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Chapter 1

Introduction

1.1 �e origins of random graphs: the Erdős-Rényi random
graph

1.1.1 �e beginning of random graphs

Research on random graphs started in the late ’50s with the de�nition of the �rst basic
models. Over the decades this topic has gained a lot of popularity, thanks both to the
curiosity towards the very interesting mathematical phenomena that arise within
its boundaries and to the need for new tools to adequately model many real-world
problems that have an underlying network structure.

�e �rst model de�ned is what today is commonly called the Erdős-Rényi random
graph (in the original papers, being the �rst model to be de�ned, it was simply called
the random graph). It was originally de�ned separately by Erdős and Rényi [37] and
Gilbert [48] with two di�erent formulations that are equivalent in the in�nite-volume
limit:

De�nition 1.1.1 (Original formulations of the Erdős-Rényi random graph). .

G(n, p): Given n ∈ N, p ∈ [0, 1] we de�ne G(n, p) as the random graph over n vertices in
which each of the

(
n
2

)
edges is present independently with probability p. [48]

G(n,m): Given n,m ∈ N,m ≤
(
n
2

)
we de�neG(n,m) as the random graph over n vertices

in which m edges are present, chosen uniformly among the
(
n
2

)
available without

repetitions. [37]

1



2 Chapter 1. Introduction

In the rest of the thesis when we refer to the Erdős-Rényi random graph (ERRG),
we consider G(n, p), since it is the easiest one to compare to the percolation models
we study. Indeed, G(n, p) itself can be seen as percolation on the complete graph.
Moreover, the stochastic independence among di�erent edges makes many arguments
more tractable. We also present results originally proved for G(n,m) in terms of
G(n, p), since they are asymptotically equivalent as n→∞ for m = bp

(
n
2

)
c, thanks

to the concentration of the binomial random variable (see [47] for a discussion about
such equivalence).

�is model quickly gained popularity, in particular as an important tool to solve
many combinatorics problems about the existence or the enumeration of graphs with
certain properties, using the so-called probabilistic method. �at is, computing the
probability that a property arises in a randomly generated graph instead of expicitly
constructing all the graphs with such property (see [7]). Moreover Erdős and Rényi
in [37] realized that there exist several sharp thresholds in p for di�erent important
graph properties.

In [37] the possibility of di�erent edges having di�erent occupation probabilities
to be added to the graph was already considered, but all the results were stated in
terms of the homogeneous model and the theory of inhomogeneous random graphs
would become an important research topic only decades later.

1.1.2 Existence of the phase transition

Erdős and Rényi [37] identi�ed several di�erent scaling regimes for di�erent parame-
ters of the graph, in which G(n, p) has radically di�erent behaviour. In particular,
they identi�ed two sharp thresholds respectively for the existence of a connected
component of linear size and for the connectivity of the entire graph, as we explain
now.

�e �rst one was called the double jump phase transition, since, writing p = µ/n, it
was possible to identify three di�erent regimes, depending on the choice ofµ ∈ (0,∞),
for the behaviour of the number of vertices in the largest connected component |Cmax|,
as n→∞. Indeed, if µ < 1 the largest component Cmax has size of order log n and
is a tree whp, if µ > 1, |Cmax| grows linearly in n and if µ = 1, Cmax has size of
order n2/3. �is was immediately considered the most fascinating result about the
Erdős-Rényi random graph, and a�racted a lot of a�ention for further research on
the behaviour of the random graph close to the critical point. �is work led to the
results by Bollobás and Łuczak about the barely subcritical and supercritical phases
of G(n, p), which we recall here, using the symbols P→ and d→ to denote convergence
in probability and in distribution, respectively:

B Subcritical phase (Bollobás [20], Łuczak [79]): Put p = n−1(1 − εn) with
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εn � n−1/3. If limn→∞ εn = c ∈ (0, 1), then

|Cmax|
log n

P→ 1

log(1− c)− c
, (1.1.1)

while if εn = o(1), then

|Cmax| = 2ε−2n log(nε3n)(1 + oP(1)). (1.1.2)

B Supercritical phase (Bollobás [20], Łuczak [79]): Put p = n−1(1 + εn) with
εn � n−1/3. If limn→∞ εn = c ∈ (0,∞), then

|Cmax|
n

P→ ξc, (1.1.3)

where ξc is the survival probability of a Galton-Watson branching process with
Poisson o�spring distribution Poi(1 + c). If εn = o(1), then

|Cmax| = 2εnn(1 + oP(1)). (1.1.4)

Moreover, in both cases

|C(2)| = ΘP(ε
−2
n log(nε3n)). (1.1.5)

�ese results show that actually there are no jumps in the structure of G(n, p).
Instead, the graph changes very quickly when close to the critical point, but in a
continuous way. �is is due to the fact that in the Erdős-Rényi random graph (being
a �nite graph) probabilities of events can be expressed as polynomials in p of degree
up to

(
n
2

)
and thus are analytic functions of p.

Moreover, the results con�rmed the existence of a gap in the sequence of the
supercritical component sizes. �e largest component, called the giant component
when it has linear growth in n, is much bigger than all the other connected compo-
nents. �is was made formal in terms of the so-called discrete duality principle, that is,
the fact that what remains of a supercritical random graph a�er removing the giant
component has the same structure as a subcritical one. We will discuss the critical
behaviour of G(n, p) in Section 1.1.3.

�e other sharp threshold found in [37] was the one for connectivity of the
Erdős-Rényi random graph:

B Connectivity threshold (Erdős and Rényi [37]) Choose p = (log n+ t)/n for
some t ∈ R �xed, then, as n→∞,

Pp(G(n, p) is connected)→ e−e
−t
. (1.1.6)
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�is result is related to the threshold for the existence of isolated vertices, since
in the Erdős-Rényi random graph (and, as we will see, in many other random graph
models) the easiest way to disconnect the graph is to isolate a single vertex.

1.1.3 �e critical scaling limit

What was still le� open by the work of Bollobás and the subsequent paper by T.
Łuczak [79] was the exact determination of the behaviour of G(n, p) at the critical
point. �ey identi�ed a critical window corresponding to p = (1 + λn−1/3)n−1 for
λ ∈ R in which the size of the largest component was similar to the one already
identi�ed for p = n−1 in [37], that is, of order ΘP(n

2/3), but with the techniques of the
time was not possible to analyse it further. In the critical window the exact structure
of G(n, p) is much more volatile than in the subcritical and supercritical phases. A
new approach was necessary to solve this problem, rather than the combinatorial
one used up to that point. �e problem was �nally tackled by Aldous [5] in the
’90s, applying a novel idea of coupling of a graph exploration to a martingale and
applying stochastic calculus techniques to prove its convergence. Aldous proved
that the size of the largest components and their number of surplus edges within
the critical window do not concentrate, but instead they converge to a sequence of
non-degenerate random variables a�er appropriate rescaling:

B Critical window (Aldous [5]): Consider the ERRG G(n, p) with p = n−1(1 +
λn−1/3), λ ∈ R. Let (Cλ(j))j≥1 be the sequence of clusters ordered by size. �e
number of surplus edges Sp(C) of a component C is the number of edges that
need to be removed from C to obtain a tree. �en, as n→∞,(

(n−2/3|Cλ(j)|,Sp(Cλ(j)))
)
j≥1

d→
(
(Cλ

j ,σ
λ
j )
)
j≥1 (1.1.7)

for a certain limit sequence

(Cλ,σλ) :=
(
(Cλ

j ,σ
λ
j )
)
j≥1 (1.1.8)

with Cλ
j ,σ

λ
j <∞ almost surely for every j ≥ 1.

�e distribution of Cλ is given by the lengths of the excursions of a re�ected
Brownian motion with a parabolic dri� (which we will discuss in more detail in later
sections) arranged in decreasing order, and depends sensitively on λ. �is result sheds
light on the true critical nature of the phase transition, because the critical window
is the only regime for p in which the size of the largest component converges a�er
rescaling to a non-degenerate random variable instead of concentrating. In a later
paper [1] Addario-Berry et al. did a sharper analysis of the geometric structure of the
connected components of the critical random graph, showing that, rescaled by n−1/3,
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they converge as metric spaces to a sequence of compact metric spaces that can be
expressed in terms of continuous random trees with some points glued together.

�e Erdős-Rényi random graph is without any doubt the model that in the 60
years since its de�nition has been studied in the greatest depths, but over the decades
more and more models have a�racted a�ention. Indeed, the extreme simplicity of
the Erdős-Rényi random graph made the analysis much easier, but made it also an
inappropriate model for most real-world networks. In particular, the distribution of
the degree of a uniformly chosen vertex converges to a Poisson distribution with
parameter µ when p = µ/n, while many real-world networks have heavy-tailed
degree distributions, i.e., distributions in which the highest degrees are larger than
the average by a polynomial factor in n. Moreover, another important property of
many real-world networks that the Erdős-Rényi random graph cannot model is
clustering, i.e., the fact that vertices that share common neighbours are more likely to
be directly connected. For this reason, in the last decades, many new models have
been created to give a more realistic description of many real-world phenomena.

Next we start presenting in more detail the models on which the main body of
this thesis will be focused: the Con�guration Model, percolation on �nite graphs, and
more speci�cally on the Hamming graph, and the Random Intersection graph.

1.2 �e Con�guration Model

In this thesis we present new results about the Con�guration Model, in particular,
a deeper study of its connectivity threshold, that re�nes the previous results by
Wormald [102] and Łuczak [80].

We consider the con�guration model CMn(d) on n vertices with a prescribed
degree sequence d = (d1, d2, ..., dn). Here, given a vertex v ∈ [n] := {1, 2, ..., n},we
call dv its degree. �e con�guration model is constructed by assigning dv half-edges
to each vertex v, a�er which the half-edges are paired randomly: �rst we pick two
half-edges at random and create an edge out of them, then we pick two half-edges at
random from the set of remaining half-edges and pair them into another edge, etc..
We assume the total degree

∑
v∈[n] dv to be even. �e construction can give rise to

self-loops and multiple edges between vertices, but these imperfections are relatively
rare when n is large; see [55, 68, 69], and as long as CMn(d) is simple, it is chosen
uniformly among all graphs with a prescribed degree sequence. �e con�guration
model has been introduced by Bollobás to study random regular graphs [19], and has
since been generalised to study graphs with arbitrary degree sequences, in particular
heavy-tailed ones. We identify the probability that CMn(d) is connected in terms
of d in the limit as n → ∞. We further analyse the behaviour of the model in the
critical window for connectivity (i.e., when the asymptotic probability of producing a
connected graph is in the interval (0, 1)).
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1.2.1 Phase transition in the Con�guration Model

Like the Erdős-Rényi random graph, also the con�guration model has a sharp phase
transition for the existence of a giant component, as we explain in this section. We
de�ne the random variable Dn as the degree of a vertex chosen uniformly at random
from the vertex set [n], i.e., Dn := dUn , where Un ∈ [n] is chosen uniformly at
random. We call Ni the set of all vertices of degree i and ni its cardinality. �e
con�guration model is known to have a phase transition for the existence of a giant
component with critical point at

νn =
E[Dn(Dn − 1)]

E[Dn]
= 1

(see e.g., [83] or [71]). More precisely, when νn → ν > 1, there is a (unique)
giant component Cmax containing a positive proportion of the vertices, while when
νn → ν ≤ 1, the maximal connected component contains a vanishing proportion of
the vertices. We summarize all these results in the following theorem:

�eorem 1.2.1 (Phase transition in the Con�guration Model [83]). Consider a se-
quence CMn(d). Assume that, for some limit variable D such that P(D = 2) < 1,

Dn
d→ D, E[Dn]→ E[D], E[D2

n]→ E[D2] <∞. (1.2.1)

If ν > 1, then there exist two constants ζ(D), ξ(D) ∈ (0, 1] such that

|Cmax|/n
P→ ζ(D), |E(Cmax)|/n

P→ E[D]

2
ξ(D), (1.2.2)

|C(2)|/n
P→ 0, |E(C(2))|/n

P→ 0. (1.2.3)

If ν < 1, then

|Cmax|/n
P→ 0, |E(Cmax)|/n

P→ 0. (1.2.4)

�is result has been proved in various forms in many subsequent papers, like the
work by Bollobás and Riordan [23]. Assuming that the second moment ofDn remains
uniformly bounded, the subcritical behaviour was analysed in more detail by Janson
in [67], in particular, he proved that, when the highest degree grows polynomially
in n, the size of the largest component corresponds to the highest degree up to a
constant factor.

1.2.2 Connectivity of the Con�guration Model

In this thesis, we focus on the connectivity transition of the con�guration model. Let
us �rst describe the history of this problem. Wormald [102] showed that for k ≥ 3 a
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random k-regular graph on n vertices is with high probability k-connected as n→∞
(see also [21]). Tomasz Łuczak [80] proved that also if the graph is not regular, but
dv ≥ k for every v ∈ [n], then CMn(d) is with high probability k-connected, and
found the asymptotic probability to have a connected graph when dv ≥ 2 and the
graph is simple. Actually Łuczak’s model was de�ned in a di�erent way from the
con�guration model and does not allow for vertices of degree 1, but the results could
easily be adapted to the con�guration model.

In this thesis we extend Łuczak’s results to all possible kinds of weakly converging
degree distributions, allowing vertices of degree 1 and removing any condition on
maximum degree or �niteness of moments of the degree distribution. �is implies that
our results include heavy-tailed degree distributions that have received considerable
a�ention in research on the con�guration model recently. Moreover, using the
multivariate method of moments, we identify the limiting distribution of the size
of the complement of the maximal connected component [n] \ Cmax as a mixture of
Poisson variables.

We start by de�ning the conditions for CMn(d) to be in the connectivity critical
window. We de�ne the random variableDn as the degree of a vertex chosen uniformly
at random in [n]. We state the conditions we assume to hold throughout this section:

Condition 1.2.2 (Critical window for connectivity). We de�ne a sequence CMn(d)
to be in the critical window for connectivity when the following conditions are satis�ed:

1. �ere exists a limiting degree variable D such that Dn
d→ D;

2. n0 = 0;

3. limn→∞ n1/
√
n = ρ1 ∈ [0,∞);

4. limn→∞ n2/n = p2 ∈ [0, 1);

5. limn→∞ E[Dn] = d <∞.

Notice that we use di�erent symbols for ρ1 and p2 to stress the fact that p2 is
actually the limit probability that a uniformly chosen vertex has degree 2 while ρ1 is
obtained through a rescaling (in the critical window for connectivity p1 = limn1/n =
0). Moreover, it is not required that d = E[D] for our results to hold, as the presence
of a small number of vertices of extremely high degree is not relevant for connectivity,
since the all are with extremely high probability in the giant component. Under these
conditions, we prove our main theorem.
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�eorem 1.2.3 (Connectivity threshold for the con�guration model). Consider CMn(d)
in the critical window for connectivity as described in Condition 1.2.2. �en

lim
n→∞

P(CMn(d) is connected) =

(
d− 2p2

d

)1/2

exp

{
− ρ21

2(d− 2p2)

}
. (1.2.5)

Moreover,
n− |Cmax|

d→ X, (1.2.6)
where X =

∑
k k(Ck +Lk), and (Ck, Lk)k≥1 are independent random variables such

that

Lk
d
= Poi

(
ρ21(2p2)k−2

2dk−1

)
, Ck

d
= Poi

(
(2p2)k

2kdk

)
.

Finally,

lim
n→∞

E[n− |Cmax|] =
ρ21(2d− p2)

2(d− p2)2
+

p2
d− 2p2

. (1.2.7)

�e convergence in distribution of n− |Cmax| to a proper random variable with
�nite mean is a stronger result than proved by Łuczak [80], who instead proved that

|Cmax|
n

P→ 1. (1.2.8)

Our improvement is achieved by an application of the multivariate method of mo-
ments, as well as a careful estimate of the probability that there exists v ∈ [n] that is
not part of |Cmax|. We next investigate the boundary cases.

Remark 1.2.4 (Boundary cases). Our proof also applies to the boundary cases where
ρ1 =∞, p2 = 0 or d =∞. When d <∞, we obtain

P(CMn(d) is connected)→

{
0 when ρ1 =∞,
1 when ρ1, p2 = 0.

(1.2.9)

When d =∞, instead

lim
n→∞

P(CMn(d) is connected) = lim
n→∞

exp
{
− n21

2`n

}
, (1.2.10)

where `n =
∑
i∈[n] di denotes the total degree.

Assuming also thatD has �nite second moment the con�guration model is simple
with non-vanishing probability. Under this extra assumption, the next theorem states
how many connected graphs there are with prescribed degrees in the connectivity
window de�ned in Condition 1.2.2.



1.3. Percolation on �nite graph 9

�eorem 1.2.5 (Connectivity conditioned on simplicity and number of connected sim-
ple graphs). Consider CMn(d) in the connectivity critical window de�ned in Condition
1.2.2. If

lim
n→∞

E[Dn(Dn − 1)]

E[Dn]
= ν <∞,

then

lim
n→∞

P(CMn(d) is connected | CMn(d) is simple)

=

{
d− 2p2

d

}1/2

exp

{
− ρ21

2(d− 2p2)
+
p22 + dp2

d2

}
.

(1.2.11)

Let N C
n (d) be the number of connected simple graphs with degree distribution d.

�en

N C
n (d) =

(`n − 1)!!∏
i∈[n] di!

(
d− 2p2

d

)1/2

× exp

{
−ν

2
− ν2

4
− ρ21

2(d− 2p2)
+
p22 + dp2

d2

}
(1 + o(1)).

(1.2.12)

It is instructive to compare the asymptotics of the number of connected simple
graphs with degree distribution d to the number Nn(d) of simple graphs with a given
degree sequence d, as identi�ed by Janson [68],

Nn(d) =
(`n − 1)!!∏
i∈[n] di!

exp

{
−ν

2
− ν2

4

}
(1 + o(1)). (1.2.13)

We leave out only the case in which limn→∞ n2/n = 1, we will discuss what we
conjecture to happen under such assumption in Chapter 7. In this case we expect
CMn(d) to be disconnected w.h.p., but its structure depends very sensitively on the
degree of the few vertices which do not have degree 2.

1.3 Percolation on �nite graph

1.3.1 Origins of percolation on �nite graphs

Another main focus of this thesis, in particular of Chapters 4 and 5, is percolation on
�nite graphs, and in particular on the Hamming graph.

Percolation theory is actually a few years older than random graphs, since it
started with the work of Broadbent and Hammersley in 1956 [28]. Percolation in its
original formulation was de�ned starting from an in�nite graph (like the Zd cubic
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la�ice, or an in�nite regular tree) and se�ing each edge open with probability p and
closed with probability 1− p, for some parameter p ∈ [0, 1], independently across
the edges. As the name suggests, this model was developed to model how a �uid
penetrates a porous material, and the object of interest was the phase transition for
the existence of an in�nite path of open edges, along which the �uid could �ow all the
way through the medium. While percolation and random graphs grew independently
as research �elds, developed di�erent techniques and asked di�erent questions, later,
starting with the work of Erdős and Spencer in [38] new random graph models were
built as percolation on a �nite graph, in particular on the hypercube.

De�nition 1.3.1 (Percolation on �nite graph). We de�ne Bernoulli bond percolation
on a �nite graph G = (V,E), as the random subgraph Gp with uniform edge retention
probability p. We formally de�ne this as the measure space (Ω,F ,Pp). Here, Ω :=
{0, 1}E and in every con�guration ω ∈ Ω we assign to each edge e the value ωe = 1 if
it is retained and the value ωe = 0 if it is removed. We say that e is open if ωe = 1 and
that e is closed if ωe = 0. We write F for the discrete σ-algebra on Ω. �e percolation
measure Pp is the law of Gp, de�ned as

Pp(ω) :=
∏
e∈E

pωe(1− p)1−ωe . (1.3.1)

Moreover, we de�ne E(ω) := {e ∈ E : ωe = 1} to be the set of open edges of ω.

One of the �rst �nite graph models (a�er the complete graph, on which percolation
is equivalent to the ERRG G(n, p)) to become popular in the percolation literature
was the hypercube H(2, d), that is the graph over the vertex set {0, 1}d in which two
vertices are connected if and only if they di�er for exactly one bit. �e �rst result
proved by Erdős and Spencer in [38] was the connectivity threshold in the limit as
d→∞, which is situated at p = 1/2.

Percolation on �nite graphs is a versatile and simple model to produce random
graphs with a geometric structure, which is inherited from the unpercolated graph
G. �e precise product structure of the measure Pp makes it possible to obtain more
detailed results than in most of the other geometric models.

1.3.2 Phase transition in percolation on �nite graphs

Erdős and Spencer in [38] also conjectured that hypercube percolation undergoes a
phase transition for the existence of a giant component, equivalent to the one of the
Erdős-Rényi random graph, when the average degree of Hp(2, d) is close to 1. �is
was later made rigorous by Ajtai, Komlós and Szemerédi [4], who proved that for
p = µd−1, if µ > 1 there is indeed a unique giant component (the fact that for µ < 1
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there is no giant is a rather simple branching process argument already pointed out
in [38]).

A huge step in the development of the theory of percolation on �nite graphs
was the series of papers by Borgs et al. [25–27], where many detailed results about
the structure of percolation on �nite graphs close to criticality were derived using
lace-expansion techniques (we refer to Section 2.4 for an explanation of what lace-
expansion is). �ey analysed percolation on transitive graphs under a �nite-graph
triangle condition, that is, that for a a su�ciently small constant, and for all x, y ∈ V,∑

z,t∈V

τpc(x, z)τpc(z, t)τpc(t, y) ≤ 1{x=y} + a, (1.3.2)

where τpc(v, w) := Ppc(v ↔ w). Under this condition, the largest critical compo-
nents are of size ΘP(V

2/3). �ey also obtained several results about the slightly
subcritical and supercritical phases and about the evaluation of pc. �e nearest-
neighbour and the spread-out Zd torus for d > 6, the hypercube and the Hamming
graph are among the graphs that satisfy the conditions required in [25–27].

Later papers by van der Hofstad and Slade [62, 63] further investigated the exact
position of the critical point pc, �nding an asymptotic expansion for the critical point
of the hypercube H(2, d) and of both the �nite torus and the in�nite space in Zd, as
d→∞. �ey proved that there exists an in�nite-series expansion for pc in terms of
inverse powers of the degree m (which is d in the hypercube and 2d in Zd) in which
all coe�cients are rational, and computed the �rst terms:

pc =
1

m
+

1

m2
+

7

2m3
+O

( 1

m4

)
. (1.3.3)

While in both se�ings the �rst three terms coincide, this formula is not a general
one that can hold for a large class of graphs, and it is predicted that further terms
of the expansion are actually di�erent. Indeed, the coe�cients are obtained through
an explicit analysis of the local geometry of the graph, and thus depend heavily on
the structure of the neighbourhood of a generic vertex. In the next section we will
discuss the equivalent result for the Hamming graph and show how it di�ers from
the ones we just discussed and how the formula for pc depends on speci�c features
of the geometry of the base graph.

1.4 Hamming graph percolation

1.4.1 Review of Hamming graph percolation

We can now introduce the speci�c percolation model that we will study in this thesis.
We start by giving a de�nition of the Hamming graph:
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Figure 1.1: A sketch ofH(2, 4) (le�) andH(3, 3) (right), with the edges coloured according
toK3 ×K3 ×K3.

De�nition 1.4.1 (�e Hamming graph). For integer n write [n] := {1, . . . , n}. We
de�ne the d−dimensional Hamming graph H(d, n) as the graph with vertex set

V = [n]d,

and edge set

E = {{v, w} : v, w ∈ V, vj 6= wj for exactly one j}.

H(d, n) is also o�en de�ned as the Cartesian product of d complete graphs of n
vertices each. Percolation on H(d, n) has become a popular topic in the last decade,
due to the fact that it is one of the easiest percolation models to compare to the
Erdős-Rényi random graph. See Figure 1.1 for a sketch of some Hamming graphs.

�e Erdős-Rényi random graph can indeed be seen as a percolation model on the
complete graph Kn (which also can be identi�ed with H(1, n)), and H(d, n), while
being a graph with evidently non-trivial geometry, shares some relevant properties
with Kn:

B High degree. �e Hamming graph H(d, n) has degree m = d(n − 1) =
Θ(V 1/d). �e fact that the degree grows as a polynomial function of the
volume V as n→∞ is crucial in many proofs that we present in this thesis.
�is property makes it possible to derive an expansion of the value of the critical
point pc in terms of inverse powers of m that has �nitely many signi�cant
terms. �is contrasts with the behaviour in the limit as n = 2 is �xed and
d→∞, in which case in [63] has been proved that all the coe�cients of the
terms of such an expansion are relevant, even if it is uncertain whether there
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are in�nitly many non-zero coe�cients. We will see in Chapter 5 how this
property is important in the proof of our main results.

B Fast mixing time. A simple random walk on the Hamming graph has very fast
mixing, which means that the distribution of the position of a random walker
starting from any �xed vertex v is almost uniform in V a�er very few (more
precisely, Θ(log n)) steps. Moreover, it is unlikely for a random walk onH(d, n)
to return to recently visited vertices. We use these properties extensively in
our proofs, coupling percolation paths to random-walk paths.

For these reasons, Hp(d, n) has become a common choice for a geometric model
that still has many properties in common with the ERRG and that is not too di�cult
to study. �e �rst Hamming graph percolation speci�c papers were [58] from van
der Hofstad and M. Luczak about the largest component in the slightly supercritical
phase for d = 2, and [59] by the same authors and Spencer about the second largest
component in the same phase. �e results from [58] were later made more precise
and general (in particular, extended to arbitrary d) in [61] by van der Hofstad and
Nachmias. �is gave rise to the following general picture:

B Supercritical phase [59,61]: When p = pc(1 + εV ) with V −1/3 � εV � 1,

|Cmax| = 2εV V (1 + oP(1)). (1.4.1)

Further, if d = 2, ε� V −1/3(log V )1/2,

|C(2)| ≤ 28ε−2V log(V ε3V ) whp. (1.4.2)

�e result for the largest component is identical to the one for the ERRG in (1.1.3),
while the bound on the second largest component is the same as (1.1.5) up to a
multiplicative constant.

�e slightly subcritical Hamming graph percolation was studied by Hulshof and
Nachmias:

B Subcritical phase [25, 65]: When p = pc(1− εV ) with V −1/3 � εV � 1,

c

ε2
log(V ε3) ≤ |Cmax| ≤

2

ε2
log(V ε3) whp, (1.4.3)

for some c > 0.

�e upper bound is from [25], the lower bound from [65]. We note that an upper
bound analogous to (1.1.2) holds, while the lower bound holds up to a multiplicative
constant (the upper bound is believed to be sharp).
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Much less was known about the structure of Hp(d, n) inside the critical window,
where the sharpest result is still the original one from [25, 26].

In the following subsections we will present the new contributions about Ham-
ming graph percolation that will be the main topics of Chapters 4 and 5, about the
connectivity threshold and the critical point.

1.4.2 Connectivity threshold

We now introduce the result proved in this thesis about the connectivity threshold
for Hp(d, n), stated in the following theorem, which will be proved in Chapter 4:

�eorem 1.4.2 (Connectivity threshold for Hµ(d, n) [43]). Consider Hp(d, n), for
all d ≥ 1, as n→∞. If limn→∞(pd(n− 1)− d log n) = t, for t ∈ R, then

P(Hp(d, n) is connected)→ e−e
−t

as n→∞. (1.4.4)

Consequently,

P(Hp(d, n) is connected)→

{
0 if pm− d log n→ −∞,
1 if pm− d log n→ +∞.

(1.4.5)

Comparing this result with the well-established one on the ERRG in [37], we note
that the critical threshold for the connectivity of the entire graph Hp(d, n) coincides
with the one for the single lines (the individual copies of Kn that make up H(d, n)).
Such lines in Hp(d, n) are in fact ERRG G(n, p), with p = (log n + t/d)/n. We
believe that actually for a wide class of Cartesian products of graphs, the connectivity
threshold of the product graph is the same as the one for the individual copies of
the base graph but the details of the proof become too involved in the presence of
non-trivial internal geometry of the base graph.

�e main heuristic behind this result is that, as in most percolation models on
�nite graphs, the minimal obstruction for connectivity are the isolated vertices, and
consequently the connectivity threshold is given by the value of p for which there are
no more isolated vertices in Hp(d, n). �e proof that we present in Chapter 4 relies
on the hierarchical structure of H(d, n), which is made up of lower-dimensional
Hamming graphs, using an induction argument on the dimension d.

Our result complements results by Clarke [31] and Joos [74] about the connectivity
threshold of Cartesian products of d copies of a �xed graph in the limit as d→∞. In
such a se�ing the connectivity threshold depends only on the degree sequence of the
base graph, since in all cases the minimal obstruction to connectivity is represented
by isolated vertices.
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1.4.3 Expansion of the critical point

�e other main result presented in this thesis about Hamming graph percolation is the
computation of sharper asymptotics for the critical point of the phase transition for
the existence of a giant component. �is is the main result of [42]. For �nite-volume
models the de�nition and determination of the critical point is a delicate topic, because
no function ofHp(d, n) can be discontinuous in p, since the probability of every event
can be expressed as a polynomial in p, and is therefore continuous. For this reason
instead of a unique value of the critical point pc, there exists a critical window of
sequences of edge probabilities p depending on n for which Hp(d, n) exhibits critical
behaviour.

For the same reason, even the de�nition of the critical window is a non-trivial
problem. Here we use the de�nition of the critical point pc(θ) from [25, 26] as the
solution of the equation

χ(pc) = θV 1/3, (1.4.6)

for some θ ∈ (0,∞), where χ(p) = Ep[C(v)], that is, the expected size of the
cluster of a vertex v in Hp(d, n) (note that by the transitivity of H(d, n), it does
not depend on v). �e exponent 1/3 is related to the fact that this model is in the
mean-�eld universality class of the ERRG; for models with di�erent critical exponents
the de�nition of pc would use a di�erent exponent too. De�ning δ as the value for
which Ppc(|C(v)| > k) = Θ(k−1/δ), then at criticality |Cmax| = ΘP(V

1/(1+δ)) and
χ(pc) = Θ(V (δ−1)/(δ+1)). For models in the mean-�eld universality class of the
ERRG δ = 2. See [54] for an in-depth discussion of the role of critical exponents in
percolation. �e critical window is made of all the possible sequences of pc(θ), for all
θ ∈ (0,∞).

�ere is still an open debate about what is the best way to de�ne the critical point
for percolation on �nite graphs. �ere have been papers that came up with di�erent
de�nitions and proved that they indeed give the right critical point, like the work by
Janson and Warnke [73], in which they proposed

pc = argmax
∂

∂p
logχ(p). (1.4.7)

�is in principle would be a more insightful way of de�ning the critical point, since
it captures the fact that it is the point around which the change in the structure of
the graph is the fastest, but it has the fundamental drawbacks of being much more
di�cult to compute and of �nding only one speci�c point inside the critical window
instead of its full width, so we will not try to apply it to Hp(d, n).

Solving (1.4.6) on H(d, n) we obtain the following theorem:
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�eorem 1.4.3 (Critical window for percolation on H(d, n) [41]). Consider bond
percolation on H(d, n). For all θ ∈ (0,∞) and all d ≥ 2, as n→∞,

p(d)c (θ) = m−1 +
2d2 − 1

2(d− 1)2
m−2 +O(m−3) +O(m−1V −1/3), (1.4.8)

where the constants in the error terms may depend on θ.

In this expansion the second error term is the one that identi�es the width of
the critical window, since it is the one that depends on the precise choice of θ, while
the �rst error term is a “real” error term, i.e., it is the e�ect of minute and complex
aspects of the geometry of H(d, n) that we were not able to compute.

Note that for d = 2, 3, the second term is actually not relevant, since it is not
bigger than the θ-dependent term, and thus the expression of the critical point is
pc = m−1 +O(m−1V −1/3), as in the ERRG. On the other hand, for d ≥ 7 the third
term is bigger than the θ-dependent term, so that the expansion in �eorem 1.4.3 is
not asymptotically exact. Our formula in (1.4.8) indicates that an expansion that is
precise up the kth term would be asymptotically exact for d ≤ 3k.

�e values of d for which this result is the most interesting are d = 4, 5, 6. In
this case the value of pc we compute is exact, and it is not m−1, the trivial lower
bound given by the critical point of the branching process that approximates the
neighbourhood of a point, as it is in the ERRG and most non-geometric models. For
these values of d, the second term in the expansion is truly necessary to identify the
critical window for Hp(d, n), and this is the �rst exact determination of a critical
window in which the corrections on the branching process critical point due to the
geometry of the underlying graph are relevant. Indeed, if we compare our result
with the expansion obtained in [63] for Zd and H(2, d), we see that in such models
there are in�nitely many signi�cant terms of the expansion, so it is not possible to
explicitly compute them all. We will see in Chapter 5 that the fact that the formula in
(1.4.8) is asymptotically exact adds signi�cant di�culties compared to the proof of
any approximate formula, even compared to those for which the expansion is more
complex.

Borgs et al. proved in [25, 26] that for many �nite-volume percolation models,
including H(d, n), given a valid choice of pc inside the critical window, the entire
critical window consists of all the values of p that can be expressed as p = pc(1 +
λV −1/3). We use such a parametrisation of the critical window ofH(d, n), arbitrarily
choosing the “default” pc as

pc := m−1 +
2d2 − 1

2(d− 1)2
m−2. (1.4.9)

�is is just a handy way to express speci�c points inside the critical window and we
do not want to claim that this speci�c value for pc is in any way special. At the present
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point it is not known how to express λ as a function of θ for such a parametrisation
of the critical window of any random graph model.

1.5 �e Random Intersection Graph

In this thesis we also present new results about the critical scaling limit of the Random
Intersection Graph (RIG). Random Intersection Graphs are popular models that are
o�en used as a way to build graphs that have good clustering without resorting to
geometry-heavy models, which, as we will see in the next chapters, are very hard to
study. We �rst give a de�nition of what an intersection graph is:

De�nition 1.5.1 (�e Intersection graph). Given a bipartite graph G over the sets of
vertices U,W, we de�ne the vertex and edge sets of the intersection graph G′ associated
to G as follows:

V(G′) := U,

E(G′) := {{v1, v2} : ∃w ∈W s.t. {v1, w}, {v2, w} ∈ E(G)}.
(1.5.1)

Beacuse this model is designed to produce graphs with a community structure
we will call the elements of U individuals and the elements of W communities. We
note that every graph G = (V,E) can be seen as an intersection graph [99]. �is can
always be done choosing U = V, W = E and joining v ∈ U and e ∈ W if v is an
endvertex of e. Note that it is possible that di�erent bipartite graphs have the same
intersection graph.

In Chapter 6 we will focus on the intersection graph G(n,m, p) of the random
graph Kp(n,m) obtained by uniform edge percolation on the complete bipartite
graph K(n,m). In particular we focus on the regime in which the two sides of
K(n,m) have di�erent orders of magnitude. �e RIG is a quite old and popular
model, originally introduced by Karonsky, Scheinerman and Singer-Cohen in [76].
�e phase transition for the existence of a giant component was identi�ed by Behrisch
who proved in [11] that there exists a threshold at p = 1/

√
nm around which there

is a jump in the size of the largest component, but not necessarily above which there
is a component of linear size in n, as summarized in the following theorem:

�eorem 1.5.2 (Phase transition in the RIG [11]). Consider the graph G(n,m, p),
then in the limit as n→∞, m = nα, and p = µ√

nm
,

B if α ≥ 1,

|Cmax| =

{
ΘP(log n) if µ < 1,

ΘP(n) if µ > 1.
(1.5.2)
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B if α < 1,

|Cmax| =

{
ΘP(logm

√
n/m) if µ < 1,

ΘP(
√
nm) if µ > 1.

(1.5.3)

Moreover in [44] the authors identi�ed the connectivity threshold and the threshold
above which G(n,m, p) is a complete graph whp.

In this thesis we further zoom into the critical window, showing that also at
the critical point, depending on the value of α, the RIG might or might not have
the same large-scale structure of the ERRG. �e weak convergences of the rescaled
component sizes in terms of vertices and edges hold in the `2↘ and the `2↘×`2 topology,
respectively, where the `2↘-topology is de�ned on the set

`2↘ =
{
x = (x1, x2, . . .) : x1 ≥ x2 ≥ · · · ≥ 0,

∑
i≥1

x2i <∞
}
, (1.5.4)

endowing it with the `2-norm metric.

�eorem 1.5.3 (Scaling limit for critical RIG). Consider the graph G(n,m, p). As
n→∞, m = nα, the following limits hold:

B For α > 1, λ ∈ R, p = pc(1 + λn−1/3), de�ning, for every i ≥ 1, Cλi as the ith
largest component,

(
n−2/3|Cλi |

)
i≥1

d→
(
Cλ
i

)
i≥1, (1.5.5)

in the `2↘-topology.

B For α ∈ (0, 1), λ ∈ R, p = pc(1 + λm−1/3),(
n−1/2−α/6|Cλi |, n−1+α/3|E(Cλi )|

)
i≥1

d→
(
Cλ
i ,C

λ
i /2
)
i≥1, (1.5.6)

in the `2↘ × `2-topology

�e limiting variables
(
Cλ
i

)
i≥1 are the same as the ones for the component sizes of a

critical ERRG, with p = 1+2λn−1/3

n given in [5].

We can also in a similar way obtain the critical scaling limit of the random bipartite
graph Kp(n,m):
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�eorem 1.5.4 (Scaling limit for critical random bipartite graph). ConsiderKp(n,m),
with p = pc(1 +λn−1/3). De�ne for every i ≥ 1, Cλi as the ith largest component, then
in the limit as n→∞, m = nα, α > 1,(

n−1/6−α/2|Cλi |
)
i≥1

d→
(
Cλ
i

)
, (1.5.7)

in the `2↘-topology, where the limiting variables
(
Cλ
i

)
i≥1 are the same as the ones for

the critical ERRG with p = 1+2λn−1/3

n given in [5].

We discuss the case α < 1 only for the RIG and not for the random bipartite
graph, because in the graph G(n,m, p) the sets of individuals and communities play
very di�erent roles, while in Kp(n,m) the roles of n and m are exchangeable, since
K(n,m) is isomorphic toK(m,n) and thus we can always without loss of generality
assume that n ≤ m. It is worth noting that the critical exponent for component sizes
in the RIG may be di�erent from the one for the ERRG, but the limiting variables
are the same, with just a rescaling by a factor 2 in the parametrization of the critical
window. �is factor 2 comes from the binomial expansion

p2 = p2c(1 + λn−1/3)2 = p2c(1 + 2λn−1/3 + λ2n−2/3), (1.5.8)

since the critical point, is determined by the average number of vertices that are at
distance 2 from a randomly chosen vertex in Kp(n,m). We show this in more detail
in Chapter 6, when we design an exploration algorithm that at every step inspects
the 2-neighbourhood of a given vertex and use it as a key tool to prove our main
theorems.

Note that if we choose α = 1, i.e. m = n, Kp(n, n) is a special case of the
stochastic block model, whose critical scaling limit has been studied by Bhamidi et
al. [14] in quite broad generality. Unfortunately, due to the requirement that edges
between vertices on the same side of Kp(n, n) are not present deterministically, the
results from [14] do not apply directly to Kp(n, n) as, for technical reasons, Bhamidi
et al. [14] required that all the edge probabilities were non-zero. We think that the
problem of the stochastic block model with some deterministically vacant edges
can be solved in much broader generality than just the special case Kp(n, n) with
techniques from [14].

It is also relevant to note that (1.5.6) considers the total number of edges instead
of surplus edges (as it is common in most of the literature about scaling limits of
critical random graphs, see, e.g [5, 16, 34]). �is is because in this case the number of
edges is of higher order of magnitude compared to the number of vertices in a typical
large critical component, and consequently, the number of surplus edges is very close
to the total number of edges. Also, here we obtain `2-convergence for the (rescaled)
number of surplus edges, which does not hold for any of the already studied cases.
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�e results about component sizes in �eorems 1.5.3 and 1.5.4 are strongly linked,
since the connected components of G(n,m, p) are just the restrictions of the compo-
nents of Kp(n,m) to the set U.

It is also worth mentioning here the results about the connectivity of the RIG
proved due to Fill, Schneinermann and Singer-Cohen [44], which further highlight
the particular features of the model and in fact that it has a signi�cant change in the
asymptotic behaviour around α = 1.

�eorem 1.5.5 (Connectivity threshold for the RIG [44]). Consider the graphG(n,m, p),
then in the limit as n→∞, m = nα, for every sequence (ωn)n≥1 such that ωn →∞,

B for α > 1

lim
n→∞

P(G(n,m, p) is connected) =


0 if p =

√
log n− ωn

mn
,

1 if p =

√
log n+ ωn

mn
.

(1.5.9)

B for α < 1

lim
n→∞

P(G(n,m, p) is connected) =


0 if p =

log n− ωn
m

,

1 if p =
log n+ ωn

m
.

(1.5.10)

�e most interesting remark on this result is that, when α > 1, the critical point
for the phase transition for the size of the largest component and the connectivity
threshold are just a logarithmic factor apart, like in the Erdős-Rényi random graph,
where instead α < 1 they are separated by a polynomial factor. �is is mostly because
when α < 1 the fact that there are very few communities makes it very hard to get
rid of isolated points, as the average degree of an individual is mp, which in this case
converges to 0 even above the critical point.

1.6 Universality of random graph models

We now discuss other popular random graph models and discuss how all the di�erent
results present in the literature compare to each other.

�e most popular kinds of random graph models di�er from the Erdős-Rényi
random graph for at least one of two main properties: higher inhomogeneity in
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the degree sequence, like the con�guration model we presented in Section 1.2, and
presence of an underlying geometric structure, like percolation on �nite graphs we
presented in Section 1.3. In this section we will present other models which we are
not the subject of new investigation in this thesis, but (we think) are useful to be
compared to the ones our work focuses on.

1.6.1 Inhomogeneous models

�e original paper on the ERRG [37] already suggested the possibility of giving to
each edge its own speci�c probability pe to be present, but did not explore it further.
It is clearly not possible to analyse the resulting graph for every possible choice of
edge retention probabilities, but some models which impose some restriction on the
edge probabilities have been studied in great detail, like the rank-1 inhomogeneous
random graph and the stochastic block model.

In rank-1 inhomogeneous random graphs, each vertex vi is given a weight wi
and the probability for the edge (vi, vj) to be present is given by some increasing
function f(wiwj) (there are several choices for such function, see [55, Section 6.8]
for a detailed presentation of the most popular ones), independently of the status
of the other edges. �at means that vertices with higher weights likely have higher
degrees. �is way, by tuning the weight distribution it is possible to produce a graph
with the desired degree distribution.

In the stochastic block model instead, the vertices are divided in k types, and
the probability for an edge joining a vertex of type i to one of type j to be present
is assigned to be pij [64], independently of all the other edges, where pij are

(
k
2

)
parameters chosen arbitrarily in [0, 1]. �is model gives less �exibility for the degree
distribution, since it allows only for a bounded number of types of vertices (while in
the rank-1 model each vertex has its own weight). It does give instead the possibility to
have strong communities, or a multipartite structure, since probabilities are assigned
speci�cally to each kind of edge and not just derived as the product of vertex weights.

�e last model for random graphs with heavy-tailed degree sequences that we
think is worth mentioning is a dynamic random graph model: the preferential at-
tachment model. �is random graph is built starting from a small graph sequentially
adding new vertices, which connect randomly to the already existing ones, with a
bias towards vertices that already have a high degree. �e preferential a�achment
model has a�racted a�ention because the power-law degree distributions that are
o�en observed in reality arise naturally from a dynamic process [24] instead of being
enforced directly by the parameters �xed at the beginning, like in the con�guration
model. However in most formulations, the preferential a�achment model is always
connected, so the kind of problems discussed in this thesis are usually trivial.
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1.6.2 �e role of geometry

A relevant distinction among di�erent random graphs is whether or not they possess
an underlying geometric structure. As an informal de�nition, we say that a random
graph has an underlying geometric structure if its vertices are placed in a metric space
and their relative positions are taken into account in the rule according to which
edges are drawn, usually making vertices that are closer in the underlying space
more likely to be connected. Such geometric structure is natural for many real-world
networks.

Geometry is a feature that is o�en easy to spot in many real-world networks,
especially when such a geometric space is a physical space, such as for transport
networks, but can also represent much more abstract spaces and subtle concepts, like
the space of research interests in a scienti�c collaboration network. In particular,
geometry is one of the best ways to explain clustering, a phenomenon that is ubiqui-
tous among real-world networks. By clustering we mean the fact that vertices which
share neighbours are more likely to be directly connected. �is can be explained in
a geometric network as a consequence of the triangle inequality in the underlying
metric space, since vertices who share neighbours are likely to both be close to such
neighbours in the underlying space and, by the triangle inequality, close to each other.
�e deep relation between geometry and clustering has drawn a lot of a�ention in
recent years (see e.g. [78]) and it is a big research problem to understand whether
every model with clustering can be expressed in terms of an underlying geometric
space.

�ere are plenty of geometric models for random graphs. In the random geometric
graph (see e.g. [89]), points are sampled randomly on a metric manifold (among the
most common choices, the continuum torus, the hyperbolic ball and Rd) and edges
are drawn between vertices that are at distance smaller than a �xed parameter. �e
random interlacements [98] are obtained from the vacant set of a random walk on a
graph. In edge percolation [50] vertices are removed randomly from a given graph.

1.6.3 Di�erent scaling limits

We now discuss how di�erent models present di�erent critical scaling limits and how
they compare to those of the Erdős-Rényi random graph and the Random Intersection
graph.

In the con�guration model Molloy and Reed proved in [83] that there was a phase
transition with critical parameter E[D(D − 2)] = 0, where D is the degree of a
uniformly chosen vertex. Connectivity was studied in increasing detail over several
decades in a series of papers [40, 80, 102]. �e phase transition and connectivity
threshold of inhomogeneous models were harder to establish, because of the huge
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variety of speci�c ways to de�ne the models and the extreme �exibility in the choice
of the parameters, see [22, 32] for quite general results.

It was later proved that under rather mild assumptions many other models not
only exhibit a phase transition, but present critical clusters that are very similar to the
ones of the ERRG. �e �rst such result was in [87] by Nachmias and Peres, in which
they proved that critical percolation on random regular graphs presents a scaling
limit for the largest critical components analogous to the one in (1.1.7).

�e a�ention then shi�ed to the inhomogeneous models, to try to determine
which role the very high-degree vertices play in the phase transition of the inhomo-
geneous rank-1 random graphs. Bhamidi et al. [16] proved that under a �nite third
moment assumption on the weight distribution the rank-1 models are still in the same
universality class as the ERRG, and this result was later extended to a much bigger
class of models, including the stochastic block model, in [14].

Dhara et al. [34] proved that under the same �nite third moment assumption, this
time directly on the degree distribution, also the con�guration model has a similar
mean-�eld scaling limit at criticality.

In parallel to these results, highly inhomogeneous models, while still showing a
phase transition for the existence of a giant component, do not present a scaling limit
for critical component sizes similar to the one of the ERRG. Bhamidi et al. [17] proved
this for the rank-1 random graph. Later Joseph [75] and Dhara et al. [33] extended
it to the con�guration model. In both cases assuming an in�nite third moment (but
�nite second moment) of the distribution of weights and degrees, respectively, have a
di�erent order of magnitude for the largest critical connected components than the
one of the ERRG.

In particular if the distribution of the weight or degree of a randomly chosen
vertex converges to a random variable D, which follows a power-law with exponent
between 3 and 4, that is, P(D = k) = ck−τ , with τ ∈ (3, 4), then at criticality
|Cmax| = ΘP(n

(τ−2)/(τ−1)), and the limit variables a�er rescaling are lengths of
excursions of a thinned Lévy process. It is still worth noting that also in this case the
surplus of large critical connected components converges to a tight random variable
without rescaling.

Note that the critical exponent for the size of the largest critical component for
the inhomogeneous random graphs exists in the same interval (1/2, 2/3] as that of
the Random Intersection Graph. On the other hand the random variables to which
the component sizes converge a�er rescaling and the amount of surplus edges we see
in each component are very di�erent across these di�erent inhomogeneous models.
We will discuss in Chapter 7 in more detail the possibility of the existance of a wide
class of inhomogenous models that present a similar behaviour.

In both models, if the weight or degree distribution instead has in�nite second
moment there is no phase transition, and the graph always has a giant component.
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1.6.4 Computation of the critical points

It is interesting to note how the presence of a geometric structure heavily changes the
point at which the phase transition for the existence of a giant component happens.

In non-geometric models, the critical point for the existence of a giant component
is typically identical to the critical point for having non-zero survival probability of
the branching process that approximates the neighbourhood of a generic vertex. �is
is true for the Erdős-Rényi random graph [37], the con�guration model [83] and
the inhomogeneous random graph [22]. �e reason for this is that in the absence
of underlying geometry, most random graph models tend to be locally tree-like, i.e.,
the k-neighbourhood of a random vertex up to any �xed distance k is w.h.p. a tree.
Benjamini, Nachmias and Peres [12] proved that for regular non-amenable graphs,
the critical point is close to the one of the approximating branching process, assuming
large enough girth or good enough expansion.

In geometric models, instead, very o�en a huge number of short cycles appear,
thus making the actual neighbourhood of a vertex denser than a tree. Kesten [77] has
proved that in Z2 percolation the critical point is at pc = 1/2, quite far away from
the lower bound pc = 1/3 given by the approximation by a branching process with
progeny Bin(2d− 1, p), similarly in the 2-dimensional boolean geometric random
graph, at the critical point, the average degree is above 4 (see e.g. [10]), more than
double compared to the average degree 2 of a critical branching tree. �is is true
also for percolation on graphs with positive clustering that are not built directly via a
geometric construction [56, 57].

In Hamming graph percolation the e�ect of the geometric structure is much
weaker, and indeed the graph is still locally tree-like, but we can see from our result
in �eorem 1.4.3 that that is already su�cient to produce a shi� in the critical point
when d ≥ 4. We can imagine that the distance of the critical point from the branching
process critical point might be a good indicator of how strong the in�uence of the
geometry is on a random graph.

1.6.5 Universality of the connectivity critical window

We also discuss how there are some common features about how connectivity arises
in di�erent random graph models. What we see is that in most cases the core object
to investigate is the local minimal obstruction, i.e., the appearance of small subgraphs
detached from a giant component that makes up the vast majority (usually V −OP(1))
of the vertices.

In the Erdős-Rényi random graph [37] and in most of the models in which edges
are sampled independently the minimal obstruction is the presence of an isolated
vertices. �is is the case in �eorem 1.4.2 for Hamming graph percolation, as it
is known to be for hypercube percolation thanks to Erdős and Spencer [38], for
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inhomogeneous random graphs thanks to Devroye and Fraiman [32] and for the
Random Intersection graph thanks to Fill et al. [44]. In all these results we see that
there exists a critical window in which the limit connectivity probability is non-trivial
and the number of isolated vertices converges in distribution to a Poisson random
variable (see the work of Penrose [90] for a proof that in a very general geometric
se�ing the distribution of the number of isolated vertices converges to a Poisson
distribution when its mean is �nite). �is is due to the fact that that whether a vertex
is isolated or not can be veri�ed locally, and consequently, in a very large graph, the
isolation of distinct vertices is asymptotically independent.

In the con�guration model instead, the existence of isolated vertices is something
that can be ruled out before sampling the graph, as the degree sequence is �xed
from the beginning. For this reason, in this case we see more complicated minimal
obstructions, i.e., line and cycle components. Still, we see that the graphs outside the
giant are quite small and that they are made of the vertices with the lowest possible
degrees, that is, of degrees 1 and 2.

1.7 Outline of the thesis

�e rest of this thesis is mainly dedicated to the proof of �eorems 1.2.3, 1.2.5, 1.4.2,
1.4.3, 1.5.3 and 1.5.4. Chapter 2 is dedicated to the presentation of the notation that
will be used throughout the entire thesis and of some important standard results in
probability theory that will be used in many parts of the proofs. Chapter 3 is focused
on the con�guration model and the proofs of �eorems 1.2.3 and 1.2.5. Chapters 4
and 5 focus on the study of Hamming Graph percolation. Chapter 4 consists mostly
of the proof of �eorem 1.4.2, while Chapter 5 is dedicated to the proof of �eorem
1.4.3 and some results about the subcritical ERRG that are necessary to complete the
proof, but are also interesting on their own. Chapter 6 is dedicated to the study of the
RIG and is focused on the proofs of �eorems 1.5.3 and 1.5.4. Finally, in Chapter 7
we present re�ections and conclusion on the work and the results described in this
thesis as well as some ideas for the future development of the �eld.





Chapter 2

Preliminaries

In this chapter we discuss some important standard tools related to percolation theory
that are heavily used in several proofs in the following chapters. In Section 2.1 we
introduce some mathematical notation that will be used throughout the rest of the
thesis. In Section 2.2 we introduce the techniques to prove the convergence of an array
of random variables to independent Poisson variables. In Section 2.3 we introduce
two important inequalities, which are widely used in percolation theory: the FKG and
BK inequalities. In Section 2.4 we de�ne the lace-expansion technique and introduce
some of the results that can be obtained with it. In Section 2.5 we state the martingale
functional central limit theorem.

2.1 Notation

We now give a brief summary of the notation that will be commonly used throughout
this thesis.

Stochastic domination. Given two real-valued random variables X and Y we say
that Y stochastically dominates X and write X � Y (or equivalently Y � X), if, for
every z ∈ R, P(Y ≥ z) ≥ P(X ≥ z).

With high probability. Given a sequence of events (An)n≥1, we say that An
happens with high probability (w.h.p.) if limn→∞ P(An) = 1.

Convergences of random variables. Given a sequence of random variables (Xn)n≥1

we write Xn
P→ X to indicate convergence in probability and Xn

d→ X to indicate
convergence in distribution.

27
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O, o, Θ notations. Given two sequences of (possibly degenerate) random variables
(Xn)n≥1, (Yn)n≥1 we write:

B Xn = O(Yn) if there exists c ∈ (0,∞) such that |Xn/Yn| ≤ c for all n almost
surely.

B Xn = o(Yn) if |Xn/Yn| ≤ εn almost surely, for a deterministic sequence that
satis�es εn → 0. Sometimes, to improve readability, for positive Xn, Yn, we
instead use the notation Yn � Xn, with the same meaning.

B Xn = Θ(Yn) if Xn = O(Yn) and Yn = O(Xn).

B Xn = OP(Yn) if the sequence (Xn/Yn)n≥1 is tight.

B Xn = oP(Yn) if Xn/Yn
P→ 0.

B Xn = ΘP(Yn) if Xn = OP(Yn) and Yn = OP(Xn).

In particular, throughout the thesis, we o�en use Xn = Yn(1 + o(1)) and Xn =
Yn(1 + oP(1)) to indicate that Xn/Yn converges to 1 almost surely and in probability,
respectively.

Sets and their size. We use calligraphic le�ers to indicate sets and normal capital
le�ers to indicate their sizes when feasible. For example we use V for the vertex set
of a graph and V for its size.

Special distributions. We write Poi(λ) to indicate the Poisson distribution with
mean λ and Bin(n, p) to indicate the binomial distribution with n independent trials,
each with success probability p.

Graph notation. We write G = (V,E) to indicate a graph G with vertex set V and
edge set E.

We de�ne a path η in G as an ordered set of distinct vertices (v0, v1, ..., vk) such
that {vi−1, vi} ∈ E for all i ≤ k. We write that such path has length k.

We write v ↔ w if there exists a path such that v0 = v and vk = w for some
k ∈ N, and v ≤r↔ w if there exists such a path of length less than or equal to r, and
v
>r↔ w if there exists a path of length larger than r from v to w. In the literature

v
>r↔ w is o�en used to indicate that the shortest path has length larger than r, note

the di�erence with our de�nition.
We de�ne the connected component (or cluster) of v as C(v) := {w : v ↔ w}.
For v, w ∈ V, we de�ne the graph distance dG(v, w) as the length of the shortest

path between v and w.
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To make our notation consistent we impose that in any graphG, for all the vertices
v ∈ V, v ↔ v and dG(v, v) = 0.

Conditional distributions. Given a real-valued random variableX and aσ-algebra
F , we de�ne (X | F ) as the conditional distribution of X with respect to F . Note
that (X | F ) is a random variable which takes values in the space of real-valued
random variables and that it is measurable with respect to F .

2.2 Poisson convergence and the method of moments

In Chapters 3 and 4 of this thesis we investigate connectivity of random graphs, and in
particular we need to show that, in the critical window for connectivity, the number
of minimal obstructions to connectivity that appear in the random graph follows a
Poisson distribution. Intuitively, this happens because these minimal obstructions
are typically small and can be determined locally, so in a very large graph their
appearance over di�erent vertices is asymptotically independent.

To prove Poisson convergence, both in the univariate and multivariate case, we
will use the convergence of factorial moments.

Given a random variable X we de�ne its k-th lower factorial as

(X)r := X(X − 1) · · · (X − r + 1), (2.2.1)

and its r-th factorial moment as E[(X)r].
We can now state the conditions required to prove that an array of random

variables converges in distribution to an array of independent Poisson random varibles
via the method of moments, as in [55, �eorem 2.6]:

Lemma 2.2.1 (Multivariate moment method with Poisson limit [55] ). A sequence
of vectors of non-negative integer-valued random variables (X(n)

1 , X(n)

2 , ..., X(n)

k )n≥1
converges in distribution to a vector of independent Poisson random variables with
parameters (λ1, λ2, ..., λk) when, for all possible choices of (r1, r2, ..., rk) ∈ Nk ,

lim
n→∞

E[(X(n)

1 )r1(X(n)

2 )r2 · · · (X
(n)

k )rk ] = λr11 λ
r2
2 · · ·λ

rk
k . (2.2.2)

In the cases that we are interested in Chapters 3 and 4, in the computations we can
exploit the fact that the number of minimal obstructions that appear in the random
graphs can be expressed as a sum over all the possible sets of vertices of the indicators
that those vertices form a minimal obstruction. In this case the factorial moments
assume a very nice sum form that makes our computations easier:
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Lemma 2.2.2 (Factorial moments of sums of indicators [55]). WhenXj =
∑
i∈Ij 1i(j)

for all j = 1, . . . , k,

E[(X(n)

1 )r1(X(n)

2 )r2 · · · (X
(n)

k )rk ]

=
∑∗

i
(1)
1 ,...,i

(1)
r1
∈I1

· · ·
∑∗

i
(k)
1 ,...,i

(k)
rk
∈Ik

E
[ k∏
j=1

rk∏
s=1

1
i
(j)
s

]
,

(2.2.3)

where
∑∗ denotes a sum over distinct indices.

In Chapters 3 and 4 we will recall the speci�c versions of the method of moments
that we will need in our proofs.

2.3 �e FKG and BK inequalities

We next explain two of the most fundamental inequalities in percolation theory. To
do so, we need to introduce the idea of monotone events. �e con�guration space
Ω = {0, 1}E is naturally equipped with the coordinate-by-coordinate partial ordering
according to which

ω1 ≤ ω2 i� ω1(e) ≤ ω2(e) ∀e ∈ P. (2.3.1)

An event A is monotone increasing with respect to this natural ordering when, if the
con�guration ω belongs to A, so do all the con�gurations obtained from ω by adding
more edges. Many important events in percolation are monotone with respect to this
ordering, such as, for example, v ↔ w for each v, w ∈ V or |C(v)| ≥ k. Typically
the most di�cult proofs in percolation theory are the ones related to non-monotone
events (such as dC(v)(v, w) = k).

�e Fortuin–Kasteleyn–Ginibre (FKG) inequality tells us that monotone increasing
events are never negatively correlated:

�eorem 2.3.1 (�e FKG inequality for percolation [46]). Given any graphG, consider
the percolation measure space (Ω,F ,Pp) as in De�nition 1.3.1. If A,B ⊆ Ω are
increasing events, then for every p ∈ (0, 1),

Pp(A ∩B) ≥ Pp(A)Pp(B). (2.3.2)

Since Ac is decreasing if A is increasing it follows that also decreasing events are
non-negatively correlated, while an increasing event cannot be positively correlated
with a decreasing one. Intuitively, the idea behind the FKG inequality is that the
conditioning on an increasing event can only increase the probability that the edges
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related to that event are present and thus makes it easier for other increasing events
to happen.

�e van den Berg-Kesten (BK) inequality instead deals with the disjoint occurrence
of events. Given two events A,B ⊆ Ω we say that they occur disjointly in a con�gu-
ration ω and write ω ∈ A ◦B if there exists a (possibly random) set EA(ω) ⊆ E such
that we can verify that A occurs by only checking the status of the edges in EA(ω)
and that B occurs by only checking the status of the edges in E \ EA(ω).

�eorem 2.3.2 (�e BK inequality for percolation [13]). Given any graph G, consider
the percolation measure space (Ω,F ,Pp) as in De�nition 1.3.1. If A,B ⊆ Ω are
increasing events, then for every p ∈ (0, 1),

Pp(A ◦B) ≤ Pp(A)Pp(B). (2.3.3)

�e intuition behind the BK inequality is that, for an increasing event B, to occur
disjointly fromA is equivalent to occurring conditionally on all edges in EA(ω) being
vacant.

�ese inequalities hold in large generality, they are true for independent Bernoulli
edge or site percolation on any �nite or in�nite graph and extend also to di�erent
models with an underlying graph structure where the distribution of ω is not a product
measure. �e BK inequality is also generalized by the van den Berg-Kesten-Reimer
(BKR) inequality (see [92]), which holds also for non-monotone events. �e proof and
application of the BKR inequality are much more complicated and subtle than the
ones of the BK inequality, since for non-monotone events it is much more involved
to de�ne disjoint occurrence. Since the BKR inequality is not needed in any proof in
the present thesis, we state only the BK inequality.

2.4 Lace expansion

�e lace expansion is a proof technique originally developed by Brydges and Spencer
in [30] to study self-avoiding random walks on Zd and has since been a very important
technique to analyse the impact of the underlying geometric structure on several
stochastic models in high dimension. �e �rst application to percolation was the proof
of the mean-�eld critical exponents for high-dimensional (d ≥ 19) Zd percolation by
Hara and Slade [53].

In percolation, the lace expansion is a method to express the two-point function
τp(x, y), that is, the probability that the two vertices x and y are connected in the
percolated graph, in terms of a sequence of coe�cients that can be explicitly computed.
Sometimes we will arbitrarily choose a vertex in the graph to be the origin and call it
0 (the exact choice does not ma�er due to the transitivity of H(d, n)), and we will
write τp(x) as the probability that x is connected to it.
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�e version of the lace expansion that we use here is the one derived by Borgs et
al. in [26], where it is proved that for any p ∈ [0, 1],

τp(x) = δ0,x +m(Jp ∗ τp)(x) +m(Πp ∗ Jp ∗ τp)(x) + Πp(x), (2.4.1)

where (f ∗ g)(x) =
∑
y∈V f(y)g(x− y) denotes the convolution between f and g,

Jp(x − y) := Pp({x, y} is open), and Πp(x) is the so-called irreducible two-point
function or lace-expansion coe�cient. �e analysis in the lace expansion further
determines that Πp(x) is given by the alternating series

Πp(x) =

∞∑
N=0

(−1)NΠ(N)

p (x), (2.4.2)

and the lace-expansion coe�cients Π(N)
p have a well-de�ned structure that we de�ne

in more detail when we use it in Section 5.5 to derive an upper bound on the critical
point of Hp(d, n). In this particular case we will be able to analyse Π(N)

p (x) using
path-counting arguments.

De�ne the discrete Fourier transform of a function f : V→ R as

f̂(k) =
∑
x∈V

eik·xf(x). (2.4.3)

Taking the Fourier transform of (2.4.1), we obtain

τ̂p(k) =
1 + Π̂p(k)

1−mĴp(k)(1 + Π̂p(k))
. (2.4.4)

�e theory of lace expansion for percolation on �nite graphs has been built in [25–27]
for a larger class of graphs which have V := [n]d as vertex set and a translation
invariant geometry. �is includes, other thanH(d, n), the discrete torus with nearest-
neighbour connections and various spread-out models.

We use this to approximate the value of the critical point pc onH(d, n), observing
that τ̂p(0) =

∑
x τp(x) = χ(p) and Ĵp(0) = mp, so se�ing k ≡ 0 and p := p(d)

c (θ),
and using the de�nition of the critical point as the solution of χ(pc) = θV 1/3, we
obtain

mpc(θ) =
1

1 + Π̂pc(0)
+ θ−1V −1/3. (2.4.5)

Lace expansion was used by Hara and Slade [53] and then by van der Hofstad and
Slade [62, 63] to approximate the asymptotic behaviour of the critical point of Zd and
H(2, d) as d→∞.

We will not go deep into the details of how the lace expansion was established
and of all the numerous problems that can be solved with it, since it is not the main
topic of this text. For a more detailed explaination we refer to [54, 97].
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2.5 �e Martingale Functional Central Limit �eorem

In the proof of the scaling limit for critical component sizes ofKp(n,m) andG(n,m, p),
both in terms of vertices and edges, we use the Martingale Functional Central Limit
�eorem (MFCLT) to analyse the limit of the stochastic process adapted to the ex-
ploration of Kp(n,m). �is is a standard theorem of stochastic process theory, that
extends the basic Central Limit �eorem for the sum of random variables. It not
only establishes the convergence of the renormalized distribution of the sum of a
diverging number of random variables to a Gaussian variable, but the convergence
of the sequence of partial sums, seen as a stochastic process, to a Brownian Motion.
�e use of the MFCLT to prove the convergence of exploration processes on critical
random graph to Brownian motion was originally an idea of Aldous in [5] and has
since been the most common approach to such problems. Here we state a simple
version of the MFCLT for 1-dimensional stochastic processes:

�eorem 2.5.1 (MFCLT for 1-dimensional stochastic processes). Consider a sequence
of discrete-time martingales (Sn(k))k≥0 such that

Sn(k) =

k∑
j=1

Xn(j). (2.5.1)

Let (Fn(k))k≥1 be the �ltration generated by (Sn(k))k≥0. Suppose that for every t ≥ 0
�xed, (Xn(k))k≥1 satis�es

n−1E
[

sup
k≤tn

|Xn(k)2|
]

P→ 0, (2.5.2)

n−1E
[

sup
k≤tn

Var(Xn(k) | Fn(k − 1))
]

P→ 0, (2.5.3)

n−1
∑
k≤tn

Var(Xn(k) | Fn(k − 1))
P→ t. (2.5.4)

�en

n−1/2(Sn(sn))s≥0
d→ (W (s))s≥0, (2.5.5)

where
(
W (s)

)
s≥0 is a standard Brownian motion and the convergence is in the Sko-

rokhod J1-topology.

�ere exists a huge variety of versions of the MFCLT, that extend to much more
complex se�ings, which we do not discuss here in detail. For a more extensive
exposition of the topic see [93,100]. In Chapter 6 we will state a more speci�c version
of the MFCLT that applies directly to the case that we are interested in there.





Chapter 3

Connectivity of the Configuration
Model

In this chapter we prove the results about connectivity of the Con�guration Model
presented in Section 1.2.

We show that under the assumptions on the degree sequence given in Condition
1.2.2, in the limit as n→∞, the graph CMn(d) is w.h.p. made of a giant component
that contains almost all the vertices and a Poisson-distributed number of small com-
ponents, shaped like lines or cycles. Here we �rst outline the proof strategy that we
will follow in the next sections.

We �rst notice that in the connectivity critical window our con�guration model
is supercritical, i.e., w.h.p. it has a unique component of linear size with respect to
the whole graph. In more detail, for �nite ρ1 <∞ and p2 < 1,

lim
n→∞

νn = lim
n→∞

E[Dn(Dn − 1)]

E[Dn]
≥ 2p2 + 6(1− p2)

2p2 + 3(1− p2)
> 1. (3.0.1)

�us the results from [71, 84] imply that |Cmax| = ΘP(n), while the second largest
connected component C(2) satis�es |C(2)| = oP(n) and |E(C(2))| = oP(n), where
|E(G)| indicates the number of edges of the graph G. �e proof of our main theorem
is now divided into two parts:

1. To identify the limit distribution of the number of lines and cycles that form
[n] \ Cmax, which we do in Section 3.1;

2. To prove that w.h.p. all vertices v ∈ [n] with dv ≥ 3 are in the giant component
Cmax, which we do in Section 3.2.

�e proofs of our main theorems are then completed in Section 3.3.

35
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3.1 Poisson convergence of the number of lines and cycles

In this section, we prove that the number of cycles (components made by k vertices
of degree 2) and lines (components made by 2 vertices of degree 1 and k − 2 vertices
of degree 2) jointly converge to independent Poisson random variables. In Section
3.2, we will show that [n] \ Cmax w.h.p. only contains vertices of degree 1 and 2, so
that all the other components are either cycles or lines. We de�ne the sequences of
random variables (Cn,Ln) =

(
(Ck(n), Lk(n))

)
k≥1 as

B Ck(n)= # {cycles of length k in CMn(d)},

B Lk(n)= # {lines of length k in CMn(d)}.

We consider a vertex of degree 2 with a self-loop as a cycle of length 1. By
convention, L1(n) = 0 for all n since a vertex of degree 1 can not have a self-loop.

We de�ne Ck = {{v1, v2, ..., vk} ⊆ N2} to be the set of all collections of k
vertices that could form a cycle, and denote

Ck(n) =
∑
c∈Ck

1{c forms a cycle}, (3.1.1)

where 1A denotes the indicator of the event A. In a similar way we de�ne Lk =
{{v1, v2, ..., vk} : v1, vk ∈ N1; v2, ..., vk−1 ∈ N2} to be the set of all collections of k
vertices that could form a line, and denote

Lk(n) =
∑
l∈Lk

1{l forms a line}. (3.1.2)

We will use the multivariate method of moments to show that
(
(Cn(k), Lk(n))

)
k≥1

converges, as n → ∞, to a vector of independent Poisson random variables. For a
random variableX , we de�ne (X)r = X(X−1) · · · (X−r+1). For the multivariate
method of moments, we recall two useful lemmas that we presented in Section 2.2,
whose proofs are given in [55, Section 2.1].

Lemma 3.1.1 (Multivariate moment method with Poisson limit). A sequence of vectors
of non-negative integer-valued random variables (X(n)

1 , X(n)

2 , ..., X(n)

k )n≥1 converges
in distribution to a vector of independent Poisson random variables with parameters
(λ1, λ2, ..., λk) when, for all possible choices of (r1, r2, ..., rk) ∈ Nk ,

lim
n→∞

E[(X(n)

1 )r1(X(n)

2 )r2 · · · (X
(n)

k )rk ] = λr11 λ
r2
2 · · ·λ

rk
k . (3.1.3)
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Lemma 3.1.2 (Factorial moments of sums of indicators). When Xj =
∑
i∈Ij 1i(j)

for all j = 1, . . . , k,

E[(X(n)

1 )r1(X(n)

2 )r2 · · · (X
(n)

k )rk ]

=
∑∗

i
(1)
1 ,...,i

(1)
r1
∈I1

· · ·
∑∗

i
(k)
1 ,...,i

(k)
rk
∈Ik

E

 k∏
j=1

rk∏
s=1

1
i
(j)
s

 , (3.1.4)

where
∑∗ denotes a sum over distinct indices.

See also [72, Chapter 6] for more general versions of the method of moments. We
now can state the main result of this section.

�eorem 3.1.3 (Poisson convergence of number of lines and cycles). Consider CMn(d)
in the critical window for connectivity de�ned in Condition 1.2.2. �en

(Cn,Ln)
d−→ (C,L), (3.1.5)

where (C,L) =
(
(Ck, Lk)

)
k≥1 is a sequence of independent random variables with

Lk
d
= Poi

(
ρ21(2p2)k−2

2dk−1

)
, Ck

d
= Poi

(
(2p2)k

2kdk

)
, (3.1.6)

and the convergence in (3.1.5) is in the product topology on N∞.

Proof. We want to �nd the combined factorial moments of (Lj(n), Cj(n))j≤k and
show that

E[(C1(n))r1(L2(n))s2 · · · (Ck(n))rk(Lk(n))sk ] (3.1.7)

→
k∏
j=2

(
ρ21(2p2)j−2

dj−1

)sj k∏
j=1

(
(2p2)j

2kdj

)rj
.

We argue by induction on k. When k = 0, both sides in (3.1.7) are equal to 1, which
initializes the induction hypothesis.

We next argue how to advance the induction hypothesis. We de�ne

wk,j(r, s) = {ci(1), . . . , ci(ri) ∈ Ci, 1 ≤ i ≤ k; li(1), . . . , li(si) ∈ Li, 2 ≤ i ≤ j},



38 Chapter 3. Connectivity of the Con�guration Model

where all ci(1), . . . , ci(ri) and li(1), . . . , li(si) are ordered lists without repetitions.
Further, E (wk,j(r, s)) denotes the event that all ci(h) ∈ wk,j(r, s) form a cycle and
all li(h) ∈ wk,j(r, s) form a line. By Lemma 3.1.2,

E[(C1(n))r1(L2(n))s2 · · · (Ck(n))rk(Lk(n))sk ]

=
∑

wk,k(r,s)

P(E (wk,k(r, s))). (3.1.8)

We rewrite this as∑
wk,k−1(r,s)

P(E (wk,k−1(r, s))) (3.1.9)

×
∑∗

l1,...,lsk∈Lk

E[1i11i2 · · ·1isk | E (wk,k−1(r, s))],

where 1is is the indicator that the vertices in cis form a line.
We call a1 and a2 the number of vertices of degree 1 and 2 necessary to create

the cycles and lines prescribed by wk,k−1(r, s) and ae = a1 + 2a2 the number of
half-edges they have. �e values of a1, a2 are completely independent from the
exact choice of wk,k−1(r, s) as long as all sets are disjoint (otherwise the event
E (wk,k−1(r, s)) is impossible). �e number of possible choices of sk di�erent disjoint
l ∈ Lk without using the vertices allocated for wk,k−1(r, s) are

(n1 − a1)!

2sk(n1 − a1 − 2sk)!

(n2 − a2)!

(k − 2)!sk(n2 − a2 − (k − 2)sk)!
(1 + o(1))

=
n2sk1

2sk
n
(k−2)sk
2

(k − 2)!sk
(1 + o(1)),

(3.1.10)

provided that n1, n2 →∞. �e probability that lk(1) forms a line is

2k − 4

`n − ae − 1

2k − 6

`n − ae − 3
· · · 2

`n − ae − 2k + 5

1

`n − ae − 2k + 3

=
(2k − 4)!!

`k−1n

(1 + o(1)). (3.1.11)

For all the other lines we just have to subtract from `n − ae the 2k − 2 half-edges
that we have used for each of the previous ones, so that

E[1i11i2 · · ·1isk |E (wk,k−1(r, s))] =
(2k − 4)!!sk

`
sk(k−1)
n

(1 + o(1)). (3.1.12)
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Finally we obtain∑∗

l1,...,lsk∈Lk

E[1i11i2 · · ·1isk |E (wk,k−1(r, s))]

=
(ρ21n)sk

2sk
(p2n)(k−2)sk

(k − 2)!sk
(2k − 4)!!sk

`
sk(k−1)
n

(1 + o(1))

=

(
ρ21(2n2)k−2

2dk−1

)sk
(1 + o(1)).

(3.1.13)

We do the same for the cycles Ck(n), writing∑
wk−1,k−1(r,s)

P(E (wk−1,k−1(r, s)))

×
∑∗

c1,...,crk∈Ck

E[1i1 · · ·1irk |E (wk−1,k−1(r, s))].
(3.1.14)

�e number of possible choices of rk di�erent disjoint c ∈ Ck without using the
vertices allocated for wk−1,k−1(r, s) are

(n2 − a2)!

k!rk(n2 − a2 − krk)!
(1 + o(1)) =

(n2)krk

k!rk
(1 + o(1)), (3.1.15)

provided that n2 →∞.
�e probability that ck(1) forms a cycle is

2k − 2

`n − ae − 3

2k − 4

`n − ae − 5

· · · 2

`n − ae − 2k + 3

1

`n − ae − 2k + 1
(1 + o(1)).

(3.1.16)

Again, for all the other cycles we just have to subtract the 2k half-edges that we have
used for the previous ones so that

E[1i11i2 · · ·1irk |E (wk−1,k−1(r, s))] =
(2k − 2)!!rk

`rkkn

(1 + o(1)). (3.1.17)

�us, we obtain∑∗

c1,...,crk∈Ck

E[1i11i2 · · ·1isk |E (wk−1,k−1(r, s))]

=
nkrk2

k!rk
(2k − 2)!!rk

(`n)rkk
(1 + o(1)) =

(
(2p2)k

2kdk

)rk
(1 + o(1)).

(3.1.18)
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�is advances the induction hypothesis. We now use induction to show that (3.1.7)
holds for every k ≥ 0, and consequently prove the claim through the method of
moments in Lemma 3.1.1.

In (3.1.10) and (3.1.15), we have assumed that n1, n2 → ∞. When this is not
satis�ed we can just use a �rst moment method to show that Lk(n)

P→ 0 for all k if
n1 = O(1), and Ck(n)

P→ 0 for all k and Lk(n)
P→ 0 for k ≥ 3 if n2 = O(1).

We next show that in case of a �nite second moment, in particular, under the
condition

lim
n→∞

E[Dn(Dn − 1)]

E[Dn]
→ ν <∞,

the asymptotic distribution of the number of self-loops and multiple edges, given e.g.
in [55, Proposition 7.13], is independent from (Ck)k≥3 and (Lk)k≥2.

We �rst notice that connectivity and simplicity are not independent, since self-
loops and multiple edges among vertices of degree 2 make the graph simultaneously
disconnected and not simple, so for CMn(d) to be simple, we have to requireC1(n) =
C2(n) = 0.

We de�ne the number of self-loops and multiple edges in CMn(d) by S(n),M(n)
and show the following joint convergence.

�eorem 3.1.4 (Poisson convergence of number self-loops and multiple edges). Con-
sider CMn(d) in the critical window for connectivity de�ned in Condition 1.2.2, and let
νn = E[Dn(Dn − 1)]/E[Dn]→ ν ≤ ∞. �en

((Lk(n))k≥2, (Ck(n))k≥3, S(n),M(n))
d−→ ((Lk)k≥2, (Ck)k≥3, S,M), (3.1.19)

with ((Lk)k≥2, (Ck)k≥3, S,M) independent Poisson random variables with

Lk
d
= Poi

(
ρ21(2p2)k−2

2dk−1

)
, Ck

d
= Poi

(
(2p2)k

2kdk

)
,

S
d
= Poi (ν/2) , M

d
= Poi

(
ν2/4

)
.

(3.1.20)

Proof. We again use the multivariate method of moments in Lemma 3.1.1. We aim to
�nd the combined factorial moments of ((Lj(n))2≤j≤k, (Cj(n))3≤j≤k, S(n),M(n)),
and show that

E[(L2(n))s2(C3(n))r3 · · · (Ck(n))rk(Lk(n))sk(S(n))t(M(n))u]

→
(ν

2

)t+2u k∏
j=2

(
ρ21(2p2)j−2

2dj−1

)sj k∏
j=1

(
(2p2)j

2kdj

)rj
.

(3.1.21)
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We now de�ne

w′k,j(r, s) = {ci(1), ..., ci(ri) ∈ Ci, 3 ≤ i ≤ k; li(1), ..., li(si) ∈ Li, 2 ≤ i ≤ j}

as the choice of subsets that can form such lines and cycles, and by Lemma 3.1.1,∑
w′k,k(r,s)

P(E(w′k,k(r, s)))E[(S(n))t(M(n))u | E(w′k,k(r, s))]. (3.1.22)

Conditionally on E(w′k,k(r, s)), the random vector (S(n),M(n)) has the same
law as the number of self-loops and multiple edges in a con�guration model with
degree sequence d′, which is obtained from d by removing the vertices appearing
in w′k,k(r, s). We notice that d′ is independent from the exact choice of w′k,k(r, s).
�us, when D′n denotes the degree of a uniform random vertex selected from d′ and

ν′ = limn→∞
E[D′n(D′n − 1)]

E[D′n]
,

E[(S(n))t(M(n))u]→
(
ν′

2

)t+2u

(see e.g., [68, 69]). Since we are removing only a �nite number of vertices from d, we
have that ν′ = ν and we thus obtain

(ν/2)
t+2u

∑
w′k,k(r,s)

P(E(w′k,k(r, s))). (3.1.23)

We �nally obtain (3.1.21) using the same induction argument used to prove (3.1.7),
which completes the proof.

3.2 Connectivity among vertices of degree at least three

In this section, we show that in the connectivity critical window w.h.p. all vertices v
with dv ≥ 3 are in the giant component. �is result is already known from [80] when
mini∈[n] di ≥ 2, we show that it still holds even in the presence of a su�ciently small
amount of vertices of degree 1 and is stated in the following theorem:

�eorem 3.2.1 (Connectivity among vertices with dv ≥ 3). Consider CMn(d) in the
connectivity critical window de�ned in Condition 1.2.2. �en

E[#{v ∈ [n] : dv ≥ 3, |C(v)| < n/2}]→ 0. (3.2.1)

Consequently,
E[#{v ∈ [n] \ Cmax : dv ≥ 3}]→ 0. (3.2.2)



42 Chapter 3. Connectivity of the Con�guration Model

We will use the usual exploration process of the con�guration model, as we
describe now. At each time t, we de�ne the sets of half-edges {At,Dt,Nt} (the active,
dead and neutral sets), and explore them in the following way:

Initalize We pick a vertex v ∈ [n] uniformly at random with dv ≥ 3 and we set all its
half-edges as active. All other half-edges are set as neutral.

Step At each step t, we pick a half-edge e1(t) in At uniformly at random, and we
pair it with another half-edge e2(t) chosen uniformly at random in At ∪Nt.
We set e1(t), e2(t) as dead.
If e2(t) ∈ Nt, then we �nd the vertex v(e2(t)) incident to e2(t) and activate
all its other half-edges.

As usual, the above exploration forms the graph at the same time as it explores
the neighborhood of the vertex v. A convenient way to encode the randomness in
the exploration algorithm is to �rst choose a permutation ξ of the half-edges, chosen
uniformly at random from the set of all permutations of the half-edges. �en we
run the exploration choosing as e1(t) and e2(t) always the �rst feasible half-edges
in the permutation according to the exploration rules. �is means that we take the
�rst available active half-edge as e1(t), pair it to the �rst available active or neutral
half-edge as e2(t) to create an edge consisting of e1(t) and e2(t), and then to update
the status of all the half-edges as above.

�e above description, that we will rely on for the remainder of this chapter, o�ers
the possibility to analyse some properties of the exploration before running it and
will be useful to prove that whp we will not run out of high-degree vertices too early
in the exploration.

We de�ne the process S(v)

t = |At|. �e update rules of S(v)

t are

S(v)

0 = dv, S(v)

t+1 − S
(v)

t =

{
dv(e2(t)) − 2 if e2(t) ∈ Nt,

−2 if e2(t) ∈ At.
(3.2.3)

We de�ne T0 as the smallest t such that Xt = 0 and

T1/2 = max{t : |Nt| > n/2}. (3.2.4)

By de�nition of the exploration process, if T0 ≥ T1/2 then |C(v)| ≥ n/2 (and, in
particular, v ∈ Cmax), so that proving the following proposition is su�cient to prove
�eorem 3.2.1:

Proposition 3.2.2 (No hit of zero of exploration). Consider CMn(d) in the critical
window for connectivity de�ned in Condition 1.2.2. Let v be such that dv ≥ 3. �en

P(∃t ≤ T1/2 : S(v)

t = 0) = o(n−1). (3.2.5)
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Since there are n vertices in the graph, Proposition 3.2.2 indeed proves (3.2.1)
in �eorem 3.2.1. We start the proof with a bound on the depletion of high-degree
vertices:

Lemma 3.2.3 (Bound on the depletion of high-degree vertices). Consider CMn(d) in
the connectivity critical window de�ned in Condition 1.2.2 and perform the exploration
up to time T1/2 = max{t : |Nt| > n/2}. �en there exists ε > 0 such that

P(#{v ∈ NT1/2
: dv ≥ 3} < εn) = o(n−1). (3.2.6)

Proof. Let us consider the exploration from a permutation ξ of the set of the half-edges
chosen uniformly at random, as described above (3.2.3). We call Tn/2(ξ) the set of
vertices such that all their half-edges are among the last n/2 of the permutation ξ.
�e previous de�nitions imply that Tn/2(ξ) ⊆ NT1/2

.
We now pick a k > 2 such that pk = limnk/n > 0. (From the de�nition of the

connectivity critical window we know that such k exists.) We want to �nd a lower
bound on NT1/2

(k) = #{v ∈ NT1/2
: dv = k} ≥ #{v ∈ Tn/2(ξ) : dv = k}.

Before running the exploration, we sequentially locate the half-edges of the
vertices of degree k in ξ. We stop this process once we have examined n/(4k) vertices,
or when we run out of vertices of degree k. We de�ne the σ-algebra F k

i generated
by the positions of the half-edges of the �rst i vertices that we have examined. We
then �nd that, at each step j, thanks to the stopping conditions, there are still at least
n/4 available among the last n/2 half-edges in ξ, so that

P(vj ∈ Tn/2(ξ) | F k
j−1) ≥

(
n

4`n

)k
. (3.2.7)

We know that limn→∞

(
n

4`n

)k
=
(
1/4d

)k ≡ qk , so that

NT1/2
(k)

st
≥ Bin

(
(pk ∧

1

4k
)n, qk

)
, (3.2.8)

where
st
≥ indicates stochastic domination. By concentration of the binomial distribu-

tion (see e.g., [9]), there exists a c = c(a, qk) such that, uniformly in n,

P
(
Bin (an, qk) ≤ an

2
qk

)
≤ e−cn = o(n−1). (3.2.9)

�e claim follows by picking ε < 1

2

(
pk ∧

1

4k

)
qk .

�is result shows that it is very unlikely for the exploration process to run out of
high-degree vertices rapidly, and so that at every step there is positive probability
that S(v)

t+1 > S(v)

t .
We notice that S(v)

t+1 − S
(v)

t < 0 only when one of the following events occurs:
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B A(t) = {dv(e2(t)) = 1}, where e2(t) is the half-edge to which the tth paired
half-edge is paired. In this case S(v)

t+1 − S
(v)

t = −1. �anks to Lemma 3.2.3, if
we de�ne Fk as the σ-algebra generated by the �rst k steps of the exploration,
then, uniformly for t ≤ T1/2,

P(A(t) | Ft−1) ≤ 2ρ1√
n
. (3.2.10)

B B(t) = {e2(t) ∈ At}, where e2(t) is the half-edge to which the tth paired
half-edge is paired. In this case S(v)

t+1 − S
(v)

t = −2. From the description of the
exploration, we obtain that, uniformly for t ≤ T1/2,

P(B(t)|Ft−1) ≤ S(v)

t − 1

`n − t− 1
≤ 2S(v)

t

n
. (3.2.11)

Now we prove four lemmas that together will yield Proposition 3.2.2.
�e �rst lemma contains a lower bound on the survival time of the process. In

Lemma 3.2.4 we prove that the process does not hit zero early on, in particular, that
with very high probability the process survives until time n1/8 (the exponent 1/8 is
chosen arbitrarily so that the computations work out �ne). In Lemma 3.2.5 we prove
that the process is very unlikely to make a step down while it is already quite low, as
it is di�cult to connect to already active half-edges, in Lemma 3.2.6 we prove instead
that S(v)

t is very likely to grow linearly in t, since we assumed the existence of many
high-degree vertices. Finally, in Lemma 3.2.7 we combine the previous lemmas to
prove that once the process has gone high enough, it is with very high probability
never going to be again close to zero. Indeed, we show that w.h.p. the component of
v is at least of polynomial size with respect to n.

Lemma 3.2.4 (No early hit of zero). Let CMn(d) be in the connectivity critical window
de�ned in Condition 1.2.2. �en,

P(∃t ≤ n1/8 : S(v)

t = 0) = o(n−1). (3.2.12)

Proof. For the process to die out before time n1/8 it has to make at least 3 steps down
while it is very low. We can characterize the ways in which this can happen in terms
of occurrences of the events A(t) (�nding a degree-1 vertex) and B(t) (�nding an
already active half-edge).
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We thus need one of the following three events to occur:

F1 =
⋃

s1,s2,s3≤n1/8

A(s1) ∩A(s2) ∩A(s3) ∩ {S(v)

s1 , S
(v)

s2 , S
(v)

s3 ≤ 3},

F2 =
⋃

s1,s2≤n1/8

A(s1) ∩B(s2) ∩ {S(v)

s1 , S
(v)

s2 ≤ 3},

F3 =
⋃

s1,s2≤n1/8

B(s1) ∩B(s2) ∩ {S(v)

s1 , S
(v)

s2 ≤ 4}.

We estimate using (3.2.10) and (3.2.11) to obtain

P(F1) ≤
(
n1/8

3

)(
2ρ1√
n

)3

≤ 4ρ31
3

n3/8

n3/2
= o(n−1), (3.2.13)

P(F2) ≤
(
n1/8

2

)
2ρ1√
n

6

n
≤ 3ρ1

2

n1/4

n3/2
= o(n−1), (3.2.14)

P(F3) ≤
(
n1/8

2

)(
8

n

)2

≤ 32
n1/4

n2
= o(n−1). (3.2.15)

Applying the union bound proves the claim.

�e next lemma proves instead that when the process is su�ciently low, it is very
unlikely to decrease further, since we have few active half-edges to create cycles with.
We show a bound over the number of steps down the process makes over a time span
of γn1/8.

Lemma 3.2.5 (Unlikely to dip even lower). Let CMn(d) be in the connectivity critical
window de�ned in Condition 1.2.2. Fix v such that dv ≥ 3. �en, for every t ≤ T1/2 and
γ > 0,

P
( ∑
i≤γn1/8

(S(v)

t+i+1 − S
(v)

t+i)1{S(v)
t+i+1<S

(v)
t+i<3γn1/8} ≥ 6

)
= o(n−2). (3.2.16)

Proof. As in the proof of Lemma 3.2.4, we �nd some events that must occur in order
that the event in the le�-hand side of (3.2.16) occurs. Again we express the possible
ways in which the required 6 steps down can occur in terms of the events A(t) and
B(t). We start by introducing some notation. For 1 ≤ i < j and si ≥ 0, we write
A[i,j](t) = A(t + si) ∩ · · · ∩ A(t + sj), B[i,j](t) = B(t + si) ∩ · · · ∩ B(t + sj).
�en, for the event in the le�-hand side of (3.2.16) to occur, we need that one of the
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following events occurs:

G1 =
⋃

s1,...,s6≤γn1/8

A[1,6](t) ∩
⋂
i≤6

{S(v)

t+si ≤ 3γn1/8},

G2 =
⋃

s1,...,s5≤γn1/8

A[1,4](t) ∩B(t+ s5) ∩
⋂
i≤5

{S(v)

t+si ≤ 3γn1/8},

G3 =
⋃

s1,...,s4≤γn1/8

A[1,2](t) ∩B[3,4] ∩
⋂
i≤4

{S(v)

t+si ≤ 3γn1/8},

G4 =
⋃

s1,...,s3≤γn1/8

B[1,3](t) ∩
⋂
i≤3

{S(v)

t+si ≤ 3γn1/8}.

Again we estimate using (3.2.10) and (3.2.11) to obtain

P(G1) ≤
(
γn1/8

6

)(
2ρ1√
n

)6

≤ 26γ6ρ61
6!

n6/8

n3
= o(n−2), (3.2.17)

P(G2) ≤
(
γn1/8

5

)(
2ρ1√
n

)4
6γn1/8

n
≤ 253γρ41γ

6

5!

n6/8

n3
= o(n−2), (3.2.18)

P(G3) ≤
(
γn1/8

4

)(
2ρ1√
n

)2(
6γn1/8

n

)2

≤ 2432γ6ρ21
4!

n6/8

n3
= o(n−2), (3.2.19)

P(G4) ≤
(
γn1/8

3

)(
6γn1/8

n

)3

≤ 63γ6

3!

n6/8

n3
= o(n−2). (3.2.20)

Applying the union bound proves the claim.

We now show that not only the exploration survives up to time n1/8 but also we
have a quite large number of active half-edges.

Lemma 3.2.6 (Law of large numbers lower bound on exploration). Fix v such that
dv ≥ 3. �e exploration on CMn(d) in the connectivity critical window de�ned in
Condition 1.2.2 satis�es that there exists a γ > 0 such that

P(S(v)

n1/8 < 2γn1/8) = o(n−1). (3.2.21)

Proof. We divide the proof into two cases:

1. �ere exists t < n1/8 such that S(v)

t ≥ 3γn1/8. In this case, �x n so large that
3γn1/8 − 6 ≥ 2γn1/8. �en, note that in order for S(v)

n1/8 < 2γn1/8 to occur
and since S(v)

t+1 − S
(v)

t ≥ −2, we must have that
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∑
i≤γn1/8

(S(v)

t+i+1 − S
(v)

t+1)1{S(v)
t+i+1<S

(v)
t+i<3γn1/8} ≥ 6, (3.2.22)

which by Lemma 3.2.5 implies that S(v)

n1/8 ≥ 3γn1/8 − 6 ≥ 2γn1/8 has proba-
bility o(n−2).

2. S(v)

t < 3γn1/8 for all t ≤ n1/8. In this case, we know from Lemma 3.2.5 that
with probability o(n−2) the sum of the down steps

(S(v)

t+i − S
(v)

t+i+1)1{S(v)
t+i+1<S

(v)
t+i<3γn1/8}, (3.2.23)

is at most 6. Under this condition, we recall Lemma 3.2.3 and note that dvt ≥ 3
with probability at least ε, for some ε > 0, since n1/8 ≤ T1/2. �us,

S(v)

n1/8

st
≥ Bin(n1/8, ε)− 6. (3.2.24)

By concentration of the binomial distribution (see e.g., [9])

P
(
Bin(n1/8, ε) ≤ 1

2
εn1/8

)
≤ e−cn

1/8

= o(n−2). (3.2.25)

for su�ciently large n. �e claim now follows by choosing γ < ε/4.

Now we know that at time t = n1/8, with probability 1− o(n−1), S(v)

t ≥ 2γn1/8.
�is means that from that point onwards, we need at least γn1/8 steps for the process
to hit zero. �us, the following lemma is needed to prove Proposition 3.2.2:

Lemma 3.2.7 (Process does not go down too much). Let CMn(d) be in the connectivity
critical window de�ned in Condition 1.2.2. Fix v such that dv ≥ 3. �en, for every γ > 0,

P(∃t ∈ (n1/8, T1/2) : S(v)

t+γn1/8 < S(v)

t < 3γn1/8 − 6) = o(n−1). (3.2.26)

Proof. First �x t ∈ (n1/8, T1/2). Again we split the proof into two parts:

1. �ere exists i < γn1/8 such that S(v)

t+i ≥ 3γn1/8. In this case, we again know
from Lemma 3.2.5 that S(v)

t+γn1/8 ≥ 3γn1/8 − 6 ≥ 2γn1/8 with probability
1− o(n−2).

2. S(v)

t+i < 3γn1/8 for all t ≤ γn1/8. In this case we know from Lemma 3.2.5 that
with probability o(n−2) the sum of the down steps

(S(v)

t+i − S
(v)

t+i+1)1{S(v)
t+i+1<S

(v)
t+i<3γn1/8}, (3.2.27)
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is at most 6. Under this condition we can again write

S(v)

t+γn1/8 − S(v)

t

st
≥ Bin(n1/8, ε)− 6. (3.2.28)

It follows from (3.2.25) that the probability that S(v)

t+γn1/8 < S(v)

t is at most
o(n−2).

�e union bound implies that

P(∃t ∈ (n1/8, T1/2) : S(v)

t+γn1/8 < S(v)

t < 3γn1/8 − 6)

≤ `n o(n−2) = o(n−1).
(3.2.29)

Now we are ready to complete the proof of Proposition 3.2.2:

Proof of Proposition 3.2.2. Lemmas 3.2.4 and 3.2.6 show that up to time n1/8 the pro-
cess is very unlikely to die and very likely to hit zero at least until it has polynomial
size, i.e. that, writing T0 for the �rst time the process hits zero,

P(T0 > n1/8, S(v)

n1/8 > 2γn1/8) = 1− o(n−1). (3.2.30)

Now we de�ne the sequence of random variables Qi = S(v)

(1+γi)n1/8 , so that

P(Q0 < 2γn1/8) = o(n−1). (3.2.31)

By Lemma 3.2.7,

P
(
∀i ≤

T1/2

γn1/8
: Qi+1 ≥ Qi

)
= 1− o(n−1), (3.2.32)

and consequently

P
(
∀i ≤

T1/2

γn1/8
: Qi ≥ 2γn1/8

)
= 1− o(n−1). (3.2.33)

Since S(v)

t+1 − S
(v)

t ≥ −2, we know that S(v)

t+s ≥ S
(v)

t − 2s, so we conclude that

P(S(v)

t > 0 ∀t ≤ T1/2) = 1− o(n−1). (3.2.34)

�is completes the proof of Proposition 3.2.2.
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We can now conclude the proof of �eorem 3.2.1.

Proof of �eorem 3.2.1. Proposition 3.2.2 proves (3.2.1) in �eorem 3.2.1. To prove
(3.2.2) in �eorem 3.2.1, we use that if |C(v)| > n/2, then v ∈ Cmax, to bound

E[#{v ∈ [n] \ Cmax : dv ≥ 3}] (3.2.35)
≤ E[#{v ∈ [n] : dv ≥ 3, |C(v)| < n/2}] = o(1)

by Proposition 3.2.2.

To show that actually the size of the graph without the giant component has bounded
expectation we need a slightly stronger result, i.e. that the expected number of vertices
outside the giant which are connected to a vertex of degree at least 3 converges to 0.

Proposition 3.2.8 (Clusters of vertices of degree at least three outside Cmax). Let
CMn(d) be in the connectivity critical window de�ned in Condition 1.2.2. �en

E[#{v /∈ Cmax : v ↔ [n] \ (N1 ∪N2)}]→ 0, (3.2.36)

where, for a set of vertices A ⊆ [n], v ↔ A denotes that there exists a ∈ A such that v
and a are in the same connected component.

Proof. We have already proved that E[#{v ∈ [n] \ Cmax : dv ≥ 3}] → 0. We now
initialize the exploration starting from a vertex v with dv ∈ {2, 1}. Notice that the
probability for the process to survive for n1/8 steps without �nding vertices of degree
3 is smaller than e−cn

1/8 for some c > 0, since at every step the probability to �nd a
vertex w with dw ≥ 3 is bounded away from 0.

B If dv = 2 and our exploration �nds a vertex w with dw ≥ 3 before time n1/8,
then for the process to hit zero before time n1/8, we again need one of the
events F1, F2, F3 to occur. �en we can apply Lemmas 3.2.4, 3.2.6 and 3.2.7 to
complete the proof that E[#{v ∈ N2 \ Cmax : v ↔ [n] \ (N1 ∪N2)}]→ 0, in
the same way as in the proof of Proposition 3.2.2.

B In the connectivity critical window, we have that n1 = O(
√
n). If dv = 1 and

our exploration at a certain point �nds a vertex w with dw ≥ 3, then for the
process to hit zero before time n1/8 we need one of the following two events
to occur:

F ′1 =
⋃

s1,s2≤n1/8

A(s1) ∩A(s2) ∩ {S(v)

s1 , S
(v)

s2 ≤ 2}, (3.2.37)

F ′2 =
⋃

s≤n1/8

B(s) ∩ {S(v)

s = 2}.
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We estimate using (3.2.10) and (3.2.11) to obtain

P(F ′1) ≤
(
n1/8

2

)(
2ρ1√
n

)2

≤ 2ρ21 ·
n1/4

n
= o(n−1/2), (3.2.38)

P(F ′2) ≤ n1/8 · 4

n
= o(n−1/2). (3.2.39)

Now we can apply Lemmas 3.2.6 and 3.2.7 to complete the proof that E[#{v ∈
N1 \ Cmax : v ↔ w; dw ≥ 3}] → 0 in a similar way as in the proof of
Proposition 3.2.2.

Since

E[#{v /∈ Cmax : v ↔ [n] \ (N1 ∪N2)}] (3.2.40)
= E[#{v ∈ [n] \ Cmax : dv ≥ 3}]

+ E[#{v ∈ (N1 ∪N2) \ Cmax : v ↔ [n] \ (N1 ∪N2)}],

we obtain the claim.

3.3 Proof of the Main �eorems

We can now �nally prove the main theorems, pu�ing together results from the
previous two sections.

Proof of �eorem 4.1.1. We know that

{CMn(d) is connected} ={Ck(n) = Lk(n) = 0 ∀k}
∩ {[n] \ (N1 ∪N2) ⊆ Cmax}.

(3.3.1)

We have proved in �eorem 3.2.1 that, w.h.p., [n] \ Cmax ⊆ N1 ∪N2. �us,

P(CMn(d) is connected) = P(Ck(n) = Lk(n) = 0 ∀k) + o(1). (3.3.2)

By �eorem 3.1.3 and the independence of Ck, Lk , for each j <∞,

lim
n→∞

P(Ck(n) = Lk(n) = 0 ∀k ≤ j) =

j∏
k=1

P(Ck = 0)

j∏
k=2

P(Lk = 0). (3.3.3)

To pass to the limit we use dominated convergence. We compute that

E[Lk(n)] = n1
2n2
`n − 1

2n2 − 2

`n − 3
· · · 2n2 − 2k + 4

`n − 2k + 3

n1 − 1

`n − 2k + 1

≤ n21(2n2)k−2

(`n − 2k)k−1
.

(3.3.4)
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Since n1√
n
→ ρ1, n2

n
→ p2 and `n

n
→ d, for each ε > 0 and n big enough we have

E[Lk(n)] ≤ n21(2n2)k−2

2(`n − 2k)k−1
≤ (ρ21 + ε)2

2(d− ε)

(
2(p2 + ε)

d− ε

)k−2
. (3.3.5)

For ε small enough 2(p2 + ε) < d− ε so the sequence on the right hand side of (3.3.5)
is exponentially small in k. Similarly for Ck(n),

E[Ck(n)] =
1

2k
n2

2n2 − 2

`n − 2
· · · 2n2 − 2k + 4

`n − 2k + 4

1

`n − 2k + 2
≤ (2n2)k

k(`n − 2k)k
. (3.3.6)

As before, we have for every ε > 0

E[Ck(n)] ≤ 1

k

(2n2)k

(`n − 2k)k
≤ (2n2)k

k(`n − 2k)k
≤ (2p2 + 2ε)k

k(d− ε)k
. (3.3.7)

Again, for ε > 0 small enough, 2(p2 + ε) < d− ε, so that the sequence on the right
hand side of (3.3.7) is exponentially small in k.

Since

{Ck(n) = Lk(n) = 0 ∀k} =
⋂
j

{Ck(n) = Lk(n) = 0 ∀k ≤ j},

we obtain

lim
n→∞

P(Ck(n) = Lk(n) = 0 ∀k)

≤ lim
j→∞

lim
n→∞

P(Ck(n) = Lk(n) = 0 ∀k ≤ j) (3.3.8)

=

∞∏
k=1

P(Ck = 0)

∞∏
k=2

P(Lk = 0)

= exp

(
−
∞∑
k=1

(2p2)k

2kdk
−
∞∑
k=2

ρ21(2p2)k−2

2dk−1

)

=

(
d− 2p2

d

)1/2

exp

(
− ρ21

2(d− 2p2)

)
,

where we have used that −
∑
k≥1 x

k/k = log(1− x) for x ≥ 0.
For the lower bound, we use

lim
n→∞

P(Ck(n) = Lk(n) = 0 ∀k)

≥ lim
j→∞

lim
n→∞

P(Ck(n) = Lk(n) = 0 ∀k ≤ j) (3.3.9)

− lim sup
j→∞

lim sup
n→∞

P(∃k > j : Ck(n) + Lk(n) ≥ 1).
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We �nd, using the Markov inequality,

lim sup
j→∞

lim sup
n→∞

P(∃k > j : Ck(n) + Lk(n) ≥ 1)

= lim sup
j→∞

lim sup
n→∞

P(
∑
k>j

(Ck(n) + Lk(n)) ≥ 1)

≤ lim sup
j→∞

lim sup
n→∞

∑
k>j

E[Ck(n) + Lk(n)] = 0,

by (3.3.5) and (3.3.7). As a result,

lim
n→∞

P(Ck(n) = Lk(n) = 0 ∀k) =

(
d− 2p2

d

)1/2

exp

(
− ρ21

2(d− 2p2)

)
. (3.3.10)

From (3.3.10), we obtain (1.2.5) using �eorem 3.2.1.

We next investigate the boundary cases in Remark 1.2.4. �e result in (1.2.9)
follows in an identical way as in the proof of �eorem 4.1.1. For the result for d =∞
in (1.2.10), we notice that if E[Dn]→∞ then for, all k ≥ 1,

lim
n→∞

2n2
`n − 2k

= 0, (3.3.11)

so that
∑
k≥3 Lk(n) +

∑
k≥1 Ck(n)

P→ 0 by (3.3.5) and (3.3.7) and the Markov
inequality. Moreover,

P(L2(n) = 0) =

n1∏
i=1

`n − n1 − i+ 1

`n − 2i+ 1
= e−

n2
1

2`n
(1+o(1)), (3.3.12)

so that

lim
n→∞

P(CMn(d) is connected) = lim
n→∞

P(L2(n) = 0) = lim
n→∞

e−
n2
1

2`n . (3.3.13)

Further we notice that

n−|Cmax| =
∞∑
k=1

k(Ck(n)+Lk(n))+#{v /∈ Cmax : v ↔ [n]\(N1∪N2)}. (3.3.14)

From Proposition 3.2.8 we know that

E[#{v /∈ Cmax : v ↔ [n] \ (N1 ∪N2)}]→ 0, (3.3.15)
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so that

n− |Cmax| =
∑
k≥1

k(Ck(n) + Lk(n)) + oP(1). (3.3.16)

By (3.3.5) and (3.3.7) and dominated convergence, we obtain

n− |Cmax|
d→
∞∑
k=1

k(Ck + Lk), (3.3.17)

which completes the proof of (1.2.6).
Since we have shown convergence of all moments, we also obtain

lim
n→∞

E[n− |Cmax|] = lim
n→∞

∞∑
k=1

kE[Ck(n) + Lk(n)]

= lim
j→∞

j∑
k=1

k
(2p2)k

2kdk
+

j∑
k=2

k
ρ21(2p2)k−1

2dk−1
(3.3.18)

=
ρ21(2d− p2)

2(d− p2)2
+

p2
d− 2p2

,

as required.

Proof of �eorem 1.2.5. If we condition on simplicity, then we already have thatC1(n) =
C2(n) = 0. �erefore, we �nd using the same method as in the previous proof that

lim
n→∞

P(Ck(n) = Lk(n) = 0 ∀k | CMn(d) is simple) (3.3.19)

=

∞∏
k=3

P(Ck = 0)

∞∏
k=2

P(Lk = 0) = exp

(
−
∞∑
k=3

(2p2)k

2kdk
−
∞∑
k=2

ρ21(2p2)k−2

2dk−1

)

=

(
d− 2p2

d

)1/2

exp

(
− ρ21

2(d− 2p2)
+
p22 + dp2

d2

)
,

from which we obtain (1.2.11) thanks to �eorem 3.2.1.

We recall that Nn(d) denotes the number of simple graphs with degree distribu-
tion d. We know from [68] that

Nn(d) = exp

{
−ν

2
− ν2

4

}
(`n − 1)!!∏
i∈[n] di!

(1 + o(1)). (3.3.20)
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Since CMn(d) conditioned on being simple has the uniform distribution over all
possible simple graphs with degree sequence d,

N C
n (d) = Nn(d)P(CMn(d) is connected | CMn(d) is simple), (3.3.21)

which yields the claim.



Chapter 4

Connectivity threshold for
percolation on the Hamming graph

In this chapter, we study the connectivity threshold of Hp(d, n), before approaching
the study of the phase transition for the existence of a giant component. We de�ne
Hµ(d, n) as the random edge subgraph of H(d, n) with edge-retention probability
p = µ(n)/m, with µ = µ(n) and m = d(n − 1) the degree of the graph. We aim
to determine the asymptotic probability that Hµ(d, n) is connected for d �xed and
n→∞. �e analogous problem was �rst solved for the Erdős-Rényi Random Graph
(ERRG) in [37]. Recall that the ERRG arises as a special case of our problem if we put
d = 1. We follow a proof strategy that has already been established for the ERRG
(see e.g. [55, Section 5.3]), even if it was not the original proof. We �nd that at places
the internal geometry of the Hamming graph plays an important role. To overcome
this di�culty we use an induction on the dimension d and an ad hoc exploration of
the graph.

4.1 Critical window for connectivity

Let for brevity Hn := Hµ(n)(d, n). Given a sequence µ(n) we want to determine
the asymptotic probability that Hn is connected. We write Pµ for the probability
measure induced over {0, 1}E by Bernoulli percolation with p = µ(n)/m, and Eµ
for the expectation related to such probability measure. �e main theorem of this
chapter identi�es the exact critical threshold for connectivity:

55
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�eorem 4.1.1 (Connectivity threshold forHµ(d, n)). If limn→∞(µ(n)−d log n) =
t ∈ R, then

Pµ(Hn is connected)→ e−e
−t
. (4.1.1)

Consequently,

Pµ(Hn is connected)→

{
0 if µ(n)− d log n→ −∞,
1 if µ(n)− d log n→ +∞.

(4.1.2)

�ese results show an interesting di�erence between the critical values of the
giant component and connectivity. �e critical probability of the former, pc =

1
d(n−1) (1 + o(1)), depends on d, while the la�er, pconn = logn

n−1 , does not. �is fact
provides us with some insight into the structure of Hµ(d, n) at the connectivity
threshold: Consider the lower-dimensional “hyperplanes” (i.e., the subgraphs of
H(d, n) induced by all vertices (v1, . . . , vd) that satisfy a set of constraints of the
form vj = kj for some j ∈ [d], kj ∈ [n], see De�nition 4.3.1 below). Note that
these hyperplanes are isomorphic to Hamming graphs of lower dimension. From [25]
we know that there exist values of µ such that Hµ(d, n) has a giant component
while the intersections of Hµ(d, n) with a hyperplane are subcritical (i.e., the largest
components inside a hyperplane are of order O(log n)). But an analogous property
does not hold for the connectivity threshold: ifHµ(d, n) is connected with probability
converging to 1, then the same holds for all its hyperplanar subgraphs.

We believe that this phenomenon holds in much greater generality than Hamming
graphs: our proof of �eorem 4.1.1 can easily be modi�ed to show that it also holds
for the Cartesian product of d copies of the complete k-partite graph, and we believe
it to be true for a larger class of powers of high-degree transitive graphs, as we will
discuss in more detail in Chapter 7.

4.1.1 Related literature

In [38] Erdős and Spencer studied the connectivity threshold of the hypercube H(d, 2),
where they found that the connectivity threshold occurs around p = 1

2 (also indepen-
dently of d). Clark [31] studied the connectivity threshold of H(d, n) for n �xed and
d→∞, showing that if

p = 1−
(
ξ(d)1/d

n

) 1
n−1

(4.1.3)

and ξ(d)
d→∞−−−→ a ∈ (0,∞), then the probability that the percolated graph is con-

nected converges to e−a. Expansion of the above equation around n = ∞ shows
that the d→∞ limit for large values of n has the same behavior as the n→∞ limit.
Moreover, [74] shows that more generally, Cartesian products of �xed graphs have a
connectivity threshold that only depends on their degree distribution as d→∞.
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Sivako� gives a statement analogous to our main theorem for site percolation
in [95]. It should be noted that site and edge percolation are very di�erent models
on the Hamming graph, as can be seen for instance in the fact that the connectivity
transition question of site percolation on Kn is trivial, as the graph a�er percolation
is always a clique with Bin(n, p) vertices, whereas connectivity of edge percolation
on Kn (i.e., the ERRG) is not. See also [96].

4.2 Poisson convergence of isolated vertices

We start by investigating the number of isolated vertices in the Hamming graph. As
in the case of the ERRG, this provides a sharp lower bound on the window of the
connectivity threshold. We de�ne the number of isolated vertices in H(d, n) as

Yn :=
∑
i∈V

1{|Ci|=1}, (4.2.1)

where Ci is the connected component of vertex i. We prove that in the critical window
for connectivity (i.e., whenµ(n)−d log n→ t ∈ R) the random variable Yn converges
in distribution to a Poisson random variable. �is proof is standard, and uses the
same arguments applied to the proof given for the ERRG in [55, Section 5.3]. Recall
the notion of factorial moments and the method of moments techniques to prove
convergence to Poisson random variables we presented in Section 2.2. We will follow
a similar approach, in a much simpler se�ing, as now we need to prove convergence
to a single random variable instead of an array of independent random variables. It
will thus be su�cient to prove that, for every r ≥ 1, t ∈ R, if µ(n) − d log n → t,
then

lim
n→∞

E[(Yn)r] = e−tr. (4.2.2)

Writing the number of isolated vertices as in (4.2.1), we will use Lemma 2.2.2 with
an upper and lower bound on Pµ(1i1 = · · · = 1ir = 1) where we take 1i to be the
indicator function of the event that the vertex vi is isolated.

Lemma 4.2.1 (Poisson limit of the number of isolated vertices). Consider Hµ(d, n)
with µ = d log n+ t for some t ∈ R �xed. �en

Yn
d→ Poi(e−t). (4.2.3)

Proof. We need uniform upper and lower bounds on Pµ(1i1 = · · · = 1ir = 1), that
is, on the probability that i �xed distinct vertices are all isolated. Observe that there
are nd!/(nd − r)! di�erent sets of distinct vertices of cardinality r.
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�e lowest probability comes from sets where none of the r vertices are adjacent,
hence we bound

Pµ(1i1 = 1i2 = · · · = 1ir = 1) ≥
(

1− µ

m

)rm
, (4.2.4)

while the highest probability comes from sets where all the r vertices belong to the
same 1-dimensional subgraph, hence

Pµ(1i1 = 1i2 = · · · = 1ir = 1) ≤
(

1− µ

m

)rm− r(r−1)
2

. (4.2.5)

For n ≤ r we could �nd be�er bounds but we do not mind, since we are interested
in the asymptotic behavior when n → ∞ and r is �xed. By the transitivity of the
Hamming graph we bound, using µ(n) = d log n+ t(1 + o(1)),

Eµ[(Yn)r] ≥
nd!

(nd − r)!

(
1− µ

m

)rm
=

nd!

(nd − r)!
e−dr logn−tr(1 + o(1)).

(4.2.6)

Since nd!

(nd − r)!
= ndr(1− o(1)), for every d, r ≥ 1 �xed, we �nd

Eµ[(Yn)r] ≥ ndre−dr logn−tr(1− o(1)) = e−tr(1 + o(1)). (4.2.7)

Similarly,

Eµ[(Yn)r] ≤
nd!

(nd − r)!

(
1− µ

m

)rm− r(r−1)
2

=
nd!

(nd − r)!
n−dre−tr(1 + o(1))

(
1− µ

m

)− r(r−1)
2

= e−tr(1 + o(1)).

(4.2.8)

�is proves that for each r, E[(Yn)r]→ e−tr so that by Lemma 2.2.1 the distribu-
tion of Yn converges to Poi(e−t) when µ(n)− d log n→ t.

From Lemma 2.2.1 it follows that

Pµ(Yn = 0)→ e−e
−t
. (4.2.9)

Furthermore {Hn connected} ⊆ {Yn = 0}, so we conclude that if µ−d log n→ t

lim sup
n→∞

Pµ(Hµ(d, n) is connected) ≤ e−e
−t
. (4.2.10)

It remains to prove the matching lower bound, i.e., that in the critical window

Pµ(Hµ(d, n) is disconnected | Yn = 0)→ 0. (4.2.11)
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4.3 Connectivity conditioned on no isolated vertices

We prove (4.1.1) via induction on d. (�e standard “tree counting” proof for the ERRG
given in [55, Section 5.3] is too involved in the presence of geometry.)

Induction hypothesis. If limn→∞ µ(n)− (d− 1) log n = t ∈ R, then

Pµ(Hµ(d− 1, n) is connected)→ e−e
−t
, (4.3.1)

i.e., (4.1.1) holds for H(d− 1, n).

We initialize the induction by noting that H(1, n) is a complete graph, so the
random subgraph Hµ(1, n) has the same distribution as an ERRG with p = µ

n−1 . For
this case it is proved in [37] that (4.1.1) holds.

De�nition 4.3.1 (Hyperplanes). Given H(d, n) = (V,E), de�ne the hyperplanes
Gjk = (Vjk,Ejk) for some j ∈ [d] and k ∈ [n] as

B Vjk = {(i1, i2, . . . , id) ∈ V : ij = k};

B Ejk = {(v, w) ∈ E : v, w ∈ Vjk}.

Note that H(d, n) has exactly dn hyperplanes and that they are all isomorphic to
H(d− 1, n).

We de�ne Gµjk as the intersection of Hµ(d, n) with the hyperplane Gjk, for each
pair j, k.

We now prove that once we have a su�cient number of connected hyperplanes,
with high probability they are going to connect among themselves, thus becoming
part of the (almost surely unique) giant component. We remark that there is a simpler
statement about the connectedness of internally connected hyperplanes than the
lemma below: once there are at least two non-parallel internally connected hyper-
planes it holds deterministically that all internally connected hyperplanes belong to
the same component. But conditioning only on con�gurations of parallel hyperplanes
simpli�es the proof of the main theorem considerably, so we do not make use of this
fact.

Lemma 4.3.2. Let µ− d log n → t ∈ R and d ≥ 2. Given j ∈ [d] de�ne K = {k ∈
[n] : Gµjk is connected}. �en , for any α > 0

lim
n→∞

Pµ(Cv = Cw ∀v, w : vj , wj ∈ K | K ≥ αn) = 1, (4.3.2)

where we use the convention K = |K|.
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Proof. Since all the hyperplanes Gjk with k ∈ K are assumed to be internally con-
nected, it is enough to prove that for each k, k′ ∈ K there exists a path from Gjk to
Gjk′ . Consider the random graph on K vertices GK = (VK ,EK) constructed from
K and Hµ(d, n), whose vertices are labelled by the elements of K, and such that the
edge (vk, vk′) ∈ EK if and only if at least one edge between one vertex in Gjk and
one in Gjk′ is present in Hµ(d, n). Our claim follows once we show that GK is with
high probability connected.

For each pair k, k′ there are nd−1 edges between Gjk and Gjk′ and each one is
present with probability p = µ/m, so that

qn := P((vk, vk′) is present) = 1−
(

1− µ

d(n− 1)

)nd−1

→ 1. (4.3.3)

Moreover, each edge is present in GK independently of the status of other edges.
Hence, conditioning on K = A ⊆ [n], GK has the same distribution as G(A, qn), an
ERRG on A := |A| vertices with edge probability qn.

Write F = {Cv = Cw∀v, w : vj , wj ∈ K}. We bound

Pµ(F c | K ≥ αn) ≤ sup
A⊆[n]:A≥αn

Pµ(F c | K = A)

≤ sup
c≥αn

P(G(c, qn) is disconnected).
(4.3.4)

We know that qn ≥ 1
2 , for n su�ciently large, so that we can conclude, by the classic

result about connectivity of the ERRG in [37],

lim
n→∞

Pµ(F c | K ≥ αn) ≤ lim
n→∞

sup
c≥αn

P(G(c, qn) is disconnected)

≤ lim
n→∞

sup
c≥αn

P
(
G
(
c, 12
)

is disconnected
)

= 0.

�e crucial idea of our proof is to show that once we have enough internally
connected hyperplanes, all the remaining non-isolated vertices are connected to the
connected hyperplanes with high probability.

To use this argument, we condition on the event that a certain set of hyperplanes
is internally connected. To ensure independence under this conditioning, we use
disjoint edge sets to create the connected hyperplanes and to connect the remaining
non-isolated vertices to them.

We de�ne the setsL = {1, 2, . . . , bn/2c} andR = {bn/2c+1, bn/2c+2, . . . , n}.
For each j ∈ [d], we divide V into two sets:

VL(j) := {v ∈ V : vj ∈ L} and VR(j) := {v ∈ V : vj ∈ R}. (4.3.5)
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�is induces a partition on the edge set E as

ELL(j) := {(v, w) ∈ E : v, w ∈ VL(j)},
ERR(j) := {(v, w) ∈ E : v, w ∈ VR(j)},
ELR(j) := {(v, w) ∈ E : v ∈ VL(j), w ∈ VR(j)}.

For each �xed j these sets are disjoint, so the occupation status of the edges in one
set is independent from the occupation status of edges in the other two sets. Note
that due to the geometry of H(d, n) the exact composition of the sets L and R is not
relevant, only their size ma�ers.

We choose an arbitrary α ∈ (0, 1), and de�ne the events

BR(j) := {Gµjk is connected for more than 1
2αn di�erent k ∈ R},

BL(j) := {Gµjk is connected for more than 1
2αn di�erent k ∈ L}.

We de�ne B :=
⋂
j∈[d](BL(j) ∩BR(j)). In the �nal steps of the proof, on page 64,

we will show that Pµ(B)→ 1. Note that conditioning on B, all internally connected
hyperplanes must be in the same connected component, deterministically, as every
hyperplane intersects all the hyperplane that are not parallel to it.

We now prove that on B, with high probability, in the critical window Hµ(d, n)
consists only of the giant component and isolated points.

Proposition 4.3.3. Let µ − d log n → t ∈ R and d ≥ 2, and let I be the set of all
isolated points. �en

lim
n→∞

Pµ({(Cmax ∪ I) 6= [n]d} ∩B) = 0. (4.3.6)

Proof. We have to prove that whp all edges present in the graph are connected to the
giant component. We know that E = 1

2dn
d(n− 1). We write Z for the number of

edges that do not connect to the giant component. If Z = 0, then the claim holds,
since all points outside the giant component must be isolated. We will prove that
indeed Eµ[Z | B]→ 0, from which the claim follows by the Markov inequality.

Choose an edge (v, v′) ∈ E and let i ∈ [d] be the unique direction such that
vi 6= v′i. Fix j ∈ [d] with j 6= i and apply the partition de�ned above. Suppose that
vj = v′j ∈ L (the argument for vj = v′j ∈ R is identical). De�ne the event

C := {v, v′ are not connected to any Gjk s.t. Gµjk is connected}. (4.3.7)

Since B ⊂ BR(j) for all j it follows that

Pµ(C ∩B) ≤ Pµ(C ∩BR(j)) ≤ Pµ(C | BR(j)). (4.3.8)

To bound Pµ(C | BR(j)) we explore the graph starting from the vertices v, v′,
with the following algorithm:
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Step 1 Given the edge (v, v′), set as active the two end vertices: a = v, a′ = v′.
Initialize the set of searched vertices S = ∅.

Step 2 Set S = S ∪ {a, a′}. Check all the edges (a1, w), (a2, w) such that w belongs
to a connected hyperplane Gjk with k ∈ R. If they are all vacant, then go to
Step 3, else stop.

Step 3 Check all the edges (a,w), (a′, w) such that w ∈ VL(j) \ S. We de�ne the
set W = {w ∈ VL(j) \ S : one or both of (a,w) and (a′, w) are occupied}. If
|W| ≥ 2 then go to Step 4, else stop.

Step 4 Choose w, w′ ∈W according to an arbitrary but �xed rule and set them as
the active vertices: a = w and a′ = w′. Return to Step 2.

Activating only two vertices at each cycle of the algorithm allows for some control
over the depletion of points outside the connected hyperplanes. �is means that the
algorithm can terminate before the starting edge has been connected to the giant
component or before its connected component has been completely explored. �is is
not a problem: the calculations below show that this algorithm gives a su�ciently
sharp result to prove the claim.

Indeed, we want to show that the probability that the exploration process termi-
nates before �nding the giant component inR has probability tending to zero. �at is,
we want to show that with high probability, the algorithm does not terminate during
Step 3. We write T for the cycle at which this happens. We set T = ∞ when the
process �nds the giant component, namely when the algorithm terminates during
Step 2.

Note that the algorithm is designed with certain independencies. Indeed, the
event BR(j) depends only on the edges in ERR(j), Step 2 of the exploration only
depends on edges in ELR(j), and Step 3 only depends on edges in ELL(j).

We write Pg = Pg(k) for the probability that we �nd a connection to the giant
component inR during the kth cycle of the exploration algorithm, conditioned on the
event BR(j) and on the event that the algorithm has not yet terminated. We bound

1− Pg ≤
(

1− µ

m

)αn
= e−µα/d(1 + o(1)) ≤ Cn−α, (4.3.9)

for a constant C that depends on t. (�is bound does not depend on k because the
algorithm terminates as soon as the exploration �nds a connected hyperplane, so
there is no depletion of points inside the connected hyperplanes.)

Let Nk denote the number of vertices discovered in Step 3 of the kth cycle of the
exploration and let

Pk,2 := Pµ(Nk ≥ 2) = 1− Pµ(Nk = 0)− Pµ(Nk = 1). (4.3.10)
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Each vertex v ∈ VL(j) has (d− 1)(n− 1) + bn/2c neighbors in VL(j), and at
time k at most 2k of them have already been explored, soNk stochastically dominates
a Bin((2d− 1)(n− 1)− 4k, µ/m) random variable. We bound

Pµ(Nk ∈ {0, 1}) ≤
(

1− µ

m

)(2d−1)(n−1)−4k
+ (2d− 1)n

µ

m

(
1− µ

m

)(2d−1)(n−1)−4k−1
.

(4.3.11)

So we obtain, for some constant c,

1− Pk,2 ≤
(

1− µ

m

)(2d−1)(n−1)−4k (
1 +

2d− 1

d

µ

1− µ
m

)
≤cµn−2d+1

(
1− µ

m

)−4k
.

(4.3.12)

If T = s, then the exploration does not reach a connected hyperplane during the
�rst s cycles and then the algorithm terminates on Step 3 of the sth cycle, so we can
bound

Pµ(T = s | BR(j)) ≤ (1− Ps,2)
∏
k≤s

(1− Pg)

≤ Cµn−2d+1
(

1− µ

m

)−4s
n−αs

= Cµn−2d+1

((
1− µ

m

)4
nα
)−s

,

(4.3.13)

for some constant C that depends on t. It follows that

Pµ(T <∞ | BR(j)) ≤ Cµn−2d+1
∞∑
s=1

((
1− µ

m

)4
nα
)−s

. (4.3.14)

For su�ciently large n we have nα(1− µ
m )4 > 1, so the tail of the sum behaves like

a convergent geometric series, so that

Pµ(T <∞ | BR(j)) ≤ Cn−2d+1−α log n� 2

d
n−d(n− 1)−1, (4.3.15)

for all d ≥ 2.
Since H(d, n) is transitive and there are d

2n
d(n− 1) edges,

Eµ[Z | B] ≤ d

2
nd(n− 1)Pµ(T <∞ | BR(j))→ 0, (4.3.16)

and the claim now follows.
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Completion of the proof of (4.1.1) by induction on the dimension

Recall that the case d = 1 initiates the induction, since Hµ(1, n) is an Erdős-Rényi
graph, so that (4.1.1) holds for d = 1.

For the inductive step we assume that (4.1.1) holds for Hµ(d− 1, n), i.e., that for
all t ∈ R and all sequences µ = µ(n) such that limn→∞ µ − (d − 1) log n = t, we
have

Pµ(Hµ(d− 1, n) is connected)→ e−e
−t
. (4.3.17)

We want to prove that the same holds for Hµ(d, n).
Given Hµ(d, n), its intersection Gµjk with the hyperplane Gjk has the same

distribution asH d−1
d µ(d− 1, n) since p = µ

d(n−1) , and each vertex has (d− 1)(n− 1)

outgoing edges inGjk . We assumed that limn→∞ µ−d log n = t, which implies that

lim
n→∞

d− 1

d
µ− (d− 1) log n =

d− 1

d
t. (4.3.18)

Note moreover that 1{Gµjk is connected} and 1{Gµ
jk′ is connected} are i.i.d. random vari-

ables when k 6= k′ under Pµ, since for �xed j all the subgraphs Gµjk are i.i.d. random
subgraphs with the same law as H d−1

d µ(d − 1, n). It thus follows by the inductive
hypothesis that the asymptotic probability thatGµjk is connected is exp(−e−(d−1)t/d).

If we choose ε > 0 such that α := exp(−e−(d−1)t/d) − ε > 0, then for each j
the induction hypothesis and the Weak Law of Large Numbers imply that that

Pµ(BL(j)c) = Pµ

(bn/2c∑
k=1

1{Gµjk is connected} ≤ 1
2αn

)

≤ Pµ

(∣∣∣∣∣ 2n
bn/2c∑
k=1

1{Gµjk is connected} − e−e
−(d−1)t/d

∣∣∣∣∣ > ε

)
→ 0 as n→∞.

(4.3.19)

�e same is true for each BR(j). Using the union bound,

Pµ(Bc) ≤
d∑
j=1

(
Pµ(BL(j)c) + Pµ(BR(j)c)

)
→ 0. (4.3.20)

Finally, we combine (4.2.9), (4.3.20) and Proposition 4.3.3 to obtain

Pµ(Y > 0) ≤ Pµ(Hµ(d, n) is disconnected)

≤ Pµ(Y > 0)

+ Pµ(Bc) + Pµ({(Cmax ∪ I) 6= [n]d} ∩B)

= Pµ(Y > 0) + o(1),

(4.3.21)
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completing the proof of the main theorem of this chapter.

With this result the connectivity threshold for percolation on H(d, n) is fully
explored, in the next chapter we will shi� the analysis to the study of the location of
the phase transition for the existence of a giant component.





Chapter 5

Asymptotic expansion for pc for
percolation on the Hamming graph

5.1 �e critical point for percolation

�is chapter is dedicated to the determination of the critical point for percolation on
H(d, n), in the limit as n→∞, for any �xed d. We start recalling some important
concepts about the phase transition in �nite and in�nite random graphs, which have
been discussed in Chapter 1. For percolation on an in�nite transitive graph G it is
o�en observed that the critical point of the percolation phase transition on G, de�ned
by

pGc := inf{p ∈ [0, 1] : Pp(|C(x)| =∞) > 0}, (5.1.1)

is non-trivial, i.e., pGc ∈ (0, 1) (see for example Grimme� [51]) for most in�nite graphs
(an exception being Z1). Moreover, Aizenman and Barsky [2] and independently
Menshikov [82] proved that on transitive graphs,

pGc = sup{p ∈ [0, 1] : Ep[|C(x)|] <∞}. (5.1.2)

Since we consider percolation on H(d, n) with d, n �nite and Pp is a product
measure, any event that is measurable with respect to Pp has a probability that is a
polynomial in p, and therefore is continuous in p: the �nite model cannot undergo a
non-trivial phase transition in p as described above. Nevertheless, it does make sense
to study the percolation phase transition on �nite graphs in the limit as n → ∞.
To see why, let us recall an important related problem: the emergence of the giant
component in the Erdős-Rényi Random Graph (ERRG).

67
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5.1.1 Giant component

�e Erdős-Rényi random graph is the common name for percolation on the complete
graph Kn. Erdős and Rényi [37] proved that in the limit as n→∞, if p = p(n) =
an−1, a < 1, then |C1| = Θ(log n) w.h.p., 1 while if p = an−1, a > 1, then |C1| =
Θ(n) w.h.p. Moreover, zooming in on the transition point n−1 by choosing p =
(1 + εn)n−1 for a sequence (εn)n∈N such that limn→∞ εn = 0, Bollobás [20] showed
that 2

B |C1| = Θ(ε−2n log(ε3nn)) w.h.p. when ε3nn→ −∞ (subcritical),

B |C1| = Θ(n2/3) w.h.p. when εnn3 → a ∈ R (critical),

B |C1| = Θ(εnn) w.h.p. when εnn3 → +∞ (supercritical).

What this shows is that the size of the largest component undergoes a sharp transition
around n−1. As mentioned above, there is no critical point for a �nite graph, but
the transition occurs in a slice of the parameter space with a width of order n−4/3,
which is asymptotically vanishing with respect to the center of the window located
around n−1. �is behaviour inspired the notion of critical window: to indicate that
the transition of the ERRG occurs around n−1 in a range of width n−4/3, we use the
short-hand notation 3

pKnc = n−1 +O(n−4/3). (5.1.3)

Erdős and Spencer [38] conjectured that if we replace Kn by a more “geometric”
graph sequence (their primary candidate was H(d, 2), the d-dimensional hypercube,
with d → ∞), then the critical behaviour should remain largely intact. In fact, it
turned out that to a large extent the picture is the same for a large class of graph
sequences with “su�ciently weak” geometries.

Of particular interest to us here are the papers by Borgs et al. [25–27], demon-
strating that graph sequences satisfying the so-called triangle condition (which serves
as an indicator of what is meant by su�ciently weak geometry; see e.g. [3, 25–27, 53])
have a phase transition that strongly resembles that of the ERRG, and that both
(H(d, 2))d∈N and (H(d, n))n∈N satisfy the triangle condition. More precisely, con-
sider a sequence (Gm)m∈N = (Vm,Em)m∈N of vertex transitive graphs of degree
m, and write Vm := |Vm|. Write x ←→ y for the event that y ∈ C(x), and
de�ne the two-point function τp(x − y) := Pp(x ←→ y) and the susceptibility

1Given a sequence of random variables (Xn)n∈N, we write Xn = Θ(f(n)) w.h.p. (with high
probability) if there exist constants C ≥ c > 0 such that Pp(cf(n) ≤ Xn ≤ Cf(n))→ 1 as n→∞.

2Subsequent results in [5, 81, 85, 91] are much sharper and comprehensive than what is summarized
here, and there is an extensive body of literature on the problem.

3Given three sequences (an), (bn), (cn), we write that an = bn + O(cn) when there exists a
constant K <∞ such that |an − bn| ≤ Kcn for all n.
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χ(p) := Ep[|C(x)|] =
∑
y∈Vm τp(x − y) (note that χ(p) does not depend on x by

transitivity and that τp(x − y) depends on the relative di�erence of x and y only
because the graphs under consideration are tori). �e triangle condition is satis�ed
for percolation on (Gm) if for all p such that χ(p)3/Vm ≤ β0 for some su�ciently
small β0, and for all x, y ∈ Vm, we have 4

∇p(x, y) :=
∑
u,v

τp(x−u)τp(u−v)τp(v−y) = δx,y+10
χ(p)3

V
+O(m−1). (5.1.4)

Borgs et al. prove that the triangle condition holds for a class of models that includes
(H(d, n))n∈N for any �xed d ≥ 2 (see [26, �eorem 1.3]). An alternative proof,
applying to e.g. Hamming graphs and hypercubes, was given by van der Hofstad and
Nachmias [60, 61].

5.1.2 Critical window

Fix some θ ∈ (0,∞) and de�ne pGmc (θ) as the unique solution of the equation

χ(pc(θ)) = θV 1/3. (5.1.5)

Borgs et al. [25, 26] prove that if we consider percolation on a sequence (Gm) that
satis�es the triangle condition (5.1.4) with p = pc(θ)(1+εm) and εm → 0, then we see
subcritical behaviour when ε3V → −∞ and critical behaviour when ε3V → a ∈ R,
just as in the ERRG. Sharper results about mean-�eld supercritical behaviour of
percolation models when ε3V → ∞ were derived later by van der Hofstad and
Nachmias [61], who investigate the supercritical phase and thus establish that (5.1.5)
really constitutes the critical window for several high-dimensional tori including the
hypercube and Hamming graphs. Moreover, it was shown in [25, �eorem 1.1] that
the critical window satis�es

pc(θ) = m−1 +O(m−2) +O(m−1V −1/3), (5.1.6)

and that pc(θ1) − pc(θ2) = O(m−1V −1/3) for any θ1, θ2 > 0, i.e., any choice of θ
yields the same critical window.

Compare (5.1.6) with the critical window of the ERRG in (5.1.3), and note that
Kn has O(m−1V −1/3) = O(n−4/3) because m = n − 1 and V = n. �us, by
that analogy, the second error term above corresponds to the width of the critical
window, while the �rst error term can be viewed as a “correction” in m−1 to pc itself.
In this interpretation, (5.1.6) describes the critical window asymptotically precisely

4Here and below we will frequently suppress sub- and superscripts when their presence is clear from
the context. Likewise, we do not always stress that we are considering asymptotic results for sequences.
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for the two-dimensional Hamming graph H(2, n), since in this case m = 2(n− 1)
and V = n2, so that the correction term m−2 is vanishingly small compared to
m−1V −1/3. Moreover, (5.1.6) is also asymptotically precise for H(3, n) because the
two O-terms coincide.

5.1.3 Expansion of the critical point

�is brings us to the main result of this chapter. We write p(d)
c (θ) for the critical value

of percolation on H(d, n) de�ned in (5.1.6), and compute the second term of p(d)
c (θ)

for all d ≥ 2:

�eorem 5.1.1 (Critical window for percolation on H(d, n)). For all θ ∈ (0,∞) and
all d ≥ 2,

p(d)c (θ) = m−1 +
2d2 − 1

2(d− 1)2
m−2 +O(m−3) +O(m−1V −1/3), (5.1.7)

where the constants in the error terms may depend on θ.

Observe that for d ≥ 4, the correction term of order m−2 is asymptotically larger
than the width of the critical window, and that when d = 4, 5, 6 the above expansion
is again asymptotically precise, since we have m−3 = O(m−1V −1/3).

To see the relevance of �eorem 5.1.1, we compare it with other expansions of pc
in the literature. Van der Hofstad and Slade [63] proved that for percolation on G,
with G either the in�nite la�ice Zd with nearest-neighbour edges or the hypercube
H(d, 2), as d→∞, pGc can be expanded up to three terms as

pGc = m−1 +m−2 +
7

2
m−3 +O(m−4), (5.1.8)

where in both cases m denotes the degree of the graph G. Moreover, they [62] also
proved that, for any N ∈ N,

pZ
d

c =

N∑
k=1

ak(2d)−k +O((2d)−N−1),

pH(d,2)
c (θ) =

N∑
k=1

bkd
−k +O(d−N−1),

(5.1.9)

where (ak), (bk) are rational coe�cients. �e critical window of the hypercube
has width O(d−12−d/3), so we believe that the expansion cannot be asymptotically
precise, regardless of the choice of N . Furthermore, it was conjectured that the
expansion for pZdc , although it may exist, is divergent for all d asN →∞ (in the sense
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that the power series z 7→
∑∞
k=1 akz

k has radius of convergence 0). We conjecture
that the expansion for the Hamming graph is very di�erent. We believe that for any
d ≥ 2 there exist coe�cients (ck(d)) such that

p(d)

c (θ) = m−1 +
2d2 − 1

2(d− 1)2
m−2 +

bd/3c∑
k=3

ck(d)m−k +O(m−1V −1/3), (5.1.10)

i.e., we conjecture that p(d)
c has an asymptotically precise expansion in m−1 of order

bd/3c for all d. Heydenreich and van der Hofstad state the conjecture in (5.1.10)
as [54, Open Problem 15.4].

�eorem 1.1 in [25] con�rms this conjecture for d = 2, 3, and our current work
con�rms it for d = 4, 5, 6. �e argument of van der Hofstad and Slade [62] establishing
(5.1.9) for the la�ice and the hypercube crucially uses the fact that a ball of a radius r
restricted to a d′ dimensional subspace has the same shape for all d ≥ d′, so that we
can express each coe�cient in terms of events that happen on a �xed subgraph. Balls
in the Hamming graph instead grow very rapidly when n increases. Each coe�cient
is obtained as a limit and it will be more involved to prove the existence of this limit.
Hence we do not have signi�cant evidence suggesting that all coe�cients in (5.1.10)
have to be rational.

We note that the existence of a �nite asymptotically precise expansion makes
the proof of the critical window of the Hamming graph more challenging than for
the hypercube. Roughly speaking, because the critical window of the hypercube
is exponentially narrower than any of the expansion terms, we can approximate
p
H(d,2)
c up to any �xed order by a value p that is in fact subcritical, by choosing a

negative coe�cient for the error term. �is allows one to exploit the fact that χ(p) is
poly-logarithmic in V , which simpli�es the analysis considerably. In our case, the
approximating p will be much closer to p(d)

c , and so we need a much more re�ned
analysis. We will explain this in more detail in Section 5.5.5.

5.1.4 Alternative de�nition of the critical point

It is worth noting that a disadvantage of the de�nition pc in (5.1.5) is that it imposes
an ad hoc relation between pc and V 1/3, which is known not to hold in general and
believed to be associated with “high-dimensional” models. In other words, (5.1.5) is
possibly only a valid de�nition of pc for percolation models in the universality class
of the ERRG. Nachmias and Peres in [86] observed that it would be desirable to have
a de�nition of pc that applies more generally, and they proposed

p̃Gc := argmax
p∈(0,1)

d
dpχG(p)

χG(p)
(5.1.11)
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as a de�nition of the critical point for any graphG. �eir motivation for this de�nition
is that Russo’s formula [94] implies that p = p̃Gc is the point where a small change in
p has the greatest impact on the relative size of the connected components, i.e., χ(p)
changes most dramatically at p̃Gc . A serious downside of this de�nition appears to be
that p̃Gc may be very di�cult to compute. �us far, the only non-trivial determination
of p̃Gc is given in recent work by Janson and Warnke [73]. �ey determine that, for the
ERRG, |p̃Knc − 1/n| = O(n−4/3), so p̃Knc is a point inside the critical window (5.1.3),
that χ(p)−1 d

dpχ(p) around p̃Knc describes the critical window (5.1.3) as well, and that,
interestingly, p̃Knc does not equal either 1/n or 1/(n− 1). It would be interesting to
see whether their methods can be applied to the current se�ing of percolation on
H(d, n).

5.1.5 Susceptibility of the subcritical ERRG

In Section 5.2 we prove �eorem 5.1.1, and also derive re�ned asymptotics for the
susceptibility of a subcritical ERRG, its second moment, and its surplus: given a
connected graph G, let Sp(G) := |E(G)| − |V(G)|+ 1 denote the number of surplus
edges in G. Besides being interesting in their own right, these will be crucial for
proving the lower bound on p(d)

c , because the restriction of critical percolation on
H(d, n) to a one-dimensional subspace ofH(d, n) is equivalent to a subcritical ERRG.
To prove the lower bound of �eorem 5.1.1 we rely on the following asymptotics,
which, to the best of our knowledge, are sharper than results in the literature:

�eorem 5.1.2 (Second-order asymptotics for susceptibility of the subcritical ERRG).
Let G = G(n, p) be the ERRG with p = λ

n−1 and 0 < λ < 1. �en as n→∞,

χG(p) = Ep[|C(v)|] =
1

1− λ
− 2λ2 − λ4

2(1− λ)4
n−1 +O(n−2), (5.1.12)

Ep[|C(v)|2] =
1

(1− λ)3
+O(n−1), (5.1.13)

Ep[Sp(C(v))] =
λ3

2(1− λ)2
n−1 +O(n−2). (5.1.14)

�e second-order coe�cient computed in (5.1.12) improves the result by Durre�
in [36, �eorem 2.2.1], which states that χG(p) = (1−λ)−1−O(n−1), while (5.1.13)
provides the matching lower bound to well-known upper bound derived with the
usual branching process domination. To achieve the sharper asymptotics we need
a new way to encode the usual breadth-�rst search in the ERRG with the help of a
branching random walk. We believe that there exists an in�nite polynomial expansion
of χG(p) in powers of p for all p = λ

n−1 with 0 < λ < 1. �ere is substantial literature
related to (5.1.14), see e.g. the classic book on random graphs by Bollobás [21, Section
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5.2] as well as the seminal paper by Janson, Knuth, Łuczak and Pi�el [70] computing
generating functions of components having various cycle structures. As far as we are
aware, the second-order asymptotics in (5.1.14) is new.

5.1.6 Outline

We prove �eorem 5.1.1 by separately proving a lower bound and an upper bound
on p(d)

c . In Section 5.2 we prove �eorem 5.1.2. �is theorem is used in Section 5.3
to prove the lower bound in �eorem 5.1.1 with the help of an exploration process
that uses the fact that the restriction of critical bond percolation on H(d, n) to a
one-dimensional subspace has the same distribution as a subcritical ERRG. �is is
used to obtain a sharp enough branching process upper bound on the susceptibility.
In Section 5.4 we estimate connection probabilities and estimate bubble, triangle and
polygon diagrams. In Section 5.5 we prove the upper bound in �eorem 5.1.1 with
the help of the lace expansion. Perhaps surprisingly, these disparate methods yield
compatible bounds, due to the fact that both methods are asymptotically sharp. �e
lace expansion method may be improved to prove �eorem 5.1.1, but this would
be more di�cult than our current proof and less interesting. We do not see how
the exploration process proof could be improved to also prove the upper bound in
�eorem 5.1.1.

5.2 Susceptibility of the subcritical Erdős-Rényi Random
Graph

In this section we prove �eorem 5.1.2. To give our estimate of the expected size of a
subcritical cluster, we couple a breadth-�rst exploration process of the cluster to a
process related to a Branching Random Walk (BRW). �e breadth-�rst exploration
exploration process is de�ned in Section 5.2.1, the branching random walk exploration
in Section 5.2.2. �e proof of the susceptibility asymptoticis is given in Section 5.2.3.

5.2.1 Breadth-�rst/surplus exploration

We start by de�ning a version of the breadth-�rst (BF) exploration. �is is a very
standard tool in the study of the ERRG (see e.g. [55, Section 5.2.1]). In a nutshell,
a breadth-�rst exploration is a process that, starting from a vertex v, “discovers”
its adjacent edges, “activating” the direct neighbours of v in some �xed order, and
then explores those vertices, discovering their adjacent edges and activating any
unexplored, unactivated neighbours, and so on, always choosing the vertex that was
activated the longest time ago as the next vertex to explore from. �e BF exploration
keeps track of which vertices have been explored (the “dead” set), which vertices have
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been activated but not explored (the “active” set), and the time at which a vertex was
activated or explored. Crucially, the “traditional” BF exploration will only explore a
vertex once, so the process terminates once all vertices are explored, and the edges
associated with newly activated vertices describe a subtree of the component of v, but
the process provides li�le information about the surplus, i.e., the discovered edges
that do not activate new vertices (also sometimes referred to as the “tree excess” of
the graph). For our purposes it is important that we also know about the surplus, so
we consider the following modi�cation of the BF exploration:

De�nition 5.2.1 (BF exploration process of a graph). Given a graph G = (V,E) and
a vertex v ∈ V we de�ne the breadth-�rst/surplus (BF) exploration process as the
sequence of dead, active and surplus sets (D(t),A(t),Sp(t))t≥0 as follows:

B Initiation. Initiate the exploration with the dead, active and surplus sets at time
t = 0 as

D(0) := ∅, A(0) := {v}, Sp(0) := ∅, (5.2.1)

and at time t = 1 as

D(1) := {v},
A(1) := {w : {v, w} ∈ E},
Sp(1) := ∅.

(5.2.2)

B Time t ≥ 2. Choose the vertex vt ∈ A(t−1) that minimizes min{i : vt ∈ A(i)},
breaking ties according to an arbitrary but predetermined rule.5 Update the active,
dead and surplus sets as follows:

D(t) := D(t− 1) ∪ {vt},
A(t) := (A(t− 1) \ {vt})

∪ {w /∈ A(t− 1) ∪D(t− 1) : {vt, w} ∈ E},
Sp(t) := Sp(t− 1) ∪ {{vt, w} ∈ E : w ∈ A(t− 1)}.

(5.2.3)

B Stop. Terminate the exploration when A(t) = ∅. Set T = t.

Note that D(t) and A(t) are subsets of V, whereas Sp(t) is a subset of E. When
A(t) = ∅, this means that we have completely explored the connected component
C(v) and T = |D(T )| = |C(v)|. In the BF exploration we �nd a new edge every

5An example of such a rule: Fix an order on the vertex set V. If at step t− 1 we have explored and/or
activated a total of k vertices, and we activate ` more at step t, then we assign to these ` newly explored
vertices the labels k + 1 through k + `, according to the order on V. At time s+ 1 we explore from the
active vertex with the smallest label.
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time we activate a vertex (except the initial vertex v) or we discover an edge between
active vertices. It follows that |E(C(v))| = |D(T )| − 1 + |Sp(T )|. We conclude that
|Sp(T )| = |E(C(v))| − |D(T )|+ 1 = Sp(C(v)).

5.2.2 �e branching random walk exploration

�e subtree generated by a “traditional” BF exploration is o�en studied through a
comparison to a branching process (see e.g. [36, 55]). To study our BF exploration,
we de�ne a suitable extension, the branching random walk (BRW) exploration, in
which we randomly embed a branching process in the graph, and keep track of its
self-intersections.6 �is is made precise in the following de�nition:

De�nition 5.2.2 (Branching random walk). Given an m-regular graph Gm = (V,E)
and p ∈ [0, 1], we de�ne the p-branching random walk (p-BRW) on Gm started at
v ∈ V as the pair (T, φv), where T is a Galton-Watson tree where all nodes have
i.i.d. o�spring with distribution Bin(m, p), and φv is a random mapping of T into the
vertex set V whose law satis�es: (1) φv maps the root ρ of T to v; (2) given any node
x ∈ T and its set of children Ch(x) ⊂ T, the marginal law of φv(Ch(x)) is the same
as that of |Ch(x)| distinct neighbours of φv(x) in Gm chosen uniformly at random,
independently for all x ∈ T. (Here, for a set A ⊂ T and a mapping φv : T → G, we
de�ne φv(A) = ∪a∈Aφv(a), and by convention set φv(∅) = ∅.)

Next, we de�ne a process that explores a p-BRW and keeps track of any self-
intersections. Brie�y, the idea is that we explore the p-BRW by exploring the tree
T in a breadth-�rst fashion from the root upward. If the p-BRW intersects its own
trace, then we declare the particle that intersected, and all its o�spring, to have
become “ghosts”. We di�erentiate between particles that became ghosts through
intersecting with active and dead vertices. In Proposition 5.2.4 below we prove that
this exploration process can be coupled to a BF exploration of a percolation cluster:

De�nition 5.2.3 (BRW exploration process). Given anm-regular graphGm = (V,E),
a vertex v ∈ V, and a p-BRW (T, φv) on Gm, we de�ne the BRW exploration process
(A(t), D(t), PA(t), PD(t))Tt=0 as the sequence of dead, active, active ghost and dead
ghost sets as follows:

B Initiation. Initiate the exploration with the dead, active, active ghost and dead
ghost sets at time t = 0 as

D(0) := ∅, A(0) := {ρ}, PA(0) = ∅, PD(0) = ∅, (5.2.4)
6From now on the term nodes will refer to elements of GW trees, while vertices will refer to elements

of graphs. Moreover, the progeny of a node x will indicate the set of vertices whose path to the root ρ
passes through x, while the children of x are only the vertices for which x is the �rst vertex encountered
on such a path. We write Ch(x) for the set of children of x in T.
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and at time t = 1 as

D(1) := {ρ}, A(1) := Ch(ρ), PA(1) := ∅, PD(1) := ∅. (5.2.5)

B Time t ≥ 2. Choose the node xt ∈ A(t− 1) that minimizes min{i : xt ∈ A(i)},
breaking ties according to an arbitrary but predetermined rule, and update the
exploration as follows:

D(t) := D(t− 1) ∪ {xt},
A(t) := (A(t− 1) \ {xt})

∪
{
y ∈ Ch(xt) : φv(y) /∈ φv

(
D(t− 1) ∪ A(t− 1)

)}
,

PA(t) := PA(t− 1) ∪
{
y ∈ Ch(xt) : φv(y) ∈ φv

(
A(t− 1)

)}
,

PD(t) := PD(t− 1) ∪
{
y ∈ Ch(xt) : φv(y) ∈ φv

(
D(t− 1)

)}
.

(5.2.6)

B Stop. If A(t) = ∅, then terminate the exploration. Set T = t.

Using the BRW exploration, we de�ne the subgraph C̃(v) as the graph traced out
by a p-BRW where the particles are killed when they intersect with the active set.
More precisely, we let T̃ be the subtree in T induced by D(T ) ∪ PA(T ), and de�ne

C̃(v) :=
(
φv(D(T )), {{φv(x), φv(y)} : {x, y} ∈ T̃}

)
. (5.2.7)

Note that, by De�nition 5.2.3, φv(D(T ) ∪ PA(T )) = φv(D(T )), so C̃(v) is indeed a
subgraph of Gm = (V,E).

We now show that C̃(v) has the same law as C(v), the connected component of v
in an ERRG, by coupling the BF and BRW explorations:

Proposition 5.2.4 (Coupling of BF and BRW explorations). Consider percolation on
anm-regular graphGm with parameter p. Consider the BF exploration on the percolated
graphGm(p) and the p-BRW exploration processes onGm, both starting from the vertex
v (and using the same tie-breaking rule). �en C(v) with respect to Pp has the same law
as C̃(v).

Proof. We show inductively that we can couple each step of the BRW and of the BF
exploration in such a way that C̃(v) = C(v) almost surely. We start by showing that
there exists a coupling such that for all t ≥ 0,

D(t) = φv(D(t)),

A(t) = φv(A(t)),

Sp(t) =
⋃
s≤t

{
{φv(xs), w} : w ∈ φv(PA(s) \ PA(s− 1))

}
.

(5.2.8)
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We start with the inductive base. At time t = 0, by De�nitions 5.2.1 and 5.2.3,

D(0) = ∅ = φv(D(0)),

A(0) = {v} = φv({ρ}) = φv(A(0)),

Sp(0) = ∅ =
{
{φv(x0), w} : w ∈ φv(PA(0))

}
.

(5.2.9)

Next, we prove the inductive step: the induction hypothesis is that the relations in
(5.2.8) holds for all r < t. We extend the coupling so that it also holds at time t. Our
assumption is that we use the same tie-breaking rule for both explorations, so by the
induction hypothesis we choose vt = φv(x

t).
Given φv(xt), �x a set Utk = {u1, u2, . . . , uk} of k neighbours of φv(xt). By

De�nition 5.2.2, the mapping φv is such that |Ch(xt)| neighbours of φv(xt) are
distinct neighbours chosen uniformly at random, so

P
(
φv(Ch(xt)) = Utk

)
= P(|Ch(xt)| = k)P

(
φv(Ch(xt)) = Utk | |Ch(xt)| = k

)
=

(
m

k

)
pk(1− p)m−k

(
m

k

)−1
= pk(1− p)m−k.

(5.2.10)

Next, consider the BF exploration at time t. Given (D(s),A(s),Sp(s))t−1s=0, we can
determine vt. For t ≥ 0, let N(t) denote an independent set-valued random variable
that contains the vertex w with probability p, independently for all w such that
{vt, w} ∈ E, so that P

(
N(t) = Utk

)
= pk(1−p)m−k . For every set Utk of neighbours

of vt we have P
(
N(t) = Utk

)
= P

(
φv(Ch(xt)) = Utk

)
, and so there exists a trivial

coupling of N(t) and φv(Ch(xt)) such that P
(
N(t) = φv(Ch(xt)

)
= 1.

Consider an edge {vt, w}. Observe that if w /∈ D(t − 1), then {vt, w} has not
been discovered by the exploration, so it is open in the percolation conditionally inde-
pendently with probability p, while ifw ∈ D(t−1), then {vt, w} has been discovered
in the BF exploration, so its status can be determined from (D(s),A(s),Sp(s))t−1s=0.
Let X(t) denote the vertices that are end-points of edges that are discovered in the
t-th step, i.e.,

X(t) :=
{
{vt, w} : {vt, w} ∈ C(v) \ {{vt, u} : u ∈ D(t− 1)}

}
. (5.2.11)

Note that if w ∈ X(t), then either w becomes activated at time t or w ∈ A(t− 1). By
the above observation, we can couple X(t) to N(t) such that X(t) = N(t)\D(t−1)
almost surely, conditionally on (D(s),A(s),Sp(s))t−1s=0.

Consider henceforth the se�ing in which the stochastic processes X(t), N(t),
φv(Ch(vt)), and (D(s),A(s),Sp(s))t−1s=0 are simultaneously coupled according to
the above description. (Since both N(t) and φv(Ch(xt)) are essentially independent
p-random subsets, it is easy to make this coupling explicit; we leave those details to
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the reader.) Using this coupling, the induction hypothesis (5.2.8), and De�nitions 5.2.1
and 5.2.3, we derive

D(t) \D(t− 1) = {vt} = φ(xt) = φv(D(t)) \ φv(D(t− 1)), (5.2.12)

and

A(t) \A(t− 1) = X(t) \A(t− 1)

= N(t) \ (D(t− 1) ∪A(t− 1))

= (φv(Ch(xt)) \ (φv(D(t− 1)) ∪ φv(A(t− 1)))

= φv(A(t)) \ φv(A(t− 1)),

(5.2.13)

and

Sp(t) \ Sp(t− 1) = {{vt, w} : w ∈ X(t) ∩A(t− 1)}
= {{vt, w} : w ∈ N(t) ∩A(t− 1)}
= {{φv(xt), w} : w ∈ φv(Ch(xt)) ∩ φv(A(t− 1))}
= {{φv(xt), w} : w ∈ φv(PA(t) \ PA(t− 1))}.

(5.2.14)

Since φv(xt) = vt, we obtain that (5.2.8) holds also at time t almost surely, and thus,
by induction, for all t ∈ {0, 1, . . . , T}, almost surely.

To conclude the proof, we show that the coupling (5.2.8) for all t ∈ {0, 1, . . . , T}
implies that C̃(v) = C(v) almost surely. Recall the de�nition of C̃(v) in (5.2.7), and
of T̃ above it. Since φv(D(T )) = D(T ), it follows directly from (5.2.8) that the
vertex sets of C̃(v) and C(v) coincide. To see that the edge sets coincide, note that,
by De�nition 5.2.3, T̃ contains only edges {x, y} ∈ T such that y ∈ Ch(x), with
x ∈ D(T ) and y ∈ D(T )∪ PA(T ). Indeed, by the construction of the BRW exploration
it is impossible that both x, y ∈ PA(T ), since vertices in PA are never explored further.
Let s = min{t : x ∈ D(t)}. �en, from the de�nition of the BRW exploration, x = xs

and y ∈ (A(s) \ A(s− 1)) ∪ (PA(s) \ PA(s− 1)). We then obtain

E(C̃(v)) =

T⋃
s=0

{
{φv(xs), φv(y)}

: φv(y) ∈ φv((A(s) \ A(s− 1)) ∪ (PA(s) \ PA(s− 1))
}
.

(5.2.15)

An application of (5.2.8) now completes the proof.

We conclude by deriving some consequences of Proposition 5.2.4 that will be
useful in the proof of �eorem 5.1.2:
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Corollary 5.2.5. Consider a BF exploration on anm-regular graphGm with parameter
p, and a p-BRW exploration processes on Gm, both starting from the vertex v. �en

|D(T )| d= |C(v)|, (5.2.16)

|PA(T )| d= Sp(C(v)), (5.2.17)

E[|PD(T )|] = pE
[ T∑
t=1

|D(t− 1)|
]
. (5.2.18)

Proof. Equations (5.2.16) and (5.2.17) follow immediately from Proposition 5.2.4. To
prove (5.2.18) we use (5.2.6) and (5.2.10), from which we get

E[|PD(t) \ PD(t− 1)| | F (t− 1)] = p|D(t− 1)|, (5.2.19)

where F (t − 1) is the σ-algebra generated by the �rst t − 1 steps of the BRW
exploration. Summing over t ≤ T we get the claim.

5.2.3 Proof of the susceptibility asymptotics

Proof of �eorem 5.1.2. Consider a BF exploration on G(n, p) and a BRW exploration
of a p-BRW on Kn, both with p = λ

n−1 , coupled as in the proof of Proposition 5.2.4.
Corollary 5.2.5 implies that χG(p) = E[|C̃(v)|] = E[|D(T )|]. We know that E[|T|] =
1

1−λ (see [88]). From the de�nition of the BRW exploration we know that T \ D(T )

consists of the nodes PD(T )∪PA(T ) and their progeny in T. Using (5.2.16) and (5.2.17),
we can thus write

Ep[|C(v)|] = E[|T|]− E[|T|]E[|PA(T ) ∪ PD(T )|]

= E[|T|]− E[|T|]
(
Ep[Sp(C(v))] + pE

[ T∑
t=1

|D(t− 1)|
])
.

(5.2.20)

Since |D(t− 1)| = t− 1 for all t ≤ T and |D(T )| d= |C(v)|,

E
[ T∑
t=1

|D(t− 1)|
]

= 1
2E[T (T − 1)] = 1

2E
[
|C(v)|2 − |C(v)|

]
. (5.2.21)

As a result we obtain that

Ep[|C(v)|] = E[|T|]
(
1− Ep[Sp(C(v))]− 1

2pEp
[
|C(v)|2 − |C(v)|

])
. (5.2.22)

Pakes proved in [88, Section 2.2] that

Var(|T|) =
λ

(1− λ)3
+O(p), (5.2.23)
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so that E[|T|2] = (1− λ)−3 +O(p). Moreover, Durre� shows in [36, Section 2] that
Ep[|C(v)|] = (1− λ)−1 −O(n−1).

We will prove that Ep[|C(v)|2] = (1 − λ)−3 + O(p). It follows from Proposi-
tion 5.2.4 that Ep[|C(v)|2] = E[|D(T )|2] ≤ E[|T|2], which establishes the upper bound.
To determine the lower bound, we write

Ep[|C(v)|2] = E[(|T| − |T \ D(T )|)2] ≥ E[|T|2]− 2E[|T||T \ D(T )|], (5.2.24)

so it remains to prove that E[|T||T \ D(T )|] = O(p). We write

E[|T||T \ D(T )|] = E
[ ∑
x,y∈T

1{x/∈D(T )}

]
=

∞∑
k=1

P(|T| = k) kE
[∑

x

1{x/∈D(T ),x∈T}
∣∣|T| = k

]
.

(5.2.25)

Now we bound E
[
1{x/∈D(T ),x∈T}

∣∣|T| = k
]
. Suppose that dT(ρ, x) = L, and that η

is the path in T with η(0) = ρ and η(L) = x. From the description of the BRW
exploration it follows that x /∈ D(T ) if and only if there exists a t ∈ {0, . . . , T} such
that vt ∈ η and φv(vt) ∈ PA(t − 1) ∪ PD(t − 1). Since the mapping of children of
a node in the BRW is done uniformly at random, φv(η) has the same distribution
as a simple random walk path on Kn, conditioned on going from ρ to x in L steps.
Conditionally on |T| = k, we have |A(t − 1) ∪ D(t − 1)| ≤ k for all t, so for all t
the probability that φv(vt) ∈ φv(A(t − 1) ∪ D(t − 1)) is at most k/(n − 1) by the
symmetry of Kn. Conditionally on |T| = k, we have L ≤ k − 1, and so

E
[
1{x/∈D(T ),x∈T}

∣∣|T| = k
]
≤ k(k − 1)

n− 1
. (5.2.26)

Inserting this into (5.2.25) we obtain

E[|T||T \ D(T )|] =

n∑
k=1

P(|T| = k) k2
k(k − 1)

n− 1
≤ p

λ
E[|T|4] = O(n−1). (5.2.27)

Inserting this into (5.2.24) we get (5.1.13), and thus it also follows that

Ep[|C(v)|2]− Ep[|C(v)|] =
1

(1− λ)3
− 1

1− λ
+O(n−1)

=
2λ− λ2

(1− λ)3
+O(n−1).

(5.2.28)

Next, we compute Ep[Sp(C(v))]. Note that Sp(C(v)) is bounded from above by
the number of vertex-disjoint cycles in C(v), since removing a surplus edge from
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a graph destroys at least one such cycle. Here, given a graph G = (V,E) and
v1, . . . , vk ∈ V, we say that a subgraph Lk is a (vertex-disjoint) cycle of length k if Lk
has vertex set {v1, . . . , vk} ⊂ V and edge set ∪ki=1{vi, vi+1mod k}. We write Lk(G)
for the set of cycles of length k in a graph G. For G(n, p) we may thus bound

Ep[Sp(C(v))] ≤
n∑
k=3

∑
Lk∈Lk(Kn)

Pp
(
Lk ∈ Lk(C(v))

)
. (5.2.29)

Note that |Lk(Kn)| = n!
2k(n−k)! . �e probability that a given set of k edges is open in

G(n, p) is pk . Moreover, the probability that a vertex w in G(n, p) is connected to a
given set of k vertices is at most k Ep[|C(w)|]

n ≤ k
(1−λ)n for any w, by the symmetry of

Kn. Combining these estimates, and using that p = λ
n−1 , we bound

Ep[Sp(C(v))]

≤
n∑
k=3

n!

2k(n− k)!
pk

k

(1− λ)n
(1 +O(n−1))

=

n∑
k=3

(n− 1)!

(n− k)!

1

(n− 1)k−1
λk−1

2(1− λ)
p (1 +O(n−1))

≤
n∑
k=3

λk

2(1− λ)
n−1 +O(n−2) =

λ3

2(1− λ)2
n−1 +O(n−2).

(5.2.30)

�is establishes the upper bound in (5.1.14).
It remains to prove a matching lower bound. Before we start, let us recall a

standard tool from percolation theory: the van den Berg-Kesten (BK) inequality [13]
which we presented in Section 2.3: We say that an event A is increasing with respect
to p if Pp(A) ≥ Pq(A) whenever p ≥ q. We say that two increasing events A and
B occur disjointly, and write A ◦B, if the occurrence of A and B can be veri�ed by
inspecting disjoint sets of edges (which may depend on the percolation con�guration).
For instance, the event {v ↔ w} is increasing, and {v ↔ w}◦{v′ ↔ w′} implies that
there exists a path of open edges between v and w and another path of open edges
between v′ and w′, and that these paths are edge disjoint. �e BK-inequality states
that Pp(A ◦B) ≤ Pp(A)Pp(B). See e.g. Grimme�’s classic book on percolation [50]
for more details.

We use the BK-inequality to prove a lower bound on the expected surplus. Since
the removal of a surplus edge must destroy at least one cycle in the graph, we can
bound Sp(C(v)) from below by the number of vertex-disjoint cycles in C(v) that are
edge-disjoint from any other cycle in C(v). A cycle is edge-disjoint from other cycles
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if and only if the cycle does not contain a pair of vertices that are connected by a path
outside the cycle. Each cycle of length k has k(k − 1)/2 pairs of vertices, and the
probability that any two vertices are connected is at most 1

(1−λ)n by the symmetry of
Kn. Writing V(Lk) for the vertex set of the cycle Lk and using the same reasoning
as in (5.2.30) as well as inclusion-exclusion, we thus obtain

Ep[Sp(C(v))] ≥
n∑
k=3

∑
Lk∈Lk(Kn)

[
Pp
(
Lk ∈ Lk(C(v))

)
(5.2.31)

− Pp
( ⋃
{x,y}⊂V(Lk)

{
Lk ∈ Lk(C(v))

}
◦ {x↔ y}

)]

≥
n∑
k=3

n!

(n− k)!

pk

2(1− λ)n

(
1− k(k − 1)

2(1− λ)n

)
≥

n∑
k=3

( λk

2(1− λ)
n−1 +O(n−2)

)(
1− k(k − 1)

2(1− λ)
n−1

)
=

λ3

2(1− λ)2
n−1 +O(n−2),

where in the �rst step the union is over all two-element subsets of V(Lk), in the
second step we �rst use the union bound and then the BK-inequality, and in the
third step we use that p = λ/(n − 1) and (n−1)!

(n−k)! = (n − 1)k−1 − O(knk−2). �is
completes the proof of (5.1.14).

Inserting the bounds (5.2.28), (5.2.30), and (5.2.31) into (5.2.22), we conclude that

Ep[|C(v)|] =
1

1− λ

(
1− λ3

2(1− λ)2
n−1 − 1

2p
2λ− λ2

(1− λ)3
+O(n−2)

)
=

1

1− λ
− 2λ2 − λ4

2(1− λ)4
n−1 +O(n−2),

(5.2.32)

which proves (5.1.12) and thus completes the proof of �eorem 5.1.2.

5.3 �e lower bound on p(d)
c (θ) via an exploration process

In this section we use the bound on the susceptibility of the subcritical ERRG to
determine a lower bound on p(d)

c (θ), the critical value of the Hamming graph. We
achieve this by bounding χ(p) from above with the use of an exploration process,
and then substituting this bound into χ(p(d)

c ) = θV 1/3, the equation that de�nes p(d)
c
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(recall (5.1.5)). �e exploration process that we use is designed with the geometry of
the Hamming graph in mind, so let us start by investigating this geometry further.

Recall that the Hamming graph H(d, n) can be viewed as the Cartesian product
of d complete graphsKn. If we arrange the nd vertices ofH(d, n) on a d-dimensional
hypercubic grid in the obvious way, then the edges of H(d, n) are precisely those
edges that have both end-points on a line that is parallel to an axis of the grid.
�is inspires the following de�nition: Given some i ∈ {1, . . . , d} and a vertex
v = (v1, . . . , vd) ∈ {0, . . . , n− 1}d, we call the subgraph of H(d, n) induced by the
set {

(v1, . . . , vi−1, w, vi+1, . . . , vd) ∈ V : w ∈ {0, . . . , n− 1}
}
, (5.3.1)

the i-directional line of H(d, n) through v. When i and v are unimportant we refer
to such subgraphs simply as lines. We write Ci(v) for the set of vertices that can be
reached from v by a path of open edges in the i-directional line through v. We de�ne
χline(p) := Ep[|Ci(v)|] for the expected size of a connected component within a line,
which, as we will note, does not depend on v and i. Note that any line of H(d, n) is
isomorphic to Kn, so that Ci(v) has the same law as an Erdős-Rényi random graph
on n vertices with parameter p. Moreover, because this is a graph on n vertices
and we choose p = 1+O(m−1)

d(n−1) with d ≥ 2 (in accordance with (5.1.6)), this ERRG is
subcritical. We thus obtain from �eorem 5.1.2 that

χline

(1 +O(m−1)

d(n− 1)

)
=

1

1− p(d− 1)

(
1− 2d2 − 1

2(d− 1)3
m−1 +O(m−2)

)
. (5.3.2)

We use this fact repeatedly below.
We next de�ne the exploration process that allows us to estimate χ(p). To �rst

order, this estimation simply yields a Galton-Watson branching process. But this is an
overestimate, and we can give a (negative) second-order correction to it by correcting
for the over counting that arises because we ignored loops in the graph. We thus
will have to �nd a bound on the number of loops. An important insight into the
structure of percolation on the Hamming graph is that loops are much more likely
to occur within lines than outside lines. Our exploration crucially uses this fact: we
only subtract the correction for loops within lines, which gives us the desired upper
bound.

Roughly speaking, the line-wise exploration process de�ned below works as
follows. We have two sets, the active and dead sets A and D. We start with a single
vertex in the active set. At any given time we move an active vertex to the dead
set, and add all the vertices connected to that vertex through a line to the active set.
Because we want to avoid “feedback loops” in the process, we need to keep track of
the line that we have previously explored from. �e parent set P of ordered pairs of
vertices and their parents in the exploration is a technical addition to the process that
takes care of this. �e process stops when the active set becomes empty.
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De�nition 5.3.1. �e line-wise exploration process (A(t),D(t),P(t))Tt=0 on H(d, n)
started at the vertex v is the T -step discrete-time process de�ned as follows:

B Initiation. De�ne the dead, active and parent sets at time t = 0

D(0) := ∅, A(0) := {v}, P(0) := ∅,

and at time t = 1

D(1) := {v},

A(1) :=
⋃
i∈[d]

{w : w ∈ Ci(v)} \ {v},

P(1) :=
{
{w, v} ∈ E : w ∈ A(1)}.

B Time t ≥ 2. Choose a vertex vt according to an arbitrary but predetermined rule
from A(t− 1). Let u be the vertex such that {u, vt} ∈ P(t− 1) and write jt for
the unique direction such that vtjt 6= ujt . Update

D(t) := D(t− 1) ∪ {vt},

A(t) :=
(
A(t− 1) ∪

⋃
i∈[d] : i6=jt

{
w : w ∈ Ci(v

t)
})
\ {vt},

P(t) := P(t− 1) ∪
{
{w, vt} ∈ E : w ∈ A(t) \ A(t− 1)

}
.

(Note that, by the de�nition of P(t), the vertex w above is always unique.)

B Stop. Terminate the process when A(t) = ∅. Set T = t.

Now we are ready to complete the proof of the lower bound on p(d)
c (θ) in �eorem

5.1.1:

Proof of the lower bound in �eorem 5.1.1. Note that D(T ) = |C(v)|. Moreover, the
line-wise exploration process can be naturally coupled to the (modi�ed) Galton-
Watson process where the o�spring distribution is given by the law of the sum of the
sizes of d− 1 independent ERRG clusters minus one (where the d− 1 accounts for
the fact that the line we are in has already been explored, and the minus one accounts
for the fact that the vertex vt has already been counted). �is Galton-Watson process
has a modi�cation at the root, where we consider d independent ERRG cluster sizes,
to account for the fact that in the �rst step we have not yet explored any lines. Let
Zp denote the total progeny of this GW-process. A standard argument tells us that
|C(v)| is stochastically dominated by Zp, because Zp “ignores” the loops of |C(v)| that
do not occur within a line. �e o�spring distribution of this GW-process has mean
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µ = (d−1)(χline(p)−1) (except at the root, where it has mean µρ = d(χline(p)−1)),
so

Ep[|C(v)|] ≤ E[Zp] = 1 +
µρ

1− µ
= χline(p)

1

1− (d− 1)(χline(p)− 1)
. (5.3.3)

Consequently, the value p` that solves the equation

θV 1/3 = χline(p)
1

1− (d− 1)(χline(p`)− 1)
(5.3.4)

is a lower bound on p(d)
c (θ).

We insert (5.3.2) in (5.3.4), to obtain

θV 1/3 =
χline(p)

1− (d− 1)
(

1
1−p`(n−1)

(
1− 2d2−1

2(d−1)3m +O(m−2)
)
− 1
) . (5.3.5)

Solving this with respect to p`, we �nd

p` = m−1 +
2d2 − 1

2(d− 1)2
m−2 +O(m−1V −1/3 +m−3), (5.3.6)

which gives us the desired lower bound on p(d)
c (θ).

We have found a lower bound on p(d)
c (θ) by rather explicitly using the product

structure of the Hamming graph to �nd a good branching process domination. To
�nd an upper bound on p(d)

c (θ) with the same method would be much more involved,
since then we would need to thin the GW tree further to take into account the loops
outside lines as well. Instead, we apply the lace expansion, which is a less direct, but
much more robust method.

5.4 Bounds on connection probabilities

In Section 5.5 we show how the lace expansion can be used to express an upper bound
on p(d)

c (θ) in terms of products and sums of connection probabilities Pp(x↔ y). In
this section, we collect some preliminaries that will be used throughout the analysis in
Section 5.5. �is section is organized as follows. In Section 5.4.1 we derive estimates
on connection probabilities. In Section 5.4.2 we estimate bubble, triangle and polygon
diagrams.

5.4.1 Connection probabilities

Given an eventA for percolation onH(d, n), we de�ne the event {Awithin one line}
to be the subset of all con�gurations ω ∈ A such that it can be veri�ed that ω ∈ A by
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�xing a line of H(d, n) and then only inspecting the status of the edges of ω within
that line. Likewise, we de�ne {A through multiple lines} := A \ {A within one line}.
We de�ne {v ≤r←→ w} to be the event that w ∈ C(v) and there exists a path of length
at most r. We further write {v >r←→ w} (respectively, {v =r←→ w}) for the event that
w ∈ C(v) and there is a (not necessarily shortest) simple path of open edges from v
to w containing more than (respectively, exactly) r edges. Not requiring minimality
deviates a bit from the common use of this notation, but for all the purposes of the
present chapter it makes li�le di�erence and o�en simpli�es proofs. �is is because
the event {v =r←→ w} is increasing, whereas the event that the graph distance equals
r is not.

We start with a proposition about the probability of two points being connected by
a path that is longer than the mixing time of H(d, n). Given a graph G, we de�ne the
t-step non-backtracking random walk (NBW) onG started at x as the uniform measure
on paths (X1, . . . , Xt) such that X1 = x and Xi 6= Xi−2 for all i ∈ {3, . . . , t} (i.e.,
the path never backtracks). For two vertices x, y of G, we write ptNBW(x, y) for the
probability that a t-step non-backtracking random walk started at x ends at y. Given a
connected aperiodic graph G and α ∈ (0, 1), we de�ne the uniform non-backtracking
mixing time as

tmix(G;α) := min
{
t : max

x,y
ptNBW(x, y) ≤ (1 + α)V −1

}
. (5.4.1)

In the remainder of this chapter we will use

tmix := tmix(H(d, n);n−1) = O(log n), (5.4.2)

so α = n−1. �e above bound is proved by Fitzner and van der Hofstad [45]. For this
choice of α, the following proposition is a direct consequence of [61, �eorem 1.4 and
Lemma 3.14]:

Proposition 5.4.1 (A uniform connection bound). Consider percolation on H(d, n)
with d ≥ 2 and p ≤ p(d)

c . �en

Pp
(
x

>tmix←−−−→ y
)
≤ χ(p)

V
(1 +O(m−1)). (5.4.3)

Heuristically this proposition can be explained with the idea that percolation paths
in su�ciently high-dimensional graphs at criticality look like random walk paths, so
if the path is longer than the mixing time, then the connection probabilities become
uniform over the graph. For Hamming graphs, there is li�le di�erence between
non-backtracking walk and simple random walk, so in many of our bounds we use
simple random walk instead.

We proceed with a useful bound on the two-point function:
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Proposition 5.4.2 (Asymptotics for the two-point function on the Hamming graph).
Consider percolation on H(d, n) with d ≥ 2 and p = m−1(1 +O(m−1)) and p ≤ p(d)

c .
For any v, w ∈ V,

τp(v − w) = δv,w +
d

d− 1

1

m
1{v,w}∈E

+
χ(p)

V
(1 +O(m−1)) +O(m−(d(v,w)∨2)),

(5.4.4)

where d(v, w) is the graph distance between v and w on H(d, n).

Proof. If v = w then τp(v − w) = Pp(v ↔ w) = 1 by de�nition. �is gives rise to
the factor δv,w above. Let us henceforth assume that v 6= w. We divide the event
{v ↔ w} into three disjoint events as follows:

B A =
{
v

>tmix←−−−→ w
}

,

B B =
{
v
≤tmix←−−→ w through di�erent lines

}
,

B C =
{
v
≤tmix←−−→ w within one line

}
.

We bound their contributions separately.
By Proposition 5.4.1 we have

Pp(A) =
χ(p)

V
(1 +O(m−1)). (5.4.5)

For the bound on Pp(B) we distinguish three di�erent cases: d(v, w) = 1, 1 <
d(v, w) < d, d(v, w) = d.

Case 1 < d(v, w) < d: Write pt(v, w) for the probability that a simple random
walk started at v is at w a�er t steps, and let Pk(v, w) denote the set of all simple
paths of length k from v to w in H(d, n). �ere are at most mkpk(u, v) such paths,
and so

Pp(B) ≤
tmix∑

k=d(v,w)

∑
η∈Pk(v,w)

Pp(η is open) ≤
tmix∑

k=d(v,w)

pkmkpk(v, w)

= (1 + o(1))

tmix∑
k=d(v,w)

pk(v, w),

(5.4.6)
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where for the last bound we use that (mp)k = 1 + o(1) for all k ≤ tmix by (5.1.6)
and (5.4.2). De�ne the set

H(v, w) :=
{
u ∈ V : ui = vi for all i ∈ {1, . . . , d} such that vi = wi

}
. (5.4.7)

We can view H(v, w) as the “lowest-dimensional hyperplane” that contains both v
and w. We write

pk(v, w) =: pkH(v,w)(v, w) + pk¬H(v,w)(v, w), (5.4.8)

where pkH(v,w)(v, w) is the probability to go from v to w in k steps without leaving
H(v, w).

If the walker started from v is to reach w, then it will need to take a step in each
direction such that vi 6= wi. At each step of a walk on the Hamming graph the
probability that the walk stays in H(v, w) and gets closer to w = (w1, . . . , wd) is at
most d(v,w)

m , since it has to move in one of at most d(v, w) directions, say direction j,
exactly to the unique neighbour that has jth coordinate wj . �ere are at most kd(v,w)

orders in which the distance-decreasing steps can occur among k steps. �erefore
tmix∑

k=d(v,w)

pkH(v,w)(v, w)

≤
tmix∑

k=d(v,w)

kd(v,w)

(
d(v, w)

m

)d(v,w)(
d(v, w)

d

)k−d(v,w)

≤
(
d

m

)d(v,w) tmix∑
k=d(v,w)

kd(v,w)

(
d(v, w)

d

)k
= O(m−d(v,w)).

(5.4.9)

If the path from v to w leaves H(v, w), then it will have to take at least d(v, w) + 1
steps in the direction of w. Since k ≤ tmix, there are at most tmix places along the
walk where these steps can occur, so we can bound

tmix∑
k=d(v,w)

pk¬H(v,w)(v, w) ≤ tmix · td(v,w)+1
mix

(
d

m

)d(v,w)+1

= O
(
m−d(v,w)−1t

d(v,w)+2
mix

)
.

(5.4.10)

Case d(v, w) = d: �e walk needs to take at least d steps in the direction of w.
Hence, using the same argument as for (5.4.10), we obtain

tmix∑
k=d

(mp)kpk(v, w) = O(m−dtd+1
mix ). (5.4.11)
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Case d(v, w) = 1: Given a random walk starting from v, we write Z for the
(random) �rst vertex on the walk such that d(Z,w) = 2 and T for the number of
steps it took to go from v to Z . A standard path-counting argument gives an upper
bound on Pp(B) for the case d(v, w) = 1 as follows:

Pp(B) ≤
tmix∑
t=1

∑
z∈V

Pp(Z = z, T = t)

tmix−t∑
k=1

(mp)k+tpk(z, w). (5.4.12)

By de�nition, the vertex Z is unique and Pp(Z = z) 6= 0 only if d(z, w) = 2, and,
by the transitivity of H(d, n), for every k we know that pk(z, w) = pk(y, w) if
d(z, w) = d(y, w). �us

Pp(B) ≤
tmix∑
t=1

Pp(T = t)

tmix∑
k=1

(mp)tmixpk(z, w)

= O(m−(2∨d(v,w)) +m−dtd+1
mix ),

(5.4.13)

where we have used the assumption that p ≤ m−1(1 +O(m−1)) and (5.4.2) for the
second bound. We further assumed p ≥ m−1 for the �rst bound. Note that this can
be done without loss of generality.

It remains to bound Pp(C). We consider the cases d(v, w) = 1 and d(v, w) ≥ 2.
By de�nition, Pp(C) = 0 if d(v, w) ≥ 2, which takes care of the la�er case. If
d(v, w) = 1, then the probability to connect within that line is simply the two-point
function of an ERRG with n vertices and edge probability p = 1+O(m−1)

d(n−1) , which is

χG(p)− 1

n− 1
=

1 +O(m−1)

(d− 1)(n− 1)
, (5.4.14)

for every pair of distinct vertices, due to the symmetry of Kn. We therefore obtain

Pp(C) =
d

d− 1

1 +O(m−1)

m
1{v,w}∈E. (5.4.15)

Adding δv,w and the three bounds in (5.4.5), (5.4.13) and (5.4.15) for Pp(A), Pp(B)
and Pp(C), respectively, completes the proof.

5.4.2 Bubble, triangle and polygon diagrams

�e �nal estimates of this section involve the so-called bubble, triangle, and polygon
diagrams. As was already alluded to in the introduction, these diagrams, the triangle
diagram in particular, are very important quantities in the study of high-dimensional
percolation. We start with their de�nition.
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Given an integer i ≥ 2 and vertices v, x1, . . . , xi−1, w ∈ V, we de�ne the i-gon
diagrams

C(0)

i (v, x1, . . . , xi−1, w) := Pp(v ↔ x1) · · ·Pp(xi−1 ↔ w), (5.4.16)

C(1)

i (u, x1, . . . , xi−1, w) :=
∑

v : {u,v}∈E

pC(0)

i (v, x1, . . . , xi−1, w), (5.4.17)

C≤ki (v, x1, . . . , xi−1, w) := (5.4.18)∑
k1+···+ki≤k

Pp(v
=k1←−→ x1)× · · · × Pp(xi−1

=ki←−→ w),

C>k

i (v, x1, . . . , xi−1, w) := (5.4.19)∑
k1+···+ki>k

Pp(v
=k1←−→ x1)× · · · × Pp(xi−1

=ki←−→ w),

where in the case i = 2 we mean C(0)

2 (v, x1, y), etc. Recall (5.1.4) and observe that

∑
x,y∈V

C(0)

3 (v, x, y, w) = ∇p(v, w) ≤ δv,w + 10
χ(p)3

V
+O(m−1), (5.4.20)

and recall that by the de�nition of pc(θ) in (5.1.5), we have χ(pc(θ))
3 = θ3V . Recall,

moreover, the following useful bound by Borgs et al. in [26, Proposition 1.2 and
(5.106)] (adapted to our se�ing): For all v, w ∈ V, p = m−1(1 +O(m−1 + V −1/3)),
and all p ≤ p(d)

c (θ) with θ su�ciently small such that θ3 ≤ β0 for β0 such that (5.1.4)
holds, ∑

x1,x2

C(1)

3 (v, x1, x2, w) = 3
χ(p)3

V
+O(m−1). (5.4.21)

We proceed with a bound on “short” polygons:

Lemma 5.4.3. Consider percolation on H(d, n) with p = m−1(1 + O(m−1)). �en
for all v, w ∈ V and each integer i ≥ 2,∑

x1,...,xi−1∈V

C
≤tmix
i (v, x1, . . . , xi−1, w)

= δv,w +O(m−d(v,w)∨1 +m−dtd+imix).

(5.4.22)

Proof. We use the same path counting argument as in the proof of Proposition 5.4.2.
Instead of �xing x1, . . . , xi−1 and summing over all possible probabilities, we �x a
random-walk path of length k ≤ tmix between v and w and count the possible ways
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in which that path could appear in the above sum. �ere are at most (k + 1)i−1

possible ways to mark the path with the vertices x1, . . . , xi−1. We thus bound∑
x1,...,xi−1∈V

C
≤tmix
i (v, x1, . . . , xi−1, w) ≤

tmix∑
k=0

(k + 1)i−1(mp)kpk(v, w). (5.4.23)

Compare this bound with (5.4.6). �e only di�erence is the factor (k + 1)i−1.

Case d(v, w) < d: Recall the de�nition of H(v, w) in (5.4.7). We again consider the
contributions from walks that stay within H(v, w) and those that do not separately,
starting with the contribution from the walks that remain within H(v, w).

If v = w then H(v, w) = {v}, so the only contribution comes from the trivial
path v = x1 = · · · = xi−1 = w, which gives the term δv,w . If 1 < d(v, w) < d, then
to go from v to w the walk needs to take at least one step in each direction j such that
vj 6= wj and move exactly to a neighbour with jth coordinate wj . Using a similar
argument as in (5.4.9), we obtain

tmix∑
k=d(v,w)

(k + 1)i−1(mp)kpkH(v,w)(v, w) = O(m−d(v,w)). (5.4.24)

Note, in particular, that the extra factor (k+ 1)i−1 compared to (5.4.9) does not a�ect
the convergence of the sum over k: it only changes the constant in the O(m−d(v,w))
term.

Next, consider the contribution of walks that leave H(v, w). If the walk leaves
H(v, w) along the path from v to w, then it needs to take at least d(v, w)+1 distance-
decreasing steps. By the same argument as (5.4.10), we thus bound

tmix∑
k=d(v,w)

(k + 1)i−1(mp)kpk¬H(v,w)(v, w)

≤ (1 + o(1))t
d(v,w)+2+i−1
mix

(
d

m

)−d(v,w)−1

= O(t
d(v,w)+i+1
mix m−d(v,w)−1) = O(m−d(v,w)).

(5.4.25)

Case d(v, w) = d: �e walk needs to take at least d steps towards w to reach it. By
the same argument as for the previous bound, we have

tmix∑
k=d(v,w)

(k + 1)i−1(mp)kpk(v, w) = O(m−dtd+imix). (5.4.26)
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Summing these bounds we get the claim.

�e next lemma combines the above estimates in a convenient form (and is
especially useful when i = 2).

Lemma 5.4.4. Consider percolation on H(d, n) with p ≤ p(d)
c (θ). For all i ≥ 2,

j ∈ {0, 1}, and v, w ∈ V,∑
x1,...,xi−1∈V

C(j)

i (v, x1, . . . , xi−1, w)

= δv,wδj,0 + θiV i/3−1(1 +O(m−1))

+O(m−d(v,w)∨1 +m−dtd+imix).

(5.4.27)

Proof. For j = 0, the lemma follows a�er combining Proposition 5.4.1 and Lemma 5.4.3
with (5.1.5). For j = 1 we further observe that∑

u:{v,u}∈E

p = mp = 1 +O(m−1). (5.4.28)

Moreover, the factor δv,w does not arise, because this is due to the trivial path v =
x1 = · · · = xi−1 = w, which by Proposition 5.4.2 now contributes

C(1)

i (v, v, . . . , v, v) = p
∑

u:{v,u}∈E

C(0)

3 (u, v, . . . , v, v)

= p
∑

u:{u,v}∈E

τp(v − u) = O(m−1).
(5.4.29)

Lastly, we derive an improved bound on the triangle diagram in the case where
the two intermediate points of the triangle are neighbours in H(d, n) and in the case
where one intermediate point of the triangle is constrained to be a neighbour of a
�xed auxiliary point:

Lemma 5.4.5. Consider percolation on H(d, n) with p ≤ p(d)
c (θ). For all v, w ∈ V

and j ∈ {0, 1}, ∑
x,y:{x,y}∈E

C(j)

3 (v, x, y, w) = O(m−1 + V −1/3) (5.4.30)

and
sup
z

∑
x,y:{y,z}∈E

C(j)

3 (v, x, y, w) = O(m−1 + V −1/3). (5.4.31)
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Proof. We prove (5.4.30) for the case j = 0. �e proof of (5.4.30) for the case where
j = 1 and of (5.4.31) are almost identical, so we leave them to the reader.

Consider �rst the contribution due the cases where all the connections are due
to short paths (i.e., shorter than tmix in total). By Lemma 5.4.3, this is bounded by
O(m−1), even without using the constraint that {x, y} ∈ E. Next, consider the
contribution to the le�-hand side of (5.4.30) from the case where the path from y to
w is longer than tmix, i.e.,∑

x

Pp(v ↔ x)
∑

y:{x,y}∈E

Pp(x↔ y)Pp(y
>tmix←−−−→ w). (5.4.32)

Applying Proposition 5.4.1 to the last term, Proposition 5.4.2 to the middle term, and
summing over x and y, we obtain the upper bound

χ(p)mO(m−1)O
(χ(p)

V

)
= O(V −1/3), (5.4.33)

where the �nal bound is due to (5.1.5). �e contribution due to the case where the
path from v to x is longer than tmix is the same by symmetry.

To bound the contributions due to the case where the path from x to y is longer
than tmix, we consider the cases y = w and y 6= w separately. �e contribution due
to a long path between x and y and y = w is given by∑

x

Pp(v ↔ x)Pp(x
>tmix←−−−→ w) = χ(p)O

(χ(p)

V

)
= O(V −1/3), (5.4.34)

where the bound follows from Proposition 5.4.1 and (5.1.5). �e contribution due to a
long path between x and y and y 6= w is given by∑

x

Pp(v ↔ x)
∑

y:{x,y}∈E,
y 6=w

Pp(x
>tmix←−−−→ y)Pp(y ↔ w)

= χ(p)mO
(χ(p)

V

)
O(m−1) = O(V −1/3),

(5.4.35)

where the bound again follows from Propositions 5.4.1 and 5.4.2, and (5.1.5).
Adding the bound O(m−1) due to short paths and the bounds (5.4.33)–(5.4.35),

we complete the proof of (5.4.30) for the case j = 0.

5.5 �e upper bound on pc(θ) via the lace expansion

In Section 5.5.1 we recall the background of the lace-expansion technique and state a
proposition in which we estimate lace-expansion coe�cients. In Section 5.5.2 we use
this proposition to prove the upper bound on pc(θ). �e proof of the proposition is
given in Sections 5.5.3–5.5.5.
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5.5.1 Background

�e lace expansion is a method originated by Brydges and Spencer to study self-
avoiding walk [30], and was �rst applied to percolation by Hara and Slade [53]. Hara
and Slade’s method gives an expansion for the percolation two-point function τp(x).
�e version of the lace expansion that we use here was derived by Borgs et al. [26],
where it is proved for the Hamming graph, among others, that for any p ∈ [0, 1],

τp(x) = δ0,x +m(Jp ∗ τp)(x) +m(Πp ∗ Jp ∗ τp)(x) + Πp(x), (5.5.1)

where (f ∗ g)(x) =
∑
y∈V f(y)g(x− y) denotes the convolution between f and g,

Jp(x − y) := Pp({x, y} is open), and Πp(x) is the so-called irreducible two-point
function or lace-expansion coe�cient. �e lace expansion further determines that
Πp(x) is given by the alternating series

Πp(x) =

∞∑
N=0

(−1)NΠ(N)

p (x), (5.5.2)

and the lace-expansion coe�cients Π(N)
p have a well-de�ned structure that will play

an important role in the determination of the upper bound we derive here. De�ne
the discrete Fourier transform of a function f : V→ R as f̂(k) =

∑
x∈V eik·xf(x) for

k ∈ Rd. Taking the Fourier transform of (5.5.1), we obtain

τ̂p(k) =
1 + Π̂p(k)

1−mĴp(k)(1 + Π̂p(k))
. (5.5.3)

Observe that τ̂p(0) =
∑
x τp(x) = χ(p) and Ĵp(0) = mp, so se�ing k ≡ 0 and

p ≡ p(d)
c (θ), and applying (5.1.5), we obtain

mpc(θ) =
1

1 + Π̂pc(0)
+ θ−1V −1/3. (5.5.4)

(We will henceforth only consider Π̂p(k) at k = 0 and therefore will not write the
argument anymore.) Combining (5.5.2) and (5.5.4) with the following proposition
allows us to determine the upper bound on p(d)

c (θ) for θ su�ciently small:

Proposition 5.5.1 (Bounds on the lace-expansion coe�cients). Consider percolation
on H(d, n) with d ≥ 3. Let θ be such that 3θ3(1 + 10 θ3) < 1 and θ3 ≤ β0 for β0
such that (5.1.4) holds, and let p be such that p = m−1(1 + O(m−1 + V −1/3)) and
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p ≤ p(d)
c (θ). �en

Π̂(0)

p ≥
2d− 1

2(d− 1)2
m−1 +O(m−2 + V −1/3), (5.5.5)

Π̂(1)

p ≤
d2 + d− 1

(d− 1)2
m−1 +O(m−2 + V −1/3), (5.5.6)

∞∑
N=2

Π̂(N)

p = O(m−2 + V −1/3). (5.5.7)

Note that we do not consider d = 2 in the above proposition. �is is of no
consequence, as our main theorem is already proved for d = 2, 3 in [25]. �e proofs
below do apply to the case d = 2, but the bounds become slightly less sharp (because
Lemma 5.4.4 below is less sharp when d = 2.)

5.5.2 Proof of the upper bound on the critical point

Before starting with the proof of Proposition 5.5.1, which constitutes the bulk of what
remains of this chapter, let us complete the proof of the upper bound in �eorem
5.1.1:

Proof of the upper bound in �eorem 5.1.1 subject to Proposition 5.5.1. As was mentioned
above, �eorem 5.1.1 is already proved for d = 2, 3 in [25], so let d ≥ 4. Suppose
�rst that θ is such that 3θ3(1 + 10 θ3) < 1 and θ3 ≤ β0 for β0 such that (5.1.4) holds.
Using (5.5.2) and Proposition 5.5.1, we bound

Π̂
p
(d)
c

= Π̂(0)

p
(d)
c

− Π̂(1)

p
(d)
c

+O(m−2 + V −1/3)

≥ 2d− 1

2(d− 1)2
m−1 − d2 + d− 1

(d− 1)2
m−1 +O(m−2 + V −1/3)

≥ − 2d2 − 1

2(d− 1)2
m−1 +O(m−2 + V −1/3).

(5.5.8)

Applying this bound to (5.5.4), we get

p(d)

c (θ) ≤ m−1

1− 2d2−1
2(d−1)2m

−1 +O(m−2 + V −1/3)
+ θ−1m−1V −1/3

= m−1 +
2d2 − 1

2(d− 1)2
m−2 +O(m−1V −1/3 +m−3),

(5.5.9)

which gives the upper bound for θ such that 3θ3(1 + 10 θ3) < 1 and θ3 ≤ β0.
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We have determined pc(θ) for some θ ∈ (0,∞). Borgs et al. [25, �eorem 1.1]
show that pc(θ′) = pc(θ)(1 + O(V −1/3)) for every θ′ ∈ (0,∞), and so we obtain
the desired upper bound for arbitrary θ, which completes the proof of the upper
bound.

�e remainder of this section is devoted to the proof of Proposition 5.5.1, which
is divided into three further subsections.

5.5.3 Analysis of Π̂(0)
p : proof of (5.5.5).

�e lace-expansion method yields (see [26, Section 3.2])

Π̂(0)

p :=
∑
x 6=0

Pp(0⇐⇒ x), (5.5.10)

where v ⇐⇒ w denotes the event that there exist two edge-disjoint paths between v
and w. In this case we say that v and w are doubly connected. �is is equivalent to the
event that there exists an edge-disjoint cycle of open edges containing both v and w.

Given a graph G and a vertex x in G, write Lk(G;x) for the set of vertex-disjoint
cycles of length k in G that contain x. Note that |Lk(Kn; 0)| = (n−1)!

2(n−k)! , because we
must choose the k − 1 other vertices for the cycle from n− 1 possible choices, and
although their order ma�ers, the direction of the cycle does not, which explains the
factor 1

2 . By only considering vertex-disjoint cycles in Π̂(0)
p that are contained within

a line that intersects 0, we can apply a similar argument to that of (5.2.31) to bound

Π̂(0)

p ≥
∑
x 6=0

Pp(0⇐⇒ x within one line) (5.5.11)

≥ d
n∑
k=3

(k − 1)
∑

Lk∈Lk(Kn;0)

[
Pp(Lk ∈ Lk(C(0); 0))

− Pp
( ⋃
{x,y}⊂V(Lk)

{Lk ∈ Lk(C(0); 0)} ◦ {x↔ y}
)]

≥ d
n∑
k=3

(k − 1)
(n− 1)!

2(n− k)!
pk
(

1− 1
2k(k − 1)Pp(1 ∈ C(0))

)
,

where in the second inequality C(0) is to be viewed as the cluster of vertex 0 in
G(n, p), and we use that every cycle of length k that passes through 0 passes through
(k−1) other vertices, and in the third inequality Pp(1 ∈ C(0)) denotes the probability
that vertices 0 and 1 of Kn are in the same cluster in G(n, p). Use that p = m−1(1 +

O(m−1 + V −1/3)) by assumption, that (n−1)!
(n−k)! = (n− 1)k−1 −O(knk−2), and that
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Pp(1 ∈ C(0)) = d
(d−1)n (1 +O(m−1 + V −1/3)) by �eorem 5.1.2, to bound (a�er a

short computation)

Π̂(0)

p =
2d− 1

2(d− 1)2
m−1(1 +O(m−1 + V −1/3)). (5.5.12)

5.5.4 Analysis of Π̂(1)
p : proof of (5.5.6).

We start with a few de�nitions:

De�nition 5.5.2 (Connections through a subset and pivotal edges). .

B We say that two vertices x, y are connected through a set W ⊂ V, and write
x

W←→ y, if x ↔ y occurs and all the paths connecting the two vertices in the
percolation con�guration have at least one vertex in W.

B Given a vertex x and an edge e, we de�ne the set C̃e(x) as the percolation cluster
of x in the (possibly modi�ed) percolation con�guration where the edge e is set to
closed.

B Given two vertices x, y and a directed edge (u, v), we say that (u, v) is pivotal
for x↔ y if x↔ y occurs on the (possibly modi�ed) con�guration where {u, v}
is set to open, and x ↔ u and v ↔ y occur, but x ↔ y does not occur on
the (possibly modi�ed) con�guration where {u, v} is set to closed. Note that
the direction of the edge is important and that {(u, v) is pivotal for x ↔ y} 6=
{(v, u) is pivotal for x↔ y}.

We de�ne the event

E′(v, x;W) := {v W←→ x} ∩ {@ pivotal (u′, v′) for v ↔ x such that v W←→ u′}.
(5.5.13)

�is event is a central object of the percolation lace expansion (see e.g. [53, (1.36)]).
We can now give the de�nition of Π̂(1)

p from [26]:

Π̂(1)

p :=
∑
x

p
∑

u,v:{u,v}∈E

E0[1{0⇔u}P1(E
′(v, x; C̃

(u,v)
0 (0))]. (5.5.14)

�e subscripts 0 and 1 indicate that the events happen on two distinct percolation
con�gurations on the Hamming graph, and that these percolation con�gurations are
“nested” in such a way that C̃(u,v)

0 is a set-valued random variable with respect to E0,
but for any �xed realization of C̃(u,v)

0 it is viewed as a deterministic set with respect to
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P1 (see [26] for a more in-depth discussion of this construction). Our proof strategy
will be to �rst identify and bound the main contributions to Π̂(1)

p . For this we can
apply the BK-inequality to all the events in the formulation of Π̂(1)

p and replace the
complicated probabilities that appear there by products of two-point functions.

�e analysis of Π̂(1)
p proceeds by reduction of the complicated event to a collection

of disjointly occurring two-point events, followed by a repeated application of the BK-
inequality. Such bounds are standard, and are known in the literature as diagrammatic
bounds.

Inspecting (5.5.13) and (5.5.14), we see that on the percolation measure P1 we
need that v is connected to x through C̃

(u,v)
0 (0), that any vertex z ∈ C̃

(u,v)
0 (0) on the

path from v to xmust be doubly connected to x (otherwise there would exist a pivotal
(u′, v′)), and that on a path from z to x there must be a vertex y that is connected to
v. Moreover, on the percolation measure P0, the vertex z is connected to 0, and 0 is
doubly connected to u, so there must exist exist a vertex t on a path from 0 to u such
that t is connected to z. See Figure 5.1.

0

t z

u v y

x

Figure 5.1: Diagrammatic description of the events contributing to Π̂(1)
p . Black lines refer to

connections that occur in level 0 of percolation, red lines to connections that occur in level 1.
The directed edge (u, v) is represented by two vertical dashes.

�e main contribution will come from the simple case when 0 = u = t and
x = y = z. To get a sharp bound on this term, it is necessary to use that (5.5.13)
implies that the connection from 0 to x on the P0-percolation con�guration is not
allowed to use the edge {0, v}. We will therefore bound this contribution by

M := p
∑
x

∑
v:{0,v}∈E

Pp(0↔ x without using {0, v})Pp(v ↔ x). (5.5.15)

Following the same derivation as in [26, Section 4.1], but isolating the main con-
tribution, we can use the BK-inequality to derive the following upper bound from
(5.5.14):

Π̂(1)

p ≤M +
∑

u,t,z,y,x

C(0)

3 (0, u, t, 0)

× C(1)

3 (u, y, z, t)C(0)

2 (y, x, z)(1− δ0,uδ0,tδx,yδy,z).
(5.5.16)
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Our bound on (5.5.16) will rely heavily on the kind of path-counting methods that
we applied in the previous sections.

We proceed by bounding the main term M . We claim that

M ≤ p
∑

v : {0,v}∈E

((
p+ Pp(v

≥2←→ 0)
)

+ Pp(0
≥2←→ x)

+
∑
x:x 6=v,
x 6=0

P(0↔ x)Pp(v ↔ x)
)

≤ p
∑

v : {0,v}∈E

(
p+

∑
x

C≥2

2 (0, x, v)
)
.

(5.5.17)

�e �rst term in the �rst inequality is due to the case x = 0, the second term to
x = v, and the third term to the remaining cases. Note that if we had not restricted
the connection from 0 to x to occur without using {0, v}, then the second term would
have had an additional p, so the same argument would have given the upper bound
p
∑
v

(
2p+

∑
x C

≥2

2 (0, x, v)
)
, which, as it will turn out, is not sharp enough.

We use the (by now) familiar path-counting estimates to bound the right-hand
side of (5.5.17) by

p
∑

v : {0,v}∈E

(
p+

∑
x

C≥2

2 (0, x, v)
)

(5.5.18)

≤ p2m+ p
∑

v : {0,v}∈E

( ∞∑
k=2

(k + 1)pkH(0,v)(0, v) (5.5.19)

+

tmix∑
k=3

(k + 1)pk¬H(0,v)(0, v) +
∑
x

C
>tmix
2 (0, x, v)

)
=: p2m+M1 +M2 +M3,

where the factors (k+ 1) in the second and third term on the right-hand side are due
to interchanging the sum over k with the sum over x. �e termM1 is the contribution
from walks that are constrained to remain within one line:

M1 ≤ pm
∞∑
k=2

(k + 1)pk(n− 1)k−1

= p

∞∑
k=2

(k + 1)d−k+1(1 +O(m−1 + V −1/3))

=
3d− 2

(d− 1)2
m−1(1 +O(m−1 + V −1/3)).

(5.5.20)
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Using that d(v, w) ≥ 1 and using an estimate similar to (5.4.12), we further bound

M2 ≤ p
∑

v:{0,v}∈E

tmix∑
k=3

(mp)kk(k + 1)(n− 1)−1 = O(m−2). (5.5.21)

Next, we use Proposition 5.4.1 and (5.1.5) to bound

M3 = p
∑

v:{0,v}∈E

∑
x

C
>tmix
2 (0, x, v) = pm

χ(p)2

V
(1 +O(m−1))

≤ θ2V −1/3(1 +O((m−1 + V −1/3)).

(5.5.22)

Inserting the bounds for M1, M2 and M3 into (5.5.18), we conclude that

M ≤ p2m+
3d− 2

(d− 1)2
m−1 +O(m−2 + V −1/3)

=
d2 + d− 1

(d− 1)2
m−1 +O(m−2 + V −1/3),

(5.5.23)

and so it remains to show that the other terms in (5.5.16) are error terms.
We split the remaining contributions on the right-hand side of (5.5.16) according

to the relative locations of y and z as follows: y = z, d(y, z) = 1, d(y, z) ≥ 2.

Case d(y, z) ≥ 2: Apply Lemma 5.4.4 twice and (5.4.21) once to obtain∑
t,u,y,z

C(0)

3 (0, u, t, 0)C(1)

3 (u, y, z, t) sup
z′:d(y,z′)≥2

∑
x

C(0)

2 (y, x, z′)

= O(m−2 + V −1/3).

(5.5.24)

Case d(y, z) = 1: Apply Lemma 5.4.4 twice and Lemma 5.4.5 once to obtain∑
t,u

C(0)

3 (0, u, t, 0) sup
t′

( ∑
y,z:{y,z}∈E

C(1)

3 (u, y, z, t′)
)

sup
z′:d(y,z′)=1

(∑
x

C(0)

2 (y, x, z′)
)

= O(m−2 + V −1/3). (5.5.25)
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Case y = z: Split again, according to whether d(t, u) ≥ 2, d(t, u) = 1, t = u. To
bound the case y = z and d(t, u) ≥ 2, apply Lemma 5.4.4 three times to obtain

∑
t,u

C(0)

3 (0, u, t, 0) sup
t′:d(t′,u)≥2

(∑
y

C(1)

2 (u, y, t′)
)∑

x

C(0)

2 (y, x, y)

= O(m−2 + V −1/3).

(5.5.26)

Similarly, to bound the case y = z and d(t, u) = 1, apply Lemmaa 5.4.4 twice and
Lemma 5.4.5 once to obtain

∑
t,u:{t,u}∈E

C(0)

3 (0, u, t, 0) sup
t′:d(t′,u)=1

(∑
y

C(1)

2 (u, y, t′)
)∑

x

C(0)

2 (y, x, y)

= O(m−2 + V −1/3). (5.5.27)

All that remains is the case y = z and t = u. Recall that in M we have already
accounted for the term where t = u = 0 and x = y = z. Applying Proposition 5.4.2
with the constraint t = u 6= 0 to the �rst sum in (5.5.16) and Lemma 5.4.4 to the
second and third sum, we obtain

∑
t 6=0

C(0)

2 (0, t, 0)
∑
y

C(1)

2 (t, y, t)
∑
x

C(0)

2 (y, x, y) = O(m−2 + V −1/3). (5.5.28)

�e case t = u = 0 and y = z 6= x are analogous and give the same bound.
We have thus shown that all the remaining terms in (5.5.16) are of orderO(m−2 +

V −1/3), which, combined with the bound (5.5.23) on the main term M , completes
the proof of (5.5.6).

ti yi ui+1

ui

zi ti+1

ti yi

ui

ti+1

ui+1

zi

tN yN

x

zN
uN

D1 D2 D3

Figure 5.2: Diagrammatic descriptions ofD1, D2, andD3.
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5.5.5 Analysis of Π̂(N)
p for N ≥ 2: proof of (5.5.7).

To investigate Π̂(N)
p for N ≥ 2, we again bound the events in terms of products of

two-point functions. We de�ne the quantities

D1(ti, ui, yi, zi, ti+1, ui+1) := C(1)

3 (ti, yi, zi, ui)C
(0)

3 (yi, ti+1, ui+1, zi), (5.5.29)
D2(ti, ui, yi, zi, ti+1, ui+1) := C(1)

5 (ti, yi, ui+1, zi, ti+1, ui)Pp(yi ↔ zi), (5.5.30)
D3(tN , uN , yN , zN , x) := C(1)

3 (tN , yN , zN , uN )C(0)

2 (yN , x, zN ). (5.5.31)

See Figure 5.2. We write the bounds on Π̂(N)
p from [26, Section 4] in the current

notation:

Π̂(N)

p ≤
∑

t1,...,tN

∑
u1,...,uN

∑
y1,...,yN

∑
z1,...,zN

∑
x

C(0)

3 (0, t1, u1, 0)

×
N∏
i=2

[D1(ti, ui, yi, zi, ti+1, ui+1) +D2(ti, ui, yi, zi, ti+1, ui+1)] (5.5.32)

×D3(tN , uN , yN , zN , x).

Our strategy for bounding (5.5.32) will be to �rst show that the “tails” of the diagrams,
i.e.,

F1 := sup
a

∑
b,c,f,g,h,k,x

D1(0, a, b, c, f, g)D3(f, g, h, k, x), (5.5.33)

F2 := sup
a

∑
b,c,f,g,h,k,x

D2(0, a, b, c, f, g)D3(f, g, h, k, x), (5.5.34)

(see Figure 5.2) are of order O(m−2 + V −1/3) because of the bounds derived in
Section 5.4, and then to bound what remains of (5.5.32) by O(θN−2) with the help of
repeated applications of the bounds in (5.1.4) and (5.4.21). Summing Π̂(N)

p over N , we
will thus also get O(m−2 + V −1/3) when θ is su�ciently small.



Chapter 6

Critical scaling limit of the random
intersection graph

In this chapter we explore the critical phase of the Random Intersection Graph
G(n,m, p) and of the random bipartite graph Kp(n,m), and prove �eorems 1.5.3
and 1.5.4.

�e proof of the main theorems of this chapter is carried out using the graph
exploration argument invented by Aldous in [5] to study the critical ERRG.

In Section 6.1 we design a two-step exploration process on the graph Kp(n,m)
which is tailored to the analysis of the corresponding RIG. In particular, in Section
6.1.1 we describe the exploration process and all the sets related to it, in Section
6.1.2 we de�ne the stochastic process (Sλn(k))k≥1 that keeps track of the number of
active vertices in the exploration, and explain how we use the symmetry of K(n,m)
to run the exploration starting always from the smaller side, even when it is the
community side. �is approach might seem counterintuitive, as the vertex set of
G(n,m, p) contains only the individuals, but makes the analysis of the process much
smoother. In Section 6.1.3, we prove the main theorems assuming the convergence of
a rescaled version of this process to a Brownian motion with parabolic dri�, which is
proved later in Section 6.2.

At the beginning of Section 6.2 we state the Martingale Functional Central Limit
�eorem (MFCLT) in a version that is more speci�c to our problem than the general
one presented in Section 2.5, closely adapting its formulation given in [42], and then
we prove that (Sλn(k))k≥1 satis�es the conditions required to apply this MFCLT
(Sections 6.2.1, 6.2.2 and 6.2.3) and thus (Sλn(k))k≥1 converges to a Brownian motion
a�er appropriate rescaling and centering.

In Section 6.3 we study the process that counts the number of edges explored,

103
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which is necessary to prove the joint scaling limit in (1.5.6).

6.1 Exploration of the graph and related objects

In this chapter, as in many other works whose goal is to prove a scaling limit for
critical random graphs, we will follow the approach invented by Aldous in [5] to study
the critical ERRG. We de�ne an appropriate exploration algorithm on Kp(n,m) in
which the vertices of a component are explored sequentially, starting from a random
vertex, and then we analyse the process that counts the number of active vertices (i.e.,
vertices that have been found by the process but whose neighbourhoods have not
been inspected yet). We prove that an appropriately rescaled version of such process
converges in distribution to a Brownian motion. In the rest of this section, we will
make this precise.

6.1.1 �e exploration process

In this section we de�ne a process that explores the graph Kp(n,m) keeping track
of the information that is relevant to compute the number of vertices and edges in
each connected component. �is is a standard tool in most proofs of critical scaling
limits of random graphs, and we will follow a similar approach to the one used in [42].
Since the important object of interest is the RIG associated with Kp(n,m), this will
be a two-step exploration, in the sense that at each step we look for the vertices that
are at distance 2 in Kp(n,m) from the vertex v that we are exploring from, which
correspond to the direct neighbours of v in the RIG G(n,m, p). Given two vertices
v, w in a graph G, we de�ne dG(v, w) as the graph distance between v and w, with
the convention that dG(v, w) =∞ if v and w are in di�erent connected components.
For any r ∈ N we de�ne the sphere centered at v of radius r as

∂Br(v) := {w ∈ U ∪W : dKp(n,m)(v, w) = r}. (6.1.1)

Note that if r is odd, then all the vertices in ∂Br(v) belong to the opposite side
of Kp(n,m) with respect to v, while if r is even, then they are on the same side.
Moreover, given a set H ⊂ (U ∪W), we write

∂Br(v,H) := {w ∈ (U ∪W) \H : dKp(n,m)\H(v, w) = r}, (6.1.2)

where Kp(n,m) \H is the subgraph of Kp(n,m) induced by (U ∪W) \H. We can
now properly de�ne the exploration process on Kp(n,m):

De�nition 6.1.1 (Two-step exploration process). Consider the graph Kp(n,m) and
pick a vertex v0 ∈ U ∪W according to any arbitrary rule. We de�ne the two-step
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exploration process starting from the vertex v0 as the process
(
A(k),D(k),Q(k)

)
k≥0,

with update rules as follows:

Initialize: De�ne the active, dead and opposite vertex sets at time k = 0 as

A(0) := {v0}, D(0) := ∅, Q(0) := ∅. (6.1.3)

Step k ≥ 1: If A(k − 1) 6= ∅, then choose a vertex vk ∈ A(k − 1) uniformly at random,
else, pick the vertex vk uniformly at random in U \ D(k − 1) if v0 ∈ U or in
W \D(k − 1) if v0 ∈W and update as follows:

A(k) := (A(k − 1) \ {vk}) ∪ ∂B2(vk,Q(k − 1) ∪D(k − 1)),

D(k) := D(k − 1) ∪ {vk},
Q(k) := Q(k − 1) ∪ ∂B1(vk).

(6.1.4)

Terminate: If D(k) = U or D(k) = W, then terminate the process.

Note that, by construction, all the vertices in A(k) and D(k) are on the same side
as v0, while those in Q(k) are on the opposite side. �e exploration is constructed in
such a way that every time k for which A(k) = ∅ we have completed the exploration
of a connected component of Kp(n,m). For brevity we de�ne the set of all vertices
found by time k by the exploration process D+(k) := D(k) ∪A(k), since it will be
used frequently in the rest of the chapter.

Moreover we de�ne the edge set related to the exploration as follows:

De�nition 6.1.2 (Edge-set process related to the two-step exploration process). Con-
sider the two-step exploration process of the graph Kp(n,m) from De�nition 6.1.1. We
de�ne the edge-set process (E(k))k≥0 such that for every k ≥ 0, E(k) equals the set of
edges of the RIG over the subgraph of Kp(n,m) induced by D(k) ∪ Q(k).

�is edge-set process will be useful in Section 6.3 to count the edges in the RIG as
the exploration process goes on, and thus to derive the scaling limit for the number
of edges in large critical components.

6.1.2 �e adapted process

In order to derive relevant information about the size of the connected components
from our exploration, we de�ne the stochastic process

(
Sλn(k)

)
k≥0, adapted to the

�ltration
(
Fn(k)

)
k≥0 generated by the exploration itself, as follows:
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Sλn(0) := 1, Sλn(k) := Sλn(k − 1) +Xn(k)

Xn(k) :=
∣∣∂B2(vk,Q(k − 1) ∪D+(k − 1))

∣∣− 1.
(6.1.5)

Moreover we de�ne the process
(
Rλn(k)

)
k≥0 as the re�ected version of

(
Sλn(k)

)
k≥0,

i.e.,

Rλn(k) := Sλn(k)−min
j<k

Sλn(k) + 1. (6.1.6)

�e majority of the rest of this chapter will be devoted to the study of these
processes, from which we will be able to recover important information about the
structure of the critical RIG. �is is possible since, from the de�nitions we gave,
Rλn(k) = A(k) := |A(k)|, that is, this process exactly keeps track of the number of
active vertices. From this we obtain that if we de�ne TN := min{k : Sλn(k) = 1−N},
then TN is the time at which the process has exhausted the exploration of the N th
connected component (by order of exploration) C(N) of Kp(n,m). It follows that

V(C(N)) = (D(TN ) \D(TN−1)) ∪ (Q(TN ) \ Q(TN−1)). (6.1.7)

Moreover, if v0 ∈ U,

V(C(N)) ∩ U = D(TN ) \D(TN−1),

V(C(N)) ∩W = Q(TN ) \ Q(TN−1),
(6.1.8)

and vice versa if v0 ∈W. �ese equalities allow us to reconstruct the scaling limit of
the size of the largest components of Kp(n,m) and of G(n,m, p) from the process(
Sλn(k)

)
k≥0 as, in particular, by De�nition 1.5.1, we see that for every v ∈ U,

CG(n,m,p)(v) = CKp(n,m)(v) ∩ U. (6.1.9)

Considering how the RIG is de�ned, it would be reasonable to expect that the
best approach would be to always start the exploration from U, since, doing so, the
vertices explored in step k are the actual neighbours of vk in G(n,m, p). However,
it turns out that the most e�ective proof strategy is to always start the exploration
process from the smaller side, even when it is the side which represents communities.
�is is the case because if the exploration starts from the smaller side all moments
of |∂B2(vk)| are bounded and, consequently, the sequence of processes (Sλn(k))k≥0
satis�es a central limit theorem as n→∞. If the exploration starts instead from the
larger side, then Var(|∂B2(vk)|)→∞ and thus the exploration process is harder to
study, since ∂B1(vk) is typically empty, but if it is not, it is very large. We will prove
most of the theorems �rst under the assumption that α > 1, so that the exploration
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that is easier to study is also the more natural one, i.e., the one that starts from U. In
the regime in which α < 1, in order to study the adapted process, we have to start the
exploration from W instead, and adapt all the results keeping in mind the following
remark:

Remark 6.1.3 (Symmetry properties ofKp(n,m)). Note that sinceK(n,m) is isomor-
phic to K(m,n), all the statements proved using the exploration described in De�nition
6.1.1 and assuming v0 ∈ U also hold for the same exploration starting from v0 ∈ W,
with the roles of n and m and of U and W reversed.

6.1.3 Proof of the main theorems, subject to the convergence of the
adapted process to a Brownian motion

In this section we prove that the scaling limits in �eorems 1.5.3 and 1.5.4 hold,
assuming the convergence of the rescaled adapted process to a Brownian motion in
the J1-topology (see e.g. [66, Chapter 6] for a detailed discussion about the properties
of the J1 topology).

�e main tool for the proof of the scaling limit for component sizes expressed
in �eorems 1.5.3 and 1.5.4 is a scaling limit for the process

(
Sλn(k)

)
k≥0. De�ne the

rescaled process

S
λ

n(s) = n−1/3Sλn
(
bsn2/3c

)
. (6.1.10)

�e following theorem establishes its limit in distribution:

�eorem 6.1.4 (Brownian limit of the adapted process). Consider the two-step ex-
ploration process on Kp(n,m) from De�nition 6.1.1, starting from v0 ∈ U, with
pc := 1/

√
mn, p = pc(1 + λn−1/3) and m = nα, for some λ ∈ R, α > 1. �en, as

n→∞, (
S
λ

n(s)
)
s≥0

d→
(
W (s) + 2λs− s2/2

)
s≥0, (6.1.11)

where
(
W (s)

)
s≥0 is a standard Brownian motion and the convergence in distribution is

in the J1-topology.

We will prove �eorem 6.1.4 at the end of Section 6.2, a�er proving several lemmas
that are necessary for the application of the MFCLT to

(
S
λ

n(s)
)
s≥0.

We next analyse the process
(
Rλn(k)

)
k≥0, which is non-negative and whose

excursions identify the explorations of the di�erent connected components. We
deduce from �eorem 6.1.4 that
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(
R
λ

n(s)
)
s≥0 :=

(
n−1/3Rλn

(
bsn2/3c

))
s≥0

d→
(
R
λ
(s)
)
s≥0,

R
λ
(s) := W (s) + 2λs− s2/2− inf

r≤s

(
W (r) + 2λr − r2/2

)
,

(6.1.12)

since the re�ection map is continuous [35] and (W (s))s≥0 is continuous almost
surely.

From now on, we will omit the rounding signs every time we approximate discrete-
time variables by continuous ones, since such approximations never become an issue
in the proofs.

We now show that (1.5.5) in �eorem 1.5.3 follows from �eorem 6.1.4:

Proof of �eorem 1.5.3 (i) subject to �eorem 6.1.4. From (6.1.8) and (6.1.9) we obtain
that

|C(N) ∩ U| = D(TN )−D(TN−1) = TN − TN−1, (6.1.13)

so the sizes of the clusters of G(n,m, p) are exactly the lengths of the excursions of(
Rλn(k)

)
k≥0, that is, n2/3 times the lengths of the excursions of

(
R
λ

n(s)
)
s≥0. From

the convergence in distribution in (6.1.12), we know that for every T, j > 0 the
lengths of the j longest excursions up to time T of the process

(
R
λ

n(k)
)
k≥0 converge

in distribution to those of the j longest excursions of the process
(
R
λ
(k)
)
k≥0 up

to time T . Furthermore, by [5, Lemma 25], for every j ∈ N, ε > 0, there exists a
constant T (j, ε) such that the j longest excursions of

(
R
λ
(k)
)
k≥0 are completed

by time T (j, ε) with probability larger than 1− ε, so that the j longest excursions
of
(
R
λ

n(k)
)
k≥0 converge in distribution to the j longest excursions of

(
R
λ
(k)
)
k≥0.

�is implies convergence in the product topology by (6.1.13). Over �nite-dimensional
spaces the product topology and the `2↘-topology are equivalent, so we know that
for every �xed J ∈ N, the sequence(

n−2/3|Ci|
)
1≤i≤J

d→
(
Cλ
i

)
1≤i≤J . (6.1.14)

in the `2↘-topology. Moreover, by (6.1.12), we know that the sequence
(
n−2/3|Ci|

)
i≥1

is tight in `2 (see [5]), so that, for every ε ≥ 0,

lim
J→∞

lim
n→∞

P
(∑
i>J

n−4/3|Ci|2 > ε
)

= 0, (6.1.15)

and the claim follows.
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In order to prove �eorem 1.5.3 (ii), a more complicated argument is needed, using
Remark 6.1.3. Indeed we see that if α < 1, then for any vertex v ∈ U,

|∂B1(v)| d= Bin
(
nα, n−

1+α
2 (1 + o(1))

) P→ 0. (6.1.16)

�is means that the majority of the vertices on U are isolated and thus Sλn(k) =
Sλn(k − 1)− 1 w.h.p., and the process is thus driven by the rare events that happen
when vk is not isolated, as in this case its degree is very large, of order

√
n/m. �is

makes the proof of a convergence analogous to that in �eorem 6.1.4 much more
di�cult. To deal with this issue, we invert the perspective, running the exploration
starting from a vertex v0 ∈ W, so that we can apply again �eorem 6.1.4, since
n = m1/α, with 1/α > 1. We recall that, if v0 ∈W,

V(C(N)) ∩ U = Q(TN ) \ Q(TN−1). (6.1.17)

We write Q(k) := |Q(k)|. Consequently, to prove �eorem 1.5.3 (ii), we need the
following lemma, which we will prove in Section 6.2:

Lemma 6.1.5 (Concentration of size of the opposite set). Consider the two-step
exploration process on Kp(n,m) from De�nition 6.1.1, starting from v0 ∈ U, with
p = pc(1 + λn−1/3) and m = nα for some λ ∈ R, α > 1. �en as n→∞, for every
T ∈ (0,∞),

sup
t≤T

∣∣∣Q(tn2/3)

n1/6m1/2
− t
∣∣∣ P→ 0. (6.1.18)

We also need, in order to count the number of edges in large components and
to prove convergence in the `2↘-topology, a uniform upper bound on the degree of
vertices in Kp(n,m).

Lemma 6.1.6. Consider the graph Kp(n,m). �en, as n → ∞, with m = nα for a
�xed α ∈ (0, 1),

max
w∈W

∂B1(w) ≤ np(1 + oP(1)). (6.1.19)

If instead α > 1,
max
v∈U

∂B1(v) ≤ mp(1 + oP(1)). (6.1.20)

We prove Lemma 6.1.6 in Section 6.3. Further, in order to prove the scaling limit
of the number of edges in the largest critical components, we need the following
proposition, which we will prove in Section 6.3:

Proposition 6.1.7 (Concentration of the number of explored edges). Consider the
two-step exploration process on Kp(n,m) from De�nition 6.1.1, starting from v0 ∈W,
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with p = pc(1 +λm−1/3) and m = nα for some λ ∈ R, α < 1. Recall the edge process(
E(k)

)
k≥1 =

(
|E(k)|

)
k≥1 from De�nition 6.1.2. �en, for every T ∈ (0,∞),

sup
t≤T

∣∣∣E(tm2/3)m1/3

n
− t

2

∣∣∣ P→ 0. (6.1.21)

We can now give a proof of �eorem 1.5.3 (ii), assuming that the results we stated
about the processes related to the exploration hold, which completes the proof of the
main theorem.

Proof of �eorem 1.5.3 (ii) subject to �eorem 6.1.4, Lemmas 6.1.5 and 6.1.6 and
Proposition 6.1.7. Consider the two-step exploration process on Kp(n,m) as de�ned
in De�nition 6.1.1, starting from v0 ∈ W. From �eorem 6.1.4, Lemma 6.1.5 and
Proposition 6.1.7 we obtain via Remark 6.1.3, by an application of Slutsky’s theorem
(see e.g. [39, Lemma 3.3]),(

R
λ

n(s), Qn(s), En(s)
)
s≥0

d→
(
R
λ
(s), s, s/2

)
s≥0, (6.1.22)

where

Qn(s) := Q(sm2/3)n−1/2m−1/6, En(s) := E(sm2/3)n−1m1/3. (6.1.23)

Consequently, the number of vertices found in U during the N th excursion is given
by

Q(TN )−Q(TN−1) = (TN − TN−1)m1/6n1/2(1 + oP(1)), (6.1.24)
and, equivalently, the number of edges discovered during the exploration of the N th
component is given by

E(TN )− E(TN−1) = (TN − TN−1)m−1/3n(1 + oP(1)). (6.1.25)

Again, by the same reasoning used to prove �eorem 1.5.3 (i), from the convergence
in the J1-topology it follows that the j longest excursions of

(
R
λ

n(s)
)
s≥0 converge in

distribution to the j longest excursions of
(
R
λ
(s)
)
s≥0, and so, the convergence holds

in the product topology. Again, over �nite-dimensional spaces the product topology
is equivalent to the `2-topology, so that

(
n−1/2−α/6|Ci|, n−1+α/3|E(Ci)|

)
1≤i≤J

d→
(
Cλ
i ,C

λ
i /2
)
1≤i≤J , (6.1.26)

in the `2↘ × `2-topology. Consequently, to prove the convergence in the `2↘ × `2 we
need to prove that for every ε > 0,

lim
J→∞

lim
n→∞

P
(∑
i>J

(n−1−α/3|Ci|2 + n−2+2α/3|E(Ci)|2) > ε
)

= 0. (6.1.27)
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We de�ne the sequence (T̃i)i≥1 as the sequence of exploration times of connected
components, arranged in decreasing order. By (6.1.12), we know that the sequence
(m−2/3T̃i)i≥1 is tight in `2, so that

lim
J→∞

lim
n→∞

P
(∑
i>J

m−4/3T̃ 2
i > ε/8

)
= 0. (6.1.28)

We know that for every i,

|Cλi | ≤ T̃i max
w∈W

∂B1(w), (6.1.29)

|E(Ci)| ≤ T̃i max
w∈W

∂B1(w)(∂B1(w)− 1)

2
, (6.1.30)

since all the new vertices and edges explored in the kth step must belong to the
community formed by all the neighbours of wk in Kp(n,m) . We can thus write

P
(∑
i>J

(n−1−α/3|Ci|2 + n−2+2α/3|E(Ci)|2) > ε
)

≤ P
(∑
i>J

m−4/3T̃ 2
i > ε/8

)
+ P

(
max
w∈W

∂B1(w) > 2pn
)
.

(6.1.31)

�e claim follows from Lemma 6.1.6 and (6.1.28)
We next analyse the critical behaviour of Kp(n,m), and prove �eorem 1.5.4:

Proof of �eorem 1.5.4 subject to �eorem 6.1.4 and Lemmas 6.1.5 and 6.1.6. Using �e-
orem 6.1.4 and Lemma 6.1.5 we obtain by Slutsky’s theorem the joint convergence(

R
λ

n(s), Qn(s)
)
s≥0

d→
(
R
λ
(s), s

)
s≥0. (6.1.32)

We know that the number of vertices in the N th component by exploration order is
given by

Q(TN )−Q(TN−1) +D(TN )−D(TN−1)

= Q(TN )−Q(TN−1) + TN − TN−1.
(6.1.33)

From (6.1.32), it follows that

Q(TN )−Q(TN−1) + TN − TN−1 = m1/2n1/6(TN − TN−1)(1 + oP(1)), (6.1.34)

in particular, the vast majority of the vertices in a large critical component come from
the larger side of Kp(n,m), i.e. from the set Q(TN ) \ Q(TN−1). Again, by the same
reasoning used to prove �eorem 1.5.3, from the convergence in the J1-topology it
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follows that the j longest excursions of
(
R
λ

n(s)
)
s≥0 converge in distribution to the j

longest excursions of
(
R
λ
(s)
)
s≥0, (see [5]), and so, the claim follows. �e proof of

the convergence `2↘-topology in (1.5.7) is very similar to the one we just presented
for (1.5.6), minus the argument for the `2-convergence of the number of edges. As
before, the convergence in the product topology is enough to obtain, for every J ∈ N,(

n−1/6−α/2|Ci|
)
1≤i≤J

d→
(
Cλ
i

)
1≤i≤J , (6.1.35)

in the `2↘-topology. Again, by (6.1.12), we know that the sequence (m−2/3T̃i)i≥1 is
tight in `2, so that

lim
J→∞

lim
n→∞

P
(∑
i>J

m−4/3T̃ 2
i > ε/4

)
= 0. (6.1.36)

At every step k of the exploration, the vertices whose exploration is completed are vk
and all its neighbours, so that

|Ci| ≤ T̃i
(

1 + max
w∈W

∂B1(w)
)
. (6.1.37)

Consequently, we can write

P
(∑
i>J

n−1/3−α|Ci|2 > ε
)

≤ P
(∑
i>J

m−4/3T̃ 2
i > ε/4

)
+ P

(
max
w∈W

∂B1(w) > 2pm− 1
)
.

(6.1.38)

Using Lemma 6.1.6 and (6.1.36), we obtain that

lim
n→∞

P
(∑
i>J

n−1/3−α|Ci|2 > ε
)

= 0 (6.1.39)

and thus the claimed convergence in the `2↘-topology follows.

6.2 �e martingale central limit theorem

In this section we proceed to prove �eorem 6.1.4. We follow the approach proposed
in [5] which has already inspired many papers (see e.g., [17, 33, 42, 49, 87]), based on
the Martingale Functional Central Limit �eorem (MFCLT). �is is a well-established
proof technique, which we have already introduced in Section 2.5. We next recall
its main elements to make the thesis self contained. We will closely follow the
formulation of the MFCLT given in [42], with the necessary modi�cations required to
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adapt it to the exploration of the graph Kp(n,m), whose geometry is quite di�erent
from the one studied in [42]. �e MFCLT can be applied to a discrete-time process(
Sn(k)

)
k≥0 which admits a Doob decomposition as follows (see [101] for example).

We de�ne the process
(
Mn(k)

)
k≥0 as a martingale,

(
Ln(k)

)
k≥0 as its quadratic

variation process, and
(
Fn(k)

)
k≥0 as a �ltration with respect to which

(
Sn(k)

)
k≥0

is measurable. We then decompose
(
Sn(k)

)
k≥0 as

Sn(k) := Yn(k) +Mn(k), Mn(k)2 := Qn(k) + Ln(k), (6.2.1)

where

Yn(k) :=

k∑
j=1

E[Sn(j)− Sn(j − 1) | Fn(j − 1)],

Ln(k) :=

k∑
j=1

Var(Sn(j)− Sn(j − 1) | Fn(j − 1)).

(6.2.2)

We can now state the conditions on
(
Sn(k)

)
k≥0 required to apply the MFCLT, in a

way that is easy to apply to our process:

�eorem 6.2.1 (MFCLT). Consider a sequence of processes (Sn(k))k≥0, adapted to a se-
quence of increasing �ltrations Fn =

(
Fn(k)

)
k≥0. Suppose that

(
Mn(k)

)
k≥0,

(
Yn(k)

)
k≥0,

and
(
Ln(k)

)
k≥0, de�ned as in the Doob decomposition above, satisfy the following four

conditions, for a �xed τ ∈ R and every t ∈ (0,∞):

1. Continuity of the limit of the process:

n−2/3 E
[

sup
k≤tn2/3

|Mn(k)−Mn(k − 1)|2
]
→ 0. (6.2.3)

2. Continuity of the limit of the variance:

n−2/3 E
[

sup
k≤tn2/3

|Ln(k)− Ln(k − 1)|
]
→ 0. (6.2.4)

3. Parabolic dri� condition:

n−1/3 sup
k≤tn2/3

∣∣∣∣Yn(k)− 2τk

n1/3
+
k2

2n

∣∣∣∣ P→ 0. (6.2.5)
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4. Limiting linear variance condition:

n−2/3 Ln(tn2/3)
P→ t. (6.2.6)

�en (
n−1/3Sn(sn2/3)

)
s≥0

d→
(
W (s) + 2τs− s2

2

)
s≥0

, (6.2.7)

in the Skorokhod J1-topology, where
(
W (s)

)
s≥0 is a standard Brownian motion.

�e main goal of the rest of this section will be to prove that conditions (1)− (4)
hold for (Sn(k))k≥0 = (Sλn(k))k≥0 as de�ned in (6.1.5). �e application of the
MFCLT will yield the proof of �eorem 6.1.4.

6.2.1 Continuity conditions for the MFCLT

In the following lemma we prove that the �rst two conditions hold for the sequence
of processes

(
Sλn(k)

)
k≥0, as de�ned in (6.1.5):

Lemma 6.2.2 (Continuity of the limit process). Consider the Doob decomposition of
the process

(
Sλn(k)

)
k≥0 adapted to the two-step exploration process from De�nition 6.1.1,

starting from v0 ∈ U, with p = pc(1 + λn−1/3) and m = nα for some λ ∈ R, α > 1.
�en, as n→∞, for every t ∈ (0,∞),

n−2/3 E
[

sup
k≤tn2/3

∣∣Mn(k)−Mn(k − 1)
∣∣2]→ 0, (6.2.8)

n−2/3 E
[

sup
k≤tn2/3

∣∣Ln(k)− Ln(k − 1)
∣∣]→ 0. (6.2.9)

Proof. We separately consider the two cases in which the supremum of |Mn(k) −
Mn(k − 1)| is achieved in the positive or negative part:

E
[

sup
k≤tn2/3

|Mn(k)−Mn(k − 1)|2
]

= E
[

max
{

sup
k≤tn2/3

(
(Mn(k)−Mn(k − 1)

)+
)2,

sup
k≤tn2/3

(
(Mn(k)−Mn(k − 1)

)−
)2
}]
.

(6.2.10)

We thus obtain
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E
[

sup
k≤tn2/3

|Mn(k)−Mn(k − 1)|2
]

≤ E
[

sup
k≤tn2/3

(
(Mn(k)−Mn(k − 1)

)+
)2
]

+ E
[

sup
k≤tn2/3

(
(Mn(k)−Mn(k − 1)

)−
)2
]
.

(6.2.11)

We de�ne the random variables

Z1 := Bin(m, p), Z2 := Bin(nZ1, p). (6.2.12)

We note that, for every v ∈ U,

Z1
d
= |∂B1(v)|, Z2 � |∂B2(v)|, (6.2.13)

since every element in ∂B1(v) has at most n − 1 other potential neighbours in
U. Moreover, ∂B2(v) ⊇ ∂B2(v,Q(k − 1) ∪ D+(k − 1)), since 2 is the minimal
distance between vertices in U, so that, for every k, Xn(k) � Z2 − 1. By de�nition,
Xn(k) ≥ −1 deterministically for all k. We write

Mn(k)−Mn(k − 1) = Xn(k)− E[Xn(k) | Fn(k − 1)]. (6.2.14)

We thus obtain that almost surely

Mn(k)−Mn(k − 1) ≥ −1− E[Z2 − 1] = −E[Z2], (6.2.15)

so that
E
[

sup
k≤tn2/3

(
(Mn(k)−Mn(k − 1)

)−
)2
]
≤ E[Z2]2. (6.2.16)

We compute
E[Z2] = pnE[Z1] = p2nm = 1 + o(1), (6.2.17)

and thus
E
[

sup
k≤tn2/3

(
(Mn(k)−Mn(k − 1)

)−
)2
]
≤ 1 + o(1). (6.2.18)

On the other hand, we see that, since

(Xn(k) | Fn(k − 1)) � Z2 − 1, E[Xn(k) | Fn(k − 1)] ≥ −1, a.s., (6.2.19)

we obtain, by (6.2.14),(
Mn(k)−Mn(k − 1) | Fn(k − 1)

)
� Z2 − 1 + 1 = Z2, a.s., (6.2.20)
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and consequently, since Z2 is a.s. non-negative,(
(Mn(k)−Mn(k − 1))+ | Fn(k − 1)

)
� Z2, a.s. (6.2.21)

Note that here and in the rest of the thesis we treat the conditional distributions as
random variables which take values in the space of real-valued random variables,
which is naturally equipped with the partial order given by stochastic domination.
�us, we can stochastically dominate the sequence

(
(Mn(k) −Mn(k − 1))+

)
k≥1

with a sequence (Z2(k))k≥1 of i.i.d. random variables with the same distribution as
Z2. We thus obtain from (6.2.11) and (6.2.18) that

E
[

sup
k≤tn2/3

|Mn(k)−Mn(k − 1)|2
]
≤ E

[
sup

k≤tn2/3

Z2(k)2
]

+O(1). (6.2.22)

For (6.2.8), we thus need to prove that

E
[

sup
k≤tn2/3

Z2(k)2
]

= o(n2/3). (6.2.23)

We de�ne for any ε, k > 0, the events

Iε(k) := {Z2(k) ≥ εn1/3}, Iε :=
⋃

k≤tn2/3

Iε(k). (6.2.24)

We write

E
[

sup
k≤tn2/3

Z2(k)2
]

= E
[

sup
k≤tn2/3

Z2(k)21Icε

]
+ E

[
sup

k≤tn2/3

Z2(k)21Iε

]
. (6.2.25)

By de�nition of Iε,
E
[

sup
k≤tn2/3

Z2(k)21Icε

]
≤ n2/3ε2. (6.2.26)

To bound the second term, we write

E
[

sup
k≤tn2/3

Z2(k)21Iε

]
≤ E

[ ∑
k≤tn2/3

Z2(k)21Iε(k)

]
= tn2/3E[Z2(k)21Iε(k)],

(6.2.27)

where the last term actually does not depend on k due to the i.i.d. nature of the
variables Z2(k). �us, we compute, for every k,
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E[Z2(k)4] ≥ E[Z2(k)41Iε(k)] = E[Z2(k)4 | Iε(k)]P(Iε(k)) (6.2.28)
≥ E[Z2(k)2 | Iε(k)]2P(Iε(k)) = E[Z2(k)21Iε(k)]E[Z2(k)2 | Iε(k)],

so that

E[Z2(k)21Iε(k)] ≤
E[Z2(k)4]

E[Z2(k)2 | Iε(k)]
≤ E[Z2(k)4]

n2/3ε2
=

E[Z4
2 ]

n2/3ε2
. (6.2.29)

�us, we need an upper bound on the fourth moment of Z2. We recall that Z2 can be
wri�en as

Z2 =

Z1∑
i=1

Yi, (Yi)
Z1
i=1 i.i.d. with distribution Bin(n, p), (6.2.30)

or, equivalently, since Z1
d
= Bin(m, p),

Z2 =

m∑
i=1

YiWi, (Wi)
m
i=1 i.i.d. with distribution Ber(p), (6.2.31)

where the sequences (Yi)
m
i=1 and (Wi)

m
i=1 are independent of each other. �us, we

can write,

E[Z4
2 ] =

∑
i1,i2,i3,i4∈[m]4

E[Wi1Wi2Wi3Wi4 ]E[Yi1Yi2Yi3Yi4 ]. (6.2.32)

We divide the sum in �ve di�erent terms, based on how many of the indices coincide.
We analyse case by case:

E[Z4
2 ] ≤

( ∑
|{i1,i2,i3,i4}|=4

p4E[Yi1 ]E[Yi2 ]E[Yi3 ]E[Yi4 ]

+ 6
∑

|{i1,i2,i3}|=3

p3E[Y 2
i1 ]E[Yi2 ]E[Yi3 ]

+
∑
i1 6=i2

p2(3E[Y 2
i1 ]E[Y 2

i2 ] + 4E[Y 3
i1 ]E[Yi2 ])

+
∑
i1

pE[Y 4
i1 ]
)
.

(6.2.33)

We use that mnp2 = 1 + o(1) and that, when np→ 0, E[Bin(n, p)j ] = np(1 + o(1))
for all j ≥ 1, to obtain
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E[Z4
2 ] =

(
(mnp2)4 + 6(mnp2)3 + 7(mnp2)2 +mnp2

)
(1 + o(1))

= 15 + o(1).
(6.2.34)

We can now substitute (6.2.34) into (6.2.29) and then into (6.2.27) to obtain

E
[

sup
k≤tn2/3

Z2(k)21Iε

]
≤ tn2/3 15(1 + o(1))

n2/3ε2
= 15tε−2 + o(1) = O(1). (6.2.35)

Substituting (6.2.26) and (6.2.35) into (6.2.25) we prove (6.2.23). From (6.2.23) and
(6.2.22) we �nally obtain (6.2.8).

To prove (6.2.9) we use that

Ln(k)− Ln(k − 1) = Var(Xn(k) | Fn(k − 1))

= Var(Xn(k) + 1 | Fn(k − 1)).
(6.2.36)

Since, for all k, 0 ≤ (Xn(k) + 1 | Fn(k − 1))) � Z2 almost surely, we obtain that

Var(Xn(k) | Fn(k − 1)) ≤ E[Xn(k)2 | Fn(k − 1)] ≤ E[Z2
2 ], (6.2.37)

and consequently

n−2/3 E
[

sup
k≤tn2/3

|Ln(k)− Ln(k − 1)|
]
≤ n−2/3E[Z2

2 ]. (6.2.38)

We write
E[Z2

2 ] ≤ E[Z4
2 ]1/2 = O(1), (6.2.39)

using (6.2.34), so that (6.2.9) follows.

6.2.2 Parabolic dri� condition

Before proving the parabolic dri� condition and the linear variance condition we
now prove Lemma 6.1.5, which, other than being necessary to derive from �eorem
6.1.4 results pertaining to the case α < 1, is also relevant to the proof of the last two
conditions required for the application of the MFCLT.

Proof of Lemma 6.1.5. We start the proof with an upper bound onQ(k). By De�nition
6.1.1, using that Q(k − 1) is measurable with respect to Fn(k − 1),
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(
Q(k)−Q(k − 1) | Fn(k − 1)

) d
= Bin(m−Q(k − 1), p). (6.2.40)

Consequently, for each k, almost surely(
Q(k)−Q(k − 1) | Fn(k − 1)

)
� Z1, (6.2.41)

so that

Q(k) �
k∑
j=1

Z1(j), (6.2.42)

where (Z1(j))j≥1 are i.i.d. random variables with the same distribution as Z1. We
thus obtain

P
(Q(tn2/3)

m1/2n1/6
− t > ε

)
≤ P

(∑tn2/3

j=1 Z1(j)

m1/2n1/6
− t > ε

)
. (6.2.43)

We compute

E
[ k∑
j=1

Z1(j)
]

= kE[Z1] = kpm = k

√
m

n
(1 + o(1)) = tm1/2n1/6(1 + o(1)),

(6.2.44)
while

Var
( k∑
j=1

Z1(j)
)

= kVar(Z1) = kp(1− p)m = k

√
m

n
(1 + o(1)). (6.2.45)

From (6.2.44) we know that for every t, ε > 0, there is n large enough that

E
[∑tn2/3

j=1 Z1(j)
]

m1/2n1/6
− t < ε/2, ∀n > n. (6.2.46)

Consequently,

lim sup
n→∞

P

∑tn2/3

j=1 Z1(j)

m1/2n1/6
− t > ε


≤ lim sup

n→∞
P

∑tn2/3

j=1 Z1(j)− E
[∑tn2/3

j=1 Z1(j)
]

m1/2n1/6
> ε/2

 .

(6.2.47)

�us, by the second moment method, we obtain from (6.2.43) that

P
(Q(tn2/3)

m1/2n1/6
− t > ε

)
≤ P

(∑tn2/3

j=1 Z1(j)

m1/2n1/6
− t > ε

)
→ 0. (6.2.48)
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Now we prove the matching lower bound. We de�ne the random variable Z̃1
d
=

Bin(m− (t+ ε)m1/2n1/6, p)) and note that, by (6.2.40), for all k ≤ tn2/3,

(Q(k)−Q(k − 1) | Fn(k − 1)) � Z̃1, (6.2.49)

when
Q(tn2/3 − 1) ≤ (t+ ε)m1/2n1/6. (6.2.50)

By (6.2.48), we obtain that (6.2.50) is satis�ed w.h.p.. Consequently, there exists a
coupling between (Q(j))j≥1 and a sequence of i.i.d. random variables (Z̃1(j))j≥1
with the same distribution as Z̃1 such that,

lim
n→∞

P(∃j < tn2/3 : Q(j)−Q(j − 1) < Z̃1(j)) = 0. (6.2.51)

We thus deduce that

lim sup
n→∞

P
(Q(tn2/3)

m1/2n1/6
− t < −ε

)
≤ lim sup

n→∞
P
(∑tn2/3

j=1 Z̃1(j)

m1/2n1/6
− t < −ε

)
. (6.2.52)

We compute

E
[ k∑
j=1

Z̃1(j)
]

= k(m− (t+ ε)m1/2n1/6)p = k

√
m

n
(1 + o(1)), (6.2.53)

and

Var
( k∑
j=1

Z̃1(j)
)

= k(m− (t+ ε)m1/2n1/6)p(1− p) = k

√
m

n
(1 + o(1)). (6.2.54)

We can thus prove the matching lower bound to (6.2.48), again by the second moment
method:

lim sup
n→∞

P
(Q(tn2/3)

m1/2n1/6
− t < −ε

)
≤ lim sup

n→∞
P
(∑tn2/3

j=1 Z̃1(j)

m1/2n1/6
− t < −ε

)
= 0.

(6.2.55)

�is proves pointwise convergence of the process
(Q(tn2/3)

m1/2n1/6

)
t≥0

to the identity
function. �e uniform convergence follows in a standard way from the fact that
(Q(tn2/3))t≥0 is non-decreasing in t and that the identity function is continuous.
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We also prove an upper bound on the size of A(k), which will be used in the
proofs of the last two conditions to control the e�ect of the depletion of points on the
distribution of Xn(k):

Lemma 6.2.3 (Upper bound on the size of the active set). Consider the two-step
exploration process on Kp(n,m) from De�nition 6.1.1, starting from v0 ∈ U, with
p = pc(1 + λn−1/3) and m = nα for some λ ∈ R, α > 1. �en, as n→∞, for every
t ∈ (0,∞),

n−2/3 sup
k≤tn2/3

A(k)
P→ 0. (6.2.56)

Proof. We recall that

A(k) = Rλn(k) = Sλn(k)−min
j<k

Sλn(j) + 1. (6.2.57)

From this we obtain{
sup

k≤tn2/3

A(k) < εn2/3
}

⊇
{
− εn2/3/3 < Sλn(k) < εn2/3/3 ∀k ≤ tn2/3

}
.

(6.2.58)

For the upper bound, we already argued from (6.2.13) that (Sλn(k) − Sλn(k − 1) |
Fn(k − 1)) � Z2 − 1 for all k a.s., and consequently,

Sλn(k) �
k∑
j=1

(Z2(j)− 1), (6.2.59)

where (Z2(j))j≥1 are i.i.d. random variables with distribution identical to Z2. We
now bound, uniformly for all k ≤ tn2/3,

E
[ k∑
j=1

(Z2(j)− 1)
]

= 2kλn−1/3(1 + o(1)) = Θ(n1/3), (6.2.60)

and

Var
( k∑
j=1

(Z2(j)− 1)
)
≤ kE[Z2

2 ] = kO(1) = O(n2/3). (6.2.61)
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From this we conclude that, by Kolmogorov’s inequality (see e.g. [52, �eorem 7.8.2]),

P
(

max
k≤tn2/3

Sλn(k) > εn2/3/3
)

≤ P
(

max
k≤tn2/3

k∑
j=1

(Z2(j)− 1) > εn2/3/3
)

≤
Var
(∑tn2/3

j=1 (Z2(j)− 1)
)

(
εn2/3/3−maxk≤tn2/3

∑k
j=1 E[(Z2(j)− 1)]

)2
=

O(n2/3)

ε2n4/3(1− o(1))/9
→ 0.

(6.2.62)

For the matching lower bound, we note that, conditionally on Fn(k − 1)

Xn(k)
d
= Bin

(
(n−D+(k − 1))Bin

(
m−Q(k − 1), p

)
, p
)
, (6.2.63)

since vk has m − Q(k − 1) potential neighbours available to be explored in W

and each of them in turn has n − D+(k − 1) potential neighbours in U and all
edges are present with probability p independently of each other. We proved in
Lemma 6.1.5 that maxk≤tn2/3 Q(k) = ΘP(m

1/2n1/6). Moreover, by De�nition 6.1.1,
D+(k) \D+(k − 1) ⊆ ∂B2(vk) ∪ {vk}, so that

D+(k)−D+(k − 1) � Z2 + 1. (6.2.64)

�erefore,
E[D+(k)] ≤ kE[Z2 + 1] = 2k(1 + o(1)), (6.2.65)

so that
D+(tn2/3) = ΘP(n

2/3), (6.2.66)

by the �rst moment method. We de�ne

Z
(ε)
2 ∼ Bin

(
(n− n2/3+ε)Bin

(
m−m2/3+ε, p)

)
, p
)
. (6.2.67)

From (6.2.63) we see that(
Xn(k) | Fn(k − 1)

)
� Z(ε)

2 , ∀k ≤ tn2/3, (6.2.68)

when

Q(tn2/3 − 1) ≤ m2/3+ε, D+(tn2/3 − 1) ≤ n2/3+ε. (6.2.69)
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By (6.2.66) and (6.2.48), (6.2.69) is satis�ed w.h.p. for every t, ε > 0. �erefore, there
exists a coupling between (Xn(j))j≥1 and a sequence (Z

(ε)
2 (j))j≥1 of i.i.d. random

variables with distribution identical to Z(ε)
2 such that

lim
n→∞

P(∃j < tn2/3 : Xn(j) < Z
(ε)
2 (j)) = 0. (6.2.70)

Consequently,

lim sup
n→∞

P
(

min
k≤tn2/3

Sλn(k) ≤ −εn2/3/3
)

≤ lim sup
n→∞

P
(

min
k≤tn2/3

k∑
j=1

(Z
(ε)
2 (j)− 1) ≤ −εn2/3/3

)
.

(6.2.71)

We next compute, for all k ≤ tn2/3,

E
[ k∑
j=1

(Z
(ε)
2 (j)− 1)

]
= kp2(m−m2/3+ε)(n− n2/3+ε) = Θ(n1/3+ε), (6.2.72)

and

Var
( k∑
j=1

(Z
(ε)
2 (j)− 1)

)
≤ kE[(Z

(ε)
2 )2] ≤ kE[Z2

2 ] = kO(1) = O(n2/3), (6.2.73)

so that, again, by Kolmogorov’s inequality,

P
(

min
k≤tn2/3

k∑
j=1

(Z
(ε)
2 (j)− 1) < −εn2/3/3

)

≤
Var
(∑tn2/3

j=1 (Z
(ε)
2 (j)− 1)

)
(

mink≤tn2/3

∑k
j=1 E[(Z

(ε)
2 (j)− 1)] + εn2/3/3

)2
=

O(n2/3)

ε2n4/3(1− o(1))/9
→ 0,

(6.2.74)

and, �nally, by (6.2.71), for every ε > 0,

lim sup
n→∞

P
(

min
k≤tn2/3

Sλn(k) ≤ −εn2/3/3
)

= 0. (6.2.75)

Combining upper and lower bounds from (6.2.62) and (6.2.75), and using (6.2.58), the
claim follows.

Now we prove a proposition that establishes the third condition for the application
of the MFCLT, that is, the parabolic dri� condition:
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Proposition 6.2.4 (Parabolic dri� condition). Consider the Doob decomposition of the
process

(
Sλn(k)

)
k≥0 adapted to the two-step exploration process from De�nition 6.1.1,

starting from v0 ∈ U, with p = pc(1 + λn−1/3) and m = nα, for some λ ∈ R, α > 1.
�en as n→∞, for every t ∈ (0,∞),

n−1/3 sup
k≤tn2/3

∣∣∣∣Yn(k)− 2λk

n1/3
+
k2

2n

∣∣∣∣ P→ 0. (6.2.76)

Proof. Recall from the Doob decomposition of (Sλn(k))k≥0 given in (6.2.2) that

Yn(k) =

k∑
j=1

E[Xn(j) | Fn(j − 1)]. (6.2.77)

Consequently, to obtain the claim, we need to prove uniform convergence of the dri�
in the process at every time, i.e. that

max
k≤tn2/3

∣∣E[Xn(k) | Fn(k − 1)]− (2λ− s)n−1/3
∣∣ = oP(n

−1/3). (6.2.78)

First, we recall that (|∂B1(vk)\Q(k−1)| | Fn(k−1)) has distribution Bin(m−
Q(k − 1), p), and that every element in ∂B1(vk) \ Q(k − 1) has m − D+(k − 1)
potential neighbours in W \D+(k − 1), so that

E[Xn(k) | Fn(k − 1)]

= E
[
Bin
((
n−D+(k − 1)

)
Bin
(
m−Q(k − 1), p

)
, p
)]
− 1.

(6.2.79)

We compute

E[Xn(k) | Fn(k − 1)] = p2(m−Q(k − 1))(n−D+(k − 1))− 1

= p2mn− 1− p2D+(k − 1)m (6.2.80)
+ p2Q(k − 1)(n−D+(k − 1)).

We know that, independently of k,

p2mn− 1 =
(1 + λn−1/3)2

mn
mn− 1 = 2λn−1/3 + λ2n−2/3. (6.2.81)

Next, from Lemma 6.1.5, we obtain
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max
k≤tn2/3

p2Q(k − 1)(n−D+(k − 1)) ≤ max
k≤tn2/3

p2nQ(k − 1)

= p2ntm1/2n1/6(1 + oP(1))

= ΘP(n
1/6m−1/2) = oP(n

−1/3).

(6.2.82)

Since sn−1/3 = k/n, it remains to prove that

max
k≤tn2/3

∣∣p2D+(k − 1)m− k/n
∣∣ = oP(n

−1/3). (6.2.83)

For the lower bound on p2D+(k − 1)m we note that

D+(k − 1) = D(k − 1) +A(k − 1) ≥ D(k − 1) = k − 1, (6.2.84)
so that, almost surely, for all k ≤ tn2/3,

p2D+(k − 1)m− k/n
≥ (k − 1)(p2m− n−1)− n−1

= (k − 1)
(1 + 2λn−1/3 + n−2/3

mn
m− n−1

)
− n−1

= (k − 1)
2λ+ n−1/3

n4/3
− n−1 = o(n−1/3).

(6.2.85)

For the matching upper bound, using Lemma 6.2.3 and the fact thatD(k−1) = k−1,
we obtain that

max
k≤tn2/3

D+(k − 1)− k
n2/3

= max
k≤tn2/3

A(k − 1)− 1

n2/3
P→ 0, (6.2.86)

so that

max
k≤tn2/3

(
p2D+(k − 1)m− n−1/3s

)
≤ (k − 1)(p2m− n−1)− n−1 + p2m max

k≤tn2/3
A(k)

= oP(n
−1/3) +

1 + o(1)

n
max

k≤tn2/3
A(k) = oP(n

−1/3),

(6.2.87)

and (6.2.83) follows. Substituting (6.2.81)-(6.2.83) into (6.2.80) we obtain (6.2.78).
From (6.2.78) we obtain, summing over j, by the uniform convergence,

n−1/3 sup
k≤tn2/3

∣∣∣∣Yn(k)− 2λk

n1/3
+
k2

2n

∣∣∣∣ ≤ n−1/3tn2/3oP(n
−1/3)

P→ 0. (6.2.88)
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6.2.3 Linear variance condition

�e only condition le� to prove is the linear variance condition. We do it in the
following lemma:

Lemma 6.2.5 (Linear variance condition). Consider the Doob decomposition of the
process

(
Sλn(k)

)
k≥0 adapted to the two-step exploration process from De�nition 6.1.1,

starting from v0 ∈ U, with p = pc(1 + λn−1/3) and m = nα for some λ ∈ R, α > 1.
�en as n→∞, for every t ∈ (0,∞),

n−2/3 Ln(tn2/3)
P→ t. (6.2.89)

Proof. From the Doob decomposition of (Sλn(k))k≥0 given in (6.2.2) we recall that

Ln(k) =

k∑
j=1

Var(Xn(j) | Fn(j − 1)). (6.2.90)

We recall from De�nition 6.1.1 that we can write Xn(j) + 1 as a binomial random
variable with random parameter. Indeed,

Xn(j) : = |∂B2(vj ,Q(j − 1) ∪D+(j − 1))| − 1

d
= Bin

((
Q(j)−Q(j − 1)

)(
n−D+(j − 1)

)
, p
)
− 1.

(6.2.91)

We can thus use the variance decomposition formula on the conditioning on Q(j), to
obtain

Var(Xn(j) | Fn(j − 1))

=Var(E[Xn(j) | Q(j),Fn(j − 1)] | Fn(j − 1)])

+ E[Var(Xn(j) | Q(j),Fn(j − 1)) | Fn(j − 1)].

(6.2.92)

We can thus bound

max
j≤tn2/3

∣∣Var(Xn(j) | Fn(j − 1))− 1
∣∣

≤ max
j≤tn2/3

Var(E[Xn(j) | Q(j),Fn(j − 1)] | Fn(j − 1)])

+ max
j≤tn2/3

∣∣E[Var(Xn(j) | Q(j),Fn(j − 1)) | Fn(j − 1))]− 1
∣∣.

(6.2.93)

We next compute that

E[Xn(j) | Q(j),Fn(j − 1)] = p(n−D+(j − 1))(Q(j)−Q(j − 1))− 1, (6.2.94)
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so that, sinceQ(j−1) andD+(j−1) are both measurable with respect to Fn(j−1),
and recalling that (Q(j)−Q(j− 1) | Fn(j− 1)

d
= Bin(m−Q(j− 1), p), we obtain

max
j≤tn2/3

Var(E[Xn(j) | Q(j),Fn(j − 1)] | Fn(j − 1)])

= p2 max
j≤tn2/3

{(
n−D+(j − 1)

)2
×Var

(
Q(j)−Q(j − 1) | Fn(j − 1)

)}
≤ p2 max

j≤tn2/3

(
n−D+(j − 1)

)2
max
j≤tn2/3

p(1− p)(m−Q(j − 1))

≤ p3n2m→ 0.

(6.2.95)

For the second term on the right hand side of (6.2.93) we compute

Var(Xn(j) | Q(j),Fn(j − 1))

= Var
(
Bin
(
(n−D+(j − 1))(Q(j)−Q(j − 1)), p

))
= p(1− p)(n−D+(j − 1))(Q(j)−Q(j − 1)),

(6.2.96)

so we write, recalling again that D+(j − 1) is measurable with respect to Fn(j − 1),

E[Var(Xn(j) | Q(j),Fn(j − 1)) | Fn(j − 1))]

= p(1− p)(n−D+(j − 1))E[Q(j)−Q(j − 1) | Fn(j − 1)]

= p2(1− p)
(
n−D+(j − 1)

)(
m−Q(j − 1)

)
.

(6.2.97)

As a result, for an upper bound,

max
j≤tn2/3

E[Var(Xn(j) | Q(j),Fn(j − 1)) | Fn(j − 1))]− 1

≤ p2mn− 1→ 0.
(6.2.98)

To derive the matching lower bound, we recall from Lemma 6.1.5 that

max
j≤tn2/3

Q(j) = ΘP(m
1/2n1/6), (6.2.99)

and from Lemma 6.2.3 that maxj≤tn2/3 D+(j) = ΘP(n
2/3), so that

min
j≤tn2/3

E[Var(Xn(j) | Q(j),Fn(j − 1)) | Fn(j − 1))]− 1

≥ p2(1− p)(n−ΘP(n
2/3))(m−ΘP(m

1/2n1/6))− 1
P→ 0.

(6.2.100)
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We thus obtain, combining upper and lower bounds from (6.2.96) and (6.2.100),

max
j≤tn2/3

∣∣E[Var(Xn(j) | Q(j),Fn(j − 1)) | Fn(j − 1))]− 1
∣∣ P→ 0. (6.2.101)

Substituting the bounds from (6.2.95) and (6.2.101) into (6.2.93) we obtain

max
j≤tn2/3

∣∣Var(Xn(j) | Fn(j − 1))− 1
∣∣ P→ 0. (6.2.102)

Summing over j ≤ tn2/3 the claim follows, by uniformity of the convergence.
We can now �nally complete the proof of �eorem 6.1.4:

Proof of �eorem 6.1.4. We apply �eorem 6.2.1 with (Sn(k))k≥0 = (Sλn(k))k≥0 and
τ = λ. Conditions (1) and (2) are satis�ed by Lemma 6.2.2, Condition (3) by Proposition
6.2.4 and Condition (4) by Lemma 6.2.5. We can then conclude that

S
λ

n(s) =
(
n−1/3Sλn(sn2/3)

)
s≥0

d→
(
W (s) + 2λs− s2

2

)
s≥0

. (6.2.103)

6.3 Scaling limit of number of edges in large critical
components

In this section we prove that in the largest connected components of the critical RIG
G(n,m, p), when α < 1, the total number of edges is of higher order of magnitude
than the number of vertices, i.e., for every j,

|Cj | = oP(|E(Cj)|). (6.3.1)

�e reason is that if we assume that α < 1, G(n,m, p) is built by planting cliques
whose sizes are close to

√
n/m, each of which contains around n/(2m) edges.

We now prove Lemma 6.1.6 and Proposition 6.1.7. Because the edges in the RIG
are generated on the basis of how individuals are assigned to communities, we �rst
prove that w.h.p. G(n,m, p) does not contain unusually large communities. We recall
that for each community w ∈W, the number of its elements is given by

∂B1(w) =
∑
v∈U

1{{v,w} is open}
d
= Bin(n, p). (6.3.2)

To prove that there are no exceptionally large communities we use results from
standard concentration inequalities for binomial random variables:
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�eorem 6.3.1. [55, �eorem 2.21] Let X d
= Bin(n, p). �en for every t > 0

P(X − np ≥ t) ≤ exp
{ −t2

2np+ 2td/3

}
. (6.3.3)

We next prove Lemma 6.1.6, i.e., that the graph does not contain communities
that are signi�cantly larger than the average:

Proof of Lemma 6.1.6. We only prove (6.1.19); the proof of (6.1.20) is identical with
the roles of m and n switched. We know that ∂B1(w)

d
= Bin(n, p). We use (6.3.3)

with t = εnp for some ε > 0 small enough,

P(∂B1(w)− np ≥ εnp) ≤ exp
{
− −(εnp)2

2np+ 2εnp/3

}
≤ exp

{
− 3ε2np

8

}
. (6.3.4)

�us, we write

P
(

max
w∈W

{∂B1(w)

np
− 1
}
≥ ε
)
≤ mP(∂B1(w)− np ≥ εnp)

≤ m exp
{
− 3ε2np

8

}
→ 0.

(6.3.5)

�is result is important since when we run the two-step exploration on Kp(n,m)
starting from v0 ∈W, as we do to studyG(n,m, p) when α < 1, the process explores
one community at every step, so from the sizes of the communities explored in the
�rst k steps we can bound the number of edges explored:

Proof of Proposition 6.1.7. We start noting that for every community v ∈W, ∂B1(v)
induces a clique in the RIG, and that every edge of G(n,m, p) must belong to at least
one such clique. From this we deduce that

E(k) ≤
∑
j≤k

∂B1(vj)(∂B1(vj)− 1)

2
. (6.3.6)

Indeed, in this upper bound, we are ignoring the fact that the exploration might have
already found some of the edges in the j-th community in the previous steps. By
Lemma 6.1.6, ∑

j≤k

∂B1(vj)(∂B1(vj)− 1)

2
≤ knp(np− 1)

2
(1 + oP(1))

=
kn

2m
(1 + oP(1)).

(6.3.7)
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We thus obtain that

E(tm2/3) ≤ tn

2m1/3
(1 + oP(1)). (6.3.8)

For a lower bound instead, we note that all the edges added in the community
corresponding to vk among vertices in U \ Q(k − 1), are in E(k) \ E(k − 1), since
such vertices have not been found yet by the exploration process, so that none of the
edges incident to them have been explored. �us we write, recalling the de�nition of
∂B1(vj ,Q(j − 1)) from (6.1.2),

E(j)− E(j − 1) ≥ ∂B1(vj ,Q(j − 1))(∂B1(vj ,Q(j − 1))− 1)

2
, (6.3.9)

and we note that

(∂B1(vj ,Q(j − 1)) | Fn(j − 1))
d
= Bin(n− Q(j − 1), p). (6.3.10)

We de�ne the random variable B as

B
d
= Bin(n− 2tn1/2m1/6, p). (6.3.11)

Note that under the assumption that

Q(tm2/3 − 1) ≤ 2tn1/2m1/6, (6.3.12)

it holds, for every given t ∈ (0,∞),

(∂B1(vj ,Q(j − 1)) | Fn(j − 1)) � B, ∀j ≤ tm2/3. (6.3.13)

We then obtain that, by (6.3.9), if (6.3.12) is satis�ed, which happens w.h.p. by Lemma
6.1.5, then

(E(j)− E(j − 1) | Fn(j − 1)) � B(B − 1)

2
, ∀j ≤ tm2/3. (6.3.14)

�us, there exists a coupling between (E(j))j≥1 and a sequence of i.i.d. random
variables (B(j))j≥1, each with distribution identical to B, such that

P
(
∃j ≤tm2/3 : E(j)− E(j − 1) <

B(j)(B(j)− 1)

2

)
≤ P(Q(tm2/3 − 1) > 2tn1/2m1/6)→ 0.

(6.3.15)
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We recall the formulas for the third and fourth moments of binomial random variables:

E[Bin(n, p)3] = np(1− 3p+ 3np+ 2p2 − 3np2 + n2p2), (6.3.16)
E[Bin(n, p)4] = np(1− 7p+ 7np+ 12p2 − 18np2 (6.3.17)

+ 6n2p2 − 6p3 + 11np3 − 6n2p3 + n3p3),

so that we can bound

E[B(j)(B(j)− 1)] = (np)2(1 + o(1)) = n/m(1 + o(1)), (6.3.18)
Var(B(j)(B(j)− 1)) = 6(np)2(1 + o(1)) = 6n/m(1 + o(1)). (6.3.19)

As a result, by the second moment method, for every t ∈ (0,∞),∑
j≤tm2/3

B(j)(B(j)− 1)

2
=

tn

2m1/3
(1 + oP(1)). (6.3.20)

From (6.3.15) we know that, for every ε, t > 0,

lim sup
n→∞

P
(
E(tm2/3) ≤ (t− ε)n

2m1/3

)
≤ lim sup

n→∞
P
( ∑
j≤tm2/3

B(j)(B(j)− 1)

2
≤ (t− ε)n

2m1/3

)
= 0.

(6.3.21)

Combining (6.3.8) and (6.3.21) we conclude that, for every t ∈ (0,∞),

E(tm2/3)m1/3

n
− t

2

P→ 0. (6.3.22)

We obtain the claimed uniform convergence from the fact that (E(k))k≥0 is a non-
decreasing process and the function t 7→ t/2 is continuous.





Chapter 7

Summary and open problems

In this last chapter of the thesis, we present some re�ections and conjectures related
to the results we proved in the previous chapters.

7.1 Boundary cases in the Con�guration Model

With the results proved in Chapter 3, the connectivity critical window is fully explored.
Indeed, we have determined the asymptotic probability for the con�guration model to
produce a connected graph for all possible choices of the limiting degree distribution.
What remains is to �nd the asymptotic of the number of connected simple graphs
with degree distribution d when it is below the connectivity critical window (i.e.,
when n1 � n1/2). In this case we should analyse how fast the probability to produce
a connected graph vanishes, which is a hard problem.

Recall that we assume that p2 < 1 in Condition 1.2.2. To address the last boundary
case, not considered in Remark 1.2.4, that is, when p2 = 1, it is also worth noticing
that the size of the largest component is very sensitive to the precise way in which
n2/n tends to 1, as we describe now. Remember that in this case, CMn(d) is always
disconnected w.h.p. We de�ne C(v) to be the connected component of a uniformly
chosen vertex. When n2 = n, it is not hard to see that

|Cmax|
n

d→ S;
|C(v)|
n

d→ T, (7.1.1)

where S, T are proper random variables that satisfy the relation S d
= T ∨ [(1− T )S].

Instead, |Cmax|/n
P→ 0 when n2 = n− n1, with n1 →∞. Indeed, for the case where

n1 > 0, we take n′2 = n2+n1/2, and produce CMn(d) from the con�guration model

133
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with n′2 vertices of degree 2 by ‘spli�ing’ n1/2 vertices of degree 2 into two vertices
of degree 1. �is is w.h.p. enough to break most of the cycles of linear length in n.

If, on the other hand, n1 = 0, n − n2 → ∞ and n2 = n(1 − o(1)), we note
that, sequentially removing all the vertices of degree 2 and joining directly their
neighbours, what we obtain is a con�guration model with minimum degree at least 3,
which is connected w.h.p. �us, every vertex that is connected to a vertex that has
degree at least 3 is in the same giant component, which has size n(1− oP(1)), and all
that is le� outside of it consists of cycles. We expect in this case to see relatively large
components outside the giant (even of polynomial size and thus much larger than
the second component we observe in most supercritical random graphs), as vertices
of degree larger than 2 are quite rare and thus it is possible even for a rather large
component not to contain any of them.

We see that in this case there is a big jump in the structure of the graph, changing
the degree of only a small portion of the vertices, and this explains why it is important
to assume that p2 < 1 in Condition 1.2.2, as when p2 < 1 the structure of the graph
is much less sensitive to changes in the degree of very few vertices.

7.2 Universality of connectivity of product graphs

We believe that for a quite wide class of Cartesian products of graphs it is true that
the critical window for connectivity of the entire graph coincides with the one for the
individual copies of the base graph. In particular, we see that for every sequence of
regular graphs Gn with degree m and volume V such that m,V →∞, the threshold
for the existence of isolated points is the same both for the base graph and for the
product of d copies of Gn for any �xed d ≥ 2. We proved this in Chapter 4 for the
case Gn = Kn. We see that in Gn, the probability of having isolated vertices has a
limit in (0, 1) when the expected value of the number of isolated vertices satis�es

lim
n→∞

Vn(1− p)m = ν(1) ∈ (0,∞), (7.2.1)

while in Gdn, the Cartesian product of d copies of Gn, the limit probability not to have
isolated vertices is non-trivial when

lim
n→∞

V dn (1− p)dm = ν(d) ∈ (0,∞). (7.2.2)

It is possible to prove that these are the correct thresholds via the method of moments,
proving that the limit distribution of the number of isolated points is Poi(ν(d)), as it
was done in Section 4.2 in the case of isolated points in Hp(d, n). With a bit more
e�ort it is possible to show that the same is true for non-regular graphs, provided
that the minimum degree tends to in�nity. It is easy to spot that ν(d) = ν(1)d, and
consequently, ν(d) has a limit in (0,∞) if and only if ν(1) does. In most models
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that have been investigated, the isolated points determine the connectivity threshold.
�ere are only very few exceptions, like one-dimensional models [8] or models in
which the number of isolated vertices is an explicitly tunable parameter, like the
con�guration model [40]. We thus believe this argument to identify the connectivity
threshold for a large class of high-degree regular graphs.

We believe the induction argument used in Chapter 4 to prove that the critical
window for connectivity of Hp(d, n) is the same for all d to work in a more general
se�ing. For every possible choice of the base graph Gn we can �nd a partition of the
vertex set in two sets L and R, like the one we described for Kn in Section 4.3 such
that every vertex has more neighbours on the other side of the partition than on its
own side, so that we can try to connect every edge on one side of the graph to many
connected hyperplanes on the other side. We consequently conjecture that for all
graphs such that the connectivity threshold is identi�ed by the existence of isolated
vertices it is true that the connectivity threshold is the same for its d-th Cartesian
powers for all d ≥ 1:

Conjecture 7.2.1. Consider a sequence of graphs G(n) = (Vn,En). De�ne Gdn as the
Cartesian product of d copies of G(n). If

P(Gp(n) is disconnected, Yn = 0)→ 0, ∀(pn)n≥1 ∈ [0, 1]N, (7.2.3)

then, for every sequence pn such that limn→∞ P(Gp(n) is connected) exists,

lim
n→∞

log(P(Gdp(n) is connected)) = −| lim
n→∞

log(P(Gp(n) is connected))|d. (7.2.4)

�e intuition behind this conjecture is that the threshold for isolated points is
the same for both the single graph Gp(n) and the entire product graph Gdp(n), and if
each vertex v of any line (i.e. individual copy of G(n)) has enough neighbours on
the other side of the partition, it will likely be connected to a vertex w for which the
hyperplane passing through w orthogonal to (v, w) is internally connected, and so
we can replicate the argument used to prove Proposition 4.3.3. �is, in particular,
implies that the window such that the connectivity probability is non-trivial is the
same for both graphs Gp(n) and Gdp(n).

We wish to �nd a way to rewrite the conjecture in terms of graph properties
that are more natural and easier to check, and we expect this to be an even greater
challenge than to prove the conjecture in the present form.

7.3 Local vs. global geometry

Analysing the proof of the results about the critical point for percolation as in �eorem
1.4.3 we see that the geometric structure of H(d, n) plays a much more important



136 Chapter 7. Summary and open problems

role in the small-scale structure of Hp(d, n) than in its large-scale behaviour. Indeed,
we see how the shi� in the critical point is due to the presence of cycles within one
line, which are of length OP(log n), because the lines are subcritical ERRGs, while
connections that happen through multiple lines represent lower-order terms in the
expansion.

We see that a similar phenomenon happens also in the nearest-neighbour torus,
as shown in [63], where the �rst terms of the expansion of the critical point ofH(2, d)
and Zd as d→∞ are related to cycles of bounded length.

We believe that in general, in most percolation models, the features that in�uence
the critical point would be the short cycles, and, as these two quantities are related,
the probability for a random walk to return to the starting point in a short time. In
particular it seems possible that in most transitive graphs the di�erence between pc
and the trivial lower bound 1/(m−1) given by the branching process approximation,
will be of order m−g+2, where g is the girth of the starting graph, like it happens
both in H(d, n), n→∞ and H(2, d), d→∞, as that is usually the probability that
a non-backtracking random walk returns to the starting point in the shortest time
possible.

7.4 Full expansion of the critical point for H(d, n)

In Chapter 5 we have computed the second term of the expansion of pc for Hp(d, n)
in inverse powers of the degree. �e �rst one was already known from [27] for a
larger class of graphs. Such an expansion gives us an exact description of the critical
window for d ≤ 6, but it fails to capture the higher-order terms, which are relevant
for d ≥ 7. We know from [25] that once we identify one point pc in the critical
window, the entire critical window is made of all the p of the form

p = pc(1 + Θ(V −1/3)) = pc + Θ(m−(1+d/3)). (7.4.1)

In order to �nd the exact position of the critical window we need to determine all the
terms in the expansion that are orders of magnitude bigger than Θ(m−(1+d/3)).

Our proof in Chapter 5 shows that the Θ(m−2) term in (1.4.8) is the e�ect of the
one-dimensional loops and diagrams. Indeed, we have proved the lower bound using
the line-wise exploration, which explores one-dimensional spaces in one go, and in
the lace expansion upper bound the leading order terms were the ones in which all
the connections were contained in one line. It seems reasonable that every further
term would require us to analyse the geometry of H(d, n) at a higher level (e.g. to
compute the third coe�cient we should deal with connections in two-dimensional
subspaces and so on). �e nice property that lines in Hp(d, n) are ERRGs made the
analysis of the second term feasible, for higher-dimensional subspaces we expect the
computations to be signi�cantly more involved.
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We further compare our results with those obtained by van der Hofstad and Slade
in [62, 63] for hypercube percolation, i.e., for Hp(2, d) as d→∞. On the hypercube,
the width of the critical window is of order

1

mV 1/3
=

1

m2m/3
� 1

mα
∀α ∈ N. (7.4.2)

Consequently, all the terms of the expansion are relevant. In that case, though, it
was possible to prove the existence of the full expansion, and the fact that all the
coe�cients were rational numbers. For H(2, d) this comes from the fact that every
diagram can be con�ned in a subspace of bounded dimension, and taking the limit
as n is �xed and d → ∞, k-dimensional subgraphs do not evolve, but remain all
isomorphic to H(2, k). So it was possible to write all the probabilities of events that
happen in a k-dimensional subgraph as a bounded-degree polynomial in p to derive
the existence of the in�nite expansion and explicitly compute its �rst terms. In the
limit as n→∞ instead, the geometry of a k-dimensional subgraph changes with n,
and so it is not clear how to adapt the proof.

Our work supports the conjecture from [54] about the existence of an expansion
as in (5.1.10), i.e. that

p(d)

c (θ) = m−1 +
2d2 − 1

2(d− 1)2
m−2 +

bd/3c∑
k=3

ck(d)m−k +O(m−1V −1/3), (7.4.3)

but we do not have a good argument to prove it, and we are not able to predict
whether all the coe�cients ck(d) are rational for every k and d or not. On the other
hand, H(d, n) should have an in�nite expansion with rational coe�cients for every
�xed n in the limit as d → ∞. �e proof of its existence would be identical to the
one done for n = 2 in [62], and the explicit computation of some coe�cients would
be a long lace-expansion argument with li�le mathematical novelty.

7.5 Comparison of the RIG with other models and
universality of the critical exponents

�e main take away from Chapter 6 is that the size of the largest clusters of the RIG
at criticality is in the same universality class of the ERRG [5] if α > 1, while it is
in a di�erent one if α < 1. We can compare the behaviour of the RIG with many
other inhomogeneous random graph models, whose critical phase has been studied
in detail, starting with the work of Aldous and Limic [6]. We notice a strong analogy
with the behaviour of the rank-1 inhomogeneous random graphs (IRG) [14, 16, 17, 29]
and the con�guration model (CM) [33,34] with power-law degree distributions. �ese
models show a critical behaviour that depends on the precise choice of the exponent
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τ of the power-law in a similar way as the critical behaviour of the RIG depends on
the exponent α.

We de�ne the critical exponent ρ as the limit in probability of log |C1|/ log n. Both
for the IRG and the RIG there exists a region for the parameters (τ > 4 and α > 1
respectively) in which the phase transition has the same critical exponent ρ = 2/3
as the ERRG, which is considered the mean-�eld model for random graphs, as it is
the one with the highest symmetry and homogeneity. Instead for τ ∈ (3, 4) and
α ∈ (0, 1) we have a non-mean-�eld critical exponent ρ ∈ (1/2, 2/3), and, �nally,
we see that for τ < 3 and α = 0, respectively, there is no phase transition.

It is important to notice that the structure of the IRG and the RIG are very di�erent,
since in the IRG a few hubs (the vertices with the largest degrees, of order n

1
τ−1 ) are

the ones that determine the structure of the random graph, with the other vertices
playing a minor role, while in the RIG all the communities have size ΘP(n

1−α
2 ) and

the source of inhomogeneity is the existence of two di�erent kinds of vertices in
Kp(n,m). �is di�erence is seen in the variables to which critical component sizes
converge a�er rescaling. �e results in [29] by Broutin et al. about the IRG do not
require the assumption that the degree distribution converges to a power law. �eir
result suggests that it might be possible to generate versions of the IRG (and maybe
the CM) with a non-mean-�eld critical exponent but the same limit variables as in
the ERRG and the RIG. �is could be achieved imposing the existence of very few
vertices of very high degree and a vast majority of vertices of very low degree, with no
middle ground, as it happens in Kp(n,m). �ese observations suggest the existence
of a bigger class of inhomogeneous random graph models such that ρ = 2/3 when
the inhomogeneity is not too strong, and ρ ∈ (1/2, 2/3) when the graph is highly
inhomogeneous, and it would be interesting to analyse even more inhomogeneous
models to investigate whether this phenomenon is indeed universal.

IRG RIG
ρ = 2/3 τ > 4 α > 1
1/2 < ρ < 2/3 3 < τ < 4 0 < α < 1
No phase transition τ < 3 α = 0

Another analogy we see between the RIG and the IRG and CM is that as the
inhomogeneity of the graph increases (i.e., as τ and α get smaller) the largest sub-
critical components get bigger, compare for example the results of Janson about the
CM [67] and of Behrisch about the RIG [11]. �is has a clear interpretation as a
consequence of the increase in the maximum degree, which is ΘP(n

1
τ−1 ) in the IRG

and CM and ΘP(n
1−α
2 ) in the RIG, and corresponds, up to respectively a constant and

a logarithmic term, to the size of the largest subcritical component. On the other hand,
in the supercritical phase we see that in the IRG and CM the largest supercritical
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component has size ΘP(n) for all τ , while in the RIG it depends on the choice of α, as
we have seen in (1.5.3).

For the IRG and the CM also the scaling limit of the large critical components
seen as metric spaces have been investigated (see [1, 15, 18]), and in particular, it is
known that the typical distances between vertices inside a large critical connected
component scale as nη , with η = (τ −3)/(τ −1), when τ ∈ (3, 4), which means that
they get smaller as the inhomogeneity increases. It is reasonable to expect a similar
behaviour in the RIG as α → 0, since when α = 0 (i.e. when m = 1 for all n), the
largest component of G(n,m, p) is a clique, which has diameter 1.

7.6 Final conclusions

In this thesis, we have explored many di�erent models and problems related to random
graph theory. We have seen how the global structure of random graphs shows many
similarities across very di�erent models, and it is o�en able to ignore some of the
local details.

We have seen in Chapters 3 and 4 that connectivity can be determined by very
di�erent minimal obstructions, but that it is related to the existence of some small iso-
lated components that appear uniformly at random in the graph, and it is determined
w.h.p. by the existence in the graph of su�ciently low-degree vertices, something
that is �xed deterministically in the con�guration model, and that happens at a sharp
threshold for Hamming graph percolation.

We also observe how in percolation on �nite graphs, the geometric structure, and
in particular, the fact that such models have more clustering than the Erdős-Rényi
random graph, produces a shi� in the critical point for the phase transition for the
existence of a giant component, as many edges are used to create cycles. We observe
that inH(d, n), as n→∞, when d ≥ 4, the critical point for the phase transition does
not correspond to the critical point of the branching process that locally approximates
the exploration of the graph. �is is a phenomenon that had already been observed
for the hypercube H(2, d) in [63] but this time we are able, for 4 ≤ d ≤ 6 for the �rst
time, to compute the exact position of the critical window.

From the study of the Random Intersection Graph we observe that the critical
scaling limit for component sizes in terms of both vertices and edges presents some
general trends across di�erent models, but its speci�c shape is determined by the
speci�c properties of the graph. In particular, we see that there exist very di�erent
critical exponents and limit variables, depending mainly on the degree sequence of
the graph and that the largest critical connected components are smaller when the
graph has a very highly inhomogeneous degree sequence. Intuitively, this is because
when there are vertices of very high degree, they tend to connect very quickly, and,
consequently, they to create a single connected component that is much larger than
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all the others, before they are able to connect with many low-degree vertices. �us, a
large gap appears between the size of the largest component (that contains the highest
degree vertices) and of the other components while the �rst one is still relatively
small. �is component then turns into the giant component as new edges are added.

What we can conclude is that there are plenty of similarities in the ways that
di�erent random graph models give rise to a giant component or achieve connectivity.
Still, each model has been designed with very speci�c properties, usually to reproduce
di�erent properties of real-world networks. �ese o�en include highly inhomoge-
neous degree sequences, community structure, or an underlying geometric space. It
is thus a very hard challenge to produce a general uni�ed theory that encompasses
all the existing models. To achieve this it will probably be necessary to deeply change
the way we think of random graphs and a mere sharpening of the already existing
techniques will likely not su�ce.



Bibliography

[1] L. Addario-Berry, N. Broutin, and C. Goldschmidt. �e continuum limit of
critical random graphs. Probab. �eory Related Fields, 152(3-4):367–406, (2012).

[2] M. Aizenman and D. J. Barsky. Sharpness of the phase transition in percolation
models. Comm. Math. Phys., 108(3):489–526, (1987).

[3] M. Aizenman and C. M. Newman. Tree graph inequalities and critical behavior
in percolation models. J. Statist. Phys., 36(1-2):107–143, (1984).
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Graphs ’93” (Poznań, 1993), volume 6, pages 161–179, (1995).

[84] M. Molloy and B. Reed. �e size of the giant component of a random graph
with a given degree sequence. Combin. Probab. Comput., 7(3):295–305, (1998).

[85] A. Nachmias and Y. Peres. Component sizes of the random graph outside the
scaling window. ALEA Lat. Am. J. Probab. Math. Stat., 3:133–142, (2007).

[86] A. Nachmias and Y. Peres. Critical random graphs: diameter and mixing time.
Ann. Probab., 36(4):1267–1286, (2008).

[87] A. Nachmias and Y. Peres. Critical percolation on random regular graphs.
Random Structures Algorithms, 36(2):111–148, (2010).

[88] A. G. Pakes. Some limit theorems for the total progeny of a branching process.
Advances in Appl. Probability, 3:176–192, (1971).

[89] M. Penrose. Random geometric graphs, volume 5 of Oxford Studies in Probability.
Oxford University Press, Oxford, (2003).

[90] M. D. Penrose. Inhomogeneous random graphs, isolated vertices, and Poisson
approximation. J. Appl. Probab., 55(1):112–136, (2018).

[91] B. Pi�el. On the largest component of the random graph at a nearcritical stage.
J. Combin. �eory Ser. B, 82(2):237–269, (2001).

[92] D. Reimer. Proof of the van den Berg-Kesten conjecture. Combin. Probab.
Comput., 9(1):27–32, (2000).



148 Bibliography

[93] D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293
of Grundlehren der Mathematischen Wissenscha�en [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, Berlin, third edition, (1999).

[94] L. Russo. On the critical percolation probabilities. Z. Wahrsch. Verw. Gebiete,
56(2):229–237, (1981).

[95] D. J. Sivako�. Random site subgraphs of the Hamming torus. Pro�est LLC,
Ann Arbor, MI, (2010). �esis (Ph.D.)–University of California, Davis.

[96] D. J. Sivako�. Site percolation on the d-dimensional Hamming torus. Combina-
torics, Probability and Computing, 23(02):290–315, (2014).

[97] G. Slade. �e lace expansion and its applications, volume 1879 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin, (2006). Lectures from the 34th Summer
School on Probability �eory held in Saint-Flour, July 6–24, 2004, Edited and
with a foreword by Jean Picard.

[98] A.-S. Sznitman. Vacant set of random interlacements and percolation. Ann. of
Math. (2), 171(3):2039–2087, (2010).

[99] E. Szpilrajn-Marczewski. Sur deux propriétés des classes d’ensembles. Fund.
Math., 33:303–307, (1945).

[100] W. Whi�. Proofs of the martingale FCLT. Probab. Surv., 4:268–302, (2007).

[101] D. Williams. Probability with Martingales. Cambridge Mathematical Textbooks.
Cambridge University Press, Cambridge, (1991).

[102] N. C. Wormald. �e asymptotic connectivity of labelled regular graphs. J.
Combin. �eory Ser. B, 31(2):156–167, (1981).



About the author

Lorenzo Federico was born in Velletri, Italy, on 22nd July 1990. He obtained his
high school diploma cum laude in 2008 at “Liceo Classico Ugo Foscolo” in Albano
Laziale. In the same year, he started his studies in mathematics at ”Università degli
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Summary

In research about random graphs, since the beginning in the ’50s, one of the most
important topics has been the study of phase transitions, that is, the appearance
of sharp thresholds in the parameters of the model for the appearance of certain
graph properties. For what concerns the size of the connected components of a
random graph, most models present three phases: the subcritical phase, in which all
the components are small compared to the total size of the graph, the supercritical
phase, in which there is a single component, called giant component, which makes
up a positive proportion of the graph, and many much smaller components, and a
connectivity phase in which the entire graph is connected. �is thesis presents new
results about both the location of the threshold and the structure of the graph at the
point of the phase transition about well-known models: the Con�guration Model,
percolation on �nite graphs, in particular on the Hamming graph, and the Random
Intersection Graph. In Chapter 1 we present an overview of the most famous results
about phase transitions for connectivity and the existence of a giant component in
many di�erent random graph models and state the main theorems that will be proved
in this thesis. In Chapter 2, we recall many standard proof tools commonly used in
random graph theory and related �elds, such as the method of factorial moments
to prove Poisson convergence, the BK and FKG inequalities, lace-expansion and the
Martingale Functional Central Limit �eorem. From Chapter 3 onwards, we start
proving the original results of this thesis, in particular, we re�ne the known results
about the connectivity threshold of the Con�guration Model, which is a way to
sample random multigraphs with a prescribed degree sequence. We show that the
limit probability to have a connected graph in the large volume limit is determined
by the proportion of vertices of degree 1 and 2 and by the average degree. Moreover,
when the graph has a non-trivial probability to be connected, what is outside the giant
is a Poisson-distributed number of components shaped like lines and cycles. Chapters
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4 and 5 are dedicated to the study of percolation on the Hamming graph, that is, the
Cartesian product of complete graphs. In Chapter 4 we identify the connectivity
threshold, showing that it coincides with high probability with the threshold for the
existence of isolated points. �is is done using an exploration algorithm that exploits
the speci�c hierarchical structure of the Hamming graph. In Chapter 5 we instead �nd
the threshold for the existence of a giant component. For the lower bound we again
use an exploration algorithm tailored to the geometry of the Hamming graph, while
for the upper bound we use standard lace-expansion techniques. On our way to the
main result, we also prove some sharper asymptotics on the structure of subcritical
Erdős-Rényi random graphs. Chapter 6 deals instead with the study of the Random
Intersection Graph, a graph obtained from a bipartite random graph connecting two
vertices on one side if they share at least one neighbour. Speci�cally, we describe the
scaling limit of the number of vertices and edges in the largest connected components
at the critical point for the creation of a giant component, which turns out to be
di�erent depending on the asymptotics of the ratio between the size of the two sides.
�e proof is carried out using the Martingale Functional Central Limit �eorem to
analyse an exploration process of the graph. Finally, in Chapter 7 we discuss possible
ways to improve the work done in this thesis, either by proving the same theorems in
a more general se�ing or by sharpening the results.
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