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I. INTRODUCTION

A. Achievable Information Rates
We consider information transmission over a memoryless

channel characterized by an input alphabet X, input distribu-
tion p(x), and channel law p(y |x)1. The maximum achievable
information rate (AIR) for this channel is the mutual infor-
mation (MI) I(X;Y ) of the channel input X and output Y .
Consequently, capacity of this channel is defined as I(X;Y )
maximized over all possible input distributions p(x), typically
under an average power constraint [1].

In bit-interleaved coded modulation (BICM) systems, chan-
nel inputs are uniquely labeled with log2 |X| = m-bit binary
strings2. Then at the transmitter, the output of a binary channel
code is mapped to channel inputs using this labeling strategy.
At the receiver, bit-metric decoding (BMD) is employed, i.e.,
binary labels B1B2 · · · Bm are assumed to be independent, and
consequently, the symbol decoding metric is written as the
product of bit-metrics

q(x, y) =
m∏
i=1

qi(y, bi). (1)

Since the metric in (1) is not proportional to p(y |x) in general,
i.e., there is a mismatch between the actual channel law and
the one assumed at the receiver, this setup is called mismatched
decoding. Different AIRs have been derived for this so-called
mismatched decoding setup. One of these is the generalized
MI (GMI) [2], [3] which reduces to

GMI (p(b1)p(b2) · · · p(bm)) =
m∑
i=1

I(Bi;Y ), (2)

when qi(y, bi) = p(y |bi), and the bit levels are independent at
the transmitter, i.e., p(b1, b2, · · · , bm) = p(b1)p(b2) · · · p(bm).
Another AIR for mismatched decoding is the LM rate [4], [5].

Acknowledgement: The work of Y.C. Gültekin and A. Alvarado has
received funding from the European Research Council (ERC) under the
European Unions Horizon 2020 research and innovation programme (grant
agreement No 757791).

1Notation: We use a to denote random vectors, a ⊗ s to denote element-
wise multiplication of two random vectors of equal length, and (s1s2)
to denote the concatenation of two random vectors s1 and s2. We use
[·]+ to indicate max{0, ·}. Calligraphic letters A represent sets. Probability
distributions over A are denote by p(a).

2Here we assume |X | is an integer power of two.

When there is dependence among bit-levels, the rate [6], [7]

RBMD =

[
H (B1B2 · · · Bm) −

m∑
i=1

H(Bi |Y )

]+
, (3)

has been shown to be achievable by BMD for any joint input
distribution p(b1, b2, · · · , bm). In [6], [7], the achievability of
(3) is derived using random coding arguments based on strong
typicality [8, Ch. 1]. Later in [9, Lemma 1], it is shown that
(3) is an instance of the so-called LM rate [2].

B. Probabilistic Amplitude Shaping: Model

Probabilistic amplitude shaping (PAS) [10] is a capacity-
achieving coded modulation strategy in which constellation
shaping and channel coding are combined as shown in Fig. 1.

PAS with transmission rate Rt =
k
n + γ bit/1-D

Amplitude
Shaping
a ∈ A

k bits n amplitudes

Amplitude
to Bit

Systematic
FEC Coding
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m−1+γ
m

b1b2 · · · bm−1

γn bits

γn signs

⊗

n signs

s

a x

Fig. 1. Probabilistic amplitude shaping.

In PAS, first an amplitude shaping block maps k-bit infor-
mation strings to n-amplitude shaped sequences a in an in-
vertible manner. These amplitudes are drawn from a 2m−1-ary
alphabetA. The amplitude shaping block can be realized using
constant composition distribution matching [11], multiset-
partition distribution matching [12], shell mapping [13], enu-
merative sphere shaping [14], etc.

Then, binary labels of these amplitudes b1b2 · · · bm−1 and
an additional (message-dependent) γn-bit string s1 are fed to
a rate-(m− 1+ γ)/m systematic channel encoder. The encoder
produces (1−γ)n parity bits s2. Next, the additional data bits s1
and the parity bits s2 are used as the signs for the amplitudes a.
Finally, probabilistically shaped channel inputs x = (s1s2) ⊗ a
are transmitted through the channel.

https://www.sps.tue.nl/ictlab/
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C. Probabilistic Amplitude Shaping: Achievable Rates

Based on Gallager’s error exponent approach [15], AIRs
of PAS have been investigated in [16], [17], [18]. In [16], a
random code ensemble is considered from which the channel
inputs x are drawn. Then the AIR in [16, Eqs. (32)-(34)] is
derived for a general memoryless decoding metric q(y, x). It is
shown that by properly selecting q(y, x), mutual information
I(X;Y ) and the rate (3) can be recovered from the derived
AIR, and consequently, they can be achieved by PAS.

Computing error exponents for PAS is also the main concern
of the work presented in [17, Ch. 10]. The difference from [16]
is in the random coding setup. In [17, Ch. 10], a random code
ensemble is considered from which only the signs s of the
channel inputs are drawn. We call this the random sign-coding
setup. The error exponent [17, Eq. (10.42)] is then derived
again for a general memoryless decoding metric.

Finally, error exponents of PAS were examined based on
the joint source-channel coding (JSCC) setup in [18], [19].
Random sign-coding is considered in [18], [19], but only with
symbol-metric decoding (SMD), and only for the specific case
where γ = 0.

II. MAIN RESULTS

Here, we revisit the capacity-achieving property of PAS,
and derive AIRs in the typicality framework. We use weak
typicality [1, Sec. 15.2], and we consider both SMD and BMD.
Zooming in on the random sign-coding structure, we provide
alternative proofs of achievabilty based on random sign-coding
arguments. Our focus is to keep the amount of randomness
which is in the random coding procedure as small as possible,
or equivalently, to mimic the actual situation in which channel
inputs are produced constructively as close as possible. To this
end, in our random sign-coding experiment, both the amplitude
sequences and the message-dependent sign sequence parts are
constructively produced, and only the remaining signs are
randomly generated. We note that this is different than the
random sign-coding setup considered in [17] and [18] where
all signs are generated randomly which is called partially
systematic encoding in [17, Ch. 10].

We first provide Theorem 1 which considers the simplest
case where γ = 0 and SMD is used, i.e., basic sign-coding.

Theorem 1 (Basic sign-coding with SMD). For an additive
Gaussian noise (AGN) channel with input X ∈ X and output
Y = X + N , where N is zero-mean Gaussian, the rate

RSMD = max
p(a):H(A)≤I (SA;Y)

H(A), (4)

is achievable with amplitude shaping and sign-coding where
the sign S is uniform. In this case which we call basic sign-
coding, the fraction of signs that are message-dependent γ = 0.

Theorem 1 implies that for the AGN channel, basic sign-
coding achieves a single point on the capacity versus signal-
to-noise ratio (SNR) curve of a signal constellation which
corresponds to H(SA|Y ) = 1. This follows from

H(SA|Y ) = H(A) + 1 − I(SA;Y ), (5)
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Fig. 2. Basic sign-coding with SMD for 4-ASK.

and the constraint in the maximization in (4). Note that
H(SA) = H(A)+1. The result of Theorem 1 has been presented
already, e.g., in [18, Sec. VI].

In Fig. 2, we consider basic sign-coding with SMD for 4-
ASK. The maximum MI is shown along with the amplitude
entropy of the distribution that achieves this maximum. For
comparison, the MI for uniform p(x) is also plotted. Basic
sign-coding achieves capacity only for SNR = 0.7188 dB, i.e.,
at the point where H(A) = I(X;Y ) which is 0.562 bit/1-D.

We see from Fig. 2 that the shaping gap is negligible around
the point at which basic sign-coding achieves capacity. On the
other hand, this gap is larger for higher rates, e.g., 0.42 dB at
1.6 bit/1-D. To be able to achieve capacity at such higher rates,
we extend our work to the case in which γ > 0 to show that
PAS achieves an interval of points on the capacity-SNR curve.
Finally, we derive achievable rates for the case where BMD
is used, and unify some scattered results in the literature.

REFERENCES

[1] T. M. Cover and J. A. Thomas, Elements of Information Theory, 2nd ed.
Hoboken, NJ, USA: John Wiley & Sons, 2006.

[2] G. Kaplan and S. Shamai (Shitz), “Information rates and error exponents
of compound channels with application to antipodal signaling in a fading
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[9] G. Böcherer, “Achievable rates for shaped bit-metric decoding,” May
2016. [Online]. Available: http://arxiv.org/abs/1410.8075v6
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