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Abstract

The paper deals with the state estimation problem for nonlinear dynamical systems via communication channels with limited data rate.
We introduce several minimum data-rate limits associated with various types of observability. A notion of the restoration entropy (RE) is
also introduced and its relevance to the problem is outlined by a corresponding Data Rate Theorem. Theoretical lower and upper estimates
for the RE are proposed in the spirit of the first and second Lyapunov methods, respectively. For three classic chaotic multi-dimensional
systems, it is demonstrated that the lower and upper estimates for the RE coincide for one of them and are nearly the same for the others.
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1 Introduction

The multidisciplinary area of networked control systems lies
at the crossroad of control, communication, and computer
sciences and integrates their classical topics into a whole,
while responding to new special challenges born out of their
union. One of them is caused by bottlenecks in the pro-
cess of information transmission among the network nodes
that may be due to constraints on the data transmission bit-
rate allocated to every particular transmitter/receiver pair
within a shared fieldbus device [12, 13]. Regarding this is-
sue, a substantial research effort was to reveal the mini-
mal requirements to the rate and quality of data transmis-
sion that are needed for efficient, stable, and robust con-
trol [1, 4–6, 8, 14, 20, 29, 31, 33, 36, 37, 43, 46, 55].

An essential focus in these regards was on building a reli-
able realtime estimate of the state of a dynamical plant based
on data communicated across a bit-rate constrained chan-
nel, with leaving purely control issues behind the scenes.
This does not come as a surprise not only since a reli-
able state observer is often of value in its own right but
also since many control problems can be routinely solved

? A preliminary version of this paper was presented at the IFAC
World Congress [32].

if such an observer is available. Moreover, the very concept
of a networked feedback assumes that in the circular pro-
cess of inter-influence, the sensory data get to the decision-
maker/regulator via a communication channel, which in-
evitably makes consistency between data at its transmitter
and receiver ends, respectively, a real concern for control.

It is this observability problem that is addressed: What is
the minimal bit-rate of data transfer that is needed to build a
reliable and efficient state estimate. This work is a continu-
ation and extension of our previous work [34,38], where the
raised issues are addressed in the context of discrete time.
The current paper is focused on continuous time case and
deals with the concerns discussed below.

As is now known, the issue of the communication bit-rate
minimally required for solvability of various control and ob-
servation tasks is conceptually and computationally related
to the classic concept of the topological entropy (TE) [10,18]
and its recent control-oriented analogs [4–7,14,20,30,36,46,
49]. Meanwhile, computation or even estimation of the TE
of nonlinear systems has earned the reputation of an intri-
cate matter; this intricacy briskly grows up with the system’s
dimension. Constructive lower and upper bounds on recent
descendants of the TE are given in [4, 20–22, 30, 49]; their
conservatism is basically an open issue, though closed-form
formulas are obtained in some cases [20–22, 36, 46, 50].
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This paper aims at tractable two-sided estimates capable to
join up into a closed-form formula or at least to form a mi-
nor gap; to demonstrate such an ability, we shall use three
multi-dimensional chaotic systems that are classically em-
ployed as testbeds in dynamical systems theory. The above
objective is achieved via focusing on a new dynamical in-
variant of the system called the restoration entropy (RE).
Meanwhile, RE is introduced in this paper as a response to a
purely control-oriented inquiry: What is the minimal rate at
which sensory data should be transferred to an estimator in
order that the initial estimation accuracy can be reproduced
somewhere in the future and then be maintained and, more-
over, exponentially improved. The proposed approach to es-
timation of RE, similarly to [34,38], integrates the strengths
of the two Lyapunov’s methods: lower and upper estimation
follow the lines of the first and second (direct) Lyapunov
methods, respectively, whereas the latter much benefits from
special design of non-quadratic Lyapunov functions recently
elaborated in stability analysis of nonlinear oscillations [41].

In the first part of this paper [34], such an approach is elab-
orated for a discrete time model based on the concepts of
regular and fine observability rates. Its extension to the con-
tinuous time case requires, first of all, elaboration of these
concepts in this case, which also calls for decoupling the
bit-rate issue from those of sampling and encoding. The
key point is relevant advancement of the direct-Lyapunov-
method part of the approach, whose critical trait is deducing
asymptotic behavior of the system from its local (moreover,
infinitesimal) properties at any point in the region of interest.
The long-term experience with the direct Lyapunov method
shows that its full strength stems from directly handling the
ODE (or other equation) that embodies the continuous-time
model. In this paper, we elaborate an analytical machinery
that is based on ideas from [34, 38, 41] and endows them
with the desired capacity of such handling. The potential
of the thus developed techniques is exposed via analysis of
three celebrated samples of chaotic dynamical systems.

In fact, this paper continues studying the control-oriented
characteristics of a dynamical plant called observability rates
in [34,38]. Their original definitions are built upon existence
of an external to the plant observation scheme with certain
properties. In this paper, we show that in the important case
of observation within the scope of an invariant compact set
and full-state measurement, these characteristics are equal
to the RE, which is a purely intrinsic dynamical invariant
of the plant. This quantity addresses the uncertainty that is
injected by the system’s dynamics into the knowledge of
the state with the same accuracy as initially or, more specif-
ically, the rate at which this uncertainty grows over time.
We also disclose relations of the RE with the instruments
of the classic dynamical systems theory such as finite- and
infinite-time Lyapunov exponents and the TE, which opens
the door for using classic tools and associated results for
study and computation of the RE and throws an extra light
on relationships between the RE and classic TE.

The body of the paper is organized as follows. Section 2

sets up the problem of state estimation, whereas Sect. 3
provides basic definitions concerned with performance of
respective observers. Assumptions about the plant are given
in Sect. 4, Sect. 5 presents the definition of the restoration
entropy and the data rate theorem, which links the RE with
the observability rates from Sect. 3. Relations of the RE
with the Lyapunov exponents and TE, as well as its lower
estimates, are discussed in Sect. 6, whereas upper estimates
based on the direct Lyapunov approach are presented in
Sect. 7. Section 8 is devoted to study of the Lorentz, Rössler,
and Sprott systems; Sect. 9 offers brief conclusions. The
proofs of most theoretical results are placed in appendices.

The following notations are adopted in the paper:

• dse, bsc, integer ceiling and floor of s, respectively;
• [n1 : n2], set of integers j ∈ [n1, n2];
• f(t+), limit of the function f(·) from the right;
• intE, interior of the set E;
• E, closure of the set E;
• coE, closed convex hull of E;
• Bδa, open ball with a radius of δ centered at a;
• ‖ · ‖, Euclidean norm of a vector in Rn and the spectral

norm of a square matrix;
• I , identity matrix.

2 Continuous-Time State Estimation Problem

We consider a nonlinear time-invariant plant

ẋ = f(x), x = x(t) ∈ Rn, t ∈ [0,∞), x(0) ∈ K, (1)

where x is the state, the map f : Rn → Rn is C1-smooth,
and K 6= ∅ is a compact set of the feasible initial states. As
time t runs from 0, a valid estimate x̂(t) of x(t) should be
continuously generated in real time t at a certain faraway site
Sest, where direct observation of x is impossible. Meanwhile,
x(t) is fully accessible at time t in another location Ssen 6=
Sest (typically that of the plant) on the basis of sensor data.
The problem to be treated stems from the bottleneck caused
by a finite bit-rate of data communication from Ssen to Sest.
How many bits need to be minimally transmitted per unit
time in order that valid estimation be feasible?

More formally, at every time tk from a certain sequence
t0 = 0 < t1 < . . ., the communication channel from Ssen
to Sest accepts for transmission a message e(tk) of a finite
bit size. The transmission consumes time τk ≥ 0 and e(tk)
fully reaches Sest at time tk + τk. The size of e(tk) may be
manipulable and may affect the transmission delay τk. The
time of departure tk is recognizable at Sest, which is true if,
e.g., τk is a known function of the bit size of e(tk).

The departure times tk and messages e(tk) are generated by
a special device, located at the sensor site Ssen and called the
coder. It uses the knowledge of the preceding measurements,
as well as the initial estimate x̂(0) and its accuracy δ > 0

‖x(0)− x̂(0)‖ < δ, x(0), x̂(0) ∈ K, (2)
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and is described by equations of the following forms

e(tk) = C
[
tk, x|[0,tk]; x̂(0), δ

]
, (3)

tk+1 = T
[
k, t0, . . . , tk, x|[0,tk]; x̂(0), δ

]
, t0 := 0. (4)

Here s|∆ is the restriction of the signal s(·) on ∆ ⊂ R.
An estimate x̂(t) of the current state x(t) is generated at
the current time t at the site Sest by a decoder based on the
messages e(tk) received prior to this time:

x̂(t) = D
[
t, {e(tk)}k:tk+τk≤t; x̂(0), δ

]
t ≥ 0. (5)

Both the coder and decoder are given common values of
x̂(0) ∈ K and δ and are aware of f(·) and K. Overall, an
observer is given by (3)—(5), see Fig. 1.

Fig. 1. State estimation over a finite capacity channel.

A trivial observer does not employ communication from Ssen
to Sest and merely generates the solution x̂(·) of the ODE
from (1) that starts with x̂(0). This observer is not acceptable
in the case of our main interest, where K is an invariant
chaotic set since then even a minor initial estimation error δ
may drastically grow as time progresses. Our main concern
is how to protect the estimation accuracy from a critical
degradation or even to preserve or improve it, and how
much data must be minimally communicated per unit time
to achieve these ends.

In this paper, we are concerned with the time-averaged
amount of data and employ a concept of the channel that is
similar to that from [33, Sect. 3.4] and views the “channel”
as a communication facility with the following features.

c1) The next transmission time may be restricted: tk+1 ∈
N[ηk], where ηk := [t0, ..., tk, e(t0), ..., e(tk)] and N(ηk)⊂
(tk,∞) is a multivalued map associated with the “channel”;
“no restriction” is embodied by N(ηk) = (tk,∞).

The trait c1) may catch, e.g., that only integer multiples
of a given ∆ > 0 may serve as departure times (then
N(ηk) ⊂ {t = i∆ > tk : i is integer}) or that the next
departure cannot be commenced while the channel is busy
transmitting e(tk) (then, e.g., N(ηk) ⊂ (tk+Θ[|e(tk)|],∞),
where |e(tk)| is the bit-size of e(tk) and Θ[|e(tk)|] is the du-
ration of the channel being closed). Also, the times tk may
be pre-specified, then N(ηk) contains a single element tk+1.

c2) Message choice may be restricted:

e(tk+1) ∈ E[t0, . . . , tk+1, e(t0), . . . , e(tk)].

At its simplest, E(·) is always a given finite set E. A some-
what converse situation is where E(·) is the set of all binary
sequences of arbitrary lengths.

Needless to say that the coder (4) is restricted to meet c1,2).

c3) Messages are not corrupted but may arrive out of order:
tk+τk > tk+1 +τk+1. The message may be lost (then τk :=
∞); otherwise τk does not exceed a constant τ ∈ (0,∞). 1

c4) There is a uniform upper bound b+(∆t) on the total
number of bits that can be transferred during any time inter-
val of duration ∆t subject to c1—3). 2 Meanwhile, no less
than b−(∆t) bits can be surely transferred during any such
interval provided that tk and e(tk) are properly chosen.

c5) The respective per unit time upper and lower bounds
converge to a common value c called the channel capacity:

b±(∆t)/(∆t)→ c as ∆t→∞. (6)

For examples and more discussion on this notion of the
channel, we refer the reader to [33, Sect. 3.4] and [35].

What channel capacity is minimally required in order that a
certain degree of observation performance be achievable?

3 Definitions on the Observation Performance

From now on, we assume that x(0), x̂(0) ∈ K. The first
three definitions follow the lines of [34].

Definition 1 An observer is said to observe the system (1)
if for any ε > 0 there is δ(ε) > 0 such that whenever (2)
holds with δ = δ(ε), the estimation error never exceeds ε:

‖x(t)− x̂(t)‖ ≤ ε ∀t ≥ 0. (7)

This does not exclude that a disproportionally higher initial
accuracy δ(ε) � ε is needed, which means that the initial
accuracy is drastically degraded as time passes. The next
definition introduces two classes of observers for which, in
various degrees, such a decay of accuracy is excluded.

Definition 2 An observer is said

i) to regularly observe the system (1) if the anytime error
is uniformly proportional to the initial error: there exist
δ∗ > 0 and G > 0 such that whenever δ ≤ δ∗ in (2),

‖x(t)− x̂(t)‖ ≤ Gδ ∀t ≥ 0; (8)

1 This may result from the policy under which excessively delayed
messages are ignored at Sest.
2 A message is said to be transferred during a time interval if it
both departs and fully arrives within this interval.
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ii) to finely observe the system (1) if in addition to i) the
observation error exponentially decays to zero as time
progresses: there exist δ∗ > 0, G > 0, and g > 0 such
that whenever δ ≤ δ∗ in (2), the following holds

‖x(t)− x̂(t)‖ ≤ Gδe−gt ∀t ≥ 0. (9)

Definition 3 The system (1) is said to be i) observable, ii)
regularly observable, or iii) finely observable via a given
communication channel if there is an observer that firstly,
operates through this channel and secondly, observes, reg-
ularly observes, or finely observes the system, respectively.

What channel rate c is minimally needed in order that the
system (1) be observable in every of these senses? 3 In other
words, what is the infimum value R(f,K) of the rates c such
that (1) is observable in the selected sense via any commu-
nication channel with capacity c? 4 Here the index o,ro, and
fo is attached to R in the cases i), ii), and iii), respectively.
The arguments f,K underscore that these quantities are en-
tirely determined by the system (1). It is easy to see that

Ro(f,K) ≤ Rro(f,K) ≤ Rfo(f,K). (10)

If f orK is clear from the context, it can be dropped in these
notations. In the remainder, we study Ro,Rro,Rfo, disclose
their relations with the classic topological entropy, and of-
fer constructive separate necessary and sufficient bounds on
them. These bounds may coincide, thus providing an ex-
haustive (necessary and sufficient) answer, as will be shown
in Sect. 8.1 for a classic chaotic system. However, we can-
not guarantee that these bounds coincide in general.

Since any two norms inRn are equivalent µ1‖x‖1 ≤ ‖x‖2 ≤
µ2‖x‖1, the norm does not affect the quantities from (10).

4 Technical assumptions about the plant

From now on, the following assumptions are adopted.

Assumption 4 Any solution x(t, a) of the ODE from (1)
starting with x(0) = a ∈ K is defined for all t ≥ 0.

Then the system (1) gives rise to a flow a ∈ K 7→ φt(a) :=
x(t, a), t ≥ 0. We also put

K(t) := φt(K), K∞ :=
⋃
t≥0

K(t),

A(x) =
∂f

∂x
(x), X(t, x) :=

∂φt

∂x
(x) (11)

and recall that the η-vicinity of a set E ⊂ Rn is defined as

Eη := {x : inf
y∈E
‖x− y‖ < η}, η > 0. (12)

3 The fact that apart from c, the other channel’s features are of
no concern here will be rigorously justified in Lemma 18.
4 By Lemma 18, “any” can be replaced by “some” here.

Assumption 5 The set K is compact and A(·) is bounded
and uniformly continuous on [coK∞]η with some η > 0.

Assumptions 4, 5 hold ifK is compact and positively invari-
ant [17, Th. 3.1] or if the system (1) is ultimately bounded,
i.e., there exist β, γ, T > 0 such that whenever ‖a‖ ≤ γ,
the solution x(t, a) is defined for all t ≥ 0 and ‖x(t, a)‖ ≤
β ∀t ≥ T ; in the last case, one may take K := Bγ0 .

5 Topological and Restoration Entropies, and Associ-
ated Data Rate Theorem

Now we relate the introduced notions with the classic con-
cept of the topological entropy (TE). We first recall the lat-
ter and offer its modification, which definition is somewhat
similar in flavor to that of the TE.

Definition 6 For T, ε > 0, a set Q is said to be (T, ε)-
spanning (for the system (1)) if its members are solutions of
(1) defined on [0, T ] and starting in K and for any a ∈ K,
there exists x?(·) ∈ Q such that

‖x(t, a)− x?(t)‖ ≤ ε ∀t ∈ [0, T ]. (13)

The smallest possible number of elements in Q with the
described property is denoted as q(T, ε). The topological
entropy of the system (1) on K is defined as [10, 18]

H(f,K) := lim
ε→0

lim
T→∞

T−1 log2 q(T, ε). (14)

Thus the TE answers the question: how many bits of data
must be conveyed to an estimator per unit time in order that
the error in the state estimate be constantly kept below a
given level irrespective of how small this level might be.

As will be shown, the rates Rro and Rfo respond to another
inquiry. Specifically, let p(T, a, δ) be the minimal number
of open δ-balls required to cover the image φT (Bδa ∩K).

Let an estimate a ∈ K of x(0) ∈ K be known and let
its accuracy be δ. How many bits must be conveyed to the
estimator in order that at time T , it could enjoy awareness
of x(T ) with the same accuracy? By treating the centers of
the covering balls as candidates for the estimates, and vice
versa, we get the answer: log2 p(T, a, δ) at the minimum.

In this answer, we consecutively sharpen the focus on

i) the uniform bound plog
K (T, δ) := supa∈K log2 p(T, a, δ);

ii) the highest accuracies by considering limδ→0 p
log
K (T, δ);

iii) the asymptotically average number of bits that must be
sent to the observer per unit time provided that the esti-
mate of x(T ) is needed at time T →∞ by considering

Hres(f,K) := lim
T→∞

1

T
lim
δ→0

sup
a∈K

log2 p(T, a, δ). (15)
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This quantity addresses the uncertainty that is injected by
the system’s dynamics into the knowledge of the state with
the same accuracy as initially; more specifically, (15) char-
acterizes the rate at which this uncertainty grows over time.

Definition 7 The quantity (15) is called the restoration en-
tropy of the system (1) on K.

Definition 7 addresses restoring the accuracy somewhere in
the future. Now we show that (15) is also responsible for
the feasibility to constantly keep the accuracy proportional
to its initial value and to quickly improve the accuracy by
driving the error to zero at an exponential rate.

Theorem 8 (Data Rate Theorem) The following holds:

H ≤ Ro, Hres ≤ Rro. (16)

If the set K is positively invariant, then moreover,

Ro = H, Rro = Rfo = Hres. (17)

The proof of this theorem and Remark 10 will be given in
Appendix C. Basic details of design of observers underlying
the proof of Theorem 8 are elucidated in Appendix B. There
are systems for which the strict inequality Hres > H holds
true, as follows from Example 5.1 in [38].

Remark 9 There are known several definitions of the TE
of a flow, which yet produce the same number (14); see,
e.g., [10,18]. For example, this notion is sometimes defined
as the TE of the map φ1(·). Another idea is to form q(T, ε) in
(14) by using a larger variety of sets Q which still retain the
approximation property (13) but whose elements are allowed
not only to disobey (1) but also to loose continuity.

Remark 10 Definition 7 makes sense for any continuous
flow {φt(·)}t≥0 in K ⊂ Rn, not only for ones given by
ODE’s. Consider two flows {φti(·)}t≥0 in compacts sets
Ki ⊂ Rn, i = 1, 2. Let these flows be Lipschitz conju-
gate: there exists an invertible map h : Rn → Rn such that
φt2(·) = h ◦ φt1(·) ◦ h−1 ∀t ≥ 0, h(K1) = K2, whereas h
and h−1 are Lipschitz continuous on K∞1 and K∞2 , respec-
tively. Then these flows have a common value of the RE.

6 Restoration Entropy and Lyapunov Exponents

Now we relate the restoration entropy with the finite-time
Lyapunov exponents [15,16], which are given (strictly speak-
ing, modulo the logarithm base change 2 7→ e) by

λi(T, a) := T−1 log2 αi [X] , where X := X(T, a) (18)

is defined in (11) and α1(X) ≥ . . . ≥ αn(X) are the singu-
lar values of X . The relation to be established also provides
a method for practical (mainly, lower) estimation of Hres.

We introduce the sum of the positive Lyapunov exponents:

Σ(T, a) :=

n∑
i=1

{λi(T, a)}+ , {s}+ := max{s; 0}. (19)

Theorem 11 Let Assumptions 4 and 5 hold. Then

lim
T→∞

max
a∈intK

Σ(T, a) ≤ Hres ≤ lim
T→∞

max
a∈K

Σ(T, a), (20)

Rfo ≤ lim
T→∞

sup
a∈K∞

Σ(T, a). (21)

The proof of this theorem is given in App. D.

If intK = ∅, the first inequality in (20) is void. If intK =
K, (20) is true with = put in place of ≤.

For any linear f(x) = Ax+ b system (1),

λi(T, a) =
log2 αi

[
eAT

]
T

→ 1

ln2
Reβi as T →∞, (22)

where β1, . . . , βn are the eigenvalues of A repeated in ac-
cordance with their algebraic multiplicities and ordered so
that their real parts Reβi decay as i grows [2]. Hence for
any compact set K with a nonempty interior,

Hres =
1

ln2

n∑
j=1

{Reβj}+ (23)

and so Hres = H according to [46].

Now let K be positively invariant. The limit λi(a) :=
limT→∞ λi(T, a) is known under the name of the Lyapunov
exponent (modulo log2 7→ ln in (18)). Let KL be the set of
all a ∈ K for which this limit (i.e., λi(a)) does exist. For
any invariant Borel measure µ on K, the multiplicative er-
godic theorem [45] yields that µ-almost all points a ∈ K are
in KL, the Lyapunov exponents are invariant with respect
to the flow φT (·) µ-almost everywhere; also, if µ is ergodic,
they are constant up to a set of µ-zero measure. By (20),

sup
a∈KL∩intK

n∑
i=1

{λi(a)}+ ≤ Hres

≤ lim
T→∞

sup
a∈K

n∑
i=1

{λi(T, a)}+

z
= sup
a∈K

lim
T→∞

n∑
i=1

{λi(T, a)}+ , (24)

where (z) holds by [48, Thm. 1] (applied to the subadditive
function F (a, t) :=

∑n
i=1{log2 αi[X(t, a)]}+). 5

5 We thank an anonymous reviewer for the remark (z).
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The definition of Hres and (20) can be extended on flows
on a compact Riemannian manifold M, in which case the
differentialX(t, a) in (11) and (18) acts between the tangent
spaces. This remark throws an extra light on the inequality
H ≤ Hres that holds for the invariant set K := M by
Theorem 8. Indeed, by the variational principle for entropy
[9, Cor. 2.16] and the Ruelle inequality [19, S.2.13] H ≤
supµ

∫
M

∑n
i=1 {λi(a)}+ dµ, where sup is over all invariant

Borel probability measures µ on M. Meanwhile, Hres is the
uniform “µ-almost sure” upper bound of the integrand by
the first inequality from (24) (for all of the above µ’s).

For any equilibrium point a of the nonlinear system (1), the
r.h.s. in (23) with A := ∂f

∂x (a) is denoted as HL(f, a) and
called the proximate topological entropy around a.

Corollary 12 The following entailment holds:

a ∈ intK is an equilibrium ⇒ Hres ≥ HL(f, a). (25)

This is implied by (22) and the first inequality in (20).

Now we sketch (without proofs) two ways of weakening the
assumptions of Corollary 12: relaxation of the condition that
1) a is an equilibrium or 2) a ∈ intK, respectively.

1) Let an orbit x(t, a) be T -periodic: x(T, a) = a. Then
clearlyX(t+T, a) = X(t, a)X(T, a) ∀t ≥ 0. SoΣ(t, a) =
t−1

∑n
i=1{log2 αi[X(t− T bt/T c, a)X[T, a]bt/Tc]}+ and

lim
t→∞

Σ(t, a) = lim
t→∞

Σ(t, a) =

n∑
i=1

{log2 |γi[X(T, a)]|}+
T

.

Here X(T, a) is the monodromy matrix of the periodic or-
bit at hands and γi[X(T, a)] are its eigenvalues repeated in
accordance with their algebraic multiplicity. If additionally
a ∈ intK, we thus arrive at another lower estimate

Hres ≥
n∑
i=1

{log2 |γi[X(T, a)]|}+
T

.

2) Let M 3 a be a smooth manifold whose intersection
with a sufficiently small vicinity of a (in Rn) lies in K.
(An example is the manifold of dimension 0 that consists
of one point a.) Let M(a) be the set of all such manifolds.
Let αi(T, a,M) be the singular values of X(T, a)πTa(M).
Here Ta(M) is the tangent space of M at a and πTa(M) is
the orthogonal projection of Rn onto this space. Then

Hres(f,K) ≥ lim
T→∞

sup
a∈K

Σsm-incl(T, a), where (26)

Σsm-incl(T, a) := sup
M∈M(a)

n∑
i=1

{
log2 αi(T, a,M)

T

}
+

.

The proof of (26) is by combining the ideas of the proofs of
Theorem 9 in [34] and Theorem 11, respectively.

7 The direct Lyapunov approach to upper estimation
of the fine observability rate and restoration entropy

By (17) and (20), the studied observability bit-rates are
mixed up with the TE and the long-horizon limits of the
Lyapunov exponents. Their computation or even estimation
still remains an intricate matter in general [51, 53, 54], with
prevalence of numerical methods. Now we offer an analyti-
cal approach to upper estimation of Rfo and simultaneously,
thanks to (10) and (16), of the RE. This approach follows
the lines of the second Lyapunov method and uses a non-
traditional design of a Lyapunov-like function.

The components of this design are introduced in the follow-
ing Assumption 13. Their proposed use for building such a
function and detailed discussion of this and very close as-
sumptions are offered in [39–42] in relation to the study of
various dynamical properties, including the TE [40]. As a
brief reminder, we recall that this design relies on a posi-
tively definite state-dependent quadratic forms that, unlike
Lyapunov functions, interchange growth and decay along
the system’s trajectories so that decay prevails “ on aver-
age” . The tractability of the advocated approach in the cur-
rent context will be demonstrated in Sect. 8.

For a smooth function g(x) of x, we put ġ(x) := ∂g
∂x (x)f(x).

Assumption 13 There exist scalar vd(x), d ∈ [1 : n] and
n × n-matrix valued P (x) = P (x)> functions defined and
continuously differentiable in a vicinity (12) of K∞ such
that the following statements hold:

i) P (x) is bounded and uniformly positive definite:

∃µ1, µ2 > 0 : µ2
1In ≤ P (x) ≤ µ2

2In ∀x ∈ K∞; (27)

ii) vd(x) are bounded: |vd(x)| ≤ V <∞ ∀x ∈ K∞, d;
iii) Let σ1(x) ≥ σ2(x) ≥ · · · ≥ σn(x) be the roots of the

following algebraic equation

det[A(x)>P (x) + P (x)A(x) + Ṗ (x)− σP (x)] = 0

repeated in accordance with their algebraic multiplici-
ties. There exist constants Λd ≥ 0, d ∈ [1 : n] such that

d∑
i=1

σi(x) + v̇d(x) ≤ Λd ∀d ∈ [1 : n], x ∈ K∞. (28)

Theorem 14 Suppose that apart from Assumptions 4 and 5,
the system (1) and the set K satisfy Assumption 13. Then

Rfo ≤ Λ/(2 ln 2), where Λ := max
d

Λd. (29)
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Proof: Claim i) in Assumption 13 guarantees that for any
x ∈ K∞, there is a positively definite n × n-matrix S(x)
such that S(x)S(x) = P (x). Since its eigenvalues are the
square roots of the eigenvalues of P (x), (27) yields that

µ1I ≤ S(x) ≤ µ2I. (30)

By putting ωd(A) :=
∏d
i=1 αi(A) and using Lemma 8.1 and

Proposition 8.6 in [40], we have for any d ∈ [1 : n], a ∈ K,

ωd
{
S [x(T, a)]X(T, a)S(a)−1

}
≤ exp

{
1

2

∫ T

0

{σ1[x(t, a)] + · · ·+ σd[x(t, a)]} dt

}
(28), (29)
≤ exp

{
1

2

∫ T

0

{Λ− v̇d[x(t, a)]} dt

}

= exp {(ΛT − vd[x(T, a)] + vd[a])/2}
ii)
≤ exp(V+ΛT/2).

By Horn’s inequality [3, Prop. 2.3.1], ωd(AB) ≤
ωd(A)ωd(B) and so

ωd[X(T, a)] ≤ ωd
{
S [x(T, a)]X(T, a)S(a)−1

}
× ωd

{
S [x(T, a)]

−1
}
ωd {S(a)} .

The singular values of the positively definite matrices S(x)
and S(x)−1 are identical to their eigenvalues, which lie in
[µ1, µ2] and [µ−1

2 , µ−1
1 ], respectively, due to (30). Thus

ωd[X(T, a)] ≤
(
µ2

µ1

)n
exp(V + ΛT/2);

Σ(T, a)
(18), (19)
=== T−1

n∑
i=1

{log2 αi [X(T, a)]}+

= T−1 max
d∈[1:n]

{
d∑
i=1

log2 αi [X(T, a)]

}
+

(31)

= T−1 max
d∈[1:n]

{log2 ωd [X(T, a)]}+

≤ T−1 max
d∈[1:n]

{
log2

[(
µ2

µ1

)n
exp(V + ΛT/2)

]}
+

= T−1 {n(log2 µ2 − log2 µ1) + (V + ΛT/2)/ ln 2}+

The proof is completed by (21).

Theorem 14 can be viewed as a continuous-time analog of
an akin result from [34] and also enhances it by using state-
dependent matrices P . In [40], the similar estimate Λ

2 ln 2 ≥
H is derived for non-autonomous systems; this paper deals
with autonomous systems only to ease technicalities.

We proceed to study of three celebrated chaotic systems.

8 Examples

8.1 Lorenz system

Consider the Lorenz system with the parameters σ, r, b > 0:

ẋ = −σx+σy, ẏ = rx−y−xz, ż = −bz+xy. (32)

If r ≤ 1, the equilibrium x = y = z = 0 is globally
asymptotically stable. The main interest to this system is
associated with r > 1. Then the origin is a hyperbolically
unstable saddle and there are two more equilibria.

Theorem 15 Let r > 1 and let all equilibria of (32) be
hyperbolically unstable. Then for any compact set K whose
interior contains the origin (0, 0, 0),

Rfo(K) =
1

2 ln 2

(√
(σ − 1)2 + 4rσ − (σ + 1)

)
. (33)

Proof: With a quadratic Lyapunov function, it is easy to
see that the system (32) is ultimately bounded and all its
solutions are extensible on [0,∞). Thus Assumptions 4 and
5 hold. Via applying (25) to (0, 0, 0) and an elementary ex-
ercise in computation of the eigenvalues of the associated
Jacobian, we see that the r.h.s. of (33) does not exceed Hres,
where Hres ≤ Rro ≤ Rfo by Theorem 8 and (10). Mean-
while, Assumption 13 was justified in [40, Sect. 4] and the
related quantity Λ

2 ln 2 from (29) was shown to be equal to
the r.h.s. of (33). Theorem 14 completes the proof.

In [40], the r.h.s. of (33) was shown to be no less than
H(f,K) for any positively invariant compact set K if all
equilibria of (32) are unstable. This result was based on [28];
whereas a certain flaw in [28] was later corrected in [26].

The assumption on instability of all equilibria excludes the
case of the so called “transient chaos” [24], which can ap-
pear even if the Lorenz system possesses two stable equilib-
ria along with the unstable saddle. Using a result from [25],
that assumption can be relaxed to cope with a possible “tran-
sient chaos” so that (33) remains valid in this case as well.
However, corresponding developments are very involved.

8.2 Rössler system

This is the following system with the parameters a, b > 0

ẋ = −y − z, ẏ = x, ż = −bz + a(y − y2), (34)

which is traditionally attributed to Rössler (Eq.(5) in [44]).

Theorem 16 For any compact positively invariant set K of
the Rössler system (34), the following inequality holds:

Rfo(K) ≤ 1

2 ln 2

(√
2a+ 4b+ b2 − b

)
. (35)
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Proof: To check Assumption 13, we follow [27] and con-
sider P (x, y, z) = P := diag(1, 1, p), where p > 0 will
be specified later on. Then in iii) from Assumption 13,

A(y)>P+PA(y)−λP =


−λ 0 −1

0 −λ ap(1− 2y)

−1 ap(1− 2y) −p(λ+ 2b)

 .

It is easy to see that the equation det(A>P+PA−λP ) = 0
has three roots λ1 > λ2 = 0 > λ3,

λ1,3 = −b±
√
b2 + p−1 + a2p(1− 2y)2.

Hence λ1 ≥
∑d
i=1 λi, d = 2, 3. So to ensure (28) (for all

d’s), it suffices to find v1(·) and Λ1 such that (28) holds
with d = 1: then (28) is true with v3(·) := v2(·) := v1(·)
and Λ3 := Λ2 := Λ1. For v1 := γ1(z − bx), where γ1 is a
tunable parameter, we have v̇1 = γ1

[
(a + b)y − ay2

]
. So

(28) (with d = 1) does hold if Λ1 is any upper bound for

λ1+v̇1 = −b+
√
b2 +

1

p
+ a2p(1− 2y)2+γ1

[
(a+b)y−ay2

]
.

To find such a bound, we use the elementary inequality√
q ≤ γ2q + (4γ2)−1 ∀q ≥ 0, γ2 > 0 to see that

λ1 + v̇1 ≤ γ2

[
b2 +

1

p
+ pa2(1− 2y)2

]
+

1

4γ2

+ γ1

[
(a+ b)y − ay2

]
− b.

Maximizing the r.h.s. of this inequality over y and choosing
consecutively p := (a+ 2b)−1,

γ2 :=
1

2
√
p(a+ 2b)2 + b2 + 1

p

, γ1 := 4γ2ap
a+ 2b

a+ b

yields λ1 + v̇1 ≤ Λ1 :=
√

2a+ 4b+ b2 − b. Theorem 14
completes the proof.

For a = 0.386, b = 0.2, as in [44], the r.h.s. of (35) is
equal to 0.7716. At the same time the proximate topological
entropy around the saddle equilibrium x0 = 0, y0 = 1 +
b/a, z0 = −1− b/a is smaller: HL(x0, y0, z0) = 0.6527.
Now let O be an orbit such that the solutions started in O
are bounded in forward time and converge to x0, y0, z0 in
backward time, and let K = O. Then (26) gives an evidence
that 0.6527 ≤ Rfo(K) ≤ 0.7716 and so there is a gap
between the upper and lower estimates in general.

Meanwhile, numerical analysis provides an evidence that the
approach of this paper allows to shrink this gap to≈ 0.0001.

Indeed, for a = 0.386, b = 0.2, v1 := 1.494(z − bx), and

P =


1.000 0.006 −0.068

0.006 0.811 0.484

−0.068 0.484 1.06

 ,

one can numerically verify that

λ1(y) + v̇1 = λ1(y) + 1.494((a+ b)y − ay2) / 0.905.

Numerical analysis also reveals that λ2(y) / 0 ∀y (see Fig-
ure 2). Therefore, Theorem 14 gives the following estimate
for an arbitrary positively invariant compact set K:

Rfo(K) ≤ (2 ln 2)−1[λ1(y) + v̇1] ≈ 0.6528.

This is a very accurate approximation of the lower estimate
Rfo(K) ≥ 0.6527, which holds for K = O by (17) and
(26). This approximation emphasizes the role of equilibrium
points in providing the exact value of Rfo(K), for a relevant
discussion related to the Rössler system, see also [23].

Thus, via the offered method, Rfo(K) can be computed with
a high accuracy for the classic values a = 0.386, b = 0.2.

0 0.5 1.51-1 2-0.5

1.5

0.5

-0.5

-1.5

-2

1

-1

0

2

Fig. 2. The graphs of λi, i = 1, 2, 3 and λ1 + v̇1 versus y.

8.3 Sprott S-system

In [52, Table 1], the following chaotic system is suggested:

ẋ = −x− 4y, ẏ = x+ z2, ż = 1 + x. (36)

It is easy to verify that this system is equivalent to

...
z + z̈ + 4ż + 4z2 − 4 = 0, (37)

There are two equilibria in the system; for them, z = ±1,
respectively; whereas the Jacobian matrix is given by

A(z) =


−1 −4 0

1 0 2z

1 0 0

 .
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By (37), v̇ = z2 − 1 for v := − 1
4 (z̈ + ż)− z. With

P :=


1.0000 0.2876 −0.1792

0.2876 2.3047 −1.5663

−0.1792 −1.5663 3.7614

 ,

numerical analysis shows that the roots λi from iii) of
Asm. 13 are such that λ2,3(z) < 0 and the function
v1 = −0.735v obeys the inequality

λ1(z) + v̇1 = λ1(z)− 0.735v̇ / 2.406. (38)

Whence, for any positively invariant compact set K,

Rfo(K) ≤ (2 ln 2)−1λ1(y) + v̇1 ≈ 1.7356.

To lower estimate Rfo(K) based on (26) and (17), we ob-
serve that 2A(−1) has two complex conjugate eigenvalues
with negative real parts and a real positive eigenvalue≈ “the
r.h.s. of (38)”. Let O be an orbit such that solutions started
in O are bounded in forward time and converge to the equi-
librium with z = −1 in backward time. Then for K = O,

Rfo(K) ≈ 1.7356.

We conclude this example by observing that via an affine
change of coordinates, both the Rössler system (34) and the
Sprott S-system (36) can be rewritten in the form

...
z + a2z̈ + a1ż − a0 + bz2 = 0, a0, b ≥ 0. (39)

Moreover, both the Sprott Q-system [52, Table 1] and the
Ermentrout system [11, Eq.(4.1)] can be similarly reduced to
(39), and so (39) covers four classic chaotic systems. There
are two equilibria z1,2 = ±

√
a0/b in (39). Numerical search

of a matrix P with the averaging function v linear in (z, ż, z̈)
similar to that discussed in Sects. 8.2, 8.3 supports the con-
jecture that for (39) and any positively invariant compact set
K, Rfo(K) is upper bounded by the largest proximate TE
around z1,2. However, verification of this conjecture seems
to be technically involved, and we leave this as a topic of
further research. If this conjecture were true, then one could
construct the set K similar to K = O as above so that the
value of Rfo(K) can be found exactly.

9 Conclusion and Future Work

A new characteristic of nonlinear continuous time dynami-
cal systems, called the restoration entropy (RE), was intro-
duced. It was shown that it gives the minimal rate at which
sensory data should be communicated to an observer to en-
able it to generate an effective estimate of the current state
in real time. Relationships of the RE with the Lyapunov ex-
ponents and topological entropy were studied. An approach

to two-sided estimation of the RE was elaborated that in-
tegrates the strengths of the two Lyapunov’s methods. Its
utility was demonstrated via study of three classic multi-
dimensional chaotic systems. For the Lorentz system in its
general (algebraic) form, a closed-form exact formula for the
RE was obtained. For the Rössler system in its general form,
separate closed-form upper and lower estimates of the RE
were established; it was shown that the gap between them
≈ 0.0001 for the classic numerical values of the system’s
parameters. For the Sprott S-system, the RE was computed
with nearly the same precision.

Our future research includes an insight into the issue of ro-
bustness in the face of dynamic uncertainties and an exten-
sion of the findings of the paper on networked scenarios.
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A Technical Facts Underlying the Proofs in App. C, D

Lemma 17 For any T > 0, there are κT , LT > 0 such that

1. the solution x(t, a) of the ODE in (1) is defined on [0, T ]
if a ∈ [K∞]κT , where [K∞]κT is given by (11), (12);
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2. ‖x(t, a)−x(t, b)‖ ≤ LT ‖a−b‖ whenever t ∈ [0, T ], a ∈
[K∞]κT , b ∈ K∞;

3. forX(·, ·) from (11), ‖X(t, a)−X(t, b)‖ → 0 uniformly
over t ∈ [0, T ], b ∈ K∞ as ‖a− b‖ → 0;

4. x(t, a+ ∆a) = x(t, a) +X(t, a)∆a+ ‖∆a‖ζ(a,∆a, t),
where ζ(a,∆a, t) → 0 uniformly over t ∈ [0, T ], a ∈
[K∞]κT as ∆a→ 0 if κT is small enough.

Proof: 1. Let η > 0 be less than the eponymous value
from Asm. 5 and let a, b be like in 2 (where κT will be
specified later on). We denote by [0, Ta] the maximal interval
of the form [0, T∗] ⊂ [0, T ] such that x(t, a) is defined for
t ∈ [0, T∗] and infz∈K∞ ‖x(t, a) − z‖ ≤ η ∀t ∈ [0, T∗].
For y(t) := x(t, a) − x(t, b), t ∈ [0, Ta], the mean value
inequality [47, Cor. 1.3.5, p. 22] and (1) yield that

‖ẏ(t)‖ = ‖f [x(t, a)]− f [x(t, b)]‖

≤ max
θ∈[0,1]

∥∥∥∥∂f∂x [θx(t, a) + (1− θ)x(t, b)]y(t)

∥∥∥∥ ≤ Ω(η)‖y(t)‖,

where Ω(η) := sup
z∈[co(K∞)]η

∥∥∥∥∂f∂x [z]

∥∥∥∥ Asm. 5
< ∞

⇒ ‖y(t)‖ ≤ ‖a− b‖+ Ω(η)

∫ t

0

‖y(s)‖ ds.

Then thanks to Grönwall’s inequality,

‖y(t)‖ ≤ exp [Ω(η)t]× ‖a− b‖. (A.1)

Since a ∈ [K∞]κT , there is b ∈ K∞ such that ‖a−b‖ < κT .
With this b, we get ‖y(t)‖ ≤ ζ := κT exp [Ω(η)T ] ∀t ∈
[0, Ta]. Now we pick κT > 0 so small that ζ ≤ η/2. Then
‖x(t, a) − x(t, b)‖ ≤ η/2 ∀t ∈ [0, Ta]. So Ta = T since
otherwise x(t, a) would exist and infz∈K∞ ‖x(t, a)−z‖ ≤ η
for t > Ta, t ≈ Ta, in violation of the definition of Ta.

2. This claim is immediate from (A.1).

3. By [17, Cor. 3.1, Ch. 5] and Grönwall’s inequality,

∂X

∂t
(t, x0) =

∂f

∂x
[x(t, x0)]X(t, x0), X(0, x0) = I, (A.2)

⇒ ‖X(t, b)‖ ≤ 1 +

∫ t

0

∥∥∥∥∂f∂x [x(s, b)]X(s, b)

∥∥∥∥ ds
≤ 1 + Ω(η)

∫ t

0

‖X(s, b)‖ ds⇒ ‖X(t, b)‖ ≤ exp
[
tΩ(η)

]
.

Hence for Y (t) := X(t, a)−X(t, b) and t ∈ [0, T ], we have

‖Ẏ (t)‖ ≤
∥∥∥∥∂f∂x [x(t, a)]Y (t)

∥∥∥∥
+

∥∥∥∥[∂f∂x [x(t, a)]− ∂f

∂x
[x(t, b)]

]
X(t, b)

∥∥∥∥
≤ Ω(η)‖Y (t)‖+

∥∥∥∥∂f∂x [x(t, a)]− ∂f

∂x
[x(t, b)]

∥∥∥∥ ‖X(t, b)‖

≤ Ω(η)‖Y (t)‖+

∥∥∥∥∂f∂x [x(t, a)]− ∂f

∂x
[x(t, b)]

∥∥∥∥ eTΩ(η).

(A.3)
Since Y (0) = X(0, a)−X(0, b) = 0, we have

‖Y (t)‖ = ‖Y (t)−Y (0)‖ =

∥∥∥∥∫ t

0

Ẏ (s) ds

∥∥∥∥ ≤ ∫ t

0

‖Ẏ (s)‖ ds.

This and (A.3) imply that

‖Y (t)‖ ≤ Ω(η)

∫ t

0

‖Y (s)‖ ds+ α(t)

α(t) := eTΩ(η)

∫ t

0

∥∥∥∥∂f∂x [x(s, a)]− ∂f

∂x
[x(s, b)]

∥∥∥∥ ds.
By the integral version of Grönwall’s inequality, we see that

‖Y (t)‖ ≤ α(t) +

∫ t

0

α(s)Ω(η)eΩ(η)(t−s)ds.

Integrating by parts and invoking α(0) = 0 yield that

‖Y (t)‖ ≤ eTΩ(η)

∫ t

0

eΩ(η)(t−s)
∥∥∥∥∂f∂x [x(s, a)]− ∂f

∂x
[x(s, b)]

∥∥∥∥ ds.
It remains to note that x(s, a)−x(s, b)→ 0 uniformly over
s ∈ [0, T ], b ∈ K∞ thanks to 2 and that ∂f/∂x is uniformly
continuous on [K∞]η by Assumption 5.

4. By [47, Cor. 1.3.6, p. 22], we have

‖ζ(a,∆a, t, f)‖ ≤ max
θ∈[0,1]

∥∥∥∥∂φt∂x
(t, a+ θ∆a)− ∂φt

∂x
(t, a)

∥∥∥∥
= max
θ∈[0,1]

‖X(t, a+ θ∆a)−X(t, a)‖ . (A.4)

Let a ∈ [K∞]κT /2, ‖∆a‖ < κT /2. Then a + θ∆a ∈
[K∞]κT ∀θ ∈ [0, 1] and so (A.2) ⇒ ‖X(t, a + θ∆a)‖ ≤
eΩ(η)T for t ∈ [0, T ]. By [47, Cor. 1.3.5, p. 22],

‖x(t, a+ θ∆a)− x(t, a)‖ ≤ max
θ′∈[0,θ]

‖X(t, a+ θ′∆a)‖ ‖∆a‖

≤ ‖∆a‖eΩ(η)T → 0 as ∆a→ 0

uniformly over a ∈ [K∞]κT /2, t ∈ [0, T ], θ ∈ [0, 1]. Hence
∂f
∂x [x(t, a + θ∆a)] − ∂f

∂x [x(t, a)] → 0 uniformly over a ∈
[K∞]κT /2, t ∈ [0, T ], θ ∈ [0, 1] as ∆a → 0. This conver-
gence of the coefficients in the linear ODE (A.2) (consid-
ered for a and a := a+ θ∆a, respectively) implies that the
solutions X(t, a+ θ∆a)−X(t, a)→ 0 uniformly over the
same set as ∆a→ 0. The proof is completed by (A.6).

Lemma 18 Observability via some channel with capacity c
in any of the senses from Definition 3 implies observability
in the same sense via any channel with capacity c′ > c.
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Proof: For all types of observability the proofs are simi-
lar; we focus on the fine observability. By Def. 3, there is an
observer Oc that finely observes the system via a channel
CHc with capacity c. Let b±(·) and b′±(·) be taken from (6)
for CHc and a channel CHc′ with capacity c′ > c, respec-
tively, and let τ be an upper bound (from c3) on page 3) on
the transmission time for CHc. Since b′−(T ) ≥ b+(T + τ)
for T ≈ ∞ by (6), any message transferred via CHc within
any time interval of duration T +τ can be transferred within
any time interval of duration T via CHc′ .

We introduce the observer Oc′ that operates via CHc′ as
follows. At any time θj = jT, j = 0, 1, . . ., the coder of Oc′

builds the prognosis x(t), t ∈ [θj , θj+1] by integrating the
ODE from (1). This prognosis is used to instantly generate
the sequence of dispatch times (4) and messages (3) by
running the coder of Oc. At time θj , the coder of Oc′ thus
becomes aware of these sequences up to the future time θj+1.
The total message that arrives at the decoder of Oc during
[θj , θj+1] is transferred via CHc within the time interval
[θj−τ , θj+1] and so can be transmitted across CHc′ within
the time interval [θj , θj+1]. This is exactly what the coder
of CHc′ does, thus enabling the decoder Dc of Oc to work,
without any alteration, on the basis of data transferred via
Oc′ . The decoder of Oc′ takes this opportunity to run Dc,
and thus acquires the estimate x̂(θj+1) of Oc at time θj+1.

To build its own estimate x̂′(t), the decoder of Oc′ uses
x̂(t) =: x̂′(t+) at times t = θj , and integrates the ODE
from (1) with x(0) = x̂′(θj+) between them t ∈ [θj , θj+1).

‖x(t)−x̂′(t)‖
2 in Lem.17
≤ LT ‖x(θj)−x̂(θj)‖

(9)
≤ GLT δe

−gθj

= GLT δe
−gTbt/Tc ≤

[
GLT e

gT
]
δe−gt.

Definition 2 completes the proof.

Lemma 19 Let A ∈ Rn×n and let the operator of multipli-
cation by A transform Bδ0 into a set that can be covered by
balls Bεx1 , . . . , BεxN with the radius of ε. Then their number

N ≥
[
δ/(ε
√
n)
]d
ωd(A) ∀d ∈ [1 : n]. (A.5)

Proof: If ωd(A) = 0, the inequality with this d is evident.
Let ωd(A) > 0 and let A = Udiag [α1(A), . . . , αn(A)]V
be the singular value decomposition, whereU and V are uni-
tary n × n-matrices. Since O := {x = col (x1, . . . , xn) ∈
Rn : |xi|<δ/

√
n} ⊂ Bδ0 = V Bδ0 , the image

Q := diag [α1(A), . . . , αn(A)]O

is covered by the balls U−1Bεxj = BεU−1xj , j = 1, . . . , N .
Now we introduce the basis ei := col(0, . . . , 1, . . . , 0), i =
1, . . . , n, where 1 is in the ith position, the orthogonal pro-
jection πd of Rn onto the linear subspace Ld spanned by

e1, . . . , ed, and the Lebesgue measure mesd in Ld. Since
πdQ is covered by πdBεU−1xj , j = 1, . . . , N , we have

mesd [πdQ] ≤
N∑
j=1

mesd [πdB
ε
U−1xj ] ,

πdQ =

{
x =

d∑
i=1

θiei : |θi|<αi(A)δ/
√
n

}
.

So mesd [πdQ] = ωd(A)2dδdn−d/2, whereas πdBεU−1xj is
an open ball inLd with a radius of ε and somesd

[
πdB

ε
U−1xj

]
≤

εd2d. Summing up, we arrive at (A.7).

B Observer Underlying the Proofs in App. C

Now we introduce an observer that backs our proofs. This
observer is built of the following set of ingredients.

Definition 20 An image covering structure consists of
T, δ∗ > 0, a δ-parametric sequence {rj(δ)}∞j=0 ⊂ (0,∞)
(where δ ∈ (0, δ∗), r0(δ) = δ), and a mapping of any
triplet (j, a, δ) (where j = 0, 1, . . ., a ∈ Kj := K(jT ), and
δ ∈ (0, δ∗)) into a cover Cja,δ of φT [B

rj(δ)
a ∩Kj ] with open

rj+1(δ)-balls centered in Kj+1. The size of the structure is
defined as the minimal N (either natural or ∞) such that
the size of the cover Cja,δ does not exceed N for any j, a, δ.

Lemma 21 For any image covering structure of a finite size
N and a communication channel for which

b−(T ) ≥ log2N + 1 (b−(·) is taken from (6)), (B.1)

there is an observer (3)—(5) that acts via this channel and

‖x(t)− x̂(t)‖ ≤ LT rbt/Tc(δ) ∀t ≥ 0, δ ∈ (0, δ∗) (B.2)

whenever (2) holds. Here LT is taken from 2 in Lemma 17.

Proof: Since the decoder is fully driven by the messages
from the coder, the latter can and (in our design) does repli-
cate the estimates x̂(t) generated by the former. Let (2) hold
with δ ∈ (0, δ∗). At any time t = θj = jT, j = 0, 1, . . ., the
coder checks whether x(t) ∈ Brj(δ)

x̂(t)
. If not so, an “alarm”

message z is sent to the decoder. Otherwise x(t + T ) ∈
φT
[
B
rj(δ)

x̂(t)

]
and the coder determines a ball B from the

cover Cj
x̂(t),δ

that contains x(t+T ) and then sends a binary
code of the index of the ball B across the channel within
the time interval ∆j := [θj , θj+1). This calls for commu-
nication of log2N bits since the size of the cover does not
exceed N by Definition 20. The requested data transmission
is executable by the definition of b−(T ) and (B.1) (where
one more bit is reserved for possible communication of z).
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As t runs inside any interval ∆j , the proposed decoder

merely integrates the ODE from (1) dx̂(t)
dt = f [x̂(t)]. As t

arrives at the end θj+1 of ∆j , the decoder checks whether
an information about a ball B has arrived during ∆j−1. If
so, x̂(θj+1) is instantly removed to the center of B.

It is easy to see that first, z is never sent and second,

‖x(θj)− x̂(θj+)‖ < rj(δ) ∀j = 0, 1, 2, . . . .

The proof is completed by 2 in Lemma 17.

C Proof of Theorem 8 and Remark 10

The first relations in (16), (17) are established mostly in the
same way as similar ones in [34]. Now we present full proofs
of (16), (17) for completeness and convenience of the reader.

An initial part of proving (16) is focused on the second
inequality, with addressing the first one in brackets 〈. . .〉〈. . .〉〈. . .〉.
We first pick c > Rro 〈〈〈c > Ro〉〉〉. By the definition of Rro
〈〈〈Ro〉〉〉, there is an observer that regularly observes 〈〈〈observes〉〉〉
the system via a channel with capacity c′ < c. By Def. 2,
there are δ∗, G > 0 〈〈〈for any ε > 0, there is δ∗〉〉〉 such that
‖x(t) − x̂(t)‖ ≤ Gδ ∀t ≥ 0 〈〈〈such that ‖x(t) − x̂(t)‖ ≤
ε ∀t ≥ 0〉〉〉 if δ < δ∗ and a := x̂(0) ∈ K,x(0) ∈ Bδa∩K. By
(6), there also exists T∗ such that b+(t)/t < c ∀t ≥ T∗. The
closed ball BG0 can be covered by a finite number L of open
unit balls B1

y1 , . . . , B
1
yL centered at some points y1, . . . , yL;

then the closed ball BGδb is covered by the same number L
of open balls Bδδy1+b, . . . , B

δ
δyL+b.

Let x(0) run over Bδa ∩ K and let T ≥ T∗. By (5), x̂(T )
takes no more values than the message transferred via the
channel within [0, T ]. The number of them does not exceed
2b+(T ) < 2cT by c4) on p. 3. The closed (Gδ)-balls cen-
tered at these x̂(T )’s cover φT (Bδa ∩ K); every of these
balls is covered by L open δ-balls. Hence p(T, a, δ) ≤
L2cT ⇒ log2 p(T, a, δ)/T ≤ c + (log2 L)/T ∀a ∈ K, δ ∈
(0, δ∗), T ≥ T∗. Then by (15), Hres ≤ c ∀c > Rro ⇒ “the
second inequality in (16)”.

To prove the first one, we cover the compact setK by finitely
many open δ-balls Bδa1 , . . . , B

δ
aM , ai ∈ K. As x(0) runs

over Bδai , the estimate x̂(t), treated as a function of t ∈
[0, T ], ranges over a set Qi with no more than 2cT elements,
as has been just shown. Since the set Q := ∪iQi is (T, ε)-
spanning by Def. 6 (and Rem. 9), q(T, ε) ≤M2cT ∀T ≥ T∗
and so H(f,K) ≤ c by (14). It remains to let c → Ro+,
which means that c approaches Ro from above.

Now letK be positively invariant. Thanks to (10) and (16), it
suffices to show that Ro ≤ H and Rfo ≤ Hres to prove (17).
We start with the second inequality and pick c > c′ > Hres.

By (15), there exists T∗ and a map T ∈ [T∗,∞) 7→ δT > 0
such that for all T ≥ T∗, δ ∈ (0, δT ), a ∈ K,

T−1 log2 p(T, a, δ) < c′.

Let M be the number of open (1/4)-balls needed to cover
the unit closed ball B1

0 . Since T−1 log2M → 0 as T →∞
and c′ < c, properly increasing T∗ (if necessary) ensures
that for T ≥ T∗, δ ∈ (0, δT ), a ∈ K, we have

T−1 [log2 p(T, a, δ) + log2M ] < c

So if a ∈ K(jT ) ⊂ K, the image φT [Bδa ∩ K(jT )] can
be covered by M · p(T, a, δ) open η-balls with η := δ/4;
their centers can be removed to K[(j + 1)T ] via altering
η := δ/2. By substituting rj(δ) := 2−jδ ∈ (0, δT ) in place
of δ here, defining Cja,δ as the resultant cover, we get an
image covering structure of size ≤ N :=

⌊
2cT
⌋

by Def. 20.
Let C be a channel with b−(T ) = log2N + 1 and capacity
(log2N + 1)/T . By Lem. 21, there is an observer (3)—(5)
that acts via C and meets (B.2). Since the r.h.s. of (B.2) equals
LT rbt/Tc(δ) = LT 2−bt/Tcδ ≤ 2LT 2−t/T δ = Ge−gtδ with
g := ln 2/T and G := 2LT , we see that the system is finely
observable via C by Def. 3. Hence Rfo ≤ (log2N+1)/T =
(log2b2cT c + 1)/T ≤ c + 1/T ∀T ≥ T∗. Consecutively
letting T →∞ and c→ Hres+ yields that Rfo ≤ Hres.

To show that Ro ≤ H , we put εk := 1/k, and pick a chan-
nel C with capacity c > c′ > H . By (14) and Def. 6, for
any large enough T ≥ 0, there is a (T, εk)-spanning set
Qk(T ) whose size ≤ 2c

′T . So within any time interval of a
proper duration Tk, the coder can make the decoder aware
of the choice among the elements of Qk(Tk) by sending
messages via C. At any time θj := jTk, the coder computes
x(t), t ∈ [θj , θj+2] via integration of the ODE from (1),
picks x?(·) ∈ Qk(Tk) such that ‖x(θj+1 + τ) − x?(τ)‖ ≤
εk ∀τ ∈ [0, Tk], and “communicates” this x?(·) to the de-
coder. On receiving x?(·) at t = θj+1, the decoder puts
x̂(t) := x?(t − θj+1) ∀t ∈ [θj+1, θj+2]. Finally, we pick a
decaying sequence {δk > 0} such that δk < L−1

Tk
εk. Based

on δ ∈ (0, δ1) in (3)–(5), the observer finds k such that
δk+1 < δ ≤ δk and employs the above design with this k
for the coder and decoder on t ∈ [0,∞) and t ∈ [Tk,∞), re-
spectively. On [0, Tk], the decoder integrates the ODE in (1)
from the initial state x̂(0). Defs. 1, 3 and letting c → H+
assure that Ro ≤ H .

Proof of Remark 10: The number p(T, a, δ) related to the
ith flow (i = 1, 2) is marked with i. There is Li > 0 such
that ‖hi(x)−hi(y)‖ ≤ Li‖x−y‖ ∀x, y ∈ K∞i , i = 1, 2 for
h1 := h, h2 := h−1. For δ > 0, a ∈ K2, we have h−1(Bδa∩
K2) ⊂ BL2δ

h−1a ∩ K1. So K := [φT1 ◦ h−1](Bδa ∩ K2) ⊂
K∞1 can be covered by p1(T, h−1a, L2δ) open δ-balls. Via
doubling δ, their centers can be removed to K∞1 . Hence
φT2 (Bδa ∩K2) = h(K) can be covered by p1(T, h−1a, L2δ)
open (2L1δ)-balls. Let M be the number of open 1-balls
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needed to cover B2L1
0 . Then M open δ-balls are enough to

cover any closed ball with a radius of 2L1δ. Hence

p2(T, a, δ) ≤Mp1(T, h−1a, L2δ),

lim
T→∞

1

T
lim
δ→0

sup
a∈K2

log2 p2(T, a, δ)

≤ lim
T→∞

1

T
lim
δ→0

sup
a∈K1

log2 p1(T, a, δ)

and so the RE of the second flow does not exceed that of the
first one by (15). The converse is established likewise.

D Proof of Theorem 11

If a ∈ K∞ and ‖x− a‖ < δ, 4) in Lemma 17 yields that

φT (x)−X(T, a)x− b ∈ BδµT (δ)
0 , (D.1)

where b := φT (a) − X(T, a)a and µT (δ) → 0 as δ → 0.
Then by [40, Prop. 8.5] and (41) in [40], the number N of
open ε-balls needed to cover φT (Bδa)

N ≤
n∏
i=1

⌈
δ/ε {αi [X(T, a)] + µT (δ)}

√
n
⌉

(D.2)

≤ max

{
2nn

n
2 max
d∈[1:n]

(δ/ε)d
d∏
i=1

{αi [X(T, a)] + µT (δ)} ; 1

}
.

Taking ε := δ yields that

lim
δ→0

max
a∈K

p(T, a, δ)

≤ 2nn
n
2 max
a∈K

max

{
max
d∈[1:n]

d∏
i=1

αi [X(T, a)] ; 1

}
.

Whence by invoking (15), we see that

Hres ≤ lim
T→∞

1

T
log2 max

a∈K
max

{
max
d∈[1:n]

d∏
i=1

αi [X(T, a)] ; 1

}
,

which implies the second inequality in (20) thanks to (31).

By taking a ∈ K(jT ) and ε := δ/4 in (D.2), we see that to
cover φT [Bδa ∩K(jT )] by open (δ/4)-balls, no more than

max

{
23nn

n
2 max
d∈[1:n]

d∏
i=1

{αi [X(T, a)] + µT (δ)} ; 1

}

balls are needed; via doubling their radius δ/4 7→ δ/2, their
centers can be moved in K[(j + 1)T ]. Putting rj(δ) :=

2−jδ in place of δ here shows that there is a cover Cja,δ

of φT [B
rj(δ)
a ∩K(jT )] with open rj+1(δ)-balls centered in

K[(j + 1)T ] whose size does not exceed

N := sup
a∈K∞

max

{
23n+1n

n
2 max
d∈[1:n]

d∏
i=1

αi [X(T, a)] ; 1

}

for δ ≈ 0. We thus acquire an image covering structure of
size ≤ N by Def. 20. Retracing the arguments from the
penultimate paragraph in the proof of Thm. 8 shows that
Rfo ≤ (log2N + 1)/T . Letting T →∞ yields (21).

To prove the first inequality in (20), we note that φT (Bδa∩K)
can be covered by p(T, a, δ) open δ-balls by the definition
of p(T, a, δ). Let a ∈ intK and δa > 0 be so small that
Bδaa ⊂ K. Then φT (Bδa) can be covered by p(T, a, δ) open
δ-balls if δ ∈ (0, δa). Then by (D.1), we see that the image
X(T, a)Bδ0 can be covered by p(T, a, δ) open ε-balls, where
ε := δ[1 + µT (δ)]. So (A.7) yields that for all δ ∈ (0, δa),

p(T, a, δ) ≥ max
d∈[1:n]

ωd [X(T, a)]

(
1

[1 + µT (δ)]
√
n

)d
.

Then for any δ∗ > 0, δ ∈ (0, δ∗) and K−(δ∗) := {x :
Bδ∗x ⊂ K}, we have

max
a∈K

p(T, a, δ) ≥ max
a∈K−(δ∗)

p(T, a, δ)

≥ sup
a∈K−(δ∗)

max
d∈[1:n]

max

{
ωd [X(T, a)]

(
1

[1 + qT (δ)]
√
n

)d
; 1

}
⇒ lim

δ→0
max
a∈K

p(T, a, δ)

≥ sup
a∈K−(δ∗)

max
d∈[1:n]

max
{
ωd [X(T, a)]n−

d
2 ; 1
}
.

By noting that
⋃
δ∗>0K

−(δ∗) = intK, we see that

lim
δ→0

max
a∈K

p(T, a, δ)

≥ sup
a∈intK

max
d∈[1:n]

max
{
ωd [X(T, a)]n−d/2; 1

}
Here X(T, a) continuously depends on a ∈ K, whereas
the singular values αi(A) and so ωd(A) continuously de-
pend on the matrix A. It follows that the expression after
supa∈intK continuously depends on a and so this sup equals
supa∈intK . Hence by (15),

Hres(f,K) ≥ lim
T→∞

max
a∈intK

max
d∈[1:n]

{
log2 ωd [X(T, a)]

T

}
+

,

which yields the first inequality in (20).
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