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Abstract 
In this report, the thermodynamic properties of a Monte Carlo system with advection, 
diffusion and sorption are explored. The system models desiccant drying of air. The air is 
forced through the system with advection while diffusion causes the vapour particles to 
interact with the hydrophilic wall. 

The rules of the MC system are shown to be functioning correctly: the advection, diffusion, 
and boundary conditions are functional components of the system.  

An attempt is made to explore the feasibility of the system.  
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Table of variables 
Table 1: List of variables and constants used in the report. 

Symbol Units Meaning 
D   m2·s-1 Diffusion 
u   m·s-1 Velocity 
ρ   m-3 Particle density/concentration 
H   m Half-width of the tube 
h   m Half-width of the polymer 
L   m Length of the tube 
ν   m2·s-1 Kinematic viscosity 
Re   1 Reynolds number 
Pe   1 Péclet number 
τ   s Time step size 
x   m x-coordinate 
y   m y-coordinate 
t   s Time coordinate 
ς   s Average time a particle stays in the tube 
Constants 

Bk   m2·kg·s-2·K-1 (1.381±0.001)·10-23 Boltzmann constant. 
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1: Introduction 
Heating and cooling are energy-costly. A lot of energy goes into HVAC systems. A possible 
candidate that can reduce energy cost for cooling is a vapour cooler. Evaporative coolers are 
efficient when the vapour pressure of the incoming air is low, but cannot reduce the 
temperature sufficiently when the vapour pressure is high. The vapour pressure is generally 
higher in humid climates, which often coincide with hot temperatures. This makes vapour 
cooling unfeasible where cooling is needed the most, the upcoming countries.  

The operating principle of an evaporative cooler is absorbing energy in the form of heat when 
water evaporates. The enthalpy of vaporisation of water is approximately 40.7±0.1 kJ·mol-1, 
which is sufficiently high to make evaporative cooling viable. The enthalpy is relatively high 
because of the polar bonds water forms. 

Cooling is most needed in countries with a high temperature. This often coincides with a high 
humidity, for example in a tropical rainforest climate, a tropical monsoon climate or a humid 
subtropical climate. Evaporative cooling is not viable when the humidity is high. This can be 
circumvented by including a desiccation step. Desiccation for evaporative coolers has 
already been attempted with a silicon desiccant wheel.  

 

A desiccant wheel has two steps to it: desiccation and regeneration. Humid air is blown 
through the desiccant wheel, causing the water vapour to bind with the hydrophilic 
constituents of the wheel. Binding generates heat since it is an exothermic process for the 
wheel and water vapour. The air that comes out has a lower vapour pressure but is also 
potentially slightly warmer. A schematic representation of this process can be found below in 
Figure 1 below. 

 
Figure 1: a schematic representation of an evaporative cooler with a desiccation step. [1] 

Regeneration can be performed by blowing hot air through the wheel. The provided heat has 
to be sufficient to make the water vapour unbind with the wheel. The heat needed to 
regenerate the hydrophilic material is generally higher when the material captures water 
vapour more readily, because the enthalpy difference tends to be greater. This greatly 
increases the cost of regeneration. Using hydrophilic polymers with a lower sorption enthalpy 
is a promising way to lower the cost of regeneration. 

Polymers have several benefits: 

• They can be synthesised to have sorption isotherms of a desired shape. 
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• They can contain up to 80% of their own weight in water. 
• Polymers can be moulded in a desired geometrical configuration. 
• Polymers can regenerate water at 80°C (~353 K). 
• The diffusivity of water in the polymer can be increased. 
• The polymers can remain stable for thousands of sorption-desorption cycles. 
• The cost of commercially available polymers is comparable to commercial-grade 

silica gel. [2] 

These properties make the use of hydrophilic polymers interesting. 

In this report, the desiccation step of a desiccant wheel is modelled using a grid-based 
Monte Carlo algorithm. This is a particle-based model, which can be used to determine 
the thermodynamic properties of the system. A desiccant wheel is a stack of hydrophilic 
material as can be seen below in Figure 2. 

 
Figure 2: a close-up of a desiccant wheel. The hydrophilic material forms triangular tubes in this example. Humid 
air will be forced through the air gaps. [3] 

The aim of the model is to identify the thermodynamic properties of the system, and to 
investigate the feasibility of drying with hydrophilic polymers in the context of a desiccant 
wheel. 

The wheel in the figure clearly exhibits symmetry. For the model of the system, only one tube 
of air with polymer on the sides will have to be modelled. By using the symmetry in a smart 
way, the model can be simplified even further.  
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2: Theory 
The evaporative cooler with drying step  

The model pertains a combination of advection, diffusion and sorption. Humid air is blown 
through a cylinder coated with a hydrophilic polymer. This is approximated as flow between 
two infinite parallel plates in the scope of the model. The flow is presumed to be laminar, 
giving rise to a paraboloid velocity profile of the advective flow. The air in the cylinder is 
subject to both advection and diffusion, while the polymer layer contains only diffusion. 

The flow can be assumed to be laminar when the Reynolds number is below 2300, meaning 

 Re ,uH
ν

=   (2.1) 

is assumed to be sufficiently low. Here, Re (-) is the Reynolds number, u  (m·s-1) is the mean 
velocity, H (m) is the half-width of the tube and ν  (m2·s-1) is the kinematic viscosity. 

The half-width (half of the actual width of the system) is taken because of symmetry 
considerations. The system can be defined as an infinite stack of tubes through which air 
flows alternating with layers of a hydrophilic polymer. A schematic representation can be 
seen below in Figure 3. The system is modelled on a 2D Cartesian grid, but can be 
expanded to behave like a 2D projection of a 3D cylinder. 

 
Figure 3: the geometry of the system. The blue arrow on the right indicates the direction of advective flow, the 
black lines are symmetry boundaries, the light blue region is a hydrophilic polymer and the blue arrows in the tube 
show how the boundary layer reflects. The horizontal axis has length L, the polymer has half-width h and the tube 
has half-width H. 

 

The symmetry of this system can be used to simplify the model using the following boundary 
conditions: 

 
( ) ( )

0

, ,
0.

y y h H

r t r t
y y

ρ ρ

= = +

∂ ∂
= =

∂ ∂

 

  (2.2) 

Here, ρ  (kg·m-3) is the concentration of the water vapour, h (m) is the half-width of the 
polymer layer and H (m) is the half-width of the tube.  
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The advection-diffusion equation is 

 
( ) ( ) ( )( ),

, , .
r t

D r t u r t
t

ρ
ρ ρ

∂
= ∆ −∇⋅

∂



  

  (2.3) 

Here, D  (m2·s-1) is the diffusion coefficient and u  (m·s-1) is the velocity of the advective flow.  

The equation can essentially be split into two parts, one for advection and one for diffusion. 

 

 

2.1: Advection 
The Reynolds number (2.1) is assumed to be below 2300, thus the flow is presumed to be 
laminar. In the case of laminar flow between two infinite parallel plates, the parabolic flow 
profile u  becomes 

 ( )
3 ˆ2

.2
0

y h y hu x h y
u y H H

y h

 − − − <  =  
 ≤



  (2.4) 

Where u ( m·s-1) is the average velocity. The laminar flow only exists in the tube. In the 
hydrophilic polymer, there is no advection. 

 

Formula (2.3) is only valid when the diffusion coefficient is a constant. For the flow of vapour 
through the polymer layer, a nonlinear diffusion coefficient is more relevant: 

 
( ) ( )( ) ( )( ),

, , .
r t

D r t r t
t

ρ
ρ ρ

∂
= ∇⋅ ∇

∂



 

  (2.5) 

This can be found by applying Fick’s first law to the continuity equation. For the hydrophilic 
polymer the following nonlinear diffusion coefficient is taken: 

 ( )( ) ( ) .D r a r bρ ρ= +
 

  (2.6) 

Where a  and b  are parameters for which the domain is a +∈   and b +∈  and for which 
holds that ( )satD Dρ  . Here, satρ  (m-2) is the saturation concentration. The diffusion 
depends on the concentration because transport in the hydrophilic polymer is subject to 
osmosis. When there is a higher concentration of water molecules, the water molecules will 
diffuse faster. 

 

2.1.1: 3D-extension in cylindrical coordinates 
The advection equation of the Cartesian 2D case looks the same as the advection equation 
of the 3D case in cylindrical coordinates. In 3D, the advective flow has a paraboloid shape of 
the form 
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 ( ) ' ' ˆ' 2 2 .r ru r u z
H H
 = − 
 

  (2.7) 

Where 'r (m) is the radial coordinate and ẑ  is the unit length of the vertical component. The 
3D cylindrical coordinates are ( )', ,r zϕ  for the radial, azimuthal and vertical coordinates 
respectively. Note that the azimuthal coordinate is not included in (2.7) because of rotational 
symmetry.  

 

 

2.2: Diffusion 
The diffusion component of the advection-diffusion equation is 

 ( ), .D r tρ∆ 

  (2.8) 

The diffusion coefficient times the Laplacian of the concentration. Diffusion can also be seen 
as random motion of the particle in the tube.  

The Péclet number is relevant for both diffusion and advection. The Péclet number is 

 Pe .uH
D

=   (2.9) 

Where Pe (-) is Péclet number, H (m) is the half-width of the tube and D  (m2·s-1) is the 
diffusion coefficient of the vapour particles in air. When the Péclet number is high, diffusion 
effects are negligible compared to advection and vice versa. Two extreme cases are when 
the Péclet number is infinitely high (no diffusion) and when the Péclet number is zero (no 
advection).  

 

Another form of diffusion is Knudsen diffusion. The relative importance of Knudsen diffusion 
can be found by calculating the dimensionless Knudsen number. The Knudsen number is 
defined as 

 
2

Kn .
2

Bk T
L d pL
λ

π
= =   (2.10) 

Where Kn  is the Knudsen number, λ (m) is the mean free path, L (m) is the characteristic 
length scale, Bk ( J·K-1) is the Boltzmann constant, T (m) is the temperature, d (m) is the 
particle hard-shell diameter and p ( Pa) is the total pressure. When Kn  is large, molecular 
flow dominates and the continuity equation no longer holds. When Kn  is small, the continuity 
equation is still valid. The effect of Knudsen diffusion is shown below in Figure 4. 
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Figure 4: a schematic representation of various Knudsen numbers. On the left, continuous flow with a Knudsen 
number of less than 0.01. On the right, molecular flow with a Knudsen number of more than 0.5. The continuous 
flow on the left is unimpeded while the Knudsen flow on the right interacts with the walls.  

Literature suggests a mean free path length for water vapour of λ =(6.8±0.05)·10-5 m at 
standard temperature and pressure [4]. The characteristic length scale is L =1.0·10-1 m, 
resulting in a Knudsen number of Kn =(6.8±0.05)·10-4. At this value, Knudsen diffusion can 
safely be neglected.  

 

 

2.3: Diffusion in the polymer 
Because the diffusion in the polymer is nonlinear, the diffusion is not the same as the 
diffusion in the tube. Diffusion is a function of the concentration instead. 

The exact relation of density and diffusion in the scope of this experiment is yet to be 
established, but the current model assumes a linear relation of the form 

 ( )( ) ( ) .D r a r bρ ρ= +
 

  (2.11) 

Where ρ  is the concentration of the water vapour particles. This has also been described in 
formula (2.6). The diffusion increases with concentration because of osmosis. The water 
particles can move faster when there are more together.  

 

 

2.3.1: 3D-extension in cylindrical coordinates 
Because the concentration of the water particles is a scalar, (2.8) can be rewritten as the 
Laplacian in cylindrical coordinates. This means that the diffusion component depends on 

 
* 2 * 2 *

2 2 2

1 1' .
' ' '

D r
r r r r z

ρ ρ ρ
ϕ

  ∂ ∂ ∂ ∂
+ +  ∂ ∂ ∂ ∂  

  (2.12) 

The density *ρ  is the 2D image of the density on the cylinder. The modified relates to the 
regular density with the following expression: 

 ( ) ( )* ',
', , .

2 '
r z

r z
r

ρ
ρ ϕ =   (2.13) 
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The cylinder is flattened, meaning that the density would effectively be twice the normal 
value because the top half and the bottom half are added together. This is why (2.13) 
contains a division by two. The division by 'r  is needed because a volume element on a 
cylinder is defined as ' 'r dr d dzϕ . There is more room farther away from the centre, reducing 
the density for the same amount of particles. 

 

 

2.4: Boundary conditions and initial conditions 
The boundary conditions have been briefly glanced over at the beginning of the theory 
section, namely equation (2.2). This is not the only boundary condition, however. The 
boundary condition on the left of the system, from which the air flows in, takes on the form 

 ( )0, .inx y hρ ρ= > =   (2.14) 

Where inρ  is the concentration of the water vapour that enters the system in kg·m-3. The 
initial condition of the system is 

 ( ) 0, 0 .y h tρ ρ> = =   (2.15) 

Where 0ρ  is the initial concentration of water vapour in kg·m-3. Since the system starts with a 
dry polymer, the polymer has an initial concentration of 0, or 

 ( ), 0 0.y h tρ < = =   (2.16) 

 

The boundary conditions for the top and bottom wall are 

 
( ) ( )

0

, ,
0.

y y h H

r t r t
y y

ρ ρ

= = +

∂ ∂
= =

∂ ∂

 

  (2.17) 

 

When particles exit the system on the right they exit the tube. The boundary condition for the 
exit is not strictly defined. In the case of a Monte Carlo model, this is not an issue. For a 
Finite Element Model, a fixed concentration can be taken. This can be seen as letting the 
tube end in a reservoir of infinite volume, so that the concentration is a constant. 

 

 

2.5: Polymer-air interface 
The sorption behaviour of the polymer can best be described using BET theory. If the 
polymer is strictly hydrophilic it will follow a type II sorption isotherm, while if the polymer is 
both hydrophilic and hydrophobic it will follow a type III sorption isotherm as can be seen in 
Figure 5 below. 
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Figure 5: sorption isotherms for different materials. A type II sorption isotherm is applicable to hydrophilic 
polymers while a type III sorption isotherm describes polymers with both hydrophilic and hydrophobic parts. [5] 

The BET equation is an extension of the Langmuir theory. Langmuir theory assumes that 
only the top layer of the polymer will be able to absorb the water vapour, while the water 
vapour is able to diffuse deeper into the material according to BET theory. The BET equation 
is 

 
00

1 1 1 .
1 m m

c p
v c p v cpv

p

−
= +

 
− 

 

  (2.18) 

Here, v  is the adsorbed gas quantity, mv  is the monolayer adsorbed gas quantity, p  is the 

equilibrium pressure in Pa, 0p  is the saturation pressure in Pa and c  is the BET constant 
defined as 

 
1

.
LE E

RTc e
−

=   (2.19) 

Where 1E  is the heat of adsorption in the first layer and LE  is the heat of liquefaction. 
Equation (2.18) yields the sorption isotherms that can be seen in Figure 5. 

 

In its simplest form, sorption is implemented as a probability. Particles have a probability of 
app  to be absorbed from the air into the polymer, and a probability of pap  to be desorbed.   
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3: Method 
3.1: Monte Carlo versus Finite Element Modelling 

Two approaches to model the system have been explored: A Monte Carlo model (MC), and a 
Finite Element model (FEM).  

 

FEM is a method that divides the system into small squares or triangles. At each time step, 
the new value of each point is determined using the value of the neighbouring points. This 
means that the FEM model is a way to apply the discretised differential equations to the 
system. For a fine enough grid and a small enough time step, the results approach the exact 
solution of the system – if applied correctly. 

While this method is stable for the diffusion equation as well as the heat equation, the 
presence of advection makes this method unstable when applied with the explicit Euler 
scheme. The diffusion equation is a parabolic differential equation, while the advection 
diffusion equation is a hyperbolic differential equation. 

The discretised differential equation in the tube is stable over the spatial coordinates but 
unconditionally unstable over time. This makes a simple FEM model unfeasible for the 
system. 

 

An MC model is a particle-based approach of the system. At each time step, a single particle 
is picked which then moves according to a set of rules. The rules need to ensure that the 
particle follows the correct behaviour. In the case of the system, the rules are as follows: 

1. Apply advection if the particle is in the tube. 
2. Apply linear diffusion if the particle is in the tube. 
3. Apply nonlinear diffusion if the particle is in the polymer. 
4. Check whether boundaries have been crossed. 

a. Reflect if the top or bottom have been crossed 
b. Destroy if the right wall has been crossed (or loop around when periodic 

boundary conditions are wanted). 
c. Put back at the start if the left wall has been crossed. 

5. Check whether the new coordinate is too saturated. 
6. Check whether the interface has been crossed. Apply the sorption/desorption 

probability. This is where the particles stick to the polymer or go into it with BET 
sorption. 
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Figure 6: a flow diagram of the system. A random particle is picked. Depending on its position, it will be subjected 
to advection and diffusion or to diffusion in the polymer. After that, the boundary checks and the interface check is 
applied, and the coordinates are updated. This is done for all particles in a random order during each time step. 

The Monte Carlo rules of the system are shown in a flow diagram in Figure 6. 

Each rule of the model has to be tested in order to see if the model shows physically realistic 
behaviour. In particular the initial random generation of the grid needs to be tested, the 
advective step needs to be verified, the diffusion step needs to be compared to the expected 
behaviour and the boundary conditions need to be tested as well, including sorption and 
desorption. The interface is where the particles are absorbed and desorbed. 

The script has been written in Python 3.6.5 because it is open source, does not require 
specialised software to execute and because speed is not a limiting factor. 

 

 

3.2: Parametrisation 
The Monte Carlo model is grid-based, so all of the particles will have to take on coordinates 
that are strictly pairs of natural numbers (including 0). The formulas need to be discretised as 
well, as do the boundary conditions. The model has a length L  and a width h H+ , so the 
coordinates have to adhere to the following bounds: 

 [ ] 00, 1x L x∈ − ∧ ∈   (3.1) 

And 

 [ ] 00, 1y h H y∈ + − ∧ ∈   (3.2) 

The density of each particle is taken as 1, so that the codomain of the density function maps 
to ( ) 0,x yρ ∈ . In this case, the model is a 2D grid of natural numbers that represent the 
density of the particles. The density in a point is equal to the amount of particles that can be 
found in that point.  
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The density of the polymer can only be finite in each point and is bounded by satρ  so that 

[ ] 00, satρ ρ ρ∈ ∧ ∈ , where satρ  is the concentration in kg·m-3 at which the polymer has 
become saturated. 

 

Constants like the average velocity or the diffusion can be irrational, making it impossible to 
map the next position of a coordinate pair to natural numbers. To circumvent this while 
permitting the domain of the velocity to be 0u +∈  and the diffusion to be ( ) 0D ρ +∈  , a 
mechanism is needed to discretise the advection and diffusion steps. These steps are 
elaborated upon in the sections 3.3: Discrete advection and 3.4: Discrete diffusion. 

 

 

3.3: Discrete advection 
The advection-diffusion equation (2.3) needs to be discretised in order to be able to fit on the 
grid points. The first step to discretise is the advective component. An iteration of the model 
would look like 

 ( )1 1 .k k kx x u yτ− −= +   (3.3) 

Here, kx  is the new x-position, 1kx −  is the old x-position and 1ky −  is the old y-position. τ  is 
the size of steps in time in units of s. In the scope of the model, this is set to 1. This simplifies 
(3.3) to 

 ( )1 1 .k k kx x u y− −= +   (3.4) 

There is no change in the y-component because the advection is perpendicular to it. 

Recall that the velocity component (2.4) is valid for the entire width of the tube, even though 
there is no advection in the polymer. It can be easier to redefine the velocity as 

 ( )* 3 ' ' ˆ' 2 .
2

y yu y u x
H H
 = − 
 

  (3.5) 

Where 'y  has been defined as 

 ' .y y h≡ −   (3.6) 

And ( )* 'u y  is the translated velocity. It becomes easier to see that the roots of (3.5) are at 

the bottom of the tube at ' 0y =  and at the top of the tube at ' 2y H= , and also that the 
maximum of the parabola lies in the middle at 'y H= .  

Since 1 1 0, , ,k k k kx y x y− − ∈  while 0u +∈  , (3.4) is not guaranteed to produce a natural 
number. This is shown below in Figure 7 and Figure 8. Figure 7 shows where the particles 
start. In this example they all start at x=0. One particle is picked per round, but for clarity 
multiple particles are shown. Figure 8 shows the advective step. The x-coordinates do not 
align with grid points for most of the particles. 
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Figure 7: the particles are initially at x=0 in this example. 

 
Figure 8: the particles are pushed to the right thanks to advection. The displacement follows a parabolic profile. 
Advection does not necessarily produce natural numbers in the model. 
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In order to guarantee this while keeping the statistical average of the system the same, the 
following step is applied to the velocity: 

 ( ) ( ) ( )* * * mod1.u t u t u t = +    (3.7) 

Here, t  is a parameter on the range [ ]0,t H t∈ ∧ ∈ . 

This is valid because the image of ( )*u t  lies on ( ) ( )* *30,
2

u t u u t ∈ ∧ ∈  
 . 

Here, ( )*u t    is the integer part of the velocity while ( )* mod1u t is the fractional remainder. 

Since ( ) 0u t ∈  for 0t∈  needs to be valid, the remainder needs to be made integer as 
well. This can be done thusly: 

 ( ) ( ) ( )
( )

*
*

*

1 mod1
.

0 mod1n

u t r
u t u t

u t r
 > = +   ≤

  (3.8) 

Where [ ]0,1r r∈ ∧ ∈  is a random number picked from the uniform distribution. And Where 

( )nu t  is the velocity profile mapped to 0 .  Statistically, the following still holds: 

 ( ) ( )* .nu t u t=   (3.9) 

See Appendix B: statistics of discretised steps for the proof. 

Substituting (3.8) into (3.4) yields 

 ( ) ( ) ( )
( )

*
1*

1 1 1 1 *
1

1 mod1
.

0 mod1
k

k k n k k k
k

u y r
x x u y x u y

u y r
−

− − − −
−

 > = + = + +   ≤
  (3.10) 

Applying (3.10) to the advective step seen in Figure 8 leads to the discretised advection 
profile of Figure 9. The coordinates are rounded up or down depending on chance and not 
simply based on proximity.  
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Figure 9: after the particles have been moved thanks to advective flow, they have to be rounded up or down to the 
nearest integer. The coordinates are rounded up or down depending on a probability and proximity. The lighter 
circle is indicative of the magnitude of the probability. When the circle is larger, the particle is more likely to end up 
in that position.  

 

In the figure above, the particle on y=1 is most likely going to go to x=2 and the particle on 
y=3 is most likely going to go to x=5. 

The image of (3.10) is always a natural number, so 0kx ∈  but the image not necessarily 
contained on the closed interval [0, 1]L − . This means that (3.10) does not satisfy (3.1). The 
boundary conditions defined in the paragraph “3.5: Boundary conditions and initial values of 
the grid” amend this. 

This is the discretised advection step of the model. 

 

 

3.4: Discrete diffusion  
Diffusion in the Monte Carlo algorithm needs to be discretised as well. It is implemented as 
isotropic random motion. 

A diffusion step in the Monte Carlo algorithm looks like 

 
( )
( )

1 1

1 1

cos
.

sin
k k k x

k k k y

x x D x D
y y D y D

τ θ τ θ
τ θ τ θ

− −

− −

= + = +
= + = +

  (3.11) 



18 
 

Where [ ] 00, 2θ π θ +∈ ∧ ∈  is a random uniformly-distributed number and kx , ky , 1kx −  and 

1ky −  are the new x and y values and the old x and y values respectively. τ  is set to 1 in this 
case as well.  

Once again, 1 1 0, , ,k k k kx y x y− − ∈  while 0D +∈ . This is shown below in Figure 10.

 
Figure 10: the black circle is all of the possible values the particle in (0,0) can take on with the diffusion step. 

Discretisation is needed once more. 

 

The procedure that was used to discretise the advection is used for the diffusion as well, with 
one extension: since the diffusion can make the particle go into any direction – positive and 
negative – the floor function cannot be used directly. The floor of a real negative number 
increases its magnitude, after all. The appropriate version of (3.7) is then 

 
( ) ( )
( ) ( )

cos sign cos cos cos mod1
.

sin sign sin sin sin mod1
x

y

D D D D

D D D D

θ θ θ θ θ

θ θ θ θ θ

= =   + 
= =   + 

  (3.12) 

Where the numbers are rounded down towards 0. The analogue of (3.8) is then 

 ( ) ( )
1 cos mod1 cos 0

sign cos cos 1 cos mod1 cos 0,
0 cos mod1

xn

D r
D D D r

D r

θ θ
θ θ θ θ θ

θ

 > ∧ >
=   + − > ∧ < 
 ≤

  (3.13) 

And 
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 ( ) ( )
1 sin mod1 sin 0

sign sin sin 1 sin mod1 sin 0.
0 sin mod1

yn

D r
D D D r

D r

θ θ
θ θ θ θ θ

θ

 > ∧ >
=   + − > ∧ < 
 ≤

  (3.14) 

 

Where [ ]0,1r r∈ ∧ ∈  is once again a random number drawn from the uniform distribution. 

And ( ) ( ),xn ynD Dθ θ ∈ . (This leaves open the possibility that kx  and/or ky  can become 
negative. This is remedied by applying the boundary conditions.) 

Figure 11 shows the result of rounding the possible values up and down instead of allowing 
coordinates that are not pairs of natural numbers. 

 
Figure 11: the lighter dots are all of the possible values the particle in (0,0) can take on thanks to the diffusive 
step. They all lie on gridpoints. The black dot on the circle is the new coordinate pair that is chosen with a random 
direction. 

Analogous to (3.9), the following equalities hold 

 ( ) ( ) ,x xnD Dθ θ=   (3.15) 

And 

 ( ) ( ) .y ynD Dθ θ=   (3.16) 

 

 

Substituting (3.13) and (3.14) into (3.11) and setting τ   to 1 yields 
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 ( )1

1 cos mod1 cos 0
sign cos cos 1 cos mod1 cos 0,

0 cos mod1
k k

D r
x x D D r

D r

θ θ
θ θ θ θ

θ
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 > ∧ >
= +   + − > ∧ < 
 ≤

  (3.17) 

 And 

 ( )1

1 sin mod1 sin 0
sign sin sin 1 sin mod1 sin 0.

0 sin mod1
k k

D r
y y D D r

D r

θ θ
θ θ θ θ

θ
−

 > ∧ >
= +   + − > ∧ < 
 ≤

  (3.18) 

Respectively. The steps for diffusion are equations (3.17) and (3.18). 

Applying the equations to the diffusion step shown in Figure 11 results in the discretised 
diffusion shown in Figure 12. 

 
Figure 12: the coordinates are rounded up or down depending on chance and proximity. The particle is most likely 
going to end up in (3,-3), as is indicated by the magnitude of the lighter dots. 

 

Discretised nonlinear diffusion 
The nonlinear diffusion can also take on any positive real value, therefore the process that 
has been applied to the linear diffusion can also be applied to the nonlinear diffusion. 

Recall that the nonlinear diffusion has been defined as equation (2.11). Because the diffusion 
has to be positive, real and increasing the domain of the two parameters is 0,a b +∈ . 

The treatment of polymer diffusion is completely identical to the regular diffusion of functions 
(3.17) and (3.18). The polymer diffusion steps are then 
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 (3.19) 

And 

 

( ) ( )( )
( )( )
( )( )

( )( )

1 1

1 1 1 1 1
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 (3.20) 

The concentration ( )1 1,k kx yρ − −  is simply the particle count on the grid point. 

 

 

3.5: Boundary conditions and initial values of the grid 
The discretised boundary conditions are as follows: 

The top and bottom walls are symmetrical boundaries, so in the scope of Monte Carlo they 
simply reflect the particles that hit them. Mathematically, this can be written as 

 ( )
1 1

1 1

0
.

2
k k

k
k k

y y
y

H h y y H h
− −

− −

− <
=  + − > +

  (3.21) 

 

Where h  is the half-width of the polymer. The leftmost wall does not permit any particles to 
escape to the left, because the laminar flow is moving towards the right. Particles are 
occasionally created on the left wall if the creation rate is not equal to 0. In order to prevent 
this potential backflow, the following step is also included: 

 { 10 0.k kx x −= <   (3.22) 

 

Particles that hit the rightmost wall have escaped the tube and are deleted, except if periodic 
boundary conditions are used. If periodic boundary conditions are applied, the boundary 
condition becomes 

 { 1 1 .k k kx x L x L− −= − >   (3.23) 

Where L  is the length of the tube. The creation rate of the particles should be set to 0 if 
periodic boundary conditions are applied. 
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Another boundary of sorts is the saturation density of the polymer. When a new particle tries 
to enter a spot that is overly saturated, the move will be rejected and the particle will be 
placed back into the old position. The saturation coefficient is determined as follows: 

 .
m

sat

s ρ
ρ

 
=  
 

  (3.24) 

Where [ ]0,1s s∈ ∧ ∈  is the dimensionless saturation coefficient and 0m∈  is an arbitrary 
power. The higher m , the closer the saturation coefficient needs to be to 1 in order for the 
saturation to be affected. In the code, the arbitrary power is taken as 10m = . The coefficient 
is then compared to a random number [ ]0,1r r∈ ∧ ∈ .  

 

The grid initially has 0N  particles on it. The initial concentration 0ρ  can be found with the 
relation 

 0
0 .N

HL
ρ =   (3.25) 

In other words: the initial particle count divided by the area of the tube. 

 

When particles are being created at a rate of ς  particles per second, the concentration at the 
left wall can be defined as 

 .in uH
ςρ =   (3.26) 

The incoming concentration depends on the speed at which particles are being created 
divided by the average flux at which particles move away. 

 

 

3.6: Polymer-air interface of the grid and sorption rules 
There are two possible ways for the model to deal with particles that cross the polymer-air 
interface. If the particle enters the polymer, the particle can simply stick to the surface or it 
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can go deeper into the material depending on which version of the model is used. 

 
Figure 13: advection pushes the particles from left to right as indicated by the dark blue arrow. The air is white, 
the hydrophilic material is light blue. The symmetric boundaries are black. Particles can be absorbed and 
desorbed by the model, as is shown by the small black arrows. They will do so with a random angular component. 

By letting particles stick to the surface, occupation (concentration) can be used more easily 
to give particles a dynamic probability of absorption. Particles that are hiding under the 
surface layer of the polymer do not affect the water concentration in the surface layer. Figure 
13 is a schematic representation of interaction between the air in the tube and the hydrophilic 
layer.  

The sorption rules of the system are implemented in a simple way. The absorption and 
desorption chance are separate constants. The absorption probability is defined as a real 
number so that [ ]0,1ap app p∈ ∧ ∈  and the desorption probability is defined on 

[ ]0,1pa pap p∈ ∧ ∈ . Here, app  is the probability for the particle to stick onto the polymer 

from the air interface while pap  is the probability that the particle will let go of the polymer 
and return to the air. These probabilities are compared to a random real number r  between 
0 and 1. The absorption function looks like 

 1

1
.

0
ap

k k
ap

p r
y y

p r−

>
= −  ≤

  (3.27) 

While the desorption function looks like 

 1

1
.

0
pa

k k
pa

p r
y y

p r−

>
= +  ≤

  (3.28) 

The absorption probability needs to be higher than the desorption probability in order for the 
polymer to be suitable for desiccation, so ap pap p> . 

 

 

3.7: 3D-extension in cylindrical coordinates 
The model can easily be extended to behave like a 3D cylinder while keeping the 
coordinates in 2D, so a projection of ( )', ,r zϕ  on ( ),x y . 
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The advection step remains the same save for a scaling factor, so (3.10) needs to be scaled 
in order to be applicable for a 2D projection of a 3D cylinder. 

The average of a parabola relates to the maximum of the parabola via 

 
1

2
max max

1

2 .
3

u u x dx u
−

= =∫   (3.29) 

This is not the same for a paraboloid in 3D. The average of a paraboloid in 3D is  

 
1

2
max max

0

12 .
2

u u x xdx u= =∫   (3.30) 

Therefore the correct scaling of formula (3.5) is 

 ( )* '' '' ˆ'' 2 2 .r ru r u z
H H
 = − 
 

  (3.31) 

Valid for [ ]'' 0,r H∈ , which is defined as  

 '' ' .r r h≡ −   (3.32) 

 

 

The 2D projection of 3D diffusion can be performed as follows: 

The x-component of the diffusion step will remain the same. The y-component will gain an 
attenuating factor to compensate for the polar component in the direction. The formula (3.18) 
is written as 

 ( )1 .k k yny y D θ−= +   (3.33) 

The extra polar component then results in 

 ( ) ( )2
1 cos .k k yny y Dφ θ−= +   (3.34) 

Where [ ]0,2φ π φ∈ ∧ ∈  is a uniformly distributed random number. (3.34) is no longer 

guaranteed to yield natural numbers as the outcome, so the trick of (3.7) needs to be applied 
to the polar component as well. 

 

 

The 2D projection of the 3D concentration in the tube is related to the concentration. It needs 
to be transformed the same way as (2.13), leading to 

 ( ) ( )
( )

,
, .

2
c x y

x y
H h y

ρ =
+ −

  (3.35) 

The concentration is now no longer bound to natural numbers, but this is not an issue for the 
model. The concentration is still bound to [ ]0, satρ ρ ρ∈ ∧ ∈ . Putting in y h H= + results in 
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an infinitely high concentration, which is not physically realistic. This can be amended by 
offsetting the y-value into the negative direction. 

 

Random particle generation needs to be changed as well for the cylindrical transformation. 
The y-component needs to be transformed. Instead of letting the y-component be randomly 
distributed on the closed interval [ ],h H h+  using a uniform distribution, the particles need to 
be distributed on the interval using a probability density function (PDF) 

 ( ) 22 .H h yp y
H
+ −

=   (3.36) 

Where ( )p y  is the PDF dependent on y , and [ ] 0,y h H h y +∈ + ∧ ∈ .  

This PDF needs to be used for the y-components of both 0ρ  and inρ . 

 

 

3.8: Stability of the model 
The results of the model are unreliable if the Reynolds number is high enough for the flow to 
become turbulent. The model assumes a laminar flow. In order to ensure that the model is 
accurate, the Reynolds number needs to be less than 2300. Above it, the parabolic flow 
profile is no longer accurate and the flow is no longer guaranteed to be rotation-free. 

To ensure that the Reynolds number is low enough, the velocity may need to be adjusted. 
The viscosity of air is a given as well as the dimensions of the system. Setting Re =2300, L
=3.5·10-3 m, ν =1.568·10-5 m2·s-1 (at room temperature [6]) for equation (2.1) yields a 
maximum absolute velocity of 

 max
Re 10.3 .mu
H s
ν  = =   

  (3.37) 

Here, maxu  is the maximum allowed average velocity in m·s-1. So as long as the average 
velocity is below 10.3 m·s-1 will the laminar velocity profile of the model be accurate.  

 

 

3.9: Constants of the script 
The following parameters are constant for all simulations unless exceptions are mentioned. 

Table 2: Parameters used in the script and their values, unless stated otherwise. 

Parameter Symbol Value 
Tube width H   35 
Polymer width h   5 
Length L   2000 
Total time (timestep count) - 10,000 
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Repeat count (The amount of 
simulations used to average the 
data and find uncertainties) 

- 10 

Average advective velocity u   1 
Diffusion D   1 
Absorption chance 

app   1 

Desorption chance 
pap   0 

Initial particle count 
0N   2000 

Create rate ς   1 
Creation/destruction or periodic 
boundary 

- Creation/destruction 

Sticking or BET  Sticking 
Saturation concentration 

satρ   5 

 

The last two parameters mean that the particles will be created at the left wall and destroyed 
at the right, and that particles will only adhere to the surface of the polymer instead of going 
into it.  
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4: Results 
4.1: Random initialisation 
The particles are initially assigned to random spots using a uniform distribution. To show that 
this method is indeed random enough, 10,000 particles have been generated for 100,000 
times. The statistics of a uniform distribution are well known, so the empirical data has been 
compared to the theory to verify its validity. The grid has a width H  of 35 and a length L  of 
2000. The polymer has a width h  of 0 since no particles are generated inside of it initially. 

 

Table 3: the random initialisation tested for 10,000 particles, repeated 100,000 times. 

 Theoretical value Calculated value 
Mean x 0.5 0.500±0.003 
Mean y 0.5 0.500±0.003 
SD of x 0.28867 0.289±0.001 
SD of y 0.28867 0.289±0.001 
Skewness of x 0.0 0.00±0.01 
Skewness of y 0.0 0.00±0.01 
Kurtosis of x 1.8 1.80±0.01 
Kurtosis of y 1.8 1.80±0.01 
Distance variance of x ≲0.3 0.236±0.002 
Distance variance of y ≲0.3 0.235±0.002 
Pearson correlation 0.0 -0.00±0.01 
Distance correlation ≲0.1 0.02±0.01 

 

The results from Table 3 show that the random initialisation indeed works as expected. The 
particles are supposed to follow an uncorrelated random uniform distribution over both the x 
and y axis. The first four generalised moments show that the  random coordinates are indeed 
following the random uniform distribution, while the Pearson’s r shows that the random 
coordinate pairs are uncorrelated. The distance variance of x and y show that the particles 
do not cluster together w.r.t. the x or y axis, while the distance correlation shows that the 
coordinate pairs are uncorrelated over every single possible perturbation. 

The results from the table indicate that the mechanism that distributes the particles is indeed 
random.  

 

 

4.2: Diffusion Root Mean Square 
The diffusion step moves particles into a random direction with a set magnitude (on 
average). To verify that this step works correctly, the diffusion step is repeated from 1 up to 
25 times in a row. 

On average, the particle would end up back where it started. The average of the squared 
distance is not zero, however: diffusion is implemented as Brownian motion; a random walk. 
The root mean square of a random walk is well known. For a walk of n  steps, the root mean 
square is on average 
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2

.i
N

n r =  
 
∑   (4.1) 

Here, ir  is the i-th random walk of n  steps and N  is the total amount of walks. This is tested 
below for a diffusivity of 0.5: 

 

Figure 14: the root mean square of a simulation with a diffusivity of 0.5 and no advection. The stepcount N is 
increased on the x-axis, and a clear linear relation is shown to exist with the RMS. 

This is the result of 10,000 simulations per step count. The Pearson’s r of 0.9995 implies that 
the linear correlation between the step count and the RMS is strong. The theory predicts a 
value of 0.5 while the simulation returns a value of 0.508±0.003, meaning that is slightly off 
but not by much. It is possible that this slight discrepancy can vanish with more simulations. 

And this is tested again for a diffusivity of 2: 



29 
 

 

 

Figure 15: the root mean square of a simulation with a diffusivity of 2 and no advection. The stepcount N is 
increased on the x-axis, and a clear linear relation is shown to exist with the RMS. 

The theory predicts a value of 2 while the measurements return a value of 2.041±0.009. 

The diffusion step seems to be working properly although it is consistently slightly higher 
than the theoretical predictions. 

 

 

4.3: Advection distance 
The advection step is tested. The average velocity has to be reproducible from the 
simulation. The statistics of the advection step are known, which means the simulation can 
be compared to the theory. 

The advection distance is always a displacement in the x-direction dependent on the y-
coordinate. To test if the advection works correctly, the displacement has been plotted with 
respect to the height. The results of 100,000 simulations of 10 points have resulted in the 
following plot: 
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Figure 16: the averaged displacement for an average velocity of 5. The blue bars are the data with uncertainty, 
the black line is the theoretically expected value. There are 100 graph points made by running 100,000 
simulations. 

At first glance this may look confusing, since the uncertainty is not constant. This is a result 
of the distribution. A single advection step is equal to an integer displacement plus a 
Bernoulli trial. By averaging 100,000 measurements that are statistically independent, this 
turns into a binomial distribution. 

Since the mean, SD, skewness and kurtosis of the binomial distribution are well known, the 
empirical data can be compared to the theoretical value. The mean displacement is 

 ( )3 2 .
2

x uy y∆ = −   (4.2) 

Here, x  is the mean displacement.  

The standard deviation is 

 ( )( )mod1 1 mod1 .SDx x x∆ = ∆ −∆   (4.3) 

Since it only depends on the fractional part of the displacement. Here, SDx∆  is the standard 
deviation. Plotting the acquired data with the theoretical values gives us the following graph: 
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Figure 17: the SD of the displacement by advection plotted together with the theoretical SD of the displacement. 
These are 100 graph points, the value of which has been determined by running 100,000 simulations. The 
average velocity of the advection is 5. 

It looks like the empirical data matches the theory. This is quantised in Table 4 farther down. 

 

The skewness is known to be 

 
( )

( )( )
1 2 mod1

.
mod1 1 mod1

skew

x
x

x x
− ∆

∆ =
∆ −∆

  (4.4) 

Similar to Figure 17, the skewness matches with the theory: 
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Figure 18: the empirical skewness of the displacement by the advection plotted together with the theoretical 
values. The value of the 100 data points is the result of 100,000 simulations. The average velocity of the 
advection is 5. 

 

And the kurtosis has the theoretical value of 

 
( )( )

( )( )
1 6 mod1 1 mod1

.
mod1 1 mod1kurt

x x
x

x x
− ∆ −∆

∆ =
∆ −∆

  (4.5) 

Once more, the theory matches the empirical data, as can be seen in the figure below. 
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Figure 19: the kurtosis of the displacement caused by the advection. The 100 blue dots are the empirical values 
found by 100,000 separate simulations, while the black line is the theoretical value of the kurtosis. The average 
velocity is 5. 

 

The sum of squares of the empirical values minus the theoretical values have been tabulated 
below for several average velocities. The Riemann sum of the velocities is taken, which is 
then used to find the average velocity again.  

Table 4: the sum of squares for the mean value, the SD, the skewness, and the kurtosis, as well as the Riemann 
sum of the data points. These values are found using 100 data points made by 100,000 simulations. 

u   x∆   SDx∆   skewx∆   kurtx∆   Average of 
Riemann 
sum 

1.0·10-1 7.0·10-5 1.2·10-4 2.6·10-1 2.0·10-1 1.01·10-1 
3.0·10-1 1.8·10-4 5.3·10-5 5.5·10-2 1.6·10-1 3.02·10-1 
5.0·10-1 1.6·10-4 2.5·10-5 7.9·10-3 7.3·10-1 5.04·10-1 

1 1.7·10-4 6.4·10-5 4.9·10-2 1.1·10-1 1.01 
3 1.3·10-4 7.1·10-5 6.4·10-2 1.4·10-1 3.02 
5 1.6·10-4 1.0·10-4 1.5·10-1 5.9·10-1 5.04   
10 1.4·10-4 6.1·10-5 1.0·10-1 4.1·10-1 1.01·101 

 

The sum of squares is low, indicating that the empirical data and the theory match. The 
empirical average is consistently higher than the real average. This can be explained by 
realising that the Riemann sum of points only approximates the integral. 
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The average of the Riemann sum of the points is 

 
1

3 1 2 .
2

N

RS
k

k ku u
N N N=

 = − 
 

∑   (4.6) 

Where RSu  is the average of the Riemann sum and where N is the number of points. 

The closed form expression is 

 2

3 11 .
4 4RSu u

N N
 = + − 
 

  (4.7) 

Subtracting the average velocity off (4.7) yields the difference between the average and the 
Riemann average: 

  

 2

3 1 .
4 4RSu u u

N N
 − = − 
 

  (4.8) 

It is clear that the difference depends on the number of points and that the difference 
approaches zero as the number of points approaches infinity. Dividing (4.7) by the average 
velocity results in the ratio at which the Riemann average overshoots the actual mean: 

 2

3 11 .
4 4

RSu
u N N

= + −   (4.9) 

Plugging 100N =  into (4.9) yields an overshoot rate of approximately 1.075, which is 
consistent with the values in Table 4. These overshoot values and the empirical average 
velocity are tabulated as well. 

Table 5: the average velocity, the Riemann sum average velocity, the calculated Riemann mean velocity and the 
difference between the second and third column are shown for the velocities used in Table 4. 

u   
RSu  Riemann mean 

RSu -RM 
1.0·10-1 1.0073·10-1 1.0073·10-1±9·10-5 0±9·10-5 
3.0·10-1 3.0225·10-1 3.022·10-1±10-4 0±10-4 
5.0·10-1 5.0375·10-1 5.0375·10-1±10-4 0±10-4 
1 1.0073 1.0073±10-4 0±10-4 
3 3.0225 3.0225±10-4 0±10-4 
5 5.0375 5.0375±10-4 0±10-4 
10 1.0073·101 1.0073·101±10-3 0±10-3 

 

This means that the average advective velocity is not exactly equal to the average velocity 
that is put into the simulation. It is always slightly larger. The simulation is usually ran with a 
tube with of 35 and sometimes a tube width of 7. This results in an overshoot rate of 1.02 
and 1.10 respectively, or 2% and 10%.  

The average velocity has to be adjusted depending on the tube width. To this end, formula 
(4.9) can be used. 

Other than that, the advective step works properly. 
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4.4: Boundary conditions check 
The boundary conditions of the model are verified to work correctly. This means that the 
behaviour of the model is checked when a particle hits the top, bottom, left or right wall. The 
saturation limit is also tested. 

The top and bottom walls reflect as expected, but the interface, left wall and right wall can 
behave oddly. The behaviour of the interface is explored further in subparagraph 4.5: 
Interface check. 

The left wall and right wall can cause excesses or deficiencies of particles respectively. This 
can be seen in the figure below. 

 
Figure 20: Monte Carlo advection diffusion simulation with periodic boundary conditions. The hydrophilic material 
can be found on the width layers 0 and 1. Lighter colours mean there is more water, while darker colours mean 
there is less. Advection makes the particles move from right to left. 

The simulation in the figure above has periodic boundary conditions. The hydrophilic material 
can be found on the width of 0 and 1. There seems to be a surplus of water on the left of the 
material when compared to the right.  

This can be explained as follows: because the periodic boundary condition only allows the 
particles to move from right to left and not from left to right, the particles that are on the right 
have a chance to end up on the left while the particles on the left have a chance to end up 
being pushed back on the left. This results in a surplus of particles on the left and a depletion 
of particles on the right.  

There is no such excess in the air part of the tube because the advection is sufficiently high 
and causes the particles to be pushed to the right hard enough to prevent them from piling 
on the left. 

 

When the boundary conditions are not periodic they can still behave oddly. In the following 
simulation, a maximum of ten particles is allowed to occupy one spot. 
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Figure 21: Monte Carlo advection diffusion simulation. Lighter colours mean there are more particles in one spot. 
The hydrophilic material is on layer 0.  

Once more, there is a clear surplus of particles in the left with the opposite happening on the 
right. Particles that hit the right wall are deleted, while particles that hit the left wall are 
pushed back. 

This image is the sum of 10 simulations, so a maximum of 100 particles should be found per 
spot. The bottom left spot has far more than 100 particles in it, however. 

By taking a look at the simulation in horizontal slices, the extent of the outlier can be seen. 
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Figure 22: tally of the particles in the Monte Carlo advection diffusion simulation. The particles are counted over 
the width axis, with separate counts for the polymer and the air. There is a maximum of 10 particles per spot. 

The zeroth coordinate on the length-axis shows that there are approximately 335±10 water 
particles in the polymer. This excess is so great that the rest of the count can barely be seen. 
By omitting the zeroth coordinate, the tally can be seen for the rest of the particles.  
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Figure 23: tally of the particles in the Monte Carlo advection diffusion simulation. The particles are counted over 
the width axis, with separate counts for the polymer and the air. There is a maximum of 10 particles per spot. The 
zeroth particle has been omitted. 

The figure above shows that the particle limit of 10 is followed nicely, and it also shows the 
exponential decay near the right where the particles are able to exit the simulation. The tube 
has a high uncertainty, which is to be expected when the particles are far sparser in that 
area.  

By letting the saturation limit satρ  be 5 particles per spot, the same excess can be seen in 
Figure 24: 
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Figure 24: tally of the particles in the Monte Carlo advection diffusion simulation. The particles are counted over 
the width axis, with separate counts for the polymer and the air. There is a maximum of 5 particles per spot. 

Once again, the leftmost spot has a massive excess. The spot has approximately 350±20 
particles in it, which is approximately 70 times the occupation limit. 
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Figure 25: tally of the particles in the Monte Carlo advection diffusion simulation. The particles are counted over 
the width axis, with separate counts for the polymer and the air. There is a maximum of 10 particles per spot. The 
zeroth particle has been omitted. 

By omitting the zeroth coordinate in the length-axis, the distribution of the rest of the particles 
can be observed. The limit of 5 particles can be recovered from the particle count. The 
exponential decay in the particle count can be seen on the right. 

This excess is caused by an error in the creation condition on the left wall. Particles were 
also allowed to be created on the interface layer of the polymer, while they should have only 
been allowed to exist in the air part of the tube. This error has been rectified.  

 

The behaviour of the creation rate is checked by picking a particle count that is not the same 
as the initial density. If the particle creation rate and the initial density are not the same, a 
vapour front can be observed. 



41 
 

 
Figure 26: MC advection diffusion simulation with no diffusion. The simulation time is low enough so that not all 
particles that have been put into the model have reached the end yet. Advection pushes the particles from left to 
right. The particles do not interact with the polymer (width 0 up until 4). Brighter colours indicate a higher particle 
concentration.  

The figure above shows the vapour front as it moves through the model. The vapour front 
has a higher concentration of particles than the rest of the tube. This effect vanishes with a 
higher simulation time, or when the creation speed or initial density are adjusted to be equal 
to each other. This image shows the two ways how particles are created in the model: initially 
or on the left wall. 

 

To conclude: the boundary conditions work well as long as the advection is higher than the 
diffusion. If the initial concentration is not the same as the incoming concentration, a vapour 
front can be witnessed. 

 

 

4.5: Interface check 
The statistics of the sorption chances are checked. Absorption and desorption chances affect 
whether the particle is absorbed from the air into the polymer or from the polymer back into 
the air respectively. This step is validated by comparing it to the theory in a simplified 1D 
situation. 

If the system is 1D and sorption is the only factor that matters, the sorption rules reduce to a 
simple linear system of equations: 
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Where an  and pn  are the amount of particles in the air and in the polymer respectively, and 

app  and pap  are the probabilities for the particle to be absorbed into the polymer and to be 
desorbed back into the air respectively. 

The system starts with ( )0 1an =  and with ( )0 0pn = . Plugging this into (4.10) yields the 
solutions: 
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At infinity ( m →∞ ), this reduces to 
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Except when 0 1ap ap ap app p p p= = ∨ = = . The first of these two limits resolves to 
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The second of these two limits has no stable equilibrium because the particles have a 100% 
chance to change state from being in the air to in the polymer and vice versa with each time 
step. Essentially, it reduces to 
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This shows that the two species oscillate indefinitely between the two states. The time 
average is simply 

 1 .
2a pn n= =   (4.17) 
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Since there is only one particle in the system, only one of the two formulas needs to be 
compared to the empirical data. The other formula will be validated at the same time 
because 

 1 .a pn n= −   (4.18) 

 

To check whether the theoretical results are in line with the model, sorption has been 
simulated 100,000 times for 10 different values of absorption and desorption. The rate at 
which particles end up in the polymer is plotted. 

 
Figure 27: the average rate at which a particle can be found in the air dependent on absorption and desorption 
probabilities. The measurement has been repeated 100,000 times for 10 values of absorption and desorption. A 
lighter colour means the probability is higher for the particle to be found in the polymer.  

The plot of Figure 27 shows that the particle is more like to end up in the polymer if the 
absorption chance is higher than the desorption chance. This is to be expected. The formula 
for the occupation of the air is compared to the results by taking the sum of squares. For 100 
data points, the sum of squares of the mean rate is 8.8·10-5. This means that the model 
behaves very similar to the theory in the 1D case.  

The particle can be found in two states: in the air or in the polymer. This indicates that the 
probability is likely to follow the statistics of a binomial distribution. The SD and the skewness 
of the rate are plotted and compared to the theory to this end. The SD of the rate at which 
particles can be found in the polymer is 

 ( )1 .
SDp p pn n n= −   (4.19) 
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The resulting plot is 

 
Figure 28: the standard deviation of the rate at which particles end up in the polymer. The figure is the result of 
100,000 simulations. The standard deviation is higher when the sorption chances are closer to each other, as is 
indicated by the lighter colour. The standard deviation is 0 if either or both of the sorption chances is 0 because 
the particle will be found in one state at 100% certainty.  

The figure shows that the standard deviation is at its greatest when the particle has an 
equally great chance to be in the air and in the polymer. The function (4.19) is in agreement 
with that. The SD goes down when the particle is far more likely to be in one place. This is 
also in agreement with the formula. The sum of squares is 1.1·10-5.  

 

The same is done for the skewness: the formula is 
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The plot is

 
Figure 29: the skewness of the rate at which particles end up in the polymer. The figure is the result of 100,000 
simulations. The magnitude of the skewness is higher when the sorption chances are further away from each 
other, as is indicated by the colours close to black and white. The skewness is undefined when either or both of 
the sorption chances are 0. In this plot, this is represented as white as well. 

The skewness of the plot goes up if the particle is more likely to be found in the air, and goes 
down if the particle is more likely to be found in the polymer. The function for the skewness 
(4.20) shows that this is correct behaviour. This is further corroborated by the sum of 
squares: 2.2·10-3. 

The results are summarised in the table below: 

Table 6: the sum of squares of the sorption statistics over 100 data points. The sum of squares is taken of the 
mean, SD and skewness, of which the values have been found by repeating the absorption/desorption simulation 
100,000 times. The sum of squares is found by comparing the empirical data to the theoretical values.  

Tested statistic Sum of squares 
Mean 8.8·10-5 
SD 1.1·10-5 
Skewness 2.2·10-3 

The low sum of squares values are indicative of a good fit.  

This implies that the sorption probabilities behave as expected. The absorption and 
desorption rules work as they should.   
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4.6: Infinitely high Péclet number 
The properties of the model were examined when there is a purely advective flow. The 
particles should remain in the air and their distribution should remain uniformly random. 

The simulation below consists purely of advection. There is no diffusion. It therefore has an 
infinitely high Péclet number, and the particles have no chance to be absorbed because they 
never hit the wall. The diffusion D has the value 1. All of the other parameters are the same 
as the values in Table 2. 

 
Figure 30: MC advection diffusion simulation without diffusion. Advection pushes particles from the left to the 
right. Particles are deleted upon hitting the right wall and particles are periodically created on the left wall. A 
lighter colour implies there are more particles in a spot. 

The simulation above is slightly difficult to read because the spots are so elongated in the 
vertical direction. To amend this, the following image has the same data as Figure 30 albeit 
the points are averaged horizontally per 50 spots. 

The figure above shows that the particles are distributed relatively homogeneously. 

There is no relation between the placement of the particles on the x-axis and the y-axis. The 
Pearson’s correlation is 0.0±0.03 and the distance correlation is 0.02±0.01 which implies that 
there is no relation between the distribution of the particles on the x-axis and the distribution 
of the particles on the y-axis. 

The normalised average is 0.500±0.008 over the length axis (x-axis) and 0.503±0.007, which 
means that the centre of mass of the particles is right in the middle of the tube. This is to be 
expected. The standard deviation, skewness and kurtosis are within bounds of an 
uncorrelated uniform distribution. This is summarised in the table below. 
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Table 7: the summarised statistics of the MC advection diffusion simulation without diffusion. The found values 
are compared to the theoretical values of an uncorrelated uniform distribution. 

 Theory Empirical 
Mean in x 0.5 0.500±0.008 
Mean in y 0.5 0.503±0.007 
SD in x 0.2887 0.2884±0.003 
SD in y 0.2887 0.2879±0.003 
Skewness in x 0.0 0.01±0.03 
Skewness in y 0.0 0.0±0.03 
Kurtosis in x 1.8 1.8±0.02 
Kurtosis in y 1.8 1.8±0.02 
Pearson’s correlation 0.0 0.0±0.03 
Distance correlation ≲0.1 0.02±0.01 

 

By taking a look at the distribution in vertical slices it becomes apparent that there are no 
particles in the polymer. 

 
Figure 31: the MC advection diffusion simulation without diffusion. The orange line is the amount of water 
particles that are found in the vertical slices of the polymer, while the blue line with error bars is the amount of 
water particles that are found in vertical slices of the air. 

The figure above shows that there are absolutely no particles in the polymer during all 10 
simulations. This is to be expected since the particles will never move in the y-direction 
without diffusion. 

The MC simulation with purely advective flow shows that the particles do not enter the 
polymer. The distribution remains purely random.   
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4.7: High Péclet number 
The following simulation has been performed in the case where the particles can diffuse. The 
diffusion is significantly smaller than the average advective velocity. Some particles were 
expected to end up in the polymer. Because the diffusion is small relative to the advection, a 
depletion region was expected to form. 

The simulation has been executed with a Péclet number of 350±5. The simulation shows 
how the absorption of the polymer causes a depletion layer in the air. The diffusion D  has a 
value of 0.1, all of the other parameters are the same as Table 2. 

 
Figure 32: MC advection diffusion simulation with a Péclet number of 350. Lighter colours indicate a higher 
concentration of water particles. Advection pushes particles from right to left. The polymer interface can be found 
at a width of 4. 

The figure above shows that there are slightly less water particles in the width layers of 5, 6 
and 7 compared to the rest of the air layers (8 and higher). The averaged version of the plot 
shows this even more clearly: 
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Figure 33: MC advection diffusion simulation with a Péclet number of 350. Lighter colours indicate a higher 
concentration of water particles. Advection pushes particles from right to left. The polymer interface can be found 
at a width of 4. Averaged horizontally per 50 slices. 

The figure above shows the depletion region more clearly. The colours in the lower air layers 
are darker, which means there are fewer water particles in those layers. 

The horizontal tally of the model shows the depletion. 
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Figure 34: tally count of particles in the model for horizontal slices. Particles that have exited the simulation are 
orange while particles that are still inside of the simulation are blue. Simulation for a Péclet number of 350. 

The figure above shows that the particles that exit the tube follow a parabolic profile. The 
polymer interface layer is at a width of 4, which can be seen quite clearly. The blue scatter 
plot shows that the air layer depletes towards the polymer. This is caused because the 
diffusion is high enough to cause layers to mix, but not high enough to mix the layers 
thoroughly and homogenise them. 

The vertical slices of the model are homogeneous again, therefore they are not shown. The 
statistics of the model are summarised. 

Table 8: the summarised statistics of the MC advection diffusion simulation with a Péclet number of 35. 

 Theory Empirical tube Empirical polymer 
Mean in x 0.5 0.498±0.004 0.49±0.02 
Mean in y 0.5 0.507±0.005 - 
SD in x 0.289 0.289±0.003 0.286±0.02 
SD in y 0.289 0.275±0.002 - 
Skewness in x 0.0 0.01±0.02 -0.06±0.02 
Skewness in y 0.0 -0.05±0.01 - 
Kurtosis in x 1.8 1.8±0.03 1.84±0.15 
Kurtosis in y 1.8 1.84±0.02 - 
Pearson’s correlation 0.0 -0.0±0.02 - 
Distance correlation ≲0.1 0.225±0.001 - 

 

The table above shows that the distribution of the particles is still uniform in the x-direction. It 
deviates slightly in the y-direction. The negative skewness means that there are fewer 
particles in the lower air regions, which corroborates with the figures.  
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The Distance correlation deviates significantly from 0. This has to do with the shape of the 
distribution. When particles cluster together, the distance correlation goes up. The particles 
cluster together in the higher air regions because they deplete in the lower air regions.  

 

The simulation shows that there are indeed particles in the polymer. The diffusion is indeed 
too low to mix the layers of the air thoroughly, causing a depletion layer. 

 

 

4.8: Low Péclet number 
The system has been simulated with a higher diffusion. All of the parameters are the same 
as Table 2. The statistics were still expected to be random. The layers were expected to mix 
more thoroughly, reducing the depletion layer. The polymer was expected to hold more 
particles. 

The following simulation has a Péclet number of approximately 35±0.5.  

 
Figure 35: MC advection diffusion simulation with a Péclet number of 35 and a sorption/desorption chance of 1 
and 0 respectively. Lighter colours indicate a higher occupation of a spot. Particles are pushed from left to right by 
advection. The polymer interface is at a width of 4. 

The image can be slightly difficult to interpret, so a horizontally averaged version is also 
provided: 
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Figure 36: MC advection diffusion simulation with a Péclet number of 35 and a sorption/desorption chance of 1 
and 0 respectively. Lighter colours indicate a higher occupation of a spot. Particles are pushed from left to right by 
advection. The polymer interface is at a width of 4. Horizontally averaged per 50 spots. 

The images above show that the particles have distributed themselves relatively evenly in 
the tube. The polymer has absorbed some particles, as can be seen by the lighter colour. 
The simulation only allowed particles to be stuck on the surface of the polymer and not be 
absorbed deeper into it, as can be seen because layers 0, 1, 2, and 3 are empty (black). 

The following plot shows that the particles have distributed themselves relatively evenly. 
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Figure 37: the amount of particles that can be found in each vertical slice of the air and polymer layer of the 
model. The uncertainty is high because the density is relatively low. The distribution is relatively uniform. 

The distribution of the particles looks like it is uniform as well. This is further validated by 
looking at the amount of particles that exist in the horizontal slices: 
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Figure 38: amount of particles that are alive in the material plotted together with the amount of particles that have 
hit the rightmost wall and have been deleted. The polymer interface can be found at a width of 4. The expired 
particle counts are orange while the particles that still exist are blue. 

The parabolic flow profile of the advection can be seen in the figure above. The particles that 
have hit the rightmost wall seem to follow a parabolic profile, as is to be expected. The 
polymer interface layer visibly contains more particles. The rest of the polymer is empty, and 
the air part of the tube (width 5 and higher) is relatively uniform.  

The statistics of the simulation are tabulated below: 

Table 9: the statistics of the MC advection diffusion simulation with a Péclet number of 35. The theoretical values 
of an uncorrelated uniform distribution are compared to the particle distribution in the tube and in the polymer. 
There are no data on the polymer in the y-direction because there is only one occupied layer in the y-direction. 

 Theory Empirical tube Empirical polymer 
Mean in x 0.5 0.500±0.003 0.49±0.01 
Mean in y 0.5 0.495±0.005 - 
SD in x 0.289 0.29±0.002 0.294±0.006 
SD in y 0.289 0.289±0.002 - 
Skewness in x 0.0 0.0±0.03 -0.03±0.07 
Skewness in y 0.0 -0.04±0.03 - 
Kurtosis in x 1.8 1.8±0.02 1.78±0.05 
Kurtosis in y 1.8 1.79±0.02 - 
Pearson’s correlation 0.0 -0.03±0.02 - 
Distance correlation ≲0.1 0.02±0.01 - 
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The table shows that the distribution of the particles is similar to the uniform distribution. The 
low Pearson’s correlation and Distance correlation indicate that there particles do not follow 
any linear correlation.  

 

The diffusion is high enough to omit the depletion layer entirely, as the statistics show (the 
skewness is not significantly large). The diffusion is high enough to cause the air layers to 
mix and become homogeneous.  

The polymer holds more particles because the diffusion allows the particles to reach the 
polymer faster, which indicates that a lower Péclet number results in a higher chance for the 
water to be absorbed. This can be seen by comparing the hydrophilic interface layer at width 
4 of Figure 34 to that of Figure 38. The latter has a lower Péclet number and a higher 
sorption. This is valid up until the saturation limit. 

 

 

4.9: Desorption chance 
The desorption chance has been raised so that the particles have a chance to desorb. This is 
done to study the behaviour of the model in the case that the polymer is not ideal in its 
sorption. 

The simulation seen in Figure 39 has been performed with a desorption chance pap  of 0.5. 
The particles have a 50% chance to exit the polymer or be absorbed by a neighbouring spot 
on the polymer in this simulation. All of the other variables are the same as Table 2. A 
second simulation has been performed with a desorption chance of 1, or 100%. 
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Figure 39: MC advection diffusion simulation with a Péclet number of 35 and a sorption/desorption chance of 1 
and 0 respectively. Lighter colours indicate a higher occupation of a spot. Particles are pushed from left to right by 
advection. The polymer interface is at a width of 4. Horizontally averaged per 50 spots. The particles have a 
desorption chance of 50%. 

The figure above is similar to Figure 36, except that the polymer has fewer particles in it.  

This makes sense because the polymer can release particles back into the air in this 
simulation. The distributions are uniform in the x and y direction, so only the statistics are 
shown. 

Table 10: summarised statistics of the MC advection diffusion simulation with desorption chance. The Péclet 
number is 35 and the desorption chance is 50%. The empirical data is compared to the theoretically expected 
values of a uniform distribution. 

 Theory Empirical tube Empirical polymer 
Mean in x 0.5 0.5±0.006 0.5±0.02 
Mean in y 0.5 0.494±0.005 - 
SD in x 0.289 0.289±0.002 0.292±0.009 
SD in y 0.289 0.292±0.003 - 
Skewness in x 0.0 -0.0±0.03 -0.0±0.1 
Skewness in y 0.0 -0.03±0.03 - 
Kurtosis in x 1.8 1.79±0.02 1.8±0.1 
Kurtosis in y 1.8 1.77±0.02 - 
Pearson’s correlation 0.0 -0.01±0.03 - 
Distance correlation ≲0.1 0.044±0.009 - 

 

The table above shows that the particles are still distributed uniformly.  

There are fewer particles in the polymer compared to the previous simulation.  
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Figure 40: amount of particles that are alive in the material plotted together with the amount of particles that have 
hit the rightmost wall and have been deleted. The polymer interface can be found at a width of 4. The expired 
particle counts are orange while the particles that still exist are blue. The particles have a desorption chance of 
50%. 

The figure above shows that there are fewer particles in the polymer when compared to 
Figure 38. 

 

 

4.9.1: Maximum desorption chance 
The same has been done for a simulation where the particles have a 100% desorption 
chance. The other variables are exactly the same as in Table 2. 
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Figure 41: amount of particles that are alive in the material plotted together with the amount of particles that have 
hit the rightmost wall and have been deleted. The polymer interface can be found at a width of 4. The expired 
particle counts are orange while the particles that still exist are blue. The particles have a desorption chance of 
100%. 

The figure above shows that there are even fewer particles in the polymer layer this time. 

The difference between the polymer occupation and the air occupation is barely discernible: 
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Figure 42: MC advection diffusion simulation with a Péclet number of 35 and a sorption/desorption chance of 1 
and 0 respectively. Lighter colours indicate a higher occupation of a spot. Particles are pushed from left to right by 
advection. The polymer interface is at a width of 4. The particles have a desorption chance of 100%. 

The figure above shows that the occupation density is barely higher in the hydrophilic 
material.  

The desorption chance needs to be lower than the absorption chance in order to be efficient. 

 

 

4.10: Periodic boundary conditions 
Simulations with periodic boundary conditions show what the distribution would look like at 
equilibrium. All of the variables except for the boundary condition type and the desorption 
chance are the same as Table 2. For example, a simulation with a desorption chance pap  of 
0.1 has the following distribution: 



60 
 

 
Figure 43: MC advection diffusion simulation with a Péclet number of 35 and a desorption chance of 0.1 as well 
as periodic boundary conditions. Lighter colours indicate a higher concentration of water vapour. 

Figure 43 shows that at equilibrium, there is still some water vapour left in the air while the 
majority of water vapour is stuck on the hydrophilic layer. 
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Figure 44: tally of vapour particles in the horizontal slices compared to the count of particles that have crossed the 
right wall. The particles in the system are blue while the particles that have crossed the rightmost wall (and have 
re-entered the system on the left) are orange. The polymer interface is at width layer 4.  

The figure above shows that even though the amount of particles that cross the right wall and 
enter the system again on the left follows a parabolic profile, the distribution of the particles in 
the system is generally homogeneous except for the polymer interface and the other polymer 
layers (width 4 and width 0-3 respectively). The distribution is uniform again, with a Pearson 
correlation of 0.0±0.03 and a distance correlation of 0.04±0.01. 

 

 

4.11: Downscaled dimensions and higher concentration 
The simulation has been performed where all of the dimensions have been divided by a 
factor 5. This has been done to see what happens when the concentration can reach the 
saturation limit.  
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The following input was used (variables that are not mentioned are the same as Table 2): 

Table 11: variables that have been changed in the following Monte Carlo simulation. 

Tube width H   7 
Polymer width h  1 
Length L   400 
Average advective velocity u   0.2 
Diffusion D  0.2 
Desorption chance 

pap   0.1 

  

 
Figure 45: MC advection diffusion simulation where the polymer has reached saturation levels.  

As can be seen in Figure 45, when the system has reached its saturation limit, the polymer 
can no longer absorb water vapour. The air that goes through will not be dried any further. 
The statistics of this simulation imply that the distribution is still uniformly random. 

The model can also allow for particles to go deeper into the hydrophilic material. Since too 
little is known about the nonlinear diffusion of the material and this step would introduce two 
new variables, no simulations with these BET boundary conditions have been included. 

The model is usable at a smaller simulation scale as well. The concentration limit works as 
expected. The polymer needs to be able to take up enough water particles before it has 
reached saturation.  
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5: Conclusion 
The model can have artefacts that have to do with the creation/destruction rules or the 
periodic boundary conditions depending on the Péclet number. If the average velocity is far 
lower than the magnitude of the diffusion, particles can flow to the left faster than they are 
pushed back to the right. This can cause particles to pile up on the left boundary. 

This effect is negligible in all of the simulations shown in the report, and only exists when the 
Péclet number is much smaller than 35. This effect also causes a depletion region on the 
right wall if periodic boundary conditions are used instead of creation/destruction. 

 

The model has shown that the drying step in desiccant cooling is feasible if the Péclet 
number is low enough and if the sorption is greater than the desorption. The depletion region 
forms when the Péclet number is between 35 and 350. Drying is more efficient without the 
depletion layer. When the Péclet number is below the limit, the air layers will mix fast enough 
and the particles reach the polymer faster. 

 

The polymer needs to have a high enough capacity for saturation. This is especially 
noticeable when the concentration is close to the saturation limit. 

The polymer also needs to have greater absorption than desorption chance. Ideally, the 
absorption chance would be close to 1 while the desorption chance is close to 0.  

 

The MC model has been shown to have functional advection and diffusion components. The 
random initialisation is also functioning as it should be. 

Because the rules of the MC model function as they should (see 4.1: Random initialisation, 
4.2: Diffusion Root Mean Square, 4.3: Advection distance, 4.4: Boundary conditions check, 
and 4.5: Interface check), the model is likely to be able to represent the real system. It should 
therefore be suitable to explore the thermodynamic properties for different variables. 

 

 

Future considerations 
Once more variables become known, the limits for the remaining variables can be explored. 
The Péclet number can be reduced further by making the tube narrower, or the air can be 
forced through at a lower velocity. 

The Reynolds number increases with decreasing width and decreases with decreasing 
velocity. The model is only valid at a sufficiently low Reynolds number. A future version of the 
model might also be able to account for turbulent diffusion at a higher Reynolds number. 

The model currently does not account for heat gain or loss owing to absorption and 
desorption in the system. This can be expanded upon. 

The model is able to simulate BET sorption. With more time and more data on the hydrophilic 
polymer that is used, this can be simulated as well. 
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Appendix A: uncertainty analysis 
To find the weighted average of a set of results with errors, the following formula is used to 
find the average 
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Where x  is the weighted average, ix  is the i-th value and iS  is the uncertainty of the i-th 
value. To find the uncertainty of the weighted average, the following formula is used 
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Here, S  is the uncertainty of the weighted average. The uncertainty of the weighted average 
is always equal to or lower than the individual uncertainties.  
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Appendix B: statistics of discretised steps 
Random numbers are generated using numpy. This means that they are generated from the 
Mersenne Twister pseudo-random number generator. 

 

Expression (3.9) needs to be shown to hold. Recall that the definition of that equation is  

 ( ) ( )* .nu t u t=   (B.1) 

The equality can be proven by taking the integral 

 ( ) ( ) ( )
( )

( )

*

*

mod11 1 1
*

0 0 0 mod1

1 0 .
u t

n n
u t

u t u t dr u t dr dr dr = = + + ∫ ∫ ∫ ∫   (B.2) 

Which equals 

 ( ) ( ) ( )* * mod1nu t u t u t = +    (B.3) 

This is equal to equation (3.7), meaning that (B.1) is true. 

This shows that the average behaviour of the velocity mapped to 0  is still the same as the 

behaviour of the velocity on 0
+

  . 

 

Analogous to (3.9), the following equalities hold 

 ( ) ( ) ,x xnD Dθ θ=   (B.4) 

And 

 ( ) ( ) .y ynD Dθ θ=   (B.5) 

The proof is as follows: 

 ( ) ( ) ( )( )
cos mod11 1

0 0 cos mod1

sign cos cos sign cos 0 .
D

xn
D

D D dr dr dr
θ

θ

θ θ θ θ=   + +  ∫ ∫ ∫   (B.6) 

This results in  

 ( ) ( )sign cos cos cos mod1xnD D Dθ θ θ θ=   +    (B.7) 

Which is the same as (3.12), therefore proving the equality.  

The proof for (B.5) is identical. 

  



67 
 

Appendix C: Python code of the MC model 
###Grid-based approach of Monte-Carlo advection-diffusion-sorption model. 
 
import numpy as np 
import matplotlib.pyplot as plt 
from mpl_toolkits.axes_grid1 import make_axes_locatable 
from matplotlib.ticker import MaxNLocator 
 
 
# from scipy import optimize 
 
 
# <editor-fold desc="Initial functions, initgrid and parabola"> 
##Initialise the grid 
def initgrid(width_tube: int, width_mat: int, length: int, init_count: int, 
total_count: int) -> ( 
        np.ndarray, np.ndarray, np.ndarray): 
    """" 
    Initialises the grid, the coordinates and the list of extant particles. 
    """ 
 
    width = width_mat + width_tube 
    grid = np.zeros((length, width), dtype=int)  # All points are distributed on a 
2D grid. 2D integer array. 
    coordlist = np.zeros((total_count, 2), dtype=int)  # The coordinates are stored 
as x,y values. 1D integer array. 
    extantlist = np.zeros(total_count, dtype=bool)  # Keeps track of whether the 
particle exists. 1D Boolean array. 
    # If particles are not allowed to overlap, the grid can also be set to 
dtype=bool. This would potentially reduce memory costs. 
 
    extantlist[: init_count] = True  # The particles that exist initially are 
brought to life. 
    coordlist[: init_count, 1] = np.random.randint(low=width_mat, high=width, 
                                        size=init_count)  # All particles have a 
random y-component on the interval [width_mat,width_mat+width_tube) 
 
 
    #Parabolic input needed 
    randy=np.random.rand(total_count-init_count) 
    randy*=2-randy 
    randy*=(width_tube-1) 
    randy+=width_mat 
    frac_randy,int_randy=np.modf(randy) 
    int_randy=int_randy.astype(int) 
    roundup=frac_randy>np.random.rand(total_count-init_count) 
    int_randy+=roundup 
    coordlist[init_count:,1]=int_randy 
 
    coordlist[: init_count, 0] = np.random.randint(low=0, high=length, 
                                                   size=init_count)  # Only the 
particles that exist initially have a random component in the x-direction on the 
interval [0,length). 
 
 
    for ii in range(init_count):  # The coordinate points are placed onto the grid. 
 
        grid[coordlist[ii, 0], coordlist[ii, 1]] += 1 
 
    return coordlist, extantlist, grid 
 
 
##Parabola 
def parabola(width_tube: int, avg_vel: float) -> (np.ndarray, np.ndarray): 
    """" 
    The half parabola is defined once and kept as two 1D arrays. One is the 
remainders, the other is the ints. 
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    """ 
    flow_profile = np.linspace(start=0, stop=1, num=width_tube + 1, dtype=float) 
    flow_profile = flow_profile[1:] 
    flow_profile *= 2. - flow_profile 
    flow_profile *= 3. / 2. * avg_vel 
 
    flow_frac, flow_int = np.modf(flow_profile) 
    flow_int = flow_int.astype(int) 
 
    return flow_frac, flow_int 
 
 
##Colourmap discretisation 
def discrete_cmap(bins: int): 
    cmap = plt.cm.get_cmap('cubehelix') 
    cspace = cmap(np.linspace(0, 1, bins)) 
    cmap_name = 'cubehelix' + str(bins) 
    return cmap.from_list(cmap_name, cspace, bins) 
 
 
# </editor-fold> 
 
 
# <editor-fold desc="Transport motion steps, advection and diffusion"> 
##Advection 
def advection(coords: np.ndarray, width_mat: int, flow_frac: np.ndarray, flow_int: 
np.ndarray) -> float: 
    """" 
    Advection only occurs for particles in the tube area. 
    """ 
    xx, yy = coords.copy() 
 
    xx += flow_int[yy - width_mat] 
 
    if np.random.rand() < flow_frac[yy - width_mat]: 
        xx += 1  # The fractional part is rounded up to 1 or down to 0 depending on 
chance. 
    return xx 
 
 
##Diffusion 
def diffusion(coords: np.ndarray, diff_tube: float) -> np.ndarray: 
    """" 
    Diffusion only works on particles in the tube area. 
    """ 
    angle = np.random.rand()  # Create a random float between 0 and 1, scale to 0-
2pi, transform polar to cart. 
    angle *= 2 * np.pi 
    coords_diff = np.full(2, diff_tube, dtype=float)  # Scale to the diffusion. 
    coords_diff *= [np.sin(angle), np.cos(angle)] 
    frac_coords, int_coords = np.modf( 
        coords_diff)  # Split the step size into the fractional part and the 
integral part. 
    coords += int_coords.astype(int) 
    for i2i in range(2):  # The fractional part is rounded up to ±1 or down to 0 
depending on probability. 
        if np.random.rand() < abs(frac_coords[i2i]): 
            coords[i2i] += 1 if frac_coords[i2i] > 0 else -1 
 
    return coords 
 
 
##Polymer diffusivity 
def polymer_diffusivity(density: int) -> float: 
    """" 
    Polymer diffusivity is a function of the density of vapour in the material. 
    """ 
    diff_mat = density * 0.1 + 0.5 
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    return diff_mat 
 
 
##Polymer transport 
def polymer_transport(coords: np.ndarray, diff_mat: float) -> np.ndarray: 
    """" 
    Transport in the polymer layer, can be diffusion and/or osmosis. 
    """ 
 
    angle = np.random.rand()  # Create a random float between 0 and 1, scale to 0-
2pi, transform polar to cart. 
    angle *= 2 * np.pi 
    coords_diff = np.full(2, diff_mat, dtype=float)  # Scale to the diffusion. 
    coords_diff *= [np.sin(angle), np.cos(angle)] 
    frac_coords, int_coords = np.modf( 
        coords_diff)  # Split the step size into the fractional part and the 
integral part. 
    coords += int_coords.astype(int) 
    for i2i in range(2):  # The fractional part is rounded up to ±1 or down to 0 
depending on probability. 
        if np.random.rand() < abs(frac_coords[i2i]): 
            coords[i2i] += 1 if frac_coords[i2i] > 0 else -1 
    return coords 
 
 
# </editor-fold> 
 
 
# <editor-fold desc="Boundary and sorption checks"> 
##Boundary checks 
def boundaries(coords: np.ndarray, width: int, length: int, periodic_flag: bool) -> 
( 
        np.ndarray, str, np.ndarray): 
    """" 
    There are five possible boundaries: left, right, top, bottom, interface. 
Interface is handled in the function 'sorption'. 
    """ 
    delflag = False 
    # Left resetting, right destructive wall checks: 
    if coords[0] < 0: 
        coords[0] = -coords[0] 
    elif coords[0] >= length: 
        delflag = True 
        if periodic_flag: 
            coords[0] -= length 
 
    # Top and bottom reflective wall checks: 
    if coords[1] >= width: 
        coords[1] = 2 * width - 1 - coords[1] 
    elif coords[1] < 0: 
        coords[1] = -coords[1] 
 
    return coords, delflag 
 
 
##Sorption model 
def sorption(coords: np.ndarray, width_mat: int, chance: np.ndarray, 
             direction: bool, sorption_model: str) -> (np.ndarray, bool): 
    """" 
    The possible sorption models are "Stick", "Henry", "Langmuir" and "BET". 
    """ 
    succflag = True  # If True, the step is successful. If False, the step is 
unsuccessful and will be negated. 
 
    if chance > np.random.rand(): 
        if sorption_model == "Stick": 
            coords[1] = width_mat + abs(coords[1] - width_mat + 1) - 1 if direction 
else width_mat - 1 
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            # The particle should always move up if it un-sticks, not deeper into 
the material. 
 
 
    else: 
        succflag = False 
 
    return coords, succflag 
 
 
# </editor-fold> 
 
 
##Transport steps 
def transport(coords: np.ndarray, width_tube: int, width_mat: int, length: int, 
diff_tube: float, chances: np.ndarray, 
              grid: np.ndarray, 
              flow_frac: np.ndarray, flow_int: np.ndarray, diff_model: str, 
sorption_model: str, 
              periodic_flag: bool, deathwall: np.ndarray, mat_max: int) -> ( 
        np.ndarray, np.ndarray, bool, bool, np.ndarray): 
    """" 
    1: advection, 2: diffusion, 3: polymer transport, 4: boundary checks, 5: 
sorption. 
    """ 
 
    width = width_tube + width_mat 
    succflag = True 
    coords_old = coords.copy() 
    grid[coords[0], coords[1]] -= 1 
    sorpflag = np.zeros(2, dtype=bool) 
 
    if coords[1] >= width_mat: 
        coords[0] = advection(coords, width_mat, flow_frac, flow_int) 
 
        coords = diffusion(coords, diff_tube) 
 
    else: 
        diff_mat = polymer_diffusivity(grid[coords[0], coords[1]]) 
        coords = polymer_transport(coords, diff_mat) 
 
    coords, delflag = boundaries(coords, width, length, periodic_flag) 
 
    if (not delflag or periodic_flag) and succflag and (coords[1] - width_mat + 1) 
* ( 
            coords_old[1] - width_mat + 1) <= 0: 
        # Only if the particle has not been deleted, the step has not been 
invalidated 
        # and the particle has crossed the interface will sorption be checked. 
        direction = False if coords[1] <= width_mat - 1 else True 
        chance = chances[direction] 
        # direction is 1 if the particle moves from material to tube, 0 if vice 
versa. 
        # direction is also 1 if the particle moves along the interface. 
 
        coords, succflag = sorption(coords, width_mat, chance, direction, 
sorption_model) 
        if succflag: 
            if coords[1] != coords_old[1]: 
                sorpflag[direction] = 1 
            #else: 
            #    sorpflag = 1 
 
    if delflag: 
        deathwall[coords[1]] += 1 
        if not periodic_flag: 
            coords[:] = np.nan 
            # np.nan does not work properly as an int as of Numpy 1.14 
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            # Instead, np.nan is a very large negative int. 
            # int nans can be filtered out by filtering on >-1 instead of 
np.isfinite() or ~np.isnan(). 
            # float nans are also filtered out with >-1 as well as the regular 
options. 
 
    else: 
        if coords[1] < width_mat: 
            saturation = 1. * grid[coords[0], coords[1]] 
            # The density in the new coordinate (+1 to account for the new point) 
minus the maximum density. 
            saturation /= mat_max 
            # Saturation is a float between 0 and 1. If the saturation is 1, no new 
particles should be accepted. 
            # The test function should only really start interfering close to 1. 
            saturation **= 10  # The larger the power, the closer the saturation 
needs to be to 1 to interfere. 
            if saturation >= np.random.rand(): 
                succflag = False 
 
    if not succflag: 
        coords = coords_old 
 
    if not delflag or periodic_flag: 
        grid[coords[0], coords[1]] += 1 
 
    return coords, grid, succflag, delflag, sorpflag, deathwall 
 
 
# <editor-fold desc="Statistics"> 
##Statistics 
def statistics(coordlist: np.ndarray, width: int, length: int) -> np.ndarray: 
    """" 
    Mean, SD, skewness, kurtosis, Pearson correlation, distance correlation, 
normalised w.r.t. the x- and y-axis. 
    """ 
    # Normalise first 
    coords_norm = np.copy(coordlist) 
    coords_norm = coords_norm.astype(dtype=float) 
    coords_norm[:, 0] /= length 
    coords_norm[:, 1] /= width 
    pcor = np.nan 
 
    # Mean 
    mean = np.mean(coords_norm, axis=0) 
 
    # Standard deviation 
    std = np.std(coords_norm, axis=0) 
 
    # Skewness 
    skew = moments(coords_norm, mean, std, 3) 
 
    # Kurtosis 
    kurt = moments(coords_norm, mean, std, 4) 
 
    # Pearson correlation 
    if np.all(std != 0): 
        [[_, pcor], [_, _]] = np.corrcoef(coords_norm[:, 0], coords_norm[:, 1]) 
 
    # Distance correlation 
    distx, dvarx = dcoraid(coords_norm[:,0]) 
    disty, dvary = dcoraid(coords_norm[:,1]) 
 
    distx *= disty 
    dcor = np.mean(distx) 
    dvar = dvarx * dvary 
    dvar **= .5 
    dcor /= dvar 
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    dcor **= .5 
 
    # Combine all results 
    stat = np.array([mean, std, skew, kurt, [dvarx, dvary], [pcor, dcor]]) 
 
    return stat 
 
 
##Higher statistical moments 
def moments(coordlist: np.ndarray, mean: np.ndarray, std: np.ndarray, number: int) 
-> np.ndarray: 
    coords_mom = np.copy(coordlist) 
 
    for ii in range(2): 
        coords_mom[:, ii] -= mean[ii] 
    coords_mom **= number 
    moms = np.mean(coords_mom, axis=0) 
    for jj in range(2): 
        if std[jj] != 0: 
            moms[jj] /= std[jj] ** number 
        else: 
            moms[jj] = np.nan 
 
    return moms 
 
 
##Distance correlation helper 
def dcoraid(coords_norm_i: np.ndarray) -> (np.ndarray, float): 
    dist, dist2 = np.meshgrid(coords_norm_i, coords_norm_i) 
    dist -= dist2 
    dist = np.abs(dist) 
    gmean = np.mean(dist) 
    hmean = np.mean(dist, axis=0) 
    vmean = np.transpose(hmean) 
    dist += gmean  # Add the grand mean. 
    dist -= hmean  # Subtract the vertical and horizontal means. 
    dist -= vmean 
 
    dist2 = dist * dist 
    dvar = np.mean(dist2) 
    dvar **= .5 
 
    return dist, dvar 
 
 
# </editor-fold> 
 
 
##Main function 
def main(dimensions: list, diff_tube: float, chances: np.ndarray, enthalpy: float, 
init_count: int, create_rate: float, 
         total_time: int, avg_vel: float, mat_max: int, diff_model='Infinite', 
         sorption_model='Stick', statflag=True, quietflag=False, snapcount=2, 
periodic_flag=False 
         ) -> (np.ndarray, np.ndarray, np.ndarray, np.ndarray, np.ndarray): 
    """" 
    dimensions, [int,int,int]: [width of the tube, width of the polymer, length of 
the tube]. 
 
    diff_tube, float: diffusivity of the tube. 
 
    chances, [float,float]: [chance of going from tube to polymer, vice versa]. 
 
    enthalpy, float: energy released during sorption. 
 
    init_count, int: initial amount of particles. 
 
    create_rate, float: amount of particles created each step. 
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    total_time, int: total amount of time steps. 
 
    avg_vel, float: average velocity of air in the tube. 
 
    mat_max, int: the maximum density of particles in the polymer. 
 
    diff_model, str: diffusivity model, options are 'Infinite' or 'BET'. 
    'Infinite' means no particle interaction, 
    'BET' means density of particles determines diffusion. 
 
    sorption_model, str: the kind of sorption. 'Stick' or 'BET'. 
    'Stick' means particles stick to the interface but do not penetrate into the 
material, 
    'BET' means particles enter the material. 
 
 
    statflag, bool: True means statistics will be calculated. 
 
    quietflag, bool: True means nothing will be printed/plotted. 
 
    snapcount, int: amount of snapshots of the grid that will be returned. 
 
    periodic_flag, bool: True means the particles that exit the tube on the right 
return on the left, 
    False means particles that exit on the right are deleted. 
    """ 
    width_tube, width_mat, length = dimensions 
 
    succrate = 0 
    delcount = 0 
    sorpcounts = np.zeros(2, dtype=int) 
    stats_tube = np.zeros((6, 2)) 
    stats_mat = np.zeros((6, 2)) 
    stats_interface = np.zeros((6, 2)) 
    deathwall = np.zeros((width_tube + width_mat), dtype=int) 
 
    total_count = init_count + int(create_rate * total_time) 
    totlist = np.arange(total_count) 
    count = 1 
 
    coordlist, extantlist, grid = initgrid(width_tube, width_mat, length, 
init_count, total_count) 
 
    snapshot = np.zeros((snapcount, total_count, 2)) 
    snapshot[0] = coordlist.copy() 
 
    flow_frac, flow_int = parabola(width_tube, avg_vel) 
 
    # Create a particle every set number of steps. 
    for i3i in range(total_time): 
        if i3i * create_rate > count: 
            extantlist[init_count + count] = True 
            grid[coordlist[init_count + count, 0], coordlist[init_count + count, 
1]] += 1 
            count += 1 
 
        # Determine which particle will be picked: 
        if np.any(extantlist): 
            permutated_list=np.random.permutation(totlist[extantlist]) 
            for ii in permutated_list: 
                coords=coordlist[ii] 
                coordlist[ii], grid, succflag, delflag, sorpflag, deathwall = 
transport(coords, width_tube, width_mat, 
                                                                                       
length, 
                                                                                       
diff_tube, chances, 
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grid, 
                                                                                       
flow_frac, flow_int, diff_model, 
                                                                                       
sorption_model, periodic_flag, 
                                                                                       
deathwall, mat_max) 
 
                if delflag: 
                    delcount += 1 
                    if not periodic_flag: 
                        extantlist[ii] = False 
 
                succrate += succflag 
                sorpcounts += sorpflag 
 
    tubecount = np.sum(extantlist[coordlist[:, 1] > width_mat - 1]) 
    matcount = np.sum(extantlist[coordlist[:, 1] <= width_mat - 1]) 
    interfacecount = np.sum(extantlist[coordlist[:, 1] == width_mat - 1]) 
 
    if statflag: 
        coordlist2 = coordlist[coordlist[:, 0] > -1]  # This step deletes the 
np.nan values. 
        tubecoords = coordlist2[coordlist2[:, 1] > width_mat - 1].copy() 
        matcoords = coordlist2[coordlist2[:, 1] <= width_mat - 1].copy() 
        interfacecoords = matcoords[matcoords[:, 1] == width_mat - 1].copy() 
        interfacecoords[:, 1] -= width_mat - 1 
        tubecoords[:, 1] -= width_mat 
 
        if len(tubecoords) != 0: 
            stats_tube = statistics(tubecoords, width_tube, length) 
 
        if len(matcoords) != 0: 
            stats_mat = statistics(matcoords, width_mat, length) 
 
        if len(interfacecoords) != 0: 
            stats_interface = statistics(interfacecoords, 1, length) 
 
    if not quietflag: 
        if total_time != 0: 
            print('Success rate:', float(succrate / total_time)) 
        else: 
            print('No steps have been taken.') 
        if statflag: 
            print(stats_tube) 
            print(stats_mat) 
            print(stats_interface) 
        print('Absorption count:', sorpcounts[0]) 
        print('Desorption count:', sorpcounts[1]) 
        print('Particles that have escaped the simulation:', delcount) 
        print('Particles in the tube:', tubecount) 
        print('Particles in the polymer:', matcount) 
        print('Particles on the interface:', interfacecount) 
 
        plt.figure() 
        ax = plt.gca() 
        im = ax.imshow(np.transpose(grid), origin="lower", 
cmap=discrete_cmap(np.max(grid) + 1), 
                       label='MC Grid Advection-Diffusion-Sorption', vmin=0, 
vmax=np.max(grid), aspect='auto') 
        ax.xaxis.set_major_locator(MaxNLocator(integer=True)) 
        # ax.yaxis.set_major_locator(MaxNLocator(integer=True)) 
        plt.tick_params(axis='both', bottom=True, top=True, left=True, right=True) 
        plt.xlabel('Length axis') 
        plt.ylabel('Width axis') 
 
        divider = make_axes_locatable(ax) 



75 
 

        cax = divider.append_axes("right", size="5%", pad=0.1) 
 
        cb = plt.colorbar(im, cax=cax) 
        cb.ax.yaxis.set_major_locator(MaxNLocator(np.max(grid) + 1)) 
        cb.update_ticks() 
 
        plt.show() 
 
        plt.scatter(np.arange(length), grid[:, width_mat - 1]) 
        plt.scatter(np.arange(length), np.sum(grid[:, width_mat:], axis=1)) 
        plt.show() 
 
        plt.scatter(np.arange(width_mat + width_tube), deathwall) 
        plt.show() 
 
    snapshot[-1] = coordlist 
 
    stats = np.array([stats_tube, stats_mat, stats_interface]) 
 
    return coordlist, grid, stats, snapshot, deathwall 
 
 
 
 
def repeat(repeatcount, dimensions,print_number): 
    kwargs = {"diff_tube": 0.5, "chances": [1, 0], "enthalpy": 0, "init_count": 
2000, 
              "create_rate": 1, "total_time": 10000, "avg_vel": 1, "diff_model": 
"Infinite", 
              "sorption_model": "Stick", "statflag": True, "quietflag": True, 
'periodic_flag': False, 'mat_max': 5} 
    width_tube, width_mat, length = dimensions 
 
    tube_all = np.zeros((repeatcount, length), dtype=int) 
    mat_all = np.zeros((repeatcount, length), dtype=int) 
    width_all = np.zeros((repeatcount, width_mat + width_tube), dtype=int) 
    death_all = np.zeros((repeatcount, width_mat + width_tube), dtype=int) 
    gridtot = np.zeros((length, width_mat + width_tube), dtype=int) 
    stats = np.zeros((repeatcount, 3, 6, 2)) 
 
    for ii in range(repeatcount): 
        _, grid, stats[ii], _, deathwall = main(dimensions=dimensions,**kwargs) 
        death_all[ii] = deathwall 
        width_all[ii] = np.sum(grid, axis=0) 
        mat_all[ii] = np.sum(grid[:, :width_mat], axis=1) 
        tube_all[ii] = np.sum(grid[:, width_mat:], axis=1) 
        gridtot += grid 
 
    tube_scatter = np.mean(tube_all, axis=0) 
    tube_scatterror = np.std(tube_all, axis=0, ddof=1)  # / np.sqrt(repeatcount) 
    mat_scatter = np.mean(mat_all, axis=0) 
    mat_scatterror = np.std(mat_all, axis=0, ddof=1)  # / np.sqrt(repeatcount) 
    width_scatter = np.mean(width_all, axis=0) 
    width_scatterror = np.std(width_all, axis=0, ddof=1)  # / np.sqrt(repeatcount) 
    death_scatter = np.mean(death_all, axis=0) 
    death_scatterror = np.std(death_all, axis=0, ddof=1)  # / np.sqrt(repeatcount) 
 
    stats_means = np.nanmean(stats, axis=0) 
    stats_std = np.nanstd(stats, axis=0, ddof=1) 
 
    for kk in range(2): 
        for jj in range(6): 
            print(stats_means[0, jj, kk], "±", stats_std[0, jj, kk]) 
            print(stats_means[1, jj, kk], "±", stats_std[1, jj, kk]) 
            print(stats_means[2, jj, kk], "±", stats_std[2, jj, kk]) 
            print() 
 
        print() 
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    plt.errorbar(np.arange(length), tube_scatter, yerr=tube_scatterror, fmt='o', 
ms=8, capsize=4, label='Air') 
    plt.errorbar(np.arange(length), mat_scatter, yerr=mat_scatterror, fmt='o', 
ms=8, capsize=4, label='Polymer') 
    plt.tick_params(axis='both', bottom=True, top=True, left=True, right=True) 
    plt.xlabel('Length axis') 
    plt.ylabel('Particle counts') 
    plt.legend() 
    plt.title(print_number) 
    plt.show() 
 
    plt.errorbar(np.arange(1, length), tube_scatter[1:], yerr=tube_scatterror[1:], 
fmt='o', ms=8, capsize=4, 
                 label='Air') 
    plt.errorbar(np.arange(1, length), mat_scatter[1:], yerr=mat_scatterror[1:], 
fmt='o', ms=8, capsize=4, 
                 label='Polymer') 
    plt.tick_params(axis='both', bottom=True, top=True, left=True, right=True) 
    plt.xlabel('Length axis') 
    plt.ylabel('Particle counts') 
    plt.legend() 
    plt.title(print_number) 
    plt.show() 
 
    plt.errorbar(np.arange(width_mat + width_tube), width_scatter, 
yerr=width_scatterror, fmt='o', ms=8, capsize=4, 
                 label='Alive') 
    plt.errorbar(np.arange(width_mat + width_tube), death_scatter, 
yerr=death_scatterror, fmt='o', ms=8, capsize=4, 
                 label='Dead') 
    plt.tick_params(axis='both', bottom=True, top=True, left=True, right=True) 
    plt.xlabel('Width axis') 
    plt.ylabel('Particle counts') 
    plt.legend() 
    plt.title(print_number) 
    plt.show() 
 
    plt.figure() 
    ax = plt.gca() 
    im = ax.imshow(np.transpose(gridtot), origin="lower", 
cmap=discrete_cmap(np.max(gridtot) + 1), 
                   label='MC Grid Advection-Diffusion-Sorption', vmin=0, 
vmax=np.max(gridtot), aspect='auto') 
    ax.xaxis.set_major_locator(MaxNLocator(integer=True)) 
    # ax.yaxis.set_major_locator(MaxNLocator(integer=True)) 
    plt.tick_params(axis='both', bottom=True, top=True, left=True, right=True) 
    plt.xlabel('Length axis') 
    plt.ylabel('Width axis') 
 
    divider = make_axes_locatable(ax) 
    cax = divider.append_axes("right", size="5%", pad=0.1) 
 
    cb = plt.colorbar(im, cax=cax) 
    cb.ax.yaxis.set_major_locator(MaxNLocator(np.max(gridtot) + 1)) 
    cb.update_ticks() 
    plt.title(print_number) 
    plt.show() 
 
    plt.figure() 
    ax = plt.gca() 
    ratio = 1. * length 
    ratio /= width_mat + width_tube 
    ratio = int(ratio) 
    avgrid = np.zeros((width_mat + width_tube, width_mat + width_tube), 
dtype=float) 
    for ii in range(width_mat + width_tube - 1): 
        avgrid[ii] = np.mean(gridtot[ii * ratio:(ii + 1) * ratio], axis=0, 
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dtype=float) 
 
    avgrid[-1] = np.mean(gridtot[-ratio:], axis=0, dtype=float) 
 
    im = ax.imshow(np.transpose(avgrid), origin="lower", cmap='cubehelix', 
                   label='MC Grid Advection-Diffusion-Sorption', vmin=0, 
vmax=int(np.max(avgrid)), aspect='auto') 
    ax.xaxis.set_major_locator(MaxNLocator(integer=True)) 
    # ax.yaxis.set_major_locator(MaxNLocator(integer=True)) 
    plt.tick_params(axis='both', bottom=True, top=True, left=True, right=True) 
    plt.xlabel('Length axis') 
    plt.ylabel('Width axis') 
 
    divider = make_axes_locatable(ax) 
    cax = divider.append_axes("right", size="5%", pad=0.1) 
 
    cb = plt.colorbar(im, cax=cax) 
    cb.ax.yaxis.set_major_locator(MaxNLocator(np.max(gridtot) + 1)) 
    cb.update_ticks() 
    plt.title(print_number) 
    plt.show() 
 
    print(print_number) 
 
    return 0 
 
 
repeat(10, [35, 5, 2000],28) 
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