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Abstract

Glass formation remains one of the deepest problems in physics. The cooling of a supercooled
liquid causes an extreme slowdown in dynamics, due to a dramatic increase in viscosity. This
is the basic idea of the glass transition. The problem is that experiments and simulations
are limited by this increase in viscosity, thus we need to surpass this limit to solve the glass
transition problem. This work looks into a recently proposed simulation technique to increase
the domain of glass transition studies able to be explored. The simulation technique builds
on top of conventional Monte Carlo molecular modeling methods by introducing particle
swaps. The efficiency of these particle swaps in a high-density mixture is strongly decreased
for large particle diameter differences, therefore a continuous size distribution (or continuous
polydispersity) is used. The continuous size distribution allows us to harness the power of
the particle swap moves, which is presented to be a speedup in dynamics of at least an order
of magnitude. Furthermore, a discrete polydisperse mixture is introduced to approximate
the structure and the speedup in dynamics of the continuous polydisperse mixture. It is
found that for a system of 10 components the speedup in dynamics is approximately equal
to the speedup from a continuous polydisperse mixture, while 20 components are needed to
have a structure which is very similar to the structure of a continuous polydisperse mixture.
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Chapter 1

Introduction

The theory of the nature of glass ranks among the deepest unsolved problems in condensed
matter physics [1]. When quenching a supercooled liquid a very strong slowdown of dynamics
happens with only tiny differences in structure. The extreme slowdown of dynamics is
captured by an increase in viscosity. The viscosity is defined as to what degree a fluid flows
due to internal friction. When the viscosity of this material exceeds 1013 kg m−1s−1 it is
defined to be a glass [2]. Glass has the macroscopic properties, namely rigidity, of a solid,
while on a microscopic scale it appears to be disordered, like a liquid. Figure 1.1 shows a
schematic view of the structure and dynamics of a liquid and a glass. The structure of a
liquid and a glass look nearly identical. In contrast, the dynamics look entirely different. For
a liquid all the particles can diffuse fast through the system, while for a glass this diffusion
is very slow.

(a) Liquid. (b) Glass.

Figure 1.1: Schematic view of a material in the liquid and in the glass state. The red line
represents the particle trajectory. Adapted from [3].

To study the dynamics around the glass transition one can use molecular simulations.
Conventional techniques use either Monte Carlo methods or Molecular Dynamics simula-
tions. Monte Carlo methods randomly sample states according to Boltzmann probabilities,
while Molecular Dynamics describes the dynamics by solving Newton’s equations of motion
[4]. These simulations are only able to simulate 5 orders of magnitude of the slowing down
of dynamics approaching the glass transition, while 13 orders of magnitudes of slowdown
have been shown in experiments [5].

Simulations of supercooled liquids through swap Monte Carlo 1



CHAPTER 1. INTRODUCTION

Liquid

Glass
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Figure 1.2: Sketch of the free energy, enthalpy or volume as function of the temperature
showing the current temperature region that is able to be studied and how this region can
expand using new simulation protocols. Adapted from Royall et al. [6].

When supercooling a liquid the viscosity increases. At some point the system becomes
so viscous that is solid on experimental timescales [6]. This corresponds to the system
falling out of equilibrium into a non-ergodic glass phase. Different simulation protocols can
allow us to reach equilibrium for lower temperature supercooled liquids without falling out
of equilibrium, to explore the deeply supercooled liquid region where new physics could
appear. This is visualized in figure 1.2. In this work a new type of Monte Carlo simulation
is used which makes it possible to study a part of the previously inaccessible area.

Grigera and Parisi [7] introduced the use of particle swaps in addition to traditional
translation Monte Carlo moves. This technique makes it possible that particles can more
easily break out of the cage formed by other particles. Normally, a lot of particles have to
move to make it possible for two particles to switch positions. Ninarello et al. [5] studied a
nonadditive continuous polydisperse system interaction with a soft repulsive pair potential
and claimed to have a thermalization speedup of around 10 orders of magnitude. In this
work an effort is made to

show the effect of swap Monte Carlo moves on the dynamics
and the structure of a supercooled liquid

Mode-Coupling Theory (MCT) is a theory developed to describe the dynamics of glass
formation from the structure. MCT becomes increasingly difficult when increasing the
number of components. The mixture studied by Ninarello et al. [5] has an infinite amount
of components which makes MCT extremely difficult, if not impossible [8]. It is, therefore,
paramount that the number of components is reduced to work with existing theories of glass
formation. Therefore, the second research question goes into transforming this continuous
polydisperse mixture to a discrete polydisperse mixture by asking:

how many species should a system contain to have similar dynamics
and structure as a continuous polydisperse system?

In chapter 2 Monte Carlo molecular modeling is discussed for both the conventional
translation moves as well as the recently introduced swap moves. In addition, the inter-
action between particles, the size distribution and the implementation of the simulation
is explained. Consequently, in chapter 3 the observables of interest, equilibration and the
verification of the simulation is presented. The results and discussion for a continuous poly-
disperse mixture and for the finite multicomponent mixture are given in chapter 4 and 5.
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Chapter 2

Simulation

Consider a system with N spheres, a volumetric number density ρ and a temperature T .
The volumetric number density describes the concentration of spheres in three-dimensional
space and is defined as

ρ =
N

V
, (2.1)

where V is the closed cubic volume. As a result of this, the system is a canonical ensemble
with configuration Q = (q1, q2, ..., qN ). This configuration space Q is spanned by vectors
pointing in four-dimensional Euclidean space

qi =


xi
yi
zi
Ri

 =

(
ri
Ri

)
, (2.2)

for i = 1, 2, ..., N where xi, yi and zi represent the position in a three-dimensional Cartesian
coordinate system also denoted with the vector ri and Ri the radius of the sphere. The radii
Ri are included in the configuration as these radii are not fixed when including the recently
introduced swap moves.

To simulate the states of the system a technique from statistical mechanics called Monte
Carlo molecular modeling is used. Monte Carlo simulations randomly sample the states of a
system according to Boltzmann probabilities. The Monte Carlo simulations are Markovian
by nature, which means that the next state is computed by only using the previous state of
the system. For the specific implementation of the Monte Carlo technique, the Metropolis
[9] algorithm is applied to the problem.

2.1 Monte Carlo

In the canonical ensemble the thermal average for some observable A is given by

〈A(Q)〉T =
1

Z

∫
A(Q) exp

(
− E

kbT

)
dQ, (2.3)

where the partition function is mathematically state by

Z =

∫
exp

(
− E

kbT

)
dQ, (2.4)

where E is the energy and kb is the Boltzmann constant [10]. To approximate equation
2.3 by a summation over all possible configurations {Q1,Q2, ...,QM}, where M is the total
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CHAPTER 2. SIMULATION

number of configurations, then for M →∞ the average of the observable

A(Q) =

∑M
l=1 exp

(
−E(Ql)

kBT
A(Ql)

)
∑M
l=1 exp

(
−E(Ql)

kBT

) . (2.5)

By implementing numerical integration schemes one needs to do the summations in equa-
tion 2.5 over all possible states of the system far exceeding current computational capabili-
ties. When choosing the points at which is sampled randomly according to some probability
function rather than a regular grid, it is possible to work with a small subset of these states
[10]. By sampling according to some probability function P (Q) equation 2.5 converts to

A(Q) =

∑M
l=1 exp

(
−E(Ql)

kBT
A(Ql)

)
/P (Ql)∑M

l=1 exp
(
−E(Ql)

kBT

)
/P (Ql)

. (2.6)

Using a choice of P (Ql) ∝ exp
(
−E(Ql)

kbT

)
equation 2.6 reduces to

A(Q) =
1

M

M∑
l=1

A(Ql). (2.7)

Metropolis et al. [9] introduced a scheme to make the next state Q′ dependent on the
previous state Q, a so called Markov process, via transition probability W (Q→ Q′) [10]. It
is possible to find a transition probability W such that for M → ∞ the distribution P (Q)
moves to the equilibrium distribution

Peq(Q) =
1

Z
exp

(
−E(Q)

kbT

)
, (2.8)

by requiring that the condition of detailed balance [10] holds:

Peq(Q)W (Q→ Q′) = Peq(Q
′)W (Q′ → Q). (2.9)

Equation 2.9 shows that

W (Q→ Q′)

W (Q′ → Q)
= exp

(
−∆E

kbT

)
(2.10)

only depends on the energy change ∆E = E(Q′) − E(Q) [10]. As equation 2.10 does not
provides a exact choice for the transition probability W (Q→ Q′), a form of the transition
probability suggested by literature [11] is used in this report:

W (Q→ Q′) = min

[
1, exp

(
−E(Q′)− E(Q)

kbT

)]
. (2.11)

2.2 The Metropolis algorithm

To make it possible to change states while preserving detailed balance Metropolis et al. [9]
proposed the following method:

1. pick a random particle;
2. calculate the energy of the system E(Q);
3. propose a random translation to the particle within a cubic box with edge length 2l

around the particle as visualized in figure 2.1;
4. calculate the energy of the system with the particle in the new position E(Q′);
5. accept the move with the acceptance probability given in equation 2.11.
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CHAPTER 2. SIMULATION

(a) Before translation move. (b) After translation move.

Figure 2.1: Two-dimensional visualization of Monte Carlo translations. The particle indi-
cated in gray is the particle randomly chosen and the dash box, with edge lengths 2l, depicts
the positional constraint for the random translation.

For a system at high densities swapping two particles is a cooperative, thus slow, process
[7]. It takes a lot of time for the particles to move around each other as the high density
encapsulated the two particles strongly. To solve this problem Grigera and Parisi [7] intro-
duced particle swaps in addition to the traditional Monte Carlo moves. This ensures that
the swapping of both particles is made non-cooperative [7]. When the Metropolis algorithm
is applied to swap moves the method is defined as:

1. pick two random particles;
2. calculate the energy of the system E(Q);
3. propose to swap both particles as visualized in figure 2.2;
4. calculate the energy of the system with both particles in the new configuration E(Q′);
5. accept the move with the acceptance probability given in equation 2.11.

(a) Before swap move. (b) After swap move.

Figure 2.2: Two-dimensional visualization of Monte Carlo swaps. The particles indicated in
gray are the particles randomly chosen.

2.3 Computational model

2.3.1 Interaction potential

To study the dynamics of a supercooled liquid of soft spheres a soft repulsive pair interaction
potential is used. Following Ninarello et al. [5] the soft repulsive pair (SRP) potential [5]

VSRP(rij) =


(
σij
rij

)n
+ c4

(
rij
σij

)4

+ c2

(
rij
σij

)2

+ c0 if rij < 1.25σ

0 if rij ≥ 1.25σ,

(2.12)
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CHAPTER 2. SIMULATION

where σij is the diameter of an hard sphere or otherwise known as the summed Van der
Waals radius of particles i and j; rij is the Euclidean distance between the centers of particle
i and j; n is the level of softness of the potential; and the coefficients c0, c2 and c4 are to make
the potential, the first and the second derivative continuous at the chosen cut-off distance
rcut = 1.25σij .

By requiring that the derivatives up to the second order are continuous this potential
has an advantage over the commonly used repulsive Weeks-Chandler-Anderson (WCA) [12]
potential derived in appendix A from the Lennard-Jones potential, which has an attractive
as well as a repulsive part. The second derivative of the WCA-potential is not continuous at
the cut-off distance, which results in instabilities in the solutions when performing Molecular
Dynamics simulations [13].

These requirements mean that

VSRP(rij = rcut) =
dVSRP(rij)

drij

∣∣∣∣
rij=rcut

=
d2VSRP(rij)

dr2ij

∣∣∣∣
rij=rcut

= 0. (2.13)

Solving this set of equation for the coefficients gives:

c0 = −2−3+2n5−n(2 + n)(4 + n), (2.14)

c2 = 41+n5−2−nn(4 + n), (2.15)

c4 = −25+2n5−4−nn(2 + n) (2.16)

which for the case used in this work, a softness parameter of n = 12 [5], reduces to c0 =
−1.92415, c2 = 2.11106 and c4 = −0.591097. The SRP-potential is visualized in figure 2.3.

The force in the x-direction due to the soft repulsive pair potential

FSRPx(x, rij) =


[
−c4

4r2ij
σ4
ij

− c2
2

σ2
ij

+
n

r2ij

(
σij
rij

)n]
x if rij < 1.25σij

0 if rij ≥ 1.25σij ,

(2.17)

where x is the one dimensional distance in the x-direction. Similarly, the force is computed
for the y and z-direction.

Following Ninarello et al. [5] the cross diameter

σij =
σi + σj

2
(1− α|σi − σj |), (2.18)

is used for the pair interaction to make sure that there is a high structural stability in the
simulation, where α is a nonadditivity parameter and σi and σj are the diameters of particles
i and j respectively.

6 Simulations of supercooled liquids through swap Monte Carlo



CHAPTER 2. SIMULATION

Figure 2.3: Lennard-Jones potential from equation A.1 with ε = 1, Weeks-Chandler-
Andersen potential following equation A.2 with ε = 1 and the soft repulsive pair potential
from equation 2.12 with n = 12 and c0 = −1.92415, c2 = 2.11106 and c4 = −0.591097.

2.3.2 Particle size distribution

The performance of swap moves for increasing the thermalization is strongly related to the
diameter differences of the particles that are swapped. A very small diameter difference in,
for example, a binary mixture would be the best for accelerating thermalization, but makes
the system susceptible to crystallization [5]. By using a continuous polydisperse system
over a large diameter interval, the diameter differences between individual particles do not
necessarily have to be large and the system is less likely to crystallize.

To study these continuous and variable degrees of discrete polydisperse systems which
have shown to strengthen glass forming ability, following Ninarello et al. [5], the particle
size distribution

P (σ) =
A

σ3
(2.19)

for σ ∈ [σmin, σmax], where A is a normalization constant and σmin and σmax denote the
minimum and maximum particle diameter respectively. The ratio σmax/σmin will be an
input parameter for the simulation. The unit of length is defined as the average particle size
〈σ〉. So using the fact that equation 2.19 must be normalized and that the length unit is
defined as the average particle size 〈σ〉, which is set to unity within the simulation, a system
of two equations is created:

{
〈1〉 = 1

〈σ〉 = 1.
(2.20)

By evaluating equation 2.20 for a continuous polydisperse system, indicated by the num-
ber of species Ns =∞, the system gets the form:


∫ σmax

σmin

P (σ)dσ = 1∫ σmax

σmin

σP (σ)dσ = 1.

(2.21)

Simulations of supercooled liquids through swap Monte Carlo 7
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Solving the system of equations 2.21 gives

A =
1

2
+

1

σmax/σmin − 1
, (2.22)

σmin =
1 + σmax/σmin

2σmax/σmin
, (2.23)

σmax =
1 + σmax/σmin

2
. (2.24)

For the discrete polydisperse system there are a discrete number of species Ns so evalu-
ating equation 2.20: 

Ns∑
s=1

P (σs) = 1

Ns∑
s=1

σsP (σs) = 1,

(2.25)

where the species s, with s = 1, 2, ..., Ns, has diameter

σs = σmin +
(σmax − σmin)

Ns − 1
(s− 1). (2.26)

The system of equations 2.25 is not analytically solvable for an arbitrary number of species
Ns and is, therefore, computed numerically within the simulations.

2.4 Computational details

Due to the nature of Monte Carlo simulations, there is no explicit time involved. The time is
therefore given in units of the number of particles N . In practice, this means that the total
elapsed time is the total number of attempted Monte Carlo moves divided by the number
of particles N .

The system is simulated using periodic boundary conditions which mean that a particle
exiting the box on one side it reappears at the opposite side of the box where it exited, as
visualized in figure 2.4. Periodic boundary conditions allow one to simulate an infinitely large
system. Every particle interacts with all the particles in a box surrounding that particle.

The simulation starts by placing all N spheres with randomly chosen diameter from the
particle size distribution 2.19 with a set ratio σmax/σmin in a cubic lattice as visualized in
figure 2.5a. This is done by first determining how many particles should be placed along one
dimension with the length L = 3

√
V where V is the cubic volume calculated from equation

2.1. Another option is to start from a previously equilibrated state, as for example seen in
figure 2.5b. After the initialization, the simulations start for a set number of iterations.

Each iteration starts with the choice of Monte Carlo move, to either swap two particles
or to translate a single particle. A swap move is chosen with probability Pswap, otherwise,
a translation move will take place. The swap probability Pswap is defined such that when
Pswap = 0 only translation moves take place and if Pswap = 1 only swap moves will be
performed.

Following the Metropolis algorithm discussed in chapter 2. If a translation move is
chosen for this iteration a single particle is randomly selected. If a swap move is selected
two different particles are randomly selected. For a discretized polydispersity the diameter of
the two chosen particles has to be different. Allowing the swap of equally sized particle would
result in a possible swap of equally sized particles which would not change the structure,
dynamics or energy in any way.

8 Simulations of supercooled liquids through swap Monte Carlo



CHAPTER 2. SIMULATION

rcut

Figure 2.4: Schematic view of periodic boundary conditions and the interaction circle de-
noted by rcut. The gray particle is indicated in the middle and in the imaginary boxes
around the center box. The red arrow indicates how a translation of a particle works when
using periodic boundary conditions.

(a) Random initialized lattice. (b) Equilibrium states at temperature T = 1.

Figure 2.5: Graphical visualization of the configuration of N = 1000 particles in a box. The
diameter shown is the hard sphere diameter σ.

Simulations of supercooled liquids through swap Monte Carlo 9
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Start Choose with
probability

Calculate 
energy

Choose two 
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Propose swapping
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Yes
No
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random particle

Pswap-1

Pswap

Propose constraint
translation
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Metropolis rule
Calculate 

energy difference
Calculate 

energy

Figure 2.6: Structural outline of the implementation of both the translation and the swap
Monte Carlo algorithms.

After the choice of which particle(s) should perform a Monte Carlo move the energy
prior to this move is calculated. Instead of calculating the energy of the entire system, the
energy is only calculated for all the interactions of the chosen particle or particles with all
other particles for translation and swap moves respectively.

For the translation move starting at the initial position ri the proposed new position is
changed with a random translation

δri =

δxδy
δz

 , (2.27)

where δx, δy and δz are random perturbations satisfying δx, δy, δz ∈ [−l, l] with l the
maximum translation step size chosen to be 0.1, such that the new position r′i = ri + δri.
For swap Monte Carlo the proposed move is simply a swap of radii of the two selected
particles. This in contrast to the proposed position swap in Grigera and Parisi [7]. By
swapping the radii instead of the position the particles perform a sort of random walk in
(discretized) diameter space [5].

Then the energy of the proposed move is calculated in the same way as before the move.
The probability that the proposed move gets accepted is calculated using equation 2.11 with
the energy calculated in both situations.

As for every proposed swap moves the energy has to be calculated for two particles,
a useful optimization would be to reject a swap move prior to the energy calculation if
the difference between diameter larger than a set value. As seen in figure 4.6, there is an
extremely low chance, if not zero, that a move can get accepted for Ns = 2 as this would
mean swapping σmax and σmin.

Aforementioned steps, as summarized in figure 2.6, are repeated for a set number of
iterations. The configuration, energy, pressure and Monte Carlo move acceptance ratios
are sampled multiple times throughout the full simulation. This allows one to describe the
structure, dynamics, Monte Carlo performance and if the system is in equilibrium. The
developed simulation code can be found in appendix B.

Within the whole simulation detailed balance is satisfied. Both the Monte Carlo move
type and the particle is chosen with a certain probability. By making all choices based upon
a probability it ensures that the algorithm is invariant under time reversibility at equilibrium
[10].

10 Simulations of supercooled liquids through swap Monte Carlo



Chapter 3

Analysis

In this chapter the observables of interest are presented. The observables of interest are the
reason why the simulation is created, using these observables one can gain an insight on
how the modeled system behaves. Additionally, the methods to determine if a system is in
equilibrium are explained. Finally, the simulation code is verified with literature in order to
ensure the correctness of the results.

3.1 Observables of interest

To study the behavior of supercooled liquids the structure and dynamics are of interest. For
this one needs to track all the particles in space and time. This density in real space

ρ(r, t) =

N∑
m=1

δ(r − rm(t)), (3.1)

with δ the Dirac delta function. Using a Fourier transform the density modes

ρ(k, t) =

N∑
m=1

eik·rm(t). (3.2)

Equation 3.2 allows us to define density-density correlations in the structure over time, which
is also known as the collective intermediate scattering function,

Fc(k, t) =
1

N
〈ρ∗(k, 0)ρ(k, t)〉 , (3.3)

where ρ∗ indicates the complex conjugate of the density modes and 〈· · ·〉 indicates the
ensemble average. By applying equation 3.2 to equation 3.3 gives:

Fc(k, t) =
1

N

N∑
m=1

N∑
n=1

〈
e−ik·rm(0)eik·rn(t)

〉
. (3.4)

Separating the summation terms in equation 3.4:

Fc(k, t) =
1

N

 N∑
m=1

〈
e−ik·rm(0)eik·rm(t)

〉
+

N∑
m=1

N∑
n=1
n 6=m

〈
e−ik·rm(0)eik·rn(t)

〉 . (3.5)

The first term in equation 3.5 is the correlation of only a particle with itself at a later time.
This correlation can be computed separately and will be denoted by the self intermediate

Simulations of supercooled liquids through swap Monte Carlo 11
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scattering function

Fs(k, t) =
1

N

(
N∑
m=1

〈
e−ik·rm(0)eik·rm(t)

〉)
. (3.6)

By measuring the intermediate scattering function one can describe the relaxation of a
system at the microscopic level [3]. The structural relaxation time τα is, by convention,
defined as the moment in time that the self intermediate scattering function reaches the
value e−1: Fs(k, τα) = e−1 [5]. Figure 3.1 shows a sketch of the self intermediate scattering
function of equation 3.6 for a liquid, a supercooled liquid and a glass. The self intermediate
scattering function for a liquid decorrelates very quickly. For a supercooled liquid there is
some plateauing visible before decorrelation. For a glass the self intermediate scattering
function does not decay in reasonable timescales [6].

Figure 3.1: Sketch of the self intermediate scattering function over time for a liquid, a
supercooled liquid and a glass. Adapted from [3].

By eliminating the time-dependence in equation 3.5 the static structure factor [14]

S(k) =
1

N

〈
N∑
m=1

eik·rm

N∑
n=1

e−ik·rn

〉
. (3.7)

which provides the structure of the system at a single moment in time. In addition to the
static structure factor, the radial distribution function g(r) can be calculated. The radial
distribution function is similar to the static structure factor, but a key difference is that the
radial distribution function is measured in real space as opposed to the spatial frequency
domain (k-space) for the static structure factor. The radial distribution function is defined
by the probability of finding the center of a particle in a shell at a distance r from a reference
particle with thickness dr as visualized in figure 3.2. The result is divided by the number
density ρ and the thickness of the cell 4πr2dr. In practice, this radial distribution is averaged
over all the particles of the system to get an accurate description of the structure.
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dr

r

Figure 3.2: Schematic representation of the radial distribution function.

3.2 Equilibration

In order to perform measurements on the system, it is first necessary to equilibrate the
system. As all simulations performed are within the canonical ensemble the number of
spheres N , the volume V and the temperature T are fixed. A calculation of the energy and
pressure over time is, therefore, a possibility for determining when a state is approaching
equilibrium.

The energy

E =

N−1∑
i=1

N∑
j=i+1

V (rij), (3.8)

which is simply the sum of all the pairwise interaction potentials. This is due to the fact
that in Monte Carlo simulations there is no explicit kinetic energy.

The pressure

P = ρkBT +
1

dV

N−1∑
i=1

N∑
j=i+1

F (rij) · rij , (3.9)

where d is the dimensionality of the problem, which in this case is 3 [4].
A system can be falsely thought to be in equilibrium if the only metrics for determining

equilibrium is the energy and the pressure. To make sure that a system is, in fact, in
equilibrium one needs to check the structure over time. This can be done by looking at
the radial distribution function or the static structure factor. A system that looks to be in
equilibrium regarding the energy and the pressure can show signs of aging. Aging occurs
when the structure ever so slightly changes over time [15], visualized in figure 3.3. So when
determining if a system is in equilibrium it is important to make sure that there are no signs
of aging.
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Figure 3.3: Sketch of the radial distribution function g as function of the separation distance
r for two different times t0 and t0 + ∆t, where ∆t is used to illustrate some later moment in
time. Due to aging the system is not yet in equilibrium, indicated by a constant structure
over time. Sketch made using expression presented by Matteoli and Mansoori [16].

3.3 Verification

To make sure that the developed simulation code is correct, it is verified by reproducing
literature. This is done by changing the simulation code partly to be able to compare the
results to literature. First, the structure and dynamics with only conventional Monte Carlo
moves is verified by reproducing the results presented by Berthier and Tarjus [17]. Next,
the complete algorithm, including swap Monte Carlo moves, is verified by reproducing the
dynamics published by Ninarello et al. [5].

3.3.1 Conventional Monte Carlo

The conventional Monte Carlo simulation, with Pswap = 0, is verified with the Kob-Anderson
mixture [18]. The Kob-Anderson model is a binary mixture of two different sizes, a ratio of
80:20 of large to small particles [17]. Large and small particles are indicated by a subscript of
A and B respectively. Interactions between two large particles, two small particles and one
large with one small particle are indicated by a subscript of AA, BB and AB respectively.
Lengths are given in units of the large particle σA. The system is modeled using the Weeks-
Chandler-Andersen potential in equation A.2 with modified parameters: εAA = 1.0, σAA =
1.0, εAB = 1.5, σAB = 0.8, εBB = 0.5 and σBB = 0.88 [18]. The simulations are performed
with N = 1000 particles and a number density ρ = 1.2.

The structure of the Kob-Andersen mixture is visualized using the radial distribution
function g(r) in figure 3.4.

The structure of figure 3.4 looks equivalent to the same model studied by Berthier and
Tarjus [17] shown in figure 3.5. By this note, one can conclude that the model appears to
be correct for the structure using conventional Monte Carlo molecular modeling.
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(a) T = 0.45. (b) T = 1.5.

Figure 3.4: Radial distribution function g as function of the separation distance r for different
temperatures, N = 1000 particles are distributed using a ratio of 80:20 for large to small
particles with a number density ρ = 1.2. The system is modeled using the WCA-potential
of equation A.2.
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FIG. 2. Phase diagram of the system with: the liquid-gas coexistence
curve,24 the spinodal line25 and the onset temperatures TLJ

onset discussed in
Sec. IV of the binary LJ mixture, the T → 0 jamming limit of the WCA
model; the mode-coupling transition line Tc(ρ) as f tted from the numerical
data.26

has always a positive pressure and, of course, no coexistence
region.

To help characterizing the different state points that will
be considered, we give in Fig. 2 the phase diagram in the
(ρ, T ) plane of the binary LJ model. For illustrating the rel-
evant range for the dynamics, we also plot on this diagram
the estimated Tc of the mode-coupling theory as obtained
from a f t to the simulation data.26 For the purpose of this
work, the merit of such a f t is immaterial, the Tc line being
a convenient indicator of a temperature scale where dynamics
has slowed down by about four decades as compared to the
high-temperature f uid. The mode-coupling line ends up for ρ
= 1.1 in the metastable liquid, as mentioned above, whereas
densities ρ= 1.6 and ρ= 1.8 are clearly outside the conven-
tional liquid range (one is always much above the critical tem-
perature). These densities actually correspond to conditions
that, although easily investigated in simulations of simple
models, are not experimentally relevant, even in high-pressure
experiments on glass-forming liquids (see also Ref. 27).
The density ρ= 1.2 is the standard condition at which the
slowdown of relaxation of the binary Lennard-Jones mix-
ture is usually considered.21 It corresponds to typical liq-
uid (and viscous liquid) states. Most of our simulations are
performed in the viscous regime in the region delimited by
the onset temperature Tonset and the mode-coupling lines
in Fig. 2.

As for the WCA model, because of the absence of attrac-
tive interactions, it does not have a gas-liquid transition and
could in principle be studied at all densities down to zero tem-
perature. In practice however, we found that the system crys-
tallizes in simulations when cooled down to small but nonzero
T at densities below ρ 1.1, and this is the reason which
prevents us from extending the mode-coupling line down to
T = 0. On the other hand, directly at T = 0, the WCA model
could in principle be subjected to various “jamming” proto-
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FIG. 3. Pair correlation functions of the (total) density f uctuations g(r) and
of the concentration f uctuations gcc(r) for the LJ and WCA liquids at high
and low temperature for the canonical liquid density ρ= 1.2. The different
curves are vertically shifted, for clarity.

cols with density as the control variable.28 We shall come
back to these aspects in the following.

III. CONTRASTING THE BEHAVIOR OF THE PAIR
STRUCTURE AND OF THE DYNAMICS

A. Pair correlation functions

We f rst consider the structure of the two liquid models,
as characterized by the static two-body density correlations.
We focus here on the pair correlation functions gαβ(r), the
static structure factors Sαβ(q) having already been displayed
elsewhere.26

In Ref. 10, we have shown that the pair correlation func-
tion of the (total) density f uctuations,29

g(r) ≡ x2
A gAA(r) + 2xAxB gAB(r) +x2

B gBB(r), (2)

where xα denotes the concentration of species α, is extremely
similar for the LJ and the WCA models and that its shape
varies only weakly with temperature. This is illustrated in
Fig. 3 for the canonical density ρ= 1.2. Weeks, Chandler,
and Andersen3 pointed out that, in the case of a binary mix-
ture, the coincidence between the structure of the two models
should not be as good for the pair correlations involving the
f uctuations of concentration (δc= xBδρA −xAδρB), as those
are less constrained at high density than the (total) density
f uctuations (δρ= xAδρA +xBδρB). We have checked this by
plotting the pair correlation function of the concentration f uc-
tuations, gcc(r), def ned as29

gcc(r) ≡ x2
B gAA(r) − 2xAxB gAB(r) +x2

A gBB(r). (3)

The results are also shown in Fig. 3. As anticipated, the differ-
ence between the LJ and WCA models is still weak but more
pronounced for gcc(r) than for g(r).

Finally, we display in Fig. 4 the evolution with density
of the partial pair correlation functions gαβ(r) for the two
liquid models. As there is less difference between the two
models at high temperature, we concentrate on the low tem-
peratures, thus emphasizing those state points where differ-
ences are more pronounced. At high density, all curves nearly

g(r), T =1.5

g(r), T =0.45

Figure 3.5: Radial distribution function g as function of the separation distance r for different
temperatures. The particles are distributed using a ratio of 80:20 for large to small particles
with a number density ρ = 1.2. The system is modeled using the WCA-potential of equation
A.2. Measurements by Berthier and Tarjus [17].
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The dynamics of the Kob-Andersen mixture can be described using the self intermediate
scattering function Fs(t) of equation 3.6 which is shown in figure 3.6.

The dynamics shown in figure 3.6 have the same behavior as the dynamics shown by
Berthier and Tarjus [17] shown in figure 3.7. However, an important difference is the time-
scales involved. As discussed Monte Carlo simulation do not have an explicit time in contrast
to Molecular Dynamics, which was used by Berthier and Tarjus [17] in figure 3.7. Taking
both considerations into account it can reasonably be assumed that the model is correct for
describing dynamics using conventional Monte Carlo molecular modeling.
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Figure 3.6: Self intermediate scattering function Fs as function of the time t for different
temperatures. N = 1000 particles are distributed using a ratio of 80:20 for large to small
particles with a number density ρ = 1.2. The system is modeled using the WCA-potential
of equation A.2.

214503-5 Attractive forces in viscous liquids J. Chem. Phys. 134, 214503 (2011)
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FIG. 5. Comparison of the time dependence of the self-intermediate scatter-
ing function Fs(q, t) for qσAA 7.2 of the LJ and WCA models at the same
temperatures, shown for different densities.

well-def ned intermediate plateau while this temperature cor-
responds to a modestly supercooled state for the WCA sys-
tem. When ρ increases, these differences decrease, but note
that even for ρ= 1.6 and T = 1.8 (a temperature which is
50% larger than the critical point, see Fig. 2) the time corre-
lation functions still differ by a large factor.

From the time decay of the self-intermediate scattering
function, we extract a relaxation time, τ, def ned in practice
as Fs(q,τ) = exp(−1). We show in Fig. 6 an Arrhenius plot
of this relaxation time for several densities. The f gure clearly
illustrates that the dramatic difference between the two mod-
els that is seen at liquid densities (with already a difference
of 3 orders of magnitude at the lowest temperature at which
we can equilibrate the full binary LJ model) decreases slowly
with density. In such a logarithmic representation covering
many decades, the presence or absence of the attractive tail
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FIG. 6. Arrhenius plot of the relaxation time of the LJ (f lled symbols) and
WCA (open symbols) models for several densities. Note that the temperature
range is different for each panel.

of the potentials appears irrelevant at very high densities only.
However, as stressed above, such densities are not realistic for
actual glass-forming liquids.

C. Two-dimensional case and other examples

We note in passing that the pattern that we have found
here, namely, that the WCA reduction of the binary LJ mix-
ture to a truncated purely repulsive systems has virtually no
effect on the pair correlations of the total density but strongly
affects the dynamics, is not unique. We have also obtained the
same effect for instance in a two-dimensional version of the
binary 65:35 LJ mixture model, as illustrated in Fig. 7.

We point out that, although not appreciated before, the
conclusion that the WCA truncation of Lennard-Jones forces
has a dramatic impact on the dynamics can in fact be drawn
by comparing the results already published in the literature
for different Lennard- Jones mixtures21,31 and for their WCA
truncations.32,33

Additionally, since their initial publication,10 our results
for the three-dimensional Kob-Andersen 80:20 mixture have
now been conf rmed by independent studies.16,34

D. To be, or not to be (perturbative)

Before closing this section, we would like to discuss how
to best characterize the difference in the dynamical behavior
of the LJ and WCA models at liquid densities and what to
make of it. In our earlier publication,10 we have described the
effect of the attractive tail of the pair potentials on the dynam-
ics as “nonperturbative.” At a quantitative level, the gap be-
tween the characteristic time scales of the two models indeed
becomes enormous and widens as temperature decreases. By

Figure 3.7: Self intermediate scattering function Fs as function of the time t for different
temperatures. The temperatures are T = 3.0, 1.0, 0.45 from left to right. The particles are
distributed using a ratio of 80:20 for large to small particles with a number density ρ = 1.2.
The system is modeled using the WCA-potential of equation A.2. Measurements by Berthier
and Tarjus [17].
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3.3.2 Swap Monte Carlo

To verify the model with the swap Monte Carlo algorithm the dynamics are compared to
Ninarello et al. [5]. The system with a number density ρ = 1.0 uses the soft repulsive
pair potential of equation 2.12 with a softness n = 12 and a cross diameter calculated
using equation 2.18 with a nonadditivity parameter α = 0.2. The particle mixture with
N = 1000 particles is continuous polydisperse with a distribution as in equation 2.19 using
a diameter ratio σmax/σmin = 2.219. In figure 3.8 the self intermediate scattering function
Fs(t), according to equation 3.6, is shown for various temperatures.

The dynamics shown in figure 3.8 look similar to the same system studied by Ninarello
et al. [5] shown in figure 3.9. As mentioned before, the time t can not directly be compared
to the reference study. This is in this case not because of the different molecular modeling
method, which is both Monte Carlo, but because in the reference study it is not documented
which maximum translation step size l is used. This strongly affects the Monte Carlo
translation step acceptance rate, which is directly related to the dynamics. In addition, the
value of the self intermediate scattering function should be averaged over multiple runs to get
a more accurate and smooth result. There is also more computation time needed before all
systems reach Fs = 0 and the full behavior can be known. However, the measurements shown
signs of plateauing for temperatures T = 0.075 and T = 0.062 similar to the reference study
[5], shown in figure 3.9. Because of this, it is concluded that the model behaves properly for
systems using the swap Monte Carlo algorithm.
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Figure 3.8: Self intermediate scattering function Fs as function of the time t for different
temperatures. The system used is a continuous polydisperse mixture of N = 1000 particles
distributed using equation 2.19 with a diameter ratio σmax/σmin = 2.219 and a number
density ρ = 1.0. The interaction potential is the soft repulsive pair potential described in
equation 2.12 with a softness n = 12 and nonadditivity α = 0.2.
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Figure 3.9: Self intermediate scattering function Fs as function of the time t for different
temperatures. The temperatures are T = 0.25, 0.175, 0.125, 0.075, 0.062 from left to right.
The system used is a continuous polydisperse mixture distributed using equation 2.19 with a
diameter ratio σmax/σmin = 2.219 and a number density ρ = 1.0. The interaction potential
is the soft repulsive pair potential described in equation 2.12 with a softness n = 12 and
nonadditivity α = 0.2. Measurements by Ninarello et al. [5].
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Chapter 4

Results and discussion

In section 4.1 the results are presented for the continuous polydisperse mixture, an infinite
number of possible particle diameters, in the context of showing the effects of the swap
Monte Carlo moves on the structure and dynamics of supercooled liquids. In section 4.2 the
results are presented for the discrete polydisperse mixture to see how many species such a
system should contain to have similar dynamics and structure as a continuous polydisperse
system.

4.1 Continuous polydisperse mixture

The system used is a continuous polydisperse mixture of N = 1000 particles distributed
using equation 2.19 with a diameter ratio σmax/σmin = 2.219 and a number density ρ = 1.0.
The interaction potential is the soft repulsive pair potential described in equation 2.12 with
a softness n = 12 and nonadditivity α = 0.2.

To calculate the most optimal swap probability Pswap for increasing the thermalization
speed, the continuous polydisperse system following the distribution in equation 2.19 is
simulated for different swap probabilities. The results are graphed in figure 4.1. Figure
4.1 shows that the structural relaxation time is the lowest, therefore the most optimal,
over a fairly large range of swap probabilities Pswap = 0.2 until Pswap = 0.5. As a Monte
Carlo simulations with Pswap = 1 take, in terms of CPU time, about 50% longer than with
Pswap = 0 and similar to Ninarello et al. [5] for Pswap = 0.2 about 20% longer, Pswap = 0.2
is found to be optimal and is used for further simulations. However, it should be noted that
even for very small swap probabilities there is a huge decrease in relaxation time.

Figure 4.2 shows the acceptance rates of swap and translation Monte Carlo moves for
varying temperature T . For T → ∞ the acceptance rate will increase to a constant value.
On top of this, simulations show that swap and translation acceptance ratios do not change
as function of the swap probability. Possible improvements to increase the translation ac-
ceptance rate would be to decrease the maximum translation step l. This makes it less likely
that a move is proposed which is energetically very unfavorable. Next, it is possible to make
the maximum translation step in units of the chosen particle diameter, such that a small
particle cannot move as much in one Monte Carlo sweep as a large particle. To further tweak
the translation Monte Carlo move to speed up the simulation time one could introduce a
variable maximum translation step which tries to get the translation acceptance within a
certain range, say 30-60% by checking every few iterations what the acceptance rate was
and increasing or decreasing the maximum translation step by a few percents for the next
batch of iterations [19]. However, it should be noted that this variable step size can only be
used for equilibration or when measuring structure, but is not to be used when measuring
dynamics as this would change the time intervals between every iteration.

As shown in figure 4.3 the structural relaxation time τα for the system with swap moves
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Figure 4.1: Structural relaxation time τα as function of the swap probability Pswap nor-
malized by the structural relaxation time with a swap probability Pswap = 0 denoted by
τ∗α for a temperature T = 0.25. The system used is a continuous polydisperse mixture of
N = 1000 particles distributed using equation 2.19 with a diameter ratio σmax/σmin = 2.219
and a number density ρ = 1.0. The interaction potential is the soft repulsive pair potential
described in equation 2.12 with a softness n = 12 and nonadditivity α = 0.2.

Figure 4.2: Monte Carlo acceptance rates as function of the temperature T using a swap
probability Pswap = 0.2. The system used is a continuous polydisperse mixture of N = 1000
particles distributed using equation 2.19 with a diameter ratio σmax/σmin = 2.219 and
a number density ρ = 1.0. The interaction potential is the soft repulsive pair potential
described in equation 2.12 with a softness n = 12 and nonadditivity α = 0.2.
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Figure 4.3: Structural relaxation time τα as function of the temperature T for swap proba-
bilities Pswap = 0.0, 0.2. The system used is a continuous polydisperse mixture of N = 1000
particles distributed using equation 2.19 with a diameter ratio σmax/σmin = 2.219 and a
number density ρ = 1.0. The interaction potential is the soft repulsive pair potential de-
scribed in equation 2.12 with a softness n = 12 and nonadditivity α = 0.2.

already shows an order of magnitude improvements for a temperature T = 0.25. Extrapo-
lating the data for Pswap = 0.0 in figure 4.3 to a temperature of 0.2 gives a difference of 2
order of magnitudes with respect to the data obtained for Pswap = 0.2. Simulations for lower
temperatures and thereby increasingly longer computation time have to be done to show
the dramatic speedup of 10 orders of magnitude calculated using extrapolation by Ninarello
et al. [5].

In simulations from the same state to a lower temperature there can not be found a
significant difference in the equilibrium energy or pressure when introducing swap moves
on top of the conventional translation moves. Figure 4.4 shows that, in addition to no
significant difference in equilibrium energy or pressure, there is also not a notable difference
in structure. The slight mismatch in figure 4.4 can be caused by noise which could be
resolved by averaging over even more timesteps.

In summary, swap moves seem to speed up the relaxation time greatly. For a temperature
T = 1.0 there is hardly any different but for lower a temperature T = 0.25 an order of
magnitude in speedup is found. On top of that, for even lower temperatures, the swap
dynamics have shown to speed up the relaxation time even further. Comparing simulations
using conventional Monte Carlo translation with simulations that also have the possibility
to perform swap moves shows that there is not a significant difference between the energy,
pressure and the structure of both mixtures.
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Figure 4.4: Radial distribution function g as function of the separation distance r for swap
probabilities Pswap = 0.0, 0.2 at temperature T = 0.25. The system used is a continuous
polydisperse mixture of N = 1000 particles distributed using equation 2.19 with a diameter
ratio σmax/σmin = 2.219 and a number density ρ = 1.0. The interaction potential is the soft
repulsive pair potential described in equation 2.12 with a softness n = 12 and nonadditivity
α = 0.2.

4.2 Discrete polydisperse mixture

A continuous polydisperse mixture is theoretical the most optimal mixture for increasing
the acceptance of swap Monte Carlo moves, but is impossible to use in combination with
Mode-Coupling Theory as explained in chapter 1. Therefore, the goal is to find an optimum
number of species to approximate the behavior seen for a continuous polydisperse mixture.
The system used is a discrete polydisperse mixture of N = 1000 particles distributed using
equation 2.19 with a diameter ratio σmax/σmin = 2.219 and a number density ρ = 1.0. The
interaction potential is the soft repulsive pair potential described in equation 2.12 with a
softness n = 12 and nonadditivity α = 0.2.

Figure 4.5 shows for systems with Pswap = 0.2 and the number of component around
Ns = 10, 20 the structural relaxation time is already very close to the relaxation time of a
continuous polydisperse system τ∞α . The relaxation time for discrete polydisperse systems
with Pswap = 0.0 and varying the number of species Ns stays equal to the relaxation time
of a continuous polydisperse system. Averaging the self intermediate scattering function Fs
over a large number of simulations would decrease the fluctuations in structural relaxation
time τα but due to time and storage size constraints, this is being skipped for this work.
In figure 4.6 the Monte Carlo acceptance rate is visualized as a function of the number of
components Ns. The acceptance rate of the swap Monte Carlo moves is vanishingly small
for Ns < 7. For Ns ≥ 7 the acceptance rates for the swap moves increases a lot, while the
acceptance rate of the translation moves does not change significantly. This indicates that
the speedup shown in figure 4.5 is entirely due to the fact that swap moves come into effect.

In figure 4.7 a detailed view of the relaxation time as function of the temperature is given
for Ns = 10 and Ns = 20. The relaxation time speedups using swap Monte Carlo moves
in figure 4.7 is very similar to the the speedups for the continuous polydisperse system in
figure 4.3.

Figure 4.8 shows that the optimal swap probability for Ns = 10 and Ns = 20 is identical
to the continuous polydisperse mixture as concluded from figure 4.1.
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Figure 4.5: Inverse structural relaxation time 1/τα as function of the number of species
Ns multiplied with the structural relaxation time for a continuous polydisperse system τ∞α
for swap probability Pswap = 0.2 at temperature T = 0.25. The system used is a discrete
polydisperse mixture of N = 1000 particles distributed using equation 2.19 with a diameter
ratio σmax/σmin = 2.219 and a number density ρ = 1.0. The interaction potential is the soft
repulsive pair potential described in equation 2.12 with a softness n = 12 and nonadditivity
α = 0.2.

Figure 4.6: Monte Carlo acceptance rates as function of the number of species Ns at tem-
perature T = 0.25 using a swap probability Pswap = 0.2. The system used is a discrete
polydisperse mixture of N = 1000 particles distributed using equation 2.19 with a diameter
ratio σmax/σmin = 2.219 and a number density ρ = 1.0. The interaction potential is the soft
repulsive pair potential described in equation 2.12 with a softness n = 12 and nonadditivity
α = 0.2.
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(a) Number of species Ns = 10. (b) Number of species Ns = 20.

Figure 4.7: Structural relaxation time τα as function of the temperature T for for swap
probability Pswap = 0.0, 0.2 for a temperature T = 0.25. The system used is a discrete
polydisperse mixture of N = 1000 particles distributed using equation 2.19 with a diameter
ratio σmax/σmin = 2.219 and a number density ρ = 1.0. The interaction potential is the soft
repulsive pair potential described in equation 2.12 with a softness n = 12 and nonadditivity
α = 0.2.

(a) Number of species Ns = 10. (b) Number of species Ns = 20.

Figure 4.8: Structural relaxation time τα as function of the swap probability Pswap normal-
ized by the structural relaxation time with a swap probability Pswap = 0 denoted by τ∗α for a
temperature T = 0.25. The system used is a discrete polydisperse mixture of N = 1000 par-
ticles distributed using equation 2.19 with a diameter ratio σmax/σmin = 2.219 and a number
density ρ = 1.0. The interaction potential is the soft repulsive pair potential described in
equation 2.12 with a softness n = 12 and nonadditivity α = 0.2.
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Figure 4.9: Radial distribution function g as function of the separation distance r for different
number of species Ns, including for a continuous polydisperse mixture indicated by Ns =∞,
at a swap probability Pswap = 0.0 and temperature T = 0.25. The system used is a discrete
polydisperse mixture of N = 1000 particles distributed using equation 2.19 with a diameter
ratio σmax/σmin = 2.219 and a number density ρ = 1.0. The interaction potential is the soft
repulsive pair potential described in equation 2.12 with a softness n = 12 and nonadditivity
α = 0.2.

In figure 4.9 the structure of the system for different number of species Ns is shown
in contrast to structure for a continuous polydisperse mixture. The structure shows that
for Ns = 10, in contrast to Ns = 20, the structure still appears to be different from the
continuous polydisperse mixture.

Altogether this means that to have similar dynamics as a continuous polydisperse system
one needs a minimum of 10 species, while for the structure to be similar around 20 species
is needed.
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Chapter 5

Conclusion

With the aim in mind of simulating very low-temperature supercooled liquid, we studied the
effect of Monte Carlo swaps. In general, we were discussing the idea that with Monte Carlo
swaps we can simulate lower temperature supercooled liquids, but in this particular work
simulations were done on nonadditive particles, with various degrees of size distribution and
interacting using a soft repulsive pair potential to show the effects of Monte Carlo swaps in
speeding up the structural relaxation of supercooled liquids.

As discussed the workings of the swap Monte Carlo algorithm are optimal for a continuous
polydisperse system. For a system of 1000 particles an ideal swap probability Pswap = 0.2
is found which result in the strongest decrease in relaxation time while taking CPU time
into account. The performance of the Monte Carlo simulation is analyzed using the move
acceptance rates as a function of the temperature, which shows that the acceptance rate
increases for higher temperature as expected when using Boltzmann probabilities to sample
the system. The relaxation time decreases when introducing particle swaps is larger for lower
temperatures. For a temperature of 0.25 this speedup in dynamics is already an order of
magnitude and even more for lower temperatures. It is shown that the structure of systems
with swap moves is identical to the structure of a system without swap moves.

As existing theories of glass forming are very difficult, if not impossible, to generalize to an
infinite amount of species the quest was born to find a number of species which approximates
the continuous polydispersity, such that the similar decrease in relaxation time, using swap
Monte Carlo, can be found without using an infinite number of species. The relaxation time
as a function of the number of species is calculated and compared to the relaxation time for
a continuous polydisperse system. To get an approximately similar relaxation time as the
continuous polydisperse system one needs to use a multicomponent mixture of around 10 to
20 species. The reason for this is further analyzed by measuring the acceptance rates of the
Monte Carlo moves as a function of the number of components. For less than 7 species at a
low temperature, the swap acceptance rate is approximately zero. This results in an increase
in relaxation time as every proposed swap move gets rejected. The relaxation time as a
function of the temperature for 10 and 20 species is compared to the continuous polydisperse
mixture and looks very similar, having an order of magnitude speedup in dynamics for a
temperature of 0.25. The swap probability optimization as performed for the continuous
polydisperse mixture is repeated for the discretized polydisperse mixture with 10 and 20
components from which a similar value is found, compared to an infinite number of species.
When comparing the structure for the previously mentioned systems, the structure of the
20 component and the continuous polydisperse mixture are almost indistinguishable.

Swap Monte Carlo has shown to be a strong improvement over current methods bringing
us one step closer to discover the mysteries of the glass formation.
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[15] D. Mukherji and M.H. Müser. Glassy dynamics, aging in mobility, and structural
relaxation of strongly adsorbed polymer films: Corrugation or confinement? Macro-
molecules, 40(5):1754–1762, 2007.

[16] E. Matteoli and G. Ali Mansoori. A simple expression for radial distribution functions
of pure fluids and mixtures. The Journal of Chemical Physics, 103(11):4672–4677, 1995.

[17] L. Berthier and G. Tarjus. The role of attractive forces in viscous liquids. Journal of
Chemical Physics, 134(21), 2011.

[18] W. Kob and H.C. Andersen. Scaling behavior in the dynamics of a supercooled Lennard-
Jones mixture. Il Nuovo Cimento D, 16(8):1291–1295, 8 1994.

[19] R.H. Swendsen. How the maximum step size in Monte Carlo simulations should be
adjusted. Physics Procedia, 15(12-2011):81–86, 2011.

32 Simulations of supercooled liquids through swap Monte Carlo



Appendix A

Weeks-Chandler-Andersen
potential

The interaction between particles i and j is modelled via the Lennard-Jones potential

VLJ(rij) = 4ε

[(
σij
rij

)12

−
(
σij
rij

)6
]
, (A.1)

where ε is a measure of interaction between the particles i and j. σij is the diameter of a
hard sphere or otherwise known as the summed van der Waals radius of particles i and j.
rij is the Euclidean distance between the centers of particle i and j.

In 1971 Weeks, Chandler and Anderson introduced a modified version of the Lennard-
Jones potential in which the repulsive property is isolated [12]. By truncating and shifting
at the minimum giving a cut-off distance rcut = 21/6 the continuity of the Weeks-Chandler-
Andersen potential and its first derivative is ensured. Up until the cut-off distance, the
derivative is always negative, indicating a repulsive interaction. The Weeks, Chandler and
Anderson potential, from here on called the WCA-potential,

VWCA(rij) =

{
VLJ(rij) + ε if r < 21/6σ

0 if r ≥ 21/6σ,
(A.2)

which is visualized in figure 2.3. The force due to the WCA potential

FWCA,x(x, rij) =

{
24ε
[
2σ12

r14 −
σ6

r8

]
x if r < 21/6σ

0 if r ≥ 21/6σ,
(A.3)

where x is the one dimensional distance in the x-direction. Similarly, the can force be
computed for the y and z-direction.
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Appendix B

Simulation code

Getting started

The simulation is written in the C++ programming language. The code is openly available
on GitHub via https://github.com/GillesBonne/swap_mc. The executable can be build
by using the Makefile provided in the repository.

Before building it is important to provide some configuration preferences in the code
itself. The available options, to be changed in /src/system.h, are:
• WCA potential (equation A.2) or soft repulsive pair potential (equation 2.12).
• Continuous or discretized polydispersity.
• Kob-Anderson proposed interaction parameters [17].
• Nonadditivity.
If the option of a discretized polydispersity is turned on, one needs to specify the number

of species in /src/system.cpp.

Performing a simulation

Before performing a simulation the config.txt file needs to be adapted to use specific
simulation parameters. When running the simulation it is possible to provide some command
line arguments:
• None.
• Number of iterations before sampling.
• Simulation identification.
• Simulation identification of a previous simulation, such that the simulation can con-

tinue from the state where the previous simulation has stopped.

Interpreting the output

The simulation samples the energy, pressure and Monte Carlo acceptance ratios on a loga-
rithmic scale (iteration number: 1,2,...,9,10,20,...,90,100,200,...). The particle configurations
are sampled every set number of iterations. The code in /python/ is used to visualize all
this saved information.

Supplementary Mathematica code

In the folder /mathematica/ additional Mathematica files are supplemented. These cal-
culate σmax and σmin for continuous and discretized polydisperse systems. In addition, the
calculation of the coefficients of the soft repulsive pair potential is added.
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