are based on the inversion of a part of the dynamics.

The exact inversion of the plant dynamics is not always possible, e.g. when
Pc contains right half-plane zeros or when it is strictly proper. Even if this is
possible, then unknown and unforeseen dynamics may lead to unsatisfactory re-
sults. In such cases, data-driven approaches are suitable for computing the de-
sired decoupling matrices or fine-tuning the existing ones. Data-driven decou-
pling approaches have been applied in motion systems, too, in the recent years.
More specifically, in Heertjes et al. (2009); Heertjes and van Engelen (2011) a non-
convex optimization approach using time-domain data for the computation of a
low-order FIR input decoupling matrix has been proposed and applied in a mo-
tion system. Additionally, a decoupling method for systems with a certain degree
of symmetry is developed in Vaes et al. (2004), which is based on a non-convex
frequency domain optimization. This method results in static input and output
decoupling matrices, while it is applied in a car axle system.

Towards deriving an accurate yet simple method for computing a decoupling
matrix, a few remarks are useful. First of all, when both TO and TI are sought,
the resulting equations include products of the unknown variables, thereby hin-
dering the formulation of a convex optimization problem. Moreover, for a motion
system, such as the DLPM prototype, applying an output decoupling matrix es-
sentially transforms the coordinate frame of the measurement system. In contrast
with a physics-based selection of the coordinate frame, the optimization-based co-
ordinate frame does not necessarily have a physical interpretation, which in turn
complicates the definition of the performance goals. Therefore, only input decou-
pling is utilized in such systems. Additionally, obtaining a decoupled system is
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mostly crucial at the bandwidth frequency (Skogestad and Postlethwaite 2007).
In this case, the utilization of only a static input (or output) decoupling matrix is
sufficient. In the light of these remarks, for the DLPM the goal is to compute an
input decoupling matrix. Based on that, the following optimization problem is
proposed:

arg min
TI

sup
ω∈Ωs

σ̄

(
W (iω) ◦

(
Pc (iω)TI(iω)− Pd (iω)

))
, (4.6)

where ◦ is the Hadamard (element-wise) product, σ̄ is the maximum singular
value of a transfer matrix evaluated at a specific frequency, Ωs is the discrete
set of frequencies of interest and W (iω) is a weighting filter that allows for the
element-wise determination of the relative importance of each frequency. Clearly,
the considered criterion in (4.6) is equal to the H∞ norm when Ωs = R ∪ {∞}.
Usually, though, only a subset of frequencies is of relevance, corresponding to the
frequency range where it is most crucial to have a decoupled system.

One of the advantages of the proposed optimization problem (4.6) is that it can
be recast as an LMI problem. This is achieved by first introducing a variable γ > 0
and reformulating the optimization problem as

arg min
γ

γ subject to

||W (iω) ◦ (Pc (iω)TI(iω)− Pd (iω))||22,2 ≤ γ
2, ω ∈ Ωs.

(4.7)

Then, (4.7) can be rewritten as an LMI problem by making use of the Schur com-
plement, leading to

arg min
γ

γ subject to[
−γI W (iω) ◦ (Pc (iω)TI(iω)− Pd (iω))
? −γI

]
� 0, ω ∈ Ωs,

(4.8)

with ? denoting the symmetric completion of the Hermitian matrix. The optimiza-
tion problem (4.8) is clearly an LMI, therefore standard optimization tools can be
employed to compute the global minimum. Apart from the convexity of the pro-
posed optimization problem with respect to the decision parameters, the main
advantage of this approach is that the decoupling matrix can be estimated via the
direct use of FRFs for describing Pc and Pd. This is especially useful when loop-
shaping control approaches are used, because deriving a parametric model for the
system dynamics is not a prerequisite. Additionally, an FIR model structure can
also be used instead of a static decoupling matrix, similar to Heertjes et al. (2009),
while still preserving the convexity property.

It is worth noticing that the aforementioned approach can be extended in a
straightforward manner to account for the frozen behavior of a linear parameter-
varying system. To demonstrate the efficacy of this method on the DLPM pro-
totype, the decoupling of the plant dynamics is pursued here. More specifically,
based on the discussion in Chapters 2 and 3, the position reconstruction and com-
mutation blocks are utilized such that the frozen-dynamics plant, as seen by the
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feedback controller, is decoupled. This plant corresponds to the dynamic map-
ping from the desired rigid body forces ŴM to the reconstructed rigid body posi-
tion q̂MT , which is denoted hereafter by Pc (p, s), with p defined in (3.46). Ideally,
the decoupling of the rigid-body dynamics results to a diagonal plant at low fre-
quencies (where the rigid-body behavior is dominant), as it was defined in (2.94).
However, the estimated FRFs in Chapter 3 have shown that there still exists inter-
action between the off-diagonal channels, which moreover varies per position.

In order to further enforce the diagonal dominance of the plant via the pro-
posed decoupling method, the estimated FRFs will be used, which were estimated
on the x̂MT -ŷMT grid PG, defined in (3.6), with ẑMT = 0.0005m and constant angles
equal to 0rad. In this way, the position-dependent frozen dynamics are taken into
account. The goal is to decouple the system on the low-frequency range [20, 80] Hz.
Additionally, the transfer matrix Pd is chosen to be equal to (2.94). In order to de-
fine the frequency grid Ωs in the optimization problem, a discrete number of fre-
quencies has been selected, namely Ωs = {20, 30, 40, 50, 60, 70, 80}Hz. Therefore,
the optimization problem is defined as

arg min
γ

γ subject to[
−γI Pc (p, iω)TI − Pd (iω)
? −γI

]
� 0, ω ∈ Ωs,

{
x̂MT , ŷ

M
T
}
∈ PG.

(4.9)

By solving the above LMI problem, the input decoupling matrix is derived, which
is equal to

TI =


0.9549 0.0008 0.0116 −0.0251 0.1449 0.0256
0.0003 0.9480 −0.0094 −0.1651 −0.0412 −0.0022
−0.0165 0.0151 1.2357 −0.0211 −0.0223 −0.1157
0.0006 −0.0015 −0.0004 1.0035 0.0001 0.0071
0.0015 0.0005 0.0003 0.0033 0.9982 −0.0132
0.0001 −0.0001 0.0007 −0.0036 0.0097 0.9694

 . (4.10)

The improvement in terms of decoupling can be directly verified by observing
the frequency responses of the original plant Pc (p, s), and the decoupled plant,
Pc (p, iω)TI, at the location x̂MT = ŷMT = 0.02m, shown in Figure 4.1. Based on
this figure, it is evident that at the frequency range Ωs the magnitude of the off-
diagonal channels has been decreased. Similar observations can be made for all
the considered positions. In order to quantify the level of interaction for the result-
ing decoupled plant at the available FRF locations, the Structured Singular Value
(SSV) interaction measure is employed (Grosdidier and Morari 1986). The SSV
measure for a transfer matrix G(iω) is defined by

µ (ET (iω)) , ω ∈ R ∪ {∞} ,

ET (iω) =

(
G(iω)− diag

(
G(iω)

))
diag

(
G(iω)

)−1

,
(4.11)

where µ is the SSV of the associated transfer matrix (Zhou et al. 1996). In gen-
eral, a system with an interaction value smaller than 1 is considered to be diag-
onally dominant. The interaction measure has been computed for the original
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Figure 4.1: Frequency response of the original system Pc ( ) and the decoupled
system PcTI( ) at x̂MT = ŷMT = 0.02m.
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Figure 4.2: SSV interaction measure using the H∞ measure. The values per fre-
quency for Pc (p, s) ( ) and the decoupled system Pc (p, s)TI are shown ( ) at
x̂MT = ŷMT = 0.02m.

plant Pc (p, s) and the decoupled plant Pc (p, s)TI for all the available frozen-
dynamics plants. In Figure 4.2 the corresponding frequency responses at the lo-
cation x̂MT = ŷMT = 0.02m are shown. At the frequency range Ωs, the system is
considered diagonally dominant, however it can be seen that the employed de-
coupling method further enforces the diagonal dominance.

Finally, in order to verify that the resulting input decoupling matrix manages
to reduce the interaction in all the investigated locations, the maximum (worst-
case) µ value on the frequency region of interest, Ωs has been computed for all the
available FRF locations. The resulting values as a function of position are shown
in Figure 4.3. As expected, the better decoupling of the plant is accomplished in
all the positions that have been taken into account in (4.9).

4.3.3 Sequential Loop Closing

The efforts to reduce the interaction between the off-diagonal input-output chan-
nels can clearly affect the resulting performance of a SISO LTI control approach.
In a practical setting, though, this interaction can never be completely nullified.
On the other hand, abandoning the benefits of a SISO control approach in favor of
a MIMO approach is not always desirable. For example, from an industrial per-
spective, SISO loopshaping approaches are widely preferred due to their strong
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Figure 4.3: Maximum SSV interaction measure values for ω ∈ [20, 80]Hz at the
FRF locations for the original ( ) and the decoupled ( ) system. The circles
represent the locations on the x̂MT − ŷMT plane where FRFs have been estimated.

intuitive aspects and the vast experience that has been accumulated over the years
(Steinbuch et al. 2010). As a solution to the aforementioned considerations, the
SLC framework has been developed, which enjoys the benefits of the loopshap-
ing SISO control design approach, while at the same time taking into account the
interaction. To achieve these goals, the SLC is based on the reformulation of the
MIMO plant in terms of an equivalent SISO plant, for which the loopshaping de-
sign approach can be directly followed. The notion of equivalent plant had been
first used for control design purposes within Quantitative Feedback Theory, e.g.
see (de Roover 1997, Chapter 5). The equivalent plant is described by

g
eq
i = Gi ? (−Ki), (4.12)

with ? denoting the (lower) LFT and Ki(s) ∈ Rnu−1×nu−1 is the controller K with
its ith row and column removed. In turn,K(s) ∈ Rnu×nu is the diagonal controller,
defined as K = diag (k1, k2, . . . , knu). Moreover, Gi(s) = EiG(s)Ei, Gi ∈ Rnu and
Ei ∈ Rnu is a permutation matrix generated by exchanging the first row of an
nu×nu identity matrix with its ith row. The SLC framework allows for the design
of individual controllers for each of the resulting equivalent plants by exploiting
the property (Mayne 1979)

det (I +G (s)K (s)) =

nu∏
i=1

det
(
1 + g

eq
i (s) ki (s)

)
. (4.13)

Therefore, the sequential design of SISO controllers, ki that stabilize the corre-
sponding equivalent plants, gth

i results in a stable closed-loop MIMO system. A
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few remarks are necessary at this point. First of all, the loops should be opened
in the same sequence as they were closed. Additionally, the order of loop closing
plays an important role on the resulting closed-loop MIMO system, but in general
no optimal way for choosing this order exists (Steinbuch et al. 2010). Since the
real system is MIMO, the design of a SISO controller on an equivalent plant will
inevitably affect the previously designed loops. Therefore, an iterative design ap-
proach is usually required. Moreover, no robustness margins can be guaranteed
for the closed-loop system, even if desired robustness margins are set for each of
the equivalent plants. In total, despite these limitations of the SLC, it is still an
attractive approach due to its simplicity, compared to MIMO control, and the abil-
ity to achieve stability for the closed-loop system. Finally, it is worth noticing that
the attained performance is inversely related to the level of interaction between
the off-diagonal channels. For this reason, the combination of this method with
the decoupling method towards enforcing a diagonally dominant plant, detailed
in the previous section, can significantly improve the attained performance.

4.3.4 Implementation on the planar motor prototype

The utilization of the SLC framework in combination with the H∞ decoupling
method can be directly performed in a MIMO LTI system. For the DLPM proto-
type though, the position-dependent dynamics require additional consideration.
Like every linear control design, even for a nonlinear system, the design has to be
performed at a specific location, at which an LTI approximation of the nonlinear
dynamics is available. Nonetheless, the fulfillment of the design specifications at
the design location, e.g. in terms of bandwidth, phase and gain margins etc., by
no means guarantees the preservation of these specifications at other locations.
Even more, stability cannot be guaranteed for the whole operating region, i.e.
the set of all admissible locations, practically canceling the main benefit of the
SLC framework. To cope with these limitations, an iterative approach is followed,
where after the design of a stable controller at a given position, the stability and
performance of the closed-loop system on the specified position grid has to be
performed, while this approach is repeated until satisfactory results are derived.
The position grid that is used is defined as

PG = XMT × YMT (4.14)

with XMT = YMT = {0.02, 0.10, 0.18} [m], while the height is kept constant, equal
to ẑMT = 0.0005m and the angles are equal to 0rad, see also the discussion in
Section 2.6.4 .

For the design of the decoupling matrix and the feedback controller, the FRF
estimate at x̂MT = ŷMT = 0.02m has been employed. Based on the expectations
regarding the bandwidth of the system using the SLC controller, the frequency
grid is defined by Ωs = {50.5, 100.5}Hz. Moreover, the transfer matrix Pd is cho-
sen to be equal to (2.94). The interaction measure has been computed for the
original plant Pc and the decoupled plant PcTI at the control design location and
they are shown in Figure 4.4. Based on this plot, it can be verified that the em-
ployed decoupling method further enforces the decoupling of the system dynam-
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Figure 4.4: SSV interaction measure using the H∞ measure. The values per fre-
quency for Pc ( ) and the decoupled system PcTI are shown ( ).

ics, thus facilitating the design of the SLC controller. The worst-case µ value at
the frequency region of interest [50.5, 100.5] has been computed at all the avail-
able FRF locations and it is shown in Figure 4.5. It is inferred that the improve-
ment is significant around the design position, while at the furthest points (e.g. at
x̂MT = ŷMT = 0.18m) the original plant Pc is slightly better decoupled. However, in
average, by using the decoupling matrix, a relative reduction of the interaction at
the examined positions is accomplished by 8.68%, thus highlighting the attained
benefit of the decoupling method. Moreover, it is asserted that the locations where
the reduction of coupling is the highest roughly coincide with the ones where the
initial coupling is the highest, such as at x̂MT = ŷMT = 0.02m.

Using the SLC framework, the 6 feedback controllers corresponding to the 6
rigid body DOFs have been designed, following the guidelines discussed in Sec-
tion 2.6.4. The achieved bandwidth frequencies are shown in Table 4.1. The fre-
quency response of the 6 resulting diagonal controllers is shown in Figure 4.7.
It is worth noticing that notch filters have been employed at the frequencies of
the first two resonance peaks, when that was necessary. The feedback controller
is designed such that the peak of the sensitivity functions for the 6 equivalent
plants at the design location is below 6dB. The stability of the closed-loop system
has been verified at the positions in the set (4.14), where FRF estimates are avail-
able, by resorting to the Nyquist criterion using (4.13). Of course, as it has been
already mentioned, in the SLC control design the robustness specifications, speci-
fied in this case by the 6dB peak goal for the sensitivity functions of the equivalent
plants, cannot be guaranteed for the individual input-output channels of the dy-
namic mapping ŴM 7→ q̂MT . Indeed, as it is shown in Figure 4.6, the resulting
sensitivity matrix at the control design location for some input-output channels
is higher than 6dB, peaking at approximately 34dB for the F̂My → χ̂MT channel.
It is worth noticing that the maximum singular value of the sensitivity function,
evaluated at the grid positions can reach the value of 50dB, as it is shown in Fig-
ure 4.8. As a result, there may be a combination of disturbance inputs that leads
to high deviations with respect to the desired position. In general, it is apparent
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Figure 4.5: Maximum SSV interaction measure values for ω ∈ [50, 100]Hz at the
FRF locations for the original ( ) and the decoupled ( ) system. The decou-
pling matrix has been computed using the FRF at the control design location. The
circles represent the FRF locations on the x̂MT − ŷMT plane.

Table 4.1: Bandwidth per direction, SLC feedback control.
Direction xMT ŷMT ẑMT χMT ψMT ζMT

Bandwidth [Hz] 148 148 80 80 80 100

that the lack of performance guarantees in the SLC approach is further challenged
by the presence of position-dependent dynamics. As an alternative, robust con-
trol design will be explored next, where the latter limitation can be systematically
tackled.

4.4 MIMO control

4.4.1 The four-block approach forH∞ control synthesis

TheH∞ and robust control design paradigms were introduced more than 30 years
ago (Zhou et al. 1996) for the design of optimal feedback and feedforward MIMO
controllers. The implementation of such controllers in planar actuators has been
reported in van de Wal et al. (2002, 2001). In the latter publications, a four-block
formulation of the H∞ problem has been followed. The four-block formulation,
originally proposed by Englehart and Smith (1991) can be seen as a generalization
of the mixed-sensitivity formulation of the H∞ problem. The control structure is
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Figure 4.6: Magnitude of the sensitivity functions for the dynamic mapping
ŴM 7→ q̂MT ( ). The 6dB line is also plotted ( ).
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Figure 4.7: Bode plots for the 6 SLC controllers. The Bode magnitudes for the
controllers in xMT , ŷMT and ẑMT directions are shown in the first row and the cor-
responding phase responses are shown in the second row. Third and fourth row:
magnitude and phase response for the χMT , ψMT and ζMT feedback controllers.

Figure 4.8: Plot of σ̄ (I + Pc (p, iω)K (iω)) ( ) for the examined positions in the
xMT - ŷMT plane. The median is shown in yellow ( ).
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Figure 4.9: Four-block structure forH∞ control design.

shown in Figure 4.9 and the resulting relation between the performance variables
z̃ and the input disturbances w̃ is described by[

z̃1

z̃2

]
= −

[
Wz1SWw1 Wz1SGWw2

Wz2KSWw1
Wz2KSGWw2

]
︸ ︷︷ ︸

PG?K

[
w̃1

w̃2

]
,

(4.15)

with S = (I +GK)
−1 representing the sensitivity transfer matrix. In the four-

block design problem, the output sensitivity S, output process sensitivity SG,
output controller sensitivity KS and the input complementary sensitivity blocks
are shaped. Among others, the advantages of the four-block approach, compared
to the mixed sensitivity approach, include the fact that the disturbance character-
istics can be explicitly taken into account and moreover the presence of the SG
channel averts the direct cancellation of poles by the designed controller, while in
general it exhibits favorable numerical properties (Paattilammi and Makila 2000).
The goal in the H∞ synthesis is to design a stabilizing controller K such that the
followingH∞ norm is minimized:

arg min
K

||PG ? K||H∞ . (4.16)

In order to shape the four aforementioned transfer functions, the weighting filters
Wz1 ,Wz2 ,Ww1 and Ww2 have to be properly shaped. While general guidelines for
designing these filters exist, e.g. see Zhou et al. (1996), the specific structure of
the considered motion system can be used to further refine the design approach.
For this reason, the following discussion narrows down to the DLPM system or
systems with similar characteristics. More specifically, similar to van de Wal et al.
(2002), the following properties of the planar motor prototype are of interest to-
wards the design of the weighting filters:
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Table 4.2: Expected error and desired bandwidth per direction.
Direction xMT ŷMT ẑMT χMT ψMT ζMT

Expected error 0.3µm 0.3µm 1µm 1µrad 1µrad 1µrad
Desired bandwidth [Hz] 180 180 70 70 70 100

A1 The plant Pc is square, i.e. it has the same number of inputs nu and outputs
ny .

A2 The plant G is approximately decoupled until the target bandwidth fre-
quency.

A3 The diagonal entries of Pc have a −2 slope up to the target bandwidth.

A4 The plant Pc is strictly proper.

Assumptions A1-A2 allow for the adaptation of SISO based ideas towards the de-
sign of the weighting filters Wz1 ,Wz2 ,Ww1

and Ww2
. Moreover, the latter filters

are restricted to be diagonal to allow for a intuitive reasoning during the design
process. Using these assumptions, the weighting filters can be designed in the
following way. First of all, the weighting filters are rewritten as the product of
a scaling matrix and a transfer matrix, e.g. Ww1

= W sc
w1
W tm
w1

with W sc
w1

denoting
the scaling matrix and W tm

w1
the transfer matrix. Regarding the weighting filter

Wz1 , each of its diagonal entries can be associated with the corresponding error
signal, e.g. the element [Wz1 ](1,1) is associated with the error in x̂MT . Then the
entries of the diagonal matrix W sc

z1 are defined by the reciprocal of the expected
servo error, shown in Table 4.2. In practice, the latter values are design param-
eters. As such, the observed errors using the SLC controller have been used as
guidelines for designing W sc

z1 . The inputs w̃2 are scaled such that the 0dB crossing
for the diagonal elements of Pc takes place at the desired bandwidth frequency,
i.e. W sc

w2
= diag (Pc (iωbw))

−1
W sc
z1
−1 with ωbw corresponding to the desired band-

width of the associated channel, which are defined in Table 4.2. The transfer ma-
trices W tm

z1 and W tm
z2 are defined by

W tm
z1 = diag

(
k
s+ ωIi
s

)
, i = {1, · · · , nu} ,

W tm
z2 = diag

(
k
s+ ωRi
s
α + ωRi

)
, i = {1, · · · , nu} .

(4.17)

Regarding the design of W tm
z1 , the goal is to enforce an integral action at low

frequencies. At this region, S ≈ (PcK)
−1 and SPc ≈ (PcK)

−1
Pc, therefore, the

SPc product dominates at low frequencies. Using a controller with integral action
leads to a slope of −1 for SPc, therefore the filter W tm

z1 is designed such that a +1
slope is accomplished. Based on these remarks, in (4.17) the variable ωIi corre-
sponds to the frequency up to which integral action (which will lead to the +1
slope) is desired and it is chosen to be 4 times smaller than the desired bandwidth
frequency. On the other hand, the filter W tm

z2 should enforce a roll-off action at
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high frequencies. At this region KS ≈ K and KSPc ≈ KPc and therefore KS
dominates over KSPc. To achieve a roll-off of −1, the controller sensitivity KS
must have a slope −1. In turn, using (4.17) the variable ωRi (which corresponds
to the frequency above which roll-off action takes place) is chosen to be four times
larger than the desired bandwidth frequency. To render W tm

z2 proper, a pole is
placed at αωRi [rad/s]. In order to allow for adequate roll-off action α is set to 20.
Moreover, the variable k is chosen to be equal to 0.5, therefore the upper bound
for the shaped channels is equal to 6dB. The scaling matrix W sc

z2 is set to identity,
while W sc

w1
=
(
W sc
z1

)−1, i.e. it is assumed that the magnitude of the disturbances is
comparable to the resulting error. Finally the transfer matrices W tm

w1
, W tm

w2
are set

to identity. Nonetheless, if information regarding the dynamic characteristics of
the disturbances is available, then the transfer matrices W tm

w1
, W tm

w2
can be chosen

correspondingly.

Using the above weighting filters, the H∞ control design approach can be fol-
lowed to derive a MIMO controller K. Nonetheless, theH∞ approach is hindered
by the lack of any information regarding the position-dependent dynamics, simi-
lar to the SLC approach. Still, the above discussion is useful towards designing a
feedback controller using the robust control design paradigm. As it is shown next,
the position dependent dynamics can be systematically, though in a conservative
manner, taken into account.

4.4.2 Derivation of the uncertainty set and the nominal model

The robust control design paradigm is based on the H∞ design approach, while
it additionally accounts for uncertain dynamics by properly incorporating this
information in the control design procedure. This is achieved through the sys-
tematic inclusion of the position-dependent dynamics by means of an uncertainty
bound around a nominal model. More specifically, for the DLPM prototype, the
position-dependent discrepancies between the estimated, locally linear frequency
responses per location can be seen as deviations from the nominal plant. There-
fore, they can be captured via an additive uncertainty set. To this end, let p ∈ PG
denote a location where a local FRF estimate or a parametric model is available,
while PG is the set of positions for all available estimates. Assuming for now that
a nominal model Gn exists, the difference of the frequency response from input
l to the output k between the nominal model and a local estimate Gpkl at location
p ∈ PG is described by

∆n,p
kl (iω) = Gnkl(iω)−Gpkl(iω), ω ∈ Ωs, k ∈ {1, · · · , ny} , l ∈ {1, · · · , nu} , (4.18)

with Ωs corresponding to the set of frequencies where (4.18) is computed. Then,
the Worst Case Uncertainty (WCU) uncertainty is introduced, defined as

∆n,WCU
kl (ω) = max

p∈PG
|∆n,p

kl (iω)| , (4.19)

i.e., it corresponds to the largest absolute difference between the nominal model
and the local frequency estimate. As a result ∆n,WCU

kl contains only information
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regarding the magnitude of the uncertainty1. After performing this operation
channel-wise, the matrix ∆n,WCU : R 7→ Rny×nu is formulated. It is worth noticing
that up to this point one may work directly with the FRF estimates, thus avoiding
the extra effort of fitting first parametric models to each one of the FRF estimates
and then calculating (4.18) and (4.19).

If a nominal plant is directly available, then computing (4.19) is straightfor-
ward. Then, the estimated frequency response of ∆n,WCU can be approximated us-
ing a parametric model, which serves as the additive disturbance block. Nonethe-
less, choosing a nominal model is often a nontrivial task. Moreover, minimizing
the WCU is beneficial, since it leads, in principle, to less conservative solutions
and thus to better performance. Based on these remarks, the nominal model is
searched among the available FRF estimates on the position grid PG, such that
it minimizes the associated WCU (Ravi et al. 1992). This is accomplished via the
following optimization problem:

p? = arg min
p∈PG

sup
ω∈Ωs

σ̄
(
∆p̄,WCU) , (4.20)

where ∆p̄,WCU corresponds to (4.19), with the model at a given position p used as
the nominal one, computed at the grid points in PG but excluding the trivial case
of p. The outcome of (4.20) is the derivation of a nominal model which corre-
sponds to the position p?, as well as the WCU set using (4.19). Again, it is worth
noticing that it is not required to derive a parametric description for all the in-
volved local models for computing the nominal model and the uncertainty block.
On the contrary, the local FRF estimates can be directly used for that purpose. Of
course, after this step, a parametric representation of both the nominal model and
the uncertainty is required in the robust control design.

Using (4.19), a structured, parametric formulation of the uncertainty for each
channel is derived. To allow for the introduction of this structure in the robust
optimization design, the matrix ∆p?,WCU is further parametrized by introducing
proper permutation matrices (Scherer 2001b),

∆p?,WCU = Pw∆
Ww∆

∆Pz∆ (4.21)

with
Pz∆ =

[
Inu · · · Inu

]>
,

Pw∆
= diag

(
11×ny , · · · ,11×ny

)
,

‖|∆||H∞ < 1,

(4.22)

and Ww∆
,∆ ∈ RHnynu×nynu∞ diagonal transfer matrices. Due to the above selec-

tion of the permutation matrices Pz∆ and Pw∆
, the non-zero entries of Ww∆

cor-
respond to the parametric estimates of the entries in ∆WCU,p? using a row-major
order2. As a result, the ∆ block is diagonal of dimensions nynu × nynu. Then, the

1The phase information is not relevant in robust control synthesis, since the controller is designed
such that it is stable for all the models within the designed class of uncertainties, irrespective of their
phase.

2The vectorization of a matrix A =

[
a11 a12
a21 a22

]
using a row-major order results in Avec =[

a11 a12 a21 a22
]>.
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plant G together with the additive disturbance is defined as

G∆ = G+ Pw∆
Ww∆

∆Pz∆ . (4.23)

4.4.3 Implementation on the planar motor

For the DLPM prototype the procedure highlighted above has been followed for
the design of a robust controller. For this purpose, FRF estimates have been de-
rived for the transfer matrices ŴM 7→ q̂MT on a position grid PG, defined in
(4.14). Using (4.20), the estimated position p? of the nominal model corresponds
to x̂MT = ŷMT = 0.18m. The selection of the FRF estimates over the first-principles
model (developed in Chapter 2) is based on the fact that only a local parametric
estimate is needed for the robust control design, and the experimentally derived
models are expected to be locally less susceptible to modeling errors compared
to the first-principles models3. Subsequently a parametric model has been fit-
ted to the FRF estimate of the nominal model. More specifically, by employing
the method detailed in de Callafon et al. (1996), a transfer matrix of order 42 has
been fitted over the FRF data, focusing at the frequency region 10− 800 Hz which
includes the first 3 resonance frequencies. The comparison between the FRF esti-
mate and the parametric model, shown in Figure 4.10, verifies that a good match-
ing is attained, especially for the diagonal channels, at the frequency range of
interest.

The uncertainty block for the DLPM prototype model contains 36 channels.
For the computation of the robust controller an optimization routine that contains
an uncertainty block for all 36 channels is a numerically challenging task, while
the resulting controller will have a relatively high order. To alleviate the compu-
tational burden and keep the controller order relatively low, only three channels
have been selected, namely F̂Mz 7→ ẑMT , τ̂Mx 7→ χ̂MT and τ̂My 7→ ψ̂MT . The cor-
responding entries of ∆WCU,p? and Wz∆ are shown in Figure 4.11. The selection
is justified by the hands-on experience acquired during the SLC design process,
which showed that these three channels have the highest deviations per position.
For the design of the filterWw∆ , a 10th order transfer function has been used to ap-
proximate the magnitude of the variations in the three channels, focusing on the
first resonance peaks which are the main sources of instability, as it was observed
during the SLC design process.

The robust controller has been computed, using the weighting filters in Sec-
tion 4.4.1, via D-K iterations (Zhou et al. 1996), which resulted in a controller with
76 states. A comparison between the designed weighting filters and the achieved
transfer matrices for all the available FRFs are shown in Figure 4.12. While the
specifications are not satisfied for all the frequencies, the derived transfer matri-
ces, e.g. for the sensitivity function, do not show high variations per position,

3This remark does not imply by any means that the first-principles model useless. For example,
without it the development of the commutation and the position/modes reconstruction blocks would
be impossible. However, for the purpose of designing the robust controller, we are not interested in de-
scribing the (most complex) global, position-dependent behavior of the system, but merely describing
accurately the dynamics at the nominal position only.
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Figure 4.10: Comparison between the FRF estimate ( ) and the identified para-
metric model ( ) at x̂MT = ŷMT = 0.18m.
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Figure 4.11: Uncertainty ∆WCU,p? ( ) and parametric approximation Ww∆
( )

for the channels F̂Mz 7→ ẑMT (top figure), τ̂Mx 7→ χ̂MT (middle figure) and τ̂My 7→
ψ̂MT (bottom figure).

which was nonetheless the case for the SLC controller, see Figure 4.8. The de-
signed controller stabilizes the system and the µ-performance is bounded by 2.35.
The controller is robustly stabilizing for 124% of the uncertainty set and stable
for all the examined FRF locations. For the implementation of the robust con-
troller the number of states has been reduced from 76 to 39 states using closed-
loop model order reduction (Wortelboer and Bosgra 1994). In this case, the H∞
performance index has increased by 7% (i.e. it deteriorated by that percentage),
while the resulting controller is stabilizing for the 109% of the uncertainty set and
it remains stable for all the examined positions in the position grid PG.

4.5 Experimental validation

4.5.1 Experimental settings

The two controllers, namely the SLC and the robust feedback controller, have been
experimentally validated on the DLPM prototype. Both have been implemented
in discrete-time by resorting to Tustin approximation (Åström and Wittenmark
1997). The two controllers have been validated using the trajectory shown in Fig-
ure 4.13. The trajectory consists of two motions in the ŷMT direction and two di-
agonal motions in the xMT -ŷMT plane. This allows for the evaluation of the error
in different positions of the operating plane, thus highlighting the effect of the
position-dependent dynamics. The maximum acceleration is set to 10m/s2 (ap-
proximately 14m/s2 during diagonal motion) and the maximum velocity is set
to 0.4m/s (approximately 0.57m/s during diagonal motion). Additionally, in the
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Figure 4.12: Control objectives for the robust control design problem. The object
σ̄ values ( ), corresponding to 1/σ̄(W tm

z1 ) (top figures) and 1/σ̄(W tm
z2 ) (bottom

figures), as well as the achieved σ̄ values for the FRF estimates at all the available
locations are shown ( ). The notation (̃·) denotes the transfer matrices computed
using the scaled transfer matrices P̃ = W sc

z1 PW
sc
w2

and K̃ =
(
W sc
w2

)−1
K
(
W sc
z1

)−1.

start-up procedure the low-bandwidth controller, presented in Section 2.6.4, is
used due to safety concerns. The switching takes place only once, following the
procedure that was discussed in Section 4.2.

4.5.2 Time-domain evaluation

The errors corresponding to the x̂MT , ŷMT and ẑMT directions have been plotted in
Figure 4.14. At a first glance, it is concluded that the two controllers deliver a
comparable performance. The error in ẑMT is in general higher than the ŷMT and
x̂MT directions. Moreover, it is observed that during the motion on ŷMT axis with
no motion on x̂MT (time intervals [0 − 1]s and [4 − 5]s) the error levels for x̂MT re-
main relatively low compared to the error during the two diagonal motions (time
intervals [2 − 3]s and [6 − 7]s). Based on this observation, it is concluded that the
resulting error depends on the position of the magnet plate.

One plausible source for the aforementioned disturbances is related to the ac-
tuation dynamics. More specifically, due to the coil array topology, described in
Section 2.1.2, the number of required coil switches is higher during the diagonal
motions compared to the motions only in ŷMT . For example, in [0 − 1]s 60 coil
switches take place, while during [2 − 3]s the number is 80. Moreover, in the for-
mer case most of the switches are related to coils which are mainly responsible for
generating forces in the ŷMT -direction, while in the latter case a large number of
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Figure 4.13: Reference trajectory for x̂MT and ŷMT . Left plot: ŷMT position reference
( ) and x̂MT position reference ( ). Right plot: reference trajectory ( ) plot-
ted in the xMT -ŷMT plane. The arrows indicate the direction of the motion at each
segment.

coils that provide force in the xMT direction are switched, too. The nonlinear effects
associated with the coil switches result in parasitic disturbances, which contribute
to the resulting errors shown in Figure 4.14.

To get a deeper insight into the previous observations, the performance of the
two controllers is compared per direction using three norms, namely the `1 norm,
scaled by the number of available data points, the `2 norm, scaled by the square
root of the number of available data points, as well as the `∞ norm. The norms for
a signal e ∈ R are defined by

`1 =
1

N

N∑
t=1

|e(t)|,

`2 =
1√
N

N∑
t=1

√
|e(t)|2,

`∞ = max
t
e(t), t ∈ {1, · · · , N}.

(4.24)

The three aforementioned norms of the error signals have been computed and are
shown respectively in Tables 4.3, 4.4 and 4.5 for the following trajectory parts:

• Total trajectory. This is computed in order to get an overview of the obtained
results.

• Constant velocity part. As it has been already explained, this part is cru-
cial in many real-life applications, such as in the lithography machines. For
each constant velocity part, the first 0.01s are removed to allow for the set-
tling of the dynamics. Then, the data from all the constant velocity parts is
combined.
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• Standstill part. For each standstill part, the first 0.7s are removed to allow
for the settling of the dynamics. Then, the data from all the standstill parts
is combined.

The quantitative evaluation of the errors reveals that the SLC controller slightly
outperforms the robust controller under constant velocity motion, while the re-
sults are similar when the total trajectory as well as the standstill case are ana-
lyzed. For both controllers, in the constant velocity part, the `∞-error is smaller
compared to the error for the total trajectory. Indeed, by inspecting Figure 4.14
it becomes apparent that the maximum error values occur during the accelera-
tion phase, where the magnitude of the exerted forces takes its highest value, due
to the feedforward control action in x̂MT or/and the ŷMT direction. This is more
profound during the diagonal motion, where a feedforward action is taking place
both in both directions.

Regarding the obtained error bounds for x̂MT and ŷMT , it is observed that the
average error (scaled `1 norm) for both SLC and robust controllers, during con-
stant velocity, is below 90nm in the x̂MT and ŷMT directions. In fact, the error in
x̂MT direction is less (almost the half) than the error in ŷMT direction. However,
this result does not imply that the error in the two direction is so much different.
Instead, it is related to the fact that in the four constant velocity parts, only two
involve a motion in x̂MT , but all of them involve a ŷMT motion. During standstill,
the two controllers again exhibit a similar behavior with an average error below
2nm and maximum error below 11nm.

Regarding the error in the ẑMT -direction, it is observed that it is in general
higher than in x̂MT and ŷMT . More specifically, during constant velocity both con-
trollers deliver a worse positioning accuracy than the two aforementioned direc-
tions, with the SLC controller outperforming the robust controller. In terms of
average error (similar results are observed for the other two computed norms),
the SLC results in 0.17µm average error while for the robust controller it is equal
to 0.42µm. During standstill, the error is again higher than the x̂MT and ŷMT direc-
tions, by approximately a factor of 2.5, while in this case the SLC controller only
slightly outperforms the robust controller.

An important observation is that, in the experiments in Figure 4.14, no trajec-
tory is imposed on ẑMT . However, a constant force of about 100N is constantly
exerted to keep the magnet floating. In standstill, the error in ẑMT is almost 2
times larger than the error in x̂MT and ŷMT . Therefore, a possible explanation is
that the acting disturbances are related to the magnitude of the exerted force on
ẑMT -direction, which is in turn depending on qCT . Moreover, at constant velocity
motion in x̂MT or/and ŷMT , the error in ẑMT is much higher, thereby hinting at the
influence of the x̂MT and ŷMT positions to the resulting disturbance in ẑMT . Along
the same lines, the coupling between the channels is evident during the accelera-
tion phase, since at this phase a feedforward force command is set in FMx or/and
FMy , which eventually results in higher error in ẑMT .

As far as the rotations is concerned, they maximum errors are about 100 times
less than the safety critical value of 1mrad, as it was discussed in Section 2.1.4.



4.5 Experimental validation 153

Table 4.3: `1/N error per direction

Total trajectory Constant velocity Standstill
SLC Robust SLC Robust SLC Robust

rx − x̂MT 10 · 10−9 11 · 10−9 4.4 · 10−8 4.6 · 10−8 1.7 · 10−9 1.8 · 10−9

ry − ŷMT 1.2 · 10−8 1.9 · 10−8 8.0 · 10−8 8.1 · 10−8 1.8 · 10−9 1.9 · 10−9

rz − ẑMT 4.9 · 10−8 12 · 10−8 1.7 · 10−7 4.2 · 10−7 4.3 · 10−9 4.6 · 10−9

rχ − χ̂MT 2.9 · 10−7 6.2 · 10−7 1.8 · 10−6 2.9 · 10−6 2.3 · 10−8 2.1 · 10−8

rψ − ψ̂MT 2.0 · 10−7 4.5 · 10−7 1.3 · 10−6 2.1 · 10−6 2.2 · 10−8 2.1 · 10−8

rζ − ζ̂MT 10 · 10−8 8.3 · 10−8 5.5 · 10−7 4.7 · 10−7 1.2 · 10−8 1.3 · 10−8

Table 4.4: `2/
√
N error per direction

Total trajectory Constant velocity Standstill
SLC Robust SLC Robust SLC Robust

rx − x̂MT 1.0 · 10−7 4.6 · 10−8 6.7 · 10−8 7.0 · 10−8 2.1 · 10−9 2.2 · 10−9

ry − ŷMT 5.5 · 10−8 6.9 · 10−8 1.0 · 10−7 1.0 · 10−7 2.3 · 10−9 2.4 · 10−9

rz − ẑMT 2.8 · 10−7 4.6 · 10−7 2.9 · 10−7 5.8 · 10−7 5.3 · 10−9 5.8 · 10−9

rχ − χ̂MT 1.4 · 10−6 2.2 · 10−6 2.4 · 10−6 3.8 · 10−6 2.8 · 10−8 2.6 · 10−8

rψ − ψ̂MT 1.0 · 10−6 1.8 · 10−6 1.8 · 10−6 2.8 · 10−6 2.8 · 10−8 2.6 · 10−8

rζ − ζ̂MT 7.1 · 10−7 2.5 · 10−7 7.3 · 10−7 6.1 · 10−7 1.5 · 10−8 1.6 · 10−8

Moreover, the average error during constant velocity is below 3 µrad. In gen-
eral, the results based on the norm criteria (4.24) indicate that the SLC controller
outperforms the robust controller when it comes to χ̂MT and ψ̂MT . Since the corre-
sponding torques, τ̂χ and τ̂ψ have a rather high contribution to the displacement
of the z-mirror, e.g. see Figure 3.4, and moreover the z-mirror LIFM values play
the most important role towards the estimation of ẑMT , it follows that the lower
ẑMT error in the SLC case is (at least partially) connected to the lower rotation er-
rors, compared to robust control. On the other hand, the error in ζ̂MT is slightly
higher for the SLC controller.

4.5.3 Frequency-domain evaluation

In order to investigate the frequency content of the resulting errors, the Power
Spectral Density (PSD) and Cumulative Power Spectral Density (CPSD) are ap-
plied on the measured trajectories of x̂MT , ŷMT and ẑMT . The CPSD is defined by

CPSD (k) =

k∑
i=1

PSD (k) (4.25)

and the PSD per direction is estimated by (Oppenheim et al. 1999)

PSD (k) ≈ 1

N
|ẽ(k)|2 , (4.26)
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Figure 4.14: From top to bottom: Reference position ( ), velocity ( ) and ac-
celeration scaled by a factor of 20 ( ) for x̂MT . Reference position ( ), velocity
( ) and acceleration scaled by a factor of 20 ( ) for ŷMT . Bottom three figures:
Error in x̂MT (3nd plot), ŷMT (4th plot) and ẑMT (5th plot) directions using the SLC
( ) and the robust ( ) feedback controllers. The transparent yellow areas show
the constant velocity parts.

Table 4.5: `∞ error per direction

Total trajectory Constant velocity Standstill
SLC Robust SLC Robust SLC Robust

rx − x̂MT 4.3 · 10−6 7.6 · 10−7 4.3 · 10−7 3.7 · 10−7 9.6 · 10−9 10 · 10−9

ry − ŷMT 1.1 · 10−6 1.0 · 10−6 4.4 · 10−7 3.6 · 10−7 10 · 10−9 11 · 10−9

rz − ẑMT 5.5 · 10−6 6.2 · 10−6 2.1 · 10−6 4.3 · 10−6 25 · 10−9 24 · 10−9

rχ − χ̂MT 2.4 · 10−5 3.0 · 10−5 1.1 · 10−5 2.0 · 10−5 1.3 · 10−7 1.0 · 10−7

rψ − ψ̂MT 2.6 · 10−5 2.3 · 10−5 0.8 · 10−5 1.3 · 10−5 1.4 · 10−7 1.3 · 10−7

rζ − ζ̂MT 2.2 · 10−5 2.6 · 10−6 3.5 · 10−6 2.2 · 10−6 66 · 10−7 74 · 10−7
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with k = {Fs/N, . . . , Fs/2} [Hz], N denoting the available data points, while ẽ(k)
is the DFT of the corresponding signal e. The results for the constant velocity part
in the time interval [2 − 3]s are shown in Figure 4.15. The two controllers exhibit
similar PSD values at the region where resonances are present ( > 200Hz). The
most striking feature is related to the low frequency region (especially between
20 − 50Hz), where the PSD for all x̂MT , ŷMT and ẑMT directions takes the highest
values. Especially for the ẑMT direction, the low-frequency error is almost the ex-
clusive source of error. Towards the further investigation of the characteristics of
the error the sensitivity functions for the two controllers are shown in Figure 4.16,
corresponding to the location x̂MT = ŷMT = 0.18m. Based on this figure and by
following a SISO-based reasoning on the grounds of the diagonal dominance of
the plant, it is asserted that the disturbance attenuation capabilities for both con-
trollers are quite limited within the 20 − 50Hz frequency region. The presence
of disturbances with this frequency content results in a low-frequency error for
the DLPM. Finally, these observations are verified by inspecting the maximum
singular value plots of the sensitivity using the two designed controllers. More
specifically, the median values of the sensitivities at PG have been plotted in Fig-
ure 4.17. Based on these plots, it is verified that for both controllers and especially
for the robust controller, there may exist a combination of disturbance signals with
a frequency content between 20− 50Hz, which cannot be adequately suppressed.

4.6 Conclusions

In this chapter, the topic of LTI feedback control design for the DLPM prototype
has been treated. More specifically, two different control design paradigms have
been explored, leading to the development of controllers which have been ex-
perimentally evaluated in the DLPM prototype. On the one hand, an SLC-based
feedback controller has been designed, combined with an H∞-based decoupling
method, which has been proposed for the input decoupling of the 6 DOFs. On the
other hand, the model-based robust control design paradigm has been followed,
using the four-block design procedure.

In total, the SLC control design has been shown to be an intuitive control
design approach, mainly due to the fact that the FRF estimates can be directly
used towards the control design and also that it builds on the loopshaping design
paradigm, which is quite straightforward and it has been extensively used in mo-
tion systems. Moreover, the fact that it can incorporate information regarding the
coupling is valuable for guaranteeing stability at the design location, which is not
the case for the simple loopshaping approach. In contrast with the SLC design
approach, a parametric model is required for the design of the H∞ controller. By
requiring this additional approximation step, any errors introduced by it will be
reflected in the controller, thus possibly deteriorating the final performance. In
the general setting, it may be questioned if the extra effort towards deriving an
H∞ optimization-based controller adds any value in terms of performance, or if
the SLC control design is just the right tool for this task.
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Figure 4.15: PSD and CPSD values for the errors in x̂MT , ŷMT and ẑMT directions
during the constant velocity motion using the SLC ( ) and the robust feedback
controller ( )
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Figure 4.16: Comparison of the FRFs of the sensitivity channels at x̂MT = ŷMT =
0.18m for the SLC ( ) and the robust feedback controller ( ).
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Figure 4.17: Median of the sensitivity function among all available FRF locations
using the robust controller ( ) and the SLC controller ( ). The dashed lines cor-
respond to the sensitivity functions at the locations where the highest sensitivity
peak is attained.

However, for the DLPM prototype, the main challenge is the presence of position-
dependent dynamics. This challenge has been known from the start of the de-
sign, based on the results in Chapters 2 and 3 about the dynamic modeling of
the DLPM. Therefore, a large effort has been made such that the resulting con-
trollers are stable in the whole operating plane, while achieving the desired per-
formance. To evaluate the stability, the FRF estimates on a specified position grid
have been used. This has been the key point, which clarified the limitations of
the SLC paradigm. More specifically, the SLC framework cannot satisfy any ro-
bustness conditions, even in the LTI case. Even more, the incorporation of in-
formation regarding the position-dependent dynamics cannot be systematically
performed. As a result, even the stability, let alone robustness, of the closed-loop
system has to be manually checked at the FRF locations. As a consequence, in
the case of instability, the design procedure has to be repeated and more conser-
vative designs approaches have to be followed, until a stable closed loop system
at all locations is derived. On the other hand, it has been shown that, using the
robust control design framework, the variations of the dynamics can be system-
atically treated by capturing them in terms of additive uncertainty. As such, both
stability and robustness can be specified in the optimization algorithm. Therefore,
the aforementioned attributes of the robust control justify its usage in the DLPM
prototype and reveal its benefits, compared to the SLC design, especially when
robustness has to be systematically established. In total, in terms of incorporat-
ing the position-dependencies, it is concluded that the robust control design can
adequately incorporate this information, while for the SLC control, the lack of sta-
bility guarantees at all the examined positions may lead to multiple repetitions of
the design, until a stable controller is derived.

Finally, regarding the performance, the experimental evaluation on the DLPM
prototype has revealed that both controllers deliver a comparable performance
in terms of positioning error for the controlled 6 DOFs. For the x̂MT and ŷMT dis-
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placements it has been observed that average error values are below 90nm during
constant velocity motion, while for the ẑMT the error is larger, approximately by a
factor of 2. Moreover, at standstill, the scaled `2 and `1 error values are below 6nm
for x̂MT , ŷMT and ẑMT . Based on the standstill results, it has been asserted that the
DLPM prototype is in principle capable of delivering the desired nanometer ac-
curacy. However, based on the constant velocity part, there were clear indications
that position-dependent, deterministic disturbances are present, which moreover
mainly have a low frequency content. As a result, they deteriorate the positioning
accuracy of the magnet plate. Based on this observation, it would be desirable to
attenuate in a proactive manner the disturbances that act on the system, such that,
in the constant velocity part, an error comparable to the standstill case is attained,
too. Stated otherwise, feedforward control approaches for the timely attenuation
of the disturbances can be used to further improve the positioning accuracy of the
planar motor. A disturbance learning and compensation approach is exactly the
subject of the next chapter.
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5 CHAPTER

Learning-based feedforward control
for disturbance rejection

This chapter introduces a kernel-based feedforward control method to
learn and subsequently attenuate static and dynamic disturbances

acting on a dynamic system. The disturbance is assumed to be an un-
known function of measured signals. The developed method involves
mainly three steps. In the first step, the equations that describe the rela-
tion between the unknown disturbance and the measured output of the
system are established. Then, in the second step, the disturbance function
is learned by means of Gaussian Processs, which fall into the category of
kernel-based supervised machine learning methods. The resulting distur-
bance function can be employed to predict the value of the disturbance,
under a specific input. As a result, in the third step the resulting dis-
turbance predictor is used in a nonlinear feedforward controller to atten-
uate the learned disturbance. The chapter is organized as follows. In
Section 5.1, an introduction to the topic of acting disturbances in planar
motors is discussed. In Section 5.2, a short introduction to the regres-
sion problem using parametric approaches is given, including some use-
ful notions and definitions. Then, in Section 5.3 the notion of Reproducing
Kernel Hilbert Space (RKHS) is introduced. In Section 5.4 the Gaussian
Process Regression (GPR) framework is introduced, while its connection
with the RKHS is also highlighted, which will turn out to be useful in
the following sections. Moreover, in Section 5.5, approximation methods
within the GP-RKHS framework are discussed. This discussion is impor-
tant towards the real-life implementation of a kernel-based feedforward
compensator. In Section 5.6 the main steps towards the compensation of
disturbances in the DLPM prototype are discussed. Based on this discus-
sion the original problem is divided in two sub-problems; the attenuation
of static disturbances, treated in Section 5.7, as well as dynamic distur-
bances, discussed in 5.8. Finally, in Section 5.9 conclusions are drawn.
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5.1 Sources of disturbances in planar motors and feed-
forward control

The magnetically levitated planar motors exhibit complex, multiphysical effects
and they are often exposed to multiple sources of disturbances. While this may
not come as a surprise, since this is the case in most physical systems, what ren-
ders the planar motors quite special is the combination of fast motion profiles
with nanometer accuracy. In this context, feedforward control, being a timely ac-
tion to changes of external signals (instead of responsive action, which is the case
for the feedback control), plays a crucial role towards the realization of challeng-
ing performance requirements. For example, in lithographic industry the timely
and accurate compensation of the positioning error by feedforward control dur-
ing acceleration means shorter waiting time during the constant velocity part for
the error to settle down, thus increasing the throughput rate.

For the magnetically levitated planar motors some of the most common sources
of disturbances are unforeseen, deterministic environment effects. These include
variations in temperature, which for example may lead to variations in the be-
havior of the actuators, i.e. the coils as well as the sensors, or to the way air
drag affects the system. Additional disturbances may arise due to approxima-
tions in the modeling process and the deliberate exclusion of static and dynamic
effects that were considered insignificant during the modeling process, such as
eddy currents (Custers 2019), or induced deformations due to the thermal effects.
More specifically, for the DLPM prototype, in Chapter 4 the frequency analysis
of the error signals, using the SLC and robust controllers, revealed that during
constant velocity motion the error is mainly concentrated at the low-frequency re-
gion, approximately below 50Hz. Moreover, it has been observed that, especially
on the ẑMT axis, the magnitude of the disturbance changes as the plate moves on
the horizontal plane. At constant velocity and after the dynamics have settled
the expected tracking error is zero, under the assumption that no external distur-
bances are present. The results have nonetheless shown that error is still present,
thereby hinting at the presence of external disturbances that act on the system,
which moreover the feedback controller cannot fully suppress1.

In order to assert the presence and subsequently infer about the properties
of the external disturbances, additional experiments have to be performed. First
of all, the disturbances acting on F̂Mz are considered in this chapter, which are
directly associated with ẑMT . The primary focus on ẑMT is justified by the fact that,
in Chapter 4, it has been observed that ẑMT exhibits a much larger error compared
to the other two displacement directions. In order to investigate the characteristics
of the disturbance, the magnet plate is sequentially positioned on a selection of
x̂MT − ŷMT coordinates while the other 4 DOFs (i.e. ẑMT as well as the rotations) are
kept constant. After the dynamics have settled in each location, the corresponding
force F̂Mz is measured for 0.7s and its mean value is derived. The results for two

1The compensatory efforts of the existing mass feedforward controller are focused on the effects of
the reference signal. Therefore the latter controller it is not expected to offer any improvement with
respect to these external disturbances.
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Figure 5.1: Two different measurements of F̂Mz on the x̂MT − ŷMT plane.

independent repetitions of the same motion profile are shown in Figure 5.1.

To facilitate the discussion, the expected control output has to be estimated.
To this end, it is assumed that an input disturbance d acts on the system, as it is
presented in the simplified block diagram of the DLPM prototype in Figure 5.2.
The relation between the controller output and the external disturbances can be
described using the frozen LTI dynamics of the nonlinear planar motor system. By
denoting as Pc (ρMT , s) the frozen-dynamics mapping, at a fixed position, from

u y

r

d v

K

H

e

+
+

+
+

+-

w

Figure 5.2: Closed-loop system block diagram, exposed to input disturbance.
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ŴM to q̂MT , we arrive at

ŴM

(
q̂ CT , s

)
= (I +K (s)Pc (ρMT , s))

−1
K (s)

× (−Pc (ρMT , s)d (s) + r (s)−KGM(s)) ,
(5.1)

where the input signal u in Figure 5.2 corresponds to ŴM

(
q̂ CT , s

)
while the out-

put y corresponds to q̂MT . Moreover, in (5.1)GM is the gravity force vector which
acts on the magnet plate, while and the noise contribution v has been considered
negligible. Using the final value theorem it is straightforward to conclude that for
a step disturbance signal the force provided by the controller is equal to

lim
t→∞

ŴM

(
q̂ CT

)
= −dDC −GM, (5.2)

where dDC is the DC value of the disturbance signal. Based on (5.2) the measured
force offset in ẑMT , presented in Figure 5.1, represents the contribution of the dis-
turbance in addition with the gravity compensation term. Moreover, it has been
observed that the measured ŴM, after the dynamics have settled, is almost con-
stant. Taking these into account, a few interesting conclusions emerge. First of all,
it is clear that external disturbances, which have a non-zero DC (static) value, act
on the DLPM prototype. Moreover, these disturbances exhibit position-dependent
behavior. More specifically, the force offsets depend on the x̂MT −ŷMT coordinates in
a nonlinear fashion. Another feature becomes clear by comparing the two plots. It
is apparent that the two deformation plots are not identical, therefore additional
effects influence the resulting disturbance. Regarding the amplitude of the dis-
turbance, it is observed that it leads to deviations of approximately 1.5% around
the expected gravity compensation value, which corresponds to approximately
1.5N. While this value may be considered small in many applications, towards
nanometer accuracy these variations become substantial. In total, it is evident
that disturbances are present and their compensation is substantial for increasing
the positioning accuracy of the DLPM.

Based on the discussion above, the main goal of this chapter is the compensa-
tion of the external disturbances. For this goal, two crucial subquestions have to
be answered:

Q1 How can the disturbance function be estimated?

Q2 How can the disturbance be attenuated?

To answer these questions, the disturbance function is first defined as

fd : w 7→ d (5.3)

where w ∈ Rnud are the disturbance input signals and d ∈ Rnyd are the resulting
disturbances while fd is the associated disturbance function. Then, the answer to
Q2 is straightforward; if the function fd is accurately estimated and the inputs w
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correspond to measured or estimated quantities, then this function can be used
for prediction purposes, i.e. a feedforward action can be defined as

uFF = −f̂d(w) (5.4)

where uFF is the feedforward action and f̂d is the identified disturbance function,
evaluated at w. Therefore, the main focus in this chapter is answering Q1. To
accomplish this goal, the use of a learning-based approach to describe the distur-
bance function will be pursued. More specifically, the Gaussian Process frame-
work will be introduced and subsequently employed to describe the disturbance
function, while also establishing its relation with the Reproducing Kernel Hilbert
Space theory. These kernel-based approaches will be formally introduced in the
next sections. Additionally, since the kernel-based approaches define an alterna-
tive approach to the standard regression problem than the parametric approaches,
the parametric approaches will be briefly discussed first.

5.2 The regression problem: parametric approaches

In many applications one is interested in inferring (learning) the relation among a
set of observations. In regression problems the aim is at inferring how a collection
of observations UN =

[
u(1) . . . u(N)

]
, labeled as inputs with u(i) ∈ Rnu , is

related to the values of another set of signals YN =
[
y(1) . . . y(N)

]
, labeled as

outputs, with y(i) ∈ Rny 2. To formalize the problem, in most regression problems
a model structure is imposed to describe the output as a function of the inputs. In
this context, a function f : Rnu 7→ R is assumed to be related with the output via
the data-generating system

y = f (u) + e, (5.5)

where e is the noise source, modeled in this work as independent identical dis-
tributed (i.i.d.) white Gaussian noise e(i) ∼ N

(
0, σ2

e

)
(Dekking et al. 2005). A

classical approach, for example used in system identification, see Ljung (1999),
proceeds as follows. First, an experiment is designed based on the application
purposes for the resulting model, the prior knowledge about the function to be
estimated, etc. Afterwards, the designed experiment is executed in the data-
generating system. The collected data is usually post-processed, e.g., to remove
any measurement artifacts. Then, a model structure is chosen, i.e. a set of candi-
date models such as Autoregressive Exogenus (ARX), Box Jenkins (BJ) etc., which
are parametrized with respect to a set of parameters. Additionally an estimation
criterion is chosen. With all these elements in place, the parameters can be es-
timated, which leads to the “best” model using the available data. Finally, the
estimated model is usually assessed to check if it serves its purpose. The so-called
model validation step may involve different procedures, such as checking if the
model can successfully predict the output, using a fresh data set, i.e. a data set
that had not been used during the estimation procedure.

2For the sake of clarity in notation, it is assumed that ny = 1.
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As far as the estimation criterion is concerned, the most common approach
involves the minimization of a quadratic cost function

N∑
i=1

||y(i)− f (u (i))||22 . (5.6)

For the cost criterion in (5.6) an analytically derived global minimum is attainable
if the chosen model structure to describe f is defined to be linear in the parame-
ters, i.e.

f (u) =

nB∑
j=1

θjφj(u)

= θ>φ(u),

(5.7)

with nB the number of basis functions, θj ∈ R are the parameters-to-be-estimated
and φj(u) : Rnu 7→ R, i ∈ {1, · · · , nB} is a predefined set of basis functions
which maps the inputs to a feature space. Moreover, θ =

[
θ1 . . . θnB

]> and

φ(u) =
[
φ1(u) . . . φnB

(u)
]> are vectors that collect the aforementioned quan-

tities. The above estimation problem entails a challenging question, namely how
to optimally choose the basis functions such that the best model is derived. In this
context, optimality is defined in terms of Mean Squared Error (MSE), defined as

MSE = E
(

(y − ŷ)
2
)

= E
(

(E (ŷ)− ŷ)
2
)

︸ ︷︷ ︸
Variance

+ (E (ŷ)− y)
2︸ ︷︷ ︸

Bias

,
(5.8)

where E denotes the expected value and ŷ denotes the estimator of the output.
Apart from the structure of the basis functions, the number of employed bases in
(5.6) has a direct impact on the resulting estimator. In general, the number of es-
sential parameters is directly related to the flexibility of the model. For example,
by selecting a small number of basis functions the attained solution exhibits rela-
tively low variance but large bias, while a large number of basis functions results
in the opposite situation, possibly leading to the overfitting of the model in the
training data set (Ljung and Chen 2013; Chen et al. 2012). By acknowledging this
issue, various methods have been developed to facilitate the selection of the opti-
mal value, based on a given criterion. In the end, the goal is to achieve a trade-off
between bias and variance. Such structure selection criteria are often employed in
system identification, for example the AIC, BIC, etc. (Ljung 1999).

Ideally, we would like to have highly flexible models without suffering from
overfitting issues. A way to balance between bias and variance is by introducing
a regularization term. For example, the so-called Tikhonov regularization (Golub
and van Loan 2013) results in the following optimization problem:

arg min
θ̂

N∑
i=1

∣∣∣∣∣∣y(i)− φ (u (i))
>
θ̂
∣∣∣∣∣∣2

2
+ γ

∣∣∣∣∣∣θ̂∣∣∣∣∣∣2
B︸ ︷︷ ︸

θ̂
>
Bθ̂

, (5.9)

where B ∈ RnB×nB is a positive definite matrix. The optimization problem (5.9)
introduces a second term compared to (5.6). This regularization term balances the
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complexity of the resulting model, with γ and B acting as tuning knobs. There-
fore, two contradicting performance specifications are defined in (5.9); a term that
favors a good data-fit (left term) and a term that favors less complex models (right
term). The solution can be analytically derived (Golub and van Loan 2013) and it
is equal to

θ̂ =
(
Φ>Φ + γB

)−1
Φ>y, (5.10)

with y =
[
y(1) · · · y(N)

]> and Φ =
[
φ (u (1)) , . . .φ (u (N))

]> ∈ RN×nB .
Therefore, the predicted output at a test input u′ is equal to

ŷ = θ̂
>
φ (u′) , (5.11)

with θ̂ computed by (5.10). Finally, it can be shown that for a given set of basis
functions, the regularization parameters γ and B that lead to the optimal estima-
tion of θ̂, in terms of MSE, require the knowledge of the true parameters and the
noise variance (Chen et al. 2012; Pillonetto et al. 2014). Since this is unattainable in
practice, the regularization imposes additional difficulties, regarding how to select
these quantities. As it is shown in the next sections, this problem can be alleviated
by resorting to the framework of the RKHSs and GPR. It is worth mentioning that
different regularization approaches also exist, such as LASSO (Tibshirani 1996),
nuclear norm (Recht et al. 2010) etc.

5.3 Introduction to RKHS

As an alternative to the parametric modeling, the regularization based on the Re-
producing Kernel Hilbert Space (RKHS) theory is introduced in this section. Sim-
ilar to (5.9), consider the optimization problem

arg min
f̂

N∑
i=1

∣∣∣∣∣∣y(i)− f̂ (u (i))
∣∣∣∣∣∣2

2
+ γ

∣∣∣∣∣∣f̂ ∣∣∣∣∣∣2
H
, (5.12)

which is regularized over a Hilbert space of functions H (Young 1988). Again, the
two terms can be seen as a trade-off between the model fit and the complexity of
the model. However, the regularization term in (5.12) contains a larger class of
regularization methods compared to (5.9) (Rasmussen and Williams 2005, Chap-
ter 6). Within the RKHS framework, the goal is again to solve (5.12) and derive an
estimator which is highly flexible, possibly allowing for an infinite number of ba-
sis functions, while at the same time it automatically achieves a trade-off between
complexity and model fit. To this end, a few definitions are first necessary.

Definition 5.1 (Reproducing Kernel Hilbert Space (Aronszajn 1950)) Let H be a
Hilbert space of functions on a set U ⊂ Rn, f : U 7→ R with inner product < ·, · >. The
Hilbert Space H is called an RKHS, if there exists a symmetric function k : U × U 7→ R
such that

1. For every u′, k(u′, u) as function of u belongs to H.
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2. The reproducing property holds: for every u′ ∈ U and every f ∈ H,

f(u′) = 〈f (u) , k (u, u′)〉 (5.13)

The function k is called kernel. It is important to notice that, since k belongs to
H, too, the second property means that, for the kernel functions k(u, ·) and k(u′, ·),
their inner product equals 〈k(u, ·), k (u′, ·)〉 = k(u, u′). In this work we are merely
interested in real functions and in finite dimensional Hilbert spaces. Using the
Definition 5.1, the following important property can be proven.

Theorem 5.1 (RKHS and kernel function (Aronszajn 1950)) To every positive semi-
definite kernel matrix3 k(·, ·) on U × U corresponds a unique RKHS and vice versa.

Now that the connection between the kernel function and the RKHS is estab-
lished, it remains to show two things. First how functions belonging to H can be
constructed. Secondly, how these functions are related to the solution of (5.12).
Here the main focus is directed towards positive semidefinite kernels, such that
the uniqueness of the associated RKHS is guaranteed. We start by answering the
first question.

Definition 5.2 Consider the space H defined on a set U and k the associated reproducing
kernel. Then the space can be described as

H = {f(u) =

N∑
i=1

αik (u,u′ (i)) : N ∈ N,u′(i) ∈ U ⊂ Rn, αi ∈ R} (5.14)

with the inner product defined as

〈f, f〉H =

N∑
i=1

N∑
j=1

αiαjk (u (i) ,u (j)) . (5.15)

Using Definition 5.2, it is possible to construct functions in H, as a linear com-
bination of basis functions, which are defined using the associated kernel. It is
also worth noticing that this result can also be obtained by resorting to Mercer’s
theorem (Schölkopf and Smola 2002). Finally, what is remaining is to show how
Definition 5.2 can be employed towards deriving the solution of (5.12).

Theorem 5.2 (Representer Theorem (Kimeldorf and Wahba 1971)) The solution of
(5.12) in RKHS H is described by

f (u′) =

N∑
i=1

cik (u′,u (i)) (5.16)

3There is some confusion between the terms positive definite and positive semidefinite kernels in
the machine learning literature. In this thesis the terminology used in system theory is followed, e.g.
see Scherer and Weiland (2000) as well as Rasmussen and Williams (2005). In this context, positive
definite matrices have only positive eigenvalues. See also (Schölkopf and Smola 2002, Chapter 2.2.).
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where k is the associated kernel function and c =
[
c1 . . . cN

]> ∈ RN is given by

c = (K + γIN )
−1
y (5.17)

where the (i, j) entry of K corresponds to k (u(i),u(j)), with i, j ∈ {1, . . . , N}, and
y =

[
y(1) · · · y(N)

]>.

The similarities between the solution in the parametric case, (5.11), and the
solution using the RKHS framework (5.16) are evident: both predictions are ex-
pressed as a linear sum of basis functions, evaluated at the test input. However,
in contrast with the parametric modeling approach, within the RKHS framework,
as it was shown in Theorem 5.2, it is not required to explicitly specify a basis
function expansion to characterize the kernel function k (u, ·), since the solution
is expressed in terms of inner products of the kernel functions. In practice, this
means that in the parametric case, the number of basis functions has to be prese-
lected, while in the RKHS case it is not fixed and instead it is equal to the number
of data points, i.e. the estimate is nonparametric. In general, the kernel can be
parametrized in terms of a few parameters, for example to accommodate prior
knowledge that may be available such as smoothness, periodicity etc. Moreover,
from a parametric perspective, it can be shown through the Mercer’s theorem
(Rasmussen and Williams 2005) that the kernel function that uniquely character-
izes the associated RKHS corresponds to an infinite dimensional orthonormal ba-
sis function expansion4. In total, the RKHS framework turns out to be useful for
estimating unknown, possibly nonlinear functions. A different point of view for
the solution of (5.12) can be derived by resorting to the stochastic framework. The
Gaussian Processes give a stochastic interpretation by making use of Bayesian in-
ference. This is the topic of the next section.

5.4 Gaussian Process-based regression

In this section the GP framework is introduced and its relation with the RKHS is
established. The main goal remains the estimation of the function f that charac-
terizes the data-generating system (5.5) by solving (5.12). For this purpose, the GP
framework resorts to a Bayesian point of view to infer the relation between the set
of inputs UN and outputs YN .

Definition 5.3 (Gaussian Process) A GP is a collection of random variables, any fi-
nite number of which have a joint Gaussian distribution. By defining the mean and the
covariance function of a GP as

E(u) = m (u) ,

E(u,u′) = k (u,u′) ,
(5.18)

with u,u′ ∈ U ⊂ Rnu , a GP f is denoted by

f(u) ∼ GP (m (u) , k (u,u′)) (5.19)
4In practice the number of basis functions is restricted by the number of data points N .
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Due to the normality assumption, the only information required to fully charac-
terize the GP is its mean function and its covariance matrix function. From now
on the mean value is set to zero5 and the focus is on the design of the covariance
function, or kernel6. Using the available data set, the goal is to make predictions
for the output at a test input location, denoted by u∗. The GP characterizing the
output (5.5) and the predicted output at a test point u∗ is described by

[
y

f(u∗)

]
∼ GP

(
0,

[
K (UN , UN ) + σ2

eIN k (UN ,u
∗)

k (u∗, UN ) k (u∗,u∗)

])
, (5.20)

where the (i, j) element of the K matrix is defined as k (u (i) ,u (j)), while the
typical notation in this thesis for vectors (bold lowercase letters), elements (low-
ercase letters) and matrices (uppercase letters) is preserved. Therefore the ith el-
ement of k (u∗, UN ) is equal to k (u∗,u (i)). In order to accomplish the goal of
deriving a predictor, three steps have to be taken. First, an appropriate structure
to characterize the kernel function has to be defined. This structure usually in-
volves a number of parameters, also known in the machine learning literature as
hyperparameters. Secondly, an optimality criterion has to be defined and the cor-
responding optimization problem has to be solved in order to set the values of the
aforementioned parameters. The combination of the two previous steps enables
the full characterization of the kernel function. Finally, an estimator for the func-
tion f has to be built, which will enable the calculation of the quantity f(u∗) at the
test input. These three steps are detailed in the following sections. As it will turn
out, the Bayesian setting can be exploited towards deriving solutions for the last
two steps.

5.4.1 Kernel parametrization

Up to now the question of kernel parametrization has not yet been answered.
The selection of a proper kernel structure is a crucial aspect of the kernel-based
methods. Therefore this discussion is relevant for both GP and RKHS frameworks.
The kernel structure reflects the characteristics of the underlying function. As
such, if prior knowledge is available then an appropriate kernel structure can be
chosen to reflect this knowledge. A few examples of kernel structures are the
following:

• Radial Basis Function (RBF) kernel. This is a popular selection due to its
capability to approximate smooth nonlinear functions. The RBF kernel is
described by

5As it is shown in the following paragraphs, the zero mean assumption does not result in a zero
mean value of the predictor for f . In principle, a nonzero mean value offers more flexibility in the
model, which is desirable in some cases, see (Rasmussen and Williams 2005, Chapter 2.7) for more
details.

6The use of this terminology is by no means accidental. In the following paragraphs the connection
between the kernel function in the GP framework and in the RKHS framework will hopefully become
clear.
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kr (u,u′) = σ2
u exp

(
− 1

λ2
||u− u′||22

)
. (5.21)

The RBF kernel is a highly flexible kernel, and it is a popular choice in ma-
chine learning. For example, it can be seen that from an RKHS point of
view (Definition 5.2) it corresponds to an infinite number of basis functions,
which justifies the popularity of this kernel7. The hyperparameters that have
to be defined are the values of σu ∈ R and λ ∈ R. Variations of this kernel
are also possible, e.g. by using a different λ for each input to determine the
individual relevance of each input (Neal 2012).

• Periodic kernel (MacKay 1998). It is described by

kp (u,u′) = σ2
u exp

 nu∑
i=1

−
sin2

(
π(ui−u′i)

ti

)
λ2

 (5.22)

where ui is the ith entry of the input vector u. The hyperparameters are the
variables σu, ti and λ ∈ R. The periodic kernel models a function that is
periodic with period equal to ti.

• Linear kernel. This is one of the simplest kernels, since the predictor is a
linear function plus an offset. It is described by

kl (u,u
′) = σ2

u1 + σ2
u2 (u− c)> (u′ − c) . (5.23)

In contrast with the RBF and the periodic kernel, the linear kernel is nonsta-
tionary. This means that a translation in the coordinates, e.g. unew = u+uoff ,
leads to a different kernel value. In this kernel the hyperparameters are
the variables σu1, σu2 ∈ R and c ∈ Rnu . This kernel can be extended in a
straightforward way to the polynomial case.

• Diagonal/Correlated (D/C) kernel Pillonetto et al. (2014). This kernel is use-
ful for modeling dynamic systems, since it can be used to encode a Bounded-
Input Bounded-Output (BIBO) stability requirement. It is defined as

kDC (u, u′) = σ2α(u+u′)/2ρ|u−u
′|, (5.24)

with 0 ≤ α < 1 and |ρ| < 1. The topic of kernel selection for system identi-
fication purposes rose to prominence in the last 10 years (Ljung 2010). As a
product of the synergy between the two fields, numerous new kernels have
been proposed throughout the years, see Chen et al. (2012); Pillonetto et al.
(2014) and the references therein for further discussion on the subject.

7In practice the number of basis functions is restricted by the size of the available data points.
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Figure 5.3: Examples of kernel functions. From left to right: RBF, sinusoidal,
linear and D/C kernel.

The kernels discussed above are plotted in Figure 5.3 as a function of the one
of the two kernel inputs, while keeping the other one constant. Moreover, it is
worth noting that the various kernels can be combined to create a new kernel. In
order to preserve the positive semidefinite property of the kernel, operations such
as addition, element-wise multiplication or convolution can be used.

Kernel selection concerns not only the question of which kernel structures to
select and how to combine them, but also how to parametrize each one of the
selected kernels. For example, in the linear kernel one could replace the vector
c with a constant value c if there is no need to define different offsets for each
input signal. In general, selecting the appropriate kernel structure involves a
trade-off. On the one hand, a large number of hyperparameters results in high
modeling flexibility. On the other hand, it is usually easier to select the hyperpa-
rameter values when their number is kept small, as it will be shown in the next
section. In general, selecting the most appropriate kernel structure falls into the
class of model structure selection problems, e.g. see Schmidt and Lipson (2009);
Duvenaud et al. (2013). For the kernel-based methods this can be resolved by re-
sorting to the Bayesian framework. However, the resulting distribution functions
require the computation of analytically non-tractable integrals. For this reason,
Markov Chain Monte Carlo (MCMC)-based approximation approaches can be
used, which are nonetheless computationally intensive (Rasmussen and Williams
2005). Alternatively, a simple approach would involve comparing a limited num-
ber of kernel structures and keeping the one that delivers the best prediction re-
sults. In the sequel the kernel structure is chosen manually based on the prior
knowledge about the function.

5.4.2 Hyperparameter tuning

After specifying the desired combination of kernels, all the hyperparameters have
to be selected such that they reflect the characteristics of the function. As it turns
out, the Bayesian setting under the Gaussian assumption offers a useful way to
select them. To this end, the vector h is introduced, which contains all the hy-
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perparameters. Then, the posterior estimate of the hyperparameters, given the
available data set {y, UN} is described by

p (h|UN ,y)︸ ︷︷ ︸
posterior

=

likelihood︷ ︸︸ ︷
p (y|UN ,h))

prior︷ ︸︸ ︷
p (h)

p (y|UN )︸ ︷︷ ︸
marginal Likelihood

=
p (y|UN ,h)) p (h)∫
p (y|UN ,h) p (h) dh

. (5.25)

In the upper level, the posterior of the predictor f can be expressed using again
Bayes rule:

p (f (u∗) |UN ,y,h) =
p (y|UN , f (u∗) ,h) p (f (u∗) |UN ,h)

p (y|UN ,h)
(5.26)

It is worth noticing that the marginal likelihood with respect to f (u∗) in (5.26) co-
incides with the likelihood in (5.25). At the lack of any information regarding the
characteristics of the hyperparameters, a flat prior is usually chosen for p (h). In
turn, this means that the posterior estimate in (5.25) is proportional to p (y|UN ,h)).
Therefore, the maximization of the latter quantity corresponds to the Maximum A
Posteriori (MAP) estimate, which is an attractive approach since it does not con-
tain any analytically intractable quantities (such as integrals). Therefore, in the
so called Empirical Bayes approach the following optimization problem is solved
(Carlin and Louis 2010):

arg min
h

− log p(y|UN ,h) (5.27)

with

log p(y|UN ,h) = −1

2
y>
(
K (u,u) + σ2

eIN
)−1

y

− 1

2
log
(
det
(
K (u,u) + σ2

eIN
))
− N

2
log (2π) ,

(5.28)

where the logarithm is used to simplify the optimized expression. In general, al-
ternative techniques for computing the hyperparameters exist, too, e.g. see (Ras-
mussen and Williams 2005, Chapter 5). However, the marginal likelihood in (5.28)
automatically incorporates a trade-off between model fit, which corresponds to
the first term in the right hand side of the equation, and model complexity, which
corresponds to the second term in the right hand side of the same equation (Ras-
mussen and Williams 2005). As such, it can be seen as a realization of Occam’s
razor (Rasmussen and Ghahramani 2001). Nonetheless, the price to pay for mak-
ing use of (5.28) is that it is a non-convex optimization problem.

5.4.3 Posterior estimate

By making use of the estimated hyperparameters and due to the Gaussian as-
sumption, the posterior estimate (5.26) is normally distributed and it can be ana-
lytically computed as (Rasmussen and Williams 2005)

p (f(u∗)|y, UN ,u∗,h) ∼ N
(
f̄ (u∗) , cov (f (u∗) , f (u∗))

)
, (5.29)
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with

f̄ (u∗) =k (u∗, UN )
(
K (UN , UN ) + σ2

eIN
)−1

y,

cov (f (u∗) , f (u∗)) =k (u∗,u∗)−

k (u∗, UN )
(
K (UN , UN ) + σ2

eIN
)−1

k (UN ,u
∗) .

(5.30)

The mean value of the posterior estimate is a natural choice when it comes to pre-
dicting the value of the function at a test point. In fact, f̄ (u∗) corresponds to the
minimum variance estimator for a fixed h (Anderson and Moore 2012, Chapter
2.3). With the use of (5.30) it is straightforward to see that the predictor is ex-
pressed as sum of kernel functions, each one centered at the training data points
u(i), i ∈ {1, . . . , N}. Therefore in a similar fashion as in (5.16) the predictor can be
expressed as

f̄ (u∗) =

N∑
i=1

cik (u∗,u (i)) (5.31)

where ci is the ith element of the vector c defined by

c =
(
K (UN , UN ) + σ2

eIN
)−1

y. (5.32)

5.4.4 Connection to RKHS

By comparing the GP-based estimator, expressed in (5.31), with the RKHS esti-
mator that minimizes (5.12), which is expressed in (5.16), it is apparent that the
two solutions are similar. Indeed, it has been formally proven in Aravkin et al.
(2015) that for γ = σ2

e the two estimators coincide. In total, the GP framework
offers an analytic way to compute the hyperparameters and subsequently con-
struct the estimator by resorting to the Bayesian setting. On the other hand, the
RKHS framework, with its foundation in linear algebra, offers an alternative inter-
pretation of the resulting predictor, by relying on notions such as projection and
addition of subspaces, which often provide a more intuitive explanation of the
associated operations.

5.5 Approximation methods

The computation of the predictor (5.31) or (5.16) requires the inversion of the ker-
nel matrix, for which the computational cost scales as O

(
N2
)

with N the number
of available data points. Moreover, calculating the N basis functions in (5.31) usu-
ally involves computationally challenging operations, especially when the em-
ployed kernel structures include complex functions, such as sinusoidal or expo-
nential functions. In many applications it is often required to compute the predic-
tion value within strict time limits. In such cases it may be prohibitive to compute
(5.31) in real time, due to the associated computational cost.

To cope with this limitation, various approximation methods have been devel-
oped, e.g. see Bottou et al. (2007); Quinonero-Candela et al. (2007). In principle,
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the goal in these methods is to approximate the N basis functions of the predictor
with Napp functions, where Napp < N . Various approaches have been investi-
gated, such as completely discarding a number of data points, as well methods
such as the Subset of Regressors (SR) (Wahba 1990), the projected process approx-
imation (Rasmussen and Williams 2005, Chapter 8) and the Bayesian committee
machine (Tresp 2000). Among them it has been shown empirically in (Rasmussen
and Williams 2005, Chapter 8) that the subset of regressors and the projected pro-
cess approximation methods offer a good balance between approximation error
and computational time. The latter two methods result in the same predictive
mean estimate, while they differ only in the predictive variance. Moreover, the SR
method can be interpreted by resorting to both the RKHS framework as well as
the GP framework. For these reasons the SR method is analyzed below.

The RKHS framework is employed to describe the SR approximation method.
Within this framework, the goal is to approximate the kernel function related to
one of the N available training points by a linear summation of the kernel func-
tions associated with a subset of Napp selected points, i.e.

k (u (i) , ·) =

Napp∑
j=1

aijk (u (j) , ·) for i ∈ {1, · · · , N} . (5.33)

Such an approximation can be derived by solving an optimization problem in the
RKHS,

arg min
âij

∣∣∣∣∣∣
∣∣∣∣∣∣k (u (i) , ·)−

Napp∑
j=1

âijk (u (j) , ·)

∣∣∣∣∣∣
∣∣∣∣∣∣
H

⇔

arg min
âi

∣∣∣∣∣∣k (u (i) , ·)− â>i k
(
UNapp

, ·
)∣∣∣∣∣∣

H
,

(5.34)

where âi is a column vector whose jth element is equal to âij . Solving (5.34) for
all the available data points results in the following optimization problem:

arg min
Â

∣∣∣∣∣∣k(UN , ·)− Âk(UNapp
, ·)
∣∣∣∣∣∣
H
, (5.35)

with Â =
[
âi · · · âN

]> ∈ RN×Napp is the matrix that contains all the âij coeffi-
cients. Without loss of generality, it has been assumed in (5.34) that the first Napp

data points are used to approximate the kernel. As a consequence, the kernel
matrix K for the N available data points is described by

K(UN , UN ) =

[
K(UNapp

, UNapp
) K(UNapp

, UN/Napp
)

K(UN/Napp
, UNapp

) K
(
UN/Napp

, UN/Napp

)] , (5.36)

where the subscript N/Napp denotes the remaining data points after removing
the first Napp. The solution of (5.35) can be analytically computed in the RKHS
framework, e.g. see (Schölkopf and Smola 2002, Chapter 10), leading to

Â =

[
K(UNapp

, UNapp
)

K(UN/Napp
, UNapp

)

]
K−1(UNapp , UNapp). (5.37)
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By making use of (5.37) it is inferred that

K(UN , UN ) ≈ ÂK(UNapp
, UN )⇔

K(UN , UN ) ≈ ÂK(UNapp
, UNapp

)Â>
(5.38)

and the solution (5.16) can be approximated as

f (u) ≈
Napp∑
i=1

ĉik (u,u (i)) , (5.39)

where ĉi is the ith element of the vector ĉ ∈ RNapp defined by

ĉ =
(
σ2
eK
(
UNapp

, UNapp

)
+K

(
UNapp

, UNapp

)
K>

(
UNapp

, UNapp

)
+

K
(
UNapp

, UN/Napp

)
K
(
UN/Napp

, UNapp

))−1×[
K
(
UNapp

, UNapp

)
K
(
UNapp

, UN/Napp

)]
y.

(5.40)

As it was already mentioned, the result (5.39)-(5.40) can also be derived by resort-
ing to the GP framework. More specifically, a solution in the form of (5.39) is pos-
tulated and a prior distribution is placed in ĉ, p (ĉ) ∼ N

(
0,K−1

(
UNapp , UN/Napp

))
,

see (Rasmussen and Williams 2005, Chapter 8) for the analytic derivation.

In total, the SR method resorts to an optimization routine to compute an ap-
proximated basis for the original predictor (5.31). Finally, it is worth emphasizing
that in all the aforementioned methods, including SR, the selection of the Napp

points is a combinatorial problem for which no analytic solutions are known to
exist. Indeed this is a very challenging aspect in the aforementioned approxi-
mation methods. As a remedy, heuristic methods have been proposed, e.g. see
(Rasmussen and Williams 2005, Chapter 8).

5.6 Disturbance compensation in the DLPM prototype

Similar to the identification procedure, the disturbance learning and compensa-
tion procedure for the DLPM encompasses a number of steps to be followed. The
main steps of the followed procedure are shown in Figure 5.4. While the used ter-
minology refers to the learning procedure, similar steps are defined in the para-
metric regression problem towards learning a function from data. The first goal is
to design the experiment or a series of experiments. This has to be performed such
that the conditions present during normal operation of the system are present as
well during the experiments. Then the system is excited and data is collected.
The selection of the kernel is a crucial step, as it was described in Section 5.4.1.
After parametrizing the kernel, the hyperparameters are optimized by following
the approach in Section 5.4.2. Then, the function (5.3) is learned using the pos-
terior estimate, as it was described in Section 5.4.3. The learned function can be
eventually used for validation and eventually for prediction.
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Figure 5.4: Flow diagram describing the main steps in the kernel-based approach
for the attenuation of position-dependent and nonlinear disturbances.

For the evaluation of the performance capabilities of the estimated function,
it is necessary to define appropriate performance measures. To this end, the val-
idation is performed on a “fresh” data set, i.e. a data set that has not been used
during the learning (or training) step. In this way, any overfitting issues can be
directly detected. Two of the often used criteria to quantify the accuracy of the
prediction are the BFR, defined already in (3.31) and the Variance Accounted For
(VAF), defined by (Verhaegen and Verdult 2011)

VAF = 100%

(
1−max

(
var (y − ŷ)

var (y)
, 0

))
, (5.41)

with var denoting the variance, ŷ is the estimated output and y is the measured
output. Both criteria deliver a value between 0% (no match) and 100% (perfect
match). Each criterion has its own merits. The VAF estimate is effectively exclud-
ing any possible bias. Therefore, the variance of the resulting posterior distribu-
tion can be independently evaluated. On the other hand, the BFR captures both
the variance as well as the bias sources of error in a similar way as the MSE, which
is defined in (5.8).

If the prediction capabilities measured using the aforementioned criteria are
not the desired ones, the procedure has to be repeated. This may involve the
execution of new experiments, e.g. to excite input regions that were poorly ex-
cited and led to poor estimation. On the other hand, different kernel structures
may also be tested. Finally, a practical consideration is related to the implementa-
tion feasibility of the resulting predictor, as it was discussed in Section 5.5. When
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the resulting feedforward command cannot be computed in real time due to the
associated numerical burden, then an approximation of the solution is required.
This can be performed using the approach in Section 5.5. This step effectively
involves a trade-off between the computational time and the approximation ac-
curacy. When a sufficiently accurate yet implementable solution is derived the
feedforward controller can be applied to the experimental setup. In a different
case, the approximation step has to be repeated or a different kernel structure
may have to be tested.

In Section 5.1 the existence of external disturbances in the DLPM prototype
has been verified. More specifically, it has been asserted that a static, position-
dependent disturbance is present. Then, by following the aforementioned kernel-
based learning and compensation procedure, the goal is to attenuate these distur-
bances in the DLPM prototype, which is the subject of the next section.

5.7 Compensation of static position-dependent distur-
bances

5.7.1 Implementation on the planar motor prototype

Experiment design and data acquisition

In this section the compensation of the static-disturbances is pursued, the exis-
tence of which has been verified in Section 5.1. To this end, the steps described in
Figure 5.4 are followed. As a first step, the experiments have to be designed. In
this context, it is of high importance to define which behaviors are associated with
the disturbance and therefore have to be captured. In other words, the relevant
input signals have to be selected.

Already in Section 5.1 a relation between the x̂MT , ŷ
M
T has been observed. By

revisiting Figure 5.1, it is observed that a sinusoidal behavior with almost the
same frequency is present in both measurements of the F̂Mz values, as a function
of x̂MT , ŷ

M
T . Indeed, this is verified by computing the 2D Fourier transform of

ŴM with respect to the x̂MT , ŷ
M
T coordinates. The resulting function is shown

in Figure 5.5, where it becomes evident that a sinusoidal behavior with a spatial
frequency of approximately 2.5 − 3cm is dominant. This value is related to the
magnet pitch and it results in a sinusoidal force, see (Custers 2019, Chapter 5).

Nonetheless, it is clear that the disturbance cannot be fully described exclu-
sively as a function of these two variables. If that was the case, the two plots
in Figure 5.1 should be identical, while in reality at the investigated positions
they exhibit an average difference of 0.46N. The equation (5.2) reveals a plausi-
ble source of disturbances; since the vector ŴM depends on the relative position
between the coil frame and the translator frame, any unforeseen, neglected or
inaccurately modeled effects will depend to some extent to the aforementioned
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Figure 5.5: Spatial Fourier transform with respect to the x̂MT , ŷ
M
T coordinates.

relative distance q CT . In practice, in order to compute q CT , both the available C−M
ECSs as well as theM−T LIFMs sensor measurements are required, see (2.80)8.

The attenuation capabilities of the resulting feedforward control depend on
how well the input space has been explored. The variables q̂MT are actively con-
trolled, therefore it is straightforward to define the excitation region with respect
to these two variables. The experiments have been performed on an x̂MT − ŷMT
grid, with x̂MT , ŷ

M
T ∈ [0.01, 0.1]. The difference between two consecutive measure-

ment points is approximately equal to 2mm. On the other hand, the displacement
in ẑMT as well as the rotations between the two frames are not of interest since they
are always set to 0.5cm and 0rad, respectively. Regarding the qCM coordinates, the
mounting of the metrology frame on passively controlled air mounts, as it was
explained in Chapter 2, means that the relative displacement between the coil and
the metrology frame cannot be actively controlled. As a result, and based on the
already observed variation of the disturbance in the two different experiments of
Figure 5.1 the execution of multiple experiments is dictated to capture different
configurations between the coil and the metrology frame. In total, the experiment
has been repeated for 6 times.

Data processing, kernel design and hyperparameter tuning

Following the design of the experiment, the next task is the design of a kernel
which is capable of approximating the disturbance function. In total, there are 8
kernel inputs available, namely xMT , yMT and the 6 ECS measurements. Instead of
using the raw ECS data, it is favorable to reconstruct the rigid body displacement
between the stator base and the translator coordinate frames. In this way the in-
dependent contribution of each DOF in the resulting disturbances becomes more

8The C − T ECSs are only active during start-up and therefore cannot be used during the motion
of the magnet plate in the x− y plane.
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apparent. In total, the input vector is defined as

w(i) =
[
x̂MT (i) ŷMT (i) x̂CM(i) ŷCM(i) ẑCM(i) χ̂CM(i) ψ̂CM(i) ζ̂CM(i)

]>
,

(5.42)
with w(i) ∈ R8 and i = {1, . . . , Np} with Np the total number of data points.
Moreover, the notation wν(i) denotes the νth element of the vector.

For the kernel design, the observation of the force characteristics in Figure 5.1
allows for some conclusions, which eventually can be incorporated in the kernel
structure. First of all, a spatially sinusoidal force term is present. In fact, it has been
shown in (Custers 2019, Chapter 5) that this is an expected behavior (based on the
coil topology). Moreover, the use of the RBF kernel is selected due to its flexibility
in approximating nonlinear smooth functions. Finally, a linear relationship be-
tween the resulting forces and the xMT , yMT position is investigated and modeled
via a linear kernel. In total, the designed kernel is mathematically described by

k (w (i) ,w (j)) =σ2
1 exp

− 8∑
ν=1

(wν (i)− wν (j))
2

2λ2
ν,rbf

−
8∑

ν=1

sin2
(
π(wν(i)−wν(j))

psin

)
2λ2

sin

+

2∑
ν=1

σ2
ν,2 (wν (i)− cν,lin) (wν (j)− cν,lin) ,

(5.43)
where σν,2, cν,lin is the νth element of the vector σ2, clin respectively. In words, a
linear kernel is employed exclusively for the x̂MT and ŷMT coordinates. Moreover,
an increased flexibility is allowed in the RBF kernel. This is achieved by allow-
ing for different λν,rbf values for each input channel. The hyperparameters are
collected in the vector h,

h =
[
σu1 λ>rbf psin λsin σ>2 c>lin σe

]>
, (5.44)

where h ∈ R16. In (5.44), the noise variance σe is also treated as a hyperparame-
ter9.

Apart from the kernel structure in (5.43), variations of this kernel have also
been investigated. More specifically, the kernel structure in (5.43) without the si-
nusoidal term has been investigated, as well a kernel structure solely comprised
of an RBF kernel. These two kernel structures are comprised of 12 and 10 hyper-
parameters, respectively. Finally, the hyperparameters involved in the proposed
kernel structures have been optimized via (5.28) by making use of 5 out of 6 data
sets and the corresponding posterior estimators (5.30) have been derived. In the
corresponding non-convex optimization problems the gradient with respect to the
hyperparameter vector has been analytically computed, e.g. see (Rasmussen and
Williams 2005, Ch.5), by

∂

∂hj
log p(y|UN ,h) =

1

2
tr

((
K−1yy>K−1 −K−1

)∂K−1

∂hj

)
. (5.45)

9Alternatively, a low bias model can be used to estimate the noise variance (Goodwin et al. 1992).
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Figure 5.6: BFR (left figure) and VAF (right figure) validation results on a fresh
data set for different number of training points. The sinusoidal×RBF+linear ( ),
RBF ( ) and RBF+linear ( ) kernels have been investigated, together with the
C1-interpolation method ( ).

5.7.2 Comparison of results

Using the BFR and the VAF criteria established in (3.31) and (5.41), respectively,
the three predictors have been validated on a fresh data set. As a comparison, an
interpolation method with C1 continuity (i.e. its first derivative is continuous) is
employed (Amidror 2002), implemented in scatteredInterpolant function
in Matlab 2017a, using the same training and validation data as in the kernel-
based methods. This family of interpolation methods is often employed in indus-
trial problems via the use of Lookup Tables (Butler 2013) and they are computa-
tionally efficient when the input space is low dimensional. In the opposite case,
interpolating over a large dimensional input space is computationally intensive.
Even more, the requirement to store and access the training data in real time is of-
ten beyond the computational capabilities of modern computers. For this reason,
in this comparison the employed interpolation method uses as inputs only the es-
timated quantities x̂CT , ŷCT and ẑCT , which are reconstructed via the use of (2.80).
The total results are shown in Figure 5.6. For each of the four predictors their pre-
diction capabilities have been investigated for different numbers of training data
points, namely 900, 1800 and 3600 data points.

The results in Figure 5.6 show that the kernel-based methods outperform the
C1-based interpolation method. Among the three kernel-based methods, the ker-
nel that incorporates the sinusoidal term outperforms the other two investigated
kernels, as expected. However, the gap becomes smaller as a larger number of
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training points is used, i.e. as more basis functions are used both in hyperparam-
eter learning and in the predictor function. Therefore, the increasing flexibility
of the predictor, as higher number of training points are used, reduces (without
rendering it completely irrelevant) the importance of incorporating prior knowl-
edge about the sinusoidal behavior. On the other hand, the linear term in the
RBF+linear kernel seems to not improve the estimation capabilities when 3600
data points are used, while for smaller sets it leads to worse VAF and BFR val-
ues. Since the two kernels, namely the RBF and the linear one are added to each
other, the optimization routine can in principle discard the one in favor of the
other kernel. Therefore, the worse result for this kernel is probably due to numer-
ical reasons, associated with the higher number of hyperparameters that need to
be optimized.

Finally, another interesting view of the results is shown in Figure 5.7. The
surface of the predicted disturbance forces on the fresh data set, as a function of
the x̂MT , ŷMT position is shown, together with the corresponding 99.7% confidence
bounds and the measured F̂Mz . The results correspond to the prediction on the
fresh data set using the sinusoidal×RBF+linear kernel, whose hyperparameters
were estimated using 3600 data points. Based on this, it is observed that the pre-
diction capabilities are much better close to the center of the x̂MT - ŷMT , while they
tend to be further apart from the measured F̂Mz at the borders of the trajectory,
such as the point x̂MT = ŷMT = 0.1m. This is related to the interpolation capabilities
of the kernel-based method, which clearly cannot accurately learn the function on
the edges of the learning region.

5.7.3 Implementation of feedforward control on the planar motor

Practical considerations

In this section the implementation of the static, position-dependent disturbance
compensation block by means of feedforward control is discussed. For real time
implementation of the resulting feedforward control, the computational aspects
of the corresponding predictor are important to be analyzed. Despite the superior
results of the kernel structure that includes that sinusoidal part, the calculation of
the sinusoidal function in practice leads to a considerable computational burden.
As an alternative it has been observed in Figure 5.6 that the other two examined
kernels result in less accurate but still adequate prediction of the disturbance force.
Moreover, when 3600 data points are used, the two estimates lead to comparable
performance capabilities. In this section, the RBF+linear kernel has been selected
to experimentally demonstrate the benefits of the proposed feedforward compen-
sation.

In order to accomplish a fast calculation of the feedforward signal in real time,
the kernel-based predictor has been approximated using the method described in
Section 5.5. For the selection of the subset of training points, a heuristic approach
has been followed. First, a specific number of samples are randomly selected and
the approximated kernel is built. Secondly, the prediction capabilities of the re-
sulting predictor are tested on the fresh data set. In the third step, the acquired
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Figure 5.7: Validation of sinusoidal×RBF+linear kernel on a fresh data set. Green
dots: measured F̂Mz . Blue transparent surfaces: upper and lower 99.7% confi-
dence bounds. Red surface: estimation using the kernel-based method.

result using the approximated kernel is compared with the estimation using the
whole training data. Finally, this heuristic procedure is repeated 1000 times and
eventually the predictor leading to the best BFR value is kept10. This procedure
has been repeated for different numbers of data points and the results are shown
in Figure 5.7.3. Based on these results, for the implementation in the experimental
prototype the approximated predictor that uses 200 data points has been utilized.
Finally, to avoid any feedback loop that may create instability, instead of the esti-
mated values x̂MT and ŷMT the corresponding reference values are used.

Experimental results

The aforementioned feedforward control is implemented in the DLPM prototype.
It has been implemented in addition to the controller presented in Section 2.6.4.
The results are shown in Figure 5.9. The reference trajectory is composed of a +y-
direction, followed by a diagonal motion on−y and +x-direction, another motion
on +y-direction and finally a diagonal motion on +y and −x-direction to return
back to the starting position. The trajectory profile has been selected such that
x̂MT , ŷ

M
T ∈ [0.015, 0.055] [m]. Two different cases have been compared, namely the

case where the kernel-based feedforward control is deactivated as well as the case
10Testing for all possible combinations is computationally impossible, given the number of data

points in this problem. The selection of 1000 combinations is justified by the fact that, for the first 500
random selections of data points, the highest resulting BFR value was computed to be approximately
the same with the highest BFR value of the rest 500 combinations.
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Figure 5.8: BFR results for varying numbers of data points used to approximate
the original RBF+linear kernel-based predictor. Dashed line: BFR of the original
kernel that uses all 3600 data points.

Table 5.1: Experimental results with the complete trajectory.
No compensation Kernel-based FF Relative reduction

`2/
√
N 6.4 · 10−6 3.39 · 10−6 47.03%

`∞ 2.19 · 10−5 9.97 · 10−6 54.47%

where it is activated. In order to quantify the improvement of the kernel-based
feedforward control, the `2 (weighted by the square root of the number of the
available data points) and `∞ norms have been computed for ẑMT error using the
data from the complete trajectory, as well as the data exclusively from the constant
velocity parts. The results are presented respectively in Tables 5.1 and 5.2. It can
be directly concluded that the proposed feedforward control leads to a significant
reduction of the error on the z direction. Especially during the diagonal motion,
corresponding to the time intervals 1 − 1.5s and 3 − 3.5s, the reduction of error
is the most drastic. At these diagonal trajectories the error is larger compared to
the other trajectories, as it has been also observed in Section 4.5. The substantial
improvement in these two diagonal motions is related to the interpolation capabil-

Table 5.2: Experimental results during constant velocity.
No compensation Kernel-based FF Relative reduction

`2/
√
N 1.02 · 10−5 4.38 · 10−6 57.06%

`∞ 2.19 · 10−5 9.97 · 10−6 54.47%
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Figure 5.9: From top to bottom: Reference position ( ), velocity ( ) and accel-
eration scaled by a factor of 10 ( ) for x̂MT . Reference position ( ), velocity ( )
and acceleration scaled by a factor of 20 ( ) for ŷMT . Error in z-direction with ( )
and without ( ) kernel-based feedforward compensation for static disturbance
rejection. The yellow areas represent the constant velocity parts.

ities of the kernel-based method. During these motions, the magnet plate passes
through the center of the surface used for learning. As such, the prediction ca-
pabilities are expected to be higher and so is the error reduction. On the other
hand, in the cases where the magnet plate moves close to the borders of the learn-
ing surface it is verified that the interpolation capabilities are less profound (time
intervals 0 − 0.5s and 2 − 2.5s). This observation is also in line with the observa-
tions based on Figure 5.7. Still, the improvement compared to the case where no
compensation takes place is substantial.

In conclusion, it has been experimentally demonstrated that the proposed kernel-
based modeling approach successfully captures the disturbance as a function of
the generalized coordinates associated with the coil-metrology and metrology-
translator reference frames. By using the learned non-parametric relation for pre-
diction purposes by means of feedforward control, the resulting action substan-
tially reduces the positioning error by compensating for the external disturbances
that act in the system. As such, it has a great potential to be applied in the modern
motion systems, such as the wafer stages.
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5.8 Compensation of dynamic position-dependent dis-
turbances

5.8.1 Introduction

Planar motors are often subjected to dynamic disturbances, as it was discussed
in Section 5.1. As a consequence, it is useful to extend the kernel-based learn-
ing method to account for these disturbances. In contrast with the static case,
described in Section 5.7, the main obstacle in the dynamic case is that the distur-
bance signal cannot be estimated anymore via an almost model free approach. As
a result the training data set that is required in the supervised learning techniques
(such as the GP) cannot be directly defined.

A different approach is followed for the learning of the dynamic disturbances.
In the first step, the discrete-time input/output dynamic mapping of the closed
loop system in terms of Infinite Impulse Response (IIR) functions is established.
The plant and noise dynamics are assumed to be accurately estimated, e.g. using
first-principles (Chapter 2) or data-driven approaches (Chapter 3). Inevitably, this
mapping is affected by the unmeasured dynamic disturbance. To enable the use
of learning-based methods, the disturbance signal is assumed to be a (possibly
nonlinear) function of measured quantities, similar to the static case. In the sec-
ond step, the mapping from the disturbance inputs to the output of the system
is learned. This step shows similarities with the recent developments regarding
the kernel-based identification of LTI systems (Pillonetto et al. 2014, 2011; Chen
et al. 2012), which have been also extended to the LPV (Darwish et al. 2018), time-
varying Pillonetto and Aravkin (2014) and nonlinear case (Pillonetto et al. 2011),
see also Darwish (2017) for a comprehensible review on the subject. Using the
aforementioned learned function, in the third step the disturbance function is ex-
tracted by a projection in the RKHS.

5.8.2 Data generating system

Consider a discrete-time LTI11 MIMO data-generating system, described by

A(q−1)ỹ(t) = B(q−1)u(t)

D(q−1)v(t) = C(q−1)e(t)

y = ỹ(t) + v(t)

(5.46)

where e(t) ∼ N
(
0,Σ2

e

)
is an i.i.d. white noise, y(t) =

[
y>1 (t) · · · y>ny (t)

]>R 7→
Rny is the output signal vector for the ny output channels at time instant t (sim-
ilarly for v, e, ỹ ∈ Rny and u ∈ Rnu ). The above BJ formulation of the dynam-
ics corresponds to a general noise scenario and it has been chosen to allow for

11The developed framework can be appropriately adapted to the LPV case following the approach
in (Darwish et al. 2018).
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the universal applicability of the developed method in finite-dimensional LTI sys-
tems. The operators A,C,D : R ∈ Rny×ny , B ∈ Rny×nu are matrix polynomials
described by

A(q−1) = I +

na∑
i=1

Aiq
−i,

B(q−1) = B0 +

nb∑
i=1

Biq
−i,

C(q−1) = I +

nc∑
i=1

Ciq
−i,

D(q−1) = I +

nd∑
i=1

Diq
−i,

(5.47)

i.e., the polynomials A,C and D are assumed to be (without loss of generality)
monic. Moreover, Ai, Ci, Di ∈ Rny×ny , Bi ∈ Rny×nu and na, nb, nc, nd ∈ N, while
q is the shift operator, defined as qiy(t) = y(t + i). The formulation (5.46) corre-
sponds to a BJ model structure (Ljung 1999). In order to derive the IIR representa-
tion of (5.46) the following lemma will prove to be useful.

Lemma 5.1 Given a monic, finite and asymptotically globally stable filter A(q−1) with
finite order na such that y(t) = A(q−1)u(t). Then the inverse can be expressed as an
infinite summation,

A†(q−1) =

∞∑
i=0

(
(I −A(q−1)

)i
. (5.48)

such that
A†(q−1)A(q−1) = I. (5.49)

Proof: See Darwish et al. (2018). �

Therefore, under the assumption that left inverses for A(q−1) and D(q−1) sat-
isfy the conditions in Lemma 5.1, the process model G and the noise model H can
be formulated and the output equation can be written as

y(t) = G(q−1)u(t) +H(q−1)e(t), (5.50)

where
G(q−1) = A†(q−1)B(q−1)

=

∞∑
i=0

Giq
−i,

(5.51)

H(q−1) = D†(q−1)C(q−1)

=

∞∑
i=0

Hiq
−i (5.52)
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with Gi ∈ Rny×nu , Hi ∈ Rny×ny and A†(q−1), D†(q−1) denote the generalized left
inverses of the corresponding matrices (Darwish et al. 2018). Moreover, under the
assumption that the left inverse of H(q−1) in (5.52) exists and is asymptotically
stable, with the use of Lemma 5.1, (5.50) can be equivalently expressed as

H†(q−1)y(t) = H†(q−1)G(q−1)u(t) + e(t). (5.53)

The expression (5.53) represents the IIR of the system that was described in (5.46).
The IIR matrices in (5.53) are defined by

H†(q−1) =

∞∑
i=0

Hy
i q
−i,

H†(q−1)G(q−1) =

∞∑
i=0

Hu
i q
−i

(5.54)

and the involved coefficients Hy
i ∈ Rny×ny and Hu

i ∈ Rny×nu can be directly
calculated using (5.47), resulting to

Hy
i = Di −

min(nc,i)∑
j=1

CjH
y
i−j ,

Hu
i =

i∑
j=0

Hy
i−jGj ,

(5.55)

with

Gi = Bi −
min(na,i)∑
j=1

AjGi−j (5.56)

and Hy
0 = Iny , G0 = B0.

To sum up, in this section the relation between the input and the output of the
data-generating system has been described in terms of the IIR coefficients. This
relation will turn out to be crucial for describing the disturbance function, which
is the subject of the next section.

5.8.3 Description of the disturbance function

Following the establishment of the dynamic equations in terms of IIR functions,
the disturbance function has to be defined. It is assumed that the system is cor-
rupted by an unmeasured, additive input disturbance signal as presented in Fig-
ure 5.10. The unmeasured disturbance signal d in Figure 5.10 is assumed to be
related with the measured variables w ∈ Rnw through an unknown, possibly
nonlinear and infinite dimensional stable dynamic mapping described by

d(t) = fd (w (t) ,w (t− 1) , . . . ,w (−∞)) (5.57)

where
fd : Rnw × · · · × Rnw 7→ Rnu . (5.58)
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Figure 5.10: Data-generating system, corrupted by an additive disturbance.

Therefore, the equation (5.53) is reformulated as

H†(q−1)y(t) = H†(q−1)G(q−1)
(
u(t) + fd (w)

)
+ e(t). (5.59)

By inspecting (5.59) it is evident that the disturbance signal manifests itself through
its effect in the output signal y. Based on that, the aim of this work is to learn the
function fd and subsequently attenuate it by means of feedforward control.

5.8.4 Approximation of IIR functions

In the previous sections it has been assumed that the involved IIRs in (5.59) are
globally asymptotically stable. As such the involved quantities can be approxi-
mated arbitrarily well by using a sufficiently large number of past input values,
the number of which is commonly called the past window length. To this end, the
following quantity is first defined for notational convenience,

ω(m, l) =
[
w>(m) . . . w>(m− l)

]>
, (5.60)

with ω (m, l) ∈ Rnω and nω = nw(l + 1). Then, (5.57) is approximated as

d(t) ≈ f̆d (ω (t, pd)) , (5.61)

where pd denotes the past window value. Following similar considerations, (5.59)
is approximated using a finite past window length, denoted by py , as

py∑
i=0

Hy
i q
−iy(t) ≈

py∑
i=0

Hu
i q
−iu(t) +

py∑
i=0

Hu
i q
−id(t) + e(t). (5.62)

In principle, the past window values may not be identical for all the approximated
IIRs. Here, however, the same value has been used for the sake of notational
simplicity. Moreover, it will be assumed that (5.61) and (5.62) are exact. In practice
a large enough value of py and pd guarantees that the dynamics have settled down
and the resulting approximation error is negligible.
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5.8.5 Bayesian estimation of disturbance function

Formulation of equations

In this section the goal is to learn the function f̆d by employing the GP frame-
work, as it was introduced in Section 5.4. To this end, the following quantity is
introduced

δ(t) =

py∑
i=0

Hy
i q
−iy(t)−

py∑
i=0

Hu
i q
−iu(t) (5.63)

with δ(t) ∈ Rny . This equation includes known and measured quantities. There-
fore, it is assumed to be perfectly known. For the ψth output channel (5.62) is
expressed as

δψ(t) =

nu∑
j=1

py∑
i=0

[Hu
i ]ψ,j q

−idj(t)︸ ︷︷ ︸
fψ,j(ω(t,pd))︸ ︷︷ ︸
fψ(ω(t,pt))

+eψ(t).

(5.64)

In (5.64) the typical notation in this thesis is used, i.e. eψ denotes the ψth element
of the vector e (similarly for the other signals) while [Hu

i ]ψ,j denotes the element
at the ψth row and jth column of the matrix Hu

i . Additionally, the functions fψ,j
represent the contribution to the ψth output channel of the jth disturbance signal,
while fψ : Rnω 7→ R is the total contribution of all the disturbance channels to the
ψth output channel. In (5.64) the function fψ(ω (t, pt)) corresponds to the one-step
ahead predictor of δψ . Therefore, this formulation corresponds to the minimum
prediction error in terms of MSE, see (Ljung 1999, Chapter 3).

After defining the input-output relation in (5.64), the GP paradigm introduced
in Section 5.4 can be followed to estimate the disturbance, see also Pillonetto et al.
(2011); Darwish et al. (2018). To this end, the function fψ is modeled as a GP:

fψ(ω (t, pt)) ∼ N
(

0, q
((
ω (t, pt) , ψ

)
,
(
ω (t′, pt) , ψ

′))). (5.65)

with q the covariance (kernel) function. The function fψ is comprised of the
known matrix polynomials Hu

i and the unknown disturbance signal d. By ex-
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ploiting this structure, the kernel (5.65) is further parametrized as

q
((
ω (t, pt) , ψ

)
,
(
ω (t′, pt) , ψ

′)) =

=E

 nu∑
j=1

py∑
i=0

nu∑
r=1

py∑
l=0

[Hu
i ]ψ,j [Hu

l ]ψ′,r dj(t− i)dr(t
′ − l)


=

nu∑
j=1

py∑
i=0

nu∑
r=1

py∑
l=0

[Hu
i ]ψ,j [Hu

l ]ψ′,r E (dj (t− i) dr (t′ − l))

=

nu∑
j=1

py∑
i=0

nu∑
r=1

py∑
l=0

[Hu
i ]ψ,j [Hu

l ]ψ′,r ×

k
((
ω (t− i, pd) , j

)
,
(
ω (t′ − l, pd) , r

))
,

(5.66)

where
k : Rnw(pd+1) × R× Rnw(pd+1) × R 7→ R (5.67)

is a kernel function. What was accomplished through (5.66) is the rewriting of
the kernel function q in terms of known quantities such as the matrices Hd, and
the kernel function k, which is used to represent the variance of the unknown
disturbance functions. This kernel function is parametrized in terms of the inputs
ω of the disturbance function, as well as the indices of the disturbance vector,
denoted by j and r in (5.67).

Remark 5.1 By observing the MIMO formulation (5.64), it is obvious that the output
channel index ψ is not an input argument to the disturbance function dj(t). Therefore,
for the defined kernel k in (5.66) the only input arguments are the disturbance channel in-
dices, denoted by j and r, as well as the disturbance inputs ω, which are used to formulate
the vectors ω (k − i, pd) and ω (k′ − l, pd). It is worth noticing that in the majority of the
kernel-based system identification literature either the SISO case is examined, e.g. Chen
et al. (2012); Pillonetto et al. (2008), or the various output channels are treated separately,
leading to a MISO formulation of the equations, e.g. see Darwish et al. (2018). This is
achieved by introducing assumptions regarding the covariance of the functions to be iden-
tified. However in the examined MIMO case, a disturbance signal affects in general all
the output channels. Consequently, in the MIMO case the kernel q has to be computed
for all ψ,ψ′ ∈ {1, · · · , ny}. In the opposite case, neglecting this information would con-
stitute a violation of the underlying dynamic relations. For reasons of completeness, the
MIMO formulation is presented in this section.

Calculation of posterior estimate

After the definition of the kernel function q, the posterior estimate of the function
fψ can be computed. To this end, it is assumed that N input-output data points
are collected and are used to train the model. Depending on the initial conditions,
the first pt data points can be either skipped or used in the optimization, if the
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initial conditions are zero (Ljung 1999). For the sake of simplicity, the latter case is
assumed. Therefore, given a data set

DN = {u (t) ,w (t) ,y (t)} , t ∈ {1, · · · , N) , (5.68)

the posterior distribution can be estimated, similar to (5.29), (5.30), by

fψ

(
ω (t∗, pt)

)
|YN , UN ,ΩN ,h ∼

N
(
f̄ψ (ω (t∗, pt)) , cov (fψ(ω (t∗, pt)) , (fψ(ω (t∗, pt))

)
,

(5.69)

where YN , UN and ΩN contain respectively all the output y(i), input u(i) and
disturbance input ω(i) data , i ∈ {1, . . . , N} and t∗ is a test point. The posterior
mean and covariance are described by

f̄ψ (ω (t∗, pt)) =q
((
ω (t∗, pt) , ψ

)
,
(
ΩN ,Ψ

))
×(

Q
((

ΩN ,Ψ
)
,
(
ΩN ,Ψ

))
+ Σ2

e ⊗ IN
)−1

δt,

cov
(
f (ω (t∗, pt)) , f (ω (t∗, pt))

)
=q
((
ω (t∗, pt) , ψ

)
,
(

(t∗, pt) , ψ
))
−

q
((
ω (t∗, pt) , ψ

)
,
(
ΩN ,Ψ

))
×(

Q
((

ΩN ,Ψ
)
,
(
ΩN ,Ψ

))
+ Σ2

e ⊗ IN
)−1

×

q
((

ΩN ,Ψ
)
,
(
ω (t∗, pt)

))
.

(5.70)
In (5.70) q

((
ω (t∗, pt) , ψ

)
,
(
ΩN ,Ψ

))
∈ RNny is a row vector, defined as

q
((
ω (t∗, pt) ,ψ

)
,
(
ΩN ,Ψ

))
=[

q
((
ω (t∗, pt) , ψ

)
,
(
1,Ψ

))
. . . q

((
ω (t∗, pt) , ψ

)
,
(
N,Ψ

))]
,

(5.71)
and the ith element of the vector q

((
ω (t∗, pt) , ψ

)
,
(
j,Ψ

))
∈ Rny is in turn equal

to q
((
ω (t∗, pt) , ψ

)
,
(
ω (j, pt) , i

))
defined in (5.66). Moreover,

Q
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ΩN ,Ψ
)
,
(
ΩN ,Ψ

))
=

Q
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1,Ψ
)
,
(
1,Ψ

))
· · · Q

((
1,Ψ

)
,
(
N,Ψ

))
...

...
...

Q
((
N,Ψ

)
,
(
1,Ψ

))
· · · Q

((
N,Ψ

)
,
(
N,Ψ

))
 (5.72)

is the kernel matrix. For each of these submatrices, e.g. the submatrix
Q
((
i,Ψ
)
,
(
j,Ψ

))
∈ Rny×ny , the element at the lth row and mth column is equal

to [
Q
((
i,Ψ
)
,
(
j,Ψ

))]
(l,m)

= q
((
ω (i, pt) , l

)
,
(
ω (j, pt) ,m

))
. (5.73)
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Finally, the vector δt ∈ RNny is defined as

δt =
[
δ(1)> . . . δ(N)>

]>
, (5.74)

where the involved vectors δ have been defined in (5.63).

To summarize, it has been shown in this section how the posterior estimate for
the function fψ (ω (t∗, pt)) can be derived. The mean posterior f̄ψ (ω (t∗, pt)) can
be used to compute the predicted value at a test point. To attenuate the distur-
bance by means of feedforward control, the function f̆d has to be estimated, as it
was defined in (5.57). However, the predictor derived in (5.70) is in reality a func-
tion of the disturbance as it was described in (5.64). Consequently, a prediction
for the disturbance value has yet to be determined. This is the topic of the next
section.

Calculation of the disturbance function

In this section the goal is to get an estimate of the sub-predictors dj(t) that consti-
tute the predictor f̄ψ(ω (k, pt)) in (5.70), as it can be seen in (5.64). Similar goals
are established in the kernel-based model structure learning literature, in which
the individual IIR coefficients that constitute the one-step ahead predictor are ex-
tracted. These results have been obtained based on different approaches, such
as an Support Vector Machine (SVM) (Tóth et al. 2011), GP (Golabi et al. 2014)
as well as an RKHS point of view (Darwish 2017, Ch. 6.3). As expected, despite
the different points of view, the three approaches result in the same solution, see
also (Rasmussen and Williams 2005, Chapter 6) for a further discussion on the
relationship between the aforementioned approaches.

For the derivation of the disturbance predictor, the following notation is intro-
duced for simplicity:

c =
(
Q
((

ΩN ,Ψ
)
,
(
ΩN ,Ψ

))
+ Σ2

e ⊗ IN
)−1

δt (5.75)

where c ∈ RNny . In a similar fashion as in (5.74), c is parametrized as

c =
[
c(1)> . . . c(N)>

]>
, (5.76)

with c(i) ∈ Rny and the jth element of this vector is denoted as cj(i). Then, the
following lemma holds.

Lemma 5.2 The disturbance predictor f̂dj (ω (t∗ − i, pd)) is equal to

f̂dj (ω (t∗ − i, pd)) =

ny∑
ψ=1

N∑
m=1

nu∑
ν=1

py∑
l=0

cψ(m) [Hu
l ]ψ,ν k

((
ω (t∗ − i, pd) , j

)
,
(
ω (m− l, pd) , ν

))
.

(5.77)
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Proof: See Lemma 6.2 in (Darwish 2017, Ch. 6.3). �

Lemma 5.3 The disturbance predictor (5.77) requires the evaluation of (N + 1)nu dis-
tinct kernel functions at the training points.

Proof: By inspecting (5.77), there are nynu(py + 1)N terms involved. Introduce
the change of variables z = m− l, then (5.77) is equivalently written as

f̂dj (ω (t∗ − i, pd)) =

ny∑
ψ=1

N∑
m=1

nu∑
ν=1

m∑
z=m−py

cψ(m)
[
Hu
m−z

]
ψ,ν

k
((
ω (t∗ − i, pd) , j

)
,
(
ω (z, pd) , ν

))
.

(5.78)
Therefore for a fixed ν value, there are N positive z values, while for every z ≤ 0
the vector ω(z) contains only zeros. So there are (N + 1) kernels to be evaluated
for each ν and, in total, there are (N + 1)nu kernels to be evaluated. �

The practical implications of Lemma 5.78 are significant since they reduce sig-
nificantly the computational complexity of the proposed predictor (5.78).

5.8.6 Closed-loop issues

The approach analyzed above can be directly employed in the open-loop case.
However, for a system operating in closed-loop, such as in Figure 5.2, further con-
sideration is required. First of all, it is worth noticing that the IIR coefficients as-
sociated with d do not coincide anymore with the ones associated with u. For this
reason the former ones are denoted in this section as Hd. Then (5.64) is rewritten
as

δψ(t) =

nu∑
j=1

py∑
i=0

[
Hd
i

]
ψ,j

q−idj(t)︸ ︷︷ ︸
fψ,j(ω(t,pd))︸ ︷︷ ︸
fψ(ω(t,pt))

+eψ(t).

(5.79)

To highlight the differences between the open and the closed loop case the follow-
ing remark is important.

Remark 5.2 Given (5.79). Assume that
∑py
i=0 [Hu

i ]ψ,j = 0 for a given disturbance chan-
nel j ∈ {1, . . . , nu} and output channel ψ ∈ {1, . . . , ny}. Then it is apparent from (5.79)
that any disturbance d′j(t) = dj(t) + b results in the same δψ(t) value.

If the feedback controller has an integral action, then the problematic issue,
mentioned in Remark 5.2, is encountered. For example, consider an LTI system,
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corresponding to Figure 5.2, where the noise is zero for clarity purposes. Then,
the signal δ equals

δ(z) = y(z)− (I +G(z)K(z))−1G(z)K(z)r = Hd(z)d(z)

=

I +
1

(z − 1)
ntG

′ (z)︸ ︷︷ ︸
G(z)

1

z − 1
K ′ (z)︸ ︷︷ ︸

K(z)


−1

1

(z − 1)
ntG

′ (z)d(z)

=
(

(z − 1)
nt+1

+G′(z)K ′(z)
)−1

G′(z)(z − 1)d(z),

(5.80)

where the transfer matrices G(z) and K(z) have been equivalently rewritten such
that limz→1G

′(1),K ′(1) 6= ∞. The controller in (5.80) has an integrator, while
the plant G also has nt integrators. Using the final value theorem and under the
assumption that the above transfer matrix is stable, for a step disturbance, we
derive

lim
t→∞

δ(t) = lim
z→1

z − 1

z
(G′(z)K ′(z))

−1
G′(z) (z − 1)

z

z − 1

= 0.
(5.81)

Therefore, for large enough py ,
∑py
i=0H

d
i b ≈ 0 for a constant disturbance b, i.e. the

controller is capable of attenuating constant disturbances, as expected. As a con-
sequence, by establishing the mapping from the reference r and the disturbance
d to the plant output y the learning procedure described above is not capable of
capturing the DC part of the disturbance, which is clearly undesirable.

To circumvent this problem, the equations can be formulated by defining the
mapping from the reference r and disturbance d to the plant’s input u. In this
case, due to the integral action, at steady state the input u is equal to minus the
DC contribution of the disturbance signal, as it has been shown in (5.2) for the
continuous case. Therefore, it is possible to capture the DC part of the disturbance,
too.

5.8.7 Kernel selection for dynamic disturbances

The kernel selection is an important choice towards the successful capturing of
dynamic disturbances. Similar to the static case, the kernel structure has to reflect
any known structural dependencies between the input variables. As such, the
RBF kernel is a standard choice in the presence of smooth nonlinear disturbances.

What differentiates the dynamic case from the static one is that in the former
case the stability properties of the disturbance function can be incorporated in
the kernel function (Pillonetto et al. 2011). Indeed, for the assumed asymptoti-
cally stable disturbance function f̆d the associated kernel k may also reflect this
property. The topic of stability in association with the kernel functions has been
treated in multiple publications, e.g. see Dinuzzo (2012). Subsequently, multiple
kernels have been proposed such as the D/C (Chen et al. 2012), Tuned/Correlated
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(T/C) (Chen et al. 2012) and Stable Spline (SS) (Pillonetto and de Nicolao 2010)
kernel, see also Pillonetto et al. (2014) for a review and comparison of the afore-
mentioned kernels. By construction, these kernels inherit the BIBO stability prop-
erty to the estimated function, without the need to characterize explicitly the as-
sociated RKHS.

5.8.8 Implementation of dynamic feedforward control: simula-
tion example

In this section the validity of the proposed disturbance attenuation framework
will be verified by means of simulation results. In resemblance with the DLPM
prototype, a flexible motion system is simulated. Here it is assumed that the dy-
namics of the plant G are LTI. Using the notation of the block diagram in Fig-
ure 5.2, the following relation is obtained,

u(s) = (1 + C(s)G(s))
−1
(
− C(s)G(s)d(s) + C(s)r(s)− C(s)H(s)e(s)

)
. (5.82)

The related transfer functions are defined as

G(s) =
1

ms2
+

10−6

s2

ω2
+

2ζs

ω
+ 1

(5.83)

with ζ = 0.1, ω = 226.5Hz and m = 10kg, while the feedback controller is equal to

C(s) = m
4.413 · 105s2 + 5.296 · 106s+ 1.589 · 107

s3 + 240s2 + 14400s
(5.84)

This design resembles the controller introduced in Section 2.6.4 with a bandwidth
set to 4.8 Hz. The noise filter is described by

H(s) =
40s+ 200

5s+ 200
(5.85)

and the noise is assumed to be normally distributed, e ∼ N
(
0, 10−14

)
. The main

goal is to verify the proposed disturbance compensation scheme. For this reason
the discrete time equivalents of the above transfer functions have been used to
simulate the system. The disturbance function is defined in discrete time as

d(t) = 1 + w2(t)− 0.1w3(t− 1), (5.86)

with w ∼ N (0, 100). In words, the disturbance output depends on a static gain,
the squared value of the disturbance input w at the current time instant and the
cubic power of the disturbance input at the previous time instant. The closed loop
system has been simulated using a sampling frequency of 1kHz. Moreover the
coefficients pd = 5 and py = 2000 N = 6000 are used while the data set has been
split in half, where the first half is used for training and the second half for valida-
tion purposes. Here it has been chosen to neglect the first py + pd samples instead
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Figure 5.11: Top figure: reference signal. Middle figure: Resulting input signal
due to the reference signal r. Bottom figure: Resulting input signal due to the
disturbance signal d.

Table 5.3: BFR and VAF results for the dynamic disturbance compensation. Vali-
dation on a fresh data set.

BFR [%] VAF [%]
δ 97.86 99.98
d 93.19 99.54

of assuming zero initial conditions. The reference signal r, as well as the resulting
input signal u due to the disturbance and the reference are shown in Figure 5.11.
For this example an RBF kernel has been chosen. The estimated δ and disturbance
values of the validation data set have been compared with the simulated ones in
Figure 5.12 and Figure 5.13, respectively. Moreover, the corresponding BFR and
VAF values are shown in Table 5.3, which in total verify that effectiveness of the
proposed scheme.

5.9 Conclusions

In this chapter a kernel-based feedforward control design method has been devel-
oped for the attenuation of nonlinear and position-dependent disturbances. The
main assumption is that the disturbances are described as a function of measured
quantities, while the disturbance itself is unknown. Under this framework two
cases have been investigated, namely the compensation of static and dynamics
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Figure 5.12: Plot of the estimated (red) and the actual (dashed green) δ values.
The validation is performed on a fresh data set.

Figure 5.13: Plot of the estimated (red) and the actual (dashed green) disturbance
value d. The validation is performed on a fresh data set.
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disturbances.

In the static case, for a system operating in closed-loop under a controller that
contains an integral action an estimate of the static disturbances has been derived
in an almost model free approach. Then the input/output data set has been used
to learn the underlying disturbance function using the GP framework. The re-
sulting predictor has been incorporated in a feedforward controller which com-
pensates for the estimated disturbance. Experimental results on the DLPM have
verified the effectiveness of the proposed scheme, leading to a relative reduction
of the position error on the zMT -direction of more than 50%.

The extension of the kernel-based method towards the compensation of dy-
namic disturbances has been also performed. In the dynamic case the existence of
a model for the underlying plant dynamics is required. Moreover, in the dynamic
case the disturbance signals can not be directly estimated. For this reason a dif-
ferent approach has been followed, which results in a nonparametric estimate of
the dynamic effect of the disturbance to the measured quantities. Then, in a sec-
ond step the disturbance function has been extracted from the previous estimate.
Apart from this point, the general procedure for learning and compensating the
dynamic disturbances resembles the static case, thus highlighting the relation be-
tween the two methods. Through a simulation example it has been verified that
the resulting feedforward controller can successfully compensate for the dynamic
disturbances acting on a system.

In general, the static case is characterized by its simplicity in formulating the
equations, learning the function and implementing the corresponding feedfor-
ward controller. On the contrary, the dynamic case is much more involved in
multiple ways. First of all, the formulation of the equations has been shown to
be quite complicated. Additionally, the selection of the past window values py
and pd may be a tricky task. On the one hand, choosing a small value may not
capture adequately the response of the system. As a result, the learning algorithm
will not be able to distinguish between the effect of the neglected past values and
the effect of the disturbance, which is clearly undesirable. On the other hand, the
ramifications of choosing a large past window value may turn to be crucial, since
both past window values play a role in formulating the kernel function. In that
sense, large values lead to heavier calculations, which may affect the outcome of
the non-convex optimization used to estimate the hyperparameters. In addition
to this, in systems with high sampling frequency a large number of past signals
is required. As a remedy the undersampling of the signals may be chosen, how-
ever this has to be performed in a subtle way if high frequency dynamics are
present. The latter can also be seen as a trade-off between desired accuracy and
computational burden. In total, the applicability of the static disturbance compen-
sation scheme is great, due to its simplicity and the high potential in improving
the performance of the motion system, as it has been verified in the performed
experiments. Additionally, the dynamic case can also result in a significant per-
formance improvement, however it requires a more elaborate post-processing of
the acquired data.
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6 CHAPTER

Active compensation of flexible
modes

This chapter describes a method to actively control the flexible modes
of the planar actuation system. Due to the spatially asymmetric,

non-uniform distribution of forces on the flexible magnet plate, mechani-
cal deformations are induced, which can severely hinder the attained po-
sitioning accuracy. Therefore, by actively controlling the flexible modes,
the resulting deformations can be suppressed via the proper actuation of
the coils. This chapter is organized as follows. An introduction to the
spatial deformation phenomena, acting on the Double Layer Planar Mo-
tor, is given in Section 6.1. To attenuate the spatial deformations, in Sec-
tion 6.2, the electromagnetic relations are combined with the motion sys-
tem dynamics, resulting in the definition of “modal forces”. The modal
forces enable the independent control of selected flexible modes, thereby
actively controlling the deformation induced by these flexible modes. In
practice, the modal forces result in a specific force distribution on the mov-
ing magnet plate, which is accomplished by exploiting the existence of
multiple actuators (“over-actuation” scheme). For achieving the desired
force distribution, in the over-actuation scheme an extended commuta-
tion algorithm is used. Via an optimization problem, the commutation
computes the current values which will provide the desired rigid-body
and modal forces. In Section 6.3 alternative formulations of the commu-
tation problem are discussed. These essentially impose different proper-
ties in the optimization problem, such as suppression of specific flexible
modes or suppression of their effect on specified Points of Interest. In
Section 6.4, the over-actuation scheme is experimentally validated on the
Double Layer Planar Motor prototype. To this end, a disturbance current
is generated and it is subsequently attenuated by means of feedforward
action, which actively controls the first four flexible modes. Finally, con-
clusions are drawn in Section 6.5.

201
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6.1 Spatial deformations in planar motors

Conventionally, control strategies for motion systems aim at explicitly controlling
the rigid-body behavior of the motion dynamics. In planar actuators, the rigid
body refers to the 6 generalized coordinates with respect to an inertial frame,
namely the displacements and rotations with respect to an inertial frame, as it
was defined in Section 2.2. These strategies offer high performance on the premise
that the mechanical structure is sufficiently high frequent. For the next generation
planar motors, based on the discussion in Sections 1.2-1.4, lightweight structures
are envisioned. In such designs the effect of deformations due to the combination
of the limited stiffness and the non-uniform distribution of forces acting on the
mover may be a limiting factor towards achieving higher positioning accuracy.
This is indeed the case for the DLPM. More specifically, the data-driven modeling
performed in Chapter 3, in accordance with the results derived via first-principles
modeling in Chapter 2, verified the presence of resonances, which lead to spatial
deformations and impose limitations in terms of control design. To further in-
vestigate the effect of force distribution on the magnet plate, the LPV state-space
equation of the motion dynamics, based on (3.45), is revisited:

d

dt


qr

qf

q̇r

q̇f

 =

 0nm×nm Inm×nm[
0nr×nr 0nr×nf
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−Ω2
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]
qr
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 ,

(6.1)

with the individual magnet force difference ∆FM
M and rigid body forces/torques

difference ∆WM defined respectively in (2.59) and (2.41). When there is no am-
biguity in the notation, in the remainder of this chapter, the position dependent

product PO
MT

> (
pMT

)
ΞO
MT will be simply denoted as ΦO

f . The electromagnetic
relation is described by[

WM
(
q CT
)

FM
M
(
q CT
) ] =

[
Mr
M
(
q CT
)

MM
M
(
q CT
) ] i. (6.2)

As it has been shown in (2.82), (2.83), in the rigid-body control approach, the
number of specified controller outputs is equal to 6, corresponding to the desired
rigid-body forces and torques. Then, the commutation block is responsible for
computing the currents that deliver these desired forces and torques to the mag-
net plate. This is accomplished by properly allocating the actuation effort among
the 40 active coils. The associated problem is under-determined, since there are



6.1 Spatial deformations in planar motors 203

more active coils available than the desired forces/torques. The latter observation
allows for the definition of additional specifications regarding the desired solu-
tion, i.e. the delivered current values. In order to guarantee minimum power
consumption, the required currents are analytically computed by minimizing the
`2-norm of the current vector i via the Least Squares method. The resulting solu-
tion, defined in (2.83) and repeated here for convenience, is expressed as

i = M̂ r
M

(
q̂ CT

)>(
M̂ r
M

(
q̂ CT

)
M̂ r
M

(
q̂ CT

)>)−1

︸ ︷︷ ︸
M̂r
M
†(q̂ CT )

ŴM

(
q̂ CT

)
.

(6.3)

The solution (6.3) shows some interesting properties. More specifically, it is gen-
erally robust against failures of the coils, e.g., if a coil is damaged, the rest 39
coils can still provide the desired forces and torques, since the associated actua-
tion problem remains under-determined and thus a solution of the form (6.3) can
still be used. Moreover, in principle the larger the number of coils is then the
lower the actuation effort is per coil, thus leading to lower power demands per
coil and therefore rendering problems related to overheating less probable, see
also (Rovers 2013, Chapter 5) for an analysis on the coil-related thermal effects.
Also, from a physics point of view, the established electromagnetic relation be-
tween the total force/torque and the currents entails less assumptions compared
to the relation between individual magnet forces and currents, see Section 2.4.3,
thus rendering it more robust against modeling errors. In spite of these favor-
able attributes, it is reasonable to question if the commutation method based on
the forces and torques can be extended to account for the presence of flexible dy-
namics. More specifically, it is important to investigate if, by defining additional
controller output variables in a meaningful way, a performance improvement can
be achieved.

In addition to this, another observation regarding the rigid-body commutation
method is of high relevance. By combining (6.3) with (6.2), the individual magnet
forces turn out to be a function of the controller output vector ŴM

(
q CT
)
,

FM
M
(
q CT
)

= MM
M
(
q CT
)
M̂ r
M
† (
q̂ CT

)
ŴM

(
q̂ CT

)
. (6.4)

Based on (6.4) it is concluded that the magnet forces are related to the rigid body
controller output ŴM through a position-dependent mapping. The position-
varying distribution of forces leads to position-dependent deformations. To show
this consider two cases, namely one where the moving magnet is positioned at
x̂MT = 0.5mm, ŷMT = 0.5mm and another where the moving magnet is positioned
at x̂MT = 50mm, ŷMT = 50mm. The magnet forces, as well as the resulting DC
deformation of the top mirror of the mover are computed using the developed
simulation model for the DLPM and they are shown in Figure 6.1, using as an
example input ŴM = ĜM. For simplicity, the internal forces GM

M and F int have
been set to zero. Figure 6.1 highlights the effect of individual magnet forces on
the deformation. More specifically, the different allocation of the total force along
the individual magnets, shown in the top figures, results in a different spatial de-
formation. For the examined cases the maximum difference approximately equals



204 Chapter 6 Active compensation of flexible modes

Figure 6.1: Top row: individual magnet forces [N]. Bottom row: quasi-static de-
formation of the top mirror of the DLPM. Left column: results at x̂MT = 0.5mm,
ŷMT = 0.5mm. Middle column: results at x̂MT = 50mm, ŷMT = 50mm. Right col-
umn: difference between the two investigated positions. All plots are expressed
in the translator coordinate system.

0.5µm, which is much higher than the intended nanometer accuracy. Clearly, the
extent of the deformation of the mover poses serious limitations regarding the
achievable performance.

In total, using the rigid-body commutation approach (6.3), it is guaranteed that
the resulting “true” rigid-body forces and torques are equal to the desired ones,
under the assumption that the electromagnetic model is correct. Moreover, due
to the fact that the commutation incorporates the information about the position-
dependent nature of coil-magnet interaction, it is asserted that the true and de-
sired forces and torques are equal in the whole operating region. However, even
in this ideal case, based on (6.4), it has been shown that the commutation results
in a force distribution among the magnets, which causes deformations. Addition-
ally, due to the position dependency in (6.4), the resulting deformations exhibit
position-dependent characteristics. The latter essentially means that the dynamic
mapping from the desired forces/torques ŴM

(
q CT
)

to the flexible states qf is
position-dependent. Therefore, by not actively controlling the distribution of the
magnet forces, the induced position-dependent deformations can severely limit
the attained positioning accuracy. Consequently, the following question arises:
How can the actuators be better exploited, such that the flexible behavior of the
mover is actively controlled and thus the positioning accuracy is improved?
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6.2 Active compensation of spatial deformations

6.2.1 Updated commutation scheme

The goal in this section is to develop a commutation method which can potentially
improve the positioning accuracy of the moving magnet by actively controlling
its flexible behavior. More specifically, we are interested in defining and actively
controlling forces, each one of which independently controls a specific mode. In
the remainder of this thesis, these forces are called modal forces. For the DLPM,
the modal forces are defined as follows.

Definition 6.1 (Modal forces) The modal forces F f ∈ Rnf are defined by

F f

(
q CT
)

= ΦI
f

>
FM
M
(
q CT
)

= ΦI
f

>
MM
M
(
q CT
)
i.

(6.5)

Based on (6.1) and (6.2), if the modal forces can be independently set by the
controller, then each of the flexible states qf can be independently controlled and
therefore the active control of the flexible behavior is enabled. It is worth notic-
ing that, based on equation (6.5), the modal forces exhibit a position-dependent
relation with respect to the coil currents. Additionally, from a physics point of
view, the modal forces correspond to a specific distribution of forces on the indi-
vidual magnets, generated by the magnetic field. This is in contrast with the rigid
body case, where a force distribution on the body can always be equivalently rep-
resented as a unique force and torque vector around a selected point, e.g., the
Center of Mass.

For the rigid-body forces and torques WM, we cannot directly select their
values. Instead, the desired vector ŴM is set by the controller. Then, the commu-
tation algorithm is responsible for realizing these desired values. Similar to this,
the goal is to allow for the controller to set the desired modal forces and realize
them by an appropriately adjusted commutation algorithm. The relation between
the desired modal forces and the supplied currents is described as follows.

Definition 6.2 (Desired modal forces) The “desired” modal forces, i.e. the modal forces
which are actively controlled, are equal to

F̂ f

(
q̂ CT , q̂

M
T

)
= ŜI

f

(
q̂MT

)
Φ̂I>

f F̂
M

M

(
q̂ CT

)
= ŜI

f

(
q̂MT

)
Φ̂I>

f M̂M
M

(
q̂ CT

)
i,

(6.6)

where ŜI
f

(
q̂MT

)
∈ RnI

f×nf is an ordered selection matrix of ones and zeros that selects the

desired active modal forces while nIf , with nIf < nf , denotes the total number of the active
modal forces.
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In principle, this selection matrix can be position-dependent, e.g. to select those
modeshapes that are the most crucial in terms of performance in a specific lo-
cation. For the sake of clarity in notation, though, the following assumption is
introduced.

Assumption 6.1 In the remainder of this chapter, the selection matrix will be considered
as a constant, irrespective of the magnet plate position. Therefore, it will be simply denoted
as ŜI

f . It follows that the desired modal forces vector is denoted as F̂ f

(
q̂ CT

)
.

Following the definition of the desired modal forces, the definition of the up-
dated commutation algorithm is required. The latter should compute the coil cur-
rents required to deliver the desired rigid-body forces and torques ŴM as well
as the modal forces F̂ f . Mathematically, the following optimization problem is
formulated:

arg min
i

∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣

ŴM

(
q̂ CT

)
F̂ f

(
q̂ CT

) −
 M̂ r

M

(
q̂ CT

)
ŜI

f Φ̂
I>
f M̂M

M

(
q̂ CT

)
︸ ︷︷ ︸

Γ̂ext(q̂ CT )

i

∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣
, (6.7)

with Γ̂ext

(
q̂ CT

)
: Rnr 7→ R(nr+n

I
f)×nc the augmented commutation matrix. Simi-

larly, the true electromagnetic relation is defined as Γext

(
q CT
)
. In (6.7) the regressor

matrix is of dimensions (nIf + nr)× nc. Therefore, under the condition

Ker

(
Γ̂ext

(
q̂ CT

)>)
= ∅, (6.8)

for which a necessary (but not sufficient) condition is that nIf+nr ≤ nc, (6.7) defines
an under-determined system. As such, the additional requirement of minimizing
the 2-norm of the coil currents vector can be included, as it has been discussed in
Section 2.6.2. The resulting minimization problem is defined as

arg min
i
||i||22 , subject toŴM

(
q̂ CT

)
F̂ f

(
q̂ CT

)  =

 M̂ r
M

(
q̂ CT

)
ŜI

f Φ̂
I>
f M̂M

M

(
q̂ CT

)
︸ ︷︷ ︸

Γ̂ext(q̂ CT )

i, (6.9)

resulting to the LS solution

i = Γ̂>ext

(
q̂ CT

)(
Γ̂ext

(
q̂ CT

)
Γ̂>ext

(
q̂ CT

))−1

︸ ︷︷ ︸
Γ̂†ext(q̂ CT )

ŴM

(
q̂ CT

)
F̂ f

(
q̂ CT

)  . (6.10)
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Figure 6.2: Block diagram of the DLPM using over-actuation and oversensing.

By combining the commutation solution (6.10) with the modal force defini-
tion in (6.5) and the rigid body forces/torques relation (6.2), it is straightforward
to show that the resulting force vectors WM, F f are equal to the desired ones
ŴM, F̂ f , if the coefficients in the regressor in (6.7) are correct, i.e. Γext = Γ̂ext.
This observation illustrates why having an under-determined set of equations is
of high importance; only in this case the resulting forces are equal to the ones
set by the feedback controller output. Using (6.10), the feedback and feedforward
controller outputs are increased from nr (see Section 2.6.2), which are required
to exclusively control the rigid-body forces/torques, to nr + nIf , as it is shown in
the block diagram of Figure 6.2. This concept is often referred in the literature as
over-actuation, in the sense that there are more controller outputs compared to
the required ones for controlling the rigid body DOFs, e.g. see Schneiders et al.
(2004). Finally, it should be clarified that in Figure 6.2 the flexible modes are re-
constructed, too (see Section 2.6.3). In a similar fashion, the latter approach is re-
ferred to as over-sensing, because, in addition to the rigid-body states, the flexible
states are also reconstructed. However, this is not necessary for the over-actuation
scheme to work, since the latter is only related to the commutation block, irrespec-
tive of the way the Position/Modes reconstruction block is defined. Of course, by
not having a real-time estimation of the flexible states, it means that a feedback
control loop for the dynamic mapping F̂ f 7→ qf cannot be established.

6.2.2 Properties of updated commutation scheme

Relation between flexible modes and rigid body forces

In this section the basic properties of the over-actuation scheme are analyzed. First
of all, consider the mapping from the rigid body forces to the first five flexible
modes. The amplitude of the associated frequency responses have been plotted
in Figure 6.3. The plots are generated using the developed model described in
Chapters 2-3. The selection matrix is equal to ŜI

f =
[
I4 04×nf−4

]
, that is, only
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the first four modeshapes are included in the over-actuation algorithm, while the
derived model has in total 9 flexible modes. As a result and based on the assump-
tion (6.8), the rigid-body as well as the first 4 flexible modes can be independently
controlled.

Based on this figure, it is apparent that the desired rigid-body forces under
over-actuation do not excite the flexible modes. As expected, this is not true for
the fifth modeshape, which is excluded from the over-actuation algorithm. It is
also worth observing that the different LS problem that is solved between the two
cases, i.e. between over-actuation solution (6.10) and conventional commutation
(2.83), results in a slight variation of the gain for the channels related to the fifth
modeshape. In total, regarding the over-actuation scheme, it is concluded that the
rigid body forces do not excite any longer the flexible modes. Subsequently, the
decoupling of the rigid-body forces/torques from the flexible modes, via the over-
actuation scheme, can lead to a substantial suppression of the flexible dynamics.
Put it differently, the associated benefits are obtained by only changing the com-
mutation block and not the rest of the control structure. In other words, in this
case the feedback controller still provides only the rigid body forces and torques,
however the associated coil currents are computed differently.

Achievable performance using over-actuation

In this section, an analysis on the performance improvement that can be theo-
retically achieved via the over-actuation scheme is performed, compared to the
conventional commutation approach. To this end, the following assumptions are
introduced.

Assumption 6.2 All the modal forces are included in the over-actuation commutation
algorithm, i.e. ŜI

f = Inf
. It is assumed that the condition (6.8) is satisfied, therefore the

coil currents are computed via (6.10).

Using the previous assumption, the goal is to simplify the notation in the deriva-
tions that follow. In practice, it is not possible to independently control all the
modes of the system, since the latter would require an infinite number of actua-
tors. Additionally, the following assumption is made for the same reason.

Assumption 6.3 The estimated over-actuation commutation matrix, defined in (6.7),
equals its real value, i.e. Γ̂ext = Γext.

Assumption 6.4 The gravity and internal magnet forces are zero.

The role of the previous assumptions is merely to simplify the notation. Then, the
following definitions are introduced.
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Figure 6.3: Comparison of frequency response magnitudes for the cases of over-
actuation ( ) and conventional commutation ( ). The channels from the desired
rigid body forces to the first 5 flexible states are plotted at the position qMT =[
5 · 10−4, 5 · 10−4, 5 · 10−4, 0, 0, 0

]
.
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Definition 6.3 The transfer matrix P is defined by

P :

[
WM

(
q CT
)

F f

(
q CT
) ]

7→ y

P =
[
Cr ΦO

f

](
s2Inm +

[
0 0
0 2ZΩ

]
s+

[
0 0
0 Ω2

])−1 [
Br 0
0 Inf

]
= s−2CrBr + ΦO

f

(
Inf
s2 + 2ZΩs+ Ω2

)−1

=
[
Pr Pf

]
.

(6.11)

Definition 6.4 (Equivalent extended plant using over-actuation) The equivalent plant
P ex.,ov. using the over-actuation scheme (6.10) is defined as the transfer matrix

P ex.,ov. :

[
ŴM
F̂ f

]
7→ y

P ex.,ov. = P

[
M r
M
(
q CT
)

ΦI>
f MM

M
(
q CT
)] [ M r

M
(
q CT
)

ΦI>
f MM

M
(
q CT
)]†

= P.

(6.12)

Definition 6.5 (Equivalent over-actuated plant) The equivalent plant P ov. using the
over-actuation scheme (6.10) is defined as the transfer matrix

P ov. : ŴM 7→ y

P ov. = P

[
M r
M
(
q CT
)

ΦI>
f MM

M
(
q CT
)] [ M r

M
(
q CT
)

ΦI>
f MM

M
(
q CT
)]† [Inr×nr

0nf×nr

]
= Pr.

(6.13)

The Definition 6.5 means that only the rigid body forces/torques are defined by
the controller. Since the over-actuation scheme allows for the definition of both the
rigid body forces/torques and the modal forces, a selection matrix is introduced
on the right hand side of (6.13) to select only the former ones.

Definition 6.6 (Equivalent plant using rigid body commutation) The equivalent plant
P rb using the conventional, rigid body commutation block (6.3) is defined as the transfer
matrix

P rb : ŴM 7→ y

P rb = P

[
M r
M

(
q̂ CT

)
ΦI>

f MM
M
(
q CT
)
]
M r
M
(
q CT
)†

= P

[
Inr

ΦI>
f MM

M
(
q CT
)
M r
M
(
q CT
)†]

= Pr + PfΦI>
f MM

M
(
q CT
)
M r
M
(
q CT
)†
.

(6.14)
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Figure 6.4: Generalized plant formulation for the three examined cases. Left:
equivalent plant using rigid body commutation. Middle: equivalent plant using
over-actuation. Right: equivalent extended plant using over-actuation.

Using the previous definitions, it is possible to compare the performance of
these three different equivalent plants. Moreover, it is worth noting that, in the
previous definitions, a different output can be selected than y, defined in (6.1).
Based on Figure 6.2, the above transfer matrices might as well be defined using
the reconstructed position q̂MT or the extended reconstructed position and flexible
modes vector. Irrespective of the selection, the results that follow still hold true.
To this end, a few additional definitions are introduced.

Definition 6.7 The generalized plants, presented in Figure 6.4 are defined for each of the
three examined equivalent plants as follows:

• The generalized plant N ex.,ov. for the equivalent plant P ex.,ov. is defined as

N ex.,ov. =

[
N11 N12 N13

N21 −Pr −Pf

]
(6.15)

• The generalized plant Nov. for the equivalent plant P ov. is defined as

Nov. =

[
N11 N12

N21 −Pr

]
(6.16)

• The generalized plant N rb for the equivalent plant P rb is defined as

N rb =

[
N11 N12

N21 −Pr − PfΦI>
f MM

M
(
q CT
)
M r
M
(
q CT
)†] (6.17)

Moreover, the vectors w and z in Figure 6.4 denote the generalized disturbances (such as
the reference signal) and controlled variables, respectively (Scherer 2001b).

With these definitions of the generalized plants the goal is allow for a fair com-
parison between the various plants. This is indeed achieved by having the same
transfer matrices N11, N12 and N21 in the three generalized plants.

Definition 6.8 The optimal controller for the equivalent plant P ov. is denoted as Kov.
∗

and it is defined by

Kov.
∗ :=

{
Kov.

∣∣∣∣ ||Nov. ? Kov.|| is minimum
}
. (6.18)
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Definition 6.9 The optimal controller for the equivalent plantN rb is denoted asKrb
∗ and

it is defined by

Krb
∗ :=

{
Krb

∣∣∣∣ ∣∣∣∣N rb ? Krb
∣∣∣∣ is minimum

}
. (6.19)

Definition 6.10 The optimal controller for the equivalent plant N ex.,ov. is denoted as
Kex.,ov.
∗ and it is defined by

Kex.,ov.
∗ :=

{
Kex.,ov.

∣∣∣∣ ||N ex.,ov. ? Kex.,ov.|| is minimum
}
. (6.20)

Lemma 6.1 (Performance comparison between N ex.,ov. and Nov. ) The following in-
equality holds:

||N ex.,ov. ? Kex.,ov.
∗ || ≤ ||Nov. ? Kov.

∗ || (6.21)

Proof: [van Herpen et al. (2014)] Define

Kex.,ov. =

[
Kov.
∗
0

]
. (6.22)

Clearly, the controller Kex.,ov. does not necessarily correspond to the optimal con-
troller Kex.,ov.

∗ . Then, the LFT for the extended plant is equal to

N ex.,ov. ? Kex.,ov. = N11 −
[
N12 N13

] [Kov.
∗
0

](
I +

[
Pr Pf

] [Kov.
∗
0

])−1

N21

= N11 −N12K
ov.
∗ (I + PrK

ov.
∗ )
−1
N21

= Nov. ? Kov.
∗ ,

(6.23)
which proves (6.21). �

Lemma 6.1 shows that the utilization of the extra inputs in the feedback block,
i.e. the modal forces, can improve the performance, defined by ||N ex.,ov. ? Kext||.
In a similar way, it is useful to compare the performance of Nov. and N ex.,ov. with
the performance of N rb..

Lemma 6.2 (Performance comparison between N ex.,ov. and N rb) The following in-
equality holds:

min
Kex.,ov.

||N ex.,ov. ? Kex.,ov.|| ≤
∣∣∣∣N rb ? Krb

∗
∣∣∣∣ (6.24)

Proof: Define

Kex.,ov. =

[
Krb
∗
0

]
. (6.25)

Then the proof is similar to the proof of Lemma 6.1. �
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Lemma 6.3 (Performance comparison between N rb and Nov.) The optimal perfor-
mance of Nov. is upper bounded by

||Nov. ? Kov.
∗ || ≤

∣∣∣∣N rb ? Krb
∗
∣∣∣∣+

∣∣∣∣Λ (Krb
∗
)∣∣∣∣ (6.26)

with

Λ(K) =N12K

(
I + PrK + (I + PrK)

(
PfΦI>

f MM
M
(
q CT
)
M r
M
(
q CT
)†
K
)−1

×

(I + PrK))
−1
N21

(6.27)

Proof: For a controller K of appropriate dimensions, it holds that

N rb ? K = N11 −N12K
(
I + PrK + PfΦI>

f MM
M
(
q CT
)
M r
M
(
q CT
)†
K
)−1

N21

= N11 −N12K (I + PrK)
−1
N21 + Λ(K)

= Nov. ? K + Λ(K),
(6.28)

with Λ(K) equal to (6.27), resulting from the application of the Woodbury’s lemma
(Golub and van Loan 2013). Consequently, using the triangle inequality it holds
that ∣∣∣∣Nov. ? Krb

∗
∣∣∣∣ =

∣∣∣∣N rb ? Krb
∗
∣∣∣∣+

∣∣∣∣Λ (Krb
∗
)∣∣∣∣⇒

||Nov. ? Kov.
∗ || ≤

∣∣∣∣N rb ? Krb
∗
∣∣∣∣+

∣∣∣∣Λ (Krb
∗
)∣∣∣∣ . (6.29)

�

In contrast with the results in Lemmas 6.2 and 6.1, via Lemma 6.3 it can-
not be guaranteed that using over-actuation with a rigid body controller will be
performance-wise better than using the conventional, rigid body commutation
with a rigid body controller. What it has been derived is merely an upper bound
for the performance of Nov., which does not allow any concrete conclusions.

To further investigate the performance of the plant P ov., the Bode plot mag-
nitudes for P ov. and P rb are shown in Figure 6.5 using the developed simulation
model. For the equivalent plant P ov., the first four modal forces have been used
in the over-actuation scheme. The outputs correspond to the displacement at the
LIFM locations yLx1 , yLy1 and yLz1 (similar results hold for any other point on the
magnet plate).

The results in Figure 6.5 reveal that, by employing the over-actuation scheme,
the effect of the first four flexible modes in the transfer matrix P ov. is drastically
diminished and the associated resonances are not anymore visible. Similar con-
clusions are derived by comparing Ĉ †r P

ov. and Ĉ †r P
rb, with Ĉ †r defined in (2.90).

In this case, the outputs of the equivalent plants correspond to the reconstructed
rigid body coordinates qMT , i.e. the displacements and the rotations. As an exam-
ple, the frequency response for the reconstructed state ẑMT is shown in Figure 6.6.
Again, the over-actuation scheme uses the information regarding the first four
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Figure 6.5: Bode plot magnitude for P ov. ( ) and P rb ( ) at xMT , y
M
T , zMT =

0.5mm and zero rotations. The outputs correspond to the displacement at the
LIFM locations.

Figure 6.6: Bode plot magnitude for Ĉ †r P
ov. ( ) and Ĉ †r P

rb ( ) at xMT , y
M
T , zMT =

0.5mm and zero rotations.
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modal forces. It is evident that, by using the over-actuation scheme, the inter-
action between the forces and torques (excluding FMz) and ẑMT is drastically re-
duced. Moreover, in the frequency response of the dynamic mapping FMz 7→ ẑMT
the first four resonances are not visible anymore. In total, the system becomes
better decoupled, thus enabling in principle the design of higher bandwidth con-
troller. It is important to notice that this can be achieved by only changing the
commutation block, while keeping the number of controller outputs fixed to the
number of rigid body DOFs. In other words, by using the over-actuation-based
commutation scheme, an improvement can be readily achieved by redesigning
the feedback controller, but without defining additional outputs (or inputs) in the
feedback controller block.

6.3 Alternative formulations of the commutation prob-
lem

6.3.1 Weighted minimum norm commutation

In (6.7) the over-actuation problem was formulated in terms of a constrained min-
imization problem of the 2-norm current vector. In this problem, a number of
modal forces was incorporated in the optimization problem. Related to this se-
lection, a point which requires further investigation is how the resulting current
distribution is affecting the modal forces that were deliberately left out in (6.9),
also known as “spillover” (Balas 1978). By denoting S̄I

f

(
qMT

)
the selection matrix

which chooses the excluded modeshapes, one can directly infer that the resulting
modal forces, denoted by F̄ f

(
q CT
)
, are equal to

F̄ f

(
q CT
)

= S̄I
f Φ

I>
f MM

M
(
q CT
)
i (6.30)

with i computed in (6.10) and S̄I
f ∈ Rnf−nI

f×nf .

The excluded modal forces excite the corresponding flexible modes, resulting
in undesirable deformations on the magnet plate. To circumvent this problem,
an obvious and direct solution would be the inclusion of these excluded modal
forces in the commutation matrix (6.9). Nonetheless, this may lead to loss of the
controllability property (Balas 1978). For example this is the case when the num-
ber of modal forces is larger than the available current sources, leading to an over-
determined LS problem (6.7). In this case, the “true” forces cannot be anymore
equal to the desired ones.

In order to avoid the loss of controllability while at the same time minimizing
the effect of the excluded modal forces, an alternative optimization problem can
be reformulated, which minimizes the 2-norm of the residual (i.e. excluded) esti-
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mated modal forces (6.30). Assuming that (6.8) holds, this is achieved by solving

arg min
i

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣S̄
I
f Φ̂

I>
f M̂M

M

(
q̂ CT

)
︸ ︷︷ ︸

Γ̂W (q̂ CT )

i

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣ , subject to

ŴM

(
q̂ CT

)
F̂ f

(
q̂ CT

)  =

 M̂ r
M

(
q̂ CT

)
SI

f

(
q̂MT

)
Φ̂I>

f M̂M
M

(
q̂ CT

)
︸ ︷︷ ︸

Γ̂ext(q̂MT )

i.

(6.31)

The solution to (6.31) is equal to

i =
(

Γ̂>W Γ̂W

)−1

Γ̂>ext

(
Γ̂ext

(
Γ̂>W Γ̂W

)−1

Γ̂>ext

)−1
ŴM

(
q̂ CT

)
F̂ f

(
q̂ CT

)  , (6.32)

under the additional assumption that

rank
(
S̄I

f Φ̂
I>
f M̂M

M

(
q̂ CT

))
= nc, (6.33)

for which a necessary (but not sufficient) condition is that nf−nIf > nc. Otherwise,
if the rank condition (6.33) is not satisfied then the pseudoinverse can be used in-
stead, leading to an approximate solution of the specified weighting norm. Addi-
tionally, the fact that in (6.31) different weightings are defined on the coil currents
(due to the weighting matrix Γ̂) means that the minimization does not anymore
correspond to the minimum power dissipation solution. Therefore, higher current
values are to be expected when (6.32) is used, compared to the solution (6.10).

In the same spirit, different weighting matrices can be employed in (6.31). For
example, an alternative approach would be to minimize the DC contribution of
the excluded flexible states, along the lines of (6.31). To this end, the relation
between the excluded flexible states and the corresponding modal forces follows
from (6.1) and it is equal to

q̄f = S̄I
fqf

=
(
S̄I

f Ω
2S̄I>

f

)−1

F̄ f

(
q CT
)

=
(
S̄I

f Ω
2S̄I>

f

)−1

S̄I
f Φ

I>
f MM

M
(
q CT
)
i.

(6.34)

Based on (6.34), the minimization of the excluded modes can be achieved, with
the weighting matrix now defined as

Γ̂W

(
q̂ CT

)
=
(
S̄I

f Ω
2S̄I>

f

)−1

S̄I
f Φ̂

I>
f M̂M

M

(
q̂ CT

)
(6.35)

and the solution is equal to (6.32).
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In total, all the methods discussed up to this point define global specifica-
tions. In practice, the latter means that when minimizing the magnitude of specific
modal forces or flexible modes, the outcome is the suppression of the DC effect of
that specific modal force or mode to the displacement on the whole magnet plate
surface. In many applications, though, the interest is merely on minimizing the
deformations at a specific location. For example, in the lithography machines, the
PoIs correspond to the scanning area at a given time instant. Therefore, it would
be beneficial to concentrate the effort only on these PoIs instead of the whole mag-
net plate. To this end, rewrite the output equation (6.1) as

yL =
[
Cr

(
pMT

)
PO
MT

> (
pMT

)
ΞO
MT

] [
qr

qf

]
= Cr

(
pMT

)
qr + PO

MT
> (
pMT

)
ΞO
MT S

I
f

>
qf︸ ︷︷ ︸

active control

+

PO
MT

> (
pMT

)
ΞO
MT S̄

I
f

>
qf︸ ︷︷ ︸

uncontrolled

,

(6.36)

where the active control part corresponds to the rigid-body and flexible states
which are actively controlled, while the uncontrolled part corresponds to flexible
modes whose modal forces are excluded from the over-actuation algorithm. In
(6.36) it has been assumed, with some abuse of notation, that the output matrices
Cr and PO

MT are evaluated at the PoIs of interest, i.e., they do not necessarily
correspond to the LIFM measurement locations. Then, the quasi-static mapping
from the excluded flexible modes to the displacement of the PoIs is described by

ȳPOI = PO
MT

> (
pMT

)
ΞO
MT S̄

I
f

>
qf

= PO
MT

> (
pMT

)
ΞO
MT S̄

I
f

> (
S̄I

f Ω
2S̄I>

f

)−1

F̄ f

(
q CT
)

= PO
MT

> (
pMT

)
ΞO
MT S̄

I
f

> (
S̄I

f Ω
2S̄I>

f

)−1

S̄I
f Φ̂

I>
f M̂M

M

(
q̂ CT

)
i

= P̄DC

(
p̂MT , q̂ CT

)
i,

(6.37)

where ȳPOI ∈ RnPOI . By minimizing the 2-norm of (6.37), i.e.

arg min
i

∣∣∣∣∣∣P̄DC

(
p̂MT , q̂ CT

)
i
∣∣∣∣∣∣ , subject toŴM

(
q̂ CT

)
F̂ f

(
q̂ CT

)  =

 M̂ r
M

(
q̂ CT

)
SI

f

(
q̂MT

)
Φ̂I>

f M̂M
M

(
q̂ CT

) i, (6.38)

the goal is to suppress the contribution of the excluded modal forces to the dis-
placement of the specified PoIs. Similar to (6.31), the solution equals (6.32), in this
case with Γ̂W = P̄DC, under the assumption that

rank
(
P̄DC

(
q̂ CT

))
= nc, (6.39)
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for which a necessary (but not sufficient) condition is that nPoI > nc.

Compared to the problem formulations (6.31) and the one that uses (6.35), the
formulation in (6.38) specifies a local requirement on the PoIs, while the previ-
ous two specify a global requirement, on the whole magnet plate. However, all
the aforementioned solutions make use of the quasi-static relations, which are of
course an approximation of the true, dynamic relations. It is therefore reason-
able to question if the dynamic relations can be directly taken into account in the
over-actuation problem.

6.3.2 H∞-based commutation

In Section 6.3.1 it was discussed how the commutation problem can be reformu-
lated, such that either the magnitude of the excluded modal forces, the contri-
bution of the excluded modal forces to the not actively controlled modes, or the
contribution of the excluded modal forces to a collection of PoIs is minimized.
However, the dynamic behavior of the system could not be incorporated in these
optimization problems. To account for the dynamic behavior an alternative ap-
proach is developed in this section. To this end, the original over-actuation prob-
lem in (6.9) is revisited. Due to the under-determined Least Squares problem that
is being solved, the Singular Value Decomposition (SVD) of the regressor Γ̂ext is
defined as (Golub and van Loan 2013)

Γ̂ext

(
q̂CT

)
= U

(
q̂CT

) [
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(
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)
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f

]V1

(
q̂CT

)>
V2

(
q̂CT

)>
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(
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(6.40)

where Σ
(
q̂CT

)
: Rnr 7→ Rnr+n

I
f×nr+n

I
f is a diagonal matrix that contains the singu-

lar values on the diagonal, U
(
q̂CT

)
, V
(
q̂CT

)
are unitary matrices, while V1

(
q̂CT

)
∈

Rnc×nr+n
I
f and V2

(
q̂CT

)
∈ Rnc×nc−nr−nI

f . Moreover, when there is no risk of con-
fusion, the position dependency in the above SVD matrices will be suppressed.
The matrix V2 belongs to the kernel space of V >1 , therefore V >1 V2 = 0. Moreover,
due to the fact that V is unitary (similarly for U ), it holds that V >1 V1 = I , V >2 V2 = I
and V1V

>
1 + V2V

>
2 = I (Golub and van Loan 2013). Then, the solution (6.10) can

be equivalently written as (Verhaegen and Verdult 2011, Chapter 2)

i = V1

(
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)
Σ−1

(
q̂CT

)
U>

(
q̂CT

)ŴM

(
q̂ CT

)
F̂ f

(
q̂ CT

)  . (6.41)

By exploiting the fact that the columns of V2 belong to the kernel space of V >1 , it
follows that any linear combination of the columns of V2 belongs to the kernel of
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V >1 . Mathematically, this means that for any V new
2 , defined as

V new
2 = V2Λ (6.42)

it holds that
V >1 V new

2 = V >1 V2Λ

= 0.
(6.43)

Based on (6.43), it follows that any solution of the form

i =

(
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(
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)
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)  (6.44)

with Λ ∈ Rnc−nr−nI
f×nr+n

I
f leads to the same supplied forces as (6.10). Therefore,

the matrix Λ can be selected such that specific requirements are met. Similar to the
discussion above, the requirements can be either defined with respect to the not
actively controlled flexible states, thus imposing a global behavior, or with respect
to specific PoIs, which impose a desired local behavior at the specified locations.

Consider here the case where a selection of PoIs is made. Then, the mapping
of the excluded modal forces to the displacement of the selected PoIs (using the
frozen dynamics response) is defined in the Laplace domain by

ȳPOI =PO
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(6.45)
with P̄

(
s,pMT , q CT

)
∈ RHnPOI×nc

∞ . In essence, similar to (6.37), the dynamic map-
ping F̄ f

(
q CT
)
7→ ȳPOI describes the displacement of the PoIs due to the excluded

modal forces, i.e. the part of the output response which is not actively controlled.
Moreover, by combining (6.45) with (6.44), the dynamic mapping from the con-
trolled inputs to the output vector ȳPOI can be defined. In practice, only an esti-
mate of P̄ is available, which is denoted as ˆ̄P . Then, the aforementioned mapping
is described by

ȳPOI =

ˆ̄P
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)(
V1

(
q̂CT

)
Σ−1

(
q̂CT

)
U>

(
q̂CT

)
+ V2

(
q̂CT

)
Λ
(
q̂CT

))ŴM
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(6.46)

For the transfer matrix in (6.46), the goal is to compute the matrix Λ which results
in the smallest possible ȳPOI. Therefore, the goal can be formulated in terms of a
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system norm minimization problem, i.e. 1:

arg min
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which can be equivalently rewritten as

arg min
Λ
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(6.48)

using a lower-LFT representation. For example, the H∞ norm of (6.48) can be
minimized, using standard optimization software packages. It should be noted
that, in the above formulation, Λ is assumed to be a static matrix. In general, this
method can also be extended to account for the case where Λ represents a transfer
matrix, as long as the position-dependent dynamics are taken into account.

6.3.3 Comparison of commutation approaches

To facilitate the discussion on the benefits and drawbacks of the various commu-
tation approaches, a comparison has been performed using the developed simu-
lation model, which has nf = 9 flexible modes. More specifically, the following
cases have been compared:

A1 Over-actuation using the first 4 flexible states. It corresponds to (6.10) with
SI

f =
[
I4 04×nf−4

]
.

A2 Over-actuation using the first 6 flexible states. It corresponds to (6.10) with
SI

f =
[
I6 06×nf−4

]
.

A3 Over-actuation using the first 4 flexible states and minimizing the `2 norm
of the DC contribution of the 5th and 6th modal forces to the corresponding
flexible states. The solution corresponds to (6.32) with SI

f =
[
I4 04×nf−4

]
,

S̄I
f =

[
02×4 I2 02×nf−6

]
and

Γ̂W = P̄DC

(
p̂MT , q̂ CT

)
(6.49)

A4 Over-actuation using the first 4 flexible states and minimizing theH∞ norm
of the transfer matrix that maps the 5th and 6th modal forces to the corre-
sponding flexible states. The solution is equal to (6.44) with the static matrix
Λ computed via (6.47). Moreover, the flexible states selection matrices are

1By removing the product PO
MT

> (
pM
T

)
ΞO
MT S̄

I>
f , the mapping with respect to the excluded flex-

ible states is derived.
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Figure 6.7: Comparison of commutation approaches A1( ), A2( ), A3 ( ) and
A4( ).

Table 6.1: Average squared current value
A1 A2 A3 A4

163.96 248.56 11573.46 248.56

defined by SI
f =

[
I4 04×nf−4

]
, S̄I
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02×4 I2 02×nf−6

]
. The associated

transfer matrix is equal to
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The commutation algorithms are computed when the magnet plate is posi-
tioned at xMT = yMT = zMT = 0.5mm. The results, shown in Figure 6.7, correspond
to the transfer functions F̂f4 7→ qf4 , F̂f4 7→ qf5 and F̂f4 7→ qf6 , i.e. the mappings
from the 4th modal force to the 4th, 5th and 6th flexible states. Additionally, a Monte
Carlo simulation has been performed in order to evaluate the power consumption
for each of the examined schemes. In total, nmc = 10000 Monte Carlo simulations
have been performed. For a fair comparison, rigid body desired forces/torques
values together with the desired values for first 4 modal forces have been uni-
formly generated in the set [−100, 100]. In this way it is asserted that, for all the
investigated schemes, there is a combination of coil currents that can provide the
aforementioned desired forces. The power consumption is related to the square
of the current values, therefore the criterion

p =

Nmc∑
j=1

||i(j)||22
Nmcnc

(6.51)

is used and the results are shown in Table 6.1.

The discussion above reveals that a selection dilemma is present. Should a
specific modal force be incorporated in the original commutation problem (6.9),
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or should the information related to this modal force (or the associated flexible
mode or the effect of that mode at a specific PoI) be instead incorporated in the
norm to be minimized, e.g. as it was done in (6.38) and (6.31)?

Clearly, if the solution of the original over-actuation based commutation prob-
lem (6.10) is used, the values of the incorporated modal forces can be deliberately
set. As a result, they can be as well set to zero, as it was done in A2, where the 5th

and 6th flexible states were incorporated in the over-actuation, too, which means
that the contribution of these flexible states to the deformation of the magnet plate
surface is fully attenuated. Moreover, the added benefit of including modal forces
in the over-actuation-based commutation block is that they can also be used in
feedback control. However, the condition (6.8) should not be violated, which sub-
sequently means that the number of the actively controlled modal forces and rigid
body forces/torques should not exceed the number of available actuators.

On the other hand, the alternative approaches presented in this section min-
imize quantities related to the excluded modal forces, i.e. the ones which were
not incorporated in the over-actuation problem. These could be either the modal
forces themselves or the associated flexible states or the contribution of the asso-
ciated flexible states to the specified PoIs. Therefore, they can minimize but not
completely nullify the aforementioned quantities. Indeed, this was verified for
the examined approaches A3 and A4. Additionally, the resulting currents may
be numerically more difficult to compute due to the complexity of the associated
estimators. For example, for A3, the requested minimization of the effect of Ff4

to
the 5th and 6th flexible states is indeed accomplished. However, this comes at the
cost of high power demands, as it has been shown in Table 6.1. This is also related
to the inversion of the rank deficient matrix Γ̂>Γ̂, which leads to a numerically
sensitive solution that directly affects the resulting currents. On the other hand
the approach A4 leads to much lower currents. However, this approach cannot
suppress the effect of Ff4 to the 5th and 6th flexible states as effectively as A3 and
A2. Moreover, due to the way the optimization problem is formulated, there is no
direct control of the resulting power. Indeed, by changing the settings of the as-
sociatedH∞ optimization problem it has been observed that a better suppression
can be achieved at the cost of much higher power demands.

Based on the remarks above, the choice of the most appropriate commutation
algorithm depends on one crucial aspect: the number of the available actuators
and the number of rigid-body and modal forces that have to be controlled. If the
number of actuators is larger than the number of the desired total (rigid-body plus
modal) forces to be controlled, then all the modal forces should be added to the
over-actuation. Stated differently, in such cases there is no need to look for ap-
proximative solutions, when an exact solution is available. On the other hand, if
the number of the total forces that are desired to be independently set is larger
than the available actuators, then approximative solutions should be sought, such
as the ones presented in Section 6.3.2 and 6.3.1. Consequently, for the DLPM,
where the number of actuators is equal to 40 and the number of the modeled
modes (rigid and flexible) is equal to 15, the most appropriate solution would be
the over-actuation as it was presented in (6.9)-(6.10). However, in cases where the
opposite is true, i.e. the actuators are less than the controlled forces, the approxi-
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mative solutions can prove to be valuable.

In order to confirm the aforementioned statement, a Monte Carlo simulation
has been performed using randomly generated rigid body positions xMT , yMT ∈
[0m, 0.2m], while q CM and the rotations rMT are kept zero. For this simulation, the
DLPM model is used, but now only 7 coils are used, instead of 40. This means in
practice that, apart from the 6 rigid-body modes, only one flexible mode can be
independently controlled. Then the following cases have been investigated:

A1 Conventional commutation. It corresponds to (2.83).

A2 Over-actuation using the first flexible state. It corresponds to (6.10) with
SI

f =
[
1 01×nf−1

]
.

A3 Conventional commutation, which additionally minimizes the `2 norm of
the DC contribution of the first 3 modal forces to the LIFM outputs at the
given location, as it was described in (6.37). The solution corresponds to
(6.32) with SI

f = 0, S̄I
f =

[
I3×3 03×nf−3

]
and

Γ̂W = P̄DC

(
p̂MT , q̂ CT

)
. (6.52)

A4 Conventional commutation, which additionally minimizes the H∞ norm of
the contribution of the first 3 modal forces to the LIFM outputs at the given
location, as it was described in (6.45). The corresponding optimization prob-
lem is given by (6.48) with SI

f = 0, S̄I
f =

[
I3×3 03×nf−3

]
.

The evaluation criterion correspond to theH∞ norm of the frozen dynamics map-
ping ŴM

(
q̂ CT

)
7→ ȳPOI, with S̄I

f = Inf×nf
. In words, we would like to see how

much all the flexible modes contribute to the displacement of the output nodes at
every given location. The average H∞ values for the 500 performed Monte Carlo
simulations are given in Table 6.2. As it is expected, in this case the proposed
H∞-based commutation, while not actively controlling any modal forces, it offers
better results than the rest of the methods, which confirms the aforementioned re-
marks regarding the usefulness of the latter method. Moreover, it is worth notic-
ing that the weighted `2 method, is the second best method. This is justified by
the fact that this method partially resembles theH∞-based commutation method,
but by only taking into account the quasi-static behavior. Finally, for the given ex-
ample, the conventional commutation A1 outperforms the over-actuation method
A2. This is related to the fact both the first and the second resonance are dominant
in the DLPM. While A2 explicitly controls the modeshape associated with the first
resonance, this is not the case for A1. In A2 achieving the desired force distribu-
tion is more demanding than in A1, since 7 inputs are specified compared to 6
in A1. As a result, the extent of “spillover” of the force distribution in A2 to the
excluded modal force that controls the second flexible resonance is more severe
than in A1, leading to the result in Table 6.2.
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Table 6.2: AverageH∞ norm, ŴM

(
q̂ CT

)
7→ ȳPOI

A1 A2 A3 A4
5.39 · 10−5 8.97 · 10−5 2.41 · 10−5 1.78 · 10−5

6.4 Experimental verification on the DLPM prototype

6.4.1 Introduction

In this section, the proposed over-actuation approach is utilized in the DLPM pro-
totype. To this end, the 25-LIFM system, introduced in Chapter 2, is employed for
investigating the effects of the over-actuation scheme. More specifically, due to the
topology of this measurement system, safe conclusions can be derived regarding
the overall deformation of the magnet plate. In the designed set of experiments the
feedforward controller is employed to experimentally validate the over-actuation
scheme. The experimental procedure is the following. First, a coil is taken out
of the commutation block. Therefore there are 39 coils available for commutation
purposes. Then, the out-of-commutation coil is supplied with a (known) sinu-
soidal current signal, which acts as an input disturbance to the plant. To amplify
the contribution of a specific modeshape, the frequency of the disturbance current
is set to be equal to the corresponding resonance frequency. In this way the ne-
cessity to actively control the flexible behavior of the magnet plate is highlighted.
Based on that, the goal of the experiment is to compensate for the induced distur-
bance by resorting to the over-actuation scheme.

In this sequel, the flexible mode selection matrix is defined as

SI
f =

[
I4 04×nf−4

]
, (6.53)

that is to say, the selection matrix is constant and corresponds to the first four
flexible modeshapes, given in Table 3.1. Moreover, the unweighted minimum
norm solution (6.10) is chosen and the experiments are performed using the rigid
body feedback controller defined in (2.96).

These settings have been used in two different sets of experiments. In the
first set, the goal is to attenuate the disturbance from the out-of-commutation coil
during standstill. In this way, the practical implications and the attenuation capa-
bilities will be highlighted, free from any additional challenges that arise due to
motion. On the other hand, in the second set of experiments the goal remains the
same, but now the magnet plate follows a trajectory profile, as it was described in
(2.6.4). In this case, the position-dependent dynamics introduce additional chal-
lenges. The derived results are presented in the next two sections.
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6.4.2 Results and discussion

Over-actuation during standstill

In this set of experiments the accuracy of the over-actuation scheme is evaluated
during a standstill situation. As far as the selection of the coil to be taken out of
the commutation is concerned, this is performed following the analysis in (Custers
2019, Chapter 6), where the main goal is to select the coil with the highest coupling
to a specific modeshape.

The resulting rigid body and modal forces due to the disturbance current can
be estimated using the developed electromagnetic models and they are equal to[

ŴM,d

(
q CT
)

F̂ f,d

(
q CT
) ] =

[
M̂ r
M,d

(
q CT
)

SI
f Φ̂

I>
f M̂M

M,d

(
q CT
)] id, (6.54)

where id ∈ R denotes the disturbance current and M̂ r
M,d, M̂M

M,d are column vec-
tors, which correspond to the column of the out-of-commutation-coil in the re-
spective matrices M̂ r

M, M̂M
M. The above equation clearly defines a position-dependent

relation. Then the feedforward command to attenuate the effect of the disturbance
is defined as the opposite of the estimated quantity (6.54), i.e.

[
ŴM,FF

F̂ f,FF

]
= −

[
ŴM,d

F̂ f,d

]
. (6.55)

Moreover, in order to avoid the excessive demands for power to enforce a spe-
cific shape, the following approach is followed. First, at a given location, the cor-
responding modal forces are estimated when the disturbance signal is inactive
and the over-actuation is off. Clearly, at this resting position and at the absence
of active modal control, the rest of the available coils are only used to achieve the
desired forces and torques. Of course, this does not mean that the modal forces
are zero. These forces can be computed as follows. With a slight abuse of nota-
tion, the vector i denotes the nc − 1 = 39 active coils. In a similar fashion, in the
electromagnetic matricesM r

M andMM
M the column that corresponds to the out-of-

commutation coil is removed. Then, by making use of (2.83) the supplied currents
are equal to
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)
(6.56)

and by making use of (6.5) the resulting modal forces are equal to
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ŴM

(
q̂ CT

)
.

(6.57)
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Table 6.3: Characteristics of set of experiments.
CoM xMT CoM yMT Excited # Flexible

coordinate [m] coordinate [m] frequency [Hz] mode
0.0035 0.0507 226.5 1st

0.074 0.0665 546.5 2nd

0.073 0.0507 698.5 3rd

0.030 0.0705 1050 4th

Table 6.4: Experiments performed at each location.
Experiment Disturbance Over-actuation Disturbance Modal Force

number current compensation feedforward

1 Off On Off F̂ f,rest

2 On On Off F̂ f,rest

3 On On On F̂ f,rest + F̂ f,FF

where F f,rest denotes the true modal forces when the over-actuation and the dis-
turbance are inactive and the plate is at rest at the specified location. Clearly, the
modal forces in (6.57) are not necessarily zero. In order to reduce the magnitude of
the modal forces, the feedforward modal forces are set to be equal to the estimated
modal forces in (6.55) plus the equivalent estimated modal forces F̂ f,rest, estimated
as in (6.57) (where the true values are replaced by the estimated ones). In other
words, the goal is not to achieve a specific shape (e.g. a flat surface) but instead
to not allow any deviations from the initial deformation of the plate, which is the
result of F f,rest. Additionally, the expected effect of the disturbance current in the
rigid body forces and torques, shown again in (6.54) is also suppressed using the
feedforward controller.

In total, standstill experiments are performed in four different locations, as
shown in Table 6.3. For a specific mode, after selecting the position of the magnet
plate and the coil with the highest coupling to that mode, a sinusoidal current is
supplied to that coil, having a magnitude equal to 0.3A and the frequency that
corresponds to that specific mode.

At each one of these 4 locations, 3 different experiments are performed, as
shown in Table 6.4, corresponding to different settings. More specifically, experi-
ment 1 is used to evaluate the effect of the noise and other disturbances acting on
the DLPM at a given location. Then, experiment 2 is used to evaluate the effect
of the induced current disturbance. Finally, in experiment 3, the over-actuation
feedforward is activated. In the ideal case the attenuation of the disturbance us-
ing the feedforward command is perfect and it results in error levels comparable
to experiment 1.

The data is captured using a sampling frequency Fs = 10kHz, while each per-
formed experiment is captured for 6 seconds. The derived measurements from the
25 LIFMs are post-processed to allow for the better interpretability of the results.
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Table 6.5: Experimental results during standstill, `∞-based norm.
maxi∈{1,...,nL} ||yi||`∞

# Flexible Exp. Exp. Exp. Relative
mode 1 [nm] 2 [nm] 3 [nm] reduction [%]

1st 9 379.1 41 91.4
2nd 10 82.1 11.5 97.9
3rd 9.3 274.9 51.7 84
4th 9 14.7 9 100

More specifically, in order to focus only on the flexible behavior of the moving
magnet, the following steps are performed. First the initial measurement of each
signal is removed from all the measurements. In this way only the deviation from
the initial shape is investigated. Then, a low pass filter with a cut-off frequency
of 2.5kHz was used. To avoid any measurement drift, the measurements from the
previous time instant are removed from the current time instant. In this way the
effect of the drifting effect does not accumulate with time. Moreover, at each time
instant a 3D plane is fitted to the LIFM measurements as a function of their x and
y coordinates and it is consequently subtracted from the measurements. In this
way, the effect of any rigid body displacement in z as well as the rotations around
the x and y axis are removed. Therefore, in the ideal case the resulting relative
displacements are purely the result of the flexible behavior of the magnet plate.

To mathematically evaluate the attenuation capabilities of the over-actuation
scheme, two criteria are employed. More specifically, the maximum `∞-norm
among all LIFM signals is computed as well as the Frobenius norm, normalized
with respect to the total number of available data points. The results are shown in
Tables 6.5 and 6.6, respectively. In these two tables the relative reduction of the
deformations in experiment 3 with respect to experiment 2 has been computed,
too. To account for the noise level in each experiment, the corresponding norm
values from Experiment 1 are subtracted from Experiments 2 and 3. Therefore,
the relative reduction using the ith norm, `i, is computed by

Relative reduction =

∣∣∣∣ (`i (Exp. 2)− `i (Exp. 1))− (`i (Exp. 3)− `i (Exp. 1))

(`i (Exp. 2)− `i (Exp. 1))

∣∣∣∣
=

∣∣∣∣ (`i (Exp. 2)− `i (Exp. 3))

(`i (Exp. 2)− `i (Exp. 1))

∣∣∣∣
(6.58)

Moreover, in Figure 6.8 the shape of the plate that corresponds to the maximum
deformation per modeshape is shown, as it was presented in Table 6.5. Based on
the previous results, a few conclusions can be drawn. First of all, it is evident that
the shape of the plate under the disturbance current corresponds to the excited
modeshape, as it is expected from the modeling results that were presented in
Chapter 2. This is especially obvious for the first modeshape. As the excited
modeshape frequency is increasing, the effect of the disturbance current on the
deformation of the plate is becoming less apparent. This stems from the smaller
effect of the higher modal forces on the displacement of the magnet plate. In
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Figure 6.8: Experimental results using over-actuation. Maximum displacement
due to deformation under disturbance ( , Experiment 2) and under disturbance
and feedforward compensation ( , Experiment 3) are plotted. The circles depict
the location of the sensors, while the blue line depicts the margins of the top mir-
ror. Top left: 1st flexible mode. Top right: 2nd flexible mode. Bottom left: 3nd

flexible mode. Bottom right: 4th flexible mode.
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Table 6.6: Experimental results during standstill, `2-based (Frobenius) norm.√
nL∑
i=1

||yi||
2
`2
/ (nLN)

# Flexible Exp. Exp. Exp. Relative
mode 1 [nm] 2 [nm] 3 [nm] reduction [%]

1st 0.6 115.8 11.8 90.3
2nd 0.7 21 2.5 91.1
3rd 0.8 66.8 8.8 87.9
4th 0.67 2.87 1.52 61.3

terms of relative improvement, it can be seen that the over-actuation scheme can
compensate more than 85% of the induced disturbances for the first three flexible
modes and 61.3% of the 4th mode, based on the `2 norm criterion.

In summary, for the investigated first four modeshapes, a substantial reduc-
tion of the induced deformations is observed. These results verify the validity of
the examined position-dependent over-actuation scheme. Moreover, the results
verify the validity of the proposed modeling approach, especially regarding the
approximation of the magnet plate forces as individual magnet forces and the
subsequent coupling of the input of the motion dynamics model with the electro-
magnetic model, discussed in Chapter 2. Finally, it is worth noticing that, in order
to further improve the results, the over-actuation using more modeshapes can be
implemented. Alternatively, solutions like (6.32) can be employed to suppress the
effect of the excluded modeshapes. However both cases require that an accurate
model exists for these modeshapes.

Over-actuation during motion

To further evaluate the capabilities of the proposed over-actuation scheme, a mo-
tion profile has been imposed and the over-actuation of the flexible modeshapes
1 and 2 has been performed. The same experimental settings as in standstill case
have been used, with a few modifications. More specifically, the modal forces
F̂ f,rest have been again computed, but, in this case their values are not updated
depending on the position of the magnet plate. Instead, they are set to their values
at the starting location of the trajectory profile. To reduce the effect of the transient
dynamics which also result in deformations, the maximum reference trajectory is
restricted to 0.05m/s and the maximum reference acceleration is set to 1m/s

2. In
this way, the goal is that the deformation will be mainly the effect of the distur-
bance current. Concerning the post-processing of the data again, the same steps
as in the standstill set of experiments are taken.

The `∞ and `2 norms for the measured LIFM displacements have been com-
puted for two different time intervals. For the whole trajectory, the derived results
are presented in Tables 6.7 and 6.8, respectively. Additionally, the results during
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Table 6.7: Experimental results, total trajectory , `∞-based norm.
maxi∈{1,...,nL} ||yi||`∞

# Flexible Exp. Exp. Exp. Relative
mode 1 [nm] 2 [nm] 3 [nm] reduction [%]

1st 17 88 37 71.8
2nd 11.5 46.3 15.5 88.5

Table 6.8: Experimental results. Total trajectory. `2-based (Frobenius) norm.√
nL∑
i=1

||yi||
2
`2
/ (nLN)

# Flexible Exp. Exp. Exp. Relative
mode 1 [nm] 2 [nm] 3 [nm] reduction [%]

1st 0.86 11.78 7.85 36
2nd 0.82 12.9 1.66 93.1

the constant velocity part are presented in Tables 6.9 and 6.10. Moreover, in Fig-
ure 6.9 the maximum deformation is plotted for the Experiments 2 and 3, together
with the corresponding motion profiles. In all the experiments only a motion
profile in the x-direction is imposed. Finally, in Figure 6.10 the CPSD is shown,
defined in Section 4.5.3, during the constant velocity motion.

The `∞ and `2 norms show consistency both for the whole trajectory as well
as the constant velocity part. Compared to the standstill case, the accomplished
relative reduction of the deformation is less during motion for a number of rea-
sons. First of all, dynamic disturbances are expected to take place during a motion,
which are additionally expected to be position-dependent, due to the position-
dependent dynamics of the planar motor. Thus, the latter disturbances are ex-
pected to lead to more severe deformations than the static case, while the post-
processing of the data cannot completely separate the two sources of deformation.
Secondly, the out-of-commutation coil was selected such that its coupling with the
investigated flexible mode is high at the starting position. However, as the plate
moves, the contribution of that coil is expected to become less significant. This is
reflected by the generally smaller norm values in Experiment 2 during the motion
experiment compared to the standstill case. Consequently the relative improve-

Table 6.9: Experimental results. Constant velocity motion. `∞-based norm.
maxi∈{1,...,nL} ||yi||`∞

# Flexible Exp. Exp. Exp. Relative
mode 1 [nm] 2 [nm] 3 [nm] reduction [%]

1st 17 85 37 70.6
2nd 11.5 44.6 15.5 87.9
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Figure 6.9: Maximum displacement due to deformation for Experiment 2 ( )
and Experiment 3 ( ). The circles depict the location of the sensors, while the red
square depicts the margins of the top mirror. Top left: Maximum displacement
for the 1st flexible mode. Bottom left: Displacement for the 2nd flexible mode.
Top right: Position ( ), velocity ( ) and acceleration ( ) profile in x for the 1st

flexible mode. The dashed vertical lines correspond to the time instant where the
snapshots of the corresponding deformations were taken. Bottom right: Position
( ), velocity ( ) and acceleration ( ) profile in x for the 2nd flexible mode.
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Table 6.10: Experimental results. Constant velocity motion. `2-based (Frobenius)
norm. √

nL∑
i=1

||yi||
2
`2
/ (nLN)

# Flexible Exp. Exp. Exp. Relative
mode 1 [nm] 2 [nm] 3 [nm] reduction [%]

1st 5.7 82.8 36.4 60.2
2nd 5.1 50.6 8.36 92.8
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Figure 6.10: Cumulative Power per Frequency under disturbance, correspond-
ing to Exp. 2 ( ), and under disturbance and feedforward compensation, corre-
sponding to Exp. 3 ( ), during constant velocity motion. The four corner and
the central LIFM signals are plotted. Left: 1st flexible mode. Right: 2nd flexible
mode. For all signals their CPSD values during Experiment 3 are smaller than
Experiment 2.
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ment is restricted due to the noise, as it can be seen by comparing the obtained
norm values in Experiments 1 and 2. In total, thought, the results highlight the
potential of the over-actuation scheme, which is capable of attenuating the effect
of the disturbance globally, that is to say at every position, as it is also shown in
Figure 6.9 and Figure 6.10.

6.5 Conclusions

In this chapter an over-actuation method has been presented for a magnetically-
levitated planar motor. Through the combination of the mechanical and the elec-
tromagnetic relations, a commutation scheme has been developed, which is capa-
ble of actively controlling the deformation of the magnet plate by properly allocat-
ing the forces along the magnet plate. Mathematically, this has been achieved via
the introduction of the so-called modal forces, which allowed for the independent
control of the selected modeshapes.

Two main attributes of the over-actuation scheme have been highlighted. First,
the relation between the modal forces and the currents is characterized by posi-
tion dependency. Secondly, the currents required to achieve a specific shape of
the magnetic plate surface can be computed by formulating a norm minimization
problem. The latter admits an analytic solution via the Least Squares method.
Due to the under-determined nature of the minimization problem, the additional
requirement of minimizing the power dissipation can be incorporated in the opti-
mization problem, too.

Additionally, in this chapter different formulations of the over-actuation prob-
lem have been proposed, which incorporate the requirement of minimizing either
the magnitude of modal forces that were excluded from the over-actuation prob-
lem, or the quasi-static values of the flexible states that correspond to the excluded
modal forces, or the quasi-static displacement of specific Points of Interest due to
the excluded modal forces. In general, the proposed alternative formulations, in-
corporate information about the flexible modes which are not actively controlled.
In this way, some level of manipulation on the effect of the not actively controlled
quantities on the displacement of the magnet plate can be imposed. This can be
crucial, especially in cases where the number of actuators is smaller than the num-
ber of total (rigid-body and flexible) modes that have to be actively controlled.

Finally, the over-actuation approach has been verified on the DLPM through
a series of experiments. More specifically, a sinusoidal current disturbance with
frequency equal to one of the resonance frequencies has been generated and sub-
sequently compensated by means of model-based feedforward control. In the
over-actuation scheme the first four flexible modes have been actively controlled,
together with the rigid body coordinates. The derived results in both cases have
shown that a significant improvement is achieved in terms of position error. In to-
tal, the presented over-actuation approach can be very useful in flexible systems,
since it allows for the decoupling of the flexible dynamics and the subsequent
independent control of the flexible behavior.
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7 CHAPTER

Conclusions

This final chapter concludes the thesis by discussing the main research
results and recommending the future research directions that could

be followed. This is performed in connection with the research questions,
as they were posed in Chapter 1. More specifically, in Section 7.1, an
overview of the performed research is given, in relation to the presented
research goals in Section 1.5. Then, in Section 7.2, the main contribu-
tions of this thesis are stated. Finally, in Section 7.3, recommendations are
given, regarding the possible research directions that could be followed.

7.1 Overview

In this section, the research goals are revisited and the associated work towards
achieving these goals is summarized. It is worth revisiting first the research objec-
tive, as it was set in Chapter 1.

Research objective

Develop modeling and control tools for magnetically levitated
planar actuation systems, which explicitly handle position-dependent
dynamics and optimally exploit the available sensors and actuators,

towards nanometer positioning accuracy.

Towards fulfilling this objective, 5 subgoals were defined. Here, an overview
of these 5 goals is given.

235
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Develop a first-principles model that preserves physical intuition regarding the
involved parameters

This topic was mainly treated in Chapter 2 of this thesis. Two main dynamic phe-
nomena were relevant towards deriving a model for the planar motor: the elec-
tromagnetic dynamics and the motion dynamics. For the electromagnetic model,
the interaction between the coils and the magnets was described by utilizing the
static field theory. As a result, it was shown that the relation between the currents
in the coils and the resulting forces is defined by a linear mapping between the
currents to the forces, however this mapping is scheduled based on the relative
position between the coils and the magnets.

Regarding the motion dynamics, an analytic description of the rigid-body dy-
namics was introduced in Chapter 2, based on the Euler-Lagrange first-principles
modeling approach. This approach revealed the presence of nonlinear phenom-
ena related to the rotational dynamics of the magnet plate. In addition to this, a
FEM-based modeling approach was followed to describe the rigid body and the
flexible motion dynamics of the magnet plate. The resulting FEM-based model
was defined on a specified position grid by means of Linear Time Invariant sub-
models. Its main advantage is the capability to describe the flexible dynamics.
However, for the rigid body part, two main drawbacks were revealed: the (im-
plicitly performed in the FEM software) approximation of the nonlinear dynam-
ics and the fact that the rigid-body dynamics are only defined on a number of
spatially discretized coordinates. As such, the resulting rigid body model formu-
lation using FEM is counter-intuitive. To overcome these limitations, the combi-
nation of the Euler-Lagrange rigid-body model with the FEM-based description
of the flexible dynamics, performed in Chapter 2, allowed for a physics-based, in-
tuitive formulation of the system dynamics. Additionally, towards the derivation
of a continuous, compact representation of the motion motion dynamics, the LPV
representation of the system dynamics has been derived in Chapter 3. This was
achieved through the behavioral interpolation of the model parameters, which
boiled down to the interpolation of the flexible modeshapes. As it was shown in
Chapter 3, a polynomial basis can successfully describe the first 9 flexible mode-
shapes of planar actuator’s motion dynamics.

Moreover, it was shown in Section 3.4 that two equivalent representations of
the LPV motion dynamics are possible. In the one representation, the generalized
coordinates are used to describe the position dependencies of the modeshapes,
while in the other representation the position dependencies are described in terms
of the translator coordinates. In the same section it was shown that, the represen-
tation using the generalized coordinates as scheduling parameters contains less
parameters, which is beneficial for control design purposes. However, for the
preservation of the underlying relations between the measurements and the actu-
ation channels, the representation in terms of the translator coordinate description
was shown to be more appropriate.

Finally, the combined electromagnetic and mechanical model was used in mul-
tiple cases throughout the thesis. First of all, the commutation and position recon-
struction blocks were based on the aforementioned first-principles knowledge,
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which facilitated the control design process, as it was described in Chapter 4. Ad-
ditionally, it was used in Chapter 6 for the definition of the modal forces, which
allowed the independent control of flexible modes.

Formulate the dynamics of the derived first-principles model in terms of an LPV
representation. Moreover, develop a model update method which is capable of
estimating the parameters of the derived LPV model using experimental data

This research question was treated in Chapter 3 of this dissertation. This question
eventually consisted of two parts. First, the reformulation of the system dynam-
ics in terms of an LPV representation, as it was detailed in the previous research
question. Secondly, the update of the parameters of the aforementioned model,
by comparing the frozen LPV dynamics at a spatially defined grid with the locally
identified parametric models at the same locations. Regarding the first question,
it was during the model update method, where it became clear that not just any
LPV representation of the motion dynamics is useful. In fact, due to the specific
nature of the measurement system (similarly for the actuation side), it was shown
in Chapter 3 that the LPV representation in which the modeshapes are explicitly
parametrized in terms of the translator (moving-magnet) coordinates is desirable
for the model update method. This was due to the fact that only the latter rep-
resentation allowed for the manifestation of the underlying relations between the
various measurement points. Consequently, the model update technique was ca-
pable of preserving the first-principles relations between the parameters of the
LPV model. Finally, the second question was answered by developing an H∞-
based model matching technique. In this method, the prior knowledge on the
model dynamics was exploited in the optimization problem. By exploiting this
knowledge, the model update was performed through an iteration between two
locally convex problems, which were formulated in terms of LMIs. The method
was further refined to account for the presence of poles at the origin of the motion
dynamics system, via the multiplication of the dynamics with a high-pass filter,
thus rendering the H∞-based optimization problem feasible, while at the same it
preserves the linearity between the parameters.

Develop and experimentally assert the performance capabilities and limitations
of feedback control methods, which can incorporate information regarding the
position-dependent dynamics of the planar actuation system

This research objective was treated in Chapter 4. In principle, the commutation
and the position reconstruction blocks are complementary pieces towards achiev-
ing a specific goal: linearize and decouple the position-dependent and nonlinear
dynamics. The final goal was to derive a diagonal LTI model description, defined
using the rigid-body forces and torques as inputs, and the displacements and rota-
tions as outputs. In reality, due to modeling errors or unforeseen dynamics, these
blocks managed to achieve a diagonally dominant plant. However, a non-zero
contribution from the off-diagonal channels was still present, as well as position-



238 Chapter 7 Conclusions

dependent dynamics. To cope with these dynamics, two feedback controllers were
designed: an SLC-based controller and a robust controller.

SLC control design was capable of taking the interaction between off-diagonal
I/O channels into account. Moreover, to further facilitate the control design pro-
cess, the enforcement of the diagonal dominance of the plant dynamics was pur-
sued. This led to the development and utilization of an H∞-based decoupling
approach, which allows for the direct use of the FRF estimates. The SLC con-
troller, being an LTI loopshaping-based approach, was designed at a specific po-
sition, where an FRF estimate was available. Finally, stability was verified in the
grid of positions where FRF estimates were available. In total, it was asserted that
the SLC controller is a viable approach for coupled LTI systems. However, the
position-dependent dynamics of the DLPM highlighted the limitations of the SLC
design: stability at the design location does not even imply (local) stability at all
the investigated grid of positions. Therefore, stability had to be checked manu-
ally, which was clearly an unfavorable property since it led to an iterative design
procedure, until stability was finally achieved.

To overcome the limitations of the SLC approach, the robust control design
paradigm was followed. The nominal model selection was accomplished via an
H∞-based approach, while the deviations of the rest of the local models, on the
specified position grid, from the nominal model were captured in terms of an ad-
ditive uncertainty. In total, in terms of design, it was concluded that the robust
control approach is advantageous compared to the SLC approach, due to the sys-
tematic treatment of both the position-dependencies and the coupling between
the system inputs and outputs.

Finally, in terms of performance, the two controllers exhibited a similar over-
all performance. Under constant velocity, the average error was below 90nm in
x̂MT , ŷMT . In the ẑMT -direction, the error was approximately larger by a factor of
2. Finally, at standstill, the average error was below 6nm for all three principal
directions.

Develop and experimentally verify a feedforward controller to compensate po-
sition dependent, nonlinear disturbances

This research goal was treated in Chapter 5 of this thesis. Essentially, this goal
boiled down to deriving a predictor for the external disturbances that act on the
DLPM prototype and subsequently attenuate the disturbance, by means of feed-
forward control. To this end, a GP-based approach was followed, which is a highly
flexible approach for estimating nonlinear functions, while at the same time is
capable of incorporating prior knowledge regarding the function characteristics.
The main challenge in this chapter was the fact that the disturbance signal is not
directly measurable and therefore it cannot be compensated in a straightforward
manner. Based on this remark, the initial problem was split into two distinct sub-
problems.

First, in the case of static disturbances, it was shown that, under the presence of
a feedback controller with integral action, an estimation of the disturbance signal
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is directly available. Then the learning of the disturbance as a function of position
was accomplished using GP. Based on the observed behavior of the disturbance,
various kernels were tested, which incorporated different levels of prior knowl-
edge, such as sinusoidal behavior, linear trends and smoothness. The efficacy of
this method towards attenuating disturbances was evaluated on the DLPM pro-
totype. The experimental results verified the effectiveness of this approach, by
drastically reducing the positioning error by approximately 50% during constant
velocity motion.

Secondly, in the more general, dynamic case, an approach for estimating the
disturbance similar to the static case was not possible. This was due to the fact
that the dynamic behavior of the plant has to be taken into account, too. The
learning of the dynamic disturbances was accomplished via a two-step approach.
In the first step, the part of the controller output signal, which was not explained
by the expected plant dynamics was learned as a function of the disturbance func-
tion inputs. Then, in the second step, the disturbance function was learned via a
projection step. In total, the simulation results on a motion system verified the
validity of this approach, thus improving the positioning accuracy of the motion
system.

Develop and experimentally verify an overactuation control scheme towards
the active control of the spatial deformations

This research question was addressed in Chapter 6. Towards the active control
of flexible modes, the definition of modal forces was proposed, by combining the
electromagnetic relations with the FEM-based flexible motion dynamics model.
The formulation of the over-actuation scheme in terms of an `2 optimization prob-
lem enabled the derivation of an analytic solution via Least Squares. At the same
time, the problem formulation allowed for the definition of additional specifi-
cations. These included a minimum power dissipation specification, as well as
minimum dynamic coupling between modal forces and specific modes or output
displacements. Additionally, along the same lines, a method for minimizing the
H∞-norm of the dynamic mapping from specified modal forces to specific modes
or output displacements was developed, too.

Finally, the experimental validation of the over-actuation scheme on the DLPM
was performed, by defining modal forces which corresponded to the first 4 flexible
modes of the motion dynamics. Two cases were evaluated, namely the case where
the magnet plate is at standstill, as well as the case where a motion trajectory
is performed. The experimental results showed that a significant reduction of
the deformation is achieved. The relative reduction of the deformation during
standstill in the performed experiments was above 60%, while during motion with
constant velocity, the worst-case deformation was reduced at least by 70%.

7.2 Main contributions

In this section, the main contributions of this thesis are summarized.
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• A multiphysical, analytic model has been derived to describe the planar mo-
tor dynamics. The model is capable of describing both the electromagnetic
as well as the rigid-body and flexible motion dynamics of the planar ac-
tuation system by employing a first-principles-based representation of the
underlying dynamics. In this way, the physical intuition regarding the in-
volved model parameters is preserved.

• The LPV representation of the first-principles based planar motor dynamics
has been accomplished. The LPV model can continuously characterize the
system dynamics in a compact way via a state-space representation, whose
matrices are parametrized as a function of the relevant position between the
coil, metrology and translator coordinate frames.

• An H∞-based LPV model update methodology has been developed, which
adjusts the global behavior of the first-principles LPV model dynamics, so
that they accurately represent the true system dynamics. This is achieved
by locally comparing the dynamics of the LPV model with experimentally
estimated linear parametric models on the specified position grid. The up-
date method ensures that physical intuition regarding the parameters of the
planar motor model is preserved.

• An H∞-based decoupling method of the motion dynamics has been devel-
oped and experimentally verified, for the derivation of a diagonally domi-
nant plant. The associated optimization problem is formulated in terms of
LMIs, and it makes use of the FRF estimates.

• Two Linear Time Invariant (LTI) control approaches have been investigated
and experimentally compared on the planar motor prototype, namely the
SLC and the robust control design approach. The experimental compari-
son of the two designed controllers showed that they exhibit a similar per-
formance. Under constant velocity of 0.4m/s, the average error for both
controllers in x and y directions is below to 80nm. In the z direction, the
average error is equal to 170nm for the SLC controller and 420nm for the ro-
bust controller. Finally, during standstill the error is below 6nm for all three
directions.

• A GP-based method has been developed for the estimation and subsequent
compensation of static, position-dependent deterministic disturbances. As
a kernel-based method, the developed GP method is capable of incorporat-
ing prior knowledge regarding the characteristics of the acting disturbances.
Experimental results have shown that a relative error reduction of approxi-
mately 50% can be achieved using the proposed methodology.

• A GP-based approach for the estimation and compensation of dynamic,
position-dependent deterministic disturbances has been developed. Sim-
ulation results have asserted the capability of this approach towards attenu-
ating the acting disturbances for motion systems, thus improving the posi-
tioning accuracy.
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• An over-actuation scheme has been proposed and experimentally verified
for the active control of the spatial deformations that act on the magnet plate
of the DLPM prototype. This has been accomplished through the proper
shaping of the force distribution on the moving magnet plate, which exploits
the existence of multiple actuators. Experimental results have verified the
validity of this method.

• An H∞-based over-actuation method has been proposed, which manages
to suppress the contribution of the not independently controllable flexible
modes to the displacement of the magnet plate.

7.3 Future directions

The performed research opens the way to new research directions, which are high-
lighted in this section:

• Verification of the LPV model update scheme on experimental data. To
this end, the following practical aspects have to be investigated. First, how
to derive a low-dimensional yet accurate parametric representation of the
locally identified LTI dynamics. The order of the latter models is eventually
reflected on the number of decision variables, see (3.54). Consequently, a
low-order model is numerically beneficial. Secondly, in terms of practical
implementation, in Chapter 2 it was discussed how the estimated position
is used to compute the local LTI model of the DLPM prototype. However,
an inaccurate estimation can lead to the situation where the location, used to
compute the frozen LPV model, does not match with the estimated location,
where a local parametric model is identified. Thus it is important to quantify
the influence of this mismatch and possibly look for ways to alleviate it.

• Alternative formulation of the model update method. In the developed
model update technique in Section 3.5, a parametric description of the ex-
perimentally derived local LTI dynamics is required. In order to derive such
a parametric description, the FRF estimates can be used as an intermedi-
ary step, towards deriving a parametric description of the system dynam-
ics. Nonetheless, this fitting step inevitably introduces some approximation
error. As an alternative, the direct use of the FRF estimates towards the es-
timation of the first-principles LPV model parameters could be pursued. A
“naive” approach would proceed by representing the frozen LPV dynamics
in terms of a transfer matrix, e.g.

Ĝ(p,θ) = Ĉ(p,θ)
(
sI − Â(p,θ)

)−1

B̂(p,θ) + D̂(p,θ) (7.1)

and then updating the parameters θ by directly using the FRF estimates.
However, such an approach is clearly challenging due to the way θ en-
ters (7.1). Therefore, different approaches should be investigated, such that
physical meaning of the involved parameters is preserved and at the same
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time a simple, ideally convex optimization algorithm is employed. Towards
this direction, the ideas in the field of model update for structural dynamics
can be a starting point (Mottershead et al. 2011).

• Investigation of different basis functions for the description of the mode-
shapes. In this thesis, it has been shown that the polynomial basis expan-
sion can accurately describe the first 9 flexible modeshapes of the motion
dynamics. However, the higher modeshapes are characterized by higher
spatial frequencies, which makes the polynomial approach challenging. Al-
ternative approaches, such as Fourier series or spline interpolation schemes
should be investigated. The requirement for a linear-in-the-parameters rep-
resentation should be satisfied, if the derived LPV model parameters have
to be adjusted via the presentedH∞-based model update technique.

• LPV feedback control design. Based on the results of Chapter 4, the robust
control design paradigm can cope with the position-dependent dynamics
through the encapsulation of these dynamics in terms of additive uncer-
tainty bounds. Clearly, the next step is to employ the LPV control design
framework, such that the position-dependent dynamics are explicitly taken
into account. To this end, the first-principles model, derived in Chapter 3 can
be used. Of course, the high modeling accuracy of the first-principles LPV
model is essential. In that sense, while the already available LPV model can
partially describe the true dynamics, the update of the model parameters in
a prior step, e.g. using the approach in Section 3.5, can be beneficial.

• Optimal selection of the training data set for the GP-based estimation of
the external disturbances. The statistical framework of the GP ML tech-
nique can describe the accuracy of an estimate at a specified input location in
terms of uncertainty bounds, as they were shown for example in Section 5.8.
These uncertainty bounds can be employed towards devising new experi-
ments that focus on the most uncertain input regions, towards the increase
in accuracy for the disturbance estimator.

• Learning of the disturbances using online sparse techniques. In connec-
tion with the previous suggestion, it was observed in this work that the rela-
tive distance between the metrology and the coil base fluctuates, in a rather
smooth manner. This fluctuation affects the resulting magnitude of the dis-
turbances. In order to cope with these phenomena, the training of the GP
in Section 5.7 was based on multiple data sets, leading to a large number
of training data points. As an alternative, the use of online sparse training
techniques can be investigated (Csató and Opper 2002). In this way, the pre-
diction capabilities can be improved through the following two ways. First,
the utilization of only a representative part of the training data will reduce
the computational burden of training. Secondly, the use of online data will
allow for the adaptation of the function, based on the most recent data. This
is valuable, since however many different data sets are used to capture the
uncontrolled motion between the metrology and the coil frame, it still cannot
be guaranteed that they are enough for accurately learning the disturbance
function.
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• Experimental validation of the dynamic disturbance compensation. This
topic requires a thorough investigation of the following three aspects:

– The severity of dynamic disturbances on the DLPM prototype. A con-
nection with the work in (Custers 2019, Chapter 4) is useful, towards
characterizing the physical properties of the dynamics disturbances.

– The estimation capabilities of the proposed GP-based approach.

– The effect of user choices in the resulting estimator, such as the past
window values and the structure of the kernel.

• Experimental validation of the advanced feedback controllers, in combi-
nation with the GP-based compensation of the position-dependent deter-
ministic disturbances. The combination of these two approaches can offer a
better understanding of the maximum achieved positioning accuracy of the
planar motor. To this end, several practical considerations should be taken
into account. The main challenge is related to the real-time computational
cost of the high-order feedback controllers and mainly of the GP-based com-
pensation method, which could mean that the sampling frequency has to be
reduced to allow for the timely execution of the required calculations.

• Experimental comparison of the developed over-actuation approaches. The
over-actuation approaches, presented in Chapter 6, specify different proper-
ties in the commutation algorithm. The experimental comparison of the pro-
posed algorithms can further facilitate the discussion regarding the benefits
and drawbacks of the presented methods. It is worth noting that, based on
the results of Section 6.3, a useful experimental comparison requires the use
of less coils than the number of total modeled (rigid and flexible) modes.

• Combination of over-actuation approach with over-sensing, towards the
independent, closed-loop control of the flexible modes. Over-sensing es-
sentially means the extraction of information regarding the flexible states,
as it was described in Section 2.6.3. In principle, the 9-LIFM measurement
system can be already used for the unique estimation of the first 3 flexible
modes. In practice, such efforts were deemed unsuccessful. As a solution,
the synchronization of the secondary 25-LIFM system with the 9-LIFM mea-
surement system will enable the use of the former in the position/modes
estimation block, thus facilitating the estimation of the flexible modes. As a
consequence, the design of feedback controllers for the independent control
of each of the estimated flexible modes will be enabled. In addition to this,
it is expected that position-dependencies will still be present, e.g. due to ap-
proximation errors in the commutation and the position/modes estimation
block. As such, position-dependent control strategies are still of relevance.
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A APPENDIX

Euler-Lagrange model related
quantities

The mass matrix is defined by

M(qMT ) =


m 0 0 0 0 0
0 m 0 0 0 0
0 0 m 0 0 0
0 0 0 Ix 0 α2

0 0 0 0 Iy cos2(χMT ) + Iζ sin2(χMT ) α1

0 0 0 α2 α1 α3

 (A.1)

with

α1 = sin(2χMT ) cos(ψMT )
Iy − Iz

2
,

α2 = −Ix sin(ψMT ) and

α3 = cos2(ψMT )
(
Iz cos2(χMT ) + Iy sin2(χMT )

)
+ Ix sin2(ψMT ).

(A.2)

The element of the Coriolis matrix C(q, q̇) ∈ Rnr×nr at row i and column j is
defined by

Cij(qMT , q̇MT ) =

n∑
k=1

Γijk [q̇]k , for i, j = 1, . . . , n (A.3)

where [q̇]k is the entry at kth row of the vector q̇. Moreover, Γijk are called the
Christoffel symbols (Spong et al. 2006) and they are defined by

Γijk =
1

2

(
∂Mij(q)

∂qk
+
∂Mik(q)

∂qj
− ∂Mkj(q)

∂qi

)
. (A.4)

Finally, the following product is employed in the Euler-Lagrange-based model,
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defined in (2.40):

J>
(
qMT
)
RM

>

T =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 cos

(
ζMT
)

cos
(
ψMT

)
sin
(
ζMT
)

cos
(
ψMT

)
− sin

(
ψMT

)
0 0 0 − sin

(
ζMT
)

cos
(
ζMT
)

0
0 0 0 0 0 1

 ,
(A.5)

while J>
(
qMT
)

can be computed by multiplying (A.5) on the right with RMT .



B APPENDIX

Properties of LIFM measurement
systems

The relevant coordinates of the Agilent (9 LIFM system) LIFM sensors in the
metrology frame are given in Table B.1. Moreover, in Table B.2 the coordinates of
the Attocube 25 LIFM system are given, again expressed in the metrology frame.

It should be stressed out that, to each Agilent laser measurement correspond
two slits in the corresponding LIFM device. The coordinates in the Table B.1 cor-
respond to the midpoint of the two slits. The dashed entries in Tables B.1 and
B.2 are not required for the estimation of the position of the magnet plate. More-
over, the following distances are used, which are retrieved from the magnet plate
specifications, under the assumption that the mirrors are flat:

• xT coordinate of the points at the side mirror, targeted by the x-LIFM sen-
sors. Its value is equal to xT = 0.175m .

• yT coordinate of the points at the side mirror, targeted by the y-LIFM sen-
sors. Its value is equal to yT = 0.175m.

Table B.1: Location of the 9 Agilent LIFM heads, expressed in metrology coordi-
nates

xM [m] yM [m] zM [m]
yLx1

- 0.1346 0.0093
yLx2 - 0.1083 0.0093
yLx3 - 0.1214 0.0303
yLy1

0.1157 - 0.0093
yLy2

0.1419 - 0.0093
yLy3

0.1288 - 0.0303
yLz1 0.1419 0.1098 -
yLz2 0.1157 0.1098 -
yLz3 0.1288 0.1308 -
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Table B.2: Location of the 25 Attocube LIFM heads, expressed in Metrology coor-
dinates

xM [m] yM [m] zM [m]
yLz4 -0.0758 -0.0842 -
yLz5 -0.0758 -0.0442 -
yLz6 -0.0758 -0.0042 -
yLz7 -0.0758 0.0358 -
yLz8 -0.0758 0.0758 -
yLz9 -0.0358 -0.0842 -
yLz10

-0.0358 -0.0442 -
yLz11 -0.0358 -0.0042 -
yLz12 -0.0358 0.0358 -
yLz13

-0.0358 0.0758 -
yLz14

0.0042 -0.0842 -
yLz15

0.0042 -0.0442 -
yLz16 0.0042 -0.0042 -
yLz17 0.0042 0.0358 -
yLz18

0.0042 0.0758 -
yLz19

0.0442 -0.0842 -
yLz20

0.0442 -0.0442 -
yLz21

0.0442 -0.0042 -
yLz22 0.0442 0.0358 -
yLz23 0.0442 0.0758 -
yLz24

0.0842 -0.0842 -
yLz25

0.0842 -0.0442 -
yLz26

0.0842 -0.0042 -
yLz27 0.0842 0.0358 -
yLz28 0.0842 0.0758 -

• zT coordinate of the points at the side mirror, targeted by the z-LIFM sen-
sors. Its value is equal to zT = 0.0023m.



C APPENDIX

Jacobian of the output equation

The Jacobian matrix ∂fLr

(
qMT
)
/∂qMT ∈ Rny×nr for a specified set of LIFM mea-

surements leads to a different expression, depending on the measurement direc-
tion of the LIFMs. Here, the expressions are given when the Jacobian is linearized
around a given displacement, defined by its xMT , yMT and zMT coordinates and
zero angles, i.e., χMT = ψMT = ζMT = 0. For the LIFM sensors measuring on the
x-direction, see (2.68), the derivative is equal to

Jx =
[
−1 0 0 0 −zM + zMT yM − yMT

]
, (C.1)

Similarly, for the LIFM sensors measuring on the y-direction, see (2.70), the deriva-
tive is equal to

Jy =
[
0 −1 0 zM − zMT 0 −xM + xMT

]
, (C.2)

Finally, for the LIFM sensors measuring on the z-direction, see (2.72), the deriva-
tive is equal to

Jz =
[
0 0 −1 −yM + yMT xM − xMT 0

]
. (C.3)

Therefore, the Jacobian matrix is constructed by making use of these three equa-
tions. For the LIFM measurement vector (2.1) it is given by

∂fLr

(
qMT
)

∂qMT
=

−1 0 0 0 −zMLx1
+ zMT yMLx1

− yMT
−1 0 0 0 −zMLx2

+ zMT yMLx2
− yMT

−1 0 0 0 −zMLx3
+ zMT yMLx3

− yMT
0 −1 0 zMLy1

− zMT 0 −xMLy1
+ xMT

0 −1 0 zMLy2
− zMT 0 −xMLy2

+ xMT
0 −1 0 zMLy3

− zMT 0 −xMLy3
+ xMT

0 0 −1 −yMLz1
+ yMT xMLz1

− xMT 0
0 0 −1 −yMLz2

+ yMT xMLz2
− xMT 0

0 0 −1 −yMLz3
+ yMT xMLz3

− xMT 0


.

(C.4)
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Moreover, the LIFM coordinate values in (C.4) are distinguished by the subscript
that denotes the LIFM measurement signals. For example, yMLz1

denote the y-
metrology coordinate of the LIFM yLz1 . These values are defined in Table B.1.

The Jacobian matrix ∂fLf

(
g
(
qMT
)
, qf

)
/∂qf depends too on the direction that

the corresponding LIFM is measuring. In this case, based on (2.68)-(2.72), for the
LIFM measurement vector (2.1) is given by

∂fLf

(
g
(
qMT
)
, qf

)
∂qf

= FLf

(
pO
T

)
=



φx
(
xTLx1

, yTLx1
, zTLx1

)
φx
(
xTLx2

, yTLx2
, zTLx2

)
φx
(
xTLx3

, yTLx3
, zTLx3

)
φy
(
xTLy1

, yTLy1
, zTLy1

)
φy
(
xTLy2

, yTLy2
, zTLy2

)
φy
(
xTLy3

, yTLy3
, zTLy3

)
φz
(
xTLz1

, yTLz1
, zTLz1

)
φz
(
xTLz2

, yTLz2
, zTLz2

)
φz
(
xTLz3

, yTLz3
, zTLz3

)


, (C.5)

with the translator coordinates being substituted by (2.67), (2.69) and (2.71), such
that a function expressed in the generalized coordinates qMT is derived, see the
discussion in Section 2.5.3.



D APPENDIX

Bilinear formulation of the
Hinf-based model update method

In order to solve the set of LMI problems, described in (3.56)-(3.57), a bisection-
based approach is used in both optimization steps for numerical reasons. As a
result, both optimization steps turn into feasibility problems. The approach is
described in Algorithm D.0.1.
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Algorithm D.0.1 LMI based LPV model update

• Inputs: NL ∈ N, θ̂ ∈ Rnθ , , γ̄, εγ ∈ R+, δγ ∈ R+, Niter ∈ N
1: while δγ > εγ and iiter < Niter do
2: for i = 1 to NL do
3: γ

¯ i
← εγ . Low γi equal to threshold εγ

4: γ̄i ← γ̄

5: γi ←
γ
¯ i

+γ̄i

2 . optimize Xi
6: while γi > γ

¯ i
+ εγ do

7: Compute G∆(i, θ̂) using (3.51)
8: Solve (3.56)
9: if Solution is feasible then

10: Get Xi, γi
11: γ̄i ← γi
12: else if Solution is infeasible then
13: γ

¯ i
← γi

14: end if
15: γi =

γ
¯ i

+ γ̄i

2
16: end while
17: end for
18: γX ← max(γi), i ∈ {1, . . . , NL} . Attained γ in optimization step 1
19: γ̄ ← max(γ̄i), i ∈ {1, . . . , NL}
20: γ

¯
← εγ

21: γ ←
γ
¯

+ γ̄

2
22: while γ > γ

¯
+ εγ do . optimize θ

23: Solve (3.57)
24: if Solution is feasible then
25: Get θ̂, γ
26: γ̄ ← γ
27: else if Solution is infeasible then
28: γ

¯
← γ

29: end if
30: γ =

γ
¯

+ γ̄

2
31: end while
32: γθ ← γ . Attained γ in optimization step 2
33: δγ ← (γX − γθ) . γ difference between the two steps
34: iiter ← iiter + 1
35: end while



List of Abbreviations

ARX Autoregressive Exogenus

AWBT Anti-Windup Bumpless Transfer

BFR Best Fit Ratio

BIBO Bounded-Input Bounded-Output

BJ Box Jenkins

CoM Center of Mass

COPAM Contactless Planar Actuator with Manipulator

CPSD Cumulative Power Spectral Density

CSD Cumulative Spectral Density

D/C Diagonal/Correlated

DFT Discrete Fourier Transform

DLPM Double Layer Planar Motor

DOF Degree of Freedom

ECS Eddy Current Sensor

EPM Electrodynamic Planar Motor

FEM Finite Element Method

FIR Finite Impulse Response

FRF Frequency Response Function

GP Gaussian Process

GPR Gaussian Process Regression
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254 List of Abbreviations

HPF High-Pass Filter

HPPA Herringbone Pattern Planar Actuator

IC Integrated Circuit

i.i.d. independent identical distributed

IIR Infinite Impulse Response

IL Iterative Learning

ILC Iterative Learning Control

I/O Input/Output

KYP Kalman-Yakubovich-Popov

LFR Linear Fractional Representation

LFT Linear Fractional Transformation

LIFM Laser Interferometer

LMI Linear Matrix Inequality

LPF Low-Pass Filter

LPV Linear Parameter Varying

LQG Linear Quadratic Gaussian

LQR Linear Quadratic Regulator

LS Least Squares

LTI Linear Time Invariant

LTV Linear Time Varying

LUT Lookup Table

MAP Maximum A Posteriori

MCMC Markov Chain Monte Carlo

MFD Matrix Fraction Description

MIMO Multiple Input Multiple Output

MISO Multiple Input Single Output

ML Machine Learning

MSE Mean Squared Error

NAPAS Nanometer-Accurate Planar Actuation System
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OBF Orthonormal Basis Function

PDE Partial Differential Equation

PDF Probability Density Function

PEM Prediction Error Method

PoI Point of Interest

PSD Power Spectral Density

RBF Radial Basis Function

RK Reproducing Kernel

RKHS Reproducing Kernel Hilbert Space

SIMO Single Input Multiple Output

SISO Single Input Single Output

SLC Sequential Loop Closing

SNR Signal-to-Noise Ratio

SR Subset of Regressors

SS Stable Spline

SSV Structured Singular Value

SVD Singular Value Decomposition

SVM Support Vector Machine

T/C Tuned/Correlated

TU/e Eindhoven University of Technology

VAF Variance Accounted For

WCU Worst Case Uncertainty
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List of Symbols

Operators and Sets

× Cross product

⊗ Kronecker product

} Block-Kronecker product

! Factorial operator

◦ Hadamard product

1i×j A matrix of dimensions i× j with ones in all its entries

[·](i:j,[k,n]) Rows i until j and columns k and n

diag (·) Diagonal matrix with elements in (·) on the main diagonal

Im (·) Image of matrix

Ker (·) Kernel of matrix

rank (·) Rank of matrix

E Expected value

cov Covariance matrix

var Variance

O Complexity of an algorithm

R Set of real numbers

N Set of natural numbers

RHm×n∞ The set of all proper, stable and real rational transfer functions of dimen-
sions m× n
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Geometric variables

M Metrology (global) Euclidean coordinate frame

T Translator Euclidean coordinate frame

C Coil stator base Euclidean coordinate frame

xKL Position of the origin of the L coordinate frame relative to the origin of the K
coordinate frame in x direction, expressed in the K coordinate frame

yKL Position of the origin of the L coordinate frame relative to the origin of the K
coordinate frame in y direction, expressed in the K coordinate frame

zKL Position of the origin of the L coordinate frame relative to the origin of the K
coordinate frame in z direction, expressed in the K coordinate frame

χKL Rotation of the L coordinate frame about the x axis of theK coordinate frame,
using a Yaw-Pitch-Roll rotation description

ψKL Rotation of the L coordinate frame about the y axis of theK coordinate frame,
using a Yaw-Pitch-Roll rotation description

ζKL Rotation of the L coordinate frame about the z axis of the K coordinate frame,
using a Yaw-Pitch-Roll rotation description

xL Position of a specified point in x direction relative to the origin of the L coor-
dinate frame, expressed in the L coordinate frame

yL Position of a specified point in y direction relative to the origin of the L coor-
dinate frame, expressed in the L coordinate frame

zL Position of a specified point in z direction relative to the origin of the L coor-
dinate frame, expressed in the L coordinate frame

(̄·) Unitary vector

Electromagnetic variables

nc Number of coils

nM Number of magnets

B Magnetic flux density coordinate vector

J Current density coordinate vector

FM
M Individual magnet force vector, expressed in metrology coordinates

FM
C Individual magnet force vector, expressed in coil stator coordinates
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MM
M
(
qCT
)

Linear mapping of the coil currents to the individual magnet force vec-
tor FM

M as a function of qCT

MM
C
(
qCT
)

Linear mapping of the coil currents to the individual magnet force vec-
tor FM

C as a function of qCT

M r
C
(
qCT
)

Linear mapping of the coil currents to the rigid body force/torque vec-
torW C as a function of qMT

M r
M
(
qMT
)

Linear mapping of the coil currents to the rigid body force/torque vec-
torWM as a function of qMT

WM Rigid body force/torque vector expressed in metrology coordinates

W C Rigid body force/torque vector expressed in coil stator coordinates

Mechanical variables

T ∗
(
qMT
)

Kinetic co-energy

V
(
qMT
)

Potential energy

nO Number of output nodes in the FEM model

nu Number of inputs

ny Number of outputs

nx Number of states

nf Number of flexible modes

nr Number of rigid modes

nm Number of modes, equal to the sum of rigid and flexible modes

qr Rigid-body modes

qf Flexible-body modes

qMT Generalized coordinates vector, describing the configuration of the T coor-
dinate frame with respect to the M coordinate frame, expressed in the M
coordinate frame

pMT Displacement coordinates vector, describing the displacement of the T coor-
dinate frame with respect to the M coordinate frame, expressed in the M
coordinate frame

qMT Rotation coordinates vector, describing the rotation of the T coordinate frame
with respect to the M coordinate frame, expressed in the M coordinate
frame
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y Output vector of a state-space model

yL LIFM measurement vector

x State vector

nB Number of basis functions

nL Number of LIFM sensors

Φ Modeshape matrix

ΦI Modeshape matrix, associated with the input locations of the mechanical sys-
tem

ΦO Modeshape matrix, associated with the output locations of the mechanical
system

ΦI
r Modeshape matrix, containing the rigid-body modeshape values at the input

locations of the mechanical system

ΦO
r Modeshape matrix, containing the rigid-body modeshape values at the out-

put locations of the mechanical system

ΦI
f Modeshape matrix, containing the flexible-body modeshape values at the in-

put locations of the mechanical system

ΦO
f Modeshape matrix, containing the flexible-body modeshape values at the out-

put locations of the mechanical system

Ω Diagonal matrix, containing the natural frequencies of a system in ascending
order

Z Diagonal matrix, containing the damping ratios which are associated with the
corresponding natural frequencies
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