
 

Frequency-dependent transmission boundary condition in the
acoustic time-domain nodal discontinuous Galerkin model
Citation for published version (APA):
Wang, H., Yang, J., & Hornikx, M. C. J. (2020). Frequency-dependent transmission boundary condition in the
acoustic time-domain nodal discontinuous Galerkin model. Applied Acoustics, 164, [107280].
https://doi.org/10.1016/j.apacoust.2020.107280

Document license:
CC BY-NC-ND

DOI:
10.1016/j.apacoust.2020.107280

Document status and date:
Published: 01/07/2020

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://doi.org/10.1016/j.apacoust.2020.107280
https://doi.org/10.1016/j.apacoust.2020.107280
https://research.tue.nl/en/publications/401fae59-4b3b-4b2b-8f06-4a86e4e3f575


Applied Acoustics 164 (2020) 107280
Contents lists available at ScienceDirect

Applied Acoustics

journal homepage: www.elsevier .com/locate /apacoust
Frequency-dependent transmission boundary condition in the acoustic
time-domain nodal discontinuous Galerkin model
https://doi.org/10.1016/j.apacoust.2020.107280
0003-682X/� 2020 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

⇑ Corresponding author.
E-mail address: h.wang6@tue.nl (H. Wang).
Huiqing Wang ⇑, Jieun Yang, Maarten Hornikx
Building Physics and Services, Department of the Built Environment, Eindhoven University of Technology, P.O. Box 513, 5600 MB Eindhoven, The Netherlands

a r t i c l e i n f o a b s t r a c t
Article history:
Received 14 November 2019
Received in revised form 13 February 2020
Accepted 18 February 2020
Accurate modeling of boundary conditions is of critical importance for acoustic simulations. Recently, the
time-domain nodal discontinuous Galerkin (TD-DG) method has emerged as a potential wave-based
method for acoustic modeling. Although the acoustic reflection behavior of various time-domain impe-
dance boundaries has been studied extensively, the modeling of the sound transmission across a
locally-reacting layer of impedance discontinuity is far less developed. This paper presents a formulation
of broadband time-domain transmission boundary conditions for locally-reacting surfaces in the frame-
work of the TD-DG method. The formulation simulates the acoustic wave behavior at each of the bound-
ary nodes using the plane-wave theory. Through the multi-pole model representation of the transmission
coefficient, various types of transmission layers can be simulated. One-dimensional numerical examples
demonstrate the capability of the proposed formulation to accurately simulate the reflection and trans-
mission characteristics of the limp wall and the porous layer, where quantitative error behavior against
analytical results is presented. Furthermore, to demonstrate the applicability, two scenarios of two-
dimensional acoustic environment are considered. One is the sound transmission between two rooms
partitioned by a limp panel and the other is the sound propagation through a transmissive noise barrier.
Comparison of the predicted results from the proposed method against the results from the frequency-
domain finite element simulations further verifies the formulation.
� 2020 The Authors. Published by Elsevier Ltd. This is an open access articleunder the CCBY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Numerical simulation of sound fields in complex enclosures is a
research subject of continuing interest and has been applied in
many fields, for example, architecture design [1–3], automotive
design [4], virtual reality [5], aircraft cabin noise control [6]. In gen-
eral, there are mainly two groups of acoustic modeling approaches,
namely geometrical acoustic methods [7] and wave-based meth-
ods. For the geometrical acoustic methods, simplifying assump-
tions regarding sound propagation and reflection are being made,
which directly deteriorate the simulation accuracy of complex
wave phenomena such as interferences, scattering and diffraction,
especially in the low-frequency range. Besides that, geometrical
acoustic methods often use simplified 3D models, where neglected
geometrical details of the configurations are replaced by equiva-
lent scattering coefficients [8]. By contrast, wave-based methods
address sound propagation in complex scenarios from a more
physical point of view and solve the governing partial differential
equations based on numerical methods. The acoustic field over
the whole enclosure is captured completely. Compared to
frequency-domain wave-based methods, time-domain modeling
allows single run broadband calculations with moving sources
and time-varying domains and generates the impulse response of
the room. Therefore, they are favored for the purpose of auralisa-
tion. There are various methodologies, including finite-difference
time-domain method (FDTD) [9], finite-element (FEM) [10],
finite-volume (FVM) methods [11] and pseudospectral time-
domain method (PSTD) [12]. These methods differ in terms of
the fundamental formulation, the implementation complexity,
the computational cost, the accuracy in representing realistic and
geometrically complicated boundary conditions, and the ability
to suppress the dissipation and dispersion error.

After decades of developments in various areas of computa-
tional engineering, the time-domain discontinuous Galerkin (DG)
method [13–16] has for the first time been evaluated as a potential
wave-based method for room acoustic modeling purposes [17].
The DG method is known to be weakly dissipative and dispersive
for wave propagation due to its high-order polynomial basis dis-
cretization [18] and thus well suitable for cost-efficient simula-
tions over a long time duration. Since it operates on unstructured
(curvilinear) mesh and allows for local refinement in terms of
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http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.apacoust.2020.107280
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:h.wang6@tue.nl
https://doi.org/10.1016/j.apacoust.2020.107280
http://www.sciencedirect.com/science/journal/0003682X
http://www.elsevier.com/locate/apacoust


2 H. Wang et al. / Applied Acoustics 164 (2020) 107280
the polynomial order and the mesh size, the DG method is capable
of simulating arbitrary complex geometries without geometrical
simplifications. Though computationally intensive, the DG method
solves governing equations elementwise and uses the so-called
numerical flux at adjacent element interfaces to communicate
the information between them, thus it is well suited to parallel
computation [19,20], particularly when explicit time-integration
methods are used. Recently, it has become possible to apply the
DG method to large scale wave propagation problems [21].

A major concern for realistic acoustic simulations is the accurate
modeling of boundary interfaces, where more physical mechanisms
apart from free propagation come into play, such as diffusion, diffrac-
tion, scattering, absorption, transmission, and coupling with another
medium [22]. For time-domain simulations, many efforts have been
devoted tomodel the reflection and absorption behavior ofmaterials
using the frequency-dependent impedanceboundaryconditionswith
various of the above-mentioned methodologies, which can be found
in Refs. [23,24]. In the specific framework of the time-domain DG
method, the formulations for the locally-reacting impedance bound-
ary condition have been presented in Refs. [25–27]. However, when
the propagating acoustic wave experiences a locally-reacting bound-
ary, part of it is reflected while the other part is transmitted, and the
distribution depends on the degree of the impedancemismatch [28].
Therefore, in theareaof thegeneral linear acoustics, itwouldbedesir-
able todevelopauniformacousticboundarycondition that could take
both the sound reflection and transmission into account. To address
this issue, Toyoda and Ishikawa [22] have proposed a locally-
reacting boundary condition within the FDTD framework using the
mass-damper-spring (MDS) system inserted between propagation
media to simulate the frequency-dependent absorption and trans-
mission characteristics. TheMDS boundary has in total seven param-
eters to fit the frequency characteristics of materials in terms of the
impedance, including threemasses, twodampingand twospringcon-
stants. To the best of authors’ knowledge, no formulation regarding
the sound transmission boundary condition has been presented so
far for the time-domain DGmethod.

In this work, a formulation of the transmission boundary condi-
tion for locally-reacting materials is derived based on the plane
wave theory. The frequency-dependent transmission characteris-
tics are incorporated into the formulation through the multi-pole
representation of the plane wave transmission coefficient in the
frequency domain. This multi-pole model defined from rational
functions has been widely used in time-domain impedance bound-
ary conditions [29,25,30–33]. The fitting of parameters in this rep-
resentation for a target transmission characteristic is achieved by
the optimization technique as firstly presented by Cotté et al.
[30]. The time-domain implementation based on the auxiliary dif-
ferential equations (ADE) method [34,35] is used.

The paper is organized as follows. The formulations of the
reflection and transmission boundary conditions within the time-
domain DG method are derived in Section 2. The formulation of
multi-pole models for three practical cases, i.e., limp wall partition,
mass-damper-spring partition, and locally-reacting porous layer, is
illustrated in Section 3. Section 4 presents several 1D and 2D
numerical examples to demonstrate the validity and accuracy of
the implemented formulation. Finally, the conclusions and outlook
can be found in Section 5.

2. Reflection and transmission boundary condition in the time-
domain DG scheme

2.1. Spatial discretization of a sound field

In this work, the governing equations are the linear acoustic
equations for a motionless propagation medium
@v
@t þ 1

qrp ¼ 0;
@p
@t þ qc2r � v ¼ 0;

ð1Þ

where v ¼ ½u;v ;w�T is the particle velocity vector, p is the sound
pressure, q is the constant density and c is the constant speed of
sound. Also, Eq. (1) can be written as

@q
@t

þr � FðqÞ ¼ @q
@t

þ Aj
@q
@xj

¼ 0; ð2Þ

where qðx; tÞ ¼ ½u;v;w;p�Tis the acoustic variable vector and Aj is
the constant flux Jacobian matrix with coordinate index j 2 ½x; y; z�.
Let Dk be a set of simplex and geometrically conformal elements

that discretize the computational domain Xh, i.e., Xh ¼ SK
k¼1D

k.

The local solution qk
hðx; tÞ in element Dk, where subscript h denotes

the numerical approximation, is given by:

qk
hðx; tÞ ¼

XNp

i¼1

qk
hðxki ; tÞlki ðxÞ; ð3Þ

where qk
hðxki ; tÞ are the unknown nodal values and lki ðxÞ is the multi-

dimensional Lagrange polynomial basis of order N, which satisfies

lki ðxkj Þ ¼ dij. Np is the number of local basis functions (or nodes)
inside a single element and equal to ðN þ dÞ!=ðN!d!Þ for simplex ele-
ments, where d is the dimensionality. In this study, the Legendre-
Gauss–Lobatto (LGL) quadrature points are used for the 1D cases
and the a-optimized node distribution [36] is used for the 2D cases
due to its low Lebesque constants. After the Galerkin projection and
integration by parts twice, the semi-discrete nodal DG formulation
of Eq. (2) reads:Z
Dk

@qk
h

@t
þr � Fk

hðqk
hÞ

� �
lki dx ¼

Z
@Dk

n � Fk
hðqk

hÞ � F�
� �

lki dx; ð4Þ

where n ¼ ½nx;ny;nz� is the outward normal vector of the element

surface @Dk. F�, the so-called numerical flux across element inter-

section @Dk, is a function of both the solution value from the interior
side of the intersection, i.e., q�

h and the exterior value qþ
h . In this

study, the upwind numerical flux is used throughout the whole
domain because of its low dispersive and dissipation error
[18,37]. To derive the upwind flux, we utilize the hyperbolic prop-
erty of the system and decompose the normal flux on the interface

@Dk into outgoing and incoming waves, the so-called characteristic
modes. Mathematically, an eigendecomposition conducted to the
normally projected flux Jacobian yields:

An ¼ ðnxAx þ nyAy þ nzAzÞ

¼

0 0 0 nx
q

0 0 0 ny
q

0 0 0 nz
q

qc2nx qc2ny qc2nz 0

2
66664

3
77775

¼ LKL�1;

ð5Þ

where

L ¼

�nz ny nx=2 �nx=2
nz �nx ny=2 �ny=2
�ny nx nz=2 �nz=2
0 0 qc=2 qc=2

2
6664

3
7775; K ¼

0 0 0 0
0 0 0 0
0 0 c 0
0 0 0 �c

2
6664

3
7775 ð6Þ

The numerical upwind flux is defined by considering the direction
of the characteristic speed, i.e.,
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n � F�ðq�
h ;q

þ
h Þ ¼ LðKþL�1q�

h þ K�L�1qþ
h Þ; ð7Þ

where Kþ and K� contain the positive and negative parts of K. Phys-
ically, Kþ (K�, respectively) corresponds to the characteristic waves
propagating along (opposite to, respectively) the outward normal

direction n, which are referred to as outgoing waves out of Dk (in-

coming waves into Dk, respectively). Therefore, the outgoing waves
are associated with the interior solution q�

h whereas the incoming
waves are dependent on the exterior (neighboring) solution qþ

h .
Finally, the semi-discrete formulation is obtained by substituting
the nodal basis expansion Eq. (3) and the upwind flux Eq. (7) into
the strong formulation Eq. (4). The resulting vector–matrix form
of the formulation and more details of the implementation can be
found in Ref. [17].

2.2. Formulation of the reflection and transmission boundary
conditions

The prescription of the numerical flux plays a key role in the DG
scheme. Apart from linking neighboring interior elements, it serves
to impose the boundary condition and to guarantee the
stability of the formulation. In the following, we will first present
the formulation of frequency-independent reflection and transmis-
sion boundary conditions of locally reacting type. Then, the exten-
sion of the formulation to the frequency-dependent case will be
shown.

For the DG method, boundary conditions are enforced weakly
through the numerical flux on the boundary surfaces either by
reformulating the flux subject to specific boundary conditions or
by providing the exterior values of the solution qþ

h [38] needed
for the numerical flux. In both cases, the interior values q�

h are
needed. In this work, the reflection and transmission boundary
conditions are enforced by providing the exterior values of the
solution qþ

h that conform with the acoustic characteristics of the
boundary. As illustrated in Fig. 1, the reflection and transmission
boundary that takes the form of a flat surface/layer of an impe-
dance discontinuity separates two propagation media 1 and 3. In
the DG modeling framework, this boundary is considered as an
internal interface connecting the neighboring interior elements in

media 1 and 3, which are denoted as Dk1 and Dk3, respectively.
To set the correct exterior values of the solution needed for the
upwind flux Eq. (7), the classical plane wave theory is used. With-
out loss of generality, suppose that a plane wave propagates per-
pendicular to the interface in the positive x-direction, which
intersects the x-axis at x ¼ 0. According to the plane wave theory
[2], the pressure and the particle velocity of the incident wave in
medium 1 satisfy
Fig. 1. Upwind numerical flux for interior triangular elements and plane wave
behavior across the transmission boundary.
pi1ðx; tÞ ¼ p̂0 exp½iðxt � kxÞ� ð8aÞ

ui1ðx; tÞ ¼ p̂0

qc
exp½iðxt � kxÞ�; ð8bÞ

where p̂0 is the amplitude, x is the angular frequency and k is the
wavenumber. The corresponding reflected wave at the interface is

pr1ðx; tÞ ¼ R � p̂0 exp½iðxt þ kxÞ� ð9aÞ

ur1ðx; tÞ ¼ �R � p̂0

qc
exp½iðxt þ kxÞ�; ð9bÞ

while the transmitted wave from medium 1 to medium 3 reads

pt13ðx; tÞ ¼ T � p̂0 exp½iðxt � kxÞ� ð10aÞ

ut13ðx; tÞ ¼ T � p̂0

qc
exp½iðxt � kxÞ�; ð10bÞ

where R and T are the plane wave reflection coefficient and trans-
mission coefficient, respectively. By setting x ¼ 0 in the above Eqs.
(8)–(10), the following explicit relations between the incident, the
reflected and the transmitted waves on the flat discontinuity sur-
face are obtained

pr1ð0; tÞ ¼ R � pi1ð0; tÞ ð11aÞ
ur1ð0; tÞ ¼ �R � ui1ð0; tÞ ð11bÞ
pt13ð0; tÞ ¼ T � pi1ð0; tÞ ð11cÞ
ut13ð0; tÞ ¼ T � ui1ð0; tÞ: ð11dÞ

Similarly, for the plane wave traveling in the negative x-
direction perpendicular to the interface from medium 3 towards
medium 1, we yield the following relations

pr3ð0; tÞ ¼ R0 � pi3ð0; tÞ ð12aÞ
ur3ð0; tÞ ¼ �R0 � ui3ð0; tÞ ð12bÞ
pt31ð0; tÞ ¼ T 0 � pi3ð0; tÞ ð12cÞ
ut31ð0; tÞ ¼ T 0 � ui3ð0; tÞ: ð12dÞ
Here, R0 and T 0 are the plane wave reflection coefficient and trans-
mission coefficient for the wave propagating from medium 3
towards medium 1, which can be different values from R and T in
Eq. (11). For more general cases where the discontinuity surface is
in arbitrary direction, the same relations as shown in Eqs. (11)
and (12) hold for the incident, reflected and transmitted pressure,
as well as the corresponding acoustic particle velocity vector com-
ponent in each direction, i.e., v ¼ ½u;v ;w� due to Eq. (1).

To impose the upwind flux as stated in Eq. (7), we regard the
local reflected wave and transmitted wave as the exterior informa-
tion coming from neighboring element and let the local incident
wave govern the interior value. Therefore, for the boundary nodes
lying on the medium 1 side, which are denoted with superscript 1,
we set p1� ¼ pi1;u

1� ¼ ui1;v1� ¼ v i1;w1� ¼ wi1 and
p1þ ¼ pr1 þ pt31;u

1þ ¼ ur1 þ ut31;v1þ ¼ vr1 þ v t31;w1þ ¼ wr1 þwt31.
Due to the relations prescribed in Eqs. (11) and (12), the exterior
values as a function of interior values are determined in the follow-
ing way:

p1þ ¼ R � p1� þ T � p3� ð13aÞ
u1þ ¼ �R � u1� þ T � u3� ð13bÞ
v1þ ¼ �R � v1� þ T � v3� ð13cÞ
w1þ ¼ �R �w1� þ T �w3�: ð13dÞ
Substitute above exterior values into Eq. (7), the upwind flux for the

boundary element Dk1 in medium 1 is
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n � F�ðq1�
h ;q1þ

h Þ ¼ LðKþL�1q1�
h þ K�L�1q1þ

h Þ

¼

nxc
2

1þR
qc p1� þ ð1þ RÞv1�

n1 þ T � p3�qc � T � v3�
n1

� �
nyc
2

1þR
qc p1� þ ð1þ RÞv1�

n1 þ T � p3�qc � T � v3�
n1

� �
nzc
2

1þR
qc p1� þ ð1þ RÞv1�

n1 þ T � p3�qc � T � v3�
n1

� �
c
2 p1� � R � p1� � T � p3� þ qcðv1�

n1 � R � v1�
n1 þ T � v3�

n1 Þ
� �

2
66666664

3
77777775
;
ð14Þ

where v1�
n1 ¼ v1� � n1;v3�

n1 ¼ v3� � n1 and n1 is the outward normal

vector of the surface element Dk1.
For the purpose of computational efficiency and compact imple-

mentation for the frequency-dependent case, the above upwind
flux expression can be simplified by grouping terms in the form
of the characteristic acoustic waves. The incoming and outgoing
characteristic acoustic waves across a surface with outward nor-
mal vector n are defined as

-in
n ¼ p

qc
� v � n ð15Þ

-out
n ¼ p

qc
þ v � n: ð16Þ

Through algebraic manipulations, upwind flux in Eq. (14) can be
reformulated as

n � F�ðq1�
h ;q1þ

h Þ ¼ LðKþL�1q1�
h þ K�L�1q1þ

h Þ

¼ LK

0
0

-out1�
n1

R �-out1�
n1 þ T �-out3�

n3

2
6664

3
7775; ð17Þ

with -out1�
n1 ¼ p1�=qc þ v1� � n1 and -out3�

n3 ¼ p3�=qc þ v3� � n3,

where n3 is the outward normal vector of the surface element Dk3

and the normal vector n1 and n3 are in opposite direction, i.e.,
n1 ¼ �n3. Therefore, in the current reflection and transmission
boundary flux formulation, the incoming characteristic waves
include both the reflected characteristic waves R �-out1�

n1 and the
transmitted characteristic waves T �-out3�

n3 across the partitioning
interface from the other medium.

It should be noted that the local plane wave behavior happening
exactly on the boundary surface is due to the locally-reacting
assumption of the medium on the boundary. In other words,
acoustic waves on each of the boundary nodes in 3D physical space
behave locally in a 1D manner along the normal direction of the
boundary surface. However, it should be kept in mind that the
locally high-order polynomial basis function of the DG scheme is
able to well represent a local physical wavefront of non-planar
shape approaching the boundary surface. What’s more, since the
numerical flux from the nodal DG scheme is always normal to
the boundary surface, the reflection coefficient R and the transmis-
sion coefficient T should be the ones at normal incidence. Practical
examples of the reflection and transmission coefficients across a
flat locally-reacting layer will be discussed in Section 3.

Although the formulation for the frequency-independent reflec-
tion and transmission boundary condition presented above is
derived at a given single frequencyx, it in principle also holds true
for a frequency-dependent complex-valued reflection and trans-
mission boundary, where a phase delay can be taken into account
as well. In the following, key steps to calculate the transmitted
characteristic waves are presented, and the reflected characteristic
waves can be obtained in the same manner as shown in Ref. [27].
Firstly, the frequency-dependent target plane wave transmission
coefficient TðxÞ is approximated in the frequency domain with a
sum of rational functions as

TðxÞ � T1 þ
XS
k¼1

Ak
fkþixþ

XT
l¼1

1
2

Bl�iCl
al�iblþixþ BlþiCl

alþiblþix

� �

¼ T1 þ
XS
k¼1

Ak
fkþixþ

XT
l¼1

Bl ixþClblþalBl
ðalþixÞ2þb2l

;

ð18Þ

where ½T1;Ak; Bl;Cl; fk;al; bl� 2 R are all real numerical parameters
that fit the plane wave reflection coefficient for normally incident
sound waves. To be more specific, T1 is the frequency independent
value of TðxÞ as the frequency approaches infinity. fk and al � iblare
the real poles and complex conjugate pole pairs, respectively. In the
time-domain, the so-called impulse response function of the trans-
mission is obtained from the inverse Fourier transform of TðxÞ

TðtÞ � T1dðtÞ þ
XS
k¼1

Ake�fk tHðtÞ þ
XT
l¼1

e�al t Bl cosðbltÞ þ Cl sinðbltÞð ÞHðtÞ; ð19Þ

where dðtÞ and HðtÞ are the Dirac delta and Heaviside function,
respectively. As shown in Ref. [35], each term in TðtÞ has a physical
interpretation. The first term of Eq. (19) stands for the instanta-
neous response. The second term is a exponentially decaying relax-
ation function. The last group of terms are the so-called damped
multi-oscillators, where the imaginary part of the pole bldetermines
the oscillation period and the real part al governs the decaying rate.

The final step of the proposed formulation is to obtain the
equivalent time-domain expression of the incoming transmitted
(reflected, respectively) characteristic waves similar to the
frequency-independent one T �-out3�

n3 (R �-out1�
n1 , respectively) as

in Eq. (17). To be specific, it involves the convolution of the time-
domain outgoing wave -out3�

n3 ðtÞ (-out1�
n1 ðtÞ, respectively) and the

transmission impulse response function TðtÞ (reflection impulse
response function RðtÞ, respectively). The outgoing wave -out1�

n1 ðtÞ
in element Dk1 can be firstly calculated with the interior solution
values at each of discrete nodes along the boundary as

-out1�
n1 ðtÞ ¼ p1�ðtÞ

qc
þ v1�

n1 ðtÞ: ð20Þ

Similarly, outgoing wave -out3�
n3 ðtÞ in element Dk3 is

-out3�
n3 ðtÞ ¼ p3�ðtÞ

qc
þ v3�

n3 ðtÞ: ð21Þ

The final form of the frequency-dependent upwind flux is expressed
as

n �F�ðq1�
h ;q1þ

h Þ¼ LðKþL�1q1�
h þK�L�1q1þ

h Þ

¼ LK

0
0

-out1�
n1R t

�1-
out1�
n1 ðsÞRðt�sÞdsþR t

�1-
out3�
n3 ðsÞTðt�sÞds

2
66664

3
77775:

ð22Þ

To compute the convolution in Eq. (22) in a time efficient and low-
storage manner, the auxiliary differential equations (ADE) method,
originally developed by Joseph et al. [34] for electromagnetic appli-
cations, is employed in this study. For example, the incoming trans-
mitted characteristic waves are calculated asZ t

�1
-out3�

n3 ðsÞTðt � sÞds ¼ T1-out3�
n3 ðtÞ þ

XS
k¼1

Ak/kðtÞ

þ
XT
l¼1

½Blw
1
l ðtÞ þ Clw

2
l ðtÞ�; ð23Þ
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where the new terms /kðtÞ;w1
l ðtÞ;w2

l ðtÞ, referred to as accumulators
or auxiliary variables, are given by:

/kðtÞ ¼
Z t

0
-out3�

n3 ðsÞe�fkðt�sÞds; ð24aÞ

w1
l ðtÞ ¼

Z t

0
-out3�

n3 ðsÞe�alðt�sÞ cos blðt � sÞð Þds; ð24bÞ

w2
l ðtÞ ¼

Z t

0
-out3�

n3 ðsÞe�alðt�sÞ sin blðt � sÞð Þds: ð24cÞ

The first term in Eq. (23) corresponds to the frequency-independent
reflected wave as presented in Eq. (17). The bounds of the integrals
in above Eq. (24) are reduced to ½0; t� due to the causality constraint
indicated in the Heaviside function HðtÞ. Instead of computing accu-
mulators based on the integral of Eq. (24), the accumulators are cal-
culated by solving the following first-order ordinary differential
equations, which result from the differentiation of Eq. (24) with
respect to time,

@/k

@t
þ fk/kðtÞ ¼ -out3�

n3 ðtÞ; ð25Þ
@w1

l

@t
þ alw

1
l ðtÞ þ blw

2
l ðtÞ ¼ -out3�

n3 ðtÞ; ð26Þ
@w2

l

@t
þ alw

2
l ðtÞ � blw

1
l ðtÞ ¼ 0: ð27Þ

The above system is numerically integrated from zero initial values
using the same time-integration scheme as for the semi-discrete DG
formulation in Eq. (4), which will be shown in the following. There-
fore, as shown by Dragna et al. [35], the ADE method keeps the
same order of accuracy of a general multi-stage time integration
scheme. It should be noted that these accumulators only exist on
the boundary nodes.

2.3. Time stepping and stability

After the spatial discretization by the nodal DG method, the
semi-discrete system can be expressed in a general form of ordi-
nary differential equations (ODE) as:

dqh

dt
¼ L qhðtÞ; tð Þ; ð28Þ

where qh is the vector of all discrete nodal solutions and L the spa-
tial discretization operator of the DG method. A five-stage, fourth-
order explicit Runge–Kutta (RK) scheme [39] is used to integrate
Eq. (28), i.e.,

qð0Þ
h ¼ qn

h;

kðiÞ ¼ aik
ði�1Þ þDtL tn þ ciDt;q

ði�1Þ
h

� �
;

qðiÞ
h ¼ qði�1Þ

h þ bik
ðiÞ
;

8<
: for i ¼ 1; . . . ;5

qnþ1
h ¼ qð5Þ

h ;

ð29Þ

where Dt ¼ tnþ1 � tn is the time step, qnþ1
h and qn

h are the solution
vectors at time tnþ1 and tn, respectively. The coefficients ai; bi, and
ci of the Runge–Kutta method can be found in Ref. [39].

The explicit time-stepping method comes with the conditional
stability, which requires that the time step size Dt is small enough
so that the product of Dt with the full eigenvalue spectrum of ODE
system falls inside the stability region of the time integration
scheme [40,41]. The whole ODE system under consideration
includes both the spatially-discretized linear acoustic equations
and the ADEs, which are coupled together along the impedance
boundary. Therefore, as shown in Refs. [35,42], the maximum
allowable time step is determined by two factors: (1) the usual
Courant-Friedrichs-Lewy (CFL) condition for the spatial discretiza-
tion with the DG scheme, which requires that Dt 6 C1=maxjkNj,
where kN represents the eigenvalues of the spatial discretization
by the DG scheme and C1 is a constant depending on the stability
region of the time-stepping method; (2) the stiffness of the ADEs.
As shown in Eqs. (25)–(27), the stiffness of the ADEs is influenced
by the maximum possible value of the parameters f;a and b in the
multi-pole approximation. In this work, the stiffness is restricted
so that the stability of the ADEs is automatically satisfied given a
time-step size resulting from the first factor. The measures for
restrictions will be presented in Section 3.4. For the first factor, it
is known that for the linear system with the first order of spatial
differentiation, the gradients of the normalized N-th order polyno-
mial basis are of order OðN2=hÞ near the boundary part of the ele-
ment [16], consequently, the magnitude of the maximum
eigenvalue kN scales with the polynomial order N as: maxðkNÞ / N2,
indicating that Dt / N�2. The temporal time steps are determined
in the following way [16]:

Dt ¼ CCFL �minðDxlÞ � 1c �
1
N2 ;

where Dxl is the smallest edge length of mesh elements and CCFL is a
constant of order Oð1Þ.
3. Multi-pole modeling of practical locally-reacting boundaries

The presented formulation of the reflection and transmission
boundary condition needs the plane wave reflection and transmis-
sion coefficients at normal incidence conforming to the reflection
and transmission characteristics of the boundary considered. As
shown in Eqs. (11) and (12), the formulation also applies to cases
where the simulated boundary has asymmetrical reflection and
transmission properties. The purpose of this section is to present
a few practical scenarios where sound reflection and transmission
happen over a flat surface of the impedance discontinuity, and to
illustrate how the multi-pole modeling approach can be applied
in practice to simulate the sound reflection and transmission on
the boundaries of locally-reacting media. The locally-reacting
assumption, which indicates that reactions (velocity, displacement,
acceleration, etc.) at a certain point on the surface are related to the
sound pressure of only that point, holds true for: (a) isotropic por-
ous absorptive materials with a high flow resistivity or large losses,
especially when the speed of longitudinal wave in such materials is
much lower than that of the adjacent propagation media [43]; (b)
anisotropic solids, such as plates with low stiffness, perforated
structure or honeycomb core structure, where the lateral wave is
rapidly attenuated or blocked.
3.1. Transmission through a limp wall (mass law)

A simple case of the impedance discontinuity that has practical
importance in architectural acoustics is a limp wall, where only the
mass effect is considered and the interior stiffness or damping is
ignored. It can be seen as a simplified model of a thin partition
between two enclosures, whose thickness is much smaller than
the wavelength in the frequency range of interest [44]. Due to
the continuum assumption, the wall vibrates with the same fre-
quency and magnitude of the fluid particle that it is in direct con-
tact with, and the normal component of velocity is continuous.
Different from the classical elastic plate theory [45], the flexural
rigidity of the wall is ignored, and therefore the wall acts in a
locally-reacting way and the corresponding reflection coefficient
RðxÞ and the transmission coefficient TðxÞ are derived based on
the Newton’s second law and the continuity assumption of the nor-
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mal velocity, as shown in Ref. [28]. They can be further re-written
in the following multi-pole model form

RðxÞ ¼ 1� 2Zc=m
ixþ 2Zc=m

; ð31Þ

TðxÞ ¼ 2Zc=m
ixþ 2Zc=m

; ð32Þ

where Zc is the characteristic impedance of the propagation media
and m (kg/m2) is the surface density of the wall.
3.2. Transmission through a mass-damper-spring (MDS) partition

A more general case of locally-reacting partition is to incorpo-
rate the damper and the spring effects into the surface partition
between two media, which results in a mass-damper-spring
(MDS) system as illustrated in Fig. 2. The flexible partition of mass
per unit area m is mounted upon a viscously damped, elastic sus-
pension, with the linear damping constant rd per unit area and
the spring constant s per unit area, respectively. This simplified
model could approximate the fundamental mode of a large vibrat-
ing panel [46]. Unlike the FDTD approach presented in Ref. [22],
where the governing motion equations of the MDS system are dis-
cretized explicitly by the central difference scheme, in this study,
the MDS partition is treated as a whole system of the impedance
discontinuity, and the transmission and reflection coefficients
required for the upwind flux formulation are derived. As shown
in Ref. [28], the wall impedance becomes ixmþ rd � is=x. Apply-
ing the same Newton’s second law and the continuity assumption
of the normal velocity as for the limp wall case, the corresponding
reflection coefficient RðxÞ and the transmission coefficient TðxÞ
are obtained as

RðxÞ ¼ 1� 2Zc

iðxm� s=xÞ þ 2Zc þ rd
; ð33Þ

TðxÞ ¼ 2Zc

iðxm� s=xÞ þ 2Zc þ rd
: ð34Þ

However, compared to the limp wall case, there is an extra
frequency-dependent term s=x in the denominators of above two
Eqs. (33) and (34) due to spring effect. Consequently, both the
reflection coefficient RðxÞ and the transmission coefficient TðxÞ
cannot be re-written in the multi-pole model form as shown in
Eq. (18). Consequently, a further approximation is needed to
express RðxÞ and TðxÞ using the rational functions as basis func-
tions. The approximation procedure will be discussed in Section 3.4.
Fig. 2. Simplified model of reflection and transmission through a single-leaf
partition under normal incidence sound waves.
3.3. Transmission through of a locally-reacting porous layer

Another practical scenario where the sound transmission mat-
ters would be the noise barriers that are made of porous materials.
As illustrated in Fig. 3, suppose that the locally-reacting porous
layer has a thickness of d, the transmission and reflection behavior
occurring in three different regions with respective characteristic
impedance values Z1; Z2, and Z3 are governed by the continuity
condition of both the pressure and the normal velocity on the dis-
continuity interfaces. The corresponding plane wave reflection
coefficient RðxÞ and the transmission coefficient TðxÞ are derived
as [47]

RðxÞ ¼ ðZ2 þ Z3ÞðZ2 � Z1Þei2k2d þ ðZ3 � Z2ÞðZ2 þ Z1Þ
ðZ2 þ Z3ÞðZ2 þ Z1Þei2k2d þ ðZ3 � Z2ÞðZ2 � Z1Þ ; ð35Þ

TðxÞ ¼ 4Z2Z3

ðZ3 � Z2ÞðZ2 � Z1Þe�ik2d þ ðZ2 þ Z3ÞðZ2 þ Z1Þeik2d ; ð36Þ

where k2 is the wavenumber and Z2 is the characteristic impedance
of the locally-reacting layer. In this study, Z1 and Z3 are chosen as
the characteristic impedance of air, i.e., Z1 ¼ Z3 ¼ qc. Like the case
of the MDS system, a parameter fitting procedure is needed to
approximate RðxÞ and TðxÞ with the multi-pole model.

3.4. Parameter fitting of the multi-pole model

In order to fit the multi-pole representation of the target reflec-
tion coefficient and the target transmission coefficient, denoted by
RtarðxÞ and TtarðxÞ, respectively, there are several parameter iden-
tification methods available, e.g., the vector fitting technique [48]
and the optimization technique [30]. A comparative study by Cotté
et al. [30] shows that the optimization technique is preferred over
the vector fitting technique since it is straightforward to confine
the values of parameters and the number of poles to satisfy admis-
sibility and stability conditions. Therefore, in this study, the opti-
mization technique as in Ref. [30] is used. Since RtarðxÞ and
TtarðxÞ can be complex values, both the real parts and the imagi-
nary parts should be fitted simultaneously, instead of the ampli-
tude and the phase, in order to avoid wraparound ambiguity
[49]. In the following, the fitting procedure for the target transmis-
sion coefficient TtarðxÞ is presented and the same procedure can be
applied to the target reflection coefficient RtarðxÞ. Let TfitðxÞ denote
the fitting multi-pole approximation as in Eq. (18) of TtarðxÞ, the
optimization is performed considering f s discrete frequencies sam-
pled within the interested frequency range in a certain manner,
e.g., logarithmically or linearly spaced. Then, the Euclidean norm
of the deviation of real parts are minimized while keeping the dif-
ference of imaginary parts at each of the sampled frequency under
a tolerance value �, i.e.,
Fig. 3. Reflection and transmission through of a locally-reacting porous layer.
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8i; jIm½TtarðxiÞ � TfitðxiÞ�j 6 �:

8>>><
>>>:

where fmax;amax, and bmax are the threshold values for f;a, and b for
the sake of the time-stepping stability. To solve this minimization
problem, the interior-point algorithm [50] of the non-linear mini-
mization function fmincon from the MATLAB optimization toolbox
[51] is used. A series of optimizations are run to get a good fit. In
the first run, the initial values of (Ak; fk;al;bl; Bl;Cl) are chosen ran-
domly between 0 and fmax;amax;bmax, respectively, and a relatively
large value of � is used, e.g., � ¼ 1� 10�1. Then, the obtained set
of coefficients are used as the initial values for the next optimiza-
tion with a smaller value of �. The process continues until the
threshold value of � meets the accuracy requirement. An example
of parameter fitting will be shown in the following numerical test.
4. Numerical examples and discussions

This section presents both one-dimensional and two-
dimensional numerical examples to verify the proposed formula-
tion of the time-domain reflection and transmission boundary con-
dition. Depending on whether a multi-pole approximation is
needed, two types of locally-reacting boundaries are considered
in this study. One is the limp wall boundary, the reflection and
transmission coefficients of which can be represented exactly with
the real pole model as shown in Eqs. (31) and (32). The other one is
the locally-reacting porous layer, which needs a further level of
approximation of the reflection and transmission coefficients using
the multi-pole model in Eq. (18). It should be noted that the mass-
damper-spring (MDS) partition could be tackled with the same
methodology as the porous layer. All of the following numerical
experiments are initiated with the Gaussian-shaped pressure con-
ditions as

pðx; t ¼ 0Þ ¼ e
� ln 2
b2

ðx�xsÞ2 ; ð38aÞ
vðx; t ¼ 0Þ ¼ 0; ð38bÞ

with xs being the source coordinates and b being the half-
bandwidth of this Gaussian pulse.

4.1. One-dimensional cases

As illustrated in Fig. 4, the sound field has a single monopole
source at xs ¼ �3 m and two receivers at xr1 ¼ �0:5 m and
xr2 ¼ 1:5 m, respectively. The transmissive boundary is placed at
x ¼ 0 m. The computational domain are terminated at both ends
x ¼ �5 m with the perfectly absorbing boundary condition, which
Fig. 4. 1D computational configuratio
is achieved by discarding the incoming wave component in the
numerical upwind flux [38]. b is chosen as 0.15 such that the initial
Gaussian pulse has a significant frequency content up to 1000 Hz.

For the one-dimensional test case, the analytical values of the
frequency-dependent plane wave reflection and transmission coef-
ficients are available. In order to obtain the numerical reflection
coefficient Rnum and the transmission coefficient Tnum, two simula-
tions are conducted. In the first simulation, the transmissive
boundary is removed and the direct sound signal, denoted as
pdðtÞ, at each of two receivers is recorded. In the second simulation,
the transmissive boundary is present, the measured sound pres-
sure signal at first receiver xr1 contains both the direct sound and
the sound reflected from the transmissive boundary while the sig-
nal at second receiver xr2 contains the transmitted signal alone
ptðtÞ. The reflected sound signal prðtÞ can be obtained by subtract-
ing pdðtÞ. The spectra of the direct sound, the reflected sound, and
the transmitted sound, denoted as Pdðf Þ; Prðf Þ, and Ptðf Þ, respec-
tively, are obtained by Fourier transformation of pd; pr , and pt with-
out windowing. Let R1 denote the distance between the source and
the receiver and R2 be the distance between the receiver and the
image source mirrored by the reflecting surface. The numerical
reflection coefficient Rnum is calculated as follows:

Rnumðf Þ ¼ Prðf Þ � GðkR1Þ
Pdðf Þ � GðkR2Þ ; ð39Þ

where GðkRÞ ¼ �e�ikR=ð2ikÞ is the 1D Green’s function for the sound
propagation in free field. Similarly, the numerical transmission
coefficient Tnum results from the ratio of the transmitted sound
and the direct sound. As shown in Ref. [17], it is desirable to have
around 10 points per wavelength (PPW) to achieve a satisfactory
accuracy. Therefore, we discretize the computational domain with
K ¼ 30 elements, corresponding to Dx ¼ 1=3 m, and inside each ele-
ment, a polynomial basis of order N ¼ 8 is used, resulting into a
PPW value of 9.2 at the frequency of 1000 Hz. According to Eq.
(30), the time step size used is Dt ¼ 4:871� 10�5 s, corresponding
to CCFL ¼ 1. The simulations are run for t ¼ 0:5 s so that the pulse
has passed the receiver locations to a sufficient extent.

To quantify the error arising from each reflection and transmis-
sion, the dissipation error �amp in dB and the phase error �# in %

from a single transmission are calculated as follows

�ampðf Þ ¼ 20log10
Tanaðf Þ
Tnumðf Þ
				

				; ð40aÞ

�#ðf Þ ¼ 1
p
j# Tanaðf Þð Þ � # Tnumðf Þð Þj � 100%; ð40bÞ

where # �ð Þ extracts the phase angle of a complex number. Similarly,
the error from a single reflection can be calculated by replacing T
with R in above two equations. Therefore, for a given broadband
incident acoustic wave of arbitrary amplitude, the loss of SPL and
the distortion of the phase across the frequency range of interest
can be quantified.
n with a transmissive boundary.
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The first type of the transmissive boundary to be investigated is
the limp wall case that is governed by the mass law. As discussed
in Section 3.1, the surface mass density m of the thin partition
material is the only parameter that affects the reflection and trans-
mission characteristics. Here, two values of m ¼ 10 kg/m2 and
m ¼ 20 kg/m2 are considered, corresponding to 3 cm thick materi-
als of typical wood panels and light concrete, respectively. The ana-
lytical reflection coefficient Rana and the transmission coefficient
Tana are calculated as shown in Eqs. (31) and (32). Fig. 5 presents
the comparison of the results obtained by the numerical simula-
tions and by the analytical solution. Both of the amplitudes of
the reflection and the transmission coefficients match quite well
with the analytical ones. As expected, all error increases gradually
with increasing frequency due to the decreased PPW. Concretely,
the dissipation error falls onto the order of magnitude Oð10�4Þ
and the phase error is below 0:02%.

As for the locally-reacting porous layer, we consider a glass
wool that is typically used as baffles for room acoustic purposes.
Supposed its characteristic impedance Zc is governed by the
Johnson-Champoux-Allard-Lafarge (JCAL) model [52], which is a
phenomenological model describing wave propagation in porous
materials on a macroscopic scale and is expressed as

Zc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qeff Beff

q
. The effective density qeff and the effective bulk mod-

ulus Beff are described by

qeff ¼
qa1
u

1þ ru
ixa1q

1þ 4ia2
1gq

r2K2u2

 !1=2
2
4

3
5; ð41Þ

Beff ¼ cP0

u
c� c� 1

1þ ug
ixk00qPr

ð1þ 4ixk020 qPr
gK02u2 Þ

1=2
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Fig. 5. The dissipation error �amp , the phase error �# and the magnitud
The wavenumber of the porous material is given as

keff ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qeff =Beff

q
. The descriptions of physical parameters are given

in Table A.3 in Appendix A and their values for the considered glass
wool were measured by experiments [53]. In order to model the
reflection and transmission properties of the porous layer, firstly,
the characteristic impedance Zc is inserted into the plane wave
reflection coefficient RðxÞ as in Eq. (35) and the transmission coef-
ficient TðxÞ as in Eq. (36). Then, the resulting target RtarðxÞ and
TtarðxÞ are approximated with rational functions in the multi-pole
form using the optimization techniques presented in Section 3.4.
For the considered JCAL model, it is easy to verify that the magni-
tude of both RtarðxÞ and TtarðxÞ are monotonic decreasing function
of frequency, which allows us to use real-poles alone for the
approximation. The optimization is performed considering 100 fre-
quencies logarithmically sampled between 20 and 1000 Hz, and the
tolerance value � for the deviation of the imaginary part is chosen as
1� 10�4. Numerical tests show that there is a compromise between
the number of poles and the fitting accuracy. Sets of fitting param-
eters for RðxÞ and TðxÞ are given in Table 1 and Table 2, respec-
tively. The maximum absolute value error at the sampled
frequencies are 2:362� 10�3 and 6:118� 10�5 for the real and
imaginary part of the reflection coefficient, respectively, and the
error for the transmission coefficient are 2:636� 10�3 and
5:418� 10�5. The dissipation error �amp, the phase error �# as
defined in Eq. (40) of the fitted coefficients are shown in Fig. 6,
including the magnitude of both target and fitted coefficients as
well.

The numerically simulated frequency-dependent characteris-
tics of the porous layer are compared against the analytical ones
in Fig. 7. Similar to the limp wall test case, the amplitudes of both
the reflection and the transmission coefficients agree well with the
analytical ones. However, the amplitudes and the frequency-
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Table 1
Fitting parameters Ak and fk of the real pole approximation for the reflection coefficient RðxÞ of the glass wool.

Coefficients k ¼ 1 k ¼ 2 k ¼ 3 k ¼ 4

Ak 3:124� 103 6:956� 101 8:175� 103 2:459� 103

fk 4:771� 104 1:747� 103 2:735� 104 6:641� 103

Table 2
Fitting parameters Ak and fk of the real pole approximation for the transmission coefficient TðxÞ of the glass wool.

Coefficients k ¼ 1 k ¼ 2 k ¼ 3 k ¼ 4 k ¼ 5

Ak �9:751� 103 1:087� 103 1:703� 103 6:401� 103 5:397� 101

fk 3:117� 104 6:121� 103 7:807� 103 5:773� 104 1:738� 103
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Fig. 6. The dissipation error �amp , the phase error �# and the magnitude of the fitted transmission and reflection coefficients for the 1D porous layer.

0 500 1000
-0.03

-0.02

-0.01

0

0.01

0.02

0 500 1000
0

0.1

0.2

0.3

0.4

0.5

0.6

0 500 1000
0

0.2

0.4

0.6

0.8

1

Fig. 7. The dissipation error �amp , the phase error �# and the magnitude of the numerically simulated transmission and reflection coefficient for the 1D porous layer.

H. Wang et al. / Applied Acoustics 164 (2020) 107280 9
dependency of the quantified errors, especially the dissipation
error, are quite different from the limp wall case. Through compar-
ison of Figs. 6 and 7, it can be observed that the approximation
error of R and T using the multi-pole model dominates over the
DG discretization error for the overall error. This implies that the
fitting quality of the multi-pole model plays a crucial role in the
overall accuracy.

4.2. Two-dimensional cases

This section is devoted to the verification of the transmission
boundary condition in a two-dimensional sound field. Different
from the one-dimensional test case, where the analytical values
of the reflection and transmission coefficients are available, here,
the numerical results obtained from the time-domain DG simula-
tions are firstly transformed into the frequency-domain and then
compared against the results obtained by the frequency-domain
finite element (FE) analysis with the commercial software COMSOL
Multiphysics� [54]. For each of the following numerical tests, the
free field responses at receivers are calculated firstly for both
time-domain DG and frequency-domain FE simulations, in order
to normalize the difference of the source power spectra between
the DG simulations and frequency-domain FE simulations.

The first test case involves a rectangular domain evenly sepa-
rated by a limp panel in the middle as shown in Fig. 8, which mim-
ics a typical building acoustic scenario of sound transmission
between two rooms partitioned by a thin structure. Here, the
reflection and transmission characteristics of the limp panel are
governed by the mass law as discussed in Section 3.1. Without loss
of generality, two values of surface mass densitym ¼ 30 kg/m2 and
m ¼ 65 kg/m2 are used for the limp panel, representing light and
moderately heavy room partitions, respectively. All the other
boundaries are assigned as a uniform real-valued absorption coef-
ficient of 0.36, which corresponds to the reflection coefficient of
R ¼ 0:8. The locations of the sound source and receivers are illus-
trated in Fig. 8. The half-bandwidth of Gaussian pulse is chosen
as b ¼ 0:25 such that the source has a sufficient power up to
600 Hz. The computational domain for the DG simulation is



Fig. 8. Computational configuration of a two-dimensional sound field with a limp
wall partition.
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Fig. 9. Comparison of the relative sound pressure level between the DG simulation
and the FE simulation for the limp wall case with two different surface mass density
m.
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discretized with right angled isosceles triangles of equal leg length
of 0.5 m, resulting into K ¼ 96 triangle elements. A local polyno-
mial basis of order N ¼ 8 is used in order to have PPW = 10.8 up-
to frequency of 600 Hz. The time step size is Dt ¼ 2:278� 10�5 s,
corresponding to CCFL ¼ 1 as described in Eq. (30). The simulations
are run for t ¼ 0:45 s and the time signal at each of the receiver
locations approaches zero eventually due to the wall absorptions.
For the frequency-domain FE analysis, the model was built in pres-
sure acoustic module of the COMSOL Multiphysics� [54]. The
monopole point source with a volume flow rate per unit length 1
m2=s is applied at the source position. On the boundary corre-
sponding to the limp panel, an interior impedance boundary con-
dition with a frequency dependent impedance value ixm is
imposed. On all the other boundaries, impedance boundary condi-
tions with the surface impedance of Zs ¼ ð1þ RÞ=ð1� RÞ are
imposed. The meshes are discretized so that there are at least 6 ele-
ments per the shortest wavelength in the frequency range of inter-
est, which is the wavelength of the time-harmonic acoustic waves
at 600 Hz in this case, in order to ensure accuracy of the analysis.

The relative sound pressure level, which is obtained by calculat-
ing the amplitude of ratio of the pressure spectra with respect to
the free field, is used for the comparison between the time-
domain DG method and the frequency-domain FEM. As shown in
Fig. 9, both numerical results agree well with each other at three
receiver locations for two different surface mass density values.
To demonstrate the comparison in terms of the phase shift, the
phase angles of the ratio of the pressure spectra with respect to
the free field spectra are compared in Fig. 10. For the sake of clarity,
the phase angles at different receivers are shifted by a constant in
the plot. A very good match between the time-domain simulations
and the frequency-domain simulations can be observed.

The second test case considered is the sound propagation across
a finite-height noise barrier made of the same porous glass-wool
material as used in the one-dimensional test case. The schematic
diagrams for both the DG and FE simulations are shown in
Fig. 11. The source is located at ðxs; ysÞ ¼ ð�2;0Þ m and four recei-
vers at ðxr1 ; yr1 Þ ¼ ð�1;0Þ; ðxr2 ; yr2 Þ ¼ ð�1;3Þ; ðxr3 ; yr3 Þ ¼ ð1;0Þ, and
ðxr4 ; yr4 Þ ¼ ð1;3Þ m are distributed symmetrically with respect to
the barrier, which is attached to the hard ground and has a height
of H ¼ 4 m and width of W ¼ 4 cm. To mimic a real noise barrier
mounted on a hard ground surface, the top edge of the barrier is
a rigid boundary, whereas both side edges are treated as a trans-
missive porous layer. The other boundaries are assumed to be rigid.
In order to capture the diffraction effects from the top edge of the
barrier, the full geometry details of the barrier are meshed and
modeled. For this test case, unstructured triangle meshes are gen-
erated with the meshing software GMSH [55]. As illustrated in
Fig. 12, the mesh is locally refined near the top edge of the sound
barrier and mesh elements far away from the sound barrier have
an edge length of approximately 0.5 m. A local polynomial basis
of order N ¼ 8 is adopted. The global uniform time step size is
Dt ¼ 1:391� 10�6 s, corresponding to CCFL ¼ 1 as described in Eq.
(30). The impulse response from the DG simulation is recorded
until the reflected waves from the exterior boundaries reach the
receivers while ensuring that the pulse has passed the receivers’
location to a sufficient extent.

In FE simulation, the barrier is modelled as an anisotropic med-
ium with different acoustic densities in x and y directions to imi-
tate the locally reacting wave behavior inside the porous layer,
as it is described in Section 3.3. Therefore, the acoustic density in
the x direction of the medium is represented as same as the effec-
tive density of the porous material in Eq. (41) but an infinite value
is imposed for the acoustic density in the y direction to prohibit the
wave propagation along the y direction. In addition, to truncate
computational regions of an inifnitely open space, perfectly
matched layers (PMLs) are added on the top as well as at the left
and right ends of the domain as shown in Fig. 11(b). Again, there
are at least 6 elements per wavelength corresponding to the
time-harmonic acoustic waves at 600 Hz, in order to ensure accu-
racy of the analysis.
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Fig. 10. Comparison of the phase angle of ratio between the DG simulation and the
FE simulation for the limp wall case with two different surface mass density m.

Fig. 11. Schematic diagram of a two-dimens

Fig. 12. 2D mesh around the noise
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Similar to the previous test case, the comparison of the relative
sound pressure level and the phase angles of the pressure spectra
ratio at different receiver locations are shown in Figs. 13 and 14,
respectively. Again, a good match between the time-domain DG
simulations and the frequency-domain FE simulations is found. It
should be noted that the pressure waves arriving at the receivers
across the barrier include not only the transmission components,
but also the components diffracted over the hard barrier top, since
the geometry details are fully resolved by both simulations. How-
ever, the discrepancies between two simulations in terms of the
high order diffraction components, which should have existed
due to the early truncated DG simulation, are mitigated due to
the absorption effect of the noise barrier.
ional configuration with a noise barrier.

barrier for the DG simulation.
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Fig. 13. Comparison of the relative sound pressure level between the DG simulation
and the FE simulation for the noise barrier case.



Table A.3
Overview of the JCAL impedance model parameters for the glass wool.

Property Value

Atmospheric pressure P0 [Pa] 1:01� 105

Speed of sound c [m�s�1] 343

Density q [kg�m�3] 1.2

Airflow resistivity r [Pa�s�m�2] 70821
Porosity u 0.967

Tortuosity a1 1.049
Viscous characteristic length K [m] 6� 10�5

Thermal characteristic length K0 [m] 1:4� 10�4

Static thermal permeability k00 [m2] 6:345� 10�9

Dynamic viscosity g [N�m�2] 1:82� 10�5

Prandtl number Pr 0.71
Layer thickness d [m] 0.04
Specific heat ratio c 1.4
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Fig. 14. Comparison of the phase angle of ratio between the DG simulation and the
FE simulation for the noise barrier case.
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5. Conclusion

In this study, a general time-domain transmission boundary
condition in the framework of the time-domain DG method is
developed for the broadband simulations of general linear acous-
tics, with potential applications to the areas of room acoustics,
building acoustics, urban acoustics to name a few. The proposed
numerical formulation is able to simulate frequency-dependent
reflection and transmission characteristics of a locally-reacting
boundary. The essential idea is to model the acoustic characteris-
tics of a locally-reacting surface using the plane wave reflection
coefficient and transmission coefficients in the form of a multi-
pole model and then reformulate the corresponding time-domain
upwind flux. Practical examples of the boundary modeling with
the multi-pole model approach are presented.

To verify the performance of the formulation, one-dimensional
numerical tests are performed and convergence of the numerical
results to the analytical ones are demonstrated. Furthermore, it
has been shown that the both dissipation and dispersion errors
depend largely on the accuracy of parameters fitting of the
multi-pole models. In this work, an optimization-based method
is employed to obtain the fitting parameters. Although it is suffi-
cient to verify the formulation for the locally-reacting boundaries
with one-dimensional examples, two-dimensional numerical tests
are conducted to further demonstrate the general practicability of
the boundary formulation within the time-domain DG framework.
Excellent agreement of numerical results obtained by the proposed
time-domain method and the frequency-domain FEM are
observed. However, for acoustic boundaries where non-negligible
interactions happen, the locally-reacting assumption may lead to
inaccurate representation of the acoustic behavior. Therefore, fur-
ther developments of modeling extendedly-reacting boundaries
will be undertaken in future works.
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