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Summary

Bubble formation and rise in gas-liquid systems

The formation of gas bubbles and their subsequent rise due to buoyancy are
frequently encountered in chemical, biochemical, and metallurgical processes, as
well as numerous natural phenomena. In industrial applications, the bubbles are
used to enhance the heat and mass transfer as well as the mixing rate in chemical
processes involving chemical transformations in multiphase systems, such as syn-
thetic fuel production, and in biotechnological processes, such as fermentation. In
order to design an apparatus for such applications, information on the bubble size,
shape, and its rise velocity is essential. However, the fundamental aspects of these
processes are poorly understood since the bubble formation and rise are governed
by many parameters such as the gas flow rate, wettability of the orifice material,
and the fluid properties. The objective of this study is to advance the current un-
derstanding of bubble formation and rise in gas-liquid systems using numerical
simulations and experiments.

A numerical method based on the front-tracking type technique, called the
Local Front Reconstruction Method (LFRM), was adapted to enable a detailed
study of the formation of gas bubbles and their subsequent detachment from a
submerged orifice. The interface reconstruction in LFRM was modified to enable
the implementation of a volume conservative smoothing procedure as well as the
contact angle boundary condition at the three-phase contact line. The developed
numerical method was verified and validated for several test cases, including 3D
droplet spreading on a horizontal surface and quasi-static bubble formation from
a submerged orifice.

One of the challenges in understanding the bubble formation process is the
complex motion of the three-phase (gas, liquid and solid) contact line during the
bubble growth. For this reason, an experimental and numerical study was per-
formed to investigate the influence of wetting conditions on the dynamics of bub-
ble formation from a submerged orifice. An extensive analysis was performed to
assess the influence of wetting conditions on the bubble size, bubble growth mech-
anism, and the behavior of the contact line. The simulation results showed a good
agreement with the experiments when a stick-slip model is used to account for the
contact angle hysteresis.

A numerical study was performed to study the influence of liquid cross-flow on
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the bubble formation from a submerged orifice. Experiments of bubble formation
subjected to cross-flow in viscous liquid were also performed to validate the com-
putational model. The validated model was subsequently used to study the effects
of gas flow rate and fluid physical properties on the bubble detachment character-
istics under various shear rates in the quasi-static bubble formation regime. The
simulation results show that the shear flow advances the bubble detachment and
decreases the bubble size. Consequently, the bubble formation frequency and the
detached bubble size can be controlled by exerting different shear rates.

The validated model was subsequently used to study the bubble formation in
a steel-argon system. The effects of volumetric gas flow rate and surface wet-
tability on the bubble detachment characteristics in the steel-argon system were
investigated and the results were compared with results of the water-air system.
The simulation results showed that the detached bubbles in a steel-argon system
are generally bigger compared to the bubbles formed in a water-air system due
to higher surface tension and lower wettability. When the forming bubble is sub-
jected to liquid cross-flow, the bubble can slide over the orifice without forming a
bubble neck if the orifice surface is non-wetting.

An experimental and numerical study was performed to investigate the shape
oscillations of a bubble rising in viscous liquids. The viscosity of the liquid was var-
ied to change the rising behavior of the bubble. The bubble oscillation frequency
and its damping were analysed and compared with analytical models available in
literature. The experimental and numerical results revealed that the oscillation
frequency and the damping rate at lower modes can be predicted using these an-
alytical models. However, discrepancies arise at higher order oscillation modes.
These discrepancies are probably due to the influence of rising motion and the
wake behind the bubble, which is not considered in the theoretical models.

Lastly, a numerical study was performed to study the hydrodynamic interaction
of two bubbles rising side-by-side in viscous liquids. Different types of interactions,
which were observed in experiments in literature, could be replicated by varying
the liquid viscosity: (1) repulsion, (2) attraction, and (3) bouncing after attracting,
and (4) repeated bouncing. The underlying mechanisms responsible for different
interactions, particularly of the evolutions of the wake vortices during the bubble
interactions were analysed. The simulation results show that spherical bubbles at
low Reynolds number repel each other because the vorticity distribution of each
bubble is blocked by the presence of the neighboring bubble. On the other hand,
bubbles at moderate to high Reynolds numbers tend to attract each other after
being released from the orifices due to the Bernoulli effects, where their possi-
ble bouncing depends on the initial separation distance. In addition, the bubble
pair will feature a zigzagging motion while rising when toroidal vortex rings are
generated behind the bubble.



Samenvatting

Belvorming en -stijging in gas-vloeistof systemen

De vorming van gasbellen en hun daaropvolgende stijging als gevolg van de op-
waartse kracht worden vaak aangetroffen in chemische, biochemische en metallur-
gische processen evenals tal van natuurlijke fenomenen. In industriële toepassin-
gen worden de bellen gebruikt om de warmte- en massaoverdracht te verbeteren
en de mengsnelheid van componenten te vergroten in processen met chemische
transformaties in meerfasenstromingen, zoals synthetische brandstofproductie, en
in biotechnologische processen, zoals fermentatie. Om een apparaat voor dergeli-
jke toepassingen te ontwerpen, is informatie over de grootte, vorm en stijgsnel-
heid van bellen essentieel. Echter, de fundamentele aspecten van de vorming en
stijging van de bellen zijn nog onvoldoende begrepen vanwege het zeer complete
gedrag dat wordt beïnvloed door verschillende parameters zoals de gasstroom-
snelheid, de vloeistofeigenschappen en de bevochtigingsgraad van het materiaal
van de gasverdeler. Het doel van deze studie is om het huidige begrip van de
belvorming en -stijging te vergroten met behulp van numerieke simulaties en ex-
perimenten.

In deze studie werd een numerieke front tracking methode, genaamd de Local
Front Reconstruction Methode (LFRM), aangepast om een gedetailleerde beschri-
jving te geven van de vorming en het losmaken van de gasbellen van het gas-
injectiepunt. De reconstructie van het gas-vloeistof oppervlak in LFRM is aangepast
om een volume-conservatieve procedure voor het vereffenen van oneffenheden in
het beloppervlak en een randvoorwaarde voor de driefase-contactlijn te imple-
menteren. De ontwikkelde numerieke methode is geverifieerd en gevalideerd met
behulp van verschillende tests, waaronder het spreiden van druppels op een hori-
zontaal oppervlak en de quasi-statische belvorming aan een gasinjektiepunt.

Een van de belangrijkste uitdagingen in het begrijpen van het belvormingspro-
ces is de complexe beweging van de driefase (gas, vloeistof en vaste stof) con-
tactlijn tijdens de groei van de bellen. Daarom is er een gecombineerd experi-
menteel en numeriek onderzoek uitgevoerd naar de invloed van de bevochtigings-
eigenschappen van het materiaal van het gasinjektiepunt op de dynamiek van de
belvorming. Een uitgebreide studie werd uitgevoerd om het effect van de be-
vochtigingsgraad op de bel-grootte, het mechanisme van belgroei en het gedrag
van de contactlijn te bepalen. Als een stick-slip model wordt gebruikt voor de
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contacthoek hysterese, dan komen de simulatieresultaten goed overeen met de
experimentele resultaten.

Om het effect van de vloeistofstroming op de belvorming aan een gasinjek-
tiepunt te bestuderen is er een numerieke studie uitgevoerd. Ten eerste werd
het model gevalideerd met experimenten waarbij de belvorming in een viskeuze
vloeistof onderhevig is aan een dwarsstroom. Het gevalideerde model werd ver-
volgens gebruikt om de effecten van de gasstroomsnelheid en de vloeistofeigen-
schappen op de belvorming bij verschillende afschuifsnelheden te bepalen. Alle
simulaties zijn uitgevoerd voor het quasi-statische belvormingsregime. De sim-
ulaties laten zien dat de dwarsstroom van de vloeistof het loslaten van de bel
bevordert en een verkleining van de bellen veroorzaakt. Daarom kunnen de fre-
quentie van belvorming en de grootte van de bellen worden gecontroleerd met
behulp van de afschuifsnelheid.

Vervolgens is het gevalideerde model gebruikt om de belvorming in een staal-
argonsysteem te bestuderen. De effecten van de gasstroomsnelheid en de be-
vochtigingsgraad op het losmaken van de bel van het gasinjektiepunt zijn bepaald
in het staal-argonsysteem en vergeleken met de resultaten voor een water-luchtsys-
teem. De verkregen simulatie resultaten tonen aan dat de gevormde bellen in een
staal-argonsysteem in het algemeen groter zijn dan de bellen die zich in het water-
luchtsysteem hebben gevormd door de hogere oppervlaktespanning en de lagere
bevochtigingsgraad. Als de belvorming onderhevig is aan een dwarsstroom van
vloeistof en het oppervlak van het gasinjektiepunt een lage bevochtigingsgraad
heeft, dan kunnen de bellen zonder nekvorming over dit oppenvlak glijden.

Er is een experimentele en numerieke studie gedaan naar de vormoscillaties
van een bel in een viskeuze vloeistof. De viscositeit van de vloeistof is gevarieerd
om het gedrag van de stijgende bellen te veranderen. De beloscillatiefrequentie en
bybehorende demping zijn geanalyseerd en vergeleken met analytische modellen
die beschikbaar zijn in de literatuur. Zowel de experimentele als de numerieke re-
sultaten laten zien dat de oscillatiefrequentie en de dempingssnelheid voor de lage
modi goed worden beschreven door de analytische modellen. Echter bij hogere
orde oscillatiemodi ontstaan er verschillen die waarschijnlijk te wijten zijn aan
het niet verdisconteren van de stijgende beweging en het zog van de bel in de
theoretische modellen.

Ten slotte is er een numerieke studie uitgevoerd om de hydrodynamische inter-
actie tussen twee bellen die zij-aan-zij stijgen in een viskeuze vloeistof te bestud-
eren. De verschillende soorten interacties die in de literatuur worden beschreven
konden worden gerepliceerd door de viscositeit van de vloeistof te veranderen:
(1) afstoting, (2) aantrekking, (3) afstoting na aantrekking, en (4) herhaaldelijk
aantrekken en afstoten. De onderliggende mechanismes die verantwoordelijk
zijn voor de verschillende interacties zijn bestudeerd. Daarbij werd voornamelijk
gelet op de evolutie van de wervelingen in het zog van de bel tijdens de inter-
actie. De simulatieresultaten laten zien dat sferische bellen bij lage Reynolds
getallen elkaar afstoten doordat de vorticiteitsverdeling van beide bellen wordt
geblokkeerd door de aanwezigheid van de andere bel. Dit in tegenstelling tot de
bellen bij gematigde Reynolds getallen die elkaar aantrekken nadat ze van het gas-
injektiepunt loslaten vanwege de Bernoulli effecten. De mogelijke afstoting van
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de bellen na de aantrekking is afhankelijk van de initiële afstand tussen de bellen.
Daarnaast zal het bellenpaar blijven zigzaggen als een torusvormige wervelring
wordt gegenereerd achter de bel.





Chapter 1
Introduction

1.1 Background and motivation

Gas-liquid contacting is one of the most significant and common operations
involved in chemical, biochemical, and metallurgical processes. These operations
are used to enhance the heat and mass transfer in chemical processes involving
reactions in multiphase systems, such as oxidation, chlorination and synthetic fuel
production, and in biomedical processes, such as biological wastewater treatment
and fermentation (Kantarci et al., 2005). In metallurgical processes, gas-liquid
contacting operation is used to enhance the liquid mixing and to prevent nozzle
clogging by non-metallic inclusions in the liquid steel (Bai and Thomas, 2001).
Such processes are typically performed in a bubble column reactor, a cylindrical
vessel in which the gas is introduced using needles or perforated plates located at
the bottom or sidewalls. (Fig. 1.1).

Bubble column has been modified in several ways to suit particular applica-
tions. Figure 1.1 depicts a few of the modifications frequently used in industrial
applications. These modifications include the inclusion of additional perforated
plates to form a multi staged bubble column. The redistribution of gas over the
perforated plates enhances mass transfer, reduces the fraction of large bubbles and
prevents back-mixing in both phases (Jakobsen, 2014). The back-mixing can be
further reduced by filling the bubble column with a packing or by use of static
mixers. The column can also be sectionalized vertically to enforce a uniform dis-
tribution of gas bubbles over the cross section. Furthermore, the circulation can be
enhanced via either an internal or external loop. These loop reactors permit the
processing of large amounts of gas and provide a homogeneous flow zone. They
are suitable for the case when short mixing times are required. In jet reactors, both
gas and liquid phases are concentrically introduced and the kinetic energy of the
liquid jet is utilized to disperse gas into fine bubbles. Therefore, larger gas-liquid
interfacial areas and higher mass transfer rates can be obtained. Furthermore, in
downflow bubble columns, the gas is injected from the top to increase the resi-
dence time.



2 Introduction

Figure 1.1: Several examples of bubble column reactors (Shah et al., 1982).

In bubble column reactors, the (design) parameters such as the volume and
residence time of the gas phase, interfacial area, and heat and mass transfer co-
efficients depend strongly on the prevailing flow regime. Shah et al. (1982) have
reported three different flow regimes that can be encountered in bubble column
reactors based on the gas flow rate (Fig. 1.2). The bubbly flow regime, also called
the homogeneous flow regime, is obtained at low superficial gas velocities. This
flow regime is characterized by bubbles of relatively uniform small sizes and rise
velocities. A uniform bubble distribution and relatively moderate mixing rate is
observed over the entire cross-sectional area of the column. The churn-turbulent
regime, which is also called the heterogeneous regime, is observed at higher su-
perficial gas velocities. This regime is characterized by the presence of large bub-
bles with short residence time that are formed by coalescence of smaller bubbles.
This flow regime is therefore sometimes referred to as the coalesced bubble flow
regime, indicating a wide range of bubble sizes. The average bubble size is de-
termined by coalescence and break-up, which is controlled by the energy dissipa-
tion rate in the bulk (Thorat and Joshi, 2004). The slug flow regime is typically
observed in small diameter columns at high gas flow rates. In this regime large
bubbles are stabilized by the column wall leading to the formation of bubble slugs.

The formation of gas bubbles at submerged orifices and their subsequent rise
due to buoyancy are fundamental phenomena that dictate largely the hydrody-
namics in bubble column reactors. The phenomenon of bubble formation deter-
mines the initial bubble size in the system that latter attains an equilibrium size,
whereas the rise velocity determines the characteristic contact time between the
phases that governs the interfacial transport phenomena as well as mixing. Even
though these phenomena have been under investigation over many decades, the
detailed physics are still lacking since they are governed by many operating param-
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Figure 1.2: Flow regimes encountered in bubble column reactors (Shah et al., 1982).

eters (e.g., gas flow rate and liquid properties), system characteristics (e.g., orifice
dimensions and orifice material), and fluid properties (e.g., surface tension, liquid
viscosity and liquid density) (Kulkarni and Joshi, 2005).

Several studies on the formation of bubbles have already been performed us-
ing both experimental and numerical approaches. The majority of these studies
focused on the case of bubble formation using a constant volumetric gas flow rate
through a submerged orifice (McCann and Prince, 1971; Zhang and Shoji, 2001;
Badam et al., 2007; Das et al., 2011). Experimental and theoretical studies have
shown that the forces acting on the bubble during the growth can be divided into
two main groups according to their influence on the bubble formation. The first
group causes the bubble detachment. This group includes the buoyancy, gas mo-
mentum, and contact pressure forces. The last force emerges due to the pressure
difference inside and outside of the bubble over the contact area. The second
group includes viscous, surface tension, and inertial forces. This group resists the
bubble detachment and tends to keep the bubble attached to the orifice (Duhar
and Colin, 2006; Di Bari and Robinson, 2013).

For single bubble growth at a constant gas flow rate, three formation regimes
have been identified (1.3). The first regime is the single bubbling regime, which
prevails at low gas flow rates (1.3 (a)). In this regime, there is static equilibrium
between buoyancy and surface tension forces. The volume of the formed bubbles
is independent of flow rate; decreasing the flow rate will increase the formation
time. At higher flow rates, bubble formation enters the dynamic regime. Because
the bubbling mode is more complicated, this regime is divided into several bub-
bling modes, such as period-2 pairing and period-2 coalescence (1.3 (b) and (c)).
Contrary to the static regime, the formation time is constant while the bubble vol-
ume is affected by the flow rate. The bubble evolution is governed by the interplay
of inertial, viscous, surface tension, and buoyancy forces. Under even greater flow
rates, bubble formation enters the chaotic bubbling regime. In this regime, no
clear periodicity of bubbling can be distinguished (1.3 (d)).
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(a) (b)

(c) (d)

Figure 1.3: Bubble formation regimes: (a) single bubbling, (b) period-2 with pairing, (c)
period-2 with coalescence, and (d) chaotic bubbling.

Several phenomenological models were proposed to describe the bubble growth
and detachment based on extensive experimental data sets. Earlier theoretical
studies focused on the development of an analytical model to derive a scaling
law for the volume of a detaching bubble assuming that the bubble retained a
spherical shape (Davidson and Schüler, 1960a,b; Kupferberg and Jameson, 1969;
Gaddis and Vogelpohl, 1986). Marmur and Rubin (1976) proposed a more real-
istic mathematical model for non-spherical bubbles to predict the bubble volume
by dividing the bubble interface into finite differential elements. In addition, a
simple Young-Laplace equation was used to describe the bubble motion at suffi-
ciently low gas flow rates (Marmur and Rubin, 1973; Gerlach et al., 2005; Lesage
et al., 2013; Lesage and Marois, 2013). Although these approaches are in good
agreement with experiments in certain regimes, the majority of them are unable
to account for the viscous effects, bubble interactions and the last phase of the
neck pinch-off at detachment. More advanced mathematical models are necessary
to accurately describe the whole parameter space of interest.

Due to the fast developments of the computational resources and numerical
methods over the last decades, it is possible to conduct detailed Direct Numerical
Simulations (DNS) of multiphase flows. These simulations are performed by ei-
ther interface capturing methods or interface tracking methods, since moving grid
methods are often limited to moderately deforming interfaces (Baltussen et al.,
2014; Weber et al., 2017). Both interface capturing and interface tracking meth-
ods assume a one-fluid approximation, whose properties are determined from the
interface position. The essential difference between these methods is the interface
treatment. In interface capturing methods, the interface is reconstructed from an
indicator function, which is advected by the fluid velocity on a fixed Eulerian grid.
The most widely used interface capturing approaches are the Volume of Fluid
(VOF) method (Hirt and Nichols, 1981), the Level Set (LS) method (Osher and
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Sethian, 1988) and a combination of these two, known as Combined Level Set
and Volume of Fluid (CLSVOF) method (Sussman and Puckett, 2000). All these
three methods have been extensively used to study multiphase flows including
bubble formation at an orifice (Gerlach et al., 2007; Chakraborty et al., 2009; Ma
et al., 2012; Yujie et al., 2012; Albadawi et al., 2013b; Georgoulas et al., 2015).

In the front tracking methods, the motion of the interface can be captured more
accurately because the method tracks the interface with separate Lagrangian inter-
face elements, improving also the surface tension calculation (Unverdi and Tryg-
gvason, 1992). In spite of its attractiveness, the original Front Tracking method
does not allow interface merging or break-up. Therefore, it cannot be applied
for the simulation of bubble growth and detachment. Several authors have pro-
posed extensions that enable the Front Tracking method to automatically and
robustly simulate complex topological changes (Shin and Juric, 2002; De Sousa
et al., 2004; Quan and Schmidt, 2007; Shin et al., 2011). The Local Front Recon-
struction Method (LFRM) developed by Shin et al. (2011) is one of the extended
Front Tracking techniques which uses no logical connectivity between interface
elements thus greatly easing the algorithmic complexity associated with merging
and coalescence of interfaces in the original Front Tracking method. The LFRM
has been validated with several benchmarking tests and the results demonstrate
excellent performance in maintaining detailed interfacial shapes and local mass
conservation especially at low-resolution.

A large number of simulation studies on bubble formation from an orifice have
been reported in the literature. However, most of them are limited to the growth of
two-dimensional axisymmetric bubbles even though asymmetry in bubble shape is
common in real applications. The generated bubbles become asymmetric when the
orifice plane is inclined to the horizontal or due to the presence of liquid cross-flow.
In addition, even bubbles formed on a horizontal plate in an initially quiescent liq-
uid can be asymmetric due to interface instabilities, the formation of a liquid jet,
and the complex interaction between the subsequent bubbles, which usually oc-
cur at high gas flow rates (Zhang and Shoji, 2001). Three-dimensional numerical
studies may provide insights into the dynamics of bubble formation under such
conditions. However, they are still rare in the literature due to the high compu-
tational costs and the complexity of the algorithms for the numerical model. This
will be the focus of this thesis.

1.2 Objective and outline of the thesis

The primary objective of the thesis is to expand the knowledge on the for-
mation of gas bubbles and their subsequent rise using numerical simulations and
experiments. The thesis is organized as follow:

• Chapter 2 describes the implementation details of the three-dimensional
DNS method used in this work. The developed numerical method is based on
the extended front tracking technique called the Local Front Reconstruction
Method (LFRM) of Shin et al. (2011).
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• Chapter 3 presents an experimental study on the bubble formation from
a submerged orifice that involves a moving contact line. The influence of
wetting conditions on the bubble size, bubble growth mechanism, and the
behavior of the contact line is investigated. The experimental findings are
then used to validate the numerical model with a dynamic contact angle
model to account for the contact angle hysteresis.

• Chapter 4 presents the study on the bubble formation in the presence of
liquid cross-flow. Experiments of bubble formation in a Couette flow are
performed to provide data for model validation. The validated numerical
model is subsequently used to study the effects of gas flow rate and fluid
physical properties on the bubble detachment characteristics under various
shear rates in the quasi-static bubble growth regime.

• Chapter 5 presents the numerical study on the bubble formation in a steel-
argon system. The numerical simulations are performed over a wide range
of gas injection rates to investigate the bubble formation dynamics under
quasi-static and dynamic regimes. The influences of liquid cross-flow and
orifice orientation on the detached bubble size are investigated as well.

• Chapter 6 presents the experimental and numerical study on the oscillation
dynamics of rising bubbles in viscous liquids. The oscillation frequency and
the damping effect are analysed and compared with a prior developed ana-
lytic model.

• Chapter 7 reports a numerical investigation on the hydrodynamic interac-
tion of two bubbles rising side-by-side in viscous liquids. Different types of
interaction behaviors are observed by varying the liquid viscosity: (1) re-
pulsion, (2) attraction, and (3) bouncing after attracting, and (4) repeated
bouncing. The simulation results are also compared with the experiments
reported earlier by Kong et al. (2019a).

• Chapter 8 summarizes the overall conclusions of this thesis and provides
suggestions for future outlook.



Chapter 2
Numerical method

Abstract

In this chapter a detailed overview of the Direct Numerical Simulations (DNS) method
used in this study is provided. The numerical method is based on the front tracking
type technique called the Local Front Reconstruction Method (LFRM) (Shin et al.,
2011). The flow field is described by the incompressible Navier-Stokes equations,
which include an additional term for the surface tension force. The surface tension
force is calculated using the hybrid Lagrangian-Eulerian formulation representation
of Shin et al. (2005). The interface reconstruction in LFRM has been modified to
enable the implementation of the smoothing procedure of Kuprat et al. (2001) and
the contact angle boundary condition at the three-phase contact line. Furthermore,
break-up and coalescence procedures were implemented to allow the calculation of the
properties of each individual bubble. The developed numerical method was verified
and validated for several test cases, which include three-dimensional droplet spreading
on a horizontal surface and quasi-static bubble formation from a submerged orifice.
The obtained results showed an excellent agreement with the analytical solutions and
experimental results from literature.

This chapter is based on:
Mirsandi, H., Rajkotwala, A.H., Baltussen, M.W., Peters, E. A. J. F., Kuipers, J. A. M., 2018.
Numerical simulation of bubble formation with a moving contact line using Local Front
Reconstruction Method. Chemical Engineering Science 187, 415-431.
Rajkotwala, A. H., Mirsandi, H., Peters, E. A. J. F., Baltussen, M. W., van der Geld, C. W. M.,
Kuerten, J. G. M., Kuipers, J. A. M., 2018. Extension of local front reconstruction method
with controlled coalescence model. Physics of Fluids 30, 022102.
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2.1 Introduction

The vast development in computational resources and numerical methods over
the last several decades enables detailed simulations of multiphase flows using
Direct Numerical Simulations (DNS). These simulations are generally performed
by using either interface capturing or front tracking approaches. Both methods
assume a one fluid approximation in which all the phases are solved by a single
Navier-Stokes equation. The essential difference between these approaches is the
interface treatment. In interface capturing methods, the interface is implicitly
tracked using an indicator function, which is advected by the fluid velocity on
a fixed Eulerian grid. The most well-known interface capturing approaches are
the Volume of Fluid (VOF) method (Hirt and Nichols, 1981), the Level Set (LS)
method (Osher and Sethian, 1988) and a combination of these two, the CLSVOF
method (Sussman and Puckett, 2000). All these methods have been applied for the
simulations of bubble growth and detachment (Gerlach et al., 2007; Chakraborty
et al., 2009; Yujie et al., 2012; Albadawi et al., 2013b). However, Albadawi et al.
(2013a,b) have demonstrated that majority of these methods are very sensitive to
the surface tension implementation in particular at the low flow rates.

In the front tracking methods, the interface between the two phases is explic-
itly tracked using Lagrangian interface elements. Therefore, the calculation of the
surface tension force is accurate and relatively simple without the need of a highly
refined grid. However, the traditional Front Tracking method does not allow topo-
logical changes due to interface merging or break-up and thus cannot be applied
for simulations of bubble growth and detachment from an orifice. Several authors
have proposed improvements that enable the Front Tracking method to automat-
ically and robustly model the merging and break-up of interfaces (Shin and Juric,
2002; De Sousa et al., 2004; Quan and Schmidt, 2007; Shin et al., 2011). Shin
and Juric (2002) combined the Front Tracking and the LS methods to overcome
inherent drawbacks related to each of the two methods, particularly those asso-
ciated with topology change in the original Front Tracking method. Quan and
Schmidt (2007) developed an unstructured moving mesh algorithm for tracking
the interface motion with a mesh separation scheme that allows the interface to
break-up into separate parts. Later, Shin et al. (2011) presented an interface re-
construction technique called the Local Front Reconstruction Method (LFRM) that
simplifies the algorithmic complexity for topological changes. The LFRM has been
validated with several benchmarking tests and the results demonstrate excellent
performance in maintaining detailed interfacial shapes and local mass conserva-
tion especially at low-resolution (Shin et al., 2011).

In this thesis, we have adopted the LFRM for the interface tracking method and
incorporated it into the front tracking framework already developed in this group
(van Sint Annaland et al., 2005; Dijkhuizen et al., 2010a; Roghair et al., 2016). In
the sections below, the main characteristics of the in-house LFRM and several mod-
ifications that were implemented to improve its accuracy and robustness will be
described. Subsequently, the verification and validation of the numerical method
will be reported using several test cases, which include 3D droplet spreading on a
horizontal surface and quasi-static bubble formation from a submerged orifice.



2.2 Governing equations 9

2.2 Governing equations

In this study, both fluids are assumed to be incompressible, immiscible and
Newtonian. Furthermore, a one-fluid formulation is used to describe the fluid flow
for both phases. The governing equations for mass and momentum conservation
are:

∇ ·u = 0 (2.1)

ρ
∂u

∂t
=−∇p −ρ∇ · (uu)−∇ ·τ +ρg+Fσ (2.2)

where u is the fluid velocity, p is the pressure, τ is the stress tensor given by
−µ[∇u+ (∇u

)T ]
, g is the acceleration due to gravity, and Fσ is the local volumetric

force accounting for the effect of surface tension. To evaluate the local averaged
density ρ, linear averaging of the densities of the fluid 1 (F = 1) and fluid 2 (F = 0)
is used:

ρ = Fρ1 + (1−F )ρ2 (2.3)

Similarly, the local average dynamic viscosity µ could also be evaluated by linear
averaging of the dynamic viscosities of individual fluid phase. Alternatively, fol-
lowing a fundamental approach proposed by Prosperetti (2002), the local average
kinematic viscosity is evaluated by harmonic averaging of the kinematic viscosities
of the individual fluid phases:

ρ

µ
= F

ρ1

µ1
+ (1−F )

ρ2

µ2
(2.4)

In all the simulations reported in this thesis, Eqs. (2.3)-(2.4) are used to evaluate
the local average density and dynamic viscosity.

The equations are spatially discretized on a three-dimensional Eulerian stag-
gered grid using the finite volume approach. The solution of the governing equa-
tions is achieved using a fractional step method. The method consists of two steps:
In the first step, an explicit estimate velocity un∗

is calculated using information
from the previous time step (indicated with the superscript n):

un∗ = un + ∆t

ρn

[−∇p −ρ · (uu)−∇ ·τ ∗+ρg+Fσ
]n (2.5)

The convective term is discretized using a second order flux-delimited Barton
scheme (Centrella and Wilson, 1984) and the viscous term with a second order
central difference scheme. All the contributions in Eq. (2.2) are treated explicitly,
except for the viscous term, which is treated semi-implicitly to avoid time step re-
striction at highly viscous systems at small length scales (Uhlmann, 2005). In the
momentum equation for each of the 3 directions (i.e., x, y or z), only the velocity
component in the direction under consideration is treated implicitly, whereas the
other velocity components are treated explicitly. The three independent systems
of linear equations (one for each velocity component) are solved sequentially us-
ing a robust and efficient Block Incomplete Cholesky Conjugate Gradient (BICCG)
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solver (Saad, 2003) that is OpenMP-parallelized. After the velocities are calcu-
lated, the velocity field is corrected to satisfy the continuity equation using the
following equation:

un+1 = un∗ − ∆t

ρn ∇(
δp

)
(2.6)

where δp = pn+1 − pn represents the pressure correction. Since un+1 needs to
satisfy the continuity equation, the pressure Poisson equation is obtained as:

∇ ·
[∆t

ρn ∇(
δp

)]=∇ ·un∗
(2.7)

which is also solved using the BICCG sparse matrix solver.

2.3 Local Front Reconstruction Method (LFRM)

2.3.1 Surface tension force

The local volumetric force accounting for the effect of surface tension, Fσ, is
obtained by employing the hybrid Lagrangian-Eulerian formulation representation
of Shin et al. (2005) to eliminate unphysical parasitic currents in the vicinity of
the interface using:

Fσ =σκH∇F (2.8)

where σ is the surface tension coefficient and κH is twice the mean interface cur-
vature field calculated on the Eulerian grid by the following equations:

κH = FL ·G

σG ·G
(2.9)

FL =
∫
Γ(t )

σκ f n f δ f
(
x−x f

)
d s (2.10)

G =
∫
Γ(t )

n f δ f
(
x−x f

)
d s (2.11)

where x f is a parameterization of the interface, Γ(t ), and δ f
(
x − x f

)
is a delta

function that is zero everywhere except at the interface (x = x f ), κ f is twice the
mean interface curvature, n f is the unit normal vector to the interface and d s is
the length of the interface element. The geometric information, which includes κ f ,
n f , and d s in Eqs. (2.10) and (2.11), are computed directly from the Lagrangian
interface and then distributed onto Eulerian grid using the discrete delta function.

2.3.2 Phase fraction calculation

The phase fraction F is needed to calculate the density and viscosity fields. In
the Front Tracking method, the phase fraction is usually determined by solving
a Poisson equation (Unverdi and Tryggvason, 1992). However, this will lead to
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smearing of the phase fraction, numerical overshoots and undershoots and will in-
crease the computational time. Alternatively, the phase fraction can be computed
directly using the divergence theorem algorithm since the marker positions are ex-
actly known. However, this algorithm is only efficient when each marker triangle
is located in a single Eulerian cell. Consequently, all triangles that reside in multi-
ple cells are cut into multiple triangles such that each triangle lies completely only
in one cell. A detailed explanation of this procedure can be found in the work of
Dijkhuizen et al. (2010a).

2.3.3 Surface advection

After the fluid flow is calculated, the Lagrangian marker points that are used
to track the interface are moved to their new locations. A velocity interpolation
procedure is required since the marker points can be located anywhere between
the velocity nodes. In this numerical model, the fluid velocities are interpolated
from Eulerian to Lagrangian grid points using the cubic spline interpolation con-
structed from the region around the individual bubble. Once the local velocity at
each marker point is known, the marker points are individually moved using the
fourth order Runga-Kutta time stepping scheme.

2.3.4 Interface reconstruction

Due to the separate advection of the marker points, the size of the marker
elements changes, decreasing the quality of the interface mesh. To prevent this
deterioration of the mesh quality, an interface reconstruction is essential to en-
sure a sufficient resolution for the entire interface. In LFRM, the reconstruction
procedure consists of the following steps as illustrated in Fig. 2.1:

1. The localization inside the reconstruction cell

The interface of the discrete phase is cut by a reconstruction grid such that
each part of the interface lies completely in one reconstruction cell. The
reconstruction cell is independent of the Eulerian cell. In this thesis, the size
is set to two times smaller than the Eulerian cell size to ensure adequate
interface resolution.

2. The edge line reconstruction on cell faces

For each cell phase that contains a part of the interface, an area conservative
reconstruction is applied. The new reconstructed edge lines consist of two
original edge crossing points and an area fitting point. When there is more
than one edge crossing point at one edge of the reconstruction cell, a marker
reduction algorithm is applied to reduce the number of edge points to one
or zero. Even though this procedure is done on each reconstruction cell in-
dependently, all elements are still connected because the same edge crossing
points will be assigned to neighboring reconstruction cells.
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Figure 2.1: Schematic procedure for the Local Front Reconstruction Method in three-
dimensions: (a) original interface elements in a single reconstruction cell, (b)
face edge line reconstruction, (c) locating the centroid of reconstructed edge
lines and normal and (d) face reconstruction with volume fitting point (Shin
et al., 2011).

3. The centroid calculation

After performing the edge line reconstruction on all the six faces of the recon-
struction cell, the intermediate interface elements with closed edge lines will
be generated. The edge crossing points and area fitting points are connected
to a centroid, which is determined by simply averaging those points.

4. Volume-fitting

Finally, the centroid is moved in the normal direction of the intermediate
interface such that the original volume of the dispersed phase in the given
cell is conserved.
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The reconstruction procedure above deals with an ordinary case without in-
terface merging or break-up. For the case of merging or break-up of interface
elements, four edge crossing points are located at any of the six faces of the recon-
struction cell even after performing marker reduction algorithm. These cells are
identified as merging/break-up cells and reconstructed using the so-called tetra-
marching procedure that will ensure continuous interface elements after the re-
construction (Yoon and Shin, 2010).

In the original LFRM, the marker points are not unique, i.e. marker points
are stored separately for each marker element. To reduce the memory usage and
increase robustness, marker points are renumbered using prespecified point num-
bers distributed in the reconstruction grid creating a unique set of marker points,
as illustrated in Fig. 2.2. Another advantage of unique marker points is that it
enables the implementation of volume conserving smoothing procedure of Kuprat
et al. (2001). The implementation of this procedure prevents small scale surface
instabilities and volume errors due to advection of marker points and interface re-
construction, which can accumulate significantly during a simulation. A detailed
explanation of its implementation in the Front Tracking method can be found in
the work of Roghair et al. (2016).

Figure 2.2: Renumbering system using prespecified point numbers distributed in the recon-
struction grid to generate unique marker points during interface reconstruction
(Note: This schematic is a simplification of real interface, which is typically
composed of more than two reconstruction cells).
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2.3.5 Coalescence and break-up procedures

In the numerical model, the data structure of each bubble is stored with a
unique identifier to be able to determine the properties of each individual bubble
(e.g., size, velocity, and centroid). Therefore, to allow the coalescence of bub-
bles, each bubble is checked whether they share a common reconstruction cell
with other bubbles after the surface advection. If it is true, the data structures of
these bubbles are merged into a new data structure with a unique identifier. Simi-
larly, each daughter bubble is given a unique identifier when it is formed after the
break-up of a bubble. The grouping of the marker points of each bubble is done us-
ing connectivity between the marker points that is created after the renumbering
procedure (Fig. 2.2). In the present study, no physical break-up and coalescence
models are implemented and therefore the criteria for break-up and coalescence
are numerical in nature and dependent on the size of the reconstruction grid.

2.3.6 Contact line dynamics

In the formation of bubbles at an orifice, the dynamics of the contact line plays
a major role in wetting-dewetting phenomena. It can be incorporated in the cur-
rent framework by applying the appropriate contact angle boundary condition at
the contact line. In the present work, the effect of the contact angle is taken into
account by modifying the locations of the contact points, as illustrated in Fig. 2.3.
Specifically, the position of the contact line, which is represented by the position
of the marker point located on the wall, cp, is extrapolated based on the position
of the marker point crossing the threshold line, tp, the apparent contact angle,
θ, and interface normal parallel to the solid wall at the threshold point, nt p . The
threshold length, h, is taken as the size of reconstruction cell, which is half the size
of an Eulerian cell. Therefore, marker points crossing the threshold line will al-
ways be generated during the interface reconstruction when the distance between
interface and the solid wall is closer than the prespecified threshold length.

The apparent contact angle may have a single value (static) or different values
(dynamic) depending on the contact line model used in the simulation. In this
study, a stick-slip model defined as

θr ec ≤ θ ≤ θad v (2.12)

is incorporated in the LFRM to take into account the contact angle hysteresis.
In this contact angle model, the contact line sticks when the contact angle is in
between these receding and advancing values. When the angle reaches either
the receding or advancing value, the contact angle is fixed at this value and the
contact line slips. However, when the contact line coincides with the orifice rim,
the contact angle is allowed to have any value between θr ec and 180◦ (θr ec É θ É
180◦), ensuring that the contact angle will start to spread outwards when θ < θr ec

and preventing the contact line to recede beyond the orifice rim, respectively.
It is well known that the no-slip boundary condition yields a stress singularity

at the contact line since the fluid velocity is finite at the free surface but zero at the
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Figure 2.3: Schematic illustration of the contact line modeling in LFRM. The contact angle
is imposed directly by modifying the geometry near the contact region.

wall (Huh and Scriven, 1971). The stress generated by the moving contact line
can be estimated as

τx y ≈µvcl

∆
(2.13)

where vcl is the contact line velocity and ∆ is the grid length. The stress at the
contact line is clearly diverging when refining the grid size. This singularity is
usually removed by relaxing the no-slip boundary condition with a Navier-slip
condition that allows the contact line to slip proportional to the wall shear-stress
as follows (Sui et al., 2014):

uw =λ du

dnw
(2.14)

Here uw is the fluid velocity component tangent to the wall, nw is the normal to
the wall and λ is the slip length, which defines the extent to which the no-slip
condition is relaxed. In most of the applications, this slip length is expected to be
much smaller than the mesh size used in numerical computations (Renardy et al.,
2001). The available computational resources do not allow the mesh size to be
refined in such a way that the true slip length is captured correctly. Therefore, fol-
lowing the previous studies (Francois and Shyy, 2003; Lunkad et al., 2007; Yokoi
et al., 2009; Saha and Mitra, 2009; Muradoglu and Tasoglu, 2010; Malgarinos
et al., 2014), no explicit slip length is imposed in the present work. However, it
should be noted that the algorithm itself introduces the implicit slip length of the
order of the grid spacing (Renardy et al., 2001).

For the case of bubble formation that involves a moving contact line, the in-
terface is reconstructed at each time step after the advection of marker points to
adjust the contact line position according to the contact line model. The volume
loss or gain due to the modification of the geometry near the contact region is
then corrected by distributing the volume correction globally using the aforemen-
tioned smoothing procedure of Kuprat et al. (2001). However, marker elements
connected to the solid wall are excluded from this procedure so that the appar-
ent contact angle is preserved. It was verified that the volume of the bubble is
conserved within machine precision by applying this global volume correction.
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2.4 Time step restrictions

For all simulations presented in this thesis, the time step ∆t has been chosen
such that it satisfies both Courant-Friedrichs-Lewy (CFL) and capillary time step
restrictions as follows (Brackbill et al., 1992):

∆t < min(∆tCFL,∆tσ) = min

 ∆

vmax
,

√(
ρl +ρg

)
∆3

4πσ

 (2.15)

Here, vmax is the maximum velocity in the computational domain, ∆tCFL and ∆tσ
are the minimum required time steps according to the CFL and capillary criteria,
respectively.

2.5 Numerical verification and validation

2.5.1 Numerical verification

In this section the verification test cases for the LFRM with contact angle
boundary condition is presented. To test the static contact angle boundary con-
dition, the problems of equilibrium shape of a 3D droplet on a horizontal surface,
with and without the presence of gravity are investigated. The droplet is initially a
hemisphere with radius R0 = 1×10−2 m and initial contact angle θ = 90◦ (Fig. 2.4).
If the static contact angle θs is different from the initial angle, the contact line
moves and the droplet deforms to respect θs . Considering the density ratio be-
tween the liquid and the surrounding gas, the final shape of the droplet depends
on two parameters, namely θs and the following Eötvös number:

Eo = (ρl −ρg )g R2
0

σ
(2.16)

The physical properties used in the simulations are summarized in Table. 2.1. The
simulations are carried out using grid size ∆= 5×10−4 m and the typical time step
used is ∆t = 1×10−4 s. No-slip boundary conditions are applied at all computational
domain boundaries.

Table 2.1: Fluid physical properties for simulations of equilibrium shape of a droplet on a
horizontal surface.

Parameters Symbols Values Units
Liquid density ρl 1×103 kg ·m−3

Liquid dynamic viscosity µl 1.0×10−3 kg ·m−1 ·s−1

Gas density ρg 1 kg ·m−3

Gas dynamic viscosity µg 1.0×10−5 kg ·m−1 ·s−1

Surface tension σ 7.2×10−2 N ·m−1

Droplet initial radius R0 1×10−2 m
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Figure 2.4: Schematic representation of the initial (-) and equilibrium (- -) shapes of a
droplet on a flat surface with static contact angle without gravity (Eo = 0).

Absence of gravity

First, simulations are performed for the case where gravity is absent (Eo = 0).
In this case, the equilibrium shape is a spherical cap. By the conservation of the
volume of the droplet, it is possible to geometrically derive at equilibrium the
radius of curvature R f , the contact radius r f , the height of the droplet h f and the
pressure difference ∆P between the drop and the surrounding gas as follows:

R f = R0
3

√
2

2−3cosθs +cos3θs
(2.17)

r f = R f sinθs (2.18)

h f = R f (1−cosθs ) (2.19)

∆Panalytical = 2σ/R f (2.20)

Fig. 2.5 shows an excellent agreement between the numerically obtained contact
radius and droplet height with Eqs. (2.18) and (2.19), respectively. The numerical
and analytical equilibrium droplet shapes compared in Fig. 2.6, also are in good
agreement. The expected value of pressure difference ∆Panalytical is also compared
with the numerical pressure difference ∆Pnumerical (Fig. 2.7). Here, ∆Pnumerical is
evaluated by averaging the values of the pressure inside and outside the droplet.
The obtained results show an excellent agreement with the analytical solution
given by Eq. (2.20).

Spreading effect due to gravity

When there is gravity in the simulation, the gravity will counteract the surface
tension. At low Eötvös numbers (Eo ¿ 1), the droplet maintains its original spher-
ical cap shape as the surface tension forces are dominant and the droplet height is
given by Eq. (2.19). At higher Eötvös numbers (Eo À 1), the droplet spreads under
the gravity effect and the thickness is directly proportional to the capillary length
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Figure 2.5: Dimensionless droplet parameters for the equilibrium shape of a droplet on a
horizontal surface without gravity (Eo = 0): analytical height (-), numerical
height (ä), analytical contact radius (- -), numerical contact radius (©).

Figure 2.6: Analytical (-) and numerical (- -) equilibrium droplet shapes on a flat surface
without gravity (Eo = 0) for static contact angles θs = 20, 60, 80, 90, 100, 120,
160◦.

(Dupont and Legendre, 2010):

h∞ = 2

√
σ

(ρl −ρg )g
sin

(θs

2

)
(2.21)

Fig. 2.8 shows the equilibrium droplet shapes and dimensionless droplet height
for a wide range of Eötvös numbers and a static contact angle of 90◦. The figure
clearly shows that the obtained results agree well with the two asymptotic solu-
tions given by Eqs. (2.19) and (2.21). As expected, for the intermediate values of
the Eötvös number, the transition between a spherical cap and a puddle shape can
be observed.
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Figure 2.7: Dimensionless pressure difference for a droplet on a horizontal surface in equi-
librium without gravity (Eo = 0): ∆Panalytical (-) and ∆Pnumerical (ä).

Figure 2.8: Equilibrium droplet shapes and dimensionless droplet height on a horizontal
surface with various Eötvös numbers: numerical results (ä), asymptotic solu-
tions of Eq. (2.19) (-) and Eq. (2.21) (- -).
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2.5.2 Numerical validation

To validate the numerical model, the results of the model with pinned contact
line are compared to the experiments on quasi-static bubble growth of Albadawi
et al. (2013b). In the experiments, the gas phase is injected through the orifice
using a small and constant volumetric flow rate Q, so that the process of bub-
ble formation is mainly governed by buoyancy and surface tension forces. The
physical properties that are used for the simulations, imitating the corresponding
experimental conditions, are summarized in Table 2.2. No-slip boundary condi-
tions are applied at the bottom and side walls, while at the top of the simulation
domain the pressure-prescribed outlet boundary condition is imposed and the out-
let pressure is set to atmospheric pressure. The flow in the gas inlet is assumed
fully developed laminar with a parabolic inflow velocity.

Table 2.2: Fluid physical properties and initial conditions for simulations of bubble growth
of Albadawi et al. (2013a,b).

Parameters Symbols Values Units
Liquid density ρl 998.2 kg ·m−3

Liquid dynamic viscosity µl 0.001 kg ·m−1 ·s−1

Gas density ρg 1.225 kg ·m−3

Gas dynamic viscosity µg 1.79×10−5 kg ·m−1 ·s−1

Surface tension σ 0.073 N ·m−1

Gravity g 9.81 m ·s−2

Orifice radius Ro 0.8 mm
Gas injection flow rate Q 1.39×10−8,2.78×10−8, m3 ·s−1

4.17×10−8,5.56×10−8

We first examine the effect of the grid resolution on simulation results by sim-
ulating the growth of bubble under volumetric flow rate Q = 5.56×10−8 m3/s. The
grid resolution tested are ∆ = 2.5×10−4 m, 2.0×10−4 m, and 1.5×10−4 m. Fig-
ure 2.9 shows the effect of grid resolution on bubble shape at the final instant
prior to bubble pinch-off. It can be seen that the bubble shapes at the detachment
for all grid resolutions are almost identical. In addition, the differences in detach-
ment volume Vdet and detachment time tdet are also computed. The differences in
Vdet and tdet for ∆ = 2.5×10−4 m are less than 0.4% and for ∆ = 2.0×10−4 m are
less than 0.2% compared to the results with a grid resolution of ∆ = 1.5×10−4 m.
Based on the considerations of accuracy and computational time, the grid resolu-
tion of ∆ = 2.0×10−4 m is employed in remainder of this section. The time step is
∆t = 5×10−5 s.

Next, we qualitatively assess the present numerical method by comparing the
temporal evolution of the bubble shape against the experimental observations
(Fig. 2.10). The six interface shapes shown here correspond to t/tdet ∼ 0, 0.2,
0.4, 0.6, 0.8, 1, where t/tdet = 1 is the detachment time predicted by the present
method or measured experimentally and t/tdet = 0 is the initial time of the sim-
ulation where the bubble is assumed to have a hemispherical shape. The spatial
evolution of the numerically predicted interface is very close to the corresponding
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Figure 2.9: Effect of grid resolution on bubble shape at t/tdet = 1 for Q = 5.56×10−8 m3/s
and Ro = 0.8 mm.

(a) (b)

Figure 2.10: Bubble shape predictions at six time frames t/tdet ∼ 0, 0.2, 0.4, 0.6, 0.8, 1 for
experimental (Albadawi et al., 2013a,b) and present numerical simulation:
(a) Q = 4.17×10−8 m3/s and (b) Q = 5.56×10−8 m3/s. The orifice radius is
0.8 mm.

experimental results. Table 2.3 shows a good quantitative agreement of the de-
tachment time and volume, with maximum errors of 2.6% and 3.3% for tdet and
Vdet , respectively.
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Table 2.3: Comparison of time detachment tdet and bubble volume at detachment Vdet for
four different flow rates (Albadawi et al., 2013b).

Flow rate Experimental Present study Error
Q (m3/s) tdet (s) Vdet (mm3) tdet (s) Vdet (mm3) Etdet (%) EVdet (%)

1.39×10−8 1.985 28.397 2.034 29.314 2.443 3.230
2.78×10−8 1.013 29.134 1.035 29.820 2.172 2.355
4.17×10−8 0.684 29.699 0.702 30.300 2.558 2.023
5.56×10−8 0.523 30.074 0.534 30.709 2.008 2.113

Since the work of Albadawi et al. (2013b) only shows the bubble dynamics
until the bubble detachment, we further validate the present numerical method
against experimental results of Thoroddsen et al. (2007). In the experiments of
Thoroddsen et al. (2007), the gas bubble is slowly grown from a vertical thin-
walled nozzle. Although a difference in the bubble volume between the detach-
ment from a nozzle compared to an orifice can be expected, one can compare their
result with the case where the bubble is pinned at the orifice since the liquid cir-
culation near the nozzle is expected to be negligible due to very low gas flow rate
used in the experiment (Q = 1.67×10−8 m3/s). The same simulation characteristics
as well as the same computational domain and mesh are used, as in the previously
presented validation case. The only difference is the size of the orifice and the
fluids physical properties, which are summarized in Table 2.4.

In Figs. 2.11 and 2.12, a quantitative comparison is made by extracting the
point coordinates of the interface position with respect to time, at several time
instances before (Fig. 2.11) and after (Fig. 2.12) the detachment of the bubble
from the orifice. The numerical results are in excellent agreement with the experi-
mental results, considering the interface shape evolution of the generated bubble,
both before and after the bubble detachment from the orifice. In the numerical
results, an air thread forms as the bubble neck contracts, leaving a central micro
bubble after the collapsing process. Although this phenomenon was also found in
the experiment, the size of the micro bubble is more pronounced in the simulation
due to the low interface resolution.

Table 2.4: Fluid physical properties and initial conditions for simulation of bubble growth
of Thoroddsen et al. (2007).

Parameters Symbols Values Units
Liquid density ρl 998.12 kg ·m−3

Liquid dynamic viscosity µl 0.0014 kg ·m−1 ·s−1

Gas density ρg 1.188 kg ·m−3

Gas dynamic viscosity µg 1.824×10−5 kg ·m−1 ·s−1

Surface tension σ 0.073 N ·m−1

Gravity g 9.81 m ·s−2

Orifice radius Ro 1.35 mm
Gas injection flow rate Q 1.67×10−8 m3 ·s−1



2.5 Numerical verification and validation 23

Figure 2.11: Comparison of experimental (Thoroddsen et al., 2007) and numerical inter-
face evolution of the generated bubble before the time of detachment (t = 0
s). The orifice radius is 1.35 mm.

Figure 2.12: Comparison of experimental (Thoroddsen et al., 2007) and numerical inter-
face evolution of the generated bubble after the time of detachment (t = 0 s).
The orifice radius is 1.35 mm.
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2.6 Conclusions

In this chapter, the main characteristics of the numerical method based on the
LFRM were discussed. The original interface reconstruction in LFRM has been
modified to enable the implementation of smoothing procedure of Kuprat et al.
(2001) and the contact angle boundary condition at the three-phase contact line.
Furthermore, the data structure was arranged such that individual bubbles can
be identified even after break-up and coalescence. This enables the calculation of
individual bubble properties. The developed numerical method was verified by
performing simulations of 3D droplet spreading on a horizontal surface with and
without the presence of gravity. The obtained results showed a satisfactory match
with analytical solutions. The numerical method was then applied for the simu-
lations of bubble formation from a submerged orifice in the quasi-static regime.
The bubble detachment characteristics predicted by the method were extensively
compared with available experimental and numerical results, showing good agree-
ment. The numerical method provides a framework to further investigate the ef-
fects of various operating conditions (e.g., gas flow rate, cross-flow), fluid physical
properties, and also system properties (e.g., wettability of the orifice) on the dy-
namics of bubble formation.



Chapter 3
Bubble formation with a moving
contact line

Abstract

The formation of gas bubbles by submerged orifices is a fundamental process encoun-
tered in various industrial applications. The dynamics of the contact line and the
contact angle may have a significant influence on the detached bubble size depending
on the wettability of the system. In this chapter, the influence of wetting conditions
on the dynamics of bubble formation from a submerged orifice was investigated ex-
perimentally and numerically. The experiments were performed using a hydrophobic
orifice plate and a series of ethanol-water solutions to vary the wettability where the
key characteristics of the bubbles were measured using a high speed, high resolution
camera. An extensive analysis on the influence of wetting conditions on the bubble
size, bubble growth mechanism, and the behavior of the contact line was performed.
Bubble growth stages, termed (1) hemispherical spreading, (2) cylindrical spreading,
(3) critical growth and (4) necking, were identified based on key geometrical pa-
rameters of the bubble and relevant forces acting on the bubble during the growth.
The experimental results showed that the apparent contact angle varies in a com-
plicated manner as the bubble grows due to the surface roughness and heterogeneity.
The experimental findings were finally used to validate the Local Front Reconstruction
Method (LFRM) with a contact angle model to account for the contact angle hysteresis
observed in the experiments.

This chapter is based on:
Mirsandi, H., Smit, W.J., Kong, G., Baltussen, M.W., Peters, E. A. J. F., Kuipers, J. A. M.,
2019. Influence of wetting conditions on bubble formation from a submerged orifice. In
preparation.
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3.1 Introduction

The formation of gas bubbles by submerged orifices is a fundamental phe-
nomenon encountered in many processes found in the chemical, nuclear and met-
allurgical industries. In most of these processes, the bubble size control is essential
since it determines the bubble rise velocity, its trajectory in the liquid, and the mass
and heat transfer characteristics. However, the bubble formation from submerged
orifices is still not completely understood since it is governed by many operating
parameters (e.g., gas flow rate and liquid flow), system properties (e.g., orifice
dimensions and orifice material), and fluid properties (e.g., surface tension, liquid
viscosity and liquid density). One of the main challenges is the movement of the
three-phase (gas, liquid and solid) contact line during the bubble growth.

Generally, the wettability is captured by the contact angle, which is defined as
the angle between the solid surface plane and the tangent to the liquid surface at
the contact line (see Fig. 3.1). By convention, the contact angle is measured from
the liquid side. For a liquid droplet on a flat, smooth and ideal surface, it is well-
established that the contact angle (θY ) obeys Young’s equation (Young, 1805):

σSG =σSL +σLG cosθY (3.1)

Here, σSG is the solid-gas surface tension, σSL the solid-liquid tension, and σLG

(or σ) the liquid-gas tension. This angle between the surface of the droplet and
the solid surface indicates whether the surface is hydrophilic (θ < 90◦) or hy-
drophobic (θ > 90◦). Most solid surfaces are rough on the µm scale. At the lo-
cal sub-roughness scale, the equilibrium contact angle given by Young’s equation
might hold. However, when measuring contact angles using low-power optics
(∼0.01 mm), these local angles are not observed. Instead, ’apparent’ contact an-
gles are measured on this macroscopic scale, which depending on the roughness,
can be different from the equilibrium contact angle (Drelich, 2019). Due to the
surface heterogeneity and roughness, there can be many stable contact angles for
a given system, of which the largest is called the advancing angle (θad v ) and the
smallest the receding angle (θr ec) (Eick et al., 1975; Schwartz and Garoff, 1985).
In addition, when the contact line is moving, deviations of Young’s equation can
be observed due to high local stresses near the contact line where the apparent
contact angle depends on the history of the contact line motion.

(a) (b)

Figure 3.1: A schematic illustration of the contact angle θ between a fluid drop on a solid
surface for (a) hydrophilic and (b) hydrophobic surfaces.
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The dynamics of the contact line and the contact angle may have a significant
influence on the detached bubble size depending on the wettability of the system.
In case of good wetting conditions (θ < 90◦), the contact line sticks to the orifice
inner rim (Fig. 3.2 (a) and (b)). In this case, the behavior of the contact angle
has little influence on the size of the detached bubble. On the other hand, in case
of poor wetting conditions (θ > 90◦), both the contact angle and the contact line
radius vary as the bubble grows in size and thereby affect the detached bubble size
(Fig. 3.2 (c)).

(a) (b)

(c)

Figure 3.2: Sequence of bubble formation in water under quasi-static regime on three dif-
ferent orifice plates: (a) stainless steel (θs = 75◦), (b) polyether ether ketone
(PEEK) (θs = 89◦), and (c) Teflon (θs = 105◦). The orifice inner diameter is
1 mm.

Several authors have studied the influence of wetting conditions on the bub-
ble volume. Corchero et al. (2006) investigated the influence of different surface
materials (68◦ ≤ θ ≤ 123◦) on the detached bubble volume under various gas flow
rates. All their data can be approximated by a single curve when a scaled bubble
volume is plotted against a scaled gas flow rate. Byakova et al. (2003) performed
experiments on bubble formation in water and a water-soap solution at a wide
range of contact angles (15◦ ≤ θ ≤ 110◦). They discussed the discrepancies between
theoretical prediction and experimental results at low gas flow rates when the
surface tension force is dominant. Liow and Gray (1988) performed numerical
simulations on bubble formation in the steel-argon system using a non-spherical
bubble model and showed that the influence of contact angle on bubble size be-
comes less significant at high gas flow rates.

Significant progress in computational resources and numerical methods over
the last two decades has made it possible to perform detailed Direct Numerical
Simulations (DNS) of multiphase flows by using either interface capturing or front
tracking approaches. Both approaches assume a one-fluid formulation, in which
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the flow phenomena in all phases are described by a single set of Navier-Stokes
equations. In interface capturing methods, the interface is reconstructed from an
indicator function, which is advected by the fluid velocity on a fixed Eulerian grid.
The most widely used interface capturing approaches are the Volume of Fluid
(VOF) method (Hirt and Nichols, 1981), the Level Set (LS) method (Osher and
Sethian, 1988) and a combination of these two, known as the CLSVOF method
(Sussman and Puckett, 2000). In the front tracking type methods, the interface is
explicitly tracked using Lagrangian marker elements, which results in more accu-
rate interface tracking and surface tension calculation (Unverdi and Tryggvason,
1992; Shin et al., 2011). All these methods have been used to simulate bubble
formation from an orifice (Gerlach et al., 2007; Buwa et al., 2007; Quan and Hua,
2008; Chakraborty et al., 2009; Yujie et al., 2012; Albadawi et al., 2013b; Xu et al.,
2015; Mirsandi et al., 2018, 2019a; Kong et al., 2019b). However, only a few nu-
merical studies have taken into account the influence of the moving contact line
(Kandlikar and Steinke, 2002; Gerlach et al., 2007; Buwa et al., 2007; Chen et al.,
2013) and the majority of them assumed a constant contact angle.

Once the three-phase moving contact line is involved, the predictive capabil-
ities of these numerical techniques are limited due to the difficulty in specifying
the boundary conditions at the contact line. In addition, it is well known that the
no-slip boundary condition yields a stress singularity at the contact line since the
fluid velocity is finite at the free surface but zero at the wall (Huh and Scriven,
1971). This singularity is usually removed by relaxing the no-slip boundary condi-
tion with a slip model. The most common approach is to use an empirical dynamic
contact angle model that gives the apparent contact angle based on the slip veloc-
ity (Cox, 1986; Blake, 2006; Kistler, 1993), which is used to specify the location of
the contact line. Several authors have incorporated these dynamic contact angle
models for the simulation of droplet spreading (Sui et al., 2014). For the simula-
tions of bubble formation, several authors have used static receding and advancing
contact angles for the dynamic contact angle model, which results in a stick-slip
behavior at the contact line during the growth (Mukherjee and Kandlikar, 2007;
Chen et al., 2013; Mirsandi et al., 2018).

Despite the large number of studies reported so far, the detailed physics of
bubble formation that involves a moving contact line is still lacking. Therefore,
we focus in the present work on advancing the current understanding of the dy-
namics of bubble formation from a submerged orifice, particularly focusing on
the contact line behavior, and to provide detailed experimental data for validat-
ing the numerical simulations. In this study, the experiments of bubble formation
on a hydrophobic Teflon surface are performed using several water-ethanol solu-
tions to vary the wetting conditions. The details of the transient shape, contact
line diameter, and apparent contact angle of the bubbles are measured using a
combination of a high speed, high resolution camera and an accurate digital im-
age processing technique. The experimental results are used to validate the in-
house front-tracking type technique called the Local Front Reconstruction Method
(LFRM) incorporated with a contact angle model to account for the contact angle
hysteresis observed in the experiments. This chapter is organized as follows. The
description of the experimental setup and measurement techniques is given in sec-
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tion 3.2. Section 3.3-3.4 provide the description of the numerical method and the
computational setup. In section 3.5.1-3.5.3, an extensive analysis of the dynam-
ics of the bubble formation in poor-wetting systems is provided. In section 3.5.4,
the numerical simulations and a comparison between experimental and numerical
results are presented. Finally, a summary of the main conclusions of the present
study is provided in section 3.6.

3.2 Experimental method

3.2.1 Experimental setup

The experimental setup is schematically shown in Fig. 3.3. The column is
100 mm in width and 500 mm in height. For each experiment, the liquid height is
set to 100 mm. The air bubbles are formed from a submerged orifice plate made
of hydrophobic Teflon attached to the lower wall of the column. This circular
orifice plate with an inner diameter of 1 mm and outer diameter of 10 mm, is
processed using a high-precision diamond-headed lathe to minimize the surface
roughness. The surface roughness is measured using Mitutoyo SJ-210 and the
roughness average (RA) is found to be 0.211±0.007 µm. For low gas flow rates (Q ≤
10 ml/min), the gas is controlled using a combination of a kdScientific LEGATO
100 syringe pump and a 2.5 mL Hamilton 1000 series GASTIGHT syringe, while
for higher gas flow rates a Bronkhorst EL-FLOW F-201 CV mass flow controller is
used to introduce the gas.

In order to achieve the constant gas flow rate condition throughout the bubble
formation process, the total pressure drop across the orifice needs to be sufficiently
large compared to the pressure variations occurring during the bubble formation.
Muilwijk and Van den Akker (2019) suggested that the constant laminar flow rate
can be achieved when the non-dimensional orifice constant defined as:

k∗
or = kor g 0.8ρg Q−0.6 (3.2)

where

kor = Q

∆P
=

πd 4
cap

128µg lcap
(3.3)

approaches zero. Here, lcap and dcap are the length and the inner diameter of
the capillary, respectively. In the present work, a capillary with lcap = 150 cm
and dcap = 0.5 mm is used to satisfy this criterion. To ensure the constant flow
conditions further, the individual bubble volume is determined for at least three
consecutive formed bubbles. The result for the lowest gas flow rate is shown in
Fig. 3.4.

To study the effects of wettability, a series of aqueous solutions of ethanol, rang-
ing from 0 wt% to 10 wt%, is used. By increasing the concentration of ethanol,
the surface tension of the liquid phase is reduced and therefore the interaction
between the liquid and the orifice material shifts to a more pronounced wetting
type of interaction. All experiments are performed at a temperature of 20 ◦C. The
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Figure 3.3: Schematic diagram of the experimental setup of bubble formation in water-
ethanol solution. All dimensions are shown in millimeter.

Figure 3.4: Evolution of bubble volume with time. The validity of constant flow rate condi-
tion is confirmed from the linearity of the bubble volume growth.
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properties of the liquid at this temperature are determined using a Brookfield DV-E
viscometer for measuring the viscosity and a Dataphysics DCAT-25 with the Wil-
helmy plate method for measuring the surface tension. Each of the measurements
is repeated multiple times to test reproducibility and obtain more accurate data.
The properties of the fluids are summarized in Table 3.1. It should be noted here
that as the ethanol concentration is increased from 0 wt% to 10 wt%, the sur-
face tension is reduced by 34%, whereas the liquid viscosity is increased by 68%.
However, several studies revealed that the influence of liquid viscosity on bubble
formation is negligible, especially at low gas flow rates (Kumar and Kuloor, 1970;
Gerlach et al., 2007; Mirsandi et al., 2019a).

Table 3.1: Fluid properties of water-ethanol solutions (Khattab et al., 2012).

Ethanol (wt%) ρl [kg/m3] µl [kg/m s] σ [mN/m]
0 996±1 1.00×10−3 72.52±0.08

1.25 991±1 1.05×10−3 65.62±0.06
5 984±1 1.31×10−3 55.71±0.01

10 974±1 1.68×10−3 47.83±0.03

The apparent contact angle between the liquid phases and the orifice material
for each solution is measured using a DataPhysics OCA-30 contact angle goniome-
ter equipped with a TBU 90E tilting base unit. Droplets with a volume of 10 µl
prepared with a micropipette are used for the measurements. The advancing and
receding contact angles are determined at the time right before the droplet starts
moving. The accuracy of the contact angle goniometry through direct measure-
ment with a telescope-goniometer is generally recognized to be approximately ±2◦
and twice of this value for the dynamic contact angles (Bracco and Holst, 2013).
The measured static (θs), advancing (θad v ) and receding (θr ec) contact angles are
shown in Fig. 3.5. It can be seen that θs increases with increasing surface ten-
sion. This trend is also followed by the advancing and receding contact angles.
On the other hand, the contact angle hysteresis (θad v −θr ec) is approximately con-
stant at 10◦. This may be explained from the fact that contact angle hysteresis
is a surface roughness phenomenon and the same orifice sample is used for each
measurement.

3.2.2 Visualization and image processing

The experimental images are captured using a pco.dimax HD high speed dig-
ital video camera with a frame rate of 2200 Hz and a resolution of 1920 pix-
els × 1440 pixels. The recordings are performed with the aid of back lighting,
which is only employed during image capturing to limit the heating of the liquid
by the illumination. To avoid direct reflections on the bubble interface, the illumi-
nated side of the channel is covered with a white plastic diffusion screen improving
the measurements of geometrical parameters of the bubble.

The captured images are processed by using an in-house code, which utilizes
the image processing toolbox from Matlab. The main image processing steps are
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Figure 3.5: Influence of surface tension on the measured static (θs), advancing (θad v ) and
receding (θr ec ) contact angles.

(a) (b) (c) (d)

Figure 3.6: Sequence of image processing: (a) grey scale image, (b) background removal,
(c) creation of a binary picture, and (d) definition of edge and calculation of
geometrical parameters.

the determination of the grayscale image, background removal, binarization of the
images with a threshold value, and then determination of the bubble characteris-
tics, which include the bubble volume Vb , bubble height H , apparent contact angle
θ, radius of curvature at the bubble apex R0, and the contact diameter D (Fig. 3.6).
In the present study, the bubbles are axisymmetric. This allows the implementa-
tion of calculation of bubble volume using Pappus second theorem (Legendre et al.,
2012). A calibration plate with known size and distance is used to obtain the pixel
size. The pixel size used for image capturing is typically 90 pixels/mm. The spa-
tial resolution is high enough to capture the bubble interface without using any
interpolative reconstruction. The calibration generates an error about one pixel
(±0.011 mm). In addition, binarization may introduce one pixel error when the
edge of the bubble is not exactly detected.
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3.3 Numerical method

The numerical simulations are performed using the in-house LFRM, detailed
in chapter 2. In the numerical model, the fluids are assumed to be incompress-
ible, immiscible and Newtonian. Furthermore, a one-fluid formulation is used to
describe the fluid flow for both phases. The governing equations for mass and
momentum conservation are expressed as follows:

∇ ·u = 0 (3.4)

ρ
∂u

∂t
=−∇p −ρ∇ · (uu)−∇ ·τ +ρg+Fσ (3.5)

where u is the fluid velocity, p is the pressure, and τ is the stress tensor given
by −µ[∇u+ (∇u

)T ]
. The local averaged density ρ and dynamic viscosity µ depend

on the local fluid phase distribution and are therefore calculated from the local
phase fraction, F , using normal and harmonic averaging, respectively. The local
volumetric force accounting for the effect of surface tension, Fσ, is calculated using
the hybrid Lagrangian-Eulerian formulation representation of Shin et al. (2005).

After the fluid flow has been calculated, the Lagrangian marker points, which
are used to track the interface, are moved using locally interpolated fluid veloci-
ties. The fluid velocities are interpolated from Eulerian to Lagrangian grid points
using the cubic spline interpolation. The marker points are displaced with the
interpolated fluid velocities using a 4th order Runge-Kutta time stepping scheme.
Finally, the phase fraction in each Eulerian cell is updated using a geometrical
method based on the location of the marker elements (Dijkhuizen et al., 2010b).
To prevent the deterioration of the mesh quality, interface reconstruction is period-
ically performed using the LFRM procedure. In addition, the smoothing procedure
of Kuprat et al. (2001) is employed to prevent small scale surface instabilities and
volume errors due to advection of marker points and interface reconstruction.

In the present work, to take into account the contact angle hysteresis observed
in the experiments, a stick-slip model defined as

θr ec ≤ θ ≤ θad v (3.6)

is employed. In this model, there is no explicit relationship between the apparent
contact angle and contact line velocity. The contact line sticks when the contact
angle is in between these receding and advancing values. When the angle reaches
either the receding or advancing value, the contact angle is fixed at this value and
the contact line slips.

3.4 Computational setup

The schematic of the computational domain is shown in Fig. 3.7. The gas
bubble is injected through an orifice of inner diameter Di n located at the bottom
wall. The gas injection is assumed to be at a constant flow rate Q. The flow in
the orifice is assumed fully developed laminar. A parabolic profile is imposed for
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Figure 3.7: Schematic representation of the computational domain for the simulations of
bubble formation.

the axial velocity. A constant pressure boundary condition is imposed at the top
wall and no-slip boundary condition is imposed at the side and bottom walls. The
numerical domain has a width and height of approximately five equivalent bubble
diameters to ensure that liquid circulations close to the wall does not affect the
bubble formation.

3.5 Results and discussion

3.5.1 Detached bubble volume and bubbling regime

In this section, the experiments are performed over a wide range of gas flow
rates, ranging from 1 ml/min to 350 ml/min, to investigate the influence of the gas
flow rate on the detached bubble volume and the bubbling regime under various
wetting conditions.

Figure 3.8 (a) shows the maximum contact diameter reached during formation
for four different water-ethanol solutions, which are indicated by their surface ten-
sion values. The maximum contact diameter tends to be constant at low gas flow
rates and increases slightly at high gas flow rates (Q > 130 ml/min) for each case.
Moreover, the value slightly varies at high gas flow rates, which indicates that the
bubble formation becomes aperiodic. It can be observed that the maximum con-
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tact diameter increases with increasing surface tension at all gas flow rates. This
can be explained by the fact that the contact angle also increases with increasing
surface tension, as shown previously in Fig. 3.5.

The surface tension affects the bubble formation via the capillary force (Fs =
πσD sinθ), which restrains the bubble from the detachment. Therefore, it affects
the bubble volume in two ways, i.e., through the capillary force and the contact
diameter for the case of bubble formation that involves a moving contact line.
Figure 3.8 (b) shows that the bubble volume increases with increasing surface
tension since the values of both σ and D increase. The figure also shows that the
influence of surface tension decreases with increasing gas flow rate. At the lowest
gas flow rate of Q = 1 ml/min, the bubble volume increases by 135% when the
surface tension is increased from 47.8 mN/m to 72.5 mN/m, which reduces to 35%
at Q = 350 ml/min. This indicates that the inertia force also affects the bubble
formation at high gas flow rates.

Two different bubbling regimes are observed under the considered gas flow
rates. At low gas flow rates, the bubble formation process is in the period-1 (single)
bubbling regime, where the bubbles detach in a periodic fashion with a constant
volume. At higher gas flow rates, the bubble formation process switches to period-
2 bubbling regime, where the wake of the preceding bubble significantly affects
the formation of the succeeding bubble such that the succeeding bubble is smaller
and two constant formation periods exist. It can be observed from the regime map
shown in Fig. 3.9 that the transition from period-1 bubbling regime to period-2
bubbling regime is shifted to higher gas flow rates as the surface tension increases.
The delay in the transition of bubbling regime for increasing surface tension is due
to the fact that the bubble volume increases with increasing surface tension so that
the bubble formation period also increases and thus the interaction between the
preceding and succeeding bubbles is reduced.

It is well-known that for bubble formation without a moving contact line, e.g.,
bubbles formed from a thin walled nozzle, the transition from surface tension con-
trolled regime to inertia controlled detachment can be predicted using the critical
gas flow rate proposed by Oguz and Prosperetti (1993) defined as follows:

Qcrit =π
( 16

3g 2

)1/6(σDi n

2ρl

)5/6
(3.7)

They also concluded that the relation between the bubble volume at detachment
and the gas flow rate is universal when the volume is scaled by the critical bubble
volume Vcr i t and the flow rate is scaled by the critical flow rate Qcr i t . The bubble
volume is then given by:

Vb

Vcr i t
=

{
1 ifQ <Qcr i t (a)
(Q/Qcr i t )6/5 ifQ >Qcr i t (b)

(3.8)

Here, Vcr i t is derived from the balance of buoyancy and surface tension forces:

Vcr i t = 4

3
π

(
3σDi n

4ρl g

)
(3.9)
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Figure 3.8: Influence of surface tension on (a) the maximum contact diameter and (b) the
detached bubble volume under various gas flow rates.

According to Eq. (3.7), the critical gas flow rate for the case of σ= 47.8 mN/m
is 53 ml/min. However, the bubble formation process is still in single bubbling
regime even beyond this value, as shown in Fig. 3.9. The reason is that the usage
of orifice diameter Di n in Eqs. (3.7) and (3.9) is not appropriate since the bubble
shape differs significantly from spherical shape due to the widening of the contact
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Figure 3.9: Bubble formation regime map for bubble formation in water-ethanol solutions.

line (Gnyloskurenko et al., 2003; Corchero et al., 2006). If the orifice diameter
is replaced with the maximum contact diameter measured during the growth of a
bubble at the low gas flow rates, the critical gas flow rate becomes 170 ml/min,
which is similar to Fig. 3.9. To further test the validity of this approach, the bubble
formation regime map shown in Fig. 3.9 is scaled by the modified critical gas flow
rate Q ′

cr i t in Fig. 3.10. It can be observed that the transition of bubbling regime
from single bubbling regime to period-2 bubbling regime happens at Q/Q ′

cr i t ≈ 1.
The measured bubble volumes and gas flow rates shown in Fig. 3.8 (b) are

scaled by the modified critical gas flow rate Q ′
cr i t and critical bubble volume V ′

cr i t ,
respectively, and the results are shown in Fig. 3.11. It can be observed that the ex-
perimental data fall approximately on a single curve when this modified scaling is
used. The figure also shows that the dimensionless bubble volume is constant and
independent of the dimensionless gas flow rate at the surface tension controlled
regime (Q/Q ′

cr i t < 1) and subsequently it increases significantly with the gas flow
rate at the inertia controlled regime (Q/Q ′

cr i t > 1). As pointed out by Corchero
et al. (2006), even though the collapse of experimental data in Fig. 3.11 is promis-
ing, the figure is not easy to use in practice because it requires a prior knowledge
on the maximum contact diameter for the system of interest.
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Figure 3.10: Bubble formation regime map for bubble formation in water-ethanol solutions
given in terms of the non-dimensional volumetric flow rate (Q/Q ′

cr i t ) and sur-
face tension.

Figure 3.11: Non-dimensional volumetric flow rate (Q/Q ′
cr i t ) vs. the non-dimensional bub-

ble volume (Vb /V ′
cr i t ).
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3.5.2 Bubble growth stages

As the bubble grows, it passes through several stages, which can be identi-
fied based on several geometric parameters. These phases are identified for the
surface tension force controlled regime, where the quasi-static approximation is
reasonable. An example is shown in Fig. 3.12 for bubble formation in water under
Q = 21.8 ml/min. The dimensionless time t/tdet is used in presenting the data,
where tdet is the moment at which the bubble detaches.

Four stages can be identified based on the key geometrical parameters and rel-
evant forces acting on the bubble during growth: hemispherical spreading, cylin-
drical spreading, cylindrical growth, and necking. The transition to each following
stage is represented by vertical dashed lines in Fig. 3.12. The first stage is the
hemispherical spreading, where the bubble attains the shape of an almost per-
fectly hemispherical shape witnessed from the radius of the curvature at the bub-
ble apex R0 being nearly identical to the bubble height H . The bubble spreads
for some time while retaining a hemispherical shape. The first stage ends when
R0/H ≈ 0.95. At the cylindrical spreading stage, the bubble spread further as its
height keeps increasing. This stage ends when the maximum contact diameter is
reached, coinciding with an inflection point in the height curve. The third stage
is the cylindrical growth, where the values of R0 and D remain almost constant as
the volume growth is captured in the height growth. The value of contact angle θ
increases significantly as the bubble grows further. The third stage ends when the
buoyancy force (Fb = (ρl −ρg )Vb g) exceeds the surface tension force (Fb/Fs > 1).
The last stage is the necking stage. Finally, a force balance between restraining
(primarily Fs) and lifting forces (primarily Fb) is achieved. The contact line con-
tinuously shrinks to the orifice rim. The bubble height and radius of curvature at
the bubble apex increase as all the volume is displaced from a cylindrical shape
into a spherical shape due to the formation of bubble neck. This stage ends at the
detachment.

Similar stages of bubble growth in non-wetting systems under surface tension
dominated regime have been identified and described by Gnyloskurenko et al.
(2003). The under critical growth, critical growth and necking phases are compa-
rable to the spreading stages, cylindrical growth stage and necking stage. How-
ever, the nucleation period, which is defined as very sharp and sudden increase of
all geometrical parameters at the initial stage of bubble growth, is not observed
in the present study. Although Gnyloskurenko et al. (2003) stated that a constant
flow rate device was used, the volume growth was non-linear.

The radius of the curvature at the bubble apex, R0, attains an almost constant
value for a long period during the bubble growth. The behavior seems compara-
ble to what was numerically predicted by Gerlach et al. (2005) using the Young-
Laplace equation. However, the increase in R0 that occurs in the detachment stage
was not described by Gerlach et al. (2005) since the method cannot simulate the
last phase of the neck pinch-off at detachment.
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(a)

(b)

Figure 3.12: The evolution of (a) key geometrical parameters and relevant forces and
(b) bubble shape during growth for the case of σ = 72.5 mN/m under Q =
21.8 ml/min. The formation time tdet is 351±0.6 ms.

3.5.3 Contact line behavior

In this section, the behavior of the contact line during the bubble formation
process at the single bubbling regime (Q/Q ′

cr i t < 1) is presented. Figure 3.13 shows
the evolution of contact diameter and contact angle with the dimensionless time
t/tdet under the considered gas flow rates. The overall trend of the contact diame-
ter during the process of bubble formation is similar for all surface tension values
selected in this study. The contact line begins to extend beyond the orifice rim un-
til it reaches the maximum diameter. The contact line holds on to this maximum
value for a relatively long period and then it shrinks back to the value of the orifice
inner diameter. The maximum contact diameter shows little change with increas-
ing gas flow rate. However, a higher gas flow rate leads to a slower shrinkage of
the contact line during the necking stage.
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(a)

(b)

(c)

Figure 3.13: (Caption on next page)
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(d)

Figure 3.13: The evolution of contact diameter (left) and contact angle (right) during
growth under various gas flow rates for: (a) σ = 72.5 mN/m, (b) σ =
65.2 mN/m, (c) σ= 55.7 mN/m and (d) σ= 47.8 mN/m.

The evolution of the contact angle is more complex than the contact diame-
ter. When the contact line recedes, the contact angle decreases to a minimum
value for all surface tension values. However, no clear relationship is observed
between the contact angle and the gas flow rate. The minimum contact angles are
comparable for all gas flow rates for σ ≥ 65.2 mN/m (Fig. 3.13 (a)-(b)), whereas
the minimum contact angle tends to decrease with increasing gas flow rate for
σ ≤ 55.7 mN/m (Fig. 3.13 (c)-(d)). After the minimum contact angle value is
reached, the contact angle increases as the contact line advances back to the ori-
fice. For Q < 130 ml/min, an increase in contact angle is observed during the
cylindrical growth and necking stages. On the other hand, at higher gas flow rate
(Q ≈ 130 ml/min), the contact angle increases only during the cylindrical growth
stage, while it is almost constant during the necking stage. Despite of this, the
maximum contact angle during the advancing phase shows little change with in-
creasing gas flow rate.

Figure 3.14 shows the variation of contact angle with contact line velocity un-
der various surface tension values. It can be observed from the figure that during
the receding phase, there is no clear relationship between contact line velocity and
contact angle since the same contact line velocity can have multiple contact angle
values. However, during the advancing phase, the contact angle seems to be inde-
pendent of the contact line velocity since the value is almost constant. Moreover,
the value is almost the same for all gas flow rates since the differences are within
the experimental errors.

The contact angle during the formation process tends to increase as the surface
tension increases. For example, under Q = 1 ml/min, the minimum contact angle
increases from 91◦ to 100◦ when the surface tension is increased from 45.8 mN/m
to 72.5 mN/m. However, as can be seen in Fig. 3.14, no clear relationship is ob-
served between the contact angle during the bubble formation and the receding
and advancing contact angles measured using the tilting plate method, θr ec and
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(a) (b)

(c) (d)

Figure 3.14: The variations of the contact line velocity with contact angle for: (a) σ =
72.5 mN/m, (b) σ= 65.2 mN/m, (c) σ= 55.7 mN/m and (d) σ= 47.8 mN/m.

θad v . The contact angle tends to be larger than θr ec during the receding phase and
it can exceed beyond the limit given by θad v during the advancing phase. There-
fore, the contact angle hysteresis, defined as the difference between the minimum
and maximum contact angle when the contact line velocity is zero, tends to be
different than the one measured using the tilting plate method.

3.5.4 Comparison of simulations and experiments

In this section, three simulation examples using the LFRM with a stick-slip
model to account for the contact angle hysteresis observed in the experiments are
presented. As explained in the previous section, once the contact diameter reaches
the maximum, the contact angle gradually increases while the contact line shifts
from the receding phase to the advancing phase. The experimental contact angle
values at the time when the contact line reaches the maximum and at the time
when the contact line starts to advance back to the orifice rim are used as θr ec and
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θad v in the stick-slip model, respectively. The simulation results are compared with
the results obtained using a static contact angle (θs = θr ec) and the experimental
results of bubble formation at the single bubbling regime shown in the previous
section.

The first example is the bubble formation in a water under a gas flow rate
of 132.1 ml/min. The receding and advancing contact angles are set to 97◦ and
114◦, respectively. The dependency of the simulation results on the grid resolution
is checked by performing the simulation using three different grid sizes: ∆1 =
2.0×10−4 m, ∆2 = 1.0×10−4 m, and ∆3 = 5.0×10−5 m. The effect of grid resolution on
the bubble shape at the final instant prior to bubble pinch-off (t/tdet = 1) is shown
in Fig. 3.15. It can be seen that the bubble shapes for ∆2 and ∆3 are identical.
However, the bubble shape obtained using the coarsest grid of ∆1 is significantly
smaller. The detached bubble volume Vb and formation time tdet obtained by the
finest grid are 192.5 mm3 and 87.1 ms, respectively. The differences in Vb and
tdet compared to the finest grid for ∆1 and ∆2 are 27.6% and 1.1%, respectively.
Therefore the grid ∆2 is good enough to produce accurate results.

Figure 3.15: Effect of grid resolution on bubble shape at t/tdet = 1 for σ= 72.5 mN/m under
Q = 132.1 ml/min. The point coordinates of the interface position are extracted
by slicing the 3D-bubble at the center of the orifice.
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Figure 3.16 shows the comparison of several geometrical parameters of the
bubble between the simulations and experiments for this case. The experiments
show that the bubble spreads until it reaches the maximum contact diameter at t ≈
33 ms. The bubble base remains almost constant while the bubble height increases
until t ≈ 68 ms. Following, the bubble base continuously decreases to the value of
Di n and bubble departs at t = 85.6 ms with a departure volume of 188.4 mm3. It can
be observed that the occurrence of the contact line pinning can be reproduced by
the numerical simulation with the stick-slip model. On the other hand, with a static
contact angle the contact diameter immediately advances towards the orifice rim
once it reaches the maximum value. As a consequence, the predicted departure
time and thereby the volume of the detached bubble are smaller compared to the
experiments. The simulations agree well with the experiments when the stick-
slip model is employed. The differences in the departure time compared to the
experiments for simulations obtained using a static contact angle and the stick-slip
model are 7.1% and 1.8%, respectively.

Figure 3.17 shows the comparison between the simulations and experiments
for the case of bubble formation in a 10 wt% ethanol-water mixture under a gas
flow rate of 21.9 ml/min. The prescribed receding and advancing contact angles
for the stick-slip model are 86◦ and 98◦, respectively. In this case, the bubble de-
parts at t = 156 ms with a departure volume of 56.7 mm3. Similarly, the stick-slip
model causes the bubble base to exhibit a stick/slip pattern during bubble growth
whereas the base promptly shrinks to the orifice rim when the static contact an-
gle model is used. Overall, the variations of contact angle, contact diameter and
bubble shape obtained using the stick-slip model agree well with the experiments.
The predicted maximum contact diameter is also in a good agreement with the
experimental value despite the slightly higher contact angles seen in the experi-
ments in the initial 50 ms. The differences in tdet compared to the experiments for
simulations obtained using a static contact angle and the stick-slip model for this
case are 15.4% and 1.9%, respectively.

The last case is the bubble formation in a 5 wt% ethanol-water mixture under
a low gas flow rate of 5.0 ml/min. The comparison of the geometrical parameters
of the bubble between the simulations and experiments for this case are shown in
Fig. 3.18. The bubble departs at t = 855 ms with a departure volume of 71.1 mm3

in the experiments. The receding and advancing contact angles for the stick-slip
model are set to 94◦ and 103◦, respectively. Again, the stick-slip model provides bet-
ter results compared to the static contact angle. The differences in tdet compared
to the experiments for simulations obtained using a static contact angle and the
stick-slip model in this case are 16.7% and 1.1%, respectively. It should be noted
here that the difference in tdet between the experiments and simulations obtained
using a static contact angle tends to increase as the gas flow rate decreases. This
indicates that the stick-slip model is essential for obtaining good agreement with
the experiments, especially at low gas flow rates where the surface tension force
is more important.
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Figure 3.16: Comparisons of the contact angle, bubble height, contact diameter, and bubble
shape for bubble formation in a water under a gas flow rate of 132.1 ml/min.
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Figure 3.17: Comparisons of the contact angle, bubble height, contact diameter, and bubble
shape for bubble formation in a 10 wt% ethanol-water mixture under a gas
flow rate of 21.9 ml/min.
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Figure 3.18: Comparisons of the contact angle, bubble height, contact diameter, and bubble
shape for bubble formation in a 5 wt% ethanol-water mixture under a gas flow
rate of 5.0 ml/min.
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3.6 Conclusions

In the present work, we presented a study on the formation of bubbles from
a submerged hydrophobic orifice plate. Several different wetting conditions were
obtained by varying the surface tension value using a series of ethanol-water solu-
tions. The significant observations are as follows:

1. The maximum contact diameter increases with increasing surface tension
because the interaction between the liquid and the orifice material becomes
more wetting. The bubble size is therefore affected by the surface tension
value in two ways: via the capillary force and via the contact diameter for
the case of bubble formation that involves a moving contact line.

2. Based on the relevant forces and the key geometrical parameters of the bub-
ble, bubble growth stages, termed (1) hemispherical spreading, (2) cylindri-
cal spreading, (3) critical growth and (4) necking, were identified during the
process of bubble formation in a surface tension controlled regime.

3. The contact line and the apparent contact angle varies in a complicated man-
ner as the bubble grows due to the surface roughness and heterogeneity. No
explicit relationship was found between the contact angle and the contact
line velocity. A significant increase in the contact angle from the receding
value to the advancing one was observed when the contact line is pinned to
the surface once it attains the maximum value.

4. The simulation results showed a good agreement with the experiments when
a stick-slip model was used to account for the contact angle hysteresis. This
was attributed to the fact that the contact line pinning observed in the ex-
periments can be reproduced by the stick-slip model, whereas the usage of
a static contact angle leads to an immediate shrinks of the contact diameter.
For a good comparison, it is required to use the advancing and receding an-
gles observed from bubble formation experiments, which deviate from the
angles measured by the means of the sliding drop experiment.





Chapter 4
Bubble formation in liquid
cross-flow

Abstract

The formation of gas bubbles by submerged orifices in a cross-flowing liquid is en-
countered in many industrial applications. It is therefore important to understand
the dynamics of bubble formation and to accurately predict the bubble detachment
characteristics under such situations. In the present work, the process was numeri-
cally studied using the Local Front Reconstruction Method (LFRM), a Front Tracking
Direct Numerical Simulation method that enables the simulation of interface merg-
ing and breakup. Experiments of bubble formation subjected to cross-flow induced
shear were also performed to provide data for the validation of the numerical simula-
tions. The predictions of the bubble shape and the detached bubble volume obtained
by the numerical model showed good agreement with the experimental results. The
validated numerical model was then used to study the effects of volumetric gas flow
rate and fluid physical properties on the bubble detachment characteristics under var-
ious shear rates in the quasi-static bubble growth regime. The simulation results
showed that the shear flow advances the bubble detachment and decreases the bubble
size. Consequently, the bubble formation frequency and the detached bubble size can
be controlled by exerting different shear rates. At higher shear rates, the simulated
bubbles are highly deformed due to the drag force created by the tangential liquid
flow and the influence of liquid properties on the bubble detachment characteristics
becomes less significant.

This chapter is based on:
Mirsandi, H., Smit, W.J., Kong, G., Baltussen, M.W., Peters, E. A. J. F., Kuipers, J. A. M.,
2019. Bubble formation from an orifice in liquid cross-flow. Chemical Engineering Journal,
in press.
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4.1 Introduction

The production of gas bubbles by submerged orifices or needles is encountered
in a large number of industrial applications. In order to design an apparatus for
such applications, knowledge on the bubble size is needed. For example, in gas-
liquid chemical contactors bubble size control is the key factor to optimize the heat
and mass transfer between the phases. A uniform distribution of small bubbles
over the cross section of the equipment is desired to maximize the interfacial area
and intensify the transport phenomena (Polli et al., 2002).

The practical importance of bubble formation and its mechanics have moti-
vated a considerable number of studies. Many authors focused on the case of bub-
ble formation using a constant gas flow rate through an orifice submerged in an
initially quiescent liquid (Davidson and Schüler, 1960a; Kumar and Kuloor, 1970;
Gaddis and Vogelpohl, 1986; Oguz and Prosperetti, 1993; Simmons et al., 2015).
Earlier theoretical studies aimed at the development of an analytical model to de-
rive a scaling law for the volume of a detaching bubble based on force balances
(Davidson and Schüler, 1960a; Kumar and Kuloor, 1970; Gaddis and Vogelpohl,
1986). In all of these simplified models the bubble is assumed to retain a spherical
shape during growth. Oguz and Prosperetti (1993) were able to accurately pre-
dict the shape and volume of detaching bubble by taking into account the balance
between the buoyancy force and the surface tension force using a boundary inte-
gral method. More recently, Simmons et al. (2015) studied the bubble formation
mechanism and examined the effect of various parameters such as the gas flow
rate, orifice size, and fluid properties on the shape and size of the bubble using
a finite element method. The calculations are then used to validate scaling laws
available in the literature. A comprehensive review on experimental and theoreti-
cal studies in this field has been reported by Kulkarni and Joshi (2005).

In many industrial operations, however, the bubble formation occurs in a flow-
ing liquid, where the mechanisms are different and more complex than in quies-
cent liquid. In the case of cross-flowing liquid, two effects are observed promi-
nently. First, the drag force created by the liquid flow results in early bubble
detachment and thereby increases the frequency of bubble formation. Second, the
probability of bubble coalescence is reduced since the bubbles tend to be swept
away from the vicinity of the nozzles. These effects are generally favorable since
they enhance both the gas-liquid interfacial area and boundary layer transport
(Kulkarni and Joshi, 2005).

The bubble formation process under cross-flow conditions has been the subject
of several experimental studies. Maier (1927) pioneering work demonstrated that
the direction of the liquid flow should be at right angles to the nozzle axis in order
to obtain the smallest bubble. Sullivan Jr. et al. (1964) experimentally studied
the effect of cross-flow on bubble formation at submerged orifices and proposed
an empirical correlation for bubble volume in terms of Reynolds and Froude num-
bers. Ghosh and Ulbrecht (1989) investigated bubble formation from a rotating
nozzle in viscous liquids and developed a theoretical analysis to study the pro-
cess of bubble formation under the influence of a large shear rate imposed by the
flowing liquid. Forrester and Rielly (1998) performed an experimental study on
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gas bubble formation from a submerged orifice on a cylindrical, flat or concave
blade section exposed to a strong liquid cross-flow. They demonstrated that for
a fixed gas velocity, the detached bubble size decreases significantly with increas-
ing liquid velocity, whereas for a fixed liquid velocity, the bubble size increases
approximately linearly with increasing gas velocity through the orifice. Loubière
et al. (2004) used a flexible membrane orifice to inject the gas phase into the liquid
cross flow. They have shown that, under liquid cross-flow conditions, the bubbles
move downstream and are flattened during their growth.

Theoretical models for bubble formation from an orifice with liquid cross-flow
have been developed by several authors. The majority of the models use a force-
balance to predict the bubble departure size (Tsuge et al., 1981; Kawase and Ul-
brecht, 1981; Wace et al., 1987; Kim et al., 1994; Duhar and Colin, 2006). These
force-balance models are extended from those developed for bubble formation in
quiescent liquids by incorporating an additional term for the drag force due to
liquid cross flow. The drag force is determined by estimating the average veloc-
ity across the channel, the superficial velocity, or the velocity at a specific height
above the orifice. In Marshall et al. (1993), the bubbles are assumed to grow and
translate in several stages, each described by complex mathematical models based
on potential flow theory. All these models, however, assume a spherical bubble
shape and several rely on arbitrary criteria for bubble detachment and incorporate
correction factors to improve the fit with experimental data.

Bubble formation models based on non-spherical bubbles are based on the in-
terfacial element approach and have been employed by Marmur and Rubin (1976)
and Tan and Harris (1986). They demonstrated that their models produced good
agreement with experimental results for bubble shapes, formation time, and bub-
ble volume at detachment. Furthermore, the interfacial element method does not
rely on arbitrary detachment criteria, as detachment naturally occurs as a result
of the balance of forces acting on the bubble neck. Later, Tan et al. (2000) ex-
tended their model to take into account the influence of cross-flow by the poten-
tial flow theory. Although their simulation results agree well with the experimental
data, the model assumes a symmetrical bubble shape during growth and is limited
to inviscid flow. Since bubble formation in a flowing liquid is inherently three-
dimensional, unsteady process involving a moving interface and a complex flow
field, more advanced mathematical models are necessary to accurately describe
the bubble formation dynamics.

Despite the large number of experimental and numerical works reported so far,
the majority of them deal with the formation of spherical or non-spherical bubbles
that follow a symmetric growth and detachment over the orifice mouth. For this
reason, we devote the present work to the study of bubble growth and detachment
under liquid cross-flow conditions using the in-house 3D-LFRM to understand the
process in more detail. Moreover, we also perform experiments of bubble forma-
tion in the presence of viscous shear flow to provide data for the validation of the
model. This chapter is organized as follows. The chapter starts with a description
of the experimental setup and measurement techniques. In section 4.3-4.4, the
numerical method and the computational setup are reported. Section 4.5.1 is ded-
icated to the validation of the numerical model by comparing the predicted bubble
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detachment characteristics with experimental data. In section 4.5.2, the effects of
volumetric gas flow rate, liquid density, surface tension, and liquid viscosity on the
bubble behavior, including the formation time and the detached bubble volume,
under various shear flow conditions are systematically investigated by using nu-
merical simulations. Finally, the summary of the main conclusions of the present
work is provided in section 4.6.

4.2 Experimental method

4.2.1 Experimental setup

The experimental setup, which is schematically shown in Fig. 4.1, is similar to
the one used in the work of Duhar and Colin (2006). It consists of a circular Poly-
carbonate channel measuring 20 mm in height, with an inner radius of 320 mm
and an outer radius of 410 mm, resulting in a rectangular cross section with a
width of 90 mm. The upper wall of the channel is rotatable, so that a Couette flow
can be generated inside the channel. The channel is filled with a viscous liquid
made of 85 wt% glycerol in water in order to establish a laminar shear flow pro-
file. Air bubbles are formed from a submerged orifice plate made of stainless steel
attached to the lower wall of the channel. The orifice has an inner diameter of
1 mm and is placed at a radius of 385 mm. A capillary tube with an inner diame-
ter of 0.5 mm and a length of 150 cm is used to generate sufficient pressure drop
that ensures a constant flow condition. The volumetric gas flow rate is controlled
using a combination of a kdScientific LEGATO 100 syringe pump and a 2.5 mL
Hamilton 1000 series GASTIGHT syringe.

All experiments are performed at a temperature of 20 ◦C. The properties of
the liquid at this temperature are determined using a Brookfield DV-E viscometer
for measuring the viscosity and K20 EasyDyne digital of Krüsse with the Wilhelmy
plate method for measuring the surface tension. Each of the measurements is re-
peated multiple times to ensure an accurate measurement. The average properties
of the fluid are summarized in Table 4.1.

Table 4.1: Operating parameters and fluid physical properties for air bubble formation in
glycerol-water mixture.

Parameters Symbols Values Units
Liquid density ρl 1.22×103 kg ·m−3

Liquid dynamic viscosity µl 1.02×10−1 kg ·m−1 ·s−1

Gas density ρg 1.23 kg ·m−3

Gas dynamic viscosity µg 1.79×10−5 kg ·m−1 ·s−1

Surface tension σ 6.38×10−2 N ·m−1

Orifice inner diameter Di n 1 mm
Gas injection flow rate Q 1.67×10−8,8.33×10−8 m3 ·s−1
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Figure 4.1: Schematic diagram of the experimental setup of bubble formation in shear flow.
The curved arrow indicates the movement direction of the top plate which in
contact with the liquid to induce the shear flow.

4.2.2 Measurement techniques

Visualization and image processing

The experimental images are captured using a pco.dimax HD high speed dig-
ital video camera with a frame rate of 2200 Hz and a resolution of 1920 pix-
els × 1440 pixels. The recordings are performed with the help of a back lighting,
which is only switched on during the imaging to reduce any heating of the liquid
while illuminating the channel. The side of the channel is then covered with a
white plastic sheet to avoid direct reflections on the bubble interface, which could
lead to significant errors in the bubble size measurement. To determine the bubble
volume, the captured images are processed by using an in-house code, which uti-
lizes the image processing toolbox from Matlab. The main image processing steps
are the determination of the grayscale image, the choice of a threshold for the
gray levels, binarization of the images using the threshold value, and then deter-
mination of the bubble volume. A calibration plate with specific markers is used
to obtain the pixel size and the correction factor due to the channel curvature.
The pixel size used for image capturing is typically 90 pixels/mm. The calibration
generates an error about one pixel (±0.011 mm). In addition, binarization may
introduce one pixel error when the edge of the bubble is not exactly detected. Af-
ter all operations, the measurement uncertainty on bubble volume is estimated to
be approximately ±5%.
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Liquid velocity measurement

The velocity profile for each shear rate is measured using a Particle Image Ve-
locimetry (PIV) technique. During the measurement, the fluid inside the channel
is seeded with 100 µm tracer particles whose specific gravity is equal to the fluid
density to ensure the particles follow correctly the fluid flow. DAVIS 8.2.3 software
suite provided by LaVision is used to determine the velocity profiles by taking into
account the experimental parameters (e.g. frame rate and calibration) and experi-
mental images. The captured images are 1920 pixels × 1440 pixels, corresponding
to a frame size of 2.34 cm × 1.69 cm. This includes a slight correction factor for
the parallax caused by the channel curvature. The experimental images are split
into 64 pixels × 64 pixels interrogation windows such that there are at least 6 par-
ticles per window. The camera frame rate is selected in such a way that particles
spent around 5 frames in each interrogation window (i.e. shifting about 12 pixels
per frame).

Due to the circular geometry, the centrifugal force induces a secondary flow.
From the velocity measurement, it is found that this secondary flow becomes sig-
nificant for shear rates greater than 15 s−1. Therefore, S = 13.33 s−1 is chosen as
the maximum shear rate to ensure that the liquid flow at the orifice position is
unidirectional. The measured velocity profiles for all shear rates included in the
present bubble formation experiments are shown in Fig. 4.2. It is important to
note that for the actual bubble formation experiments, a new mixture of glycerol
and water is prepared without tracer particles, to ensure no influence of tracer
particles on bubble formation.

Figure 4.2: Experimental (- -) and numerical (-) velocity profiles in the vertical direction
for all shear rates included in the numerical validation. Each color represent a
different shear rate.
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4.3 Numerical method

The numerical simulations are performed using the in-house LFRM, detailed
in chapter 2. In the numerical model, the fluids are assumed to be incompress-
ible, immiscible and Newtonian. Furthermore, a one-fluid formulation is used to
describe the fluid flow for both phases. The governing equations for mass and
momentum conservation are expressed as follows:

∇ ·u = 0 (4.1)

ρ
∂u

∂t
=−∇p −ρ∇ · (uu)−∇ ·τ +ρg+Fσ (4.2)

where u is the fluid velocity, p is the pressure, and τ is the stress tensor given
by −µ[∇u+ (∇u

)T ]
. The local averaged density ρ and dynamic viscosity µ depend

on the local fluid phase distribution and are therefore calculated from the local
phase fraction, F , using normal and harmonic averaging, respectively. The local
volumetric force accounting for the effect of surface tension, Fσ, is calculated using
the hybrid Lagrangian-Eulerian formulation representation of Shin et al. (2005).

Once the flow field is calculated, the Lagrangian marker points, which are used
to track the interface, are moved using a fourth-order Runge-Kutta time integration
with the locally cubic spline interpolated fluid velocities. Subsequently, the phase
fraction in each Eulerian cell is updated using a geometrical method based on the
location of the marker elements (Dijkhuizen et al., 2010b). To prevent the de-
terioration of the mesh quality, interface reconstruction is periodically performed
using the LFRM procedure. In addition, the smoothing procedure of Kuprat et al.
(2001) is employed to prevent volume errors due to advection of marker points
and interface reconstruction.

4.4 Computational setup

The schematic of the computational domain is given in Fig. 4.3. The air bubble
is injected through an orifice of inner diameter Di n at the bottom wall of the
channel through which a liquid is flowing. The gas injection is assumed to be at
a constant flow rate Q. The flow in the orifice is assumed fully developed laminar
and a parabolic profile is imposed for the axial velocity. At the left side of the
simulation domain, a linear shear velocity profile is imposed. At the right side,
pressure outlet boundary condition is applied. At the top of the simulation domain,
no-slip boundary condition is imposed and the wall is moving with a velocity given
by vw all . At the bottom wall, the no-slip boundary condition is imposed. At the
side walls in the x y-plane, free-slip boundary condition is imposed. Initially, a
hemispherical bubble is positioned above the orifice with an initial diameter equal
to Di n . The bubble base is pinned to the orifice during the growth process. In
addition, the velocity inside the channel is initialized according to the inlet velocity
profile to establish the shear flow. The computational domain has a width, height,
and length of 5, 5, and 8 equivalent bubble diameters, respectively, to ensure that
the bubble growth is not influenced by any liquid circulations close to the wall.
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Figure 4.3: Schematic representation of the computational domain for the simulation of
bubble formation in the presence of shear flow.

We examine the dependency of the simulation results on the grid resolution by
simulating the growth of bubble under the highest volumetric flow rate considered
in the present work (Q = 5.0× 10−7 m3/s). The physical properties used for this
test are summarized in Table 4.2. First, the simulations are performed without
the presence of shear flow in order to examine the grid resolution required to
represent the flow through the orifice with an inner diameter of Di n = 1 mm. The
tested grid sizes are ∆1 = 1.2×10−4 m, ∆2 = 1.0×10−4 m, and ∆3 = 8.0×10−5 m. The
time step ∆t is set to 1.0×10−5 s.

The effect of grid resolution on bubble shape at the final instant prior to bubble
pinch-off (t/tdet = 1) is shown in Fig. 4.4 (a). It can be seen that the bubble
shapes for all grid resolutions are identical. The detached bubble volume Vb and
formation time tdet obtained by the finest grid ∆3 are 2.693×10−8 m3 and 5.350×
10−2 s, respectively. The differences in Vb and tdet for ∆1 are less than 0.3% and for
∆2 are less than 0.05% compared to the results with the finest grid ∆3. Therefore,
it can be concluded that the grid resolution of ∆1 = 1.2×10−4 m, which corresponds
to 8 cells per orifice diameter, is sufficient for modeling the orifice flow.

Next, the simulations are performed with the presence of the highest shear rate
considered in the present work (S = 4.44×102 s−1) to examine the grid resolution
required to capture the influence of shear flow on bubble growth. The same three
different grid sizes are tested. The predicted detached bubble volume Vb and for-
mation time tdet using the finest grid ∆3 are 5.011× 10−9 m3 and 9.960× 10−3 s,
respectively. The differences in Vb and tdet for ∆1 are less than 3.5% and for ∆2

are less than 1% compared to the results with the finest grid ∆3. The bubble shape
at the final instant prior to bubble pinch-off (t/tdet = 1) for all grid resolutions is
shown in Fig. 4.4 (b). Even though the predictions of bubble volume and forma-
tion time using the coarsest grid ∆1 are accurate, it can be seen from the figure
that the shape of bubble prior to detachment is different from the shape obtained
using the finest grid ∆3. On the other hand, the shapes predicted using grid ∆2

and the finest grid ∆3 are almost identical. Therefore, based on the considerations
of accuracy and computational time, the grid resolution of ∆2 = 1.0×10−4 m is
employed in the present work.
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Table 4.2: Operating parameters and fluid physical properties for air bubble formation in
water.

Parameters Symbols Values Units
Liquid density ρl 9.982×102 kg ·m−3

Liquid dynamic viscosity µl 1.00×10−3 kg ·m−1 ·s−1

Gas density ρg 1.23 kg ·m−3

Gas dynamic viscosity µg 1.79×10−5 kg ·m−1 ·s−1

Surface tension σ 7.30×10−2 N ·m−1

Orifice radius Ro 0.5 mm
Gas injection flow rate Q 8.33×10−8,1.67×10−7 m3 ·s−1

3.33×10−7,5.00×10−7

(a)

(b)

Figure 4.4: Effect of grid resolution on bubble shape at t/tdet = 1 for Q = 5.00×10−7 m3/s
and Di n = 1 mm at two different shear rates: (a) S = 0 s−1 and (b) S = 4.44×
102 s−1. The point coordinates of the interface position are extracted by slicing
the 3D-bubble at the center of the orifice.
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4.5 Results and discussion

4.5.1 Numerical validation

In this section, we perform numerical simulations of bubble formation in the
presence of shear flow using the velocity profiles measured in the experiments
(Fig. 4.2) as the inlet boundary condition to validate the present numerical model.
The physical properties for air bubble formation in glycerol-water mixture shown
in Table 4.1 are used to mimic the corresponding experimental conditions. Four
different shear rates, ranging from 0 (quiescent) to 13.33 s−1 and two volumetric
gas flow rates of Q1 = 1.67×10−8 m3/s and Q2 = 8.33×10−8 m3/s are considered.
The value of critical gas flow rates for quasi-static bubble growth is given by Oguz
and Prosperetti (1993) as follows:

Qcrit =π
( 16

3g 2

)1/6(σDi n

2ρl

)5/6
(4.3)

All volumetric gas flow rates considered in the present validation correspond to
quasi-static regime of bubble injection since the values are less than the critical
value (Qcrit = 9.31×10−7 m3/s).

Figure 4.5 represents a typical curve relating the bubble volume with time
obtained from the experiment. The bubble volume varies linearly with time except
at an instant right after the bubble detachment. We observe that when the bubble
detaches, no new bubble is formed in the following milliseconds: there is a time-
out between two successive bubbles. This is due to the fact that the chamber
pressure decreases excessively because of the formation of the larger bubble (Akagi
et al., 1987). As a result, the liquid weeps immediately after the detachment of
a bubble from the orifice. In the present experiments, the liquid weeping is more
pronounce at Q1.

Figure 4.6 shows typical photographs of bubble generation from the submerge
orifice under various shear flow conditions obtained from the experiments. The
corresponding bubble shapes obtained using the numerical model, which are rep-
resented with red lines, are superimposed on top of the photographs. It can be
seen that the bubble generation is composed of three stages: bubble growth, bub-
ble detachment and bubble rise. The spatial evolution of the numerically predicted
bubble shapes are very close to the corresponding experimental results in all the
stages. However, the sizes of the bubbles pinned to the orifice after the detach-
ment observed in the experiments are smaller compared to the numerical results.
This is attributed to the aforementioned liquid weeping phenomenon due to the
pressure fluctuation at the orifice right after the bubble detachment.

The values of the detached bubble volume Vb under various shear rates ob-
tained from the experiments and simulations are shown in Fig. 4.7. When the
shear flow is not present (S = 0 s−1), the detached bubble volume measured in the
experiments are 1.549×10−8 m3 and 1.940×10−8 m3 for Q1 and Q2, respectively.
The bubble volume increases insignificantly by a factor of just 1.25 despite the
gas flow rate increases by a factor of 5 because the gas flow rate in each case is
well below the corresponding critical value. When the shear flow is present, Vb
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Figure 4.5: Evolution of bubble volume with time observed in the experiment for Q = 1.67×
10−8 m3/s and S = 0 s−1. The formation time tdet is 0.926 s.

decreases as the shear rate increases. For S = 13.33 s−1, the bubble volumes are
reduced by 16% and 11% compared to bubble formation under quiescent liquid
conditions for Q1 and Q2, respectively. It can be observed in the figure that the
numerically predicted bubble volumes are in very good agreement with the exper-
imental results. The error in bubble volume in each case is less than 4%, which is
within the range of the experimental error.

4.5.2 Influence of operating conditions

In the following, the influence of operating conditions, which include shear
rate and air flow rate through the orifice, on the bubble formation process is inves-
tigated. In these investigations, the fluid properties are kept constant at the values
corresponding to an air-water system at 20 ◦C as shown in Table 4.2. The orifice
diameter Di n of 1 mm is used.

Influence of shear rate

First, we investigate the influence of shear flow on the dynamics of bubble
formation by varying the shear rate. A total of 12 simulations are performed,
with S taking values from 0 s−1 up to 4.44× 102 s−1. Here, the gas flow rate of
Q = 8.33× 10−8 m3/s is considered. This flow rate falls into quasi-static bubble
injection since the value is lower than the critical value (Qcr i t = 1.23×10−6 m3/s).

Bubble shape during growth and detachment
Figure 4.8 shows the velocity field plots of bubble formation under quiescent

and shear flow condition at three different time instances. In a quiescent liquid,
the hydrodynamics is simple since the interface evolution remains axisymmetric
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Figure 4.6: Comparison of experimental and numerical bubble shapes under various shear
rates. The simulations results are represented with red lines. The orifice di-
ameter Di n is 1 mm and the volumetric gas flow rate Q is 8.33× 10−8 m3/s.

both before and after the detachment of the bubble. This is attributed to the fact
that in the quasi-static growth regime, the bubble process is governed only by
the interactions between the buoyancy force and the surface tension force at the
interface between the gaseous and liquid phases. However, when the shear flow is
present, the axisymmetry is lost, and the bubble shape as well as the surrounding
flow field becomes more complex and three-dimensional.

The evolution of bubble shape under various shear rates is shown in Fig. 4.9.
It can be observed from the figure that the shear flow distorts the bubble from
its spherical shape during the growth. An increasing shear rate tends to intensify
the downstream bubble motion and the bubble flattening. When the shear rate is
low (S = 4.44×101 s−1), the shape of the detaching bubble is an oblate spheroid
(Fig. 4.9 (b)). However, at higher shear rates (S Ê 1.33×102 s−1), the shape of the
detaching bubble becomes an oblate ellipsoidal disk (Fig. 4.9 (c), (d) and (e)). In
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Figure 4.7: Comparison of experimental and numerical bubble volume under various shear
rates.

(a)

(b)

Figure 4.8: Velocity field plots of bubble growth and detachment of air injected into water
for different shear rates: (a) S = 0 s−1 and (b) S = 2.67×102 s−1. The formation
time tdet are 1.319×10−1 s and 2.525×10−2 s for (a) and (b), respectively.
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(a)

(b)

(c)

(d)

Figure 4.9: (Caption on next page)
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(e)

Figure 4.9: The evolution of bubble shape under various shear rates: (a) S = 0 s−1, (b)
S = 4.44×101 s−1, (c) S = 1.33×102 s−1, (d) S = 2.67×102 s−1, and (e) S = 3.56×
102 s−1. The formation time tdet are 1.319×10−1 s, 1.050×10−1 s, 4.963×10−2 s,
2.525×10−2 s, and 1.950×10−2 s for (a), (b), (c), (d), and (e), respectively.

addition, it is evident that the inclination angle between the local axis of symmetry
of the detaching bubble and the x axis decreases continuously as the shear rate
increases.

Bubble center of gravity during growth
In order to further investigate the quantitative effect of shear flow on the bub-

ble shape, we calculate the bubble center of gravity during growth. The coordi-
nates (x, y) of the bubble center of gravity are plotted versus time in Fig. 4.10.
Here, the time is non-dimensionalised by the tdet , which is the moment before
the bubble splits at the neck into two bubbles. Unlike the bubble formation un-
der quiescent liquid conditions, the value of the bubble center of gravity abscissa
x is not zero during growth, but increases as the bubble grows when the shear
flow is present, as shown in Fig. 4.10 (a). This behavior is characteristic of the
horizontal bubble displacement under the influence of shear flow. In addition, it
can be observed that x tends to increase with increasing shear rate. On the other
hand, bubble center of gravity ordinate y initially decelerates (Fig. 4.10 (b)). Near
the time of detachment, the value increases significantly because the bubble neck
starts to form. In contrast to x, the bubble center of gravity ordinate y decreases
as the shear rate increases.

Contact angles during growth
The shear flow also has a prominent effect on the bubble instantaneous contact

angle. We calculate the upstream and downstream contact angles during growth
to quantitatively study this effect. The contact angle is defined as the angle be-
tween the bubble interface and the wall and is measured in the liquid domain
(Fig. 4.11). The evolution of upstream contact angle θu and downstream contact
angle θd are shown in Fig. 4.12 (a) and (b), respectively. Under quiescent liquid
conditions, θu and θd are the same. During the early stage of growth, these an-
gles decrease with time as the bubble deforms from hemispherical to a truncated
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(a) (b)

Figure 4.10: Bubble center of gravity coordinates versus time under various shear rates: (a)
x and (b) y . The volumetric gas flow rate Q is 1.67×10−7 m3/s.

Figure 4.11: Definition of the upstream and downstream contact angles (θu and θd ).

hemispherical shape. When the elongation stage is reached, the contact angles
gradually increase. Later, the values increase rapidly during the detachment stage
due to the formation of bubble neck. On the other hand, upstream contact angle
θu is greater than the downstream contact angle θd when the shear flow is present.
The inequality between these two angles confirms that the bubble growth is not
symmetric under such conditions. As the shear rate increases, θu increases while
θd tends to decrease.

Detached bubble volume and formation time
Figure 4.13 shows the variations of the detached bubble volume Vb and the

formation time tdet with shear rate. It can be observed that the influence of shear
rate on Vb and tdet is significant. As the shear rate increases, both the bubble
volume and the formation time decrease exponentially. For the highest shear rate
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(a) (b)

Figure 4.12: Evolution of the contact angles during growth under various shear rates: (a)
θu and (b) θd . The volumetric gas flow rate Q is 1.67×10−7 m3/s.

(a) (b)

Figure 4.13: The variations of (a) the detached bubble volume and (b) the formation time
with shear rate. The volumetric gas flow rate Q is 1.67×10−7 m3/s.

of S = 4.44× 102 s−1, the bubble volume and the formation time are reduced by
88% compared to bubble formation under quiescent liquid condition. Another
important feature of the data in Fig 4.13 is that when S Ê 2×102 s−1, Vb and tdet

are almost independent of shear rate. In these cases, the drag force created by the
shear flow becomes the main detaching force. This extra drag force advances the
neck formation and subsequently the bubble detachment due to the collapsing of
the neck.



68 Bubble formation in liquid cross-flow

Influence of orifice flow rate

In this section, we investigate the influence of orifice flow rate on bubble for-
mation in the presence of shear flow. Here, four orifice flow rates of Q1 = 8.33×
10−8 m3/s, Q2 = 1.67×10−7 m3/s, Q3 = 3.33×10−7 m3/s, and Q4 = 5.00×10−7 m3/s
are considered.

First, we examine the influence of Q on the bubble center of gravity during
growth. The evolution of the bubble center of gravity for the lowest and the high-
est orifice flow rates are shown in Figs. 4.14 and 4.15, respectively. It can be seen
that the value of bubble center of gravity abscissa x increases while the value of
ordinate y decreases with increasing shear rate in both cases. These trends are
consistent with those obtained using Q2 mentioned in the previous section. How-
ever, the value of x fluctuates at the beginning of growth for Q1. This is attributed
to the fact that initially the surface tension is the dominant force compared with
the buoyancy force in this case. The horizontal component of surface tension acts
against the liquid drag and it prevents the bubble from moving away from the ori-
fice. The fluctuation is not seen in the case of Q4 since the drag force is stronger
owing to the larger bubble surface area due to the higher rate of gas injection.
This factor also causes an increased bubble displacement with increasing gas flow
rate.

(a) (b)

Figure 4.14: Bubble center of gravity coordinates versus time under various shear rates: (a)
x and (b) y . The volumetric gas flow rate Q is 8.33×10−8 m3/s.

Next, we examine the influence of Q on the bubble instantaneous contact an-
gle. The evolution of upstream contact angle θu and downstream contact angle θd

for the highest gas flow rate Q4 are shown in Fig. 4.16. Similar trends as seen in
the case of Q2 shown in Fig. 4.12 can be observed: as the shear rate increases, θu

increases and θd decreases. It can also be seen from Fig. 4.16 (a) that at higher
shear rates (S Ê 1.78×102 s−1) the value of θu increases even at the initial stages
of the bubble growth. We compare the evolution of contact angles under different
gas flow rates in Fig. 4.17. The value of the upstream contact angle θu tends to
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(a) (b)

Figure 4.15: Bubble center of gravity coordinates versus time under various shear rates: (a)
x and (b) y . The volumetric gas flow rate Q is 5.00×10−7 m3/s.

(a) (b)

Figure 4.16: Evolution of the contact angles during growth under various shear rates: (a)
θu and (b) θd . The volumetric gas flow rate Q is 5.00×10−7 m3/s.

increase while the value of the downstream contact angle θd tends to decrease
with increasing gas flow rate at both low and high shear rates.

Last, we investigate the influence of Q on the detached bubble volume Vb and
the formation time tdet . The variations of Vb and tdet with shear rate under various
orifice flow rates are shown in Fig. 4.18. In all cases, the bubble volume decreases
exponentially with shear rate. At the highest shear rate (S = 4.44× 102 s−1), the
bubble volume and the formation time are reduced by more than 80% compared
to bubble formation under quiescent liquid condition. The figure also indicates
that it might be difficult to generate very small bubble at higher gas flow rates as
the influence of shear rate flattens off for a given Q.
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(a) (b)

Figure 4.17: Evolution of the upstream and downstream contact angles during growth un-
der various orifice flow rates: (a) S = 4.44×101 s−1 and (b) S = 3.11×102 s−1.

(a) (b)

Figure 4.18: The variations of (a) the detached bubble volume and (b) the formation time
with shear rate under various orifice flow rates.

4.5.3 Influence of fluid properties

In this section, we study the influence of fluid properties on the bubble forma-
tion in the presence of shear flow. The fluid properties are varied based on the
fluid properties of air-water system summarized in Table 4.2. The effects of the
liquid density, ρl , surface tension, σ, and liquid viscosity, µl are considered. The
gas density and viscosity are not varied in the present work since their influence
is considered to be small. The orifice diameter of Di n = 1 mm and the orifice flow
rate of Q = 1.67×10−7 m3/s are used.
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Influence of the liquid density

In this section, we vary the value of liquid density, ρl , in the range of 0.25 É
ρl /ρw É 1.5 to investigate its influence on bubble detachment characteristics. When
the liquid density is increased and all other properties remain constant, the buoy-
ancy force, which aids the bubble detachment, increases for a given bubble vol-
ume. Therefore, the bubble volume is expected to decrease with increasing liquid
density. This tendency is confirmed in Fig. 4.19, where the variations of the de-
tached bubble volume Vb and formation time tdet with shear rate under various
liquid densities are depicted. Under quiescent liquid condition, increasing the liq-
uid density from ρl /ρw = 0.25 to ρl /ρw = 1.5, the values of Vb and tdet decrease by
a factor of 5.8 and 5.7, respectively. However, it is evident that as the shear rate
increases, the influence of liquid density on the bubble volume and the formation
time becomes less significant. At the highest shear rate of S = 4.44×102 s−1, the
ratios of Vb and tdet between the lowest and highest liquid densities are reduced
to 2.0 and 1.9, respectively.

In Fig. 4.20, the influence of ρl is visualized through snapshots of the bubble
shapes at the time of detachment for the case of the highest shear rate. It can
be seen that as ρl increases, the bubble displacement in the shear flow direction
increases and the bubble shape becomes flatter since the liquid drag force that acts
on the bubble is directly proportional to ρl .

Influence of the surface tension

The surface tension is the main force that keeps bubbles attached to the orifice.
In general, when the surface tension is increased and all other properties remain
constant, the bubble volume is expected to increase since higher bubble volume is
required for the buoyancy force to become significant and lead to the detachment
of the bubble. This tendency can be observed in Fig. 4.21, where the variations
of the detached bubble volume Vb and formation time tdet with shear rate under
various surface tensions are depicted. Here, the surface tension is varied in the
range of 0.5 É σ/σw É 2.5. When the shear flow is not present, the values of Vb

and tdet increase by a factor of 4.4 and 4.5 by increasing the surface tension from
σ/σw = 0.5 to σ/σw = 2.5. It can also be seen from Fig. 4.21 that the influence
of surface tension becomes less pronounced at higher shear rates. At the highest
shear rate of S = 4.44×102 s−1, the ratios of Vb and tdet between these cases are
both reduced to 1.7.

The comparison of bubble shapes at the time of detachment for different sur-
face tensions in the case of highest shear rate is provided in Fig. 4.22. It can
be seen that the bubble displacement in the shear flow direction decreases with
increasing surface tension value since the surface tension force acts against the
liquid drag force by keeping the bubble attached to the orifice.

Influence of the liquid viscosity

Finally, the influence of the liquid viscosity on the bubble detachment charac-
teristics is addressed in Fig. 4.23. Here, the liquid viscosity is varied in the range
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of 0.001 É µl /µw É 100. Under quiescent liquid condition, decreasing the liquid
viscosity from µl /µw = 1 to µl /µw = 0.001, the values of the detached bubble vol-
ume Vb and the formation time tdet remain almost constant. On the other hand,
increasing the liquid viscosity from µl /µw = 1 to µl /µw = 100, both the detached
bubble volume Vb and the formation time tdet increase only by a factor of 1.4.
The reason that the µl is not significant could be that the flow rate used in this
case falls into the quasi-static regime, where the bubble growth is controlled by
the surface tension and buoyancy forces. When the shear flow is present, the bub-
ble volume and formation time are also hardly influenced by the liquid viscosity.
The simulation results also suggest that small bubbles could be distributed from
an orifice even in highly viscous liquids by utilizing the shear flow of the liquid.

The comparison of bubble shapes at the time of detachment for different liquid
viscosities in the case of highest shear rate S = 4.44×102 s−1 is shown in Fig. 4.24.
Even though the formation time tdet and the detached bubble volume Vb remain
almost constant with increasing µl , significant differences in the shapes of the de-
taching bubble can be seen from this figure. The bubble shapes in very viscous
liquids (Fig. 4.24 (c) and (d)) are significantly elongated in the shear flow direc-
tion compared with the two other cases of lower viscosity (Fig. 4.24 (a) and (b)).
This is attributed to the fact that in viscous flows, the drag force comes from the
viscous forces, which are directly proportional to the liquid viscosity.

(a) (b)

Figure 4.19: The variations of (a) the detached bubble volume and (b) the formation time
with shear rate under various fluid densities.
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(a) (b)

(c) (d)

Figure 4.20: The shape of bubble at t/tdet = 1 for different liquid densities: (a) ρl /ρw =
0.25, (b) ρl /ρw = 0.5, (c) ρl /ρw = 1, and (d) ρl /ρw = 1.5. The volumetric gas
flow rate Q is 1.67×10−7 m3/s and the shear rate S is 4.44×102 s−1.

(a) (b)

Figure 4.21: The variations of (a) the detached bubble volume and (b) the formation time
with shear rate under various surface tensions.
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(a) (b)

(c) (d)

Figure 4.22: The shape of bubble at t/tdet = 1 for different surface tensions: (a) σ/σw = 0.5,
(b) σ/σw = 1, (c) σ/σw = 1.5, and (d) σ/σw = 2.5. The volumetric gas flow rate
Q is 1.67×10−7 m3/s and the shear rate S is 4.44×102 s−1.

(a) (b)

Figure 4.23: The variations of (a) the detached bubble volume and (b) the formation time
with shear rate under various liquid dynamic viscosities.
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(a) (b)

(c) (d)

Figure 4.24: The shape of bubble at t/tdet = 1 for different liquid viscosities: (a) µl /µw =
0.001, (b) µl /µw = 1, (c) µl /µw = 50, and (d) µl /µw = 100. The volumetric gas
flow rate Q is 1.67×10−7 m3/s and the shear rate S is 4.44×102 s−1.

4.6 Conclusions

In the present work, we performed numerical study on the formation of a gas
bubble from a submerge orifice in cross-flowing liquid using a front-tracking type
technique called the Local Front Reconstruction Method (LFRM). In addition, ex-
periments of bubble formation in viscous shear flow were also carried out to pro-
vide data for the numerical validation. The predictions of the bubble shape and
the detached bubble volume obtained by the numerical model were compared
with the experimental results, showing good agreement.

The validated numerical model was then used to study the influence of shear
flow on the bubble detachment characteristics in the quasi-static bubble growth
regime. Under shear flow conditions, the dynamics of the bubble growth has been
analyzed and has shown that during its growth the bubble moves downstream
and is flattened due to the drag force created by the shear flow. Moreover, this
drag force advances the neck formation and subsequently the bubble detachment
due to the collapsing of the neck. As a result, the formation time and bubble
volume decrease with increasing shear rate. We observed that by increasing the
orifice flow rate, the effect of the liquid drag force on the displacement and the
deformation of the bubble becomes more significant owing to the larger bubble
surface area due to higher rate of gas injection.

We also investigated the influence of fluid physical properties on the bubble
dynamics in the presence of shear flow. Under quiescent liquid conditions, it was
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observed that the bubble volume and the formation time increases with decreasing
liquid density as well as with increasing surface tension and liquid viscosity. On the
other hand, under shear flow conditions, the influence of fluid properties on the
bubble detachment characteristics becomes less pronounced, especially at higher
shear rates. However, significant differences in the shape of the detaching bubble
could still be seen from the simulation results.

From the analysis and discussion of the results, it can be concluded that the
cross-flowing liquid has a strong impact on the bubble generation at the orifice.
The simulation results also suggest that the bubble formation frequency and the
detached bubble size can be controlled by adjusting the liquid flow. Observations
from the present simulations can provide the reference for predicting or controlling
the bubble size and frequency in engineering applications.



Chapter 5
Bubble formation in liquid metal

Abstract

The process of bubble formation from submerged orifices is encountered in various
industrial applications. It is therefore essential to understand the dynamics of bubble
formation under such conditions. In the present work, the process of bubble forma-
tion in a steel-argon system was studied using the Local Front Reconstruction Method
(LFRM), a Front Tracking method that enables the simulation of interface merging
and breakup. The numerical simulations were performed over a wide range of gas in-
jection rates to study the bubble formation dynamics under quasi-static and dynamic
regimes. The simulation results showed that the detached bubbles in a steel-argon
system are generally bigger compared to the bubbles detached in a water-air system
due to higher surface tension and lower wettability. In liquid cross-flow, the bubble at
the orifice mouth becomes asymmetric due to the drag force created by the liquid flow.
Under non-wetting conditions, the bubble can slide over the orifice without forming
a bubble neck when the orifice plate is sufficiently large. On the other hand, under
wetting conditions, the detached bubble volume decreases when the orifice plate is
gradually tilted from a horizontal to vertical orientation at lower shear rates. How-
ever, this trend reverses at higher shear rates because the drag force exerted by the
flowing liquid becomes dominant.

This chapter is based on:
Mirsandi, H., Baltussen, M.W., Peters, E. A. J. F., van Odyck, D.E.A., van Oord, J., van der
Plas, D., Kuipers, J. A. M., 2019. Numerical simulations of bubble formation in liquid metal
system. In submission.
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5.1 Introduction

The production of gas bubbles by submerged orifices or needles is encountered
in a large number of industrial applications. In order to design an apparatus for
such applications, knowledge on the bubble detachment characteristics is required
to predict the liquid mixing and the heat and mass transfer rates between the
phases. In the metallurgical industries, argon gas is injected horizontally through
tiny holes on the inner wall of the submerged entry nozzle (SEN), which connects
the tundish and mold. The gas is injected to enhance the liquid mixing and to
prevent the nozzle clogging by non-metallic inclusions in the liquid steel (Bai and
Thomas, 2001). However, the amount and size of the injected argon gas bubbles
can significantly affect the fluid flow inside the SEN, which in turn affects the
flow pattern in the mold. Therefore, the prediction of the bubble formation in the
presence of tangential flow is essential for the understanding of the multiphase
flow behavior in this process.

The practical importance of bubble formation and its mechanics have moti-
vated a considerable number of experimental and theoretical studies (see the re-
view by Kulkarni and Joshi (2005)). Several experimental investigations have
been carried out to study the bubble formation under constant flow conditions
in aqueous systems (Davidson and Schüler, 1960a,b; McCann and Prince, 1971;
Terasaka and Tsuge, 1993; Zhang and Shoji, 2001; Badam et al., 2007). Based on
the extensive experimental data sets, several theoretical models were proposed as
well to predict the growth, size and shape of a bubble forming at an orifice. The
models proposed vary from simple ones, which assume one- or two-stage growth
and detachment of a spherical bubble (Davidson and Schüler, 1960a,b; Ramakr-
ishnan et al., 1969), to more complex ones, which neither assume a spherical bub-
ble shape nor adopt any arbitrary criteria for bubble detachment (Marmur and Ru-
bin, 1976; Tan and Harris, 1986; Terasaka and Tsuge, 1993; Oguz and Prosperetti,
1993). However, these models were still developed based on the assumption of
periodic bubbling since they do not account for the effect of previously formed
bubbles on the growth of the bubble at the orifice. This limits the applicability of
such models to predict the bubble volume up to a flow rate at which the aperiodic
bubble formation is observed.

Although much data have been accumulated for aqueous systems, the research
on the effect of gas injection through submerged orifices in liquid metals is limited
due to the opacity of their melts and the generally high temperature environ-
ments, which exclude many of the non-intrusive experimental measurement tech-
niques. Therefore, several authors have utilized alternative measuring techniques,
e.g. acoustic devices (Irons and Guthrie, 1978, 1980), pressure pulses (Sano and
Mori, 1976; Tsuchiya et al., 1993), and resistance probes (Sano et al., 1976; Iguchi
et al., 1995b), to evaluate the bubble formation frequency and bubble diameter in
liquid metal. Nevertheless, these techniques do provide neither the shape nor the
behavior of the bubble in the liquid. Subsequently, X-ray photography has been
used to directly observe bubble formation in liquid metals because of its ability to
provide a spatial information of the bubble formation process without obstruction
of the motion of the bubble (Davis et al., 1978; Iguchi et al., 1995a; Keplinger
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et al., 2018, 2019).
Considering the inherent limitations of the aforementioned experimental meth-

ods for liquid metals, several authors have carried out numerical simulations to
study the bubble formation in these systems. Sahai and Guthrie (1982) employed
a hydrodynamic model of submerged gas injection system and discussed the ef-
fect of the wettability on the bubble formation in varous liquid metals. Liow and
Gray (1988) performed numerical simulations on the bubble formation in a steel-
argon system using a non-spherical bubble model and showed that the contact
angle and the chamber volume significantly affect the size of the formed bubble.
Chakraborty et al. (2015) studied the effects of gas flow rate and orifice size on the
bubbling regime in lead-bismuth eutectic metal using a 2D-axisymmetric CLSVOF
method. Xu et al. (2015) used the VOF method to simulate bubble formation in
water-air and steel-argon systems and discussed the effects of the wettability and
orifice size.

Most of the reported numerical results in liquid metal systems so far accounted
for the formation and detachment of (non-spherical) axisymmetric bubbles over
the orifice mouth even though asymmetry in bubble shape is common in industrial
applications. The generated bubbles become asymmetric when the orifice plane is
inclined to the horizontal or due to the presence of liquid cross-flow. In addition,
even bubbles formed on a horizontal plate in an initially quiescent liquid can be
asymmetric due to interface instabilities, the formation of a liquid jet, and the
complex interaction between the subsequent bubbles, which usually occur at high
gas flow rates (Zhang and Shoji, 2001). Therefore, it is interesting to perform
3D numerical simulations to gain insight in the bubble detachment characteristics
under such conditions.

For this reason, we devote the present work to study the bubble growth and
detachment in liquid metal systems under various operating conditions using our
in-house 3D LFRM. This chapter is organized as follows. In section 5.2-5.3, the
description of the numerical method and the computational setup is given. The
verification and validation of the present numerical model are reported in section
5.4. In section 5.5.1, the effects of volumetric gas flow rate and surface wettability
on the bubble detachment characteristics in the steel-argon system are investigated
and the results are compared with results of the water-air system. In section 5.5.2,
the influence of shear flow and orifice orientation on the bubble formation in steel-
argon and water-air systems are systematically investigated. Finally, a summary of
the main conclusions of the present work is provided in section 5.6.
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5.2 Numerical method

The numerical model used in the present work is based on the LFRM, a front
tracking type technique originally developed by Shin et al. (2011) and modified in
the works of Mirsandi et al. (2018) and Rajkotwala et al. (2018). In the numerical
model, the fluids are assumed to be incompressible, immiscible and Newtonian.
Furthermore, a one-fluid formulation is used to describe the fluid flow for both
phases. The governing equations for mass and momentum conservation are ex-
pressed as follows:

∇ ·u = 0 (5.1)

ρ
∂u

∂t
=−∇p −ρ∇ · (uu)−∇ ·τ +ρg+Fσ (5.2)

where u is the fluid velocity, p is the pressure, and τ is the stress tensor given
by −µ[∇u+ (∇u

)T ]
. The local averaged density ρ and dynamic viscosity µ depend

on the local fluid phase distribution and are therefore calculated from the local
phase fraction, F , using normal and harmonic averaging, respectively. The local
volumetric force accounting for the effect of surface tension, Fσ, is calculated using
the hybrid Lagrangian-Eulerian formulation representation of Shin et al. (2005) to
eliminate parasitic currents in the vicinity of the interface.

Once the flow field is calculated, the Lagrangian marker points are moved us-
ing using a fourth-order Runge-Kutta time integration with the locally cubic spline
interpolated fluid velocities. Subsequently, the phase fraction in each Eulerian cell
is updated using an algorithm based on divergence theorem, utilizing the geomet-
rical information of the marker elements (Dijkhuizen et al., 2010b). To prevent
the deterioration of the mesh quality, interface reconstruction is periodically per-
formed using the LFRM procedure. In addition, the smoothing procedure of Kuprat
et al. (2001) is employed to prevent small scale surface instabilities and volume
errors due to advection of marker points and interface reconstruction.

In the case of bubble formation in non-wetting systems, special treatments are
necessary to capture the behavior of the triple contact line at the orifice plate. In
the present work, it is assumed that the moving contact line maintains a constant
contact angle θs , which is independent of the velocity and the direction of the
contact line movement. A detailed description of this modified LFRM is provided
in chapter 2.

5.3 Computational setup

The schematic of the computational domain is given in Fig. 5.1. The gas bubble
is injected through an orifice of inner diameter Di n , which is located at the bottom
wall of the numerical domain. The gas injection is assumed to be at a constant
flow rate Q. The flow in the orifice is assumed fully developed laminar with a
parabolic profile is imposed for the axial velocity. For the simulations of bubble
formation in an initially quiescent liquid, a constant pressure boundary condition
is imposed at the top wall and no-slip boundary condition is imposed at the side
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and bottom walls (Fig. 5.1 (a)). The numerical domain has a width and height of
approximately five equivalent bubble diameters to ensure that the bubble growth
is not influenced by any liquid circulations close to the wall.

For simulations of bubble formation in shear flow, a linear shear velocity profile
is imposed at the left side of the simulation domain (Fig. 5.1 (b)). At the right
side, the boundary condition is a constant pressure. At the top of the simulation
domain, the no-slip boundary condition is imposed and the wall is moving with the
velocity vw all . At the bottom wall, the no-slip boundary condition is imposed. The
velocity inside the channel is initialized according to the inlet velocity profile as
an established shear flow. The direction of gravitational acceleration, g, is varied
to investigate the influence of the orifice inclination angle, α.

(a)

(b)

Figure 5.1: Schematic representation of the computational domain for the simulations of
(a) bubble formation in an initially quiescent liquid and (b) bubble formation
in the presence of shear flow.



82 Bubble formation in liquid metal

To determine the dependency of the simulation results on the grid resolution,
the bubble formation from an orifice with an inner diameter of 6.35 mm in an
initially quiescent liquid is studied. The test is performed by simulating the bubble
growth at the highest volumetric flow rate that will be considered in the present
work (Q = 100 cm3/s). The physical properties of liquid steel and argon gas are
used in this test, which are summarized in Table 5.1. The moving contact line
is assumed to maintain a constant contact angle of 130◦. The tested grid sizes
are ∆1 = 4.0×10−4 m, ∆2 = 3.0×10−4 m, and ∆3 = 2.0×10−4 m. The effect of grid
resolution on bubble shape at the final instant prior to bubble pinch-off (t/tdet =
1) is shown in Fig. 5.2 (a). It can be seen that the bubble shapes for all grid
resolutions are almost identical. The detached bubble volume Vb and formation
time tdet obtained by the finest grid are 8.23 cm3 and 8.20×10−2 s, respectively. The
differences in Vb and tdet compared to the finest grid for ∆1 and ∆2 are 2.16% and
1.15%, respectively. Based on the considerations of accuracy and computational
time, the grid resolution of ∆2 = 2.0×10−4 m is employed for the simulations of
bubble formation in an initially quiescent liquid.

Next, the effect of grid resolution in the presence of shear flow is investigated
for the bubble formation from an orifice with an inner diameter of 1 mm. The
shear rate is set to the highest rate considered in the present work (S = 100 s−1)
and the gas flow rate is set to 0.5 cm3/s. The contact line is assumed to be
pinned to the orifice rim during the growth (θs = 0◦). The tested grid sizes are
∆1 = 1.4×10−4 m, ∆2 = 1.0×10−4 m, and ∆3 = 6.0×10−5 m. As shown in Fig. 5.2 (b),
the bubble shapes at t/tdet = 1 obtained using these grid resolutions are almost
identical. The detached bubble volume Vb and formation time tdet obtained by
the finest grid are 2.92×10−2 cm3 and 5.75×10−2 s, respectively. The differences
with ∆3 in Vb and tdet for ∆1 and ∆2 are less than 1.7% and 0.4%, respectively.
Therefore, the grid resolution of ∆2 = 1.0×10−4 m is employed for the simulations
of bubble formation in cross-flowing liquid.

Table 5.1: Operating parameters and fluid physical properties for argon bubble formation
in liquid steel (Liu et al., 2011; Liow and Gray, 1988).

Parameters Symbols Values Units
Liquid density ρl 7.002×103 kg ·m−3

Liquid dynamic viscosity µl 6.00×10−3 kg ·m−1 ·s−1

Gas density ρg 1.63 kg ·m−3

Gas dynamic viscosity µg 2.13×10−5 kg ·m−1 ·s−1

Surface tension σ 1.67 N ·m−1
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(a) (b)

Figure 5.2: Effect of grid resolution on bubble shape at t/tdet = 1 for (a) bubble formation
in quiescent liquid (Q = 100 cm3/s, S = 0 s−1 and Di n = 6.35 mm) and (b) bubble
formation in liquid cross-flow (Q = 0.5 cm3/s, S = 100 s−1 and Di n = 1 mm). The
point coordinates of the interface position are extracted by slicing the 3D-bubble
at the center of the orifice.

5.4 Numerical verification and validation

5.4.1 Stationary bubble test

For DNS methods applied to gas-liquid systems, unphysical (spurious) currents
occur in the vicinity of the interface that increase when the surface tension and/or
the density ratio increase. These currents occur due to two causes: the incon-
sistent discretization of the surface tension force and the pressure gradient such
that force balance is not fulfilled, and the inaccurate approximation of the inter-
face curvature. According to Scardovelli and Zaleski (1999), these spurious cur-
rents may become a serious problem when the Laplace number (La = σρl D/2µ2

l )
is larger than 106, which is approximately the value for a 1 cm argon bubble in
liquid steel. Therefore, a simulation of a 1 cm spherical argon bubble in liquid
steel in zero gravity is performed to test the accuracy of the surface tension calcu-
lation. The accuracy is quantified in terms of the error in the calculated pressure
jump with respect to the analytical pressure jump (∆pexact = 4σ/D) and the magni-
tude of the parasitic currents, which is expressed in terms of the capillary number
(Ca =µl umax /σ). In the simulations, the pressure jump is calculated using the av-
erage pressures in the bubble and in the fluid. The grid size is selected such that
there are 20 grid cells across the bubble diameter.

The evolution of the capillary number with time is shown in Fig. 5.3. The time
is made dimensionless with the capillary time scale (tσ =

√
ρl D3/σ). The relevance

of the spatial discretization of the pressure gradient and surface tension force is



84 Bubble formation in liquid metal

0 2 4 6 8 10

t /t  [-]

0

1

2

3

4

5

C
a

 [
-]

10 -5

Reconstruction at start

Exact curvature

Figure 5.3: Maximum capillary number with dimensionless time for a 1 cm spherical argon
bubble in liquid steel in zero gravity.

first tested by imposing the analytical curvature for the calculation of the surface
tension force. In this case, the maximum capillary number in the whole domain
is satisfied to machine accuracy, i.e., no spurious currents develop. This is due to
the fact that the surface tension model used in the present study obeys the force
balance requirement. Then, the accuracy of the curvature calculation is tested by
using the curvature obtained from the Lagrangian interface at the initial time step.
In this case, the maximum capillary number slightly increases and reaches a steady
state value in the order of O(10−5), which indicates that the influence of spurious
currents is still negligible. The errors in pressure jump for both simulations are
less than 1%.

5.4.2 The influence of gas density

In industrial applications, the argon gas is usually injected at room temper-
ature. The gas is then quickly heated to the temperature of steel and will ex-
pand. However, these phenomena are not considered in the present work since
the present numerical model assumes that the fluids are isothermal and incom-
pressible. It has been reported in literature that the gas viscosity has a negligible
effect on the bubble volume (Kumar and Kuloor, 1970). On the other hand, gas
density can affect the bubble formation in terms of gas momentum force, which
can be calculated as follows:

Fm = π

4
D2

i nρgU 2
o (5.3)
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(a) (b)

Figure 5.4: Effect of gas density on bubble shape at t/tdet = 1 for (a) Q = 1 cm3/s and (b)
Q = 100 cm3/s.

where Uo is the superficial gas velocity through the orifice. This gas momentum
force supports the bubble detachment, leading to smaller bubbles. To check the
influence of argon gas density ρg on the bubble volume, simulations are performed
using ρg at room temperature (ρg = 1.63 kg/m3) and at the temperature of liquid
steel (ρg = 0.27 kg/m3) (Liu et al., 2011; Bai and Thomas, 2001).

Figure 5.4 shows the bubble shapes at t/tdet = 1 obtained using two different
gas densities at the lowest and highest gas flow rates considered in the present
work. As can be predicted from Eq. (5.3), the effect of gas density is negligible
at Q = 1 cm3/s since the value of Uo is small (Fig.5.4 (a)). At Q = 100 cm3/s, the
bubble volume obtained using ρg at the temperature of liquid steel is only around
7% larger than the one obtained using ρg at room temperature, while the gas
momentum force is around 6 times smaller (Fig.5.4 (b)). For this reason, we use
ρg = 1.63 kg/m3 for simulations of bubble formation in a steel-argon system shown
in the rest of this chapter.

5.4.3 Numerical validation

The present numerical model has been extensively validated with experiments
of bubble formation in aqueous systems under quasi-static regime with and with-
out the presence of cross-flowing liquid in our previous works (Mirsandi et al.,
2018, 2019a,b; Kong et al., 2019b). It was demonstrated that the predicted bub-
ble shapes, formation times and bubble sizes agree well with the experimental
results. Therefore, the present numerical validation focuses on the bubble forma-
tion at the dynamic regime.

The experimental results of bubble formation in a water-air system obtained by
Buwa et al. (2007) are selected for comparison. Buwa et al. (2007) carried out the
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experiments using stainless steel (hydrophobic) orifice with an inner diameter of
6 mm and static contact angle of 80±2◦. They reported that under Q = 22.6 cm3/s,
the previously formed large spherical cap bubble significantly affects the growth of
the succeeding bubble (Fig. 5.5 (a)). Moreover, the formation period of the second
bubble is faster than that of the leading bubble and the coalescence of the bubbles
occurs while the second bubble is formed. Numerical simulation is performed
using the same conditions as the experiments. The fluids physical properties used
in this test is summarized in Table 5.2. The evolution of bubble shape predicted by
the present numerical model is shown in Fig. 5.5 (b). It can be observed that the
predicted bubble shapes and formation periods are in very good agreement with
the experiments. This indicates that the present numerical model can also be used
to study bubble formation at the dynamic regime.

(a)

(b)

Figure 5.5: Comparison of the evolution of bubble shape for bubble formation in water at
Q = 22.6 cm3/s and Di n = 6 mm between (a) experiments of Buwa et al. (2007)
and (b) present numerical simulations.

Table 5.2: Operating parameters and fluid physical properties for air bubble formation in
water.

Parameters Symbols Values Units
Liquid density ρl 9.982×102 kg ·m−3

Liquid dynamic viscosity µl 1.00×10−3 kg ·m−1 ·s−1

Gas density ρg 1.23 kg ·m−3

Gas dynamic viscosity µg 1.79×10−5 kg ·m−1 ·s−1

Surface tension σ 7.30×10−2 N ·m−1
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5.5 Results and discussion

5.5.1 The bubble formation in an initially quiescent liquid steel

In this section, we present numerical simulations of bubble formation from an
orifice in an initially quiescent liquid steel over a wide range of gas flow rates,
ranging from 1 cm3/s to 100 cm3/s using the computational domain shown in
Fig. 5.1 (a). The predictions of the model are compared with published experi-
mental results of Irons and Guthrie (1978) and simulation results of Liow and Gray
(1988) obtained using a non-spherical bubble growth model. The orifice inner di-
ameter Di n is 6.35 mm and the outer diameter Dout is assumed to be infinite since
Irons and Guthrie did not observe a dependence on the outer diameter of the ori-
fice plate in their experiments for diameters varying from 1.27 cm to 5.08 cm (Irons
and Guthrie, 1978). Irons and Guthrie suggested that the contact angle θ for their
system varied between 90◦ and 130◦. In the present work, three different static
contact angles (0◦, 90◦ and 130◦) are simulated to study the influence of wettabil-
ity on the dynamics of bubble formation. In the case of θs = 0◦, the triple contact
line of the bubble is pinned at the orifice rim independent of the other parameters.
The fluid physical properties used in the present simulations are summarized in Ta-
ble 5.1. The orifice Reynolds number, defined as Reo = 4Qρg /(πDi nµg ), is usually
employed in the literature to characterize the orifice flow rate. For the steel-argon
system, the values are in the range of 1.53×101 ≤ Reo ≤ 1.53×103. In addition, the
value of Bond number in terms of orifice diameter (Boo = (ρl −ρg )g D2

i n/σ), which
gives the ratio of gravitational force to surface tension force, is 1.66.

The influences of wettability and gas flow rate

The influence of wettability of the orifice material on the bubble formation
process at Q = 5 cm3/s is shown in Fig. 5.6, where sequences of bubble shapes are
shown for three different static contact angles. As can be seen in the snapshots,
θs significantly affects the bubble shape during the growth. In the case of non-
wetting systems (θs = 90◦, 130◦), the contact line recedes from the orifice and
subsequently advances back prior to the bubble detachment. In contrast, in the
case of a fully wetting system (θs = 0◦), the bubble base remains at the orifice and
the bubble volume is therefore governed by the size of orifice inner diameter Di n .

Furthermore, the maximum spreading length reached during formation also
increases with increase in θs , as shown in Fig. 5.7. This results in an increasing
capillary force, which leads to larger bubble volumes and longer formation peri-
ods. The influence of wettability on the detached bubble volume under various
orifice flow rates is shown in Fig. 5.8. It can be observed from the figure that at
lower gas flow rates, the bubble volume increases significantly with an increase in
θs . At the lowest flow rate of Q = 1 cm3/s, the bubble volume increases by a factor
of 3.2 when the contact angle value is increased from 0◦ to 130◦.
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(a)

(b)

(c)

Figure 5.6: The evolution of bubble shape in a steel-argon system at Q = 5 cm3/s under
various contact angle values: (a) θs = 0◦, (b) θs = 90◦ and (c) θs = 130◦.
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Figure 5.7: Influence of wettability on the maximum spreading length of the first bubble
under various gas flow rates in a steel-argon system.

Figure 5.8: Influence of orifice flow rate on the detached bubble volume. The square mark
(ä) indicates the total volume of bubbles that coalesced near the orifice.

The value of critical gas flow rates below which the bubble formation process
is governed by the buoyancy and capillary forces is given by Oguz and Prosperetti
(1993):

Qcrit =π
( 16

3g 2

)1/6(σDi n

2ρl

)5/6
(5.4)

The value of Qcrit for the present system is 15.39 cm3/s. Below this critical value,
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the bubble formation process in all three cases is in the period-1 bubbling regime,
where the detached bubble moves sufficiently away from the orifice such that the
wake behind the rising bubble does not influence the formation of the succeeding
bubble, as shown in Fig. 5.6. This regime is also characterized by a constant bubble
volume and formation period.

In the case of θs = 0◦, when the gas flow rate is increased beyond Qcrit to Q =
20 cm3/s, the bubbling regime shifts from the period-1 bubbling regime to the
period-2 bubbling regime with pairing, as shown in Fig. 5.9 (a). In this regime,
the preceding bubble considerably affects the formation of the succeeding bubble
such that the succeeding bubble is smaller and two distinct but constant formation
periods exist. The two interacting bubbles may coalesce at some distance above
the orifice. On the other hand, the bubble formation process is still in the period-1
bubbling regime in the cases of θs = 90◦ and θs = 130◦ (Fig. 5.9 (b) and (c)). This
delay in the transition of bubbling regime for increasing contact angle value is
probably to be a consequence of the fact that the bubble size increases with θs , so
that the bubble formation time is increased and therefore the interaction between
successive bubbles is reduced.

An interesting phenomenon of toroidal bubble formation is observed in the
case of θs = 130◦ (Fig. 5.9 (c)). At the moment of the bubble detachment, a strong
liquid jet is formed after the collapse of the bubble neck due to large surface ten-
sion forces. This liquid jet is directed upwards into the preceding bubble and forces
the rear surface of the preceding bubble to move faster than the front surface. This
leads to merging of the rear and front surfaces of the preceding bubble and results
into the formation of a toroidal bubble.

With further increase in the gas flow rate to Q = 50 cm3/s, the bubbling regime
shifts to the period-2 bubbling regime with pairing for the case of θs = 90◦. It can
be seen from Fig. 5.10 (b) that the succeeding bubble elongates in the vertical
direction and adopts a prolate ellipsoidal shape at the moment it detaches from
the orifice due to the wake of the leading bubble. The bubbling regime does not
change in the cases of θs = 0◦ and θs = 130◦ (Fig. 5.10 (a) and (c)). However, in
the case of θs = 0◦, the wake of the leading bubble becomes stronger compared to
what is observed at Q = 20 cm3/s. This causes the second bubble forming at the
orifice elongates in the vertical direction and then coalesces with the first bubble
to form a larger bubble right after the detachment of the second bubble.

At the highest gas flow rate of Q = 100 cm3/s, the bubble formation process is in
the period-2 bubbling regime with coalescence for the cases of θs = 0◦ and θs = 90◦
(Fig. 5.11 (a) and (b)). In this regime, the bubble coalescence occurs at the orifice
itself before the detachment of the second bubble. For the case with θs = 130◦, the
bubble process shifts from the period-1 bubbling regime to the period-2 bubbling
regime with pairing (Fig. 5.11 (c)). Fig. 5.7 shows that although the differences
in the maximum spreading length of the first bubble increases with increasing
gas flow rate, the differences in bubble volume become less significant at higher
gas flow rates since the inertial force becomes more dominant and bubbles can
coalesce near the orifice to form a larger bubble (Fig. 5.8). At Q = 100 cm3/s, the
volume of the first bubble only increases by a factor of 1.6 when the contact angle
value is increased from 0◦ to 130◦.
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(a)

(b)
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Figure 5.9: The evolution of bubble shape in a steel-argon system at Q = 20 cm3/s under
various contact angle values: (a) θs = 0◦, (b) θs = 90◦ and (c) θs = 130◦.
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(c)

Figure 5.10: The evolution of bubble shape in a steel-argon system at Q = 50 cm3/s under
various contact angle values: (a) θs = 0◦, (b) θs = 90◦ and (c) θs = 130◦.
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Figure 5.11: The evolution of bubble shape in a steel-argon system at Q = 100 cm3/s under
various contact angle values: (a) θs = 0◦, (b) θs = 90◦ and (c) θs = 130◦.
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The comparison with literature results

Figure 5.8 also compares the current results with the experimental results from
Irons and Guthrie (1978) and the simulation results of Liow and Gray (1988) over
a wide range of gas flow rates. The prediction falls within the region of spread
of experimental results obtained by Irons and Guthrie. The results also show that
the bubble volume is almost independent of Q for very low gas flow rates or static
conditions and the bubble volume increases significantly with Q at higher gas flow
rates. Similar to the results of Liow and Gray, the present results obtained using
a 130◦ contact angle give a much better fit of the experimental data indicating
that the contact angle plays an important part in determining the growth dynam-
ics of the bubble. The simulations of Liow and Gray, however, cannot predict the
occurrence of coalescence of bubbles at the orifice at higher flow rates since their
numerical model does not account for the effect of the previously formed bub-
ble on the growth of the bubble at the orifice. In Fig. 5.8 the bubble sizes after
coalescence are indicated by the square symbols.

The comparison with the water-air system

In this section, we compare the steel-argon results with the simulations of air
bubble formation in water. The fluid physical properties used in the water-air
simulations are summarized in Table 5.2. The value of the contact angle θs is set
to 0◦. The values of orifice Reynolds number are in the range of 1.37×101 ≤ Reo ≤
6.86×102 and the value of orifice Bond number Boo is 5.40.

Figure 5.12: Comparison of the detached bubble volumes in steel-argon and water-air sys-
tems. The square mark (ä) indicates the total volume of bubbles that coa-
lesced near the orifice.
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Figure 5.12 shows the comparison of the detached bubble volumes in steel-
argon and water-air systems. The bubbles formed in the water-air system tend to
be smaller compared to the bubbles in the steel-argon system. This is attributed
to the relatively high wettability in the water-air system and the 3.3 times higher
Bond number than in the steel-argon system for the same bubble size. However,
the figure also shows that the differences in bubble volume become less significant
at higher gas flow rates. This is caused by the lower critical gas flow rate in the
water-air system (Qcrit = 5.75 cm3/s) than in the steel-argon system and thus leads
to an earlier transition from the surface tension dominated regime to the inertia
dominated detachment.

Figure 5.13 shows that the bubble formation process in the water-air system
is already in the period-2 bubbling regime with pairing and period-2 with coales-
cence at Q = 10 cm3/s and Q = 20 cm3/s, respectively. At Q = 50 cm3/s, disturbance
waves propagate over the bubble surface during the bubble detachment. This phe-
nomenon, which appears to be the outcome of the Kelvin-Helmholtz instability, is
not seen in the case of steel-argon system since the surface tension is around 23
times larger compared to the water-air system and thus the waves can be stabilized
better.

5.5.2 The bubble formation in cross-flowing liquid steel

In the continuous casting of steel, argon gas is injected through the vertical
or inclined sidewalls of the submerged entry nozzle into downward flowing liquid
steel. The liquid flow and the inclination angle of the sidewalls may significantly
affect the bubble detachment characteristics. For this reason, we perform numeri-
cal simulations of bubble formation in the presence of shear flow in a steel-argon
system using the computational domain shown in Fig. 5.1 (b). The simulations
are performed using an inner diameter of Di n = 1 mm and an orifice flow rate of
Q = 0.5 cm3/s. Under these conditions, the values of Reo and Boo are 4.86×101 and
4.11×10−2, respectively. Similar to the previous section, three different static con-
tact angle values of 0◦, 90◦ and 130◦ are used to take into account the wettability
of the orifice material. The shear rate S is varied from 0 s−1 to 100 s−1.

The influence of wettability

Figure 5.14 shows the snapshots of bubble generation from a horizontal sub-
merged orifice under various shear flow conditions in the case of θs = 0◦. It can be
observed from the figure that the shear flow distorts the bubble from its spherical
shape during the growth and forces the bubble to move downstream. An increas-
ing shear rate intensifies the bubble flattening and the downstream motion of the
bubble. The drag force created by the shear flow also advances the neck forma-
tion and subsequently the bubble detachment due to the breaking of the neck.
Consequently, the bubble volume and formation period decrease with increasing
shear rate. The influence of shear rate on the detached bubble volume is shown
in Fig. 5.15. For θs = 0◦, the detached bubble volume is reduced by 61% when the
shear rate is increased from 0 s−1 to 100 s−1.
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(a)

(b)

(c)

Figure 5.13: The evolution of bubble shape in a water-air system under various orifice flow
rates: (a) Q = 10 cm3/s, (b) Q = 20 cm3/s and (c) Q = 50 cm3/s.

In the case of non-wetting systems (θs = 90◦, 130◦), the bubble base spreads
during the growth and then retracts back into the inner rim of the orifice before
the bubble detaches in quiescent liquid conditions (see section 5.5.1). Under the
presence of shear flow, the emerging bubble drifts out of the gas injection hole
without detaching from the surface. The bubble size and the formation period are
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(a)

(b)

(c)

Figure 5.14: The evolution of bubble shape in a steel-argon system for θs = 0◦ and α = 0◦
under various shear rates: (a) S = 0 s−1, (b) S = 50 s−1 and (c) S = 100 s−1. The
orifice diameter Di n is 1 mm and the volumetric gas flow rate Q is 0.5 cm3/s.

then determined by the gas injection rate and the time it takes for the bubble to
form and slide past the injection hole. Figure 5.15 shows a decrease in bubble
volume with increasing shear rate since the bubble drifts faster.

The bubble drifting can be prevented by limiting the size of the orifice outer
diameter Dout . When Dout is set to 2 mm, the contact line recedes until it reaches
the orifice outer diameter. The bubble volume is then influenced to a large extent
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Figure 5.15: Influence of shear rate on the detached bubble volume. The orifice diameter
Di n is 1 mm and the volumetric gas flow rate Q is 0.5 cm3/s.

by the size of Dout . At the highest shear rate of S = 100 s−1, the bubble volumes
are reduced by 68% and 66% compared to a quiescent liquid condition for θs = 90◦
and θs = 130◦, respectively. The detached bubbles are slightly larger in the case of
θs = 130◦ compared to θs = 90◦ since the advancing phase is delayed with increas-
ing contact angle value. It can also be observed in Fig. 5.15 that the influence
of wettability decreases with increasing shear rate. When the shear flow is not
present, the bubble volume in the case of θs = 130◦ is 1.8 times bigger than the one
in the case of θs = 0◦, which reduces to 1.5 times at S = 100 s−1.

The comparison with the water-air system

The same simulations are also performed using the water-air system with con-
tact angle value of θs = 0◦. The values of Reo and Boo for this system are 4.36×101

and 1.34×10−1, respectively. The influence of shear rate on the detached bubble
volume in a water-air system is also shown in Fig. 5.15. In the case of water-air
system, the detached bubble volume under the shear rate of 100 s−1 decreases by
44% compared to the quiescent liquid condition. It is evident from Fig. 5.15 that
the influence of fluid properties on the detached bubble volume decreases with
increasing shear rate, i.e., the detached bubble volume in the steel-argon system
with θs = 0◦ is 2.8 times bigger than in the water-air system in quiescent liquid
condition, which reduces to 1.9 at a shear rate of 100 s−1.
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The influence of orifice orientation

In this section, the influence of orifice orientation on the bubble detachment
characteristics is determined for various shear rates. The simulations are per-
formed only using fluid physical properties of a steel-argon system with static con-
tact angle of θs = 0◦. The simulation covers a wide range of orifice inclination angle
α, starting from horizontal (α= 0◦) to vertical (α= 90◦) orientation, to imitate the
bubble formation process encountered in the continuous casting of steel.

Figures 5.14 (a), 5.16 (a) and 5.17 (a) show the evolution of bubble shape
during growth in an initially quiescent liquid at several orifice orientations. For α=
0◦, the bubble grows axisymmetrically since both the buoyancy and surface tension
forces act only in the vertical direction (Fig. 5.14 (a)). However, when the orifice
is tilted, the buoyancy force is rotated with respect to the surface normal and
causes the bubble to deform (Fig. 5.16-5.17 (a)). As the angle of tilt is increased,
the asymmetry in the bubble growth becomes more prominent. Under shear flow
conditions, the bubble growth is affected by an additional tangential force that
originates from the drag force created by the liquid flow. Since this drag force acts
in the opposite direction to the tangential component of the buoyancy force, the
bubble can move downstream or upstream during the growth depending on the
intensity of the shear and the tilt angle, as can be seen in Figs. 5.16-5.17.

The coordinates (x, y) of the bubble center of gravity are plotted versus time in
Fig. 5.18. For α = 0◦, the value of the bubble center of gravity abscissa x is zero
under quiescent liquid condition, which indicates that the bubble has a symmetric
growth and detachment over the orifice mouth (Fig. 5.18 (a), left). Under liquid
cross-flow conditions, the bubble moves downstream and its displacement in the
x-direction accelerates. In addition, the displacement in the x-direction increases
with increasing shear rate. On the other hand, the bubble center of gravity ordi-
nate y initially decelerates and then accelerates prior to the detachment because
the bubble neck starts to form (Fig. 5.18 (a), right). In contrast to the displace-
ment in the x-direction, the displacement in the y-direction decreases as the shear
rate increases.

For α = 45◦ and α = 90◦, the bubble moves upstream under quiescent liquid
conditions, which is indicated by the negative value of bubble center of gravity
abscissa x in Fig. 5.18 (b)-(c). With increasing shear rate, the displacement in
the x-direction becomes positive. The bubble moves downstream during growth
when S > 50 s−1 for both cases. On the other hand, the value of bubble center of
gravity ordinate y first increases and then decreases with increasing shear rate. It
appears that the value of y is maximal under the shear flow condition in which x
is almost zero at the moment of the detachment, i.e., when the tangential forces
are dominated by both the buoyancy and the drag forces.

Figure 5.19 shows the influence of the orifice orientation on the detached bub-
ble volume under various shear rates. Under quiescent liquid conditions, the tan-
gential force exerted on the bubble is due to the buoyancy force, which increases
with increasing α. Since this tangential force tends to advance the formation of
bubble neck and its detachment, the bubble volume decreases as the tilt angle α

is increased from 0◦ to 90◦. When the shear flow is present, the bubble volume is
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(a)

(b)

(c)

Figure 5.16: The evolution of bubble shape in a steel-argon system for θs = 0◦ and α= 45◦
under various shear rates: (a) S = 0 s−1, (b) S = 50 s−1 and (c) S = 100 s−1. The
orifice diameter Di n is 1 mm and the volumetric gas flow rate Q is 0.5 cm3/s.

also affected by the tangential force from the drag force due to the liquid flow. At
lower shear rates, the buoyancy force is dominant and thus the bubble volume still
decreases with increasing α. However, this trend reverses at higher shear rates,
where the drag force is dominant. For any given tilting angle, there is a maximal
bubble volume when the drag force due to the liquid flow almost balances the
buoyancy force so that the movement of the bubble away from the orifice axis is
limited.
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Figure 5.17: The evolution of bubble shape in a steel-argon system for θs = 0◦ and α= 90◦
under various shear rates: (a) S = 0 s−1, (b) S = 50 s−1 and (c) S = 100 s−1. The
orifice diameter Di n is 1 mm and the volumetric gas flow rate Q is 0.5 cm3/s.
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(a)

(b)

(c)

Figure 5.18: Bubble center of gravity abscissa x (left) and ordinate y (right) versus time
under various shear rates for different orifice inclination angles: (a) α= 0◦, (b)
α= 45◦ and (c) α= 90◦. The orifice diameter Di n is 1 mm and the volumetric
gas flow rate Q is 0.5 cm3/s.



5.6 Conclusions 103

Figure 5.19: Influence of orifice orientation on the detached bubble volume for bubble for-
mation in a steel-argon system with θs = 0◦ under various shear rates. The
orifice diameter Di n is 1 mm and the volumetric gas flow rate Q is 0.5 cm3/s.

5.6 Conclusions

In the present work, we reported a numerical study on the formation of gas
bubbles from a submerged orifice in a steel-argon system using a front-tracking
type technique called the Local Front Reconstruction Method (LFRM). The numer-
ical simulations have been performed over a wide range of gas injection rates and
the results were compared with the ones obtained using a water-air system. In
addition, the influences of contact angle, liquid cross-flow and orifice orientation
on the bubble detachment characteristics have also been investigated. The most
important observations are as follows:

1. At the quasi-static regime (low gas flow rates), where the bubble formation
is dominated by capillary and buoyancy forces, the bubble volume increases
significantly with increasing contact angle θs . This is due to the fact that the
maximum bubble base diameter reached during formation increase with in-
crease in θs , which results in an increasing capillary force acting downwards.

2. The effect of the contact angle on the bubble volume decreases with in-
creasing gas flow rate where bubble formation moves towards the inertia-
controlled regime. Moreover, the transition from the quasi-static regime to
the dynamic regime, where the detached bubble can immediately coalesce
with the growing bubble to form a larger bubble, is delayed with increasing
θs . This is due to the fact that the bubble size increases with θs , so that the
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bubble formation time is increased and the interaction between successive
bubbles is reduced.

3. The detached bubbles in the water-air system are generally smaller com-
pared to the bubbles detached in the steel-argon system due to lower sur-
face tension and higher wettability. However, at higher gas flow rates, the
differences in the bubble volume become less significant since the transition
to the dynamic regime happens earlier in the water-air system.

4. The bubble at the orifice mouth becomes asymmetric in the presence of shear
flow. The formation time and bubble volume decrease with increasing shear
rate since the increased drag force due to the flowing liquid advances the
neck formation. Moreover, the influence of fluid properties on the detached
bubble volume decreases with increasing shear rate.

5. In non-wetting systems, the bubble can slide over the gas injection hole with-
out forming a bubble neck when the orifice plate is sufficiently large. The
bubble drifts at a faster rate as the shear rate increases.

6. The bubble shape becomes asymmetric when the orifice is tilted since the
buoyancy force is rotated with respect to the surface normal. The detached
bubble volume tends to decrease with increasing orifice inclination angle α

(from 0◦ to 90◦) at lower shear rates, because the net tangential force, which
mainly originates from the buoyancy force, becomes stronger with increasing
α. The trend reverses at higher shear rates, where the drag force dominates
the tangential force.



Chapter 6
Oscillation dynamics of a bubble
rising in viscous liquid

Abstract

In this chapter, the study on the oscillation dynamics of 3 mm diameter bubbles gener-
ated through an orifice submerged in viscous liquids is presented. The viscosity of the
liquid was varied to change the behavior of bubble rising. The details of the rising mo-
tion and shape oscillation of the bubbles were measured using a combination of high
speed, high resolution imaging and an accurate digital image processing technique.
Direct Numerical Simulations (DNS) that mimic the experimental conditions were
also performed using a front-tracking technique, called the Local Front Reconstruc-
tion Method (LFRM). The predictions of the bubble shape and rising velocity obtained
by the numerical simulations showed good agreement with the experimental results.
Our experimental and numerical results revealed that the oscillation frequency and
the damping rate at lower modes can be predicted using available theoretical mod-
els found in the literature. However, discrepancies arise between our results with the
theoretical predictions at higher order oscillation modes. We concluded that the dis-
crepancies are due to the influence of rising motion and the wake behind the bubble,
which is not considered in the theoretical models.

This chapter is based on:
Kong, G., Mirsandi, H., Buist, K.A., Peters, E. A. J. F., Baltussen, M.W., Kuipers, J. A. M.,
2019. Oscillation dynamics of a bubble rising in viscous liquid. Experiments in Fluids 60
(8), 130.
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6.1 Introduction

Because of its relevance in many industrial and natural phenomena, the dy-
namics of a rising gas bubble has been studied for many centuries and contin-
ues to be a problem of significant interest nowadays. This includes for example
boiling, flotation, intensification of heat and mass transfer in bubble column re-
actors. However, the fundamental understanding of bubble dynamics is still in-
complete due to the large number of parameters, the non-linearity and the fully
three-dimensional transient nature of the problem.

The process of bubble detachment and rise is illustrated in Fig. 6.1. In this
case, the bubble is formed from an orifice plate. After the detachment of the
bubble from the orifice, the buoyant force drives the rising motion of the bubble in
the liquid. While rising, the bubble undergoes shape deformation until it reaches
its equilibrium shape and subsequently oscillates around the equilibrium shape.
The characteristics of the rising motion (i.e., the shape, rise velocity, trajectory)
strongly depend on the fluid properties as well as the bubble volume, making it
very difficult to develop a general understanding for all the cases.

Figure 6.1: Bubble rising in a viscous liquid after its detachment from an orifice plate. The
dynamics of the bubble consists of two distinct stages: a transition stage and a
terminal stage. The bubble undergoes shape deformation (left) until it reaches
its equilibrium shape and subsequently oscillates (right) around the equilibrium
shape.

Interestingly, several researchers have independently reported that the method
of releasing bubble from the orifice, i.e., the initial condition before detachment,
affects the terminal rise velocity and the bubble shape (Wu and Gharib, 2002;
Tomiyama et al., 2002; Laqua et al., 2016). This unexpected experimental finding
is attributed by the authors to the initial shape of the bubble at the beginning of its
rise, which is in its turn influenced by the way the bubble is formed. Upon release,
a bubble created by a small capillary undergoes strong shape oscillations and is
found to reach a higher terminal velocity than a bubble of equal volume released
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from a large capillary, whose detachment is a much gentler process. This behavior
is in strong contrast with the more common assumption of a unique terminal rise
velocity for a bubble, which is often used in literature (Clift et al., 1978).

The correlation between rising motion and shape oscillations has been investi-
gated by several authors (Meiron, 1989; Lunde and Perkins, 1997; De Vries et al.,
2002; Veldhuis et al., 2008; Lalanne et al., 2013, 2015). Meiron (1989) developed
a numerical model to study the steady rise and stability of inviscid bubbles and
showed that the interaction of hydrodynamic pressure and surface tension forces
does not lead to linear instability of the bubble path. Lunde and Perkins (1997)
performed an experimental study on bubbles rising in still tap water. They showed
that the low modes of the shape oscillations account for the wobbly and rocking
nature of the shape and motion of intermediately sized bubbles. De Vries et al.
(2002) performed experiments with 2-4 mm diameter bubbles interacting with a
hot-film anemometer probe in ultra-clean water to study whether bubble shape
oscillation affects the rising velocity. Their experiments showed that the oscillat-
ing bubbles do not have higher mean velocities than the non-oscillating bubbles,
which is in contrast with the results of Wu and Gharib (2002) and Tomiyama et al.
(2002). Veldhuis et al. (2008) investigated the surface oscillations on bubbles ris-
ing in water. They showed that shape oscillation is linked to the path instability
by checking the frequency of the main mode and the vortex shedding. Recently,
Lalanne et al. (2015) studied the influence of the rising movement on the shape
oscillations of small bubbles using experiments and numerical simulations. They
showed that the effect of the rising motion on the oscillations is negligible, pro-
vided that the mean shape of the oscillation remains close to a sphere. Their
finding indicates that the shape oscillation and the rising motion is one-way cou-
pled.

Although considerable research has been devoted to the bubble rising, detailed
studies are still limited due to the requirements of high spatial and temporal res-
olutions and sophisticated data treatments of such a dynamic process. This moti-
vates us to investigate larger bubbles, where the interface dynamics becomes even
more pronounced. In the present work, we study the rising motion and shape oscil-
lation of 3 mm bubbles generated through an orifice submerged in viscous liquids.
The details of rising motion and shape oscillation of the bubbles are measured us-
ing a combination of a high speed, high resolution camera and an accurate digital
image processing technique. Numerical simulations that mimic the experimental
results are also performed using a front-tracking model, the Local Front Recon-
struction Method (LFRM). Experiments and simulations have different strengths
and weaknesses, related to control and accuracy. Therefore the correspondence
of experimental and simulation results makes the presented results more robust.
This chapter is organized as follows. The description of the experimental setup
and measurement techniques is given in section 6.2. Section 6.3-6.4 provide the
description of the numerical method and the computational setup. In section 6.5,
an extensive analysis of oscillation dynamics of a rising bubble in a viscous liquid is
given. Finally, a summary of the main conclusions of the present work is provided
in section 6.6.
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6.2 Experimental method

6.2.1 Experimental setup

The experimental setup is schematically shown in Fig. 6.2. Air bubbles are
formed from a submerged orifice plate made of stainless steel attached to the
lower wall of the column. The orifice has an inner diameter of 1 mm. A capillary
tube with an inner diameter of 0.5 mm and a length of 150 cm is used to generate
sufficient pressure drop that ensures a constant flow condition. The volumetric gas
flow rate is controlled using a combination of a kdScientific LEGATO 100 syringe
pump and a 2.5 mL Hamilton 1000 series GASTIGHT syringe. The experiments are
performed using three different glycerol-water mixtures listed in Table 6.1. The
properties of the liquids are determined using a Brookfield DV-E viscometer for
measuring the viscosity and a K20 EasyDyne digital of Krusse with the Wilhelmy
plate method for measuring the surface tension.

Figure 6.2: Schematic diagram of the experimental setup of bubble formation from a sub-
merged orifice and the calibration plate.

Table 6.1: Fluid properties for air bubble formation in glycerol-water mixture.

Fluid ρl [kg ·m−3] µl [kg ·m−1 ·s−1] σ [N ·m−1]
20 wt.% glycerol 1.047×103 1.76×10−3 7.09×10−2

40 wt.% glycerol 1.099×103 3.72×10−3 6.95×10−2

60 wt.% glycerol 1.153×103 1.08×10−2 6.77×10−2

6.2.2 Measurement and image processing techniques

The experimental images are captured using a pco.dimax HD high speed digital
video camera with a frame rate of 2000 Hz and a resolution of 1.5×10−2 mm/pixel.
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A calibration plate with known size and distance was used to convert pixel dis-
tances to mm. On the plate, the center distance of two horizontal/vertical neigh-
boring white dots is 5 mm and the size of the dots is 1.2 mm. The spatial resolution
is high enough to capture the bubble interface without the help of any interpola-
tive reconstruction. In addition, the selected temporal resolution ensures that the
bubble moves 3 to 4 pixels on two consecutive images. The recordings are per-
formed with the help of a back lighting, which is only switched on during the
imaging to reduce the heating of the liquid by illumination of the channel.

The captured images are then processed by using an in-house code, which uti-
lizes the image processing toolbox from Matlab. The main image processing steps
are the determination of a threshold for the gray-scale image, binarization of the
images using this threshold value, and then determination of the bubble volume,
center of gravity and aspect ratio (Fig. 6.3). The uncertainty of the determined
edge is only about 0.5% due to the high resolution of camera. The velocity and
deformation of a bubble are derived from the centroid and axis lengths of bubbles,
respectively. Furthermore, an advanced smooth spline fitting technique based on
smoothing parameter determination theories (De Boor et al., 1978; Wahba, 1990;
Hurvich et al., 1998; Krakauer and Krakauer, 2012) is applied to fit the bubble
centroid as a function of time in order to suppress the noise of velocity calcula-
tion. The corrected Akaike information criterion (AICC) approach (Hurvich et al.,
1998) is chosen to determine the smoothing parameter. In Fig. 6.3, the black dot,
red lines and blue lines represent the bubble centroid, major axis lines and minor
axis line of a typical bubble, respectively. The deformation is defined by aspect
ratio as in Eq. (6.1).

χ= lma j or /lmi nor (6.1)

Figure 6.3: Raw image (left), processed image (right). Black dot: center, C; blue line: the
minor axis; red line: the major axis.

In the present work, the bubbles are generally axisymmetric due to the high
liquid viscosity. This allows the implementation of the calculations of bubble cen-
troid and bubble volume using Pappus second theorem (Legendre et al., 2012). It
should be noted that the 2D centroid, C2D , computed from area averaging of the
planar (projected) bubble image, is not the same as the 3D volume averaged cen-
troid, C3D , especially for bubbles that have a strong shape deformation. Here, we
use C3D , which is computed using the assumption of axisymmetry, for determining
the bubble rise velocity.
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6.3 Numerical method

The numerical simulations are performed using the in-house LFRM, detailed
in chapter 2. In the numerical model, the fluids are assumed to be incompress-
ible, immiscible and Newtonian. Furthermore, a one-fluid formulation is used to
describe the fluid flow for both phases. The governing equations for mass and
momentum conservation are expressed as follows:

∇ ·u = 0 (6.2)

ρ
∂u

∂t
=−∇p −ρ∇ · (uu)−∇ ·τ +ρg+Fσ (6.3)

where u is the fluid velocity, p is the pressure, and τ is the stress tensor given
by −µ[∇u+ (∇u

)T ]
. The local averaged density ρ and dynamic viscosity µ depend

on the local fluid phase distribution and are therefore calculated from the local
phase fraction, F , using normal and harmonic averaging, respectively. The local
volumetric force accounting for the effect of surface tension, Fσ, is calculated using
the hybrid Lagrangian-Eulerian formulation representation of Shin et al. (2005).

After the calculation of fluid flow, the Lagrangian marker points, which are
used to track the interface, are moved using a fourth-order Runge-Kutta time inte-
gration with the locally cubic spline interpolated fluid velocities. Subsequently, the
phase fraction in each Eulerian cell is updated using a geometrical method based
on the location of the marker elements (Dijkhuizen et al., 2010b). Interface recon-
struction is periodically performed using the LFRM procedure to ensure that each
part of the interface is represented with an adequate resolution, In addition, the
smoothing procedure of Kuprat et al. (2001) is employed to prevent volume errors
due to advection of marker points, which can accumulate significantly during a
simulation.

6.4 Computational setup

The schematic of the computational domain is given in Fig. 6.4. The air bubble
is injected through an orifice of radius Di n submerged in an initially quiescent liq-
uid. The circular orifice is located at the bottom center of the numerical domain
and represented with a staircase approximation. The gas injection is assumed to
be at constant flow rate Q. The flow in the gas inlet is assumed fully developed
laminar and a parabolic inflow velocity is imposed. Initially, a hemispherical bub-
ble is positioned above the orifice with a radius equal to Di n . The bubble base
is pinned to the orifice during the growth process. At the top of the simulation
domain, the pressure-prescribed outlet boundary condition is imposed where the
outlet pressure is set to atmospheric pressure, while at the side and lower walls,
the no-slip boundary condition is used. The computational domain has a width,
length and height of 5, 5, and 10 equivalent bubble diameters, respectively, to
ensure that the bubble formation and rise are not significantly influenced by any
wall effect.
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Figure 6.4: Schematic representation of the computational domain for the simulations of
bubble formation and rise in viscous liquid.

6.5 Results and discussion

6.5.1 Bubble shape and rising velocity

Figure 6.5 shows typical photographs of bubble detachment and rise from the
orifice for three different liquids. It can be seen that once the bubble detaches,
the bubble undergoes shape deformation while rising. The shape evolves from
a pendant shape at the time of detachment to an oblate spheroid. This shape
deformation becomes more pronounced with decreasing liquid viscosity.

The corresponding bubble shapes obtained using the numerical model, which
are represented with red lines, are superimposed on top of the photographs. The
spatial evolution of the numerically predicted bubble shapes is very close to the
corresponding experimental results. The detached bubble sizes and the corre-
sponding dimensionless numbers are listed in Table 6.2. The deviations in the
detached bubble diameter in all cases are less than 1%, meaning that the bubble
size is not affected by the fluid viscosity.

Table 6.2: Equivalent diameter of the detached bubble and the corresponding dimension-
less numbers for different fluids (Eo = g∆ρD2

eq /σ, Mo = gµ4
l ∆ρ/ρ2

l σ
3, Oh =

µl /
√
ρl Deqσ , Re = ρl v∞Deq /µl , We = ρl v2∞Deq /σ).

Fluid Deq [m] Eo [-] log(Mo) [-] Oh [-] Re [-] We [-]
20 wt.% glycerol 3.22×10−3 1.50 −9.60 0.5×10−2 574.6 4.28
40 wt.% glycerol 3.16×10−3 1.55 −8.29 1.1×10−2 252.1 3.64
60 wt.% glycerol 3.11×10−3 1.62 −6.43 3.1×10−2 73.1 2.57
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(a)

(b)

(c)

Figure 6.5: Bubble detachment and rising in three different liquids: (a) 60 wt.% glycerol,
(b) 40 wt.% glycerol and (c) 20 wt.% glycerol, for gas flow rate of 1.1 ml/min.
The simulation results are indicated with the red lines. The time interval be-
tween the figures is 3 ms.
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The comparison of experimental and numerical rising velocity in the case of
60 wt.% glycerol mixture is shown in Fig. 6.6. It is clear that the experimen-
tal result agrees well with the simulation result for Q = 1.1 ml/min, whereas for
Q = 2.2 ml/min and Q = 5.1 ml/min the rising velocities are higher in the experi-
ments. The discrepancy is probably due to the wake effect from the preceding bub-
ble since this influence is nonexistent in the simulation. The comparison of experi-
mental and numerical rising velocity and aspect ratio in the case of Q = 1.1 ml/min
for three different liquids is shown in Fig. 6.7. The numerically predicted rising
velocity and aspect ratio agree well with the experimental results. This indicates
that not only the wake effect but also the influence of surface-active impurities is
negligible. For this reason, Q = 1.1 ml/min is chosen for further analysis.

Figure 6.6: Comparison of experimental and numerical rising velocities for 60 wt.% glycerol
at different gas flow rates.

Figure 6.8 shows the aspect ratio (χ) as a function the Weber number (We).
Both We and χ are instantaneous values from experiments. The correlation is com-
pared with correlations derived by Benjamin (1989) and Legendre et al. (2012).
The correlation by Benjamin was developed based on potential theory, which ne-
glects the influence of liquid viscosity. On the other hand, the correlation by Leg-
endre was derived based on fitting of a collection of results from literature taking
liquid viscosity into account. This correlation is given by

χ= 1

1− 9
64 We

(
1+0.2Mo0.1We

)−1 (6.4)

Note that the velocity used to calculate the Weber number is the instantaneous
velocity, whereas in those two approaches the terminal velocity is used. Therefore,
the meaningful comparisons are on averaged sense. From figure Fig. 6.8, the
present results match with both approaches well only when the surface tension is
dominant (low We). It is clear that the correlation by Benjamin departs from the
one by Legendre as the liquid viscosity increases. The present experimental results
also confirm this trend. The present results show that a good agreement with the
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(a)

(b)

(c)

Figure 6.7: Comparison of experimental and numerical rising velocity and aspect ratio for
three different liquids: (a) 60 wt.% glycerol, (b) 40 wt.% glycerol and (c) 20
wt.% glycerol.
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Figure 6.8: Instantaneous aspect ratio against instantaneous Weber number and compari-
son with correlations by Benjamin (1989) and Legendre et al. (2012).

correlation by Legendre is only seen for high viscous liquid and moderate We. The
discrepancies become larger for larger We and low viscous liquid.

There are several theoretical models available to predict the frequency of shape
oscillation. Lamb (1932) gives an analytical expression for the frequency of shape
oscillations of spherical bubbles as follows:

fn = 1

2π

√
(n +1)(n −1)(n +2)σ

ρl R3 (6.5)

where n is the mode number and R is the bubble radius. A spherical bubble is an
isotropic body and hence all modes of the same order have the same frequency.
For mode 2 oscillations, the frequency is given by

f2 = 1

2π

√
12σ

ρl R3 (6.6)

A bubble deformed into a spheroid is no longer isotropic and modes of the same
order but different degree will generally have different frequencies (Lunde and
Perkins, 1997). In addition, the influence of rising motion is not taken into ac-
count in the Lamb expression. A model to predict the shape oscillation frequencies
for non-spherical rising bubbles was derived by Meiron (1989) using stability anal-
ysis based on potential flow theory. On the other hand, Lunde and Perkins (1997)
proposed a simple model based on an assumption of a plane capillary wave trav-
elling along the bubble surface, where the frequency is determined by the wave
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speed and the wave length. For mode 2,0 shape oscillation, the frequency is given
as

f2,0 = 1

2π

√
16

p
2χ2

(χ2 +1)1.5

√
σ

ρl R3 (6.7)

The oscillation frequencies obtained from the experiments and numerical sim-
ulations are compared with these models in Table 6.3. It is clear that the present
results agree well with the models proposed by Meiron and Lunde and Perkins but
disagree with the spherical model of Lamb. This is further confirmed by comparing
the normalized frequency against deformation in Fig. 6.9. Surprisingly, Meiron’s
model based on the potential flow theory is still valid even though it does not take
into account the influences of wake. Although the assumption of a plane wave
in Lunde and Perkins should fail for non-spherical bubbles as pointed out by van
Wijngaarden and Veldhuis (2008), it coincidentally works well. Similarly, Lalanne
et al. (2013, 2015) showed that the predictions obtained using a potential flow
theory agree well with the DNS results for a slightly deformed spherical bubble.
This indicates that the wake and viscosity effects are minor, which needs to be
further investigated.

Table 6.3: Comparison of oscillation frequencies for three different fluids.

Fluid fexp [Hz] fDN S [Hz] fLunde [Hz] fMei r on [Hz] fLamb [Hz]
20 wt.% glycerol 55.6 55.1 55.2 56.0 70.2
40 wt.% glycerol 57.2 57.3 57.3 58.8 69.8
60 wt.% glycerol 60.6 60.9 58.6 62.6 68.9

Figure 6.9: Normalized frequency against the bubble aspect ratio.
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6.5.2 Analysis and discussion

In this section, the shape oscillations are studied in detail by decomposing the
interface obtained from both experimental and numerical results on the basis of
the Legendre polynomials given as (Becker et al., 1991):

R(θ, t )/R0 = a0(t )+
∞∑

l=2
al (t )Pl (cosθ) (6.8)

where Pl (cosθ) are the Legendre polynomials, R0 the unperturbed radius of the
radius, al the instantaneous amplitude of the l th mode of oscillation, and θ the
polar angle of the spherical coordinate system with its origin at the centre of the
bubble. The series is truncated at l = 20, which ensures an accurate description
of the present bubble shapes. The evolution of amplitudes for orders l = 2 ∼ 5 in
three different liquids is shown in Fig. 6.10. A satisfactory agreement between the
experimental and numerical results with respect to the evolution of various har-
monics is obtained, i.e. the amplitudes of modes 2∼5 of the bubbles are similar.
Generally, the amplitudes are much lower for higher modes, which is more pro-
nounced for cases with a higher liquid viscosity. Moreover, Fig. 6.10 shows that in
higher viscosity liquids the amplitude of the shape oscillations dampens faster. In
the low viscosity liquid, however, the damping rate gradually weakens and for cer-
tain higher modes the amplitude increases. It is important to note that the modes
are not rigorous eigenmodes due to non-spherical steady state shape of the rising
bubble, while the spherical harmonic solutions assumes oscillatory perturbation
on a spherical surface. The eigenmodes shift with the evolving shape. However,
the decomposed modes still can be used to quantify the effect of rising motion on
the shape oscillation (Lalanne et al., 2013).

Fig. 6.10 also reveals that mode 2 is the main mode. The a2 is basically the
representative of main shape of bubble and a similar to the aspect ratio in that it
describes the extent of shape deformation. The value starts from a positive value
due to the prolateness of the initial shape, while it decreases gradually to nega-
tive when the shape evolves to an oblate shape. For all three set of comparisons,
the results of experiments and simulation match very well on mode 2, which was
also evident in the qualitative visualization in Fig. 6.5. The match deteriorates for
higher modes and longer time. This might be attributed to the spatial resolution
of the simulation and the inherent in-stable nature of the higher modes. Further-
more, clearly, all the curves of the modes show that the deformations consist of a
main shape evolution and a dampened oscillation.

In order to investigate the oscillation energy decay of these modes, the follow-
ing window-moving average decomposition is applied:

Y = Ȳ + Ỹ (6.9)

where Y is the instantaneous variable, Ȳ is the average value and Ỹ is the fluctu-
ation. Then, the instantaneous frequency can be calculated by the time interval of
peaks, f = 1/(ti+1 − ti ), and the damping factors are calculated by fitting the peaks
with an exponential damping function y = ae−bt . Note that the shape informa-
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(a)

(b)

Figure 6.10: (Caption on next page)
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(c)

Figure 6.10: The evolution of spherical harmonic amplitudes al for l = 2 ∼ 5 for three dif-
ferent liquids: (a) 60 wt.% glycerol, (b) 40 wt.% glycerol and (c) 20 wt.%
glycerol.

tion at the instant after the detachment is excluded from calculation. These mode
fluctuations are shown in Fig. 6.11.

Prosperetti (1980) derived a model that describes the oscillation damping by
performing a spectral analysis of Navier-Stokes equation that does not account for
gravity and buoyancy forces. The model can be reduced to Lamb’s equation under
low liquid viscosity conditions (Oh ¿ 0.1) as follows :

bn = (n +2)(2n +1)µ/(ρl R2) (6.10)

Then a dimensionless theoretical damping factor for each mode is given by

b∗
n = (n +2)(2n +1)Oh (6.11)

The dimensionless damping factors extracted from experimental results and
the theoretical predictions obtained from Eq. (6.11) are shown in Fig. 6.12 (a).
The damping factors generally increase with increasing Ohnesorge number (Oh).
The oscillation energy needs less time to decay in more viscous liquids. Moreover,
it shows that for mode 2 the match between the present results and the theoretical
values is satisfactory. However, our results show that higher modes need more
time to decay in contrast to the prediction from the theory. This is mostly due to
the mode shift. The weight of high modes that contributes to the total fluctuation
becomes more significant gradually with the more and more flattened shape. Note
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(a)

(b)

Figure 6.11: Fluctuations of (a) mode 2 and (b) modes 3 ∼ 5 for three different liquids.

that for the case of Oh = 5 × 10−3, the damping factors for mode 4 and above
are negative, i.e. the energy no longer decays (not shown). Simulation studies
of Lalanne et al. (2013) also revealed the departure of higher modes from the
theoretical prediction (Fig. 6.12 (a)). Moreover, they also observed a negative
damping factor on mode 4.

Moreover, we observed that most of the surface oscillation energy (mainly
mode 2) damps only for a short period of time. In the case of 60% glycerol solu-
tion, the oscillations are damped after t = 0.08 s. In contrast, for bubbles rising in
20% glycerol solution, path instability occurs after t = 0.08 s, producing an increase
of the oscillation amplitude. On the other hand, in the case of 40% glycerol so-
lution, for each mode the oscillations maintain their amplitude. Here, our results
differ from the theoretical results of Prosperetti (1980) and simulation studies of
Lalanne et al. (2013). They reported that the oscillation damping of bubbles is
close to the theoretical prediction at the initial stages (or transient stages). In
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(a)

Figure 6.12: The varation of (a) dimensionless damping factor and (b) frequency against
Ohnesorge number.

other words, the oscillation behaviour of the rising bubble at the initial stages is
similar to the oscillation of bubble in zero gravity, i.e. all modes dampen gradually.
However, in our study, the oscillations are not damped at lower Oh numbers for
any of the modes after the damping at the initial stage of bubble rise, which has
also been reported by Lunde and Perkins (1997). Similarly, in the study of Gordillo
et al. (2012), the agreement between the analytical model and DNS deteriorates
for longer times. The authors attribute this to the viscous dissipation including the
boundary layer and wake, which are not considered in the analytical model.

Because the initial surface energies are close for all the cases (see Fig. 6.11),
any oscillation energy should eventually dampen if the system is isolated. In the
case of low Reynolds number (Oh = 3.1 × 10−2), there is no strong wake effect
beneath the bubble and the surface energy is eventually damped, whereas for
bubbles with higher Reynold numbers (Oh = 1.1×10−2, 0.5×10−2), standing vortices
or vortex shedding appear. In addition, our results also suggest that this energy
is mainly added to higher modes instead of mode 2 at the initial stage of rising.
Later, mode 2 also gains energy, which makes the oscillation system at all modes
a forced oscillation system. Therefore, the oscillation behavior of bubbles at lower
Oh numbers are different from bubbles in zero gravity in our results.

The role of rising motion, or more specific the wake, in shape oscillation is still
unclear. Nevertheless, our inference is supported by extra measurements of two
different size of bubbles rising in 40 % glycerol solution (Fig. 6.13). The diame-
ters of the bubbles are 2.63 mm and 3.22 mm, respectively, and the Oh numbers
of these bubbles are almost identical. However, according to the study of Blanco
and Magnaudet (1995), the wakes of these bubbles are of two type: one has no
vortex wake whereas the later one has a vortex wake. We have noticed that for the
simulations conducted in the study of Lalanne et al. (2013) vortex wakes would
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Figure 6.13: The rising velocity and aspect ratio of 2.63 mm and 3.22 mm bubbles in 40%
glycerol solution.

develop in none of those cases. The properties of the most oscillating bubble in
their studies are close to the bubble of 2.63 mm in the present study. It is clear
from the figure that the shape oscillation is damped at the initial stage for the one
without vortex wake while the oscillating deformation continues for the one with
vortex wake even after the initial stage of rising. Veldhuis et al. (2008) reported
that bubbles with vortex shedding in wakes have a much more dynamic interface,
in which the vortex shedding time scale is larger than the typical oscillation damp-
ing time scale. This suggests that if the time scale of a sudden move of the bubble
or a change of surrounding flow is shorter than the time scale of the damping, the
oscillation behavior will be similar to the one in zero gravity. Otherwise, the oscil-
lations gain external energy. This phenomenon could be more pronounced when
bubbles interact with turbulence, which includes a range of varied size eddies.

The dimensionless frequency is shown in Fig. 6.12 (b). It can be seen that
the frequency increases with Oh number. The trend of mode 2 is consistent with
Fig. 6.9, which correlates the frequency with the terminal shape of the bubble.
Because the aspect ratio is a result of fluid properties and hydrodynamics, it is
meaningful to correlate the dimensionless frequency with Oh number.
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6.6 Conclusions

In the present work, we have studied the oscillation dynamics of 3 mm diam-
eter bubbles generated through an orifice submerged in viscous liquids by means
of experiments and detailed numerical simulations. First, our results confirmed
that the potential flow theory can still predict the oscillation frequency of large
size bubbles, where the dynamics are pronounced. This finding was also in ac-
cordance with several experimental studies reported in the literature (Lunde and
Perkins, 1997; van Wijngaarden and Veldhuis, 2008; Gordillo et al., 2012; Lalanne
et al., 2015). Secondly, it was found that the damping factor at mode 2 can still
be described by a theoretical model developed by Prosperetti (1980), which takes
into account viscosity effects and neglects the effect of rising motion. However,
at higher modes the damping factor cannot be explained by the theoretical model
and so far no available theoretical model can be used to interpret the damping
behavior. Wake effects seem to play a very important role as an external energy
source driving the shape oscillations of rising bubbles, particularly for the higher
modes.





Chapter 7
Hydrodynamic interaction of
bubbles rising side-by-side in
viscous liquids

Abstract

The hydrodynamic interaction of two bubbles released from submerged orifices was
simulated using three-dimensional Direct Numerical Simulation (DNS). The Local
Front Reconstruction Method (LFRM), a front-tracking type technique that allows
the simulation of bubble break-up and merging, was applied to capture the interface
movement. The effects of fluid properties and orifice spacing on the bubble trajec-
tory, the vortex shedding pattern, and the interaction between the two bubbles were
investigated. Different types of interaction behaviors, which were observed in experi-
ments by Kong et al. (2019a), could be replicated by varying the liquid viscosity: (1)
repulsion, (2) attraction, (3) bouncing after attracting, and (4) repeated bouncing.
The simulation results revealed that bubbles at low Reynolds number repel each other
since the vorticity diffusion near the bubble surface is blocked in presence of another
bubble. On the other hand, bubbles at moderate to high Reynolds numbers tend to
attract each other after being released from the orifices, and their subsequent possible
bouncing depends on the orifice spacing. In addition, the bubble pair will feature a
zigzagging motion while rising when toroidal vortex rings are generated in the bubble
wake.

This chapter is based on:
Mirsandi, H., Kong, G., Baltussen, M.W., Peters, E. A. J. F., Kuipers, J. A. M., 2019. Nu-
merical study on the interaction of two bubbles rising side-by-side in viscous liquids. In
preparation.
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7.1 Introduction

The phenomenon of bubble rise due to buoyancy is of great importance in
various gas-liquid contact operations encountered in industrial processes, as well
as numerous natural phenomena. In industrial applications, gaseous bubbles are
frequently used to enhance the heat and mass transfer rates between the phases.
This enhancement is significantly affected by the size, rising velocity and trajec-
tory of the bubbles. Therefore, a large number of studies have been devoted to the
rising process of isolated single bubbles (Kulkarni and Joshi, 2005). While such
studies have provided important results regarding the terminal rise velocity, tra-
jectory, and shape evolution of a single bubble, the applicability of these results is
limited since industrial applications generally involve multiple bubbles or bubble
swarms instead of a single bubble. The rising behavior of multiple bubbles can be
significantly different than the isolated bubble behavior due to the hydrodynamic
interaction with the neighbouring bubbles.

Several studies have been devoted to understanding the physics underlying
the bubble motion in (dense) swarms. Earlier analytical and simulation studies
have reported that the bubbles cluster in the horizontal plane due to their interac-
tions (Van Wijngaarden and Jeffrey, 1976; Sangani and Didwania, 1993; Smereka,
1993; Yurkovetsky and Brady, 1996). Because these works solely consider spher-
ical bubbles assuming potential flow, the resulting preferred horizontal alignment
is caused by the Bernoulli effects. Bunner and Tryggvason (2003) have provided a
detailed outline of the micro-structure of spherical and deformable bubbles using
Direct Numerical Simulations (DNS). They reported that spherical bubbles tend to
align horizontally, whereas deformable bubbles (Re = 26) tend to align vertically
due to higher vorticity generated at the bubble surface. However, Esmaeeli and
Tryggvason (2005) reported that the formation of the vertical clusters for the de-
formable bubbles at Re ≈ 78 tend to be weaker due to the wobbling motion of the
bubbles. This highlights the importance of further studies to be conducted on the
interaction of bubbles, especially in relation to their wake interaction and the iner-
tial and viscous effects. Tagawa et al. (2013) found that spherical bubbles cluster
in a regular lattice arrangement, while for deformable bubbles feature irregular
clustering. The vorticity generated by the bubbles is believed to be the cause of
the irregular clustering, which is reduced for spherical bubbles.

Alternatively, the case of two bubbles rising in line has been studied in re-
cent years to analyze the above-mentioned complex flows involving many bub-
bles. Harper (1970) analysed the rise of two bubbles in line at a fixed separation
distance under the assumption of potential flow and found that an equilibrium
distance between the bubbles exists. Yuan and Prosperetti (1994) simulated a
similar configuration without the potential flow approximation and showed that
in addition to a potential repulsive force, an attractive wake force also acts on the
bubbles. They confirmed the existence of an equilibrium distance, where the po-
tential repulsive force balances the wake effect. However, experiments of Katz and
Meneveau (1996) showed that pairs of small bubbles tend to collide and coalesce
instead of rising with an equilibrium spacing. Katz and Meneveau (1996) and
Yuan and Prosperetti (1994) suggested that the discrepancy between the experi-
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mental and numerical results is due to the bubble deformation. The existence of an
equilibrium distance has been observed experimentally by Watanabe and Sanada
(2006) but it was larger than that proposed by Yuan and Prosperetti (1994). More-
over, the configuration of the inline bubbles at equilibrium distance is easily dis-
rupted by many factors, such as the presence of other bubbles. Recently, Gumulya
et al. (2017) showed that the trailing bubble can move out of the vertical line due
to the interaction induced wake instability at Re > 50.

The simultaneous release of two bubbles rising side-by-side has been studied
as well. Legendre et al. (2003) investigated the lateral interaction of two spherical
bubbles over a wide range of Reynolds numbers (0.02 É Re É 500) at various sepa-
ration distances. They showed that the vorticity generated at the bubble surface is
the key parameter in affecting the interaction between the bubbles. At higher Re,
the vorticity is confined within a boundary layer that is smaller than the distance
between the bubbles, resulting in an attractive interaction. On the other hand, at
lower Re the vorticity fields between the two bubbles is relatively large compared
to the separation distance, resulting in a repulsive interaction. Later, Hallez and
Legendre (2011) studied the influence of the initial configuration angle on the hy-
drodynamic interaction between two spherical bubbles and found a critical angle
to determine whether the two bubbles will attract or repel each other. However,
the surface deformation is not considered in their studies due to the limitations
of the numerical model based on a body-fitted grid technique (Legendre et al.,
2003; Hallez and Legendre, 2011). The experimental studies of Duineveld (1995,
1998) and Sanada et al. (2009) focused on collision of bubbles and indicated that
the wake interactions behind the bubbles play a key role in determining the sub-
sequent bouncing or coalescence. This is also consistent with the recent study of
Zhang et al. (2019), in which the interaction of two bubbles over a wide range
of Reynolds numbers is studied using DNS. Recently, Kong et al. (2019a) experi-
mentally studied the interaction of several types of bubbles by varying the liquid
viscosity. They observed different type of interactions: (1) repelling, (2) bouncing
after attracting, and (3) repeated bouncing. The experimental results indicated
that the deformation plays an important role with respect to bubble interactions
and path instability.

Despite its apparent simplicity, various aspects of the interaction of multiple
bubbles rising in a liquid remain unknown. Even the behaviour of two bub-
bles rising side-by-side, which is a simplified case compared to the complex hy-
drodynamics of bubble column, still needs further analysis. For this reason, we
devote the present work to numerically study the hydrodynamic interaction of
two bubbles rising side-by-side after their formation from submerged orifices us-
ing a front-tracking type technique called the Local Front Reconstruction Method
(LFRM) (Shin et al., 2011; Mirsandi et al., 2018). This work aims to investigate
the underlying mechanisms responsible for different interactions, particularly of
the evolution of the wake vortices during the bubble interactions. This chapter
is organized as follows. Section 7.2-7.3 provide the description of the numeri-
cal method and the computational setup. In section 7.4, the interaction behavior
of four different bubble types and the influence of initial separation distance are
investigated. The simulation results are also compared with the experiments re-
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ported by Kong et al. (2019a). Finally, a summary of the main conclusions of the
present work is provided in section 7.5.

7.2 Numerical method

The numerical model used in the present work is based on the LFRM, a front
tracking type technique originally developed by Shin et al. (2011) and modified in
the works of Mirsandi et al. (2018) and Rajkotwala et al. (2018). In the numerical
model, the fluids are assumed to be incompressible, immiscible and Newtonian.
Furthermore, a one-fluid formulation is used to describe the fluid flow for both
phases. The governing equations for mass and momentum conservation are ex-
pressed as follows:

∇ ·u = 0 (7.1)

ρ
∂u

∂t
=−∇p −ρ∇ · (uu)−∇ ·τ +ρg+Fσ (7.2)

where u is the fluid velocity, p is the pressure, and τ is the stress tensor given
by −µ[∇u+ (∇u

)T ]
. The local averaged density ρ and dynamic viscosity µ depend

on the local fluid phase distribution and are therefore calculated from the local
phase fraction, F , using normal and harmonic averaging, respectively. The local
volumetric force accounting for the effect of surface tension, Fσ, is calculated using
the hybrid Lagrangian-Eulerian formulation representation of Shin et al. (2005).

Once the flow field is solved, the Lagrangian marker points, which are used to
track the interface, are moved using a fourth-order Runge-Kutta time integration
with the locally cubic spline interpolated fluid velocities. Subsequently, the phase
fraction in each Eulerian cell is updated using an algorithm based on divergence
theorem, utilizing the geometrical information of the marker elements (Dijkhuizen
et al., 2010b). To prevent the deterioration of the mesh quality, interface recon-
struction is periodically performed using the LFRM procedure. In addition, the
smoothing procedure of Kuprat et al. (2001) is employed to prevent small scale
surface instabilities and volume errors due to advection of marker points and in-
terface reconstruction. A detailed description of this modified LFRM is provided in
chapter 2.

7.3 Computational setup

The schematic of the computational domain is given in Fig. 7.1. The air bubbles
are injected through two orifices with a diameter of Di n = 1 mm submerged in an
initially quiescent liquid. These circular orifices are located at the bottom of the
numerical domain and the distance between the orifice is varied from 4 to 7 mm.
The gas injection is assumed to be constant at a flow rate of Q = 1.1 ml/min.
The flow in the gas inlet is assumed fully developed and laminar with a parabolic
velocity profile. A constant pressure boundary condition is imposed at the top
wall whereas the no-slip boundary condition is imposed at the side and bottom
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Figure 7.1: Schematic representation of the computational domain for the simulation of the
formation and rise of a pair of bubbles in a viscous liquid.

Table 7.1: Fluid physical properties for air bubble formation and rise in glycerol-water so-
lution (Kong et al., 2019a).

Fluid ρl [kg ·m−3] µl [kg ·m−1 ·s−1] σ [N ·m−1]
80 wt.% glycerol 1.209×103 6.01×10−2 6.50×10−2

60 wt.% glycerol 1.153×103 1.08×10−2 6.77×10−2

40 wt.% glycerol 1.099×103 3.72×10−3 6.95×10−2

20 wt.% glycerol 1.047×103 1.76×10−3 7.09×10−2

walls. The physical properties of four different glycerol-water mixtures shown in
Table 7.1 are used in the simulations.

The dependency of the simulation results on the grid resolution is checked
by performing the simulations using three different grid sizes: ∆1 = 1.5×10−4 m,
∆2 = 1.25× 10−4 m, and ∆3 = 1× 10−4 m. The bubble shape at the final instant
prior to detachment (t/tdet = 1) is shown in Fig. 7.2 (a). It can be seen that the
bubble shapes at the detachment for all grid resolutions are almost identical. The
detached bubble volume Vb obtained by the finest grid is 17.7 mm3. The difference
in Vb compared to the finest grid for ∆1 and ∆2 are 0.4% and 0.2%, respectively.
The trajectory of the bubbles after their detachment is also similar for the all the
grid size considered in this test (Fig. 7.2 (b)). The L2 relative error norm (defined
with respect to the finest grid) is used to quantify the difference as follows:

L2 =
√√√√∑N

n=1(sd∆3,n − sd∆i ,n)2∑N
n=1 sd 2

∆3,n

(7.3)
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(a) (b)

Figure 7.2: Effect of grid resolution on (a) bubble shape at t/tdet = 1 and (b) trajectory of
the right (-) and left (-.) bubbles.

where sd is the distance between the bubble centroid, n is the index to represent
nth sampling point and N is total number of sampling points. The calculated L2

for grids ∆1 and ∆2 are 0.5% and 0.3%, respectively. Based on the considerations of
accuracy and computational time, the grid resolution of ∆2 = 1.25×10−4 m, which
corresponds to around 26 cells across the bubble equivalent diameter is used. The
time step is set at ∆t = 4×10−5 s.

7.4 Results and discussion

After their growth over the orifice mouth, the bubbles detach and subsequently
rise in the liquid due to the buoyancy force. The bubble sizes and the relevant non-
dimensional parameters in this problem are listed in Table 7.2. Here the Eötvös
number (Eo = ρl g D2/σ) represents the ratio of gravitational to surface forces, Mor-
ton number (Mo = gµ4

l /(ρσ3)) is a dimensionless number depending on the physi-
cal properties of the fluid, Reynolds number (Re = ρl ut D/µl ) describes the ratio of
the inertial force to viscous force, and χ is the bubble aspect ratio, which is defined
as the ratio between the major and minor axes. The size of the detached bubbles
are almost constant, whereas the characteristics of the rising motion (i.e., the
shape and rise velocity) are significantly affected by the liquid viscosity. According
to the bubble diagram of Grace (Grace, 1973), the bubbles can be classified into
spherical, ellipsoidal and wobbling regime based on their Eo, Mo, and Re numbers.
The following sections are organised based on this classification.
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Table 7.2: The size of the detached bubbles and the relevant non-dimensional parameters.

Fluid D [mm] Eo Log (Mo) Re χ Type
80 wt.% glycerol 3.28 1.97 −3.41 6.97 1.09 A
60 wt.% glycerol 3.11 1.61 −6.43 7.83×101 1.50 B
40 wt.% glycerol 3.17 1.56 −8.30 2.67×102 2.12 C
20 wt.% glycerol 3.23 1.52 −9.60 6.00×102 2.50 D

(a) (b)

Figure 7.3: The spatial and temporal evolution of the shape of (a) a single bubble and (b)
two bubbles with an initial distance of 4 mm rising in 80 wt.% glycerol. The
present simulation and experimental results of Kong et al. (2019a) are shown
in left and right, respectively.

7.4.1 Spherical bubbles (Type A)

The spatial and temporal evolution of a single bubble rising in 80 wt.% glycerol
is shown in Fig. 7.3 (a). In this case the bubble takes a spherical shape and rises
in a rectilinear path. The vertical and horizontal velocities and aspect ratio as
a function of the height obtained by the present simulation and experiments of
Kong et al. (2019a) are plotted in Fig. 7.4 (a). Both results show that the bubble
does not oscillate while rising and quickly attains its terminal velocity after the
detachment.

The spatial and temporal evolution of two bubbles rising separated by an ini-
tial distance of 4 mm are presented in Fig. 7.3 (b), where the bubbles repel one
another after an initial short period of attraction. It can be seen in Fig. 7.4 (b) that
once the repulsion starts, the horizontal velocity of the bubbles become stronger
until it reach a maximum value. Afterwards, the horizontal velocities gradually
become weaker as the bubbles rise, which indicates the presence of an equilibrium
distance between the bubbles. On the other hand, the evolution of the aspect ra-
tio of the bubbles are identical to that of a single bubble, which reveals that the



132 Hydrodynamic interaction of bubbles rising side-by-side

(a)

(b)

Figure 7.4: Rising behavior of (a) a single bubble and (b) two bubbles (right (-) and left (-
.)) with an initial separation distance of 4 mm in 80 wt.% glycerol (Kong et al.,
2019a). The vertical velocity, horizontal velocity, aspect ratio and separation
distance as a function of height are shown from left to right.

Figure 7.5: Influence of initial distance on the rising behavior of the bubbles on the right
side of a bubble pair in 80 wt.% glycerol. The vertical velocity, horizontal veloc-
ity, aspect ratio and separation distance as a function of height are shown from
left to right. The left bubbles are perfect mirror images of the right bubbles.
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(a) (b)

Figure 7.6: The isosurfaces for z vorticity (−20 s−1 ≤ ωz ≤ 20 s−1) for (a) a single bubble
and (b) two bubbles with an initial distance of 4 mm rising in 80 wt.% glycerol
at y = 35 mm.

interaction has no influence on the shape for such relatively rigid bubbles.
Figure 7.5 shows the influence of orifice spacing on the interaction behavior. It

can be seen that the onset of repulsion between the two bubbles is delayed with
increasing initial distance. In addition, the repulsion becomes less prominent as
the initial distance between the bubble increases. A larger initial distance leads to
a less pronounced separation and a smaller horizontal velocity.

The predicted rising behavior obtained by the simulations is in good agreement
with the experimental results of Kong et al. (2019a). It is also in accordance with
the finding of Legendre et al. (2003) that two spherical bubbles will repel each
other in the low Re regime. They indicated that the repulsive interaction is due to
the fact that the vorticity diffusion near the bubble surface is blocked in presence
of another bubble in such cases, and therefore the distribution of the vorticity be-
comes asymmetric and causes the repulsive force generated between the bubbles
(Legendre et al., 2003). This is also observed in the present simulations shown
in Fig. 7.6, which shows the distribution of inner vortices around the bubble. The
vorticity distribution of a single bubble is symmetric, whereas it is asymmetric due
to the presence of a neighboring bubble.

7.4.2 Ellipsoidal bubbles (Type B)

The spatial and temporal evolution of a bubble rising in 60 wt.% glycerol is
shown in Fig. 7.7 (a). In this case the bubble is no longer spherical but attains a
relatively stable ellipsoidal shape. The rising behavior of a single bubble obtained
by the present simulation and experiments of Kong et al. (2019a) is shown in
Fig. 7.8 (a). Both results show that the surface oscillation at the initial stage of
rising dampens while the bubble is attaining its terminal rise velocity. The bubble
still rises in a rectilinear path but with a significantly higher terminal Re compared
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(a) (b)

Figure 7.7: The spatial and temporal evolution of the shape of (a) a single bubble and (b)
two bubbles with an initial distance of 4 mm rising in 60 wt.% glycerol. The
present simulation and experimental results of Kong et al. (2019a) are shown
in left and right, respectively.

to the previous case.
The spatial and temporal evolution of two bubbles rising in 60 wt.% glycerol

with an initial separation distance of 4 mm are shown in Fig. 7.7 (b). It can be seen
that the bubbles attract each other and then bounce off after kissing, which is in
contrast to the case of spherical bubbles. Afterwards, the bubbles rise with a much
weaker attractive interaction, which can be observed from their low horizontal
velocities shown in Fig. 7.8 (b). The influence of orifice spacing on the interaction
behavior for this case is shown in Fig. 7.9. The figure shows that the attractive
effect between the pair of bubbles is less significant as the initial distance between
the bubble increases. The maximum separation distance and horizontal velocities
after the bouncing for the case of initial distance of 5 mm are lower than that of
the case of 4 mm. For the case of initial distance of 7 mm, the interaction between
the bubbles is very weak such that they almost rise in a rectilinear path with rising
velocities and shapes almost identical to an isolated bubble.

According to the studies of Magnaudet and Mougin (2007), a bubble with
an aspect ratio of χ = 1.5 will not generate a standing wake behind the surface
regardless of the rising velocity. The interaction behavior between the bubbles is
therefore mainly due to the Bernoulli effects where the pressure is lower inside
the gap between them. This is in accordance with the present numerical results
shown in Fig. 7.10, which shows the streamwise vortices (ωy ) with respect to
ωy =±20s−1 in vicinity of the bubbles around the moment of kissing. In the figure,
it is observed that the double-threaded vortex structures are generated during the
collision and subsequently the wake-induced lift forces repel the bubbles away
while the vortices are detached from the bubble interface. After the two bubbles
are separated to some distance, no additional vorticity is produced at the bubble
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(a)

(b)

Figure 7.8: Rising behavior of (a) a single bubble and (b) two bubbles (right (-) and left (-
.)) with an initial separation distance of 4 mm in 60 wt.% glycerol (Kong et al.,
2019a). The vertical velocity, horizontal velocity, aspect ratio and separation
distance as a function of height are shown from left to right.

Figure 7.9: Influence of initial distance on the rising behavior of the bubbles on the right
side of a bubble pair in 60 wt.% glycerol. The vertical velocity, horizontal veloc-
ity, aspect ratio and separation distance as a function of height are shown from
left to right. The left bubbles are perfect mirror images of the right bubbles.
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Figure 7.10: The isosurfaces for y vorticity (ωy =±20s−1) around the moment of kissing for
two bubbles with an initial distance of 4 mm rising in 60 wt.% glycerol. The
positive and negative values are shown by red and blue, respectively.

interface and subsequently the bubbles rise in an almost rectilinear path.

7.4.3 Deformable bubbles (Type C and D)

The spatial and temporal evolution of a bubble rising in 40 wt.% glycerol is
shown in Fig. 7.11 (a). It can be observed that the bubble is less rigid compared
to the spherical and deformed bubbles. The rising behavior of a single bubble
obtained by the present simulation and experiments of Kong et al. (2019a) are
presented in Fig. 7.12 (a). Both results show that the bubble undergoes shape
oscillation while rising in a rectilinear path. However, it can be seen that during
the later period the vertical velocity and oscillation amplitudes observed in the ex-
periment are slightly higher than the one obtained from the numerical simulation.

The spatial and temporal evolution of two bubbles rising in 40 wt.% glycerol
with an initial separation distance of 4 mm are shown in Fig. 7.11 (b). The nu-
merical and experimental results show that the bubbles attract each other and then
they bounce off after the collision. However, there is a discrepancy in the interac-
tion behavior between the simulation and experiments of Kong et al. (2019a) after
the bubbles bounce off each other. In the experiments, following the first collision,
the bubbles attract each other again and then collide for the second time. On the
other hand, the simulation results show that the interaction between the bubbles
becomes much weaker after the first collision, as evident from the horizontal ve-
locities shown in Fig. 7.12 (b). Instead of bouncing off each other for the second
time, the bubbles feature a zigzag motion without touching each other.

To determine the reason why there is a discrepancy between the experimental
and numerical results, we will examine the vortex rings generated by the bubbles.
As indicated by Magnaudet and Mougin (2007), a bubble will generate stable
axisymmetic vortex rings while still rising in a rectilinear path when its aspect
ratio is increased to χ≈ 1.7. When the aspect ratio is further increased to χ≈ 2.2,
the toroidal vortex rings behind the bubble will lose the axisymmetric structure
and subsequently a double-threaded vortex structure is generated, inducing a lift
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(a) (b)

Figure 7.11: The spatial and temporal evolution of the shape of (a) a single bubble and (b)
two bubbles with an initial distance of 4 mm rising in 40 wt.% glycerol. The
present simulation and experimental results of Kong et al. (2019a) are shown
in left and right, respectively.

force to drive the path instability. In this case, the aspect ratio of a single bubble
is χ = 2.1, which is still below but very close to the critical aspect ratio to trigger
the path instability for Re ≈ 267 (Magnaudet and Mougin, 2007). Therefore, the
zigzagging motion for the case of such a bubble pair indicates that the threshold
for the generation of the double-threaded vortices is reduced in the presence of
another bubble.

The evolution of the wake structures during and after the collision of the bub-
bles is presented in Fig. 7.13 to understand the underlying mechanisms that cause
the zigzagging motion. In Fig. 7.13 (a), it is observed that the double-threaded
wakes are generated at the inner side of the bubbles during the collision, caus-
ing the two bubbles to bounce off. After the bubbles move outward, the double-
threaded wakes at the inner sides disappear gradually due to the viscous dissi-
pation. Subsequently, the bubbles reach the furthest positions and other vortex
pairs to drive the bubbles inward are generated at the outsides of the two bub-
bles, resulting in a one period of zigzag motion. However, the vortex strengths
are much weaker in comparison with those during the first contact whereas the
structures are similar to the ones observed for the case of a single bubble shown
in Fig. 7.13 (b). Consequently, a second collision does not occur. It is expected
that the vortex rings in the simulations are lower in magnitude compared to the
ones prevailing in the experiments of Kong et al. (2019a). This might be due to
the wake of preceding bubbles, which are not considered in the simulations.
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(a)

(b)

Figure 7.12: Rising behavior of (a) a single bubble and (b) two bubbles (right (-) and left (-
.)) with an initial separation distance of 4 mm in 40 wt.% glycerol (Kong et al.,
2019a). The vertical velocity, horizontal velocity, aspect ratio and separation
distance as a function of height are shown from left to right.
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(a)

(b)

Figure 7.13: The isosurfaces for y vorticity (ωy =±20s−1) for (a) two bubbles with an initial
distance of 4 mm and (b) a single bubble rising in 40 wt.% glycerol. The
positive and negative values are shown by red and blue, respectively.
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Figure 7.14: Influence of initial distance on the rising behavior of the bubbles on the right
side of a bubble pair in 40 wt.% glycerol. The vertical velocity, horizontal
velocity, aspect ratio and separation distance as a function of height are shown
from left to right. The left bubbles are perfect mirror images of the right
bubbles.

The influence of orifice spacing on the interaction behavior of bubbles rising
in 40 wt.% glycerol is shown in Fig. 7.14. It can be observed that the collision
of two bubbles is delayed as the orifice spacing is increased from 4 mm to 6 mm.
In addition, the maximum separation distance and horizontal velocities after the
collision for the case of initial distance of 6 mm are lower than those of the case of
4 mm, which indicates weaker attraction at the initial stage. On the other hand,
the collision does not occur for bubbles with an initial distance of 7 mm. However,
the figure shows that the bubbles exhibit a weak zigzagging motion while rising in
all cases where their rising velocities become comparable at a later stage.

The spatial and temporal evolution of a bubble rising in 20 wt.% glycerol and
its rising behavior are shown in Fig. 7.15 (a) and Fig. 7.16 (a), respectively. Com-
pared to the previous case, the bubble aspect ratio is above the critical aspect ratio
for a bubble to rise in an unstable path due to the double-threaded wakes behind
the bubble given by Magnaudet and Mougin (2007). It can be observed in the
figures that the bubble path becomes unstable in the experiments at y ≈ 2 cm,
whereas the bubble still rises in a rectilinear path even at y = 5 cm in the simula-
tion. The evolution of rising velocities and aspect ratio obtained by the numerical
simulation agree well with the experiments up until the bubble deviates from its
vertical path. The discrepancy in the onset of path instability is probably due to
the wake effect from the preceding bubble, since this influence is nonexistent in
the simulation.

The spatial and temporal evolution of two bubbles rising in 20 wt.% glycerol
with an initial separation distance of 4 mm are shown in Fig. 7.15 (b). The nu-
merical and experimental results show that the bubbles attract each other and
then they bounce off after the collision. Similar to the previous case, there is a
discrepancy in the interaction behavior between the simulation and experiments



7.4 Results and discussion 141

(a) (b)

Figure 7.15: The spatial and temporal evolution of the shape of (a) a single bubble and (b)
two bubbles with an initial distance of 4 mm rising in 20 wt.% glycerol. The
present simulation and experimental results of Kong et al. (2019a) are shown
in left and right, respectively.

of Kong et al. (2019a) after the bubbles bounce off each other. In the experi-
ments, following the first collision, the bubbles attract each other again and then
collide for the second time, whereas the simulation results show that the interac-
tion between the bubbles become much weaker after the first collision, as evident
from the horizontal velocities shown in Fig. 7.16 (b). Instead of bouncing off each
other for the second time, the bubbles rise in a zigzag manner without touching
each other. The influence of orifice spacing on the interaction behavior of bubbles
rising in 20 wt.% glycerol is shown in Fig. 7.17. The figure shows that the collision
of two bubbles is delayed as the orifice spacing is increased from 4 mm to 7 mm.
However, the bubbles rise in a zigzag manner in all cases.

The evolution of the wake structures of the rising bubbles during two periods
of zigzag motion is presented in Fig. 7.18. It is observed that the double-threaded
vortex structures are generated when the two bubbles are close to each other and
during the collision. Subsequently, the wake-induced lift forces push the bubbles
away while the double-threaded vortices are still shed from the interface. After the
bubbles separate, the double-threaded vortices at the inner sides disappear grad-
ually due to the viscous dissipation while the vortices at the outer sides become
stronger. As a result path instabilities develop and the bubbles approach each
other for the second time. It can be seen that the double-threaded vortices pro-
duced by the bubbles in this case are stronger compared to what was observed in
type C bubbles, resulting in stronger lift forces and a more pronounced zigzagging
motion.
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(a)

(b)

Figure 7.16: Rising behavior of (a) a single bubble and (b) two bubbles (right (-) and left (-
.)) with an initial separation distance of 4 mm in 20 wt.% glycerol (Kong et al.,
2019a). The vertical velocity, horizontal velocity, aspect ratio and separation
distance as a function of height are shown from left to right.

Figure 7.17: Influence of initial distance on the rising behavior of the bubbles on the right
side of a bubble pair in 20 wt.% glycerol. The vertical velocity, horizontal
velocity, aspect ratio and separation distance as a function of height are shown
from left to right. The left bubbles are perfect mirror images of the right
bubbles.



7.4 Results and discussion 143

Figure 7.18: The isosurfaces for y vorticity (ωy = ±20 s−1) for two bubbles with an initial
distance of 4 mm rising in 20 wt.% glycerol. The positive and negative values
are shown by red and blue, respectively.
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7.5 Conclusions

In this chapter, we presented a numerical study on hydrodynamic interac-
tion of two bubbles released from submerged orifices using a front-tracking type
technique called the Local Front Reconstruction Method (LFRM). The interaction
behavior of four different types of bubbles has been studied by using different
glycerol-water mixtures. For spherical bubbles at low Reynolds number (Type A),
repulsive interactions between the bubble pair were observed. The repulsive forces
are generated because the vorticity distribution of the bubble is blocked by the
presence of the neighboring bubble. The forces become weaker as the distance be-
tween the bubble pair increases, which indicate the presence of an equilibrium dis-
tance between them. For deformed (type B) and deformable bubbles (Type C and
D), the pair of bubbles attract each other due to the Bernoulli effects after being
released from the orifices. If the initial separation distance between the bubbles
is sufficiently close, the bubbles can collide and then bounce off. The subsequent
rising behavior after the bounce off differs depending on the Reynolds number.
For bubbles of type B (Re = 78), the interaction between the bubbles becomes sig-
nificantly weaker after the bubbles bounce off and the bubbles rise in an almost
rectilinear path. On the other hand, the bubbles of type C and D (267 ≤ Re ≤ 600)
generate toroidal vortex rings in the bubble wake that strongly interact with each
other and induce the lift force. The vortices generated by the bubbles of type D are
stronger than that of type C, resulting in a more pronounced zigzagging motion.



Chapter 8
Epilogue

8.1 Conclusions

The formation of gas bubbles and their subsequent rise due to buoyancy are
of great importance in various gas-liquid contacting operations, as well as nu-
merous natural phenomena. In industrial applications, gaseous bubbles are fre-
quently used to enhance the heat and mass transfer rates between the phases.
This enhancement is significantly affected by the size, rise velocity and trajectory
of the bubbles. Even though these phenomena have been investigated over many
decades, the detailed physics are still lacking since they are affected by various
operating parameters (e.g., gas flow rate and liquid properties), system charac-
teristics (e.g., orifice dimension and orifice material), and fluid properties (e.g.,
surface tension, liquid viscosity and liquid density).

The primary objective of the thesis was to obtain a more fundamental insight
into the formation of gas bubbles and their subsequent rise using detailed numeri-
cal simulations and experiments. The summary of the main conclusions from each
chapter is given below.

In chapter 2 a DNS method was adapted to enable a detailed study of the for-
mation of gas bubbles and their subsequent detachment from a submerged orifice.
The method is based on the front-tracking method called the Local Front Recon-
struction Method (LFRM) of Shin et al. (2011). The interface reconstruction in
LFRM was modified to enable the implementation of the smoothing procedure
of Kuprat et al. (2001) as well as the contact angle boundary condition at the
three-phase contact line. The developed numerical method was verified and vali-
dated for several test cases, including 3D droplet spreading on a horizontal surface
and quasi-static bubble formation from a submerged orifice. The obtained results
showed an excellent agreement with the analytical solutions and experimental
results reported in literature.

In chapter 3 the influence of wetting conditions on the dynamics of bubble
formation from a submerged orifice was studied using experiments and numerical
simulations. An extensive analysis was performed on the influence of wetting
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conditions on the bubble size, bubble growth mechanism, and the behavior of
the contact line. The bubble growth stages have been identified based on key
geometrical parameters of the bubble and relevant forces acting on the bubble
during the growth. The experimental results revealed that the apparent contact
angle varies in a complicated manner as the bubble grows due to the roughness
and heterogeneity of the surface. Moreover, the experiments could be reproduced
by the numerical simulations when a stick-slip model is used to account for the
contact angle hysteresis observed in the experiments.

In chapter 4 an experimental and numerical study on the bubble formation in
the presence of a cross-flowing liquid is reported. The effects of gas flow rate and
fluid physical properties on the bubble detachment characteristics at various shear
rates in the quasi-static bubble growth regime were investigated. Under shear flow
conditions, the bubble moves downstream and is flattened due to the drag force
created by the shear flow. Moreover, this drag force advances the neck formation
and subsequently the bubble detachment. By increasing the orifice flow rate, the
effect of the liquid drag force on the displacement and the deformation of the
bubble becomes more significant owing to the larger bubble surface. In addition,
the influence of fluid properties on the bubble detachment characteristics becomes
less pronounced, especially at higher shear rates.

A numerical study on the bubble formation in a steel-argon system is reported
in chapter 5. The numerical simulations were performed over a wide range of gas
injection rates to investigate the bubble formation dynamics under quasi-static and
dynamic bubble formation regimes. In addition, the influences of contact angle,
liquid cross-flow and orifice orientation on the bubble detachment characteristics
were also investigated. The simulation results showed that the detached bubbles
in a steel-argon system are generally bigger compared to the bubbles formed in
a water-air system due to higher surface tension and lower wettability. When
the forming bubble is subjected to liquid cross-flow, the bubble can slide over the
orifice without forming a bubble neck if the orifice surface is non-wetting. On
the other hand, under wetting conditions, the detached bubble volume decreases
when the orifice plate is gradually tilted from a horizontal to vertical orientation
at lower shear rates. However, this trend reverses at higher shear rates because
the drag force exerted by the flowing liquid becomes dominant.

In chapter 6 an experimental and numerical study on the oscillation dynamics
of bubbles rising in viscous liquids is reported. The viscosity of the liquid was var-
ied to change the rising behavior of the bubble. The bubble oscillation frequency
and its damping were analysed and compared with analytical models available in
literature. The experimental and numerical results revealed that the oscillation
frequency and the damping rate at lower modes can be predicted using these an-
alytical models. However, discrepancies arise at higher order oscillation modes.
These discrepancies are probably due to the influence of rising motion and the
wake behind the bubble, which is not considered in the theoretical models.

In chapter 7 a numerical study on the hydrodynamic interaction of two bub-
bles rising side-by-side in viscous liquids is reported. Different types of interaction
behaviors, which were observed in experiments by Kong et al. (2019b), could
be replicated by varying the liquid viscosity: (1) repulsion, (2) attraction, and



8.2 Outlook 147

(3) bouncing after attracting, and (4) repeated bouncing. The simulation results
showed that spherical bubbles at low Reynolds number repel each other because
the vorticity distribution of each bubble is blocked by the presence of the neigh-
boring bubble. On the other hand, bubbles at moderate to high Reynolds numbers
tend to attract each other after being released from the orifices due to the Bernoulli
effects, where their possible bouncing depends on the orifice spacing. In addition,
the bubble pair will feature a zigzagging motion while rising when toroidal vortex
rings are generated in the bubble wake.

8.2 Outlook

The simulations and experiments conducted in this study have unveiled new
insights into some aspects of bubble formation and rise in gas-liquid systems. Nev-
ertheless, there are several remarks and recommendations for future work that
can be pursued to advance the current understanding of these very complex phe-
nomena.

• The parallelization of the current DNS code is based on OpenMP instructions
which parallelizes the process on a single computational node. The perfor-
mance of the code can be improved further through the implementation of
MPI parallelization which distributes the process on multiple computational
nodes. In this way the capability of the code can be extended to simulate
large systems.

• In the current DNS code, the coalescence of bubbles is governed by the size
of the reconstruction grid since no physical coalescence model has been im-
plemented. Even though there are several models available in literature, the
majority of them are limited to spherical droplets. Significant efforts need to
be made to formulate a physical model that can predict the coalescence of
bubbles with complex geometries.

• It has been demonstrated that the DNS code is capable to accurately predict
the detached bubble size at several operating conditions in various liquids.
Therefore, it is highly relevant to use the code to generate data that can be
collected into simplified correlations for bubble size as a function of relevant
dimensionless numbers.

• In practice, the applicability of the study on a single bubble formation is
limited since industrial applications generally deal with multiple bubbles in-
stead of a single bubble. Therefore, efforts should be made to study the bub-
ble formation from multiple orifices or spargers, where the bubble formation
process can be significantly affected by the interaction between bubbles.

• The present work can be extended to bubble formation and rise involving
heat and mass transfer and chemical reactions, which is highly relevant for
industrial applications. In addition, the influence of surfactants or contami-
nants can be studied as well since it can significantly alter the fluid properties
and the fluid flow in the vicinity of the bubble interface.
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formation under constant flow conditions. Chemical Engineering Science 24 (4), 731–
747. (Cited on page 78.)

Renardy, M., Renardy, Y., Li, J., 2001. Numerical simulation of moving contact line problems
using a volume-of-fluid method. Journal of Computational Physics 171 (1), 243–263.
(Cited on page 15.)

Roghair, I., Annaland, M. V. S., Kuipers, J. A. M., 2016. An improved front-tracking tech-
nique for the simulation of mass transfer in dense bubbly flows. Chemical Engineering
Science 152, 351–369. (Cited on pages 8 and 13.)

Saad, Y., 2003. Iterative methods for sparse linear systems. SIAM. (Cited on page 10.)

Saha, A. A., Mitra, S. K., 2009. Effect of dynamic contact angle in a volume of fluid (vof)
model for a microfluidic capillary flow. Journal of Colloid and Interface Science 339 (2),
461–480. (Cited on page 15.)

Sahai, Y., Guthrie, R., 1982. Hydrodynamics of gas stirred melts: Part i. gas/liquid coupling.
Metallurgical Transactions B 13 (2), 193–202. (Cited on page 79.)

Sanada, T., Sato, A., Shirota, M., Watanabe, M., 2009. Motion and coalescence of a pair of
bubbles rising side by side. Chemical Engineering Science 64 (11), 2659–2671. (Cited
on page 127.)

Sangani, A. S., Didwania, A. K., 1993. Dynamic simulations of flows of bubbly liquids at
large reynolds numbers. Journal of Fluid Mechanics 250, 307–337. (Cited on page 126.)

Sano, M., Fujita, Y., Mori, K., 1976. Formation of bubbles at single nonwetted nozzles in
mercury. Metallurgical and Materials Transactions B 7 (2), 300–301. (Cited on page 78.)

Sano, M., Mori, K., 1976. Bubble formation from single nozzles in liquid metals. Transac-
tions of the Japan Institute of Metals 17 (6), 344–352. (Cited on page 78.)

Scardovelli, R., Zaleski, S., 1999. Direct numerical simulation of free-surface and interfacial
flow. Annual Review of Fluid Mechanics 31, 567. (Cited on page 83.)

Schwartz, L. W., Garoff, S., 1985. Contact angle hysteresis on heterogeneous surfaces. Lang-
muir 1 (2), 219–230. (Cited on page 26.)

Shah, Y., Kelkar, B., Godbole, S., Deckwer, W., 1982. Design parameters estimations for
bubble column reactors. AIChE J. 28, 353–379. (Cited on pages 2 and 3.)

Shin, S., Abdel-Khalik, S. I., Daru, V., Juric, D., 2005. Accurate representation of surface
tension using the level contour reconstruction method. Journal of Computational Physics
203, 493–516. (Cited on pages 7, 10, 33, 57, 80, 110, and 128.)

Shin, S., Juric, D., 2002. Modeling three-dimensional multiphase flow using a level contour
reconstruction method for front tracking without connectivity. Journal of Computational
Physics 180 (2), 427–470. (Cited on pages 5 and 8.)



158 References

Shin, S., Yoon, I., Juric, D., 2011. The local front reconstruction method for direct simula-
tion of two- and three-dimensional multiphase flows. Journal of Computational Physics
230, 6605–6646. (Cited on pages 5, 7, 8, 12, 28, 80, 127, 128, and 145.)

Simmons, J. A., Sprittles, J. E., Shikhmurzaev, Y. D., 2015. The formation of a bubble
from a submerged orifice. European Journal of Mechanics-B/Fluids 53, 24–36. (Cited on
page 52.)

Smereka, P., 1993. On the motion of bubbles in a periodic box. Journal of Fluid Mechanics
254, 79–112. (Cited on page 126.)

Sui, Y., Ding, H., Spelt, P. D., 2014. Numerical simulations of flows with moving contact
lines. Annual Review of Fluid Mechanics 46, 97–119. (Cited on pages 15 and 28.)

Sullivan Jr., S., Hardy, B. W., Holland, C. D., 1964. Formation of air bubbles at orifices
submerged beneath liquids. AIChE Journal 10 (6), 848–854. (Cited on page 52.)

Sussman, M., Puckett, E. G., 2000. A coupled level set and volume-of-fluid method for com-
puting 3D and axisymmetric incompressible two-phase flows. Journal of computational
physics 162 (2), 301–337. (Cited on pages 5, 8, and 28.)

Tagawa, Y., Roghair, I., Prakash, V. N., Van Sint Annaland, M., Kuipers, J. A. M., Sun, C.,
Lohse, D., 2013. The clustering morphology of freely rising deformable bubbles. Journal
of Fluid Mechanics 721 (R2). (Cited on page 126.)

Tan, R., Chen, W., Tan, K., 2000. A non-spherical model for bubble formation with liquid
cross-flow. Chemical Engineering Science 55 (24), 6259–6267. (Cited on page 53.)

Tan, R. B., Harris, I. J., 1986. A model for non-spherical bubble growth at a single orifice.
Chemical Engineering Science 41 (12), 3175–3182. (Cited on pages 53 and 78.)

Terasaka, K., Tsuge, H., 1993. Bubble formation under constant-flow conditions. Chemical
Engineering Science 48 (19), 3417–3422. (Cited on page 78.)

Thorat, B., Joshi, J. B., 2004. Regime transition in bubble columns: experimental and pre-
dictions. Experimental Thermal and Fluid Science 28 (5), 423–430. (Cited on page 2.)

Thoroddsen, S., Etoh, T., Takehara, K., 2007. Experiments on bubble pinch-off. Physics of
Fluids 19 (4), 042101. (Cited on pages 22 and 23.)

Tomiyama, A., Celata, G. P., Hosokawa, S., Yoshida, S., 2002. Terminal velocity of single
bubbles in surface tension force dominant regime. International Journal of Multiphase
Flow 28 (9), 1497–1519.
URL http://www.sciencedirect.com/science/article/pii/S0301932202000320
(Cited on pages 106 and 107.)

Tsuchiya, K., Aida, M., Fujii, Y., Okamoto, M., 1993. Bubble formation from a single nozzle
in moderator liquids and liquid metal for tritium breeding. Journal of Nuclear Materials
207, 123–129. (Cited on page 78.)

Tsuge, H., Hibino, S.-i., Nojima, Y., 10 1981. Volume of a bubble formed at a single sub-
merged orifice in a flowing liquid. International Chemical Engineering 21, 630–636.
(Cited on page 53.)

http://www.sciencedirect.com/science/article/pii/S0301932202000320


References 159

Uhlmann, M., 2005. An immersed boundary method with direct forcing for the simulation
of particulate flows. J. Comp. Ph. 209, 448–476. (Cited on page 9.)

Unverdi, S., Tryggvason, G., 1992. A front-tracking method for viscous, incompressible,
multi-fluid flows. Journal of Computational Physics 100 (1), 25 – 37. (Cited on pages 5,
10, and 28.)

van Sint Annaland, M., Deen, N. G., Kuipers, J. A. M., 2005. Numerical simulation of gas
bubbles behaviour using a three-dimensional volume of fluid method. Chemical Engi-
neering Science 60 (11), 2999 – 3011. (Cited on page 8.)

Van Wijngaarden, L., Jeffrey, D. J., 1976. Hydrodynamic interaction between gas bubbles in
liquid. Journal of Fluid Mechanics 77 (1), 27–44. (Cited on page 126.)

van Wijngaarden, L., Veldhuis, C., 2008. On hydrodynamical properties of ellipsoidal bub-
bles. Acta Mechanica 201 (1-4), 37–46. (Cited on pages 116 and 123.)

Veldhuis, C., Biesheuvel, A., van Wijngaarden, L., 2008. Shape oscillations on bubbles rising
in clean and in tap water. Physics of Fluids 20 (4), 040705. (Cited on pages 107 and 122.)

Wace, P., Morrell, M., Woodrow, J., 1987. Bubble formation in a transverse horizontal liquid
flow. Chemical Engineering Communications 62 (1-6), 93–106. (Cited on page 53.)

Wahba, G., 1990. Spline models for observational data. Vol. 59. Siam. (Cited on page 109.)

Watanabe, M., Sanada, T., 2006. In-line motion of a pair of bubbles in a viscous liquid.
JSME International Journal Series B Fluids and Thermal Engineering 49 (2), 410–418.
(Cited on page 127.)

Weber, P. S., Marschall, H., Bothe, D., 2017. Highly accurate two-phase species transfer
based on ale interface tracking. International Journal of Heat and Mass Transfer 104,
759–773. (Cited on page 4.)

Wu, M., Gharib, M., 2002. Experimental studies on the shape and path of small air bubbles
rising in clean water. Physics of Fluids 14 (7), L49–L52. (Cited on pages 106 and 107.)

Xu, Y., Ersson, M., Jönsson, P. G., 2015. A mathematical modeling study of bubble forma-
tions in a molten steel bath. Metallurgical and Materials Transactions B 46 (6), 2628–
2638. (Cited on pages 28 and 79.)

Yokoi, K., Vadillo, D., Hinch, J., Hutchings, I., 2009. Numerical studies of the influence
of the dynamic contact angle on a droplet impacting on a dry surface. Physics of Fluids
21 (7), 072102. (Cited on page 15.)

Yoon, I., Shin, S., 2010. Tetra-marching procedure for high order level contour reconstruc-
tion method. WIT Transactions on Engineering Sciences 69, 507–518. (Cited on page 13.)

Young, T., 1805. III. An essay on the cohesion of fluids. Philosophical transactions of the
royal society of London (95), 65–87. (Cited on page 26.)

Yuan, H., Prosperetti, A., 1994. On the in-line motion of two spherical bubbles in a viscous
fluid. Journal of Fluid Mechanics 278, 325–349. (Cited on pages 126 and 127.)

Yujie, Z., Mingyan, L., Yonggui, X., Can, T., 2012. Three-dimensional volume of fluid sim-
ulations on bubble formation and dynamics in bubble columns. Chemical Engineering
Science 73, 55–78. (Cited on pages 5, 8, and 28.)



160 References

Yurkovetsky, Y., Brady, J. F., 1996. Statistical mechanics of bubbly liquids. Physics of Fluids
8 (4), 881–895. (Cited on page 126.)

Zhang, J., Chen, L., Ni, M.-J., 2019. Vortex interactions between a pair of bubbles rising
side by side in ordinary viscous liquids. Physical Review Fluids 4 (4), 043604. (Cited on
page 127.)

Zhang, L., Shoji, M., 2001. Aperiodic bubble formation from a submerged orifice. Chemical
Engineering Science 56 (18), 5371–5381. (Cited on pages 3, 5, 78, and 79.)



Publications and conferences

Journals

• Mirsandi, H., Rajkotwala, A. H., Baltussen, M. W., Peters, E. A. J. F., Kuipers, J. A. M.,
2018. Numerical simulation of bubble formation with a moving contact line using
Local Front Reconstruction Method. Chemical Engineering Science 187, 415-431.
(chapter 2)

• Rajkotwala, A. H., Mirsandi, H., Peters, E. A. J. F., Baltussen, M. W., van der Geld,
C. W. M., Kuerten, J. G. M., Kuipers, J. A. M., 2018. Extension of local front recon-
struction method with controlled coalescence model. Physics of Fluids 30, 022102.
(chapter 2)

• Mirsandi, H., Smit, W. J., Kong, G., Baltussen, M. W., Peters, E. A. J. F., Kuipers,
J. A. M., 2019. Influence of surface wettability on bubble formation from a sub-
merged orifice. In submission. (chapter 3)

• Mirsandi, H., Smit, W. J., Kong, G., Baltussen, M. W., Peters, E. A. J. F., Kuipers,
J. A. M., 2019. Bubble formation from an orifice in liquid cross-flow. Chemical
Engineering Journal, in press. (chapter 4)

• Mirsandi, H., Baltussen, M. W., Peters, E. A. J. F., van Odyck, D. E. A., van Oord, J.,
van der Plas, D., Kuipers, J. A. M., 2019. Numerical simulations of bubble formation
in liquid metal system. In submission. (chapter 5)

• Kong, G., Mirsandi, H., Buist, K. A., Peters, E. A. J. F., Baltussen, M. W., Kuipers,
J. A. M., 2019. Oscillation dynamics of a bubble rising in viscous liquid. Experiments
in Fluids 60 (8), 130. (chapter 6)

• Kong, G., Mirsandi, H., Buist, K. A., Peters, E. A. J. F., Baltussen, M. W., Kuipers,
J. A. M., 2019. Hydrodynamic interaction of bubbles rising side-by-side in viscous
liquids. Experiments in Fluids 60 (10), 155. (chapter 7)

• Mirsandi, H., Kong, G., Baltussen, M. W., Peters, E. A. J. F., Kuipers, J. A. M., 2019.
Numerical study on the interaction of two bubbles rising side-by-side in viscous liq-
uids. In preparation. (chapter 7)

Conferences and presentations

• Mirsandi, H., Rajkotwala, A. H., Baltussen, M. W., Peters, E. A. J. F., Kuipers, J. A.
M., 2017. Numerical simulation of bubble formation at a submerged orifice. GLS13,
Brussels, Belgium.



• Mirsandi, H., Baltussen, M. W., Peters, E. A. J. F., Kuipers, J. A. M., 2018. Numer-
ical simulations of bubble formation using the Local Front Reconstruction Method.
NPS15, Enschede, The Netherlands.

• Mirsandi, H., Smit, W. J., Kong, G., Baltussen, M. W., Peters, E. A. J. F., Kuipers,
J. A. M., 2019. Numerical simulations of bubble formation from an orifice in liquid
cross-flow. JMBC Symposium, Lunteren, The Netherlands.

• Mirsandi, H., Smit, W. J., Kong, G., Baltussen, M. W., Peters, E. A. J. F., Kuipers, J.
A. M., 2019. Bubble formation from an orifice in liquid cross-flow. GLS14, Guilin,
China.

• Mirsandi, H., Baltussen, M. W., Peters, E. A. J. F., Kuipers, J. A. M., 2019. Numerical
simulations of bubble formation in liquid metal. NPS16, Eindhoven, The Nether-
lands.



Acknowledgements

The four year of my PhD at Eindhoven University of Technology has come to an end
with the completion of this dissertation. Here I would like to express my sincere thanks to
those who have contributed in accomplishing the research reported in this thesis.

First and foremost, I would like to convey my deep gratitude to my promotor Prof.dr.ir
J.A.M (Hans) Kuipers for providing me with the opportunity to work as a PhD on his IPP-
FOM project together with a talented team of researchers. He has provided thorough guid-
ance, tremendous support, and helpful suggestion throughout my PhD. It is because of his
excellent supervision that this dissertation is well executed on time. I am very thankful
for the great trust he had in me and allowing me to work with a lot of freedom. I cannot
imagine a better promotor than him for my study.

My sincere gratitude equally goes to Dr. ir. Frank Peters and Dr. ir. Maike Baltussen. It
has been my privilege to have two daily supervisors in the project. I am very grateful for
their scientific advice and knowledge and many insightful discussions and suggestions. I
am also very grateful to them for going through the first round of review to the papers. I
have also learnt a lot from them on how to write better reports through their corrections. It
was a great pleasure to work with them.

I would like to express my gratitude to Dirk van der Plas, Sjaak van Oord and Daniel
van Odyck from Tata Steel Ijmuiden for giving me the opportunity to work closely with the
industry. I am very grateful for their many insightful suggestions and discussions related to
bubble formation in liquid metal that made Chapter 5 possible.

I would like to thank Dr. ir. Kay Buist for the distinguished role he played in the col-
laboration work with Gaopan Kong and for his assistance in the final preparations of this
booklet. My heartfelt thank also goes to my M. Sc. student Wouter Smit. He has signif-
icantly contributed to the experimental works presented in this thesis. I wish him grand
success for his future endeavors.

Furthermore, I would like to thank the group technician Joris Garenfeld for the won-
derful job he did in building the experimental setup and making sure that everything runs
smooth. My heartfelt gratitude also goes to SMR secretaries Ada Rijnberg-Wielaard, Judith
Wachters-van Gemert and Maria Teuwissen from NWO for their help in various administra-
tive matters.

I would also like to thank Prof. Yasunori Okano, Dr. Youhei Takagi and Dr. Takuya Ya-
mamoto from Osaka University who first exposed me in the field of numerical modeling and
simulation. I learned a lot from them regarding simulation, the art of presenting research,
and moreover how to be an independent researcher.

My appreciation also goes to the committee members for their valuable time in review-
ing this thesis and accepting to be board on the day of the PhD defense.

I would especially like to express my gratitude to my office mates who directly and
indirectly contributed to the completion of this thesis. I really enjoyed our discussions on



various aspects such as programming, physics and technology that makes the working atmo-
sphere fun and enjoyable. I would like to thank Gaopan Kong who ended up collaborating
with me in several topics. I learnt a lot from him regarding the experimental techniques
and physics. I would like to thank Adnan Rajkotwala for our collaboration in the implemen-
tation of LFRM into the in-house code. I remember that it was a very challenging task and
I am glad that we somehow were able to finish it. I would like to thank Maxim Masterov
and Satish Kamath, the "IT support" in our room. I learnt a lot about computer program-
ming from both of you. Special thanks to Maxim and Polly for inviting us to your home. I
would like to thank Vishak Chandra for our scientific and random discussions as well as for
introducing me to fun activities after work. Very special thanks go to Adnan and Satish for
being my paranymphs to my PhD defense.

I would like to thank all SMR group members and students for the pleasant time during
coffee breaks, group lectures, borrels and group outings. Special thanks to Annirudha,
Harshil, Alessandro, Milan, Ivan, Rohit, Mrinal, Aditya, Solomon, Vinay, Jiangtao, Paolo,
Shafiul, Saurish, Shauvik, Krushna, Mohammad, Lei, Ramon, Evan, Tim, David, Cristina
and Morteza. I am sorry if I have forgotten someone, it is not intentional. I wish all the
best to everyone. I would also like to thank Alessandro, Aniruddha and Manas for our
discussions during conferences and IPP-FOM meetings.

My four years in Eindhoven have been very comfortable and homely and for that I
would like to thank all my Indonesian friends here in Eindhoven. My special thanks to
Wahyu Utomo, Yusril Maulidan Raji, Ghani Malik, Mas Umar, Hanan Afifi, Arviandy Ari-
bowo, Dimas Satria, Pak Rosyid, Darian Verdy, Juris Arrozy, Hafizh, Ghazi, Mas Rangga,
Mbak Weny, Mas Ricky, Mas Yasri and Mas Arya.

Finally, my deep and sincere gratitude to my family for their continuous and unpar-
alleled love, help and support. I am forever indebted to my mother for giving me the
opportunities and experiences that have made me who I am. She selflessly encouraged me
to explore new directions in life and seek my own destiny. I am grateful to my wife Sandra
for moral and emotional support in the final phase of PhD journey. This journey would not
have been possible if not for them, and I dedicate this milestone to them.

Haryo Mirsandi
Eindhoven, The Netherlands



About the author

Haryo Mirsandi was born on 9th May, 1989 in Salatiga,
Indonesia. He completed his schooling from SMAN 1
Bekasi in 2008. He received the Japanese government
(MEXT) scholarship in 2008 to study in Japan. After fin-
ishing a 1-year preparatory program at Tokyo University
of Foreign Studies, he joined a four-year undergraduate
program in Chemical Engineering at Osaka University,
Japan. He did his Bachelor thesis on "Numerical inves-
tigation on the dissolution process of Si into Ge melt" in
the transport phenomena group under the supervision
of Prof. Yasunori Okano. After receiving his Bachelor’s
degree in 2013, he pursued his Master’s degree at the
same research group. He worked on his Master thesis
on the topic "Numerical study of InGaSb crystal growth
under micro-gravity environments" and the research
was conducted in collaboration with Shizuoka Univer-
sity and Japan Aerospace Exploration Agency (JAXA).

In year 2015, he started his PhD project under the guidance of Dr. ir. M.W. Baltussen,
Dr. ir. E.A.J.F. Peters and Prof. J.A.M. Kuipers in the Multiphase Reactors Group (SMR) at
Eindhoven University of Technology. The research project is part of the Industrial Partner-
ship Programme i36 Dense Bubbly Flows that is carried out under an agreement between
Nouryon Chemicals International B.V., DSM Innovation Center B.V., SABIC Global Tech-
nologies B.V., Shell Global Solutions International B.V., Tata Steel Nederland Technology
B.V. and Foundation for Fundamental Research on Matter (FOM), which is part of the
Netherlands Organisation for Scientific Research (NWO). The results of this research are
presented in this dissertation.


	Table of contents
	Summary
	Samenvatting
	Introduction
	Background and motivation
	Objective and outline of the thesis

	Numerical method
	Introduction
	Governing equations
	Local Front Reconstruction Method (LFRM)
	Surface tension force
	Phase fraction calculation
	Surface advection
	Interface reconstruction
	Coalescence and break-up procedures
	Contact line dynamics 

	Time step restrictions
	Numerical verification and validation
	Numerical verification
	Numerical validation

	Conclusions

	Bubble formation with a moving contact line
	Introduction
	Experimental method
	Experimental setup
	Visualization and image processing

	Numerical method
	Computational setup
	Results and discussion
	Detached bubble volume and bubbling regime 
	Bubble growth stages
	Contact line behavior 
	Comparison of simulations and experiments 

	Conclusions

	Bubble formation in liquid cross-flow
	Introduction
	Experimental method
	Experimental setup
	Measurement techniques

	Numerical method
	Computational setup
	Results and discussion
	Numerical validation
	Influence of operating conditions
	Influence of fluid properties

	Conclusions

	Bubble formation in liquid metal
	Introduction
	Numerical method
	Computational setup
	Numerical verification and validation
	Stationary bubble test
	The influence of gas density
	Numerical validation

	Results and discussion
	The bubble formation in an initially quiescent liquid steel
	The bubble formation in cross-flowing liquid steel

	Conclusions

	Oscillation dynamics of a bubble rising in viscous liquid
	Introduction
	Experimental method 
	Experimental setup
	Measurement and image processing techniques

	Numerical method
	Computational setup
	Results and discussion
	Bubble shape and rising velocity
	Analysis and discussion

	Conclusions

	Hydrodynamic interaction of bubbles rising side-by-side in viscous liquids
	Introduction
	Numerical method
	Computational setup
	Results and discussion
	Spherical bubbles (Type A)
	Ellipsoidal bubbles (Type B)
	Deformable bubbles (Type C and D)

	Conclusions

	Epilogue
	Conclusions
	Outlook

	References
	Publications and conferences
	Acknowledgements
	About the author

