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Summary

The process engineering industry has been the backbone of the industrial develop-
ment for over 150 years across the globe. Increasing demand for energy has seen
the rise of newer technologies to produce synthetic fuels from various resources.
The modelling of these processes has been a field of extensive research in the
chemical engineering field. The mathematical description of these processes are
typically governed by complex partial differential equations that need to be solved
numerically, especially when they are non-linear in nature. The numerical study
of these differential equations provide a deeper insight into transport phenomena
of various reactor engineering applications.

One popular design for the production of synthetic fuels, as in the case of the
Fischer-Tropsch synthesis, is the multi-tubular fixed bed reactor. The numerical
modelling of packed bed reactors is the primary focus of this thesis. To this effect,
a powerful numerical technique generally classified as Direct Numerical Simula-
tion (DNS) is used. The DNS model employs a uniform 3-D Cartesian grid which
maps both the fluid and solid phases onto a single computational domain. The
fluid phase and solid phase transport equations are discretized in their respective
domains and are coupled by applying the appropriate interface boundary condi-
tion. The interface coupling is enforced at the level of discretization using the
Immersed Boundary Method (IBM). Various boundary conditions ranging from a
simple Dirichlet b.c. to the continuity of fluxes b.c. may be imposed using the IBM.
The DNS framework allows one to simulate multiphase flow systems in a fully re-
solved manner without the usage of empirical correlations.

The objective of the thesis is to use DNS to simulate packed bed systems in order
to investigate the optimum operating conditions and derive closures which may
be used for coarse-grained models. Volume-averaging theory provides the means
necessary to perform this, where one may calculate dispersion coefficients, mass
transfer coefficients and flow averaged temperature and concentration profiles. By
performing a sensitivity analysis on various transport parameters such as flow-rate,
porosity, reaction rate, feed concentration and temperature values, one may ob-
tain a deeper insight into the mechanisms of the transport phenomena governing
packed bed reactors.

One key feature of DNS is that it is free of empirical closures, unlike the previous
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classical volume-averaged models which require the input of an experimentally
determined correlation in order the close the system of equations. These empir-
ical correlations while useful in modelling the homogenized large scale systems,
do not necessarily provide accuracy in the numerical estimation of the experimen-
tal counterpart. DNS allows one to perform an accurate simulation of the actual
system and also allows one to estimate the deviations caused by these empirical
closures using volume-averaging theory.

As a starting point, passive transport of an inert solute in spatially periodic Kelvin
cells are simulated to measure hydrodynamic dispersion coefficients as a function
of the Reynolds number and foam porosity. It is observed that dispersion coeffi-
cients in ordered porous media scale quadratically with the Péclet number equiva-
lent to the classical Taylor’s theory. Furthermore, it is observed that hydrodynamic
dispersion in isotropic media is qualitatively different to dispersion in anisotropic
media. The study is then extended to measure mass transfer coefficients in open-
cell foams for an isothermal infinitely fast surface reaction. The Sherwood number
is calculated as a function of the Reynolds number and the interplay between exter-
nal mass transport limitations and internal mass transport limitations are studied.
It is observed that external mass transport limitations arise before the wash-coat
diffusion limitations in open-cell foam catalysts unlike the general case of spheri-
cal catalysts.

Next, the simulation of coupled heat and mass transport accounting for internal
and external mass transport limitations in a dense packing of spherical catalyst
particles in a tubular column were performed. The ignition and extinction phe-
nomena in a non-isothermal non-adiabatic packed bed reactor due to the existence
of multiple steady states was studied by varying the kinetic parameters. The hot-
spot formation in fixed bed reactors is quantified in an accurate manner such that
the magnitude of the hot-spot is dictated only by transport parameter values and
is free of empirical closures. This DNS framework is then extended to study the
Fischer-Tropsch synthesis (FTS) where a more complex Langmuir Hinshelwood
rate expression is used for describing the FTS kinetics, with the model allowing
the coupling of kinetic and transport parameters in an independent manner. The
intra-particle diffusion limitations experienced in the Fischer-Tropsch reactor is
studied where the selectivity to long chain hydrocarbons is measured as a function
of syngas ratio and temperature. The influence of wall temperature values are
investigated to analyze the optimal operation condition.



Samenvatting

De procestechnologie is al meer dan 150 jaar de ruggengraat van de industriële
ontwikkeling. De toenemende vraag naar energie heeft de opkomst bevorderd van
nieuwere technologieën voor de productie van synthetische brandstoffen uit ver-
schillende bronnen. Het modelleren van deze processen is een uitgebreid onder-
zoeksgebied in de chemische technologie. De modellen zijn over het algemeen in
de vorm van complexe partiële differentiaalvergelijkingen die numeriek moeten
worden opgelost, vooral wanneer ze niet-lineair van aard zijn. De numerieke
studie van deze differentiaalvergelijkingen geeft een dieper inzicht in transportver-
schijnselen van verschillende toepassingen van reactortechnologie.

Een populair ontwerp voor de productie van synthetische brandstoffen, zoals in
het geval van de Fischer-Tropsch-synthese, is een reactor met veelvoud aan smalle
buizen gepakt met katalytische deeltjes. De numerieke modellering van gepakte
buisreactoren is de primaire focus van dit proefschrift. Hierbij wordt een krachtige
numerieke techniek gebruikt die doorgaans wordt geclassificeerd als Direct Nu-
merieke Simulatie (DNS). Het DNS-model maakt gebruik van een uniform 3-D
Cartesiaans raster dat zowel de vloeibare als de vaste fase in één computationeel
domein beslaat. De transportvergelijkingen van de vloeistof en/of gas fase en de
vaste fase worden gediscretiseerd in hun respectieve domeinen en worden gekop-
peld door het toepassen van de juiste interfaceconditie. De interfacekoppeling
wordt afgedwongen op het niveau van de discretisatie met behulp van de Im-
mersed Boundary Methode (IBM). Verschillende randvoorwaarden variërend van
een eenvoudige Dirichlet randvoorwaarde tot de continuïteit van fluxen kunnen
worden opgelegd met behulp van de IBM. Het DNS-raamwerk bewerkstelligt dat
meerfase stromingen tot op de kleinste schaal te simuleren zonder het gebruik van
empirische correlaties.

Het doel van het proefschrift is om DNS te gebruiken om gepakte kolommen te
simuleren en aan de hand daarvan de optimale procescondities te onderzoeken, al-
sook sluitingsrelaties af te leiden die kunnen worden gebruikt in meer grootschalige
modellen. De theorie van volumemiddeling biedt de gebruikt worden om dis-
persiecoëfficiënten, massaoverdrachtscoëfficiënten en gemiddelde temperatuur en
concentratieprofielen te berekenen.
Door het uitvoeren van een gevoeligheidsanalyse voor de verschillende transport
parameters zoals stroomsnelheid, porositeit, reactiesnelheid, toevoerconcentratie
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en temperatuurwaarden, kan een dieper inzicht in de mechanismen van de trans-
portverschijnselen in gepakte buisreactoren worden verkregen.

Een belangrijk kenmerk van DNS is dat het geen empirische sluitingsrelaties nodig
heeft, in tegenstelling tot de vorige klassieke volume-gemiddelde modellen die
(experimenteel bepaalde) correlatie vereisen om het stelsel van vergelijkingen
te sluiten. Deze empirische correlaties, hoewel nuttig bij het modelleren van
de gehomogeniseerde grootschalige systemen, bieden niet noodzakelijkerwijs de
nauwkeurigheid van de experimentele tegenhanger.
Met DNS kan men een nauwkeurige simulatie van het werkelijke systeem uitvo-
eren en kan men ook de afwijkingen schatten die door deze empirische sluitingen
worden geïntroduceerd door de volumemiddeling.

Als eerste wordt passief transport van een inerte opgeloste stof in een poreuze
structuur gevormd door periodieke Kelvin-cellen gesimuleerd om hydrodynamis-
che dispersiecoëfficiënten te meten als functie van het Reynolds-getal en de
porositeit. Daaruit blijkt dat dispersiecoëfficiënten in geordende poreuze media
kwadratisch schalen met het Péclet-nummer dat overeenkomt met de klassieke
Taylor-theorie. Verder wordt waargenomen dat hydrodynamische dispersie in
isotrope media kwalitatief verschilt van dispersie in anisotrope media. Het onder-
zoek wordt vervolgens uitgebreid om de massaoverdrachtscoëfficiënten in schuim
met een open cel structuur te meten voor een isotherme, oneindig snelle op-
pervlaktereactie. Het Sherwood-getal wordt berekend als een functie van het
Reynolds-getal en de wisselwerking tussen externe en interne massatransport lim-
iteringen wordt bestudeerd.
Opgemerkt wordt dat in opencellige schuimkatalysatoren externe beperkingen
van het massatransport domineren in vergelijking met de diffusiebeperkingen in
de wash-coat laag. Dit in tegenstelling tot het algemene geval van bolvormige
katalysatoren.

Vervolgens worden de transportweerstanden in het geval van gekoppelde warmte-
en massatransport in een dichte pakking van bolvormige katalysatordeeltjes in
een buiskolom onderzocht. De complexe ontstekings- en uitdovingsverschijnse-
len in een niet-isotherme niet-adiabatische gepakt buisreactor, veroorzaakt door
het bestaan van meerdere stabiele toestanden wordt onderzocht met behulp van
DNS. De vorming van hotspots in vast wordt op een nauwkeurige manier gek-
wantificeerd, zodat de grootte van de hotspot alleen wordt bepaald door de waar-
den van transportparameters en vrij is van empirisme. Dit systeem wordt vervol-
gens uitgebreid om de Fischer-Tropsch-synthese te bestuderen waarbij een Lang-
muir Hinshelwood uitdrukking wordt gebruikt voor de reactiekinetiek. De dif-
fusiebeperkingen in de deeltjes die in het geval van de Fischer-Tropsch-reactor
worden bestudeerd waarbij de selectiviteit voor koolwaterstoffen met lange keten
wordt gemeten als een functie van syngas-verhouding en temperatuur. De invloed
van wandtemperatuurwaarden wordt onderzocht om een optimaal werkgebied te
vinden.



Chapter 1
Introduction

Fixed bed reactors have been widely used in the process industry for over a cen-
tury with applications ranging from separation units to dry reforming of chemi-
cals to large scale production of liquid fuels. One key application is the Fischer-
Tropsch synthesis where syngas (mixture of carbon monoxide and hydrogen) is
converted to synthetic fuel, primarily diesel. The chemistry, design and scale-up of
the Fischer-Tropsch synthesis has been extensively studied in the past where the
detailed mechanisms are still far from being fully understood. From an engineer-
ing perspective, the primary focus of research has been the modelling and design
of the Fischer-Tropsch reactor. Two specific designs popularly used are the slurry
bubble column reactor and the multi-tubular fixed reactor. A crucial component in
both designs is the heat removal procedure due to the highly exothermic nature of
the reaction. In the tubular fixed bed system, the temperature within the reactor
is controlled through a cooling from the wall of the reactor. Another important de-
sign aspect of fixed bed systems is the catalyst packing which controls the pressure
drop across the reactor thus influencing the feed flow rate. While various other
design parameters exist that can significantly affect the performance of a fixed bed
reactor, the fundamental understanding of the mechanisms underlying the mod-
elling of fixed bed systems is an ongoing field of research.

The generic packed bed reactive system has been in usage since the 1920’s with
the rise of industrial technology across Europe and North America, with the core
principle mechanism remaining the same even until today. The current rise in
the need for large scale production of fuel has seen a revival of the packed bed
technology, especially in favour of the gas-to-liquid synthesis of heavy hydrocar-
bon liquids. While the design of these reactors have grown in sophistication over
the decades, the mathematical/numerical models to quantitatively describe the
reactor have evolved simultaneously. The earliest models to describe packed bed
reactors dates all the way back to the 1930’s where the models used were simple
enough to be solved analytically. The invention of the analog computer followed
by the digital computer allowed for more complex models to be solved numeri-
cally, thus paving way for more sophisticated description of the reactors.
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The initially developed models of packed bed reactors involved many assumptions
with the main ones being plug-flow, one-dimensionality and homogeneity of the
multiple phases involved. Another major hurdle was the incorporation of accurate
chemical kinetics of the reaction mechanism involved which primarily arose from
the difficulty of measuring the intrinsic kinetics without the transport effects influ-
encing the rate of reaction. Finally, most classical models which were dominantly
used during the 20th century employed empirical closures which were determined
experimentally under laboratory conditions. These empirical closures constituted
the pressure drop across the reactor, the heat and mass transfer coefficients, dis-
persion coefficients to name a few. While empirical closures are still heavily used
in the design of large-scale reactors, advances in computational resources over
the last two decades have enabled the modelling of reactors which are free from
empirical closures. This modelling strategy can be broadly classified under the
umbrella of Direct Numerical Simulation.

Direct numerical simulation is a powerful numerical technique that allows the
fluid phase transport and the solid phase transport to be coupled in a fully re-
solved manner. The transport variables are solved on a uniform Cartesian grid
where the appropriate interface boundary condition between the two phases can
be enforced using an interpolation scheme. This approach may be classified as the
Immersed Boundary Method. Here the interface boundary condition is imposed at
the level of the discretized transport equations such that the required value at the
immersed surface is accurately taken into account.

The primary objective of this thesis is to provide a more detailed insight into the
mechanisms involved in fixed bed reactive systems along with a more accurate
quantitative description of the transport phenomena. Direct numerical simula-
tion (DNS) allows one to quantify the effect of homogenization which comes from
volume averaging the transport quantities to measure the respective empirical clo-
sure, such as drag, heat/mass transfer, dispersion coefficients etc. While this quan-
tification is useful to derive correlations that can be used to close the equations
governing the classical phenomenological models, it also allows one to accurately
estimate the deviations arising from the usage of these empirical closures. Each
transport mechanism involved is addressed in increasing order of complexity with
the initial point being the transport of a single passive scalar building up to the
Fischer-Tropsch synthesis.

In Chapter 2 the transport of an inert species is modelled for flow through the
spatially periodic Kelvin’s unit cell. The interplay between hydrodynamics and ex-
ternal mass transport is investigated extensively by measuring the hydrodynamic
dispersion coefficients. It is observed that the nature of the geometrical structure
through which the fluid is transported can qualitatively influence the transport of
the solute.

In Chapter 3 isothermal reactive transport in open-cell foam catalysts is addressed.
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(a) Dimensionless temperature contour in a packed bed reactor.

(b) Dimensionless concentration contour in a packed bed reactor.

Figure 1.1: Contour plots of the steady state temperature and concentration values simu-
lated for a narrow tube-to-particle diameter ratio packed bed reactor.

An infinitely fast reaction along the interface of the catalyst is assumed in order
to measure the mass transfer coefficients for varying flow rates. The interplay be-
tween external and internal mass transport through the catalytic wash-coat layer
is investigated.

In Chapter 4 the coupling between heat and mass arising from the Arrhenius equa-
tion is studied in a fixed bed randomly packed with spherical particles. Diffusion
and heat conduction through the catalyst particles are considered where the solid
phase transport is directly coupled to the fluid phase transport. A non-isothermal
non-adiabatic packed bed reactor is simulated to investigate the formation of hot-
spots. The contour plots of dimensionless temperature and concentration simu-
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lated in a wall-cooled reactor undergoing an exothermic catalytic reaction is pre-
sented in Figure 1.1.

In Chapter 5 the Fischer-Tropsch synthesis in a low tube-to-particle diameter ratio
reactor is simulated to study the consumption of syngas on cobalt based catalysts.
The effect of inlet syngas feed ratio and wall temperature on the performance of
the reactor is studied to maximize the production of long chain hydrocarbons.



Chapter 2
Passive transport in fixed bed
systems

Abstract

Fully resolved simulations of flow and mass transfer in a unit cell of structured open-
cell foam catalysts are presented. Numerical studies are conducted on a uniform 3
dimensional Cartesian grid where the fluid-solid interface coupling is enforced via
a sharp interface Immersed Boundary technique. Several validation cases for the
numerical method are presented followed by extensive calculations to quantify hydro-
dynamic dispersion in open-cell foams. In this chapter, five different porosities of the
idealized foam structure, represented by the spatially periodic Kelvin’s unit cell, are
considered. Dimensionless dispersion coefficients were calculated for varying Péclet
numbers and flow directions using volume-averaging theory. The numerical stud-
ies indicate that Taylor dispersion is the dominant mechanism for structured porous
media in the Darcy-Brinkman flow regime.

This chapter is based on Direct numerical simulation of hydrodynamic dispersion in open-cell solid
foams, V. Chandra, S. Das, E.A.J.F. Peters, J.A.M. Kuipers, Chemical Engineering Journal 358 (2019),
1308-1353
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2.1 Introduction

Open-cell solid foams have gained considerable interest over the past decades due
to their various applications in the chemical industry, ranging from heat exchang-
ers to vapourizers etc. More recently, they have been used as catalyst supports
in fixed-bed reactors (Giani et al., 2005) as they provide a larger external surface
area of reactivity per unit volume when compared to classical packing materials
(ex. spheres). Open-cell foams, generally made of metals or ceramics, consist
of interconnected struts forming a continuous network of randomly oriented or
structured polyhedra. In fixed-bed reactors, the base cellular foam structure acts
as a support over which the active catalytic material is washcoated. The open-cell
network through the bed provides a tortuous flow path which enhances the heat
and mass transport within the reactor.

Due to the complex geometrical structure of open-cell foams, most studies con-
cerning transport in solid foams are based on experimental investigations. Numer-
ical studies on complex porous media traditionally rely on coarse-grained mod-
els which are governed by volume-averaged transport equations. Generally, the
volume-averaged models consider the fluid-solid porous media to be homoge-
neous (Carbonell and Whitaker, 1984) and the pore-scale fluid-solid interactions
are represented in the model via closure terms (Das et al., 2018a). These clo-
sure terms may be determined by performing Direct Numerical Simulation (DNS)
(Deen et al., 2012) of the microscopic transport equations by resolving the de-
tailed solid porous structure in a 3-D computational domain and also applying
the appropriate fluid-solid interface boundary conditions. Lucci et al. (2014) per-
formed pore-scale simulations to study mass transfer in idealized open-cell foams
and provided a closure for the Sherwood Number. The effective thermal conduc-
tivity of metal foams saturated in a stagnant fluid was studied by Boomsma and
Poulikakos (2001) and Krishnan et al. (2006) by performing DNS using an ide-
alized open-cell foam structure. Das et al. (2016a) numerically investigated heat
transfer in open-cell foams generated using a micro-CT scan of a real foam sample
to provide a Nusselt Number correlation. von Rickenbach et al. (2014) studied
catalytic conversion in open-cell foams using a multi-scale numerical model.

While the number of studies on transport in open-cell foams have increased over
the past two decades (De Schampheleire et al., 2016), there exists little literature
which addresses the detailed pore-scale interaction between flow and mass trans-
port of solute particles through the fluid. Hydrodynamic dispersion accounts for
the spread of a solute tracer through a porous medium due to spatial fluctuations
in velocity of the fluid flowing through the media. G.I. Taylor (1953) was the first
to quantify dispersion and concluded that the spread of a solute can be charac-
terized with the help of an ‘apparent diffusion coefficient’ as explained by R. Aris
(1956) who extended Taylor’s work to include the effect of molecular diffusion into
the expression for ‘dispersion coefficients’. H. Brenner (1980) later extended the
Taylor-Aris theory to study dispersion of inert solutes in spatially periodic porous
media. This provided a framework to perform computational studies on disper-
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sion in porous media having complex geometries without needing to simulate the
entire topology of the structure. Following the work of Brenner (1980), Carbonell
and Whitaker (1983) derived a framework to calculate dispersion coefficients in
spatially periodic media using volume-averaging theory. They showed that their
theory is analogous to Brenner’s ‘B-field theory’ and that it also reduces down
to the Taylor-Aris theory for cylindrical capillaries. Kuwahara et al. (1996) used
an approach based on the volume-averaging theory of Carbonell and Whitaker
(1983) to numerically compute dispersion coefficients in a porous media compris-
ing of arrays of square cylinders. Similar numerical studies have been performed
since to study dispersion, primarily using simplified 2-D geometrical structures
(Amaral Souto and Moyne, 1997; Alshare et al., 2010).

According to a recent review article by De Schampheleire et al. (2016) on the ap-
plications of open-cell foams, the closure provided by Calmidi and Mahajan (2000)
is currently the most accepted correlation to characterize dispersion in open-cell
foams. To the best of our knowledge, there exists only a handful of publications
which address dispersion in open-cell foams. Most of them being experimental
studies using residence time distribution curves (Saber et al., 2012; Hutter et al.,
2011; Brosten et al., 2011). Parthasarathy et al. (2013) performed DNS on foam
samples reconstructed using micro-CT scans to determine axial dispersion coeffi-
cients while Calmidi and Mahajan used a coarse-grain model combined with ex-
periments to provide a semi-empirical correlation.

Direct Numerical Simulations have the distinct advantage to coarse-grained, em-
pirical or semi-empirical models in that the pore-scale interactions of the fluid and
solid is elucidated in great detail for visualisation and quantification purposes.
However, DNS requires the incorporation of the appropriate fluid-solid interface
coupling wherein the interface boundary conditions are applied in a fully resolved
manner across the entire 3 dimensional solid topology present inside the computa-
tional domain. In this chapter, the Immersed Boundary Method (IBM) developed
by Deen et al. and extended by Das et al. (2016a) is used to ensure the accurate
enforcement of the boundary conditions. The IBM employs a non-body conformal
Cartesian grid where the fluid and solid phases are solved on a single uniform
computational mesh. A general review of the broad range of Immersed Boundary
techniques may be found in Deen et al. (2014). The IBM used may be classified
under the ghost-cell approach wherein the boundary condition is enforced at the
level of the discretized transport equations. A quadratic interpolation is used along
the fluid cells neighboring the solid cells to recalibrate the discretized algebraic
equations governing the transport in a control volume such that it experiences the
effect of the solid in the neighboring cell(s).

Direct Numerical Simulation of flow and mass transfer is performed with the
aim of studying and quantifying hydrodynamic dispersion in structured open-
cell foams. A DNS model to quantify stream-wise dispersion derived using the
volume-averaging theory of Carbonell and Whitaker (1983) applicable to spatially
periodic porous media is presented in Section (2.3). The details of the geometric



8 Passive transport in fixed bed systems

structure used to represent the spatially periodic foam cells is presented in Sec-
tion (2.2). The numerical details and the Immersed Boundary Method used is
presented in Section (2.4). Section (2.6) details the validation of the Immersed
Boundary Method in application to measuring dispersion in other spatially peri-
odic media. The results obtained on dispersion in open-cell foams are discussed in
Section (2.7) with the conclusions presented in Section (2.8).

2.2 Foam geometry

The open-cell foam structure may be ideally represented as a tetrakaidecahedron
or a Kelvin’s unit cell. A similar approach has been used by Krishnan et al. (2006);
Das et al. (2017b) and Boomsma and Poulikakos (2001), and the idealized rep-
resentation is based on the proposition by Lord Kelvin (Thomson, 1887) that the
minimization of surface area of a foam sample in a given volume attains the shape
of a tetrakaidecahedron or a ‘Kelvin’s unit cell’. An advantage of the Kelvin cell
structure is that it may be used as a basic periodic unit cell representation of the
macroscopic matrix forming the open-cell foam structure. Also it has been found
that the ordered Kelvin cell structure is a justifiable approximation to characterize
realistic open-cell foams where the open-cell network has a more random distri-
bution. The closures obtained for heat and momentum transport using the Kelvin
cell agree well against the closures obtained by performing DNS on realistic open-
cell foam structures (Das et al., 2018b). Considering a spatially periodic medium
also significantly reduces computational costs as mentioned before, as we require
just one Representative Elementary Volume (REV) of the entire porous medium.
However, appropriate periodic boundary conditions must be applied to simulate
the fully developed profiles for flow and mass. Furthermore, we can also study the
effect of different lattice structures by imposing a mean flow in different lattice
directions using just one REV.

Table 2.1: The characteristic lengths of the Kelvin cell used in this study.

Porosity (ε) Lp (mm) ls /ds deq (mm)
0.962 10 4.50 1.257
0.920 10 3.00 1.929
0.864 10 2.25 2.668
0.813 10 1.875 3.291
0.728 10 1.50 4.344

Here, the Kelvin’s unit cell is constructed with the help of 36 intersecting sphe-
rocylinders as shown in Figure (2.1). The idealized foam structure contain struts
having a cylidrical morphology and the REV consists of 6 square holes and 8 hexag-
onal holes. In order to create foams having different porosities we may either in-
crease or decrease the ligament diameter (ds) by constraining Lp to be constant
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within the REV. ls refers to the length of the ligaments forming the open-cell net-
work as depicted in Figure (1) and is kept constant with ls = Lp /2

p
2. Foams with

5 different porosities (ε) are constructed (0.728, 0.813, 0.864, 0.920 and 0.962).
The geometrical details of the Kelvin cells used in this study are presented in Table
(2.1). The porosity of the medium, ε, is the fluid phase volume fraction where

ε= V f

V
(2.1)

V f is volume occupied by the fluid within the REV and V is the total volume of
the REV. The characteristic length of the foam sample is defined on the basis of
the equivalent particle diameter (deq) as used in the Blake-Kozeny equation (Bird,
2002) to characterize pressure drop in porous media, with

deq = 6Vs

As
(2.2)

where Vs and As represent the volume and surface area of the solid within the REV
respectively.

ds 

ls 
LP 

Figure 2.1: A single unit cell representation of open-cell foams depicted by the Kelvin’s unit
cell and its geometrical details. (Das et al., 2016b)

2.3 Model Description

The governing equations are solved on a uniform 3-D Cartesian domain. The mass
and momentum balance for an incompressible Newtonian fluid reads

∇· v̄ = 0 (2.3)
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ρ
∂v̄

∂t
+ρ∇· (v̄ v̄) =−∇p −∇· ¯̄τ (2.4)

where ρ and µ represent the fluid’s density and viscosity rescpectively and ¯̄τ is the
stress tensor with ¯̄τ=−µ[∇v̄ + (∇v̄)T ].
The no-slip boundary condition is enforced along the fluid-solid interface with

v̄ = 0 on As (2.5)

and as we are considering a spatially periodic media, the flow field will also be
spatially periodic such that

v̄(r̄ ) = v̄(r̄ + li) (2.6)

where r̄ is the position vector of any arbitrary point within the REV and li repre-
sents the lattice vectors that map the periodic REV in 3 dimensions where i = 1,2,3
and li corresponds to the 3 lattice directions {100}, {010}, {001} with |li| = Lp .

The governing equation solved for the solute concentration is

∂c

∂t
+∇· v̄c =∇·D∇c +q (2.7)

Here D is the molecular diffusivity of the solute tracer and q is a homogeneous
volumetric source term and can be considered as a tracer input into the fluid to
impose a concentration gradient across the REV. The solute is considered to be
non-reactive and non-adsorbing , thus the solid phase is assumed to be inert and
the fluid-solid interface boundary condition is given by

−D∇c ·n = 0 on As (2.8)

The periodic boundary condition for concentration which satisfies the above sys-
tem of equations is

c(r̄ + li) = c(r̄ )+∇〈c〉 f · li (2.9)

where ∇〈c〉 f refers to the macroscopic concentration gradient across the REV. Upon
introducing a tracer source q into the macroscopic porous medium, the solute
spreads across the fluid and under quasi-equilibrium conditions it should satisfy
a mass balance across the REV. Following the work of Whitaker (1967), the fluid
phase averaged concentration within the REV is defined as

〈c〉 f = 1

V f

Ñ
V f

c dV (2.10)

Similarly, the interstitial velocity of the fluid in the REV is given by

〈v̄〉 f = 1

V f

Ñ
V f

v̄ dV (2.11)

Here, V f refers to the volume of the fluid over which the variables are being aver-
aged and in this case, is the volume occupied by the fluid within the REV. It must be
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noted that the constitutive set of equations given by equations (2.3), (2.4), (2.5),
(2.7) and (2.8) hold true for the entire macroscopic lattice structure while the pe-
riodic boundary conditions given by equations (2.6) and (2.9) are applicable only
across the REV. Following Carbonell and Whitaker (1983), it can be assumed that
the tracer spreads linearly across the REV thus giving us the balance as follows:

q = 〈v̄〉 f ·∇〈c〉 f (2.12)

Using the above relationship we obtain the magnitude of the concentration gradi-
ent across the REV

|∇〈c〉 f | = q

|〈v̄〉 f | (2.13)

The orientation of the concentration gradient vector is discussed later in Section
(2.5). Thus we now have a closed system of equations and boundary conditions
which may be solved numerically.

2.4 Numerical details

The governing equations are solved on a uniform 3-D Cartesian domain using a
finite volume approach. The detailed description of the numerical procedure to
solve the Navier-Stokes equations can be found in Das et al. (2017b) which fo-
cussed on deriving a pressure-drop correlation for open-cell foams. A transient
solver is used for solving the governing equation for concentration with the con-
vective flux being treated explicitly and the diffusive flux being treated fully im-
plicitly. The source in equation (2.7) is uniform and homogeneous and is solved
implicitly. The Total Variation Diminishing (TVD) min-mod scheme is used for
spatial discretization of the convective flux and central differencing is used for the
diffusive flux. The details of the spatial and temporal discretization of the trans-
port equations can be found in Das et al. (2016a).
The key component of the numerical procedure is the Immersed Boundary (IB)
Method (Deen et al., 2014) which is used to enforce the appropriate fluid-solid
interface boundary conditions. The Dirichlet boundary condition for velocity (no-
slip) and the Neumann b.c. for concentration are both enforced using the IB tech-
nique based on the works of Deen et al. (2012) and further extended upon by
Das et al. (2016a). The algebraic discretized form of the governing equations at a
control volume (CV) ‘c ’ can be represented as

acφc +
∑
nb

anbφnb = bc (2.14)

where φ corresponds to one of the fluid velocity components or concentration. ‘nb’
indicates the cell-centre of the surrounding CVs. The coefficients ‘a’ arise upon dis-
cretization and are dependent on the fluid properties and grid resolution. All the
explicit terms are contained in ‘b’. For each ‘IB-fluid’ cell c, the interface boundary
condition is imposed by calibrating the central coefficient ac , the term bc , and the
neighboring coefficients anb .
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(a) A pictorial representation of the direc-
tional quadratic interpolation for enforc-
ing the Dirichlet boundary condition us-
ing IBM.

(b) The extension of the Immersed Bound-
ary Method to enforce Neumann bound-
ary conditions along the fluid-solid inter-
face using 2 probes normal to the fluid-
solid intersection point s.

Figure 2.2: A 2D schematic diagram to illustrate the implementation of the Immersed
Boundary Method

For enforcing the Dirichlet b.c., the value of φ at the fluid-solid interface is already
known. In Figure (2.2a), the IB-fluid cell c neighbors a solid cell w and a fluid cell
e. The value of φ at the solid surface is a known value, φs , which in the case of
velocity is vx = vy = vz = 0, i.e. the no-slip boundary condition. To enforce the
fluid-solid coupling, the transport quantity φ in the solid cell w is first expressed
as a linear combination of the neighbouring fluid cells in such a way that φ equals
φs at the point on the solid surface indicated by ‘s’. To incorporate this, a quadratic
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fit with φ= pξ2+qξ+r is applied along the direction of the stencil under consider-
ation with ξ being the dimensionless distance measured from the solid cell w . The
coefficients p, q and r are obtained from the known values of φ at the interface
(φ=φs ,ξ= ξs) and the 2 fluid nodes, c (φ=φc ,ξ= 1) and e (φ=φe ,ξ= 2). The di-
mensionless distance ξs from the node w to the surface s is calculated analytically
as we know the position of the spherocylinders forming the struts of the open-cell
foam. The directional quadratic fit now gives us an expression for the transport
property φ in the solid cell node w as follows:

φw = −2ξs

1−ξs
φc + ξs

2−ξs
φe + 2

(1−ξs )(2−ξs )
φs (2.15)

The above quadratic fit is now used to rewrite the algebraic discretized equation
(4.14) governing the transport property φ in cell node c. This results in a set of
modified coefficients for equation (4.14) which reads

àc = ac +aw

( −2ξs

1−ξs

)
(2.16)

àe = ae +aw

(
ξs

2−ξs

)
(2.17)

àw = 0 (2.18)

b̀c = bc −aw

(
2φs

(1−ξs )(2−ξs )

)
(2.19)

The above set of terms have now been reformulated to incorporate the interface
boundary condition for the ‘IB-fluid’ cell c and the above procedure must be car-
ried out for all such other ‘IB-fluid’ cells within the computational domain. A more
detailed description of the Dirichlet b.c. framework for flow in open-cell foams
can be found in Das et al. (2017b) including validation tests for the numerical
procedure.

The fluid-solid interface b.c. for concentration is given by equation (8), where
the concentration gradient normal to the surface has been specified. For a generic
Neumann b.c. given as

−D
∂c

∂n̄
= j on As (2.20)

the constant mass flux ( j) normal to the surface is known, while the point concen-
trations along the solid surface are not known a priori. In Figure (2.2b) we again
have an ‘IB-fluid’ c whose neighbours are a solid cell w and a fluid cell e. The value
of concentration at the fluid-solid intersection point s is unknown in this case and
must be calculated prior to using the Dirichlet b.c. framework as described ear-
lier. To compute the concentration at point s indicated by the position vector d̄s , 2
probes normal to point s are drawn such that

d̄1 = d̄s + p̄1, d̄2 = d̄s + p̄2 (2.21)
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Thereby we have 2 probes whose locations are indicated by the position vectors
d̄1 and d̄2 where probes p̄1 and p̄2 are in the direction of the unit vector n̄, with
p̄1 · n̄ = |p̄1| and p̄2 · n̄ = |p̄2|. The length of the second probe, |p̄2|, is chosen to be
twice the length of the first probe, |p̄1|, to ensure second order accuracy with |p̄2|
= 2|p̄1|. Ideally the length of p̄1 is chosen to be equal to the Eulerian grid spacing
(∆x) used in the computational domain, to maintain second order accuracy of
the numerical procedure as a whole. Using the location of the 2 probes (d̄1 and
d̄2), the concentration at the point s on the surface can be evaluated using an
interpolation technique as described below.
Expanding equation (4.19) up to the second degree using Taylor series with a step
size p̄1 and rearranging the terms, we may express the Neumann b.c. algebraically
as follows

cs = 1

3

[
4c1 − c2 −2

(
j

−D

)
|p̄1|

]
(2.22)

where c1 and c2 refer to the positional values of concentration at the location of d̄1

and d̄2 respectively. The values of c1 and c2 are calculated by trilinear interpolation
using the concentration field from the previous time-step. Hence, one can estimate
the concentration at the fluid-solid intersection point s, given by cs , using equa-
tion (4.21). Similarly, the concentration at all other fluid-solid intersection points
within the computational domain are calculated using the above mentioned pro-
cedure. Once these values are computed, the Dirichlet b.c. framework is applied
to impose the appropriate interface boundary condition.
In the rare case that a fluid-solid intersection point is in close proximity to another
solid cell, the second probe normal to that point may lie inside the solid phase. For
such cases a first order interpolation is used where

cs = c1 −
(

j

−D

)
|p̄1| (2.23)

It must be noted that the evaluation of cs is treated explicitly; however the fully
implicit implementation of the Dirichlet b.c. framework maintains the stability of
the solution. The validity of this Immersed Boundary method for generic cases has
been tested quite thoroughly by Das et al. (2016a) and more details regarding this
can be found there. Further validation of the Immersed Boundary Method as a
whole with regard to measuring dispersion is presented in Section (2.6).

2.5 Longitudinal dispersion

In Section (2.2) the constitutive set of governing equations and boundary condi-
tions were formulated. In this section the task of measuring hydrodynamic dis-
persion in spatially periodic media is addressed. The methodology to measure
dispersion coefficients is based off the works of Carbonell and Whitaker (1983)
using volume averaging theory. The method used here is similar to the works of
Kuwahara et al. (1996) and Alshare et al. (2010) who also used volume-averaging
theory to study thermal dispersion in idealized 2-D systems.
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Hydrodynamic dispersion may be defined as the measure of spatial fluctuations of
the concentration of a solute induced by hydrodynamic effects over an ensemble
of fluid elements constituting the porous medium. These spatial fluctuations of
point concentration are caused by the disturbances of the solute’s velocity when
traversing through the complex topology of the porous medium. Mathematically,
hydrodynamic dispersion induced over an ensemble of fluid with volume V f may
be quantified as given by Whitaker (1967):

−〈 ˜̄vc̃〉 f (2.24)

where ˜̄v and c̃ represent the spatial deviations of point velocity and concentration
across the fluid volume (V f ) respectively, with

˜̄v = v̄ −〈v̄〉 f , c̃ = c −〈c〉 f (2.25)

We may now employ a mathematical translation to capture expression (4.23) as a
function of the macroscopic concentration gradient as follows

−〈 ˜̄vc̃〉 f = ¯̄D ·∇〈c〉 f (2.26)

The above translation is commonly seen in turbulence modelling (Launder et al.,
1975) and the assumption is referred to as the gradient diffusion hypothesis. In the
above equation, the tensor ¯̄D is the hydrodynamic dispersion tensor and more de-
tailed derivations of the dispersion tensor may be found among the works of Bear
(2013); Brenner (1980); Carbonell and Whitaker (1983). Of the 9 components
of the tensor, the off-diagonal elements are zero for spatially periodic media when
the interstitial velocity is parallel to an axis of symmetry(Koch et al., 1989). The
cross-stream dispersion (lateral dispersion) coefficients though non-negligible, are
generally of the same order (O(D)) as molecular diffusivity up to Péclet Numbers
of O(103) (Delgado, 2007) for gas-solid systems.
The term of most interest in the dispersion tensor is the stream-wise dispersion
(longitudinal dispersion) component (D ||) which measures the effective transport
of the solute along the direction of macroscopic flow. In order to measure longitu-
dinal dispersion, the macroscopic concentration gradient is imposed parallel to the
interstitial velocity vector. Hence, the stream-wise dispersion component across a
spatially periodic REV is measured as follows

D || = −1

V f

1

|∇〈c〉 f |
Ñ
V f

(v̄ −〈v̄〉 f )(c −〈c〉 f ) · �∇〈c〉 f dV (2.27)

where �∇〈c〉 f is a unit vector of the macroscopic concentration gradient given by

�∇〈c〉 f = ∇〈c〉 f

|∇〈c〉 f | (2.28)

As the gradient is imposed along the direction of macroscopic flow, the unit vector
in equation (4.26) will have the same orientation as the interstitial velocity vec-
tor. Thereby, the periodic boundary conditions for concentration given by equation
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(2.9) is thus complete with the gradient in concentration also being applied paral-
lel to the flow profile.
It must be noted that the system of governing equations, boundary conditions,
and equation (4.26), used to measure hydrodyanmic dispersion are equivalent to
the original formulation by Carbonell and Whitaker (1983) to measure longitu-
dinal dispersion via volume-averaging theory using their ‘F-field’ equation. The
formulation used in this paper is simpler to implement when performing expen-
sive numerical calculations.

2.6 Verification and validation

The numerical technique and the model to study dispersion in spatially periodic
media are thoroughly compared with existing literature. As an elementary verifi-
cation test, we first study the classical Taylor-Aris dispersion theory to check the
implementation of the Immersed Boundary Method and the approach to measure
longitudinal dispersion.

2.6.1 Taylor-Aris dispersion theory

The Taylor-Aris theory describes dispersion of an inert solute in a fluid flowing
through a long cylindrical tube. The original formulation by Taylor (1953) is the
measure of the hydrodyanmic contribution to dispersion with the hydrodynamic
dispersion found to be equal to 1

48 Pe2. This hydrodynamic dispersion contribution
is referred to as Taylor dispersion (Salles et al., 1993; Koch et al., 1989) and is
calculated using equation (4.26). The ‘effective’ dispersion coefficient (D∗

||) which
is the sum of the contribution of molecular diffusion and the hydrodynamic con-
tribution as derived analytically by Aris (1956) is expressed in dimensionless form
as follows:

D∗
|| =

D ||
D

= 1+ 1

48
Pe2 (2.29)

where the Péclet number is defined as

Pe = R|u|
D

(2.30)

with R being the radius of the tube and the characteristic velocity u being the
average velocity of the fluid in the tube.

The above described case was replicated in a 3 dimensional Cartesian domain

Table 2.2: Grid dependency analysis for the Taylor-Aris theory.

Pe D∗
|| (Analytical) Grid Size D∗

|| (Numerical) Error
28.87 18.364 40x40x40 17.478 -4.82%

- - 80x80x80 17.997 -1.99%
- - 120x120x120 18.153 -1.15%
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Figure 2.3: Dispersion of an inert solute in a cylindrical capillary. Comparison of numerical
results with the Taylor-Aris theory.

with the boundary conditions along the walls of the cylinder given by equations
(2.5) and (2.8) enforced using the Immersed Boundary Method. Periodic bound-
ary conditions given by equations (2.6) and (2.9) were applied along the direction
of flow. A computational grid of size 80x80x80 was used with a resolution of 80
cells across the cylinder diameter (N=80) and 80 cells along the longitudinal di-
rection for all cases. A very good agreement was found as shown in Figure (2.3)
with the dimensionless axial dispersion coefficients plotted for varying Péclet num-
bers. All data points plotted in Figure (2.3) are within 2.20% absolute error from
the analytical solution. A grid dependency analysis has been presented in Table
(2.2) for Pe = 28.87.

2.6.2 Dispersion in square arrays of cylinders

The numerical model used currently is validated by comparison with numerical
results obtained by other researchers. Axial dispersion coefficients were computed
for flow through square arrays of cylinders and compared with the results of Ed-
wards et al. (1991) and Salles et al. (1993).
The simulation domain consists of a single cylinder placed at the centre, with the
boundary conditions given by equations (2.5) and (2.8) enforced along the inter-
face of the cylinder using the Immersed Boundary Method. Periodic boundaries
given by equations (2.6) and (2.9) were enforced along the walls of the domain.
The dimensionless dispersion coefficients were measured for varying Péclet num-
bers and 2 different porosities, ε = 0.590 and ε = 0.804. The Péclet number is
defined as follows

Pe = dc yl |u|
D

(2.31)
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Figure 2.4: Dispersion of an inert solute for flow through periodic array of cylinders.

where dc yl is the diameter of the cylinder and u is the characteristic velocity
wherein for the case of Salles et al. (1993) is the interstitial velocity (〈v̄〉 f ). It must
be noted that the characteristic velocity used by Edwards et al. (1991) to define
their Péclet number is the superficial velocity (〈v̄〉 = ε〈v̄〉 f ) and not the interstitial
velocity as described originally in their paper. This discrepancy was acknowledged
by the authors in a later publication, Edwards et al. (1993).
Edwards et al. (1991) measured dispersion coefficients only for flow parallel to
the in-line arrangement of the cylinders; i.e., the angle of flow is 0◦ along the lat-
tice direction {100}. Salles et al. (1993) studied dispersion for varying angles of
flow through the periodic REV, starting from 0◦, lattice direction {100}, up to 45◦,
lattice direction {110}.

Dimensionless dispersion coefficients (D∗
||) were measured for in-line arrays of

Table 2.3: Grid dependency analysis for dispersion in square arrays of cylinders.

Re Pe D∗
||(Edwards et al. (1991)) D∗

|| (N = 20) D∗
|| (N = 40) D∗

|| (N = 80)
20.9 100 644.82 637.56 669.74 681.81
100 100 868.47 826.84 854.53 871.15
100 1000 67,687.7 62,343.8 66,067.0 68,112.1

cylinders at Stokes flow and varying Péclet numbers (by varying the Schmidt num-
ber) and compared with the results of Edwards et al. (1991) and Salles et al.
(1993) for flow along the directions {100} and {110}. As seen in Figure (2.4),
a satisfactory agreement is observed with Salles et al. (1993) while an excellent
match is obtained with the results of Edwards et al. (1991). All simulations por-
trayed in Figure (2.4) were performed with a spatial resolution of 80 grid cells
across the cylinder diameter (N = 80).
Edwards et al. (1991) also measured dispersion coefficients for certain cases of
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finite Reynolds numbers. We once again find an excellent match with their results
as shown in Table (5.3). Furthermore, a less stringent grid resolution is required
for lower Schmidt numbers as depicted in the table when compared to the Stokes
flow cases simulated in the former. This is attributed to the usage of uniform grids
for our numerical technique.

2.6.3 Dispersion in cubic arrays of spheres

Gunn and Pryce (1969) experimentally investigated dispersion through a fixed
bed packed with cubic arrays of spheres. The packing consisted of inert glass
spheres having an in-line arrangement through the bed, thus replicating a spatially
periodic medium with a bed porosity of ε= 0.48. The solute tracer was Argon with
the convecting fluid being air. They studied the dispersion of Argon for varying
Reynolds numbers by tabulating the respective Péclet numbers (PeL) measured
for the case. They defined their Péclet number as follows

PeL = |〈v̄〉 f |dsp

D ||
(2.32)
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Numerical results

Figure 2.5: Validation of the numerically obtained dispersion coefficients for flow through
periodic array of spheres against the experimental results of Gunn and Pryce
(1969).

where dsp is the diameter of the sphere and D || is the axial dispersion compo-
nent and the characteristic velocity being the interstitial velocity. With the Schmidt
number of Argon fixed to be 0.77 (Sc = 0.77), we may reconstruct the dimension-
less axial dispersion coefficient (D∗

|| = D ||/D) as a function of the Péclet number
dimensionalized using the molecular diffusivity as follows

Pem = |〈v̄〉 f |dsp

D
(2.33)
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Our simulation domain consists of a single sphere enclosed completely on all 6
sides, replicating the periodic cubic packing of spheres. This inherently creates a
packing of porosity ε= 0.48. A grid resolution of 80 cells across the sphere diameter
was used for cases simulated in Figure (2.5). The dimensionless dispersion coeffi-
cients (D∗

||) were calculated for varying Péclet numbers (Pem) and fixed Schmidt
number (Sc = 0.77), and compared with the results of Gunn and Pryce (1969). A
very good agreement was found with the experimental values as shown in Figure
(2.5). Similar agreements were also observed by Salles et al. (1993) and Koch
et al. (1989) when comparing their results against that of Gunn and Pryce (1969).

2.7 Results

The system of equations described in section (2.2) were solved in a cubic 3 di-
mensional computational domain. The REV consists of a unit cell of the idealized
represenation of the foam structure described in section (2.1). We have considered
5 different porosities and 3 different flow directions for each porosity. 8 different
flow rates were investigated for each direction and porosity, thus resulting in a
cumulative total of 120 simulations. All simulations were performed on a mesh of
size 200x200x200. The grid independence analysis is given in Appendix A. It must
be noted that for all cases considered here the Schmidt Number was taken to be
1, where

Sc = ν

D
= 1 (2.34)

with ν referring to the kinematic viscosity of the carrier fluid. The particle Reynolds
number of the system is defined as follows

Rep = |〈v̄〉 f |deq

ν
(2.35)

and the particle Péclet number as

Pep = |〈v̄〉 f |deq

D
(2.36)

with Pep = Rep for all cases investigated in this section. All results of the stream-
wise (longitudinal) dispersion component, D ||, computed using equation (4.26),
are non-dimensionalized by the molecular diffusivity of the tracer (D), where the
‘dispersion coefficients’ D∗

|| are defined as

D∗
|| =

D ||
D

(2.37)

The 3 different flow directions (across the periodic REV) studied in this section are
shown in Figure (2.6). The concentration gradient is imposed parallel to the direc-
tion of flow wherein the interstitial velocity vector 〈v̄〉 f is tangential to the planes
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(a) (b) (c) 

Figure 2.6: Orientation of the velocity and concentration gradient vectors considered in this
study.

{100}, {110} and {111} denoted using Miller Indices. The lattice directions con-
sidered, {100}, {110}, and {111}, are all planes of mirror (reflectional) symmetry.
However, it is observed that hydrodynamic dispersion is greatly influenced by the
orientation of the lattice structure as discussed later.

2.7.1 Effect of flow rate

Figure (2.9) contains the master plots of the simulation results where the disper-
sion coefficients (D∗

||) are plotted as a function of the particle Péclet number (Pep)
for different porosities and the 3 different flow directions. In general, we observe
that hydrodynamic dispersion increases as the interstitial velocity in the porous
medium increases, as seen in Figures (2.7),(2.8),(2.9). This trend is not always
monotonic and the exceptions to this are discussed in a later subsection. In order
to measure stream-wise dispersion we impose a concentration gradient parallel
to the direction of flow. The contours showing the spread of the tracer solute
for different flow orientations and Péclet numbers are shown in Figures (2.14),
(2.15) and (2.16). As the velocity in the porous medium increases, the velocity
fluctuations are enhanced due to the enhanced drag experienced by the carrier
fluid from the fibers. The amplified velocity disturbances cause the solute particles
to be pushed in the lateral direction and then convected further downstream. As
the solutes are being convected downstream, molecular diffusion triggers some
of the solute particles to diffuse across the velocity streamlines enhancing disper-
sion. This combined contribution of convection and diffusion towards dispersion
is analogous to Taylor dispersion in cylindrical capillaries. The analogy may be
drawn based on 2 factors:
i. The velocity profile in ordered media such as Kelvin cells and cylindrical tubes
is deterministic and spatially periodic
ii. Molecular diffusion will contribute towards hydrodynamic dispersion (−〈 ˜̄vc̃〉 f )
independent of the Péclet number. If molecular diffusion is neglected, the hy-
drodynamic contribution term, −〈 ˜̄vc̃〉 f , will be indeterminate irrespective of the
velocity magnitude (Koch et al., 1989). This arises from a situation when a solute
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particle travels along a specific streamline across the entire macroscopic porous
medium without ever changing its trajectory.
The exception to the above 2 points arise when the velocity profile is uncorrelated
within its original (initial) position or trajectory, or if there exist regions of closed
streamlines. According to Koch et al. (1989), dispersion in ordered porous me-
dia scales quadratically with the Péclet number equivalent to Taylor’s theory. The
dimensionless hydrodynamic dispersion coefficient D∗

|| = aPe2 where a is a coeffi-
cient whose value depends on the structure of the porous media. For cylindrical
capillaries, a = 1

48 (Taylor, 1953) and a = 2
105 (Wooding, 1960) for infinitely long

parallel plates (Hele-Shaw Cells).
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Figure 2.7: Dimensionless dispersion coefficients D∗
|| as a function of the particle Péclet

number Pep for flow along the {100} direction.

The numerical results obtained for the present case on Kelvin cells show that a
quadratic dependency is indeed achieved with the particle Péclet number (Pep) in
the Darcy-Brinkman flow regime for Pep < 20 (Das et al., 2017b). The dimension-
less dispersion coefficients are plotted against the particle Péclet number for the 5
different porosities considered for Pep < 20 in Figure (2.17). The curve-fit analy-
ses shows that D∗

|| scales as Pe2
p with the dispersivity coefficient ‘a’ having different

values for different porosities and different orientations of the porous matrix. The
contour plots for low Péclet numbers depicted in Figures (2.14a), (2.15a) and
(2.16a) indicate that the tracer solute is spread homogeneously across the entire
REV sampling all points within the fluid phase. This uniform smearing of the so-
lute may be attributed to the absence of closed velocity streamlines at low Péclet
numbers.
For Pep > 20 it is observed that dispersion does not scale quadratically anymore
with Pep as seen in Figures (2.7),(2.8) and (2.9). The dispersion coefficients do
not follow the same slope as observed in Figure (2.17) for the Darcy-Brinkman
flow regime (Pep < 20), with D∗

|| scaling lesser than Pe2
p for Pep > 20, coinciding

with the transition into the Forchheimer flow regime (Das et al., 2017b). This devi-
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Figure 2.8: Dimensionless dispersion coefficients D∗
|| as a function of the particle Péclet

number Pep for flow along the {110} direction.
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Figure 2.9: Dimensionless dispersion coefficients D∗
|| as a function of the particle Péclet

number Pep for flow along the {111} direction.

ation from the Pe2
p dependency at moderately high Reynolds Numbers (Rep = Pep)

is attributed to the onset of the phenomenon termed as boundary layer dispersion
by Koch and Brady (1986). For Rep > 20, when inertial effects predominate vis-
cous effects, regions of closed streamlines are observed. Stagnation zones start
to appear at junctures where different struts intersect, stemming from the no-slip
boundary condition imposed along the solid interface. The tracer solute particles
which enter into these stagnant zones get trapped within and may only escape
through molecular diffusion. Figures (2.18), (2.19) and (2.20) pictorially high-
light regions in open-cell foams where boundary layer dispersion is prominent.
As the solid phase is considered to be impermeable, the solutes are concentrated
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Figure 2.10: Dimensionless dispersion coefficients D∗
|| as a function of the REV Péclet num-

ber PeREV for flow along the {100} direction.
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Figure 2.11: Dimensionless dispersion coefficients D∗
|| as a function of the REV Péclet num-

ber PeREV for flow along the {110} direction.

along the sharp hydrodynamic boundary layers. Additionally, as convective trans-
port overshadows diffusive transport (Pep > 20), the time-scale over which the
solutes escape from the boundary layers is much slower than the advection of so-
lutes in the bulk stream. Boundary layer dispersion is probably a unique feature
of consolidated porous media as it is quite evident even in the dilute limit. The
interconnected network of ligaments generate regions of sharp bends across the
continuous solid phase which may not be seen in the dilute limit of unconsolidated
porous media consisting of spheres or cylinders. The Koch and Brady (1986) the-
ory indicates that this non-mechanical contribution to hydrodynamic dispersion
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Figure 2.12: Dimensionless dispersion coefficients D∗
|| as a function of the REV Péclet num-

ber PeREV for flow along the {111} direction.

scales as a function of Pep lnPep which is qualitatively much different to the Pe2
p

dependency of Taylor dispersion. The cumulative effect of Taylor dispersion and
boundary layer dispersion at high Péclet numbers causes the hydrodynamic dis-
persion coefficient (D∗

||) to scale non-linearly but not quadratically with the Péclet
number. Thus justifying the dependency observed for high Péclet numbers in Fig-
ures (2.7), (2.8) and (2.9) with D∗

|| indicating a dependency lesser than the Pe2
p

formerly observed in the Darcy-Brinkman regime.

At Rep ≈ 100 the flow profile transitions from a steady velocity field to a dynamic
one. The behavior is initially quasi-steady with small oscillations (Das et al.,
2017b) observed inside the inertial core and at Rep ≈ 200 the flow is fully un-
steady. At the onset of dynamic flow (Rep ∼ 100) it is observed that the velocity
streamlines are periodic in time; i.e., the streamlines repeat themselves across the
REV over a sample period of time. This enables the dispersion coefficient to be
evaluated by averaging over the sample time period. Figures (2.21) and (2.22)
portray the quasi-steady behavior of the concentration profile. The concentration
contour snapshots in Figure (2.21) and Figure (2.22) were taken 2500 and 3000
time-steps apart respectively, with the dispersion coefficient values also similar at
the time the snapshots were taken. For Pep > 150 it is seen that the flow field
oscillations increase greatly with the quasi-steady behavior breaking down. The
enhanced velocity fluctuations result in good back-mixing of the solutes and the
tracer is spread more evenly across the entire REV. A similar behavior is observed
for dispersion in Taylor-Couette flows (Rudman, 1998) when the symmetric Taylor
vortices break to form wavy vortices. When this transition occurs, the quasi-steady
patterns disappear with the solute now being spread in a chaotic manner. The
‘chaotic advection’ (Aref, 1984) of solutes which occurs as a result of this tran-
sition into wavy Taylor vortex flows causes the solutes which are trapped inside
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(a) Pep ≈ 1 (b) Pep ≈ 10

(c) Pep ≈ 50 (d) Pep ≈ 200

Figure 2.13: Concentration contour plots showing the spread of the tracer solute for varying
Péclet numbers for flow along the {100} direction, ε= 0.920.

the vortex cores to escape and spread in a random manner across the domain. A
similar phenomenon is captured here for dispersion in open-cell foams where the
solutes trapped along the boundary layers are now advected across the REV in a
chaotic manner. This is shown in Figure (2.23) where 4 snapshots were taken 500
time-steps apart for Pep ≈ 216. No quasi-steady patterns were observed with each
snapshot depicting an uncorrelated transport of the solutes. In Figure (2.24) it is
also observed that the slope which dispersion coefficients follow for Pep > 150 is
qualitatively much different to the dependencies observed previously. According
to Koch et al. (1989), chaotic advection is a mechanical contribution to hydrody-
namic dispersion and is independent of molecular diffusion unlike Taylor disper-
sion or boundary layer dispersion. This mechanical dispersion effect arises from a
velocity field which is not correlated to its intial flow-path.
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(a) Pep ≈ 1 (b) Pep ≈ 15

(c) Pep ≈ 76 (d) Pep ≈ 148

Figure 2.14: Concentration contour plots showing the spread of the tracer solute for varying
Péclet numbers for flow along the {110} direction, ε= 0.920.

2.7.2 Effect of porosity

The general trend observed from the plots in Figure (2.7), (2.8), (2.9) indicate
that dispersion increases as the porosity (fluid phase volume fraction, ε) increases.
Similar observations were made by Hutter et al. (2011) in their experimental study
of dispersion in metal foams. They claimed that dispersion coefficients increased
with increasing the pore size of the metal foams for the same mass flow rate. This
observation is also backed by the theoretical analysis of Koch and Brady (1986)
who provided an asymptotic solution for dispersion coefficients in the dilute limit
(ε→ 1) for a bed of fibrous media. It is interesting to note here that dispersion
coefficient correlations for classical fixed beds consisting of spherical particles have
an inverse dependency on porosity. This is based on the correlation proposed by
Koch and Brady (1985) for a dilute bed of randomly packed spheres. Parthasarathy
et al. (2013) also observed that their numerically calculated dispersion coefficients
for ceramic open-cell foam structures increased with decreasing porosity. However,
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(a) Pep ≈ 1 (b) Pep ≈ 11

(c) Pep ≈ 42 (d) Pep ≈ 94

Figure 2.15: Concentration contour plots showing the spread of the tracer solute for varying
Péclet numbers for flow along the {111} direction, ε= 0.920.

Parthasarathy et al. (2013) used a different length scale to characterize the Péclet
number as compared to the particle Péclet number (Pep) used here. This is the
primary reason for the difference in dependencies.

Hydrodynamic dispersion is a measure of the spatial fluctuations of the micro-
scopic convective flux (〈 ˜̄vc̃〉 f ) and is thus strongly dependent on the velocity fluc-
tuations induced by the porous solid in the bed. Intuitively it would seem that
D∗

|| → 0 as the solid phase fraction reaches 0 (ε → 1). This is true because the
velocity fluctuations diminish as the volume of solids decrease. At ε = 1, each
point in the microscopic velocity field equals the macroscopic superficial velocity,
〈v̄〉 = ε〈v̄〉 f , thus giving 〈 ˜̄v〉 f = 0. This trend is observed in our simulation results
if we were to redefine the Péclet Number. Now we introduce a new REV Péclet
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(c) ε= 0.864
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(d) ε= 0.920
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Figure 2.16: Dimensionless dispersion coefficients D∗
|| as a function of the particle Péclet

number Pep for varying porosities at low Péclet numbers. The curve-fit analy-
ses indicates that Taylor dispersion is the primary mechanism of hydrodynamic
dispersion in the Darcy flow regime.

number, PeREV , where

PeREV = |〈v̄〉|Lp

D
(2.38)

The characteristic velocity used here is the superficial velocity and Lp is the length
of the periodic REV. The Péclet number is now normalized such that it is indepen-
dent of the porosity of the solid media. Here, the characteristic length is the same
for all porosities and only dependent on the volume over which we are averag-
ing. Upon plotting the dispersion coefficients as a function of PeREV we observe
that the trend is reversed and dispersion is now decreasing as the solids volume
fraction within the REV decreases, as seen in Figures (2.10), (2.11) and (2.12).
The characteristic length used by Parthasarathy et al. (2013) to define their Pé-
clet number is the axial mixing length which scales linearly with the REV length
(Lp), hence showing the same trend. The axial mixing length is based on the ‘cell
mixing theory’ of Aris and Amundson (1957) and extended by Prausnitz (1958).
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It is the length of an arbitrary unit cell over which the concentration gradient ap-
pears to have been diffused in a Fickian manner. This mixing ‘cell’, mainly used in
anisotropic media, is essentially the REV for isotropic porous media.

(a) Concentration contour (b) Velocity contour

Figure 2.17: Concentration and velocity contour plots portraying boundary layer dispersion
in the stagnant zones in foams of porosity ε = 0.920. The regions highlighted
in red circles indicates zones of stagnation where solutes are trapped and can
only escape through molecular diffusion.

(a) Concentration contour (b) Velocity contour

Figure 2.18: Boundary layer dispersion along the {110} plane.

In the previous subsection we established that D∗
|| = aPe2

p for Pep < 20. Further-
more, in Figure (2.17) it is seen that the dispersivity coefficient a is proportional
to the porosity of the medium, with the value of a increasing as the porosity in-
creases. According to the Koch and Brady (1986) theory, the dependency of dis-
persion on porosity may be explained via the concept of hydrodynamic screening.
They postulated that the velocity fluctuations induced by the cylindrical struts in a
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(a) Concentration contour (b) Velocity contour

Figure 2.19: Boundary layer dispersion along the {111} plane.

dilute fibrous bed decay only at large distances relative to the strut. The distance
at which the velocity disturbances decay from the strut due to the ‘screening’ ef-
fect provided by the neighboring struts is termed the Brinkman Screening Length.
Furthermore, the Koch and Brady (1986) analysis yields that the coefficient a for
Péclet numbers dimensionalized using the particle diameter such as Pep is a func-
tion of the permeability of the medium. More specifically, the Brinkman length is
the square root of the permeability (κ) of the porous medium, and

p
κ increases in

the dilute limit. The permeability of open-cell foams as derived previously by Das
et al. (2017b) is:

κ= 0.0142
ε4.5d 2

eq

(1−ε)1.38 (2.39)

Thus it is quite evident from the above equation that the screening length (
p
κ)

scales linearly with the particle diameter and has a strong non-linear dependency
with porosity. In the dilute limit (ε→ 1), the Brinkman length increases as the
porosity increases, causing the velocity fluctuations to decay at comparatively
larger distances, thus justifying the sharp increments in the value of a for de-
creasing values of deq as seen in Figure (2.17). This relationship may not be fully
evident for unconsolidated media where the dilute limit can easily be reached by
decreasing the fiber density or decreasing the number of particles in the bed by
keeping the diameter (size) of the particle constant. However, for a consolidated
porous medium such as the one in consideration, the equivalent particle diame-
ter (deq) has to be decreased in order to increase the porosity (ε) of the medium.
Koch and Brady further claim that the screening length

p
κ is the appropriate char-

acteristic length for dimensionalizing the Péclet number. The numerical results
obtained here however do not reflect this and it may be due to the fact that their
analysis is restricted to the Stokes flow regime, while all simulations performed
here are for Rep > 1. Beyond the Stokes flow limit, it is also clear that the per-
meability of the medium does not have a linear relationship with the interstitial
velocity(Das et al., 2017b). Nevertheless, the isotropy of the medium allows us
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to reconstruct the correlation for hydrodynamic dispersion in a manner such that
the dispersivity coefficient a is exempt from having any dependencies on poros-
ity. Thus we define a new Péclet number P e as a function of the porosity of the
medium as follows

P e = |〈v̄〉 f |deq

D

ε0.25

(1−ε)0.345 = Pep
ε0.25

(1−ε)0.345 (2.40)

Figure (2.23) contains the plots of the dispersion coefficients as a function of the
new Péclet number P . We observe that all the data points superimpose on to a
master curve for a given lattice direction in the Darcy-Brinkman flow regime. The
new dispersivity coefficient ã is now independent of the porosity of the medium
and is a constant value differing for different lattice directions. The below correla-
tion was obtained for 0 <P < 25 using a non-linear regression fit with an average
deviation of 7.18%.

D∗
|| = ãP 2 (2.41)

The values of the new dispersivity coefficient ã for the 3 directions considered are
given in Table (2.4).

(a) Pep ≈ 100 (b) Pep ≈ 100

Figure 2.20: Concentration contour plots depicting the periodic behavior of hydrodynamic
dispersion for flow along {100} direction, ε= 0.962. The contour snapshot (b)
was taken 2500 time-steps after (a).

2.7.3 Effect of flow direction

From Figure (2.17) it is evident that hydrodynamic dispersion magnitude is high-
est for flow along the {111} lattice vector. The dispersion magnitude for flow
along {110} is only a bit smaller compared to {111}, while for the {100} case it is
almost threefolds less in magnitude compared to the {111} case for the same Pep .
For the {100} case, a jet-like feature is observed at Pep ≈ 50 (Figure (2.18b)) which
flows right through the uniformly aligned square holes of the Kelvin cell. This jet
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(a) Pep ≈ 147 (b) Pep ≈ 147

Figure 2.21: Concentration contour plots depicting the periodic behavior of hydrodynamic
dispersion for flow along {110} direction, ε= 0.962. The contour snapshot (b)
was taken 3000 time-steps after (a).

flows unobstructed through the entire macroscopic porous matrix advecting most
of the solutes in its core, very similar to the shear driven Taylor dispersion. The
effect of boundary layer dispersion is minimal owing to the straight flow-path ex-
perienced by the carrier fluid. The drag experienced by the fluid is least in this
direction (Das et al., 2017b), hence justifying the least magnitude of dispersion.
The unobstructed jet of fluid is absent for the {110} case due to the angled align-

ment of the hexagonal holes of the Kelvin cell. However, 2 streams of fluid, each
at the entrance and exit regions of the cell join together at the inertial core to form
one small jet at the center of the cell. The inertial core advects much of the solute,
nonetheless, boundary layer dispersion is quite prominent at high Peclet Numbers
as seen in Figure (2.22).

The {111} case exhibits unique features owing to the tortuous flow-path expe-

Table 2.4: Values of the new dispersivity coefficient ã appearing in equation (47).

Lattice Direction ã
{100} 0.00442
{110} 0.01377
{111} 0.01611

rienced by the fluid. The jet-like feature is absent in the center of the REV and
most of the solutes are pushed into the stagnant zones due to the complex trajec-
tory of the fluid with the onset of boundary layer dispersion observed at a much
lower Péclet number (Pep ≈ 11) as seen in Figure (2.15b). As the Péclet number
increases we observe in Figure (2.9) that dispersion coefficients do not increase
monotonically. A peak is reached just before the onset of dynamic flow and as
velocity increases the fluctuations increase. The disturbances allow the solutes
previously trapped along the boundary layers to enter into the inertial core. The
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Figure 2.22: Concentration contour plots depicting chaotic advection in foams of porosity
ε= 0.962 for flow along the {110} direction. The 4 snapshots were taken 500
time-steps apart for Pep = 216.

non-monotonic behavior is most evident for the most dilute case of ε = 0.962. At
Pep ≈ 40 the velocity and concentration field is fully steady and the corresponding
dispersion coefficient value was calculated to be D∗

|| ≈ 478. At Pep ≈ 81, the flow
profile is quasi-steady and the time-averaged dispersion coefficient was found to be
D∗

|| ≈ 184. The concentration contour plot for Pep ≈ 94 for ε= 0.920 seen in Figure
(2.15d) indicates that there is good micro-mixing of the solutes in the recircula-
tion zones. However, the global mixing of the solutes across the REV is poor thus
resulting in a decrease in dispersion. This is complimented by the fact that Tay-
lor dispersion is essentially negligible due to the absence of an advective jet. The
hydrodynamic dispersion at Pep ≈ 81 for ε = 0.962 is purely mechanical with the
solute particle unable to sample points across the REV due to the negligible role of
molecular diffusion, hence justifying the decrement from the Pep ≈ 40 case where
diffusion is still prevalent. As the Péclet number increases further (Pep ≈ 175) the
highly unsteady flow-field causes a thorough mixing of the solutes across the REV
resulting in a dramatic increase in hydrodynamic dispersion (D∗

|| ≈ 668). The non-
monotonic behavior of dispersion in porous media has also been observed in other
systems such as densely packed beds (Delgado, 2007) and Taylor-Couette systems
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(b) Flow along the {110} plane
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(c) Flow along the {111} plane

Figure 2.23: Dimensionless dispersion coefficients D∗
|| as a function of the new Péclet num-

ber P = Pep
ε0.25

(1−ε)0.345 for different flow directions.

(King et al., 2001) and is not unique to the case studied here.

2.8 Conclusions

Pore-scale simulations were performed to study the effect of momentum trans-
fer on the mass transport of a passive tracer in open-cell foams. The Navier-
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Stokes equations and the species balance equation were solved on a uniform
three-dimensional Cartesian grid. The solid phase was an idealized spatially pe-
riodic representation of open-cell foams described by a Kelvin’s unit cell. The
Kelvin’s cell was artificially constructed within the computational domain using 36
spherocylinders. The fluid-solid interface coupling given by the no-slip boundary
condition and the zero-flux boundary condition were enforced using a second or-
der accurate Immersed Boundary Method. The implementation of the IBM was
described in detail in Section (2.4). The validation of the Immersed Boundary
technique and the model to measure hydrodynamic dispersion was presented in
Section (2.6). Dispersion coefficients were numerically calculated using volume-
averaging theory (Carbonell and Whitaker, 1983) for the isotropic Kelvin cell.
A total of 120 simulations were performed to study the effect of porosity, flow
rate and orientation of the macroscopic lattice structure by considering 5 different
porosities (0.728 ≤ ε≤ 0.962) and varying Péclet numbers (1 < Pep < 280).
The increase in flow-rate enhances hydrodynamic dispersion due to the amplified
velocity fluctuations. The increase in dispersion is monotonic for cases when the
interstitial velocity is tangential to the {100} and {110} planes of the Kelvin cell
lattice structure. The increase is not found to be monotonic for the {111} case
due to the complex flow-path experienced by the carrier fluid. There exists a tran-
sitionary regime for the {111} case where dispersion decreases at the onset of
dynamic flow and then increases sharply owing to chaotic advection induced by
the highly unsteady flow. At low Péclet numbers dispersion increases quadratically
with the Péclet Number for Pep < 20 indicating Taylor dispersion like phenomena.
For Pep > 20, the solutes get trapped along the hydrodynamic boundary layers due
to the appearance of stagnant zones. The trapped solutes may only escape through
molecular diffusion contributing to dispersion via a non-mechanical phenomenon
termed as boundary layer dispersion.
The extensive numerical analysis indicates that hydrodynamic dispersion increases
relative to the particle diameter (O(

p
κ)) with increasing porosity (ε). However the

total magnitude of dispersion across the bed decreases with decreasing solids vol-
ume. The direct dependency of dispersion on porosity in dilute fibrous beds hav-
ing a cylindrical morphology was earlier predicted theoretically by Koch and Brady
(1986). A correlation was proposed to measure Taylor dispersion as a function of
a new Peclet number, P , which is non-dimensionalized to capture the open-cell
structure characteristics as a whole. The correlation is valid in the Darcy-Brinkman
flow regime (0 <P < 25) and Sc ≈ 1 with an average deviation of 7.18%. The tran-
sition of flow in to the Forchheimer regime results in inertial effects which causes
boundary layer dispersion followed by the unsteady chaotic advection. It was
found to be extremely cumbersome to numerically quantify the subtle effects of
boundary layer dispersion and the behavior of chaotic advection. Thus no correla-
tion is proposed to measure these 2 effects, while their trends may be observed in
Figure (2.7),(2.8) and (2.9).

The non-linear scaling of dispersion with the particle Péclet number indicates that
dispersion is an important feature of mass transport in open-cell foams, even at
high Reynolds numbers. The inverse dependency of dispersion on the particle di-
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ameter is a unique feature in dilute fibrous beds. This allows one to construct
highly porous catalyst supports of open-cell foams in reactors without inhibiting
the micro-mixing of the reactants. The added advantage of lower pressure-drops
at high porosity (Das et al., 2017b) is further evidence that open-cell foams are at-
tractive as catalyst supports compared to spherical particles in fixed bed reactors.





Chapter 3
Isothermal reactive transport in
fixed bed systems

Abstract

In this chapter, the analysis of the mass transfer phenomena in catalytic open-cell
foams is carried out using a Direct Numerical Simulation technique. The influence
of the local hydrodynamics on the diffusion-reaction phenomena occurring at the
gas-solid interface of the open-cell solid foams is investigated assuming an infinitely
fast reaction. A correlation for the Sherwood number as function of the Reynolds
number for low Re is proposed. The extent of external and internal mass transfer
limitations are investigated under different scenarios using the obtained Sherwood
number correlation.

This chapter is based on Open-cell foams as catalyst supports: A systematic analysis of the mass trans-
fer limitations, A. Aguirre, V. Chandra, E.A.J.F. Peters, M.F. Neira D’Angelo, J.A.M. Kuipers, Chemical
Engineering Journal, Submitted
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3.1 Introduction

Open-cell foams are promising as structured catalyst materials for process intensi-
fication purposes since they combine a large surface area and a high void fraction
(Twigg and Richardson, 2007). These characteristics, for packed bed reactors,
lead to enhanced mass transfer characteristics as well as a relatively low pressure
drop. In comparison to honeycombs, it was shown that the overall performance of
foams is better for certain applications (Patcas et al., 2007).

While foam catalysts have proven successful for numerous applications, questions
are still open related to transport of momentum, heat and mass. In the last years,
several research groups have made substantial efforts to study and quantify the
mass transport in open-cell foams by means of experiments and numerical sim-
ulations (Twigg and Richardson, 2007). However, the relative importance of the
effect of internal and external mass transport limitations is still not clear (von Rick-
enbach et al., 2015).

Richardson et al. (2003) investigated the mass and heat transport characteristics
for a ceramic foam coated with P t/γ− Al2O3. The authors studied the CO ox-
idation in the mass transfer controlled regime; and, they obtained correlations
for the mass transfer and the radial heat transfer coefficients as function of the
Reynolds number. Later, Giani et al. (2005) characterized the mass transfer in
metal foams for the CO oxidation on a Pd/Al2O3 wash-coated catalyst. The au-
thors obtained a correlation for the mass transfer coefficients, which closely resem-
bles semi-theoretical correlations. Later, they extended the work to ceramic foams
with higher relative densities (Groppi et al., 2007), and proposed a more general
correlation for mass-transfer coefficients in foams with different pore densities.
Similarly, Garrido et al. (2008) studied the mass transfer and the pressure drop
of alumina foams, by performing the CO oxidation on P t/SnO2. They proposed
correlations for the mass transfer coefficient as function of dimensionless numbers
and geometrical factors of the foams.

Over the last few years, several research groups have studied the mass and heat
transport, as well as the hydrodynamics, in foams by CFD simulations and numeri-
cal calculations (Lucci et al., 2014; Bracconi et al., 2018). Lucci et al. (2014) have
presented for the first time CFD calculations for Kelvin cell structures to evaluate
the mass transfer coefficient. They systematically studied the effect of porosity,
pore per inches (ppi), Kelvin cell size and flow rate on the momentum and mass
transfer phenomena, and obtained a correlation for the Sherwood number as func-
tion of the dimensionless pressure drop. Later, the same group extended the work
and compared the analysis to honeycombs; and the obtained mass transfer cor-
relations with experimental data (Lucci et al., 2015). Della Torre et al. (2016)
presented a CFD model for the simulation of reactions occurring on the surface
of foams. They used a Langmuir-Hinshelwood reaction mechanism and combined
the flow simulation with calculations of the chemical conversion calculations for
reactions occurring at the foam surface. The model could describe calculations of
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conversion in the kinetic and diffusion controlled regime, as well as the light-off
curve for the CO oxidation. In a recent work (Bracconi et al., 2018), CFD calcula-
tions were performed for fundamental investigation of the fluid-solid mass transfer
properties of foams using virtually generated structures. Experimental measure-
ments were used to validate the CFD results revealing a good agreement between
them. Correlations of Sherwood-Reynolds numbers were proposed taking into ac-
count the geometrical parameters of the foams (porosity, strut diameter, etc.). Das
et al. (2016a) performed a similar analysis where the drag coefficients and Nus-
selt numbers for virtually generated open-cell foams were studied by performing
Direct Numerical Simulation. In that study, realistic foam samples were artificially
constructed by mimicking the experimental foam generation process computation-
ally. The foam samples were assumed to be spatially periodic and the velocity and
temperature fields were simulated by applying a self-similarity constraint (peri-
odic boundary conditions). This ensures that the closures obtained were free of
inlet, outlet or wall effects which generally influence the heat and mass transfer
coefficients obtained experimentally in small-scale laboratory experiments and is
only a function of the bulk transport properties.

3.2 Direct Numerical Simulation

Fully resolved simulations were performed using the Immersed Boundary Method
developed by Deen et al. (2012), which employs a uniform three-dimensional
Cartesian mesh. The computational domain is a cubic box that maps both the
fluid and solid phases, where the solid phase is the idealized construction of open-
cell foams represented by the spatially periodic Kelvin‘s unit cell. The details of the
geometry and construction process of the Kelvin‘s cell may be found in Das et al.
(2016b). The Kelvin cell simulated has a porosity (fluid phase volume fraction) of
0.92. The governing equations are solved on a uniform 3-D Cartesian domain. The
mass and momentum balance for an incompressible Newtonian fluid are given by:

∇· v̄ = 0 (3.1)

ρ
∂v̄

∂t
+ρ∇· (v̄ v̄) =−∇p −∇· ¯̄τ (3.2)

where ρ and µ represent the fluid’s density and viscosity rescpectively and ¯̄τ is the
stress tensor with ¯̄τ=−µ[∇v̄ + (∇v̄)T ].
The no-slip boundary condition is enforced along the fluid-solid interface with

v̄ = 0 on As (3.3)

and as we are considering a spatially periodic media, the flow field will also be
spatially periodic such that

v̄(x, y, z) = v̄(x +L, y, z) (3.4)
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The convection-diffusion equation for concentration is solved within the fluid phase.

∂c

∂t
+∇· v̄c =∇·D∇c (3.5)

Assuming an infinitely fast reaction along the interface of the open-cell catalytic
foams, the following fluid-solid interface boundary condition is used for concen-
tration

c = 0 on As (3.6)

As the medium is considered to be spatially periodic, the following self-similarity
constraints given by the periodic boundary conditions are used to simulate the
fully-developed profile for concentration.

c(x)

cb(x)
= c(x +L)

cb(x +L)
(3.7)

The physical reasoning and justifications for the employed boundary conditions
may be found in Das et al. (Das et al., 2018b). Here L refers to the length of the
Kelvin’s cell and cb refers to the velocity averaged concentration across any axial
plane within the computational domain. The details of the numerical procedure
to solve the above system of equations may be found in Deen et al. (2012) and
Das et al. (2017b).

3.3 Results

DNS was performed to study the influence of flow rate on the mass transfer co-
efficient. The flow rate characterized by the Reynolds number, Re = ρUdeq

µ , where

deq is the equivalent particle diameter with deq = 6VS
AS

, was varied by altering the
pressure gradient applied along the length of the periodic unit cell. All simula-
tions were performed at low Re (non-dimensionalized by the superficial velocity,
U) within the Kelvin cell, in accordance with the experiments whereas the mass
transfer coefficients were evaluated as explained below. The dimensionless con-
centration contour plots for various Reynolds numbers are presented in Fig. 3.1
revealing how the reactant spreads across the Kelvin cell. The corresponding ve-
locity profiles for varying Reynolds numbers are presented in Fig. 3.2. A more
detailed analysis of the hydrodynamics in open-cell foams can be found in Das
et al. (2017b).

The mass flux at the interface of the Kelvin cell within the computational do-
main is calculated as follows:

j =

Ò
As

−D∇c · n̄ d AÒ
As

d A
(3.8)

The local mass transfer coefficient is calculated using

km = j

〈c〉−0
(3.9)
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(a) Re = 1 (b) Re = 5

(c) Re = 10 (d) Re = 20

(e) Dimensionless concentration scale legend.

Figure 3.1: Concentration contour plots showing the spread of the reactant for varying
Reynolds numbers, ε= 0.920.

where 〈c〉 refers to the intrinsically averaged (REV fluid phase volume-averaged)
concentration and 0 is the assumed surface concentration in this case. The dimen-
sionless Sherwood number, Sh = km deq

D , is plotted against the Reynolds number as
a function of the flow rate in Fig. 3.3. A non-linear regression technique is used to
obtain the expression for the Sherwood number of the form

Sh = A+BRemSc
1
3 (3.10)

where B is a function of the porosity and geometrical structure of the studied
foam sample. A is the asymptotic value of the Sherwood number in the absence of
convection, obtained when a fast reaction occurs along the surface of the Kelvin
cell immersed in an unbounded stagnant pool of fluid saturated with the reactant.
For spheres, A is 2.0 whereas for a Kelvin cell of porosity 0.920 considered here, it
was found to be 1.94. The Sherwood number dependency on the Schmidt number
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(a) Re = 1 (b) Re = 5

(c) Re = 10 (d) Re = 20

Figure 3.2: The corresponding contour plots of the velocity magnitude for varying Reynolds
numbers, ε= 0.920.

Figure 3.3: Numerically obtained Sherwood numbers for varying Reynolds number.

is assumed to follow the classical 1/3 dependency as obtained from boundary layer
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theory. The curve-fit analysis yields the following expression:

Sh = 1.94+0.41Re0.53Sc0.33 (3.11)

The correlation obtained in this work for open-cell foams assuming an idealized
Kelvin cell structure is very close to the correlation obtained for realistically gen-
erated open-cell foams (Das et al., 2018b).

3.4 Analysis of mass transfer limitations

In this section, the influence of internal and the external mass transfer limitations
in open-cell foam catalysts are analyzed. It is assumed that a thin layer of the cat-
alytic material is wash-coated on the struts of the open-cell foams. Furthermore,
it is assumed that the thickness of the wash-coat layer is much smaller than the
radius of curvature of the open-cell foam struts, thus considering it as a flat slab.
A simple irreversible first order reaction is assumed to take place within this cat-
alytic wash-coat layer and the mass balance equation for the reactant species at
steady-state in the layer is:

d 2c̄

d z̄2 =φ2
w c̄ (3.12)

where c̄ is the dimensionless molar concentration, φw = lw

√
k1
Ds

is the Thiele Mod-
ulus of the wash-coat layer, with k1 being the volumetric reaction rate constant
whereas Ds is the effective diffusion coefficient of the reactant in the solid phase.
The boundary conditions are:

∂c̄

∂z̄
= Bim(1− c̄) at z̄ = 1 (3.13)

∂c̄

∂z̄
= 0 at z̄ = 0 (3.14)

where Bim is the mass transfer Biot number, with c̄ being the dimensionless con-
centration non-dimensionalized using the bulk concentration in the fluid phase, cb

and z̄ = z
lw

. The solution to the above system of equations is given by

c̄ = cosh(φw z̄)

coshφw
cw (3.15)

where 1
cw

= φw tanhφw
Bim

+ 1. From equation 3.15 the concentration profile in the
slab can be calculated as a function of the Thiele modulus and the Biot number.
Furthermore, the importance of the internal and external mass transfer limitations
can be quantified in terms of the internal (η) and global effectiveness factor (ηg )
as follows:

η= tanhφw

φw
(3.16)

1

ηg
= 1

η
+ φ2

w

Bim
(3.17)
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Here, equation 3.17 shows the resistance additivity for a first-order reaction. At
this point, the aim is to evaluate the presence/absence of internal and external
mass transfer limitations. Analyzing the case for low Thiele modulus values (φw ≈
0), that is neglecting the internal diffusion limitations, equation 3.17 becomes:

1

ηg
= 1+ φ2

w

Bim
(3.18)

For neglecting any effect of mass transfer, i.e. for kinetic control regimes, ηg must

be higher than, for example, 0.9. Then, the ratio φ2
w

Bim
should be smaller than 0.1.

Now, for the extreme case of a very large Thiele modulus (φw ≈∞), that is strong
internal diffusion limitations, equation 3.17 becomes

1

ηg
= φ2

w

Bim
(3.19)

In this case 1
ηg

→∞, the influence of the external mass transfer limitations can be
bounded, by enforcing that the reaction is fully mass transfer limited when ηg is

lower than 0.1. In other words, when the ratio φ2
w

Bim
is larger than 10.
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Figure 3.4: Operative regimes for mass transfer limitations in open-cell foam catalysts.
deq

lw
= 200 Ds

D = 0.1

The limits for the external and internal mass transfer limitations have now been
established. The Biot number is a derived dimensionless number and can now be
expressed in terms of the Reynolds number and the Sherwood number as

φ2
w

Bim
= φ2

w

Sh

deq

lw

Ds

D
(3.20)
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The correlation for the Sherwood number given by equation 3.11 can now be sub-
stituted in equation 3.20 to plot φ2

w as a function of Re and identify the governing

regime zones: the limits for full-mass transfer limited reaction (φw ≈∞;
φ2

w
Bim

> 10)

and kinetic control regime (φw ≈ 0;
φ2

w
Bim

< 0.1), as well as the intermediate regions.
The internal mass transfer limitations can be neglected for a value of φ2

w < 0.1.
The φ2

w versus Re is plotted in Figure 3.4, and it is now possible to distinguish
the working regions with regard to whether internal or external mass transport
is inhibiting the rate of reaction. From Figure 3.4 it is possible to conclude that,
when the reaction rate increases, ex. by increasing the temperature, external mass
transfer limitations arise before the internal diffusion limitations. This is opposite
to the traditional case of spherical catalyst particles (Ray and Szekely, 1973).

3.5 Conclusions

Direct numerical simulation of mass transport in open-cell foams was conducted
to study the influence of flow-rate on the mass transfer coefficient. The open-cell
foam geometry considered is an idealized Kelvin unit cell as is done in Chapter 2.
An infinitely fast reaction is assumed such that the concentration at the fluid-solid
interface is taken to be 0. A correlation is obtained for the Sherwood number as
a function of the Reynolds number. The curve-fit analysis is observed to be very
close to existing correlations obtained in literature. The influence of a wash-coat
layer on the mass transport limitations during a simple first order reaction is stud-
ied via a simplified model. The influence of the Reynolds number on the mass
transfer Biot number is investigated using the obtained Sherwood number corre-
lation. A regime map is drawn to determine the regions when external or internal
mass transfer limitations are prominent during reactive transport. It is observed
that external mass transfer limits the reaction prior to internal mass transfer limi-
tations.





Chapter 4
Non-isothermal reactive
transport in fixed bed systems

Abstract

A fundamental continuum-based numerical model is developed to simulate a non-
isothermal non-adiabatic reactor which does not employ any empirical closure. The
model was able to capture unique features of an exothermic catalytic reactor such as
parametric sensitivity, hot-spot formations and multiplicity of steady states. Further-
more, the model inherently accounts for the various aspects of classical phenomeno-
logical models such as axial and radial dispersion of heat and mass and the intrinsic
coupling of heat and mass transport between the fluid phase and the solid phase. The
numerical procedure was validated with existing literature data before moving on to
the simulation of a bed consisting of 340 spherical particles packed using the Discrete
Element Method. Five simulations were performed by varying the rate of reaction and
keeping all other parameters constant to capture the ignition/extinction phenomena
exhibited by exothermic packed bed reactors.

This chapter is based on Direct numerical simulation of a non-isothermal non-adiabatic packed bed
reactor, V. Chandra, E.A.J.F. Peters, J.A.M. Kuipers, Chemical Engineering Journal, 385 (2020), 123641
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4.1 Introduction

Tubular packed bed reactors have been widely used in the chemical process in-
dustry for decades in various chemical conversion processes such as the selective
oxidation of ethylene (Galan et al., 2009), oxidative coupling of methane (Hoe-
bink et al., 1994) and the synthesis of phthalic anhydride (Papageorgiou and Fro-
ment, 1996). Packed-bed reactors are generally preferred for exothermic reactions
where a cooling jacket enclosing the tubular wall is used for controlling the reac-
tor temperature. Highly exothermic systems employ a multi-tubular design where
each individual tube has a low tube-to-particle diameter ratio to ensure sufficient
cooling across the entire length of the reactor. The dynamics of the non-isothermal
reactor are described by non-linear partial differential equations having an Arrhe-
nius type dependency for the rate of reaction and the heat production terms. The
intrinsic two-way coupling between temperature and concentration along with the
self-dependency of temperature on the heat produced during exothermic reactions
causes the system to exhibit many unique features, such as a small change in the
inlet feed concentration or temperature that can cause a dramatic change in the
reactor effluent conditions, a phenomenon termed parametric sensitivity by Bilous
and Amundson (1955) who were the first to characterize it. If the system exhibits
a large transient temperature rise it is generally said to be in a state of ignition and
analogously if the system cools rapidly, the system is in a state of extinction. In
the non-adiabatic case, if the reactor does get ignited, the fluid phase temperature
profile exhibits a maximum along the axial direction, generally termed hot-spot
formation in a packed bed reactor. Also, if there exists a sufficient amount of ther-
mal feed-back the reactor may exhibit multiple steady states depending on how
the reactor was started up (Van Heerden, 1958). The non-linearity of the differ-
ential equations describing non-isothermal catalytic processes has proven to make
it extremely challenging to analyze them analytically, if not impossible. Thus the
numerical treatment of these differential equations has attracted the interest of
chemical engineers for over half a century due to their complexity and importance
in reactor design.

Following the seminal contributions by Bilous and Amundson (1955) on reac-
tor stability and Van Heerden (1958) on heat balance diagrams, many models
were developed over the forthcoming decades to determine the performance of an
exothermic catalytic reactor. The starting point was the simple one-dimensional
homogeneous model used in the aformenetioned works where no discrimination
was made between the fluid and solid phases. It was shown by Weisz and Hicks
(1962) that a single catalyst pellet can exhibit the similar dynamics as a homoge-
neous reactor if intra-particle gradients are non-negligible and the analogous case
for inter-phase gradients was demonstrated by Cresswell (1970). This paved the
way for the 1-D heterogeneous reactor model (Liu and Amundson, 1962; Eigen-
berger, 1972a; Carberry and White, 1969) where the fluid and catalyst phases
were distinguished but coupled via a heat and mass transfer term. Simultaneously,
two-dimensional models (De Wasch and Froment, 1971; McGreavy and Cresswell,
1969) were developed to account for radial gradients of concentration and tem-
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perature and wall-to-bed heat transfer . This enhanced the predictive capabili-
ties of the model for a non-isothermal non-adiabatic catalytic reactor (Froment,
1967). However there still seemed to be inconsistencies in the quantitative re-
sults of the 2-D model with its experimental counterpart as noted by Paterson and
Carberry (1983) and they attributed the unsatisfactory agreements to the empir-
ical transport coefficients used in the contemporary models. Lerou and Froment
(1977) indicated that the effective radial thermal conductivity kr and the wall-
to-bed heat transfer coefficient hw , which essentially control the magnitude of the
hot-spot, needed revision and suggested that the plug-flow assumption widely used
in phenomenological models needed to be dispensed with and the radial profile
of axial velocity should be considered. This was substantiated by other works that
had revealed the radial distribution of porosity (Benenati and Brosilow, 1962) in a
packed bed and consequently a radially varying effective stagnant thermal conduc-
tivity (Zehner and Schlunder, 1970). Kalthoff and Vortmeyer (1980) performed
simulations of the ignition and extinction phenomena in an exothermic fixed bed
reactor by considering the radial variations of porosity, effective thermal conduc-
tivity and velocity. Vortmeyer and Schuster (1983) developed a semi-analytical
expression for the radial variation of the axial superficial velocity in a packed bed
of spheres so as to account for the velocity ‘hump’ near the wall, sometimes also
referred to as flow by-pass or channeling. It was suggested by Cheng and Vort-
meyer (1988) that flow maldistribution significantly influences the estimation of
the hot-spot magnitude as the magnitude of channeling directly influences tran-
verse thermal dispersion which provides a supplementary resistance in the heat
removal process near the wall. This led Vortmeyer and Haidegger (1991) to pro-
pose a model where the wall-to-bed heat transfer coefficient was completely dis-
carded and an accurate incorporation of the radial distribution of velocity, porosity
and dispersion coefficients was suggested for the evaluation of the non-isothermal
non-adiabatic reactor. A more comprehensive literature survey of the radial heat
transfer problem may be found in Dixon (2012).

As the level of sophistication involved in the description of fixed bed reactors in-
creased, the number of parameters required to close the complex system of equa-
tions increased simultaneously. Winterberg et al. (2000) provided a review of
empirical coefficients determined under non-reactive conditions required for the
design of a reactor randomly packed with spherical particles and concluded that
the usage of the examined correlations were sufficient to accurately capture trans-
port phenomena of a reactor undergoing chemical reactions. While these empirical
coefficients are still widely used in the design of industrial reactors, the validity of
these correlations has been eyed with skepticism (Dudukovic, 2009; Dixon, 2012).

Increased advances in computational resources over the last few decades have
enabled the simulation of pore-scale resolved transport of momentum, heat and
mass in dense gas-solid systems (Deen et al., 2014). Direct numerical simula-
tion (DNS) broadly refers to the numerical study of the fundamental continuum
based transport equations where the fluid and solid phase transport are fully re-
solved. These models account for the local interaction between each particle and
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the surrounding fluid by directly imposing the appropriate boundary conditions
along the fluid-solid interface across the entire computational domain, whereas
the traditional reaction engineering models account for these interactions in a
homogenized manner using empirical correlations. The smoothing out of these
local heterogeneities can have a significant influence on the macroscopic perfor-
mance of the system (Sun et al., 2016) and the effect of homogenization can
be evaluated by performing DNS of the fluid-solid system and use concepts of
volume-averaging theory to determine the corresponding empirical values; ex:
drag correlation (Tang et al., 2015), heat and mass tranfer coefficient (Tavassoli
et al., 2013), wall-to-bed heat transfer coefficient (Das et al., 2017a), dispersion
coefficients (Chandra et al., 2019) etc. Though a fully resolved simulation of a
large scale fixed bed reactor is still a daunting prospect, the level of intricacy of
the DNS model in describing transport phenomena such as multi-component dif-
fusion, compressibility, non-ideality, etc., has a large room for improvement (Deen
et al., 2014).

A review of the state-of-the-art simulations conducted on packed bed reactors was
presented by Dixon et al. (2006) and more recently by Jurtz et al. (2019). Some
of the early DNS studies on packed bed reactors neglected intra-particle transport
due to the difficulty in meshing the solid phase regions using commerical codes
(Dixon, 2017). Recently, there have been several studies which have successfully
simulated the intra-particle reaction-diffusion mechanism (Dixon et al., 2007; We-
hinger et al., 2017; Maffei et al., 2016) with Maffei et al. (2016) introducing a
technique which treat the solid and gas phase events individually and then it-
eratively solved to enforce continuity of fluxes between the two phases. There
have been other studies where detailed kinetics have been coupled with pore-scale
simulations for endothermic reactions such as dry reforming of methane (Dixon,
2017; Wehinger et al., 2015). However, there exist very few studies which directly
tackle the exothermic case where coupled intra-particle heat and mass transfer
gradients are considered with the recent work by Partopour and Dixon (2018)
being one. The primary objective of this work is to develop a model devoid of
empiricism and yet capture all the essential characteristics manifested by a packed
bed reactor undergoing exothermic reactions.

In this chapter, the work of Das et al. (2017a) is expanded upon where flow and
heat transfer was studied in a cylindrical column packed with spherical particles
using the Discrete Element Method (DEM). Here, we consider intra-particle dif-
fusion of heat and mass along with a simple first-order irreversible reaction gov-
erned by the Arrhenius equation. This paper extends on the model developed by ?
where an isothermal surface reaction is considered and Lu et al. (2019) where an
exothermic non-isothermal surface reaction governed by the Arrhenius equation
is considered. Here, a volumetric reaction within the solid phase is considered
where a novel fluid-solid coupling technique is presented with the dynamic is-
sues of ignition/extinction which arises from the intrinsic coupling between the
gas and solid phase events are addressed. The basis of the DNS technique is the
Immersed Boundary Method (IBM), which is used for enforcing the appropriate
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boundary conditions along the fluid-solid interface and the wall enclosing the bed.
In section 4.2 the governing system of equations and boundary conditions used
for simulating the packed bed reactor are presented. Subsequently, the numeri-
cal procedure is described followed by an explanation of the Immersed Boundary
Method. The numerical procedure is validated in Section 4.4 and the results of the
full bed simulations are discussed in Section 4.5.

4.2 Model description

The artificially generated fixed bed consists of 340 spheres randomly packed in a
slender tubular column using the DEM approach. The tube-to-particle diameter
ratio is 5 and the details of the packing procedure may be found in Das et al.
(2017a). The dense packing of the particles generate a single consolidated solid
phase where each particle touches others to form an interconnected network. The
DEM packing is then mapped on to the computational domain where the following
system of equations are solved on a uniform 3-dimensional Cartesian grid. The
mass and momentum balance for an incompressible Newtonian fluid reads

∇· v̄ = 0 (4.1)

ρ f
∂v̄

∂t
+ρ f ∇· (v̄ v̄) =−∇p −∇· ¯̄τ (4.2)

where ρ f and µ represent the fluid’s density and viscosity rescpectively and ¯̄τ is
the stress tensor with ¯̄τ=−µ[∇v̄ + (∇v̄)T ].
The no-slip boundary condition is enforced along the solid interface of the spheri-
cal catalyst particles and the cylindrical wall with

v̄ = 0 on As and Ac yl (4.3)

where As refers to the surface area of the solid particles within the tubular column
and Ac yl refers to the inner surface area of the cylindrical wall enclosing the cata-
lyst particles.
The fluid phase governing equations for concentration and temperature are

∂c f

∂t
+∇· v̄c f =∇·D f ∇c f (4.4)

ρ f Cp f
∂T f

∂t
+∇· v̄T f =∇· k f ∇T f (4.5)

Here D f is the molecular diffusivity of the reactant in the fluid phase and k f and
Cp f are the thermal conductivity and the specific heat capacity of the fluid respec-
tively. The solid phase governing equations are

∂cs

∂t
=∇·Ds∇cs + r (4.6)
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ρsCps
∂Ts

∂t
=∇· ks∇Ts + (∆Hr )r (4.7)

Here Ds is the effective molecular diffusivity of the reactant in the solid phase
where Ds = εs

τs
D f with εs and τs referring to the internal porosity and tortuosity

of the catalyst particles. Usually, the values of εs and τs are determined experi-
mentally, but in all the numerical studies performed here we consider the value
of εs

τs
= Ds

D f
to be some predetermined value. ks , ρs and Cps refer to the thermal

conductivity, density and the specific heat capacity of the solid phase respectively.
r is the rate of reaction and ∆Hr is the heat of reaction whose value is negative for
exothermic reactions.
We restrict our analyses to an irreversible first-order reaction given as

r =−kcs (4.8)

where k is the first-order rate constant of the reaction and the negative sign in the
above equation refers to the consumption of the reactant within the solid phase.
We further consider the non-linear coupling between the rate constant and the
local temperature in the catalyst phase given by the Arrhenius equation

k = Ae
−E

RTs (4.9)

Here, E refers to the activation energy of the reaction with R being the universal
gas constant and A is the Arrhenius pre-exponential factor.
Furthermore, we assume there is continuity of fluxes between the fluid phase and
the solid phase and thus we impose the interface boundary condition for the scalar
transport variables as follows

−D f ∇c f · n̄ =−Ds∇cs · n̄ ; c f = cs on As (4.10)

−k f ∇T f · n̄ =−ks∇Ts · n̄ ; T f = Ts on As (4.11)

Finally, we model the tube wall to provide a cooling effect across the entire packed
bed. Thus we impose a constant temperature across the inner face of the cylin-
drical wall and the wall is assumed to be inert to the reacting species. While the
solid particles form one continuous phase, it is assumed that the particles do not
touch the inner face of the wall. Thus the cooling of the particles is done via a thin
layer of fluid surrounding the wall. The boundary conditions for temperature and
species concentration are

T f = Tc yl on Ac yl (4.12)

−D f ∇c f · n̄ = 0 on Ac yl (4.13)

Thus having defined the wall boundary conditions, we now have a complete sys-
tem of equations which may be solved numerically.
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4.3 Numerical procedure

The governing equations are solved on a 3-D Cartesian domain employing uniform
grids. The initial task is to map the solid phase on to the computational domain
which is done by identifying the position of the sphere(s) and then flagging the
grid cells with cell centres that lie inside the solid and fluid phases respectively
using the analytical expression governing a sphere. The equations governing both
the fluid and solid phase are then discretized, followed by the imposition of the
wall and interface boundary conditions and then solved simultaneously on a single
computational domain. The solution of the momentum, heat and mass transport
equations are treated in a sequential manner; i.e., within a single time-step the
Navier-Stokes equations are first solved followed by the solution of the fluid and
solid phase temperature equations and finally the mass transport equations. While
the 3 transport mechanisms (momentum, heat, mass) are decoupled, the fluid
phase events and the solid phase events of each transport are coupled and treated
in a semi-implicit manner (described below), thus maintaining the stability of the
numerical technique. The detailed description of the numerical procedure to solve
the Navier-Stokes equations can be found in the works of Deen et al. (2012) and
Das et al. (2017a).

The scalar transport equations are solved using a finite volume approach. The

Table 4.1: Discretization schemes used for solving the scalar transport equations

term discretization scheme
∂c
∂t

Cp−C o
p

∆t Euler forward
∂vc
∂x

ve ce−vw cw
∆x TVD Min-Mod scheme(

∂
∂x

(
D f

∂c
∂x ) D f ,e

( cE−eP
∆x

)−D f ,w
( cP−cW

∆x

)
Central differencing scheme

discretization schemes used are presented Table (4.1) where the fluid phase con-
centration balance equation has been used as an example. In the solids phase, a
diffusion-reaction equation is solved for concentration, with both the diffusion
and reaction terms evaluated fully implicitly. For all cases considered in this
manuscript, the reaction term is linearly dependent on concentration and thus
no linearization is required. In the general case of non-linear dependencies of
the reaction term on concentration, the iterative Newton-Raphson technique is
used. The coupling between the fluid and solid phases is discussed extensively
later. Following the solution of the concentration field, the temperature field
is then updated. In the fluid phase it obeys a convection-conduction equation
that is discretized in the same way as the equation for concentration. The solids
phase temperature is governed by a conduction equation that includes a source
term. The conduction term is evaluated implicitly and the source term is treated
fully explicitly, i.e., the reaction term already computed for the diffusion-reaction
equation is just multiplied by the heat of reaction. The heat generated is self-
dependent on the temperature value via the Arrhenius relation and the explicit
treatment keeps the numerical technique unconditionally stable. A by-product of
this unique self-generation source term is the possibility of multiple steady states
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and is discussed in more detail later. The rate of reaction term is of larger sig-
nificance as its explicit treatment can cause the numerical technique to become
unstable and produce negative values of concentration when the rate of consump-
tion of reactant increases rapidly due to temperature excursions. For first order
irreversible reactions, the implicit treatment of the term is again straightforward
as f (cs )n+1 = r n+1

s =−kn+1cn+1
s as it is a linear term with kn+1 referring to the rate

constant evaluated using the recently updated temperature field. All simulations
conducted in this manuscript employ an irreversible first order reaction, however,
the extension of the methodology to solve complex kinetics with different orders
is also presented. In the scenario that the rate of reaction term is non-linear with
concentration, a linearization technique would need to be used. This would then
require the term, f (cs )n+1, to be first linearized and then solved in iterative man-
ner. This may be done using the classical Newton-Raphson iterative technique.
The discretized form of the p.d.e.’s governing the concentration (fluid and solid)
values at all grid nodes across the computational domain of the form shall yield a
set of linear algebraic equations

aP cP +∑
nb

anbcnb = bP (4.14)

where aP is the coefficient of the central grid node concentration and bP is the
production term, where both contain linearized parts of the reaction term. ‘nb’
refers to the 6 neighboring nodes of the central grid node within the 3-D Cartesian
grid and anb their respective coefficients. The set of linear algebraic equations
represented by equation (4.14) is then solved for all grid nodes. It must be noted
that the coefficients and the production vector bP in equation (4.14) have been
modified to account for the fluid-solid interactions applied using the Immersed
Boundary Method described below. The interaction between the two phases is
accounted for such that the coefficient values in equation (4.14) are modified so
that the fluid-solid interface transport value is satisfied by changing the transport
values in the neighbouring cells.
A crucial component of the numerical procedure is the Immersed Boundary Method
(Deen et al., 2012; Das et al., 2016a) that is used to enforce the appropriate fluid-
solid interface boundary conditions given by equations (2.10)-(2.11) and the wall
boundary conditions given by equations (2.12-2.13). The imposition of the no-slip
boundary condition for velocity has been described by Das et al. (2017a) and shall
be omitted here. Different types of boundary conditions may be enforced such
as the Dirichlet b.c. where a specific constant value is imposed over the entire
interface, or the Neumann b.c. (constant flux) or boundary condition of the 4th

type (continuity of fluxes). The Dirichlet b.c. forms the base recipe over which the
other boundary conditions may be imposed in an extended manner.

For enforcing the Dirichlet b.c., the value of c at the fluid-solid interface is known
a priori. In figure (4.1a), the solid phase grid node P neighbors a fluid node E and
another fellow solid node W . The value of c at the solid surface is a known value,
indicated by cS . To enforce the fluid-solid coupling, a directional quadratic fit is
used whose procedure may be found in Deen and Kuipers (2013). The directional
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(a) Implementation of the Dirichlet b.c.

(b) Extension of the Dirichlet b.c.

Figure 4.1: Pictorial depiction of the implementation of the Immersed Boundary Method to
impose the different fluid-solid interface boundary conditions.

quadratic fit gives us an expression for concentration c in the fluid node E as
follows:

cE = −2ξs

1−ξs
cP + ξs

2−ξs
cW + 2

(1−ξs )(2−ξs )
cS (4.15)

The above fit is now used to rewrite the discretized equation (4.14) governing the
concentration c in grid node P . This results in a set of modified coefficients for
equation (4.14) which reads

àP = aP +aE

( −2ξs

1−ξs

)
(4.16)

`aW = aW +aE

(
ξs

2−ξs

)
(4.17)

àE = 0 (4.18)

b̀P = bP −aE

(
2cS

(1−ξs )(2−ξs )

)
(4.19)
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The above set of modified coefficients have now been changed to account for the
interface boundary condition for the grid node P that lies in the immediate vicinity
of the fluid-solid interface. The above mentioned procedure must be carried out
for all such other grid nodes whose neighboring node lies in the opposite phase
and for all co-ordinate directions. The methodology explained above used a solid
phase grid node P as an example whose neighbor is a fluid phase cell, and the
analogous case of a fluid cell whose neighbor is a solid cell also requires the same
treatment with a directional fit now pointing in the fluid phase direction.

Other forms of boundary conditions may be represented as follows respectively

−D
∂c

∂n̄
= j on As (4.20)

−D f
∂c

∂n̄
=−Ds

∂c

∂n̄
; c f = cs on As (4.21)

where D refers to the molecular diffusivity of either the fluid or solid phase de-
noted by the subscripts f and s respectively. In such cases, the interface value
represented by cS is not known a priori. In figure (4.1b) we again have a grid
node P whose neighbours are a fluid cell E and a solid cell W . The value of the
scalar quantity at the fluid-solid intersection point is unknown in this case and
must be calculated prior to using the Dirichlet b.c. framework as described earlier.
To compute the value at the intersection point indicated by the position vector d̄s ,
4 probes normal to the intersection point are drawn such that

d̄1 = d̄s + (∆x)n̄, d̄2 = d̄s + (2∆x)n̄, d̄3 = d̄s − (∆x)n̄, d̄4 = d̄s − (2∆x)n̄ (4.22)

Thereby we have 4 probes whose locations are indicated by the position vectors
d̄1, d̄2, d̄3 and d̄4 where (∆x) is the Eulerian grid spacing (grid size) to maintain
second order accuracy of the numerical procedure as a whole. In order to impose
the boundary conditions given by equations (4.20) and (4.21), the derivatives are
expanded using Taylor series up to the second degree with a step size ∆x and may
be expressed algebraically as follows

−D f
(4c1 − c2 −3cS )

2∆x
= j (4.23)

−D f
(4c1 − c2 −3cS )

2∆x
=−Ds

(4c3 − c4 −3cS )

−2∆x
(4.24)

where c1, c2, c3 and c4 refer to the positional values of concentration at the loca-
tion of d̄1, d̄2, d̄3 and d̄4 respectively. The values of c1, c2, c3 and c4 are calculated
by trilinear interpolation using concentration values at grid positions from the pre-
vious time-step. Rearranging equations (4.23) and (4.24), we may now estimate
the concentration values at the fluid-solid intersection point represented by cS as
follows

cS = 1

3

[
4c1 − c2 −2

(
j

−D f

)
∆x

]
(4.25)
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cS = D f (4c1 − c2)+Ds (4c3 − c4)

3
(
D f +Ds

) (4.26)

Once the fluid-solid intersection point value is estimated using the above two equa-
tions, the aforementioned Dirichlet b.c. framework is applied to impose the ap-
propriate interface boundary conditions.

It must be noted that the abovementioned Immersed Boundary procedure de-
scribed for concentration may analogously be extended to temperature. During
exothermic reactions, there may be large temperature gradients due to the igni-
tion of particles. In such a scenario, there may be sharp spatio-temporal gradients
in the solid phase with T4 >> T3 which may result in TS having a negative value.
Thus in order to ensure that the fluid-solid interface value does not have a nega-
tive value, we may employ a linear interpolation so that the numerical technique
reaches the steady state solution in a stable manner. The first order interpolation
to estimate the fluid-solid intersection point value is given by

TS = k f T1 +ks T3

k f +ks
(4.27)

It must be noted that the estimation of TS is treated explicitly, however the fully
implicit implementation of the Dirichlet b.c. framework maintains the stability of
the procedure. When the particles are fully ignited or extinguished, the spatial
gradients inside the catalyst particles are not extremely sharp and the second or-
der interpolation given by equation (4.26) may be used. The switching of the first
order estimation to the second order estimation is done when TS evaluated using
equation (4.26) is non-negative with TS > 0. It must also be noted that in many
situations the second probe vector normal to the solid surface into the fluid may
lie inside another solid particle. In such situations, a first-order interpolation must
again be used. The validity of the numerical technique is presented in the next
section for various cases.

4.4 Verification and Validation

The validation of the numerical procedure to study non-isothermal reactive trans-
port in a full packed bed reactor is done by validating each key ingredient com-
prising transport in a packed bed. First, we verify the numerical methodology to
study intra-particle mass and heat transport by comparing our results using the Im-
mersed Boundary Method with the classical solutions of Thiele (1939) and Weisz
and Hicks (1962) for a single catalyst pellet. Next, we validate the enforcing of the
continuity of fluxes boundary condition via the IBM for cases when there is forced
convection around a single spherical catalyst. Subsequently, the enforcing of the
cylindrical wall boundary conditions are verified. The validation of the implemen-
tation of the Navier-Stokes equations and the fluid phase heat and mass transport
equations are not presented in this paper as they have been thoroughly validated
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previously, and may be found in Deen et al. (2012); Deen and Kuipers (2013); Das
et al. (2016a, 2017a).

4.4.1 Intra-particle heat and mass transport

As an elementary verification case we first numerically simulate intra-particle dif-
fusion and reaction under isothermal conditions. The equation governing the
transport in a spherical catalyst is given by

∂cs

∂t
=∇·Ds∇cs −kcs (4.28)

where k is the isothermal rate-constant, with the boundary condition along the
interface of the catalyst

cs = co on As (4.29)

The Dirichlet boundary condition assumes that there is no external mass transfer
resistance and a constant uniform concentration is present along the interface
of the catalyst and radial symmetry is implicitly assumed. The above system is
replicated in 3 dimensions as depicted in Figure (4.2a) with the interface boundary
condition enforced using the IBM described in the previous section. The analytical
solution for the concentration profile at steady-state is

cs

co
= Rsp

r

sinh(r
√

k/Ds )

sinh(φ)
(4.30)

where φ is the Thiele Modulus (Thiele, 1939) and Rsp is the radius of the sphere

with φ= Rsp

√
k

Ds
. The analytically obtained concentration profile is plotted against

the concentration profile obtained along the radius of the sphere simulated using
DNS and is presented in Figure (4.2b) for φ= 10. 2 different grid resolutions were
used with G = 10,20 where G refers to the number of Eulerian grid cells across the
radius of the spherical catalyst. The effectiveness factor of the catalyst is computed
as follows

η=

Ð
Vs

kcs dV

4
3πR3

sp kco
(4.31)

The analytically derived expression for the effectiveness factor in a spherical cata-
lyst is given by

η= 3

φ2

(
φcothφ−1

)
(4.32)

The effectiveness factor numerically computed using equation (4.32) was com-
pared with the analytical solution of equation (4.33) for varying Thiele moduli.
The Thiele Modulus was varied by changing the rate constant values and keeping
the radius and diffusivity values constant. The results are plotted in Figure (4.3)
where all simulations were performed with a grid resolution of G = 10. A grid de-
pendency test for φ= 2.0 is presented in Table (4.2).
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Table 4.2: Grid dependency study for isothermal diffusion and reaction for φ= 2.0.

Grid resolution η (DNS) η (Analytical) Error
G = 10 0.8146 0.8060 1.07%
G = 20 0.8073 - 0.16%
G = 40 0.8060 - ∼ 0%

(a) 3-D contour plot simulated using DNS for φ= 10.0.
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(b) Grid dependency analysis of the concentration profile plotted
along the axis of symmetry against the analytical solution.

Figure 4.2: Dimensionless concentration profiles for isothermal diffusion and reaction for
φ= 10.0.

The intra-particle mass transport may be coupled with intra-particle heat transport
where we consider an exothermic reaction with heat production dependent on the
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Figure 4.3: Validation of the DNS technique for isothermal diffusion and reaction.

rate of reaction. Equation (4.29) is now coupled with the following temperature
balance equation given by

ρsCps
∂Ts

∂t
=∇· ks∇Ts + (−∆Hr )kcs (4.33)

where k is now a non-isothermal rate constant given by the Arrhenius expression
described in equation (4.9). Once again, a Dirichlet b.c. is assumed for temper-
ature along the interface of the catalyst particle to replicate the Weisz and Hicks
(1962) case:

Ts = To on As (4.34)

No analytical solution is available for the case considered here due to the Arrhe-
nius coupling between heat and mass, while the numerical solutions were origi-
nally provided by Weisz and Hicks (1962). The 2 coupled p.d.e.’s under the steady
state assumption were transformed into a single o.d.e. as is done in Weisz and
Hicks (1962) and solved using MATLAB’s in-built ode15s solver. The numerically
obtained MATLAB results were compared with the numerical results obtained by
performing DNS using the Immersed Boundary Method. The rate of heat gener-
ation is dependent on temperature as mentioned earlier and intra-particle heat
conduction provides a feed-back of heat towards the surface of the particle help-
ing enhance the rate of reaction due to the Arrhenius coupling. This mechanism
causes certain cases to have multiple steady states with 2 stable points and one
meta-stable point. The meta-stable point is physically unstable and a transient nu-
merical procedure shall not be able to capture these points. The lower steady state
is the point of low conversion with very small intra-particle gradients of temper-
ature and concentration, while the higher steady states have effectiveness factors
much greater than unity, ηÀ 1, with sharp gradients of temperature and concen-
tration close to the catalyst surface. The multiple steady states are captured by
imposing different initial conditions and the convergence to either of the 2 steady
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states is dependent on the value of the initial particle concentration or tempera-
ture. The criteria for multiple steady states were identified by Weisz and Hicks
with the help of 2 dimensionless parameters:

γ= E

RTo
(4.35)

β= co(−∆Hr )Ds

ks To
(4.36)

where γ and β are sometimes referred to as the Arrhenius Number and Prater
Number respectively. γ is a measure of the rate constant’s sensitivity to temper-
ature and β is the dimensionless heat of reaction which is also the maximum
dimensionless temperature rise possible within the catalyst pellet (β = Tmax−To

To
).

The results obtained from DNS are compared with the results of Weisz and Hicks
(1962) computed using MATLAB in Figure (4.4). γ was fixed to be 20, with the
value of β varied from 0.4−0.8 for varying Thiele Moduli (φo). Here the Thiele
Modulus is normalized by using the rate constant at surface conditions, ko , where

φo = Rsp

√
ko
Ds

with ko = Ae
−E

RTo . Similarly, the effectiveness factor is calculated as
is done for the isothermal case given by Equation (4.32), but with k = ko in this
case. The steady state profiles of the multiple solutions of the Weisz and Hicks
case captured using DNS are presented in Figure (4.5).

Figure 4.4: Validation of the DNS technique with the Weisz and Hicks case for γ= 20. The
β = 0.8 case and the β = 0.6 case contain multiple steady states at φo = 0.3 and
φo = 0.4 respectively. η1 = 1.12 and η2 = 138.05 are the two stable steady state
effectiveness factor values for the β= 0.8, φo = 0.3 case with η3 = 8.16 being the
meta-stable point which cannot be captured using the transient DNS technique.
Similarly, η1 = 1.16 and η2 = 44.94 are the two stable steady states for the β =
0.6, φo = 0.4 case and η3 = 6.81 being the meta-stable point.
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(a) Lower steady state concentration profile
with minimal conversion (η= 1.162).

(b) Lower steady state temperature profile
with minimal temperature gradients (η =
1.162).

(c) Higher steady state concentration pro-
file with almost complete conversion (η=
44.943).

(d) Higher steady state temperature profile
with a temperature gradient of T−To

To
=

0.6 =β with η= 44.943.

Figure 4.5: Dimensionless contour plots of the multiple steady state profiles of the Weisz
and Hicks case for φo = 0.4, γ= 20 and β= 0.6.

4.4.2 Conjugated mass transport

Intra particle mass transport in packed bed reactors is influenced by the effect of
the flow field around the catalysts. Only in rare circumstances can we consider the
external mass transfer resistance to be completely neglected such that a uniform
concentration around the catalyst is obtained as described by the boundary condi-
tion in equation (4.30). That would require the mass transfer Biot Number to be
extremely high (Bim →∞). As both internal and external mass transfer limitations
exist in common gas-solid heterogeneous catalyzed systems, a more appropriate
interface condition is the continuity of fluxes as described in Equation (4.10). We
may analytically solve equation (4.29) using the following boundary condition:

−Ds∇cs · n̄ = km(cs − co) on As (4.37)

where km is the fluid-to-particle external mass transfer coefficient. Upon non-
dimensionalizing, we rewrite the above boundary condition in 1-D spherical coor-
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dinates as
∂c̄s

∂r̄
= Bim(1− c̄s ) on As (4.38)

where the mass transfer Biot Number (Bim)is

Bim = kmRsp

Ds
(4.39)

The analytically derived expression for the overall effectiveness factor with the
above boundary condition is

η= 3

φ2

(
φcothφ−1

)(
1+ (φcothφ−1)

Bim

) (4.40)

We may validate the enforcing of the continuity of fluxes boundary condition by

(a) Contour plot of the velocity profile for
flow past a sphere case.

(b) Dimensionless concentration contours for
flow past a sphere for Ds

D f
= 1.0.

(c) Dimensionless concentration contours for
flow past a sphere for Ds

D f
= 0.1.

(d) Dimensionless concentration contours for
flow past sphere for Ds

D f
= 0.01.

Figure 4.6: Dimensionless contour plots depicting isothermal reactive transport for a single
sphere case, for Rep = 80 and φ= 2.0.

simulating forced convection around a single stationary sphere with an inlet feed
concentration of co . Accurate enforcement of the boundary condition given by
equation (2.10) will ensure that both the internal and external mass transfer resis-
tances are captured and for a specific value of the Biot Number, the effectiveness
factor is calculated and compared with the analytical values given by equation
(2.41). The external mass transfer coefficient from the DNS study is calculated by
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evaluating the mass flux across the surface of the sphere numerically as follows

j =

Ò
As

−D f ∇c f · n̄ d A

4πR2
sp

(4.41)

with the mass transfer coefficient computed by

km = j

co − cav g
(4.42)

where cav g refers to the averaged point concentration values along the interface of
the 3 dimensional sphere present within the DNS domain. A similar analysis was
performed Sulaiman et al. (2019) recently to verify their code.

The fully resolved velocity profile for flow past a single sphere is depicted in Fig-
ure (4.6a). We may verify the implementation of boundary condition in equation
(4.10) by varying the diffusivity in the solid phase, thus changing the Biot Number
values to study the effect of internal mass transfer resistances on the effectiveness
factor. It must be noted that the rate constant (k) values are changed to ensure that
the Thiele Modulus remains constant, with φ= 2.0 for all cases studied. Decreasing
the ratio of solid to fluid diffusivities significantly affects the overall effectiveness
factor as is evident from equation (4.41), where as Bim →∞ the effectiveness fac-
tor expression results in the more familiar one given in equation (4.33).

In general gas-solid systems, the fluid-solid diffusivities range between 0.1-0.5 and
are based on the tortuosity and porosity values of the particle. Here, 3 different ra-
tios of fluid to solid diffusivities (1.0, 0.1, 0.01) were investigated along with the
effect of 3 different Reynolds numbers. The computed effectiveness factors and
the Sherwood numbers from the DNS study were compared with the analytical
solution given by equation (4.41) and the empirical Frossling correlation given by
(4.44) respectively and the results are presented in Table (4.2). The concentration
contour plots are presented in Figures (6.b, 6.c, 6.d) for the 3 different diffusiv-
ity values. It is seen that at Ds

D f
= 0.01, an almost uniform concentration profile is

formed along the catalyst surface as one would expect. To ensure that the external
mass transfer coefficient value calculated is correct, we may compare the values
obtained numerically with the empirical Frossling correlation. The Frossling cor-
relation characterizes the external mass transfer resistance for flow past a single
sphere with the particle Sherwood number (Shp) expressed as a function of the
particle Reynolds number (Rep):

Shp = 2.0+0.6Re1/2
p Sc1/3 (4.43)

where the particle Sherwood number is defined as follows

Shp = km(2Rsp )

D f
= 2Bim

Ds

D f
(4.44)
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with the particle Reynolds number given by

Rep = |〈v̄〉|(2Rsp )

ν
(4.45)

In equation (4.44), Sc refers to the Schmidt number which is the ratio of the kine-
matic viscosity ν to the diffusivity of the fluid (D f ) and 〈v̄〉 is the inlet velocity. The
results of the comparison with the Frossling correlation are also presented in Table
(4.3) and it must be noted that the correlation was experimentally determined for
extremely fast surface reactions (φ>> 1) while we have considered φ= 2.0 for all
cases.

Table 4.3: Validation of internal and external mass transport for flow past a single sphere
for φ= 2.0.

Ds
D f

Re Bim η(DNS) η (Analytical) Sh (DNS) Sh (Empirical)
1.0 80.0 3.671 0.630 0.624 7.342 7.367
0.1 80.0 36.740 0.785 0.783 7.348 7.367

0.01 80.0 383.45 0.869 0.804 7.669 7.367
0.1 10.0 19.635 0.762 0.764 3.927 3.897
0.1 40.0 29.045 0.780 0.777 5.809 5.795

4.4.3 Cylindrical wall boundaries

Cylindrical wall boundaries for the tubular bed are imposed using the Immersed
Boundary Method. A Dirichlet boundary condition is used for temperature and
a Neumann boundary condition is imposed for concentration. We verified both
by simulating a single-phase laminar flow through a cylindrical conduit with the
boundary conditions for temperature given by equation (4.12) and by specifying
a non-zero finite constant mass flux ( j) along Ac yl . The Nusselt Number and the
Sherwood number can be calculated at the fully developed section of the tube. The
Nusselt number for the Dirichlet b.c. case is described by the Graetz-Nusselt prob-
lem and the analytically derived value is Nu = 3.657. For the constant mass flux
case, the Sherwood number is described by the extended Graetz-Nusselt problem
(Shah and London, 2014) and Sh = 4.364. The numerically computed values for
both the problems is given in Table (4.4) showing a very good agreement between
the simulation results and the ‘exact’ solutions reported in literature.

4.5 Results

Five simulations were performed to study non-isothermal non-adiabatic reactive
transport in a low tube-to-particle diameter ratio (N = 5) packed bed reactor con-
sisting of 340 spherical particles randomly packed inside, with the objective being



68 Non-isothermal reactive transport in fixed bed systems

Table 4.4: Grid dependency study for the Graetz-Nusselt problems.

Case Grid resolution Nu (DNS) Nu (Analytical) Error
Constant temperature G = 10 3.667 3.657 0.27%
Constant temperature G = 40 3.657 - ∼ 0%

Constant Flux G = 10 4.545 4.364 4.15%
Constant Flux G = 40 4.387 - 0.53%

to capture the unique phenomena exhibited by gas-solid catalyzed systems expe-
riencing intra-particle diffusion limitations. A grid resolution of 20 cells across the
particle radius (G = 20) is used for all simulations based on the grid dependency
analysis presnted in the previous section. In order to portray this, the dimen-
sionless numbers presented in Table (4.5) were fixed for all 5 simulations con-
ducted. In principle, the parameters γ and β vary spatially throughout the reactor
as the temperature has spatial gradients, which in return influences the value of
the Thiele modulus φ to vary across the reactor. However, the values of γ and
β presented in Table (4.5) is non-dimensionalized using the inlet feed tempera-

ture, To . The Thiele modulus that is reported, φo = Rsp

√
ko
Ds

is computed using
the reaction rate constant at To . The settings chosen in Table (4.5) are based
on the McGreavy and Thornton (1970) stability analysis who showed that the
performance of a reactor may be determined based on a new form of the Thiele
modulus non-dimensionalized using the Arrhenius pre-factor A rather than the
classical definition. The term Rsp

√
A

Ds
has a fixed value across the reactor while

the term Rsp

√
k

Ds
has spatial gradients dependent on the local temperature value.

Thus having fixed the base dimensionless parameters presented in Table (4.5) to
be constant for all 5 simulations, the Arrhenius pre-factor is changed systemati-
cally such that φo = 0.5,1.0,2.0,3.0,5.0 for the 5 cases studied respectively.

Table 4.5: Dimensionless numbers and their values used for the simulation of the full bed
reactor.

Dimensionless number Definition Value
Reynolds number Rep = |〈v̄〉|(2Rsp )

ν 100
Prandtl number Pr = Cp f µ f

k f
1

Schmidt number Sc = ν
D f

1

fluid-to-solid thermal conductivity
k f

ks
0.1

fluid-to-solid molecular diffusivity
D f

Ds
5

wall-to-inlet temperature ratio Tw
To

1
Arrhenius number γ= E

RTo
20

Prater number β= co (−∆Hr )Ds
ks To

0.02

Another aspect which is taken into consideration is the multiplicity of steady states
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of individual catalyst particles experiencing interphase and intra-particle gradi-
ents. It has been shown by Cresswell (1970) that a spherical particle experiencing
inter-phase and intra-phase gradients has a unique steady state solution if the fol-
lowing criterion is satisfied

γβ< 8

(
Bih

Bim
+β

)
(4.46)

where γ and β chosen here satisfies Cresswell’s parametric study range (γ : 10−
40;β : 0−0.1;Bih : 0.1−10;Bim : 100−500) where Bih = h f Rsp

ks
and Bim = km Rsp

Ds
refer

to the heat and mass Biot numbers respectively. These parametric values are gen-
erally obtained in heterogeneous gas-solid catalyzed systems where km and h f are
usually determined empirically. For systems with Lewis number unity (Le = Sc

Pr = 1)

such as the one considered here, the Sherwood number (Sh = km 2Rsp

D f
) equals the

Nusselt number (Nu = h f 2Rsp

k f
) (Carberry, 1966). Thus the ratio of the Biot num-

bers are given by
Bih

Bim
= Nu

k f

ks

1

Sh

Ds

D f
= k f

ks

Ds

D f
(4.47)

which would then yield Bih
Bim

= 0.02. Thus substituting the parametric values into
equation (4.46) gives

γβ= 0.4 ; 8

(
Bih

Bim
+β

)
= 0.32 (4.48)

thus dissatisfying Cresswell’s criterion with the particles potentially having mul-
tiple steady states. A final aspect on stability is the issue of local and global sta-
bility (McGreavy and Thornton, 1970). Local stability refers to the ignition and
extinction of individual particles while global stability analyzes the system from
the macroscopic point of view, where the reactor as a whole may exhibit mul-
tiple steady states due to the ignition/extinction of all individual particles. An
entire packed bed reactor may exhibit multiple steady states depending on how
the reactor is started up; however, the window of operation for such a behavior is
extremely narrow and impractical in large-scale reactors (Froment and Hofmann,
1987). Thus the issue of global stability is not addressed in this work.
Each individual particle in the packed bed reactor under steady state conditions

should satisfy the heat balance given by the following expression

h f (Tav g −〈T f 〉) = km(cav g −〈c f 〉)(∆Hr ) (4.49)

where Tav g and cav g refer to the average surface temperature and concentra-
tion values of the particle respectively. 〈T f 〉 and 〈c f 〉 refer to the correspond-
ing bulk fluid temperature and concentration values surrounding the thin film
resisting the transport of heat and mass towards the surface of the particle. It
was reported earlier that under the conditions of no external transport limita-
tions (Bim →∞,Bih →∞), the maximal temperature rise within a catalyst pellet
is governed by Tmax−Tav g

Tav g
= β= co (−∆Hr )Ds

ks To
where the underlying assumption is that

Tav g = To and cav g = co with To and co being the inlet feed temperature and con-
centration respectively. While the mass Biot number is generally very large, this
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(a) Velocity profile for Re = 100 with the superficial velocity being 0.33m/s.

(b) Dimensionless steady state temperature profile for φo = 0.5.

(c) Dimensionless steady state concentration profile for φo = 0.5.

Figure 4.7: Steady state contour plots of velocity, heat and mass of the packed bed reactor
for the φo = 0.5 case.

is generally not the case for the heat Biot numbers in gas-solid systems. It was
shown by Carberry (1966) that when a system does experience interphase gradi-
ents, the maximal temperature rise in a catalyst can exceed β when Bim

Bih
>> 1 which

is generally the case for gas-solid systems. This happens when the thin film of heat
transfer resistance cooling the catalyst particle breaks during ignition leading to
a rapid temperature rise within the catalyst. Hatfield and Aris (1969) set forth
a priori bounds on the maximal temperature rise within a catalyst experiencing
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(a) Axial bulk temperature and concentration profiles.
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(b) Radial distribution of axial superficial velocity.

Figure 4.8: Steady state dimensionless profiles for the φo = 0.5 case.

interphase gradients with Bim
Bih

>> 1 as follows

1 ≤ Tav g

To
≤ 1+βMax

{
1,

Bim

Bih

}
(4.50)

Thus the maximum dimensionless temperature possible within the reactor at steady
state for the current system ( Bim

Bih
= 50) would be

Tmax

To
= 1+βBim

Bih
= 2 (4.51)
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(a) Concentration profile at x∗ = 0.25. (b) Temperature profile at x∗ = 0.25.

(c) Concentration profile at x∗ = 0.50. (d) Temperature profile at x∗ = 0.50.

(e) Concentration profile at x∗ = 0.75. (f) Temperature profile at x∗ = 0.75.

(g) Dimensionless concentration scale. (h) Dimensionless temperature scale.

Figure 4.9: Radial contour plots at different axial positions for φo = 0.5 case.
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(a) Dimensionless temperature profile.
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(b) Dimensionless concentration profile.

Figure 4.10: Radial profiles at different axial positions for the φo = 0.5 case.

Furthermore, another important observation from the Hatfield and Aris (1969)
analysis is the significance of the ratio Bim

Bih
. The greater the value of Bim

Bih
, the

greater is the maximal dimensionless temperature rise across the catalyst. Such
large ratios are generally observed when a system experiences large intra-particle
mass transfer resistances (ex - Fischer-Tropsch synthesis), with pore diffusion actu-
ally enhancing the exothermic nature of the system resulting in larger temperature
gradients.
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4.5.1 Ignition and extinction phenomena

The steady state contour plots of velocity, dimensionless temperature (T ∗ = T
To

)
and dimensionless concentration (c∗ = c

co
) for the φo = 0.5 case is presented in Fig-

ure (4.7). A negligible temperature and concentration gradient is observed across
the length of the reactor with Tmax

To
≈ 1+β (Hatfield and Aris, 1969). The system

has a unique steady state solution (globally stable) and the rate of reaction is not
fast enough for the particles to self-ignite. Thus the reactor is said to be in a state
of extinction. The flow-averaged dimensionless concentration and temperature
along the axial direction is plotted in Figure (4.8) where

c∗b (x) =

Î
S f

c∗vx dSÎ
S f

vx dS
; T ∗

b (x) =

Î
S f

T ∗vx dSÎ
S f

vx dS
(4.52)

with S f referring to the cross-sectional area occupied by the fluid along the the
x coordinate, being the direction of macroscopic flow. The dimensionless axial
superficial velocity distribution (v∗

x (r )) across the cross-sectional radius of the re-
actor is presented in Figure (4.7) whose value is averaged across the length of the
reactor with

v∗
x (r ) = 1

vi n

Î
vx (r )d xdθÎ

d xdθ
(4.53)

The effect of flow-maldistribution is clearly visible due to the porosity distribution
across the radius with the channeling of flow along the reactor wall being promi-
nent with vi n being the inlet velocity. The radial concentration and temperature
contour plots at 3 different axial positions are presented in Figure (4.8) and the
corresponding profiles are depicted in Figure (4.9). In Figure (4.9) it is observed
that the radial gradients of concentration and temperature are not monotonic in
nature. This non-monotonic behaviour can be related to various factors with the
most important one being the local packing structure of the particles within the
bed. Local sharp gradients in temperature and concentration also contributes to
the non-monotonic behaviour. Now, we may define a total effectiveness factor to
evaluate the enhancement in the reaction rate due to the exothermic nature of the
system as follows:

η̄=

Ð
Vs

rs dV

Vs koco
(4.54)

where Vs refers to the volume of solid catalysts present within the reactor. η̄ was to
found to be equal to 1.25 for the φo = 0.5 case suggesting a slight enhancement in
the reaction rate as compared to the reaction being carried out at inlet conditions.

Upon increasing the rate of reaction to φo = 1 and keeping all other parameters
same as before, we observe the appearance of creeping reaction zones (Eigen-
berger, 1972a). The particles at the end of the reactor first start to self-ignite
followed by a high temperature wave that moves in the upstream direction ig-
niting the particles in the core of the bed. The contour plots depicting the mov-
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ing reaction zone are presented in Figure (4.10) and Figure (4.11). The reac-
tion front almost propagates towards the entrance of the reactor and eventually
reaches steady state with intermediate conversion as seen in Figure (4.12a) where
the temporal evolution of the dimensionless bulk temperature is plotted. Some of
the particles reside in the lower steady state while the rest of the particles are in
the higher steady state (≈ 65%). The corresponding dimensionless radial concen-
tration profiles are presented in Figure (4.12b) which are in accordance with the
temperature evolution. The moving reaction zone phenomena has been studied
extensively previously primarily using 1-D models (Eigenberger, 1972b; Vortmeyer
and Jahnel, 1972; Rhee et al., 1973) with Partopour and Dixon (2018) recently
studying the wrong-way behavior of packed beds using a DNS model. The DNS
model inherently accounts for axial thermal dispersion which is the main driving
mechanism for the moving reaction zone (Pinjala et al., 1988) while the classical
models require the incorporation of the axial heat dispersion coefficient to accu-
rately capture this phenomena. The catalyst particles in the DNS model form a
single continuous phase that accounts for particle-particle heat conduction, thus
driving the reaction front against the direction of flow. The radial contour plots
along 3 different axial cross-sections are presented in Figure (4.13) and their cor-
responding profiles are plotted in Figure (4.14). The calculated total effectiveness
factor, η̄, was found to be equal to 14.13 implying a significant enhancement in the
reaction rate due to most of the particles residing at the higher steady-state.
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(a) At time t = 1.83s. (b) At time t = 2.83s.

(c) At time t = 3.33s. (d) At steady state.

(e) Dimensionless temperature scale.

Figure 4.11: Contour plots depicting the temporal evolution of the dimensionless tempera-
ture profile for the φo = 1.0.

(a) At time t = 1.83s. (b) At time t = 2.83s.

(c) At time t = 3.33s. (d) At steady state.

(e) Dimensionless concentration scale.

Figure 4.12: Contour plots depicting the temporal evolution of the dimensionless concen-
tration profile for the φo = 1.0.



4.5 Results 77

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.1

1.2

1.3

1.4

1.5

1.6
0s
1.83s
2.33s
2.83s
3.33s
3.83s
steady state

(a) Evolution of the temperature profile.
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(b) Evolution of the concentration profile.

Figure 4.13: Creeping reaction zones observed for the φo = 1.0 case.
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(a) Concentration profile at x∗ = 0.25. (b) Temperature profile at x∗ = 0.25.

(c) Concentration profile at x∗ = 0.50. (d) Temperature profile at x∗ = 0.50.

(e) Concentration profile at x∗ = 0.75. (f) Temperature profile at x∗ = 0.75.

(g) Dimensionless concentration scale. (h) Dimensionless temperature scale.

Figure 4.14: Radial contour plots at different axial positions for φo = 1.0 case.
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(a) Dimensionless temperature profile.
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(b) Dimensionless concentration profile.

Figure 4.15: Radial profiles at different axial positions for the φo = 1.0 case.

As the reaction rate is increased to φo > 1 we observe that all the particles in the
reactor get ignited followed by the formation of a hot-spot at steady state. Further-
more, we observe that the dimensionless profiles for cases φo = 2,3,5 are almost
identical with the curves superimposing as observed in Figure (4.15). The reactor
is now fully controlled by external transport limitations with the main resistance
provided by the thin fluid film surrounding the particles inhibiting the transport of
reactants to the catalyst. The total effectiveness factor η̄ for the 3 cases was found
to be 7.05,3.91,1.81 respectively with the effectiveness factor decreasing upon in-
creasing the reaction rate with the exothermicity playing a less prominent role at
high Thiele Moduli. The contour plots of the reactor is presented in Figure (4.16).
For the φo > 1 cases, the rate of reaction is so large that all the particles get ignited
simultaneously across the length of the reactor followed by a large temperature
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rise in the fluid phase. The T ∗
b (x) curve then exhibits a maximum followed by the

cooling of the particles at the downstream section of the reactor. The temporal
evolution of the concentrations and temperature profiles are depicted in Figures
(4.17a) and (4.17b) respectively.
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Figure 4.16: Steady state dimensionless profiles for φo = 3.0.

(a) Steady state temperature profile.

(b) Steady state concentration profile.

Figure 4.17: Steady state contour plots of concentration and temperature for the φo = 3.0
case.
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(a) Evolution of the concentration profile.
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(b) Formation of the hot-spot.

Figure 4.18: Temporal evolution of the reactor for the φo = 3.0 case.
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4.5.2 Comparison with a 1-D heterogeneous model

In this subsection, the results from the Direct Numerical Simulation model are
compared with a simple 1-D heterogeneous reactor model employing empirical
correlations to qualitatively and quantitatively assess the performance of DNS
against well-established models. The 1-D model assumes plug-flow in the fluid
phase where the fluid phase concentration and temperature is coupled to a parti-
cle model via the interphase heat and mass transfer coefficients. The description
of the heterogeneous reactor model is provided in the Appendix and is closed by
3 empirical correlations being the Sherwood/Nusselt numbers by Gunn (1978),
the heat and mass dispersion coefficients by Edwards and Richardson (1968) and
the wall-to-bed heat transfer coefficient by Yagi and Wakao (1959). All param-
eters presented in Table (4.4) for the DNS model are consistent with the inputs
for the 1-D model. The three cases considered are φo = 0.5,1.0,3.0 as they repre-
sent the 3 distinct regimes simulated. The results of the comparison are presented
in Figure (4.18). It is observed that the DNS model qualitatively replicates the
empirical 1-D model with exceptional accuracy by predicting the ignition and ex-
tinction phenomena and the creeping reaction zone for the φo = 1.0 case. The DNS
model quantitatively predicts the 1-D model very accurately for the φo = 0.5 as the
temperature gradients within the reactor are small and thus resulting in very low
conversion. For the φo = 1.0 case, the 1-D model overpredicts the temperature rise
and the conversion across the reactor as compared to the DNS model. This arises
primarily from the temperature gradients across the reactor as higher tempera-
tures leads to higher conversion and vice-versa. Furthermore, another major as-
sumption which affects the quantitative differences between the two models is the
consideration of plug-flow in the 1-D model whereby the channeling effect which
provides an extra resistance in the heat removal process is neglected. The quanti-
tative deviations increase for the φo = 3.0 case and the reasons may be attributed
to the abovementioned reasons. Of the 3 empirical parameters used in the 1-D
model, the axial mass dispersion coefficient plays an almost negligible role in the
performance of the model while the axial dispersion coefficient does play a signifi-
cant role in controlling the hot-spot magnitude. This essentially is due to the finite
size of the bed length considered. The heat and mass transfer coefficients play a
slightly less prominent role in the performance of the reactor as when compared to
the wall-to-bed heat transfer coefficient. The wall-to-bed heat transfer dictates the
temperature gradients within the reactor and thus in return control the conversion
across the bed. The wall-to-bed Nusselt number (Nuw ) is evaluated from the DNS
model and compared with the Yagi and Wakao (1959) correlation. The wall-to-
bed heat transfer coefficient across the cylinder cross-section along the direction
of macroscopic flow (x) is evaluated as follows

hw =
−k f

∂T f

∂r r=Rc yl

Tc yl −Tb
(4.55)

The wall-to-bed Nusselt number is calculated as

Nuw = hw (2Rsp )

k f
(4.56)
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The Nusselt numbers evaluated from the DNS results for the 3 different cases are
plotted in Figure (4.19) and the calculated values are in good agreement with the
empirical correlation. Furthermore, it is observed that the rate of reaction has a
negligible effect on the heat removal process from the wall.
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(a) Dimensionless steady state concentration and temperature profiles for the φo = 0.5 case.
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(b) Dimensionless steady state concentration and temperature profiles for the φo = 1.0 case.
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(c) Dimensionless steady state concentration and temperature profiles for the φo = 3.0 case.

Figure 4.19: Comparison of the dimensionless bulk temperature and concentration profiles
obtained from DNS against the results from a 1-D heterogeneous model.
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Figure 4.20: Wall-to-bed Nusselt numbers evaluated using the DNS results for 3 different
cases compared against the empirical correlation by Yagi and Wakao (1959).

4.6 Conclusions

A novel numerical model that is free of empiricism was developed to simulate a
non-isothermal catalytic reactor. The model accounts for the coupled interaction
between the solid phase and the fluid phase by imposing the appropriate interface
boundary conditions using an Immersed Boundary Method. The model was vali-
dated with existing well-established cases for single-particle systems to ensure the
accurate incorporation of intra-particle heat and mass transport and its coupling to
the fluid phase. A non-adiabatic reactor consisting of 340 particles was simulated
where the random packing was generated using the Discrete Element Method.

A key feature of the numerical procedure presented in this chapter is the intrinsic
coupling between the fluid phase transport and the solid phase transport incor-
porated using the Immersed Boundary technique. During exothermic catalytic
reactions, the heat produced within the catalyst phase causes a large transient
temperature rise in the fluid phase accounted for via the continuity of heat fluxes
between the two phases. Under non-adiabatic conditions, a hot-spot is formed
within the reactor whose magnitude is dictated only by the kinetic and transport
parameter values. Unlike the classical phenomenological models where the in-
putted empirical parameters such as wall-to-bed heat transfer coefficient, hw , and
radial thermal dispersion coefficient, kr , control the hot-spot magnitude, the DNS
model inherently accounts for these features thus avoiding the uncertainties in-
volved in the accuracy of these empirical coefficients. It was also observed and
shown that the effectiveness factor within the catalytic system can exceed unity
due to the autothermal reaction being carried out and that the assumption that
intra-particle mass transport can be modelled using the simple expression given
by equation may not be valid when performing DNS of exothermic systems.
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Finally, the simulations conducted in this chapter on the full bed reactor reveal the
model’s capability to simulate the transient dynamics of an exothermic catalytic
system. Furthermore, a stability analysis is performed to capture the phenom-
ena of ignition and extinction of a wall cooled reactor where the particles may
be locally unstable due to the existence of multiple steady states. The current de-
veloped model signifies the importance of accounting for intra-particle gradients
of coupled heat and mass while studying exothermic catalytic reactions, whereby,
its negligence may yield qualitatively different results. The exothermicity of the
system can have many other implications on the performance of the reactor with
one good example being deviations from ideality. A strong consequence of high
temperature gradients would result in changes of the viscosity of the fluid having
an exponential dependency and large temperature changes may also induce com-
pressibility effects which cannot then be neglected within the model and these
considerations shall be addressed in future works.

4.7 Appendix

The 1-D heterogeneous plug-flow model used for comparison with the DNS results
assuming steady state for the fluid phase concentration reads

vx
∂C̄ f

∂x
= Dax

∂2C̄ f

∂x2 + (1−ε)
3

Rsp
km(C̄s − C̄ f ) (4.57)

The equation for the fluid phase temperature reads

ρ f Cp f vx
∂T̄ f

∂x
= kax

∂2T̄ f

∂x2 −hw
2

Rc yl
(T̄ f −Tc yl )+ (1−ε)

3

Rsp
h f (T̄s − T̄ f ) (4.58)

The equation for the particle phase concentration reads

0 = Ds
1

r 2

[ ∂
∂r

(
r 2 ∂C̄s

∂r

)]−kC̄s (4.59)

The equation for the particle phase temperature reads

0 = ks
1

r 2

[ ∂
∂r

(
r 2 ∂T̄s

∂r

)]+kC̄s (−∆H) (4.60)

The boundary conditions used for closing the above system of governing equations
are

C̄ f (x = 0) = co ;
∂C̄ f

∂x
(x = L) = 0 (4.61)

T̄ f (x = 0) = To ;
∂T̄ f

∂x
(x = L) = 0 (4.62)
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−Ds
∂C̄s

∂r
(r = o) = 0 ; −Ds

∂C̄s

∂r
(r = Rsp ) = km(C̄s − C̄ f ) (4.63)

−ks
∂T̄s

∂r
(r = o) = 0 ; −ks

∂T̄s

∂r
(r = Rsp ) = h f (T̄s − T̄ f ) (4.64)

3 empirical correlations are required for estimating Dax ,kax ,h f ,km ,hw to complete
the above described 1-D model.
The Edwards and Richardson (1968) correlation is used to estimate the axial dis-
persion coefficients

Dax = 0.73D f +
0.5vi ndsp

1+ 9.7D f

vi n dsp

(4.65)

and assuming Dax
D f

= kax
k f

.
The Gunn (1978) correlation is used to estimate the fluid to particle heat and mass
transfer coefficients

Nu = (7−10ε+5ε2)(1+0.7Re0.2Pr 0.33)+ (1.33−2.4ε+1.2ε2)Re0.7Pr 0.33 (4.66)

with Nu = Sh for cases when Pr = Sc wherein we have Nu = h f (2Rsp )
k f

and Sh =
km (2Rsp )

D f
.

The correlation by Yagi and Wakao (1959) is used for estimating the wall-to-bed
heat transfer with the wall Nusselt number (Nuw ) given by

Nuw = 0.6Re0.5 (Re < 40) ; Nuw = 0.2Re0.8 (Re > 40) (4.67)

where Nuw = hw (2Rsp )
k f

.



Chapter 5
Tubular fixed bed
Fischer-Tropsch synthesis

Abstract

A numerical model based on the fundamental continuum transport equations is de-
veloped to simulate the Fischer-Tropsch synthesis in a slender packed column. Inter-
nal and external mass transport limitations are considered in a fully resolved man-
ner where a two-way coupling between mass and heat transport is accounted for. A
Langmuir-Hinshelwood type kinetic model is used for the reaction rate in the catalyst
phase which is then intrinsically coupled to the fluid phase transport by enforcing the
appropriate boundary condition using the Immersed Boundary Method. The fixed bed
reactor consists of 220 particles packed in a random manner using the Discrete Ele-
ment Method where cooling from the wall to the bed is also considered. The influence
of temperature on conversion and selectivity is investigated.

This chapter is based on Direct numerical simulation of the Fischer-Tropsch synthesis in a wall-cooled
packed bed reactor, V. Chandra, D. Vogels, E.A.J.F. Peters, J.A.M. Kuipers, In preparation
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5.1 Introduction

The increasing need for energy has seen the revival of many gas-to-liquid fuel
production processes of which the Fischer-Tropsch synthesis (FTS) has been the
backbone technology. The production of heavy synthetic fuels from natural gas,
coal and biomass has led to the development of the FTS process dating back to al-
most a century now. Synthesis gas, a mixture of carbon monoxide and hydrogen,
is converted to a wide variety of heavy hydrocarbons which may then be refined to
produce transportation fuels and chemical feedstocks. The F-T reaction is highly
exothermic with the selectivity towards the long-chain hydrocarbons being very
sensitive to temperature in the reactor. Therefore, heat management is of crucial
importance when designing an FTS reactor, with large temperatures hindering the
preferred selectivity path.

Two primary designs exist for the Fischer-Tropsch synthesis, with one being the
slurry bubble reactor and the other being a multi-tubular fixed bed reactor. In
this chapter, we will be addressing the FTS in a low tube-to-particle diameter ra-
tio fixed bed reactor. The prominent feature of the fixed bed mode of operation
is the dense packing of the catalyst particles and the heat removal process from
the walls of the reactor. Higher catalyst weight per unit volume generally leads
to larger pressure gradients across the reactor bed. Bigger catalysts are less dense
with with lower pressure drops, however, catalysts in the size of millimeters may
unequivocally experience intraparticle diffusion limitations as shown by Post et al.
(1989). The key aspect on the design of the Fischer-Tropsch reactor is to find the
optimum trade-off between the pressure drop and the product yield of the long
chain hydrocarbons. This may be done by altering the catalyst size, shape, tube-
to-particle diameter ratio and the wall temperature. Another important aspect is
the incorporation of accurate kinetic data to describe the F-T reaction mechanism
occurring within the pores of the catalyst.

While there exists substantial literature on the modelling of the slurry bubble col-
umn reactor (Maretto and Krishna, 1999; Krishna and Sie, 2000), there exists
limited literature on the fixed bed reactor design (Wang et al., 2003). The ini-
tial benchmark studies on the modelling of the fixed bed FTS reactor by Atwood
and Bennett (1979), Bub et al. (1980) and Post et al. (1989) all used simplified
models, where the necessary sophistication demanded by a process as complex as
the FTS was not satisfactorily met. Atwood and Bennett (1979) used a simplified
1-D heterogeneous reactor model where a simplified first-order Thiele model was
used to describe the reaction in the catalyst phase. Bub et al. (1980) used a 2-D
model assuming plug-flow and no distinction was considered between the fluid
phase and the solid phase. Post et al. (1989) used a 1-D plug-flow heterogeneous
model considering a first-order reaction effectiveness factor approach to model
the intra-particle reaction. More recent works by Wang et al. (2001) and Wang
et al. (2003) provided a more detailed description of the FTS process in fixed bed
reactors where a detailed kinetic description was used within the catalyst phase.
Studies over the last decade have justifiably focused more on the mass transport
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inside the catalyst phase where intraparticle diffusion limitations play a significant
role in dictating the consumption, selectivity and yield of the FTS process. Jess and
Kern (2009) simulated a 2-D pseudohomogeneous reactor model considering the
catalyst phase diffusion limitations using an effectiveness factor approach to de-
termine the effective reaction rate. Lee and Chung (2012) used a similar model by
also considering the macroscopic velocity field. Vervloet et al. (2012) provided a
detailed description of the reaction-diffusion mechanism inside a cobalt based cat-
alyst for the FTS process where a Langmuir-Hinshelwood rate expression by Yates
and Satterfield (1991) was used for the consumption of syngas. An expression for
the hydrocarbon chain growth probability was derived as a function of the local
syngas ratio and temperature. Furthermore, this model provided an emphatic elu-
cidation of the intra-particle mass transfer mechanism where selectivity changes
locally due to diffusive effects. Pöhlmann and Jess (2016) and Pöhlmann et al.
(2016) extended the Vervloet et al. (2012) model to study the diffusion-reaction
mechanism for different operational conditions and rate expressions.

Selectivity and yield towards C5+ hydrocarbons form the crux of the FTS process
where the primary objective of any FTS model is to maximize the production of
long chain hydrocarbons. To this effect, a sophisticated model is required where
the catalyst phase transport incorporating accurate kinetics and local selectivity
has to be coupled with the fluid phase transport in the reactor. In this work, a
first step is taken to provide a detailed description of the transport phenomena
of the FTS process such that the fluid phase and solid phase transport is fully re-
solved. Direct Numerical Simulation (DNS) of a packed bed reactor consisting of
220 spherical catalysts randomly packed within a slender tubular column. The
fluid and solid phases are coupled by enforcing continuity of heat and mass fluxes
across the interface. The Vervloet et al. (2012) model is incorporated to describe
the catalyst phase transport where the variable chain growth expression is used
to model the local selectivity as a function of temperature and syngas ratio. Ex-
ternal and internal diffusion effects are inherently accounted for, with the velocity
field also independent of any drag closures. The wall-to-bed heat transfer process
is taken into account by fixing the cylindrical wall of the bed to be at a constant
fixed temperature. Three different simulations are conducted to investigate the
optimal operating conditions in an FTS reactor by varying the wall temperature
values.

The work is as follows - the description of the governing and constitutive system
of equations along with the boundary conditions presented in section 5.2. The
transport parameters used in the simulations and results are presented in section
5.3 and the conclusions in section 5.4.
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5.2 Model description

The tubular fixed bed reactor consists of 220 spheres randomly packed in a slender
cylindrical column using the DEM approach (Das et al., 2017a) possessing a tube-
to-particle diameter ratio of 4. In order to perform DNS of the Fischer-Tropsch
synthesis, the following assumptions are considered.
i. The catalyst is cobalt based and the pores of the catalyst are filled with the waxy
hydrocarbon products.
ii. The fluid phase is considered to be a single continuous phase where the prod-
uct being the heavy liquid hydrocarbon waxes is dispersed in the gaseous reactant
syngas.
iii. All transport properties are assumed to be constant and the behavior is consid-
ered to be ideal.

The mass and momentum balance for an incompressible Newtonian fluid reads

∇· v̄ = 0 (5.1)

ρ f
∂v̄

∂t
+ρ f ∇· (v̄ v̄) =−∇p −∇· ¯̄τ (5.2)

where ρ f and µ f represents the fluid’s density and viscosity rescpectively and ¯̄τ is
the stress tensor with ¯̄τ=−µ f [∇v̄ + (∇v̄)T ].

The fluid phase governing equations for concentration and temperature are

∂c f ,i

∂t
+∇· v̄c f ,i =∇·D f ,i∇c f ,i (5.3)

ρ f Cp f
∂T f

∂t
+∇· v̄T f =∇· k f ∇T f (5.4)

Here D f ,i is the molecular diffusivity of the reactant gas species, i , in the fluid
phase and k f and Cp f are the thermal conductivity and the specific heat capacity
of the fluid respectively. The solid phase governing equations are

∂cs,i

∂t
=∇·Ds,i∇cs,i + ri (5.5)

ρsCps
∂Ts

∂t
=∇· ks∇Ts + (−∆Hr )(−rCO) (5.6)

Here Ds,i is the effective molecular diffusivity of the reactant in the solid phase
where Ds,i = εcat

τcat
D f ,i where εcat and τcat refer to the internal porosity and tor-

tuosity respectively of the catalyst particles. ks , ρs and Cps refer to the thermal
conductivity, density and the specific heat capacity of the solid phase respectively.
ri is the rate of consumption of the reactants and ∆Hr is the heat of reaction.
Within the solid phase, a volumetric reaction is considered. The syngas which
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enters the catalyst phase is converted to long chain hydrocarbons where the fol-
lowing (simplified) reaction occurs:

νCOCO +νH2 H2 → νH2O H2O +νCn Cn H2n+2 (5.7)

It is assumed that all the hydrocarbon products formed are paraffins, thus the
stoichiometric coefficients, νi , can be obtained using the chain growth probability
parameter α as described by Vervloet et al. (2012). α measures the selectivity
towards the growth of C 5+ hydrocarbon chains with α= 0 resulting in all CO being
converted to methane. An α= 1 results in all syngas being converted to long chain
hydrocarbons without byproducts. Thus, we have the stoichiometric coefficients
for the above reaction as follows:

νCO =−1 (5.8)

νH2 =−(3−α) (5.9)

νH2O = 1 (5.10)

νCn =αn−1(1−α)2 (5.11)

Here α is closed by the expression derived by Vervloet et al. (2012), presented in
equation 5.15, as a function of syngas ratio and temperature. It is assumed that
α is independent of the hydrocarbon chain length but may vary locally within the
catalyst phase. The rate of consumption of CO is described using the Langmuir-
Hinshelwood kinetics expression for the Fischer-Tropsch synthesis given by Yates
and Satterfield (1991) with

rCO =−ρs
apH2 pCO

(1+bpCO)2 (5.12)

where pi is the partial pressure of the reactant species and may be evaluated using
Henry’s law with pi = Hi ci . a and b are the reaction rate and adsorption coeffi-
cients having an Arrhenius type temperature (K) dependency given by Maretto
and Krishna (1999) with

a = a0 exp
(Ea

R

( 1

493.15
− 1

T

))
(5.13)

b = b0 exp
(Eb

R

( 1

493.15
− 1

T

))
(5.14)

α= 1

1+kα
( cH2

cCO

)β exp
(
∆Eα

R

( 1
493.15 − 1

T

)) (5.15)

The rate of consumption of hydrogen may now be described using the following
rate expression

rH2 =−(3−α)ρs
apH2 pCO

(1+bpCO)2 (5.16)
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Finally, the above system of governing equations are closed by the following bound-
ary conditions. The no-slip boundary condition is enforced along the solid inter-
face of the spherical catalyst particles and the cylindrical wall with

v̄ = 0 on As and Ac yl (5.17)

where As refers to the surface area of the solid particles within the tubular col-
umn and Ac yl refers to the inner surface area of the cylindrical wall enclosing the
catalyst particles. We assume there is continuity of fluxes between the fluid phase
and the solid phase and thus we impose the interface boundary condition for the
scalar transport variables as follows

−D f ,i∇c f ,i · n̄ =−Ds,i∇cs,i · n̄ ; c f ,i = cs,i on As (5.18)

−k f ∇T f · n̄ =−ks∇Ts · n̄ ; T f = Ts on As (5.19)

The wall boundary conditions for temperature and species concentration are

T f = Tc yl on Ac yl (5.20)

−D f ∇c f · n̄ = 0 on Ac yl (5.21)

Thus the above system of equations can now be solved numerically using the ap-
proach described in chapter 4. The transport and kinetic constant values used to
simulate the Fischer-Tropsch synthesis are presented in Table 1.

5.3 Results and discussion

In this section, the results of the three-dimensional Direct Numerical Simulations
of a Fischer-Tropsch catalytic system are presented. It is assumed that syngas
diffuses into the particle whereby it undergoes the FTS reaction followed by the
production of the hydrocarbons. The yield of the hydrocarbons is dictated by
the rate of reaction and the α correlation where the chain length varies spatially
throughout the catalyst particle through its dependence on the local syngas ratio
and temperature. The rate of consumption of syngas within the catalyst particle
may be characterised using the classical effectiveness factor definition as follows:

η=

Ð
Vs

rCO dV

4
3πR3

sp r o
CO

(5.22)

where r o
CO is the rate of consumption of carbon monoxide evaluated at reference

feed conditions of cCO,o ,cH2,o ,To . The averaged chain growth probability αave

which measures the averaged probability of producing hydrocarbon chains whose
carbon number is exceeding 5 across a catalyst particle is calculated as reported
by Vervloet et al. (2012). αave may be evaluated as follows

αave =

Ð
Vs

αrCO dVÐ
Vs

rCO dV
(5.23)
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Table 5.1: Transport and kinetic parameter values used for the FTS simulations.

Description Parameter Value Reference
Catalyst diameter dcat 3 mm -

Catalyst density ρcat 2500 kg/m3 Vervloet et al.
(2012)

Catalyst porosity εcat 0.5
Vervloet et al.
(2012)

Catalyst tortuosity τcat 1.5
Vervloet et al.
(2012)

Kinematic viscos-
ity

ν f 4x10−6 m2/s
Jess and Kern
(2009)

Diffusivity of CO
in fluid

DCO 5.584x10−7 m2/s
Vervloet et al.
(2012)

Diffusivity of H2 in
fluid

DH2 1.085x10−6 m2/s
Vervloet et al.
(2012)

Thermal conduc-
tivity of fluid

k f 0.16 W/m.K
Jess and Kern
(2009)

Specific heat ca-
pacity of fluid

Cp f 1500 W/(kg.K)
Jess and Kern
(2009)

Thermal conduc-
tivity of particle

ks 1.7 W/m.K
Krishna and Sie
(2000)

Heat of reaction ∆H −152 kJ/mol
Pöhlmann and Jess
(2016)

Henry coefficient
of CO

HCO 0.19383 bar m3/mol
Pöhlmann and Jess
(2016)

Henry coefficient
of H2

HH2 0.25247 bar m3/mol
Pöhlmann and Jess
(2016)

Selectivity con-
stant

kα 56.7x10−3 Vervloet et al.
(2012)

Selectivity expo-
nential parameter

β 1.76
Vervloet et al.
(2012)

Selectivity activa-
tion energy differ-
ence

∆Eα 120.4x103 J/mol
Vervloet et al.
(2012)

Thus the selectivity towards the C5+ hydrocarbon chains may be evaluated by
measuring the local rate of C5+ production weighted across the entire catalyst
phase giving

SC5+ =

Ð
Vs

α4(5−4α)rCO dVÐ
Vs

rCO dV
(5.24)
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The probability yield towards C4- carbon products should satisfy the mass balance
giving:

SC4− = 1−SC5+ (5.25)

5.3.1 Isothermal diffusion reaction

As an elementary verification step, isothermal diffusion and reaction within a sin-
gle catalyst particle is simulated to verify the implementation of the model equa-
tions. As the base test case, the model simulated by Vervloet et al. (2012) is repli-
cated using DNS in 3D using the same parameter values as Vervloet et al. (2012).
Here, the solid phase species balance equations governing carbon monoxide and
hydrogen are solved within a single sphere. The contour plots of the two reactants
are presented in Figure 5.1 where it is observed that most of the CO has been
consumed, while H2 is partially converted.

(a) Concentration (mol/m3) contour of CO. (b) Concentration (mol/m3) contour of H2.

Figure 5.1: Contour plots depicting the isothermal diffusion and reaction in a single catalyst
sphere, with cCO,o = 2.5 mol

m3 and cH2,o = 5.0 mol
m3 .

Almost complete conversion of CO is observed whereby CO has a slower diffusion
rate compared to H2 resulting in a strong syngas ratio gradient within the catalyst
particle. Furthermore, the rate of consumption is enhanced due to this ratio as
rCO increases due to its negative order dependency. The dimensionless profiles of
cCO , cH2 , α and rCO along the particle radius are presented in Figure 5.2 for the
case simulated. The rate of CO conversion, rCO , increases at the surface due to
its negative order dependency as the concentration of CO is at its highest near the
particle surface. As CO gets consumed towards the centre due to the high rate, the
syngas ratio increases, thereby inhibiting the rate of H2 conversion at the centre
of the catalyst particle. Also, it must be noted that the dimensionless rate of reac-
tion exceeds unity due to the negative order though the system is considered to be
isothermal.
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Figure 5.2: Dimensionless profiles along the catalyst radius replicating the case by Vervloet
et al. (2012) .

5.3.2 Flow past a single sphere

In this section, the external convective and diffusive transport is intrinsically cou-
pled to the internal (diffusive) transport via the continuity of fluxes boundary
condition. A simple case is considered here where the flow past a single stationary
sphere is studied. Two simulations are considered for different particle Reynolds
numbers where Rep = ρvi n dcat

µ f
. An inlet feed with a fixed syngas ratio concentra-

tion and temperature is specified. The results for the 2 different simulations for the
flow past a single sphere are presented in Table 5.2. The contour plots of velocity,
carbon monoxide, hydrogen and temperature distribution for both the cases are
presented in Figures 5.3 and 5.4 respectively. The dimensionless radial profiles of
syngas concentration, rate of CO reaction and α inside the catalyst particle for the
two cases are presented in Figure 5.5.

Table 5.2: Simulation results for flow past a single sphere for different particle Reynolds
numbers.

Rep η αave SC4− SC5+
80 0.628 0.759 0.341 0.659

132.4 0.616 0.755 0.347 0.653

It is observed that increasing the flow rate for fixed concentration values of syn-
gas and temperature decreases the effectiveness factor within the system. Higher
the Reynolds number, the larger the values of the external transfer coefficients h f

and km thereby facilitating the external transport of heat and mass. However, it
is observed that both systems are essentially isothermal with negligible tempera-
ture gradients inside the particle thus we may assume that the rate of reaction is
dictated by only the concentration values of syngas and not dependent on tem-
perature. However, it is observed that the average C5+ hydrocarbon chain growth
probability αave and the selectivity towards the long chain hydrocarbons is frac-
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(a) Contour plot of the velocity (m/s) profile. (b) Concentration contour of CO where
cCO,i n = 2.5 mol/m3.

(c) Concentration contour of H2 where
cH2,i n = 5.0 mol/m3.

(d) Temperature contour plot where Ti n =
490 K .

Figure 5.3: Contour plots depicting the Fischer-Tropsch synthesis for flow past a single
sphere case, for inlet velocity of vi n = 0.2 m/s with Rep = 80.0.

tionally higher for the lower Reynolds number case. It can be seen from equation
(5.15) that the probability distribution factor is dependent on the local syngas
ratio,

cH2
cCO

. Lower syngas ratios result in the probability of the production of the
C5+ hydrocarbons to increase. For the Rep = 80 case, the external mass transfer
limitations are lower, thus resulting in larger concentration values of syngas at the
surface of the particle. Additionally, the low values of feed concentration of syngas
combined with the low km value for the Rep = 80 case causes the syngas ratio to be
high when diffusing into the catalyst. This enhances the rate of reaction due to the
negative reaction order dependency on CO resulting in lower syngas ratios across
the catalyst particle, explaining the higher yield of longer hydrocarbon chains. The
objective would be to find an optimum value of feed concentration and temper-
ature where the rate of reaction and the selectivity towards the desired products
are obtained.
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(a) Contour plot of the velocity (m/s) profile. (b) Concentration contour of CO where
cCO,i n = 2.5 mol/m3.

(c) Concentration contour of H2 where
cH2,i n = 5.0 mol/m3.

(d) Temperature contour plot where Ti n =
490 K .

Figure 5.4: Contour plots depicting the Fischer-Tropsch synthesis for flow past a single
sphere case, for inlet velocity of vi n = 0.12m/s with Rep = 132.4.

5.3.3 Fischer-Tropsch synthesis in a slender packed column

In this section the results of the full fixed bed reactor simulations are presented.
The slender tubular reactor consists of 220 particles packed using the Discrete
Element Method (Das et al., 2017a) where the column-to-particle diameter ratio
amounts 4. The transport and kinetic parameters used in all simulations are pre-
sented in Table 5.1 and are taken to be spatially and temporally constant. Three
scenarios are considered where the inlet feed syngas concentration is fixed for all
cases with cH2,o = 5.0 mol

m3 and cCO,o = 2.5 mol
m3 with the ratio being 2 for all con-

sidered cases. The inlet feed temperature, To , is fixed to be 490 K for all 3 cases
whereas the bed wall temperature is varied for the 3 cases with Tw taken to be
480 K , 490 K , 500 K respectively. Furthermore, since the primary objective here is
to investigate the influence of reactor temperature on the conversion, yield, selec-
tivity and performance of the Fischer-Tropsch synthesis, a fixed constant superficial
velocity is taken. All simulations were conducted with a grid resolution of 20 cells
across the particle diameter. The inlet velocity, vi n , is taken to be 0.4 m/s with
the Reynolds number, Rep , being 300 for all three cases considered. The contour
plot of the computed steady state velocity field is presented in Figure 5.6a where
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(a) Dimensionless radial profiles for the Rep = 80 case.
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(b) Dimensionless radial profiles for the Rep = 132.4 case.

Figure 5.5: The dimensionless concentration profiles of c∗CO , c∗H2
, dimensionless rate of CO

consumption, r∗CO , and the α distribution across the diameter of the catalyst.

the effect of wall-channeling is clearly visible. The axial superficial velocity distri-
bution across the cross-sectional radius of the reactor is presented in Figure 5.6b
whose value is averaged across the length of the column as follows

vsup (r ) =
Î

vx (r )d xdθÎ
d xdθ

(5.26)

In the above equation, r is the radial coordinate, θ refers to the angular coordinate
and x is the direction of macroscopic flow. Figure 5.6b depicts the averaged distri-
bution of the x component of velocity from the center of the reactor to the wall.
The velocity magnitude reaches a maximum near the vicinity of the wall which es-
sentially stems from the shear stress along the wall and the porosity distribution.
For case I, the wall temperature is fixed to be 480 K with the feed entering the
reactor at a higher temperature of 490 K . Thus in this case the wall provides a
cooling effect across the entire length of the reactor bed. Due to the low tempera-
ture maintained across the bed, the conversion of syngas is observed to be minimal
due to the low values of the reaction rate constant (a) and adsorption constant (b)
which directly inhibit the rate of conversion arising from the Arrhenius coupling
as given in equations 5.13 and 5.14. Due to the low rate of consumption of syn-
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(a) Velocity contour plot within the FTS packed bed reactor at v = 0.4 m/s and Rep = 300.
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(b) Radial distribution of the axial superficial velocity.

Figure 5.6: Contour plot and the radial profile of the steady state axial superficial velocity
profile with v = 0.4 m/s and Rep = 300.

gas, the heat generated due to the exothermic nature of the reaction is not large
enough for the system to attain autothermal operation. In fact, it is seen that the
fluid temperature value reaches the wall temperature value at the exit section of
the reactor as observed in Figure 5.7a. The conversion of CO, XCO , is found to be
9.16% and the conversion of H2 is found to be 7.80%. The bulk concentration, cb ,
of the reactants along the length of the reactor is plotted in Figure 5.10. Here, Tb

and cb are evaluated as follows

Tb(x) =
Î

S f
T vx dSÎ

S f
vx dS

, cb(x) =
Î

S f
ci vx dSÎ

S f
vx dS

(5.27)

where S f refers to the cross-sectional area occupied by the fluid along the macro-
scopic flow direction x. The contour plots of CO and H2 concentration spread
along the mid-plane of the reactor is presented in Figures 5.7c and 5.7d respec-
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(a) Contour plot of the temperature across
the bed.

(b) Concentration (mol/m3) contour plot of
CO.

(c) Concentration (mol/m3) contour plot of
H2.

Figure 5.7: Contour plots depicting the Fischer-Tropsch synthesis in a slender tubular reac-
tor for the Tw = 480 K case.

(a) Contour plot of the temperature across
the bed.

(b) Concentration (mol/m3) contour plot of
CO.

(c) Concentration (mol/m3) contour plot of
H2.

Figure 5.8: Contour plots depicting the Fischer-Tropsch synthesis in a slender tubular reac-
tor for the Tw = 490 K case.

tively. It can be seen that intra-particle diffusion limitations play a significant role
in the rate of reaction within the catalyst phase. In order to quantify this, we may
define an overall bed effectiveness factor, η̄, analogous to the effectiveness factor
for a single catalyst particle, η, as follows

η̄=
Ð

Vs
rCOdV

Vs r o
CO

(5.28)
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(a) Contour plot of the temperature across
the bed.

(b) Concentration (mol/m3) contour plot of
CO.

(c) Concentration (mol/m3) contour plot of
H2.

Figure 5.9: Contour plots depicting the Fischer-Tropsch synthesis in a slender tubular reac-
tor for the Tw = 500 K case.

where Vs is the volume occupied by the catalyst phase within the reactor bed. Sim-
ilarly, we may calculate the averaged chain growth probability across the entire
reactor, ᾱave , analogous to the overall bed effectiveness factor with the selectivity
towards to the shorter hydrocarbon chains, SC4− , and the selectivity towards the
long chain hydrocarbons, SC5+ , evaluated across the entire reactor. The results are
presented in Table 5.3.

Table 5.3: Simulation results for Fischer-Tropsch synthesis in a slender tubular reactor.

Tw η̄ ᾱave SC4− SC5+ XCO%
480 92.294 0.849 0.174 0.826 9.16
490 119.660 0.752 0.353 0.647 11.68
500 144.298 0.647 0.547 0.452 13.20

In case II, the wall temperature is taken to be equal to the inlet feed temperature at
490 K . The results for case II are presented in Figure 5.8 where it is observed that
the reactor is almost isothermal throughout with a negligible temperature gradient
within the particles. The conversion of CO is evaluated to be 11.68% whereas the
conversion of H2 is found to be 10.36%. As the total conversion of syngas is low,
the heat produced is minimal thus resulting in the reactor being isothermal. It is
observed that the selectivity towards the longer hydrocarbon chains decreases due
to the relatively higher temperature compared to case I, though the conversion
rates are almost the same.

In case III, the wall temperature is fixed to be at 500 K with the feed entering at
a lower temperature of 490 K . In this scenario, the wall provides a heating effect
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where the bed temperature is elevated to operate at higher temperature values.
The evaluated conversion values were found to be 13.72% for CO and 13.20% for
H2. The maximum bulk fluid temperature was found to be 500.7K indicating that
the temperature rise in the reactor is primarily from the wall heating effect rather
than the exothermic heat of the reaction. The results are presented in Figure 5.9
where the temperature value of the fluid almost equals the wall temperature value
at the exit region of the reactor. Higher conversions are observed as compared
to the previous two cases, however, the selectivity of the products towards long
chain hydrocarbons decreases significantly. This is primarily attributed to the high
temperature values in the reactor whereas the conversion values are similar to the
previous cases.

It can be clearly observed from the three different cases simulated that tempera-
ture plays a significant role in the performance of the Fischer-Tropsch synthesis.
It is observed that high temperature values causes the selectivity towards C5+ hy-
drocarbons to drop significantly while the conversion was found to be similar for
all 3 cases irrespective of the temperature values. The overall effectiveness factor
was found to be high for all cases with η̄À 1 indicating that the rate of reaction is
significantly enhanced in the catalyst particle as compared to the reaction taking
place at reference conditions. The large effectiveness factor values are primarily
due to the negative order dependency of the reaction rate on CO, more so than
the non-isothermal Arrhenius contribution. Another important factor influencing
the results is the inlet ratio of syngas, with cCO,o

cH2,o
= 2 fixed for all 3 cases. As CO is

only partially converted, the large values of concentration of CO causes the rate
of reaction to be enhanced due to the inverse dependency with cCO . This causes
the overall effectiveness factor to increase sharply whilst the system being essen-
tially isothermal. The syngas ratio being 2 ensures that CO and H2 are consumed
almost identically, with the conversion of both the reactants almost equalling each
other in all 3 cases. This is complemented by the fact that hydrogen diffuses twice
as fast as carbon monoxide. A comparative analysis of the 3 cases is presented
in Figure 5.10. As can be seen, the conversion of CO and H2 is highest for the
Tw = 500 K due to the higher temperature values across the reactor and the tem-
perature profiles complement the concentration profiles for the 3 cases considered.

The results indicate that controlling the reactor temperature is of primary impor-
tance in achieving the highest selectivity. Lower the values of temperature, the
higher is the yield of C5+ hydrocarbons. Conversely, the lower the temperature,
the lower is the net conversion of syngas. The area of focus should be to establish
an optimum range where the conversion and yield maximized. However, it must
be mentioned that conversion does not show as strong a dependency on temper-
ature as selectivity. This is primarily due to the mass-transport limitations inside
the catalyst particle inhibiting the transport of reactants rather than the rate of re-
action being low due to temperature values. The analysis by Vervloet et al. (2012)
indicates that reducing the feed syngas ratio improves the yield and selectivity.
A syngas ratio of cCO,o

cH2,o
= 1 was suggested wherein the conversion of CO is higher
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than that of H2, but the local syngas ratio would be low enough to ensure that
the selectivity would not be hampered. Our results also suggest that the feed con-
centration values play a significant role in the performance of FTS. Higher values
( mol

m3 ) would result in higher conversion expectantly, however, the high degree of
conversion would cause the exothermic nature of FTS to produce a large amount
of heat inhibiting the selectivity.

5.4 Conclusions

In this chapter a novel numerical model was presented where Direct Numerical
Simulation of the Fischer-Tropsch synthesis was performed in various systems. The
numerical model does not employ empirical closures and the system is fully re-
solved with the coupling between the fluid phase and the solid phase intrinsically
accounted for by applying continuity of fluxes. Thus, the external and internal
transport limitations are fully accounted for. The interface boundary conditions
are applied using the Immersed Boundary Method (Deen et al., 2012; Deen and
Kuipers, 2013; Deen et al., 2014; Das et al., 2016a) where the coupling between
the two phases is applied at the level of discretization. Furthermore, intra-particle
mass transport is accounted for a volumetric reaction rate which dictates the con-
sumption of carbon monoxide and hydrogen. The product distribution is governed
by the chain growth probability factor (α) which determines the probability of the
growth of the hydrocarbon chains whose carbon number exceeds 5. Furthermore,
the two-way coupling between mass transport and heat transport is also consid-
ered where the rate of reaction is governed by an Arrhenius type dependency and
the exothermic heat produced due to the reaction is taken into account as well.

As a base test case, the diffusion reaction model by Vervloet et al. (2012) is simu-
lated within a single catalyst particle. Next, the internal diffusion reaction mech-
anism is coupled with the external convective transport where flow past a single
stationary sphere is simulated. A strong jump in concentration is observed between
the two phases due to the pore diffusion limitations within the catalyst. Finally, the
simulations of the Fischer-Tropsch synthesis in a narrow tubular packed column
is simulated where 220 particles are densely packed using the Discrete Element
Method. Here, the wall-to-bed cooling is introduced by fixing the wall tempera-
ture at a specific constant value. Three different scenarios are considered where
the wall temperature values are varied keeping all other parameters constant to
investigate the influence of temperature on the performance of the Fischer-Tropsch
synthesis.

The results of the full bed simulations indicates that controlling the reactor tem-
perature is of primary importance in dictating the yield and selectivity of the hy-
drocarbon products. An increase of just 10 K in each corresponding case caused
a selectivity drop by value of about 20% respectively. While the increment in the
wall temperatures saw the conversion increase fractionally (≈ 2%) for each case
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(a) The bulk concentration profiles of CO for varying cases.
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(b) The bulk concentration profiles of H2 for varying cases.
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Figure 5.10: Comparison of the performance of the Fischer-Tropsch synthesis in a thin
packed bed for varying wall-to-bed temperatures.

correspondingly. Thus the focus of research towards improving the performance
of the Fischer-Tropsch synthesis should be directed towards finding optimal op-
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erating temperatures in a non-isothermal non-adiabatic system where selectivity
is maximized. The results indicate that the trade-off between the desired hydro-
carbon yield and temperature is not strong enough to warrant operating at high
temperatures. At low temperatures, the yield of long chain hydrocarbons is sig-
nificantly higher with the rate of reaction being almost independent of Arrhenius
temperature dependency.

Another viable option to increase yield and selectivity of the Fischer-Tropsch prod-
ucts would be to decrease the inlet feed syngas ratio with an equal amount of CO
and H2 being fed at low temperatures. This improves the conversion as the lo-
cal syngas ratio within the catalyst particle decreases inherently causing the rate
to increase while maintaining isothermal conditions, thereby maintaining the de-
sired yield. Direct Numerical Simulation allows one to make accurate estimates
of the conversion, yield, selectivity and temperature profiles. Unlike the classi-
cal phenomenological models that require closure inputs such as wall-to-bed heat
transfer coefficient, interface transfer coefficients, dispersion coefficients, DNS is
free of all empirical closures. A more systematic analysis would require one to ver-
ify the influence of inlet feed syngas ratios and also the effect of the hydrodynamics
on the performance of the FTS. However, due to the computational expense of the
simulations, such an analysis is out of the scope of this project. Another important
consideration is the accounting of 3-phase flows where the waxy liquid products
are accurately simulating using improved numerical techniques which treat the
liquid phase as a separate medium.





Chapter 6
Epilogue

As part of the work conducted in this thesis, a fully resolved numerical model was
developed that is free of empirical closures. Direct numerical simulation of various
fixed bed systems was performed starting with the study of hydrodynamic disper-
sion of a passive solute in a spatially periodic Kelvin’s unit cell, building up towards
the simulation of a non-adiabatic narrow packed bed Fischer-Tropsch reactor.

The DNS model developed uses the Immersed Boundary Method developed by
Deen et al. (2012) and extended by Das et al. (2016a) as the base numerical tech-
nique with the fluid-solid interface coupling forming the crux of the model. Vari-
ous interface boundary conditions may be imposed using the IBM starting from a
simple Dirichlet b.c. extending towards a Neumann b.c. or a mixed b.c. and the
continuity of fluxes b.c. As the base scenario, a zero-flux boundary condition was
imposed along the interface of a single Kelvin unit cell to replicate a non-reactive
system. A volumetric tracer input source was introduced into the system and its
steady state spread across the domain was studied to measure hydrodynamic dis-
persion coefficients. It was observed that dispersion coefficients increase quadrat-
ically with the Péclet number in the Darcy-Brinkman flow regime in equivalence
with Taylor’s dispersion theory. This study was extended to quantify isothermal
reactive transport where a zero concentration value was fixed along the surface of
the Kelvin cell to mimick an infinitely fast reaction. A correlation for the Sherwood
number as a function of the Reynolds number was obtained. This correlation was
then used to study the interplay between external and internal mass transport in
open-cell foams where a thin wash-coat layer of the catalytically active material
exists which experiences diffusion limitations. A plot of the Reynolds number ver-
sus the mass transfer Biot number for varying overall effectiveness factors indicate
that open-cell solid foams experience external mass transfer limitations before in-
ternal mass transfer limitations.

In Chapter 4, a different geometrical configuration was considered were the sys-
tem is a packed bed reactor filled with spherical particles packed randomly using
the Discrete Element Method Das et al. (2017a). Here the external mass transport
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is coupled with the internal mass transport in a fully resolved manner by assuming
continuity of heat and mass fluxes between the two phases. A non-isothermal first
order irreversible reaction governed by the Arrhenius equation is considered inside
the pores of the catalyst. Furthermore, it is assumed that the reaction is exother-
mic, such that the system is autothermal in nature. The hot-spot formation in
a non-isothermal non-adiabatic reactor is simulated whose magnitude is dictated
purely by the transport properties. The same system is then extended in Chap-
ter 5 where the Fischer-Tropsch synthesis is simulated by assuming a Langmuir-
Hinshelwood rate expression. The consumption of the syngas mixture is studied
for varying design parameters such as wall coolant temperature and inlet syngas
feed values and ratios.

The results presented in this thesis offers a unique perspective on the capabilities
of direct numerical simulation, wherein the framework allows the modelling of of
multiphase systems without the usage of pre-estimated empirical closures. Clas-
sical models which date back to the age of analog computers have all employed
empiricism where correlations were obtained under laboratory scale conditions
to be used for the scale-up of industrial size reactors. In a review by Dudukovic
(2009), reaction engineering was labelled as a combination of science and empiri-
cism applied using the principle of optimum sloppiness. The usage of empiricism
has been reflected upon over the decades by many chemical engineers as an ad-hoc
approach. Experimentally determined correlations such as the Ergun’s correlation
for pressure drop and Gunn’s correlation for heat/mass transfer coefficients in
packed beds have been found to produce a large discrepancy when attempting to
mimick the results under moderately different conditions (flow-rate, viscosity, dif-
fusivity). These deviations may be attributed to a large set of reasons varying from
differences in packing structure, size and equipments and number of trial runs.
While DNS now offers a viable option to quantify these correlations by eliminating
the abovementioned causes, an inexhaustible number of simulations need to be
performed to comprehensively address the issue. These empirical correlations are
predominantly used as closures in phenomenological models. These models arise
upon volume averaging the DNS framework over an ensemble of fluid-particle el-
ements which represents the macroscopic system. The coarse-grained models are
either one-dimensional or two-dimensional models and do not explicitly account
for the geometrical configuration of the multiphase system being simulated unlike
the DNS model. Furthermore, the phenomenological models do not account for
the local heterogeneities such as velocity, temperature and concentration fluctu-
ations arising from the particle-particle and particle-fluid interactions which are
inherently accounted for in the DNS framework via the interface boundary condi-
tions. The negligence of these variations can have a significant influence on the
output of the coarse-grained models due to the inaccuracies of the empirical cor-
relations and in some cases, the nature of the governing system of equations itself.
In Direct Numerical Simulation, a comprehensive framework exists which by large
eliminates these discrepancies and also allows one to determine and quantify the
source of these deviations when compared to the phenomenological models.
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Another important aspect of numerical modelling is the replication of realistic sys-
tems. One strong assumption widely used in the simulation of reactive transport
is the consideration of ideality and incompressibility. Most fluidic systems nei-
ther follow ideality nor are they incompressible, especially more so when multiple
components are involved during exothermic reactions. Strong spatio-temporal
gradients of temperature may induce changes in density, viscosity, diffusivity, ther-
mal conductivity due to cross-effects which may not be negligible. One way of
accounting for transport due to cross-effects is the usage of Maxwell-Stefan re-
lations. The Maxwell-Stefan equations may be used to accurately capture multi-
component transport where the diffusion of one species is influenced by the dif-
fusion of the other components. These drift forces are especially important when
multi-component mixtures having different chemical compositions are involved in
the fluid phase. An extension of the Maxwell-Stefan relations is the Dusty Gas
Model where the diffusive forces induced by molecular interactions in confined
spaces are also included. Diffusive forces induced due to pressure changes, vis-
cous forces and Knudsen effects may be broadly accounted for via the Dusty Gas
Model. This approach is more applicable when narrow transport in catalyst pores
needs to be modelled.

The continuation towards the simulation of realistic systems extends to the repli-
cation of realistic geometrical configurations. The latest advances in catalysis have
lead to the development of highly porous catalytic materials (ex - open-cell foams)
where the catalysts may not have idealized shapes/geometries which can be de-
scribed analytically. In such cases, the geometries may be morphed digitally (ex -
using stereolithography STL meshes) on to the computational domain to be then
used for simulation. Another promising area for research is the multi-scale mod-
elling of reactive transport where quantum chemical computations for reaction
kinetics are performed and then fed to the DNS model as input parameters for
the intrinsic rates of reaction. While these computations may be extremely de-
manding, newer algorithms to speed up the computation along with data driven
approaches can help simplify the process. Furthermore, the multi-scale modelling
approach would help to accurately bridge the gap between the microscopic trans-
port and the mesoscopic transport ocurring at the pellet scale level.





Nomenclature

α chain growth probability factor, −
αave averaged chain growth probability, −
¯̄D hydrodynamic dispersion tensor, m2/s

η̄ reactor bed effectiveness factor, −
C̄ f 1-D model fluid phase concentration, mol

m3

C̄s 1-D model particle phase concentration, mol
m3

T̄ f 1-D model fluid phase temperature, K

T̄s 1-D model solid phase temperature, K

v̄ velocity, m/s

β Prater number, −
∆Eα selectivity activation energy difference, J/mol

∆H heat of reaction, J/mol

η particle effectiveness factor, −
ηg global effectiveness factor, −
γ Arrhenius number, −
κ permeability, m2

〈v̄〉 f fluid phase averaged velocity, m/s

〈c〉 f fluid phase averaged concentration, mol
m3

〈c f 〉 bulk fluid film concentration, mol
m3
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〈T f 〉 bulk fluid film temperature, K

D molecular diffusivity, m2/s

µ fluid phase dynamic viscosity, kg
ms

ν fluid phase kinematic viscosity, m2

s

νi stoichiometric coefficient of species i , −
φ Thiele modulus, −
φo Thiele modulus at reference temperature, −
φw wash-coat layer Thiele modulus, −

ρ f fluid phase density, kg
m3

ρs solid phase density, kg
m3

τs catalyst tortuosity, −
ε fluid phase volume fraction, −
εs solid phase volume fraction, −
A Arrhenius pre-exponential factor, 1/s

As surface area of solid phase, m2

Ac yl inner surface area of tubular column, m2

Bih heat transfer Biot number, −
Bim mass transfer Biot number, −
cb velocity averaged bulk concentration, mol

m3

c f fluid phase concentration, mol
m3

co reference/inlet concentration, mol
m3

cs solid phase concentration, mol
m3

cw wash-coat layer surface concentration, mol
m3

cav g averaged surface concentration across the solid phase, mol
m3

Cp f fluid phase specific heat capacity, J
kg K

Cps solid phase specific heat capacity, J
kg K

D f fluid phase molecular diffusivity, m2

s
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Ds solid phase molecular diffusivity, m2

s

ds diameter of foam ligament, m

Dax axial mass dispersion coefficient, m2

s

deq equivalent particle diameter, m

dsp diameter of sphere, m

E activation energy, J/mol

G number of grid cells across the radius, −
h f heat transfer coefficient, W

m2K

Hi Henry coefficient of species i , m3bar
mol

hw wall-to-bed heat transfer coefficient, W
m2K

j mass flux, mol
m2s

k first order reaction rate constant, 1/s

k f fluid phase thermal conductivity, W
mK

km mass transfer coefficient, m/s

ko reaction rate constant at reference temperature, 1/s

kr effective radial thermal conductivity, W
mK

ks solid phase thermal conductivity, W
mK

kα selectivity constant, −
kax axial thermal dispersion coefficient, W

mK

L reactor bed length, m

Lp length of representative elementary volume, m

ls length of foam ligament, m

lw wash-coat layer thickness, m

Le Lewis number, −
N number of particles across the tubular column, −
Nu fluid-to-particle heat transfer Nusselt number, −
Nuw wall-to-bed heat transfer Nusselt number, −
p pressure, kg

ms2
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Pr Prandtl number, −
q volumetric mass source, mol

m3

R universal gas constant, J
molK

r radial coordinate, m

ri rate of reaction of species i , mol
m3s

rs volumetric rate of reaction inside the solid phase, mol
m3s

Rc yl radius of cylindrical column, m

Rsp radius of sphere, m

Re Reynolds number, −
S f cross-sectional surface area occupied by the fluid along the column, m2

SC 4− selectivity towards short chain hydrocarbons, −
SC 5+ selectivity towards long chain hydrocarbons, −
Sc Schmidt number, −
Sh Sherwood number, −
Tb velocity averaged bulk temperature, K

T f fluid phase temperature, K

To reference/inlet temperature, K

Ts solid phase temperature, K

Tav g averaged surface temperature across the solid phase, K

Tc yl cylindrical wall temperature, K

Tmax maximum temperature within the system, K

V total volume occupied by domain, m3

V f volume of fluid phase, m3

Vs volume of solid phase, m3

vi n inlet velocity, m/s

Xi percentage conversion of species i , −
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