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Summary

Numerical simulations of boiling flows using the Local Front Reconstruction
Method

Phase change phenomena, especially related to gas-liquid flows, are seen in
many industrial systems, such as refrigeration systems, cooling systems, boilers,
heat exchangers and nuclear reactors. A detailed understanding and accurate
predictions of the phase change processes in such systems are important for their
safe and efficient operation. In addition to experiments, numerical simulations
have become an important tool to study phase change phenomena. The advantage
of Direct Numerical Simulations (DNS) is that, in contrast to the experiments, the
complete details on temperature and velocity fields are available.

The focus of this thesis is flow boiling in microchannels. Flow boiling in mi-
crochannels has received substantial interest in recent years. This is caused by the
rapid advances in performance and miniaturization of electronics and high power
devices resulting in huge heat flux values that need to be dissipated effectively.
Flow boiling in microchannels is seen to be one of the promising technologies for
the cooling of such miniaturized devices due to its ability to achieve high heat
transfer rates with small variations in the surface temperature.

The Local Front Reconstruction Method (LFRM), a hybrid front tracking with-
out connectivity method, is chosen for the current project to tackle challenges
faced in the numerical simulation of flow boiling in microchannels. First, flows in
microchannels are dominated by capillary effects and thus it is important to use
a numerical method that allows for an accurate and robust surface tension force
calculation. LFRM allows for the simulation of multiphase flows with complex
topological changes (like interface merging and breakup) while maintaining an
accurate surface tension treatment as the standard FT method.

Secondly, flows in microchannels can often comprise very small features such
as thin films, filaments, and drops. It is a challenge to resolve the wide range
of length scales (from channel width to thin films) with an affordable number
of computational grid cells. A solution is to use a multiscale framework where
microscale effects of the smaller features are captured by a sub-grid model. As the
exact location of the interface is known in LFRM, it is relatively easy to couple it
with sub-grid models.

The small scale features in such multiphase systems can be broadly classified
as originating from the interaction of the vapor bubbles, such as the thin film be-
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tween colliding bubbles or from the interactions of the vapor bubbles with a solid
wall. To tackle, the first class of features, we couple the LFRM with a film drainage
model. Such features are also encountered in droplet collisions. Ready availabil-
ity of high quality experimental data for droplet collisions makes it an ideal case
to test the multiscale framework. Thus, the new framework is first validated by
simulations of (near) head on collision of two equal tetradecane droplets using
experimental film drainage times. When the experimental film drainage times are
used, the LFRM method is better in predicting the droplet collisions especially at
high velocity in comparison to other interface capturing/tracking methods. When
the film drainage model is invoked, the method shows a good qualitative match
with experiments but a quantitative correspondence of the predicted film drainage
time with the experimental drainage time is not obtained indicating that further
development of film drainage models is required. Furthermore, the droplet colli-
sion simulations of LFRM are compared with the simulations of Diffuse Interface
Method to gain an insight into the extent of missing interfacial dynamics and its
impact on the collision outcome.

To tackle the second class of features, we couple the LFRM with a sub-grid
thin film model. The coupled approach is successfully tested with simulations of
a droplet falling onto and sliding down an inclined wall. It is observed that the
evolution of films thinner than grid size is captured with reasonable accuracy when
using the sub-grid film model.

Next, the LFRM is extended to allow for the simulation of flows with phase
transition. This is achieved with two different approaches: a smooth interface
approach and a sharp interface approach. The smooth interface approach uses
a one fluid formulation to solve the energy equation with an interfacial source
term accounting for phase change. This interfacial source term enforces the satu-
ration temperature at the interface. However, in the sharp interface approach, the
thermal properties are not volume-averaged near the interface and the saturation
temperature is imposed as a boundary condition at the interface. Both implemen-
tations are verified using 1D and 3D test cases and produce a good match with
analytical solutions. A comparison of results highlights certain advantages of the
sharp interface approach over the smooth interface approach such as higher accu-
racy and improved convergence rate, reduced fluctuations in the velocity field and
a physically bounded temperature field near the interface.

The extended LFRM is used to simulate flow boiling in a microchannel. In
particular, the growth of a vapor bubble during flow boiling in a 0.2 mm square
microchannel is studied. The simulation results show an explosive bubble growth
once it has occupied almost the entire cross-section of the channel. This is due
to the evaporation of the thin liquid film trapped between the bubble and the
walls. In addition, a parametric study shows an increase of heat removal rate
and bubble growth rate with increasing wall temperature, liquid mass density, and
liquid heat capacity while an increase in the inlet velocity decreased the bubble
growth rate and heat removal rate indicating the importance of phase change
compared to convective transport. This study also highlights the importance of
thin film evaporation in overall heat transfer in microchannels and thus, a possible
solution to resolve thin film evaporation with a multiscale framework is presented.



Samenvatting

Numerieke simulatie van kokende stromingen met behulp van de Local Front
Reconstructie Methode

Faseovergangsverschijnselen, met name gerelateerd aan gas-vloeistofstromen,
komen voor in veelvuldig industriële systemen, zoals koelsystemen, ketels, warmtewis-
selaars en kernreactoren. Een gedetailleerd begrip en nauwkeurige voorspelling
van de faseovergangsprocessen zijn belangrijk voor de veilige en efficiënte werk-
ing van deze systemen. Naast experimentele studies zijn numerieke simulaties
een belangrijk hulpmiddel geworden om processen met faseverandering in detail
te bestuderen. Het voordeel van numerieke simulaties is dat, in tegenstelling tot
experimenten, de volledige details van temperatuur- en snelheidsvelden beschik-
baar zijn.

De focus van dit proefschrift ligt op “flow boiling” in microkanalen, d.w.z. het
koken in doorstroomde microkanalen. Flow boiling staat de afgelopen jaren erg in
de belangstelling vanwege de snelle toename van prestaties en miniaturisatie van
elektronica en apparaten die veel vermogen gebruiken. Dit resulteert in enorme
productie van warmte die effectief moeten worden afgevoerd. Flow boiling in
microkanalen wordt gezien als een van de veelbelovende technologieën voor de
koeling van dergelijke geminiaturiseerde apparaten, omdat het hoge warmteover-
drachtssnelheden kan bereiken met slechts kleine variaties in de oppervlaktetem-
peratuur.

In dit project is gekozen om gebruik te maken van de “Local Front Recon-
struction Methode” (LFRM), een hybride “front tracking” techniek zonder con-
nectiviteit, voor de simulatie van flow boiling in microkanalen. Ten eerste is er
gekozen voor deze methode omdat de stroming in microkanalen wordt gedomi-
neerd door capillaire effecten. Daarom is het essentieel om gebruik te maken van
een numerieke methode die de oppervlaktespanningskracht robuust en nauwkeurig
kan berekenen. Daarnaast is het met LFRM mogelijk om meerfasestromingen te
simuleren met complexe topologische veranderingen (zoals opbreken en samen-
voegen van het gas-vloeistof grensvlakken), waarbij de nauwkeurigheid van de
oppervlaktespanningsbehandeling van de standaard Front Tracking methode be-
houden blijft.

Ten tweede bevatten de meerfasestromingen in microkanalen vaak zeer kleine
structuren, zoals dunne films, filamenten en druppels. Het is een uitdaging om
het gehele bereik van lengteschalen (van de kanaalbreedte tot de dunste films)
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op te lossen met een behapbare hoeveelheid rekencellen. Een oplossing is het
gebruik van een “multi-scale framework”, waar de micro-effecten van de kleinere
structuren worden verdisconteerd middels “subgrid” modellen. Omdat de exacte
locatie van het gas-vloeistof grensvlak bekend is in LFRM, is het relatief eenvoudig
om de subgrid modellen te koppelen met het LFRM.

De kleinschalige structuren in dergelijke meerfasensystemen kunnen optreden
door de interactie van dampbellen, met een dunne film tussen botsende bellen, of
tijdens interacties van bellen met een wand van het kanaal. Het eerste type inter-
actie kan worden gemodelleerd door het koppelen van LFRM aan een model voor
de drainage van de dunne film tussen de bellen. Dezelfde fysica ligt ten grond-
slag aan druppelbotsingen. Vanwege de beschikbaarheid van hoogwaardige ex-
perimentele gegevens voor deze druppelbotsingen, vormen die een ideaal systeem
om het “multi-scale framework” te testen. Het nieuwe subgrid model wordt eerst
gevalideerd door simulaties van (bijna) frontale botsingen van twee tetradecaan
druppels van gelijke grootte met gebruik van de experimenteel bepaalde tijden
voor de drainage van de film. Als deze experimentele waarde voor de drainage
van de film worden gebruikt, is de LFRM-methode beter in het voorspellen van
de druppelbotsingen dan andere “Directe Numerieke Simulatie” methoden voor
het modeleren van gas-vloeistof grensvlakken, vooral bij relatief hoge botsingss-
nelheden. Wanneer een model wordt gebruikt voor deze film drainage, geven de
numerieke simulaties een goede kwalitatieve overeenkomst met de experimenten,
maar de voorspelde tijd komt niet overeen hetgeen aangeeft dat de modellen voor
de film drainage nog verdere ontwikkeling behoeven. Daarnaast zijn de simulaties
van druppelbotsing met LFRM vergeleken met de simulaties uitgevoerd met een
“Diffuse Grensvlak Methode” om inzicht te krijgen in de ontbrekende grensvlak-
dynamica en het effect daarvan op de uitkomst van de druppelbotsingen.

Om het tweede type interacties, de interacties met de wand, in het model mee
te nemen, is het LFRM model gekoppeld aan een model voor de beschrijving van
de dunne film tussen de wand en de bel. De gekoppelde aanpak is met succes
getest met simulaties van een druppel die op een schuine wand valt en naar bene-
den glijdt. De evolutie van de film met een dikte kleiner dan de roostergrootte
wordt met een redelijke nauwkeurigheid voorspeld wanneer de gekoppelde aan-
pak wordt gebruikt.

Daarna is LFRM uitgebreid om stromingen te simuleren die gepaard gaan met
faseovergangen. Dit kan worden gerealiseerd middels twee benaderingen waar-
bij gebruik wordt gemaakt van, of, een uitgesmeerd grensvlak, of een scherp
grensvlak. Wanneer gebruik wordt gemaakt van een uitgesmeerd grensvlak, wordt
de thermische energievergelijking opgelost met een zogenaamde één-vloeistof aan-
pak, waarbij de faseverandering wordt meegenomen door een bronterm in de
vergelijkingen die alleen actief is nabij het grensvlak. Deze bronterm zorgt er-
voor dat het oppervlak op de verzadigingstemperatuur blijft. Wanneer de scherpe
benadering van het gas-vloeistof grensvlak wordt gebruikt, worden de thermis-
che eigenschappen van de vloeistoffen niet gemiddeld en wordt de verzadiging-
stemperatuur opgelegd als randvoorwaarde bij het gas-vloeistof grensvlak. Beide
implementaties zijn geverifieerd met behulp van 1D en 3D testen en leveren een
goede overeenkomst met de analytische oplossingen. Wanneer de resultaten van
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de testen tussen beide implementaties worden vergeleken, blijkt de scherpe be-
handeling een aantal voordelen te hebben, zoals een hogere nauwkeurigheid, een
verbeterde convergentiesnelheid, verminderde fluctuaties in het snelheidsveld en
een fysische begrenzing van het temperatuurveld nabij het grensvlak.

Het LFRM met uitbreiding voor faseovergang is gebruikt om flow boiling in
een microkanaal te simuleren. In het bijzonder, is de groei van een bel tijdens
het koken in een vierkant doorstroomd microkanaal van 0.2 mm bestudeerd. De
simulatieresultaten laten een explosieve belgroei zien zodra de bel bijna de gehele
dwarsdoorsnede van het kanaal in beslag neemt. Dit komt door de verdamp-
ing van de dunne vloeistoffilm die gevangen is tussen de bel en de wanden van
het kanaal. Daarnaast heeft parametrisch onderzoek aangetoond dat er een toe-
name is van de afvoersnelheid van warmte en de groeisnelheid van de bellen met
een toenemende wandtemperatuur, de dichtheid van de vloeistof en de warmte-
capaciteit van de vloeistof. Echter, een toename in de snelheid van de vloeistof
zorgt voor een verlaging van de warmteafvoersnelheid en de groeisnelheid van de
bellen, wat duidelijk het belang van de faseovergang ten opzichte van het convec-
tief transport laat zien. De studie benadrukt ook het belang van de verdamping
van de dunne film in de totale warmte overdracht in microkanalen en laat dus
zien dat de verdamping van dunne films met een “multi-scale framework” in de-
tail bestudeerd kan worden.





Chapter 1
Introduction

1.1 Flow Boiling in Microchannels

The application of micro-structured devices is on the rise in cutting edge sci-
ence and technologies, for example, electronics and laser diodes cooling, pro-
cess intensification, microchemical reactors, recovery of low grade waste energy,
biotechnologies, and air conditioning [1, 2]. Especially, flow boiling in microchan-
nels has received substantial interest in recent years due to its ability to achieve
high heat transfer rates with small variations in the surface temperature. This is
caused by the rapid advances in performance and miniaturization of electronics
and high power devices resulting in huge heat flux values that need to be dissi-
pated effectively. For example, the average heat flux in computer chips is expected
to reach 2−4.5 MW/m2 with local hot spots 12−45 MW/m2 [2]. Flow boiling in
microchannels is seen to be one of the promising technologies for the cooling of
such miniaturized devices, which are commonly encountered in computers and in-
formation technology (CPUs, GPUs, memory cards, data storage devices) and high
power semiconductor devices.

This two-phase cooling method has several advantages over the conventional
cooling strategies: a lower mass flow rate of the coolant due to the high energy
uptake by the latent heat of vaporization, a lower pressure drop due to this lower
mass flow rate, lower temperature gradients due to saturated flow conditions and
an increase of the heat transfer coefficient with increasing heat flux [1]. The heat
transfer associated with the boiling process is further enhanced by the relatively
large liquid-vapor interfacial area offered by the geometry of the microchannel
[4]. Kang et al. [5] tested the performance of a microchannel heat exchanger and
found that it had a surface area to volume ratio of 15,294 m2/m3 and achieved a
volumetric heat transfer rate of 5.44 GW/m3 at 24 W pumping power. This value
is huge compared to a typical compact heat exchanger, which has a surface to
volume ratio of 650 m2/m3 and a volumetric heat transfer rate of approximately
only 14 MW/m3 at the 12 W pumping power [2]. This example demonstrates
that the surface area to volume ratio and the heat transfer rate per unit volume of
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Figure 1.1: The flow boiling patterns of R134a in 4.26 mm and 1.1 mm diameter channels
[3].

microchannel heat exchangers are significantly higher than that of typical compact
heat exchangers.

The reduced channel diameter in the case of the microchannel results in sig-
nificant changes in flow patterns. Chen et al. [3] studied the effect of channel
diameter on flow patterns for a diameter range of 1.1−4.26 mm. Figure 1.1 shows
the flow patterns observed in 4.26 mm and 1.1 mm channels. The flow patterns in
the 4.26 mm diameter channel are similar to those observed in the conventional
large diameter channels. However, pronounced differences are observed in the
flow patterns in the 1.1 mm diameter channel. These differences as highlighted
in Chen et al. [3] are (1) the absence of mist flow, (2) the appearance of the
confined bubble, (3) the thinning of the liquid film surrounding the vapor slug,
and (4) churn flow becoming less chaotic, i.e. there is a tendency for churn flow
to diminish as the diameter decreases. As the diameter of the channel is further
decreased in the range of 50−100 µm, churn flow completely diminishes and slug
flow becomes the dominant flow pattern [6]. This is due to the dominant effect
of the capillary forces in microchannels [7]. A different local heat transfer mech-
anism becomes dominant when the flow pattern changes resulting in the change
of the overall heat transfer coefficient. Thus, it is important to study the local flow
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and heat transfer phenomena related to each flow pattern (especially slug flow)
to acquire a better understanding of the heat transfer processes of microchannel
flow boiling.

Over the past few decades, many experimental investigations have been car-
ried out on flow boiling in microchannels. These studies led to the development
of theoretical models for the prediction of the pressure drop and the heat trans-
fer coefficient for flow boiling in microchannels. Detailed reviews of experimental
studies and analytical models of microchannel flow boiling are available in litera-
ture [8, 9, 10, 11, 12]. These reviews compare various experimental data sets and
evaluate the available theoretical models against these data sets. The main conclu-
sions are that the experimental outcomes are often contradictory and additionally
that the available analytical models do not provide satisfactory quantitative predic-
tions [13]. Thus, the lack of agreement on the heat transfer performance trends
combined with the limitations of the experimental measurement techniques to
probe into the local flow and heat transfer phenomena poses a serious limitation
to advance the fundamental understanding.

Unlike experiments, numerical simulations can provide detailed information
on the local hydrodynamics and heat transfer of boiling flows in microchannels
and thus have become an important and powerful research tool. The commonly
used numerical techniques for the Direct Numerical Simulation (DNS) of complex
multiphase flows are front capturing methods and front tracking methods. In this
project, we choose the Local Front Reconstruction Method (LFRM) which is a front
tracking without connectivity method. This method allows for simulations of com-
plex topological changes like interface merging and breakup while maintaining an
accurate surface tension treatment as the standard FT method. This is essential for
the simulation of flows in microchannels as they are dominated by capillary effects
and thus it is important to use a numerical method that allows for an accurate and
robust surface tension force calculation. Another advantage of the LFRM method
is that it is easy to couple the method with sub-grid models as the exact location
of the interface is known. This aspect of the method is explained in more detail in
the next section.

1.2 Multiscale considerations in DNS of multiphase
flows

In spite of the rapid progress in the development of the interface capturing/-
tracking methods for the direct numerical simulations (DNS) of complex multi-
phase flows, these DNS techniques do not provide a solution for all multiphase
problems. These techniques are limited by the computational requirements due to
the wide range of length scales encountered in most multiphase flow systems. Fre-
quently, there is a well-defined “dominant” scale, such as the size of the bubbles or
the drops and flow structures of the order of “dominant” scale are resolved by the
DNS techniques. However, the presence of mass and/or heat transfer complicates
the situation due to the presence of very thin mass and heat boundary layers. In
addition, at times, the multiphase flows can generate much smaller features con-
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Figure 1.2: Multiscale aspects of multiphase flows, exemplified by the flow of bubbles in an
inclined channel [14].

sisting of thin films, filaments, and drops (Figure 1.2). These are often the results
of interactions of dominant scale structures, such as the thin film between collid-
ing bubbles or droplets, between a sliding droplet and a wall or a vapor slug and a
wall (encountered in the slug flow regime during flow boiling in microchannels).

If one considers the problem of colliding droplets of a diameter of a few hun-
dred micrometers, the minimum film thickness reached before rupture can be of
the order of 0.01 micrometer. This gives the range of scales of O(104). Despite this,
one might argue that such small scale features can be captured by adaptive grid
refinement. However, this solution comes at the cost of the increased complexity
of the computer code and higher computational times.

Often, these small scale features are governed by strong surface tension and
viscosity limits which keeps the flow at these scales relatively simple. This provides
an opportunity to resolve the small scale flow using (analytical or semi-analytical)
sub-grid models and couple them with the conventional numerical treatment for
the bulk of the flow. This approach is conceptually similar to the method of
matched asymptotic expansions adopted in the analysis of boundary layer flows.
In this project, we test this framework for the problems of binary droplet collision
and sliding droplet on an inclined wall. These problems are ideal stepping stones
for the extension of this framework to flow boiling in microchannels.
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1.3 Thesis outline

This thesis is divided into two parts. The first part consists of chapters 2-5,
which focuses on extending the Local Front Reconstruction Method (LFRM) to a
multiscale framework. Chapter 2 describes the numerical method and explains
the implementation and improvements of the LFRM for simulation of complex
multiphase flows. The verification and validation of the implemented method are
also presented in this chapter. Chapter 3 explains the extension of LFRM with a
film drainage model. The extended method is used to simulate (near) head on
collision of two equal tetradecane droplets and obtained results are compared to
the experimental and numerical results from the literature.

In Chapter 4, the droplet collision simulations of LFRM are compared with
the simulations of Diffuse Interface Method to gain an insight into the extent of
missing interfacial dynamics and its impact on the collision outcome. Chapter
Chapter 5 describes the coupling of LFRM with a sub-grid thin film model. The
coupled method is used to simulate a droplet falling onto and sliding down an
inclined wall. By using such a multiscale framework, the evolution of thin films
smaller than grid size is captured with reasonable accuracy.

The second part of the thesis consists of chapters 6 and 7. This part focuses
on the simulation of boiling flows using LFRM. Chapter 6 describes the exten-
sion of LFRM to allow for simulations with phase transition using two different
approaches: smooth interface approach and sharp interface approach. Both ap-
proaches are verified and validated and a detailed comparison of both approaches
is carried out. The extended LFRM method is used to study the growth of a vapor
bubble during flow boiling in a microchannel in Chapter 7. A parametric study is
also presented in this chapter, which shows the influence of wall temperature, in-
let liquid velocity, liquid mass density and liquid heat capacity on bubble growth.
Finally, chapter 8 gives a general outlook of the research undertaken and also
defines a possible future scope.





Chapter 2
Local Front Reconstruction
Method

Abstract

This chapter explains the implementation and improvements of the Local Front Recon-
struction Method (LFRM). The verification and validation of the implemented method
are also presented. LFRM is a hybrid front tracking method, which can be used for nu-
merical simulation of complex multiphase flows. Similar to the standard Front Track-
ing (FT) method, the interface is tracked explicitly using an unstructured Lagrangian
mesh. Thus, it offers all the benefits of the front tracking method like accurate repre-
sentation of the interface, accurate local mass conservation (especially at coarse grid
resolution) and controlled interface merging. The benefit of this method compared to
the standard FT method is that it is not required to store information about logical
connectivity between markers. Therefore, it offers easier implementation of interface
merging/breakup routines.
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2.1 Introduction

Multiphase flows are frequently encountered in many industrial applications
and natural phenomena [15]. This has led to a rapid progress in the development
of the various techniques for the Direct Numerical Simulations (DNS) of complex
multiphase flows. These techniques can essentially be classified into two categories
based on the representation of the interface: front capturing methods and front
tracking methods.

In front capturing methods, the interface is implicitly tracked using an ad-
ditional Eulerian field such as a color function in the Volume of Fluid (VOF)
method or a distance function in the Level Set (LS) method. In the VOF method
[16, 17, 18], the color function indicates the fractional amount of fluid present at
a given position in the computational domain. It is known to ensure mass con-
servation accurately and easily deals with topological changes in the interface like
merging and breakup. However, due to the use of the color function to represent
the interface, the interface is diffused over several cells, resulting in loss of preci-
sion. A popular method to generate a geometrical surface from the color function
is the Piecewise Linear Interface Calculation (PLIC) method. The obtained surface
tends to have discontinuous interfaces between grid boundaries.

On the other hand, the LS method [19, 20, 21] is designed to minimize the in-
terface diffusion by defining the interface as the zero level of a function that quan-
tifies the distance from the interface. It is very effective in handling topological
changes but may lose/gain a considerable amount of mass during the simulation
and thus, result in loss of accuracy. Hybrid methods [22, 23] combining these two
methods have been proposed to overcome shortcomings related to each method
but at the cost of increased computational cost and more difficult implementation.
In general, the interface merging and breakup is automatic and grid dependent in
these front capturing methods.

The Front Tracking (FT) method [24, 25, 26, 27] can track the interface more
accurately compared to front capturing methods as the interface is represented by
a surface mesh consisting of Lagrangian triangular markers. Due to the sharp rep-
resentation of the interface, it facilitates accurate calculation of interfacial forces
(e.g. surface tension forces) and coupling with a sub-grid model to incorporate
microscale dynamics (e.g. film drainage model in case of droplet collisions). Thus,
the method is very accurate, but at the same time complex to implement and re-
quires dynamic remeshing of the Lagrangian interface mesh and mapping of the
Lagrangian data onto the Eulerian grid.

Unlike the front capturing methods, the interfaces of different dispersed ele-
ments (i.e. bubbles or droplets) in the standard FT method do not artificially merge
when they share a common grid cell because a separate mesh is used to track the
interface of each dispersed element. Also, to enable merging and breakup in front
tracking method, additional routines to merge/breakup unstructured meshes are
required [24]. This merging/breakup of the meshes is complicated because the
logical information regarding the marker connectivity should be updated.

To avoid these difficulties, hybrid front tracking methods [28, 29] can be used.
The Level Contour Reconstruction Method (LCRM) [28, 30, 31, 32] is a hybrid
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method where the interface is tracked explicitly similar to the standard FT method,
but without need for logical connectivity between the markers. The Lagrangian
mesh is reconstructed using a contour level of the distance function field gener-
ated on the Eulerian grid using the given front information. The interface is still
connected at the grid boundaries. However, merging/breakup of the interface is
handled automatically similar to front capturing methods. In addition, the use of
the distance function field results in less accurate local mass conservation, espe-
cially in high curvature regions [29].

The Local Front Reconstruction Method (LFRM) [29] overcomes this difficulty
by using information from the original marker elements to reconstruct the inter-
face in a mass conservative manner. Several benchmarking test cases showed
that LFRM performed better in terms of simulation accuracy and computational
efficiency compared to LCRM [29]. Similar to LCRM, the logical connectivity be-
tween the markers is not required in LFRM and thus the implementation of inter-
face merging/breakup is relatively easy. Although the interface is reconstructed
independently in each interfacial cell, the interface is still connected at cell bound-
aries. However, this cell-oriented reconstruction leads to the automatic merging
of the interface (similar to front capturing methods) [29]. This can be prevented
by storing the information about markers and marker points for each dispersed
element separately. To summarize, LFRM is a hybrid front tracking method which
offers all the benefits of front tracking method like accurate representation of in-
terface, accurate local mass conservation and controlled interface merging while
removing the need for logical connectivity between markers allowing for easier
implementation of interface merging/breakup routines. Therefore, we choose the
LFRM in this study.

In this chapter, the details of the implementation and improvement of the
LFRM are presented. The governing equations and numerical method are pre-
sented in Section 2.2. The implementation and improvement of the interface re-
construction procedure in LFRM is explained in Section 2.3. The implementation
is verified with two standard tests, namely stationary bubble test and standard ad-
vection test (Section 2.4) and validated with the experimental data obtained from
the Grace diagram [33] for rising bubbles (Section 2.5).

2.2 Methodology

2.2.1 Governing equations

Both fluids are assumed to be incompressible, immiscible and Newtonian. Fur-
thermore, a one-fluid formulation is used for both phases, taking into account the
surface tension by a source term Fσ. The resulting governing equations are as
follows:

∇·u= 0 (2.1)

ρ
∂u
∂t

+ρ∇· (uu) =−∇p +ρg−∇·τ+Fσ (2.2)
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where ρ is mass density, u is fluid velocity, t is time, p is pressure, g is gravitational
acceleration and τ=µ(∇u+∇uT

)
is fluid stress tensor.

2.2.2 Numerical method

The interface is represented by an unstructured mesh of triangular markers,
which are formed by the connection of the Lagrangian points situated at the cor-
ners of these markers. The markers enable advection of the interface and surface
tension calculation. Fσ is calculated on the Eulerian grid using the hybrid method
of Shin et al. [30] as follows

Fσ =σκH∇I (2.3)

where σ is the surface tension coefficient, I is the phase fraction function and κH

is twice the mean curvature field.
The hybrid method combines the advantage of accurate curvature calculation

(similar to the pull force model [27] in front tracking methods) and the proper
balance of pressure and surface tension force at the discrete level (similar to the
continuum surface model [34] in front capturing methods). Further details about
the surface tension force calculation are given in appendix A.

Subsequently, the governing equations are solved by a fractional step method
[35] to obtain the flow field at the next time step. The method consists of two
steps. In the first step, a projection of velocity un∗

is calculated using information
from the previous time step

un∗ =un + ∆t

ρn

[−ρ∇· (uu)−∇p +ρg−∇·τ+Fσ
]n . (2.4)

This equation is spatially discretized on a staggered grid using a finite volume
approach. The convective term is discretized with a second order flux-delimited
Barton scheme [36] whereas the diffusion term is treated with a second order cen-
tral scheme. As the time step restriction due to the diffusion terms is too stringent,
it is relaxed by treating a part of the diffusion terms implicitly. After the projected
velocities are calculated, the velocity field is corrected in the pressure correction
step. In this step, the pressure is corrected such that the resulting velocity field
satisfies the continuity equation.

∇·
[
∆t

ρn ∇(
δp

)]=∇·un∗
, (2.5)

where δp = pn+1 − pn is the pressure correction. This pressure Poisson equation
is solved using a robust and efficient parallel Block-Incomplete Cholesky Conju-
gate Gradient (B-ICCG) solver. The final velocity is obtained from the corrected
pressure field as follows

un+1 =un∗ − ∆t

ρn ∇(
δp

)
, (2.6)

Once the flow field is solved, the interface is advected, i.e. the Lagrangian
points are moved using locally interpolated fluid velocities. The fluid velocities are
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interpolated from the Eulerian grid points to Lagrangian points using cubic spline
interpolation whereas the marker points are moved using a 4th order Runge-Kutta
scheme [27].

Due to the advection of Lagrangian points, the mesh quality decreases, causing
the need for a reconstruction procedure [29], which is detailed in the next section.
Finally, the physical properties are updated using local phase fractions in each cell.
From the calculated phase fractions, the average mass density and viscosity are
calculated in each grid cell by algebraic and density-weighted harmonic averaging,
respectively. The local phase fraction can be calculated by geometric analysis using
the position of the interface [27]. This method is exact and computationally more
efficient than solving the Poisson equation used in the original LFRM method [27].

2.3 Local Front Reconstruction Method

The overall LFRM reconstruction procedure consists of four steps as shown in
Figure 2.1.

(a) Localization of the interface

The interface of the discrete phase is cut by a reconstruction grid (similar to
the Eulerian grid but not necessarily coinciding with it) such that each part of the
interface lies completely inside one cell. Since the interface consists of triangular
markers, this is achieved by a cutting algorithm, which cuts triangular markers
into smaller triangles such that each smaller triangle lies completely inside a re-
construction cell.

The schematic of the cutting procedure is given in Figure 2.2. A triangle is a
convex polygon and a given plane will cut a convex polygon always in two points
forming two different convex polygons. The cutting is done in sequence by planes
parallel to the X plane first, then consequently by planes parallel to Y and Z planes
forming smaller convex polygons. Irrespective of the sequence of cutting, it will
always give an optimum number of polygons. Finally, all the polygons containing
more than 3 sides are triangulated. For triangulation, any vertex of the polygon is
selected, and triangles are created by connecting this vertex to alternate vertices
in an anti-clockwise sequence. By this procedure, a polygon with n sides is divided
into n-2 triangles, and it is the least number of triangles that can be obtained.

(b) Edge line reconstruction

The localized interface elements are contained in a single reconstruction cell.
The edge lines of the interface elements that are located on the faces of the re-
construction cell are identified. Thus, up to six separate two-dimensional line re-
construction problems can be generated. The procedure of area conservative edge
reconstruction is applied separately to these faces. In this procedure, a new edge
line containing only two edge crossing points and a fitting point is reconstructed
in an area conserving manner.
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Figure 2.1: Schematic of the reconstruction procedure for LFRM: (a) Localization of the
interface, (b) edge line reconstruction, (c) centroid calculation and (d) volume
fitting. Reproduced with permission from J. Comput. Phys. 230, 6605 (2011).
Copyright 2011 Elsevier.

Figure 2.2: Schematic of the cutting procedure for interface localization.

If there are two edge crossing points, the procedure depicted in Figure 2.3
is used. Point M is on the perpendicular bisector of segment PQ such that area
occupied by the original interface is equal to the area of triangle PMQ. However, in
Figure 2.1, an ideal situation is depicted where each face contains exactly two edge
crossing points with not more than one point on each edge. For the cases where
there is more than one edge crossing point, a marker points reduction algorithm
[37] is used to reduce the number of points to less than or equal to one. Further
details about the marker points reduction algorithm are given in Appendix B.
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Figure 2.3: Schematic of the area conservative edge line reconstruction procedure [29].

(c) Centroid calculation

After the construction of edge lines, the position of centroid O is calculated
by averaging the positions of edge points. The connection of edge points to the
centroid will give rise to an intermediate interface formed of triangular elements
(Figure 2.1 (c)). However, this intermediate interface does not conserve local
volume exactly. To correct this, a volume fitting operation is required.

(d) Volume fitting

In this step, the centroid O is moved in the normal direction nO of the interme-
diate interface such that original volume of the dispersed phase is conserved in the
given cell. The normal nO at the centroid is calculated by averaging the normal
of the triangular elements of the intermediate interface. The centroid O is moved
by a signed height h in this normal direction to give new volume fitting point M
(Figure 2.1 (d)). The distance h 1 is calculated by:

h = Signed Original Volume
Signed Edge Base Area

. (2.7)

The signed edge base area is the projection of intermediate interface (blue
shaded region in figure 2.1 (c)) in no direction.

Signed Edge Base Area=
q∑

i=1
no ·niδai nt

i , (2.8)

where q is the number of the triangular elements of the intermediate interface and
δai nt

i and ni is the area and normal of these triangular elements, respectively.

1The formula given in the paper of Shin et al. [29] is incorrect. A complete derivation can be found
in Appendix B
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The signed original volume is the volume corresponding to the original inter-
face (figure 2.1 (a)) in the given cell.

Signed Original Volume=
p∑

i=1
(xi −xo) ·miδai , (2.9)

where p is the number of the triangular elements of the original interface and
xi , δai nt

i and ni is the centroid, area and normal of these triangular elements,
respectively.

The above described procedure deals with an ordinary case without interface
merging. When complex topological changes involving coalescence and break-up
occur, there are more than two edge points on a cell face (even after marker points
reduction) and consequently, an additional procedure termed tetra-marching is
used [29]. This procedure facilitates the merging/break-up of the interface in a
continuous manner such that the reconstructed interface is a closed surface with-
out holes.

In the original LFRM method, the information about the position of three ver-
tices of each marker is stored separately, i.e. a vertex shared among different
markers is stored repeatedly in different data-structures corresponding to different
markers. To decrease memory usage and increase robustness, the marker location
is stored in linked-list data-structures. Furthermore, this also enables the imple-
mentation of a mesh smoothing procedure. The smoothing procedure of Kuprat et
al. [38], which results in an enhanced mesh quality for the front tracking method
[39], is also implemented in the current implementation of LFRM. Further details
about the implementation of the smoothing procedure can be found in [40].

2.4 Verification

As a first step, we verify the implementation of LFRM using two standard tests.
These tests are (1) the stationary bubble test to verify the implementation of the
surface tension model and (2) the standard advection test to verify the implemen-
tation of the interface advection and reconstruction procedure.

2.4.1 Stationary Bubble Test

In this test, the simulation of a 3D spherical bubble is carried out in zero gravity.
The exact pressure jump across the interface for such a bubble (with radius R) is
calculated from the Youngs-Laplace equation:

∆pexact =σκ= 2σ

R
(2.10)

In an ideal case, the curvature will be uniform across the whole bubble and the
surface tension force will exactly balance the pressure gradient across the interface
resulting in a zero velocity field. However, the error in the curvature calculation
and/or the mismatch of the pressure gradient and surface tension forces at the dis-
crete level will give rise to unphysical fluid motions, termed as parasitic currents.
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Thus, the accuracy of the surface tension calculation is quantified in terms of the
error in the calculated pressure jump with respect to the analytical pressure jump
and of the magnitude of the parasitic currents.

The magnitude of the parasitic currents is expressed in terms of the capillary
number C a = (µl umax )/σ. The error in the pressure jump, ∆p, can be calculated
as:

E(∆p) = |∆p −∆pexact |
∆pexact

, (2.11)

The pressure jump is calculated using the average pressures in the bubble and
in the fluid. The simulations are carried out for different Laplace numbers La =
ρσD/µ2. The grid size is selected such that there are 20 grid cells across the bubble
diameter similar to de Sousa et al. [25] and Dijkhuizen et al. [27]. The simulations
are run for a time t = Tµ, where Tµ = ρD2/µ is the viscous dissipation time scale
whereas the interface is reconstructed every 100 time steps. The calculated errors
in ∆p and Ca are summarized in Table 2.1. Table 2.2 shows that the parasitic
currents are comparable to the results obtained using the 3D front tracking class
of methods available in the literature.

Table 2.1: Errors in pressure jump and magnitude of parasitic currents for different Laplace
numbers.

La E(∆p) C a
12 1.46 ·10−4 2.05 ·10−5

120 8.38 ·10−6 1.27 ·10−5

1200 3.53 ·10−5 1.65 ·10−5

12000 4.24 ·10−3 1.53 ·10−5

Table 2.2: Literature values for the magnitude of parasitic currents.

Literature La C a
de Sousa et al., 2004 [25] 250 O(10−4)
Singh and Shyy, 2007 [41] 250−12000 O(10−4)
Dijkhuizen et al., 2010 [27] 1−10000 O(10−5)
Current work 120−12000 O(10−5)

2.4.2 Standard Advection Test

In this test, an initially spherical interface is stretched by a 3D rotational flow
field [29]. This velocity field is given by

u(x, t ) =
∣∣∣∣∣∣
2sin2(πx)sin(2πy)sin(2πz)cos(π t

T )
−sin2(πy)sin(2πx)sin(2πz)cos(π t

T )
−sin2(πz)sin(2πy)sin(2πz)cos(π t

T )

∣∣∣∣∣∣ (2.12)

where T is the period of velocity variation. A sphere of radius 0.15 is placed at
(0.35,0.35,0.35) in a unit domain and a period T of 3 s is chosen. The sphere will
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(a) t = 0s (b) t = 0.5Ts (c) t = Ts

Figure 2.4: Evolution of the interface in a 3D vortical field.

deform in time from t=0 to T /2 and will ideally return to the original position
and shape in time from t=T /2 to T . But in practice, a deviation in geometry and
volume will develop for the final state of the sphere in comparison to the original
state. These errors can be quantified in terms of mass error, Em and geometrical
error, Eg as follows:

Em =

∣∣∣Σi , j ,kφ
i ni t i al
i , j ,k −Σi , j ,kφ

f i nal
i , j ,k

∣∣∣
Σi , j ,kφ

i ni t i al
i , j ,k

(2.13)

Eg =
Σi , j ,k

∣∣∣φi ni t i al
i , j ,k −φ f i nal

i , j ,k

∣∣∣
Σi , j ,kφ

i ni t i al
i , j ,k

, (2.14)

where φi , j ,k is the phase fraction in cell (i,j,k).
The grid size is taken to be 30 cells across the diameter such that the sheared

drop doesn’t fragment during stretching. The evolution of interface shape is shown
in Figure 2.4. The geometrical and mass errors calculated at t= T are 9.87×10−5

and 4.11×10−5, respectively.

2.5 Validation

The current implementation is validated by comparing computed shapes and
velocities of gas bubbles rising in quiescent viscous liquids with experimental data
summarized in the Grace diagram [33]. A spherical gas bubble released in a liquid
will attain a terminal velocity and a characteristic shape (after a small time interval
from its release) based on the physical properties of gas and liquid and the bubble
diameter. Grace et al. [33] condensed a large body of experimental data into the
“Grace diagram", which enables the prediction of shape and terminal rise velocity
for a specific Eötvös number (Eo) and Morton number (M). These non-dimensional
numbers are defined as:
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• Reynolds number Re = ρl udb
µl

describes the importance of inertial forces with
respect to viscous forces and can be interpreted as the dimensionless form of
rise velocity.

• Eötvös number Eo = g d 2
b (ρl−ρg )
σ describes the importance of gravitational for-

ces with respect to surface tension forces.

• Morton number M = gµ4
l (ρl−ρg )

ρ2
l σ

3 describes the influence of liquid properties on

the behaviour of a rising bubble.

where db is the sphere equivalent bubble diameter, u is rise velocity and g is the
gravitational acceleration.

We simulate 8 different regimes similar to van Sint Annaland et al. [26] as
shown in Figure 2.5. The simulations are carried out with 20 cells across the
bubble diameter whereas the domain size is selected to be 5 times the bubble di-
ameter in all coordinate directions. The bubble is initially placed at (0.50, 0.50,
0.67) of the domain. A window shifting method is applied to keep the bubble at
approximately the same position from the system boundaries [42]. The compari-
son of calculated Reynolds numbers and those obtained from the Grace diagram is
given in Table 2.3 whereas snapshots of the bubble shape are given in Figure 2.6.
From the figure and the table, it can be concluded that the computed shapes and
velocities compare well with the results obtained from the Grace diagram [33].

Table 2.3: Comparison of simulated Reynolds number ReC to the experimental results ReG
obtained from the Grace diagram [33]

.
C ase Bubbl eReg i me M Eo ReG ReC

A Spherical 1.26 ·10−3 1.0 1.7 1.7
B Elipsoidal 9.71 ·10−4 1.0 ·101 2.2 ·101 2.3 ·101

C Skirted 9.71 ·10−1 9.71 ·101 2.0 ·101 1.8 ·101

D
Intermediate spherical cap
+ wobbling 9.71 ·10−12 9.71 2.6 ·103 2.8 ·103

E Wobbling 1.0 ·10−12 1.94 2.0 ·103 2.2 ·103

F Dimpled ellipsoidal cap 1.0 ·103 9.71 ·101 1.5 1.6

G
Intermediate skirted
+ ellipsoidal 9.71 ·10−4 3.88 ·101 6.0 ·101 5.8 ·101

H
Intermediate ellipsoidal
+ wobbling 9.71 ·10−8 1.0 ·101 2.6 ·102 2.9 ·102
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Figure 2.5: Grace diagram [33] indicating the bubble rise simulations done in this study.
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(A) Spherical (B) Ellipsoidal

(C) Skirted (D) Intermediate spherical cap +
       wobbling

(E) Wobbling (F) Dimpled ellipsoidal cap

(G) Intermediate skirted +
      ellipsoidal 

(H) Intermediate ellipsoidal +
     wobbling 

Figure 2.6: Snapshots of bubble shapes for the bubble regimes indicated in Table 2.3.
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2.6 Conclusion

We have chosen a hybrid front tracking method, the Local Front Reconstruction
Method (LFRM) [29], for the current study. Similar to the standard Front Tracking
(FT) method, the interface is tracked explicitly using an unstructured Lagrangian
mesh. This gives a very accurate representation of the interface and thus facili-
tates easy and accurate calculation of the interfacial forces and easy coupling with
sub-grid models for microscale dynamics. Explicit tracking of the interface also
results in simulations with accurate local mass conservation and controlled merg-
ing of the interface. However, unlike the standard FT method, it is not required
to store information about logical connectivity between markers facilitating easier
implementation of interface merging/breakup routines.

The numerical method is explained in detail with a focus on the interface recon-
struction procedure in this chapter. Finally, the current implementation of LFRM
is verified with standard tests, i.e. the stationary bubble test and the standard ad-
vection test, and validated with the experimental data obtained from the Grace
diagram [33] for rising bubbles.



Chapter 3
Controlled Coalescence
Simulations

Abstract

The physics of droplet collisions involves a wide range of length scales. This poses a
challenge to accurately simulate such flows with standard fixed grid methods due to
their inability to resolve all relevant scales with an affordable number of computa-
tional grid cells. A solution is to couple a fixed grid method with sub grid models that
account for microscale effects. In this chapter, we improved and extended the Local
Front Reconstruction Method (LFRM) with a film drainage model of Zhang and Law,
2011. The new framework is first validated by (near) head on collision of two equal
tetradecane droplets using experimental film drainage times. When the experimental
film drainage times are used, the LFRM method is better in predicting the droplet col-
lisions especially at high velocity in comparison with other fixed grid methods(i.e., the
Front Tracking (FT) method and the Coupled Level Set and Volume of Fluid (CLSVoF)
method). When the film drainage model is invoked, the method shows a good qual-
itative match with experiments but a quantitative correspondence of the predicted
film drainage time with the experimental drainage time is not obtained indicating
that further development of film drainage models is required. However, it can be
safely concluded that the coupled LFRM with film drainage model is much better in
predicting the collision dynamics than the traditional methods.

This chapter is based on:
A. H. Rajkotwala, H. Mirsandi, E. A. J. F. Peters, M. W. Baltussen, C. W. M. van der Geld,
J. G. M. Kuerten, J. A. M. Kuipers, Extension of local front reconstruction method with
controlled coalescence model, Physics of Fluids 30 (2018) 022102.
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3.1 Introduction

Droplet-laden flows play an important role in many industrial applications and
natural processes [43], like atomization of fuel in combustion engines, spray dry-
ing of concentrated milk to produce milk products, liquid-liquid extraction, growth
of rain droplets in a cloud and pollution tracking. The interaction between droplets
has a major influence on the dynamics of such flows, because of the coalescence
and break-up that may occur upon collision.

For a certain gas-liquid combination, these interactions vary based on various
parameters expressed in terms of the non-dimensional numbers Weber number We
and offset parameter B. As shown in Figure 3.1, the Weber number characterizes
the importance of the inertial forces compared to the surface tension forces and
offset parameter B characterizes the obliqueness of the collision. For example,
B = 0 represents a head on collision. The variation of the collision outcomes with
these non-dimensional numbers is summarized through collision regime maps. For
example, the regime map for collision of two equal-sized hydrocarbon droplets in
1 atm. air is shown in Figure 4.2. At high Weber numbers, the collision is iner-
tia dominated and collision outcomes vary significantly with the offset distance
resulting in reflexive separation (IV), coalescence (III), stretching separation (V)
and bouncing (II) with increasing offset distance. The reflexive separation is char-
acterized by the formation of a torus shaped droplet, the reflexive action of the
surface tension forces from this torus shape causes separation of the droplet into
daughter droplets. In stretching separation, due to the high offset distance, only a
portion of the droplets will come in contact. The remaining portions of the drops
will tend to flow in the direction of their initial trajectory and consequently stretch
the region of interaction, generating daughter droplets.

On the contrary, at low Weber numbers, the collision dynamics of droplets is
highly influenced by the drainage of the thin gas film separating the two colliding
droplets [44]. The droplets will bounce (II) if the film is not drained during the
collision event or coalesce (III) if the gas film ruptures. The rupture is attributed
to the van der Waals surface forces which become dominant at nanometer scale.

In this chapter, we intend to accurately predict coalescence and break-up using
a multiscale modelling approach. Because of the large differences in length scales
(mm for droplets and nm for film thickness), it is impossible to resolve all these
length scales with an affordable number of computational grid cells. To ensure
that all essential physics are included in the model, the under resolved final stage
of the film drainage is accounted for by a sub-grid model. Previously, a few studies
have been performed using a similar combination of different fixed grid methods
and sub-grid models [46, 44].

The fixed grid methods for modeling multiphase flows can be divided into two
main types: front capturing and front tracking techniques [15]. In front capturing
methods, the interface is implicitly represented by a color function. Common front
capturing methods are the Volume of Fluid (VOF) [17], Level Set (LS) [21] and
Coupled Level Set and Volume of Fluid (CLSVOF) [23] methods. In these methods,
droplets generally coalesce automatically when they share a computational cell.
This unphysical numerical coalescence can be avoided for the simulation of sym-
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Figure 3.1: Nomenclature of a general binary collision, where W e is the Weber number, B
the impact parameter, V0 the droplet velocity, R0 the droplet radius, b the offset
distance, ρl the discrete phase density and σ the surface tension coefficient.
Reproduced with permission from J. Comput. Phys. 253, 166 (2013). Copyright
2013 Elsevier.

Figure 3.2: Schematic of regime map for the collision of two equal sized hydrocarbon
droplets in 1 atm. air. Reproduced from [45], with permission of AIP publishing.

metric binary droplet collision in VOF, by prescribing a volume-fraction boundary
condition on the collision plane using ghost cells [44]. When the boundary condi-
tion imposes a zero volume fraction, the droplets will bounce; whereas a symmetry
boundary condition will result in coalescence. Another more general approach to
avoid numerical coalescence in VoF is to use a unique color functions for each
droplet [46, 47]. A big disadvantage of front capturing methods is that a very fine
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grid resolution is required for accurate surface tension calculation especially when
the droplets undergo complex topological changes [46].

Front tracking methods are inherently better at surface tension calculation at
coarse grid resolution because these methods directly track the interfaces [29, 27].
However, the traditional front tracking method does not allow for coalescence
of dispersed elements. To incorporate coalescence, additional routines to merge
unstructured meshes are required [24]. This merging of the meshes is compli-
cated because the logical information regarding the marker connectivity should
be updated. To avoid the complexity with respect to the merging of droplets, we
adopt a front tracking method without connectivity, the Local Front Reconstruction
Method (LFRM) [29].

Besides the removal of the connectivity, LFRM uses information from the orig-
inal marker elements to reconstruct the interface in a mass conservative manner.
Because the interface is reconstructed independently in each interfacial cell, the
method is highly parallelizable. However, this cell-oriented reconstruction leads
to numerical coalescence (similar to front capturing methods) [29]. To prevent
this, the information about marker elements and marker points is stored for each
droplet separately.

The complete description of the coalescence process is given in terms of colli-
sion frequency and coalescence efficiency [48]. The flow field around the droplets
dictates the collision frequency. Because the flow field is completely resolved by
LFRM, a model for the collision frequency is not required. However, a subgrid
model for coalescence efficiency is required because this depends on the rupture
of the film between the droplets, which is not resolved. These subgrid models can
be broadly classified as empirical models and physical models. The empirical mod-
els are tuned to fit certain experimental data and are not universal. The physical
models make use of information of droplet interaction available from LFRM and
thus, are better suited for the mesoscale framework used in this study.

There are two classes of physical models [48]: energy models and film drainage
models. The energy models [49] are based on the notion that during collisions
due to turbulent agitation, the molecular attraction force between the colliding
interface has less impact than the forces resulting from the turbulent motion of
the fluid on the coalescence efficiency and thus, colliding droplets are more likely
to become merged immediately without liquid film thinning. For such cases, the
Weber number will be high and it is safe to assume that the film drainage time
amounts to zero [46]. These cases can be directly resolved by fixed grid methods
as shown by numerous studies [46, 47, 50, 51].

With the film drainage models, the variation of the film thickness versus time
can be calculated and thus, these models provide an estimate of the total film
drainage time between contact and coalescence [52, 45]. The calculated film
drainage time can be used as an input by fixed grid methods to allow/restrict co-
alescence of droplets, which is especially crucial for collisions in low Weber num-
ber regimes (i.e. regimes I-III in Figure 4.2). A similar approach was chosen by
Kwakkel et al. [46] to simulate binary droplet collisions with the CLSVOF method.
We choose a recent model of Zhang and Law [45] from this class of film drainage
models. This model is able to predict the coalescence-bouncing-coalescence tran-



3.2 Numerical Method 25

sition for hydrocarbons and the bouncing-coalescence transition for water [45].
In this chapter, we discuss extension of the Local Front Reconstruction Method

with a film drainage model. The governing equations and numerical method are
summarized in section 3.2. Section 3.3 contains the details of the coalescence
module with the film drainage model and the details of the break-up module. In
section 3.4, the results of simulations of the (near) head on collision of two equal
tetradecane droplets in different collision regimes are discussed. The framework
is first validated with simulations using the experimental film drainage time. Next,
the sensitivity of the simulations results due to the film drainage model and the
grid resolution are discussed. Finally, a summary of the main conclusions of the
present study is provided in section 3.5.

3.2 Numerical Method

The liquid-vapor interface is represented by an unstructured mesh of trian-
gular markers. Both phases are assumed to be incompressible, immiscible and
Newtonian. Furthermore, a one-fluid formulation is used for both phases, taking
into account the surface tension by a source term Fσ and the physical properties
are varied using local phase fractions near the interface. The resulting governing
equations solved are based on the incompressible Navier-Stokes equations:

∇·u= 0 (3.1)

ρ
∂u
∂t

+ρ∇· (uu) =−∇p −∇·τ+Fσ (3.2)

where ρ is mass density, u is fluid velocity, t is time, p is pressure, g is gravitational
acceleration and τ= µ

(∇u+∇uT
)

is fluid stress tensor. The influence of gravity is
neglected in the present study.

Fσ is calculated on the Eulerian grid using the hybrid method of Shin et al.
[30]. The hybrid method combines the advantage of accurate curvature calcula-
tion and the proper balance of pressure and surface tension force at the discrete
level. The governing equations are solved by a fractional step method [53] to
obtain the flow field at the next time step. Once the flow field is solved, the in-
terface is advected, i.e. the Lagrangian points are moved using locally interpolated
fluid velocities. The fluid velocities are interpolated from the Eulerian grid points
to Lagrangian points using cubic spline interpolation, whereas the marker points
are moved using a 4th order Runge-Kutta scheme [27]. The advection of these
Lagrangian points leads to a decrease of the interface mesh quality. Therefore, it
is required to reconstruct the interface at regular time intervals. In this study, the
interface is reconstructed using the modified LFRM (Chapter 2).
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3.3 Extension with coalescence and break-up mod-
ule

Without special precautions, the coalescence of the droplets in LFRM occurs
automatically when they share a reconstruction cell. To prevent numerical coales-
cence, the data-structure of each droplet is stored with a unique identifier. Thus,
during the interface reconstruction of a particular droplet, it does not feel the
presence of other droplets even if two droplets share reconstruction cells. How-
ever, this prevents coalescence completely. To simulate coalescence between two
droplets at a desired time, their data-structures have to be merged and the merged
droplet has to be given a unique identifier, which is handled by the coalescence
module. Similarly, each daughter droplet is given a unique identifier when formed
after break-up of a droplet, which is handled by the break-up module.

3.3.1 Coalescence Module

Film Drainage Model

To ensure two-way coupling between the LFRM and the film drainage model,
we follow a similar approach as Kwakkel et al. [46]. In this approach, the external
flow around the droplets is resolved by the fixed grid method and provides the
necessary input data for the film drainage model, e.g. the initial interaction ve-
locity and orientation of colliding droplets and the contact time between colliding
droplets. The other way round, the internal flow in the drainage film is approxi-
mated by the film drainage model and provides an input to LFRM, i.e. the collision
outcome and film drainage time. When the droplets come very close to each other
within the same Eulerian cell, the pressure in the unresolved film is represented
by the nearest pressure nodes located inside the droplets. This is in accordance
with the physical expectation that for a nearly flat film the pressure inside the film
is of the same order of magnitude as the pressure inside the droplets close to the
interface [46].

As mentioned before, the film drainage model of Zhang and Law [45] is cho-
sen for this study. The model is limited to head on collisions of two equal sized
droplets in a gaseous environment. It is applicable for collisions corresponding to
low/medium Weber numbers because in these cases the extent of droplet defor-
mation is comparable to the original radius of the droplet and the droplet shape is
close to a truncated sphere with a flattened cap [45]. The model takes into consid-
eration the most essential physics of a binary droplet collision: the deformation of
the droplets, viscous dissipation of kinetic energy through internal droplet motion,
the dynamics and rarefied nature of the gaseous film in between the droplets, and
the van der Waals force during the last stage of drainage.

The model consists of a nonlinear system of ordinary differential equations
(ODE) which determine the evolution of four variables: the radius of the trun-
cated sphere R(t ), the radius of the flattened disk a(t ), the perpendicular distance
from the center of the sphere to the flattened disk b(t ) and the thickness of the
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Figure 3.3: Geometrical parameters for the droplet collision model of Zhang and Law [45].
Reproduced with permission from J. Comput. Phys. 253, 166 (2013). Copyright
2013 Elsevier.

entrapped film between the flattened disks h(t ). The system of ODEs is non-
dimensionalized using the impact velocity V0 and radius R0 prior to collision. The
non-dimensional equations are as follows:

ãã′+ b̃b̃′ = R̃R̃ ′, (3.3)

where ∼ represents the corresponding non-dimensional variable and the super-
script ′ represents the derivative with respect to the non-dimensional time t̃ .

ã′ =−
(

R̃ + b̃

2ã

)
b̃′, (3.4)

R̃ ′ =−
(

R̃ − b̃

2R̃

)
b̃′, (3.5)

b̃′′ = 2
(
2R̃ − b̃

)(
R̃ + b̃

) G̃ ′′− 3

2R̃
(b̃′)2, (3.6)

where the superscript ′′ represents the second derivative with respect to the non-
dimensional time t̃ .

h̃′ =−4Rel h̃3

9λã4

(
G̃ ′′+ ÃH

ã2

h̃3

)
∆(K n)−2κ̃h̃, (3.7)

where Rel = 2ρl R0V0/µl is the droplet Reynolds number, λ=µg /µl is the gas to liq-
uid viscosity ratio, ÃH = AH /8πρl V 2

0 R3
0 is the non-dimensional Hamaker constant,

∆(K n) is a non-dimensional function [45] of the Knudsen number K n =λg /h with
λg the mean free path of gas molecules, κ̃ = ã′/ã is the radial strain rate of the
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disk-shaped interface and G̃ is the non-dimensional distance between the center
of mass Cm and the flattened disk in Figure 3.3.

In equations 3.6 and 3.7, G̃ ′′ is given by

G̃ ′′ =− 36

Re3
l

Φ̃l

b̃′

(
2R̃ − b̃

)(
R̃ + b̃

) − 24

W e

R̃ ′

b̃′
(
2R̃ − b̃

)
(3.8)

where W e = 8ρl V 2
0 R0/σ is the Weber number. The viscous dissipation rate inside

the droplet, Φ̃l , is given by

Φ̃l =
(

21

48
R̃η̃2 − 1

24
R̃2η̃3 + 21

96
η̃

)
e−2η̃

(
R̃+b̃

)
+ 1

48

(
R̃2 − b̃2)2

η̃5 + 1

24

(
R̃2 − b̃2) b̃η̃4

+ 1

48

(
23R̃2 −21b̃2) η̃3 + 21

48
b̃η̃2 − 21

96
η̃, (3.9)

where η̃= 1.503(Rel |κ̃|/2)1/2.
Equations 3.3 - 3.7 are integrated in time using the ODE solver of the GNU

Scientific Library (GSL) with the following initial conditions:

h̃(0) = h̃d exp
(−δh̃3/2

d /λ
)

,

ã(0) = [
h̃(0)

]1/2
,

b̃(0) = [
1− ã2(0)

]1/2
,

b̃′(0) =−1,

R̃(0) = 1,

where h̃d = (3C a/2)1/2 is the film thickness at the initial contact of the droplets
with C a =µg V0/σ the capillary number, and δ is an empirical coefficient.

This empirical coefficient influences the initial film thickness and is given by δ=
(10µl /σ)−1.6 [45]. For tetradecane droplets in air, δ turns out to be 1.42. However,
the collision outcome is sensitive to this empirical constant and to obtain an exact
match with the experimentally observed collision outcome, δ= 1.837 was used in
[46]. Using δ = 1.837, the evolution of film thickness h̃ in time t̃ for collisions
of tetradecane droplets in air at various initial Weber numbers is shown in Figure
3.4. It can be seen that the transition from coalescence to bouncing occurs at We
= 2.3, whereas the transition from bouncing to coalescence occurs at We = 12.3.
These agree with the experimentally observed regime boundaries [54].

Numerical Implementation

After the droplets are advected, each droplet pair is checked for collision. If the
droplets are in “contact”(i.e. when they share a common reconstruction cell), they
are added to the collision list and the film drainage time is calculated using the film
drainage model. The exact instant of “contact" is expected to be of less importance
as the film drains very fast initially compared to the later stage of drainage [46].
Using the calculated drainage time, the time of coalescence of droplets (if the
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Figure 3.4: Variation of film thickness h̃ with time t̃ at various initial Weber numbers.

prediction is coalescence) is estimated by tcoalescence = tcont act + tdr ai nag e . If the
prediction is bouncing, then the coalescence time is taken as infinity. Thus, a
collision is initiated by storing the coalescence time for a colliding droplet pair.
For the droplet pair in the collision list, the droplets are merged at the estimated
coalescence time if they are still in “contact". All these steps are handled by the
coalescence module explained in Algorithm 1.
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Algorithm 1 Coalescence Module

1: for all droplets pairs do
2: Calculate the domain (bounding box) for both droplets in terms of grid cell

units
3: Determine if the domain of the two droplets overlap
4: for cells in overlap domain do
5: Determine if the droplets are in “contact"
6: if the droplets are in “contact" then
7: if the droplets pair is not in the collision list then
8: Add the droplets pair to the collision list
9: Calculate the film drainage time (tdr ai nag e )

10: Store the coalescence time (tcoal escence = tcont act + tdr ai nag e )
11: else
12: if current time (t ) ≥ coalescence time (tcoalescence ) then
13: Droplets are merged and removed from the collision list
14: else
15: Remove droplets pair from the collision list

Since the mesh information of each droplet is stored with a unique identifier,
the coalescence module combines the data-structures of two droplets and assigns
the identifier of any one of these droplets. The other identifier is added to the free
identifier list, which can be used if new droplets are created in the future. After the
data-structures have been merged, the physical merging of the interface meshes is
performed by LFRM.

3.3.2 Break-up Module

The break-up of a droplet into daughter droplets can be caused by the inter-
action of the flow with a droplet or by the coalescence events between droplets
(for example, regimes IV and V in Figure 4.2). In the current study, no physical
break-up model is implemented and the break-up of the droplet is numerical in
nature based on the size of the reconstruction grid. It is expected that numerical
break-up will not have a critical impact on the collision dynamics [46] as the neck
formation prior to break-up is very fast (compared to the film drainage process).

Upon break-up, the physical separation of the interface meshes is performed by
LFRM but the mesh information of all the daughter droplets would be stored with
the identifier of the parent droplet if no precautions were taken. This could cause
numerical coalescence between droplets if they collide subsequently. Thus, it is im-
portant to separate the data-structure of the daughter droplets and assign to each
daughter droplet a unique identifier to avoid numerical coalescence. The break-
up module is used to find the disjoint droplets that are subsequently assigned a
new ’droplet-number’. This is achieved by using a recursive flagging algorithm,
see Figure 3.5. The details of the break-up module are provided in Algorithm 2.
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Figure 3.5: Steps of the flagging algorithm in the break-up module: (a) Initiation of flagging
in a random interface cell, (b) flagging of the neighbouring interface cells, (c)
recursive calling of the flagging function in the already flagged cells, (d) After
completion of flagging of first element, initiation of flagging of second element,
(e) Completion of flagging of all interface cells and (f) Unique identifier given
to each element based on assigned flag.

Algorithm 2 Break-up Module

1: for all droplets do
2: Reset Nt and N f to 0
3: Reset level to 1
4: Reset all f l agc to 0
5: Calculate the total cell count Nt (total cells containing interface)
6: while flagged cell count N f < cellcount Nt do
7: Select a random cell cr containing interface and f l agc = 0
8: function RECURSION(cell cr )
9: Set f l agc = level

10: N f = N f +1
11: for all neighbour cells cn containing interface do
12: if f l agc = 0 then
13: RECURSION(cell cn)
14: if flagged cell count N f < cellcount Nt then
15: l evel = level +1
16: Prepare clusters of cells with same f l agc

17: Assign an unique droplet number to each cluster
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3.4 Binary Droplet Collisions

In this section, the simulation results of binary droplet collisions using the ex-
tended LFRM method are compared to experiments and other simulation results.
The evolution of energy during these simulations is discussed to obtain further
insight into the observed results. The section ends with a discussion about the
influence of the film drainage model and grid size on the simulated collision dy-
namics.

3.4.1 Validation using experimental film drainage times

In case of (near) head-on collisions between equal sized hydrocarbon droplets,
four regimes of collision outcome are observed with increasing We. As seen in
Figure 4.2, these regimes are (I) Coalescence with minor deformation, (II) Bounc-
ing, (III) Coalescence with major deformation and (IV) Coalescence with separa-
tion resulting in production of daughter droplets. To validate the modified LFRM
method, a case of binary droplet collision from each of these regimes is simulated
and compared with experiments [54, 55] and other simulation methods [54, 46].

The grid cell size is selected such that 12 grid cells are taken across the droplet
radius (R0) (similar to the grid size used in [46] for CLSVOF and [54] for FT). The
computational domain has dimensions 8R0×10R0×8R0 with the largest dimension
in the direction of the initial velocity of the droplets. Free slip boundary condi-
tions are used on all domain boundaries. The initial distance between the droplet
centers is taken as 2.8R0. Each droplet is initialised with a uniform velocity field,
V0, but in the opposite direction. For each case, the Weber number and impact
parameter (Figure 3.1) are provided as input parameters. The film drainage time
is provided by experimental observations [54].

The collisions in regime I result in a coalescence of the droplets. A collision
of tetradecane droplets in 1 atm. air, R0 = 107.2 µm , V0 = 0.305 m/s, W e = 2.3,
and B = 0 is shown in Figure 3.6. The obtained result from LFRM matches well
with results from the Coupled Level Set Volume of Fluid method [46], the Front
Tracking method [54] and experimental data [54]. In this regime, the coalescence
occurs around the time of maximum deformation (t=0.391 ms). After the coales-
cence, the cusp at the merged interface is quickly flattened (t=0.420 ms). This
phenomenon is nicely captured by all the numerical simulations.

A collision of tetradecane droplets in 1 atm. air, R0 = 167.6 µm, W e = 9.33, and
B = 0 is shown in Figure 3.7. The bouncing in regime II obtained by LFRM agrees
well with experimental data [54] and other simulation results with FT [54] and
CLSVOF [46].

Contrary to the coalescence of regime I, the coalescence of regime III results in
substantial deformation before merging (t=0.366 ms). A collision of tetradecane
droplets in 1 atm. air, R0 = 169.7 µm, W e = 13.63, and B = 0 is shown in Figure 3.8.
In this regime, the droplet is flattened to a disk shape while the center of the rear
face is still heading forward resulting in a dimpled shape between 0.370 and 0.500
ms. Although this is not very clear in the experimental results [54], it is captured
by all the numerical simulations.
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Figure 3.6: Merging collision sequence in regime I. LFRM results from present study,
CLSVOF from [46], and FT and experimental results from [54]. Conditions:
tetradecane in 1 atm. air, R0 = 107.2 µm, W e = 2.3, and B = 0. The film drainage
time observed in experiments is td = 0.270 ms. The time sequence for the LFRM
results is the same as for the experimental results.

The near head on collisions in regime IV result in the separation of the droplets
after merging as the kinetic energy is sufficient to overcome the surface energy.
Because of the high We, a film drainage time of zero is used. The collision of
tetradecane droplets in 1 atm. nitrogen, R0 = 168 µm, W e = 62.2, and B = 0.06
is shown in Figure 3.9. The results obtained using LFRM show a better match
with the experimental results [55] compared to the CLSVOF method [46]. In
Figure 3.9, a premature separation is seen for CLSVOF (t=1.952 ms). The origin
of this premature separation is the less accurate curvature estimation in strongly
deformed regions [46] (between 0.062 ms and 0.850 ms), which influences the
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Figure 3.7: Bouncing collision sequence in regime II. LFRM results from present study,
CLSVOF from [46], and FT and experimental results from [54]. Conditions:
tetradecane in 1 atm. air, R0 = 167.6 µm, W e = 9.33, and B = 0. The time se-
quence for the LFRM results is the same as for the experimental results.

surface tension force, and (over time) the droplet shape. Thus, the results indicate
a more accurate surface tension calculation for the same grid size for LFRM. This
is expected because in the hybrid surface tension model used in this study, the
curvature is calculated directly from the unstructured mesh. Thus, the curvature
calculation is more accurate in LFRM than in CLSVOF, especially on coarse grids.
In addition, the size of the satellite droplet(t=2.89 ms) resembles the experimental
data better compared to the CLSVOF results.
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Figure 3.8: Merging collision sequence in regime III. LFRM results from present study,
CLSVOF from [46], and FT and experimental results from [54]. Conditions:
tetradecane in 1 atm. air, R0 = 169.7 µm, W e = 13.63, and B = 0. The film
drainage time observed in experiments is td = 0.246 ms. The time sequence
for the LFRM results is the same as for the experimental results.
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Figure 3.9: Near head on separating collision sequence in regime IV. LFRM results from
present study, CLSVOF from [46] and experimental results from [55]. Condi-
tions: tetradecane in 1 atm. nitrogen, R0 = 168 µm, W e = 62.2, and B = 0.06. The
film drainage time is assumed to be zero.
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3.4.2 Evolution of energy

In this section, the evolution of the different contributions to the energy for
different collision cases presented in the previous section is analyzed. Since the
energy conservation equation is not solved in the simulation, the contributions
to the energy are evaluated through the velocity fields and the droplet surface
geometry. The total energy consists of kinetic and surface energy before collision
and in addition to this dissipated energy after collision. These are evaluated as
follows:

• Surface energy: It is calculated for each bubble as

Es =σAb (3.10)

where σ is surface tension coefficient and Ab is surface area of the droplet.

• Kinetic energy: It is calculated by summing kinetic energies over all grid
cells. Kinetic energy in a given cell is given by

Ek = ∑
i , j ,k

Ek,i , j ,k = ∑
i , j ,k

1

2
(mv2)i , j ,k (3.11)

• Dissipated energy: The dissipation function φ measures the local volumetric
viscous dissipation rate and is calculated by

φ=µ
[

2

(
∂ui

∂i

)2

+
(
∂ui

∂ j
+ ∂u j

∂i

)2
]

(3.12)

where µ is the dynamic viscosity and velocity gradients are represented in
Einstein notation. The dissipation function is calculated in each cell using
second order central finite difference approximations. The volume integral
of φ gives the viscous dissipation rate (VDR). The time integral of the VDR
gives the total amount of dissipated energy.

Eφ =
∫ t

0

∫ V

0
φdV d t =

∫ t

0
V DRd t (3.13)

The calculated energies in the plots are normalized by the initial total energy
and the VDR is normalized by the maximum VDR value obtained during the course
of the collision.

Figure 3.10 shows the evolution of the contributions to the energy for the colli-
sion in regime I. It can be seen that from the instant of contact, the kinetic energy
is converted into dissipated and surface energy. The surface energy is maximum
just before the rupture, indicating the rupture occurs just after the maximum de-
formation is achieved. The rupture also leads to a spike in the VDR, because of the
perturbation in the local flow field due to the sudden coalescence of the interfaces.
The coalesced droplet undergoes oscillations leading to further dissipation losses.
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Figure 3.10: Energy budget and VDR evolution for the droplet collision in regime I.
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Figure 3.11: Energy budget and VDR evolution for the droplet collision in regime II.
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In addition, the figure shows an abrupt reduction of the total energy which
corresponds to a similar change in surface energy indicating that the energy re-
duction is caused by a sudden change in interfacial area. Similar sharp jumps in
total and surface energy are observed for merging sequences in literature [54, 24],
suggesting that the modelled process is an approximation of the reality. The ac-
tual rupture commences in a small area leading to an extremely rapid motion of
the surrounding film due to high surface tension pull forces. This leads to further
rupture and at times, creation of very small droplets. In the current approach,
these rapid small scale processes are entirely ignored. As a consequence, the true
dissipation rate at this instant is not computed well. Although the spike is seen,
the true spike will be much higher. However, we observe that both before and
after the merger, the total energy is well conserved.

The evolution of the energy contributions in regime II is shown in Figure 3.11.
At maximum deformation, the surface energy is at a maximum and the kinetic
energy is at a minimum. After this instant, the surface energy goes back to its
initial value but the kinetic energy is reduced due to viscous dissipation. The
evolution of the VDR indicates that dissipation increases rapidly at the instant of
contact.

The qualitative behaviour of energy evolution in regime III, Figure 3.12 is the
same as that in regime I, Figure 3.10. However, as the initial velocity of the
droplets is high, the merging occurs faster and dissipation losses are also higher.
In addition, a second spike in the VDR is obtained due to the oscillation of the
merged droplet.

In regime IV, Figure 3.13, the coalescence of the droplets is instantaneous upon
contact (i.e. numerical coalescence). Thus, the reduction in the total energy is
not as significant as in regimes I and III. The first spike in the VDR is due to
merging. After merging, the droplet reaches a state of maximum deformation
(torus shape). This results in a reflexive action which converts surface energy
back to kinetic energy and also dissipation energy (second spike in VDR). After
the second spike in the kinetic energy, the droplet starts stretching again but in the
longitudinal direction leading to a break up into three droplets. Such separation
is called reflexive separation. Unlike merging, there is no significant change in the
surface energy of the system upon breakup of the droplet.

3.4.3 Effect of film drainage time on collision dynamics

In section 3.4.1, simulations of droplet collisions in coalescence regimes I and
III were performed using experimental film drainage times. As explained before,
film drainage times can also be calculated using the film drainage model of Zhang
and Law [45]. Table 3.1 shows that the model is able to predict the film drainage
time in the correct order of magnitude but still a deviation is found with respect
to the experimental values. To find the effect of the drainage time, the collision of
tetradecane droplets in air (Cases of regimes I & III) are simulated with different
values of the film drainage time.
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Figure 3.12: Energy budget and VDR evolution for the droplet collision in regime III.
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Figure 3.13: Energy budget and VDR evolution for the droplet collision in regime VI.
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Table 3.1: Comparison of calculated drainage time with experimental data.

W e td ,calc (ms) td ,exp (ms)
2.3 0.340 0.270

13.63 0.416 0.246

The simulation results of regime I for different drainage times are presented in
Figure 3.14. The results from left to right correspond to the drainage time td = 0
(numerical coalescence), td = 0.235 ms, td = 0.270 ms (experimentally observed
drainage time), td = 0.340 ms (predicted by film drainage model for δ = 1.8327)
and td > tc (bouncing droplets). When the droplets coalesce before the instant of
maximum deformation, the droplets first flatten and then elongate in the direction
of initial velocity. In contrast, the flattening is not observed when the coalescence
occurs after maximum deformation. The inclusion of the film drainage model
will avoid this, however a lag in evolution of topology is observed due to delayed
coalescence. Finally, when the film drainage time is larger than the contact time,
the droplets bounce.

Similarly, the simulation results of regime III for different drainage times are
presented in Figure 3.15. The results from left to right correspond to drainage
time td = 0 (numerical coalescence), td = 0.200 ms, td = 0.246 ms (experimentally
observed drainage time), td = 0.416 ms (predicted by film drainage model for δ=
1.8327) and td > tc (bouncing droplets). It can be seen that an early coalescence
will lead to substantial stretching and might end up in breakup. Again, this is not
observed in the results obtained by inclusion of the film drainage model. Similar
to the results in regime I, a lag in the evolution of topology is observed due to
delayed coalescence. Thus, it can be concluded that the prediction of the film
drainage time is crucial for an accurate simulation of collision dynamics. Clearly,
further theoretical developments of the film drainage model are required.

3.4.4 Effect of grid dependency on collision dynamics

The contact timer is initiated when the droplets share a common grid cell and
thus, the moment of coalescence will be influenced by the grid size. This effect is
investigated by simulating droplet collision with fixed drainage time but varying
grid size. The results are shown in Figure 3.16. It can be seen that the rupture
of the film is delayed for finer grid size D/h=32, although this small delay does
not seem to have a significant influence on the further developments. In addition,
it can be seen that the delay is not significant in case of D/h=16 andD/h=24.
This is because the film drainage is faster initially and then tends to be slower
in later stage. However, when coupled with the film drainage model, the Weber
number (which is calculated at contact of the droplets) will vary with the instance
of contact and this will also influence the calculated film drainage time.
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Figure 3.14: Merging collision sequences (in regime I ) for different drainage times. The far
left column corresponds to an immediate (numerical) coalescence, the middle
column is to the experimentally observed outcome, and the far right column
shows droplet bouncing. Conditions: tetradecane in 1 atm. air, R = 107.2 µm,
V0 = 0.305 m/s, W e = 2.3, and B = 0.
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Figure 3.15: Merging collision sequences (in regime III ) for different drainage times. The
far left column corresponds to an immediate (numerical) coalescence, the mid-
dle column is to the experimentally observed outcome, and the far right col-
umn shows droplet bouncing. Conditions: tetradecane in 1 atm. air, R0 =
169.7 µm, W e = 13.63, and B = 0.
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Figure 3.16: Merging collision sequences (in regime III ) for grid resolutions. Conditions:
tetradecane in 1 atm. air, R = 169.7 µm, V0 = 0.591 m/s, W e = 13.63, and B = 0.
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3.5 Conclusion

We have implemented a hybrid front tracking method without connectivity, the
Local Front Reconstruction Method (LFRM) [29]. This method can easily handle
complex topological changes like droplet breakup. However, the original method
applies numerical coalescence of droplets. In our implementation, this is pre-
vented by storing the information about marker elements and marker points for
each droplet separately. We have incorporated an efficient and exact geometric
method to calculate the phase fraction. Also, we have implemented a smoothing
procedure to enhance the mesh quality.

A controlled coalescence between droplets is accomplished by merging data-
structures of two droplets at the prescribed film drainage time after contact is initi-
ated. Similarly, the breakup of a droplet is achieved by splitting the data-structure
of the droplet. The framework of these coalescence and break-up modules is kept
generic such that any film drainage model can be easily incorporated. In this study,
we have chosen the film drainage model of Zhang and Law [45].

The extended LFRM is validated by carrying out simulations of (near) head
on collision of two equal tetradecane droplets at different Weber numbers corre-
sponding to different collision regimes using the experimental drainage time. The
results show a better agreement with experimental data compared to other meth-
ods [54, 46], especially at high impact velocities. It also turned out that if the
correct film drainage time is available, then LFRM can simulate droplet collisions
with physical realism. The energy evolution during these collisions is calculated
to get further insight into the collision dynamics.

The influence of the film drainage time on the collision dynamics is studied by
carrying out simulations of a specific collision using several film drainage times.
The results show dependency of collision dynamics on film drainage time. The
model of Zhang and Law [45] gives correct collision outcomes, but quantitative
predictions of film drainage time are not accurate enough and show strong depen-
dency on the empirical parameter δ. Therefore, a better sub grid model for the film
drainage is required. Finally, the effect of grid dependency on collision dynamics
is investigated. The results show that the grid dependent contact instant has only
a minor influence on the collision dynamics and that this aspect is less important
than the accuracy of the film drainage model. However, the coupled LFRM with
film drainage model is much better in predicting the collision dynamics than any
traditional method (without a coalescence model).





Chapter 4
Comparison of LFRM with DIM
for Droplet Collision

Abstract

In the present study the authors compare two different simulation models for the
modeling of droplet collisions. The simulation models are: the Local Front Recon-
struction Method (LFRM) and the Diffuse Interface Model (DIM). Results for fully
three-dimensional simulations of droplet collisions at relatively high Weber number
simulated with both models are presented and compared. Additionally, the energy
transfer and dissipation processes during the collision are studied in detail. An over-
all good agreement is seen in the collision outcomes. Some differences are observed in
the interface evolution and energy transfer/dissipation process during the droplet col-
lision. A significant portion of these differences can be attributed to the differences in
the configuration of the initial velocity field. Therefore, for the initial configuration a
divergence-free vortical velocity field is introduced to achieve a better match between
the simulation models. This improves the agreement of the simulation results.

This chapter is based on:
A. H. Rajkotwala, E. J. Gelissen, E. A. J. F. Peters, M. W. Baltussen, C. W. M. van der Geld,
J. G. M. Kuerten, J. A. M. Kuipers, Comparison of the Local Front Reconstruction Method
with a Diffuse Interface Model for the modeling of droplet collisions (In preparation).
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4.1 Introduction

Droplet-laden flows are frequently encountered in many industrial processes
and natural phenomena [56], like atomization of fuel in combustion engines, spray
drying of concentrated milk to produce milk products, liquid-liquid extraction,
growth of rain droplets in a cloud and pollution tracking. The collisions between
the droplets in these flows have a major influence on the size distribution of the
droplets, which is one of the most important characteristics of a droplet-laden flow.

The following analysis assumes single-component multi-phase flow under non-
isothermal conditions. The outcome of a droplet collision under such conditions
is determined by numerous parameters which include: the properties of the liquid
and the ambient gas, the diameter and velocity of the droplets, the surface tension
coefficient of the liquid-vapor interface and the "offset" length of the collision,
which is characterized by x (Figure 4.1). This gives a total of 13 parameters, listed
in Table 4.1. Application of the Buckingham Π theorem led to the identification of
9 dimensionless numbers for non-isothermal droplet collisions, listed in Table 4.2.

The variation of the collision outcomes with these non-dimensional numbers is
summarized through collision regime maps. For example, a regime map for colli-
sion of two equally-sized hydrocarbon droplets air at a pressure of 1 bar is shown
in Figure 4.2, with the Weber number on the horizontal axis, the impact param-
eter on the vertical axis and the boundaries between collision regimes indicated.
At low Weber numbers, the collision dynamics of droplets is highly influenced by
the drainage of the thin gas film separating the two colliding droplets [44]. The
droplets will bounce (II) if the film is not drained during the collision event or co-
alesce (III) if the gas film ruptures. The rupture is attributed to the Van der Waals
surface forces which become dominant at nanometer scale.

At high Weber numbers, the collision is inertia dominated and collision out-
comes vary significantly with the offset distance resulting in reflexive separation
(IV), coalescence (III), stretching separation (V) and bouncing (II) with increas-
ing offset distance. The reflexive separation is characterized by the formation of a
torus shaped droplet, after which the reflexive action of the surface tension forces
from this torus shape cause separation of the droplet into daughter droplets. In
stretching separation, due to the high offset distance, only a portion of the droplets
will come in contact. The remaining portions of the drops will tend to flow in the
direction of their initial trajectory and consequently stretch the region of interac-
tion, generating daughter droplets.

Droplet collisions have been investigated experimentally by numerous authors,
including Ashgriz and Poo [57], Qian and Law [55], Estrade et al. [58], Willis and
Orme [59], Brenn and Kolobaric [60] and Gotaas et al. [61]. However, there is a
large variation in droplet collision regime maps published in literature. Moreover,
regime maps give the false impression that only two dimensionless groups are
sufficient to characterize the droplet collisions process. The analysis presented
above indicates that up to 7 additional dimensionless parameters can influence the
droplet collision process. One such parameter is the viscosity of the liquid, which
has a significant influence on the shape of the regime map as was demonstrated
by Finotello et al. [62].
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x

Off-centre Collision

Head-on Collision

Figure 4.1: Head-on and off-center binary droplet collision with x the offset between the
velocity vectors of the droplets.

Table 4.1: Dimensional parameters relevant for non-isothermal droplet collisions.

ρl Mass density liquid kg/m3

ρv Mass density vapor kg/m3

µl Dynamic viscosity liquid Pa s
µl Dynamic viscosity vapor Pa s
λl Thermal conductivity liquid W/(m K)
λv Thermal conductivity vapor W/(m K)
cl Specific heat capacity liquid J/(kg K)
cv Specific heat capacity vapor J/(kg K)
D1 Diameter droplet 1 m
D2 Diameter droplet 2 m
x Offset length m
σ Surface tension coefficient N/m
vr Relative impact velocity m/s

Numerical simulations have become an important tool to study droplet col-
lisions due to their ease of implementing different working conditions and fluid
properties and their capability to extract detailed information on the flow field.
From the perspective of representation of the interface, numerical techniques can
be broadly classified into front capturing/tracking methods and diffuse interface
models (DIM). In the front capturing/tracking methods, the interface is treated
in a relatively sharp manner with 2-3 grid cells across the interface. On the other
hand, the diffuse interface models resolve the interface completely with 10-15 cells
across the interface.

The advantage of DIM is that topology change of and mass transfer across the
interface are naturally embedded in the governing equations and do not require
special treatment of the interface region. In practical application of droplet col-
lisions, there are large differences in length scales (mm for droplets and nm for
interface thickness). Therefore, it is impossible to resolve all these length scales
with an affordable number of grid cells. This limits the use of DIM to study droplet
collision using realistic working conditions and fluid properties. Previous attempts



50 Comparison of LFRM with DIM for Droplet Collision

Table 4.2: Dimensionless parameters relevant for non-isothermal droplet collisions.

Π1
ρl
ρv

- Mass density ratio

Π2
µl
µv

- Viscosity ratio

Π3
λl
λv

- Thermal conductivity ratio

Π4
cl
cv

- Specific heat ratio

Π5
D1
D2

- Droplets diameter ratio
Π6

x
D1

X Offset parameter

Π7
ρl D1v2

r
σ

W e Weber number

Π8
ρl D1vr
µl

Re Reynolds number

Π9
µl cl
λl

Pr Prandtl number

to study droplet collisions with DIM in two spatial dimensions were reported by
Yue et al. [63] and Pecenko et al. [64].

On the other hand, the treatment of the interface as sharp in front captur-
ing/tracking methods allows simulations of droplet collisions in realistic condi-
tions. In front capturing methods, e.g. Volume of Fluid (VoF) and Level Set (LS)
method, the interface is implicitly represented by a color function. Previous at-
tempts to study binary droplet collisions using front capturing methods were done
by Kwakkel et al. [46], Nikolopoulos et al. [47, 51] and Pan and Suga [50].
In front tracking methods, the interface is directly tracked using an unstructured
triangular mesh. However, the traditional front tracking method does not allow
for coalescence of dispersed elements. To incorporate coalescence, additional rou-
tines to merge unstructured meshes are required [24]. This merging of meshes
is complicated because the logical information regarding the marker connectiv-
ity should be updated. To avoid the complexity with respect to the merging of
droplets, a front tracking method without connectivity, the Local Front Recon-
struction Method (LFRM) (Chapter 2) can be used.

In Chapter 3, we used the LFRM method to study binary droplet collisions at
low and medium Weber numbers. Because the collision outcome at low Weber
numbers is governed by the drainage of the thin film between the two colliding
droplets, the method was coupled with a subgrid model of Zhang and Law [45]
to account for film drainage effects. The results were successfully validated by
comparison with the experimental data of Pan et al. [54] for tetradecane droplet
collisions in air. A comparison with other front capturing/tracking methods (i.e.
the Front Tracking (FT) method and the Coupled Level Set and Volume of Fluid
(CLSVoF) method) showed that the coupled LFRM is better in predicting collision
dynamics.

In the present study, we use the LFRM to simulate droplet collisions at relatively
high Weber numbers and to compare the results with simulation results obtained
by DIM. DIM can provide a wide variety of details on the nature of the collision, e.g.
detailed interface evolution and velocity fields and energy analysis of the droplets,
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Figure 4.2: Schematic of regime map for the collision of two equally sized hydrocarbon
droplets in air at a pressure of 1 bar. Reproduced from [45], with permission of
AIP publishing.

which are difficult or impossible to obtain by experiments. Thus, comparison of
DIM with LFRM predictions will provide insight into the accuracy of the LFRM for
capturing collision dynamics.

In most previous investigations, the droplet collisions are assumed to be isother-
mal. This assumption eliminates three dimensionless numbers (Π3,Π4,Π9) from
Table 4.2. In the present study the authors attempt to compare two different
methods for the simulation of droplet collisions (LFRM and DIM), with only LFRM
making the assumption of isothermal conditions. The consequences of this dif-
ference are examined by comparing the simulations results of both methods. In
contrast, the following assumptions apply for both methods: the viscosity, thermal
conductivity and specific heat capacity are equal in the liquid and vapor phase
(Π2 = Π3 = Π4 = 1). This assumption keeps the focus of the investigation on the
remaining dimensionless parameters.

In this work, four different simulation cases are considered, with all dimen-
sionless numbers other than unity listed in Table 4.3. The simulation cases were
carefully selected such that they represent four different droplet collisions regimes:
permanent coalescence, reflexive separation, toroidal droplet breakup and stretch-
ing separation. The regime of droplet bouncing is not observed in any of the sim-
ulations with DIM. In experimental investigations, the droplet bouncing is only
observed when the droplets are surrounded by a gas of a different component at
a sufficiently high pressure [55]. In DIM, there is an important difference: the
liquid droplets are surrounded by vapor of the same component. Therefore, the
vapor trapped between the droplets is able to condense and can be absorbed by
the droplets, which makes droplet bouncing unlikely. In LFRM, droplet bouncing
or coalescence is decided by a subgrid (film-drainage) model. In the present study
droplets always coalesce when their interfaces are present in the same grid cell.

In this paper, we carry out binary droplet collisions with LFRM and DIM and
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Table 4.3: Droplet collisions parameters for the simulation cases considered in the present
study.

Regime Re W e X ρl /ρv Pr
Permanent coalescence 162 75 0 5.65 20
Reflexive separation 990 140 0 5.65 20
Toroidal droplet breakup 1440 840 0 5.65 20
Stretching separation 325 472 0.5 5.65 20

provide an extensive comparison of the simulation results. Section 4.2 summarizes
the governing equations and numerical aspects of LFRM and DIM. The simulation
settings for LFRM and DIM are given in section 4.3. A detailed comparison of the
evolution of the droplets during collision along with an energy analysis is given
in section 4.4. In section 4.5, a comparison of the results for the droplet collision
simulation with a divergence-free initial velocity field between LFRM and DIM is
presented. Finally, a summary of the main conclusions of the present study is
provided in section 4.6.

4.2 Numerical Methods

4.2.1 LFRM

In LFRM, the liquid-vapor interface is represented by an unstructured mesh of
triangular markers. Both phases are assumed to be incompressible, immiscible and
Newtonian. Furthermore, a one-fluid formulation is used for both phases, taking
into account the surface tension by a source term Fσ and the physical properties
are varied using local phase fractions near the interface. This results in a sharp
representation of the interface with interface thickness generally of the order of 2
grid cells. Assuming that droplet collision takes place under isothermal conditions,
the resulting governing equations solved in LFRM are based on the incompressible
Navier-Stokes equations:

∇·u= 0

ρ ∂u
∂t +ρ∇· (uu) =−∇P −∇·τ+Fσ

(4.1)

where ρ is mass density, u is fluid velocity, t is time, P is pressure, τ is the vis-
cous stress tensor and Fσ is the volumetric surface tension force. The influence of
gravity is neglected in the present study. It is assumed that the fluid is Newtonian,
which gives the following expression for the viscous stress tensor:

τ=µ(∇u+∇uT )
(4.2)

The expression for the volumetric surface tension force reads:

Fσ =σ
∫

A f

δ(x−x f )κ f n f d A f (4.3)
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with σ the surface tension coefficient, κ f is twice the mean curvature, x f is a
parameterization of the interface, δ(x−x f ) is a Dirac distribution that is non-zero
only when x= x f and n f is the unit normal vector to the interface.

The governing equations are solved by a fractional step method [35] to obtain
the flow field at the next time step. Once the flow field is solved, the interface
is advected, i.e. the Lagrangian points are moved using locally interpolated fluid
velocities. The fluid velocities are interpolated from the Eulerian grid points to
Lagrangian points using cubic spline interpolation, whereas the marker points are
moved using a 4th order Runge-Kutta scheme [27]. The advection of these La-
grangian points leads to a decrease of the interface mesh quality. Therefore, it is
required to reconstruct the interface at regular time intervals. In this study, the
interface is reconstructed using the modified LFRM (Chapter 2).

Since the energy conservation equation is not solved in the LFRM simulations,
the contributions to the energy budget are evaluated from the velocity fields and
the droplet surface geometry. The total energy budget consists of kinetic, surface
and dissipated energy. These are evaluated in the following way:

• The surface energy is calculated as:

Esr f =σAsr f (4.4)

where σ is surface tension coefficient and Asr f is surface area of the liquid-
vapor interface.

• The kinetic energy is calculated by evaluating the following volume integral:

Eki n =
Ñ

Ω

1

2
ρ|u|2dV (4.5)

with Ω the volume of the computational domain.

• The dissipated energy is calculated from the local volumetric viscous dissipa-
tion rate. A volume integral over the complete computational domain gives
the total viscous dissipation rate and a time integral gives the total amount
of dissipated energy:

Edi ss =
∫ t

0

Ñ
Ω
τ : ∇u dV d t (4.6)

with Ω the volume of the computational domain.

4.2.2 DIM

In Diffuse Interface Models, the liquid-vapor interface is postulated to be a re-
gion with strong but smooth transition of physical properties between the bulk
values. The width of the interface is determined by relating the Helmholtz free
energy of the fluid to the mass density gradient distribution at the liquid-vapor
interface. The advantage of DIM is that the phase-change process as well as the
displacement and topology change of the interface are all naturally embedded
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in the governing equations and do not require any additional models or special
treatment of the interface region. The DIM in the present study is based on the
Navier-Stokes-Korteweg (NSK) equations together with the Van der Waals equa-
tion of state.

The Navier-Stokes-Korteweg (NSK) equations are a system of non-linear par-
tial differential equations, expressing the conservation of mass, momentum and
energy. The non-dimensional form of the NSK equations is obtained by introduc-
ing scaling quantities. The scales for the mass density, temperature and pressure
are chosen to be the corresponding quantities at the critical point of the fluid: ρc ,
Tc and Pc :

T = T̃

Tc
, P = P̃

Pc
, ρ = ρ̃

ρc
(4.7)

The velocity and characteristic time scale are derived as follows:

u0 =
√

Pc

ρc
, tc = L

u0
, (4.8)

with L the domain length. The choice for the domain length as the characteristic
length scale is the most convenient for the numerical simulations. Choosing a dif-
ferent characteristic length scale will not change the results. Non-dimensionalizing
the NSK equations yields the following dimensionless quantities:

ReN = ρc u0L

µ
, W eN = u2

0L2

ρc K
, PrN = µc̃N

λ
, cN = 1

R
c̃N (4.9)

with ReN the numerical Reynolds number, µ the dynamic viscosity of the fluid,
W eN the numerical Weber number, K the capillary coefficient, PrN the numerical
Prandtl number, λ the thermal conductivity of the fluid. The specific heat at con-
stant volume of the fluid cN is non-dimensionalized with the universal gas constant
R as the characteristic scale. All these fluid properties are assumed to be constant,
i.e. independent of temperature. The surface tension coefficient can be found from
the mass density profile of a planar interface by:

σ= σ̃

Pc L
= 1

W eN

∫ ∞

−∞

(
dρ

d x

)2

d x (4.10)

with x the spatial coordinate in the direction normal to the interface. The non-
dimensional form of the NSK equations reads:

∂ρ
∂t +∇· (ρu) = 0

∂ρu
∂t +∇· (ρu⊗u+P I −τ−ξ) = 0

∂ρE
∂t +∇·

(
(ρE +P )u− (τ+ξ) ·u+q+ jE

)
= 0

(4.11)

with u the velocity vector, P the pressure, τ the viscous stress tensor, ξ the capillary
stress tensor, ρE the total energy density, q the heat flux and jE the interstitial work
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flux. The influence of gravity is neglected in the present study. It is assumed that
the fluid is Newtonian and that the so-called Stokes hypothesis holds, i.e. bulk
viscosity is set to zero. The viscous stress tensor is then equal to:

τ= 1

ReN

(
∇u+∇uT − 2

3
∇·uI

)
(4.12)

Surface viscosity effects are neglected, which is a common assumption for an in-
terface in a single component fluid without surfactants. The capillary stress tensor
is expressed in terms of the local mass density and its spatial gradients:

ξ= 1

W eN

(
(ρ∇2ρ+ 1

2
|∇ρ|2)I −∇ρ⊗∇ρ

)
(4.13)

This expression for the capillary stress tensor is a simplified version of the original
formulation proposed by Korteweg. It was derived by using Noetherâs theorem
and assuming a constant capillary coefficient [65, 66]. The capillary stress tensor
represents a force that pushes the system towards thermodynamic equilibrium and
is zero at local thermodynamic equilibrium.

The heat flux is expressed as a function of the temperature gradient (Fourier’s
law):

q = −8cN

3ReN PrN
∇T (4.14)

with T the temperature.
Dunn and Serrin [67] demonstrated that the original formulation of the capil-

lary stress tensor is incompatible with the Clausius-Duhem inequality if the energy
equation is not extended with an additional "non-classical" term. This term en-
sures that the volumetric rate of entropy production is strictly positive and has
contributions from thermal and viscous dissipation only. The term is commonly
called the "interstitial work flux" and is expressed as:

jE = 1

W eN
(ρ∇·u)∇ρ (4.15)

It should be noted that the capillary stress tensor is non-dissipative, i.e. does
not lead to additional dissipation in the system. This can be proven by substituting
the expressions for the capillary stress tensor, viscous stress tensor, interstitial work
flux and total energy density into the energy balance equation, which can then be
reduced to the heat equation (see Lamorgese et al. [68], equation 157, 158 and
159). The source term in this heat equation indicates that for a single component
system the conversion of mechanical energy into heat is only due to dissipation of
momentum.

The total energy density is defined as:

ρE = ρe + 1

2
ρ|u|2 + 1

2W eN
|∇ρ|2 (4.16)

which represents the sum of the internal energy, kinetic energy and interfacial
energy. It is noted that part of the total surface energy is contained in the internal
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energy term that accounts for deviations from bulk values in the interface. The
total energy budget will be further considered below, after the introduction of the
equation of state.

To close the system of equations an equation of state is required that relates the
pressure with the temperature, mass density and internal energy of the fluid. The
equation of state needs to be valid for both phases in which the fluid can exist, and
be able to handle the phase transition between these phases. The Van der Waals
equation is the simplest example of this. The Van der Waals equation can be recast
into a fluid independent form according to the law of corresponding states, which
gives:

P = 8Tρ

3−ρ −3ρ2 (4.17)

with P the pressure, T the temperature and ρ the mass density. The internal
energy of a fluid is a function of the local temperature and local mass density. The
equation for specific internal energy of a Van der Waals fluid in terms of T and ρ

reads:
e = 8

3
cN T −3ρ (4.18)

which is the last equation needed to close the total system of equations that is the
Diffuse Interface Model.

In DIM the total energy is fully conserved, since the equation for conservation
of energy is solved with a conservative finite-volume method. In equation 4.16 the
total energy is split into three parts: internal energy, kinetic energy and surface
energy. The sum of the volume integral of these three terms over the complete
computational domain remains constant throughout the simulation:Ñ

Ω

(
ρe + 1

2
ρ|u|2 + 1

2W eN
|∇ρ|2

)
dV = cst

It has been verified that this is indeed the case for all simulations with DIM in the
present study. Due to the differences in formulations direct comparison between
these three components with the energy budget terms in LFRM (equation 4.4, 4.5
and 4.6) is not possible. To be able to make a comparison of energy budgets
between LFRM and DIM the following approach is used:

• The presence of an interface also changes the internal energy and therefore
the first term in equation 4.16 also contains part of the surface energy. Ac-
cording to Cahn [69], the total surface energy of a planar interface (an inter-
face with zero-curvature) equals twice the integral of the third contribution
to equation 4.16:

Esr f = 2
Ñ

Ω

1

2W eN
|∇ρ|2dV (4.19)

This expression is only an approximation for interfaces with strong curva-
ture, i.e. if the ratio of the interface thickness and droplet radius becomes
significant.

• For the kinetic energy the same expression is used as in LFRM (equation
4.5).
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• In DIM dissipation leads to an increase in internal energy. However, not
the total increase in internal energy can be attributed to dissipation. Part
of this increase is due to surface energy as explained above and part of this
increase is reversible. Therefore, we will estimate the dissipated energy in a
similar way as in LFRM by means of equation 4.6. Note, however, that the
expression for the viscous stress tensor in DIM differs from the expression in
LFRM, since DIM uses a compressible formulation.

Numerical methods for discretization of the NSK equations have to cope with
additional difficulties when compared to single-phase compressible flow simula-
tions. One of these difficulties is that the capillary stress tensor causes disper-
sive behavior of the solution, since it contains a second-order spatial derivative
of the mass density. Also, the Van der Waals equation of state has a non-convex
part which causes a mixed hyperbolic-elliptic nature of the governing equations.
This prevents the use of upwind based discretization methods, which are com-
monly used for compressible flow simulations. The discretization method used in
the present study is the same as the one used by Gelissen et al. [70], which is
based on a discretization technique developed by Cockburn and Gau [71]. It uses
a second-order accurate finite-volume method for spatial discretization and the
third-order accurate TVD Runge-Kutta time integration method developed by Shu
and Osher [72]. Second-order central difference schemes are employed to calcu-
late the derivatives in the flux expressions. The finite volume method is preferred
over other discretization methods since it is strictly conservative.

4.3 Simulation setup

4.3.1 LFRM

In all the simulations of LFRM, the grid cell size is selected such that 40 grid
cells are taken across the initial droplet diameter (D). The computational domain
has dimensions 5D×5D×5D. Free slip boundary conditions are used on all domain
boundaries. The initial distance between the droplet centers is taken as 2D. Each
droplet is initialised with a rigid body velocity, u = 1

2 vr , parallel to the center line
but in the opposite direction. This is achieved by assigning rigid body velocity u
to the cells containing droplet phase. The initial configuration of the mass density
and velocity field is shown in Figure 4.3 (a).

4.3.2 DIM

In all simulations with DIM the initial temperature has been taken uniform and
close to the critical temperature of the fluid (T = 0.85Tc). The initial mass density
field is constructed according to the initial configuration of two identical spherical
droplets (Figure 4.3 (b)) with a diameter of D = 0.2, positioned left and right of
the center of the domain. A rigid body velocity parallel to the center line is applied
to both droplets, whereas all the vapor in the domain is at rest (Figure 4.3 (b)).
For both the mass density and velocity field a hyperbolic tangent function is used
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ρ
|u

xz cross-section, y=0.5L
|

(a) LFRM

(b) DIM

Figure 4.3: The initial configuration of the mass density and velocity field for LFRM (top)
and DIM (bottom): two identical spherical droplets with a diameter of D = 0.2,
positioned left and right of the center of the domain with a distance of 2D
between the droplet centers and a velocity towards each other.

for constructing the smooth transition in the interface region. Symmetry boundary
conditions are applied on all boundaries. The computational grid is Cartesian and
uniform, with 200 points in each direction leading to a total of 8 million points in
the computational domain.

4.4 Results and Discussion

In this section, the simulation results of binary droplet collisions in four dif-
ferent regimes namely permanent coalescence, reflexive separation, torus breakup
and stretching separation are presented. The corresponding non-dimensional num-
bers for these four cases are given in Table 4.3. A detailed comparison of the sim-
ulation results of LFRM and DIM is presented. The comparison includes a study
of the energy transfer and dissipation processes. The given energy budgets are



4.4 Results and Discussion 59

normalized by the total energy which equals the sum of the kinetic and interfa-
cial energy at t = 0. The conversion of kinetic energy into interfacial energy or its
dissipation into heat due to viscous forces is what determines the outcome of the
droplet collisions.

4.4.1 Permanent Coalescence

The collision sequences obtained by both methods are shown in Figure 4.4. In
this regime, the droplet collision results in coalescence indicated by the decrease
in surface energy. The coalesced droplets spread outward in the radial direction,
which first forms a flat disk possibly followed by a dimple formation in the disk.
This spreading is counteracted by the surface tension forces and damped by the vis-
cous forces. After reaching the maximum radial spread, the disk starts to contract
radially. This is followed by an elongation in the axial direction, which generates
a sphero cylindrical droplet. The viscous damping is sufficiently strong and the
coalesced droplets oscillate with decreasing amplitude until a perfectly spherical
droplet remains.

The corresponding energy budgets for the simulations with LFRM and DIM are
shown in Figure 4.5. There is a difference of approximately 5% of the total energy
in the level of surface energy at t = 0. This difference is a consequence of the
strong curvature of the liquid-vapor interface. As stated earlier, equation 4.19 is
only an approximation of the surface energy in DIM.

As the surrounding gas/vapor has the same dynamic viscosity as the liquid,
there is a significant viscous dissipation of kinetic energy even before the droplets
coalesce. The coalescence is marked by a sudden decrease of surface energy. This
is followed by an increase of surface energy due to the radial spreading of the
coalesced droplet. The hump in the surface energy indicates the point of maximum
radial spread where the kinetic energy is almost zero. After this point the surface
energy starts converting back to kinetic energy. This back and forth conversion
continues until the droplet becomes stationary.

Although some differences can be spotted, an overall good agreement is ob-
tained in the simulation results of LFRM and DIM as indicated by the collision
sequence (Figure 4.4) and energy budget evolution (Figure 4.5). The deforma-
tion of the droplet (both in radial and axial directions) is more pronounced in the
results of LFRM than in the results of DIM. There are multiple reasons for these
differences in deformation. Firstly, the differences in the treatment of the inter-
face in both methods lead to a difference in the initialization of the velocity field
(Figure 4.3). Therefore, slightly more kinetic energy is imparted to the droplets in
LFRM than in DIM at the initialization, which is confirmed by the comparison of
the dimensional values of the initial kinetic energy. Because the simulations with
DIM are compressible and non-isothermal, temperature differences can influence
the collision process. These temperature differences are caused by viscous dissi-
pation of kinetic energy and compression of the vapor between the droplets. The
temperature rise causes evaporation of liquid in the simulation with DIM (about
4% of the liquid is evaporated at the end of this particular simulation), leading to
a further loss of surface energy due to decreased liquid volume.



60 Comparison of LFRM with DIM for Droplet Collision

Figure 4.4: Simulation results of the permanent coalescence case (W e = 75, X = 0) with
LFRM and DIM.
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Figure 4.5: Comparison of the energy budget evolution for the permanent coalescence case
(W e = 75, X = 0).

Another important difference between the two methods is the treatment of
droplet coalescence. In LFRM, the droplets are merged when they share a common
grid cell. This merging process causes a sudden change in the interfacial area
which is an approximation of reality. The actual rupture commences in a small
area leading to an extremely rapid motion of the surrounding film due to high
surface tension pull forces. This leads to high dissipation of energy which is not
captured by LFRM. Also, the abrupt loss of interfacial area during coalescence
causes an abrupt reduction in surface energy and hence the total energy as seen
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in Figure 4.5 (a). Similar sharp jumps in total and surface energy are observed
for merging sequences in literature [62, 24, 54], suggesting that it is a common
artifact of front capturing/tracking methods. The error can be reduced with the
use of finer grid resolutions. However, we observe that both before and after the
merger, the total energy is well conserved.

The coalescence of the droplets occurs more gradually in DIM due to the dif-
fuseness of the interface. This can be seen in the collision sequence at t = 0.3 in
Figure 4.4. The droplets are yet to merge and still deforming in case of LFRM
whereas the droplets are already coalescing in case of DIM. As mentioned before,
an important advantage of DIM is that topology changes of the interface are nat-
urally embedded in the governing equations and do not require any additional
models or routines.

4.4.2 Reflexive Separation

The initial droplet evolution is similar to the permanent coalescence regime
where the droplets coalesce and form a disk due to radial spreading. However,
due to a higher relative initial velocity of the droplets and lower viscosity of the
fluid, the radial spreading of the disk continues to form a torus shaped disk (i.e.
disk with ring shaped periphery and a very thin film called lamella at the center).
After reaching the maximum radial spread, the disk starts to contract, followed
by an elongation in the axial direction due to reflexive action, which generates a
sphero cylindrical droplet which elongates to such an extent that it ruptures into
two or more droplets (Figure 4.6).

Although the collision outcome of both methods is nearly identical (Figure 4.6),
the interface evolution leading to the separation is faster and more pronounced
(i.e. more radial spreading) in case of LFRM. The rupture of the lamella film is
observed in the results of both methods when the disk is radially spreading (as
seen at time t = 0.9 in Figure 4.6). In experiments, the rupture of the lamella film
is only observed at very high Weber numbers (of the order of 3000) [57, 55]. In
LFRM, the rupture is numerical in nature and due to a lack of spatial resolution
whereas in DIM, the rupture is due to partial evaporation of the lamella film.
In DIM, significant changes in the temperature can be observed during droplet
evolution. For example, Figure 4.8 shows a significant rise of temperature in the
vapor layer between the droplets due to compression of the vapor.

In the results of LFRM, the lamella film ruptures to form a smaller ring and
droplets that eventually coalesce with the peripheral toroid during radial contrac-
tion of the toroid. These processes lead to a continuous loss of total energy (due
to approximate merging and breakup) in LFRM as seen in Figure 4.7 (a). Once a
single toroid is formed, the total energy remains conserved. In case of DIM, the
lamella film evaporates to form a smaller ring inside the peripheral toroid. The
inner ring contracts to form a droplet and starts to elongate along the axial direc-
tion (along with mass increase due to condensation) while the peripheral toroid is
still contracting (between time t = 0.9 to t = 1.5). A daughter droplet is formed by
reflexive separation in DIM, but it disappears quickly due to evaporation.
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Figure 4.6: Simulation results of the reflexive separation case (W e = 140, X = 0) with LFRM
and DIM.
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Figure 4.7: Comparison of the energy budget evolution for the reflexive separation case
(W e = 140, X = 0).
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Figure 4.8: The mass density and temperature field at t = 0.15 for the reflexive separation
case according to DIM. Compression of the vapor layer between the droplets
leads to a significant increase of the temperature in this layer.

4.4.3 Torus Breakup

For this regime, a much higher initial relative velocity is given to the droplets.
This results in a so large radial spreading of the coalesced droplets that when this
ring starts to contract, it is no longer able to contract to a single droplet. The liq-
uid ring breaks up and a ring-shaped cluster of smaller droplets is formed (Figure
4.9). The breakup process can be attributed to the Plateau-Rayleigh (PR) instabil-
ity, a phenomenon where small-amplitude disturbances on an interface grow and
initiate a breakup of a liquid thread, or in this case a thin liquid ring.

The lamella film ruptures (due to insufficient spatial resolution in LFRM and
evaporation in DIM) to form a ring, which breaks up in 8 smaller droplets due to
the PR instability. This is captured well by both methods. The breakup of the ring
does not happen in a fully symmetric manner due to the influence of the domain
boundaries. An overall good agreement is seen in the energy budget evolution
obtained by both methods (Figure 4.10) except for a few differences. Initially, a
larger increase in surface energy is seen in the results of LFRM due to the larger
radial spreading. The numerical rupture of the lamella film in LFRM results in the
loss of total energy as explained in the previous case. Once the ring is formed, the
total energy remains conserved. The much higher initial velocity of the droplets
causes a significant amount of evaporation of the liquid in the case of DIM, 25%
of the liquid has evaporated at the end of the simulation. All these factors result
in the differences in the energy budgets.

4.4.4 Stretching Separation

In this regime, the droplets collide with a non-zero impact parameter. Thus,
only a portion of the fluid that comprises the droplets is on a colliding trajectory.
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Figure 4.9: Simulation results of the toroidal droplet breakup case (W e = 840, X = 0) with
LFRM and DIM.
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Figure 4.10: Comparison of the energy budget evolution for toroidal droplet breakup case
(W e = 840, X = 0).

Although the fluid spreads outwards in the radial direction during the first stage
of the collision, the ring that is formed is skewed and the fluid is not evenly dis-
tributed over the ring (Figure 4.11). The inertia of the fluid causes the ring to be
stretched in the directions of the initial trajectories of the droplets. If the impact
velocity is high enough, then the stretching will eventually cause the two thinnest
sides of the ring to rupture. The rupturing of the ring can result in the formation
of one or more daughter droplets.

A good agreement is obtained in the simulation results of LFRM and DIM as
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Figure 4.11: Simulation results of the stretching separation case (W e = 472, X = 0.5) with
LFRM and DIM.
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Figure 4.12: Comparison of the energy budget evolution for the stretching separation case
(W e = 472, X = 0.5).

indicated by the collision sequence (Figure 4.11) and energy budget evolution
(Figure 4.12). The lamella film ruptures faster in DIM due to evaporation and
forms a skewed ring. The two thin sides of the ring break and create two daughter
droplets that eventually merge into a single daughter droplet. In LFRM, the two
thin sides of the ring merge before breakup, giving directly rise to a single daughter
droplet. The formation of daughter droplets is faster and the size of the daughter
droplet is smaller in DIM due to evaporation. As the changes in the interfacial area
are gradual, the total energy is better conserved for LFRM in this regime (Figure
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4.12). There is a difference of about 8% in dissipated energy at the end of the
simulations, which stems from the different expressions of the viscous stress tensor
in LFRM and DIM (equation 4.2 and 4.12). Because DIM uses the compressible
formulation, which has an additional term proportional to the divergence of the
velocity field ∇ ·u, the viscous dissipation in DIM is lower when compression of
fluid is significant. This is particularly the case in the first few moments of the
simulation, as can be observed in Figure 4.12 where the viscous dissipation has a
steeper gradient in the case of LFRM for t < 0.5.

4.5 Simulations with a divergence-free velocity field

In this section, an attempt is made to improve the agreement between the sim-
ulation results of LFRM and DIM by modifying the initial velocity field. The initial
velocity field used in the previous section, a rigid body velocity of both droplets
with the surrounding vapor completely stagnant, is actually not a realistic config-
uration. It is simply not possible for two droplets to acquire this velocity without
disturbing the surrounding vapor. In most previous studies which involve simu-
lations of droplet collisions [62, 46, 47, 50], the mass density and viscosity ratio
between the fluid phases is in the order of 100. These conditions allow for the ini-
tial velocity of the surrounding vapor/gas to be neglected. However, in the present
study the mass density ratio is 5.65 and the viscosity ratio is 1. Neglecting the ini-
tial velocity of the surrounding vapor in the present study causes a steep initial
velocity gradient at the liquid-vapor interface, and therefore a large amount of
viscous dissipation in the first time-steps of the simulation. It should also be noted
that the original configuration of the initial velocity field is not divergence-free.
Although this is not a problem on its own, it enlarges the effect of an important
difference between the two simulation models, which is the assumption of com-
pressible versus incompressible flow. LFRM assumes incompressible flow, while
DIM treats the fluid as compressible. In LFRM the first time-step of the simulation
is actually part of the initialization procedure, which transforms the initial velocity
field into a divergence-free if it is not so already. Also, using this initial veloc-
ity field decreases the difference between the initial kinetic energy of droplets in
LFRM and DIM. We also notice reduced evaporation in DIM by using this velocity
field. Thus, a better comparison between LFRM and DIM is expected with the use
of the divergence-free initial velocity field.

In the new configuration, the droplets are placed in a divergence-free velocity
field, which consists of four vortices that cause the droplets to approach each other
(Figure 4.13). The form of this "vortical" velocity field is:

u(x, y, z)t=0 = vb(sin( 2πx
L )cos( 2πy

L )cos( 2πz
L ))

v(x, y, z)t=0 = vb(− 1
2 cos( 2πx

L )sin( 2πy
L )cos( 2πz

L ))

w(x, y, z)t=0 = vb(− 1
2 cos( 2πx

L )cos( 2πy
L )sin( 2πz

L ))

(4.20)

with L the domain length and vb approximately the average velocity of the liquid
that comprises the droplets, as long as the diameter of the droplets is not too large
(D ≤ 0.2).
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Figure 4.13: The divergence-free velocity field which consists of four vortices that cause the
droplets to approach each other.

Table 4.4: Droplet collisions parameters for the torus breakup case with the divergence free
velocity field.

Re W e X ρl /ρv Pr
795 259 0 5.65 20

The droplet collision parameters are selected such that the collision outcome
is torus breakup. The non-dimensional parameters are given in Table 4.4. A good
agreement is seen between the simulation results of LFRM and DIM as indicated by
the collision sequence (Figure 4.14) and also the energy budget evolution (Figure
4.15). The interface evolution is in much better agreement than in the previous
simulation results. The minor differences in the interface evolution are expected
due to differences in the treatment of the interface (sharp in LFRM and diffuse in
DIM). The discrepancy in the dissipated energy in the results of LFRM and DIM is
greatly reduced (Figure 4.15), although it should be noted that there is a lot more
total kinetic energy in the domain because the (relatively dense) vapor is now also
in motion. This far flow field decays in a way that is relatively independent of the
droplet collision.
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Figure 4.14: Simulation results for the simulation with divergence-free velocity field with
LFRM and DIM.
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Figure 4.15: Comparison of the energy budget evolution for the simulation case with a
divergence-free initial velocity field.

4.6 Conclusions

In this study, we provide a detailed comparison of two different simulation
techniques for multiphase flows: the Local Front Reconstruction Method and the
Diffuse Interface Model. The two methods differ in how they treat the interface.
LFRM falls in the category of front capturing/tracking methods where the inter-
face is treated in a relatively sharp manner and is tracked using a color function or
a Lagrangian mesh. On the other hand, DIM falls in the category of diffuse inter-
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face models where the interface treatment is naturally embedded in the governing
equations and which does not require special treatment of the interface region.
This comes with the limitation that DIM cannot be used under realistic working
conditions and fluid properties. LFRM does not have such restrictions but may
only provide approximate solutions of the small scale interfacial dynamics due to
the limitation of grid resolution. Therefore, a comparison with DIM, in a region
where DIM can be used, i.e. relatively close to the critical point, provides a good
insight into the accuracy of LFRM simulations.

The problem of binary droplet collision is selected for this study as the small
scale interfacial dynamics (e.g. drainage of the gas film between droplets, coales-
cence of droplets and rupture of thin films) have a major influence on the collision
outcome. Due to different underlying assumptions in both methods (especially
pertaining to compressibility of the fluid and temperature variation), we iden-
tify all relevant parameters for non-isothermal droplet collisions and extract non-
dimensional numbers with the use of the Bukingham Π theorem. The use of these
non-dimensional numbers ensures that the simulations of LFRM and DIM are per-
formed in the same working conditions.

In the present study, an overall good agreement is seen in the simulation re-
sults of LFRM and DIM and similar collision outcomes are obtained for the given
non-dimensional parameters. The causes that can lead to differences between
simulation results of LFRM and DIM are identified as follows:

• DIM allows for evaporation of liquid at the liquid-vapor interface, leading to
additional loss of surface energy due to decreased liquid volume.

• LFRM is only able to approximate coalescence and breakup of the liquid-
vapor interface. For example: in LFRM interfaces are merged when they
share a common grid cell. This merging process causes a sudden decrease
in the surface energy which is an approximation of reality and adds to the
difference in energy dissipation between the two methods.

• Temperature differences at the liquid-vapor interface affect the surface ten-
sion and hence the behavior of the interface, which is an effect included only
with DIM since LFRM assumes isothermal conditions.

• Fluid compressibility has a significant influence on the simulation outcome,
affecting the viscous dissipation of energy and causing temperature differ-
ences due to compression of fluid. A simulation with a divergence-free initial
velocity field was carried out to minimize the effect of fluid compressibility
on the simulation outcome. As expected, the collision process and energy
budget evolution obtained by LFRM and DIM are in much better agreement.

It can be concluded that simulations of droplet collisions can be carried out
with high accuracy using front capturing/tracking methods like LFRM. If com-
pressibility effects and temperature differences are significant then a non-isothermal
front capturing/tracking method with a divergence-free initial velocity field is ex-
pected to give better results.





Chapter 5
Coupling of LFRM with a Thin
Film Model

Abstract

Multiphase flows can often generate thin films when fluid structures interact with a
solid wall. These features are very small compared to corresponding fluid structures
and it is often impractical to resolve their thickness fully even with adaptive mesh re-
finement. In this study, we develop a sub-grid model to account for such thin films and
couple it with the Local Front Reconstruction Method (LFRM). The coupled approach
is successfully used to simulate a droplet falling onto and sliding down an inclined
wall. It is observed that the evolution of films thinner than grid size is captured with
reasonable accuracy when using the sub-grid film model.
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5.1 Introduction

Multiphase flows are frequently encountered in a plethora of industrial ap-
plications. This has led to rapid progress in the development of the interface
capturing/tracking methods for the direct numerical simulations (DNS) of com-
plex multiphase flows. However, real systems still provide challenges that limit
the situations that can be simulated. One of the challenges is the wide range of
length scales encountered in some multiphase flow systems. Often, multiphase
flows can generate much smaller features consisting of thin films, filaments, and
drops. These features can be broadly classified as generated from the interaction
of the fluid structures, such as the thin film between colliding bubbles or droplets
or from the interactions of the fluid structures (bubbles or droplets) with a solid
wall. As we already discussed the former problem in detail in Chapter 3, we will
focus on the later problem in this chapter.

A solution that comes to the mind to tackle such a problem is to use an adaptive
grid refinement technique. However, this solution comes at the cost of an increased
code complexity and higher computational times. This imposes practical limits on
how much refinement is possible.

There is a clear difference between the scale of the thin film and the rest of the
flow. In isolation, the flow in the film is simple. This provides an opportunity to
capture the behavior of the film near the wall using a simplified model. A micro-
layer model is often used in the simulations of the nucleating bubbles [73, 74, 75].
However, the film is assumed to be stagnant and the evolution of the film is mostly
dictated by the evaporation of the film. Apart from this, the number of studies in
the literature that use such an approach for thin films is scarce. Thomas et al. [76]
introduced a method to account for thin films between a droplet and a solid wall
in the 2D Front Tracking (FT) method. The model presents the governing equation
for the evolution of the thin film driven by the pressure inside the droplet. These
governing equations are based on the assumption that the inertial terms balance
the pressure gradient while the viscous effects are considered negligible. However,
this assumption does not agree with the classical lubrication theory, according to
which, the inertial terms are negligible in such flows and the pressure gradient is
balanced by the viscous term.

In this study, we develop a 3D model to account for thin films formed between
a fluid structure and a solid wall. The model is then implemented in the existing
LFRM method (Chapter 2), summarized in Section 5.2. The model is coupled
with LFRM such that the model computes the evolution of the film driven by the
flow field of the fluid structure. The evolved film is then used to modify the fluid
structure and wall boundary condition near its vicinity. The model description
and implementation is given in Section 5.3. To test the model, we apply it to the
simulations of a droplet falling onto and sliding down an inclined wall. The results
of these simulations are given in Section 5.4. Finally, conclusions are presented in
Section 5.5.
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5.2 Numerical Method

The liquid-vapor interface is represented by an unstructured mesh of trian-
gular markers. Both phases are assumed to be incompressible, immiscible and
Newtonian. Furthermore, a one-fluid formulation is used for both phases, taking
into account the surface tension by a source term Fσ and the physical properties
are varied using local phase fractions near the interface. The resulting governing
equations solved are based on the incompressible Navier-Stokes equations:

∇·u= 0 (5.1)

ρ
∂u
∂t

+ρ∇· (uu) =−∇p +ρg−∇·τ+Fσ (5.2)

where ρ is mass density, u is fluid velocity, t is time, p is pressure, g is gravitational
acceleration and τ=µ(∇u+∇uT

)
is fluid stress tensor.

The governing equations are solved by a fractional step method [53] to obtain
the flow field at the next time step. Once the flow field is solved, the interface
is advected, i.e. the Lagrangian points are moved using locally interpolated fluid
velocities. The fluid velocities are interpolated from the Eulerian grid points to
Lagrangian points using cubic spline interpolation, whereas the marker points are
moved using a 4th order Runge-Kutta scheme [27]. The advection of these La-
grangian points leads to a decrease in the interface mesh quality. Therefore, it is
required to reconstruct the interface at regular time intervals. In this study, the
interface is reconstructed using the modified LFRM (Chapter 2).

5.3 Thin Film Model

5.3.1 Model Description

For the development of the model, we will consider a thin film formed between
a droplet and a wall. The schematic of such a situation on a numerical grid is
depicted in Figure 5.1. Such a situation is encountered when the droplet interacts
with the wall forming a thin film. The fluid in the film takes a finite time to drain
preventing the droplet from touching the wall. Once the film is thin enough, it
may rupture but we will not consider that possibility here.

The conservation of mass in the film gives an equation for the evolution of the
film thickness, h:

∂h

∂t
+ ∂F

∂x
+ ∂G

∂z
= 0, (5.3)

where F (x, z) and G(x, z) are the net volume fluxes in the film at location (x, z) in
x- and z-directions, respectively, and are given by

F (x, z) =
∫ h(x,z)

0
u(x, y, z)d y, (5.4)
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Figure 5.1: Schematic of a thin film between the droplet and the wall.

and

G(x, z) =
∫ h(x,z)

0
w(x, y, z)d y, (5.5)

Now we assume a linear velocity variation in both x- and z-directions in the
film. This assumption of the linear velocity profile is likely to work well for clean
fluid interfaces where the drop surface is mobile [76]. For more complex problems,
such as contaminated surfaces, the velocity profile will be more complex. However,
we will not consider such situations in this study.

Assuming the linear velocity variation, the velocity in the x-direction will vary
from zero at the wall to U f at the droplet interface. Similarly, the velocity in the
z-direction will vary from zero at the wall to W f at the droplet interface. This gives

u(y) =U f
y

h
; F =

∫ h

0
u(y)d y =U f

h

2
, (5.6)

and

w(y) =W f
y

h
; G =

∫ h

0
w(y)d y =W f

h

2
. (5.7)

Substituting above equations in equation 5.3 gives

∂h

∂t
+ 1

2

∂

∂x

(
U f h

)+ 1

2

∂

∂z

(
W f h

)= 0, (5.8)

In equation 5.8, the velocities at interface, U f and W f , are still unknown. The con-
tinuity of velocity and shear stress at the interface between the droplet phase and
film phase and no slip condition at the wall gives a correlation for these velocities
in terms of velocities inside the droplet as follows:

µ f

(
U f −0

)
h

=µd

(
u1 −U f

)(
∆y
2 −h

) , (5.9)

where µ is the viscosity, the subscript d refers to the droplet and f to the ambient
fluid, u1 is velocity in the x-direction in droplet phase at first discrete point from
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the wall (see Figure 5.1) and ∆y is grid size in the y-direction.
The above equation is rewritten to give a correlation between U f and u1:

U f =
u1

1−
(
1− ∆y

2h

)(
µ f

µd

) . (5.10)

Similarly, for the z-direction, the velocity at the droplet interface, W f , can be cor-
related to velocity inside the droplet, w1:

W f =
w1

1−
(
1− ∆y

2h

)(
µ f

µd

) . (5.11)

Lastly, to incorporate the dynamics of thin film into the simulations of the full
droplet, we assume that the droplet surface coincides with the wall and thus,
extrapolate the velocity in x-direction inside the droplet, u1 to the wall giving

u0 =
1−

(
1+ ∆y

2h

)(
µ f

µd

)
1−

(
1− ∆y

2h

)(
µ f

µd

)
u1, (5.12)

where u0 is velocity in x-direction in the ghost cell (See Figure 5.1). This means
that the no-slip conditions are replaced by the partial slip condition for the portion
of the wall where the droplet touches it.
A similar correlation can be obtained for the ghost cell velocity in z-direction w0:

w0 =
1−

(
1+ ∆y

2h

)(
µ f

µd

)
1−

(
1− ∆y

2h

)(
µ f

µd

)
w1. (5.13)

5.3.2 Model Implementation

The thin film model is activated when the droplet surface is less than one grid
spacing away from the wall. In other words, the film thickness h along with in-
terfacial velocities U f and W f are only calculated at grid points adjacent to the
wall close to the thin film region of the droplet. Since the interface is represented
by Lagrangian unstructured mesh, such grid points can be easily flagged using the
location of the front.

Once a grid point is flagged, equation 5.8 combined with equations 5.10 and
5.11 dictate the evolution of film thickness at this particular grid point. These
equations are spatially discretized on a staggered grid, i.e. h at the cell center
and U f and W f at the cell faces. An explicit first order Euler method is used to
integrate equation 5.8 in time whereas the flux terms are discretized with a second
order flux-delimited Barton scheme [36]. In the flagged cells, the wall boundary
condition is modified from no-slip to partial slip using equations 5.12 and 5.13.
The height of the droplet surface lying in the flagged cells is adjusted based on the
updated film thickness h. Since the front points will not necessarily match with
the grid points, a bilinear interpolation is used to calculate the value of h at the
given front location.



76 Coupling of LFRM with a Thin Film Model

Whenever a new point, that was not below the film at a previous time step,
is flagged, the initial grid spacing at this point is set equal to grid spacing ∆y . A
similar value of ∆y is selected for h at the grid points outside the film to compute
derivatives at points at the edge of the film.

The solution procedure can be summarized as follows:

1. Identify grid points adjacent to the wall that belong to the film and flag them.

2. For the flagged points, compute h, U f and W f . Set the boundary condition
at the wall points corresponding to flagged points to partial slip and use no
slip for wall points outside the film.

3. Solve the Navier-Stokes equations to update the velocities and pressure to
time level (n+1) using the ghost velocities set above.

4. Advect the interface to the next time level (n+1). For the interface lying in
the flagged cell, update the interface using calculated film thickness h.

5. Advance to time level (n+1).

5.4 Results and Discussion

To test how well the thin film model outlined above works, we apply it to
the simulations of a droplet falling onto and sliding down an inclined wall. The
importance of capturing the evolution of thin films is best exemplified by this
scenario because, as the droplet slides on the wall, it is riding on a thin layer of the
ambient fluid. For such a situation, the governing non-dimensional numbers are
the Eötvös number, Eo = g d 2(ρd −ρ f )/σ, the Ohnesorge number Oh = µd /

√
ρd dσ

and ratios of the densities r = ρd /ρ f and viscosities m = µd /µ f , g is gravitational
acceleration, σ is surface tension and d is the droplet diameter.

The schematic of the simulation setup is shown in Figure 5.2. The computa-
tional domain has a height and width of two droplet diameters and length of 8
droplet diameters. We have checked simulations at larger domain size and found
the results to be domain size independent. A no-slip boundary condition is applied
to the bottom wall and a free slip boundary condition to top and side walls. A pe-
riodic boundary condition is used in the flow direction. Three different cases will
be simulated. The corresponding non-dimensional numbers for all cases are given
in Table 5.1. The governing parameters for case 1 are taken from Thomas et al.
[76] and are selected such that it is possible to resolve the film on a fine grid with
reasonable computational effort.

Table 5.1: Non-dimensional numbers for simulated cases. For all cases r = m = 10.

Case Eo Oh
1 7.96 0.14
2 0.71 0.02
3 12.58 0.08
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Figure 5.2: Schematic of the simulation setup.
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Figure 5.3: Grid convergence of the centroid location of the droplet for the simulation of
case1.

The simulations for case 1 are carried out at varying grid sizes of H/∆x = 50
to 320, where H is the height of the computational domain and ∆x is grid size.
Note that the grid sizes in all three directions are the same. Figure 5.3 shows the
variation of centroid location of droplet with time. It can be seen that the results
for finer grid sizes (H/∆x = 200, 250 and 320) match closely indicating convergence
of the solution. From this point onwards, we will consider the solution at H/∆x =
250 as converged and the solution at H/∆x = 50 as the ("affordable") coarse grid
solution and where the adopted thin film model is applied.

In Figure 5.4, the droplet evolution in simulations on a coarse grid and fine grid
are presented as well as the droplet evolution on the coarse grid with the thin film
model. The droplet in the coarse grid simulation moves slower and spreads more
on the wall compared to the droplet in the converged results. For the coarse sim-
ulation that includes the film model, the droplet evolution is significantly closer to
the converged solution. This improvement is also apparent from Figure 5.5. The
variation of centroid location and average droplet velocity is essentially identical
for the converged solution and film model results. The variation of film thickness
in model results matches much better to the converged solution compared to the
original coarse grid simulation results. Some deviation between the results is ex-
pected due to the simplified nature of the model and the assumption of the linear
velocity profile in the thin film.
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Figure 5.4: Comparison of droplet evolution from the simulation on a coarse grid with thin
film model (blue), with simulations on a coarse grid without the model (red)
and on a fine grid (green) for case 1.
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Figure 5.5: Comparison of location of centroid (a) & (b), average droplet velocity (c) and
minimum film thickness (d) as computed on a coarse grid with thin film model
(blue), with that on a coarse grid without the model (red) and on a fine grid
(green) for case 1.
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Figure 5.6: Comparison of droplet evolution for simulations with thin film model at differ-
ent grid sizes, H/∆x = 25 (red), 50 (blue) and 75 (green).

Next, we report simulations with the thin film model at different grid sizes
H/∆x = 25, 50 and 75 and observe that the results converge as the grid is refined
(Figure 5.6). It is important to note that the model can be applied for the grid sizes
greater than or equal to the film thickness. This is because the model is activated
only when the droplet surface enters the cell adjacent to the wall.

It is important to reiterate that the governing parameters for cases 1 are se-
lected such that a relatively thick film is obtained which can be resolved with a
reasonable computational effort. The real need of the model is, however, for the
films that are much thinner. This will be the case for both cases 2 and 3. A small
amount of ambient fluid is trapped between the droplet and the wall for the less
deformable droplets (case 2) and the film will have more time to drain in case of
more deformable droplets (case 3). In case 2, the surface tension is larger so that
the droplet deformation is smaller than in case 1 and in case 3, the surface tension
is smaller so the deformation is larger. The exact non-dimensional numbers for
these cases are given in Table 5.1.

Figure 5.7 shows the results for cases 2 and 3. In both cases, a significant dif-
ference in the results with and without the film model can be seen. The droplet
without the model moves significantly slower than with the model. In both cases,
the minimum film thickness is significantly smaller than the grid size. Since the
film thickness is too small for these cases, it is not attempted to obtain a grid con-
verged solution (without film model) for these cases. The fine grid (green outline)
solutions presented in Figure 5.7 are resolved with 1-2 cells across the film thick-
ness and might not represent a fully resolved solution. These cases are presented
only to show the influence of the model. However, based on the comparison of
results for the case 1, it is safe to conclude that the results of the model will be
much closer to the fully resolved solution.
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Figure 5.7: Comparisons of a nearly spherical (a) and a very deformable (b) droplet impact-
ing on an inclined wall. The coarse grid simulations with the film model (blue)
are compared to fine grid simulations (green) and the coarse grid simulations
without the film model (red).

5.5 Conclusion

In this chapter, we develop a model to account for thin films and couple it
with the LFRM method that can be used for the simulation of complex multiphase
flows. The coupled approach is based on solving equations for the evolution of
the film in parallel with computing fully resolved flow in the remaining part of
the domain. The equation governing the evolution of the film is derived from the
conservation of mass inside the film and uses information from the fully resolved
part of the domain to drive the flow in the film. The film thickness obtained from
the thin film model is then used to modify the wall-boundary conditions and adjust
the droplet surface. The model is activated only when the film thickness becomes
smaller than the grid size and thus, will be automatically disabled when the grid
is refined enough to resolve the film on its own.

To test how well the thin film model performs, we applied it to the simulations
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of a droplet falling onto and sliding down an inclined wall. We found that the
results for the coarse grid simulations with the film model were significantly closer
to the fully resolved simulations compared to the coarse grid simulations without
the model. Some differences in the results of the film model can be caused by
the assumption of the linear velocity profile used in the model. This presents
a future scope for the improvement of the model with a more complex velocity
profile. Although we have tested the model for a very specific situation of a droplet
impacting and sliding on an inclined wall, we expect that the approach is more
general and can be extended to other situations where thin films form.





Chapter 6
Phase Transition

Abstract

In this chapter, the Local Front Reconstruction Method (LFRM) is extended to allow for
the Direct Numerical Simulation (DNS) of flows with phase transition. The LFRM is a
hybrid front tracking method without connectivity, which can easily handle complex
topological changes. The expansion due to phase change is incorporated as a non-
zero divergence condition at the interface. The energy equation is treated with two
different approaches: smooth interface approach and sharp interface approach. The
smooth interface approach uses a one fluid formulation to solve the energy equation
with an interfacial source term accounting for phase change. This interfacial source
term enforces the saturation temperature at the interface. However, in the sharp
interface approach, the thermal properties are not volume-averaged near the interface
and the saturation temperature is imposed as a boundary condition at the interface.
A detailed mathematical formulation and numerical implementation pertaining to
both approaches is presented. Both implementations are verified using 1D and 3D
test cases and produce a good match with analytical solutions. A comparison of
results highlights certain advantages of the sharp interface approach over the smooth
interface approach such as better accuracy and convergence rate, reduced fluctuations
in the velocity field and a physically bounded temperature field near the interface.
Finally, both approaches are validated with a 3D simulation of the rise and growth of
a vapor bubble in a superheated liquid under gravity, where a good agreement with
experimental data is observed for the bubble growth rate.

This chapter is based on:
A. H. Rajkotwala, A. Panda, E. A. J. F. Peters, M. W. Baltussen, C. W. M. van der Geld, J. G.
M. Kuerten, J. A. M. Kuipers, A critical comparison of smooth and sharp interface methods
for phase transition, International Journal of Multiphase Flow 120 (2019) 103093.
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6.1 Introduction

Phase change phenomena, especially related to gas-liquid flows, are seen in
many industrial systems, such as refrigeration systems, cooling systems, boilers,
heat exchangers and nuclear reactors. Phase change is a relatively efficient mode
of heat transfer because of the observed high heat transfer rates. Another advan-
tage is that a large amount of energy can be stored in the form of latent heat
making phase change important for thermal energy storage applications. A de-
tailed understanding and accurate predictions of the phase change processes in
such systems are important for their safe and efficient operation.

In addition to experiments, numerical simulations have become an important
tool to study phase change phenomena. The advantage of numerical simulations
is that, in contrast to the experiments, the complete details on temperature and
velocity fields are available. This has facilitated the study of the transient and
dynamic aspects of phase change.

The earliest attempt to simulate boiling flows can be traced back to Welch [77].
In this study, a 2D moving mesh finite volume method was developed. However,
the method was limited to small topology changes of the interface. Since then,
many different interface tracking techniques, such as Volume of Fluid (VOF), Level
Set (LS), and Front Tracking (FT) methods, have evolved which can handle large
deformation of the liquid–vapor interface.

Welch and Wilson [78] studied a horizontal film boiling problem using the VOF
method. Schlottke and Weigand [79] used the VOF method to study 3D droplet
evaporation. Tsui et al. [80] simulated boiling bubbles emerging from a planar
film and a circular film using VOF. More recently, Sato and Niceno [73] used mass
conservative VOF to simulate 3D nucleation and growth of a single bubble. In
the VOF method, the interface is generally artificially smeared for the calculation
of interfacial properties resulting in a higher numerical error for phase change
calculations [73].

The LS method has been extensively used by Dhir's group [81, 82, 83, 74] to
study different phase change phenomena such as nucleate boiling, film boiling
from a horizontal cylinder and sub-cooled pool boiling. Apart from Dhir’s group,
Gibou et al. [84] used the LS method to study film boiling and Tanguy et al. [85]
to simulate evaporation of a moving and deforming droplet. However, the LS
method is a non-conservative approach and does not guarantee mass conservation
for phase change calculations [73].

The smearing of the interface, as encountered in the VOF method, can be
avoided by using the Front Tracking method, where the interface is directly tracked
with a Lagrangian mesh. The Front Tracking method was first applied to study film
boiling by Juric and Tryggvason [86]. They used an iterative procedure to set the
correct temperature boundary condition at the interface. Subsequently, Esmaeeli
and Tryggvason [87] improved the method by eliminating the iterative algorithm
and applied it to simulate 3D film boiling from multiple horizontal cylinders. Re-
cently, Irfan and Muradoglu [88] have developed an FT method to simulate the
species gradient driven phase-change process.

Hybrid methods have been developed combining/modifying these standard
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methods: Coupled Level Set and Volume of Fluid (CLSVOF) method, Level Con-
tour Reconstruction Method (LCRM) and Local Front Reconstruction Method. Film
boiling simulations were carried out by Shin and Juric [28] using LCRM. Tomar et
al. [89] developed a 2D CLSVOF method coupled with phase change and applied
it to simulate film boiling. Shin and Abdel-khalik [32] studied the stability of an
evaporating thin film of liquid on a heated cylindrical rod with parallel and cross
vapor flow using improved LCRM. Recently, Shin and Choi [90] further improved
the energy formulation in LCRM and simulated a rising bubble with phase change.
In this study, we use a hybrid front tracking method, the modified Local Front
Reconstruction Method [91, 40]. The LFRM method is capable of dealing with
breaking and merging of the interface and thus can be used to simulate complex
topological changes like droplet collision [91]. We extend the method to enable
phase change simulations, which has not been done before.

The most important aspect of the phase change simulation methodology is the
treatment of the variation of properties and of the jump conditions across the in-
terface. These are broadly classified into two approaches: in the first approach, the
governing equations are written in each phase separately and additional jump con-
ditions are imposed at the interface to satisfy the conservation of mass, momentum
and energy. This is known as the Jump Condition Formulation or Sharp Interface
Approach. This approach has been coupled with VOF [73], LS [84, 85, 92] and
LCRM [32, 90].

In the second approach, the jump conditions are expressed in the governing
equations by introducing appropriate source terms using a (modified) Dirac delta
function which is equal to zero everywhere in the domain, except at the interface.
The interface is normally smeared out across 2 or 3 computational cells by defining
a smoothed Heaviside or Dirac function to represent the spatial variation of phys-
ical properties across the interface, i.e. using a one fluid approach. This approach
is commonly used because of its simplicity in implementation. Numerous studies
can be found using this approach with VOF [78, 93, 80], LS [74], FT [86, 87]
and LCRM [28]. However, the usage of this approach might result in a reduced
accuracy when the interface is too close to a wall [32]. Moreover, it is difficult
to enforce the saturation temperature at the interface using a source term. This
affects the accuracy of the results as the interfacial mass flux calculation is error
prone if the temperature field is not accurate in the vicinity of the interface [32].
Because a systematic comparison of the sharp and one fluid approaches is clearly
missing in the literature, an attempt is made by this study to bridge this gap.

The outline of the chapter is as follows: In Section 6.2, the reformulation of
the Navier-Stokes equation to accommodate jump conditions for phase change is
described. The different forms of the energy conservation equation and closure
equations are discussed based on the use of the sharp or smooth interface ap-
proach. In Section 6.3, the numerical methodology is explained with a special fo-
cus on the implementation details of the sharp interface approach. In Section 6.4,
the methods are verified with the standard 1D tests, namely the Stefan problem
and the sucking interface problem and with 3D bubble growth test. The errors are
compared for both approaches. The section ends with a discussion of 3D bubble
rise simulations. Finally, conclusions are presented in Section 6.5.
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6.2 Mathematical Formulation

In this study, we solve the flow equations using a one fluid approach whereas
the energy equation is treated by both a smooth interface approach and a sharp
interface approach. Although both approaches correspond to the same continuum
limit, they use different numerical methods when dealing with the discontinuity
at the interface while solving the energy equation. In the next sections, these
differences will be explained in detail.

6.2.1 Mass conservation equation

We assume the liquid and the gas phases to be incompressible and single com-
ponent. The mass density ρ in the one fluid formulation is defined as

ρ = ρg I +ρl (1− I ), (6.1)

where ρg is the density of gas phase, ρl is the density of liquid phase and I is a
Heaviside function which is one in gas phase and zero in the liquid phase.

Due to the phase transition, there is a difference in the gas and liquid veloci-
ties at the interface. The difference in the velocities is related to the evaporative
mass flux where the relevant jump condition can be obtained by integration of the
continuity equation across the interface, which is as follows:

ρl (ul −u f ) ·n= ρg (ug −u f ) ·n= ṁ, (6.2)

where u f is the interface velocity, and ṁ is the evaporation rate at the interface.
Note that in absence of phase transition, the velocity is continuous at the interface
meaning u f =ug =ul .

It is safe to assume a divergence-free velocity field everywhere except at the
interface for low Mach number flows with low temperature variations in the gas
phase as well as in the liquid phase. For flows with phase transition, the velocity
field is not divergence-free at the interface because of fluid expansion/compression
due to phase change. Thus, an interfacial source term which accounts for the
expansion/compression has to be incorporated in the continuity equation. This
term can be derived by taking the volume integral of the divergence of the velocity
over the interface thickness (Figure 6.1) as follows:∫

V f

∇·u dV f =
∫

A f

(ug −ul ) ·n f d A f . (6.3)

Using velocity jump condition 6.2, we obtain:∫
V f

∇·u dV f =
(

1

ρg
− 1

ρl

)∫
A f

ṁ d A f . (6.4)

The RHS of the above equation is non-zero at the interface only and can be
written in terms of volume integral using the dirac-delta function as follows:
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Figure 6.1: Schematic of control volume around the interface.

∫
V f

∇·u dV f =
∫

V f

(
1

ρg
− 1

ρl

)∫
A f

δ(x−x f )ṁ d A f dV f , (6.5)

which gives,

∇·u=
(

1

ρg
− 1

ρl

)∫
A f

δ(x−x f )ṁd A f . (6.6)

6.2.2 Momentum conservation equation

The momentum equation is formulated as follows:

ρ
∂u
∂t

+ρ {∇· (uu)−u (∇·u)} =−∇p +ρg+∇·τ+Fσ, (6.7)

where τ=µ(∇u+∇uT
)

is the viscous stress tensor, and Fσ is the volumetric surface
tension force.

The above equation is cast into non-conservative form to avoid numerical insta-
bilities while solving the equations especially at high density ratio [73]. However,
the convection term is formulated in a semi-conservative form to allow discretiza-
tion by a Total Variation Diminishing (TVD) scheme.

6.2.3 Energy conservation equation

A simplified energy conservation equation, based on an enthalpy formulation,
is used to predict temperature variations in the two phases. In this study, the
viscous heating and pressure effects are neglected.
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In the smooth interface approach, the interfacial energy flux q̇ is incorporated
in the energy equation by means of a source term:

ρCp
∂T

∂t
+ρCp {∇· (uT )−T (∇·u)} =∇· (k∇T )−

∫
A f

δ(x−x f )q̇d A f . (6.8)

The energy flux at the interface is related to the interfacial mass flux ṁ by the
following equation:

ṁh = q̇ (6.9)

where h = hl g + (Cpl −Cpg )(T f −Tsat ) with hl g , the latent heat measured at the
equilibrium saturation temperature Tsat (P ), corresponding to the reference ambi-
ent system pressure and T f is the interface temperature.

The final form of the energy equation is obtained by substituting above equa-
tion in 6.8:

ρCp
∂T

∂t
+ρCp {∇· (uT )−T (∇·u)} =∇· (k∇T )−

∫
A f

δ(x−x f )ṁh d A f . (6.10)

In the sharp interface approach, the jump conditions are imposed on the in-
terface as a boundary condition, and hence, the interfacial source term is absent
from the corresponding energy equation:

ρCp
∂T

∂t
+ρCp {∇· (uT )−T (∇·u)} =∇· (k∇T ) . (6.11)

6.2.4 Additional Equations

In the above presented equations, additional closure equations are required to
calculate the interface temperature T f and interfacial mass transfer ṁ.

A standard way to derive these closures is assume that the phase transition
occurs at a uniform temperature and the temperature depends only on the sys-
tem pressure. Thus, the interface temperature is set to the equilibrium saturation
temperature corresponding to the system pressure.

T f = Tsat (P∞) (6.12)

The corresponding mass flux is calculated from the energy jump condition as
follows:

ṁ = kg
∂T
∂n |g −kl

∂T
∂n |l

hl g
(6.13)

This form of closure is used in many studies involving flow boiling [94, 74],
film boiling [28, 78, 87], pool boiling [82] and evaporation [88].

A counter argument to the above assumption can be made that because of the
pressure jump across the interface, the equilibrium saturation temperatures cor-
responding to those pressures cannot be equal i.e. Tsat (pg ) 6= Tsat (pl ). To test the
validity of equation 6.12, Juric and Tryggvason developed a general expression of
the deviation of the interface temperature from the saturation temperature using
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the entropy jump condition [86]. The impact of each term in this general ex-
pression was quantified using simulation of film boiling of hydrogen and it was
concluded that T f = Tsat is a valid assumption except when the interface comes
close to the heated wall. Near the heated wall, the simple expression derived from
kinetic theory of gases by Tanasawa [95] was recommended.

A different approach to calculate the interfacial mass flux is using semi-empirical
relations. For example, Schrage [96] developed a model using kinetic theory of
gases. In this model, the interfacial mass flux is calculated by relating the flux
of molecules crossing the interface during phase change to the temperature and
pressure of the phases. The empirical parameters in such models are generally
calculated by comparing the mass flux to experimental data. This limits the gen-
eral applicability of the model. A summary of such models is given in the recent
paper by Kharanagate [97]. To avoid introduction of empirical parameters in the
method, the mass flux calculation from the energy jump condition, equation 6.13,
is selected in this study.

6.3 Numerical Methods

6.3.1 Fluid Flow Solver

The interface is represented by an unstructured mesh of triangular markers,
which are formed by the connection of the Lagrangian points situated at the cor-
ners of these markers. The markers enable advection of the interface and surface
tension calculation. Fσ is calculated on the Eulerian grid using the hybrid method
of Shin et al. [30], which combines the advantage of accurate curvature calcu-
lation (similar to the pull force model [27] in Front Tracking methods) and the
proper balance of pressure jump and surface tension force at the discrete level
(similar to the continuum surface model [34] in front capturing methods).

Subsequently, the governing equations are solved by a fractional step method to
obtain the flow field at the next time step [53]. The method consists of two steps:
In the first step, a projection of the velocity un∗

is calculated using information
from the previous time step

un∗ =un + ∆t

ρn

[−ρ∇· (uu)+ρu (∇·u)−∇p +ρg−∇·τ+Fσ
]n . (6.14)

This equation is spatially discretized on a staggered grid using a finite volume
approach. The convective term is discretised with a second order flux-delimited
Barton scheme whereas the diffusion term with a second order central scheme
[91].The convection term is treated explicitly and diffusion term is treated semi-
implicitly. The term ρu (∇·u) is evaluated by averaging the calculated divergence
at the faces of velocity cells.

After the projected velocities are calculated, the velocity field is corrected in
the pressure correction step to satisfy the continuity equation including interfacial
mass flux.

∇· ∆t

ρ
∇(δp) =∇·u∗−∇·un+1. (6.15)
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Figure 6.2: Schematic of the normal probe method for interfacial mass flux calculation [28].

The pressure equation is solved using a robust and efficient parallel Block In-
complete Cholesky Conjugate Gradient (B-ICCG) solver [53].The term ∇ ·un+1 is
non-zero at the interface in case of phase change and is calculated using Eq. 7.1.
The interfacial mass flux is calculated on the Lagrangian interface using Eq. 6.13
and distributed on the Eulerian grid using a discrete distribution function. In this
study, we use a trilinear distribution function.

The calculation of the interfacial mass flux term on the Lagrangian mesh is
done using the normal probe method of Udaykumar et al. [98] as shown in Figure
6.2. The right hand side of Eq. 6.13 is discretized using a first order approximation
as follows:

ṁ = 1

h f g

1

∆n

[
kg (Tg −Tsat )−kl (Tsat −Tl )

]
, (6.16)

where Tl and Tg are found by interpolating the temperature using two normal
probes which originate at the phase boundary and extend a distance ∆n into the
liquid and the gas. A tri-linear function is used for the interpolation of tempera-
ture on probing points from fixed grid points and the normal distance is usually
taken equal to the grid step size [28, 87]. The choice of tri-linear interpolation
is motivated by the observation that there is a negligible difference in the results
when a second order discretization is used [87].

Once the flow field is solved, the interface is advected, i.e. the Lagrangian
points are moved. The equation of motion for marker points is

dx f

d t
= unn f (6.17)

where un is the normal velocity. The equation of this normal velocity, derived from
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Eq. 6.2, reads

un =u ·n− ṁ

2

(
1

ρl
+ 1

ρg

)
. (6.18)

In the above equation, the normal velocity at the interface has two components;
one due to fluid advection (the first term) and another one due to phase change
(the second term). The first term is interpolated from the Eulerian grid (Cubic
spline interpolation is used) and the second term is directly calculated on the La-
grangian mesh using normal probe method of Udaykumar et al. [98] as explained
before. The equation is intergrated in time using the fourth order Runge-Kutta
method.

Due to the advection of Lagrangian points, the mesh quality decreases, a recon-
struction procedure is required to overcome this. In this study, we use the modified
LFRM [91, 40]. Finally, the physical properties are updated using local phase frac-
tions in each cell. From the calculated phase fractions, the average mass density
and viscosity are calculated in each grid cell by algebraic and harmonic averag-
ing, respectively. The local phase fraction can be calculated by geometric analysis
using the position of the interface [27] which is exact and computationally more
efficient than solving the Poisson equation.

6.3.2 Energy solver

At each time step, the energy equation is solved using the updated velocity
and physical properties. However, the form of energy equation varies with the nu-
merical approach as explained in section 6.2.3. In both approaches, the convective
term and the diffusion term are discretised with a second order flux-delimited Bar-
ton scheme [91] and a second order central scheme, respectively. The time step
restriction is relaxed by treating the diffusion term implicitly. The discretization of
term ρCp T (∇·u) for cell (i , j ,k) uses the temperature in the cell center times the
divergence that is also naturally defined in the cell center.

The main differences in the two approaches lie in the treatment of the interfa-
cial source term and the calculation of thermal properties. The specific details of
the two approaches are given in following sections.

Smooth Interface Approach

The treatment of the interfacial source term in the energy conservation Eq. 6.8
is similar to that in mass conservation Eq. 7.1, i.e. the interfacial mass flux will
be calculated on the Lagrangian interface using Eq. 6.13 and distributed on the
Eulerian grid using a discrete distribution function. In this study, we use a trilinear
distribution function. From the updated phase fractions, the average volumetric
heat capacity and conductivity are calculated in each grid cell by algebraic and
harmonic averaging, respectively.
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Sharp Interface Approach

In the sharp interface approach, the saturation temperature is imposed as a
boundary condition at the interface. This is handled at the discrete level by use
of irregular stencils in the discretization of diffusion terms. The thermal proper-
ties are treated sharply, i.e. the cell centers lying in the liquid and gas phase are
assigned corresponding phase properties. Thus, the first step in this approach is
phase-wise flagging of all cells and calculation of the stencil length.

As shown in Figure 6.3, the cells are marked with four different flags:“gas" (cell
center in gas phase), “liquid" (cell center in liquid phase), “I-gas" (gas cell adjacent
to interface) and “I-liquid" (liquid cell adjacent to interface). As the interface is
represented using a triangulated mesh, the exact location of the interface is known
and can be used for the flagging of the cells. This is done by identifying the
triangles which intersect the grid lines (i.e. the lines passing through neighboring
cell centers) as shown in Figure 6.4. A fast triangle line intersection algorithm
[99] is used, which uses the side product of the line with the edges of the triangle.

The dot product of the line with the normal of the triangle indicates whether
a cell center is to be flagged as I-gas or I-liquid cell. Once the interface cells
are flagged, the cells which are completely filled with gas (gas fraction I = 1) are
flagged as gas cells and the rest of the cells are flagged as liquid cells. Next, the
normalized distance of the interface (normalized by the grid size) with respect to
the closest cell center in the gas phase is calculated (e.g. ξX n and ξY n in Figure
6.3). This is done by calculating the intersection point of the triangle (plane con-
taining triangle) and the line passing through the neighboring cell centers. These
distances are stored in a linked-list data structure where path to the data is given
by flag of “I-liquid” cells.
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Figure 6.3: Schematic of boundary condition treatment at the interface. The notation Xp ,
Xn , Yp , Zp and Zn is used for six neighbouring cells where X ,Y , Z stand for
co-ordinate direction and subscripts ‘p’ and ‘n’ indicates positive and negative
direction from cell center, respectively.
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Figure 6.4: Schematic of line triangle intersection for flagging.

Subsequently, the thermal properties are assigned to the cells based on cell
flags, i.e. cells with “gas” or “I-gas” flags are given gas properties and cells with
“liquid” or “I-liquid” flags are given liquid properties. As mentioned previously, the
convection term is explicitly calculated using the Barton scheme. The temperature
gradient in the convection term can be computed in the sharp formulation [73]
or conventional form (similar to smooth approach). Similar to Shin and Choi,
2016 [90], we found that the sharp energy formulation for the convection term
gives similar accuracy of the solution as the conventional form. Therefore, the
conventional form is used for the discretization of the convection term.

The diffusion terms are discretized by a second order central difference scheme.
The complete discretized energy equation is represented as a set of algebraic equa-
tions as follows:

AC TC +∑
nb

AnbTnb = BC (6.19)

where T is temperature, the subscript ‘C’ indicates cell center and ‘nb’ indicates the
six neighbouring cells. The coefficients AC and Anb depend on thermal properties,
grid size and time step size and BC contains all explicit terms. For all the interface
cells, the saturation temperature is imposed as a boundary condition by chang-
ing the coefficients and BC term. The implementation is based on the immersed
boundary method of Das et al. [53] and Deen et al. [100].

In Figure 6.3, I-liquid cell C has two neighbour I-gas cells Xn and Yn . While
calculating the temperature at I-liquid cell C, the saturation temperature is im-
posed at the interface by changing the value of coefficients of the neigbhouring
I-gas cells Xn and Yn . A quadratic fit (between S1 −C −Xp and S2 −C −Yp) is used
to modify the coefficients. However, when the interface is very close to C, a linear
fit (between S1 −Xp and S2 −Yp) is used to modify the coefficients.

Once all the coefficients are modified, the temperature is computed by solving
the resulting system of linear equations using a parallel B-IICG solver [53].
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6.3.3 Summary of the solution algorithm and the time step size
restriction

The solution procedure can be summarized as follows:

1. Calculate the mass flux ṁ using temperature field at time level n, equation
6.16.

2. Update the hydrodynamic properties (based on interface position of time
level n)

3. Calculate the surface tension force Fσ

4. Update the velocities and pressure to time level n+1 using fractional step
method, equations 6.14 and 6.15.

5. Advect the interface to the next time level n+1, equation 7.4.

6. Update the phase fraction using updated interface.

7. Update the thermal properties (based on interface position of time level
n+1)

8. Update the temperature field to time level n+1 either using smooth interface
approach, equation 6.10 or sharp interface approach, equation 7.3.

9. Advance to time level n+1.

The time step size is restricted by CFL condition and the stability criteria due
to surface tension as follows:

∆t = min

(
cC F L

∆x

|u|max
,

(
ρg∆x3

2πσ

)1/2)
(6.20)

where cC F L is the dimensionless safety factor.

6.4 Results and discussion

6.4.1 Stefan Problem

Problem Definition

The Stefan problem is a well-known test case to verify the phase change prob-
lems, which is schematically shown in Figure 6.5. As seen in the figure, the vapor
and liquid phases are separated by a vertical interface. The temperature of the left
wall (next to the vapor phase) is kept above the saturation temperature. The liquid
starts vaporizing and the interface moves towards the right. A free flow boundary
condition is applied at the right boundary for the liquid to flow out. However, the
liquid temperature stays fixed at the saturation value. Because the vapor remains
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Figure 6.5: Schematic of the Stefan problem [88].

stationary, diffusion is responsible for heat transfer from the wall to the interface.
The analytical solution is given in literature [78, 88].

The energy equation needs to be solved only in the vapor phase, and is given
by

∂T

∂t
=αg

∂2T

∂x2 (6.21)

where x varies from 0 to xΓ(t ), with xΓ(t ) the position of the interface at time t .
The above equation is solved with the following boundary conditions:

T (x = 0, t ) = Tw and T (x = xΓ(t ), t ) = Tsat (6.22)

The heat flux at the interface is computed using energy jump condition:

q̇Γ =−kg
∂T

∂x

∣∣∣∣Γ
g

(6.23)

The analytical solution for the interface location is given by

xΓ(t ) = 2β
√
αg t (6.24)

where β is the solution of the transcendental equation

βexpβ2 erfβ= Cp,g (Tw −Tsat )

hl g
p
π

(6.25)

where hl g is latent heat of vaporization. The analytical solution of temperature in
the gas phase is given by

Tg (x, t ) = Tw +
(

Tsat −Tw

erfβ

)
erf

(
x

2
√
αg t

)
(6.26)
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Problem Setup

The test parameters are chosen from from Irfan and Muradoglu, 2017 [88].
The properties of the fluids are summarized in Table 6.1. The wall temperature
Tw is set to 12 K. As the problem is one dimensional, the computational domain
is replicated as 1D by choosing 5 cells in Y and Z directions respectively. The
length ’L’ along X is taken as 1 m. Three grid sizes are selected: coarse (4 ×
10−2 m), medium (2× 10−2 m) and fine (1× 10−2 m). The analytical solution is
evaluated using MatLab. The problem is initialized with an interface at xΓ,0 = 0.1
m. The temperature and velocity fields are initialized using the analytical solution
corresponding to xΓ,0.

Table 6.1: Fluid properties.

Property Gas Liquid

ρ (kg/m3) 0.25 2.5

µ (Pas) 7.0×10−3 9.8×10−2

k (W/mK) 0.0035 0.0015

Cp (J/kgK) 10 10

hl g (J/kg) 100 -

Tsat (K) 10 -

Smooth Interface Approach

The Stefan problem is solved using the smooth interface approach for different
grid sizes. The temperature variation along the domain length and the evolution
of the interface location and liquid velocity with time are given in Figure 6.6.
The solution agrees well with the analytical solution and converges upon grid
refinement. However, it can be seen in Figure 6.6 (a) that the temperature at the
interface is not completely maintained at the saturation temperature (especially
on the coarse grid). This is a well-known problem of this technique [32, 90] as
the interface temperature is implicitly enforced to be the saturation temperature
by a source term, which also leads to velocity fluctuations in the domain (Figure
6.6 (c)).

Sharp Interface Approach

Similarly, the Stefan problem is solved using the sharp interface approach for
300 s for different grid sizes. The temperature variation along the domain length is
given in Figure 6.7 (a). The solution agrees well with the analytical solution and
converges upon grid refinement. The variation of the interface location (Figure
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(c) Evolution of liquid velocity with time.

Figure 6.6: Comparison of the analytical solution and numerical results obtained by smooth
interface approach for the Stefan problem.
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Figure 6.7: Comparison of the analytical solution and numerical results obtained by sharp
interface approach for the Stefan problem.
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6.7 (b)) and liquid velocity (Figure 6.7 (c)) with time is compared to the analytical
solution and a very good agreement is observed.

Error comparison

As the grid is refined, the results of both methods approach the analytical solu-
tion. To compare the accuracy of both approaches, the temperature distributions
for grid size L/∆x = 100 obtained at time t = 219.02 s are shown in Figure 6.8.
As discussed before, an undershoot below the saturation temperature is observed
in case of the smooth approach, which is not physical in nature, whereas for the
sharp approach the interface is at saturation temperature.

The L2 norm of the error in the temperature at time t = 219.02 s at different
grid sizes is calculated using the following expression

εT =

√√√√√∑Nx
i=1

(
Tnum,i−Tana,i

Tana,i

)2

Nx
(6.27)

where Tnum is the temperature obtained from simulation, Tana is the temperature
obtained from the analytical solution and Nx is the number of grid points along
domain length L.

The convergence of the L2 norm of the error in the temperature with decreas-
ing grid size is shown in Figure 6.9. The error is lower for the sharp interface
approach than for the smooth interface approach. Also, the average order of con-
vergence for the sharp interface approach (1.24) is higher than for the smooth
interface approach (1.05). The reason for the reduced order of convergence can
be the boundary condition treatment and mass flux calculation (i.e. first order tem-
perature gradients calculation and linear interpolation of temperature field onto
Lagrangian mesh and mass flux onto Eulerian grid).
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Figure 6.8: Comparison of the temperature variation at grid size L/∆x = 100 obtained by
both approaches for the Stefan problem.
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proaches for the Stefan problem.

Figure 6.10: Schematic of the sucking interface problem [88].

6.4.2 Sucking Interface Problem

Problem Definition

The sucking interface problem is also a benchmark case used to verify phase
change models. The schematic of the test case can be seen in Figure 6.10. In this
test case, a vapor layer is attached to the left wall of the domain while the rest is
filled with liquid as the same species as vapor. The vapor phase is at saturation
temperature Tsat , and stays at rest throughout the simulation. The liquid tem-
perature is higher than the saturation value, therefore phase change occurs at the
interface. This causes the interface to move towards the right and a flow develops
in the liquid phase. The heat of vaporization, absorbed at the interface due to
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phase change, comes from the liquid, which results in the formation of the ther-
mal boundary layer at the interface. The analytical solution is given in literature
[78, 88].

The energy equation needs to be solved only in the liquid phase, given by

∂T

∂t
+u

∂T

∂x
=αl

∂2T

∂x2 (6.28)

with xΓ(t ) the position of the interface at time t . The above equation is solved with
the following boundary condition:

T (x = xΓ(t ), t ) = Tsat (6.29)

The analytical solution for the interface location is given by

xΓ(t ) = 2β
√
αg t (6.30)

where β is the solution of the transcendental equation

β−
(T∞−Tsat )Cp,g kl

p
αg exp

(
−β2 ρ

2
gαg

ρ2
l αl

)
hl g kg

p
παl erfc

(
β
ρg

p
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) = 0, (6.31)

where hl g is latent heat of vaporization.
The analytical solution for the temperature in the liquid phase is given by

Tl (x, t ) = T∞−
 T∞−Tsat

erfc
(
β
ρg

p
αg

ρl
p
αl

)
erf

(
x

2
p
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+ β(ρg −ρl )

ρl

√
αg

αl

)
(6.32)

Problem Setup

The physical properties used in this test case are given in Table 6.1. The wall
temperature Tw is set equal to saturation temperature Tsat . Similar to the Stefan
problem, the computational domain is replicated as 1D by choosing 5 cells in Y
and Z directions respectively. The length ‘L’ in the X-direction is taken as 1 m.
Three grid sizes are selected: coarse (2×10−2 m), medium (1×10−2 m) and fine
(5×10−3 m). The analytical solution is evaluated using MatLab. The problem is
initialized with an interface at xΓ,0 = 0.1 m. The temperature and velocity fields
are initialized using the analytical solution corresponding to xΓ,0.

Smooth Interface Approach

For the smooth interface approach, a good agreement with the analytical solu-
tion is observed for the temperature variation and the evolution of interface loca-
tion as shown in Figure 6.11. The overall agreement in the liquid velocity variation
with the analytical solution is good. Significant fluctuations of the velocity are ob-
served which are due to implicit enforcement of the saturation temperature at the
interface using source term as explained before.
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(c) Evolution of liquid velocity with time.

Figure 6.11: Comparison of the analytical solution and numerical results obtained by
smooth interface approach for the sucking interface problem.
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Sharp Interface Approach

The results obtained using the sharp interface approach are given in Figure
6.12. The results converge to the analytical results as the grid is refined. The
minor oscillation in the velocity is caused by the mass flux source term in the
pressure correction equation.
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(c) Evolution of liquid velocity with time.

Figure 6.12: Comparison of the analytical solution and numerical results obtained by sharp
interface approach for the sucking interface problem
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Error comparison

To compare the accuracy of both approaches, the temperature distributions for
grid size L/∆x = 200 at time t = 219.02 s are shown in Figure 6.13. Similar to
the Stefan problem, the convergence of both methods is compared by calculating
the error in the temperature at time t = 219.02 s at different grid sizes as shown
in Figure 6.14. The results are qualitatively similar to the Stefan problem, i.e.
the error is lower for the sharp interface approach than for the smooth interface
approach and the average order of convergence for the sharp interface approach
(1.74) is higher than the smooth interface approach (1.07).
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Figure 6.13: Comparison of the temperature variation at grid size L/∆x = 200 obtained by
both approaches for the sucking interface problem.
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Figure 6.14: Errors in the temperature variation at different grid sizes obtained by both
approaches for the sucking interface problem.
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6.4.3 3D bubble growth under zero gravity condition

Problem Definition

In this verification test case, a simulation of a 3D spherical bubble in a super-
saturated liquid under zero gravity is carried out. As shown schematically in Figure
6.15, a gas bubble is placed in the middle of the domain and is surrounded by
super saturated liquid. Similar to the sucking interface problem, the gas phase is
at saturation temperature Tsat , and stays at rest throughout the simulation. The
phase change at the interface causes growth of the bubble, which will push the
liquid out of the domain. The heat of vaporization comes from the liquid, and
thus, a thermal boundary layer is formed in the liquid phase near the interface.
The analytical solution is given in literature [101, 73].

The analytical solution for the bubble radius R as a function of time is given by

R = 2β

√
kl

ρl Cpl
t , (6.33)

where kl , Cpl and ρl are the thermal conductivity, the specific heat capacity and
the density of liquid, respectively, and β is the “growth constant“. β is obtained by
solving the following implicit equation

ρl Cpl (T∞−Tsat )

ρg
(
hl g +

(
Cpl −Cpg

)
(T∞−Tsat )

) =
2β2

∫ 1

0
exp

(
−β2

(
(1−ζ)−2 −2

(
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)
ζ−1

))
dζ, (6.34)

where Cpg and ρg are the specific heat capacity and the density of gas, respectively,
hl g is the latent heat and T∞ is the super saturation temperature of the liquid.
The analytical solution for the temperature field at time t is given by

T =
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(
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)
ζ−1

))
dζ r > R

Tsat r ≤ R

(6.35)

Problem Setup

The properties of the fluids are the same as in the previous test cases. A bubble
of radius R0 = 0.15 m is initialized in the center of a cubic domain with size 1 m3.
The temperature and velocity fields are initialized using the analytical solution
corresponding to R0. The surrounding liquid temperature is set to T∞ = 12 K. A
constant pressure (P = 0 bar) and zero heat flux ( dT

dn = 0 K/m) boundary conditions
are applied to all walls. Three grid sizes are selected: coarse (4×10−2 m), medium
(2×10−2 m) and fine (1×10−2 m).
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Figure 6.15: Schematic of the 3D bubble growth problem.

Results and comparison

The bubble growth is simulated for time 70 s starting from the initial bubble
of radius R0. The evolution of the computed radius with time is shown in Figure
6.16. The results closely agree with the analytical solution and grid convergence
can be observed with decreasing grid size.

The final shape of the bubble at the end of the simulation is shown in Figure
6.17. The figure shows that the spherical shape of the bubble is retained by both
approaches even at the coarsest grid. The sphericity parameter Ψ for the final
bubble shape can be calculated using the following expression

Ψ= π
1
3 (6Vb)

2
3

Ab
(6.36)

where Ab and Vb are bubble area and volume respectively.
At the coarse grid, the area and volume of the bubble time t = 83.68 s for

the sharp interface approach are 1.6127 m2 and 0.1925 m3, respectively and the
corresponding sphericity Ψ=0.9999. Similary, the area and volume of the bubble
time t = 83.68 s for the smooth interface approach are 1.8465 m2 and 0.2359
m3, respectively and the corresponding sphericity Ψ =0.9999. In both cases, the
sphericity is very close to 1 confirming that the spherical shape of the bubble is
retained by both approaches even at the coarsest grid.

The temperature distribution in the center plane obtained by the sharp inter-
face approach is shown in Figure 6.18. For both coarse and fine grids, the tem-
perature distribution is radially symmetric. The temperature profile in the thermal
boundary layer is not fully resolved for the coarse grid, which is indicated by the
discontinuities in the temperature distribution near the interface region. How-
ever, these discontinuities are not present in the fine grid result indicating that the
thermal boundary layer is fully resolved.
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(b) Smooth interface approach.

Figure 6.16: Comparison of evolution of bubble radius with analytical solution.

(a) Initial shape.
(b) Sharp interface. (c) Smooth interface.

Figure 6.17: Final bubble shape at time t = 83.68 s for the coarsest grid.

Similar observations can be made for the temperature distribution of the bub-
ble growth obtained by the smooth interface approach (Figure 6.19). However,
an important difference in the temperature distribution obtained by the two ap-
proaches is that the bubble does not remain at the saturation temperature in
the smooth interface approach. The bubble is at temperature T = 10.089 K and
T = 10.012 K for the coarse and the fine grid, respectively. This (small) non-
physical deviation in temperature occurs in the smooth interface approach due
to the implicit forcing of the interface to the saturation temperature. As expected,
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(a) Coarse grid. (b) Fine grid.

Figure 6.18: Temperature distribution in the center plane at time t = 53.68 s for the coarsest
and finest grid obtained by the sharp interface approach.

(a) Coarse grid. (b) Fine grid.

Figure 6.19: Temperature distribution in the center plane at time t = 53.68 s for the coarsest
and finest grid obtained by the smooth interface approach.

this non-physical deviation is not observed in the results obtained by sharp in-
terface approach. For further comparison, the temperature variation along radial
direction t = 53.68 s obtained by both approaches for the coarsest and finest grid
is shown in Figure 6.20. It can be seen that both methods converge towards the
analytical solution with grid refinement. Also, the non-physical deviation from
saturation temperature in case of the smooth interface approach is clearly visible.

Finally, the velocity distribution in the center plane for the finest grid obtained
by both approaches is shown in Figure 6.21. Ideally, the vapor phase in the bubble
should be at rest. However, a small vortical velocity field is observed in the results
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Figure 6.20: Comparison of the temperature variation along the radial direction at t = 53.68
s obtained by both approaches.

(a) Sharp interface approach. (b) Smooth interface approach.

Figure 6.21: Velocity distribution in the center plane at time t = 53.68 s for the finest grid
obtained by the sharp and smooth interface approaches.

indicating the presence of parasitic currents. However, the magnitude of these cur-
rents is in the range of 10−6 m/s and, hence, does not affect the temperature field.
In the velocity distribution corresponding to both approaches, a similar magnitude
and pattern of parasitic currents is observed which is the expected behaviour since
the surface tension term is treated in a similar manner in both approaches. This
finding suggests that the parasitic currents are not influenced by how the temper-
ature field is calculated.
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6.4.4 Bubble rise with phase change

Problem Definition

A 3D simulation of the rise and growth of a vapor bubble in superheated liq-
uid under gravity is carried out. This test case serves as a validation case for
both approaches. The hydrodynamic part of the current method has already been
validated with the simulation of the rise of a bubble under gravity in isothermal
conditions [91]. The rise of the bubble with phase change is more complicated
as the vapor bubble not only rises due to buoyancy but at the same time expands
due to boiling at its surface. The evolution of the growth of an ethanol bubble is
calculated and compared to the experimental data of Florschuetz et al. [102].

Problem Setup

The simulation settings are taken from the study by Shin and Choi [90]. The
thermodynamic properties of the working fluids, i.e. liquid ethanol and ethanol
vapor, are selected at the system pressure of 101.3 kPa and are given in Table 6.2.
The liquid superheat ∆T is set to 3.1 K. A spherical bubble of radius 210 µm is
initialized in a 5× 5× 5 mm3 cubic domain. The initial position of the bubble is
(2.5,2.5,3) mm; i.e. it is located along the central axis of the domain but at the
height of 3 mm from the bottom face. The temperature is initialized with the
analytical solution for the zero gravity condition (Eq. 6.35) corresponding to the
initial bubble size. A moving window concept [91] is used in this simulation such
that the bubble retains its initial position with respect to the domain. A free slip
boundary condition is applied at the side walls and an outflow condition is applied
at the remaining walls. The simulations are carried out for grid dimensions of
250×250×250 and 500×500×500 corresponding to a grid size of 20 and 10 µm,
respectively.

Table 6.2: Ethanol vapor and liquid properties.

Property Gas Liquid

ρ (kg/m3) 1.435 757.0

µ (Pas) 1.04×10−5 4.29×10−4

k (W/mK) 0.020 0.154

Cp (J/kgK) 1830 3000

hl g (J/kg) 9.63×105 -

σ (N/m) 0.018 -

Tsat (K) 351.45 -
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(a) Sharp interface approach. (b) Smooth interface approach.

Figure 6.22: Bubble shape, temperature and velocity distribution after t = 60 ms obtained
by sharp and smooth interface approaches.
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Figure 6.23: Comparison of the evolution of the bubble radius with the experimental
data [90].

Results and comparison

In Figure 6.22, it can be seen that the bubble shape changes from spherical to
ellipsoidal and bubble shape is well preserved by both approaches. As expected,
a region of low superheat can be seen at the trailing edge of the bubble and the
thermal boundary layer on the top and side of the bubble is thinner than at the
bottom of the bubble. Also, a winding vortex can be seen at the side of the bubble.

The evolution of the non-dimensional bubble radius with time obtained by both
approaches is compared to experimental data in Figure 6.23. At a fine grid, the
results obtained by both approaches agree well with the experimental data. At a
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given instant in time, the bubble radius obtained by the smooth interface approach
is larger than in the sharp interface approach. This is because the temperature of
the bubble is not maintained at the saturation temperature in case of the smooth
interface approach. In the current case, it is lower than the saturation temperature
giving rise to additional mass flux at the interface. Note that this is not apparent in
Figure 6.22 (b) as the temperature range is modified to be same as Figure 6.22 (a).

6.5 Conclusion

In this chapter, we have extended the Local Front Reconstruction Method to
allow for phase transition using two different approaches to solve the energy equa-
tion. Both phases are assumed to be incompressible; however, the expansion due
to phase change is incorporated by modifying the divergence-free velocity field
condition at the interface. This modification requires the addition of a source term
in the continuity equation which is related to mass flux generated due to phase
transition. The derivation of this modified continuity equation was presented in
section 6.2.1.

The energy equation has been treated with two different approaches: the
smooth interface approach and the sharp interface approach. The smooth inter-
face approach uses a one fluid formulation to solve the energy equation with an
interfacial source term accounting for phase change. In the smooth interface ap-
proach this interfacial source term is used to enforce the saturation temperature
at the interface. In the sharp interface approach, the thermal properties are not
volume-averaged near the interface, and the saturation temperature is imposed as
a boundary condition at the interface. Thus, a different form of energy equation is
required for both approaches as explained in section 6.2.3. Based on a literature
study and relevance of application of the method, we chose to keep the interface
at saturation temperature and a model based on the energy jump condition at
interface was selected.

Finally, both approaches were verified with two 1D phase change problems: the
Stefan problem and the sucking interface problem. The obtained results closely
agree with the analytical solution, and the error comparison showed the sharp in-
terface method to be more accurate with a better order of convergence than the
smooth interface approach. A 3D bubble growth in a superheated liquid under
zero gravity was also simulated. The bubble growth rate agreed well with the
analytical solution for both approaches upon grid convergence. A symmetric tem-
perature distribution was seen during the whole simulation time, and the impact
of the parasitic currents on the simulation was found to be negligible. However, a
small unphysical rise in the temperature of the bubble was observed in the results
of the smooth interface approach. This is an artifact of the implicit forcing of the
saturation temperature at the interface and is a serious drawback of the smooth
interface approach. In addition to the verification tests, a 3D validation simulation
of the rise and growth of an ethanol vapor bubble in superheated liquid ethanol
was carried out, and a good agreement was obtained between the calculations and
experiment for the growth rate of the bubble.



Chapter 7
Flow Boiling in a Microchannel

Abstract

The rapid advances in performance and miniaturization of electronic devices have
resulted in the need for a cooling technology that can effectively remove the produced
heat at a high rate. As a consequence, flow boiling in microchannels has received
substantial interest in recent years due to its ability to achieve high heat transfer
rates with small variations in the surface temperature. In order to obtain detailed
insight in the complex transport phenomena, numerical simulation of flow boiling
in microchannels has rapidly gained interest in the last decade. In this study, we
use a hybrid front tracking method, the Local Front Reconstruction Method, to study
the growth of a vapor bubble during flow boiling in a 200 µm square microchannel.
The simulation results are compared with other simulation results reported in the
literature. In addition, a parametric study showed an increase of heat removal rate
and bubble growth rate with increasing wall temperature, liquid mass density and
liquid heat capacity while an increase in the inlet velocity decreased the bubble growth
rate and heat removal rate indicating the importance of phase change compared to
convective transport.

This chapter is based on:
A. H. Rajkotwala, E. A. J. F. Peters, M. W. Baltussen, C. W. M. van der Geld, J. G. M. Kuerten,
J. A. M. Kuipers, A numerical study of flow boiling in a microchannel using the Local Front
Reconstruction Method (In preparation).
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7.1 Introduction

Many miniaturized devices, e.g. CPUs, GPUs, memory cards, data storage de-
vices, semiconductor devices, laser diode arrays and proton exchange membrane
fuel cells, demand for high heat transfer rates over a relatively small area [2]. Flow
boiling is one of the promising technologies for cooling. This two-phase cooling
method has several advantages over the conventional cooling strategies: a lower
mass flow rate of the coolant due to the high energy uptake by the latent heat of
vaporization, a lower pressure drop due to this lower mass flow rate, lower tem-
perature gradients due to saturated flow conditions and an increase of the heat
transfer coefficient with increasing heat flux [1]. The heat transfer associated with
the boiling process is further enhanced by the relatively large liquid-vapor interfa-
cial area offered by the geometry of the microchannel [4]. Due to the dominant
effect of the capillary forces in microchannels, dispersed bubbly flow is quickly
suppressed at low vapor qualities by the rapid expansion of the nucleating bubbles
resulting in slug flow as the dominant flow regime [7].

The slug flow regime is characterized by the presence of elongated bubbles,
which trap a thin liquid film against the channel wall, alternated by liquid pock-
ets and is considered to be the flow regime enabling efficient heat transfer [7].
Due to the importance of the slug flow regime in microchannels, we focus in this
study on the growth of a vapor bubble to form a vapor slug. Over the past few
decades, many experimental investigations have been carried out on flow boil-
ing in microchannels. These studies led to the development of theoretical models
for the prediction of the pressure drop and the heat transfer coefficient for flow
boiling in microchannels. Detailed reviews of experimental studies and analytical
models of microchannel flow boiling are available in literature [8, 9, 10, 11, 12].
These reviews compare various experimental data sets and evaluate the available
theoretical models against these data sets. The main conclusions are that the ex-
perimental outcomes are often contradictory and additionally that the available
analytical models do not provide satisfactory predictions [13]. Thus, the lack of
agreement on the heat transfer performance trends combined with the limitations
of the experimental measurement techniques to probe into the local flow and heat
transfer phenomena poses a serious limitation to advance the fundamental under-
standing.

Unlike experiments, numerical simulations can provide detailed information
on the local hydrodynamics and heat transfer of boiling flows in microchannels
and thus have become an important research tool. Previously, Mukherjee and
Kandlikar [103] carried out 3D simulations of vapor bubble growth during flow
boiling of water in a 0.2 mm square microchannel using a Level Set (LS) Method.
They assumed the vapor phase to remain at a saturation temperature of 373.15 K.
The simulations were initiated with a vapor bubble placed in the center of the
channel cross section. They reported a rapid increase in the growth rate of the
bubble when it filled the channel cross section. This increase in growth rate was
attributed to boiling of the thin liquid film that is trapped between the bubble
and channel walls. The authors qualitatively compared bubble shape evolution
with experimental data and observed a good agreement. A quantitative compari-
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son was not performed because the physical parameters of the experiments were
not replicated in the simulations. The authors found that the bubble growth rate
increases with increasing superheat, while gravity has a negligible influence, as
expected. Surprisingly, the vapor patch formation at the walls was not observed at
higher liquid superheat. The authors reasoned that lack of sufficient time for the
thin layer to start boiling at higher superheat prevented formation of such vapor
patches.

Using the same numerical model and physical parameters as in Mukherjee and
Kandlikar [103], Mukherjee et al. [94] performed 3D transient simulations for
vapor bubble growth attached to a wall in a microchannel. The authors studied the
effect of the wall superheat, liquid Reynolds number, surface tension and contact
angle between the liquid-vapor interface and the wall on bubble growth and heat
transfer from the heated wall of the channel. The bubble growth rate and heat
transfer rate from the wall were shown to increase with wall superheat and a
minor variation was observed with the inlet liquid Reynolds number and surface
tension (within the range considered in their study). An interesting outcome of the
study was that a very high bubble growth rate was observed at a contact angle of
20◦ compared to angles of 40◦, 60◦ and 80◦. This was attributed to boiling in the
thin film. A higher contact angle resulted in a larger wall area exposed to the vapor
and therefore, in a lower wall heat transfer rate. A limitation in their parametric
study was that the simulations were initialized with zero liquid velocity deviating
from practical situations where bubble formation in a steady laminar flow prevails.

Lee and Son [104] performed 3D simulation of nucleation and growth of a
water vapor bubble in rectangular microchannels of various sizes using the LS
method. The method was coupled to a microlayer model to account for evapora-
tive mass transfer in the microlayer between the bubble and the bottom wall (near
the bubble wall contact location). The authors showed that the bubble growth
rate (and hence heat transfer rate from the wall) in a microchannel (0.4 mm) is
significantly higher than in a larger channel (3 mm). No thin film was formed in
the larger channel, thus indicating the importance of the thin film in heat transfer
during flow boiling in a microchannel. In addition, the authors showed that the
heat transfer rate from the wall increased with decreasing contact angle, which is
in agreement with the results of Mukherjee et al. [94].

Zu et al. [105] simulated nucleation and growth of a bubble in a 0.38 mm
height rectangular microchannel using the Volume of Fluid (VOF) method in AN-
SYS Fluent. The authors used the concept of “pseudo-nucleate boiling" which sep-
arated the bubble evolution into two stages. In the first stage, the bubble growth
on the wall and bubble lift-off are controlled to match the experimental data. After
bubble detachment from the wall, the bubble growth rate is driven by a constant
heat flux equal to the average wall heat flux. The simulation results agree well
with the experiments, which is not surprising as the initial growth and lift off
were controlled by experimental data. In addition, the assumption in the second
stage that the bubble evaporation rate is driven by average wall heat flux puts a
limitation to the generality of their CFD model.

Zhuan and Wang [106] studied flow pattern transitions in a 0.5 mm diameter
circular microchannel using the VOF method. Similar to Zu et al. [105], the
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bubble evaporation was treated in two different stages: nucleation bubble growth
and slug bubble growth. In the first stage, an analytical model for the bubble
growth rate was used and for the second stage an energy jump condition was used
to calculate the evaporative mass flux. In their study, the effect of bubble lift-off
size, heat flux, mass velocity, frequency of bubble generation and fluid properties
on flow pattern transition were studied.

Magnini et al. [7] studied the hydrodynamics and heat transfer of an elon-
gated bubble during flow boiling in a 0.5 mm diameter circular microchannel by
performing 2D axisymmetric simulations using the VOF method in ANSYS Fluent.
Because the authors used an axisymmetric model, low wall heat fluxes, high in-
let mass flow rates and refrigerants as working fluids, relatively thick films were
found between the bubble and the wall, which enabled them to completely re-
solve the thin film in their simulations. A Taylor bubble is introduced in an adia-
batic entry region to allow it to reach a hydrodynamic steady state before it enters
the heated region. When the bubble comes into contact with the superheated
thermal boundary layer, it starts growing rapidly, resulting in the acceleration of
the bubble nose along the channel length and increasing heat transfer rate from
the wall. The authors also observed that the heat transfer coefficient monotoni-
cally increases with decreasing average film thickness, indicating the importance
of thin film evaporation for the overall wall heat transfer. Using the same numer-
ical model, the authors extended the above work to simulate multiple elongated
bubbles and investigated the influence of bubble interaction on flow boiling heat
transfer in microchannels [107]. Magnini and Thome [108] utilized the numerical
results from these studies to improve the two zone analytical model of Jacobi and
Thome [109]. Magnini and Thome [4] further extended their single bubble work
[7] by carrying out simulations for varying operating conditions (wall heat flux,
inlet mass flux and bubble generation frequency), different operating fluids and
channel diameters. Their study was concluded with a dimensional analysis iden-
tifying the non-dimensional numbers which are important for the hydrodynamics
and heat transfer of microchannel slug flow boiling.

As shown in the previous literature review, the existing numerical studies have
been performed with front capturing methods only. Both methods have their in-
trinsic limitations, i.e. LS methods have issues with mass conservation, while the
VOF approach faces limitations to accurately account for surface tension forces [7].
Flows in microchannels are dominated by capillary effects and thus it is important
to use a numerical method which allows for an accurate and robust surface ten-
sion force calculation. Front Tracking (FT) methods are inherently better suited to
accurately calculate the surface tension because they directly track the interfaces
[29, 27, 42, 91]. Therefore, in this study, we use a front tracking method without
connectivity, the Local Front Reconstruction Method (LFRM) [91] to study flow
boiling in a square microchannel.

The LFRM can easily handle complex topological changes like droplet collisions
and merging and can accurately capture the interface dynamics while using rela-
tively coarse grids compared to front capturing methods [91]. We have extended
the LFRM to include phase transition using a sharp interface approach for the en-
ergy equation[110]. The extended method has been verified against analytical
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solutions for standard 1D and 3D tests and validated against experimental data
for 3D bubble rise and growth in a supersaturated liquid. The details of the imple-
mentation along with verification and validation results can be found in Chapter
6.

In this chapter, the simulation of growth of a single vapor bubble during flow
boiling in a microchannel is performed using LFRM where the simulation results
of Mukherjee and Kandlikar [103] are used as a reference. We extend their work
by studying the influence of various thermal and hydraulic parameters like wall
superheat, inlet velocity, liquid mass density and liquid heat capacity on the growth
of the vapor slug during flow boiling.

The outline of the chapter is as follows: the simulations of a Taylor bubble
rise in a vertical channel are presented and validated against experimental data
in section 7.3. These simulations serve as hydrodynamic validation for a closed
system. In section 7.4, the simulation results of the single bubble growth case of
Mukherjee and Kandlikar [103] are presented as well as a detailed comparison
with existing results. In section 7.5, results of the parametric study are discussed
and finally, conclusions are presented in section 7.6.

7.2 Numerical Method

In this study, we will use the extended LFRM method with a sharp interface
treatment for the energy equation as described in Chapter 6. The flow equations
are solved by a one fluid formulation with suitable liquid-vapor equilibrium con-
ditions at the interface. Although both phases are assumed to be incompressible,
the expansion due to phase change is incorporated by modifying the divergence-
free velocity field condition at the interface. The energy equation is treated with a
sharp interface approach. In this approach, the thermal properties are not volume-
averaged near the interface and the temperature at the interface is set as a bound-
ary condition to the saturation temperature. The governing equations are as fol-
lows:

Mass conservation equation

∇·u=
(

1

ρg
− 1

ρl

)∫
A f

δ(x−x f )ṁd A f , (7.1)

where ṁ is the interfacial mass flux, which is calculated from the heat flux q̇ at
the interface using the simplified energy jump condition.

Momentum conservation equation

ρ
∂u
∂t

+ρ {∇· (uu)−u (∇·u)} =−∇p +ρg+∇·τ+Fσ, (7.2)

where τ is the viscous stress tensor and Fσ is the volumetric surface tension force
density.
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Energy conservation equation

ρCp
∂T

∂t
+ρCp {∇· (uT )−T (∇·u)} =∇· (k∇T ) . (7.3)

The temperature of the interface is assumed to be the saturation temperature
(Tsat ) and is imposed as a boundary condition using a sharp interface approach.
Thus, an interfacial heat source term representing the latent heat is absent from
the energy equation 7.3.

The interface is represented by an unstructured mesh of triangular markers,
which are formed by the connection of Lagrangian points situated at the corners
of these markers. The markers enable advection of the interface and calculation
of local phase fractions and surface tension force. The volumetric surface tension
force density Fσ is calculated using the hybrid method of Shin et al. [30].

The interface is advected using the following equation

dx f

d t
= unn f , (7.4)

In the above equation, the normal velocity at the interface has two components;
one due to fluid advection and the other due to phase change.

The advection of these Lagrangian points leads to a decrease in the interface
mesh quality. Thus, it is required to reconstruct the interface at regular time inter-
vals. In this study, the interface is reconstructed using the modified LFRM (Chap-
ter 2).

7.3 Validation on rising Taylor bubble

The numerical model has been validated by comparing computed shapes and
velocities of gas bubbles rising in quiescent viscous liquids with experimental data
as described in Rajkotwala et al. [91]. However, these simulations do not include
the influence of a wall, which will play an important role in flows in microchannels.
Therefore, we present a validation on the Taylor bubble rise problem, where the
simulation results are compared to experimental data reported by Bugg and Saad
[111]. The results are also compared with available simulation results given in
Ndinisa et al. [112] and Gutiérrez et al. [113].

Problem Setup

The simulation conditions for the given problem are taken from Ndinisa et al.
[112], the schematic representation of the initial configuration is shown in Figure
7.1. The diameter D of the pipe is 0.019 m. The bubble is initiated as a cylinder
with a hemispherical cap at the front end. The radius r0 and height hb of the
bubble are 0.007 m and 0.0523 m, respectively, corresponding to an initial volume
of 7.697× 10−6 m3. The gas and liquid properties are summarized in Table 7.1.
The geometrical parameters and fluid properties correspond to Eötvös number
Eo = ρl g D2/σ= 100 and Morton number Mo = gµ4

l /(ρlσ
3) = 0.015.
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Figure 7.1: Schematic of initial configuration of the Taylor bubble problem [113]. r0 = 7
mm, D = 19 mm, hb = 52.3 mm, hi ≈ 1.5D and ho ≈ 2D.

Table 7.1: Gas and liquid properties for Taylor bubble problem.

Property Gas Liquid

ρ (kg/m3) 1.205 911

µ (Pas) 1.827×10−5 8.4×10−2

σ (N/m) 0.0328

The bubble and liquid are initiated with zero initial velocity. To apply the no-
slip boundary condition at the cylindrical walls of the tube, the Immersed Bound-
ary Method of Deen et al. [100] is used. The Taylor bubble is kept at approximately
the same position from the top and bottom boundaries of the domain by applying
a window shifting concept [42], removing the need to use a large simulation do-
main. The simulations are carried out at three different grid resolutions such that
the tube diameter to the grid size ratio D/∆x = 38, 76 and 95. The simulations are
continued until the Taylor bubble attains a constant terminal velocity.
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Figure 7.2: Variation of the Taylor bubble velocity with time for different grid resolutions.

Table 7.2: Summary of calculated bubble terminal velocity and comparison with other
works.

Method Literature Terminal velocity (m/s)

LFRM (D/∆x = 38) - 0.1311

LFRM (D/∆x = 76) - 0.1287

LFRM (D/∆x = 95) - 0.1282

Experiment Bugg and Saad [111] 0.131

VOF Ndinisa et al. [112] 0.140

LS Gutiérrez et al. [113] 0.1286

Results and discussion

The evolution of the bubble velocity with time is shown in Figure 7.2 for dif-
ferent grid resolutions. For all grid resolutions, the bubble has attained a constant
rise velocity. There is a negligible difference between the medium and the fine
grid results indicating grid convergence. The obtained bubble terminal velocities
compare well with values obtained from experiments and other numerical studies
as summarized in Table 7.2. The final shape of the Taylor bubble at steady state is
shown in Figure 7.3.

Figure 7.4 shows the normalized axial velocity profile at several positions in
the tube. Overall, there is a good agreement with the experimental [111] and
numerical results [112, 113] from literature. Figure 7.4 (a) reveals that the bubble
perturbs the fluid in front of it, but the axial velocity decays swiftly. There exists
a strong radial velocity component near the bubble nose, because the upward
movement of the bubble causes the fluid to be pushed sideways. This creates a
downward flow near the wall which is shown in Figure 7.4 (b). Figure 7.4 (c)
shows the normalized axial velocities in the developing film. The liquid in the film
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(a) Initial bubble shape. (b) Final bubble shape.

Figure 7.3: Final shape of the Taylor bubble at steady state for the grid resolution of D/∆x =
38.
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Figure 7.4: Variation of normalized axial velocity (a) at the tube axis above the bubble nose
(b) in the section at 0.111D above the bubble nose.
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Figure 7.4: (Continued) Variation of normalized axial velocity (c) in the developing film at
0.504D below the bubble nose and (d) in the wake of the bubble

begins to fall due to gravity, inducing strong axial velocities in the film. The axial
velocities are higher at the gas-liquid interface compared to the wall due to the
negligible shear stress at the gas-liquid interface. At the rear end of the bubble,
the downward axial velocities near the wall are dramatically reduced, which can
be seen in Figure 7.4 (d). Similar to the nose of the bubble, there is a strong radial
velocity component that transfers the fluid from the wall towards the axis of the
bubble.

7.4 Growth of a vapor bubble in microchannel

The numerical model of phase transition has been thoroughly verified against
analytical solutions using standard 1D and 3D tests and validated against exper-
imental data for 3D bubble rise and growth in a supersaturated liquid [110]. In
this section, the simulation of the growth of a vapor bubble during flow boiling of
water in a microchannel is presented. The results are compared to the simulation
results given in Mukherjee and Kandlikar [103].
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Problem Setup

In ow

uin=0.146 m/s

Tin=2 K

Outlet

Constant
pressure,

dT/dn=0

Remaining walls - No slip, Tw=7 K

Vapour bubble at Tsat=373.15 K

Tinitial=2 K

Liquid Water

Figure 7.5: Schematic of problem setup for vapor bubble growth in microchannel.

The simulation parameters are taken from Mukherjee and Kandlikar [103]. A
20 µm vapor bubble is initialized at (198,99,99) µm in a channel of dimensions
990× 198× 198 µm as shown in Figure 7.5. The bubble is initially at saturation
temperature Tsat = 373.15 K whereas the surrounding water is at Ti ni t i al = 375.15
K. Water enters at a superheated temperature of Ti n = 375.15 K with a velocity cor-
responding to Re = 100. No-slip and constant temperature Tw = 380.15 K bound-
ary conditions are applied to all side walls. A constant pressure and a Neumann
boundary condition ( dT

dn = 0) is set at the outlet. All physical properties for water
and water vapor are taken at 373.15 K. In our simulations, the grid size is taken as
∆x = 1.98 µm whereas the time step is set at ∆t = 0.2 µs.

Results and discussion

The growth of the vapor bubble with time is shown in Figure 7.6. Initially,
the bubble grows while retaining its spherical shape and moves downstream in
the direction of flow. Then, the bubble starts to elongate in the direction of flow,
because the bubble has occupied almost the entire cross-section of the channel,
which prevents further expansion in the y-z plane.

The numerical results obtained by LFRM qualitatively agree well with those
reported by Mukherjee and Kandlikar [103] except for the last frame. In the work
of Mukherjee and Kandlikar [103], the bubble is seen to form a vapor patch at the
wall. However, in case of LFRM, there exists a liquid layer even though the bubble
starts to become constrained by the walls. In the level set approach, as is used by
Mukherjee and Kandlikar [103], such premature vapor patch formation is often
obtained and is grid size dependent [13].

In addition, there is a temporal lag that is caused by the different underlying
assumptions in both methodologies. Mukherjee and Kandlikar [103] assumed the
gas phase to remain at the imposed saturation temperature (even after the gas
phase comes into the direct contact with the superheated wall) and the interface
velocity due to phase transition is weighed using the gas density only. On the other
hand, in LFRM, the energy equation is also solved in the gas phase and a harmonic
average of gas and liquid density is used for the interface velocity, which reduces
the overall interface velocity.
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Figure 7.6: Comparison of the bubble evolution with Kandlikar and Mukherjee [103].

From the temperature distribution shown in Figure 7.7 (a), it can be seen that
a thermal boundary is formed in the liquid near the wall. In addition, the bub-
ble interface is accurately maintained at the saturation temperature even near the
wall boundaries maintaining a sharp gradient in the temperature indicating a high
heat transfer rate across the liquid film (which is one of the main causes of in-
creased heat transfer in microchannel flow boiling). As shown in Figure 7.7 (b),
the velocity is higher downstream of the bubble than upstream, indicating that as
the bubble grows the liquid is pushed towards the outlet.
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(a)

(b)

Figure 7.7: Temperature and velocity distribution in the central vertical plane.

7.5 Parametric study

In this section, the effect of the wall temperature, inlet velocity, liquid mass
density and liquid heat capacity on the growth of a vapor bubble during mi-
crochannel flow boiling is studied. The studied system, channel dimensions, bound-
ary conditions and initial bubble size and temperature are kept the same as in the
previous section. In this study, the domain is initialized with the steady state so-
lution of the corresponding single phase flow and heat transfer problem, i.e. with
fully developed hydrodynamic and thermal profiles. For the base case, the fluid
properties of water and water vapor, wall superheat of ∆T = 8 K and inlet Reynolds
number Re = 100 are selected.

Results and discussion

A number of simulations are carried out using different parameters and their
influence on the equivalent bubble diameter, bubble upstream and downstream
boundaries and dimensionless heat transfer rates from the wall (Nusselt number)
is studied. The results are presented in non-dimensional units where the length
and time scales are non-dimensionalized by the channel width (L0 = 198 µm) and
L0/u0 (u0 corresponding to the given Reynolds number), respectively. It is im-
portant to note that our parametric study is performed for a specific system for
a limited amount of time. Therefore, the trends obtained might not be univer-
sally applicable but still give a good indication of the influence of heat transfer
parameters on flow boiling in microchannels.
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Figure 7.8: Variation of (a) non-dimensional equivalent diameter D, (b) non-dimensional
bubble cap locations L1,L2 and (c) average Nusselt number Nuav g on bottom
wall with non-dimensional time τ for different wall temperatures.

Effect of the wall temperature

The simulation results for three different wall superheats ∆T = 5 K, 8 K and 10 K
are shown in Figure 7.8. Figure 7.8 (a) shows that the initial growth of the bubble
is similar until the bubble comes in contact with the thermal boundary layer near
the wall (around D = 0.8). Thereafter, the rate of bubble growth increases with
increasing wall superheat.

In Figure 7.8 (b), the non-dimensional downstream and upstream boundaries
of the bubble are plotted as a function of time. The downstream end reaches the
end of the channel faster with increasing wall superheat, indicating faster growth
of the bubble slug. However, the wall superheat does not seem to influence the
upstream part of the bubble. This is caused by the fact that the upstream end of
the bubble moves with the imposed flow velocity [7], which is the same for all
three cases.

The time evolution of the Nusselt number (Figure 7.8 (c)) indicates that the
heat transfer from the walls increases as the bubble grows and interacts with the
thermal boundary layer. As the thickness of the liquid film decreases, the thermal
boundary layer becomes thinner, thereby increasing the heat transfer rate from the
wall. This is in agreement with the consideration that the conductive heat transfer
in the thin film is a dominant mechanism for improved heat transfer in case of slug
flow boiling [13]. As expected, with increased wall superheat, the heat transfer
from the wall increases.
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Figure 7.9: Variation of (a) non-dimensional equivalent diameter D, (b) non-dimensional
bubble cap locations L1,L2 and (c) average Nusselt number Nuav g on bottom
wall with non-dimensional time τ for different Reynolds numbers.

Effect of the inlet velocity

Simulations are carried out at three different Reynolds numbers (Re = 100, 200
and 300) by changing the fluid velocity. The results are shown in Figure 7.9. Fig-
ure 7.9 (a) shows that the bubble growth rate decreases with increasing Reynolds
number. The increased Reynolds number thins the thermal boundary at the wall,
as seen in the initial temperature distribution in Figure 7.10. Therefore, the in-
teraction of the bubble with the wall thermal boundary layer is delayed at high
Reynolds number compared to low Reynolds number and thus, results in reduced
bubble growth rate with increasing Reynolds number.

Figure 7.9 (b) shows the relative importance of the convective transport of the
bubble interface compared to the transport due to phase change. As explained
previously, the rapid bubble expansion through phase change, once it occupies the
entire channel, leads to much faster transport of the bubble downstream location
compared to the convective transport due to fluid flow, which is clearly visualized
in Figure 7.11. The evolution of the bubble upstream cap coincides for different
Reynolds numbers, indicating that the upstream cap travels with an average liquid
inflow velocity.

From Figure 7.9 (c), it can be seen that the heat transfer rate from the wall
is initially lower at low Reynolds number because of the relatively thick thermal
boundary layer. However, the heat transfer rapidly increases once the bubble starts
interacting with the wall thermal boundary. This shows an interesting interplay
between convective heat transport and heat transfer due to phase change.
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(a) Re = 100

(b) Re = 200

(c) Re = 300

Figure 7.10: Temperature distribution at the start of the simulation for different Reynolds
numbers.

(a) Re = 100

(b) Re = 200

(c) Re = 300

Figure 7.11: Bubble shape at the end of the simulation for different Reynolds numbers.
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Figure 7.12: Variation of (a) non-dimensional equivalent diameter D, (b) non-dimensional
bubble cap locations L1,L2 and (c) average Nusselt number Nuav g on bottom
wall with non-dimensional time τ for different density ratios.

Effect of the liquid mass density

Figure 7.12 shows the influence of changing the liquid mass density (ρl /ρg =
406, 812 and 1624) on the bubble growth. As the density ratio increases, more
volume of vapor is generated for the same volume of evaporated liquid. This leads
to a faster bubble growth rate as shown in Figure 7.12 (a). The faster bubble
growth rate leads to a faster transport of the bubble downstream cap (Figure 7.12
(b)). Again, it can be seen that the upstream cap of the bubble travels mostly with
the flow field and is hardly influenced by the growth of the boiling bubble. The
higher bubble growth rate leads to an increased heat transfer rate from the wall
(Figure 7.12 (c)).

Effect of the liquid heat capacity

Simulations are carried out at three liquid Prandtl numbers (Pr = 0.88, 1.76 and
3.51) by changing the heat capacity of the liquid, the results are shown in Figure
7.13. The bubble growth rate increases with an increase in the liquid heat capacity
and thus with increasing Prandtl number (Figure 7.13 (a)). This is because liquid
with larger heat capacity will bring more heat at the vapor surface enabling more
phase change.

However, in case of Pr = 3.51, the bubble growth rate is so high that the liq-
uid film thickness becomes lower than the grid size leading to attachment of the
bubble to the wall (Figure 7.14), which is probably premature numerical dryout.
Because the bubble comes in direct contact with the wall, the net heat transfer
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Figure 7.13: Variation of (a) non-dimensional equivalent diameter D, (b) non-dimensional
bubble cap locations L1,L2 and (c) average Nusselt number Nuav g on bottom
wall with non-dimensional time τ for different Prandtl numbers.

Figure 7.14: Bubble shape at the end of the simulation for Pr = 3.51.

rate from the wall decreases for this case. The change in the bubble growth rate
also effects the location of the bubble downstream cap as shown in Figure 7.13
(b). This case demonstrates how dry-out can deteriorate the bubble growth rate
and consequently the heat transfer rate from the wall, but note that in the present
simulation case this phenomenon is non-physical and of numerical origin.

7.6 Conclusion

In this chapter, we used the Local Front Reconstruction Method to study flow
boiling in a microchannel. The hydrodynamics and heat transfer (including phase
change) implementation of the current numerical model have been thoroughly
verified and validated in our previous studies [91, 110]. However, our model was
not yet validated in the presence of walls. Therefore, in the current study it is vali-
dated for the case of a Taylor bubble rising in a vertical tube. The bubble terminal
velocity and axial velocities at various locations are found in good agreement with
the reference data sets [111, 112, 113].
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Next, numerical simulation of growth of a single vapor bubble during flow
boiling in a 200 µm square microchannel is carried out. Once the bubble occupies
the channel cross-section, an explosive growth of the bubble in the longitudinal
direction is seen, because of a drastic increase in the heat transfer rate from the
wall due to thin film evaporation. Because it is difficult to control the experimental
settings, the results are compared with the data reported in the numerical study
of Mukherjee and Kandlikar [103]. The obtained bubble evolution qualitatively
agree well with these reference results, except for a temporal lag that is due to the
difference in underlying assumptions in both methods. In addition, a premature
vapor patch formation is seen in the reference results which is not observed in the
results obtained by LFRM.

Finally, the influence of wall temperature, inlet velocity, liquid mass density and
liquid heat capacity on bubble growth rate and heat transfer rate in microchannel
flow boiling has been quantified. The bubble growth rate and the net heat transfer
rate from the wall increase with increasing wall superheat indicating the impor-
tance of conductive heat transport in the thin liquid film between the bubble and
the wall. On the other hand, increasing the inlet velocity decreases the bubble
growth rate and the net heat transfer rate inspite of the increase in the convective
heat transfer indicating the importance of phase change on overall heat transfer
from the wall. As expected, the bubble growth rate and the net heat transfer rate
increase with liquid mass density and liquid heat capacity. However, an increased
growth rate is not always beneficial as seen in the case of Pr = 3.51, where a vapor
patch is formed near the wall. Although the dryout is numerical in nature (and
thus, premature), it demonstrates the negative impact of dry-out on the net heat
transfer from the wall.





Chapter 8
Epilogue

Flow boiling in microchannels is one of the promising technologies for the
cooling of miniaturized devices for future electronics and high power semiconduc-
tor devices. In addition to experimental approaches, numerical simulations have
become an important tool as they provide complete details on temperature and
velocity fields. This is essential for a detailed understanding of the physics behind
such complex multiphase systems. In this thesis, we have implemented, improved
and extended the Local Front Reconstruction Method (LFRM) that enable the sim-
ulation of complex multiphase flows with phase change.

In the first part of the thesis, we extended the LFRM to a multiscale framework.
This is achieved by coupling the LFRM with sub-grid models to account for thin
films. First, we accounted for a thin film formed between two colliding droplets
with a film drainage model. The coupled LFRM with film drainage model was
used to simulate binary collisions of tetradecane droplets. A comparison with
experimental and simulation results from the literature showed that the coupled
approach is much better in predicting the collision dynamics than the traditional
methods.

Furthermore, the droplet collision simulations of LFRM were compared with
the simulations of Diffuse Interface Method (DIM) to gain an insight into the extent
of missing interfacial dynamics and its impact on the collision outcome. An overall
good agreement was seen in the simulation results of LFRM and DIM showing
that the simulations of droplet collisions can be carried out with high fidelity using
LFRM. This opens up the possibility of using the extended LFRM to study droplet-
laden flows in various applications such as emulsification of two immiscible fluids
in the food industry, mixing of petrochemicals in the oil industry and liquid jet
atomization for combustors in the automobile and aerospace industry.

Next, we developed a sub-grid model to account for a thin film formed be-
tween a droplet and a solid wall and coupled it with LFRM. The coupled approach
was successfully tested by performing simulations of a droplet falling onto and
sliding down a sloping wall. It was observed that the evolution of films thinner
than the grid size is captured with reasonable accuracy when using the sub-grid
film model. Although the model was tested for a very specific situation, we expect
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that the approach is more general and can be extended to other situations where
thin films form. The interaction of droplets or bubbles with a solid wall is encoun-
tered in many multiphase systems, especially micro-structured flow devices used
in biomedical, process intensification, microreactor technology, and other applica-
tions.

The second part of the thesis focused on the simulation of boiling flows using
LFRM. A phase change model was incorporated in LFRM. This is achieved with two
different approaches: a smooth interface approach and a sharp interface approach.
The smooth interface approach uses one fluid formulation to solve the energy
equation with an interfacial source term accounting for phase change. This inter-
facial source term enforces the saturation temperature at the interface. However,
in the sharp interface approach, the thermal properties are not volume-averaged
near the interface and the saturation temperature is imposed as a boundary con-
dition at the interface. Both implementations were verified using 1D and 3D test
cases and produce a good match with analytical solutions. A comparison of results
highlighted certain advantages of the sharp interface approach over the smooth
interface approach such as better accuracy and convergence rate, reduced fluctu-
ations in the velocity field and a physically bounded temperature field near the
interface. The inclusion of the phase change model in LFRM provides an opportu-
nity to carry out numerical simulations of boiling/condensation flows encountered
in many industrial systems, such as refrigeration systems, cooling systems, boilers,
heat exchangers and nuclear reactors.

In this thesis, we used LFRM to simulate flow boiling in a microchannel. In
particular, the growth of a vapor bubble during flow boiling in a 0.2 mm square
microchannel was studied. The simulation results showed an explosive bubble
growth once it occupies almost the entire cross-section of the channel. This is
due to the evaporation of the thin liquid film trapped between the bubble and the
walls. In addition, a parametric study showed an increase of heat removal rate
and bubble growth rate with increasing wall temperature, liquid mass density, and
liquid heat capacity while an increase in the inlet velocity decreased the bubble
growth rate and heat removal rate indicating the importance of phase change
compared to convective transport.

Overall, the extended LFRM method with the multiscale framework and phase
change model looks very promising to accurately simulate many multiphase flow
systems. In the future, the LFRM method presented in the thesis can be further
improved/extended on the following fronts to obtain more accurate/realistic re-
sults.

Model for thin film evaporation

In chapter 7, we highlighted the importance of thin film evaporation in overall
heat transfer during flow boiling in microchannels. Under practical conditions, the
length scale of the thin film is much smaller than the width of the microchannel.
This poses a challenge to fully resolve the thin film while maintaining an affordable
number of computational grid cells. For the thin film, it is safe to assume that the
flow and heat transfer is dominated by viscous and conduction effects, respectively.
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This provides an opportunity to extend the thin film model developed in chapter
5 to account for the thin film evaporation. Some important considerations taken
into account for this extension are as follows:

• We considered a droplet sliding on a solid wall where the interaction of the
droplet surface was limited to one wall. In flow boiling in a microchannel,
the vapor slug will interact with all walls of the microchannel. Thus, the
model has to be applied locally on each wall. This implies that if the flow
is in the x-direction, the thin film formed between the vapor slug and wall
parallel to the y-axis will be driven by the velocities in x- and z-directions.
Similarly, the thin film formed between the vapor slug and wall parallel to
the z-axis will be driven by the velocities in x- and y-directions.

• The equations governing the evolution of the thin film can be derived follow-
ing the steps given in chapter 5 with additional consideration of evaporation.
For example, the equation of evolution of thin film formed between the vapor
slug and wall parallel to the y-axis is

∂h

∂t
+ 1

2

∂

∂x

(
U f h

)+ 1

2

∂

∂z

(
W f h

)+ Ṁ f

ρl
= 0, (8.1)

where h is the film thickness, U f and W f are velocities at the gas-liquid
interface in x- and z-directions, respectively, ρl is liquid density and Ṁ f is
evaporation mass flux in the film.

• The evaporation mass flux, Ṁ f , can be calculated from the heat flux through
the thin film, q f . Here we can assume that the heat transfer in the thin film
is dominated by conduction, giving

Ṁ f =
q f

hl v
= kl

hl v

(
Tw −Tsat

h

)
, (8.2)

where hl v is the latent heat measured at the equilibrium saturation temper-
ature Tsat and Tw is the temperature of the wall.

• Using the surface to volume ratio, a volumetric evaporation mass rate can
be calculated from Ṁ f and used in the continuity equation to allow for fluid
expansion at the interface due to evaporation. It is important to note that
the above outlined method is for the cells containing the thin film. In the
rest of the domain, the method will be the same as explained in chapter 6.

Microlayer model for bubble nucleation

Three-phase contact line dynamics is already incorporated in LFRM and has
been successfully used to study bubble formation from an orifice [40]. Thus, LFRM
can be used to study the growth of a vapor bubble in nucleate boiling. However, a
micro-layer model [73, 114, 75] is required to take into account vaporization from
the liquid micro-layer existing beneath a growing vapor bubble on a hot surface.
The concept of the micro-layer model is analogues to the above explained thin
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film model. However, the micro-layer is assumed to be stationary and thus, the
evolution of micro-layer is completely governed by evaporation. An example of
the micro-layer model implemented in VOF method can be found in the paper by
Sato et al. [114].

Conjugate heat transfer

Recent experimental studies [115, 116] on flow boiling in microchannel sug-
gest that there are high local wall temperature fluctuations closely followed by the
changing flow patterns in the microchannel. However, in the numerical simula-
tions, constant temperature or constant heat flux is the commonly used boundary
condition at the wall. Thus, the validity of these boundary conditions can be
checked by also explicitly modeling the heat transfer in the wall and using conju-
gate heat transfer between the liquid and the wall. This can be achieved by forcing
zero velocity in the solid domain for square or rectangular channels or by using an
Immersed Boundary Method (IBM) for more complicated channel configurations.

Parallelization

Currently, the flow and energy solver in LFRM is parallelized using OpenMP,
which parallelizes the solution process for a shared memory configuration. The
reconstruction procedure of LFRM still operates on a single core. More efforts
are required in the parallelization using the MPI platform, which distributes the
solution process on multiple computing nodes. This will extend the capability of
LFRM to simulate larger systems.



Appendix A
Surface Tension Force
Calculation

In this appendix, further details on the surface tension calculation methods
are presented. Firstly, the pull force method [27] which is used in the standard
Front Tracking method is explained. The pull force method consists of three steps:
(1) Surface tension calculation on Lagrangian mesh, (2) Distribution of surface
tension force and (3) Pressure jump correction. The third step needs information
about marker-marker connectivity which is not readily available in LFRM. Thus,
the hybrid surface tension method [30] is used in LFRM. The appendix ends with
the outline of the implementation of the hybrid method.

A.1 Pull force method

Surface tension calculation on Lagrangian mesh

This method is popularly used in the standard Front Tracking method. The idea
is to calculate the surface tension force on the Lagrangian mesh and to distribute
it to the Eulerian mesh with a distribution function. Mathematically, the surface
tension force on an arbitrary surface element in 3D is given by

δfe =
∫
∆s
σκnd s, (A.1)

where σ is the surface tension coefficient, κ is twice of mean curvature, n is the
normal to the interface, and ∆s is the area of the element.

Using the relation κn = (n×∇)×n and converting the integral to a contour
integral over the boundary of the segment gives

δfe =σ
∮

C
(t×n)dl , (A.2)
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Figure A.1: Surface tension forces acting on a triangular marker [27]. Shin and Juric
[28] use the net inwards pointing forces on each of the tangents(left),while
Dijkhuizen [27] use the pull forces on the marker (right).

where C is the boundary of the element and t is vector tangent to the edge of the
element. The advantage of this formulation is that it will ensure that net force on
a closed surface with constant surface tension is zero.

The natural choice for the segment selection for Front Tracking approach is
the triangular marker element. From equation A.2, the force on a given edge of a
marker is

Fσ,a =σ
(

(tma ×nm)

2
+ (tam ×na)

2

)
. (A.3)

There are different approaches in which this force is calculated and distributed
on the Eulerian grid. One approach is to calculate the net force on the marker by
summing force on three edges as if it is acting on the centroid of marker (Figure
A.1 right) and then to distribute it using mass weighed volume averaging function
[27]. The net force on the marker in this case becomes

Fσ =σ ∑
i=a,b,c

(tmi ×ni )

2
. (A.4)

Note that the net tensile force on a single marker is zero, i.e.

Fσ,m =σ ∑
i=a,b,c

(tmi ×nm)

2
= 0. (A.5)

However, for this approach, the connectivity between the markers is required.
The second approach is without using connectivity in which the force is calculated
on each edge and distributed from edge center to the Eulerian grid (Figure A.1
left).

Distribution of surface tension force

After the surface tension force is calculated on marker or marker edge, it is
to be distributed to the Eulerian grid as a force density. A linear stencil (volume
averaging) or larger stencil (Peskin distribution) can be used for the same.
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Mapping using a distribution function can be done as follows:

(Fσ)i , j ,k =∑
m

D
(
xi , j ,k −xm

)
Fσ,m , (A.6)

where Fσ,m can be calculated by any of the two approaches discussed in previous
section. In case of the first approach, m is the marker center whereas, in the second
approach, m is the edge center. It is important to note that the first approach
cannot be used for LFRM as the logical connectivity between markers is not stored
in LFRM. In the above formula, the force on the RHS is the force density so the
force calculated on Lagrangian grid has to be divided by cell volume (i.e. ∆x∆y∆z).
The distribution function D is defined as

D(r) = dx (rx )dy (ry )dz (rz ), (A.7)

where the linear distribution function is

dx (rx ) =
{

1− |rx |
h i f |rx | ≤ h

0 i f |rx | > h
(A.8)

whereas the Peskin distribution function is given by

dx (rx ) =


δ1( |rx |

h ) i f |rx | ≤ h
1
2 −δ1(2− |rx |

h ) i f h < |rx | < 2h

0 i f |rx | ≥ 2h

(A.9)

with

δ1 = 3−2r +
p

1+4r +4r 2

8
. (A.10)

If the same force is given to the liquid and gas phase, then it will lead to more
acceleration of the gaseous phase and increases the spurious currents. Thus, mass
weighing distribution is used as follows [27]:

(Fσ)i , j ,k =
∑

m ρi , j ,k D
(
xi , j ,k −xm

)
Fσ,m∑

m ρi , j ,k D
(
xi , j ,k −xm

) . (A.11)

Pressure jump correction

Using the distributed force density directly will not balance the discrete pres-
sure jump exactly and will lead to higher spurious currents. Also, as shown by
Renardy and Renardy [117], the singular part of the pressure gradient (which bal-
ances the pressure jump due to surface tension) increases the discretization error.
Thus, the total pressure jump over the bubble is distributed to the Eulerian grid
weighted by the marker area such that it is acting in the opposite direction of the
surface tension. Only the surface tension effects due to locally high curvature are
passed to the Navier Stokes equation, decreasing the magnitude of the spurious
currents. The pressure jump over the bubble is calculated as follows [27]:

[p] =
∑

m Fσ,m .nm∑
m Sm

. (A.12)
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However, to apply pressure jump correction, it is required to have net surface
tension force on each marker which requires information about marker-marker
connectivity. Thus, it cannot be applied for the LFRM method as the connectivity
information is not readily available. Using the continuum surface force method
by Brackbill et al. [34], however, allows balancing the discrete pressure gradient
exactly. In CSF, the surface tension force is expressed on the Eulerian grid as

(Fσ)i , j ,k =σκh∇h I , (A.13)

where h represents discrete values and I is the phase fraction.
Therefore, a hybrid approach [30] is used where the curvature is calculated

from the front with presumably a high degree of accuracy, but the normal is com-
puted on the Eulerian grid, similar to the normal calculation in the VOF method.
The implementation of the hybrid surface tension method is outlined in the next
section.

A.2 Hybrid surface tension method

As discussed before, a discrete approximation of the curvature has to be calcu-
lated from Lagrangian mesh in the hybrid approach. This is done as follows:

• Surface tension force is calculated at edge centers of the markers using equa-
tion A.6. The calculated surface tension force is distributed to the face cen-
ters on the Eulerian grid using Peskin distribution (equation A.9).

• Similarly, the gradient of the indicator function on the front is also dis-
tributed (from marker center to face center).

Gi , j ,k =∑
m

D
(
xi , j ,k −xm

)
Am , (A.14)

where Am is the area vector of the marker m and xm is the marker center.

• As the staggered grid is used, face centers for three co-ordinate directions
will be different. Thus, all three components of Fσ and G are interpolated
from their respective face centers to the cell center.

• The curvature is calculated as the cell center using relation

κH = FL ·G
σG ·G . (A.15)

• Now the surface tension force has to be evaluated at the face centers. Thus,
curvature is interpolated from cell center to face centers.

Finally, the surface tension force is calculated at face centers using the equation
of the form (A.13). Note that the gradient of phase fraction has to be discretized
in the same fashion as the pressure gradient to have a balanced force approach
[118].



Appendix B
Some Details of the LFRM
Method

B.1 Marker Points Reduction Algorithm

Figure B.1: Two examples of the markers reduction strategy: on the left, three intersection
points on the same cell side (the two circles and the triangle) are reduced to a
single one in the middle (triangle), while on the right four points (circles and
triangles) are reduced to only two (triangles) [37] .

To carry out edge line reconstruction at cell faces of the reconstruction grid,
the faces must contain two edge crossing points, with each point residing on a
different edge of the face. This is ensured by the marker points reduction algorithm
by Aulisa et al. [37]. The procedure is as follows: If the number of edge crossing
points at an edge of such a face is even, then edge points are neglected and the
interface is treated as a merged interface (right side of Figure B.1). If the number
of edge crossing points is odd, then it is replaced by a point in the middle (left side
of Figure B.1). Examples of the application of marker reduction for the treatment
of special cases of interface reconstruction in a cell are given in Figures B.2, B.3
and B.4. As seen in the figures, marker reduction treats these cases naturally,
making the method very robust.
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Figure B.2: Reconstruction with marker points reduction algorithm. This is an example with
an even number of edge crossing points on an edge. Yellow and red interface lie
in different cells after cutting (left). Marker points reduction algorithm merges
two parts of the red interface (right).

Figure B.3: Reconstruction with marker points reduction algorithm. This is another exam-
ple with an even number of edge crossing points on an edge. Yellow and red
interface lie in different cells after cutting (left). Marker points reduction algo-
rithm merges small red interface with the yellow interface (right).

Figure B.4: Reconstruction with marker points reduction algorithm. This is an example with
a odd number of edge crossing points on an edge. Yellow and red interface lie in
different cells after cutting (left). A face cuts through a sharp curvature region
of the interface. Marker reduction algorithm removes sharp curvature portion
in both parts of the interface (right).
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B.2 Derivation of Signed Height for Volume Fitting

Figure B.5: Polyhedron formed by connecting interface facepoints with reference point.

Figure B.6: Pyramid formed by connecting interface facepoints and vertices of a given face
with the reference point.

Consider the intermediate interface in figure 2.1 (c). The point O is to be
moved by a distance h such that the volume under the new interface is the same
as the volume under the original interface (Figure 2.1 (a)) in that cell. Take an
arbitrary reference point xr e f . To retain the correct volume after reconstruction,
the volume in the polyhedron formed by the connecting facepoints of the original
interface should be equal to that formed by the connecting facepoints of the inter-
mediate interface (Figure B.5). This is true because the volume under the pyramid
formed by connecting vertices and face points (of a single face) with a reference
point (Figure B.6) will be the same for the original and reconstructed interface as
2D face reconstruction is done with the conservation of the area.

The signed volume with respect to the reference point for the original interface
(figure 2.1 (a)) is given by

Signed Original Volume=
q∑

i=1
(xi −xr e f ) ·Ai , (B.1)

where q is the number of triangular markers on the original interface in the given
cell, xi is centroid and Ai is the area vector of these markers.
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Similarly, signed volume with respect to the reference point for the intermedi-
ate interface (figure 2.1 (c)) is given by

Signed Intermediate Volume=
p∑

i=1
(xi nt

i −xr e f ) ·Ai nt
i , (B.2)

where p is the number of triangular markers on the intermediate interface in a
given cell, xi nt

i is centroid and Ai nt
i is the area vector of these markers.

Finally, the signed volume with respect to the reference point for the recon-
structed interface (figure 2.1 (d)) is given by

Signed Reconstructed Volume=
p∑

i=1
(xnew

i −xr e f ) ·Anew
i (B.3)

where p is the number of triangular markers on the reconstructed interface in a
given cell, xnew

i is centroid and Anew
i is area vector of these markers.

Now the signed reconstructed volume can be expressed in terms of the signed
interface volume and signed height by substituting xnew

i and Anew
i as follows :

xnew
i = xi nt

i + h

3
no , (B.4)

Anew
i =Ai nt

i +Acor r
i , (B.5)

Acor r
i = h((xi nt

k2 −xi nt
k1 )×no), (B.6)

where subscript k2 = (k +2) mod 3 and k1 = (k +1) mod 3 with k being the vertex
number of the centroid point in a given marker.
Substitution of these equations in equation B.3 gives

Signed Reconstructed Volume=
p∑

i=1
(xi nt

i −xr e f +
h

3
no).(Ai nt

i +Acor r
i ), (B.7)

which on further simplification and using Acor r
i ·no = 0 and equation B.2 leads to

Signed Reconstructed Volume= Signed Intermediate Volume

+ h

3
Signed Edge Base Area+

p∑
i=1

(xi nt
i −xr e f ) ·Acor r

i ,

(B.8)
with

Signed Edge Base Area=
p∑

i=1
no ·Ai nt

i . (B.9)

A smart choice for xr e f is centroid of intermediate interface xo because signed
intermediate volume becomes zero and simplifies the last term in the equation B.8
as shown below:

p∑
i=1

(xi nt
i −xr e f ) ·Acor r

i =
p∑

i=1
(xi nt

i −xo) ·Acor r
i . (B.10)
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For any triangle i, the term can be expanded as follows:

(
xi nt

i −xo

)
·Acor r

i =
(
xi nt

k +xi nt
k1 +xi nt

k2

3
−xk

)
·
[

h
((

xi nt
k2 −xi nt

k1

)
×no

)]
= h

(
xi nt

k1 −xi nt
k +xi nt

k2 −xi nt
k

3

)
·
((

xi nt
k2 −xi nt

k1

)
×no

)
= h

3

[(
xi nt

k1 −xi nt
k +xi nt

k2 −xi nt
k

)
×

(
xi nt

k2 −xi nt
k1

)]
·no

= 2h

3
no ·Ai nt

i .

(B.11)

Thus, equation B.10 becomes

p∑
i=1

(xi nt
i −xr e f ) ·Acor r

i = 2h

3
Signed Edge Base Area. (B.12)

Combining equations B.8 and B.12 with Signed Intermediate Volume = 0 gives

Signed Reconstructed Volume= h ×Signed Edge Base Area. (B.13)

Now for the volume conservative reconstruction, it is required that the signed
original volume must be equal to the signed reconstructed volume. Thus, signed
height is given by:

Signed height h= Signed Original Volume
Signed Edge Base Area

. (B.14)
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