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Design and Numerical Analysis
of an Electrostatic Energy
Harvester With Impact for
Frequency Up-Conversion
Integration of vibration energy harvesters (VEHs) with small-scale electronic devices
may form an attractive alternative for relatively large batteries and can, potentially,
increase their lifespan. However, the inherent mismatch between a harvester’s high-
frequency resonance, typically in the range 100 � 1000 Hz, relative to the available low-
frequency ambient vibrations, typically in the range 10–100 Hz, means that
low-frequency power generation in microscale VEHs remains a persistent challenge. In
this work, we model a novel electret-based, electrostatic energy harvester (EEH) design.
In this design, we combine an out-of-plane gap-closing comb (OPGC) configuration for
the low-frequency oscillator with an in-plane overlap comb configuration for the high-
frequency oscillator and employ impact for frequency up-conversion. An important
design feature is the tunability of the resonance frequency through the electrostatic nonli-
nearity of the low-frequency oscillator. Impulsive normal forces due to impact are
included in numerical simulation of the EEH through Moreau’s time-stepping scheme
which has, to the best of our knowledge, not been used before in VEH design and analy-
sis. The original scheme is extended with time-step adjustments around impact events to
reduce computational time. Using frequency sweeps, we numerically investigate power
generation under harmonic, ambient vibrations. Results show improved low-frequency
power generation in this EEH compared to a reference EEH. The EEH design shows
peak power generation improvement of up to a relative factor 3.2 at low frequencies due
to the occurrence of superharmonic resonances. [DOI: 10.1115/1.4046664]

1 Introduction

Recent years have shown a substantial increase in computa-
tional power and a subsequent decrease in power consumption of
small-scale electronics. This has led to increased usage of battery-
based mobile electronic devices [1–4]. However, limited energy
densities in batteries hamper widespread adoption of these devices
when applications require long lifetimes. In vibration energy har-
vesters (VEHs), ambient mechanical vibrations perturb a mechan-
ical oscillator which generates power in an electrical circuit
through an electromechanical transduction mechanism. The avail-
ability of these vibrations means that VEHs can potentially medi-
ate this limitation through substituting or supplementing batteries
[5,6].

The mechanical-to-electrical energy conversion in VEHs can
be achieved through either a piezoelectric [7], an electromagnetic
[8], or an electrostatic transduction mechanism [9]. Piezoelectric
energy harvesters generate power by cyclic straining of an electri-
cally polarized material which, generally, results in high power
densities [10]. However, they suffer from self-discharge at low-
frequencies and are, currently, incompatible with conventional
microscale production processes [11]. In electromagnetic energy
harvesters, power is generated through electromagnetic induction.
They operate with limited or no mechanical contact resulting in
low wear [12], but fabrication of high flux-density magnets limits
their adoption in microscale applications [11]. Electrostatic
energy harvesters (EEHs) generate power through the relative
motion of electrodes under an external bias source. Embedding of
this bias source through electret layers allows for the autonomous
operation of EEHs [13]. Fabrication with conventional microscale

production processes, and thus integrability with applications,
makes EEHs attractive despite their relatively low power
densities.

Harvesters, with linear mechanical oscillators, suffer inherent
limitations in terms of narrow bandwidth around the fundamental
frequency and limited scalability to match the fundamental fre-
quency to ambient vibration frequency upon device integration
[14]. Bandwidth enhancements have been achieved through either
smooth nonlinear harvesting [15,16], piecewise (non)linear har-
vesting [3,17], parametric excitation [18], multimodal harvesting
[19,20], or frequency up-conversion [8,21] techniques, resulting
in increased robustness to nonstationary vibrations. However,
strong dependency on vibration magnitudes [17], aperiodicity of
solutions [22] and limited low-frequency power generation [14]
still limit the practical application of VEHs. Guillemet et al. [23]
showed that power generation in EEHs, with constant-charge
circuits, depends on capacitance change rate. This implies that fre-
quency up-conversion (FupC) can potentially increase low-
frequency power generation.

Generally, FupC VEHs consist of a low-frequency (non)reso-
nant and a high-frequency resonant mechanical oscillator. As the
former responds to ambient vibrations, energy is transferred to the
latter through either an impact-based approach [7,12,24] or a
nonimpact-based approach [25–27]. Impact-based approaches are
relatively straightforward to design, but result in wear due to
excessive mechanical contact. On the other hand, nonimpact-
based approaches require additional support structures to imple-
ment the interaction mechanism required for up-conversion which
limits the scalability and reduces power density. Between energy
transfer events, the high-frequency oscillator generates power by
responding as a perturbed unforced, damped mechanical oscillator
oscillating at its resonance frequency [28]. Adopting a resonant
low-frequency oscillator improves power generation around the
fundamental frequency at the cost of bandwidth. A nonresonant
oscillator improves bandwidth at reduced power generation due to
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the absence of resonance amplification [26]. In macroscale FupC
VEH, bandwidth is improved through either magnetic [26], geo-
metric [29], or mechanical [30] nonlinearities resulting in harden-
ing or softening behavior in the low-frequency mechanical
oscillator [12]. However, microelectromechanical system reso-
nators, vibrated through an electrostatic bias, have shown similar
behavior which allows for a tunable nonlinearity [31]. Low-
frequency oscillators with geometrical nonlinearities in EEHs
with FupC has shown improvements in both bandwidth and
power generation [27]. Incorporating transduction in both oscil-
lators has shown improved power generation in impact-based
FupC for low-frequency oscillators with a linear electrostatic
force [24]. Therefore, we introduce the nonlinearity in the low-
frequency mechanical oscillator of a FupC EEH with impact
through an electrostatic bias which, to the best of our knowledge,
has not been previously explored before.

In this work, we design and model a novel, microscale EEH
with impact-based FupC in which an electrostatic nonlinearity in
the low-frequency oscillator allows for a tunable resonance fre-
quency as well as broadband power generation. The novelty of
this design lies in the combination of EEH configurations for a
low-frequency oscillator and a high-frequency oscillator in a
FupC strategy. Furthermore, the electromechanical design of
EEHs requires the simultaneous consideration of both the
mechanical and electrical behavior [32,33]. Investigation of con-
ditioning circuits for various EEH configurations have resulted in
several guidelines for a harvester’s design [23] and operation [34].
However, the effect of impact for FupC on EEH design requires a
more comprehensive investigation. Therefore, we investigate
power generation and bandwidth under harmonic ambient vibra-
tions for various model parameters to gain insight relevant for fur-
ther design and implementation of the proposed EEH.

Since our EEH is a discontinuous dynamic system, an extended
version of Moreau’s time-stepping scheme will be discussed and
used for numerical simulation. This scheme does not pose
assumptions on the impact model and has, to the best of our
knowledge, not been previously explored for the analysis of a
VEH’s response with impact.

The remainder of this paper is structured as follows. In Sec. 2,
we assess various electrode geometries based on merits and limi-
tations to illustrate their adoption in the EEH design. Next, in
Sec. 3, we present and model the novel EEH design. In Sec. 4, the
numerical results will be presented and the power harvesting capa-
bility of the EEH will be assessed. Finally, conclusions and rec-
ommendations for further design and fabrication of the FupC
EEH are presented in Sec. 5.

2 Selection of Electrostatic Energy Harvester

Configurations

In EEHs, relative motion of the electrodes results in capacitance
variations which generate power, when combined with an applied
bias voltage or bias charge. The various electrode geometries and
relative electrode motions implementing these capacitance varia-
tions can be identified as either in-plane overlap-varying plate
(IPOP) [35], in-plane overlap-varying comb (IPOC) [36], out-of-
plane gap-closing plate (OPGP) [37], or out-of-plane gap-closing
comb (OPGC) [38]. As these configurations operate under a wide
range of operating conditions and exhibit different characteristic
behaviors [11], we base our choice of a suitable configuration for
the FupC EEH on characteristic behavior and physical limitations
rather than on a physically noninterpretable figure of merit.

Parallel plate electrode geometries, i.e., IPOPs and OPGPs,
allow for easy manufacturing with conventional production proc-
esses as opposed to interdigitated comb configurations, i.e., IPOCs
and OPGCs [1]. Out-of-plane motion introduces squeeze-film
damping which significantly reduces power generation in OPGPs
compared to OPGCs [37]. IPOPs require large amplitude displace-
ments to generate sufficient power which is mediated through pat-
terning of the electrodes [39]. In patterned IPOPs, capacitance
variation rate is dependent on vibration amplitude and vibration
frequency [40]. Boisseau et al. [39] showed that patterned electro-
des introduce significant parasitic capacitances which reduce power
generation. These capacitances hamper scalability due to their
dependency on electrode width and electrode separation [40]. How-
ever, a large stiffness, perpendicular to the proof-mass motion,
allows for large bias voltages which significantly improves power
generation [41,42]. Interdigitated electrode combs, i.e., OPGCs and
IPOCs, allow for larger capacitance differences for similar opera-
tional spaces as the patterned IPOPs, which results in higher power
densities [43]. Their similar electrode geometry allows for a one-to-
one comparison of the power generation to determine a suitable
configuration for each oscillator in an FupC EEH.

Consider a single finger of an IPOC and an OPGC with a finger
width w and a finger overlap length li for i¼ 1, 2 in Figs. 1(a) and
1(b), respectively. Both configurations are fabricated from a sili-
con wafer with deep reactive ion etching (DRIE). An ideal DRIE
process on a wafer of thickness h, perpendicular to the plane in
Fig. (1) results in trenches with an overlap area Ai for i¼ 1, 2. The
minimal trench width, attainable for each configuration, is defined
as dmin;2 ¼ d0;1 þ 2ds ¼ h=AR with AR¼ 20 the aspect ratio of
the DRIE process [37]. An electret layer of thickness ds is depos-
ited all over each configuration through vapor deposition and we

Fig. 1 A single finger of thickness h for (a) the IPOC and (b) the OPGC with a corona-charged electret-layer
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corona-charge only the movable finger with an electrical surface
charge density �rs. A harmonic displacement of the mobile finger
zi ¼ Zi sinð2pftÞ will result in an electrical current _qi ¼ dqi=dt
through the electrical resistance Ri. However, the out-of-plane
motion and the in-plane motion require displacement confinement
through stoppers to prevent either dynamic pull-in [38] or spring
fracture [36], respectively. Therefore, we assume that stopper dis-
tances of the OPGC dstop;1 and the IPOC dstop;2 are fixed for both
configurations in this analysis, i.e., dstop;1 ¼ dstop;2 ¼ dstop. These
stoppers will be introduced in more detail later. The maximal
allowable displacement of the OPGC and the IPOC is thus defined
by Z2 ¼ d0;2 � dstop and Z1 ¼ DZ � dstop, respectively. We
assume a constant parasitic capacitance Cp;i is present which, after
application of Kirchhoff’s voltage law and Gauss’s law for elec-
trostatics in Figs. 1(a) and 1(b), results in [44]

Ri _qi ¼ �
qi

Ci zið Þ þ Cp;i
þ Vs (1)

where Vs ¼ rsds=es the electrical potential and es the permittivity
of the electret layer. The series connection results in capacitances
of the IPOC C1ðz1Þ and the OPGC C2ðz2Þ as

C1 z1ð Þ ¼
2e1esN1h l1 þ z1ð Þ

b1

; C2 z2ð Þ ¼
2e1eshl2N2b2

b2
2 � esz2ð Þ2

(2)

Here, Ni denotes the amount of fingers, bi ¼ esd0;i þ 2e1ds; d0;i is
the air gap distance, and e1 is the permittivity of air. We assume
that both the electret layer thickness and the parasitic capacitance
are negligible upon numerically solving (1) under harmonic dis-
placements. This assumption aids in the comparison of character-
istic power generation behavior between both configurations. The
electrical power Pi ¼ _q2

i Ri is time-averaged and evaluated over a
single forcing period T ¼ 1=f . Analogous to the constant-charge
analysis by Fu and Suzuki [45], the time-averaged power genera-
tion �Pi of a single finger (Ni¼ 1) for both configurations is com-
pared within the same operational volume. We choose the metric
to compare the power generation of the two configurations to be
the ratio between their average generated power

�v ¼
�P1

�P2

(3)

Thus, �v � 1 implies the power generation by the IPOC equals or
exceeds the power generation by the OPGC. Figure 2 shows �v
versus displacement amplitude Z for ds¼ 0 lm and w¼ 80 lm.
Figures 2(a) and 2(c) show the displacement range Z where �v < 1
increases with the out-of-plane thickness h, at dstop¼ 10 lm and
l2 ¼ 100 lm, and the overlap length l2, at h¼ 150 lm and

dstop¼ 10 lm, respectively. However, Fig. 2(b) shows a decrease
in this range for increased stopper distances for h¼ 150 lm and
l2 ¼ 100 lm. In general, Fig. 2 shows that the IPOC can signifi-
cantly outperform the OPGC for either small or large displace-
ment amplitudes Z.

Furthermore, the electrostatic force exerted on an electrode,
due to embedding of a corona-charged electret layer, can be deter-
mined as [44]

Fe;i ¼
1

2

dCi zið Þ
dzi

qi

Ci zið Þ þ Cp;i

� �2

(4)

A close examination of the electrostatic force in Eq. (4) by means
of a Taylor series expansion for the OPGC, around z2 ¼ 0, gives

Fe;2 �
2e1e3

s hl2N2V2
s

b3
2

z2 ¼ ke;2z2 (5)

The static analysis of OPGCs reveals that the linear electrostatic
spring stiffness ke;2 in Eq. (5) allows for a reduction of the effec-
tive linear spring stiffness defined as

k2;eff ¼ k2 �
2e1e3

s hl2N2

b3
2

V2
s (6)

This enables a tunable resonance frequency through Vs for OPGCs
which motivates their adoption as low-frequency oscillator. A
similar analysis of Fe;1 reveals that the IPOC lacks this behavior.
However, the improved power generation for small displacements
in IPOCs motivates their use as a high-frequency oscillator.

3 Modeling and Numerical Simulation

Based on Sec. 2, we propose the electret-based EEH consisting
of a low-frequency OPGC and a high-frequency IPOC shown in
Fig. 3. The intended fabrication of the EEH is derived from Lu
et al. [46]. The high-frequency oscillator (1) and the low-
frequency oscillator (2) in Fig. 3 are anodically bonded with
anchors (A) to a glass substrate (S). The electret layers, deposited
through chemical vapor decomposition, are only negatively
corona-charged on the oscillator masses. To simplify analysis, we
connect both oscillators to a simple, separate conditioning circuit
with a fixed electrical resistance Ri. Furthermore, out-of-plane
vibrations are considered negligible such that the displacements
of the oscillators are as indicated in Fig. 3.

The equations of motion for the EEH are derived with New-
ton’s second law. Normal contact due to ambient mechanical
vibrations wðtÞ results in an impulsive force ku

N being exerted on

Fig. 2 Power ratio �v with AR 5 20 [37] where w 5 80 lm, ds 5 0 lm, and Ni 5 1 for (a) different device thicknesses with
dstop 5 10 lm, (b) different device stopper distances with h 5 150 lm, and (c) different initial finger IPOC lengths with
h 5 150 lm, dstop 5 10 lm
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both oscillators in opposite directions. This normal contact
between the oscillators only occurs when the actual gap distance
defined as

gN;3 ¼ �z2 þ z1 þ dgap (7)

with dgap the gap distance at rest, reduces to zero in z-direction.
Using uT ¼ _z1 q1 _z2 q2 �

�
and xT ¼ z1 z2 �

�
, we obtain the

following equation of motion

M _u � hðx; u; tÞ ¼WNku
N (8)

in which

M ¼

m1 0 0 0

0 R1 0 0

0 0 m2 0

0 0 0 R2

2
6664

3
7775; WN ¼

@ _gN

@u

� �T

¼

1

0

�1

0

2
6664

3
7775;

h x;u; tð Þ ¼

�c1 _z1 � k1z1 þ Fe;1 � m1 €w � Fstop;1

� q1

C1 z1ð Þ
þ Vs

�c2 _z2 � k2z2 þ Fe;2 � m2 €w � Fstop;2

� q2

C2 z2ð Þ
þ Vs

2
66666664

3
77777775

with ki the linear mechanical stiffness, ci the linear mechanical
viscous damping, mi the oscillator mass, and C1ðz1Þ and C2ðz2Þ as
given in Eq. (2), and the electrostatic force Fe;1 and Fe;2 as given
in Eq. (4). The stoppers for both oscillators in Fig. 3 represent
clamped-clamped beams which, with negligible beam mass and
small relative displacements, are modeled with piecewise linear
restoring forces. For stoppers with negligible mass, no impact law
needs to be used as compliant contact does not introduce an

impulsive force. This allows for inclusion of the stopper force
Fstop;i directly in hðx; u; tÞ in Eq. (8) [47]. The one-sided stopper,
to prevent dynamic pull-in of the low-frequency oscillator (2),
exerts a piecewise linear restoring force

Fstop;2 ¼
kstop;2gN;2; if gN;2 � 0

0; otherwise

(
(9)

where kstop;2 is the stopper stiffness and gN;2 ¼ z2 þ dstop;2. The
two-sided stoppers of the high-frequency oscillator, present to pre-
vent spring fracture, exert a piecewise linear restoring force

Fstop;1 ¼
kstop;1gN;1signðz1Þ; if gN;1 � 0

0; otherwise

(
(10)

where kstop;1 the stopper stiffness and gN;1 ¼ jz1j � dstop;1.
To determine the dynamic response of the EEH, Eq. (8) has to

be solved numerically. In Eq. (8), the impulsive normal force ku
N

due to impact results in instantaneous discontinuities which pre-
vents the adoption of standard numerical integration solvers. Mor-
eau’s time-stepping scheme solves the measure differential
equation of Eq. (8) at discrete times for fixed time-steps Dt [48].
Since the normal momentum related to impact between the oscil-
lators is finite on a time-step, we use this scheme for numerical
simulation. Note that it is not necessary anymore to assume that
the high-frequency oscillator has come to rest between consecu-
tive normal contacts due to a significant difference in oscillator
resonance frequencies [49]. The pre-impact velocity c�N and the
post-impact velocity cþN are assumed to follow Newton’s impact
law defined as [47]

gN;3 ¼ 0 : cþN ¼ �eNc�N (11)

where cN ¼ _gN;3 and eN 2 ½0; 1� the coefficient of restitution. The
coefficient of restitution characterizes the impact between the
oscillators as a completely inelastic (or plastic) impact (eN¼ 0),
partly elastic impact (0 < eN < 1) or elastic impact (eN¼ 1). Note
that the convex set of admissible normal forces CN is always non-
negative, i.e., CN ¼ fRþ [ f0gg, assuming there is no adhesive
force between the oscillators. The normal impulse Ku

N is related to
the resultant impact velocity fN ¼ cþN þ eNc�N through a normal
cone inclusion on CN, i.e., �fN 2 N CN

ðKu
NÞ, to implicitly define

the set-valued normal force ku
N . The inclusion can be expressed in

a proximal point formulation as [50]

Ku
N ¼ proxCN

ðKu
N � r1fNÞ; for r1 > 0 (12)

where r1 is a relaxation parameter. Note that solving Eq. (12) with
a fixed-point iteration scheme results in fN ¼ 0. This implies that
cþN is not necessarily zero and, indeed, follows Newton’s impact
law in Eq. (11). Furthermore, to prevent violation of the unilateral
constraint, i.e., gN;3 < 0, during solution, we add an additional
Lagrange multiplier kx

N as [50]

_x ¼ HðuþM�1WNkx
NÞ; with H ¼ 1 0 0 0

0 0 1 0

� �
(13)

in which �gN;3 2 N CN
ðkx

NÞ. This multiplier vanishes (kx
N ¼ 0) at

impact for the exact solution of Eq. (8) which can be observed
after a premultiplication of Eq. (13) with WT

NHT . Here, both
WT

NHT _x and WT
NHTHu vanish as the time derivative of Eq. (7) at

impact vanishes for the exact solution. The representation of this
constraint in a proximal point formulation results in

kx
N ¼ proxCN

ðkx
N � r2gN;3Þ; for r2 > 0 (14)

where r2 is a relaxation parameter in the fixed-point iteration
scheme for kx

N . Employing the regular time-stepping scheme with

Fig. 3 Electret-based EEH design with impact-based FupC
with the low-frequency OPGC oscillator (2) and the high-
frequency IPOC oscillator (1) anodically bonded with anchors
(A) to a substrate (S) and connected to separate conditioning
circuits
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fixed time-steps requires small time-steps for accurate simulation
of stopper contact events. We extend the time-stepping scheme
with time-step adjustments, based on the gap functions, to reduce
computation times. The switch of a gap function value within a
time-step Dt implies that a corresponding constraint is either acti-
vated or deactivated. Therefore, the step size is decreased until the
switching gap function is within a tolerance e (jgN;jj � e) to locate
the switching time within this Dt. Subsequently, the step size is
increased from the switching time until the end of the time-step to
find the solution. In the absence of an experimental device, we
compared the results of Moreau’s time-stepping scheme with
standard integration solvers. A comparison between the response
of the low-frequency oscillator without considering impact with
the response of the OPGC presented by Lu et al. [46] showed
agreement of the numerical methods. Similar results were
obtained for a comparison between the response of the high-
frequency oscillator with the response of the IPOC presented by
Le and Halvorsen [36]. Numerical simulation of Eq. (11) for two
colliding masses showed agreement with theoretical results.

We investigate the characteristic behavior of the EEH under
harmonic ambient vibrations €wðtÞ ¼ X

ffiffiffi
2
p

sinð2pftÞ. Based on
Khan and Qadir [11], ambient vibrations of interest are in a fre-
quency range f 2 ½50; 200� Hz with amplitudes X=g 2 ½0:1; 1�,
where g¼ 9.81 m s�2 is the gravitational constant. We examine
the amplitude–frequency response of the harvester by performing
frequency sweeps (sweep-ups and sweep-downs). The total time-

averaged electrical power generation �P is defined as the cumula-
tive time-averaged power generation of both oscillators, i.e.,
�P ¼ �P1 þ �P2, per forcing period T. The total electrical energy
generated per mechanical cycle is defined as E ¼ �PT. We define
the operational half-power bandwidth Df as the frequency region
where the generated mechanical energy E relative to the peak gen-
erated mechanical energy exceeds �3 dB.

Our parameter study investigates the effect of supplementing an
existing low-frequency, electret-based, batch-fabricated EEH with
a high-frequency oscillator. The model parameter values for the
high-frequency oscillator and the low-frequency oscillator are pre-
sented in Table 1. Note that the model parameter values for the
low-frequency oscillator are adopted from Lu et al. [46] and remain
unaltered during our study to assure producibility of the design. We
approximate the parasitic capacitance of the high-frequency oscilla-
tor Cp;1 through scaling of the parasitic capacitance of the low-
frequency oscillator Cp;2 with the maximum capacitance differen-
ces, i.e., Cp;1 ¼ Cp;2 Cmax;1 � Cmin;1ð Þ= Cmax;2 � Cmin;2ð Þ, which is
justified by the similar production process for both oscillators. In
addition, the oscillators are connected to an electrical circuit having
the same resistance R ¼ R1 ¼ R2. The optimal resistance for the
low-frequency oscillator is adopted (R ¼ R2;opt ¼ 6:65 MX), which
means that the high-frequency oscillator operates suboptimal as its
numerically obtained optimal electrical resistance equals
R1;opt ¼ 25:5 MX. We assume impact to be plastic (eN¼ 0) follow-
ing earlier modeling of FupC VEHs [51].

4 Results

From Gu and Livermore [52], it is known that the resonance
frequency of the high-frequency oscillator f1 ¼ 2pð Þ�1 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðk1=m1Þ
p

is key for power generation improvement in macroscale FupC
VEH. Therefore, Fig. 4(a) shows the total average power genera-
tion for three values of the spring constant of the high-frequency
oscillator k1. The impact between the two oscillators results in a
momentum transfer, i.e., through Ku

N , which implies that m1 has to
be small to ensure that momentum is primarily transferred to the
high-frequency oscillator. Figure 4(a) reveals that increased com-
pliancy (or decreased stiffness k1) of the high-frequency oscillator
improves low-frequency power generation. Moreover, an increase
in stiffness from k1 ¼ 24:2 N �m�1 to k1 ¼ 48:4 N �m�1 results in
a significant decrease in bandwidth in frequency sweep-up from
Df ¼ 61 Hz to Df ¼ 31 Hz, respectively. Furthermore, Fig. 4(a)
implies that, in frequency sweep-up, an optimal k1 for both

Table 1 Model parameters used during numerical simulation
of Eqs. (8), (12), and (14) where the model parameters of the
low-frequency oscillator are adopted from Lu et al. [46]

Parameter Description (i¼ 1) (i¼ 2)

ki Linear stiffness ðN �m�1Þ 24.3 27.8
Qi Quality factor 16 6.5
kstop;i Stopper stiffness ðkN �m�1Þ 8.64 8.64
mi Proof-mass ðlgÞ 2.8 59
dstop;i Stopper distance ðlmÞ 33 52
Cp;i Parasitic capacitance ðpFÞ 16.67 28
Ri Electrical resistance ðMXÞ 6.65 6.65
li Comb finger length ðlmÞ 41.25 1970
Ni Comb fingers 307 100
d0;i Air gap ðlmÞ 11.2 72
dgap Oscillator gap at rest ðlmÞ 19 —

Fig. 4 Frequency sweeps of total power for a harmonic vibration amplitude of X /g 5 0:5 for (a) varying linear stiffness
of the high-frequency k1 and (b) varying electret potential Vs
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bandwidth and peak power generation appears to exist. These
results can be understood by considering the high-frequency oscil-
lator as a one-sided stopper with respect to the low-frequency
oscillator. An increased compliance of the high-frequency oscilla-
tor results in a less pronounced hardening effect, which allows for
increased displacement and thus larger capacitance variations.
Furthermore, the optimal k1, regarding both bandwidth and peak
power generation, appears to be close to the effective linear stiff-
ness of the low-frequency oscillator, i.e., k2;eff ¼ 26:5 N �m�1.

Figure 4(b) shows the total average electrical power generation
for three values of Vs. These results show that increasing the elec-
tret potential from Vs¼ 10 V to Vs¼ 45 V significantly improves
peak power generation from �P ¼ 0:11 lW to �P ¼ 1:55 lW. How-
ever, a further increase in Vs would cause dynamic pull-in in the
absence of stoppers in the low-frequency oscillator which results
in a significant decrease in power generation and bandwidth. It
now results in a limited compression of the low-frequency oscilla-
tor’s stoppers. This phenomenon is caused by the spring-softening
effect observed in the electrostatic force (4) of the low-frequency
oscillator. Furthermore, only a negligible effect of the electret
potential on bandwidth is observed in frequency sweep-up, similar
to reported in Lu et al. [46].

Figure 4 reveals that both the electret potential Vs and the stiff-
ness k1 result in a variation of the EEH’s resonance frequency f12.
This can be understood better by considering the two oscillators in
a flushing configuration, i.e., when dgap¼ 0. Then, the resonance
frequency of the EEH can be approximated as [52,53]

f12 ¼
2f2;eff f1þ2

f2;eff þ f1þ2

(15)

where f2;eff ¼ 2pð Þ�1 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2;eff=m2

p
is the resonance frequency of the

low-frequency oscillator and

f1þ2 ¼
1

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 þ k2;eff

m1 þ m2

r
(16)

is the resonance frequency of the coupled oscillators, respectively.
According to Eq. (16), an increase in k1 results in an increase in
f1þ2 and consequently an increase in f12 as follows from Eq. (15).
Furthermore, Eq. (6) reveals that the observed decrease in f12 due
to increased electret potentials Vs is caused by a decreased effec-
tive linear stiffness k2;eff in the low-frequency oscillator. Finally,

note that calculation of f12, with Eq. (15), results in an overesti-
mate of about 10% of the resonance frequency because we have
some backlash dgap instead of the flush condition.

A comparison of average power generation and bandwidth is
made between the FupC EEH and a reference EEH, i.e., the
electret-based OPGC EEH with two-sided stopper presented by
Lu et al. [46]. Note that the model parameters of the low-
frequency oscillator in the FupC EEH and of the reference EEH
are the same. Since the resonance frequency of both EEHs is
affected by either impact or Vs we normalize the base excitation
frequency and bandwidth of both EEHs by their respective reso-
nance frequencies, i.e., X ¼ f=f12 and DX ¼ Df=f12 for the FupC
EEH and X ¼ f=f2;eff and DX ¼ Df=f2;eff for the reference EEH.
We compare power generation based on generated energy E per
forcing period T. Results for two different vibration amplitudes
are shown in Fig. 5. Figure 5(a) shows that around the resonance
frequency, i.e., in X 2 ½0:85; 1:02�, the reference EEH outper-
forms the FupC EEH by as much as 20% which is primarily
caused by the increased stiffness of the stopper representing the
high-frequency oscillator. On the other hand, on the high-
amplitude branch of the FupC EEH, power generation for X 2
½1:16; 1:64� is increased by an average of 16% in frequency
sweep-up. Bandwidth, in frequency sweep-up, is decreased from
DX ¼ 0:82 for the reference EEH to DX ¼ 0:53 for the FupC
EEH. Peak power generation of the FupC EEH shows an improve-
ment, in frequency sweep-up, over the reference EEH of 8%, i.e.,
from 2.1 nJ to 2.3 nJ, for X=g ¼ 0:5. Increase in vibration ampli-
tude to X=g ¼ 1 (Fig. 5(b)) shows significant improvement of
power generation in the FupC EEH for X 2 ½0:4; 1� compared to
the reference EEH. Note that the quality factor of the low-
frequency oscillator is adjusted to Q2 ¼ 5:4 to account for the
effect of squeeze film damping [46]. The additional adjustment of
both stopper distances for X=g ¼ 1 is performed to assure symme-
try in displacement range of the low frequency oscillator, i.e.,
dstop;2 ¼ dstop;1 þ dgap ¼ 52:8 lm. Bandwidth of both EEHs, in
frequency sweep-up, is increased as the vibration amplitude is
increased, i.e., to DX ¼ 1:47 for the reference EEH and to DX ¼
0:98 for the FupC EEH due to spring hardening.

As an illustration, additional insight into the steady-state
response of the FupC EEH at X ¼ 0:51 or f¼ 55.3 Hz is obtained
by investigation of Fig. 6. Figure 6(a) shows the phase-portrait,
Fig. 6(b) shows the voltage-time response, and Fig. 6(c) and 6(d)
show the power spectral density of the low-frequency oscillator
and high-frequency oscillator, respectively. Indeed, Fig. 6(c)

Fig. 5 Frequency sweeps of the reference EEH (black) and the novel EEH (gray) for varying harmonic vibration ampli-
tudes of (a) X /g 5 0:5 and (b) X /g 5 1
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shows the frequency content of the vibrating low-frequency oscilla-
tor occurring at 55.3 Hz and integer multiples, i.e., at 110.6 Hz,
165.8 Hz, and 221 Hz, caused by the occurrence of a third superhar-
monic resonance and the two harvesting cycles per vibration period
of an OPGC. Figure 6(d) shows that the dominant frequency of the
high-frequency oscillator indeed occurs at the resonance frequency
of f1 ¼ 456 Hz which nicely shows FupC behavior. A large portion
of the energy per forcing period is generated during transient vibra-
tion of the high-frequency oscillator. An estimate for the maximum
harvestable vibration energy per mechanical cycle by an oscillator
under harmonic excitation can be determined as [54]

Pmax ¼
1

2
AextZlimxm (17)

with x ¼ 2pf the vibration frequency, Zlim the maximally allow-
able displacement of its mobile mass m, and Aext ¼

ffiffiffi
2
p

X the
external acceleration vibration amplitude. Here, we assume the
maximum allowable displacement of each oscillator mass mi in
our EEH is defined by its stopper distance dstop;i. At the superhar-
monic resonance, for X ¼ 0:51 in Fig. 5(b), 0.47% of the cumula-
tive available harvestable energy is converted by our EEH which
is a significant improvement compared to 0.15% of converted
energy for the reference EEH.

5 Conclusions and Recommendations

We have reported on a novel electret-based EEH design with
impact-based FupC which improves low-frequency power genera-
tion. An OPGC is adopted as the low-frequency oscillator,
because of its tunable resonance frequency through the electret
potential. For the high-frequency oscillator, an IPOC is adopted
due to its improved power generation, from an electrical point of
view, for small displacements. Due to inclusion of the impulsive
impact force in the model, a modified version of Moreau’s time-
stepping scheme is adopted in order to perform numerical

simulations of the EEH without the necessity to make assumptions
about the oscillator’s behavior as was done in earlier works. The
resonance frequency of our EEH can be designed through the lin-
ear mechanical stiffness in the high-frequency oscillator and low-
frequency oscillator prior to fabrication. The tunability of our
EEH’s resonance frequency through the electret potential allows
for its adjustment after fabrication. In addition, both parameters
significantly influence power generation of the EEH under har-
monic vibrations. A comparison between the presented EEH and a
reference EEH, from literature, revealed improvements in power
generation in frequency sweep-up and a significant improvement
of a factor 3.2 in low-frequency power generation due to the
occurrence of superharmonic resonances. The high-frequency
oscillator shows characteristic FupC power generation behavior at
this superharmonic resonance. Power generation in the high-
frequency oscillator of our EEH can be further improved through
a decrease in device thickness and a decrease in finger overlap
length which, from our electrical point of view analysis, is benefi-
cial for IPOCs compared to OPGCs. The additional stiffness intro-
duced by the addition of the high-frequency oscillator compared
to the reference EEH comes at the cost of a somewhat decreased
bandwidth in our EEH. Additional research is required to study
the effect of device thickness, squeeze-film damping, and parasitic
capacitance on power generation and bandwidth before device
fabrication can occur. Furthermore, a method to determine the
coefficient of restitution during impact should be devised before
performing model validation.
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