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To all persons who wonder what the difference
is between my father’s profession as a chemistry
teacher and researcher, and my field of study:

In chemical industry, two main approaches can be dis-
tinguished; the purely chemical and the technological one.
The chemical approach consists mainly of the discovery of
new and more elaborated methods of chemical synthesis,
and better catalysts activity and selectivity. Such research
is often limited to lab or pilot scale. The technological ap-
proach focuses on improving catalyst surface, conditions
and reaction space et cetera in larger scale processes (for
example in industrial settings) in the most efficient way.
For the latter approach, it is also essential to know the char-
acteristics of the (chemical) processes and the substances
that are involved.
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Abstract

The motion of drops or bubbles through non-Newtonian fluid media is encountered frequently in
both nature and industry and has proven to be an interesting and substantial research topic. In
this research, the main objective is the study of the drag coefficient for bubbles in (truncated)
power-law fluids.

Direct Numerical Simulation, and specifically a 3D Front-Tracking modeling interface repres-
entation technique, has been chosen as the numerical tool to resolve single and swarms of bubbles
and local profiles for e.g. velocity and viscosity in high detail.

In this report, Grace’s diagram, originally proposed for bubbles in Newtonian fluids, has been
adapted to be able to predict bubble shapes in power-law fluids. Furthermore, the effect of the
local viscosity profile around the bubble was found to be of major order; an increase in the viscosity
has a negative influence on the terminal bubble rise velocity. This effect was captured within a
reasonable accuracy using a drag correlation originally developed for Newtonian fluids, adapted
with a generalized Reynolds number for power-law fluids. However, the generalized Reynolds
number (or the correlated apparent viscosity) alone is not able to explain the drag coefficient, as
was found by comparing different power-law fluids at the same generalized Reynolds number.

Additionally, the analysis has been extended to bubble swarms. For this purpose, the analysis
focused on the normalized drag at different gas holdups and fluids. For fluid characteristics close
to the air-water case (i.e. not extremely non-Newtonian) a correlation developed for swarms in
Newtonian fluids was found to hold well. Nevertheless, the slope was observed to be influenced
by viscous and non-Newtonian behavior. A deviation from the linear trend was seen for smaller
bubbles, which do not deform but arrange in clusters to reduce drag.
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Nomenclature

Abbreviations

CFD Computational Fluid Dynamics

CLSVOF Coupling of Level-Set and Volume Of Fluid

CMC Carboxy Methyl Cellulose sodium salt

DBM Discrete Bubble Model

DNS Direct Numerical Simulations

E-E Euler-Euler model

FENE Finitely Extensible Nonlinear Elastic model for polymers

FT Front Tracking method

LB Lattice Boltzmann method

PAAm Polyacrylamide

PLIC Piecewise Line Interface Calculation

RK4 Fourth-order Runga Kutta integration method

SAP Sodium acrylate polymer

SLIC Simple Line Interface Calculation

SMAC Simplified Marker And Cell method

TFM Two Fluid Model

VOF Volume Of Fluid method

Dimensionless numbers

C Courant number (one-dimensional); C = |u|∆x
∆t ≤ Cmax

Eo Eötvös number; Eo =
(ρl−ρg)|g|db

σ

M (Newtonian) Morton number; M =
|g|η4

l (ρl−ρg)

ρ2
l
σ3

M∗ Generalized (power-law applied) Morton number; M∗ =
|g|K4(ρl−ρg)

ρ2
l
σ3

�

|u|
db

�4(n−1)

Re (Newtonian) Reynolds number; Re = ρl|u|db

ηl
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NOMENCLATURE

Re∗ Generalized (power-law applied) Reynolds number; Re∗ =
ρl|u|

2−ndn
b

K

Greek Symbols

α Gas hold-up [−]

γ̇ Shear rate [s−1]

γ̇0 Zero shear rate magnitude limit (truncated power-law model) [Pa s]

γ̇∞ Infinite shear magnitude (truncated power-law model) [Pa s]

εrel Relative error [−]

η Apparent viscosity [Pa s]

η+ Upper viscosity limit (truncated power-law model) [Pa s]

η− Lower viscosity limit (truncated power-law model) [Pa s]

κ Dilatational viscosity [Pa s]

µ Viscosity [Pa s]

ξ Remeshing ratio [−]

ρ Density [kg m−3]

σ Surface tension coefficient [N m−1]

τ Shear stress [Pa]

τ0 Yield stress [Pa]

Ψ Sphericity [−]

Roman Symbols

a Distance between two parallel plates [m]

CD Drag coefficient [−]

d Diameter [m]

D Dirac-function [−]

F Force [N ]

g Standard gravitational acceleration vector [m s−2]

gz Standard gravitational acceleration [m s−2]

I Unit tensor [−]

K Power-law prefactor [Pa sn]

n Unit normal vector [−]

n Power-law exponent [−]
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NOMENCLATURE

p Pressure [Pa]

s Dimensionless 3D bubble position with respect to the dimensions of the computa-
tional domain [−]

t Tangential vector [−]

t Time [s]

u Velocity field (bubble) [m s−1]

u Velocity magnitude (bubble) [m s−1]

v Velocity magnitude (liquid, test case) [m s−1]

V Volume [m3]

x,y,z Position [m]

Common Subscripts and Superscripts

∗ Power-law generalized

0 Initial

∞ (Infinitely) far-field

σ Source term (as subscript to force)

A Added mass (as subscript to force)

b Bubble

B Bouyancy (as subscript to force)

D Drag

g Dispersed gas (or: bubble) phase

glob Global

ij or i,j Acting in direction of j, perpendicular to i

in Inflowing (in case of velocity)

l Continuous liquid phase

L Lift (as subscript to force)

m,l From edge l on marker m

sph For spherical-shaped bubbles or fluid particles

true The ’true’ or comparison value for the calculation of the relative error

W Wall (as subscript to force)

x, y, or z Cartesian grid coordinate system
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Chapter 1

Introduction

In the present work, the main focus will be on the numerical investigation of gas bubbles rising
through non-Newtonian liquids. For this purpose, the comparison between Newtonian and non-
Newtonian liquids will be of great importance. In this first chapter, the context and background
of the challenge as addressed in this thesis are discussed. Furthermore, the outline of this work is
presented. This includes the statement, objective, and significance of this study.

1.1 Background

In industrial settings, multiphase systems are widely encountered, where the flow is composed of
two or more components, or ’phases’, which can be fluids or solids. Multiphase flows are involved
in processes such as fuel synthesis (e.g. the Fischer-Tropsch process) and partial oxidation or
combustion reactions, but also in the manufacturing of food products such as ice cream (Chh-
abra, 2010). The behavior of such systems is by far more difficult to predict than single phase
flows. However, the understanding of flow behavior is key in the optimization of equipment (e.g.
dimensions) to minimize investment and operational costs. What makes the hydrodynamics of
multiphase processes difficult are the complex interactions between the individual phases. For this
reason, CFD-based modeling of multiphase systems can be a time-consuming and computationally
demanding challenge (Tomiyama, 1998; Jakobsen, 2008).

Bubbly flows are a typical multiphase flow example, involving gas bubbles rising through a
liquid phase. Horizontal bubbly flows are widely encountered in chemical and biochemical indus-
tries with the main advantages being the good mixing behavior without the need of (maintenance-
intensive) mechanically moving parts and the benefits of creating a large contact area between
two phases for mass or heat transfer. Over the last decades, the research in bubbly flow has been
intensified (Jakobsen et al., 1997; Tomiyama, 1998) and the rising behavior of bubbles (e.g. in the
form of drag relations) has been described and extended. The main focus of these studies is gas
bubbles rising through simple, Newtonian fluids. However, many liquids, including commonly used
liquids in industry, deviate from the characteristics of Newtonian fluids (Chhabra and Richardson,
1999).

1.2 Newtonian and non-Newtonian fluids

Isaac Newton described the flow behavior of fluids by a linear relation between shear stress τ and
shear rate γ̇ in 1687, in his book Philosophiae Naturalis Principia Mathematica (Newton, 1687).
His hypothesis can be translated from Latin into the following theorem:

Theorem 1. ”The resistance arising from the want of lubricity in the parts of a fluid is, other

things being equal, proportional to the velocity with which the parts of the fluid are separated from

one other”

Modeling of bubbles rising in non-Newtonian fluids 1



CHAPTER 1. INTRODUCTION

This simple relation is called Newton’s Law of Viscosity, with its coefficient of proportionality
referred to as viscosity (µ). For one-dimensional flows (in the direction of x, perpendicular to y),
the ’resistance’ or shear stress τ can be described in the general form using the viscosity and the
gradient of the velocity (or: shear rate) γ̇, in the exact directions:

τyx = −µ
∂ux

∂y
or τyx = µγ̇yx (1.1)

This simplified equation arises from the general description for the shear stress, with κ being
the dilatational viscosity. This description generating six unique equations, three for normal
stresses and three for shear stresses, for in total nine possible directions. For the shear stresses,
the divergence of the velocity in the second term is zero for incompressible fluids (Bird et al.,
2007).

τ = −µ
�

∇u+ (∇u)T
�

+

�

2

3
µ− κ

�

(∇ · u) I (1.2)

Some liquids, such as water and honey, can be described as Newtonian fluids; the viscosity
is depending on conditions as the temperature, but not on its initial position, flow direction or
magnitude. This makes Newtonian fluids relatively easy to predict. The opposite is true in the
case of non-Newtonian fluids; non-Newtonian fluids often show highly complex flow behaviors.
However, non-Newtonian fluids are encountered in many chemical processing industries in the
form of complex materials with the likes of solutions, emulsions, slurries, polymer melts, et cetera
(Chhabra, 2010).

There are different kinds of non-Newtonian fluids, which can be categorized into three major
groups: (i) time-dependent, (ii) time-independent, and (iii) viscoelastic fluids. The latter category
originates from a combination of elastic and viscous effects, meaning that the tendency of returning
to the original state (elastic) is combined with a resistance to shear flow (viscous). In this report,
solely time-independent fluid behavior is taken for investigation.

1.2.1 Time-independent fluid behavior

Time-independent fluids are characterized by the fact that the shear rate is determined by the
shear stress only. In a figurative sense, one can say that such fluids have no memory of their
latest history. This means that, as the name suggests, the fluid behavior is not depending on time.
Such ’steady-state’ fluid behavior can be subcharacterized in three groups: (i) shear-thinning
(or pseudoplastic) behavior, (ii) shear-thickening (or dilatant) behavior, and (iii) visco-plastic
behavior. In Figure 1.1, the former two categories are displayed, combined with the Newtonian

Shear-thickening
Newtonian

Shear-thinning

γ (s-1)

τ (Pa)

.

(a) Shear rate dependency of the shear stress

Shear-thickening

Newtonian

Shear-thinning

γ (s-1)

μ (Pa s)

.

(b) Shear rate dependency of the viscosity

Figure 1.1: Typical shear stress curves for shear-thinning, shear-thickening and Newtonian cases
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γ (s-1)

μ
 (P

a 
s)

10-1

10-3

101

10010-10 10510-5

Upper Newtonian
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Lower Newtonian
plateau

Power law regime

.

Figure 1.2: Carreau-Yasuda model
�

η = η∞ + (η0 − η∞) [1 + (λγ̇)a]
(n−1)/a

�

, demonstrating the

zero shear and infinite shear viscosities. The rheological constants for this plot include a = 2;
n = 0.5; µ∞ = 10−3 Pa s; µ0 = 101 Pa s; λ = 105 s

shear stress curve. In the remaining part of this paragraph, the three categories are elaborated to
a larger extent.

Shear-thinning fluids

Shear-thinning fluids are probably the most common fluid behavior in industrial and biological
processes. Examples of such fluids are ketchup, paints, and quicksand. Shear-thinning fluids are
characterized by an apparent viscosity that decreases with increasing shear rate.

At low shear rates, the apparent viscosity in e.g. blood or branched polymeric solutions and
melts can approach a constant Newtonian viscosity, independent of shear rate, generally denoted
as η0. At high shear rates, polymer solutions may behave Newtonian as well (η∞). This behavior
is generally referred to as ”Newtonian plateau”. An example of a mathematical model describing a
shear-thinning fluid bounded by Newtonian regions is the Carreau model, displayed in Figure 1.2,
from where apparent viscosity is plotted against the shear rate. Here, four entangled states
of the polymer are visualized, drafting the disentangling and orientation of polymer molecules
with increasing shear rate conceptually. For small shear rates, the viscosity is high due to rigid
entanglements. When the applied deformation is large enough, the long polymeric molecules start
to disentangle and orientate along the shear rate direction. For high shear rates, when all molecules
have disentangled and are oriented along the direction of shear, a constant viscosity is reached
(lower Newtonian plateau).

Shear-thickening fluids

This fluid behavior is opposed to the shear-thinning behavior; typical shear-thickening fluids are
characterized by an apparent viscosity that increases with increasing shear rate. Newtonian plat-
eaus can also be approached for this rheological classification although the upper Newtonian
plateau will be reached for large shear rates and vice versa (Barnes, 1989; Chhabra, 2010).

Shear-thickening behavior is mainly observed in concentrated suspensions; typical high school
experiments include dissolution of corn starch in water to obtain a suspension (oobleck). When
stirring this fluid slowly, the resistance to flow (or: viscosity) is minimal, while the resistance
is large when a (sudden) great impact is done on the fluid; for example by hitting or stirring
it vigorously. This behavior can be explained on small-scale; water arranges in between the
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Figure 1.3: Multi-level modeling strategy for gas-liquid flows

fiber structure of the starch. When such a sudden force is applied, the liquid flows out of the
structure meaning that the starch fibers starts rubbing each other and locking into position. This
identical behavior is seen for particles in a dense suspension, resisting the compression due to shear
(Waitukaitis and Jaeger, 2012).

Visco-plastic fluid behavior

Visco-plastic fluid behavior is characterized by the existence of a threshold stress, also referred to
as (apparent) yield stress τ0. This yield stress, for example in a fluid like mayonnaise, needs to
be exceeded for the fluid to start flowing or shearing. Below this apparent yield stress, the fluid
generally behaves like a solid. Once the shear stress exceeds the yield stress, the fluid may behave
as Newtonian or with shear-thinning characteristics (Chhabra, 2010).

1.3 Modeling of gas-liquid flows

In the previous sections, it was highlighted that the knowledge of flow behavior is key in the op-
timization and design of industrial processes. Such knowledge can be retrieved from experimental
cases, but those are commonly limited to (expensive) setups that are commonly fixed by means of
dimensions. Furthermore, it is generally challenging to measure local variables like concentration
and viscosity experimentally. In recent years, computational fluid dynamics (CFD) has become
a powerful tool for both scientists and engineers. In these models, a full prediction is obtained
by resolving difficult interactions between phases or objects and flows simultaneously. In general,
such models are validated with the use of results from real-life experimental setups.

For bubbly flows, the interactions are unsteady and evolve on different time and length scales.
To overcome this issue, for instance, to resolve large industrial systems, a multi-level strategy can
be used in the prediction of flow behavior. In literature, Deen et al. (2004) described a strategy
involving three different scales as displayed in Figure 1.3.

At the highest scale, an Euler-Euler approach is used to predict bubbly flows in large systems,
such as industrial scale bubble columns. This model requires closure relations which can be derived
from experiments on DNS. This approach is based on the concept of interpenetrating continua,
meaning that the both the liquid and dispersed gas phase are resolved using the volume-averaged
mass and momentum conservation equations.

At an intermediate scale, the Discrete Bubble Model (DBM) can be used for the computation
of a large number of bubbles. This model is an Euler-Lagrange type of model where each bubble
is tracked individually, but with a moderate focus on the complex bubble-liquid interactions and

4 Modeling of bubbles rising in non-Newtonian fluids



CHAPTER 1. INTRODUCTION

Figure 1.4: Multi-level modeling hierarchy. Left to right: DNS, Euler-Lagrange (DBM) and
Euler-Euler (TFM). Scale increases from left to right, while detail decreases. Reprinted from Lau
et al. (2011)

without resolving the flow field at the scale of individual bubbles. Similar to the DBM, this model
requires closure relations describing the behavior of bubbles, like drag and coalescence/break-up
behavior. This model is in particular useful to study bubble-bubble and bubble-wall interactions
and generally operates with a constant density and viscosity, retrieved from experiments (Bokkers
et al., 2006).

At the lowest level of time and length scales, Direct Numerical Simulations (DNS) is able to
resolve bubble characteristics, such as bubble shape and liquid flow around or gas flow inside the
bubble by solving Navier-Stokes equations on a fine grid. Due to small scales of DNS, typically in
the order of millimeters to centimeters, details are captured for the liquid and bubble flow. This
calculation approach is not efficient for the calculation of large systems, due to its handleability of
bubbles; a highly refined grid around the bubble and the gas-liquid interface need to be tracked
accurately, meaning that a limited number of bubbles can be resolved (Darmana et al., 2005).
Nevertheless, information such as virtual mass, drag or lift correlations (Jakobsen et al., 1997)
acting on a single or multiple bubbles can be obtained with this approach, which is essential for
the prediction of larger scale methods.

In this thesis, the behavior at the individual bubble scale is investigated. For the required
model type in this research, DNS, numerous techniques are present. A selection of techniques will
be discussed, regarding their strengths and weaknesses.

1.4 Techniques in Direct Numerical Simulations (DNS)

Sharp and deformable interfaces separate immiscible phases in multiphase flow systems. Modeling
and simulating such multiphase flows accurately is proven to be challenging; the interface should
be tracked accurately, while surface tension in the case of a curved interfacial area should be
accounted for as well. van Sint Annaland et al. (2006) reviewed the most common and important
interface representation techniques, including a summary as reprinted in Table 1.1. For a more
detailed overview, the interested reader is referred to this literature work.

The main difference between these models is that Volume of Fluid (VOF) and Lattice Boltzmann
(LB) models draft the interfacial area from a fixed grid, while Front Tracking (FT) tracks the in-
terface using a Lagrangian mesh. By this means, VOF and LB exhibit so-called artificial merging
of interfaces, occurring when the distance between the dispersed gas bubbles is smaller than the

Modeling of bubbles rising in non-Newtonian fluids 5



CHAPTER 1. INTRODUCTION

Method Advantages Disadvantages
Level set Conceptually simple

Easy to implement
Limited accuracy
Loss of mass (volume)

SLIC1 VOF Conceptually simple
Straightforward extension to three
dimensions

Numerical diffusion
Limited accuracy
Merging and breakage of interfaces
occurs automatically

PLIC2 VOF Relatively simple
Accurate
Accounts for substantial topology
changes in interface

Difficult to implement in three
dimensions

Merging and breakage of interfaces
occurs automatically

Lattice Boltzmann Accurate
Accounts for substantial topology
changes in interface

Difficult to implement
Merging and breakage of interfaces
occurs automatically

Front-Tracking Extremely accurate
Robust
Accounts for substantial topology
changes in interface

Mapping of interface mesh onto
Eulerian mesh

Dynamic remeshing required
Merging and breakage of interfaces
requires subgrid model

1 SLIC: Simple Line Interface Calculation
2 PLIC: Piecewise Line Interface Calculation

Table 1.1: Overview of interface representation techniques for multiphase fluid flows with sharp
and deformable interfaces

size of a computational cell. On the other hand, FT models require an additional subgrid model
to allow the coalescence of bubbles. Due to this, FT is in particular useful in the study of bubble-
bubble interactions in bubble swarms. Drawbacks of FT models include the complexity of the
implementation of dynamic remeshing and the mapping technique on the Eulerian mesh used for
the simulation of the liquid phase, which is required for the evaluation of Lagrangian quantities
on the Eulerian grid and vice versa (Lau et al., 2011).

1.5 Thesis outline

To summarize, it has been explained that the differences between non-Newtonian and Newtonian
fluids can be large. In this project, a study of hydrodynamics of non-Newtonian power-law liquids
in bubbly flows is performed with the aim of understanding the effect on the bubble characteristics
such as drag and rise velocity. The main objective of this research is the description of the drag
coefficient for bubbles in power-law fluids, derived similarly to established Newtonian relations or
by means of extension hereof, based on rheological parameters.

For the study, Direct Numerical Simulation has been chosen as a tool, where the 3D Front-
Tracking modeling interface representation technique has been used. The advantage of this tech-
nique is that the flow and viscosity changes around single bubbles can be resolved in detail. In
Chapter 3 the Front-Tracking model, with the improvements widely described in literature, is
outlined and test cases are performed.

In Chapter 4 the numerical set-up is explained in detail. Furthermore, the focus is on the
influence of the fluid characteristics on the local viscosity profile and the bubble shape. Chapter 5
focuses on the bubble rise velocity and closely related drag force exerted on a single bubble rising
through Newtonian and non-Newtonian liquids. Here, results of the present research work are
combined compared to literature for Newtonian behavior and extended for non-Newtonian fluids
to obtain a full overview. Chapter 6 wraps up the so-called swarm effects, where bubble interactions
and effect on drag coefficient are regarded, for non-Newtonian behavior.
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Chapter 2

Bubbles in literary perspective
An overview of the numerical studies to bubbles in

non-Newtonian media

In numerical studies, purely viscous cases and mainly power-law fluids have been investigated
most. Viscoplastic and viscoelastic are investigated in lesser extent due to the more complex
yielding behavior, or the requirement of more coefficients to correctly match the flow behavior.

Chhabra (2006) has reported a research overview in the field of fluid particles (including gas
bubbles and liquid drops) in non-Newtonian media. The conclusion of his findings was the lack of
a ”complete numerical solution of the field equations for fluid spheres falling in a non-Newtonian
continuous phase.” The exception was the numerical studies performed by Ohta et al. (2003, 2005),
focusing mainly on gas bubbles. In the last decade, more research groups published results in this
topic, obtained with variation in choice of computational methods and settings. It is however
proven to be difficult to obtain reliable and representative results for a system with such rheolo-
gical characteristics. Similarly and almost simultaneously to Chhabra, Kulkarni and Joshi (2005)
summarized and reviewed the work done in this field of non-Newtonian stagnant liquids as well,
comprising mainly experimental work.

Tsukada et al. (1990) compared experiments done with air bubbles in CMC to a theoretically
derived model for the bubble motion, based on the power-law model, with the aim of finding a
trend in the bubble shapes and terminal velocities by changing the bubble diameter. Noh et al.
(1993) adopted the FENE-approximation as suggested by Chilcott and Rallison (1988) as a model
for the viscoelastic fluid, successfully comparing computed bubble shapes to experiments. Also,
Pillapakkam and Singh (2001) performed a numerical research to bubble behavior in viscoelastic
flows but making use of Oldroyd-B model and the Level-Set computational method in order to
compute the velocity profile and check bubble shaping. Wagner et al. (2000) proposed the use of a
two-dimensional Lattice Boltzmann method, for the numerical calculation of the rise of a bubble
in viscoelastic fluids. The aim of the research was the reproducing of the cusp seen in experimental
viscoelastic cases. The last two simulations, however, were not able to evaluate real cases; due
to stability issues, the ratio between liquid and gas phase for both the density and viscosity was
limited to a factor 10. As a comparison, the density and viscosity ratio between water and air are
of the order O(103) and O(104), respectively (Zhang et al., 2010).

Ohta et al. (2003, 2005) used the Carreau-Yasuda model in the description for inelastic shear-
thinning fluids, in combination with the numerical VOF method. The aim of this research was to
link the numerical and experimental results (CMC and SAP) for the bubble shape and rise velo-
city. Frank and Li (2005) used a two-dimensional Lattice Boltzmann numerical method to predict
the rise of a bubble through a viscoelastic PAAm solution, approximated by a sixth-order Maxwell
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fluid, and compare bubble shapes and domain stress distribution with experimental data. Kishore
et al. (2007) investigated the steady-state bubble behavior and drag coefficients in pure viscous
power-law liquids, using a finite difference method based SMAC implicit solver. Furthermore, a
simple but arbitrary drag coefficient was proposed, based on experimental data. Radl et al. (2007)
examined the rising of bubbles in a range of purely viscous and viscoelastic media, including mass
transfer. These simulations are restricted to 2D due to the species diffusion, requiring a large
number of grid cells. This work is conducted with a semi-Lagrangian advection scheme. A level-
set interface tracking method was used by Pillapakkam et al. (2007) to investigate the bubble rise
velocity and general velocity profile around bubbles in a viscoelastic Oldroyd-B model for different
rheological settings. Tsamopoulos et al. (2008) performed numerical simulations on a rising bubble
in viscoplastic liquid described by the Bingham-Papanastasiou model, and solved numerically us-
ing a mixed finite-element method. Ohta et al. (2008) used the aforementioned Chilcott’s and
Rallison’s FENE-approximation as the viscoelastic model and as numerical scheme a so-called
Coupled Level Set and Volume-of-Fluid (CLSVOF) method proposed by Sussman and Puckett
(2000). This investigation was aiming for a quantitative overview of the effect of the used model.
Zhang et al. (2010) examined the velocity and viscosity distribution, motion and bubble shape of
a single bubble rising in a purely viscous shear-thinning fluid, disclosed by the Carreau model. For
the computation, a level-set numerical approach was adopted. Lind and Phillips (2010) focuses on
the investigation of motion of rising bubbles and the influence of viscous and viscoelastic effects.
In this work, the Maxwell model is used to describe a viscoelastic continuous media for rising gas
bubbles. For this purpose, the boundary element method is used as numerical scheme. Ohta et al.
(2010, 2012) described the numerical results for both shear-thinning and shear-thickening Carreau
fluids, carried out by the CLSVOF method. For different Carreau model parameters, the bubble
shape and bubble rise velocity were numerically investigated.

There are not many numerical studies to the coalescence and break-up of bubbles in non-
Newtonian liquids. An exception is the literary work done by Vélez-Cordero et al. (2011), whose
work is based on the interaction of two bubbles in shear-thinning power-law fluids. For the purpose
of calculation, an arbitrary Lagrangian–Eulerian method was implemented. Another exception is
the work done by Liu et al. (2013) computed the interaction between two and three parallel/in-
line bubbles by a Volume of Fluid method (VOF) to obtain data on the coalescence and dynamic
characteristics of the fluid. The shear-thinning fluid itself was approached by the power-law model.
This work was validated with experiments and prior literary work.
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Chapter 3

Front Tracking Model
and the improvements over the last decade

In this chapter, a 3D Front Tracking model and its algorithm are described in detail. The 3D
Front Tracking model that is used for this work has been improved and reported in previous work
by van Sint Annaland et al. (2006), Dijkhuizen et al. (2010b), Roghair et al. (2015, 2016) and
coworkers. The improvements on the general algorithm have been summarized in the present
work. Test cases have been performed to examine the accuracy of the numerical results, with the
use of analytical solutions or experimental cases.

3.1 Introduction

The Front Tracking (FT) approach was originally developed by Tryggvason and his coworkers
as a counterpart to volume-tracking methods to study the motion of a single bubble or a few
(interacting) bubbles through an incompressible fluid (Unverdi and Tryggvason, 1992). Over the
past years, this model has been adopted and developed by several authors to yield an increase in
numerical stability and accuracy and a decrease in computational time (Tryggvason et al., 2001;
Glimm et al., 2001; Kuprat et al., 2001; Gunsing, 2004; Liu et al., 2007; Dijkhuizen et al., 2010b;
Roghair et al., 2016).

A short overview of the advantages and drawbacks of DNS models like the Front-Tracking model
was given in Paragraph 1.4. Compared to other DNS techniques, Front-Tracking’s main feature is
the ability to track the individual bubble interfaces without the need of an extra algorithm. This
model has proven to be useful in the study of bubble-bubble interactions in bubble swarms, due
to the prevention of merging and coalescing behavior.

3.2 Model description

3.2.1 Global algorithm

The hydrodynamics model is based on the incompressible Navier-Stokes equations, applied on a
rectangular domain using a Cartesian grid with directions x, y and z. The source term F σ has
been added, denoting the surface tension at the interface between the liquid and gaseous phase.

ρ
Du

Dt
= −∇p− [∇ · τ ] + ρg + F σ (3.1)

∇ · u = 0 (3.2)

In these equations, u represents the velocity (vector) field, p the pressure field and τ the
stress tensor. Due to the incompressible nature of this fluid, the continuity equation resolves to a
divergence of u equal to zero. At the surface, a so-called jump condition applies on the stress.
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[−pI − τ ] · n = F σ · n (3.3)

Velocities are initialized to be zero in all cases, except for particular test cases. Physical
properties like surface tension, density, and viscosity of both phases are input parameters as well
as the initial positions and radii of the immersed bubbles. The boundary condition at the walls can
be chosen as either free slip, no-slip or periodic. Furthermore, the viscosity models, time-stepping
and remeshing algorithms need to be specified before calculation.

The interface is represented by a triangular, unstructured mesh of Lagrangian points, moving
along with the liquid. The Lagrangian tracking points collectively constitute an interface that is
capable of handling the pressure drop between the two phases and where surface tension forces
are calculated. When the velocity field is applied to the continuous fluid, the Lagrangian tracking
points are shifted with the velocity field to a new location. Due to the required dynamic remeshing
steps of the interface points, the method is extremely accurate but complex to implement. In
previous literature studies, e.g on de Sousa et al. (2004), imperfections were found at the surface.
Such problems were reported to be tackled successfully and will be described in next paragraphs.

The devised steps in the algorithm for the model is schematically represented in Figure 3.1,
which is based on the work done by Roghair et al. (2016). Since the rising of bubbles should
never exceed the limits of the computational domain, Deen et al. (2004) proposed the use of a
window-shifting concept to keep the bubble in the same position in the domain in such a way that
the resolution around the bubble is always optimal.

The 3D Front Tracking model that is used for present work have been improved over the last
decade. Deen et al. (2004) and van Sint Annaland et al. (2006) discussed the first independ-
ent Front-Tracking model in their research group. Dijkhuizen et al. (2010b) and Roghair et al.

Initialization

t < tend

Calculate new time step

Finalization

Calculate physical properties

Estimate new velocity field

Calculate pressure corrections

Correct velocity field

Front advection

Surface remeshing

Save/export solution

Hydrodynamics

Interface

yes

no

t := t+∆t

Figure 3.1: Global operational order in the 3D Front-Tracking model
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(2016) described improvements in the models to achieve a more stable and accurate system. The
improvements are displayed in Table 3.1 and will be elaborated in the remaining part of this
paragraph.

3.2.2 Discretized Navier-Stokes equations

The Navier–Stokes equations are considered tough to be solved and were therefore named by Clay
Mathematics Institute as one of the seven mathematical problems of the new millennium (Feffer-
man, 2000; Ladyzhenskaya, 2003). Since there is still no comprehensive solution to these equations,
the Navier-Stokes equations are reformulated in a way that they can be solved numerically.

For this research, the Navier-Stokes equations are discretized with a finite volume method. A
Cartesian staggered grid is applied to the system, indicating that the equations are solved in such
a way that the velocity and momentum variables are computed at the cell faces, while the scalars
(e.g. pressure, density, viscosity) are assessed in the cell centers. Staggered grids are widely used
as they provide a more stable method for solving than by using non-staggered grids (Harlow and
Welch, 1965).

At every new timestep, the three-dimensional pressure and velocity fields can be calculated
solving the resulting linear system with an Incomplete Cholesky Conjugate Gradients (ICCG)
matrix solver, optimized as described by Dijkhuizen et al. (2010b). Bubble properties like total
surface area, volume, and new positions are calculated, as is displayed in Figure 3.1. In these
steps, the surface tension is taken into account specifically. Subsequently, the ICCG matrix solver
is used to enforce pressure corrections, requiring another step of correcting the velocity field. The
interested reader is referred to the work done by Dijkhuizen et al. (2010b) for a more elaborate
overview of the discretization that has been performed for this model.

The optimization as described by Dijkhuizen et al. (2010b) has its origin in the symmetry of
the singular matrices that need to be solved. Apart from this, a large portion of the velocity
and pressure correction matrices consists of zeros. By making them more compact by extracting
bands with useful data, the memory requirements for handling these matrices can be reduced
enormously. In this project, a parallelized version of the ICCG matrix solver was provided. In
this way, it was possible to limit the total computational time to obtain faster and still accurate
results (Baltussen et al., 2017).

3.2.3 Surface meshing

The Lagrangian tracking points collectively constitute the interface mesh. The points are connec-
ted in triangular cells, covering the surface where not only the surface tension forces but also the
interfacial pressure drop, surface advection and physical properties of the bubble are calculated,
which is described in detail in this paragraph.

Surface tension

In Equation 3.1, source term was denoted as F σ. This source term can represent a number of
contributions that can arise from body or surface sources, such as surface tension. It can directly
be calculated from the positions of the interface mesh triangles, also referred to as markers.

van Sint Annaland et al. (2006) adopted the idea of Unverdi and Tryggvason (1992) and Deen
et al. (2004), while avoiding explicit computation of the triangulated, curved interface. The general
idea of these two methods are the summation of the net surface tension forces acting on a single
surface marker m. These net tension forces are computed from the tensile forces on the three
edges l of all interface markers. To avoid a too extensive influence of markers with very low liquid
volume fractions, a mass-weighing variant of Unverdi and Tryggvason’s theory as introduced by
Deen et al. (2004) has been used:

F σ =

�

m

�

l ρm,lD(x− xm,l)σ(tm,l ⊗ nm,l)
�

m

�

l ρm,lD(x− xm,l)
(3.4)
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Figure 3.2: Schematic representation of the calculation of three tensile forces acting on the three
edges l of marker m. Reprinted from Roghair et al. (2016)

Here, tm,l denotes the tangential vector to edge l of marker m and nm,l denotes the outwardly
pointing normal vector on marker m and its surface area. Function D represents a numerical
approximation of the Dirac-function normalized to the cell volume. Obviously, the referred work
provides more mathematical details on this technique.

Interfacial pressure jump

Dijkhuizen et al. (2010b) adopted the ideas by Renardy and Renardy (2002) and Francois et al.
(2006), where pressure forces are directly calculated from the sum of the surface tension forces.
The pressure forces are mapped to the Eulerian grid, just like the surface tension forces, meaning
that they are applied at the exact location, improving numerical stability. The improvements
made Roghair et al. (2016) features mapping on the exact location instead of an Eulerian grid,
resulting in lower spurious currents.

Surface advection

For every time step, Lagrangian control points are moved due to the appliance of the calculated
fluid flow. For the calculation of these displacements, the velocity is used. Since the velocity
is located on the Eulerian grid, it has to be interpolated for the control points. To obtain a
smooth transition in the velocity interpolation between nodes, Dijkhuizen et al. (2010b) chose to
implement a higher-order velocity interpolation opposed to the application by van Sint Annaland
et al. (2006), where Euler’s first-order velocity interpolation was applied. By using a higher-order
velocity interpolation, in this case, a fourth-order Runga-Kutta method, fewer surface undulations.

Phase fraction and physical properties

In the work done by van Sint Annaland et al. (2006), the local averaged viscosity and density are
calculated from the local distribution of the phase indicator F, governed by the Poisson equation.
However, this means that an additional Poisson equation has to be calculated, which can be
computationally demanding, especially for cases with a large number of bubbles. Dijkhuizen et al.
(2010b) extended this work by calculating the phase fractions from the bubble on the Lagrangian
grid, instead of the Eulerian ordered grid.

In this way, a phase fraction can be calculated by summing the contributions of all the markers
in every computational cell. A problem in the summation occurs when a marker exceeds the cell
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(a) Edge splitting (b) Edge collapsing (c) Edge swapping (d) Edge smoothing

Figure 3.3: The four elementary remeshing operations as extended by Roghair et al. (2016).
Blank dots indicate newly added points, dotted lines indicate old connections and dashed lines
indicate new connections. Reprinted from Roghair et al. (2016)

boundary. In these cases, the markers will be cut in such a way that new sub-triangular markers
are created without overlapping the Eulerian grid cell boundaries. Roghair et al. (2016) used a
more efficient way of calculating the bubble area, volume and centroid position is calculated, by
using a Divergence Theorem Algorithm method.

3.2.4 Remeshing

Remeshing operations

To be able to cope with highly deformable bubbles and to maintain the resolution, the interface is
dynamically remeshed when the length of one of the edges becomes too large or too small to the
Eulerian grid size. Unverdi and Tryggvason (1992) described three basic remeshing operations,
comprising edge splitting (adding a tracking point), edge collapsing (removing a tracking point)
and edge swapping. These three elementary operations have been included by van Sint Annaland
et al. (2006) and were kept unchanged by Dijkhuizen et al. (2010b). Roghair et al. (2016) extended
the remeshing technique with volume-conservative edge smoothing and criteria to conserve the
bubble volume and prevent undesired mesh configurations like tetrahedrons and double-folded
marker cells.

Volume conservation, mesh intersections and corrections

Kuprat et al. (2001) described a smoothing technique in which control points are displaced to be
evenly distributed over the dynamic interface. In this way, the required frequency of remeshing can
be decreased and grid quality is enhanced. Subsequently, the volume difference from reconstructing
tetrahedra is calculated and the central node is repositioned to ensure local conservation of volume.

After mesh restructuring procedures, the volume is locally conserved as described above. Any
volume changes that occurred during mesh advection are not included in this conservation and
needs to be restored over the full interface. Before doing so, it should be checked if overlapping
with other bubble surfaces will not take place. To do this, a specific algorithm is introduced and
elaborated by Roghair et al. (2016). Globally, the algorithm checks the interface mesh for overlap
with other meshes by checking the closest neighbor(s) and its distance. If any of the points are
closer than the maximum allowed edge length, these nodes are excluded from the global volume
correction.

3.3 Viscosity model

In the introduction of this thesis (Paragraph 1.2.1), a first introduction of rheological models and
their classifications was given. This classification, however, does not cover the full flow behavior
and characteristics of non-Newtonian fluids. A large number of mathematical models can be
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used to describe rheological characteristics as complete as possible, describing time-dependent,
time-independent and viscoelastic fluids.

For non-Newtonian fluids, the viscosity is not constant due to the dependency on the strain
rate. A commonly used model to describe a non-Newtonian fluid is the so-called generalized
Newtonian model (see: Equation 3.5). An apparent viscosity η is introduced, which replaces the
viscosity µ in the simple relation between the stress tensor and shear rate. Note that the apparent
viscosity is a function of the shear rate.

τ = −η
�

∇u+ (∇u)T
�

= −ηγ̇ (3.5)

In this section, the focus will be on the introduction of the common continuous models used
to describe time-independent, shear thickening and shear thinning fluids.

3.3.1 Power-law or Ostwald-de Waele model

The power-law model is a simple and general model, depending only on two parameters (pre-
factor K and exponent n), widely applied and used in many mathematical models, in many
different applications. In a rheological perspective, the power-law is referred to as the Ostwald-
de Waele model named after the original proposers: de Waele (1923) and Ostwald (1925). This
single equation gives a simple description of the relationship between the viscosity and shear rate
(Equation 3.6). If plotted in a logarithmic manner, the straight slope indicates the exponent n in
this model. When the fluid behaves as Newtonian, thus exponent n = 1 is true, Newton’s Law
applies in such a way that the general K (in units Pa sn) corresponds with the viscosity η (in
units Pa s).

η = K (γ̇)
n−1

(3.6)

The main characteristic of shear-thinning fluids was described before; apparent viscosity de-
creases with increasing shear rate. In short, that means that dη/dγ̇ < 0. It is clear that 0 < n < 1
is true for shear-thinning fluids. For shear-thickening fluids, dη/dγ̇ > 0 is the case, where the
exponent can be described as n > 1.

3.3.2 Truncated power-law model

Due to numerical problems regarding infinite and zero shear rates, the power-law model can not
be directly implemented. Therefore, Gabbanelli et al. (2005) proposed a simple solution by using
a so-called truncated power-law model. This model is a useful extension to the ’general’ power-
law model due to its presence of the Newtonian plateaus and has been implemented in the used
Front-Tracking DNS model.

η(γ̇) =







η0, γ̇ < γ̇0
Kγ̇n−1, γ̇0 ≤ γ̇ ≤ γ̇∞
η∞, γ̇ > γ̇∞

(3.7)

Here, η0 and η∞ are the viscosities that are calculated from the respective shear rates. These
subscripts are in a way misleading, since η0 is generally the upper viscosity limit in shear-thinning
fluids, while the subscripts might suggest otherwise. In an effort to apply consistency, the sub-
scripts + and − are used to indicate the upper viscosity (η+) and lower viscosity (η−), in the
continuation of this report.

A downside of the truncated power-law model is the discontinuity that the model represents
in the limits of the shear rates due to the absence of any transition parameter. This model is
solely selected to exclude numerical issues due to the calculation of unphysical viscosities for zero
or infinite shear rates.
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Table 3.2: Default physical properties for the
test case simulations

Property Value Unit
Gas density ρg 1.25 kg m−3

Gas viscosity µg 1.8·10−5 Pa s
Liquid density ρl 1000 kg m−3

Liquid viscosity K varying Pa sn

Surface tension
coefficient σ 0.073 Nm−1

Gravitational
acceleration gz 9.81 ms−2

Table 3.3: Default numerical settings for the
test case simulations

Property Value Unit
Mesh width 100 − 1200 µm
Domain cells 100×100×100 −
Time step 1 1.0·10−5 s
Total time 0.5 − 2 s
Boundary condition Free slip

1 Unless otherwise specified

3.4 Verification

This paragraph demonstrates the state and accuracy of the current model. In recent years,
the front tracking model has been thoroughly validated, both numerically and experimentally
(Dijkhuizen et al., 2010a; Roghair et al., 2016). However, for the sake of certainty, small and lar-
ger tests have been performed to identify the quality of results that can be produced by the code
with certain settings. These physical properties and numerical settings are displayed in Table 3.2
and Table 3.3, respectively.

First, a qualitative comparison is made between experiments and computational cases for a
viscous liquid. This case is followed by a standard advection test, quantifying the error by moving
the interface. Here, a comparison is made between the remeshing operational script as used by van
Sint Annaland et al. (2006) and Dijkhuizen et al. (2010b) and the novel conservative remeshing
technique as described by Roghair et al. (2016).

Thirdly, the implementation of the periodic boundary condition, essential for the calculation of
bubble swarms and interactions, is verified. Finally, the implementation of the truncated power-
law model is tested using a case comprising a unidirectional single phase pressure-driven flow
between two parallel plates and checked against an analytical solution.

3.4.1 Newtonian viscous case

A qualitative comparison between the bubble shapes for a viscous liquid shows that there is a
good agreement between experiments and numerical simulations. The experimental case was
performed by Dijkhuizen et al. (2010a), who made a similar comparison between experiments and

Figure 3.4: Snapshots for experimental and numerical set-up displayed on a linear length scale,
for bubbles shapes of different sizes in a relatively pure and semi-infinite stagnant viscous liquid
(η = 0.110 Pa s).
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computation. His observations were documented in the following words; ”the larger bubbles in the
simulations are slightly less deformed than was observed in the experiments”. Similar conclusions
can be drawn from the visual results in Figure 3.4. In this figure, the solid-colored bubbles are
plotted on a linearly increasing bubble diameter scale.

The comparison of the steady-state cases shows good agreement between the experimental and
numerical results. This suggests that our computational method is effective for investigating the
rise of a bubble case, distinct by sharp gradients in viscosity and density across the bubble surface.
The numerical program provides the basis for further investigation of non-Newtonian fluids.

3.4.2 Standard Advection Test

Figure 3.5: Snapshot images at 5 timesteps (0.0, 0.5, 1.0, 1.5, 2.0 s, respectively) of the de-
formation of a spherical bubble due to the Standard Advection Test, for a standard water-air
system.

To verify the interface tracking of the FT model, a so-called standard advection test is per-
formed (Rider and Kothe, 1998), in which the advection and interface reconstruction of a bubble
is assessed in a prescribed flow field. For this test, the initial dimensionless position of the bubble
is (1/2, 1/2, 3/4), with dimensionless radius 1/4. The total resolved time is 2 seconds, where the
velocity is reversed halfway. All other physical and numerical settings are default like displayed
in Table 3.2 and Table 3.3. The velocity vector field is imposed as followed:

u(x, y, z) =
�

0,−2 sin2(πy) sin(πz) cos(πz), 2 sin2(πz) sin(πy) cos(πy)
�

(3.8)

Due to the conservative properties of the velocity field, the bubble volume should always be
conserved and return to exactly its starting position after reversing the velocity field. Although,
there can be a slight error in the volume, location, and shape of the bubble caused by the imple-
mentation of the numerical schemes and their finite accuracy. In Figure 3.5, the evolution of the
bubble shape due to the velocity field is displayed with snapshots of various time frames. Until
halfway the total time, the bubble deforms from a spherical bubble into a stretched shape. After-
ward, the bubble reverses to a near-spherical shaped bubble under the influence of the reversed
velocity field. In these figures, red color indicates a higher velocity in the profile.

The standard advection tests have been performed to quantify the accuracy of the advection
schemes, combined with the remeshing scripts as used/proposed by Dijkhuizen et al. (2010b) and
Roghair et al. (2016). For four cases, no remeshing has been used to test the influence on the
numerical results. In Table 3.4, test results have been displayed for the simultaneous effect of
the choice of remeshing scripts, time-stepping schemes (RK4 and Euler) and magnitude of the
time-step (2.5·10−4 and 5.0·10−4). In Table 3.5, test results are shown for the remeshing scripts,
choice of remeshing steps and choice of the magnitude of the time-step, simultaneously. As a
numerical scheme, the fourth-order Runga-Kutta time integration was chosen.

Effect of the time-stepping magnitude and numerical schemes

In Table 3.4, variations in the size of time steps and time-stepping methods and have been per-
formed for different remeshing techniques. In all cases, the velocity profile was inverted at 1.0
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Numerical scheme t = 1.0 s t = 2.0 s
Remeshing Method ∆t (s) (V − V0)/V0 (V − V0)/V0 s− s0 Ψ

- Euler 5.00E−04 −2.88E−05 5.60E−04 1.71E−03 0.99996
- RK4 5.00E−04 −3.18E−04 <1E−16 8.38E−15 0.99998
Dijkhuizen, 2008 Euler 5.00E−04 -1.00E−04 −3.58E−05 1.69E−03 0.99990
Dijkhuizen, 2008 RK4 5.00E−04 −3.88E−04 −5.97E−05 3.27E−05 0.99993
Roghair, 2012 Euler 5.00E−04 2.11E−04 4.32E−04 1.68E−03 0.99978
Roghair, 2012 RK4 5.00E−04 −1.92E−05 −1.62E−05 2.81E−05 0.99980
- Euler 2.50E−04 −1.71E−04 2.88E−04 8.54E−04 0.99998
- RK4 2.50E−04 −3.18E−04 <1E−16 8.38E−15 0.99998
Dijkhuizen, 2008 Euler 2.50E−04 −2.43E−05 −3.06E−05 8.33E−04 0.99990
Dijkhuizen, 2008 RK4 2.50E−04 −3.87E−05 −5.95E−05 3.25E−05 0.99993
Roghair, 2012 Euler 2.50E−04 1.10E−04 2.40E−04 8.24E−04 0.99970
Roghair, 2012 RK4 2.50E−04 −2.16E−05 −1.86E−05 3.64E−05 0.99970

Table 3.4: Errors in the Standard Advection Test for different advection settings. (V = bubble
volume; s = dimensionless bubble position with respect to the dimensions of the computational
domain; Ψ = sphericity)

seconds where the volume conservation was tested, and the final results, including volume conser-
vation, bubble position displacement, and sphericity, analyzed at 2.0 seconds. The total amount
of remeshing steps was equal to 800, invariant for the time step or methods used.

An interesting outcome is obtained for the volume conservating characteristics of the 4th-order
Runga-Kutta time-stepping method with no dynamic remeshing involved; showing that, since
the markers elements are not adapted in size over time, the interface can easily be recreated
without a large numerical error between the very first and last time frame. On the other hand,
Euler’s explicit time-stepping method has shown overprediction of bubble volume in the cases using
Roghair’s remeshing script and no remeshing. With these number of remeshing steps, Roghair’s
and Dijkhuizen’s remeshing scripts show an error in the bubble volume of the same order, but
Dijkhuizen’s bubble is kept spherical in a better way. A remark should be made about the number
of remeshing steps; only one in five or ten (depends on ∆t) steps a remeshing step takes place,
while Roghair’s script should be working to its full potential if every step would be a remeshing
step. In Table 3.5, the two remeshing schemes are compared using the 4th-order Runga-Kutta
method due to its clear advantage in accuracy, opposed to Euler’s method.

Effect of the number of remeshing steps

In Table 3.5, the number of remeshing steps is varied by introducing a ’remeshing ratio’, here
denoted as ξ. This number refers to the number of remeshing steps divided by the number of
calculation time steps. Cases from the previous comparison are extended to make a full comparison
between the different remeshing techniques. It can be concluded without a doubt that Roghair’s
volume-conserving character is working only for a remeshing ratio of 1:1. Dijkhuizen’s algorithm
does not depend on a large extent on the timestep, nor on the interval of remeshing steps. Overall,
Dijkhuizen et al. (2010b) used a script which works optimally for keeping a spherical shape. In
the work by Roghair et al. (2016), a script was constructed that undoubtedly specializes in volume
conservation. On the other hand, the final shape obtained with this algorithm is less spherical
than by its direct competitor. This is most probably due to the choice of volume correction; to
correct for volume changes, the volume is restored by displacing nodes during smoothing steps.
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Numerical scheme t = 1.0 s t = 2.0 s
Remeshing ξ 1

∆ t (s) (V − V0)/V0 (V − V0)/V0 s− s0 Ψ

Dijkhuizen, 2008 2 1:5 5.00E−04 −3.88E−04 −5.97E−04 3.27E−05 0.99993
Dijkhuizen, 2008 2 1:10 2.50E−04 −3.87E−04 −5.95E−04 3.25E−05 0.99993
Dijkhuizen, 2008 1:5 2.50E−04 −3.88E−04 −5.92E−04 3.26E−05 0.99993
Dijkhuizen, 2008 1:1 2.50E−04 −3.94E−04 −5.98E−04 3.27E−05 0.99993
Roghair, 2012 2 1:5 5.00E−04 −1.92E−05 −1.62E−05 2.81E−05 0.99980
Roghair, 2012 2 1:10 2.50E−04 −2.16E−05 −1.86E−05 3.64E−05 0.99970
Roghair, 2012 1:5 2.50E−04 −1.93E−05 −1.61E−05 4.42E−05 0.99961
Roghair, 2012 1:1 2.50E−04 −2.21E−12 −2.72E−12 1.12E−04 0.99888

1 A remeshing ratio equal to unity indicates that a remeshing step is involved in every calculation
step.
2 These cases were also included in the comparison in Table 3.4.

Table 3.5: Errors in the Standard Advection Test for different remeshing algorithms. (V = bubble
volume; s = dimensionless bubble position with respect to the dimensions of the computational
domain; Ψ = sphericity)

3.4.3 Periodic boundary implementation

Periodic boundary conditions are widely applied in modeling studies since they are relatively easy
to impose and have benefits such as the reduction of the box size. Periodic boundary conditions
are applicable to predict large to infinite samples that are known to possess a known periodicity
or are valid to be predicted in such a way. However, the boundary condition has to be taken into
account for the sides and corners of the computational domain in the calculation of continuous
variables, like local velocity and pressure. To test the implementation of the boundary conditions,
three cases, all including a gas bubble of identical size, have been computed and compared. The
initial placement of these bubbles are different for the three cases; the bubbles have been placed in
the center, the face and the corner of a periodic cell, respectively (see Figure 3.6). In the influence
of gravity, the bubbles start rising in the three periodic cases. Between these cases, the relative
error in the rise velocity has been compared, which should be approximately equal for a correct
implementation of the periodic boundary condition.

This test has been performed for a gas bubble in a Newtonian fluid. To include a quick test
of the implementation of the shear rate, the same three cases have been performed for a shear-
thinning and shear-thickening power-law regime as well, since the shear rates are essential in the
calculation of the viscosity of such fluids. The exact settings of the gas bubbles and continuous
fluid have been displayed in Table 3.7.

Figure 3.6: Initial positions of the bubbles; placed in the
center, the face and the corner of a periodic, respectively

Table 3.6: Relative error of the rise
velocity

n configuration εrel
0.5 cell face1 −1.32·10−12

0.5 cell corner1 −6.45·10−13

1 cell face2 −7.11·10−13

1 cell corner2 +1.60·10−12

1.5 cell face3 −1.23·10−10

1.5 cell corner3 −9.71·10−10

1 u
cc,n=0.5
z = 0.0357 m s−1

2 u
cc,n=1
z = 0.00563 m s−1

3 u
cc,n=1.5
z = 0.00291 m s−1
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Table 3.7: Physical properties and numerical
settings for the periodic test case simulations

Property Value Unit
Liquid viscosity K 10−1 Pa sn

Bubble diameter db 0.001 m
Gas fraction α 0.033 -

Table 3.8: Physical properties and numerical set-
tings for the 1D plate flow test case simulations

Property Value Unit
Liquid viscosity K 10−3 Pa sn

Dimensions 500×12×500 mm
Domain cells in y-dir. 100 −
Time step 1.0·10−2 s
Total simulation time 1.0 s
Inlet velocity 0.01 m s−1

Gravity Disabled
Boundary conditions (y) No-slip;

(z) Free slip

The simulation results of the non-centered bubble cases match very well with the centered
bubble case (see Table 3.6). A relative error of the bubble rise velocity have been introduced, as
a function of the velocity in the case of the computational cell-centered bubble (here referred to
as the ’true’ value), as displayed in Equation 3.9.

εrel =
uz − utrue

z

utrue
z

(3.9)

Due to the excellent match (< O(10−10)), it is confirmed that the implementation of the
boundary conditions is valid, proving that this model is a usable tool for the computational
prediction of e.g. bubble swarm behavior.

3.4.4 1D flow between parallel plates

In previous tests, the front-tracking model and some of its implementation have been tested.
However, the addition of the non-Newtonian viscosity model to the model is essential in this piece
of research. A simple case has been chosen to verify the correct implementation of the viscosity
model, representing single phase unidirectional pressure-driven flow between two parallel plates.
The plates are separated by a distance 2a in the y-direction, orthogonal to flow direction x.

Due to the unidirectional property of this problem, the Navier-Stokes equations are simplified
in such a way that a stationary solution can be found for the velocity in x-direction as a function
of the y-direction. Here, y represents the distance from the center of the rectangular system in
the positive or negative direction and is therefore symmetric.

vx = a
n
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(3.10)

Since for the inlet velocity vin a constant and linear profile is assumed, the normalized velocity
profile can be drafted as followed:

vx
vin

=
2n+ 1
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y
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n+1

n

�

(3.11)

In this problem, the limits for the zero and infinite-limiting γ̇ variables have been chosen in
such a way that the region close to the wall and close to the center is reduced to the subgrid
scale (see: truncated power-law model in Paragraph 3.3.2). Hereby, we assume that the power-law
model is applicable to the whole domain, allowing the comparison with an analytical solution for
an entire power-law domain. In Appendix D, an extensive version of the analytical solution have
been displayed.

The simulations have been carried out in a rectangular domain that is much larger in the x and
z direction (50 cm, input and free slip boundary conditions respectively) than in the y direction
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Figure 3.7: Comparison of analytical and simulation results for the
steady-state velocity profiles of a non-Newtonian 1D single phase flow
between parallel plates. Reprinted from Battistella et al. (2017)

Table 3.9: Relative er-
ror of the normalized ve-
locity between the ana-
lytical solution and the
1D single phase non-
Newtonian flow between
plates

n |εrel|
1

0.2 3.6·10−3

0.5 1.3·10−3

0.8 1.1·10−3

1 1.0·10−3

1.2 1.0·10−3

1.5 1.0·10−3

1.8 1.0·10−3

1 Similar to Equation 3.9

between the two slabs (12 mm, no-slip boundary condition). In this way, a semi-infinite case is
mimicked in order to neglect wall influences other than the effect induced by the plates. Other
physical properties and numerical settings have been displayed in Table 3.8. A variety of different
power-law exponents n has been tested, including a Newtonian case. The results of the validation
are shown in Figure 3.7 and Table 3.9.

It should be mentioned that an even number is chosen for the simulations in favor of an
odd number, which would give results of the exact center. Due to the zero shear rate in the
center, a Newtonian region would always be obtained. For the grid cells that were checked, the
analytical solution and numerical results give a good match, meaning that the implementation of
the (truncated) power-law regime is valid for at least these parts of the system.

3.5 Concluding remarks

In this chapter, the Front Tracking model, and its features have been elaborated and an overview
has been made of the work done on this model by van Sint Annaland et al. (2006), Dijkhuizen
et al. (2010b), Roghair et al. (2015, 2016) and coworkers over the last decade.

A qualitative comparison was made between experiments and computational cases for a viscous
liquid to check the bubble shape. The clear accordance between simulations and experimental
results indicated a well-functioning code. To test the velocity integration, a standard advection test
was performed, quantifying the error by moving the interface. Due to the advantages, Roghair’s
remeshing technique is used for all simulation cases.

The implementation of the periodic boundary condition, essential for the calculation of bubble
swarms and interactions, was verified with success. Finally, the implementation of the truncated
power-law model has been verified using a test case comprising a unidirectional single phase
pressure-driven flow between two parallel plates. For a broad range of power-law exponents, the
relative error between the analytical solutions and numerical results were small. This denotes a
correct implementation of the truncated power-law model.
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Chapter 4

Viscosity profiles and shapes
for a single bubble in a quiscent liquid

In the previous chapter, the 3D Front Tracking model and its algorithm have been described, which
is the main numerical tool to investigate the effect of non-Newtonian liquids. In this chapter, the
standard numerical set-up and analysis conditions used for this model will be discussed. First,
the bubble behavior and dependencies will be described. This will be extended by the display of
qualified results, for instance in the form of viscosity profiles.

4.1 Analysis and set-up

Since the objective of this work is to study the influence of the viscosity profile and the change
thereof, it is necessary to take the far field liquid motion into account. Meanwhile, it is also
required to solve the bubble motion into detail. A compromise needs to be made between the
computational effort that is required due to the maximum duration of this research project and
the chosen bubble and domain resolution. In this paragraph, the effect of the domain size and grid
resolution will be manifested and other settings in the numerical set-up explained into detail. At
the end of this paragraph, the influence of the limits of the truncated power-law will be discussed.

4.1.1 Grid and domain resolution

The choices for grid and domain resolution are essential for the results to be proper and realistic.
Indeed, inadequate choices can significantly impact the solution accuracy. The resolutions need
to be selected carefully by considering the choice of the boundaries’ location and size of the
immersed object. The dependency of the bubble rise velocity on the size of the computational
domain (in three dimensions) and on the grid resolution is studied by comparing results for different
resolutions, keeping the bubble and domain dimensions constant while varying only in the grid
and domain resolution. Three cases are introduced, differing in power-law characteristics and thus
in overall viscosity profile. The resolution test cases are described in detail in Appendix E.

The grid and domain resolution for the Newtonian one has been investigated and described
more in literature than the shear-thickening and shear-thinning equivalents. In the investigation
of the ’best’ choice of resolution, Dijkhuizen et al. (2010a) recommended the use of an initial 10
Eulerian grid cells for the bubble resolution in Newtonian viscous cases while choosing a domain
that is ten times larger than the diameter of the bubble. For water-air cases, he opted for a
numerical set-up of 20 Eulerian grid cells for the bubble resolution and a domain that is five times
larger. Domains smaller than 100 Eulerian grid cells were found to be insufficient to obtain proper
results.

In this work, the numerical representation of the gas bubble was found to show enormous
differences in velocity oscillations for changing resolution between 10 and 20 Eulerian grid cells.
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(a) 50 domain grid cells, 10 bubble grid cells (b) 75 domain grid cells, 15 bubble grid cells

(c) 100 domain grid cells, 20 bubble grid cells (d) 150 domain grid cells, 30 bubble grid cells

Figure 4.1: Magnified bubbles and velocity vectors for different resolutions (case E.3)

The amplitude of the velocity oscillations for the wobbling bubble was found to be differing for
the choice of the bubble resolution. In the less resolved bubble, the amplitude of the velocity
oscillations was found to be smaller. Most probably, it’s the interface mesh itself which gets more
resolved (see Figure 4.1).

Similar behavior and differences between the choice of resolution were noticed for the less
viscous shear-thinning case. Since the bubble in the more viscous shear-thickening case is a non-
wobbling spherical bubble, no oscillations are observed in any resolved and less-resolved case. For
the latter, clear differences in terminal rise velocity and corresponding drag are noted, confirming
the importance of the choice of domain resolution for the accuracy of the obtained rising velocity
and drag. Ohta et al. (2012) observed differences in the magnitude of the Reynolds number for
varying bubble resolutions as well, in the aim to find the impact of the mesh refinement between
two cases.

In this work, a numerical box of 120 Eulerian grid cells in three dimensions with an immersed
bubble of 20 grid cells in diameter was selected to have a computational case which can be solved
in ’reasonable’ time, while yielding accurate average results. Still, there’s the need to resolve both
the fluid and bubble more accurately for further research.

4.1.2 Numerical set-up

The numerical simulations that will be described in this part of the research have all been per-
formed with the ”current state” 3D Front Tracking model that was tested to be perfectly valid
in the previous chapter. The domain is a cubic computational box with Eulerian structured grid
configuration of 120×120×120 grid nodes. Initially, a spherical gas bubble is placed in the initial
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Table 4.1: Default physical properties for
the single bubble simulations

Property Value Unit
Gas density ρg 1.25 kg m−3

Gas viscosity µg 1.8·10−5 Pa s
Liquid density ρl 1000 kg m−3

Surface tension
coefficient σ 0.073 Nm−1

Gravitational
acceleration gz 9.81 ms−2

Table 4.2: Default numerical settings for
the single bubble simulations

Property Value Unit
Bubble size 0.5 − 4.0 mm
in grid cells 20 −
relative position 66 %

Domain cells 120×120×120 −
Time step 1 1.0·10−5 s
Total time 0.5 − 1.0 s
Boundary condition Free slip

1 Half this value is opted for small bubble cases

quiescent liquid at a height of 66% of the computational domain, which was chosen to include as
much information as possible from the size of the wake below the bubble. The boundary condition
that is applied to the faces of the computational box is a free slip condition, to preclude wall
effects.

The typical time step is 1.0·10−5 s and is generally performed for a total time of 1.0 s for single
bubble cases with bubbles larger than 1 mm in diameter. For smaller bubbles, half of this time
step is used, to keep the maximum Courant number well below 0.1. In this way, a numerically
stable model is maintained.

Such small bubbles have a large pressure difference per unit area and remain spherical, which is
experimentally confirmed by Grace (1973). These bubbles reach steady-state conditions relatively
quickly due to the non-deforming behavior. For these cases, it has been opted for a maximum
computational time of half a second.

These physical properties and numerical settings are summarized in Table 4.1 and Table 4.2,
respectively, and completed with other settings. The properties of the biphasic system were
chosen in a way to vary on the Newtonian standard air-water system. For this variation, the
liquid viscosity, depending on the power-law conditions, is investigated for different values of n,
ranging between 0.2 and 1.8. The power-law prefactor K is chosen in such a way that for the
Newtonian case (n equal to 1) a reference air-water system is obtained, while other more viscous
variants (a viscosity that is 10 or 100 times higher than the standard system) are included in the
research as well. The bubble rise velocity is generally oscillating in cases like air-water, especially
for larger bubbles. To discard initial start-up behavior, the averaging of means like the terminal
velocity and drag starts from 0.2 s.

4.1.3 Influence of viscosity limits

Case db [mm] K [Pa sn] n Regime
A.1 (a-i) 4.0 10−3 0.2 Wobbling
A.2 (a-i) 4.0 10−1 1.8 Ellipsoid

Table 4.3: Physical properties for the viscosity limit verification cases

The choice of viscosity limits is crucial for many non-Newtonian models, definitely for the
power-law model, since infinite and zero shear could result into unphysical values for the viscosity.
Choosing the viscosity limits too close to each other means that mainly Newtonian regime is
applied while choosing the limits too broad induces a viscosity that is unnaturally high. In the
decision to choose the viscosity limits arbitrarily, a comparison was made for the effect of the lower
(zero) limit and infinite limit in viscosity for two specific cases.
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Table 4.4: Applied viscosity limits for the two cases A.1 and A.2

(a) A.1 cases

γ̇0 γ̇∞ η−
(Pa s)

η+
(Pa s)

(a) 10−5 10−3 2.51·10−1 1.00·101

(b) 10−5 10−1 6.31·10−3 1.00·101

(c) 10−5 101 1.58·10−4 1.00·101

(d) 10−5 105 1.00·10−7 1.00·101

(e) 10−5 1016 1.58·10−16 1.00·101

(f) 10−7 1016 1.58·10−16 3.98·102

(g) 10−3 1016 1.58·10−16 2.51·10−1

(h) 10−1 1016 1.58·10−16 6.31·10−3

(i) 101 1016 1.58·10−16 1.58·10−4

(b) A.2 cases

γ̇0 γ̇∞ η−
(Pa s)

η+
(Pa s)

(a) 10−5 10−3 1.00·10−5 3.98·10−4

(b) 10−5 10−1 1.00·10−5 1.58·10−2

(c) 10−5 101 1.00·10−5 6.31·10−1

(d) 10−5 105 1.00·10−5 1.00·103

(e) 10−5 1016 1.00·10−5 6.31·1011

(f) 10−7 1016 2.51·10−7 6.31·1011

(g) 10−3 1016 3.98·10−4 6.31·1011

(h) 10−1 1016 1.58·10−2 6.31·1011

(i) 101 1016 6.31·10−1 6.31·1011

As shown in Appendix A, the viscosity limits have a large influence on the viscosity profiles, as
well as the bubble shape and rising behavior. In Figures A.1 and A.2 in this appendix, a number
of snapshots have been displayed for different viscosity limits. The viscosity ranges from lower
viscosity limit η− to higher viscosity limit η+, in the color scale from blue to red respectively. A full
blue or red viscosity profiles indicates that either the lower or higher viscosity limit is reached and
that the Newtonian regime applies for the fluid in the corresponding grid cell in the computational
box, in the last time frame. The main purpose of the research is to find and check the influence
of the non-Newtonian viscosity regime on the bubble behavior as far as possible. This is why the
viscosity limits should be chosen wisely.

For eighteen cases, an analysis over the full domain has been done to find reached viscosity
limits for 120 time frames, including the first 10 time frames. For both A.1 and A.2, cases (d− g)
were completely or almost completely (>99.9% of all grid cells) in non-Newtonian viscosity regimes.
On basis of a quantitative check for blue or red colors in Figures A.1 and A.2, roughly the same
selection can be made for the two cases. These cases will be analyzed further.

The gas and liquid characteristic in the two cases have been chosen in a way that the bubbles
differ from the initial spherical shape, developing into a wobbling or ellipsoid bubble. The ellipsoid
bubble in case A.2 is known to rise steadily, while the wobbling bubble in case A.1 generally shows
large oscillations in the bubble rise velocity.

In Table 4.4, the averaged bubble characteristics, including drag, rise velocity and aspect ratio
(E = dz/

�

dxdy) are displayed. For the ellipsoid bubble, cases A.2(d − g) show similar results.
This is in contrast to cases A.1(d− g), where differences as large as 3% for the drag can be found.
A snapshot of the viscosity profiles for these cases are displayed in Figure 4.2.

Cases A.1(d) and (e) show identical results, despite the difference in the choice for γ̇∞ (and

(a) A.1(d)
γ̇0 = 10−5

γ̇∞ = 101

(b) A.1(e)
γ̇0 = 10−5

γ̇∞ = 105

(c) A.1(f)
γ̇0 = 10−5

γ̇∞ = 1016

(d) A.1(g)
γ̇0 = 10−7

γ̇∞ = 1016

(e) A.2(e)
γ̇0 = 10−5

γ̇∞ = 1016

Figure 4.2: Snapshots of the viscosity profiles for cases A.1 and A.2. The colors range from
lower viscosity limit η− (blue) to higher viscosity limit η+ (red), in a logarithmic scale.
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Table 4.5: Average bubble characteristics for a selection of the two cases A.1 and A.2

(a) A.1 cases

Re∗ ūz CD E
(d) 3.15·104 2.70·10−1 7.21·10−1 0.478
(e) 3.15·104 2.70·10−1 7.21·10−1 0.478
(f) 3.20·104 2.73·10−1 7.06·10−1 0.492
(g) 3.12·104 2.69·10−1 7.27·10−1 0.511

(b) A.2 cases

Re∗ ūz CD E
(d) 3.42·104 1.80·10−1 1.63 0.798
(e) 3.42·104 1.80·10−1 1.63 0.798
(f) 3.42·104 1.80·10−1 1.63 0.798
(g) 3.42·104 1.80·10−1 1.63 0.798

consequently η−). This is explained by the fact that on the first time step after initialization,
the velocity gradient of the bubble in the quiescent liquid is very low. Consequently, the upper
Newtonian limit is reached due to the exceeding of the zero shear rate for this shear-thickening
case. Apart from the first time step, no further exceeding of the limits were found during analysis
in any of the checked time frames for this case in (d − f), while tens of exceeded grid cells were
found repeatedly for case g. Therefore, either (d), (e) or (f) is expected to work for use as viscosity
limits in the numerical cases.

This viscosity limit differs between cases (e − g), resulting in slightly different behavior. The
oscillating behavior is displayed in Figure 4.3. In this figure, a magnification is made for the last
0.2 s, showing that both the oscillating frequency and amplitude between the cases are slightly
different. In the longer term, due to the choice of gas and liquid characteristics, the averages
values for these cases should converge to an equal number, into dynamic steady state conditions.
Due to the duration of the total research, this hypothesis is not yet confirmed.

The relative difference in the averaged velocity is 1.1%, and 2.1% for the drag coefficient, which
is in acceptable order of magnitude. Extreme power-law exponents (n = 0.2; n = 1.8) were chosen
for this test, to be sure that even for those viscosity alterations, the limits would not induce a
Newtonian regime that would influence the bubble rise characteristics. In the numerical results
that are obtained and reported in this thesis, the shear rate limits have been chosen to be equal
to: γ̇0 = 10−5 and γ̇∞ = 1016.

Figure 4.3: Bubble rise velocity over time, for three A.1 cases (e − g). A magnification for the
last 0.2 s is given on the right
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4.2 Bubble shape

4.2.1 Generalized Reynolds number

The ’classic’ (Newtonian) number is difficult to calculate for non-Newtonian cases since there is
no constant value for the viscosity over the complete domain. This problem could by tackled
by choosing a local velocity, close to the bubble, or for instance a bulk-averaged viscosity. Both
solutions are of arbitrary nature; with questions arising what distance to the bubble should be
taken for calculation of the local velocity, or what domain size is chosen to average the bulk
viscosity.

Instead, a description for a generalized local viscosity η∗, being a function of the bubble and
liquid characteristics, is introduced for power-law fluids. This expression for the effective viscosity
was deduced by Metzner and Reed (1955). Consequently, the generalized Reynolds number can
be drafted by applying the generalized viscosity expression.

η∗ = K

�

u

db

�n−1

(4.1)

Re∗ =
ρu2−ndnb

K
(4.2)

Similarly, the effective viscosity can be applied to obtain a generalized version of the Morton
number (M∗). The application for the use of this expression for the generalized Reynolds number
in research to the rise bubbles in quiescent non-Newtonian fluids was experimentally validated by
Miyahara and Yamanaka (1993). Their experimental results obtained from the rise of a single
bubble in various aqueous CMC solutions was compared to the Hadamard-Rybczynski equation
in low-Reynolds laminar regimes (0.01 ≤ Re∗ ≤ 5).

4.2.2 Grace’s diagram

Grace and coworkers (Grace, 1973; Grace et al., 1976) and Bhaga and Weber (1981), categorized
single bubble rising in Newtonian liquids regimes by motion and shape. Likewise, they showed that
the Reynolds (Re), Eötvös (Eo) and Morton (M) number are key factors in the description of the
motion of a rising bubble. In the former literary work, the classification was supported by a bubble
shape diagram. This diagram, generally referred to as Grace’s diagram, is a line plot with multiple
lines for constant Morton numbers, showing the relationship between the Reynolds numbers on
the vertical axis and Eötvös numbers on the horizontal axis with respect to the Morton number.
Simultaneously, the bubble shape category can be picked from the value for the dimensionless
numbers.

This diagram works for Newtonian cases, but the use of this diagram for non-Newtonian is
not validated in literature. The previously introduced generalized Reynolds number corrects for
a local viscosity in the case of power-law fluids, for the purpose of extending the application of
Grace’s diagram. In Figure 4.4, the adapted version of this diagram is displayed. The generalized
Reynolds number (Re∗) is calculated from the (power-law) fluid and bubble characteristics for
multiple cases, followed by a graphical placement of snapshots of the numerically obtained bubble
shapes on the diagram.

Despite the correction of the diagram, the original classification regimes and the placed bubble
shapes are in good accordance, as can be seen from the display of the numerical bubble shapes.
Furthermore, the computed and graphically obtained Morton numbers (from the computed Eo
and Re∗ numbers) show minor differences when read from the diagram. Altogether, it can be
concluded that the local viscosity application gathers results that are in the right order for power-
law fluids.

Previously, it was unclear what the effect of non-Newtonian fluids on the shapes of bubbles
was, as was illustratively described by Kishore et al. (2007) in the following words: ”(...) No
analogous information is available for the shape of droplets in power-law continuous phase”.
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Figure 4.4: Power-law adapted version of Grace’s diagram. A selection of power-law cases
(0.5 − 4 mm) are represented for the correct generalized dimensionless numbers by the bordered
bubble shapes.
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Summarizing, the generalized version of Grace’s diagram as displayed in Figure 4.4 can be
seen as a wanted and useful tool in this field of research, for projects involving power-law fluids.
For other fluid descriptions, like Carreau’s model, it may be useful to constitute a generalized
viscosity, Reynolds or Morton number and test for the applicability in Grace’s diagram.

4.3 Viscosity profiles

In the analysis of the rise of gas bubbles in Newtonian fluids, viscosity profiles are not relevant as
the viscosity is constant. This changes for non-Newtonian fluids; viscosity profiles arise, depending
on the liquid behavior, bubble shape, and bubble oscillating behavior. Among these three, the
liquid behavior most probably has the largest impact. The viscosity around the bubble decreases
for shear-thinning fluids, meaning that the bubble can rise quicker. This effect increases with
decreasing power-law exponent n, while the opposite is true for shear-thickening fluids.

This is tough to illustrate by experimental techniques, giving CFD a clear advantage since it
can be used to obtain useful information. For several different bubble and fluid characteristics, the
impact of the power-law exponent n is compared in Appendix B, where qualitative snapshots of
viscosity profiles are displayed and corresponding (generalized) Reynolds numbers are mentioned.

Figure 4.5 shows a graphical comparison for three shear-thinning (b − d) and three shear-
thickening (f − h) fluid cases, separately, for case B.2 and a full range of n from 0.2 to 1.8. In
these profiles, the viscosity distribution is made dimensionless by defining a ratio between the local
viscosity and the Newtonian viscosity (η/ηNewt). The limits are chosen in such a way that the
visualization focuses on the viscosity change around the bubble since the viscosity near the bubble
surface is hypothesized as more interesting than the far-field viscosity. In summary, this far-field
viscosity is exceeding the limits in which the visualization takes place in these cases; 0.04-1.00
(a− d) and 1.00-3.00 (e− g).

(a) n = 1 (b) n = 0.8 (c) n = 0.5 (d) n = 0.2

(e) n = 1 (f) n = 1.2 (g) n = 1.5 (h) n = 1.8

Figure 4.5: Dimensionless viscosity profiles (η/ηNewt) for spherical case B.2. For comparison
purposes, the limits are chosen in a way to capture the viscosity changes around the bubble in
detail; the far-field viscosity is generally exceeding the chosen limits. The limits read (on a linear
scale, blue to red): (a− d) 0.04-1.00; (e− g) 1.00-3.00
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(a) B.2: n = 0.5, Re∗ = 6.87 · 10−2 (b) B.2: n = 1, Re = 8.87 · 10−3 (c) B.2: n = 1.5, Re∗ = 4.01 · 10−3

(d) B.5: n = 0.5, Re∗ = 32.8 (e) B.6: n = 0.5, Re∗ = 9.08 · 103 (f) B.6: n = 1.5, Re∗ = 126

(g) Viscosity counterpart of (d) (h) Viscosity counterpart of (e) (i) Viscosity counterpart of (f)

Figure 4.6: Velocity and viscosity profiles for (a− c) spherical and (d− i) non-spherical bubble
cases. The viscosity counterparts of (d−f) are displayed in (g− i), to visualize the resemblence of
the velocity and viscosity profiles. The colors range from low viscosity (blue) to higher viscosity
(red), on a linear scale

Due to a combination of the spherical shape and bubble and liquid characteristics, the flow
around the bubble can be compared one-on-one. For the cases that are displayed in Figure 4.5, the
viscosity around the bubble is constant for the Newtonian cases (a, e). Those cases are identical
but displayed on a different viscosity scale for comparative purposes.

In the case of the non-Newtonian cases, the viscosity around the bubble varies in correspond-
ence with the bubble shape and property of the fluid, with the degree of decrease (a − d) or
increase (e− h) being the biggest near the bubble due to the high shear rates. This degree gradu-
ally changes for cases (a−d) and (e−h) due to the increasing effect of the respective shear-thinning
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and shear-thickening fluids. The terminal rise velocity of the bubble increases in a lower viscous
environment.

This effect can also be seen in Figure 4.6(a− c), which are the corresponding velocity (vector)
profiles for Figure 4.5(c, a/e and g), respectively. The vectors in these three plots are scaled
similarly; thus it can be seen that the velocity magnitude in and around the bubble is greater
for the shear-thinning case, compared to the Newtonian and shear-thickening case. However, the
velocity profile is similar in shape and distribution between the steady-state spherical cases.

In the three velocity profiles in Figure 4.6(d − f), the velocity profiles around three non-
spherical bubbles are shown. In these profiles, large variances are observed, in symmetry and
shape and size of the wake. The velocity field provides useful information to understand the local
viscosity of the non-Newtonian cases. For the spherical bubble cases, this was seen by comparing
to the dimensionless viscosity profiles in Figure 4.5. For the non-spherical cases, the corresponding
viscosity profiles have been displayed in Figure 4.6(g − i), where blue denotes a low viscous fluid
and red denotes a relatively high viscous fluid. These viscosity profiles correspond with the velocity
profiles in (d − f). The velocity and viscosity profiles show a clear resemblance, as the viscosity
shows higher values in regions of higher/lower velocities (and shear rates), depending on the
power-law characteristics.

This applies to bubble case (e), distinguished by an asymmetric velocity profile, as well. The
bubble is known to show oscillating or ’wobbling’ bubble rising behavior in dynamic steady state
conditions, showing unsteady shape and wake. Obviously, this cannot be displayed with one
snapshot image. In the same time frame, however, a clear resemblance between the shaping of the
velocity and viscosity profiles can be seen.

Since the velocity and viscosity profiles are incorporated, a higher viscosity results in higher
velocity in the case of shear-thinning fluids. Consequently, for these fluids, the velocity increases
for increasing near-bubble viscosity, increasing the viscosity and vice versa. The limitation in the
viscosity and velocity is due to the far-field viscosity. A similar but opposite effect is observed for
shear-thickening fluids.

4.4 Concluding remarks

For the set-up of the numerical grid and domain, it has been opted for 20 Eulerian grid cells in
diameter representing the bubble. To resolve multiple full simulation cases in a ’reasonable’ time
span, the domain has been resolved with 120 grid cells for a total simulated time of between 0.5 to
a full second, with time steps of 10−5 seconds, or half of this value for small bubbles. The limits
of the truncated power-law model have been chosen, on the basis of a test of influence, to be equal
to γ̇0 = 10−5 and γ̇∞ = 1016.

With the established settings, several cases were qualitatively compared with a generalized
version of Grace’s diagram (Figure 4.4). This diagram was found to predict well the bubble shapes
for bubbles in power-law fluids for obtained values for the Eötvös (Eo), generalized Reynolds (Re∗)
and generalized Morton (M∗) numbers.

Furthermore, the effect of the power-law characteristics on the viscosity profile around the
bubble has been compared for increasing shear-thickening or shear-thinning characteristics. An
increase in the viscosity has a negative effect on the terminal bubble rise velocity. This was seen in
the magnitude of the local velocity vectors in the velocity plots as well. Remarkable enough, a clear
resemblance in shape and distribution between the velocity and viscosity profiles was observed,
as the viscosity shows higher values in regions of higher or lower velocities (and shear rates),
depending on the power-law characteristics. The relation is particular since the two parameters
are known to influence each other.
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Chapter 5

Drag force and terminal velocity
for a single bubble in a quiscent liquid

This chapter describes the drag force, one of the most important forces in gas-liquid two-phase
flows for the prediction of the bubble rise velocity, also denoted as the terminal velocity. Apart
from rising, larger bubbles are known to deform to various dynamic shapes. This was described
extensively in literature, including the prediction of the drag force for spherical and non-spherical
bubbles rising, through Newtonian liquids. In this chapter, an approach is made to describe the
drag force for bubbles through non-Newtonian liquids.

5.1 Bubble rising behavior and drag coefficient

Bubbles rising in a liquid are influenced by multiple forces determining their rise velocity. These
forces include the wall force (FW ), added mass (FA), buoyancy (FB), lift (FL) and drag force
(FD). The effect on the bubble rise velocity is undoubtedly largest for the drag and buoyant forces.
Buoyancy is known as an upward force applied by a fluid that opposes the weight of an immersed
object, such as a bubble or particle. On the other hand, the drag force is a frictional force that
acts in the opposite direction of the motion of an immersed object. The applied directions of these
forces are thus opposed.

When the macroscopic force balance on a single bubble is drafted (Equation 5.1), at steady
state conditions, the drag force exactly balances the buoyant force due to Archimedes’ principle
(Equation 5.2).

m
du

dt
= FA + FB + FD + FL + FW (5.1)

CD,∞ =
4

3

db(ρl − ρg)|g|

ρl�u∞�2
(5.2)

The time-averaged buoyancy force is a combination of the gravity and the hydrostatic pressure.
The latter one is consisting of two components for the liquid and gas phase, in opposite direction.
Since the aim is to calculate the rise of a bubble in an infinite and continuous liquid, the gas
hold-up α is chosen to be negligible. Furthermore, for such a liquid, the far-field liquid velocity
will be zero, resulting in a direct correlation between the time-averaged bubble rise velocity and
drag coefficient (Equation 5.2).

In larger-scale models, for example in an Euler-Lagrange simulation, the drag force that is
acting on the bubble surface is generally implemented with a closure for the drag coefficient. The
main objective of this research is to derive such a drag correlation as a function of the bubble and
liquid characteristics, including the power-law parameters n and K.

Modeling of bubbles rising in non-Newtonian fluids 33



CHAPTER 5. DRAG FORCE AND TERMINAL VELOCITY

5.1.1 Drag closure relations

In the previous chapter, it was mentioned that Reynolds (Re), Eötvös (Eo) and Morton (M)
number are important variables in the description of the motion of a rising bubble (Grace, 1973;
Grace et al., 1976; Bhaga and Weber, 1981). More than a century earlier, Stokes (1851) analyzed
the dependency of the Reynolds number on the drag, constituting the first drag closure which is
valid for rigid spheres at low Reynolds numbers (Re � 1; Equation 5.4).

CD =
24

Re
(5.3)

CD =
24

Re

�

1 + 0.15Re0.687
�

(5.4)

Multiple corrections have been made to this particularly simple relation, extending for a larger
range of Reynolds numbers, such as a popular correction factor described by Dijkhuizen et al.
(2010a) (Equation 5.4) and Oseen’s drag (Clift et al., 1978). Since it is challenging to draft
a correlation that is applicable in a broad range of fluids and characteristics, there is still no
comprehensive agreement for the ’correct’ or ’best’ description of the drag on a sphere, bubble
or droplet, in non-Newtonian fluids (Darby and Chhabra, 2017). Thus, a selection of the most
general descriptions will be mentioned in the remaining part of this paragraph.

A similar analytical method to Stokes’ was used by Hadamard (1911) and Rybczyński (1911)
in order to obtain a drag closure for pure (non-contaminated) liquids (Re � 1; Equation 5.5).
In the limit of high Reynolds numbers (Re � 1), Levich (1949) formulated a drag closures as
well. This closure was later corrected by Moore (1963) by assuming that bubbles deform to
oblate ellipsoids, providing a closer agreements with experiments (Re ≥ 50; Equation 5.6). Using
the former two equations and their outer limits, Mei et al. (1994) presented an empirical drag
correlation. (Equation 5.7)

CD =
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(5.5)
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CD =
16

Re
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2

1 + 16
Re + 3.315

Re0.5

�

(5.7)

The aforementioned drag relations are all based on (near-)spherical bubbles. In previous parts
of this work, different bubble shapes have been seen with some oscillating behavior in the rise ve-
locity. This is why Tomiyama (1998) proposed a correlation valid for both spherical and deformed
bubbles for Reynolds and Eötvös-dependent regimes, respectively. This theory includes closure
relations for pure (Equation 5.8), slightly contaminated (Equation 5.9) and contaminated liquids
(Equation 5.10), based on Stokes’ relation and Hadamard-Rybcszynski’s theory. Tomiyama valid-
ated the correlation by measuring the terminal velocity of bubbles in a stagnant, continuous liquid
in a large range of Eötvös and Morton numbers (10−2 < Eo < 103; 10−14 < M < 107).

Partly due to the wide range of limits and relative ease, this correlation developed into one
of the most widely used correlations in the prediction of industrial applications including CFD
studies (Dijkhuizen et al., 2010a).
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Dijkhuizen et al. (2010a) pointed out a large difference between the expected drag results by
Tomiyama’s pure theory and the data obtained by the Front-Tracking model. The origin of the
difference was found to be in the Eötvös-dependent part, hence Dijkhuizen et al. proposed an
alternative closure, which is expressed in Equation 5.11. With a newly introduced correlation,
experiments done in ultrapure water by Duineveld (1994) and Veldhuis (2007) were predicted
correctly.

CD(Eo) =
4Eo

Eo+ 9.5
(5.11)

Dijkhuizen et al. (2010a) combined the Reynolds and Eötvös dependent parts not in a condi-
tional way like Tomiyama’s theory but proposed a smooth transition between the parts as shown
in Equation 5.12. The Reynolds-dependent drag correlation as proposed by Mei et al. (1994)
(Equation 5.7) combined with Dijkhuizen’s proposed Eötvös dependent relation was found to give
excellent accordance with numerical results for the rise of single bubbles in Newtonian infinite
liquids.

CD =
�

CD(Re)2 + CD(Eo)2 (5.12)

In this work, Dijkhuizen’s drag correlation has been adopted and is tested for agreement with
the numerical results yielded in this research. With the aim of finding a sensible solution, the gen-
eralized Reynolds number is used to substitute the ’Newtonian’ Reynolds number in Dijkhuizen’s
drag correlations.

5.2 Power-law’s parameter effects

In the Appendix B.1, more details can be found on the settings and snapshots of the (dynamic)
steady-state results for the cases that are analyzed in this paragraph. Since the non-Newtonian
viscosity is only affecting the Reynolds-dependent part of the drag CD(Re) via the generalized
Reynolds number. The Eötvös dependent part CD(Eo) is assumed to be unrelated to this number
or to the (non-Newtonian) viscosity. At high Eötvös numbers, for example for large bubble
diameters, the Reynolds-dependent part of the drag CD(Re) becomes negligible compared to the
Eötvös dependent part CD(Eo). This could mean that for high Eötvös numbers, the effect of the
non-Newtonian fluids might be negligible too. In this paragraph, this hypothesis is investigated
and discussed.

5.2.1 Varying power-law parameters

Case db [mm] K [Pa sn] n
B.1 0.5 10−3 1−1.5
B.2 0.5 10−1 0.2−1.8
B.3 1.0 10−2 0.8−1.2
B.4 2.0 10−2 0.8−1.2
B.5 2.0 10−1 0.2−1.8
B.6 4.0 10−3 0.5−1.5
B.7 4.0 10−2 0.8−1.2
B.8 4.0 10−1 0.2−1.8

Table 5.1: Physical properties used for these cases

An effect of the change in the Re gives a considerable deviation in the drag coefficient. The
single bubble cases in the chosen range of bubble sizes (0.5 − 4 mm) and power-law liquid char-
acteristics (K = 10−3 − 10−1, n = 0.2 − 1.8), fall into Grace’s categories of spherical, ellipsoid
and wobbling bubbles. For almost all of these cases, Dijkhuizen’s total drag correlation, properly
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Figure 5.1: The coordenance between drag obtained from numerical simulations (markers) and
calculated by Dijkhuizen’s correlation (dashed line), for constant values for K, while varying in n
and Re∗

predicts within a 20% deviation. The largest deviation are obtained for the Reynolds-dependent
0.5 mm-sized bubble B.2 case. The comparison between the prediction and results obtained from
simulations are displayed in Figure 5.1. The relative error for these eight cases have been displayed
in Figure 5.2.

By changing any of the power-law parameters K and n, the flow characteristics of the continu-
ous phase changes evidently. In the previous chapter, it was already stated and confirmed that
the viscosity contributes to the rising velocity of bubbles. To quantify the bubble rise velocity in
a general and dimensionless way, it has been opted to use the generalized Reynolds number.

5.2.2 Constant Re*, varying power-law parameters

From previous paragraphs, it can be concluded that applying the generalized Reynolds number
gives reasonably accurate results when calculating the drag coefficient. Previously in this para-
graph, the influence of the power-law exponent n was checked, but this influences the fluid in such
a way that different Reynolds number is obtained and thus other behavior occurs. The question
arises: is this true or is there an influence of the non-Newtonian fluid on the drag which is not
covered by the generalized Reynolds number?

To test this, the generalized Reynolds number is picked approximately constant for varying K
and n. Since Dijkhuizen’s correlation is depending on Re and Eo and indirectly on the power-law
parameters, a constant drag coefficient is predicted for this variation. Two cases with different
sizes are introduced, with details shown in Table 5.2. Due to the size difference, the influence of
the Reynolds part of the drag is different for the two cases. For varying n and K within these
cases, a similar bubble shape (Grace diagram) and viscosity profile are expected. This can visually
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Figure 5.2: Relative error for the numerical results for the drag, compared to Dijkhuizen’s drag
correlation

be perceived by Figure 5.3 and Figure 5.4. The bubble shapes are mostly similar, but enormous
differences are seen for the local viscosity for varying power-law characteristics.

If one value for the drag would be obtained, the conclusion can be drafted that Dijkhuizen’s drag
correlation is closing for power-law fluids, implying that the apparent viscosity (and consequently
the generalized Reynolds number) in the system is the only determinant of the drag, regardless of
the type of fluid (even with opposite behaviors).

(a) n = 0.5; K = 0.0790 (b) n = 0.8; K = 0.0221 (c) n = 1.2; K = 0.00411 (d) n = 1.5; K = 0.00117

(e) n = 0.729; K = 0.03 (f) n = 0.823; K = 0.02 (g) n = 1.154; K = 0.005 (h) n = 1.373; K = 0.003

Figure 5.3: Viscosity profiles for the 4 mm-sized case C.1, varying in n and K, while keeping
Re∗ constant (Re∗ ≈ 109.6)
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(a) n = 0.5; K = 0.169 (b) n = 0.8; K = 0.127 (c) n = 1.2; K = 0.080 (d) n = 1.5; K = 0.055

(e) n = 0.750; K = 0.130 (f) n = 0.865; K = 0.115 (g) n = 1.436; K = 0.060

Figure 5.4: Viscosity profiles for the 0.5 mm-sized case C.2, varying in n and K, while keeping
Re∗ constant (Re∗ ≈ 8.9 · 10−3)

Case db [mm] Re∗

C.1 4.0 109.6± 6%
C.2 0.5 8.9 · 10−3 ± 8%

Table 5.2: Physical properties used for these cases

The computed and obtained drag coefficients for cases C.1 and C.2 are compared in Figure 5.5.
The blue dotted line in Figure 5.5(a) indicates the prediction for the Eötvös dependent part of
the drag. In (c) and (d), the simulation results for the bubble rise velocities are shown for varying
Reynolds. The velocity does not show a trend but is rather scattered, thus confirming the validity
of this test.

A great difference is seen between the values for the drag that were obtained from the simu-
lations directly and were calculated with the correlation. It’s surprising that in average the drag
coerrelation performs well but a clear trend is seen that must be explained, with absolute relative
errors that reach up to 30%, as is found in (e) and (f). Also, the Newtonian cases are not perfectly
predicted by the correlation.

The fact that both figures in Figure 5.5 show a linear trend in the error, but of opposite slope,
can be denoted as remarkable. In the figure corresponding to case C.2, the drag is underpredicted
for almost all cases, including the Newtonian one.

For case C.1, the Eötvös-dependent part was considered as dominant. Interestingly, a trend is
observed for this case as well. The Eötvös number is the dominant parameter that is influencing
the drag in this part at least for Newtonian cases. This number does not include viscosity effects
and is constant for cases with identical bubble size.

For the Eötvös-depending case C.1, the error of the predicted drag is getting larger for a
decreasing power-law exponent, meaning that the drag is generally more underpredicted for more
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Figure 5.5: The comparison between the drag obtained from numerical simulations (triangles)
and calculated by Dijkhuizen’s correlation (circles, connected by a solid line), for constant values
for Re∗, while varying in n and K.

extreme shear-thickening fluids. This could be explained by the fact that the viscosity that applies
on the bubble is different from the generalized viscosity. The difference between these viscosities
is confirmed by Figure 5.6. In this figure, the blue dots indicate the averaging of the viscosity that
is projected on the Lagrangian markers, which displayed a lower viscosity for shear-thinning cases
and higher viscosity for shear-thickening cases compared to the Newtonian case. The other two
markers indicate the averaged viscosity in a spherical-shaped domain around the bubble center,
with a diameter being respectively 2 or 3 times larger than the initial bubble diameter.

In Figure 5.6 it can be seen that the general average viscosity decreases over an increasing
domain since more and more of the domain that is reaching the bulk viscosity is taking into
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Figure 5.6: Dimensionless viscosity for the cases with constant Re∗, averaged for different control
volumes represented by each marker. (◦: viscosity projected on the bubble surface, +: a spherical
domain of two times the diameter of the initial bubble diameter, �: a spherical domain of three
times the diameter of the initial bubble diameter)

account while averaging. Hypothetically speaking, the results for the drag could be due to the
influence of viscosity that is larger than predicted by the generalized viscosity. Therefore, the
shear-thinning cases would feel higher viscosity than predicted by the generalized viscosity while
the opposite is true for the shear-thickening cases. However, it cannot be excluded that there
is another cause, that is yet undescribed. To tackle this, more research on different power-law
conditions for varying bubble diameter is beneficial, preferably for one value of the generalized
Reynolds number.

5.3 Concluding remarks

In literature, Dijkhuizen’s correlation was reported to show good agreement with experimental
data in Newtonian fluids over the entire Reynolds range. This drag correlation is characterized by
a dependence on the Reynolds and Eötvös number. In this work, the Reynolds-dependent part
is extended for power-law fluids by the substitution of the ‘Newtonian’ Reynolds number by the
power-law-applied generalized number.

This adapted version for the correlation was tested for bubbles of small (0.5 mm) and medium
(4 mm) sizes and was found to properly predict within a deviation of 20% for generalized Reynolds
numbers ranging from O(10−3) up to O(104).

To test if the effect of the non-Newtonian is completely inclusive in the adapted correlation and
the generalized Reynolds number, the generalized Reynolds number is picked to be approximately
constant for varying K and n for two systems differing in liquid and bubble characteristics. In
these tests, a clear trend is seen between the values for the drag that were obtained from the
simulations directly and were calculated with the correlation.

Since it can be quite challenging to find a general expression that is widely applicable and
has physical meaning, more research has to be done on different power-law conditions for varying
bubble diameter, for one value of the generalized Reynolds number.
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Chapter 6

Bubble swarm effects
in systems with high bubble density

In previous chapters, the effect of local non-Newtonian viscosity on single bubbles has been invest-
igated. In large industrial-scale bubble columns, a large amount of individual bubbles are present.
Not every individual bubble can be resolved, nor can the effect of the interactions between bubbles
be neglected. In this chapter, a short orientation is performed to identify trends in the drag for
bubble swarms in non-Newtonian media with varying characteristics.

6.1 Introduction

Although the investigation to single bubbles rising is essential, practical applications including
industrial-scale bubble columns consist of a large number bubbles. The problem is that it is
computationally impossible to resolve every individual bubble and its interactions in full detail.
Therefore, general predictions for a large quantity of bubbles should be obtained to improve the
accuracy of large-scale modeling. Since a drag was given for the rise of single bubbles in quiescent
liquids, this can function as a starting point for a drag correlation or correction for bubble swarms.
Such corrections are obtained from numerical or experimental data, which in the case of the latter
makes it difficult to distinguish between global and local distributions and dependencies. In
realistic applications, the profile for the liquid velocity is mainly determined by a general flow.

(a) In shear-thinning conditions (b) In shear-thickening conditions

Figure 6.1: Bubble swarms in power-law fluids. The colors range from low viscosity (blue) to
higher viscosity (red), on a linear scale; the vectors indicate the local fluid velocity.
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Analogously to the derivation of the drag coefficient in Equation 5.1 and 5.2, the drag in bubble
swarms can be written. In this case, the local gas hold-up is not negligible meaning that the drag
for bubble swarms should be described as in Equation 6.1. Therefore, this drag coefficient can be
expressed as a function of the single bubble drag coefficient times a correction factor to include
swarm effects.

CD

(1− α)
=

4

3

db(ρl − ρg)|g|

ρl�u− ul�2
(6.1)

This derivation forms an important first step for the constitution of a drag correction for
swarms. Correlation have been suggested by a number of authors, including Simonnet et al.
(2007) with an experimentally-based correlation and Roghair et al. (2011) with a numerically-
based correlation in Eötvös-dependent regime (Equation 6.2).
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This correlation was validated for 1 < Eo < 5, limiting the applicability only to larger bubbles,
between 2.7 and 6.1 mm for the current settings. In the form of this correlation, the suggestion
was made that the viscosity and thus power-law characteristics are of minor influence in Eötvös-
dependent regimes. One sub-objective of this research is to verify if the non-Newtonian viscosity
profiles play a role in cases with (relatively) high Eötvös numbers.

6.2 Simulation settings and analysis

The simulation settings that are used for the simulation of dense bubble swarms are identical
to the settings discussed in Paragraph 4.1. The main differences include the number of bubbles
and domain sizing. The domain is exactly cubic in shape, and its sizing dependent on the aimed
gas fraction, taking into account a bubble diameter of 20 grid cells. In these domains, a total
of 16 bubbles is resolved in this case. A system consisting of 12 bubbles was appointed as a
good estimate for the mean drift velocity by Bunner and Tryggvason (2002). This number was
validated in the work done by Roghair et al. (2011), where a remark was made on the initial
placement of the bubbles. By initializing the 16 bubbles into two planes of 3×3 with the central
bubble missing, bubbles in Newtonian media are shifting upwards in a shape close to the initial
structure. Therefore, the initial placement of the bubbles is randomized over a periodic domain.

Physical property Roghair et al. (2011) This work Unit
db 3.0−6.0 4.0 mm
µl (Newtonian) (1.0−2.0)·10−3 (1.0−2.0)·10−3 Pa s
ρl 750−1250 1000 kg m−3

σ 0.073−0.171 0.073 N m−1

− log(M∗) 10.6 3.8−10.6 −
Eo 1.21−4.83 2.15 −
number of bubbles 16−32 16 −

Table 6.1: Physical properties and settings used for these cases

Although a steady-state condition is not commonly achieved in this case, the typical simulation
time is general 1.0 s, with a time stepping of 10−5 s. Again, half of this value is used for small
bubbles. Time-averaging excludes 0.2 s of start-up behavior, just like in the single bubble cases.
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6.3 Correlation performance and comparison

Simulations have been performed to test the influence of the gas hold-up and other physical para-
meters on the drag of bubbles rising in a swarm. The newly introduced correlation by Roghair et al.
(2011) is checked for the identical air-water 4 mm case. Furthermore, the power-law parameter n
and bubble diameter have been varied.

6.3.1 Varying Newtonian viscosity

Roghair et al. (2011) formulated the correlation, based on the results retrieved with a specific set
of physical properties (see Table 6.1). These physical properties include air-water cases or slight
adaptions to the these. The settings for all tested cases are displayed in Table 6.1.

To ascertain the accuracy of the correlation, the air-water 4 mm-sized bubble case has been
resolved for four different gas hold-up values and eight different initial positions in total. Roghair’s
swarm correlation was yielded by a least squares fit of the obtained results for these selected results.
In the remaining part of this paragraph, the correction will be referred to as followed:
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CD,∞(1− α)
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�

α (6.3)

with b being a newly introduced parameter, defining the slope of the correction function. In
Figure 6.2, b = 18 was found to have excellent coverage for the air-water case. For visualization
purposes, other collective cases have been fitted and the corresponding b showed in the legend. In
any case, the aim of this research is not to find new fitting parameters for specific cases.

Roghair’s swarm correction suggests that the relative velocity of the bubble is mainly as-
signed to the Eo number. The other line in Figure 6.2, corresponds to a 10 times more viscous
Newtonian fluid than water. Roghair et al. previously reported that a more viscous counter-
part of the air-water case was found to agree with the correlation for a low gas hold-up. Since
the viscosity changes, the dependency changes slightly with the more viscous case being more
Reynolds-dependent. The swarm correction for the viscous case follows a similarly linear trend,
but in overall with an increased slope. The corresponding fitted value for b was found to be
higher, with a very good indication of proportion for the 8 simulation cases. This means that the
dominance in the Eötvös number is not so exclusive when the Reynolds number decreases.

6.3.2 Varying power-law parameters

Similar to Paragraph 5.2 the power-law exponent is varied over constant prefactors K. Note that
the generalized Reynolds number will change over the varying choice of n, decreasing the relative
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Figure 6.2: A comparison between the correlation and simulations for different viscosity K (or:
µ) for Newtonian 4 mm-sized bubble case
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dependency of Eo. Since the trend is yet unknown to be valid for these cases, it is extremely
challenging to predict the Re∗ beforehand to exclude the effects of the changing dependency.

The behavior in the previous subparagraph forms an important basis for this comparison. The
numerical results and the least squares fit thereof are plotted in Figure 6.3. Due to the limited
number of cases, generally for four different gas hold-up values, an emerging trend is difficult to
ascertain. It is therefore not yet valid if a set of data result into a linear trend.

For an increasing power-law exponent n, an increase in the normalized drag is observed. The
viscosity profile around the bubble is found to influence the local viscosity due to the rising
behavior, as was seen in Figure 6.1. Apparently, this increase in viscosity is having a direct
influence on the neighboring bubbles as is confirmed by Vélez-Cordero et al. (2011). In this
literary work, in both numerical and experimental settings a bubble in a shear-thinning fluid
was observed to have more tendency to position close to a bubble. This clustering effect can be
explained due to the attraction of the bubble to position in or near a low viscous environment. This
’attractive motion’ was described to increase for increasing shear-thinning characteristics. When
comparing the viscosity profiles around a single bubble to their dense bubble swarms counterpart,
an enormous increase in viscosity is present for the latter. It appears that bubbles feel the disturbed
flow field which influences the viscosity (depending on the power-law characteristics). Thus, the
drag correction is respectively higher or smaller compared to the Newtonian case. This is in
accordance with the previously introduced correlations, stating that the effect of neighboring
bubbles increases over increasing gas fraction (or: bubble density). This increase in drag is caused
by hindered rise and an increase in viscosity, where the latter is taking part for non-Newtonian
liquids only.

Interesting enough, for a slightly shear-thickening case (n = 1.2), the set of results show a good
agreement with the Newtonian results for the tested two values for K. This could be due to the
dominance of the influence of the hindered rise or the fact that the viscosity change due to the
non-Newtonian behavior is limited. The trend should be checked for other cases as well and the
exact reason behind this behavior should be investigated further.

6.3.3 Constant power-law parameters, varying the bubble diameter

Roghair’s correlation was limited in the applicability only for predominantly Eötvös-dependent,
for large bubbles between 2.7 and 6.1 mm and choice of other settings similar to an air-water case.

Roghair (2012) described that smaller bubbles can be influenced by clustering behavior, res-
ulting in an increase of the drag coefficient. Nevertheless, good accordance for the previously
mentioned linear fit was observed for bubbles larger than db = 2.5 mm, with slight overestimation
for smaller air-water cases. To correct for this, a newly drag correction for air-water systems was
introduced:
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Figure 6.3: A comparison between the correlation and simulations for different power-law expo-
nent n for two different bubble cases
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Figure 6.4: A comparison between the correlation and simulations for different bubble sizes for
two different bubble cases. The colored solid lines indicate the correlation as stated in Equation 6.3;
the dashed lines indicate the correlation in Equation 6.4.
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The two correlations are both plotted multiple times in Figure 6.4 in the two Newtonian cases.
The newly introduced correlation is displayed as a black dashed line and the other correlation as
a solid line matching the colors of the corresponding symbol. There is a clear difference between
the two correlations.

For the standard air-water case in Figure 6.4(b), both correlations show good corresponding
behavior to the numerical results for the 4 mm case. Similar behavior for dense bubble systems
was observed in Roghair (2012). For the 2 mm case, a sudden deviation was seen for the gas
hold-up of 0.4. In Figure 6.5(a − c), the positions of the bubbles at the last time frame have
been shown. Here, it is visualized that for smaller box sizes the bubbles have the tendency to
arrange in a cluster-like formation. The results for the other gas hold-ups are predicted for the
new correlation, while the other correlations give an overprediction of those values. The newly
introduced correlation was yielded from a fit for numerical results to air-water cases. Validity on
other viscosities, Newtonian or non-Newtonian, has not been tested.

For the bubble rise in a ten times more viscous fluid, the 1 mm bubble case does not seem to
follow a linear trend anymore. For the non-Newtonian counterparts, a similar exponent-like trend
is followed. Interestingly, in very dense bubble systems, the 2 mm bubble experiences extremely
higher drag than the 1 mm counterpart.

This could be due to clustering effects or non-Newtonian viscosity effects. For the purpose of
finding out if clustering effects are seen for deviating behavior, Figure 6.5 displays snapshots at
t = 1.0 s for three different values of gas hold-up for the 1 mm and 2 mm cases in (d − f) and
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(a) n = 1; µ = 10−3 Pa s;
db = 2 mm; α = 0.1

(b) n = 1; µ = 10−3 Pa s;
db = 2 mm; α = 0.3

(c) n = 1; µ = 10−3 Pa s;
db = 2 mm; α = 0.4

(d) n = 0.8; K = 10−2 Pa s0.8;
db = 1 mm; α = 0.1

(e) n = 0.8; K = 10−2 Pa s0.8;
db = 1 mm; α = 0.3

(f) n = 0.8; K = 10−2 Pa s0.8;
db = 1 mm; α = 0.4

(g) n = 0.8; K = 10−2 Pa s0.8;
db = 2 mm; α = 0.4

(h) n = 0.8; K = 10−2 Pa s0.8;
db = 2 mm; α = 0.4

(i) n = 0.8; K = 10−2 Pa s0.8;
db = 2 mm; α = 0.4

(j) n = 0.8; K = 10−2 Pa s0.8;
db = 4 mm; α = 0.4
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(k) angular pair distribution, including (e), (f), (h), (i), and (j)

Figure 6.5: Analysis (with snapshots and an angular pair distribution) on the clustering behavior
for different settings
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(g − i), respectively. Similar to (b) and (c), layer formation can be observed in those cases for
the two higher gas hold-ups. An angular pair distribution, which is characterized sums up the
angles between two bubbles and the axial direction, is used to quantify the swarm formation. This
distribution is given in Figure 6.5(k), where averaging has been performed for the angles between
every close bubble for every time-step in the range of 0.4 s to 1.0 s. Since a peak is present for
θ = π/2, swarm formation is confirmed for cases (e), (f), (h) and (i). A 4 mm counterpart has
been analyzed too, which is displayed in (j), showing random placement instead of clustering.

A hypothesis can be drawn from these observations; it was found that for the investigated
cases, cluster formation occurs for small bubbles to reduce the drag. For larger bubbles, bubble
clustering is not as effective as deformation of the bubble surface in reducing the drag. This
difference in drag ’evasion’ is different and should be accounted for when predicting the relative
drag coefficient. To understand this behavior better and in order to confirm this hypothesis,
further investigation is required. Also, the effect of the non-Newtonian fluid on the clustering and
drag evasion should be tested.

Furthermore, it was seen that (e) shows almost perfect layering. It needs to be verified if this
is caused by the power-law characteristics and not due to the numerical nature, i.e. the choice of
initial positions.

6.4 Concluding remarks

A bubble swarm correction was adopted from Roghair et al. (2011), which was verified for Eötvös-
dependent air-water cases. For increasing viscosity, the drag is known to increase for bubbles in
Newtonian fluids. For non-Newtonian bubbles, the same increasing behavior is observed for more
shear-thickening fluids in dense bubble systems, meaning that the local velocity near the bubbles
is of main importance. For fluid characteristics that differ from the air-water cases, no longer
evident linear trends are seen.

In the analysis on the deviation of this linear trend, the clustering behavior has been analyzed.
It was observed that small bubbles tend to cluster. A hypothesis was drawn, reading that the
cluster formation and deformation are ways to evade drag and need to be accounted for differently
in the prediction of a relative drag coefficient. Due to the limited amount of results in this chapter,
binding findings and conclusions are awkward to draw. That is why a qualitative investigation is
needed for understanding this behavior better and to confirm (or disintegrate) this hypothesis.
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Chapter 7

Conclusions

Fully resolved simulations of bubbles immersed in non-Newtonian liquids were performed using
a Front-Tracking model. A clear resemblance in shape and distribution is observed between
velocity and viscosity profiles for both spherical and deformed bubbles, with an expected indirect
proportional relation between the two magnitudes.

The non-Newtonian effects change the bubble shape considerably. By adapting Grace’s dia-
gram with the generalized Reynolds and Morton number, the steady-state shapes of immersed
bubbles in power-law fluids can be predicted well for the specific tested size of bubbles. Shapes
that were observed for these bubbles included the spherical, ellipsoid and wobbling bubble.

The generalized Reynolds number and the apparent viscosity were found to be decreasing for
increasing n orK. Dijkhuizen’s correlation, being a model with a smooth transition between Reyn-
olds and Eötvös-dependent behavior, was found to properly predict the drag for small Reynolds-
dependent and medium-sized (and generally Eötvös-dependent) bubbles cases. In these cases,
there is a large variation between the (generalized) viscosities inducing a broad range of rise velo-
cities. Since the generalized Reynolds number is not constant when changing n or K, an additional
comparison was performed varying n and K for a constant generalized Reynolds number. With
decreasing drag coefficients for increasing power-law exponents for small bubbles cases and increas-
ing drag coefficients for medium bubble sizes, the local viscosity was found to have an effect that
is not included by the generalized Reynolds number, even if for general purpose the correlation
relatively well.

In the aim to identify trends in the increase in drag for increasing gas hold-up, the viscosity,
power-law characteristics and bubble diameter was varied. For fluid characteristics close to the
air-water case a correlation that was developed for bubble swarms in Newtonian fluids was found to
agree well. For deviant settings, different behavior is observed. This may be due to the difference
in clustering for small bubbles and deformation behavior for larger bubbles, or non-Newtonian
viscosity influences. This difference in behavior was confirmed by an analysis of snapshots on
bubble swarms, where clustering and layering occur presumably due to the arising of a preferential
path of viscosity in non-Newtonian liquids.
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Chapter 8

Recommendation

This thesis has highlighted a number of topics on which further research is beneficial, which will
be explained in more detail.

In the simulation performed in this study, the bubble was resolved with 20 grid cells in diameter,
which was found to be sufficient to capture bubble oscillations in contrast to a resolution of 10
grid cells. Nevertheless, it was observed that increasing the bubble resolution in some cases can
give different oscillations patterns, such as a different amplitude. Therefore, resolving the bubble
with a finer grid can be beneficial.

In this thesis, a cubic domain size with a resolution of 1203 grid cells was selected. For these
cases, numerous 2003 variants were resolved, but most of them were not completed before the
ending of this research project. Based on the dependency test, the adopted resolution was enough
to give meaningful results. Nevertheless, the need of using a finer grid (2003 or even 4003) arises,
especially in the more viscous cases, to better resolve the fluid flow profile far from the bubble.

In several computational cases, the truncated power-law limits were chosen too close to each
other, resulting in Newtonian-dominant viscosity profiles. In the implementation of new rheological
models, it is beneficial to perform an extensive test of the limits, if the scope of the research includes
is limited to a specific region of the rheological model only. Optionally, experimental work can
be done for the rise of gas bubbles in non-Newtonian fluids to check if e.g. the bubble rise
velocity matches with a corresponding numerical case and is predicted within reasonable margins
of deviation with the generalized drag correlation.

Interesting findings were made by comparing the numerical results to an adapted version of
Dijkhuizen’s drag correlation in Chapter 5. Despite, reasonable deviations were found for this
closure relation. In the aim of checking the suitability of correlation for power-law fluids for one
value of the generalized Reynolds, a clear trend was seen for the drag in the numerical results. On
the other hand, if the generalized Reynolds number (or the apparent viscosity) would be the only
determining parameter, a constant value would result in one single value for the drag coefficient.
The cause of the remarkable difference in slope of the (near-)linear trend between the Eötvös and
Reynolds-dependent cases should be investigated further. In this research, merely two cases of
equal Re∗ were investigated. More research to e.g. cases in the transition region of dependency,
or in general for a broader of bubble and liquid characteristics are benificial.

In this work, a limited amount of swarm cases was solved with the model, for four varying
values for the gas hold-up, making it difficult to draw conclusions on the effect of gas hold-up on the
drag coefficient. Nevertheless, the slope of the dimensionless drag was observed to be influenced
by viscous and non-Newtonian behaviour and diverge from linear increase for smaller bubbles.
It was seen that smaller bubbles arrange in clusters while larger bubbles deform, most probably
to reduce drag. A more extensive research should be done for bubble swarms in non-Newtonian
liquids to create full understanding on the effects of non-Newtonian viscosity effects and clustering
on the drag and whether it is essential to constitute an additional (and more general) correlation.
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Appendix A

Effect of the viscosity/shear rate
limits
Viscosity profile snapshots

Case db [mm] K [Pa sn] n Regime
A.1 (a-i) 4.0 10−3 0.2 Wobbling
A.2 (a-i) 4.0 10−1 1.8 Ellipsoid

Table A.1: Physical properties used for these cases (copied from Table 4.3)
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APPENDIX A. EFFECT OF THE VISCOSITY/SHEAR RATE LIMITS

(a) γ̇0 = 10−5; γ̇∞ = 10−3 (b) γ̇0 = 10−5; γ̇∞ = 10−1 (c) γ̇0 = 10−5; γ̇∞ = 101

(d) γ̇0 = 10−5; γ̇∞ = 105 (e) γ̇0 = 10−5; γ̇∞ = 1016 (f) γ̇0 = 10−7; γ̇∞ = 1016

(g) γ̇0 = 10−3; γ̇∞ = 1016 (h) γ̇0 = 10−1; γ̇∞ = 1016 (i) γ̇0 = 101; γ̇∞ = 1016

Figure A.1: Snapshots of the viscosity profiles around a 4mm bubble in a shear-thinning fluid
(n = 0.2), for different values of (truncated) power-law viscosity limits. The colors range from
lower viscosity limit η− (blue) to higher viscosity limit η+ (red), in a logarithmic scale.
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APPENDIX A. EFFECT OF THE VISCOSITY/SHEAR RATE LIMITS

(a) γ̇0 = 10−5; γ̇∞ = 10−3 (b) γ̇0 = 10−5; γ̇∞ = 10−1 (c) γ̇0 = 10−5; γ̇∞ = 101

(d) γ̇0 = 10−5; γ̇∞ = 105 (e) γ̇0 = 10−5; γ̇∞ = 1016 (f) γ̇0 = 10−7; γ̇∞ = 1016

(g) γ̇0 = 10−3; γ̇∞ = 1016 (h) γ̇0 = 10−1; γ̇∞ = 1016 (i) γ̇0 = 101; γ̇∞ = 1016

Figure A.2: Snapshots of the viscosity profiles around a 4mm bubble in a shear-thickening fluid
(n = 1.8), for different values of (truncated) power-law viscosity limits. The colors range from
lower viscosity limit η− (blue) to higher viscosity limit η+ (red), in a logarithmic scale.
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Appendix B

Single bubble cases
Viscosity profile snapshots

Case db [mm] K [Pa sn] n
B.1 0.5 10−3 1−1.5
B.2 0.5 10−1 0.2−1.8
B.3 1.0 10−2 0.8−1.2
B.4 2.0 10−2 0.8−1.2
B.5 2.0 10−1 0.2−1.8
B.6 4.0 10−3 0.5−1.5
B.7 4.0 10−2 0.8−1.2
B.8 4.0 10−1 0.2−1.8

Table B.1: Physical properties used for these cases

(a) n = 1, Re∗ = 45.4 (b) n = 1.2, Re∗ = 9.67 (c) n = 1.5, Re∗ = 1.76

Figure B.1: Viscosity profiles for a 0.5 mm bubble case (K = 10−3, n = 1 − 1.5). The colors
range from low viscosity (blue) to higher viscosity (red), on a linear scale.
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APPENDIX B. SINGLE BUBBLE CASES

(a) n = 0.2, Re∗ = 16.4 (b) n = 0.5, Re∗ = 6.87 · 10−2 (c) n = 0.8, Re∗ = 1.53 · 10−2

(d) n = 1, Re = 8.87 · 10−3

(e) n = 1.2, Re∗ = 6.04 · 10−3 (f) n = 1.5, Re∗ = 4.01 · 10−3 (g) n = 1.8, Re∗ = 2.96 · 10−3

Figure B.2: Viscosity profiles for a 0.5 mm bubble case (K = 10−1, n = 0.2− 1.8). The colors
range from low viscosity (blue) to higher viscosity (red), on a linear scale.

Modeling of bubbles rising in non-Newtonian fluids 63



APPENDIX B. SINGLE BUBBLE CASES

(a) n = 0.8, Re∗ = 29.6 (b) n = 1.0, Re = 5.71 (c) n = 1.2, Re∗ = 1.67

Figure B.3: Viscosity profiles for a 1.0 mm bubble case (K = 10−2, n = 0.8− 1.2). The colors
range from low viscosity (blue) to higher viscosity (red), on a linear scale.

(a) n = 0.8, Re∗ = 146 (b) n = 1.0, Re = 31.4 (c) n = 1.2, Re∗ = 8.77

Figure B.4: Viscosity profiles for a 2.0 mm bubble case (K = 10−2, n = 0.8− 1.2). The colors
range from low viscosity (blue) to higher viscosity (red), on a linear scale.

64 Modeling of bubbles rising in non-Newtonian fluids



APPENDIX B. SINGLE BUBBLE CASES

(a) n = 0.2, Re∗ = 404 (b) n = 0.5, Re∗ = 32.8 (c) n = 0.8, Re∗ = 1.88

(d) n = 1, Re = 0.566

(e) n = 1.2, Re∗ = 0.245 (f) n = 1.5, Re∗ = 0.102 (g) n = 1.8, Re∗ = 5.54 · 10−2

Figure B.5: Viscosity profiles for a 2.0 mm bubble case (K = 10−1, n = 0.2− 1.8). The colors
range from low viscosity (blue) to higher viscosity (red), on a linear scale.
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APPENDIX B. SINGLE BUBBLE CASES

(a) n = 0.5, Re∗ = 9.08 · 103 (b) n = 0.8, Re∗ = 2.58 · 103

(c) n = 1, Re = 1.13 · 103

(d) n = 1.2, Re∗ = 485 (e) n = 1.5, Re∗ = 126

Figure B.6: Viscosity profiles for a 4.0 mm bubble case (K = 10−3, n = 0.5− 1.5). The colors
range from low viscosity (blue) to higher viscosity (red), on a linear scale.

66 Modeling of bubbles rising in non-Newtonian fluids



APPENDIX B. SINGLE BUBBLE CASES

(a) n = 0.8, Re∗ = 264 (b) n = 1.0, Re = 104 (c) n = 1.2, Re∗ = 37.4

Figure B.7: Viscosity profiles for a 4.0 mm bubble case (K = 10−2, n = 0.8− 1.2). The colors
range from low viscosity (blue) to higher viscosity (red), on a linear scale.
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APPENDIX B. SINGLE BUBBLE CASES

(a) n = 0.2, Re∗ = 335 (b) n = 0.5, Re∗ = 85.7 (c) n = 0.8, Re∗ = 13.3

(d) n = 1, Re = 3.94

(e) n = 1.2, Re∗ = 1.49 (f) n = 1.5, Re∗ = 0.512 (g) n = 1.8, Re∗ = 0.239

Figure B.8: Viscosity profiles for a 4.0 mm bubble case (K = 10−1, n = 0.2− 1.8). The colors
range from low viscosity (blue) to higher viscosity (red), on a linear scale.
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Appendix C

Effect of power-law parameters on
Dijkhuizen’s drag
Viscosity profile snapshots

Case db [mm] Re∗ K [Pa sn] n
C.1 (a-i) 4.0 109.6± 6% (1.17− 79.0) · 10−3 0.5−1.5
C.2 (a-i) 0.5 8.9 · 10−3 ± 8% (5.50− 16.9) · 10−2 0.5−1.5

Table C.1: Physical properties used for these cases
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APPENDIX C. EFFECT OF POWER-LAW PARAMETERS ON DIJKHUIZEN’S DRAG

(a) n = 0.5; K = 0.0790 (b) n = 0.729; K = 0.03 (c) n = 0.8; K = 0.0221

(d) n = 0.823; K = 0.02 (e) n = 1.154; K = 0.005 (f) n = 1.2; K = 0.00411

(g) n = 1.373; K = 0.003 (h) n = 1.5; K = 0.00117

Figure C.1: Viscosity profiles for the 4 mm-sized case C.1, varying in n and K, while keeping
Re∗ constant (Re∗ ≈ 109.6)
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APPENDIX C. EFFECT OF POWER-LAW PARAMETERS ON DIJKHUIZEN’S DRAG

(a) n = 0.5; K = 0.169 (b) n = 0.750; K = 0.130 (c) n = 0.8; K = 0.127

(d) n = 0.865; K = 0.115 (e) n = 1.2; K = 0.080 (f) n = 1.436; K = 0.060

(g) n = 1.5; K = 0.055

Figure C.2: Viscosity profiles for the 0.5 mm-sized case C.2, varying in n and K, while keeping
Re∗ constant (Re∗ ≈ 8.9 · 10−3)
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Appendix D

Power-law velocity profile in
planar geometry
The analytical solution

vin 2a
x

y

Figure D.1: Schematic representation of pressure-driven flow along two infinitely long slabs

In this appendix, the derivation of the analytical velocity profiles for power-law fluids will be
discussed. A schematic representation of the control volume is displayed in Figure D.1. For the x
and z direction, the system is assumed to be infinitely long, thus the boundaries in these directions
have negliglible influence on the velocity profile.

Equation of motion

The equation of motion in terms of τ , in Cartesian coordinates (x, y, z) reads Bird et al. (2007):

ρ
Du

Dt
= −∇p− [∇ · τ ] + ρg (D.1)

For 1D flow in steady-state conditions (vx(y) �= 0, vy = 0, vz = 0), this equation can be
rewritten, yielding the following expression:

0 = −
∂p

∂x
−

∂τyx

∂y
(D.2)
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Pressure drop

The pressure drop can be calculated with the cross-sectional area; two slabs are parallel aligned.
The slabs are near-infinitily long and also near-infinite in width, indicated by L and B resepectively.
The distance between the two slabs is 2a. Newton’s second law is described as:

d(mvx)

dt
= Fx (D.3)

For developed flow in steady state conditions (denoting Fx = 0), the flow is a balance between
pressure and viscous forces, acting on the two slabs. The force balance can be written as:

p1 · 2aB − (p1 −∆p) · 2aB − 2BLτyx = 0 (D.4)

∆p

L
=

τyx

a
(D.5)

In differential form ( ∂p
∂x < 0)), this linear equation describing pressure drop can be rewritten:

∂p

∂x
= −

τyx

a
(D.6)

Power-law behavior

The rheological behavior of the non-Newtonian fluid in this derivation will be described by the
Ostwald-de-Waele or power-law model, which was previously described in Paragraph 3.3.1. The
shear rate of this fluid in the axial direction, perpendicular to the radial y-axis is described as
followed:

τyx = −K

�

�

�

�

∂vx
∂y

�

�

�

�

n−1
∂vx
∂y

(D.7)

For increasing coordinate in the positive radial direction, the velocity will decrease due to the
parabolic or near-parabolic shape of the symmetric velocity profile. The opposite applies for the
negative radial direction.







y ≥ 0 ∂vx

∂x ≤ 0 τyx = −K
�

−∂vx

∂y

�n

y < 0 ∂vx

∂x > 0 τyx = −K
�

∂vx
∂y

�n (D.8)

No-slip boundary conditions is applied for the two slabs, thus the velocities on the walls is
equal to zero:

�

y = −a vx = 0
y = a vx = 0

(D.9)

Substitution and integration: y ≥ 0

The velocity profiles for y < 0 and y ≥ 0 will be retreived separately in the following lines. For
y ≥ 0:

�

τyx = − ∂p
∂x · y

τyx = −K
�

−∂vx
∂y

�n (D.10)

Substitution, integration and imposing boundary conditions gives:

∂vx
∂y

= −

�

1

K

∂p

∂x

�
1
n

· y1/n (D.11)
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Substitution and integration: y < 0

For y < 0:
�

τyx = − ∂p
∂x · y

τyx = −K
�

∂vx

∂y

�n (D.14)

Substitution, integration and imposing boundary conditions gives:

∂vx
∂y

=

�

1

K
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�
1
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· y
1
n (D.15)
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(D.17)

Normalization with respect to the inlet velocity

The expressions for the velocity profile (Equation D.13 and Equation D.17) can be normalized with
the inlet velocity vin to obtain relatively more simple equations. The flux through the rectangular
geometry is defined as followed:

Φ =

��

vxdA = B

� a

−a

vxdy = 2B

� a

0

vxdy (D.18)

Substitution and integration yields:

Φ = 2aB
n

n+ 1
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(D.19)

Φ = 2aB

�

a

K

∂p

∂x

�
1
n na

2n+ 1
(D.20)

The constant inlet velocity is directly related to the total flux. Therefore, the normalization
of the velocity profile can relatively simply be performed.

vin =
Φ

2aB
=

�

a

K

∂p

∂x

�
1
n na

2n+ 1
(D.21)
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2n+ 1
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(D.22)

Similarly, for y < 0 a similar equation is obtained:

vx
vin

=
2n+ 1

n+ 1

�

�y

a

�

n+1

n

− 1

�

(D.23)
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Continuous functions

The last step is merging these expressions into one continuous definition. By introducing the use
of absolute values due to the symmetric characteristics of the velocity profile, this can be achieved:

vx = a
n

n+ 1
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(D.24)

Yielding a relatively simple expression for the dimensionless velocity for power-law fluids:

vx
vin

=
2n+ 1

n+ 1
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�
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�
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n

�

(D.25)
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Appendix E

Grid and domain dependency
The full analysis

Case db [mm] K [Pa sn] n
E.1 4.0 10−3 0.5
E.2 4.0 10−3 1.0
E.3 4.0 10−3 1.5

Table E.1: Physical properties used for these cases

The grid-dependency test has been constructed in a way that for two values of power law
exponents (n = 0.5; n = 1) wobbling behavior is observed. The testing has been done for the
three cases individually. Each case corresponds to one figure in this appendix, with plots displaying
the effect of different resolution settings. In the legends in these figures, the grid sizing in three
dimensions and bubble diameter have been written in a abbreviated way, like ’503/10’ for a domain
of 50 grid cells and a bubble diameter of 10 grid cells.

For the purpose of checking the overall resolution to the rise velocity, Figure E.1(a) displayed
the distribution of velocity over time for a domain to bubble ratio of 5, for grid sizes between
50 and 150. The differences are immense; the cubic 150 domain cell is showing larger oscillating
behavior. This effect can either be explained by the resolution of the bubble, or the resolution of
the domain. Furthermore, it is not known if a domain to bubble ratio of 5 takes the local viscosity
profile around the bubble into account in a sufficient way. Therefore, in Figure E.1(b) and (c), the
effects of a larger domain to bubble ratio and increased bubble resolution (equal to 20 grid cells)
are checked. For the cases that are resolved with a bubble resolution of less than 20 grid cells
in diameter, the amplitude is largely underpredicted meaning that at least this resolution for the
bubble diameter is recommended.

In Figure E.1(c), the differences in oscillations between the two cases are small until approx-
imately 0.7 s. After 0.7 s, small differences start to occur that seem to have little effect on the
time-averaged bubble velocity.

For Figure E.2, similar behavior to the previous case occurs. For the test of the absolute
domain size, the differences are even smaller for the bubble oscillations. Most probably, this is
due to the constant viscosity over the full domain; the bubble will experience the same viscosity
for any choice of domain size. Meanwhile, the velocity around the bubble is of significance in the
choice of the domain size. If was found that this is not inducing large deviant behavior for the
smaller domain case. The same conclusions can be drawn as for case E.1: a bubble should be
resolved with at least 20 grid cells and a domain size of 100 or 200 both seem sufficient for this
case.

For Figure E.3, steady rising behavior has been observed for an ellipsoid-shaped bubble. For
this steady rising behavior, differences in the velocities have been found for varying resolutions.
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From these velocity distributions, no ’true’ value can be chosen, which is why the choice for the
resolution is made with the data that is available for cases E.1 and E.2.

In this work, a numerical box of 120 Eulerian grid cells and a bubble resolution of 20 grid
cells in diameter was selected. This choice is mainly based on the required computational efforts.
Keep in mind that when the bubble domain dimensions are increased from 100 to 200, the volume
and total computational times roughly increase in eightfold. With the chosen bubble and domain
resolution, it is believed that within ’reasonable’ time scale (regarding this graduation research
project), accurate results are yielded.
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Figure E.1: Bubble velocity over time (n = 0.5)
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Figure E.2: Bubble velocity over time (n = 1.0)
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Figure E.3: Bubble velocity over time (n = 1.5)
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