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The Diffuse Interface Model for
Phase-Transitional Flows

A surface of separation between different thermodynamic phases is called an interface.
There are two fundamentally different approaches to describe an interface in models
and numerical simulation methods of multiphase flows. Interfaces can be considered
as surfaces of zero thickness, i.e. a sharp interface, or they can be considered to have
a non-zero thickness, i.e. a diffuse interface. Postulating the interface as sharp means
that the physical properties of the fluid, such as mass density, are allowed to change
discontinuously across the interface. Jump conditions are then required to describe
the relationships between thermodynamic and hydrodynamic quantities on both sides
of the interface. Postulating the interface to be diffuse allows for interfacial forces to
be modeled as continuum forces by distributing these forces over thin but numerically
resolvable layers. The important advantage of this approach is that Diffuse Interface
Models (DIM) are well suited to handle topological changes of the interface, such
as breakup and coalescence phenomena. Surface tension effects are incorporated by
including a capillary stress tensor in the governing equations. This stress tensor ac-
counts for capillary stresses at the interface and depends not only on the mass density
but also on its spatial derivatives. However, one criterion needs to be met in order for
simulations with DIM to be successful: the thickness of the interface can be at most
one order of magnitude smaller than the length scale of the domain in order for the
simulations to be computationally affordable.

Investigation of droplet collisions with DIM shows the existence of various collision
regimes including permanent coalescence, toroidal droplet breakup, reflexive separa-
tion and stretching separation. The results also highlight the importance of modeling
liquid-vapor flows under non-isothermal conditions, since variations in the tempera-
ture field during the collision process are too large to be neglected and also influence
the collision dynamics. Comparison of the DIM with a different method often used
for multiphase flows, the Local Front Reconstruction Method (LFRM), shows an over-
all good correspondence between the results of both simulation models, with both
models predicting the same collision outcomes. However, differences are observed in
the interface evolution and energy transfer/dissipation process during the collision,
a significant portion of which can be attributed to the chosen configuration of the
initial velocity field, which is not divergence-free. This enlarges an important differ-
ence between the two simulation models: the used implementation of LFRM assumes
incompressible flow, while DIM treats the fluid as compressible. The introduction of
a divergence-free vortical initial velocity field improved the agreement between the
results of both simulation models.

The dynamics of droplet impingement on a heated wall can also be studied by DIM
coupled with the thermal diffusion inside a solid through a set of boundary conditions
that are imposed at the solid-fluid interface. These boundary conditions include the
wetting properties of the solid and the roughness of the solid surface. An increased
cooling rate on hydrophilic surfaces was observed due to a longer liquid-solid time
of contact. The cooling rate also increases with surface roughness as compared to a
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smooth surface, provided the liquid is still able to properly wet the solid.

The Landau-Ginzburg theory can be used to construct a direct relationship between
the interface thickness, the surface tension coefficient and the equations of state (pres-
sure and internal energy) of the fluid. This direct relation makes it possible to artifi-
cially enlarge the thickness of the interface, which relaxes the constraint that the real
interfacial thickness should be one order of magnitude less than the domain length
and enables simulations with realistic fluid properties. However, the thermodynamic
behavior of the fluid also has to be modified, which affects macroscopic behavior as
well. The effect of this modification is tested by performing a simulation of a two-
dimensional head-on droplet collision of two methane droplets. The simulation result
indicates that even though the macroscopic behavior of the fluid is affected, the effect
on the overall simulation outcome is small. However, the discretization method that is
currently employed proved to be unable to handle low viscosity fluids on the grid that
was used, and the viscosity of the fluid had to be increased in order to ensure stability
of the simulation.
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1. Introduction

The modeling of phase-transitional flows is of major interest to industry because of its
relevance with regards to improving the efficiency and/or performance of many pro-
cesses such as cooling systems in nuclear reactors, steam generation in power plants,
micro cooling systems in electronic devices and fuel injection in combustion engines.
Phase transition also governs the phenomenon of cavitation on propeller/impeller
blades and geophysical processes such as raindrop formation. Unfortunately, the task
of modeling phase-transitional flows is extremely challenging, because multiphase
flows can have all the complexity of single-phase flows plus the additional complexity
resulting from the condensation/vaporization of the fluid and the dynamics of the in-
terface that separates the phases. This places phase-transitional flows among the most
complex processes encountered in science and engineering.

When modeling phase-transitional flows it is crucial to accurately capture the phenom-
ena occurring at the liquid-vapor interface. The interface between two fluid phases has
attracted extensive investigation in both the past and the present. A comprehensive
overview with complete references to the early works on interfacial and capillary phe-
nomena can be found in Rowlinson and Widom [77]. In the earliest investigations by
Young, Laplace and Gauss the interface is considered as an infinitely thin surface, with
a discontinuous transition between the physical properties of the bulk phases. Physi-
cal processes occurring at the interface were studied by developing jump conditions,
similar to the Rankine-Hugoniot relations. A different approach to the investigation
of the fluid interface was proposed by Gibbs, Rayleigh, Van der Waals and Maxwell,
who recognized that the interface actually represents a rapid but smooth transition
between the physical properties of the bulk phases. Taking for example the mass den-
sity and tracking its value from the liquid phase through the interface into the vapor
phase would give a plot like Figure 1.1. The mass density shows a smooth transi-
tion from the high density of the liquid to the much lower density of the vapor. The
properties and behavior of the interface are derived from gradient theories which are
based on thermodynamic principles. Van der Waals [102] used his equation of state to
predict the thickness of the interface and showed that this thickness becomes infinite
at the critical point of the fluid. Korteweg [40] extended the work of Van der Waals
by developing a constitutive law for the capillary stress tensor in terms of the spatial
gradients of the mass density of the fluid. The formulation of a generalized theory of
continuous second-order phase transitions was attempted by Landau [45] and Cahn
and Hilliard [9]. The idea of a diffuse interface (rapid but smooth transition between
the physical properties of the bulk phases) and the use of a capillary stress tensor to
model the behavior of the interface is the central notion in this thesis.

Multiple Diffuse Interface Models (DIM) have been developed for numerical simula-
tions of moving interfaces on a fixed grid, which include the Volume of Fluid (VOF)
method [30], the level-set method [1] and coupled level-set-VOF methods [96]. The
VOF method uses a color function to capture the interface, whereas the level-set
method captures the interface with the zero level curve of a continuous function.
In these methods the liquid-vapor interface is postulated as a region with strong but
smooth transition of physical properties between the bulk values. The effects of sur-
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Figure 1.1.: Mass density profile of a liquid-vapor interface on molecular scale, with
a smooth transition from the high mass density of the liquid to the much
lower mass density of the vapor.

face tension are included by using a body force that acts in this narrow region which
represents the interface. The VOF and level-set methods could be classified as numer-
ical DIMs. In these methods the width of the interface is a numerical artifact and not
based on any physical principle. This makes it difficult to accurately capture topolog-
ical changes of the interface, like coalescence and breakup phenomena. In the VOF
method, coalescence happens automatically when two approaching interfaces share
a common grid cell [25], unless all coalescence phenomena are automatically pre-
vented [12]. The level-set method has similar problems: coalescence either happens
automatically or it is not possible unless it is explicitly imposed [42].

A different approach is used in the physical DIMs. In these methods the width of
the interface is determined by relating the Helmholtz free energy of the fluid to the
mass density gradient distribution at the liquid-vapor interface [3]. Besides being
more thermodynamically consistent, the advantage of this approach is that the phase-
change process as well as the displacement and topology change of the interface are
all naturally embedded in the governing equations and do not require any additional
models or special treatment of the interface region. Physical DIMs have been used to
model a wide range of different phenomena such as the dynamics of rising bubbles
[19], cavitation phenomena [53], boiling processes [85] and droplet collisions [26].
One can distinguish two types of physical DIMs, which are both based on an extended
version of the Navier-Stokes equations. These are the Navier-Stokes-Cahn-Hilliard
(NSCH) equations (Feng [24], Liu et al [50], Shokrpour Roudbari et al. [87]) and the
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Navier-Stokes-Korteweg (NSK) equations (Pecenko et al. [69], Tian et al. [98], Liu et
al. [52]). Both equation sets reduce to the Navier-Stokes equations in the absence of
an interface. The research presented in this thesis focuses on the NSK equations.

Goals and Outline

The goal of this thesis is to extend the applicability of the Diffuse Interface Model in
such a way that it can be used for more realistic fluids and/or more common process
conditions. In this thesis the following strategies are explored to achieve this goal:
extending an existing two-dimensional discretization procedure to three dimensions,
including the effects of surface roughness on the solid-liquid-vapor contact line dy-
namics, including conjugate heat transfer by coupling DIM in a fluid with the thermal
diffusion in a solid and developing a technique for artificial enlargement of the in-
terface thickness so that simulations at larger length scales become computationally
affordable.

The outline of this thesis is the following. Chapter 2 gives an overview of the theoreti-
cal considerations from physics and thermodynamics upon which the Diffuse Interface
Model is based. In chapter 3 the discretization procedure is introduced and the DIM
is used to perform simulations of droplet collisions in three spatial dimensions under
non-isothermal conditions. In chapter 4 the DIM is compared with a different method
often used for multiphase flows: the Local Front Reconstruction Method (LFRM). Re-
sults for fully three-dimensional simulations of droplet collisions at relatively high
Weber number are presented and compared. Additionally, the energy transfer and dis-
sipation process during the collisions is studied in detail. In chapter 5 the DIM is used
to perform simulations of droplet impacts on a heated solid surface. The DIM uses an
especially constructed solid wall boundary condition which enables simulations with
different wetting conditions of the solid surface. The model is also extended to in-
clude the effects of surface roughness on the behavior of the contact line dynamics.
Multiple simulations are performed to demonstrate the capabilities of the presented
model. In chapter 6 an attempt is made to modify the DIM to make it suitable for
simulations with realistic fluid properties. First a technique for artificial enlargement
of the interface thickness is introduced in order to resolve the constraint placed on the
grid spacing in simulations with DIM. Next correlations are proposed for multiple fluid
properties that are suitable for numerical simulations. A two-dimensional simulation
of a head-on droplet collision was performed to test the feasibility of the technique of
artificial enlargement of the interface thickness. In chapter 7 the main conclusions of
this thesis are summarized and recommendations are made for future research.
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2. Theory

This chapter gives an overview of the theoretical considerations from physics and ther-
modynamics upon which the Diffuse Interface Model (DIM) is based. In section 2.1
the force interaction mechanism of molecules is introduced. Section 2.2 introduces
multiple equations of state. Next the concept of the vapor-liquid equilibrium is intro-
duced (section 2.3) followed by the Van der Waals theory of capillarity (section 2.4)
and the extension to the theory of capillarity proposed by Korteweg which involves the
derivation of the capillary stress tensor (section 2.5). Section 2.6 introduces the gov-
erning equations of the Diffuse Interface Model. The influence of the Laplace pressure
on a bubble and a droplet and the effect of interface curvature is reviewed in section
2.7.

2.1. The Lennard-Jones Potential

The force interaction mechanism of molecules is in general a combination of a strong
repulsive force acting at short-range interaction and a weakly attractive force acting
at intermediate to long range interaction. The most well-known model that represents
this behavior is the Lennard-Jones energy potential [77]:

φ(r) = 4ε

((σ
r

)12

−
(σ
r

)6
)

(2.1)

with r the distance between two particles, σ the radius where the potential is zero
(the so-called Van der Waals radius) and ε is the energy minimum of the interaction.
The value of these parameters can be estimated from the temperature and pressure at
the critical point of the fluid:

ε = 0.7536kbTc σ =

(
0.09638

kbTc
Pc

)1/3

with kb the Boltzmann constant. The force from one particle onto the other can be
calculated from the gradient of the potential energy function:

F (r) =
1

r

dφ

dr
=

24ε

σ2

((σ
r

)8

− 2
(σ
r

)14
)

(2.2)

Although the exact nature and strength of force interaction mechanisms between
molecules vary with the types of the molecules considered, the general shape of the
potential energy function is nearly always similar to the Lennard-Jones potential. Thus
in the liquid phase the molecules are subjected to strong repulsive forces from their
direct neighbors and attractive forces from all other molecules. In the vapor phase the
molecules experience on average only weak attractive forces due to the large distance
between the molecules. Because all the forces act symmetrically in all directions in
these configurations, the net force on each molecule is on average zero. This is not the
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Figure 2.1.: The Lennard-Jones potential and the resulting inter-particle force as a
function of the distance between the particles.

case in the interface region, the region of transition between the liquid and the vapor,
where the molecules experience asymmetrically distributed forces which on average
act in the direction normal to the interface. The energy per molecule is therefore
larger for the molecules in the interface region, or in other words energy is required
for molecules to move out of the bulk phases and into the interfacial region. From
the perspective of energy minimization it is therefore beneficial if the surface area of
the interface is as small as possible. This leads to a net surface tension force in the
interface region acting in all directions parallel to the interface.

The characteristics of the interfacial surface tension can be analyzed more quantita-
tively by extending classical thermodynamic analysis to the interface region, which is
demonstrated in section 2.4. The thermodynamic definition of surface tension is the
excess of Helmholtz free energy due to the presence of an interface between two bulk
phases. The link between the mechanical definition and thermodynamic definition is
provided by the virtual work principle, where the free energy equals the work done by
the surface tension forces.

2.2. The Equation of State

An equation of state (EoS) is an algebraic relation between three fluid state variables,
which can be either the pressure P , temperature T , mass density ρ or specific internal
energy e of a fluid. State variables are the physical quantities that describe the macro-
scopic states of the fluid. While classically the EoS is used only for fluids in the vapor
phase, it is becoming more common to also use them for fluids in the liquid phase. It is
desirable to have an equation of state that gives an accurate relation between P , T , ρ
and e in both vapor and liquid phase while the algebraic expression remains as simple
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as possible. Trying to satisfy these requirements simultaneously will always involve a
trade-off between accuracy and simplicity.

2.2.1. Ideal Gas Law

The ideal gas law is an EoS suitable for dilute (low mass density) vapors. The law
was derived from the kinetic theory of gases combined with the assumption of zero
intermolecular interaction and the assumption that the molecules of the gas are point
masses, i.e. possessing mass but no significant volume. The ideal gas law can be
expressed as:

P = ρRT (2.3)

with R = R̄
M the specific gas constant, R̄ the universal gas constant and M the molar

mass of the molecules. This form of the ideal gas law links pressure, mass density
and temperature in a simple equation. It can also be used to link temperature and
mass density to the specific internal energy of a gas. The fundamental thermodynamic
relation for the change in specific internal energy of a fluid, provided expansion is the
only work to the system, reads:

de = Tds− Pdv (2.4)

with ds the change in specific entropy and dv the change in specific volume (v = 1
ρ).

Here, infinitesimal changes are considered and equation 2.4 is considered as a state
relation. It is possible to express the change in specific entropy as:

ds =
∂s

∂T

∣∣∣
v
dT +

∂s

∂v

∣∣∣
T
dv (2.5)

Substitution into the expression for change in specific internal energy gives:

de = T
∂s

∂T

∣∣∣
v
dT +

(
T
∂s

∂v

∣∣∣
T
− P

)
dv (2.6)

In the first term on the right-hand side it is possible to recognize the definition of the
specific heat capacity at constant volume:

cv = T
∂s

∂T

∣∣∣
v

(2.7)

The following Maxwell relation is used to modify the second term in the expression:

∂s

∂v

∣∣∣
T

=
∂P

∂T

∣∣∣
v

(2.8)

The general equation for specific internal energy in terms of dT and dρ then reads:

de = cvdT +

(
T
∂P

∂T

∣∣∣
v
− P

)
dv = cvdT −

(
T
∂P

∂T

∣∣∣
ρ
− P

)
dρ

ρ2
(2.9)

For an ideal gas this expression reduces to:

e = e0 + cvT (2.10)

which implies that the specific internal energy of an ideal gas is only a function of the
temperature.
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2.2.2. Van der Waals Equation

The Van der Waals EoS [101] is an extension of the ideal gas law. Two additional
effects are taken into account: the molecules are no longer point masses but occupy a
finite volume and molecules attract each other. The Van der Waals EoS reads:

P =
RTρ

1− bρ
− aρ2 (2.11)

The coefficients a and b represent the average attraction between the molecules and
the volume excluded by the molecules, respectively. Although a, b and R differ for ev-
ery fluid considered, the Van der Waals equation can be recast into a fluid independent
form according to the law of corresponding states. The law of corresponding states is
based on the assumption that those fluid properties which depend on intermolecular
forces are related to the critical properties of the fluid in a universal way. This as-
sumption is valid for fluids containing simple spherical molecules. The state variables
are expressed as a fraction of their value at the critical point of the fluid, which yields
the reduced temperature T̃ = T

Tc
, reduced pressure P̃ = P

Pc
and reduced mass density

ρ̃ = ρ
ρc

. The Van der Waals equation of state then becomes the same for all fluids:

P̃ =
8T̃ ρ̃

3− ρ̃
− 3ρ̃2 (2.12)

Using equation 2.9 it is possible to derive the following expression for the specific
internal energy of a Van der Waals fluid:

e = e0 + cvT − aρ (2.13)

which implies that the the internal energy of a Van der Waals fluid is a function of the
temperature and the mass density.

2.2.3. Soave-Redlich-Kwong equation

The first major improvement to the Van der Waals equation was introduced by Redlich
and Kwong [74], who made the attractive term of the equation temperature depen-
dent. In an attempt to account for non-spherical molecules a third parameter, the
acentric factor ω, was introduced by Soave [93]. The Soave-Redlich-Kwong equation
is a three parameter EoS and reads:

P =
RTρ

1− bρ
− αaρ2

1 + bρ
(2.14)

with the parameters a, b, α expressed as:

a =
0.42747(RTc)

2

Pc

b =
0.08664RTc

Pc
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α =

(
1 + κ

(
1−

√
T

Tc

))2

with the constant κ expressed as:

κ = 0.48508 + 1.55171ω − 0.15613ω2

Using equation 2.9 it is possible to derive the following expression for the specific
internal energy in case the Soave-Redlich-Kwong EoS is used:

e = e0 + cvT −
a

b

(
−κ2

√
T

Tc
+ κ2 − κ

√
T

Tc
+ 2κ+ 1

)
log(Tb3(1 + bρ)) (2.15)

This expression is usually too complex for direct use in numerical simulations, often a
simplified interpolation function is used.

Figure 2.2 shows a comparison between isotherms in a P − v diagram according to
the ideal gas law, Van der Waals equation and Soave-Redlich-Kwong equation and
data points obtained from the NIST fluid database [46]. The data points correspond
to the pressure and specific volume of Methane at T = 0.85Tc. Clearly visible in the
data points is the phase-transition at P = 1.72MPa. The steep curves on the left side
correspond to the liquid phase, were a small difference in specific volume leads to a
large difference in pressure. It can clearly be observed that the ideal gas law is only
accurate for dilute gases. The Van der Waals equation gives accurate predictions for
the fluid in the vapor phase, but it is inaccurate for the fluid in the liquid phase. The
Soave-Redlich-Kwong equation is much more accurate in the liquid phase as well.
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Figure 2.2.: Isotherms in a P − v diagram for Methane at T = 0.85Tc according to
the ideal gas law, Van der Waals equation, Soave-Redlich-Kwong equation
and data points obtained from the NIST fluid database [46].
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Further modifications and extensions to the Van der Waals equation were introduced
by numerous authors. It is possible to formulate all possible cubic equations of state in
a single general form with a total of five parameters (The Properties of Gases and Liquids
[71], chapter 4). For fluids with strongly polar molecules a four or five parameter EoS
is recommended.

The increasing demand (particularly within the petroleum industry) for an even more
accurate EoS in a wide range of pressures and temperatures has led to the devel-
opment of higher-order equations of state which can have anywhere between 8 and
30 different parameters. The most well-known example is the Benedict-Webb-Rubin
equation of state [5].

2.3. The Vapor-Liquid Equilibrium

The critical point of a fluid is defined as the temperature and pressure at which it is
no longer possible to distinguish between the liquid and gas phase of the fluid. At or
above the critical point a fluid can only exist as a one-phase fluid. Below the critical
point the fluid can co-exist as two different phases separated by an interface. If the
isotherms of the Van der Waals equation are plotted in a P − v diagram (Figure 2.4),
then it is possible to identify the multiphase region. The isotherms below the critical
point have a wiggle in the multiphase region. By positioning a horizontal line through
this wiggle in such a way that the areas A and B (Figure 2.3) are equal, the vapor-liquid
equilibrium can be found. This technique is commonly referred to as the Maxwell
equal area rule [2], and it is derived from the assumption of mechanical, chemical
and thermal equilibrium between two coexisting phases for a planar interface:

P (ρv) = P (ρl)
gl = gv
Tl = Tv

(2.16)

with g the specific Gibbs free energy and ρv,l the mass density of the liquid or vapor
at saturation. For a single component fluid the Gibbs free energy equals the chemical
potential. With these assumptions the following thermodynamic relation:

dg = −sdT +
1

ρ
dP (2.17)

can be reduced to: ∫ ρl

ρv

1

ρ

dP

dρ
dρ = 0 (2.18)

Integration by parts yields:
P

ρ

∣∣∣∣ρl
ρv

+

∫ ρl

ρv

P

ρ2
dρ = 0 (2.19)

Maxwell’s equal area rule is obtained after introducing the condition of mechanical
equilibrium: ∫ ρl

ρv

(P − P̄ )
dρ

ρ2
=

∫ vl

vv

(P − P̄ )dv = 0 (2.20)
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Figure 2.3.: Van der Waals equation of state for T = 0.85Tc. In satisfying the Maxwell
equal area rule we need to find a value for P̄ such that area A equals area
B.

with v = 1
ρ the specific volume.

The vapor-liquid equilibrium is found at the saturation pressure P̄ , which is the only
pressure at which the vapor and liquid can naturally co-exist and it depends solely
on the temperature. A customized bisection method [89] can be used to find the
values for P̄ at a range of temperatures. Figure 2.4 shows isotherms of the Van der
Waals equation in a P − v diagram, with the cyan/red colored area representing the
multiphase region. The multiphase region can be subdivided into the binodal and
spinodal regions. It is possible to superheat liquid above saturation temperature with-
out bubble nucleation. Similarly, it is possible to subcool vapor below the saturation
temperature without droplet nucleation. The superheated liquid or the subcooled va-
por is in metastable equilibrium because the criterion of mechanical stability ∂P

∂v ≤ 0
is still satisfied. This metastable region is called the binodal region. In the spinodal re-
gion the criterion of mechanical stability is violated, hence this region is inaccessible in
boiling and condensation processes. It is usually assumed that phase transitions occur
at the vapor-liquid equilibrium, so at the boundary of the multiphase region. How-
ever, in reality the phase transition usually happens somewhat into the binodal region.
The VLE equilibrium is simply the outer boundary of the binodal region, marking the
boundary at which phase transition can occur.

Phase transitions are initiated at nucleation sites. The rate of nucleation is determined
by the energy cost of forming a critical nucleus, which is the minimum size nucleus
that is able to sustain itself. This creates an energy barrier that hampers nucleation.
The further the fluid is in the binodal region, the smaller this energy barrier becomes.
At the boundary or inside the spinodal region the energy barrier is effectively zero.

It is possible to distinguish between heterogeneous and homogeneous nucleation. Het-
erogeneous nucleation occurs at nucleation sites in the shape of tiny particles that float
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throughout the fluid or surface asperities of solid surfaces. These have the effect of
lowering the energy barrier that hampers nucleation by reducing the energy cost of
forming a critical nucleus. Heterogeneous nucleation is much more common than ho-
mogeneous nucleation, because tiny particles or surface asperities are nearly always
present in any fluid or fluid containment vessel.

100 101 102 103

v/vc

0.2
0.0
0.2
0.4
0.6
0.8
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1.2
1.4

P/
P c

Binodal region
Spinodal region

Figure 2.4.: Isotherms of the Van der Waals equation in a P−v diagram. The cyan/red
colored area represents the multiphase region, subdivided in the binodal
and spinodal region.

The validity of Maxwell’s rule has been questioned because it is based on the assump-
tion that the thermodynamic potentials, e.g. the Gibbs free energy, are valid within
the spinodal region [2]. Davis and Scriven [15] have argued that the thermodynamic
potentials are valid on any desired mass density domain, including the spinodal re-
gion. However, Kahl [37] has suggested that Maxwell’s rule only holds if the specific
heats of the two bulk phases are equal. Serrin [83], using an extensive mathematical
analysis, obtained the following conditions for Maxwell’s rule to hold:∫ ρl

ρv

(P − P̄ )
dρ

ρ2
=

∫ Tc

T

(
1− T

τ

)
E(τ)dτ (2.21)

E(T ) = (cv,l − cv,v)−
∫ ρl

ρv

T
∂2P

∂T 2

1

ρ2
dρ (2.22)

with cv,l and cv,v the specific heat capacity of the liquid and vapor, respectively. As
long as the Van der Waals equation is used as the equation of state and the specific
heats of the liquid and vapor phases are assumed to be equal then the right-hand-side
of equation 2.21 is zero.

At the vapor-liquid equilibrium the equality of the chemical potential and temperature
in both phases makes it possible to derive an expression for the enthalpy of evapo-
ration ∆h required or generated during phase change. The following is commonly
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referred to as the Clausius-Clapeyron equation:

∆h(T ) = T

(
1

ρv
− 1

ρl

)
∂P̄

∂T
(2.23)

with T the temperature and P̄ the saturation pressure, which is the pressure at vapor-
liquid equilibrium. For a Van der Waals fluid the following interpolation function can
be found for the enthalpy of evaporation:

∆h(T )
ρc
Pc
≈ 15.08

√
1− T

Tc
(2.24)

This expression demonstrates how the magnitude of the enthalpy of evaporation de-
pends on the temperature (Figure 2.5).
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Figure 2.5.: Normalized enthalpy of evaporation of a Van der Waals fluid for T/Tc ∈
[0.4, 1.0].

The Guggenheim plot [28] shows the temperature dependence of the reduced mass
densities of coexistent phases for eight different fluids (Ne, A, Kr, Xe, N2, O2, CO,
CH4). The fact that the fluid data points fall on the same curve is the principle of the
law of corresponding states. The solid curve represents a "best-fit" to the data, which
turns out to be a cubic function (equation 2.25, β ≈ 1

3) of the reduced temperature
rather than the quadratic function (β ≈ 1

2) that the Van der Waals theory predicts.
It is well known that although a Van der Waals fluid behaves qualitatively similar
to real fluids, exact numerical comparison with experimental data shows it to be an
inaccurate fluid model.

(ρ− ρc) ∝
(

1− T

Tc

)β
(2.25)
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Figure 2.6.: The vapor-liquid coexistence curves of many fluids become nearly identi-
cal when the axes are scaled with the mass density and temperature at the
critical point of the fluid. (Reproduced from: Guggenheim, E.A., (1945).
The principle of corresponding states. Journal of Chemical Physics, 13,
253-261, with the permission of AIP Publishing.)

2.4. The Van der Waals Theory of Capillarity

The Helmholtz free energy characterizes important thermodynamic properties of a
fluid and is determined by the intermolecular forces acting on the molecules that com-
pose the fluid. The intermolecular forces are a competition of both strongly repulsive
and weakly attractive forces between the molecules. When the mean field approxi-
mation is applied, then the effect of the forces acting on all the individual molecules
can be approximated by an averaged thermodynamic potential. Fluid properties such
as temperature, pressure and mass density (also called state variables) can be derived
from these thermodynamic potentials. The Helmholtz free energy is defined as the
useful work obtainable from a closed system at a constant temperature and volume.

In his theory of capillarity Van der Waals proved that the Helmholtz free energy can-
not depend only on local variables, such as the local mass density and temperature,
since this would cause the thickness of a liquid-vapor interface and the surface tension
coefficient to be zero. A non-local term needs to be included in the expression for the
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Helmholtz free energy:

F = Fb +
1

2We
|∇ρ|2, We =

u2
0L

2

ρcK
(2.26)

where Fb refers to the bulk of the two phases and |∇ρ|2 represents the non-local con-
tribution. The expression for the Weber number contains the capillary coefficient K.
Its value can be derived from accurate measurements of the surface tension coeffi-
cient of a liquid-vapor interface. For a Van der Waals fluid, the expression for the bulk
Helmholtz free energy per unit volume takes the form:

Fb(ρ, T ) =
8

3
cvTρ(1− ln(T )) +

8

3
Tρ ln

(
ρ

3− ρ

)
− 3ρ2 (2.27)

Note that this expression has only local variables. The properties of a planar liquid-
vapor interface can be derived from the excess of Helmholtz free energy in the mul-
tiphase region [9]. The excess of Helmholtz free energy in the multiphase region is
defined as follows:

∆F = Fb −Fl =
1

2We

(
dρ

dx

)2

(2.28)

where Fl is called the bi-tangent (Figure 2.7). The common tangent line of the
Helmholtz free energy determines the specific volumes of the liquid and gas phases
at equilibrium, at a given temperature. A system at intermediate specific volumes can
lower its free energy by jumping down to the common tangent line. Any line connect-
ing two points on the Helmholtz free energy curve gives the free energy of the system
if the system would phase-separate into the two specific volumes at the end points of
the line. Since phase separation occurs so as to minimize the free energy, the lowest
line that still connects two points along the Helmholtz free energy curve represents
the thermodynamic equilibrium. The tangency of this line ensures the equality of the
pressure and Gibbs free energy between the two phases [84].

x
v

l

(x)

v l

b

l

Figure 2.7.: The Helmholtz free energy in the multiphase region, with Fl as the bi-
tangent and the gray area the excess of Helmholtz free energy.

The excess of Helmholtz free energy determines both the interface thickness Li and
surface tension coefficient σ. Starting with the definition of the non-dimensional sur-
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face tension coefficient:

σ̃ =
σ

Pc L
=

1

We

∫ ∞
−∞

(
dρ

dx

)2

dx (2.29)

Using equation 2.28 it is possible to rewrite this expression as:

σ̃ =
1

We

∫ ρ(∞)

ρ(−∞)

dρ

dx
dρ =

1

We

∫ ρl

ρv

√
2We∆Fdρ =

√
2

We

∫ ρl

ρv

√
∆Fdρ (2.30)

The interface thickness Li is defined as:

1

2

Li
L

=
ρl − ρv

max
(
dρ
dx

) (2.31)

which is equivalent to:
1

2

Li
L

=
ρl − ρv

max(
√

∆F )
√

2We
(2.32)

Numerical evaluation of equation 2.27 and 2.28 gives the following approximation:∫ ρl

ρv

√
∆Fdρ ≈ (ρl − ρv)√

2
max(∆F ) (2.33)

which leads to the following approximation for the interface thickness:

Li
L
≈
√

1

We

(ρl − ρv)2∫ ρl
ρv

√
∆Fdρ

(2.34)
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Figure 2.8.: The normalized surface tension coefficient σ̃ and the interface thickness
Li of a liquid-vapor interface in a Van der Waals fluid as a function of the
temperature.
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With these expressions it becomes possible to determine the proportionality of the
surface tension coefficient and interface thickness to the reduced temperature. For a
Van der Waals fluid this proportionality is as follows:

σ ∝ (1− T/Tc)1.5

Li ∝ (1− T/Tc)−0.5
(2.35)

Figure 2.8 shows the surface tension coefficient σ and interface thickness Li of a planar
interface as a function of the temperature. At the critical point (T = Tc) the surface
tension coefficient is identically zero and there is no liquid-vapor interface (Li =∞).
Note that for most real fluids the proportionality shown above is closer to [10]:

σ ∝ (1− T/Tc)1.2

Li ∝ (1− T/Tc)−0.6
(2.36)

It was already noted in the previous section that although a Van der Waals fluid be-
haves qualitatively similar to real fluids, exact numerical comparison with experimen-
tal data shows it to be inaccurate.

An expression for the mass density profile of a liquid-vapor interface can be found by
solving the following equation:

∆F +
1

2We

(
dρ

dx

)2

= 0 (2.37)

with ∆F = ∆F (ρ, T ). An approximate solution of this equation can be found by
assuming that ∆F takes the form of the double well potential [16]. The mass density
profile is then a hyperbolic tangent function:

ρ(x) =
ρl + ρv

2
+
ρl − ρv

2
tanh

(
4(x− xi)

Li

)
(2.38)

with xi the midpoint position of the interface and Li the interface thickness.

2.5. The Capillary Stress Tensor

The Van der Waals theory of capillarity was extended by Korteweg [40] who was able
to derive an expression for the capillary stress tensor that acts in the interface re-
gion. The capillary stress tensor represents a force that pushes the system towards
thermodynamic equilibrium and is zero at local thermodynamic equilibrium. An ex-
pression for the tensor can be obtained by minimizing the Helmholtz free energy F
(equation 2.26) with the technique of Lagrange multipliers, with the minimum of F
representing the equilibrium of the system. This leads to the following Euler-Lagrange
equation:

1

We
∇2ρ− ∂Fb

∂ρ
+ λ = 0 (2.39)
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with λ the Lagrange multiplier stemming from the constraint of conservation of mass.
Solutions of the Euler-Lagrange equation are functions for which the given functional
(in this case F ) is stationary, and a differentiable functional is stationary at a local
maximum or minimum. Furthermore, Noether’s theorem states that every differen-
tiable symmetry of the action of a physical system has a corresponding conservation
law, given by:

∇ · T = 0 (2.40)

with T a second-order tensor expressed as:

T = L I −∇ρ⊗ ∂L

∂∇ρ
(2.41)

with L = Fb + 1
2We |∇ρ|

2 − λρ. The Lagrange multiplier can be eliminated by using
the Euler-Lagrange equation, which gives:

T = −
(
ρ
∂Fb

∂ρ
−Fb

)
I − 1

We

(
(ρ∇2ρ+

1

2
|∇ρ|2)I −∇ρ⊗∇ρ

)
(2.42)

In this expression it is possible to recognize the thermodynamic identity that is the
definition of the pressure:

P = ρ
∂Fb

∂ρ
−Fb (2.43)

which leaves the definition of the capillary stress tensor as the remaining term:

ξ =
1

We

(
(ρ∇2ρ+

1

2
|∇ρ|2)I −∇ρ⊗∇ρ

)
(2.44)

This expression for the capillary stress tensor is a simplified version of the original
formulation proposed by Korteweg. The simplification involves assuming a constant
capillary coefficient (equation 2.26), i.e. independent of mass density or tempera-
ture.

2.6. The Navier-Stokes-Korteweg Equations

The Navier-Stokes-Korteweg (NSK) equations are a system of non-linear partial dif-
ferential equations, expressing the conservation of mass, momentum and energy. The
non-dimensional form of the NSK equations are obtained by introducing scaling quan-
tities. The scales for the mass density, temperature and pressure are chosen to be the
corresponding quantities at the critical point of the fluid: ρc, Tc and Pc:

T =
T̃

Tc
, P =

P̃

Pc
, ρ =

ρ̃

ρc
(2.45)

The velocity and characteristic time scale are derived as follows:

u0 =

√
Pc
ρc
, tc =

L

u0
, (2.46)
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with L the domain length. The choice for the domain length as the characteristic
length scale is the most convenient for the numerical simulations. Non-dimensionalizing
the NSK equations yields the following dimensionless quantities:

Re =
ρcu0L

µ
, We =

u2
0L

2

ρcK
, Pr =

µc̃v
λ
, cv =

1

R
c̃v (2.47)

with Re the numerical Reynolds number, µ the dynamic viscosity of the fluid, We the
numerical Weber number, K the capillary coefficient, Pr the numerical Prandtl num-
ber, λ the thermal conductivity of the fluid. The specific heat at constant volume of
the fluid cv is non-dimensionalized with the universal gas constant R as the character-
istic scale. All these fluid properties are assumed to be constant, i.e. independent of
temperature.

Non-dimensionalizing the system of equations is desirable because it makes the simu-
lation results more generic and causes the input parameters to be expressed in quanti-
ties intrinsic to the system. A more extensive overview of the non-dimensionalization
of the NSK equations can be found in Appendix A. The non-dimensional form of the
NSK equations reads:

∂ρ
∂t +∇ · (ρu) = 0

∂ρu
∂t +∇ · (ρu⊗ u+ PI − τ − ξ) = 0

∂ρE
∂t +∇ ·

(
(ρE + P )u− (τ + ξ) · u+ q + jE

)
= 0

(2.48)

with u the velocity vector, τ the viscous stress tensor, ξ the capillary stress tensor, ρE
the total energy density, q the heat flux and jE the interstitial work flux. The influence
of gravity is neglected in the present study. It is assumed that the fluid is Newtonian
and that the so-called Stokes hypothesis holds, i.e. bulk viscosity is set to zero. The
viscous stress tensor is then equal to:

τ =
1

Re

(
∇u+∇uT − 2

3
∇ · uI

)
(2.49)

Surface viscosity effects are neglected, which is a common assumption for an inter-
face in a single component fluid without surfactants. The capillary stress tensor is
expressed in terms of the local mass density and its spatial gradients (as derived in
section 2.5):

ξ =
1

We

(
(ρ∇2ρ+

1

2
|∇ρ|2)I −∇ρ⊗∇ρ

)
(2.50)

The heat flux is expressed as a function of the temperature gradient (Fourier’s law):

q =
−8cv

3RePr
∇T (2.51)

with T the temperature.

Dunn and Serrin [20] demonstrated that the original formulation of the capillary stress
tensor is incompatible with the Clausius-Duhem inequality if the energy equation is not
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extended with an additional "non-classical" term. This term ensures that the volumet-
ric rate of entropy production is strictly positive and has contributions from thermal
and viscous dissipation only. The term is commonly called the "interstitial work flux"
and is expressed as:

jE =
1

We
(ρ∇ · u)∇ρ (2.52)

The total energy density is defined as:

ρE = ρe+
1

2
ρ|u|2 +

1

2We
|∇ρ|2 (2.53)

which represents the sum of the internal energy, kinetic energy and interfacial energy.
It is noted that part of the total surface energy is contained in the internal energy term
that accounts for deviations from bulk values in the interface.

It should be noted that the capillary stress tensor is non-dissipative, i.e. does not lead
to additional dissipation in the system. This can be proven by substituting the expres-
sions for the capillary stress tensor, interstitial work flux and total energy density into
the energy balance equation, which can then be reduced to (see Lamorgese et al. [44],
equation 157, 158 and 159):

ρ
∂e

∂t
+∇ · q = (−PI + τ ) : ∇u (2.54)

The first term on the left-hand side of this equation represents the change in internal
energy. The second term on the left-hand side represents the heat conduction accord-
ing to Fourier’s law and is proportional to the negative gradient of the temperature.
The right-hand side is the heat source term in this equation and it is subdivided into
two parts. The first term −PI : ∇u = −P∇ · u represents a heat source/sink due to
compression/expansion of the fluid and is a reversible process. The second term τ : u
is only a heat source and represents the irreversible process of viscous dissipation of
kinetic energy.

Because fluid properties can vary significantly between the phases of the fluid while
they should be differentiable, a smooth transition between the values of these prop-
erties should exist at the liquid-vapor interface. The Diffuse Interface Model in the
present study uses the mass density as the parameter to distinguish the different
phases, so it makes sense to use the local mass density as the input parameter for
any interpolating function to determine fluid properties. A number of requirements
have to be fulfilled by such an interpolating function:

• The interpolating function and its first derivative need to be continuous.

• The first derivative of the interpolating function needs to be zero at the points
between which it interpolates (ρv ≤ ρ ≤ ρl).

• The interpolating function has to remain at a constant value outside the interpo-
lated domain (ρ < ρv and ρ > ρl).

These requirements eliminate any polynomial or exponential interpolating function.
A hyperbolic tangent function appears to be a good choice. Taking for example the
dynamic viscosity as the fluid property that needs to be interpolated between the liquid
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and vapor mass density, the following expression can be used:

µ(ρ) =
1

2
(µl + µv) +

1

2
(µl − µv) tanh

(
8(ρ− 1

2 (ρl + ρv))

ρl − ρv

)
(2.55)

with µl,µv the liquid/vapor dynamic viscosity and ρl,ρv the liquid/vapor mass density
at the vapor-liquid equilibrium. Not only the dynamic viscosity but also the thermal
conductivity of the fluid is interpolated with a hyperbolic tangent function. Within
the non-dimensional equations the dynamic viscosity and the thermal conductivity of
the fluid are included in the definition of the Reynolds and Prandtl number, which
causes these numbers to be a function of the local mass density (Re = Re(ρ) and
Pr = Pr(ρ)).

2.7. The Laplace Pressure

The Laplace pressure is the pressure difference between the inside and outside of
either a droplet or a bubble. The pressure difference is caused by the surface tension
at the liquid-vapor interface and can be calculated with the Young-Laplace equation,
which for a spherical droplet or bubble with radius r reads:

|Pl − Pv| =
2σ

r
(2.56)

with σ the liquid-vapor surface tension coefficient. The Young-Laplace equation rep-
resents a simplified form of the normal momentum jump condition which is permitted
when velocity gradients near the interface are negligible, as compared to pressure
changes [92]. The liquid and vapor pressures can be calculated with the following
expressions [10]:

Pv = P̄ + η
ρv

ρl − ρv
2σ

r
(2.57)

and
Pl = P̄ + η

ρl
ρl − ρv

2σ

r
(2.58)

with P̄ the saturation pressure, ρl and ρv the saturation densities and η:

η =

{
+1 for a droplet
−1 for a bubble

(2.59)

The effect of the Laplace pressure on the liquid and vapor mass density inside and
outside of either a droplet or a bubble in a Van der Waals fluid can be observed in
Figure 2.9. Neither the pressure inside or outside the bubble or droplet equals the
saturation pressure. However, note that if ρv << 1 then Pv ≈ P̄ and Pl ≈ P̄ + η 2σ

r .
Also note that one of the fluid phases is in metastable state, i.e. located in the binodal
region. For a bubble it is the liquid that is metastable, for a droplet it is the vapor.
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Figure 2.9.: The effect of the Laplace pressure on the liquid and vapor mass density
inside and outside of either a droplet or a bubble in a Van der Waals fluid.
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3. Simulations of Binary Droplet
Collisions

In this chapter1 a method is presented for simulations of droplet collisions in three
spatial dimensions under non-isothermal conditions using a Diffuse Interface Model,
which is based on the non-isothermal Navier-Stokes-Korteweg equations combined
with the Van der Waals equation of state. The DIM can only be used for a single
component fluid and the temperature needs to be close to the critical point of the
fluid to prevent the interfacial thickness from being too small compared to the size
of the computational domain. Results are produced with a numerical method based
on the finite-volume approach in combination with a total variation diminishing time-
integration scheme. Simulations of droplet collisions show the existence of multiple
collision regimes.

The structure of this chapter is the following. Section 3.2 gives the spatial discretiza-
tion method and the time integration scheme. Expressions required for the initializa-
tion of the simulations are given in section 3.3. In section 3.4 droplet collisions are
studied near the critical point, together with a detailed analysis of the energy transfer
and dissipation process. In section 3.5 the conclusions are summarized.

3.1. Introduction

Collision of liquid droplets is a complicated phenomenon in many industrial and geo-
physical processes, including raindrop formation, liquid-liquid extraction, spray coat-
ings and spray drying processes. In internal combustion engines the development of
the fuel injection spray, and hence the combustion process, is significantly influenced
by droplet collisions. Understanding the mechanism of droplet collisions is therefore
of great importance for optimizing the combustion process to achieve better efficiency
and lower emissions.

Outcomes of droplet collisions can be categorized into four different types: bounc-
ing, coalescence, separation, and shattering collisions. In bouncing collisions, contact
of droplet surfaces is prevented by a separating gas film. Coalescence collisions re-
fer to collisions in which two droplets permanently combine and generate one single
droplet. Separation collision occurs when two droplets combine temporarily and later
separate, possibly in more than two droplets. Shattering collisions are characteristic
for high relative velocity collisions where the colliding droplets disintegrate into a clus-
ter of many smaller droplets. Furthermore, there are many subcategories of droplet
collisions within the categories generalized above.

The type of outcome of a droplet collision is determined by multiple parameters such
as the kinetic energy of the collision, the diameter of the droplets and fluid properties

1This chapter is based on the article: Gelissen, E. J., van der Geld, C. W. M., Kuipers, J. A. M., Kuerten,
J. G. M. (2018). Simulations of droplet collisions with a diffuse interface model near the critical point.
International Journal of Multiphase Flow, 107, 208-220.
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like surface tension and viscosity. In this chapter only collisions with equally sized
droplets are considered. A convenient way of characterizing droplet collisions is by
means of dimensionless numbers. Two dimensionless numbers suffice to characterize
collisions of equally sized droplets: the collision Weber number Wec and the impact
parameter X.

Wec =
ρl|~vrel|2D

σ
, X =

(
1−

(
~vrel
|~vrel|

· ~xrel
|~xrel|

)2
) 1

2

(3.1)

with ρl the liquid mass density, σ the surface tension coefficient, ~vrel the relative ve-
locity vector of the colliding droplets, D the droplet diameter and ~xrel the relative
position vector between the centers of the colliding droplets (Figure 3.1, |~xrel| = D
for equal sized droplets). The collision Weber number represents the ratio between
inertial forces and the surface tension coefficient, whereas the impact parameter gives
a measure of the degree to which the collision is head-on or grazing and has a value
between zero and unity.

V1

V2

V1

V2

xrel

vrel

V1V2

Figure 3.1.: Droplet collision of equal sized droplets with ~vrel the relative velocity vec-
tor and ~xrel the relative position vector.

Experimental investigations of droplet collisions have been performed by numerous
authors, including Ashgriz and Poo [4], Qian and Law [72], Estrade et al. [23], Willis
and Orme [104], Brenn and Kolobaric [7] and Gotaas et al. [27]. The experimental re-
sults are usually presented in a collision regime map with the collision Weber number
on the horizontal axis, the impact parameter on the vertical axis and the boundaries
between the collision outcomes indicated. Figure 3.2 shows a sketch of a typical colli-
sion regime map of water droplets in air, with three different regimes that are typically
observed: coalescence, reflexive separation and stretching separation. Bouncing and
shattering collisions are usually not observed for collisions of water droplets in air at
atmospheric pressure. Coalescence is observed for low Weber number collisions at
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all impact parameters. Reflexive separation occurs for (near) head-on collisions at
higher Weber numbers, while stretching separation occurs for large impact parameter
collisions at higher Weber numbers. To describe the boundaries between the colli-
sion outcomes, many correlations have been proposed. An overview of the available
correlations can be found in Krishnan and Loth [41].

Wec

Coalescence

Stretching separation

Reflexive separation

X

Figure 3.2.: Typical collision regime map of water droplets in air [72].

There is a large amount of variation between droplet collision regime maps that were
published in literature. The shape of the regime map depends heavily on the ratio
between the surface tension coefficient and the viscosity of the fluid, which is specific
for each fluid considered. Additionally, the properties of the gas/vapor surrounding
the droplets has a large influence on whether droplet bouncing is observed in the
regime map. For example: Willis and Orme [104] performed experiments with droplet
collisions in a near vacuum environment and found no bouncing in the regime map.
Qian and Law performed experiments with water and hydrocarbon droplets in air at
1 atm. of pressure. Under these conditions droplet bouncing was only observed with
hydrocarbon droplets and not with water droplets. Increasing the air pressure to 2.7
atm. led to droplet bouncing also being observed with water droplets.

Numerical simulations of droplet collisions involve simulating the movement of an
interface separating two different fluid phases in a computational domain. Multi-
ple methods have been developed for numerical simulations of moving interfaces on a
fixed grid, which include the Volume of Fluid (VOF) method [30], the level-set method
[1] and coupled level-set-VOF methods [96]. These methods account for the effects
of surface tension by using a body force that acts on a narrow region which repre-
sents the interface. The VOF method uses a color function to capture the interface,
whereas the level-set method captures the interface with the zero level curve of a con-
tinuous function. These methods are not well adapted to describe topological changes
of the interface, like coalescence and breakup phenomena. In the VOF method, co-
alescence happens automatically when two approaching interfaces share a common
grid cell [25]. The Level-set method has similar problems: coalescence either happens
automatically or it is not possible unless it is explicitly imposed [42].
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An alternative approach is the front-tracking method, which is based on the Lagrangian
tracking of marker particles from which the interface can be reconstructed [86]. The
front-tracking method prevents the regeneration of the fixed grid by introducing a
second set of grid points, which evolve relative to the fixed grid. In the front-tracking
method, the coalescence process requires a specialized routine that relies on an em-
pirical parameter called the film drainage time [73].

Simulations of droplet collisions have also been done with the Lattice-Boltzmann
Method (LBM) [21, 95] and the technique of Smoothed Particle Hydrodynamics (SPH)
[58]. In both methods the behavior of the fluid is approximated by modeling the in-
teraction of particles. In the LBM the discrete Boltzmann equation is solved on a dis-
crete lattice. In SPH the movement and interaction of discrete particles is simulated
and smoothing functions are used to reconstruct the field variables from the particle
data.

Numerical simulations of liquid-vapor flows with DIM have previously been performed
by Jamet et al. [35], Yue et al. [106], Onuki [64], Lamorgese and Mauri [43], Pecenko
et al. [70], Desmarais and Kuerten [17], Liu et al. [51, 52] and Tian et al. [98]. Sim-
ulations of droplet collisions with DIM in two spatial dimensions were done by Yue et
al. [106] and Pecenko et al. [70]. However, a droplet collision is a process that needs
to be modeled in three spatial dimensions if a physically relevant result is to be ob-
tained, since in two spatial dimensions no spherical droplets but rather two infinitely
long cylinders are modeled. Additionally, the assumption of isothermal conditions is
not recommended for liquid-vapor flows, since the characteristics of liquid-vapor flows
are highly sensitive to spatial temperature variations and these variations are bound
to occur due compression or expansion of fluid or due to viscous dissipation of ki-
netic energy. In this chapter results are presented of numerical simulations of droplet
collisions in three spatial dimensions under non-isothermal conditions, using a Diffuse
Interface Model based on the Navier-Stokes-Korteweg equations (section 2.6) together
with the Van der Waals equation of state (section 2.2.2).

3.2. Numerical Method

Numerical methods for discretization of the NSK equations have to cope with addi-
tional difficulties when compared to single-phase compressible flow simulations. One
of these difficulties is that the capillary stress tensor causes dispersive behavior of
the solution, since it contains a second-order spatial derivative of the mass density.
Also, the Van der Waals equation of state has a non-convex part which causes a mixed
hyperbolic-elliptic nature of the governing equations. This prevents the use of upwind
based discretization methods, which are commonly used for compressible flow simu-
lations. The discretization method used in the present study is the same as the one
used by Pecenko et al. [69, 70] and Desmarais and Kuerten [17]. It is based on a
discretization technique developed by Cockburn and Gau [13]. It uses a second-order
accurate finite-volume method for spatial discretization and the third-order accurate
TVD Runge-Kutta time integration method developed by Shu and Osher [88]. Second-
order central difference schemes are employed to calculate the derivatives in the flux
expressions. The finite volume method is preferred over other discretization methods
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since it is strictly conservative.

3.2.1. The NSK equations in Cartesian coordinates

The Navier-Stokes-Korteweg equations are written as a set of conservation equations
in three dimensions:

∂U

∂t
+
∂F

∂x
+
∂G

∂y
+
∂H

∂z
= 0 (3.2)

withU the vector containing the conserved variables and F ,G, andH the flux vectors
in x, y and z direction, expressed as:

U =


ρ
ρu
ρv
ρw
ρE



F =


ρu

ρu2 + P − τxx − ξxx
ρuv − τxy − ξxy
ρuw − τxz − ξxz

(ρE + P )u− (τxx + ξxx)u− (τxy + ξxy)v − (τxz + ξxz)w + qx + jEx



G =


ρv

ρvu− τyx − ξyx
ρv2 + P − τyy − ξyy
ρvw − τyz − ξyz

(ρE + P )v − (τyx + ξyx)u− (τyy + ξyy)v − (τyz + ξyz)w + qy + jEy



H =


ρw

ρwu− τzx − ξzx
ρwv − τzy − ξzy

ρw2 + P − τzz − ξzz
(ρE + P )w − (τzx + ξzx)u− (τzy + ξzy)v − (τz + ξzz)w + qz + jEz


with the viscous stress tensor:

τxx = 1
Re

[
4
3
∂u
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2
3
∂v
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2
3
∂w
∂z

]
τyy = 1
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[
4
3
∂v
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2
3
∂u
∂x −

2
3
∂w
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]
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[
4
3
∂w
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2
3
∂u
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2
3
∂v
∂y

]
τxy = τyx = 1

Re

[
∂u
∂y + ∂v

∂x

]
τxz = τzx = 1

Re

[
∂w
∂x + ∂u

∂z

]
τyz = τzy = 1

Re

[
∂w
∂y + ∂v

∂z

]

(3.3)
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the capillary stress tensor:

ξxx = 1
We

[
ρ
(
∂2ρ
∂x2 + ∂2ρ

∂y2 + ∂2ρ
∂z2

)
+ 1

2
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∂ρ
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)2

+
(
∂ρ
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)2
)]
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We
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∂x

∂ρ
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∂ρ
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∂ρ
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(3.4)

the heat flux:
qx = −8cv

3RePr
∂T
∂x

qy = −8cv
3RePr

∂T
∂y

qz = −8cv
3RePr

∂T
∂z

(3.5)

and the interstitial working flux:

jEx = 1
Weρ

(
∂u
∂x + ∂v

∂y + ∂w
∂z

)
∂ρ
∂x

jEy = 1
Weρ

(
∂u
∂x + ∂v

∂y + ∂w
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)
∂ρ
∂y

jEz = 1
Weρ

(
∂u
∂x + ∂v

∂y + ∂w
∂z

)
∂ρ
∂z

(3.6)

3.2.2. Spatial and Temporal Discretization

The variables and their derivatives at the edges of the cells are calculated using cen-
tered difference schemes. The schemes used for the edges in x-direction, with u an
arbitrary variable:

ui+ 1
2 ,j,k

=
ui+1,j,k + ui,j,k

2
(3.7)

∂u

∂x

∣∣∣∣
i+ 1

2 ,j,k

=
ui+1,j,k − ui,j,k

∆x
(3.8)

∂u

∂y

∣∣∣∣
i+ 1

2 ,j,k

=
ui+ 1

2 ,j+1,k − ui+ 1
2 ,j−1,k

2∆y
(3.9)

∂u

∂z

∣∣∣∣
i+ 1

2 ,j,k

=
ui+ 1

2 ,j,k+1 − ui+ 1
2 ,j,k−1

2∆z
(3.10)
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∂2u

∂x2
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2 ,j,k

=
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∆z2
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A set of equivalent schemes are used for the edges in y and z direction. The differential
equations are discretized on a uniform Cartesian grid. The semi-discrete system of
equations becomes:

d

dt
Ui,j,k = − 1

∆x
(Fi+ 1

2
,j,k−Fi− 1

2
,j,k)− 1

∆y
(Gi,j+ 1

2
,k−Gi,j− 1

2
,k)− 1

∆z
(Hi,j,k+ 1

2
−Hi,j,k− 1

2
)

(3.14)

Numerical instabilities due to the non-monotonic behavior caused by the region of
negative compressibility in the Van der Waals isotherms are prevented by using a
third-order accurate TVD Runge-Kutta time-integration scheme [88]:

U
(1)
i,j,k = U

(n)
i,j,k + ∆t ddtU

(n)
i,j,k

U
(2)
i,j,k = 3

4U
(n)
i,j,k + 1

4

[
U

(1)
i,j,k + ∆t ddtU

(1)
i,j,k

]
U

(n+1)
i,j,k = 1

3U
(n)
i,j,k + 2

3

[
U

(2)
i,j,k + ∆t ddtU

(2)
i,j,k

] (3.15)

The time step ∆t has to satisfy a number of conditions to ensure stability. For the x
direction these conditions are [17]:(

|u|+u0

2∆x +
√

ρ
4We∆x4

)
∆t ≤ 1.5

4∆t
ρRePr∆x2 ≤ 2.5

8∆t
3ρRe∆x2 ≤ 2.5

(3.16)

where ρ and u are the local mass density and velocity. For the y and z direction the
conditions are similar.

3.3. Initialization and Boundary Conditions

The computational domain Ω is constructed as a cube with length L = 1.0 in each
spatial dimension:

Ω = (0.0, 1.0)3 ⊂ IR3

The computational grid is Cartesian and uniform with 200 grid points in each direc-
tion, resulting in a total of 8 million grid points. Simulations on finer grids showed no
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significant differences in the simulations results. Symmetry boundary conditions are
imposed on all the domain boundaries.

The initial mass density field is constructed with a hyperbolic tangent function in the
shape of two identical spherical droplets with a diameter of D = 0.2, positioned left
and right of the center of the domain:

ρ(x, y, z)t=0 = ρv+
1

2
(ρl−ρv)

[
tanh

(
4(d1(x, y, z)− rd)

Li

)
+tanh

(
4(d2(x, y, z)− rd)

Li

)]
with ρv, ρl the vapor and liquid mass density, rd = D

2 the droplet radius, Li the inter-
face thickness and d1, d2:

d1(x, y, z) =

∥∥∥∥∥∥
0.5− 2rd

0.5
0.5

−
xy
z

∥∥∥∥∥∥
d2(x, y, z) =

∥∥∥∥∥∥
0.5 + 2rd

0.5
0.5

−
xy
z

∥∥∥∥∥∥
The velocity vectors are equal in magnitude but opposite in direction. The initial
velocity field is also constructed with a hyperbolic tangent function:

u(x, y, z)t=0 =



vd
2

(
1− tanh

(
4d1−rdLi

))
x < 0.5

− vd2
(

1− tanh
(

4d2−rdLi

))
x > 0.5

0
0


The initial temperature field is uniform and close to the critical point:

T (x, y, z)t=0 = 0.85Tc

At this temperature the liquid-vapor interface has a thickness of approximately Li =
0.075, leading to approximately 15 grid points across the interface thickness, which is
sufficient for resolving the interface region with minimal discretization error.
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Figure 3.3.: An xy cross-section of the domain at z = 0.5 showing the initial mass
density and velocity field. The domain length equals L = 1.0 in each
spatial dimension, with a total of 2003 grid points. The droplets have a
diameter of D = 0.2 and the interface has a thickness of approximately
Li = 0.075. Only 1/5 of the total number of grid points were used to
produce the vector plot on the right.

3.4. Simulation Results

In this section results are presented obtained from three-dimensional, non-isothermal
simulations of droplet collisions. Droplet coalescence and subsequent separation regimes
are observed for both head-on and off-centre droplet collisions at various impact ve-
locities.

In the visualizations of the simulation results the liquid-vapor interface is represented
by a two dimensional surface mesh that was constructed using the Lewiner marching
cubes algorithm [47], where the mass density field was used as the volume data and
the isosurface value was set to ρ = 1.0. An overview of the values of the simulation
parameters for all the simulation results visualized in this section can be found in Table
3.1.

Simulation Re We Pr cv vrel X Wec
Figure 3.4 300 6000 20 5 1.5 0 75
Figure 3.5 1250 6000 20 5 2.2 0 140
Figure 3.6 1000 6000 20 5 4 0 840
Figure 3.8 300 6000 20 5 3 0.5 472

Table 3.1.: Overview of the values of the simulation parameters for all the simulation
results visualized in this section.
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3.4.1. Head-on Collisions

When the droplets touch, a small liquid bridge is formed which is followed by its sub-
sequent broadening. Coalescence occurs and the coalesced droplets spread outward in
the radial direction, which first forms a flat disk possibly followed by a radially expand-
ing ring. This expansion is counteracted by the surface tension forces and damped by
the viscous forces. After reaching the maximum radial spread, the ring/disk starts to
contract radially. This is followed by an elongation in the axial direction, which gen-
erates a round-ended cylindrical droplet (Figure 3.4 and 3.5). The viscous dissipation
damps the reflexive movement of the droplet. If the damping is sufficiently strong,
then the coalesced droplets only oscillate with diminishing amplitude until a perfectly
spherical droplet remains, as can be seen in Figure 3.4. If viscous damping is insuf-
ficient, then a reflexive separation can occur. The round-ended cylindrical droplet,
which is formed due to the reflexive movement, elongates to such an extent that it
ruptures into two separate droplets of equal size, as can be seen in Figure 3.5.

Figure 3.4.: Example of a perfect head-on collision resulting in permanent coales-
cence. Wec = 75, X = 0

Figure 3.6 shows a collision with a much higher relative velocity. The radial spreading
of the coalesced droplets is so large that when this ring starts to contract, it is no longer
able to contract to a single droplet. The liquid ring starts to break-up soon after it starts
to contract and a ring-shaped cluster of 8 smaller droplets is formed. The breakup pro-
cess can be attributed to the Plateau-Rayleigh (PR) instability, a phenomenon where
small-amplitude disturbances on an interface grow and initiate a breakup of a liquid
thread, or in this case a thin liquid ring. The collision causes small-amplitude waves
in the mass density and velocity field that propagate towards the boundaries of the
domain, where they are reflected because of the symmetry boundary conditions that
are imposed. The effect of this phenomenon is negligibly small for most simulations,
since it are small-amplitude waves with a diminishing amplitude. However, because
of the small width of the ring in this particular simulation, the effect described above
is sufficiently large to trigger the PR-instability. Pairam and Fernández-Nieves [65]
performed an experimental study on the stability of a thin liquid ring, also called a
toroidal droplet. Critical to the stability is the ratio between the mean radius R and
the half-width of the ring a (Figure 3.7) which determines whether the toroidal droplet
contracts to a single droplet or it breaks into multiple droplets. In Figure 3.6 this ratio
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Figure 3.5.: Example of a perfect head-on collision resulting in a reflexive separation.
Wec = 140, X = 0

reaches a maximum of approximately 14.5, which is in accordance with the findings
of Pairam and Fernández-Nieves who observed a breakup of a toroidal droplet into 8
smaller droplets for R

a of approximately 14.

The regime of droplet bouncing was not observed in any of the simulations. Whether
or not droplets bounce is determined by the properties of the ambient gas. As the
two droplets approach each other, a gas layer is trapped between them. This com-
pressed gas layer can prevent the contact of the droplet surfaces, causing the droplets
to deform but not to touch. The reflexive properties of the interface then cause the
droplets to bounce apart. In experimental investigations droplet bouncing is normally
observed when the droplets are surrounded by a gas of a different component at a
sufficiently high pressure [72]. In the present study there is an important difference:
the liquid droplets are surrounded by vapor comprised of the same molecules as the
liquid, since the NSK equations can only be used for a single component fluid. There-
fore, the vapor trapped between the droplets is able to condense and can be absorbed
by the droplets. It is therefore less likely that droplet bouncing will be observed when
the NSK equations are used.

The initial temperature field is uniform. Variations in the temperature field are caused
by the movement of the liquid-vapor interface due to viscous dissipation of kinetic
energy and the effect of interstitial working. However, for a moving droplet the most
dominant temperature variations are caused by condensation and evaporation. In
front of the droplet the temperature is increased due to condensation and at the back
the temperature is decreased due to evaporation. In between the droplets compression
of the vapor causes a strong increase in local temperature. Coalescence of the droplets
is facilitated by the increase in local temperature, since the surface tension is lower at
higher temperatures. At or above the critical point (T >= 1.0) the surface tension is
zero and the liquid-vapor interface no longer exist, at which point coalescence happens
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Figure 3.6.: Example of a head-on collision resulting in a toroidal droplet breakup.
The colliding droplets to disintegrate into a cluster of many smaller
droplets. Wec = 840, X = 0

R

a
Figure 3.7.: Schematic sketch of a thin liquid ring, also called a toroidal droplet [65],

with R mean the radius and a the half-width of the ring.

automatically.

The rate of diffusion of heat is inversely proportional to the value of the Prandtl num-
ber (equation 2.51). Therefore, for high Prandtl numbers temperature variations will
be higher because diffusion of heat is reduced. Simulations at lower Prandtl numbers
(for example Pr = 0.1) show a reduction in the maximum increase in local temper-
ature in between the droplets. However, even when the local temperature remains
below the critical point, coalescence of the colliding droplets is still observed.

3.4.2. Off-centre Collisions

In this section results are presented obtained from a simulation of an off-centre droplet
collision with an impact parameter of X = 0.5. When two droplets collide with posi-
tive/nonzero impact parameters, only a portion of the fluid that comprises the droplets
are on colliding trajectories. Although the fluid spreads outwards in the radial direc-
tion during the first stage of the collision (in a manner similar to the head-on collision),
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the ring that is formed is skewed and the fluid is not evenly distributed over the ring.
The inertia of the fluid causes the ring to be stretched in the directions of the ini-
tial trajectories of the droplets. The stretching is counteracted by the surface tension
forces and damped by the viscous forces. If the impact velocity is high enough, then
the stretching will eventually cause the two thinnest sides of the ring to rupture. The
rupturing of the ring can result in the formation of one or more "satellite droplets", as
can be seen in Figure 3.8. If the impact velocity is not high enough, then the ring fully
collapses and the newly formed droplet will oscillate with diminishing amplitude until
a perfectly spherical droplet remains.

Figure 3.8.: Example of an off-centre collision resulting in a stretching separation
which forms a satellite droplet. Wec = 472, X = 0.5

3.4.3. Energy transfer and dissipation

In this section the energy transfer and dissipation processes during the droplet col-
lisions are studied in detail. As was expressed with equation 2.53, the total energy
density equals the sum of the internal energy, kinetic energy and interfacial energy.
The manner of conversion of kinetic energy into interfacial or internal energy is what
dominates the outcome of the collisions. Analysis of this conversion process is the first
step towards developing correlations that describe the boundaries between different
collision outcomes.

Because symmetry boundary conditions are imposed on all the boundaries of the do-
main, the total amount of energy in the domain should be constant throughout the
simulations, apart from minor fluctuations due to roundoff errors. It has been veri-
fied that this is indeed the case for all simulations in this chapter. It should also be
noted that when other multiphase simulation methods are used to simulate droplet
collisions, the total amount of energy is not guaranteed to be conserved. A decrease
in the total amount of energy is observed during the collision process in the following
studies: Nobari et al. [62], Rieber and Frohn [75], Sun et al. [95] and Rajkotwala et
al. [73]. The loss in total energy can be as high as 20% and is usually caused by an
equivalent loss in interfacial energy due to a sudden reduction of interfacial area. This
reduction is caused by the inability of these simulation methods to completely capture
all the interfacial dynamics during the collisions process. Diffuse Interface Methods
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do not suffer from this shortcoming because the interface region is fully resolved in a
physically motivated manner.

Figure 3.9 shows histories of the total amount of internal, kinetic and surface energy
for multiple collision regimes. The transfer of kinetic energy to surface energy at the
beginning of the collision is easily understood from the stretching of the interface.
For reflexive separation, the amount of surface energy at the end of the simulation is
identical to the amount at the beginning of the simulation and all the kinetic energy
has been converted into internal energy. For permanent coalescence, the amount of
surface energy at the end of the simulation is lower than the amount at the beginning,
since not only the kinetic energy but also a portion of the surface energy has been
converted to internal energy. For a collision with a torus breakup it is the opposite:
the amount of surface energy at the end of the simulation is higher than the amount at
the beginning and a portion of kinetic energy has been converted to surface energy.
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Figure 3.9.: The total amount of internal, kinetic and surface energy during the simu-
lation for the permanent coalescence, toroidal droplet breakup, reflexive
separation and stretching separation

3.5. Conclusions

A Diffuse Interface Model based on the Navier-Stokes-Korteweg equations has been
developed and used to study the collision dynamics of droplets in three spatial dimen-
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sions and near the critical point of the fluid. Simulation results showed the existence of
various collision regimes including permanent coalescence, toroidal droplet breakup,
reflexive separation and stretching separation. The results highlight the importance
of modeling liquid-vapor flows under non-isothermal conditions, since variations in
the temperature field during the collision process are too large to be neglected and
influence the collision dynamics.

The regime of droplet bouncing was not observed in any of the simulations. In exper-
imental investigations droplet bouncing is normally only observed when the droplets
are surrounded by a gas of a different component at a sufficiently high pressure [72].
In the present study there is an important difference: the liquid droplets are sur-
rounded by vapor comprised of the same molecules as the liquid, since the NSK equa-
tions can only be used for a single component fluid. Therefore, the vapor trapped
between the droplets is able to condense and can be absorbed by the droplets. Is is
therefore less likely that droplet bouncing will be be observed when the NSK equations
are used.

It can be concluded that the Diffuse Interface Model gives detailed insight into droplet
collision dynamics, which leads to a better understanding of the process. The results
of simulations of droplet collisions with DIM can be used to either validate or improve
coalescence models employed in sharp interface methods [42, 73]. It must be noted,
however, that the temperature range in which DIM can be used is severely limited
by a constraint on the grid spacing caused by the fact that the liquid-vapor interface
becomes very thin when the temperature is far from the critical point. Additionally,
the DIM described in this paper can only be used for liquid-vapor flows of a single
species, whereas many industrial and geophysical processes with droplet collisions
involve mixtures of fluids. The use of mixing rules to extend the applicability of equa-
tions of state to mixtures is a well established practice in chemical engineering. The
major difficulty is the inclusion of one or more convection-diffusion equations that
account for non-uniformity in the composition of the mixture.
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4. Comparison of the Diffuse Interface
Model with the Local Front
Reconstruction Method

In this chapter1 the aim is to compare the Diffuse Interface Model (DIM) with the
Local Front Reconstruction Method (LFRM) for the simulations of droplet collisions.
Results of three-dimensional simulations of droplet collisions at relatively high Weber
number simulated with both models are presented and compared. Additionally, the
energy transfer and dissipation processes during the collision are studied in detail.
Although an overall good agreement is seen in the collision outcomes, differences are
observed in the interface evolution and energy transfer/dissipation process during the
droplet collision. A significant portion of these differences can be attributed to the
configuration of the initial velocity field, which is not divergence-free. This enlarges
an important difference between the two simulation models: LFRM assumes incom-
pressible flow, while DIM treats the fluid as compressible. Therefore, for the initial
configuration a divergence-free vortical velocity field is introduced to achieve a better
match between the simulation models. This improves the agreement of the simulation
results.

The structure of this chapter is the following. Section 4.2 summarizes the governing
equations and numerical aspects of LFRM. The simulation settings for LFRM and DIM
are given in section 4.3. A detailed comparison of the evolution of the droplets during
collision along with an energy analysis is given in section 4.4. In section 4.5, a com-
parison of the results for the droplet collision simulation with a divergence-free initial
velocity field between LFRM and DIM is presented. Finally, a summary of the main
conclusions is provided in section 4.6.

4.1. Introduction

Droplet-laden flows are frequently encountered in many industrial processes and nat-
ural phenomena [81], like atomization of fuel in combustion engines, spray drying of
concentrated milk to produce milk products, liquid-liquid extraction, growth of rain
droplets in a cloud and pollution tracking. The collisions between the droplets in these
flows have a major influence on the size distribution of the droplets, which is one of
the most important characteristics of a droplet-laden flow.

The following analysis assumes single-component multiphase flow under non-isothermal
conditions. The outcome of a droplet collision under such conditions is determined
by numerous parameters which include: the properties of the liquid and the ambient

1This chapter is based on the article: Rajkotwala, A.H., Gelissen, E.J., Peters, E.A.J.F., Baltussen, M.W., van
der Geld, C.W.M., Kuerten, J.G.M., Kuipers, J.A.M. (2020). Comparison of the Local Front Reconstruc-
tion Method with a Diffuse Interface Model for the Modelling of Droplet Collisions. Chemical Engineering
Science X (under review)
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gas, the diameter and velocity of the droplets, the surface tension coefficient of the
liquid-vapor interface and the "offset" length of the collision, which is characterized
by x (Figure 4.1). This gives a total of 13 parameters, listed in Table 4.1. Application
of the Buckingham Π theorem led to the identification of 9 dimensionless numbers for
non-isothermal droplet collisions, listed in Table 4.2.

x

Off-centre Collision

Head-on Collision

Figure 4.1.: Head-on and off-center binary droplet collision with x the offset between
the velocity vectors of the droplets.

ρl Mass density liquid kg/m3

ρv Mass density vapor kg/m3

µl Dynamic viscosity liquid Pa s
µl Dynamic viscosity vapor Pa s
λl Thermal conductivity liquid W/(m K)
λv Thermal conductivity vapor W/(m K)
cl Specific heat capacity liquid J/(kg K)
cv Specific heat capacity vapor J/(kg K)
D1 Diameter droplet 1 m
D2 Diameter droplet 2 m
x Offset length m
σ Surface tension coefficient N/m
vr Relative impact velocity m/s

Table 4.1.: Dimensional parameters relevant for non-isothermal droplet collisions.

The variation of the collision outcomes with these non-dimensional numbers is sum-
marized through collision regime maps. For example, a regime map for collision of two
equally-sized hydrocarbon droplets air at a pressure of 1 bar is shown in Figure 4.2,
with the Weber number on the horizontal axis, the impact parameter on the vertical
axis and the boundaries between collision regimes indicated. At low Weber numbers,
the collision dynamics of droplets is highly influenced by the drainage of the thin gas
film separating the two colliding droplets [57]. The droplets will bounce (II) if the
film is not drained during the collision event or coalesce (III) if the gas film ruptures.
The rupture is attributed to the Van der Waals surface forces which become dominant
at nanometer scale.

At high Weber numbers, the collision is inertia dominated and collision outcomes vary
significantly with the offset distance resulting in reflexive separation (IV), coalescence
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Π1
ρl
ρv

- Mass density ratio
Π2

µl
µv

- Viscosity ratio

Π3
λl
λv

- Thermal conductivity ratio
Π4

cl
cv

- Specific heat ratio

Π5
D1

D2
- Droplets diameter ratio

Π6
x
D1

X Offset parameter

Π7
ρlD1v2r
σ

We Weber number

Π8
ρlD1vr
µl

Re Reynolds number
Π9

µlcl
λl

Pr Prandtl number

Table 4.2.: Dimensionless parameters relevant for non-isothermal droplet collisions.

Figure 4.2.: Schematic of regime map for the collision of two equally sized hydrocar-
bon droplets in air at a pressure of 1 bar [107].

(III), stretching separation (V) and bouncing (II) with increasing offset distance. The
reflexive separation is characterized by the formation of a torus shaped droplet, after
which the reflexive action of the surface tension forces from this torus shape cause
separation of the droplet into daughter droplets. In stretching separation, due to the
high offset distance, only a portion of the droplets will come in contact. The remaining
portions of the drops will tend to flow in the direction of their initial trajectory and
consequently stretch the region of interaction, generating daughter droplets.

Droplet collisions have been investigated experimentally by numerous authors, in-
cluding Ashgriz and Poo [4], Qian and Law [72], Estrade et al. [23], Willis and Orme
[104], Brenn and Kolobaric [7] and Gotaas et al. [27]. However, there is a large vari-
ation in droplet collision regime maps published in literature. Moreover, regime maps
give the false impression that only two dimensionless groups are sufficient to charac-
terize the droplet collisions process. The analysis presented above indicates that up
to 7 additional dimensionless parameters can influence the droplet collision process.
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One such parameter is the viscosity of the liquid, which has a significant influence on
the shape of the regime map as was demonstrated by Finotello et al. [25].

Numerical simulations have become an important tool to study droplet collisions due
to their ease of implementing different working conditions and fluid properties and
their capability to extract detailed information on the flow field. From the perspective
of resolution of the interface, numerical techniques can be broadly classified into front
capturing/tracking methods and diffuse interface models (DIM). In the front captur-
ing/tracking methods, the interface is treated in a relatively sharp manner with 2-3
grid cells across the interface. On the other hand, the diffuse interface models resolve
the interface completely with 10-15 cells across the interface.

The advantage of DIM is that topology change of and mass transfer across the inter-
face is naturally embedded in the governing equations and does not require special
treatment of the interface region. In practical application of droplet collisions, there
are large differences in length scales (mm for droplets and nm for film thickness).
Therefore, it is impossible to resolve all these length scales with an affordable num-
ber of grid cells. This limits the use of DIM to study droplet collision using realistic
working conditions and fluid properties. Previous attempts to study droplet collisions
with DIM in two spatial dimensions were done by Yue et al. [106] and Pecenko et al.
[70].

On the other hand, the treatment of the interface as sharp in front capturing/tracking
methods allows simulations of droplet collisions in realistic conditions. In front cap-
turing methods, e.g. Volume of Fluid (VoF) and Level Set (LS) method, the interface
is implicitly represented by a color function. Previous attempts to study binary droplet
collisions using front capturing methods were done by Kwakkel et al. [42], Nikolopou-
los et al. [60, 61] and Pan and Suga [68]. In front tracking methods, the interface is
directly tracked using an unstructured triangular mesh. However, the traditional front
tracking method does not allow for coalescence of dispersed elements. To incorpo-
rate coalescence, additional routines to merge unstructured meshes are required [63].
This merging of meshes is complicated because the logical information regarding the
marker connectivity should be updated. To avoid the complexity with respect to the
merging of droplets, a front tracking method without connectivity, the Local Front
Reconstruction Method (LFRM) [86] can be used.

In previous work [73] LFRM was used to study binary droplet collisions at low and
medium Weber numbers. Because the collision outcome at low Weber numbers is
governed by the drainage of the thin film between the two colliding droplets, the
method was coupled with a subgrid model of Zhang and Law [107] to account for
film drainage effects. The results were successfully validated by comparison with the
experimental data of Pan et al. [67] for tetradecane droplet collisions in air. A compar-
ison with other front capturing/tracking methods (i.e. the Front Tracking (FT) method
and the Coupled Level Set and Volume of Fluid (CLSVoF) method) showed that the
coupled LFRM is better in predicting collision dynamics.

In this chapter LFRM is used to simulate droplet collisions at relatively high Weber
numbers and the results are compared with simulation results obtained with DIM.
DIM can provide a wide variety of details on the nature of the collision, e.g. detailed
interface evolution and velocity fields and energy analysis of the droplets, which are
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difficult or impossible to obtain by experiments. Thus, comparison of DIM with LFRM
predictions will provides insight into the accuracy of the LFRM for capturing collision
dynamics.

In most previous investigations, the droplet collisions are assumed to be isothermal.
This assumption eliminates three dimensionless numbers (Π3,Π4,Π9) from Table 4.2.
In this chapter it is attempted to compare two different methods for the simulation of
droplet collisions (LFRM and DIM), with only LFRM making the assumption of isother-
mal conditions. The consequences of this difference are examined by comparing the
simulations results of both methods. In contrast, the following assumptions apply for
both methods: the viscosity, thermal conductivity and specific heat capacity are equal
in the liquid and vapor phase (Π2 = Π3 = Π4 = 1). This assumption keeps the focus
of the investigation on the remaining dimensionless parameters.

In this chapter, four different simulation cases are considered, with all dimensionless
numbers other than unity listed in Table 4.3. The simulation cases were carefully
selected such that they represent four different droplet collisions regimes: permanent
coalescence, reflexive separation, toroidal droplet breakup and stretching separation.
The regime of droplet bouncing is not observed in any of the simulations with DIM. In
experimental investigations, the droplet bouncing is only observed when the droplets
are surrounded by a gas of a different component at a sufficiently high pressure [72].
In DIM, there is an important difference: the liquid droplets are surrounded by vapor
of the same component. Therefore, the vapor trapped between the droplets is able to
condense and can be absorbed by the droplets, which makes droplet bouncing unlikely.
In LFRM, droplet bouncing or coalescence is decided by a subgrid (film-drainage)
model [73]. In the present study droplets always coalesce when their interfaces are
present in the same grid cell.

Regime Re We X ρl/ρv Pr
Permanent coalescence 162 75 0 5.65 20
Reflexive separation 990 140 0 5.65 20
Toroidal droplet breakup 1440 840 0 5.65 20
Stretching separation 325 472 0.5 5.65 20

Table 4.3.: Droplet collisions parameters for the simulation cases considered in this
chapter.

4.2. Numerical Methods

4.2.1. LFRM

In LFRM [73], the liquid-vapor interface is represented by an unstructured mesh of
triangular markers. Both phases are assumed to be incompressible, immiscible and
Newtonian. Furthermore, a one-fluid formulation is used for both phases, taking into
account the surface tension by a source term Fσ and the physical properties are varied
using local phase fractions near the interface. This results in a sharp representation of
the interface with interface thickness generally of the order of 2 grid cells. Assuming
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that droplet collision takes place under isothermal conditions, the resulting governing
equations solved in LFRM are based on the incompressible Navier-Stokes equations:

∇ · u = 0

ρ∂u
∂t + ρ∇ · (uu) = −∇P −∇ · τ + Fσ

(4.1)

where ρ is mass density, u is fluid velocity, t is time, P is pressure, τ is the viscous
stress tensor and Fσ is the volumetric surface tension force. The influence of gravity is
neglected in the present study. It is assumed that the fluid is Newtonian, which gives
the following expression for the viscous stress tensor:

τ = µ
(
∇u +∇uT

)
(4.2)

The expression for the volumetric surface tension force reads:

Fσ = σ

∫
Af

δ(x− xf )κfnfdAf (4.3)

with σ the surface tension coefficient, κf is twice the mean curvature, xf is a parame-
terization of the interface, δ(x− xf ) is a Dirac distribution that is non-zero only when
x = xf and nf is the unit normal vector to the interface.

The governing equations are solved by a fractional step method [14] to obtain the
flow field at the next time step. Once the flow field is solved, the interface is advected,
i.e. the Lagrangian points are moved using locally interpolated fluid velocities. The
fluid velocities are interpolated from the Eulerian grid points to Lagrangian points
using cubic spline interpolation, whereas the marker points are moved using a 4th

order Runge-Kutta scheme [18]. The advection of these Lagrangian points leads to
a decrease of the interface mesh quality. Therefore, it is required to reconstruct the
interface at regular time intervals. In the present study the interface is reconstructed
using the modified LFRM [73, 59].

Since the energy conservation equation is not solved in the LFRM simulations, the con-
tributions to the energy budget are evaluated from the velocity fields and the droplet
surface geometry. The total energy budget consists of kinetic, surface and dissipated
energy. These are evaluated in the following way:

• The surface energy is calculated as:

Esrf = σAsrf (4.4)

where σ is surface tension coefficient and Asrf is surface area of the liquid-vapor
interface.

• The kinetic energy is calculated by evaluating the following volume integral:

Ekin =

∫∫∫
Ω

1

2
ρ|u|2dV (4.5)

with Ω the volume of the computational domain.
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• The dissipated energy is calculated from the local volumetric viscous dissipation
rate. A volume integral over the complete computational domain gives the total
viscous dissipation rate and a time integral gives the total amount of dissipated
energy:

Ediss =

∫ t

0

∫∫∫
Ω

τ : ∇u dV dt (4.6)

with Ω the volume of the computational domain.

4.2.2. DIM

In Diffuse Interface Models, the liquid-vapor interface is postulated to be a region
with strong but smooth transition of physical properties between the bulk values. The
width of the interface is determined by relating the Helmholtz free energy of the fluid
to the mass density gradient distribution at the liquid-vapor interface. The advantage
of DIM is that the phase-change process as well as the displacement and topology
change of the interface are all naturally embedded in the governing equations and do
not require any additional models or special treatment of the interface region.

The DIM is based on the Navier-Stokes-Korteweg equations (section 2.6) together
with the Van der Waals equation of state (section 2.2.2). The discretization of the NSK
equations can be found in section 3.2.1.

In DIM the total energy is fully conserved, since the equation for conservation of en-
ergy is solved with a conservative finite-volume method. In equation 2.53 the total
energy is split into three parts: internal energy, kinetic energy and surface energy.
The sum of the volume integral of these three terms over the complete computational
domain remains constant throughout the simulation:∫∫∫

Ω

(
ρe+

1

2
ρ|u|2 +

1

2WeN
|∇ρ|2

)
dV = cst

It has been verified that this is indeed the case for all simulations with DIM in this
chapter. Due to the differences in formulations direct comparison between these three
components with the energy budget terms in LFRM (equation 4.4, 4.5 and 4.6) is not
possible. To be able to make a comparison of energy budgets between LFRM and DIM
the following approach is used:

• The presence of an interface also changes the internal energy and therefore the
first term in equation 2.53 also contains part of the surface energy. According
to Cahn [8] the total surface energy of a planar interface (an interface with
zero-curvature) equals twice the integral of the third contribution to equation
2.53:

Esrf = 2

∫∫∫
Ω

1

2WeN
|∇ρ|2dV (4.7)

This expression is only an approximation for interfaces with strong curvature,
i.e. if the ratio of the interface thickness and droplet radius becomes significant.

• For the kinetic energy the same expression is used as in LFRM (equation 4.5).
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• In DIM dissipation leads to an increase in internal energy. However, not the
total increase in internal energy can be attributed to dissipation. Part of this
increase is due to surface energy as explained above and part of this increase is
reversible. Therefore, we will estimate the dissipated energy in a similar way as
in LFRM by means of equation 4.6. Note, however, that the expression for the
viscous stress tensor in DIM differs from the expression in LFRM, since DIM uses
a compressible formulation.

4.3. Simulation Setup

4.3.1. LFRM

In all the simulations of LFRM, the grid cell size is selected such that 40 grid cells
are taken across the initial droplet diameter (D). The computational domain has
dimensions 5D × 5D × 5D. Free slip boundary conditions are used on all domain
boundaries. The initial distance between the droplet centers is taken as 2D. Each
droplet is initialised with a rigid body velocity, u = 1

2vr, parallel to the center line
but in the opposite direction. This is achieved by assigning rigid body velocity u to
the cells containing droplet phase. The initial configuration of the mass density and
velocity field is shown in Figure 4.3 (a).

4.3.2. DIM

In all simulations with DIM the initial temperature has been taken uniform and close
to the critical temperature of the fluid (T = 0.85Tc). The initial mass density field
is constructed with a in the shape of two identical spherical droplets (Figure 4.3 (b))
with a diameter of D = 0.2, positioned left and right of the center of the domain.
A rigid body velocity parallel to the center line is applied to both droplets, whereas
all the vapor in the domain is at rest (Figure 4.3 (b)). For both the mass density
and velocity field a hyperbolic tangent function is used for constructing the smooth
transition in the interface region. Symmetry boundary conditions are applied on all
boundaries. The computational grid is Cartesian and uniform, with 200 points in each
direction leading to a total of 8 million points in the computational domain.
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(b) DIM

Figure 4.3.: The initial configuration of the mass density and velocity field for LFRM
(top) and DIM (bottom): two identical spherical droplets with a diameter
of D = 0.2, positioned left and right of the center of the domain with a
distance of 2D between the droplet centers and a velocity towards each
other.

4.4. Simulation Results

In this section, the simulation results of binary droplet collisions in four different
regimes namely permanent coalescence, reflexive separation, torus breakup and stretch-
ing separation are presented. The corresponding non-dimensional numbers for these
four cases are given in Table 4.3. A detailed comparison of the simulation results of
LFRM and DIM is presented. The comparison includes a study of the energy trans-
fer and dissipation processes. The given energy budgets are normalized by the total
energy which equals the sum of the kinetic and interfacial energy at t = 0. The conver-
sion of kinetic energy into interfacial energy or its dissipation into heat due to viscous
forces is what determines the outcome of the droplet collisions.

47



4.4.1. Permanent Coalescence

The collision sequences obtained by both methods are shown in Figure 4.4. In this
regime, the droplet collision results in coalescence indicated by the decrease in sur-
face energy. The coalesced droplets spread outward in the radial direction, which first
forms a flat disk possibly followed by a dimple formation in the disk. This spreading
is counteracted by the surface tension forces and damped by the viscous forces. Af-
ter reaching the maximum radial spread, the disk starts to contract radially. This is
followed by an elongation in the axial direction, which generates a sphero cylindrical
droplet. The viscous damping is sufficiently strong and the coalesced droplets oscillate
with decreasing amplitude until a perfectly spherical droplet remains.

Figure 4.4.: Simulation results of the permanent coalescence case (We = 75, X = 0)
with LFRM and DIM.

The corresponding energy budgets for the simulations with LFRM and DIM are shown
in Figure 4.5. There is a difference of approximately 5% of the total energy in the level
of surface energy at t = 0. This difference is a consequence of the strong curvature of
the liquid-vapor interface. As stated earlier, equation 4.7 is only an approximation of
the surface energy in DIM.

As the surrounding gas/vapor has the same dynamic viscosity as the liquid, there is a
significant viscous dissipation of kinetic energy even before the droplets coalesce. The
coalescence is marked by a sudden decrease of surface energy. This is followed by an
increase of surface energy due to the radial spreading of the coalesced droplet. The
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Figure 4.5.: Comparison of the energy budget evolution for the permanent coalescence
case (We = 75, X = 0).

hump in the surface energy indicates the point of maximum radial spread where the
kinetic energy is almost zero. After this point the surface energy starts converting back
to kinetic energy. This back and forth conversion continues until the droplet becomes
stationary.

Although some differences can be spotted, an overall good agreement is obtained in
the simulation results of LFRM and DIM as indicated by the collision sequence (Fig-
ure 4.4) and energy budget evolution (Figure 4.5). The deformation of the droplet
(both in radial and axial directions) is more pronounced in the results of LFRM than
in the results of DIM. There are multiple reasons for these differences in deforma-
tion. Firstly, the differences in the treatment of the interface in both methods lead to
a difference in the initialization of the velocity field (Figure 4.3). Therefore, slightly
more kinetic energy is imparted to the droplets in LFRM than in DIM at the initializa-
tion, which is confirmed by the comparison of the dimensional values of the initial ki-
netic energy. Because the simulations with DIM are compressible and non-isothermal,
temperature differences can influence the collision process. These temperature dif-
ferences are caused by viscous dissipation of kinetic energy and compression of the
vapor between the droplets. The temperature rise causes evaporation of liquid in the
simulation with DIM (about 4% of the liquid is evaporated at the end of this partic-
ular simulation), leading to a further loss of surface energy due to decreased liquid
volume.

Another important difference between the two methods is the treatment of droplet co-
alescence. In LFRM, the droplets are merged when they share a common grid cell. This
merging process causes a sudden change in the interfacial area which is an approxima-
tion of reality. The actual rupture commences in a small area leading to an extremely
rapid motion of the surrounding film due to high surface tension pull forces. This leads
to high dissipation of energy which is not captured by LFRM. Also, the abrupt loss of
interfacial area during coalescence causes an abrupt reduction in surface energy and
hence the total energy as seen in Figure 4.5 (a). Similar sharp jumps in total and sur-
face energy are observed for merging sequences in literature [25, 63, 67], suggesting
that it is a common artifact of front capturing/tracking methods. The error can be
reduced with the use of finer grid resolutions. However, we observe that both before
and after the merger, the total energy is well conserved.

The coalescence of the droplets occurs more gradually in DIM due to the diffuseness
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of the interface. This can be seen in the collision sequence at t = 0.3 in Figure 4.4. The
droplets are yet to merge and still deforming in case of LFRM whereas the droplets are
already coalescing in case of DIM. As mentioned before, an important advantage of
DIM is that topology changes of the interface are naturally embedded in the governing
equations and do not require any additional models or routines.

4.4.2. Reflexive Separation

The initial droplet evolution is similar to the permanent coalescence regime where
the droplets coalesce and form a disk due to radial spreading. However, due to a
higher relative initial velocity of the droplets and lower viscosity of the fluid, the ra-
dial spreading of the disk continues to form a torus shaped disk (i.e. disk with ring
shaped periphery and a very thin film called lamella at the center). After reaching the
maximum radial spread, the disk starts to contract, followed by an elongation in the
axial direction due to reflexive action, which generates a sphero cylindrical droplet
which elongates to such an extent that it ruptures into two or more droplets (Figure
4.6).

Although the collision outcome of both methods is nearly identical (Figure 4.6), the
interface evolution leading to the separation is faster and more pronounced (i.e. more
radial spreading) in case of LFRM. The rupture of the lamella film is observed in the
results of both methods when the disk is radially spreading (as seen at time t = 0.9 in
Figure 4.6). In experiments, the rupture of the lamella film is only observed at very
high Weber numbers (of the order of 3000) [4, 72]. In LFRM, the rupture is numerical
in nature and due to a lack of spatial resolution whereas in DIM, the rupture is due to
partial evaporation of the lamella film. In DIM, significant changes in the temperature
can be observed during droplet evolution. For example, Figure 4.8 shows a significant
rise of temperature in the vapor layer between the droplets due to compression of the
vapor.

In the results of LFRM, the lamella film ruptures to form a smaller ring and droplets
that eventually coalesce with the peripheral toroid during radial contraction of the
toroid. These processes lead to a continuous loss of total energy (due to approximate
merging and breakup) in LFRM as seen in Figure 4.7 (a). Once a single toroid is
formed, the total energy remains conserved. In case of DIM, the lamella film evap-
orates to form a smaller ring inside the peripheral toroid. The inner ring contracts
to form a droplet and starts to elongate along the axial direction (along with mass
increase due to condensation) while the peripheral toroid is still contracting (between
time t = 0.9 to t = 1.5). A daughter droplet is formed by reflexive separation in DIM,
but it disappears quickly due to evaporation.
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Figure 4.6.: Simulation results of the reflexive separation case (We = 140, X = 0)
with LFRM and DIM.
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Figure 4.7.: Comparison of the energy budget evolution for the reflexive separation
case (We = 140, X = 0).

Figure 4.8.: The mass density and temperature field at t = 0.15 for the reflexive sep-
aration case according to DIM. Compression of the vapor layer between
the droplets leads to a significant increase of the temperature in this layer.
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4.4.3. Torus Breakup

For this regime, a much higher initial relative velocity is given to the droplets. This re-
sults in a so large radial spreading of the coalesced droplets that when this ring starts
to contract, it is no longer able to contract to a single droplet. The liquid ring breaks up
and a ring-shaped cluster of smaller droplets is formed (Figure 4.9). The breakup pro-
cess can be attributed to the Plateau-Rayleigh (PR) instability, a phenomenon where
small-amplitude disturbances on an interface grow and initiate a breakup of a liquid
thread, or in this case a thin liquid ring.

Figure 4.9.: Simulation results of the toroidal droplet breakup case (We = 840, X =
0) with LFRM and DIM.

The lamella film ruptures (due to insufficient spatial resolution in LFRM and evapo-
ration in DIM) to form a ring, which breaks up in 8 smaller droplets due to the PR
instability. This is captured well by both methods. The breakup of the ring does not
happen in a fully symmetric manner due to the influence of the domain boundaries.
An overall good agreement is seen in the energy budget evolution obtained by both
methods (Figure 4.10) except for a few differences. Initially, a larger increase in sur-
face energy is seen in the results of LFRM due to the larger radial spreading. The
numerical rupture of the lamella film in LFRM results in the loss of total energy as
explained in the previous case. Once the ring is formed, the total energy remains con-
served. The much higher initial velocity of the droplets causes a significant amount
of evaporation of the liquid in the case of DIM, 25% of the liquid has evaporated at
the end of the simulation. All these factors result in the differences in the energy
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Figure 4.10.: Comparison of the energy budget evolution for toroidal droplet breakup
case (We = 840, X = 0).

budgets.
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4.4.4. Stretching Separation

In this regime, the droplets collide with a non-zero impact parameter. Thus, only a
portion of the fluid that comprises the droplets is on a colliding trajectory. Although
the fluid spreads outwards in the radial direction during the first stage of the collision,
the ring that is formed is skewed and the fluid is not evenly distributed over the ring
(Figure 4.11). The inertia of the fluid causes the ring to be stretched in the directions
of the initial trajectories of the droplets. If the impact velocity is high enough, then
the stretching will eventually cause the two thinnest sides of the ring to rupture. The
rupturing of the ring can result in the formation of one or more daughter droplets.

Figure 4.11.: Simulation results of the stretching separation case (We = 472, X = 0.5)
with LFRM and DIM.

A good agreement is obtained in the simulation results of LFRM and DIM as indicated
by the collision sequence (Figure 4.11) and energy budget evolution (Figure 4.12).
The lamella film ruptures faster in DIM due to evaporation and forms a skewed ring.
The two thin sides of the ring break and create two daughter droplets that eventually
merge into a single daughter droplet. In LFRM, the two thin sides of the ring merge
before breakup, giving directly rise to a single daughter droplet. The formation of
daughter droplets is faster and the size of the daughter droplet is smaller in DIM due
to evaporation. As the changes in the interfacial area are gradual, the total energy
is better conserved for LFRM in this regime (Figure 4.12). There is a difference of
about 8% in dissipated energy at the end of the simulations, which stems from the
different expressions of the viscous stress tensor in LFRM and DIM (equation 4.2 and
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Figure 4.12.: Comparison of the energy budget evolution for the stretching separation
case (We = 472, X = 0.5).

2.49). Because DIM uses the compressible formulation, which has an additional term
proportional to the divergence of the velocity field ∇ · u, the viscous dissipation in
DIM is lower when compression of fluid is significant. This is particularly the case in
the first few moments of the simulation, as can be observed in Figure 4.12 where the
viscous dissipation has a steeper gradient in the case of LFRM for t < 0.5.

4.5. Simulations with a Divergence-Free Velocity Field

In this section, an attempt is made to improve the agreement between the simulation
results of LFRM and DIM by modifying the initial velocity field. The initial veloc-
ity field used in the previous section, a rigid body velocity of both droplets with the
surrounding vapor completely stagnant, is actually not a realistic configuration. It is
simply not possible for two droplets to acquire this velocity without disturbing the
surrounding vapor. In most previous studies which involve simulations of droplet col-
lisions [25, 42, 60, 68], the mass density and viscosity ratio between the fluid phases
is in the order of 100. These conditions allow for the initial velocity of the surrounding
vapor/gas to be neglected. However, in the present study the mass density ratio is 5.65
and the viscosity ratio is 1. Neglecting the initial velocity of the surrounding vapor in
the present study causes a steep initial velocity gradient at the liquid-vapor interface,
and therefore a large amount of viscous dissipation in the first time-steps of the sim-
ulation. It should also be noted that the original configuration of the initial velocity
field is not divergence-free. Although this is not a problem on its own, it can enlarge
the effect of an important difference between the two simulation methods, which is
the assumption of compressible versus incompressible flow. LFRM assumes incom-
pressible flow, while DIM treats the fluid as compressible. In LFRM the first time-step
of the simulation is actually part of the initialization procedure, which transforms the
initial velocity field into a divergence-free if it is not so already. Also, using this initial
velocity field decreases the difference between the initial kinetic energy of droplets
in LFRM and DIM. We also notice reduced evaporation in DIM by using this velocity
field. Thus, a better comparison between LFRM and DIM is expected with the use of
the divergence-free initial velocity field.

In the new configuration, the droplets are placed in a divergence-free velocity field,
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which consists of four vortices that cause the droplets to approach each other (Figure
4.13). The form of this "vortical" velocity field is:

u(x, y, z)t=0 = vb(sin( 2πx
L ) cos( 2πy

L ) cos( 2πz
L ))

v(x, y, z)t=0 = vb(− 1
2 cos( 2πx

L ) sin( 2πy
L ) cos( 2πz

L ))

w(x, y, z)t=0 = vb(− 1
2 cos( 2πx

L ) cos( 2πy
L ) sin( 2πz

L ))

(4.8)

with L the domain length and vb approximately the average velocity of the liquid
that comprises the droplets, as long as the diameter of the droplets is not too large
(D ≤ 0.2).
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Figure 4.13.: The divergence-free velocity field which consists of four vortices that
cause the droplets to approach each other.

The droplet collision parameters are selected such that the collision outcome is torus
breakup. The non-dimensional parameters are given in Table 4.4. A good agreement
is seen between the simulation results of LFRM and DIM as indicated by the collision
sequence (Figure 4.14) and also the energy budget evolution (Figure 4.15). The in-
terface evolution is in much better agreement than in the previous simulation results.
The minor differences in the interface evolution are expected due to differences in the
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Re We X ρl/ρv Pr
795 259 0 5.65 20

Table 4.4.: Droplet collisions parameters for the torus breakup case with the diver-
gence free velocity field.

treatment of the interface (sharp in LFRM and diffuse in DIM). The discrepancy in the
dissipated energy in the results of LFRM and DIM is greatly reduced (Figure 4.15),
although it should be noted that there is a lot more total kinetic energy in the domain
because the (relatively dense) vapor is now also in motion. This far flow field decays
in a way that is relatively independent of the droplet collision.

Figure 4.14.: Simulation results for the simulation with divergence-free velocity field
with LFRM and DIM.
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Figure 4.15.: Comparison of the energy budget evolution for the simulation case with
a divergence-free initial velocity field.

4.6. Conclusions

In this chapter a detailed comparison of two different simulation techniques for mul-
tiphase flows is provided: the Local Front Reconstruction Method and the Diffuse
Interface Model. The two methods differ in how they treat the interface. LFRM falls
in the category of front capturing/tracking methods where the interface is treated
in a relatively sharp manner and is tracked using a color function or a Lagrangian
mesh. On the other hand, DIM falls in the category of diffuse interface models where
the interface treatment is naturally embedded in the governing equations and which
does not require special treatment of the interface region. This comes with the limita-
tion that DIM cannot be used under realistic working conditions and fluid properties.
LFRM does not have such restrictions but may only provide approximate solutions of
the small scale interfacial dynamics due to the limitation of grid resolution. Therefore,
a comparison with DIM, in a region where DIM can be used, i.e. relatively close to the
critical point, provides a good insight into the accuracy of LFRM simulations.

The problem of binary droplet collision is selected for this study as the small scale
interfacial dynamics (e.g. drainage of the gas film between droplets, coalescence of
droplets and rupture of thin films) have a major influence on the collision outcome.
Due to different underlying assumptions in both methods (especially pertaining to
compressibility of the fluid and temperature variation), we identify all relevant pa-
rameters for non-isothermal droplet collisions and extract non-dimensional numbers
with the use of the Bukingham Π theorem. The use of these non-dimensional num-
bers ensures that the simulations of LFRM and DIM are performed in the same working
conditions.

An overall good agreement is seen in the simulation results of LFRM and DIM and
similar collision outcomes are obtained for the given non-dimensional parameters.
The causes that can lead to differences between simulation results of LFRM and DIM
are identified as follows:

• DIM allows for evaporation of liquid at the liquid-vapor interface, leading to
additional loss of surface energy due to decreased liquid volume.

• LFRM is only able to approximate coalescence and breakup of the liquid-vapor
interface. For example: in LFRM interfaces are merged when they share a com-
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mon grid cell. This merging process causes a sudden decrease in the surface
energy which is an approximation of reality and adds to the difference in energy
dissipation between the two methods.

• Temperature differences at the liquid-vapor interface affect the surface tension
and hence the behavior of the interface, which is an effect included only with
DIM since LFRM assumes isothermal conditions.

• Fluid compressibility has a significant influence on the simulation outcome, af-
fecting the viscous dissipation of energy and causing temperature differences
due to compression of fluid. A simulation with a divergence-free initial velocity
field was performed to minimize the effect of fluid compressibility on the simu-
lation outcome. As expected, the collision process and energy budget evolution
obtained by LFRM and DIM are in much better agreement.

It can be concluded that simulations of droplet collisions can be carried out with
sufficient accuracy using front capturing/tracking methods like LFRM, provided a
divergence-free initial velocity field is used and temperature differences remain small
during the simulation. If temperature differences are significant then a non-isothermal
front capturing/tracking method is expected to give better results.
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5. Simulations of Droplet Impacts on
a Heated Solid Surface

In this chapter1 the Diffuse Interface Model (DIM) is employed to model droplet im-
pact on a heated solid surface. The DIM uses an especially constructed solid wall
boundary condition which enables simulations with different wetting conditions of
the solid surface. The model is also extended to include the effects of surface rough-
ness on the behavior of the contact line dynamics. Multiple simulations are carried
out to demonstrate the capabilities of the presented model. The simulation results
demonstrate the influence of the wetting properties of the solid, with a higher cooling
rate for hydrophilic than for hydrophobic wetting conditions. Surface roughness of
the solid surface increases the cooling rate of the solid by enhancing the heat transfer
between solid and fluid.

The structure of this chapter is the following. In section 5.2 the heat diffusion equation
for a solid is introduced. In section 5.3 a boundary conditions is presented for a
solid wall boundary. Also, a method for the characterization of surface roughness
based on fractal theory is presented (section 5.4). The influence of surface roughness
on the contact angle is examined in section 5.5. Section 5.6 presents the thermal
coupling between the fluid domain and the solid domain. Open boundary conditions
are presented in section 5.7. In section 5.8 droplet impacts on a heated solid surface
are systematically studied, and the influence of the wetting condition of the solid
surface as well as the influence of surface roughness is investigated. In section 5.9 the
conclusions are summarized.

5.1. Introduction

Insight into the dynamics of droplet impact on solid surfaces is relevant for various
industrial processes such as spray cooling, spray painting and coating. Spray cooling,
for example, is a good way of achieving high heat fluxes in systems where cooling of
components is vital for efficiency and performance [49]. Droplet impact and spreading
on solid surfaces are also relevant for understanding natural phenomena such as the
water repellent properties of the lotus leave. In this chapter an attempt is made to
account for a number of process conditions which are rarely included in previous
studies of droplet impact (see for example Khatavkar et al. [38]). These factors
are: the occurrence of phase transition, solid surface roughness and a non-uniform
temperature of the solid surface.

When a spray of fine droplets impacts a heated surface, the droplets spread on the
surface to form a thin liquid film. They subsequently evaporate, removing heat from
the solid due to the latent heat of evaporation in addition to heat removal via con-

1This chapter is based on the article: Gelissen, E.J., van der Geld, C.W.M., Baltussen, M.W., Kuerten,
J.G.M. (2020). Modeling of Droplet Impact on a Heated Solid Surface with a Diffuse Interface Model.
International Journal of Multiphase Flow, 123, 103173.

61



vection and diffusion. The high surface to volume ratio of the spray leads to a fairly
uniform spatial distribution of heat removal. The momentum of individual droplets
allows liquid to penetrate more easily through a possibly existing vapor layer and to
actually reach the heated surface. The critical heat flux for spray cooling is therefore
typically higher than for pool boiling at similar superheat [49].

The impingement of a droplet on a heated wall is a process difficult to model due to
the large number of parameters which influencing the process and due to the complex
nature of phase-transitional flows [6]. The parameters which influence the process
include droplet parameters (diameter, impact velocity), fluid properties (saturation
temperature, mass density, dynamic viscosity, surface tension) and wall characteristics
(surface roughness, wetting contact angle) [48].

In this chapter the NSK equations (section 2.6) are used in combination with the
Van der Waals equation of state (section 2.2.2), since fluid compressibility and phase-
change, which play an important role in spray cooling, are naturally included in these
equations. The temperature distribution of the solid is modeled with the heat diffusion
equation.

Droplet impacts are governed by the dynamics of the contact line. Many compu-
tational methods methods have been extended to allow for the presence of moving
contact lines in simulated two-phase flows [94]. In this chapter a solid wall boundary
condition for DIM is presented which accounts for partial wetting behavior in the con-
tact line dynamics. This solid wall boundary condition uses an especially constructed
wall-fluid interaction energy function, following the approach of Sibley et al. [90] The
tendency of the system to minimize the Helmholtz free energy is exploited to achieve
partial wetting of the solid wall boundary. Special attention is given to the effect of
surface roughness on the behavior of the contact line. Even the smoothest surfaces
are not perfectly homogeneous and exhibit geometrical heterogeneities. The effect of
these heterogeneities on the behavior of the contact line needs to be accounted for
in order to mimic the actually observed motion of the contact line in experimental
investigations (see for example Tang et al. [97]). This can be achieved by introduc-
ing a non-uniform contact angle, where the non-uniformity is derived from artificially
constructed surface roughness profiles. In this chapter a method for characterization
of surface roughness via spectral analysis is also presented. The surface roughness
profiles are constructed with the help of fractal theory, an approach inspired by the
work of Russ [78].

An extensive theoretical investigation of the influence of surface roughness on contact
line behavior can be found in the work of Savva et al. [79, 80], where the authors
investigated two-dimensional droplet spreading on a substrate with surface rough-
ness. The authors demonstrate that the droplet wets the substrate less as the substrate
roughness increases.
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5.2. The Heat Diffusion Equation

Heat diffusion in a solid without heat source is governed by the following (dimen-
sional) equation:

∂T̃

∂t̃
− λs
ρscp
∇2T̃ = 0 (5.1)

with λs the thermal conductivity, cp the specific heat capacity and ρs the mass density.
The product of specific heat capacity and mass density is the volumetric heat capacity
and represents the ability of a material to store thermal energy. The ratio of thermal
conductivity to the volumetric heat capacity is called the thermal diffusivity and it
determines the rate of heat diffusion in a solid.

The introduction of appropriate scales to non-dimensionalize the heat diffusion equa-
tion yields:

Tc
t0

∂T

∂t
− λs
ρscp

Tc
L2
∇2T = 0 (5.2)

after defining t0 = L
u0

, using the same characteristic velocity and length scale as for
the NSK equations, this expression can be rewritten as:

∂T

∂t
− λs
u0ρscpL

∇2T = 0 (5.3)

which is equal to:

∂T

∂t
− 1

Pe
∇2T = 0 with Pe =

u0ρscpL

λs
(5.4)

with Pe the Peclet number. The heat diffusion equation is thus non-dimensionalized
with the same velocity and length scales as used for the NSK equations.

5.3. The Solid Wall Boundary Condition

When a liquid drop is brought into contact with a solid surface that is mechanically
rigid and both smooth and homogeneous down to molecular scale, the drop may
spread over the surface until it becomes a uniform film or it lies on a limited area
of the surface. These two modes of liquid-solid contact are called complete wetting
and partial wetting. The degree of partial wetting can be expressed in terms of the
contact angle θ, the angle measured through the liquid phase from the solid surface at
the point where the liquid-vapor interface meets the solid surface. At equilibrium the
value of θ is related to the solid-vapor, solid-liquid and liquid-vapor surface tension
coefficients according to the Young equation:

σlv cos(θ) = σsv − σsl (5.5)

The Young equation can, within the context of the present study, best be interpreted
as the solution of the minimization problem of the Helmholtz free energy (Roura and
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Fort [76]) instead of a force balance at the three-phase contact line, which is how it is
commonly presented in literature.

The formulation of a solid wall boundary condition begins with the definition of the
wall-fluid interaction energy function, which determines the affinity of the wall with
the saturated phases. A third-order polynomial function with a minimum at both
the liquid and vapor mass density was proposed by Sibley et al. [90], as an exten-
sion/improvement to the work of Seppecher [82] and Jacqmin [32]. This will ensure
convergence towards either the liquid or vapor mass density in case of mass density
fluctuations at the wall. Additionally, the wall-fluid interaction energy function should
match the surface tensions σsv and σsl used in Young’s law. These requirements result
in the following conditions [90]:

dEw
dρ

(ρv) = 0
dEw
dρ

(ρl) = 0 Ew(ρv) = σsv Ew(ρl) = σsl (5.6)

These four conditions require at least a third-order polynomial if all conditions are to
be satisfied. The chosen wall-fluid interaction energy function and its first derivative
with respect to ρ read:

Ew(ρ) =
(ρ− ρl)2(2ρ+ ρl − 3ρv)σsv − (ρ− ρv)2(2ρ+ ρv − 3ρl)σsl

(ρl − ρv)3
(5.7)

dEw
dρ

(ρ) =
6(ρ− ρl)(ρ− ρv)(σsv − σsl)

(ρl − ρv)3
(5.8)

which is a third-order polynomial with the same shape as proposed by Sibley et al.
[90]. Young’s law can be substituted into the last expression which results in:

dEw
dρ

(ρ) =
6(ρ− ρl)(ρ− ρv)

(ρl − ρv)3
σlv cos(θ) (5.9)

with σlv the liquid-vapor surface tension and θ the contact angle. The convention
is that the contact angle is the angle between the interface and the solid surface as
measured through the liquid phase in a plane perpendicular to the tangent of the
contact line on the surface (Figure 5.5).

According to Sibley et al. [90] and Desmarais [16] the partial wetting condition at the
wall can be formulated as:

dEw
dρ

(ρ) +
1

We
∇ρ · n = γ

(
∂ρ

∂t
+ u · ∇ρ

)
(5.10)

with n the unit vector normal to the wall and γ a relaxation parameter. For simplicity
the assumption is made of instantaneous wall-fluid energy equilibrium (γ = 0).

A solid (non-permeable) wall combined with the no-slip boundary condition results in
the following expressions for the velocity vector:

n · u = 0 t · u = 0 (5.11)

with n the vector normal to the wall and t any vector tangential to the wall. Even
if a no-slip boundary condition is applied at the wall, the contact line can still move
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as a result of the diffusive fluxes stemming from the capillary stress tensor. The prob-
lems surrounding the stress singularity at the moving contact line (the so-called Huh-
Scriven paradox [31]) do not exist when the interface is diffuse, because the interface
can move due to diffusion and phase-transition.

The combination of equations 5.10 and 5.11 represents a solid wall boundary condi-
tion under isothermal conditions. However, in this chapter droplet impact on a heated
solid surface is investigated, which means that also an expression for the tempera-
ture at the solid wall boundary is required. The derivation of such an expression is
presented in section 5.6.

5.4. Characterization of Surface Roughness

Roughness determines many functional properties of surfaces, such as adhesion, fric-
tion and thermal conductance across contact interfaces. It is the main reason why
macroscopic bodies usually do not adhere to each other with any measurable strength.
Surface roughness is generally described as the short-wavelength fluctuations of a
solid surface topography. Both the amplitude and wavelength of these fluctuations
determine the characteristics of the surface roughness. Real solid surfaces are never
perfectly smooth, additionally they may also have surface impurities and the compo-
sition may vary with location. The analysis of the characteristics of surface roughness
reveals fractal-like behavior, i.e. within a limited range of length scales the statistical
properties of the surface roughness are invariant to the length scale [78, 54]. Eu-
clidean geometry is the traditional basis for understanding and describing geometry.
However, as pointed out by Mandelbrot in his book The Fractal Geometry of Nature
[55], fractal geometry is often superior to Euclidean geometry in representing the
characteristics of many natural processes and objects. The key property of a fractal is
self-similarity or self-affinity between different length scales.

A conventional measurement of surface roughness is the root-mean-square (RRMS)
roughness value: the square root of the sum of squares of the deviations of individual
values from the mean value divided by the number of data points. However, the
RMS roughness value is incapable of containing the complete characterization of the
roughness profile and is dependent on the length of the sample and the resolution of
the measurement device. Spectral analysis in combination with fractal theory can be
used to achieve more complete characterization of surface roughness profiles.

In this chapter the assumption is made that the surface roughness is isotropic and
that the roughness profiles can be expressed as a continuous function. The roughness
profiles are composed of sinusoidal components with different amplitudes and phase-
angles. If N is the number of grid points available, then it is assumed that there
are N

4 different components in the roughness profile. It is possible to decrease the
wavelength down to the Nyquist limit (λ = 2L

N ), but this is not recommended since it
will not be possible to accurately capture these components on the grid. Additionally,
in DIM the width of the liquid-vapor interface corresponds to approximately 10 grid
points. It is assumed that any components in the roughness profile much smaller
than the width of the liquid-vapor interface will not have a significant influence on

65



the contact line behavior. The formula for the Fourier series of the roughness profile
reads:

xn = n∆x for n = 0, 1, .., N − 1

Z(xn) =
∑N/4
k=1 rk cos( 2π

λk
xn + φk)

the wavelength of each of these components is:

λk = L/k for k = 1, 2, ..,
N

4

The zeroth wave (k = 0) represents the average of the signal, henceforth assumed to
be zero by choice of the z̄-plane (z̄ = r0 = 0). To facilitate the writing, the combination
of amplitude and phase-angle of each wave is expressed as a complex number, with
the modulus r representing the amplitude and the argument φ the phase-angle of each
wave. The signal can then be expressed as a set of complex numbers, according to the
following expression:

Ẑ(λk) =

{
αλ

H+ 1
2

r e−φkj if λk ≥ λr
αλ

H+ 1
2

k e−φkj if λk < λr

with α, λr andH constants, j2 = −1 and |Z(λk)| = rk. The phase-angle φk is obtained
from a random number generator which ensures a uniform distribution between [0, 2π]
for the generated numbers. The constant λr represents the roll-off wavelength. If there
is no roll-off wavelength (for example in fracture-produced surfaces) then the behavior
is fractal-like up to the longest length scale. However, most surfaces of engineering
interest have a roll-off wavelength. Waves with wavelengths equal or larger than the
roll-off wavelength no longer increase in amplitude (Figure 5.1). The constant H
represents the Hurst exponent and it determines how the roughness profile changes
as the lateral length scale changes. The constant α is a scaling factor which can be
determined from the RMS roughness value. The area under the spectrum represents
the variance of the roughness profile, or the square of the RMS roughness value. By
using Parseval’s theorem it is possible to relate the scaling factor α to R2

RMS .

R2
RMS =

1

N

N−1∑
n=0

|Z̄ − Z(xn)|2 = α

N/4∑
k=0

|Ẑ(λk)|2

Roughness profiles follow from computing an inverse Fourier transformation on con-
structed Fourier spectra. Both 1D (Figure 5.2) and 2D (Figure 5.3) roughness profiles
are easily obtained with the method presented in this section. In this chapter simu-
lations of droplet impacts on surfaces with different roughness profiles are presented.
For each simulation the values of RRMS , H, λr are specified.
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Figure 5.1.: Fourier spectra of the generated surface roughness profiles on a log-log
scale (with base 10 logarithm). The slope is determined by the Hurst
exponent H and the plateau by the roll-off wavelength λr.
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Figure 5.2.: Two artificially generated 1D surface roughness profiles with exactly the
same variance (RRMS = 0.01L with L = 1 the domain length).
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Figure 5.3.: Artificially generated 2D surface roughness profile with RRMS = 0.02L,
H = 0.8 and λr = 0.5L with L the domain length. The values next to the
color bar are also length scales proportional to the domain length.
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5.5. Surface Roughness and Contact Angle

The influence of roughness on wetting phenomena has already been explored in ear-
lier work. On a hydrophilic rough substrate Wenzel [103] predicted enhanced wet-
tability due to surface roughness. The Wenzel model introduces a roughness factor
in the Young equation, which is the ratio of the actual area of a rough surface to the
geometric projected area of the surface. However, the definition of this roughness
factor is incompatible with the approach outlined in the previous section, since the
actual area of a fractal surface is by definition infinite, leading to an infinite roughness
factor. An extension to the Wenzel model was proposed by Cassie and Baxter [11].
In the Wenzel wetting model the liquid is assumed to fill all the surface asperities.
In the Cassie-Baxter wetting model the liquid does not penetrate into all the surface
asperities, rather the liquid sits upon asperities which still contain pockets of vapor
or gas. The Cassie-Baxter model is often used to explain the wetting phenomena of
super-hydrophobic surfaces, best example of which is probably the Lotus effect (see
Marmur [56]). The transition between the Wenzel and Cassie-Baxter wetting regime
is still a topic of ongoing research, see for example Yang et al. [105]. In this chapter all
the simulations with surface roughness are assumed to be in the Wenzel regime. The
mechanism that enables inclusion of the effects of surface roughness on the contact
angle is introduced below.

First it is necessary to make the distinction between the intrinsic contact angle θi
and the apparent contact angle θA, as illustrated in Figure 5.4. The intrinsic contact
angle depends only on the liquid and solid material properties. The apparent contact
angle is a function of the spatial coordinates and is determined by the intrinsic contact
angle and the surface roughness profile. The following expression can be used for the
apparent contact angle:

γ(x, y) = arctan
(
∇ρ
||∇ρ|| · ∇Z

)
θA(x, y) = θi − γ(x, y)

(5.12)

with Z(x, y) the function describing the roughness profile and ∇ρ
||∇ρ|| the contact line

normal vector, as illustrated in Figure 5.5. The apparent contact angle is subsequently
used in the solid wall boundary condition introduced in section 5.3.

θi

θA γ

Z

Liquid

Vapor

Solid

Figure 5.4.: The apparent contact angle θA can be determined from the intrinsic con-
tact angle θi and roughness profile Z.
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Figure 5.5.: Apparent contact angle θA and contact line normal vector c = ∇ρ
||∇ρ||

It is not possible to model the transition from the Wenzel regime to the Cassie-Baxter
regime with the approach outlined in this section. Modeling this transition would
require fully capturing the surface roughness topology with the computational grid,
preferably by adaptive grid refinement at the contact line (see for example Yang et al.
[105]).

5.6. Interfacial Contact Between Solid and Fluid

When a warm solid surface comes into contact with a colder fluid, the strive towards
thermal equilibrium dictates that the solid and fluid instantly assume the same tem-
perature at the contact interface. The value of the temperature at the contact interface
can be determined from the heat-flux balance equation: the heat-flux out of the solid
equals the heat-flux into the liquid and vice versa. The following expression holds for
the heat-flux at the contact interface:

λsn · ∇T̃ |s = λfn · ∇T̃ |f (5.13)

with λs,λf the thermal conductivity of the solid and fluid, respectively. Note that
λf = λf (ρ); the thermal conductivity of the fluid depends on the phase of the fluid,
with the liquid having a higher thermal conductivity than the vapor. After introducing
the same scaling quantities as for the governing equations, equation 5.13 is equal to:

1

κPe
n · ∇T |s =

1

RePr
n · ∇T |f with κ =

ρccv
ρscp

(5.14)

The value of κ represents the ratio between the volumetric heat capacity of the fluid
with respect to the volumetric heat capacity of the solid. The unit vector n normal to
the contact interface and outward from the solid follows from:

ñ =

(
∂Z

∂x
,
∂Z

∂y
, 1

)T
, n =

ñ

||ñ||
(5.15)

with Z(x, y) the function describing the surface roughness profile. In a three-dimensional
Cartesian coordinate system the balance equation can be expanded to:

1

κPe

(
nx
∂T

∂x
+ ny

∂T

∂y
+ nz

∂T

∂z

) ∣∣∣
s

=
1

RePr

(
nx
∂T

∂x
+ ny

∂T

∂y
+ nz

∂T

∂z

) ∣∣∣
f

(5.16)
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A first-order finite difference stencil is used for the derivative in the z-direction:

∂T

∂z

∣∣∣
s

=
Ts − T

1
2∆z

,
∂T

∂z

∣∣∣
f

=
T − Tf

1
2∆z

(5.17)

with Ts and Tf the temperature in the adjacent cells at the contact interface and 1
2∆z

the distance between the contact interface and the first cell center. The solution for T
of the following equation yields the temperature field at the contact interface:

(RePr+κPe)T +
1

2
(κPe−RePr)∆z

(
nx
nz

∂T

∂x
+
ny
nz

∂T

∂y

)
= RePrTs+κPeTf (5.18)

Full discretization leads to a system of linear equations which needs to be solved,
preferably with the use of an optimized sparse matrix solver.

An additional effect of the surface roughness at the solid wall boundary needs to be
included in the numerical simulations: the surface area of the cell boundaries at the
contact interface is enlarged due to the roughness profile, as is illustrated in Figure 5.6.
To include this effect it is necessary to introduce the conservation integral equation
upon which the Finite Volume Method is based:

∂Ūi
∂t

+
1

Vi

∮
Si

F (U) · ndS = 0 (5.19)

with Ui the cell average of an arbitrary variable, Vi, Si the cell volume and cell outer
surface and n the unit vector pointing outward from the solid. When a uniform Carte-
sian grid is used this expression reduces to:

∂Ūi
∂t

+
1

h

∑
F (U) · n = 0 (5.20)

with h = ∆x = ∆y = ∆z the grid spacing. As a consequence of the surface roughness,
the surface area between the solid and fluid domain exceeds the projected surface
area. It is assumed that the volume of the cells is not influenced by the surface rough-
ness. To adjust for the increased surface area, the following additional factor for the
fluxes at the solid-fluid interface is required:

α =

√
1 +

(
∂Z

∂x

)2

+

(
∂Z

∂y

)2

(5.21)

This factor needs to be applied to the fluxes at the contact interface.
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Figure 5.6.: Increased surface area between the solid and fluid domain as a conse-
quence of surface roughness, with Z(x) the surface roughness profile.

5.7. The Open Boundary Condition

In most studies of multiphase flow simulations with a Diffuse Interface Model either
periodic or symmetry boundary conditions (BCs) are used at the boundaries of the do-
main. These type of BCs are convenient because they are relatively easy to implement
in a simulation code. However, it is not always possible or desirable to use these BCs.
This means that either Dirichlet or Neumann BCs need to be imposed at some of the
boundaries of the computational domain. The use of Dirichlet or Neumann BCs effec-
tively closes the computational domain for waves intending to propagate through the
boundaries, since these BCs cause these waves to be reflected back into the domain.
These reflected waves disturb the solution computed inside the domain, leading to
different results as a consequence of the finite size of the domain [17]. To overcome
this problem open BCs have been developed, which have been especially constructed
such that they will not reflect waves intending to propagate through the boundaries
of the domain.

The open BCs used in this chapter are based on the technique presented by Hedstrom
[29] and were originally developed for the Euler equations. The technique was ex-
tended by Dutt [22] for use with the Navier-Stokes equations by employing perturba-
tion theory with the viscous stress tensor treated as the perturbation term. Desmarais
and Kuerten [17] developed an adaptive domain extension technique in order to use
open BCs for the Navier-Stokes-Korteweg equations. In the present study the latter
extensions are not included, the open BC presented in this section can therefore only
be used as long as the liquid-vapor interface does not come into contact with the open
boundary and velocity gradients near the open boundary are not too high.

The first step in the derivation of open BCs is the simplification of the NSK equations by
neglecting the viscous and capillary stress tensor, which simplifies the NSK equations
to the Euler equations. The next step is to obtain the hyperbolic structure of the
equations by means of a linearization procedure: each variable is split into an average
and a fluctuating part (for example: ρ = ρ̄+ ρ′). The linearized form of the governing
equations then becomes:

∂U

∂t
+Ax

∂U

∂x
+Ay

∂U

∂y
+Az

∂U

∂z
= 0 (5.22)

72



with vector U and Jacobian matrices A expressed as:

U =


ρ′

u′

v′

w′

(ρE)′

 Ax =


ū ρ̄ 0 0 0

1
ρ̄
∂P
∂ρ ū 0 0 0

0 0 ū 0 0
0 0 0 ū 0

ū∂P∂ρ (ρE + P̄ ) 0 0 ū



Ay =


v̄ 0 ρ̄ 0 0
0 v̄ 0 0 0

1
ρ̄
∂P
∂ρ 0 v̄ 0 0

0 0 0 v̄ 0

v̄ ∂P∂ρ 0 (ρE + P̄ ) 0 v̄

 Az =


w̄ 0 0 ρ̄ 0
0 w̄ 0 0 0
0 0 w̄ 0 0

1
ρ̄
∂P
∂ρ 0 0 w̄ 0

w̄ ∂P
∂ρ 0 0 (ρE + P̄ ) w̄


For each variable the average that is used in the linearization procedure equals the
value at the boundary where the BC is applied. In the present study the open BC is
applied at the top boundary of the domain (z = L), where the contributions by Ax

and Ay can be neglected. The following expression for the open BC is found with the
method of characteristics:(

∂W

∂t
+ L

)∣∣∣∣
z=L

= 0 where L =

{
R · (Uff −U) if λi < 0

Λ∂W
∂z if λi > 0

(5.23)

L ·Az ·R = Λ and W = R ·U (5.24)

with Λ the eigenvalue matrix (with eigenvalues λi) and L,R the left and right eigen-
matrices of Jacobian matrix Az. The sign of the eigenvalue distinguishes outgoing
from incoming waves. The vector Uff contains the far-field conditions, which cor-
respond to a stagnant vapor at a constant temperature. The gradient ∂W

∂z must be
calculated using a one-sided difference scheme that is pointing outwards.

Successful application of the open BCs is only possible if the eigenvalues of the Jaco-
bian matrices are real. This is the reason why the open BCs can only be used as long
as the liquid-vapor interface does not come in the close vicinity of the open boundary,
since this would cause the eigenvalues to become complex.

5.8. Simulation Results

5.8.1. Simulation Setup

The dimensions of the computational domain are displayed in Figure 5.7. The com-
putational grid is Cartesian and uniform with 200 grid points in each direction for
the fluid domain, and 20 grid points in z-direction for the solid domain. Simulations
on finer grids showed no significant differences in the simulations results. The initial
mass density field is constructed with a hyperbolic tangent function in the shape of a
single droplet positioned in the middle of the domain and with a velocity towards the
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solid wall. The thickness of the liquid-vapor interface is approximately Li ≈ 0.0678 L
which corresponds to the width of approximately 13.5 grid points. This implies that
the interface is well resolved. The initial temperature field of the fluid is uniform with
Tf,t=0 = 0.85. The initial temperature of the solid is also uniform with Ts,t=0 = 0.95.
An overview of all the simulation parameters for the simulation results in this section
can be found in Table 5.1 and 5.2.

The Navier-Stokes-Korteweg equations are used for the fluid domain and the heat dif-
fusion equation is used for the solid domain. The fluid and solid domains are coupled
by implementing the special boundary condition described in section 5.3 that takes
into account the wetting properties of the solid and ensures continuity of the temper-
ature field and conservation of heat-flux at the contact interface between solid and
fluid. In some of the simulations the effect of surface roughness of the solid wall is in-
cluded by constructing the artificial surface roughness profile described in section 5.4,
which yields an expression for the apparent contact angle as a function of the spatial
coordinates. Periodic boundary conditions are used at the left/right and front/back
boundaries. The open boundary condition described in section 5.7 is used at the top
boundary. The solid domain is indicated in black, also with periodic boundary condi-
tions at the left/right front/back boundaries and an adiabatic boundary condition at
the bottom boundary.

A timestep of ∆t = 2×10−6t0 was used in all the simulations, with t0 the characteristic
timescale derived from the domain length and characteristic velocity. This implies that
discretization errors due to the time stepping are negligibly small. In the visualizations
of the simulation results the liquid-vapor interface is represented by a two dimensional
surface mesh that was constructed using the Lewiner marching cubes algorithm [47],
where the mass density field was used as the volume data. Only 2 of the 6 simulation
cases are visualized in this section (Figures 5.8 and 5.12).

D Vd Rev Rel Prv Prl We cv
0.1125L 0.5 5000 1000 10 0.1 7500 5

Table 5.1.: Overview of of the dimensionless simulation parameters for the simulation
results in this section.

Simulation θ RRMS H λr Pe κ

Case 1 90◦ 0 n/a n/a 50 1
Case 2 120◦ 0 n/a n/a 50 1
Case 3 60◦ 0 n/a n/a 50 1
Case 4 90◦ 0 n/a n/a 100 0.5
Case 5 90◦ 0.01L 0.8 0.5L 50 1
Case 6 90◦ 0.01L 0.7 0.75L 50 1

Table 5.2.: Overview of the wetting conditions and roughness profile parameters for
the simulation results in this section.
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Figure 5.7.: Sketch of a zx cross-section at y = 0.5 of the computational domain with
the initial configuration of a single droplet positioned in the middle of the
domain and with a velocity towards the solid wall. The solid domain is
indicated in black.

5.8.2. Simulation Results of Droplet Impact

Droplet impacts on a smooth surface with different wetting conditions

Figures 5.8 shows a simulation of a liquid droplet impacting on a smooth uniformly
heated solid surface with contact angle θi = 90◦ (Case 1). The temperature field in the
solid is visualized by contour plots of two cross-sections. In all simulations the droplet
spreads in radial direction from the center of impact, eventually reaching a disk shape
at its maximum spreading diameter. Next the liquid starts to recede back towards the
center of impact, as a consequence of the capillary forces which aim to minimize the
surface area of the liquid-vapor interface. A full droplet rebound is observed in the
simulation with hydrophobic wetting conditions (θi = 120◦, Case 2) where the droplet
detaches from the solid surface after the receding movement. The detached droplet
does not fall back onto the solid surface because the effect of gravity is not included.
In the other two simulations a sessile droplet remains on the solid surface after the
receding, the shape of which is determined by the wetting condition and the surface
tension coefficient between liquid and vapor.

Because the heat conduction coefficient of the vapor is 100 times smaller than the heat
conduction coefficient of the liquid and the solid, a non-uniform temperature field in
the solid can be observed from the moment the liquid droplet touches the wall (Figure
5.8). The contour plots visualized in this figure shows the top-view and a cross-section
of the solid during the simulations. The effect of the wetting condition becomes more
visible in Figure 5.9, which shows the average temperature of the whole solid domain
during the droplet impacts. The highest cooling rate is observed for the hydrophilic
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wetting conditions (θi = 60◦, Case 3), and the lowest cooling rate for the hydrophobic
wetting conditions (θi = 120◦, Case 2). This can be explained by the difference in
wetted surface area of the solid, which is higher for hydrophilic wetting conditions. A
larger wetted surface area will lead to more heat transfer between solid and fluid.

Figure 5.10 shows the total volume of the droplet, the surface area of the liquid-vapor
interface and the total kinetic energy of the liquid during the droplet impacts and
the solid-liquid interfacial area. The total volume of the droplet decreases during the
impact process due to evaporation of some of the liquid. After the moment of impact
at t ≈ 0.8 the surface area of the liquid-vapor interface decreases rapidly for a short
moment, which corresponds to the rapid wetting of the solid surface in the first few
moments of the impact. The decrease is shortly counteracted by the spreading of the
droplet, which is at its maximum at t ≈ 1.5, as can also be observed from the kinetic
energy plot. The hydrophilic wetting condition gives the largest spreading. An even
more significant influence of the wetting condition is observed during and after the
receding of the droplet. Hydrophilic wetting conditions can be observed to enhance
the evaporation rate. More significant oscillation of the droplet after impact can be
observed for θi = 90◦ (Case 1), as indicated by the minima and maxima in the kinetic
energy plot. The full droplet rebound in the simulations with the hydrophobic wetting
condition (θi = 120◦, Case 2) can clearly be observed by the horizontal line after
t ≈ 3.5 in the volume and surface area plots.

The influence of the periodic boundary conditions can clearly be observed in the con-
tour plots of the temperature of the solid, with the corners of the domain maintaining
a higher temperature on average.
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Figure 5.8.: 3D Simulation of a liquid droplet impacting on a smooth uniformly heated
solid surface with intrinsic contact angle θi = 90◦ (case 1). The tempera-
ture field in the solid is visualized by contour plots of two cross-sections.
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Figure 5.9.: Average temperature of the solid domain during droplet impacts on a
smooth surface with different wetting conditions (Case 1, 2 and 3).
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Figure 5.10.: Total volume of the droplet, surface area of the liquid-vapor interface,
surface area of the liquid-solid interface and total kinetic energy of the
liquid during simulations of droplet impacts on a smooth surface with
different wetting conditions (Case 1,2 and 3).
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Droplet impact on a smooth surface with different solids

Figure 5.11 shows the average temperature of the whole solid domain during droplet
impacts with different thermal properties of the solid. In Case 4 the heat capacity of
the solid (ρscp) is 2 times larger than it is in Case 1, while the thermal conductivity
(λs) is the same. It can clearly be observed in Figure 5.11 that the cooling of the solid
is slower and smaller in Case 4 than it is in Case 1, which is consistent with a larger
heat capacity.
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Figure 5.11.: Average temperature of the solid domain during droplet impacts with
different thermal properties of the solid (Case 1 and 4).

Droplet impact on a rough surface

Figure 5.12 shows a simulation of a liquid droplet impacting on a uniformly heated
solid surface with surface roughness and with intrinsic contact angle θi = 90◦ (case 5).
The intrinsic contact angle represents the average of the contact angle values imposed
at the solid surface. The variation in contact angle values is determined by the surface
roughness profile, as is explained in section 5.5.

In the simulations with a smooth surface, the spreading/receding of the droplet has
perfect axial-symmetry, with the the center axis located at the point of impact and
parallel to the z-axis. The influence of the surface roughness can be observed in a small
asymmetry in the spreading/receding of the liquid droplet and also in the asymmetry
in the temperature profiles of the cross-sections of the solid. Figure 5.13 shows the
average temperature of the whole solid domain during the droplet impacts for case 1, 5
and 6. It is clearly visible that surface roughness increases the cooling rate of the solid,
an increase of approximately 1.5% in cooling rate is observed in this comparison. The
increased cooling rate can be explained by the increased surface area of the contact
interface between the solid and the fluid due to the surface roughness.

Figure 5.14 shows the total volume of the droplet, the surface area of the liquid-vapor
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interface, surface area of the liquid-solid interface and the total kinetic energy of the
liquid during the droplet impacts. In the first two plots there is a negligible difference
between case 5 and 6, hence only case 1 and 5 are plotted in the first two plots. A small
increase in evaporation rate of the liquid is observed for the simulations with surface
roughness (Case 5 and 6) caused by the increased heat transfer between the solid and
the fluid. The total kinetic energy in the liquid remains on average at a higher level
for the rough surface than for the smooth surface. This can be explained by taking
into account the manner in which the roughness profile influences the moving contact
line, as was illustrated in Figure 5.4. A moving contact line will experience more
disturbances on a rough surface and these disturbances will increase the total kinetic
energy of the fluid.

In general there are only minor differences between case 5 and 6, which is to be
expected since the surface roughness profiles used in these simulations have the same
RRMS value. The purpose of this comparison is to study the sensitivity of cooling
rate of the solid with respect to the Hurst exponent H and roll-off wavelength λr of
the roughness profile. The simulation results indicate that this sensitivity is small.
Additional simulations with different RRMS values for the roughness profile indicate
that the cooling rate is significantly more sensitive to changes in this parameter.
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Figure 5.12.: 3D Simulation of a liquid droplet impacting on a uniformly heated solid
surface with surface roughness (Case 5). The temperature field in the
solid is visualized with contour plots of two cross-sections.
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Figure 5.13.: Average temperature of the solid during droplet impacts with and with-
out surface roughness (Case 1, 5, 6 and 7) of the solid surface.
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Figure 5.14.: Total volume of the droplet, surface area of the liquid-vapor interface,
surface area of the liquid-solid interface and total kinetic energy of the
liquid during simulations of droplet impacts on a smooth and a rough
surface (Case 1, 5, 6 and 7). In the first two plots there is a negligible
difference between case 5 and 6, hence only case 1, 5 and 7 are plotted
in the first two plots.
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5.9. Conclusions

In this chapter a Diffuse Interface Model derived from thermodynamics is employed
to investigate droplet impacts on a heated solid surface in a vapor environment. The
effects of phase transition, surface roughness and non-uniform temperature of the
solid surface are included in the simulation method. Phase transition is naturally
included in the governing equations of the DIM. Surface roughness is included by
making the distinction between the intrinsic contact angle θi and the apparent contact
angle θA, with the apparent contact angle a function of the surface roughness profile.
Surface roughness profiles are constructed (and subsequently also characterized) with
fractal theory. The heat equation is used to model heat diffusion in the solid. The solid
and fluid domain are coupled by a boundary condition that ensures conservation of
the heat flux and continuity of the temperature field and also takes into account the
surface roughness.

Simulation results demonstrated that the wetting properties of the solid surface influ-
ence the cooling of the solid during the droplet impact process. Hydrophilic wetting
conditions lead to a higher cooling rate of the solid. Hydrophobic wetting conditions
not only lead to a lower cooling rate, also a full droplet rebound is observed after the
droplet has receded from its maximum spreading.

Surface roughness of the solid surface increases the cooling rate of the solid by en-
hancing the heat transfer between solid and liquid. This effect has also been observed
in experimental investigations on the effect of surface roughness on heat transfer be-
tween solid and liquid [66, 91], as long as the liquid is still able to properly wet the
solid (the Wenzel regime). If the surface roughness becomes too large such that it will
impede the wetting (the Cassie-Baxter regime), then it is expected that heat transfer
will be significantly reduced as a result of surface roughness.
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6. Towards Simulations with Realistic
Fluid Properties

The Diffuse Interface Model in its original form is essentially a micro-scale model.
Usually it is not possible to capture the real interface thickness and/or use realistic
fluid properties when DIM is used for systems with length scales of mm or larger, even
if the temperature of the fluid is close to the critical point. Also for all the simulations
in the previous chapters fictitious fluid properties were used, i.e. properties that do
not correspond with the fluid properties of any existing fluid.

A possible remedy for this problem is to artificially enlarge the thickness of the liquid-
vapor interface, which will keep simulations with DIM at larger length scales com-
putationally affordable. The main idea of this technique is to replace the real inter-
face thickness with a numerically acceptable one, while keeping the surface tension
coefficient constant. Without such a technique the model can only be used if the
liquid-vapor interface is thick enough for it to be captured by available grid points.
Artificial enlargement of the interface thickness is already a well established prac-
tice for DIMs based on the Navier-Stokes-Cahn-Hilliard (NSCH) equations [39]. In
the NSCH equations both phases are assumed to be incompressible and therefore no
equation of state is required. Unfortunately, developing a similar technique for the
Navier-Stokes-Korteweg (NSK) equations is more difficult. Because of fluid compress-
ibility an equation of state is involved and there is also the latent heat associated
with the phase-change process which cannot be neglected. Artificial enlargement of
the interface thickness can only be achieved by modification of the equation of state
and by introducing a number of reasonable assumptions which lead to a simplified
thermodynamic description of the fluid.

The structure of this chapter is the following. In section 6.1 the Landau theory of
phase transitions is introduced which is a generalized approach to the modeling of
phase transitions. Since the aim of this chapter is to achieve simulations with realis-
tic fluid properties, attention is also given to the modeling of fluid properties such as
viscosity, thermal conductivity, surface tension coefficient and specific heat capacity.
In section 6.2 correlations are proposed for these fluid properties that are suitable for
numerical simulations, provided that the fluid is composed of simple molecules. Sec-
tion 6.3 introduces the Landau-Ginzburg theory, which is an extension to the Landau
theory. The Ginzburg extension is subsequently used to construct a direct relationship
between the interface thickness, the surface tension coefficient and the equations of
state (pressure and internal energy) of the fluid. In section 6.4 the details of a test-
case simulation are discussed, which is a two-dimensional simulation of a head-on
droplet collision. In section 6.5 the results of the test-case simulation are presented
and discussed. In section 6.6 the conclusions are summarized.
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6.1. The Landau Theory of Phase Transitions

The Landau theory of phase transitions is a generalized approach to the modeling of
phase transitions of any kind [45]. Next to liquid-vapor phase transitions it has also
been used to model ferromagnet magnetization, crystallization of salts, solidification
of alloys and the transition to superfluidity and superconductivity. A comprehensive
discussion of the Landau theory can be found in Tolédano [99] and Umantsev [100].
The theory is based on the idea that the free energy of a system (Helmholtz or Gibbs)
can be expanded in powers of an appropriately chosen order parameter:

F (φ) =
∑
i=0

aiφ
i (6.1)

with φ the order parameter. Most common is an expansion up to the 4th degree:

F (φ) = a0 + a1φ+ a2φ
2 + a3φ

3 + a4φ
4 (6.2)

In the original Landau theory it is assumed that there exists perfect symmetry in the
free energy function, which causes all odd-numbered indices to be zero (a1 = 0 and
a3 = 0). A second constraint is introduced by the coexistence of two states in combina-
tion with the free energy principle, which states that a system will naturally minimize
its free energy in order to reach equilibrium. Thus to allow the coexistence of two
states at equilibrium, two minima must be present in the free energy function. This
requirement leads to a2 < 0 and a4 > 0. The shape of the free energy function un-
der these constraints is called the symmetric double-well potential (Figure 6.1), with
the two minima corresponding to the two ’wells’. While the free energy is a scalar,

a2 < 0
a2 = 0
a2 > 0

Figure 6.1.: The free energy function with a0 = 0, a1 = 0, a3 = 0 and a4 = 1 and
different values for a2. For a2 < 0 the symmetric double-well potential is
obtained.

the order parameter does not necessarily have to be a scalar as well. It can also be a
vector, tensor or a complex quantity. The free energy is then a function of the order
parameter, which in turn can be a function of one or more state variables that are
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relevant in the system. For liquid-vapor phase transitions usually the following order
parameter is defined:

φ =
ρ− ρv
ρl − ρv

(6.3)

with ρv and ρl the vapor and liquid mass densities corresponding to the equilibrium
states at a given temperature. Note that ρv and ρl depend on the temperature, as is
explained in section 2.2.2.

A classification of phase transitions was introduced by Ehrenfest [33] who made the
distinction between first-order and second-order phase transitions. First-order phase
transitions involve latent heat: during the transition the system will either absorb or
release energy in the form of heat. In liquid-vapor phase transitions this is the en-
thalpy of evaporation, introduced in section 2.2.2, which means that the liquid-vapor
phase transition should be classified as a first-order transitions. In second-order phase
transitions the latent heat is zero, hence they are also sometimes called continuous
phase transitions.

The presence of latent heat causes the free energy function to become asymmetric. The
free energy function still resembles the shape of a double-well, but the two minima are
now at different energy levels (Figure 6.2). To lower its free energy the system will
move from the free energy curve to a common tangent line between the liquid and
vapor mass density. Note that the end points of this tangent line are not exactly at the
local minima, but rather the points of contact between the tangent line and the free
energy curve. The tangency of this line with the free energy curve ensures equality of
the chemical potential between the two phases.

0 1

Figure 6.2.: The free energy of a first-order phase transition. The presence of latent
heat causes the free energy function to become asymmetric. The equi-
librium states which can naturally coexist are positioned at the points of
contact of a common tangent line between the two states.

A more convenient shape of the free energy function than formula 6.2 is the follow-
ing:

F (φ) = αφ2(φ− 1)2 − γφ (6.4)
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where the parameter α is determined by the temperature and the parameter γ cor-
responds to the amount of latent heat associated with the phase-transition. The end
points of the tangent line are found at φ = 0 and φ = 1.

6.2. Correlations for Various Fluid Properties

In this section correlations are proposed for a number of fluid properties: the surface
tension coefficient, specific heat capacity, thermal conductivity and the dynamic vis-
cosity. The correlations are designed to be relatively simple with a minimum number
of fitting parameters, which ensures fast numerical evaluation. Although more accu-
rate correlations exist for these fluid properties (which often employ many more fitting
parameters), they can cause excessive computational overhead when used in numeri-
cal simulations. The correlations are interpolation functions of the fluid properties at
the vapor-liquid equilibrium. It is assumed that the fluid properties depend only on
the temperature. The data points used for the interpolations were obtained from the
NIST fluid database [46].

6.2.1. Surface Tension Coefficient

The phenomenon known as surface tension can be understood as arising from attrac-
tive intermolecular forces (section 2.1). For most fluids composed of simple molecules
the following two-coefficient correlation is adequate for capturing the surface tension
coefficient as a function of temperature with reasonable accuracy:

σ(T ) = aτθ with τ =

(
1− T

Tc

)
(6.5)

with Tc the temperature at the critical point of the fluid and a, θ two coefficients whose
value can be determined from measurement data. Table 6.1 gives the values of a, θ for
three common fluids: nitrogen (N2), carbon dioxide (CO2) and methane (CH4).

a θ % error
N2 0.02932 1.260 4.8
CO2 0.08450 1.280 0.5
CH4 0.04664 1.420 0.5

Table 6.1.: Fitted coefficients of formula 6.5 with the average relative error of the fit
for three common fluids.

For the surface tension coefficient of water (H2O) a more elaborate correlation has
been proposed [10]:

σ(T ) = 0.2358τ1.256 (1− 0.625τ) (6.6)

which has a relative error of less than 0.5%.

Table 6.2 gives the temperature at the critical point of nitrogen, carbon dioxide,
methane and water.
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N2 CO2 CH4 H2O
Tc (K) 126.19 304.13 190.56 647.29

Table 6.2.: Temperature at the critical point of nitrogen, carbon dioxide, methane and
water.

Figure 6.3 shows the surface tension coefficient as a function of the reduced tempera-
ture for the fluids considered in this section. It is possible to explain the differences in
fluid surface tension coefficients by looking at the differences between the molecules
that compose the fluid. Two specific molecular properties have a large influence on the
surface tension coefficient: the acentric factor and the dipole moment. The acentric
factor is the measure of the non-sphericity of the molecules and the dipole moment
is the measure electric polarity of the molecules. Methane and nitrogen have a low
acentric factor and no dipole moment. Carbon dioxide has a high acentric factor, but
also no dipole moment. Water has both a high acentric factor and a strong dipole
moment, hence its surface tension coefficient is the highest.
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Figure 6.3.: Surface tension coefficient as a function of reduced temperature T/Tc of
H2O, N2, CO2 and CH4.

6.2.2. Specific Heat Capacity

The heat capacity of a material relates the thermal energy added to the fluid to the
corresponding increase in temperature. In general the heat capacity of a material
depends on the temperature. If temperature variations are sufficiently small then the
heat capacity can be considered a constant and the temperature will increase linearly
with the thermal energy added to the fluid. For fluids with simple molecules the
following three-coefficient correlation is proposed for the specific heat capacity as a
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function of temperature:
cv
R̄

(T ) = aτθ + bτ (6.7)

with R̄ the universal gas constant. Table 6.3 gives the values of a, b, θ for water, ni-
trogen, carbon dioxide and methane. As can be observed from Figure 6.4 there is
only a small difference in the specific heat capacity of the liquid and vapor phase for
T > 0.85Tc. The difference starts to diverge linearly for T < 0.85Tc. Liquid water has
the steepest increase in specific heat capacity as the temperature decreases.

Vapor
a b θ % error

H2O 5.03 -5.0 -0.142 5.1
N2 2.37 -0.31 -0.144 1.0
CO2 3.60 -3.53 -0.142 0.5
CH4 3.00 -0.45 -0.109 0.75

Liquid
a b θ % error

H2O 4.21 8.11 -0.135 0.5
N2 2.135 3.16 -0.140 0.5
CO2 3.192 4.70 -0.148 0.65
CH4 2.705 2.43 -0.105 0.5

Table 6.3.: Fitted coefficients of Equation 6.7 with the average relative error of the fit.
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Figure 6.4.: Temperature dependence of the specific heat capacity cv of H2O, N2, CO2

and CH4 under saturation conditions. The curves in the graphs represent
the correlation as expressed in Equation 6.7 and Table 6.3.

6.2.3. Thermal Conductivity

Conduction is the transfer of energy from the more energetic to the less energetic
particles of a substance due to interaction between the particles. Higher temperatures
are associated with higher molecular energies. When neighboring molecules collide
a transfer of energy from the more energetic to the less energetic molecules occurs.
In the presence of a temperature gradient energy transfer occurs in the direction of
decreasing temperature. Even in the absence of collisions this diffusion of thermal
energy would exist due to the random motion of molecules.

The effect of temperature, pressure and chemical species on the thermal conductivity
of a fluid can be explained from the kinetic theory of molecules. Thermal conduc-
tivity is directly proportional to: the mass density of the fluid, the mean molecular
velocity and the mean free path (average distance traveled by a molecule between
two collisions). In a liquid the molecules are much more closely packed than in a gas,
making the thermal energy transfer between molecules much more effective. Molec-
ular velocity increases with increasing temperature and decreasing molecular mass.
The mass density and mean free path are directly and inversely proportional to the
pressure respectively, which makes the thermal conductivity independent of pressure
except in extreme cases such as near vacuum conditions. Thermal conductivity gener-
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ally decreases with increasing temperature. The thermal conductivity of liquid metals
is generally much larger than those of nonmetallic liquids. If the medium in which the
conduction occurs is isotropic then the value of the thermal conductivity is indepen-
dent of the coordinate direction, which is normally the case for liquids and gases.

For fluids with simple molecules the following four-coefficient correlation is proposed
for the thermal conductivity as a function of temperature:

λ(T ) = aτθ + bτ + cτ2 (6.8)

Table 6.4 gives the values of a, b, c, θ for water, nitrogen, carbon Dioxide and methane.
As can be observed in Figure 6.5 the thermal conductivity of the liquid and vapor
phase diverge rapidly as the temperature decreases from the critical point. The fluid
Water has the unique property of a decreasing thermal conductivity of the liquid phase
for T < 0.65Tc, which is not observed in the thermal conductivity curves of the other
fluids.

Vapor
a b c θ % error

H2O 0.0277 -0.065 0.0576 -0.4853 2.2
N2 0.0073 -0.0083 0 -0.3820 4.7
CO2 0.0079 -0.0115 0 -0.4390 2.5
CH4 0.0101 -0.0070 0 -0.4240 2.6

Liquid
a b c θ % error

H2O 0.2995 1.9594 -2.6242 -0.0738 0.83
N2 0.0373 0.2725 0 0.0999 0.81
CO2 0.0473 0.4430 0 -0.1251 1.7
CH4 0.0585 0.2934 0 -0.0716 1.4

Table 6.4.: Fitted coefficients of Equation 6.8 with the average relative error of the fit.
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Figure 6.5.: Temperature dependence of the thermal conductivity λ of H2O, N2, CO2

and CH4 under saturation conditions. The curves in the graphs represent
the correlation as expressed in Equation 6.8 and Table 6.4.

6.2.4. Dynamic Viscosity

Molecules which are excited by external forces will be slowed down by adjacent
molecules due to attractive intermolecular forces. Also without intermolecular forces
(e.g. an ideal gas) a fluid will have viscosity due to random molecular motion. Vis-
cosity could therefore be interpreted as the momentum diffusion coefficient, just as
thermal conductivity characterizes thermal energy diffusion. In a liquid the molecules
are much more closely packed than in a gas, making the momentum transfer between
molecules much more effective.

In gases the mean free path of a molecule is inversely proportional to the mass density
and increases with temperature. The viscosity therefore increases with temperature
and is independent of the mass density at fixed temperature. This behavior is the
opposite to that of liquids, for which viscosity typically decreases with temperature. In
liquids the relative motion of adjacent molecules is opposed by the attractive molecular
forces of neighboring molecules. Increasing the temperature increases the random
motion of the molecules, which makes it easier for them to overcome their attractive
interactions.

For most simple fluids the following three-coefficient correlations are proposed for the
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dynamic viscosity of the vapor and liquid phase as a function of temperature:

µv(T ) = aτθ + bτ (6.9)

µl(T ) = µ0 exp

(
a

1− τ + b

)
(6.10)

Table 6.5 gives the values of a, b, θ for water, nitrogen, carbon dioxide and methane.
As can be observed in Figure 6.6 the dynamic viscosity of the liquid and vapor phase
diverge exponentially as the temperature decreases from the critical point. The dy-
namic viscosity of the vapor phase is largely insensitive to temperature variations
if the temperature is far away from the critical point. The opposite is true for the
dynamic viscosity of the liquid phase, which becomes increasingly more sensitive to
temperature variations as the temperature decreases from the critical point.

Vapor
a b θ % error

H2O 1.707e-5 -1.53e-5 -0.109 0.74
N2 7.50e-6 -7.78e-6 -0.12 0.98
CO2 1.21e-5 -1.18e-5 -0.13 0.95
CH4 6.43e-6 -6.50e-6 -0.12 1.1

Liquid
µ0 a b % error

H2O 2.25e-5 0.9167 -0.2120 3.3
N2 1.28e-7 10.1 0.795 3.4
CO2 4.6e-9 20.3 1.14 3.9
CH4 5.0e-8 14.0 1.2 3.3

Table 6.5.: Fitted coefficients of Equation 6.9 and 6.10 with the average relative error
of the fit.
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Figure 6.6.: Temperature dependence of the viscosity µ of H2O, N2, CO2 and CH4

under saturation conditions. The curves in the graphs represent the cor-
relations as expressed in Equation 6.9 and 6.10 and Table 6.5.

6.3. Artificial Enlargement of the Interface Thickness

The work by Jamet et al. [34, 35, 36] is the first to present a technique for artificial
enlargement of the interface thickness for the NSK equations in combination with the
Van der Waals equation of state. The technique relies on the careful modification of
the equation of state inside the multiphase region (ρv < ρ < ρl), while maintaining
the original equation of state outside the multiphase region and also maintaining con-
tinuity in the derivative dP

dρ . This modification is supposed to increase the thickness of
the interface, without changing the value of surface tension coefficient. Consequently,
the capillary coefficient K also needs to be modified to achieve this.

In this chapter a different technique for artificial enlargement of the interface thick-
ness is presented. The technique is based on the Landau theory explained in the
previous section and the Ginzburg extension to the Landau theory presented here.
The Ginzburg extension aims to incorporate the effects of an interface between the
different phases. Similar to the Van der Waals theory of capillarity the expression for
the free energy is extended with a non-local term which depends on the gradient of

97



the order parameter:
F (φ) = Fb(φ) + 1

2K|∇φ|
2

Fb(φ) = αφ2(φ− 1)2 − γφ
(6.11)

where Fb refers to the bulk of the two phases and |∇ρ|2 represents the non-local
contribution. As explained in section 6.1, to lower its free energy the system will
move from the original free energy curve to a common tangent line Fl between the
liquid and vapor mass density. Therefore, the excess of Helmholtz free energy in the
multiphase region reads:

∆F = Fb −Fl = αφ2(φ− 1)2 with Fl = −γφ (6.12)

Similar to the approach presented in section 2.4 it is possible to express the properties
of the interface in terms of ∆F and K. The surface tension coefficient becomes:

σ =
√

2K

∫ ρl

ρv

√
∆Fdρ =

√
2K

∫ 1

0

√
αφ2(φ− 1)2

dρ

dφ
dφ (6.13)

σ =
1

6

√
2αK(ρl − ρv) (6.14)

The expression for the interface thickness becomes:

Li =
√
K

(ρl − ρv)2∫ ρl
ρv

√
∆Fdρ

=
6
√
K(ρl − ρv)√

α
(6.15)

Reversing these relations allows to solve for the capillary coefficient K and the coeffi-
cient α for given values of surface tension coefficient σ and interface thickness Li:

K =
Liσ√

2(ρl − ρv)2
(6.16)

α =
36σ√
2Li

(6.17)

An expression for the pressure can be derived from the following thermodynamic iden-
tity:

P = ρ2 dfb
dρ

= ρ
dFb

dφ

dφ

dρ
−Fb with ρfb = Fb (6.18)

A couple of simplifying assumptions are introduced:

• The saturation mass densities (ρl and ρv) are independent of the temperature.

• The specific heat capacity cv is independent of the temperature.

• The coefficients α and γ are independent of the temperature.

The expression for the pressure then reduces to:

P (ρ) =
ρ(αφ2(2φ− 2) + 2αφ(φ− 1)2 − γ)

ρl − ρv
− αφ2(φ− 1)2 + γφ (6.19)
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with φ = (ρ − ρv)/(ρl − ρv). For the second equation of state we recall the general
equation for specific internal energy in terms of dT and dρ (equation 2.9):

de = cvdT −
(
T
∂P

∂T

∣∣∣
ρ
− P

)
dρ

ρ2
(6.20)

with ∂P
∂T

∣∣∣
ρ

= 0 this expression reduces to:

e(ρ, T ) = cvT + fb(ρ) (6.21)

In the case of liquid-vapor phase transitions the latent heat associated with the phase-
change is the enthalpy of evaporation, which is related to the parameter γ in the
following way:

∆h = fb(ρv)− fb(ρl) =
γ

ρl
(6.22)

This is the last equation that is required to construct the functional F (φ) using the
surface tension coefficient, enthalpy of evaporation, liquid/vapor mass densities and
the interface thickness as input arguments.

The technique presented in this section differs from the technique proposed by Jamet
et al. [34, 35, 36] in one important way: no original equation of state is used outside
the multiphase region. In the technique proposed by Jamet et al. special measures are
introduced to ensure that the unmodified Van der Waals equation is used outside the
multiphase region. Neglecting this constraint causes the compressibility of the fluid to
be modified as a consequence of the artificial enlargement of the interface thickness.

6.4. Simulation Setup

In this section the aim is to test the the feasibility of simulations of DIM with realis-
tic fluid properties and a length scale much larger than the real interface thickness.
First the setup of the test-case simulation is discussed and the simulation details are
given.

The initial mass density field is constructed with a hyperbolic tangent function in the
shape of two identical droplets (Figure 4.3) with a diameter of D = 2 cm, positioned
left and right of the center of the domain (Figure 6.7). The droplets are placed in a
divergence-free velocity field, which consists of four vortices that cause the droplets to
approach each other. The form of this velocity field is:

u(x, y)t=0 = vb(− sin( 2πx
L ) cos( 2πy

L ))

v(x, y)t=0 = vb(cos( 2πx
L ) sin( 2πy

L ))
(6.23)

with L = 10 cm the domain length and vb = 0.02 m/s the initial droplet velocity. The
initial temperature is uniform with T (x, y)t=0 = 150 K. Methane is chosen as the fluid.
For the dynamic viscosity and thermal conductivity the correlations as presented in
section 6.2 are employed. The remaining fluid properties required for the simulation
are listed in Table 6.6. It is assumed that the specific heat capacity is independent of
the temperature and the same for liquid and vapor, which is a reasonable assumption
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for methane at 150 K since the difference in specific heat capacity between liquid and
vapor is small at this temperature. Also the surface tension coefficient is assumed to
be independent of temperature.

5D

5D

1.5D

D

Initial velocity field

Figure 6.7.: Initial mass density field (left) and velocity field (right).

ρv 16.29 kg/m3

ρl 358.0 kg/m3

cv 1845.6 J/(kg K)
σ 0.00512 N/m

∆h 412.77× 103 J/kg

Table 6.6.: Fluid properties of methane at T = 150 K.

The computational grid is Cartesian and uniform with 225 grid points in each direc-
tion. Symmetry boundary conditions are imposed on all four domain boundaries. The
thickness of the liquid-vapor interface is set to 12.5 grid points, which corresponds to
Li = 5.56 mm. This ensures that the interface is well captured on the given grid. Note
that this is an artificial interface thickness; in reality the interface thickness is in the
order of 10 nm. The timestep in the simulations equals ∆t = 1×10−7 s. The discretiza-
tion method employed for the simulation is the same as in the previous chapters, with
the details provided in section 3.2. Although the viscosity ratio between the liquid and
the vapor phase is maintained, the absolute values of the viscosities µv and µl had to
be increased by a factor 50 in order to ensure numerical stability of the simulations.

6.5. Simulation Results

Figure 6.8 shows the evolution of the mass density, absolute velocity and temperature
field during the two-dimensional simulation of the droplet collision. Even though this
is a two-dimensional simulation, the droplet collision is similar to the droplet coales-
cence regimes described in chapter 3 and 4. The droplets touch and a small liquid
bridge is formed which is followed by its subsequent broadening. Coalescence occurs
and the coalesced droplets spread outward in the vertical direction. After reaching the
maximum vertical spread the coalesced droplet starts to contract vertically followed by
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spreading in the horizontal direction. The coalesced droplets oscillate in this manner
with diminishing amplitude until a perfectly round droplet remains.

Clearly visible are the pressure waves in the domain, especially in the vapor phase after
first contact of the two droplets. It should also be noted that the fluid compressibility
was modified by the technique of artificial enlargement of the interface thickness. The
pressure waves in the domain are therefore not propagating with a realistic velocity.
The effect of the modified fluid compressibility becomes more significant at smaller
length scales, when the surface tension causes the droplets to evaporate because the
liquid cannot sustain the Laplace pressure. Variations in the temperature field are
caused by viscous dissipation of kinetic energy. This process is much more significant
in the simulation than in reality because the viscosity of the fluid was increased by a
factor 50, which was necessary in order to ensure stability of the numerical simulation.
Also the oscillation of the coalesced droplets is therefore damped much faster.

101



102



Figure 6.8.: Two-dimensional simulation of a head-on droplet collision with a diver-
gence free initial velocity field. Visualized are the mass density field (left),
velocity field (middle) and temperature field (right).
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6.6. Conclusions

In this chapter an attempt is made to achieve simulations with DIM with realistic fluid
properties and at a length scale much larger than the real interface thickness. A tech-
nique is proposed for artificial enlargement of the interface thickness for DIMs based
on the NSK equations. A two-dimensional simulation of a head-on droplet collision
was performed to test the feasibility of the technique. No problems were encountered
with the technique for artificial enlargement of the interface thickness. However, the
discretization method that is currently employed proved to be unable to handle low
viscosity fluids on the grid that was used. Stability of the numerical simulation could
only be achieved by increasing the viscosity of the fluid with a factor 50. It should also
be noted that the fluid compressibility was modified by the technique of artificial en-
largement of the interface thickness. However, this deficiency does not seem to have
a significant influence on this particular simulation.
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7. Conclusions

The goal of this thesis is to present a theoretical and numerical investigation of phase-
transitional flows by modeling these flows with a Diffuse Interface Model. The DIM
has its physical foundations in fluid mechanics, kinetic theory and thermodynamics.
DIMs are particularly suitable for interfacial flows with large interface deformations
and/or topological changes of the interface, like coalescence and breakup phenomena.
However, the applicability of the DIM is limited by one important restriction: the thick-
ness of the interface can be at most one order of magnitude smaller than the length
scale of the domain in order for the simulations to be computationally affordable.

In chapter 3 the DIM was used to investigate collisions of liquid droplets in vapor
in three spatial dimensions just below the critical temperature. The discretization of
the governing equations is based on the finite-volume approach in combination with
a total variation diminishing time-integration scheme. The simulations showed the
existence of multiple droplet collision regimes.

In chapter 4 the DIM was compared with the Local Front Reconstruction Method
(LFRM) for the simulations of droplet collisions. Results of three-dimensional sim-
ulations of droplet collisions simulated with both models were presented and com-
pared. Additionally, the energy transfer and dissipation processes during the col-
lision were studied in detail. Although an overall good agreement is seen in the
collision outcomes, differences are observed in the interface evolution and energy
transfer/dissipation process during the droplet collision. A significant portion of these
differences can be attributed to the chosen configuration of the initial velocity field,
which is not divergence-free. This enlarges an important difference between the two
simulation models: the used implementation of LFRM assumes incompressible flow,
while DIM treats the fluid as compressible. Therefore, a divergence-free vortical initial
velocity field was introduced to achieve a better correspondence between the simula-
tion models, which improved the agreement of the simulation results.

In chapter 5 the dynamics of droplet impingement on a heated wall was studied by
DIM coupled with the thermal diffusion inside a solid. The coupling was achieved
through a set of boundary conditions at the solid-fluid interface. The effects of phase
transition, wetting properties of the wall and non-uniform temperature of the solid are
all included in the model. A novel approach to include the effect of surface roughness
was also presented. Additionally, open boundary conditions were employed to prevent
waves propagating within the compressible Van der Waals fluid from being reflected at
the boundaries. The expectation of an increased cooling rate on hydrophilic surfaces
due to a longer liquid-solid time of contact was confirmed. The cooling rate also
increases with surface roughness as compared to a smooth surface, provided the liquid
is still able to properly wet the solid.

In chapter 6 it was attempted to make a step towards relaxing the constraint that
the real interfacial thickness should be one order of magnitude less than the domain
length. First the Landau theory of phase transitions was introduced, which is a gen-
eralized approach to the modeling of phase transitions. Next correlations suitable
for numerical simulations were proposed for multiple fluid properties. The Landau-
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Ginzburg theory, which is an extension to the Landau theory, was subsequently used
to construct a direct relationship between the interface thickness, the surface ten-
sion coefficient and the equations of state (pressure and internal energy) of the fluid.
This direct relation forms the basis of the technique of artificial enlargement of the
interface thickness. No major problems were encountered with the technique itself,
however the discretization method that is currently employed proved to be unable to
handle low viscosity fluids on the grid that was used. The feasibility of the technique
was demonstrated by performing a simulation of a two-dimensional head-on droplet
collision of two methane droplets.

Recommendations

There are several options available to extend the research presented in this thesis.
The options that are expected to lead to the most significant improvements are the
following:

• Diagonally Implicit Runge-Kutta (DIRK) methods for the temporal discretization
of the governing equations. Currently an explicit RK method is employed for
the temporal discretization which requires a small timestep for stability. DIRK
methods circumvent the timestep constraint encountered in explicit RK methods
while they are still relatively easy to implement.

• Axi-symmetric discretization of the Navier-Stokes-Korteweg equations. Three-
dimensional simulations of droplet collisions with DIM are computationally ex-
pensive. Exploiting the axial symmetry of head-on droplet collisions would yield
an enormous reduction in computational workload. However, axi-symmetric dis-
cretization of the NSK equations within a Finite Volume framework is far from
a trivial exercise, especially because of the higher-order derivatives in the flux
expressions and possible singularities in the discretization at r = 0.

• Developing and implementing adaptive grid refinement for the NSK equations.
A high spatial resolution is only needed in the interface regions, while it is not
required in the bulk phases. The refinement needs to be adaptive because the
interface moves in the domain. The square of the gradient of the mass density
|∇ρ|2 can serve as an indicator of where the grid needs to be fine or coarse.

• Extending the technique for artificial enlargement of the interface thickness by
considering the liquid/vapor mass densities, the specific heat capacity and the
coefficients α and γ as functions of the temperature and not as constants.

• The DIM as presented in this thesis is only applicable to single-component mul-
tiphase flows. An extension to multi-component multiphase flows can be con-
sidered. The use of mixing rules to extend the applicability of equations of state
to mixtures is already a well established practice in chemical engineering. The
major difficulty is the inclusion of one or more convection-diffusion equations
that account for non-uniformity in the composition of the mixture.
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A. Non-Dimensionalizing the NSK
equations

Writing the equations in non-dimensional form makes the solutions more generic,
making it easier to compare solutions obtained with different methods. The scales
used to non-dimensionalize the governing equations are derived from the critical point
in the phase diagram. Starting with the Van der Waals equation of state:

P =
RTρ

1− bρ
− aρ2 (A.1)

with T the absolute temperature and R the specific gas constant. The coefficient a and
b represent the average attraction between particles and the volume excluded by the
particles. The expressions for density, pressure and temperature at the critical point
can be determined with the following equation:

∂P

∂ρ
=
∂2P

∂ρ2
= 0 (A.2)

from which the following equations can be derived:

∂P

∂ρ
=

RT

1− bρ

(
bρ

1− bρ
+ 1

)
− 2aρ = 0 (A.3)

∂2P

∂ρ2
=

2RTb

(1− bρ)2

(
bρ

1− bρ
+ 1

)
− 2a = 0 (A.4)

Combining gives:

RT

ρ(1− bρ)

(
bρ

1− bρ
+ 1

)
− 2a =

2RTb

(1− bρ)2

(
bρ

1− bρ
+ 1

)
− 2a (A.5)

Solving for ρ gives the mass density at the critical point:

ρc =
1

3b
(A.6)

The temperature at the critical point can be derived from:

∂P

∂ρ
(ρc) = 0 (A.7)

9RT

4
− 2a

3b
= 0 (A.8)

which leads to:
Tc =

8a

27Rb
(A.9)

The pressure at the critical point is derived from the mass density and temperature at
the critical point:

P (ρc, Tc) = Pc =
a

27b2
(A.10)
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The mass density, temperature and pressure at the critical point are used as the char-
acteristic scales for non-dimensionalizing:

ρ = ρcρ
∗ =

1

3b
ρ∗ T = TcT

∗ =
8a

27Rb
T ∗ P = PcP

∗ =
a

27b2
P ∗ (A.11)

The characteristic scales used to non-dimensionalize the velocity, space and time are
defined as:

u = u0u
∗ =

√
Pc
ρc
u∗ x = Lx∗ t =

L

u0
t∗ (A.12)

The dimensionless Van der Waals equation of state then becomes:

a

27b2
P ∗ =

R 8a
27RbT

∗ 1
3bρ
∗

1− b 1
3bρ
∗ − a 1

9b2
ρ∗2 (A.13)

which reduces to:

P ∗ =
8T ∗ρ∗

3− ρ∗
− 3ρ∗2 (A.14)

The dimensionless mass balance equation reads:

ρcu0

L

(
∂ρ∗

∂t∗
+∇ · (ρ∗u∗)

)
= 0 (A.15)

The dimensionless momentum balance equation reads:

ρcu
2
0

L

(
∂ρ∗u∗

∂t∗
+∇ · (ρ∗u∗u∗T + P ∗I − τ ∗ − ξ∗)

)
= 0 (A.16)

The dimensionless energy balance equation reads:

ρcu
3
0

L

(
∂ρ∗E∗

∂t∗
+∇ ·

(
(ρ∗E∗ + p∗)u∗ − (τ ∗ + ξ∗) · u∗ + q∗ + j∗E

))
= 0 (A.17)

If the Reynolds number is defined as:

Re =
ρcu0L

µ
(A.18)

and the Weber number is defined as:

We =
u2

0L
2

ρcK
(A.19)

then the dimensionless viscous stress tensor can be expressed as:

τ ∗ =
1

ρcu2
0

τ =
1

Re

(
∇u∗ +∇uT∗ − 2

3
∇ · u∗I

)
(A.20)
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and the dimensionless capillary stress tensor can be expressed as:

ξ∗ =
1

ρcu2
0

ξ =
1

We

(
(ρ∗∇2ρ∗ +

1

2
|∇ρ∗|2)I −∇ρ∗ ⊗∇ρ∗

)
(A.21)

The specific internal energy of a Van der Waals fluid reads:

e = cvT − aρ (A.22)

If the non-dimensional specific heat at constant volume is defined as:

c∗v =
1

R
cv (A.23)

then the non-dimensional specific internal energy becomes:

e∗ =
1

u2
0

e =
9b

a

(
cv

8a

27Rb
T ∗ − a

3b
ρ∗
)

=
8

3

1

R
cvT

∗ − 3ρ∗ (A.24)

which reduces to:

e∗ =
8

3
c∗vT

∗ − 3ρ∗ (A.25)

The non-dimensional total energy density reads:

ρ∗E∗ =
1

ρcu2
0

ρE = ρ∗e∗ +
1

2
ρ∗|u∗|2 +

1

2

1

We
|∇ρ∗|2 (A.26)

The non-dimensional heat flux reads:

q∗ =
1

ρcu3
0

q = − λTc
ρcu3

0L
∇T ∗ (A.27)

substitute the critical temperature with Tc = 8
3Ru

2
0 and define the Prandtl number

as:
Pr =

µcv
λ

(A.28)

which allows the non-dimensional heat flux to be expressed as:

q∗ =
−8c∗v

3RePr
∇T ∗ (A.29)

The non-dimensional interstitial work flux reads:

j∗E =
1

ρcu3
0

jE =
1

We
(ρ∗∇ · u∗)∇ρ∗ (A.30)
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