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Abstract

The goal of the project is to create a model that can be used to determine the
spatial distribution of a nanoparticle tethered to a surface with a single polymer.
The spatial distribution of a surface-tethered nanoparticle is built using polymer self-
consistent mean field theory. Two models are created in Mathematica where this
numerical method is used. The polymer tethers the nanoparticle to the surface. To
find the spatial distribution of the nanoparticle, all possible polymer configurations
are computed for a given nanoparticle position. The self-consistent field theory is
used to determine the mean fields and Helmholtz free energy for a given nanoparticle
position. By sampling the free energy for all possible nanoparticle positions around
the tether point, it is possible to compute the spatial distribution of the nanoparticle.
The effect of the chain length of the polymer and an interaction parameter are
investigated. The interaction parameter is a measure for the interaction between the
polymer segments and the solvent. For a positive parameter, the polymer monomers
wants to be surrounded by other polymer monomers. For negative values of the
parameter, the polymers monomers want to be surrounded by solvent particles. The
spatial distribution of the nanoparticle showed that for a positive interaction, the
most probable nanoparticle positions lie closer to the tether point than for negative
values of the interaction parameter. The number of polymer segments does not
change the shape of the spatial distribution, but it affects the resolution of the
spatial distribution of the nanoparticle. Further research can be used to extend the
model by changing the nanoparticle shape to be able to compare the theoretical
spatial distributions to experiments performed in the field of bio-sensing.
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Chapter 1

Introduction

An application of nanoparticles in the field of bio-sensing is a measurement of the
dynamics of a nanoparticle by tethering it to a surface. A nanoparticle tethered to
a surface by a single polymer can be studied with tethered particle motion (TPM).
This technique measures the position of the nanoparticle as a function of time. The
measurements can be translated into a spatial distribution by translating the time-
evolution into a probability distribution. [3] Colloidal particles that are used in the
field of bio-sensing are analyzed by using TPM. [14] Due to the small size of the
particle, it is sensitive to thermal fluctuations, which can be measured as Brownian
motion. Brownian motion causes particle at the micro-scale to explore space. The
sweeping out of the nanoparticle gives a probability distribution for the nanoparticle
position. A specific example of an experiment in which TPM is used is the deter-
mination of the end-to-end distance of a DNA polymer. The DNA polymer tethers
the nanoparticle to the surface and the spatial distribution of the nanoparticle is
measured. The bending, looping and wrapping of the polymer are some aspects

Figure 1.1: A schematic drawing of a particle tethered to a surface. The
dashed line indicates the restricted volume in which the particle can move.
The blue and orange particle are two possible configurations where the particle
is tethered to the same point but the position of the particle is different. By
measuring the position of the particle for a long period of time, one can find
the spatial distribution during experiments.
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that determine the space of conformations, but proteins interacting with the DNA
polymer determine the space of conformations as well. The space of conformations
determines the spatial distribution of the nanoparticle and the end-to-end distance
of the polymer. [4] Experiments have been perform to determine the properties of
a tether by measuring the spatial distribution of the nanoparticle, but a numerical
model can be useful to understand measured this spatial distributions and the pa-
rameters that might affect properties of the tether, and therefore also the spatial
distribution of the nanoparticle. Since the particle is tethered to a point on the
surface, the spatial distribution is restricted to a specific volume due to the limited
length of the tether. Figure 1.1 shows two possible configurations of a particle teth-
ered to the same point on the surface. The probability distribution of position of
the particle is dependent on, among other things, the properties of the polymer that
tethers the particle to the surface. [6] A measurement of the spatial distribution
as a function of time can be used to determine properties of the polymer, such as
the persistence length or the monomer-monomer interactions of the polymer. When
nanoparticles are used for biosensors, the spatial distribution can also provide infor-
mation about the particle-molecule-substrate system. [14]

During this research, the focus lies on the computation of spatial distribution that
depends on the properties of the tether. The spatial distribution of the nanoparticle
is related to the chemical composition of the polymer. The scaling law for polymers
as described by Flory theory [7] states that the end-to-end distance of the polymer
scales with

R ∝ bNν

where ν is the parameter that described the scaling, b is the length of a segment
and N is the number of polymer segments. For an ideal (Gaussian) polymer, the
end-to-end distance scales with N1/2 and for a non-ideal polymer, the end-to-end
distance scales with N3/5 as predicted by Flory. [1] The fact that the two different
types of polymers scale differently with the number of segments is related to the
excluded-volume effects and the monomer-monomer interaction. In a real system,

(a) Self-avoiding random walk (b) Simple random walk

Figure 1.2: Two possible walks for a self-avoiding polymer (a) and an ideal
polymer (b). Both polymers consist of 15 segments but the end-to-end distance
is different. Image from Jason M. Whyte, adjusted. [15]
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polymers are self-avoiding and cannot overlap with other polymers. This property
leads to so-called self-avoiding random walks. [7] Figure 1.2 shows the end-to-end
distances for both a self-avoiding and random walk. The spatial distribution is thus
dependent on the strength of the monomer-monomer interaction and the excluded-
volume effects. If one wants to determine the spatial distribution, it is possible to
perform a brute force attack to find all possible polymer configurations, but this is
not efficient. Another method is to to approximate these monomer-monomer inter-
actions with self-consistent field theory. [5]

The goal of the project is to develop a model with self-consistent field theory that
can be used to calculate the spatial distribution of the nanoparticle around its tether
point on the surface. The two models that are described in this report take into
account the excluded-volume effects of non-ideal polymer chains. The model is
created in Mathematica for ease of implementation and to gain experience in this
powerful computational tool. In this project, we focus on the role of two aspects on
the spatial distribution of the nanoparticle. These aspects are

1. The number of polymer segments

2. The monomer-monomer interaction, which is the interaction between the sol-
vent and the polymer

The models created here can be used to calculate the spatial distribution of the
nanoparticle incorporating the number of polymer segments and the monomer-
monomer interactions.

The tethered nanoparticle is approximated by telechelic polymers bridging between
two parallel plates. For telechelic polymers, one surface represents the surface to
which the nanoparticle is connected and the other surface represents the nanopar-
ticle, which is assumed to be much larger than the polymer. Due to interactions
between the monomers of the polymer, the polymer stretch away from the surface.
The interactions are approximated by using self-consistent fields. The spatial distri-
bution of the nanoparticle is calculated with the Boltzmann factor of the Helmholtz
free energy.

The second, more realistic, system is a two-dimensional description of the tethered
nanoparticle. This model is an extension of the quasi one-dimensional model. The
nanoparticle is placed on a two-dimensional lattice and the nanoparticle occupies
a single lattice site. Similar to the one-dimensional model, the Helmholtz free en-
ergy is calculated for all possible nanoparticle positions and the Boltzmann factor
is used to determine the spatial distribution of the nanoparticle. Both systems are
described and discussed in the report. The aim is to make meaningful predictions
for the spatial distribution of the nanoparticle around its tether point, depending
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on the number of polymer segments and the monomer-monomer interaction.

Chapter 2 provides a theoretical description of the one- and two-dimensional system
that are used to model the nanoparticle tethered to a surface. These descriptions of
the systems are implemented in Mathematica and the models that are made based on
the mathematics are described in chapter 3. The results of the models are reported
in the later chapter. This chapter contains a description of the system based on the
model and the results of the investigation of several factors such as the length of the
polymer and the effect of an interaction parameter called χ for both models. The
project and results are summarized in the concluding last chapter.
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Chapter 2

Theoretical description of the
one- and two-dimensional
nanoparticle system

Polymers are macromolecules that are built from monomer segments. Self-consistent
field theory (SCFT) is a mean field theory uses mean fields to approximate the in-
teractions between monomer segments. SCFT has been used in the field of polymer
physics and colloidal particles for quite some time. Scheutjens and Fleer [9] devel-
oped the numerical SCFT for polymers. The polymers are represented on a lattice
and the possible configurations within the mean fields are generated with "lattice
propagators".

SCFT is applied to the surface-tethered nanoparticle by making two models. The
first model is a quasi one-dimensional approach with a polymer that is tethered to
two infinitely large surfaces. A more refined extension of the one-dimensional model
is a two-dimensional one. The mathematical description of both models is given as
well as the Helmholtz free energy expression that determined the spatial distribution
of the nanoparticle.

2.1 Theoretical description of the telechelic polymer sys-
tem

Before introducing the two-dimensional nanoparticle that is tethered to a surface
with a single polymer, it is useful to investigate the system with telechelic poly-
mers grafted to two opposing surfaces. The first grafted end represents the polymer
tethered to the surface and the other grafted end represents the polymer tethered
to the surface. The second surface can be seen as a large particle that can only
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(a) One-dimensional approximation (b) Multiple polymers tethered between
two plates.

Figure 2.1: A schematic picture of the tethered nanoparticle that is approx-
imated as a quasi one-dimensional system with a telechelic polymer tethered
to two surfaces. The blue circle represents the nanoparticle. The two plates
can also be connected with multiple polymers.

move in a single direction. A schematic picture of the situation is shown in figure
2.1. Polymer self-consistent field theory [8, 9] is used to approximate the monomer
density between the two surfaces. The Scheutjens and Fleer method [9] is used to
determine the single-polymer partition function, which can be used to determine the
monomer density profile. The model uses self-consistent mean fields to describe the
contribution of monomer-monomer interaction and excluded-volume effects.

The lattice on which the telechelic polymers are modelled contains M layers, each
layer consists of A sites per layer and a single layer is indexed by m. The polymer
consists of N segments and a single monomer is denoted by n. The model consists
of a total of J polymers, which are all grafted to both surfaces. The total number of
possible sites is AM so the remaining sites, which are the sites that are not occupied
by monomers, are occupied by solvent particles. A solvent particle consists of a single
monomer segment so the number of solvent particles is AM −JN . The interactions
between the polymers and the solvent are taken into account with two fields. The
mean field W (m) is a monomer-monomer interaction and can be approximated by
[12]

Wpol(m) = χ (φpol(m)− (1− φpol(m))) (2.1)

where χ is a parameter that determines the strength of the monomer-monomer in-
teraction and φpol(m) is the volume fraction of the polymer. The W-field of the
solvent Wsol(m) is −Wpol(m). [12] The mean field V (m) assures that the density
of the particle is unity and can be seen as a mean field to model the excluded volume.

The number of layer M is varied and for each value of M the density profile,
single-polymer partition function and the Helmholtz free energy is determined. The
Helmholtz free energy is related to the spatial distribution of the second surface
with respect to the first surface. First, the self-consistent field theory applied to a
telechelic polymer grafted to two surfaces separated by M layers is introduced.
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2.1.1 Mathematical description

The derivation of the equations in this section is based on the mathematical formu-
lation of N.B. Tito and D. Frenkel [11]. Adjustments are made when applying the
equations to the system defined in this section.

To find the spatial distribution, it is necessary to compute the conformation of the
polymers. When starting with a monomer segment at a specific point in space, the
polymer is developed starting from this first segment. The second segment is in the
direct neighborhood of the first segment. The third segment is in the neighborhood
of the second segment and so on. The full conformation space of the polymers
resembles the pathway of someone walking in a space or ink spreading in water.
The full conformations of the polymer can therefore be described with the diffusion
equation. A polymer configuration describes a specific path of monomer steps. Since
the problem is quasi one-dimensional and discretized on a lattice, the probability of
finding a polymer segment n in layer m is given by [13]

Px(m,n) = e−V (m)e−Wpol(m)
(1

6P (m− 1, n− 1) + 4
6P (m,n− 1) + 1

6P (m+ 1, n− 1)
)

(2.2)

where the x indicates the number of the propagator, which is introduced later. The
probability of finding segment n in layer m depends on the probability distribution
of the previous segment n − 1 and the interaction fields in layer m. For the quasi
one-dimensional case, segment n has a 4/6 chance of staying in the same layer as
segment n − 1 and a 2/6 chance of moving to the neighbor layer (each neighbor
layer is equally likely). The fields are taken into account by using the Boltzmann
factor. The probability of finding a solvent particle in layer m depends on V (m)
and Wsol(m) and is given by

Psol(m) = e−V (m)e−Wsol(m). (2.3)

The end of the polymer is grafted to a surface. The condition for one end tethered
to the surface in layer 1 is given by

P (m, 0) = δm=1, (2.4)

where δ is the Kronecker delta. P (m, 0) is the probability of finding the first segment
in layer m. Similarly, the condition for the other end, segment N , being tethered to
the surface in layer M is given by

P (m,N) = δm=M . (2.5)
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The system consists of two boundary conditions, which are both absorbing. The
boundary conditions constrain the system by setting any conformation with a seg-
ment in the boundary layers to zero. [10] The boundary conditions are given by

P (0, n) = 0 (2.6a)
P (M + 1, n) = 0. (2.6b)

Once the initial conditions and boundary conditions are specified, it is possible
to compute the Boltzmann weights of all possible polymer configurations. These
configurations can be obtained by using the composition law [2]. The composition
law states that the Boltzmann weight of a configuration with segment n in layer m,
given that the total length of the polymer equals N , is the product of the probability
computed by propagator 1 and the probability computed by propagator 2, weighted
by the mean fields. Propagator 1 computes the probability of finding segment n in
layer m when starting from the grafted end, by using condition 2.4 and applying
equation 2.2 n − 1 times and propagator 2 computes the probability of finding
segment n in layer m when starting from the other grafted end, by using condition
2.5 and applying equation 2.2N−n times. It can be seen as a probability distribution
that is created for a polymer of length n. The composition law combines the two
polymer parts to find the Boltzmann weight for all possible polymer configurations
with segment n in layer m. The Boltzmann weight for a given polymer configuration
is

qpol(m,n) = Ppol,1(m,n)Ppol,2(m,N − n+ 1)eV (m)eWpol(m). (2.7)

Similarly, the Boltzmann weight for the solvent is

qsol(m,n) = Psol(m) = e−V (m)e−Wsol(m). (2.8)

where the composition law is not used because the solvent particle consists of a
single monomer. From these Boltzmann weights, it is possible to determine the
total Boltzmann weight of a segment n to be in any layer m. This property is called
the single-chain partition sum and is given by

Qpol = A
M∑
m=1

qpol(m,n) (2.9)

and

Qsol = A
M∑
m=1

qsol(k) (2.10)

for respectively the polymers and solvent. Equations 2.7 and 2.9 can be combined
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to find the volume fraction for the polymer

φpol(m) = J

Qpol

N∑
n=1

qpol(m,n) (2.11)

and similarly, equations 2.8 and 2.10 can be combined to find the volume fraction
of the solvent

φsol(m) = Nsol

Qsol
qsol(m), (2.12)

where Nsol, the number of solvent particles, equals AM − JN .

The system is solved self-consistently for V (m) and φpol(m). The system can be
solved when the following conditions are satisfied

φ(m)− 1 = 0 for all layers m (2.13)

and
φpol(m)− φpol,i(m) = 0 for all layers m. (2.14)

These two equations form a system of 2M coupled equations that must be solved for
self-consistently. The first condition assures that the volume fraction φ(m), which
is the sum of the volume fraction of the solvent and the volume fraction of the
polymers, should be unity. The second condition makes sure that the input volume
fraction is (almost) equal to the output volume fraction and the solution converges.

2.1.2 Helmholtz free energy

The equations that are introduced in the previous section can be used to self-
consistently solve the system with a given number of layers M . To find the spatial
distribution of the two surfaces with respect to each other, the free energy of the
telechelic polymers is calculated for various choices of separation distances M be-
tween the plates. The system with M layers has a specific value for the Helmholtz
free energy, which is given by

βF = − ln(Zpol,sys) (2.15)

where Zpol,sys is the partition function of the polymers of the system and β equals
1
kbT

. Since the polymers are statistically identical, the partition function of the
polymers depends on only the partition function of a single-polymer and is scaled
with correction factors due to the interactions. This partition function is [13]

Zpol,sys =
(Z1

pol)J

J ! exp
[
−A

M∑
m=1

φpol(m)
(1

4χ(φpol(m)− φsol(m))2 − V (m)
)]

.

(2.16)
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Substituting the latter result in equation 2.15 gives the expression for the Helmholtz
free energy of the polymers

βF (M) = −J ln(Z1
pol) + ln(J !)+A

M∑
m=1

1
4χφpol(m)(φpol(m)− φsol(m))2

−A
M∑
m=1

φpol(m)V (m). (2.17)

The last expression can be used to calculate the Helmholtz free energy for a system
with a given number of layers M .

The Helmholtz free energy can be linked to the spatial distribution of the two sur-
faces immediately. The energy of a specific separation distance M between the two
surfaces that minimizes the Helmholtz free energy is favorable over other separations.
The spatial distribution can be linked to the probability distribution, which scales
with a Boltzmann factor of the Helmholtz free energy. The normalized probability
distribution of finding the two plates at a distance of M layers is given by

P (M) = exp(−βF )
N∑

M ′=1
exp(−βF (M ′))

. (2.18)

The spatial distribution of the system is determined by calculating P (M) for all
distances M = 1 to N . The Helmholtz free energy is used to determine this spatial
distribution (probability distribution) by using equation 2.18.

2.2 Theoretical description of the two-dimensional sys-
tem

The nanoparticle tethered to a surface can be described onto a two-dimensional lat-
tice as well. A two-dimensional system is useful because it provides a more realistic
picture of the actual system. The nanoparticle is implemented as a rectangular par-
ticle that occupies a single lattice site.

The lattice that is used in the model consist of K rows and M columns. A specific
lattice site is denoted by k,m. The model contains a single polymer of length N ,
a single nanoparticle of size 1 by 1 and solvent particles that occupy the remaining
sites. The number of solvent particles equals MK − N − 1. The interactions be-
tween the polymer and solvent are still taken into account by two fields. However,
these fields depend on the lattice site instead of the layer. The mean W-field is thus
denoted by Wpol(k,m). The mean field used for the solvent and the field used to
implement the excluded-volume effects are also a function of both k and m.
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The nanoparticle is placed at all possible lattices sites and for each of those positions,
the mean fields are found self-consistently. Once the fields are found for all possible
nanoparticle positions, the probability of finding the nanoparticle at a specific lattice
site k,m is determine by the Boltzmann factor of the Helmholtz free energy. This
free energy depends on the single-chain partition function Qpol, the excluded-volume
field and the volume fractions. The spatial distribution is found by computing
the Helmholtz free energy for all possible particle positions and determining the
probability similar to the telechelic polymer system.

2.2.1 Mathematical description

The mathematical description of the quasi one-dimensional system can be extended
to a pseudo two-dimensional one. Several adjustments need to be made to make
the description suitable for the two-dimensional case. First of all, the probability of
finding a segment n in a lattice site denoted by k,m is given by

Px(k,m, n) =e−V (k,m)e−Wpol(k,m)(1
6P (k − 1,m, n− 1) + 1

6P (k + 1,m, n− 1)+
2
6P (k,m, n− 1) + 1

6P (k,m− 1, n− 1) + 1
6P (k,m+ 1, n− 1)).

(2.19)

where x indicates the number of the propagator. The probability distribution is two-
dimensional so the polymer next polymer segment can move to a direct neighbor
with a 1/6 chance for each lattice site or can stay in the same lattice site with a 2/6
chance. The probability is biased with the Boltzmann factor of both the V-field and
W-field of the polymer. The probability of finding a solvent in a lattice site k,m
only scales with the Boltzmann factor of the V-field and W-field of the solvent as
described before.

The lattice onto which the system is modelled is visualized in figure 2.2. The system
has dimensions K byM and boundary layers on each side. The surface to which the
polymer is tethered with one end, which is the bottom boundary layer, is absorbing
and the other boundary layers are reflecting. The mathematical expression for the
absorbing boundary layer is

P (K + 1,m, n) = 0 for all m. (2.20)
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0,0 0,M+1

K+1,M+1K+1,0

k
par
,m

par

1,1

K,MK,1

1,M

Figure 2.2: A schematic representation of the lattice onto which the system
is projected. The system has dimensions K by M and the boundary layers
are defined around the system. The grey sites are reflecting boundary sites
and the blue sites are absorbing boundary sites. The nanoparticle at position
kpar,mpar is absorbing as well.

The mathematical expression for the reflecting boundary layers are

P (k, 0, n) = P (k, 1, n) for all k (2.21a)
P (k,M + 1, n) = P (k,M, n) for all k (2.21b)

P (0,m, n) = P (1,m, n) for all m (2.21c)

which are the expressions for respectively the left, right and top boundary layers.
The last boundary site that needs to be defined is the absorbing lattice site of the
nanoparticle. Any solvent or polymer segments that ends in the lattice site of the
nanoparticle is absorbed. The mathematical expression for the absorbing site, which
is denoted by kpar,mpar is

P (kpar,mpar, n) = 0 (2.22)

The initial conditions of the system are the initial conditions for propagator 1 and
propagator 2. Propagator 1 starts from the point to which the nanoparticle is
tethered. The nanoparticle is tethered in the center of the bottom horizontal plate.
The position is denoted by K, bM/2c+ 1. The polymer is tethered to the center of
the surface if M is odd and to the right site in the center of the lattice if M is even.
The column number of the point to which the nanoparticle is tethered is indicated
by M1 for ease of reading. The mathematical expression for the initial condition for
propagator 1 is

P1(K,M1, 1) = e−V (K,M1)e−Wpol(K,M1). (2.23)
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The initial condition for propagator 2 is determined by the direct neighbors of the
nanoparticle. Segment N of the polymer must be tethered to the nanoparticle. The
probability scales with the Boltzmann factor of the W-field of the polymer and the
V-field. If the nanoparticle is at position kpar,mpar, the mathematical expression
for the initial condition of propagator 2 is

P2(kpar − 1,mpar, N) = e−V (Kpar−1,mpar)e−Wpol(Kpar−1,mpar) (2.24a)
P2(kpar + 1,mpar, N) = e−V (Kpar+1,mpar)e−Wpol(Kpar+1,mpar) (2.24b)
P2(kpar,mpar − 1, N) = e−V (Kpar,mpar−1)e−Wpol(Kpar,mpar−1) (2.24c)
P2(kpar,mpar + 1, N) = e−V (Kpar,mpar+1)e−Wpol(Kpar,mpar+1) (2.24d)

for respectively the left, right, bottom and top neighbor of the nanoparticle.

The initial and boundary conditions can be used to compute the Boltzmann weight
for a given polymer configuration similar to the one-dimensional system. The Boltz-
mann weight, determined with the composition law, consist of the probability com-
puted by both propagators and is given by

qpol(k,m, n) = Ppol,1(k,m, n)Ppol,2(k,m,N − n+ 1)eV (k,m)eWpol(k,m) (2.25)

for the polymer and

qsol(k,m, n) = Psol(k,m) = e−V (k,m)e−Wsol(k,m) (2.26)

for the solvent. These Boltzmann weight can be used to determine the total Boltz-
mann weight for all lattice sites. The single-chain partition sum for the polymer
is

Qpol =
K∑
k=1

M∑
m=1

qpol(k,m, n) (2.27)

where A is set to be 1 since the system is two-dimensional. The partition sum for
the solvent is

Qsol =
K∑
k=1

M∑
m=1

qsol(k,m). (2.28)

The volume fraction for the polymer can be found with

φpol(k,m) = 1
Qpol

N∑
n=1

qpol, (2.29)

which is similar to the expression for the one-dimensional system. The volume
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fraction of the solvent is also similar to the result for the one-dimensional system

φsol(k,m) = Nsolvent

Qsol
qsol(k,m). (2.30)

The two-dimensional system is also solved self-consistently for V (k,m) and φpol(k,m).
The self-consistent equations are the same as for the one-dimensional system. These
equations are

φtotal(k,m)− 1 = 0 for all lattice sites k,m, (2.31)

which makes sure that the total volume fraction is unity, and

φpol(k,m)− φpol,i(k,m) = 0 for all lattice sites k,m, (2.32)

which makes sure that the solution for the volume fraction of the polymer converges.
The total number of conditions that must be solved for is 2(KM − 1). Once a
solution is found that satisfies the equations, it is possible to determine the spatial
distribution with the Helmholtz free energy.

2.2.2 Helmholtz free energy

The Helmholtz free energy of the two-dimensional system is calculated with equation
2.15. The partition function Zpol,sys of equation 2.16 can be changed to make it
suitable for the two-dimensional model described above. The partition function for
this system becomes

Zpol,sys = Z1
pol exp

[
−

K∑
k=1

M∑
m=1

φpol(k,m)
(1

4χ(φpol(k,m)− φsol(m))2 − V (m)
)]

.

(2.33)
The later result can be substituted into equation 2.15 to find the Helmholtz free en-
ergy. By calculating the Helmholtz free energy of all possible nanoparticle positions,
it is possible to determine the spatial distribution from the probability distribution

P (kpar,mpar) = exp(−βF )
K∑

kpar=1

M∑
mpar=1

exp(−βF )
. (2.34)
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Chapter 3

Implementation of the
numerical method

In the previous chapter, the telechelic polymer system and the two-dimensional
system with a nanoparticle tethered to the surface with a single polymer are intro-
duced. Now, the implementation of the models in Mathematica is described. An
explanation of the main steps to find the self-consistent conditions as well as the
steps that are needed to find results are described. The models that are created in
Mathematica can be received upon request.

3.1 The telechelic polymer system

The system as described in section 2.1 is implemented in Mathematica. The system is
solved for self-consistently by checking whether conditions 2.13 and 2.14 are satisfied.
The Mathematica code performs a sequence of steps to find the conditions must be
satisfied. A scheme with the steps is shown in figure 3.1.

The Mathematica code performs a sequence of steps. The first step is the ini-
tialization of the system. The system is initialized with an initial guess for the
V-field, which is a mean field that approximated the excluded-volume effects of the
monomers of the polymer, and the volume fraction of the polymer. The initial guess
can be chosen arbitrary since the result must be independent of the initial guess.
However, a better initial guess improves the computation time of the program. The
first initial guess is thus arbitrary. If the program is run once and the result is
used to determine the properties of another system, the V-field and volume fraction
output of the previous run are used as an initial guess for the new system. This
decreases the computation time, because the initial guess is less arbitrary. During
the initialization of the system, the boundary conditions and initial conditions are
defined as well. After the system is initialized, the probability distributions for all
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Initialization of the system with a 

given  V-!eld and volume fraction 

for the polymer

Determination of the probability

distributions with propagator 1 

and propagator 2

Calculation of the Boltzmann 

weights for all polymer 

con!gurations

Calculation of the volume 

fractions for the polymer and

solvent

Check whether the 

conditions are satis!ed

Output the V-!eld 

and volume fractions

satis!ed

Increase system 

size by 1

Figure 3.1: A scheme with the main steps that must be performed to find the
V-field and volume fraction of the polymers self-consistently. The first step is
to initiate the system. After the solution for the V-field and volume fraction
is found, the system size is increased with 1 layer and the cycle is repeated to
find the probability distribution of the system. The first step is marked with
a grey box.

segments n = 1, 2, . . . , N are determined for both propagator 1 and propagator 2.
The propagators use the probability update of equation 2.2 to find the distribution
for all segments. These probability distributions are stored in an array to use it
in the next step. The distributions are used to calculate the Boltzmann weights
of all possible polymer configurations. After the Boltzmann weights for both the
polymer and solvent are calculated with equations 2.7 and 2.8 respectively, it is
possible to determine the volume fractions of the polymer, solvent and total system.
These volume fractions are needed to check the conditions that ensures unity and
convergence of the solution. The function FindRoot[] in Mathematica solves for the
volume fraction and V-field numerically. Once the numerical solution is found, the
V-field and volume fraction can be outputted.

The described steps determines the solution of the system for a number of segments
N , a number of polymers J , a number of sites per layer A and a number of layers
M . The strength of the interaction of the W-field can be set to a value χ. The
model uses a value of χ is set to be 0 to focus on the excluded-volume effects of the
polymer chains only unless explicitly mentioned otherwise. After the V-field and
volume fraction are found numerically for a given system, the Helmholtz free energy
of the system is computed with equation 2.17. Then, the system is initialized with
an additional layer, the previous steps are performed and the Helmholtz free energy
is computed again. These steps are repeated for the number of layers starting with
M = 1 until M = N . The last step is to determine the spatial distribution with
equation 2.18.
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3.2 Two-dimensional nanoparticle tethered to a surface

The Mathematica model that is created for the two-dimensional system is similar
to the telechelic polymer system, but it more extensive. For a given nanoparticle
position, the scheme of figure 3.1 is still applicable, but instead of increasing the
system size by 1, the nanoparticle is moved to a different position. The system that
is solved for is described in section 2.2. The self-consistent equations are equation
2.31 and 2.32.

The Mathematica code is written for a two-dimensional system by using matrices.
Instead of defining and saving the relevant properties in an array, the data is stored
K byM matrices. First, the system is initialized with an initial guess for the V-field
and volume fraction. The chosen initial guesses are

Vguess(k,m) = 1− 0.2 max [(
√
k2 +m2), 0] (3.1)

for the V-field and
φpol,guess(k,m) = N

MK − 1 (3.2)

for the volume fraction. Note that the −1 is used to correct for the presence of a
nanoparticle. At the nanoparticle position itself, the V-field and volume fraction
are both set to be 0. The initial guesses are the same for all nanoparticle positions,
because these conditions are suitable for solving all particle positions. After the
initial guesses are initialized, the initial starting positions of propagator 1 and prop-
agator 2, given by equations are used to update the probability with equation 2.19
for segments n = 1, 2, . . . , N . Once the probability distributions for all segments
are computed, the Boltzmann weight for all polymer configurations is determined.
These Boltzmann weights are used to calculate the volume fraction of the polymer,
solvent and total system. The result is used to check the self-consistent conditions.
These steps are performed to solve for the system numerically. Once the solution is
found, the V-field and volume fractions are outputted.

Similar to the telechelic polymer system, the solution is found for a specific sys-
tem configuration. The solution is for a system with dimensions of K by M for a
nanoparticle at a position kpar,mpar and a interaction parameter χ. To determine
the full spatial distribution of the nanoparticle, it is necessary to define the length
of the polymer first because it allows to set the dimensions of the system as small as
possible and it avoids unnecessary conditions that must be solved for. If the polymer
consists of N segments, the dimensions of the system are set to K = N + 2, which
is the number of rows, and M = 2N + 2, which is the number of columns. Since
the polymer is tethered to the center of the system, these dimensions allow for all
possible nanoparticle positions if the polymer consists of N segments.
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The nanoparticle cannot be placed in the most left, most right or upper layer because
the polymer can attach at all nearest neighbor positions. Therefore the additional
rows and column are added to the system. However, the nanoparticle must be
allowed to be placed near the surface to which the particle is tethered. Therefore,
the initial condition of propagator 2 for these positions consist of equations 2.24a,b,d
only. The nanoparticle cannot be placed at the lattice site where the polymer is
tethered to the surface either. Another aspect that is taken into account is the
fact that the nanoparticle can be placed in a triangular range that depends on the
length of the polymer. The nanoparticle can only be placed on lattice sites denoted
by kpar,mpar that satisfy the following condition

|K − kpar|+ |M1 −mpar| ≤ N (3.3)

whereM1 is defined as the surface tether point coordinate, which was defined earlier
as bM/2c+ 1. The position at which kpar,mpar equals K,M1 is also excluded from
the spatial distribution.

The spatial distribution is determined by placing the nanoparticle in all lattice sites.
For each position, the condition of equation 3.3 must be satisfied and the program
check that the nanoparticle is not placed at the tether point. If the particle position
is allowed, the V-field and volume fractions are determined with the procedure
described at the beginning of this section. After the solution is found numerically,
the Helmholtz free energy is determined by combining the partition function of
equation 2.33 and the relation between βF and Zpol,sys of equation 2.15. The final
step is to convert the Helmholtz free energy of all lattice sites into a probability
distribution with equation 2.34.
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Chapter 4

Results

4.1 The telechelic polymers

The model for the telechelic polymers is run to investigate the effects of the number of
chain segments and the monomer-monomer interactions on the spatial distribution
of the nanoparticle. The two parallel plates are used to determine the distance
between the nanoparticle and the surface for a nanoparticle that can only move in one
direction with respect to the surface. For the one-dimensional model, the separation
distances between the two surfaces is the spatial distribution of the nanoparticle.
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(a) The probability of the two surfaces
to be separated by M layers as a func-
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(b) The Helmholtz free energy as a
function of the separation distance M
between the two plates.

Figure 4.1: The plots of the probability distribution and Helmholtz free energy.
The two plates for connected by a single polymer that consists of 50 segments
and the number of sites per layer is 100 for this situation. The most probable
state of the two surfaces is a distance of 6 layers.
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4.1.1 Analysis of the system

A typical probability distribution profile is shown in figure 4.1a. The figure shows a
maximum at layer 6 for a single polymer with 50 segments and a system with 100
sites per layer. One expects that the system does not prefer the two surfaces to be
close to each other, because of the monomer-monomer repulsion. The system does
not prefer the two surfaces to be far away from each other, because of the limited
number of configurations if the polymer is stretched. The most probable state is
thus the state for which the repulsive and stretching effects of the polymers are
minimized. This most probable state should have a minimal Helmholtz free energy.
Figure 4.1b shows a plot of the Helmholtz free energy of the same system. Indeed,
the most probable state corresponds to a distance between the two surfaces of 6
layers.

The volume fraction of the polymer and the V-field are shown in figure 4.2 for a
system with 8 layers. This is not the most probable state, which is 6 layers, but
M = 8 is chosen to have more data points. When looking at the data, it is clear
that the volume fraction and V-field are symmetric. The system is defined to be
symmetric, since the probability for the end points are both 1 at each of the two
surfaces. The V-field and φ must be symmetric as well. The form of the V-field and
volume fraction is the same for all M so the figure shows a characteristic plot.

4.1.2 The length of the polymer

For a given number of segments, there is a most probable state for which the re-
pulsion and stretching effects are minimized. The equilibrium separation distance is
likely to depend on the number of segments of the polymer. Therefore, the effect of
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Figure 4.2: The V-field and volume fraction of the polymer for a system with
1 polymer that consists of 50 segments. The value of A is set to 100. The plots
show V-field and volume fraction for a quite probable state, namely M = 8.
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Figure 4.3: The probability distribution and Helmholtz free energy of two
surfaces are connected by a single polymer. The results are plotted on a
normalized axis to compare the results for different polymer lengths. The red,
blue and black dots correspond to a polymer with respectively 75, 50 and 25
segments. The fit through the data is a Gaussian curve.

the length of the polymer is investigated. Figure 4.3a shows the probability distri-
bution as a function of the normalized number of layers. The peak of the probability
distribution is shifting towards the left as the number of segments increases. The
equilibrium distance is related to the end-to-end distance for a self-avoiding random
walk, which scales with the number of segments. According to the Flory scaling law,
the end-to-end distance scales with Nν . The Flory scaling law predicted a value of
0.6 if the polymer conformations represent self-avoiding walks. The natural loga-
rithm of M is plotted in figure 4.4 as a function of the natural logarithm of N . The
slope of the graph, which is ν, equals 0.668.

Another facet of the probability distribution that is shown in figure 4.3a is the de-
crease of the absolute value of the probability of the two surfaces being separated
by a distance M . The absolute value decreases because the number of layers, and
thus the number of possible positions, increases. By increasing the number of possi-
ble nanoparticle positions, the probability of being at a specific separation distance
decreases. The Helmholtz free energy curve, shown in figure 4.3b, shows that the be-
havior of the three systems is qualitatively similar. When fitting a Gaussian curve
through the data, the qualitative similarity becomes even more clear. If the sur-
faces are close, the Helmholtz free energy is almost the same. For longer polymers,
the distance between the surfaces becomes larger than for shorter polymers so the
Helmholtz free energy is relatively large as well.
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Figure 4.4: The natural logarithm of the equilibrium distance Mmin as a
function of the natural logarithm of N . The black dots are the discrete values
of the equilibrium distance and the red dots correspond to the equilibrium
distance found by interpolating the Helmholtz free energy curve. The red line
is a linear fit of the red datapoints. The slope of the linear fit has a value of
0.668.
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Figure 4.5: The layer in which the Helmholtz free energy has a minimum as a
function of the number of polymers in the system. The black dots correspond
to a χ value of −1, the blue dots correspond to a χ value of 0 and the red dots
correspond to a χ value of 1.

24



4.1.3 The number of polymers and the χ parameter

The second effect that is considered is the number of polymers. The length of the
polymer is set to be 20 segments and the number of lattice sites per layer is set to
be 20 as well. The effect of the polymers is investigated by increasing the number
of polymers and determining the layer in which the Helmholtz free energy has a
minimum value. The χ parameter should affect the equilibrium distance. The pa-
rameter χ is a measure for the interactions between the solvent and the polymer.
A value of χ equal to 0 indicates that the monomers of the polymer do not have
a preference for being surrounded by either another polymer monomer or a solvent
particle. A negative χ value causes the monomers of the polymer to be repulsive and
thus wanting to be surrounded by solvent particles. A positive χ value, on the other
hand, causes the monomers of the polymer to cluster because the monomers want
to be surrounded by other polymer monomers. As indicated before, the minimum
of the free energy balances the repulsive monomer-monomer interactions and the
stretching of the polymer. Figure 4.5 shows the layer in which the Helmholtz free
energy has a minimum value as a function of the number of polymers J . Indeed,
the figure shows that a larger negative χ value corresponds to larger repulsive in-
teractions, since the minimum of the free energy shifts to layers further from the
surface in comparison to the situation where χ is zero. A positive value of χ, which
corresponds to attraction of monomer segments, is plotted in the same figure.
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Figure 4.6: The equilibrium distance versus the number of polymers. The
result is found by interpolating the Helmholtz free energy curve. The black
dots correspond to a χ value of −1, the blue dots correspond to a χ value of
0 and the red dots correspond to a χ value of 1. The lines are for illustration
only.

25



The curve for χ equals −1 shows a minimum for J is 10. This is unexpected and does
not correspond to the general trend of the curve. The deviation might be explained
by the discretization of the system. Therefore, the Helmholtz free energy curve that
is computed by the program is interpolated with a polynomial and the minimum
value of the polynomial is searched for. This minimum value corresponds to the
position at which the interpolated curve has a minimum value. The interpolation
is performed for χ equal to 0, 1 and −1. The interpolation method is only possible
if the Helmholtz free energy curve has a minimum. The continuous results for the
curves of figure 4.5 are shown in figure 4.6. The interpolation of the Helmholtz free
energy shows a smoother pattern, but there is still a decrease for J equals 10. This
is thus not a consequence of the discrete aspects of the model. There is no obvious
reason at the moment to expect the minimum so there is no explanation for it yet.

4.2 Two-dimensional nanoparticle tethered to a surface

The two-dimensional model is also run to investigate the effects of the number of
chain segments and the monomer-monomer interaction on the spatial distribution of
the nanoparticle. But first, the system is analyzed for a given number of segments
N and a χ value of 0. After that, the effect of the length of the polymer is discussed.
The second aspect that is considered is the effect of the χ value for different chain
lengths.

4.2.1 Analysis of the system

Contour plots of the probability distribution and Helmholtz free energy, shown in
figure 4.7, are generated for a polymer of length 8. There are some aspects that
can be recognized from the contour pattern. Note that there are three sites that
have a red border. These nanoparticle positions do not satisfy that the total volume
fraction is 1 for all sites. The explanation for this issue is given below.

(a) The Helmholtz free energy. (b) The probability distribution

Figure 4.7: The plots of both the Helmholtz free energy and probability distri-
bution for a nanoparticle position. The polymer that connects the nanoparticle
and the surface consists of 8 segments.
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First of all, the probability distribution (and the Helmholtz free energy) for the
nanoparticle are symmetric. This can be understood from the probability distribu-
tion of equation 2.19. Since the probability of moving to one of the direct neighbor
sites is the same for all neighbor sites, the polymer should not have a preference for
moving either to the left or to the right. This causes the spatial distribution to be
symmetric.

The plots also show a large Helmholtz free energy near the edges of the triangular
region. These are the nanoparticle positions that can be still attached to the surface
by the polymer but the number of conformation is restricted. The polymer must
be stretched in order for the nanoparticle to be in that position. Analogous to the
one-dimensional system, the state with a stretched polymer is less probable than a
particle position that is neither completely stretched not completely clustered to the
tether point. The spatial distribution shows this property for the two-dimensional
model just like the one-dimensional model did. Another explanation for the smaller
probability near the wall is the number of neighbors and absorbing boundary con-
dition. For the nanoparticle positioned near the wall, only three nearest neighbors
can be used to tether the polymer to the nanoparticle. Moreover, many polymer
conformations are not possible because one or more of the segments cross the ab-
sorbing boundary condition.

As indicated above, there are three sites that have a red border. The Mathematica
code cannot solve for all possible nanoparticle positions correctly. This problem is
discussed in appendix C, but a short description is given here as well. There are
three sites that cannot satisfy the incompressibility condition 2.31. The sites that
cannot be solved for are the nanoparticle positions that are N − 1 lattice sites away
from the tether position. The fact that the program cannot solve for the volume
fraction to be 1 can be explained by the way in which the system is defined. The
model is based on a purely two-dimensional system. The probability is update with
equation 2.19, which allows for the next polymer segment to stay in the same site
as the previous segment. This causes problems for nanoparticle that is N − 1 sites
away from the tether point, because the polymer is stretched in a single direction
but there must be one lattice site with two polymer segments. Therefore, the total
volume fraction does not satisfy the unity condition. Those sites have a red border
in the probability distribution plots.

4.2.2 The length of the polymer

For the two-dimensional system, it is interesting to see the spatial distribution for
different polymer-chain lengths. Since the system is symmetric, the spatial distri-
bution should become more refined if the polymer length increases, but the actual
shape and most probable region should remain the same. Therefore, the system
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is run for polymers of length 5, 6, 7, 8, 9 and 10. The numerical results for the
Helmholtz free energy and probability distribution are given in to appendix A.

For the different number of segments, the probability distribution is shown in figure
4.8. All plots show a similar pattern for the spatial distribution of the nanoparticle,
but the number of monomer segments determines the detail of the distribution. As
the number of segments increases, so does the number of positions. When there are
more positions available, the probability of being at a specific site decreases. The
legends of the plots indeed show that the probability of being in the most probable
state for a polymer of 10 segments is significantly smaller than for a polymer of 5
segments. For a polymer of length 5, the most probable site is above the tether
point and approximately 3 layers away from the surface, where the total number
of horizontal layers is 6. The probability of being in this lattice site is 0.0705. For

(a) Polymer with 5 segments. (b) Polymer with 6 segments.

(c) Polymer with 7 segments. (d) Polymer with 8 segments.

(e) Polymer with 9 segments. (f) Polymer with 10 segments.

Figure 4.8: The probability distribution of the nanoparticle for polymer tethers
of different length. A single rectangular corresponds to a specific lattice site
where the nanoparticle is placed. The absolute probability is different because
the number of possible positions is different, but the overall shape of the
nanoparticle distribution is similar.
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a polymer of length 10, the most probable state is also above the tether point and
approximately 4 layers away from the surface, where the number of horizontal layers
is 11. However, the probability of being in this state is 0.0399. When the number
of segments is increased, the pattern becomes more refined and the details of the
distribution become more clear. If it would be possible to determine the spatial
distribution for N →∞ (and infinitesimal polymer segments), one can find the con-
tinuous spatial distribution as measured during experiments.

As the number of segments increases, the probability distribution of the nanoparticle
becomes more refined. However, a larger system takes longer to be solved for. The
computation time depends slightly on the value of χ, but the computation time does
not scale linearly with the number of segments, which causes the long times. The
computation time for 6 segments is approximately 2 hours while the computation
time for 8 segments is approximately 10 hours and the computation time for 10
segments is approximately 42 hours. This limits the possibilities for investigating the
effects of larger systems during this project. It could be interesting to build a more
effective Mathematica code or reproduce the code in a different coding language.

4.2.3 The effect of the χ parameter

Another interesting parameter that can be varied is χ. By varying χ, the effect of
the solvent on the conformational space of the polymer tether is investigate. χ is
a measure for the interaction between the solvent and the polymer. A positive χ
value corresponds to attraction between the monomer segments of the polymer and
indicates a poor solvent. The negative χ represents a good solvent and corresponds
to repulsion between the monomer segments of the polymer. The χ parameter is
varied for a polymer of length 8 and a polymer of length 6. The computation time
for 6 segments is a few hours and can be used to see the effects, but 8 segments
provide more information about the distribution, because it has a higher resolution.
Therefore, both systems are run for different χ parameters. First, the effect of χ
on a polymer of length 8 is elaborated on first and the results are compared to the
polymer of length 6. The numerical results for the Helmholtz free energy and prob-
ability distribution are given in to appendix B.

The probability distribution for χ values of 0, −1 and 0.5 are shown in figure 4.9.
The plots show a change in the probability distribution when varying χ. By increas-
ing the value of χ, the nanoparticle is closer to the tether-point. This is as expected
because a positive χ corresponds to attractive interaction between the monomers.
However, the value of χ cannot be increased to large values. When performing the
calculation with χ equal to 1, the system failed for more lattice positions than the
three sites with the red border because Mathematica could not solve for the V-field
and volume fractions within the 1000 iterations. This indicates that the monomer
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(a) The χ-value is set to 0. (b) The χ-value is set to −1.

(c) The χ-value is set to 0.5.

Figure 4.9: The probability distribution for a polymer of length 8. The plots
are made for different values of χ. The repulsive and attractive behaviour of
the monomers can be recognized when varying χ.

attraction still competes with the excluded-volume effects, which limits the attrac-
tion strength. It is also possible to compute the probability distribution for negative
χ values. These values correspond to repulsive interactions between the monomers.
When comparing figures 4.9a and 4.9b, the most probable states are further away
from the tether-point away when setting χ to −1, which is in agreement with a
physical intuition and the results of the one-dimensional model.

The results of the variation of χ can be compared for different polymers. The
results for a polymer chain of length 6 is shown in figure 4.10. When looking at
the probability distribution for χ equal to 0.5, there does not seem to be a clear
pattern for the region in which the most probable states lie. However, the spatial
distribution of the nanoparticle in figure 4.10c and in figure 4.9c have a similar
pattern. The spatial distribution of the nanoparticle for N equal to 6 does not
show a clear pattern, but it resembles the pattern for N equal to 8. The spatial
distribution of 8 segments is a more detailed description of the system. The length
of the polymer is thus of importance for the analysis of the χ parameter, but it does
not affect the shape of the spatial distribution of the nanoparticle for different χ
values. Varying N affects the resolution of the distribution plots but it does not
influence the results of the analysis of the χ parameter.
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(a) The χ-value is set to 0. (b) The χ-value is set to −1.

(c) The χ-value is set to 0.5.

Figure 4.10: The probability distribution for a polymer of length 6. The plots
are made for different values of χ. The repulsive and attractive behaviour of
the monomers can be recognized when varying χ.
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Chapter 5

Conclusion

The focus of this project was the development of a model that can be used to cal-
culate the spatial distribution of a nanoparticle tethered to a surface with a single
polymer. To achieve this goal, two models were created

The analysis of the spatial distribution for the quasi one-dimensional system showed
that the most probable state is the state for which the Helmholtz free energy due
to compressing and stretching the polymer is minimized. For large separation dis-
tances, the polymer is stretched, which increases the Helmholtz free energy. For a
separation distance of a few layers, the polymer is pressed together, which increases
the Helmholtz free energy as well. The most probable state is thus a minimization of
the stretching and compression of the polymer. This is in agreement with a physical
intuition about the behavior of the system.

The second, more realistic, model is a two-dimensional representation. The nanopar-
ticle is not defined as an infinitely large plate, but rather by a single lattice site.
The two-dimensional program is similar to the one-dimensional problem, but the
polymers are connected to the surface and the direct neighbors of the nanoparticle.
The spatial distribution of the nanoparticle is computed by sampling the free energy
for all possible nanoparticle positions around the tether point.

The spatial distribution of the nanoparticle has some characteristic properties that
can be compared to see if they agree according to our physical intuition about poly-
mers. The spatial distribution is symmetric, because the polymer conformation are
assumed to be generated as self-avoiding random walks and therefore does not have
a preference for a specific direction a priori. The nanoparticle position in the center
of the triangular region in which it can move is most probable. The states near the
edge of the triangular region are less likely because the polymer must be stretched
to reach these sites. The states near the surface are less probable as well, because
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there are fewer positions where the polymer can be attached to the nanoparticle.

The spatial distribution can be calculated for different polymers with different
lengths. The increase in the number of segments is related to the increase of the
possible nanoparticle positions and a decrease of the probability of being in a spe-
cific lattice site. A positive consequence of increasing the length of the polymer is
the more detailed result for the relative probability distribution of different sites.
However, a larger system also increases the computation time drastically.

To investigate the effect of the χ parameter, which determined the polymer and
solvent interaction, on the spatial distribution of the nanoparticle, a polymer of
length 8 and a polymer of length 6 are chosen to see how the χ parameter affects
the system. A positive χ value showed that the states near the tether point become
more probable, while a negative χ value led to more probable states near the edges
of the triangular region. The length of the polymer did not affect the shape of the
spatial distribution of the nanoparticle, but choosing a specific value does influence
the details that are visible when analyzing the system.

5.1 Outlook

Although the results of the models are in agreement with the expectations, there
are some deficiencies that are interesting to be investigated when performing more
research with the model. First of all, there are three lattice sites (nanoparticle po-
sitions) for which the Mathematica program cannot solve the incompressibility of
each lattice site. A plausible explanation is elaborated on in the appendix, but this
is not an apparent problem. The model can be improved by investigating whether
the problem can be solved. Another downside of the Mathematica model is the long
computation times. These times make it difficult to scale the system.

The current model can be used to determine the spatial distribution of a rectangular
nanoparticle. However, in the field of bio-sensing, the nanoparticle are not rectan-
gular but have protrusions. By extending the model with a possibility to define the
nanoparticle shape as a function, the model could be used to predict the spatial
distribution for more common nanoparticle shapes.
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Appendix A

Numerical results for length of
polymer (2D)

This appendix contains the quantitative results of the solution for the different
polymer length as described in section 4.2.2. The quantitative results can be useful
to compare the results of different system in more detail. The effect of the length of
the polymer is investigated by setting the number of segments to 5, 6, 7, 8 and 10.
For each system, both the Helmholtz free energy and the probability distribution are
given. The numerical results for 5 segments is given in figure A.1. The numerical
results for 6 segments is given in figure A.2. The numerical results for 7 segments is
given in figure A.3. The numerical results for 8 segments is given in figure A.4. The
numerical results for 9 segments is given in figure A.5. The numerical results for 10
segments is given in figure A.6

(a) Helmholtz free energy for N = 5

(b) Probability distribution for N = 5

Figure A.1: The numerical data for the Helmholtz free energy and probability
distribution for 5 segments. The sites that could not be solved for correctly
are the lattice sites denoted by 7, 2, 3, 6 and 7, 10.
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(a) Helmholtz free energy for N = 6

(b) Probability distribution for N = 6

Figure A.2: The numerical data for the Helmholtz free energy and probability
distribution for 6 segments. The sites that could not be solved for correctly
are the lattice sites denoted by 8, 2, 3, 7 and 8, 12.

(a) Helmholtz free energy for N = 7

(b) Probability distribution for N = 7

Figure A.3: The numerical data for the Helmholtz free energy and probability
distribution for 7 segments. The sites that could not be solved for correctly
are the lattice sites denoted by 3, 8 and 9, 13. The system could not be solved
for element 9, 2. The element is removed in the probability distribution by
setting it to 0.
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(a) Helmholtz free energy for N = 8

(b) Probability distribution for N = 8

Figure A.4: The numerical data for the Helmholtz free energy and probability
distribution for 8 segments. The sites that could not be solved for correctly
are the lattice sites denoted by 10, 2, 3, 9 and 10, 16.

(a) Helmholtz free energy for N = 8

(b) Probability distribution for N = 8

Figure A.5: The numerical data for the Helmholtz free energy and probability
distribution for 9 segments. The sites that could not be solved for correctly are
the lattice sites denoted by 11, 2 and 11, 14. The system could not be solved
for element 3, 10. The element is removed in the probability distribution by
setting it to 0.
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(a) Helmholtz free energy for N = 10

(b) Probability distribution for N = 10

Figure A.6: The numerical data for the Helmholtz free energy and probability
distribution for 10 segments. The sites that could not be solved for correctly
are the lattice sites denoted by 12, 2 and 12, 20. The system could not be solved
for element 3, 11. The element is removed in the probability distribution by
setting it to 0.
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Appendix B

Numerical results for the χ

parameter (2D)

This appendix contains the quantitative results of the solution for the different
polymer length as described in section 4.2.3. he quantitative results can be useful to
compare the results of different system in more detail. The effect of the χ parameter
is investigated by by varying its value. The numerical results for 8 segments and χ
equal to 0, which is the same as in appendix A is given in figure B.1. The numerical
results for 8 segments and χ equal to −1 is given in figure B.2. The numerical results
for 8 segments and χ equal to 0 is given in figure B.3. The numerical results for 6
segments and χ equal to 0, which is the same as in appendix A is given in figure
B.4. The numerical results for 6 segments and χ equal to −1 is given in figure B.5.
The numerical results for 6 segments and χ equal to 0 is given in figure B.6.

(a) Helmholtz free energy for χ = 0

(b) Probability distribution for χ = 0

Figure B.1: The numerical data for the Helmholtz free energy and probability
distribution for χ equal to 0 and 8 segments. The sites that could not be
solved for correctly are the lattice sites denoted by 10, 2, 3, 9 and 10, 16.
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(a) Helmholtz free energy for χ = −1

(b) Probability distribution for χ = −1

Figure B.2: The numerical data for the Helmholtz free energy and probability
distribution for χ equal to −1 and 8 segments. The sites that could not
be solved for correctly are the lattice sites denoted by 10, 2 and 3, 9. The
system could not be solved for element 10, 16. The element is removed in the
probability distribution by setting it to 0.

(a) Helmholtz free energy for χ = 0.5

(b) Probability distribution for χ = 0.5

Figure B.3: The numerical data for the Helmholtz free energy and probability
distribution for χ equal to 0.5 and 8 segments. The sites that could not
be solved for correctly are the lattice sites denoted by 10, 2 and 3, 9. The
system could not be solved for element 10, 16. The element is removed in the
probability distribution by setting it to 0.
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(a) Helmholtz free energy for χ = 0

(b) Probability distribution for χ = 0

Figure B.4: The numerical data for the Helmholtz free energy and probability
distribution for χ equal to 0 and 6 segments. The sites that could not be
solved for correctly are the lattice sites denoted by 8, 2, 3, 7 and 8, 12.

(a) Helmholtz free energy for χ = −1

(b) Probability distribution for χ = −1

Figure B.5: The numerical data for the Helmholtz free energy and probability
distribution for χ equal to −1 and 6 segments. The sites that could not be
solved for correctly are the lattice sites denoted by 8, 2, 3, 7 and 8, 12.
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(a) Helmholtz free energy for χ = 0.5

(b) Probability distribution for χ = 0.5

Figure B.6: The numerical data for the Helmholtz free energy and probability
distribution for χ equal to 0.5 and 6 segments. The sites that could not be
solved for correctly are the lattice sites denoted by 8, 2, 3, 7 and 8, 12.
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Appendix C

Discussion of the three difficult
sites

The plots of probability distribution for the two-dimensional model, see section 4.2,
have sites with a red border. These sites are outlined with a red border because the
system could not be solved for the self-consistent equations. These three sites do
not satisfy condition 2.31, which is the unity condition. The sites that cannot be
solved for are the nanoparticle positions that the N − 1 lattice sites away from the
tether position. The fact that the program cannot solve for the volume fraction to
be 1 can be explained by the way in which the system is defined. The model is based
on a purely two-dimensional system. The probability is update with equation 2.19,
which allows for the next polymer segment to stay in the same site as the previous
segment. This causes problems for nanoparticle that are N − 1 sites away from the
tether point, because the polymer is stretched in a single direction but there must
be one lattice site with two polymer segments. Therefore, the total volume fraction
does not satisfy the unity condition.

The V-field and volume fraction are plotted in figure C.1 to see whether the given
explanation is plausible. The polymer that connects the nanoparticle to the surface

(a) The V-field. (b) The volume fraction.

Figure C.1: The solution for V-field and volume fraction for the nanoparticle
at lattice site 10, 16. The polymer consists of 8 segments and χ is set to 0.
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(a) The V-field. (b) The volume fraction.

Figure C.2: The solution for V-field and volume fraction for the nanoparticle
at lattice site 9, 16. The polymer consists of 8 segments and χ is set to 0.

is indeed in a straight configuration. Thus the number of segments, 8, must be
distribution over 7 lattice sites. The volume fraction of the polymers thus always
exceeds 1, because it is not possible to distribute the monomers over 7 sites if the
maximum number of monomers per site equals 1. However, the system still tries to
solve for the unity condition. This causes the V-field to have large values to enforce
the excluded-volume effects on the monomers. When comparing the V-field of the
problem site with the V-field of a different particle position, there is a significantly
larger value for the problematic lattice site. This becomes clear when comparing
the results of figure C.1 and C.2. The code tries to find a solution for which the
self-consistent equations are satisfied, but it is not possible for Mathematica to do
so.
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