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Chapter 1

Introduction

1.1 Scope and background

Passive tracer transport has been a major subject of study within the field of fluid
dynamics owing to its ubiquitous presence in nature and industry. A systematic
understanding of transport phenomena is of great importance to many systems
on a large range of scales. A primary example of tracer and particle transport in
environmental flows is the spread of pollutants in the ocean (e.g., after oil spill
disasters). The scope of the present investigation is transport in laminar flows.

Laminar flows generally appear as a result of high fluid viscosities, low velocities
and/or small length scales. This laminar flow regime also includes the (approxi-
mate) deterministic representations of large-scale flows as e.g. oceanic flows ob-
tained by spatio-temporal averaging [162]. Transport under laminar flow conditions
is fundamental in diverse areas such as microfluidics, geophysics and biological flows
[4, 162]. In this study, we focus on passive advection that refers to the motion of
fluid elements or particles that move with the flow without perturbing it (passive
tracers). Moreover, incompressible flows are also assumed.

Two descriptions of fluid flows can be considered, the Lagrangian and the Eulerian
representations [see e.g. 2, 3, 124, and references therein]. The Eulerian represen-
tation focuses on the properties of flow fields in space and time. In contrast, the
Lagrangian viewpoint considers the trajectories of fluid parcels or (inertial) par-
ticles.1 The Lagrangian approach is adopted in this investigation since transport
is an essentially Lagrangian phenomenon (generally a disconnect exists between
Lagrangian transport and the underlying Eulerian flow). This is exemplified below
by a key observation which resulted from the use of this approach and has triggered
a large body of work.

A very important aspect concerning transport in laminar flows is the finding that
simple flows (Eulerian fields with simple spatial and temporal dependence) can

1Accordingly, it is common to add the term Lagrangian to properties of tracer motion in this
approach [14].
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6 Chapter 1. Introduction

generate highly complicated particle motion and, therefore, complex advection pat-
terns. The seminal paper by Aref [2] demonstrated this behaviour numerically in
a two-dimensional (2D) unsteady flow (the ‘blinking vortex’) and represents the
beginning of the field of chaotic advection. In the Lagrangian approach, tracer
motion is described by a kinematic equation, which defines a system of ordinary
differential equations that admits, in particular, chaotic dynamics.

Non-chaotic phenomena are equally relevant to transport in laminar flows. A cen-
tral theme is the identification of structures acting as transport barriers. For ex-
ample, efficient mixing would require an elimination of transport barriers but other
applications may benefit from the establishment of such barriers for confinement
and isolation [151, 162, 163]. The formation of such barriers can occur, e.g., due to
bifurcations of flows when a governing parameter varies. Closely related to these
bifurcations is the topological analysis of flows [13, 24] that will be a central part of
the present investigation. Studies regarding the topology of 3D steady flows were
initiated in the 1960s by Arnold and Hénon [see e.g., 2, 3, 110].

The 2D case has a solid theoretical foundation on Hamiltonian mechanics that has
guided investigations in the field [120, 122]. The Lagrangian equations of motion
of passive tracers in 2D incompressible flows define a Hamiltonian system [2]. This
identification and the adoption of methods and concepts from dynamical systems
theory provide a general setting for transport in 2D flows [172]. As an illustration,
transport barriers in 2D time-periodic flows are Kolmogorov-Arnold-Moser (KAM)
tori as in the general picture of near integrable chaotic Hamiltonian systems [see
e.g., 120]. A recent experimental visualisation of the Hamiltonian evolution from
integrable to chaotic states in a 2D time-periodic flow is presented in [15].

Considering incompressible flows as previously mentioned, 3D steady flows and the
‘stroboscopic’ maps (considering the dynamics every period) of 3D time-periodic
flows belong to the class of volume-preserving systems [28]. It is not possible,
in general, to directly apply the theory of Hamiltonian systems to 3D volume-
preserving maps [50]. The absence of a unified framework for 3D transport (as the
Hamiltonian structure in 2D systems) makes further development highly challeng-
ing [50, 121, 156, 172].

Compared with the 2D situation, the 3D case is characterised by a greater topo-
logical complexity [4, 141]. The identification of key entities and mechanisms gov-
erning 3D transport is, therefore, fundamental in this context. For example, two
essential elements of the topological analysis of flows are symmetries and critical
points. Symmetries are key organising mechanisms of the Lagrangian dynamics
[50, 53, 98, 156, 162]. They emerge due to geometrical characteristics of the flow
domain, the nature of the forcing protocol (e.g., time-periodicity) and the struc-
ture of the governing equations. If present, such symmetries play a central role
in the formation of coherent structures that form a template governing transport
[156, 172]. Critical points (stagnation and periodic points in steady and time-
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periodic flows, respectively) play a pivotal role as well shaping the Lagrangian flow
topology since they organise tracer motion in their vicinity [see e.g., 36, 126, 127].
Critical points are common in flows in bounded domains; see [162, Section 4] for a
recent review.

During the previous decades important advances have been made in the 3D case.
Fundamental progress has focused on generalisations of Hamiltonian mechanisms
to 3D systems (such as the 3D KAM theorem) [see e.g., 4, 156]. However, there
are still important challenges. The mechanisms behind 3D fluid transport are not
fully understood or even to be discovered [4, 50, 150]. For example, a thorough
understanding of routes to 3D chaotic advection is still lacking. A key element in
this regard is the destruction of transport barriers and coherent structures.

A considerable amount of literature has been published on the break-up of invariant
tori. In the context of time-periodic flows, resonance-induced dispersion (RID) is
an essentially 3D break-up mechanism of invariant tori due to the development of
local defects caused by resonances [28–30, 50, 107, 129]. RID generates global trans-
port where tracers experience ‘jumps’ between toroidal structures and complicated
trajectories result from multiple jumps due to repeated visits to resonance regions.
RID was uncovered in the context of a general class of volume-preserving maps
and the associated mechanism can be considered universal since it occurs for very
generic conditions that are relevant to a large class of fluid flows [29, 107, 129, 151].

Studies in literature strongly suggest that other universal break-up mechanisms
exist in 3D flows. For example, theoretical and numerical studies revealed that the
break-up of invariant spheroids follows a completely different scenario than tori and
involves a phenomenon termed resonance-induced merger (RIM) [130, 158, 159].
The observation of the same dynamics in different systems and similar responses
to different types of perturbation strongly suggest a universal nature also of RIM
[111, 130, 176].

Cavity flows represent a canonical configuration to study Lagrangian transport
and fundamental aspects of advection [85, 142, 162]. Moreover, many (industrial)
applications typically concern cavity flows. In this context, flows driven by mov-
ing boundaries and buoyancy-driven flows, in particular, have been considered as
archetypal configurations. Previous research on buoyancy-driven flows indicate
that 3D streamline patterns exhibit bifurcations that promote complex Lagrangian
dynamics [see e.g., 7, 35, 70, 146, 149]. Similar behaviour occurs in flows driven by
moving boundaries [see e.g., 76, 142, 145].

However, phenomena as 3D bifurcations of streamline patterns and RIM have been
far less investigated (and therefore far less understood) than other mechanisms gov-
erning transport (such as the above-mentioned mechanism for tori, RID). This mo-
tivates the present investigation. Moreover, research on fundamental 3D transport
phenomena, so far, mainly concerned theoretical/numerical analyses and experi-
mental studies remain limited. Pioneering experimental studies concern dye visu-
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alisations of toroidal invariant surfaces and their response to perturbations in a 3D
flow in a bounded domain and can be found in [51, 52]. Other 3D experimental stud-
ies on chaotic advection and transport can be found in e.g. [69, 86, 108, 152]. Nev-
ertheless, further experimental studies (particularly using advanced optical mea-
surement techniques) are essential to establish the physical relevance and validity
of theoretical/numerical findings. This motivates the experimental investigation of
the present study.

As briefly introduced in parts of this section, the identification of universal aspects
of advection is fundamental for the understanding of Lagrangian transport. Within
the field of dynamical systems, in particular, the study of universal aspects has been
a major area of interest. Universal properties are understood as qualitative and
quantitative features which apply to classes of (often different) systems [see 41,
Introduction]. The idea behind universality is to consider generic properties or
fundamental principles that serve as guidance in the study of specific problems. In
this process, underlying similarities across systems might be revealed [75].2

1.2 Objectives

Principal objective of the thesis is to deepen insight into universal Lagrangian trans-
port mechanisms in realistic 3D cavity flows under laminar conditions. For this
purpose, two representative cavity flows driven by different mechanisms (body and
surface forcing) are considered. A flow in a differentially-heated cavity (buoyancy-
driven flow) and lid-driven cavity flows (mechanical forcing) are adopted. Further-
more, in order to investigate relevant 3D bifurcations and transport mechanisms,
3D steady and time-periodic flows are examined. As a general strategy, a com-
parative analysis between experimental results and the predicted flow topology
(simulated dynamics and theoretical predictions) is employed.

Particular objectives of the investigation are:

• Identification of equivalences between flow classes and underlying govern-
ing mechanisms. To this end, the generic structure of the global streamline
patterns (‘Lagrangian flow topologies’) in 3D steady flows is examined by
computational and theoretical analyses.

• Analysis of the generic response to perturbations in a class of time-periodic
flows with invariant spheroidal surfaces.

2In fluid dynamics, the Rayleigh-Bénard and Taylor-Couette configurations (also known as
the ‘twin systems’) represent an important example of the study of analogies between flow classes
and generic phenomena [see e.g., 26, 132].
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(a) (b)

TH

x

z

y

H

g

TC

0

utop

ubottom

H x
zy

R

0

Figure 1.1: Schematic of the 3D cavity flows. (a) Buoyancy-driven flow in a cubic
cavity. (b) Lid-driven flow in a cylindrical cavity.

• Experimental validation of key aspects of the Lagrangian dynamics. In partic-
ular, a main objective is direct measurement of long-term Lagrangian motion
in order to isolate the relevant structures in the time-periodic flow.

1.3 Cavity flows

A useful classification of flows includes two main categories: internal and external
flows [61, 141]. The motion of a fluid around a solid body represents the classical
picture of an external flow. The second class of flows involves fluids in bounded
domains that are ubiquitous in applications [61, 141, 162]. Internal flows exhibit a
rich variety of fluid phenomena even in the case of strongly laminar flow conditions.
Slow viscous flows in cavities, for example, often display physical features that are
counter intuitive, bifurcations occur in the flow topology when some parameter
varies [141].

In this investigation, cavity flows under laminar conditions are examined and we
limit ourselves to steady and time-periodic flows. Moreover, we consider incom-
pressible flows and Newtonian fluids. Two classes of flows are studied: buoyancy-
driven and lid-driven systems. The considered 3D cavity flows are schematically
represented in Figs. 1.1 and 1.2. A differentially-heated cubical cavity (side length
H) with two vertical isothermal walls held at different temperatures, TH at the
hot wall and TC at the cold wall, serves as the buoyancy-driven configuration
(Fig. 1.1a). The other four walls are thermally insulated. In this configuration,
the direction of the temperature gradient is perpendicular to gravity. Constant
physical properties of the fluid are assumed except for the density in the buoyancy
term following the Boussinesq approximation [see e.g., 31, 90].
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(a) (b)
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Figure 1.2: Time-periodic flow in a lid-driven cavity. (a) Piecewise steady transla-
tion of the bottom wall. (b) Triangular forcing protocol (top view) describing the
motion of the bottom wall.

The lid-driven counterpart consists of a flow generated by the motion of one or
two (facing) walls of a cylindrical cavity (radius R, height H = 2R) of unit aspect
ratio (height/diameter = 1); see Fig. 1.1(b). In the single-lid-driven flow, only
the bottom endwall moves (utop = 0). In the double-lid-driven flow, anti-parallel
motion at the same speed of bottom and top walls is considered (utop = ubottom).
The buoyancy-driven and lid-driven flows serve as representative systems in the
steady case. The former and latter flows are governed by the Grashof (Gr) and
Reynolds (Re) numbers, respectively. The temperature difference (parameterised
by Gr, ratio of the buoyancy to viscous forces) is the principal control parameter
for the flow topology in the buoyancy-driven flow. In a similar way, Re (ratio of
inertial to viscous forces) controls the dynamics in the lid-driven flow.

The time-periodic flow is induced by the repetition of a sequence of piecewise steady
translations of the bottom wall (Fig. 1.2). This coincides with the reorientation
of the steady single-lid-driven flow. A three-step closed protocol is considered as
a representative flow forcing for the time-periodic lid-driven flow. This protocol
is generated by the wall translation along an equilateral triangle; the bottom wall
travels in counterclockwise direction and the first step is in the positive x-direction
(Fig. 1.2b). This corresponds to the triangular forcing protocol in Pouransari et
al. [130], Znaien et al. [180] and Wu et al. [176]. The time-periodic flow is
governed by Re and the non-dimensional wall displacement, D = Dwall/R, with
Dwall the fixed wall displacement in each protocol step. Highly viscous flow con-
ditions are considered in order to avoid unsteady transients between forcing steps,
i.e., Tν/Tstep � 1, with Tν = R2/ν the viscous time scale, ν the kinematic fluid
viscosity and Tstep = Dwall/Uwall, the fixed step duration.

A central part of this thesis concerns the study of universal properties and equiv-
alences between the response to nonlinearities in the steady buoyancy-driven and
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single- and double-lid-driven flows. In particular, the investigation examines the
evolution of the streamline topologies with increasing Gr or Re. Such evolution is
relevant to the onset of chaotic advection (involving break-up of transport barriers).
The effect of fluid inertia and other mechanisms promoting e.g. bifurcations have
been less explored than mechanisms that appear under weak perturbations (such
as the above-mentioned RID and RIM in which Stokes flow conditions, Re � 1,
are generally considered) [4, 162]. This motivates the present study.

To date, both the buoyancy-driven and lid-driven flows have been widely considered
in literature because of their rich dynamics from a fundamental fluid mechanics
point of view and their relevance to applications3 [see e.g., 85, 88, 115, 116, 141,
142, 178]. Recirculating flows induced by the motion of moving walls are relevant
to applications such as coating processes or mixing applications in micro-fluidic
channels and mixers [131, 141, 142].

Different types of buoyancy-driven flows can be distinguished depending on the
orientation between the temperature gradient and the gravitational force (the gen-
eral configuration is known as the tilted or inclined cavity [see e.g. 88, 178]). The
adopted buoyancy-driven flow and the Rayleigh-Bénard system represent the two
main limiting cases. The Rayleigh-Bénard configuration (confined fluid between
a heated bottom plate and a cooled top plate) is, arguably, the most studied
thermally-driven flow [166, 178]. However, the present configuration due to a tem-
perature gradient imposed via opposite vertical hot and cold sidewalls, although less
studied, represents another prototypical configuration complementary to Rayleigh-
Bénard [88]. Applications in nature and industry of the considered system include
atmospheric flows, crystal growth, thermal insulation and solar energy applications
[88, 178].

As exemplified by the diversity of mentioned potential applications, a thorough
understanding of generic mechanisms governing transport in buoyancy-driven and
lid-driven flows is relevant to a great variety of systems in environmental, techno-
logical and industrial contexts.

Tracer kinematics

The motion of passive tracers advected by the velocity field u is governed by the
kinematic equation

dx

dt
= u. (1.1)

3The pioneering study by Batchelor [17] provides an illustrative example of the fundamental
flow phenomena encountered in this type of configurations while considering practical applications.
The interest in architectural details regarding double glazing for the design of his own house
appears to be the inspiration for this study [109].
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Figure 1.3: Typical experimental tracer trajectories in the non-inertial limit. (a)
Steady single-lid-driven flow (translation of the bottom wall in the x-direction). (b)
Time-periodic flow according to the triangular forcing protocol shown in Fig. 1.2.
Three representative trajectories are shown (distinguished by colour for clarity of
the concentric structure).

Eq. (1.1) defines a dynamical system and enables the study of Lagrangian transport.
Typical experimental examples of Lagrangian trajectories in the steady and time-
periodic lid-driven flows are shown in Fig. 1.3. Displayed examples in this figure
are for the Stokes limit (vanishing inertial effects). The velocity field is u = u(x),
and u = u(x, t) = u(x, t + T ) with T the period time, for steady and time-
periodic cases, respectively. Furthermore, the Lagrangian trajectories coincide with
streamlines in the steady case.

A useful technique for the study of the dynamics governed by Eq. (1.1), in the
case of steady and time-periodic flows, consists of sectioning the flow in space
or time to produce a map (Poincaré section) [see e.g., 28, 120, 162]. Due to a
circulatory structure of the considered steady flows, the intersections of the tracer
trajectories with a given plane can be considered as the corresponding Poincaré
section according to xk+1 = Φ(xk), with Φ the 2D map and xk the 2D kth
intersection. Regarding the time-periodic flow, the sequence of consecutive tracer
positions (at every flow period), defines the stroboscopic map given by xn+1 =
Φ(xn), with xn = x(nT ) the tracer position after n periods. Both representations
of the Lagrangian dynamics in terms of 3D tracer trajectories and Poincaré sections
will be employed in this study.

A typical simulated example of the stroboscopic map of two tracers in the time-
periodic flow is shown in Fig. 1.4. This figure displays, in particular, two important
features. The restriction of tracer motion to spheroidal surfaces (one example is
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Figure 1.4: Simulated stroboscopic map in the time-periodic flow, non-inertial limit
(Re = 0). Two tracers with different initial positions are displayed (distinguished
by colour). (a) 3D perspective view; (b) rz-projection.

shown), and the typical intra-surface dynamics. Spheroidal surfaces in the non-
inertial limit (Re = 0) exhibit non-integrable Hamiltonian dynamics, i.e., coexis-
tence of regular and chaotic regions [130]. Blue and red points reveal the coexistence
of islands embedded in regions with chaotic dynamics, respectively. Note that the
spheroidal surfaces and intra-surface Hamiltonian dynamics occur for any time-
periodic flow driven by a sequence of reorientations of the bottom wall [130, 156].
Hence, the adopted three-step protocol (following Fig. 1.2b) is representative for
any flow forcing thus generated. Due to the nature of the forcing protocol (de-
scribing a closed loop), the time periodic flow displays a symmetry about the plane
Θ = π/6 with respect to the x-axis. This symmetry organises the Lagrangian
dynamics [130]. The diagonal dashed lines in Fig. 1.4(a) represent the symmetry
plane; blue islands in this figure are symmetric about this plane.

1.4 Methods: an introduction

The present investigation employs a combined numerical-experimental approach
to study Lagrangian transport in cavity flows. The main part of the experimen-
tal analysis is carried out by 3D particle-tracking velocimetry (PTV). In order
to validate numerical simulations, particle image velocimetry (PIV) is also used.
Numerical simulation of the Lagrangian dynamics employs both a semi-analytical
solution of the flow field and a commercial CFD package to determine the flow
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field. Dedicated software is employed for post-processing and analysis of numerical
and experimental results.

1.4.1 Numerical methods

Steady flows

The numerical simulation of the steady flows is performed using the commercial
CFD finite element package COMSOL Multiphysics. Standard settings are con-
sidered using the modules Laminar Flow and Heat Transfer in Fluids. The
computational meshes consist of O(105 − 106) elements. The tolerance factor for
the nonlinear solver is set to yield residuals of O(10−10 − 10−12).

Lagrangian tracer trajectories are determined by numerical integration of the ad-
vection equation (1.1) using an explicit third-order Taylor-Galerkin scheme with
adaptive step size [see e.g., 111, 154, 159, 160].

A remark regarding the numerical tracking is relevant. Critical for reliable La-
grangian dynamics is acceptable fulfilment of the incompressibility constraint (∇·
u = 0) [see e.g., 155]. In this investigation, for the buoyancy-driven flow a spectral
approach is adopted by projection of the COMSOL field onto a divergence-free ba-
sis constructed from Chebyshev polynomials (see the discussion in Chapter 2 and
Appendix A). Regarding the double-lid-driven flow, the resolution of fundamen-
tal topological properties by the considered numerical scheme indicates that the
COMSOL simulations sufficiently satisfy incompressibility. A discussion in this regard
is presented in Chapter 3. In particular, mesh refinement tests indicate adequate
resolution and robustness of the simulated dynamics.

Time-periodic flow

Lagrangian analysis of the time-periodic flow is obtained by numerical simulation
with the semi-analytical solution to the non-inertial limit (Re = 0) according to
[139, 141]; see these references for details. This solution concerns the steady flow
for a steady wall translation. In this investigation, the adopted time-periodic flow
is constructed from reorientations of the steady flow. The semi-analytical solution
has been implemented for the time-periodic flow considered in this investigation in
Znaien et al. [180] and Wu et al. [176].

Perturbations of the non-inertial limit are introduced by an additional translation
of the top-wall (with a very weak velocity compared to that of the bottom wall)
following [176]. This is possible due to the linearity of the Stokes limit that admits
direct superposition of the perturbation. Lagrangian tracer paths are determined
by using the above-mentioned explicit third-order Taylor-Galerkin (TG) scheme
with adaptive step size.
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1.4.2 Experimental methods

Direct experimental measurement of Lagrangian motion of passive tracers is per-
formed by 3D particle-tracking velocimetry (PTV). Typical examples of tracer
trajectories are shown in Fig. 1.3. The experimental Lagrangian analysis in the
lid-driven flows will be presented in terms of both tracer trajectories and strobo-
scopic maps. In particular, long-term experiments represent a central part of the
analysis in the time-periodic flow.

Experimental validation of key aspects of the Lagrangian dynamics in the steady
buoyancy-driven flow is carried out by obtaining streamlines from planar particle
image velocimetry (PIV) measurements obtained independently.4 The existence
of a symmetry plane in the buoyancy-driven flow allows for a detailed comparison
between experiments and simulations while introducing nonlinear effects. Details of
the PIV set-up are presented in Chapter 3. Moreover, a detailed description of the
experimental set-up concerning the double-lid-driven steady flow is also provided
in Chapter 3.

Particle-tracking velocimetry

3D particle-tracking velocimetry (PTV) is a non-intrusive optical technique for
measurement of velocity fields and 3D Lagrangian particle trajectories [175]. In
contrast to particle image velocimetry (PIV), in which the mean displacement of a
group of particles is considered, 3D PTV focuses on the reconstruction of individual
particle trajectories in 3D flows. To this end, stereoscopic (different views) image
sequences of seeding particles are recorded. PTV thus enables the detection of
individual particle motion by recording the time evolution of particle positions.
Therefore, this is an optimal technique for dedicated Lagrangian studies.

A tracking procedure has as purpose the reconstruction of particle trajectories.
Spatial and temporal correspondences between images are fundamental to PTV.
The general steps of a PTV algorithm are: particle detection in the recorded im-
ages (image coordinates), calculation of the 3D particle positions (object space),
and temporal connection of particle positions between consecutive time steps.
The non-commercial particle tracking velocimetry algorithm developed at ETH,
Switzerland, is applied to recover the 3D particle trajectories [175–177, 180]. The
PTV algorithm enables particle matching and measurement of trajectories based
on a four camera configuration.

The PTV laboratory set-ups for the time-periodic and steady lid-driven flows are
presented in Fig. 1.5. These experimental configurations have been introduced
before [157, 176]; see these references for further details. The time-periodic set-up
consists of a transparent Perspex cylinder that is fixed within a cubic Perspex box

4PIV measurements are performed by I. Ataei-Dadavi of TU Delft.
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Figure 1.5: PTV set-ups for the lid-driven flows. (a) Sketch of the set-up for the
time-periodic flow. (b) Picture of the experimental set-up schematised in (a). (c)
Picture of the experimental set-up for the double-lid-driven flow.
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in order to prevent fluid leakage (fluid is added via a removable top lid). The
cylinder-box arrangement is, in turn, fixed by a supporting frame (see Fig. 1.5b)
above a horizontal plate that acts as moving bottom wall. Moreover, the flat plate
behaves as a tray and contains a shallow fluid layer in order to avoid fluid leakage.
The double-lid-driven set-up is similar, but the Perspex cylinder is submerged into
a container filled with working fluid, see Fig. 1.5(c). Two moving plates act as
moving bottom and top cylinder walls. (The cylinder in the double-lid-driven
configuration is positioned on its side within the filled tank for practical reasons
[157].)

The common elements between both set-ups are a configuration of four CCD cam-
eras, 8-bit 1600×1200 pixels (MegaPlus II ES2020, Redlake) with B+W (orange
550) filters (Schneider Optische Werke GmbH), blue light-emitting diode (LED,
dominant wavelength of 455 nm) illumination system and fluorescent polyethylene
particles (Cospheric LLC, density ρp = 1002 kg m−3, diameter dp = 75-90µm).
Connection between physical and pixel coordinates is established via a calibration
procedure. A calibration body and a 2D translating reference grid (multi-plane
calibration) are employed for the time-periodic and steady set-ups, respectively, fol-
lowing [154, 177]. In the double-lid-driven experiment, a seeding density of around
50 particles facilitates particle matching and isolation of complete trajectories for
the total duration of the experiments (between 200− 400 s).

Regarding the long-term experiments in the time-periodic flow, an interactive mod-
ule (implemented in MATLAB) in combination with the above-mentioned tracking al-
gorithm is employed. This allows for an a posteriori manual connection of segments
of tracer paths upon visual inspection. Paths identified as separate entities by the
PTV software often concern a single tracer yet automated connection is difficult
and unreliable (this represented a limitation in previous studies [176]). Further-
more, a low seeding density (below 5 particles per experiment) enables isolation
of significantly long trajectories to investigate the relevant Lagrangian phenom-
ena. Measurement sessions spanned up to 950 periods (∼ 63 h). The analysis in
Chapter 4 focuses on a comparative analysis between experimental and simulated
stroboscopic maps.

Particle image velocimetry

Particle image velocimetry (PIV) is a non-intrusive optical method widely used to
obtain instantaneous velocity fields, see e.g. [133]. In typical 2D time-resolved PIV,
tracers are added to the fluid and illuminated (at least twice with short time delay)
by a light sheet using a high-speed laser (defining the measurement plane). Time
delay between illumination pulses depends on the flow velocity. Small tracer parti-
cles are used so that they behave as passive tracers in the flow. The light scattered
by the particles is recorded to determine displacement in the images between the
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mentioned pulses through analysis of the PIV images via post-processing. Interro-
gation regions (small subareas with the images of tens of particles) are employed in
order to evaluate the PIV recordings. Local displacement vectors are determined
for the interrogation areas using statistical methods (such as cross-correlation tech-
niques) to evaluate the velocity components.

In this investigation planar PIV measurements are performed in a vertical cross
section (mid-plane) of a cubical convection cell. A light sheet of approximately 2
mm thickness is created using a diode-pumped solid-state laser, wavelength of 532
nm (Pegasus). Particle images are recorded using a PIV camera with 1376× 1040
pixels resolution (LaVision). Velocity vectors are calculated using the LaVision
software (Davis 8.4.0). From the calculated planar velocity fields, the streamlines
of the steady flow are obtained using the mentioned LaVision software.

1.5 Thesis outline

This thesis is divided into two main parts discussing steady and time-periodic
flows, respectively. Chapters 2 and 3 consider the Lagrangian flow topologies of
the buoyancy-driven and lid-driven steady flows. In Chapter 4, the analysis of the
time-periodic flow is presented. Below the organisation of the thesis and research
questions are detailed.

Regarding the steady flows, the research questions concerning the topological anal-
ysis of the 3D global streamline patterns include:

• Can the fundamental properties of the Lagrangian flow topologies of both
steady flows be understood in terms of underlying generic mechanisms?

• Does the response to nonlinearities (increasing Gr or Re) follow universal
scenarios such as the emergence of generic structures and occurrence of similar
bifurcations?

We address these questions in Chapters 2 and 3. In Chapter 2, the numerical
and theoretical study of the Lagrangian dynamics of the steady buoyancy-driven
flow is discussed. Representative phenomena are demonstrated and investigated
mainly by choosing two representative cases for small and large Prandtl Pr, air (Pr
= 0.71) and water (Pr = 7), respectively. Moreover, key analogies between this
buoyancy-driven flow and lid-driven flows are first presented in Chapter 2.

The topological equivalences between the steady buoyancy-driven and lid-driven
flows are further analysed in Chapter 3. This part expands on the analysis in
Chapter 2 with an emphasis on the double-lid-driven flow and the dynamics of
the buoyancy driven-flow for larger Prandtl (Pr ∼ O(104)). Chapter 3 adopts,
particularly, a comparative numerical-experimental approach.
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Chapter 4 focuses on the perturbation of time-periodic lid-driven flows with invari-
ant spheroids and the emergence of resonance-induced-merger (RIM). In particular,
experimental results are compared to simulated flows and theoretical predictions.
The main scientific questions regarding the time-periodic flow are:

• Is the unperturbed flow topology (corresponding to the limit Re = 0) the
actual state in typical laboratory experiments (inevitably affected by distur-
bances)?

• Do the long-term experimental results confirm the universal character of
RIM?

Finally, conclusions and outlook are presented in Chapter 5. Next chapters are
presented to a large extent in a self-contained form, further specific details regarding
the employed methods are introduced within each chapter seeking the clarity of the
presentation. Chapters 2 and 3 have been published; Chapter 4 has been submitted
for publication (details are given in the corresponding chapters).





Chapter 2

Lagrangian transport in
buoyancy-driven flows

1

The present study concerns the Lagrangian dynamics of three-dimensional (3D)
buoyancy-driven cavity flows under steady and laminar conditions due to a global
temperature gradient imposed via an opposite hot and cold sidewall. This serves as
the archetypal configuration for natural-convection flows in which (contrary to the
well-known Rayleigh-Bénard flow) gravity is perpendicular (instead of parallel) to
the global temperature gradient. Limited insight into the Lagrangian properties of
this class of flows, despite its relevance to observed flow phenomena as well as scalar
transport, motivates this study. The 3D Lagrangian dynamics are investigated in
terms of the generic structure and associated transport properties of the global
streamline pattern (‘Lagrangian flow topology’) by both theoretical and compu-
tational analyses. The Grashof number Gr is the principal control parameter for
the flow topology: limit Gr = 0 yields a trivial state of closed streamlines; Gr > 0
induces symmetry breaking by fluid inertia and buoyancy and thus causes forma-
tion of toroidal coherent structures (‘primary tori) embedded in chaotic streamlines
governed by Hamiltonian mechanisms. Fluid inertia prevails for ‘smaller’ Gr and
gives behaviour that is dynamically entirely analogous to 3D lid-driven cavity flows.
Buoyancy-induced bifurcation of the flow topology occurs for ‘larger’ Gr and un-
derlies the emergence of ‘secondary rolls’ observed in the literature and to date
unreported secondary tori for ‘larger’ Prandtl numbers Pr. Key to these dynamics
are stagnation points and corresponding heteroclinic manifold interactions.

2.1 Introduction

Fluid flow driven by buoyancy due to natural convection is relevant in many flow
systems in nature, industry and technical applications [18, 43, 58, 114, 167]. An

1This chapter has been published as P. S. Contreras, M. F. M. Speetjens & H. J. H. Clercx.
Lagrangian transport in a class of three-dimensional buoyancy-driven flows. J. Fluid Mech. 832
(2017), pp. 5–40.
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archetypal configuration for studying the fundamentals of such systems exists in a
flow inside a rectangular cavity driven by buoyancy due to a global temperature
gradient imposed via a hot bottom and cold top wall. This gives rise to the well-
known Rayleigh-Bénard convection that has been the subject of investigation in a
large body of work in a fluid-dynamical context as well as in the broader scope of
nonlinear dynamics [57, 88].

Buoyancy-driven cavity flow due to a global temperature gradient imposed via an
opposite hot and cold sidewall has gradually emerged as a complementary problem
to the Rayleigh-Bénard case [88]. This configuration is relevant to the buoyancy-
induced onset of unsteadiness and turbulence as well as a range of (industrial)
applications [45, 88, 104, 117, 118, 128]. Moreover, it is well-suited as a bench-
mark for computational algorithms for natural-convection flows [19, 170]. The
principal difference between the Rayleigh-Bénard and side-heated problems is that
gravity is parallel and perpendicular to the global temperature gradient in the for-
mer and latter system, respectively, which dramatically changes the dynamics [88].
Hence, both systems capture different fundamental aspects of natural-convection
flows.2 However, despite its relevance, the side-heated configuration has nonethe-
less received far less attention than the Rayleigh-Bénard case. This motivates the
present study on the side-heated system (denoted ‘buoyancy-driven (cavity) flow’
hereafter).

Studies on buoyancy-driven cavity flows predominantly concentrate on (nonlinear)
behaviour of the Eulerian flow field such as, for example, onset of fluid motion, bi-
furcations in the spatial structure of velocity and vorticity fields (e.g. formation of
‘eddies’ and ‘rolls’) and transitions from steady to unsteady flows. Pioneering work
is found in [17, 48, 59, 116] and earlier studies on a range of enclosures are reviewed
in [115]. Lappa [88] gives a comprehensive survey of later and recent studies. La-
grangian properties are to date mainly investigated phenomenologically within an
otherwise Eulerian study by, for example, inferring the existence of toroidal struc-
tures from spiralling streamlines [67, 97, 103] and demonstrating global bifurca-
tions by way of streamline portraits [70, 97, 179]. Dedicated Lagrangian analyses,
on the other hand, are scarce, despite their relevance for understanding aspects
ranging from the above-mentioned observations on streamlines to (chaotic) scalar
transport in fluid systems [4, 106]. Chaotic advection in two-dimensional (2D) un-

2Consider to this end the hydrostatic balance of a fluid at rest, implying a pressure gradient
parallel to gravity (∇p = ρg ∝ g), and a temperature-dependent density ρ = ρ(T ). The well-
known baroclinic vector b = ∇p×∇ρ is the sole vorticity source for a still fluid and thus offers
insight into the mechanisms behind incipient fluid motion. Temperature gradients parallel with
gravity (∇T ∝ g) via ∇ρ = (dρ/dT )∇T ∝ g imply a barotropic state (b ∝ g × g = 0);
non-parallel temperature gradients via ∇ρ = (dρ/dT )∇T 6∝ g imply a baroclinic state (b 6∝
0). Thus non-zero temperature gradients in the non-parallel case immediately set the fluid in
motion through vorticity production; the parallel case, on the other hand, lacks such a mechanism
and may remain at rest for non-zero temperature gradients (explaining why Rayleigh-Bénard
convection requires a minimum temperature drop). Hence, systems with parallel and non-parallel
temperature gradients are fundamentally different.
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steady buoyancy-driven flows and associated Lagrangian entities as periodic points
and manifolds are, for example, investigated in [104, 117, 118]; essentially three-
dimensional (3D) Lagrangian studies are, to the best of our knowledge, restricted
to [70, 144] on the 3D manifold topology of stagnation points and [38, 39] on 3D
chaotic advection and corresponding entities as invariant surfaces and periodic lines
in steady and time-periodic flows. However, notwithstanding these efforts, insight
into Lagrangian transport (particularly in 3D) buoyancy-driven flows remains lim-
ited.

The present study addresses the above matter by an in-depth Lagrangian analy-
sis of the global streamline pattern (‘Lagrangian flow topology’) in 3D buoyancy-
driven flows in a cubical cavity under steady and laminar conditions. (Rayleigh
numbers are well below the onset of unsteadiness [64] so as to ensure steady and
laminar flow.) This expands on [38, 39], and embarks on the introduction of a
non-dimensional parameterisation that (contrary to the standard approach) ad-
mits smooth introduction of nonlinearities in the Lagrangian dynamics due to fluid
inertia and/or convective heat transfer. Symmetry analysis establishes the link con-
jectured in [38, 39] of buoyancy-driven flows with the dynamically/topologically
analogous class of lid-driven cavity flows inside cubical or cylindrical domains
[142, 156]. This implies two fundamental similarities between both flow classes:
(i) diffeomorphic Lagrangian flow topologies (at least under weakly nonlinear con-
ditions); (ii) a (locally) Hamiltonian structure of the 3D Lagrangian equations of
motion. These similarities pave the way to the present in-depth Lagrangian analy-
sis of the 3D steady buoyancy-driven flow by methods from Hamiltonian mechanics
and nonlinear dynamics.

Insight into the Lagrangian dynamics of 3D steady cavity flows is also relevant
for the important class of time-periodic cavity flows composed of reoriented steady
flows [4]. Certain Lagrangian phenomena of time-periodic lid-driven cylinder flows,
for example, intimately relate to that of the underlying steady flows [156]; a first
similar study on time-periodic buoyancy-driven flows is in [38].

This chapter is organised as follows. The mathematical model and numerical
methods are introduced in Section 2.2. The generic structure of the Lagrangian
flow topology and the associated transport properties are discussed in Section 2.3.
This is further elaborated in Section 2.4 by distinction of inertia-dominated versus
thermo-inertial flows (i.e. driven by an interplay of fluid inertia and buoyancy).
The intricate 3D flow topologies in the thermo-inertial regime are demonstrated
and examined in Section 2.5. Conclusions are given in Section 2.6.
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Figure 2.1: Buoyancy-driven flow inside a cubical cavity due to differential heating
via cold (blue; temperature T0 < Tbulk) and hot (red; T1 > Tbulk) vertical walls
(perspective view into 3D cavity along y-axis). Other walls are thermally insulated.
This sets up circulatory flow (black arrow) due to rising (red arrow) and descending
(blue arrow) fluid at hot and cold walls, respectively.

2.2 Problem definition

2.2.1 Flow model and tracer kinematics

We consider the steady flow inside a cubical cavity (side length H) driven by
buoyancy due to differential heating by two opposite vertical sidewalls at different
temperature. The origin of the frame of reference is located in a corner of the cavity
and gravity acts in the negative z-direction as per Fig. 2.1. The fluid motion is
driven by differential heating via the cold vertical wall at x = 0 (temperature
T0 < Tbulk ) and the hot vertical wall x = H (temperature T1 > Tbulk); the other
walls are thermally insulated (∂T/∂n = 0, with n the wall normal). This sets up
a circulatory flow due to rising and descending fluid at the hot and cold walls,
respectively, as indicated schematically in Fig. 2.1. Furthermore, all walls are rigid
and stationary, imposing no-slip conditions on the velocity (u = 0).

A Newtonian fluid with a velocity u governed by the steady Boussinesq equations

∇ · u = 0, ρu · ∇u = −∇p+ µ∇2u+ ρβg(T − Tref )ez, u · ∇T = α∇2T, (2.1)

is assumed, where T , p and ρ are temperature, pressure and density, respectively,
Tref the reference temperature for the fluid properties (here Tref = T0), g the
gravitational acceleration, ez the z-wise unit vector, µ the dynamic viscosity, β the
thermal expansion coefficient and α the thermal diffusivity [20, 88].

The Lagrangian motion of tracers passively advected by the velocity field u is
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governed by the kinematic equation and its corresponding (formal) solution

dx

dt
= u(x), x(t) = Φt(x0), (2.2)

with x(t) and x0 the current and initial tracer positions, respectively, and Φt the
corresponding flow [1]. Curves x(t) parameterised by t describe the Lagrangian
fluid trajectories, and in the current steady case coincide with the streamlines of
the flow.

2.2.2 Non-dimensional formulation

The problem defined above will for reasons of universality be investigated in non-
dimensional form. Non-dimensionalisation relies the scaling x = Hx′, u = Uu′,
p = Pp′ and T = T0 + ∆TT ′, with U = gβ∆TH2/ν, P = µU/H, H as before and
∆T = T1−T0 the global temperature drop. Substitution in (2.1) and rearrangement
(after dropping primes) yields

∇ · u = 0, Gru · ∇u = −∇p+∇2u+ Tez, Gr Pru · ∇T = ∇2T, (2.3)

as non-dimensional Boussinesq approximation, parameterised by the Prandtl num-
ber Pr = ν/α and Grashof number Gr = gβ∆TH3/ν2, where ν = µ/ρ is the
kinematic viscosity. Thus the problem translates into a differentially heated cavity
with unit side length and thermal boundary conditions T = 0 at x = 0 and T = 1
at x = 1.

Non-dimensional form (2.3) concerns specifically the present regime of interest,
viz. steady buoyancy-driven flow at strongly laminar conditions, implying a flow
dominated by a balance between buoyancy (driving force) and viscous friction
(restoring force), and thus the above characteristic velocity U [115]. This flow
regime, given Gr = UH/ν = Re (Reynolds number), typically restricts the system
to ‘lower’ Gr.

The non-dimensional kinematic equation follows from scaling time as t = τt′, with
τ = H/U the advective time scale, yielding a form identical to (2.2).

2.2.3 Numerical methods

The velocity and temperature fields governed by equations (2.3) were simulated by
the commercial CFD package COMSOL Multiphysics using the Laminar Flow and
Heat Transfer in Fluids modules with standard settings. The computational
mesh consisted of O(105) elements and employed mesh refinement near the isother-
mal walls (x = 0, 1). The tolerance factor for the nonlinear solver was set to yield
residuals of O(10−10 − 10−12).
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The Lagrangian fluid trajectories are determined by numerical integration of the
kinematic equation (2.2) using an explicit third-order Taylor-Galerkin (TG) scheme
with adaptive step size [111, 159]. Critical for reliable Lagrangian tracking is accu-
rate approximation of the incompressibility constraint ∇·u = 0 at any position x
in the flow domain. However, the degree of accuracy of commercial CFD packages
in combination with the typical error propagation of standard spatial interpolation
schemes for evaluation of the velocity in arbitrary positions generically introduces
departures from incompressibility that may lead to numerical artefacts in the La-
grangian fluid trajectories. Thus an approach that ensures accurate approximation
of the incompressibility constraint at any position x is essential. Consider to this
end the dramatic difference in performance of the above TG scheme using stan-
dard interpolation of the velocity field of a typical commercial flow solver versus a
dedicated flow solver and interpolation scheme for Lagrangian analyses based on a
high-precision spectral method [155].

The present study adopts a similar spectral approach by projection of the COMSOL

field onto a divergence-free basis constructed from Chebyshev polynomials accord-
ing to the method in Appendix A.1.1. Performance of the TG tracking scheme using
this spectral representation of the velocity field is evaluated in Appendix A.1.2 and
reveals reliable simulation of the Lagrangian dynamics.

2.3 Lagrangian dynamics

2.3.1 Fundamental states of the Lagrangian flow topology

Non-dimensional form (2.3) admits identification of two fundamental flow states
that are relevant in the context of the transport phenomena.

(i) Limit Gr = 0. Here system (2.3) collapses on the linear Stokes limit −∇p +
∇2u+ Tez = 0 and the conductive limit ∇2T = 0.

(ii) General case Gr > 0. The convective terms in the momentum and energy
balances become relevant and render the system essentially nonlinear.

Fig. 2.2 illustrates the essential features of both states in terms of temperature
field and typical streamlines for Pr = 0.71. Figs. 2.2(a–c) demonstrate the con-
vergence on a linear temperature field and closed streamlines for vanishing Gr.
Here fluid motion consists solely of a primary circulation along these streamlines.
Figs. 2.2(d–f) demonstrate the essentially nonlinear temperature field and non-
closed streamlines associated with departures from the limit Gr = 0 by way of
Gr = 3.2× 103. Streamlines outside midplane y = 1/2 describe toroidal structures
as shown in Fig. 2.2(e) and cause fluid parcels, besides said primary circulation, to
perform an additional secondary circulation about the common centre (not shown)
of these tori; the streamlines in the midplane emerge from a central stagnation
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Figure 2.2: Temperature field (a,d) and typical streamlines (b,e,c,f) in limit Gr = 0
(a–c) versus general case Gr > 0 (d–f; Gr = 3.2× 103) demonstrated for Pr = 0.71.
Blue/red in (a,d) indicates minimum/maximum temperatures; (c,f) streamlines in
midplane y = 1/2. The dot in panel (b) indicates the origin of the shown reference
frame.

point (not shown) and spiral outward towards the cavity walls (Fig. 2.2f). The
behaviour of this stagnation point is key to the global Lagrangian dynamics and
is investigated in detail in Section 2.4.3. Moreover, the generic emergence of the
above topological states as a function of Gr is inextricably linked to symmetry
properties and the Hamiltonian structure of the Lagrangian equations of motion.
The former and latter will be investigated in Sections 2.3.2 and 2.3.4, respectively.

The above transition from linear temperature distributions and closed streamlines
to nonlinear temperature fields and toroidal structures upon increasing Gr from
the limit Gr = 0 is generic for any fluid and thus (qualitatively) independent of Pr
here. However, in order to nonetheless explore the (quantitative) role of Pr, the
Lagrangian dynamics in buoyancy-driven flows is in the present study demonstrated
and investigated mainly by way of two specific cases, viz. air (Pr = 0.71) and water
(Pr = 7). This is motivated by their great practical relevance and prominence in
the literature [39, 45, 88, 103, 118].
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2.3.2 Symmetry analysis

Symmetries are key organising mechanisms of the Lagrangian flow topology and
typically originate from an interplay between symmetries in geometry and gov-
erning equations [53, 89, 157, 161]. Relevant in the present context is that the
buoyancy term in the momentum equation admits a Helmholtz decomposition [5]

into an irrotational and solenoidal part as Tez = ∇φ +∇ × b, with ∇φ = T̃ez
and ∇× b = T̂ez, where T̃ = 1/2 and T̂ = T − 1/2. (Note that −1/2 ≤ T̂ ≤ 1/2.)
This gives φ = z/2, which merely adjusts the pressure (i.e. p→ p̂ = p−φ in (2.3)),

exposing T̂ez as the effective buoyancy force.

Velocity u and temperature contribution T̂ possess the following symmetries for
buoyancy-driven flow in rectangular cavities in the general case Gr > 0 [89].

(i) Reflectional symmetry about plane y = 1/2 (denoted P hereafter):

Si : (x, y, z)→ (x, 1− y, z), (ux, uy, uz, T̂ )→ (ux,−uy, uz, T̂ ). (2.4)

(ii) Centro-symmetry about line x = z = 1/2 (denoted L hereafter):

Sii : (x, y, z)→ (1− x, y, 1− z), (ux, uy, uz, T̂ )→ (−ux, uy,−uz,−T̂ ). (2.5)

Numerous computational studies confirm symmetries (2.4) and (2.5) [19, 67, 68,
79, 87, 170]. Centro-symmetry (2.5) in the limit Gr = 0 divides into the reflectional
symmetry

Sii,x : (x, y, z)→ (1− x, y, z), (ux, uy, uz, T̂ )→ (ux,−uy,−uz,−T̂ ), (2.6)

about plane x = 1/2 and the reflectional symmetry

Sii,z : (x, y, z)→ (x, y, 1− z), (ux, uy, uz, T̂ )→ (−ux,−uy, uz, T̂ ), (2.7)

about plane z = 1/2. Note that the symmetries relate via Sii = Sii,xSii,z =
Sii,zSii,x. Symmetries (2.6) and (2.7) emerge on grounds of vanishing inertial
and convective terms in (2.3) in the limit Gr = 0. Inertia and/or convective
heat transfer induced by appreciable Gr > 0 breaks these symmetries in favour
of symmetry (2.5). Hence, cases Gr = 0 and Gr > 0 are essentially distinct and
underlie the fundamental topological states identified in Section 2.3.1. This is
elaborated below.

Symmetry (2.4), commonly denoted ‘left-right symmetry’ in convection problems,
exists for any Gr and separates the domain into two subregions by P. The latter,
since uy = 0 due to the anti-symmetry of uy, constitutes an invariant material plane
bounded by the cavity walls. This has two immediate topological consequences.
First, Lagrangian entities are either restricted to P or emerge as symmetric pairs
about this plane. Second, midplane P must, by virtue of Brouwer’s fixed-point
theorem [25], hold at least one stagnation point u = 0.
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The fundamental flow states of Section 2.3.1 emanate from the above symmetries
as follows.

(i) Limit Gr = 0. The primary circulation causes streamlines to generically cross
the symmetry plane x = 1/2 of reflectional symmetry (2.6). (This ignores possible
corner eddies [139]; these are very weak and highly localised and thus irrelevant to
the overall Lagrangian dynamics.) This has the fundamental implication that such
streamlines must be closed [139]. Note that symmetry (2.7) has the same effect.
Moreover, interaction of symmetries (2.4), (2.6) and (2.7) results in the formation
of a stagnation line x = z = 1/2. Hence, the Lagrangian flow topology generically
consists of closed streamlines centred on said stagnation line that individually ex-
hibit reflectional symmetry about both planes x = 1/2 and z = 1/2 and emerge in
symmetric pairs about P (as demonstrated in Fig. 2.2b).

(ii) General case Gr > 0. Breakdown of reflectional symmetries (2.6) and (2.7)
in favour of centro-symmetry (2.5) eliminates the constraining mechanism under-
lying the formation of closed streamlines. Hence, streamlines generically become
non-closed in this regime. Moreover, the stagnation line gives way to an isolated
stagnation point xc = (1/2, 1/2, 1/2) in the centre of the cavity, which results from
the interaction of symmetries (2.4) and (2.5). Thus the Lagrangian flow topology
generically consists of non-closed streamlines that each describe toroidal structures
arranged symmetrically about P in the way demonstrated in Fig. 2.2(e). Fig. 2.3
gives the corresponding intersections with plane x = 1/2 for Gr = 7.9 × 102 and
thus exposes these toroidal structures. Note that Sii implies a reflectional sym-
metry about lines z = 1/2 and x = 1/2 within the planes x = 1/2 and z = 1/2,
respectively. This causes the symmetry of shown cross-sections with plane x = 1/2
about both lines y = 1/2 and z = 1/2 (dashed in Fig. 2.3) and a similar symmetry
in plane z = 1/2 about lines x = 1/2 and y = 1/2.

The above rigorously links the generic topological make-up of the 3D streamline
portrait to symmetries, which is key to the present study. Symmetries namely
‘shape’ the fundamental topological states identified in Section 2.3.1. Moreover,
the particular way in which symmetries are broken dictates the response of the flow
topology and, inherently, the Lagrangian transport properties to perturbations.
Symmetry and symmetry breaking (investigated in Section 2.4) are controlled pri-
marily by the Grashof number Gr, and thus underscores the crucial role of this
parameter for the Lagrangian dynamics.

2.3.3 Topological equivalence with single-wall lid-driven cav-
ity flows

The above symmetries establish a fundamental link between the buoyancy-driven
flow and lid-driven cavity flows. Fluid motion in cylindrical or cubical domains
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Figure 2.3: Formation of toroidal structures by non-closed streamlines in the
generic case Gr > 0 demonstrated for Gr = 7.9 × 102 and Pr = 0.71. Shown
are cross-sections with the plane x = 1/2; these are always symmetric about lines
y = 1/2 and z = 1/2 (dashed).

driven by a single endwall z = 0 or z = H in the Stokes limit (Re = 0) namely pos-
sess the same symmetries (2.4) and (2.6) and, in consequence, their flow topology
also consists of closed streamlines centred on a stagnation line symmetric about P
similar to Fig. 2.2(b) [139, 142, 157]. A counterpart to symmetry (2.7) is absent
in single-wall lid-driven Stokes flows (Re = 0) yet this is, other than admitting
asymmetry about the plane z = 1/2, inconsequential for the topological equiv-
alence with the buoyancy-driven flow (limit Gr = 0). The equivalence extends
to lid-driven flows with fluid inertia (Re > 0) in that, similar to case Gr > 0,
symmetry (2.6) is broken, causing streamlines to generically become non- closed
and describe toroidal structures similar to in Fig. 2.2(e) [142, 156, 159]. Absence
of a counterpart to centro-symmetry (2.5) is again immaterial for the topological
equivalence. Note that buoyancy-induced topological bifurcations may complicate
(yet not eliminate) the equivalence (see Section 2.4).

The topological equivalence between buoyancy-driven and lid-driven cavity flows
implies a second fundamental link for these flow classes: the Lagrangian equations
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of motion (2.2) have a Hamiltonian structure. This has the important consequence
that the response of the flow topology to departures from limit Gr = 0 is governed
by the same universal Hamiltonian mechanisms as in single-wall lid-driven flows.
The Hamiltonian structure and its ramifications for the Lagrangian dynamics are
elaborated below.

2.3.4 Formation of the flow topology by Hamiltonian mech-
anisms

The primary circulation causes (similar to lid-driven flows) systematic return of
generic streamlines to plane x = 1/2. This admits representation of the 3D flow
x(t) = Φt(x0) governed by kinematic equation (2.2) by a 2D map Φ within plane
x = 1/2 according to

xk+1 = Φ(xk), (2.8)

with xk = (yk, zk) the kth intersection of a 3D streamline originating from x0 with
said plane (Appendix A.2). The sequence of planar positions of a given fluid parcel,
i.e.

X (x0) = {x0,x1, . . . ,xk, . . . }, (2.9)

represents the subsequent intersections of its corresponding 3D streamline with
plane x = 1/2 and constitutes its so-called Poincaré section. Coherent structures in
the Poincaré section are inextricably linked to those in the 3D streamline portrait.
Closed streamlines, for example, emerge as periodic points Φp(x0) = x0, with
p the winding number of the streamline, in the corresponding Poincaré section.
Similarly, 3D toroidal structures appear as ‘islands’ centred on periodic points in
these sections; Fig. 2.3, for example, shows the Poincaré section of such tori for
Gr = 7.9× 102 and Pr = 0.71 (which are similar to those in Fig. 2.2e). Thus map
Φ enables investigation of the flow topology both in terms of the dynamics within
plane x = 1/2 and 3D streamlines.

Map Φ, in turn, through a suitable transformation from physical (y, z) to canonical
(ζ1, ζ2) space coincides with a 2D Hamiltonian system, i.e.

xk+1 = Φ(xk) ⇔
(

dζ1
dτ

,
dζ2
dτ

)
=

(
∂H
∂ζ2

,−∂H
∂ζ1

)
, (2.10)

with H the Hamiltonian. This ties the Lagrangian dynamics in plane x = 1/2
described by map (2.8) with ‘snapshots’ in canonical time τ of the Hamiltonian
flow in canonical space (ζ1, ζ2). Consult Appendix A.2 for technical details.

The link with Hamiltonian systems established above implies that the flow topol-
ogy is governed by Hamiltonian mechanics. The behaviour of Hamiltonian systems



32 Chapter 2. Lagrangian transport in buoyancy-driven flows

emanates from the perturbation of the so-called integrable states (in essence states
with fully regular dynamics along closed trajectories in phase space) [119]. For
the present buoyancy-driven flows, the integrable state corresponds to the closed
streamlines in the limit Gr = 0 (as, for example, in Fig. 2.2b). Perturbation by
Gr > 0 admits non-closed streamlines and thus sets the stage for non-trivial flow
topologies (including chaotic dynamics). The onset of such flow topologies is gov-
erned by well-defined Hamiltonian scenarios and is here (qualitatively) controlled
by the Grashof number Gr as follows.

(i) Limit Gr = 0. The underlying Hamiltonian system (2.10) assumes the integrable
state, meaning its Hamiltonian becomes H(ζ1, ζ2, τ) = C, with C an arbitrary con-
stant. Thus each individual position in the associated Poincaré section constitutes
a period-1 point, i.e. Φ(xk) = xk, consistent with the situation of all streamlines
being individually closed (e.g. Fig. 2.2b). This state in fact is a singular limit in
that it breaks down for any perturbation [28].3

(ii) ‘Small ’ Gr. Minute (non-zero) perturbations of O(ε), with ε � 1, cause the
Hamiltonian to become non-trivial yet remain independent of the canonical time τ :
H = H(ζ1, ζ2) [28]. (‘Small’ and ‘large’ Gr are distinguished by the corresponding
typical perturbation ε.) This defines an autonomous 2D Hamiltonian system with
Lagrangian motion (in bounded flows) restricted to concentric closed level sets of
H in the Poincaré section (e.g. the islands in Fig. 2.3). These level sets underlie
the nested tori that form in the 3D streamline portrait (e.g. Fig. 2.2e). The τ -
dependence vanishes due to the fact that, since the primary circulation is much
faster compared to the secondary circulation, the dynamics only ‘feel’ the averaged
perturbation in (canonical) time τ . This is known as ‘averaging’ and is a generic
phenomenon in dynamical systems leading to the formation of invariant manifolds
(here tori) [6]. This averaging effect is independent of the particular nature of
the perturbations (provided they are weak), thus explaining the observations in
[39] that (weak) fluid inertia as well as convective heat transfer may trigger this
behaviour.

(iii) ‘Large’ Gr. Here perturbations exceed O(ε) and the Hamiltonian becomes
dependent on the canonical time τ , i.e., H = H(ζ1, ζ2, τ), rendering system (2.10)
non-autonomous and, generically, non-integrable [119]. This has fundamental con-
sequences for the flow topology in that some tori disintegrate and (locally) give
way to chaotic dynamics while other tori survive and constitute transport barri-
ers. Tori associated with rational streamlines (i.e. emerging as periodic points
Φp(xk) = xk in the Poincaré section for some finite periodicity p) disintegrate into

3 Limit Gr = 0 is singular also in the sense of implying vanishing dimensional flow due to
scaling U = Gr ν/H (= 0 here). However, the corresponding non-dimensional flow is non-trivial
and constitutes a non-inertial fluid driven by a symmetric buoyancy term resulting from a linear
temperature profile governed by conductive heat transfer only. Hence, case Gr = 0, though
strictly with trivial dimensional counterpart, is nonetheless relevant in the current Lagrangian
context as the (theoretical) limit of fully integrable Lagrangian dynamics.
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(a) (b) (c)

Figure 2.4: Hamiltonian breakdown of toroidal structures with increasing departure
from the limit Gr = 0 demonstrated for Pr = 0.71: (a) Gr = 3.2 × 103; (b)
Gr = 2.4 × 104; (c) Gr = 7.2 × 104. Visualisation by intersections with the plane
x = 1/2 (‘Poincaré section’); only upper-left quadrant (y, z) ∈ [0, 1/2] × [1/2, 1] is
shown owing to symmetry within plane x = 1/2.

the characteristic island chains surrounded by chaotic regions; tori associated with
irrational streamlines (i.e. describing complete concentric curves in said Poincaré
section) survive and thus form transport barriers. The fate of the rational and irra-
tional tori in 2D Hamiltonian systems is respectively described by the well-known
Poincaré-Birkhoff and KAM theorems [119]; counterparts of these ‘classical’ the-
orems for the current 3D steady flows are given in, for example, [33, 34]. The
surviving tori are commonly denoted as ‘KAM tori’ in literature.

The generic response scenario of the flow topology to increasing Gr is demonstrated
by the Poincaré section for the previous example Pr = 0.71 in Fig. 2.4 (only upper-
left quadrant (y, z) ∈ [0, 1/2]×[1/2, 1] is shown owing to symmetry within plane x =
1/2). Case Gr = 3.2× 103 corresponds with the regime of ‘small’ Gr characterised
by the islands within the Poincaré section shown in Fig. 2.4(a). Note that ‘small’
and ‘large’ Gr are distinguished by the corresponding typical perturbation strength
and not by the value of Gr itself; the correlation in general is case-specific (here the
observed dynamics, for example, imply that Gr = 3.2 × 103 yields a perturbation
of O(ε)). Increasing Gr triggers the response scenarios of the islands (and tori in
3D) associated with ‘large’ Gr. Fig. 2.4(b) reveals the emergence of an eleven-
island chain at Gr = 2.4×104 due to the breakdown of a rational torus surrounded
by surviving islands (corresponding with KAM tori in 3D). Further increasing
Gr progressively triggers further torus breakdown, giving rise to the ‘classical’
Hamiltonian picture of KAM tori coexisting with island chains accompanied by
(ever wider) chaotic bands, as demonstrated in Fig. 2.4(c) for Gr = 7.2× 104.

The single-wall lid-driven flow (qualitatively) follows the same scenario upon per-
turbation by, for example, fluid inertia or asymmetric wall forcing [76, 140, 156,
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159, 176]. This further substantiates their intimate dynamic similarity with the
current buoyancy-driven flow and, as a consequence, the universality of the La-
grangian dynamics in 3D steady bounded flows. However, the current flow class
admits a more elaborate interplay between fluid-dynamical forces due to, besides
viscous and inertial forces, the presence of a third force: buoyancy. This may result
in greater dynamic richness (as demonstrated and investigated in Section 2.4).

2.4 Inertia-dominated flow versus thermo-inertial
flows

The above demonstrates that the Lagrangian dynamics and generic composition
of the flow topology are inextricably linked to (breakdown of) symmetries. The
mathematical structure of model (2.3) implies that fluid inertia and convective
heat transfer (via non-zero Gr) introduce nonlinearity and thus cause symmetry
breaking. Generically this involves (an interplay of) both mechanisms due to the
two-way coupling of momentum and energy equations through convective heat
transfer and buoyancy. However, the computational studies in [39] revealed that
fluid inertia and convective heat transfer can also independently induce this effect.
Furthermore, flow topologies thus formed may under certain conditions undergo
bifurcations into more complicated patterns (see e.g. [66, 70, 97, 179]). Such
observations suggest a non-trivial role and interplay of fluid inertia and convective
heat transfer that, to the best of our knowledge, has not been examined in-depth
before.

The study below seeks to deepen insight into this matter by revisiting the analysis in
Section 2.3.4 on the (qualitative) response of the Lagrangian dynamics to increasing
the Grashof number from the limit Gr = 0. This hinges strongly on the notion that
the global 3D flow topology is intimately related to the nature of the stagnation
point xc = (1/2, 1/2, 1/2). Moreover, this distinguishes between inertia-dominated
and thermo-inertial flows (i.e. driven by an interplay of fluid inertia and buoyancy).

2.4.1 First ‘stage’ of symmetry breaking: inertia-dominated
dynamics

The nature of the stagnation point xc = (1/2, 1/2, 1/2) is determined by the spec-
tral properties of the strain-rate tensor F = ∂u/∂x|xc

[36, 62]. Symmetries (2.4)
and (2.5) imply ∂ux/∂y = ∂uz/∂y = 0 and ∂uy/∂x = ∂uy/∂z = 0, respectively,
and in conjunction with incompressibility simplify F to

F =
∂u

∂x

∣∣∣∣
xc

=

 ∂ux/∂x 0 ∂ux/∂z
0 −A 0

∂uz/∂x 0 ∂uz/∂z,

 , A =
∂ux
∂x

+
∂uz
∂z

, (2.11)
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(a) (b) (c) (d)

Figure 2.5: Flow topology near stagnation point xc (black marker) in canonical
space spanned by eigenvectors (v1,v2,v3) including typical streamline (red): (a)
focus withW1D (heavy line) andW2D (shaded); (b–d) NSS with hereW2D andW1D

corresponding with (v1,v3)-plane (shaded) and v2-axis, respectively; (b) shows
node-type streamline portrait in W2D; (c,d) show saddle-type streamline portraits
in transverse (v2,v3)/(v1,v2)-planes.

in xc. This yields

λ1 = −A, λ2,3 =
A

2
±
√
B, B =

1

4

[
∂ux
∂x
− ∂uz

∂z

]2
+
∂ux
∂z

∂uz
∂x

, (2.12)

as eigenvalue spectrum, which depends entirely on the planar velocity (ux, uz) in the
symmetry plane P. Moreover, it can be shown that the corresponding eigenvectors
are of the form v1 = ey and v2,3 = αex ± βez, signifying orientations normal and
parallel, respectively, to said plane. The type of the stagnation point xc is governed
by sign(B) and, adopting the nomenclature by [36], for incompressible flows (∇·u =
λ1 + λ2 + λ3 = 0) admits two cases: (i) focus for B < 0 (complex conjugate
eigenvalues λ2,3); (ii) node/saddle/saddle (NSS) for B > 0 (real eigenvalues λ2,3).

Fig. 2.5(a) gives the flow topology near xc (black marker) in case xc being a focus
including a typical streamline (red). Eigenvector v1 locally defines the correspond-
ing 1D manifold W1D (heavy line) and normal of the 2D manifold W2D (shaded).
Orientation v1 ∈ L through the global symmetries according to Section 2.3.2 then
readily yields W1D = L and W2D = P for a focus-type xc. The eigenvalue spectrum
of a NSS-type xc always comprises a pair of eigenvalues of equal sign and an iso-
lated eigenvalue of opposite sign; the eigenvectors of former and latter locally define
W2D and W1D, respectively. The streamline portrait within W2D corresponds with
a node; the portrait in the two transverse canonical planes corresponds with a sad-
dle. Figs. 2.5(b–d) demonstrate this for the case sign(λ1) = sign(λ3) = −sign(λ2),
where W2D and W1D correspond with (v1,v3)-plane (shaded) and v2-axis, respec-
tively, and red indicates a typical streamline. The streamline portraits within W2D

(a) and the transverse (v2,v3)-plane (b,c) and (v1,v2)-plane (d) are shown sep-
arately for legibility. Note that Figs. 2.5(b–d) give the sole manifold orientation
possible for NSS-type xc. This is discussed in Section 2.4.2.
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The fact that xc can either be a focus or NSS implies the following dynamics for
the Gr-regimes identified in Section 2.3.4.

(i) Limit Gr = 0. Here symmetry (2.5) ‘splits’ into symmetries (2.6) and (2.7),
yielding ∂ux/∂x = ∂uz/∂z = 0 and thus further simplifies (2.12) to

λ1 = 0, λ2,3 = ±
√
B0, B0 =

∂ux
∂z

∂uz
∂x

, (2.13)

where vanishing of λ1 and orientation of its eigenvector as v1 = ey reflect the
fact that the stagnation point belongs to a stagnation line parallel to the y-axis.
Differential heating causes fluid to descend and rise at the cold (x = 0) and warm
(x = 1) walls, respectively, inducing weak counter-clockwise rotation about xc as
shown schematically in Fig. 2.6(a). This gives rise to ∂ux/∂z < 0 and ∂uz/∂x > 0
and, inherently, B0 < 0, implying that xc is a degenerate focus (A = 0), or
equivalently, a centre. This is entirely consistent with the observations that Gr = 0
yields a primary circulation consisting of concentric streamlines centred on one
central stagnation line (see Section 2.3).

(ii) ‘Small ’ Gr. This induces weak symmetry breaking, i.e., ∂ux/∂x ∼ O(ε) and
∂uz/∂z ∼ O(ε), upon substitution in (2.12) yielding B = B0 + O(ε2) ≈ B0 < 0.
Combined with A = ∂ux/∂x + ∂uz/∂z ∼ O(ε) this signifies the transition of the
stagnation line into a focus-type stagnation point xc with manifolds W1D = L
and W2D = P (Fig. 2.5a). Hence, the overall vortical structure associated with
the primary circulation is preserved. The principal difference with the above limit
Gr = 0 exists in the formation of toroidal structures on both sides of P by the
Hamiltonian mechanisms discussed in Section 2.3.4.

The above demonstrates that progressively increasing Gr from limit Gr = 0 in-
variably induces a single focus-type stagnation point and, in consequence, a global
circulation yielding a flow topology consisting of toroidal structures as illustrated
above, advancing this as the universal ‘start-up’ scenario from said limit. More-
over, the topological equivalence with lid-driven flows established in Section 2.3.3
puts forth fluid inertia as the dominant cause for symmetry breaking. This can be
further substantiated by a leading-order approximation of the symmetry-breaking
convective and buoyancy terms in (2.3) via decomposition of the flow and tem-

perature fields as u = u0 + u′ and T̂ = T̂0 + T̂ ′, where subscript ‘0’ and primes
indicate the symmetric field for limit Gr = 0 and associated small non-symmetric
departure for ‘small’ Gr > 0, respectively. (Here T̂ corresponds with the redefined
temperature according to Section 2.3.2.) This gives

−∇p̂+∇2u ≈ Gru0 · ∇u0 − T̂0ez, ∇2T̂ = ∇2T̂ ′ ≈ Gr Pru0 · ∇T̂0, (2.14)

revealing that the buoyancy term (to leading-order approximation) retains the
symmetric form of limit Gr = 0 on grounds of its linearity and, indeed, fluid inertia
is the prevailing symmetry-breaking mechanism for the flow field in this first stage
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Figure 2.6: Thermal and flow phenomena underlying fundamental Lagrangian dy-
namics: (a) thermally induced counter-clockwise circulation about stagnation point
xc = (x, z) = (1/2, 1/2) due to descent (uz < 0) and ascent (uz > 0) of fluid at the
cold (x = 0) and warm (x = 1) walls, respectively; (b) flow-induced penetration of
warm and cold temperature fronts in ‘cold’ (x < 1/2) and ‘warm’ regions (x > 1/2),
respectively. The latter is illustrated with isotherm T = 1/2 for ‘weaker’ (Pe1) and
‘stronger’ (Pe2 > Pe1) convective heat transfer (parameterised by Péclet number
Pe = Gr Pr). For ‘sufficient’ Pe (here Pe = Pe2) this creates local heating (I) and
cooling (II) zones adjacent to xc.

of Gr > 0. Convective heat transfer breaks the symmetry of the temperature field,
yet here without appreciable ‘feedback’ into the momentum balance. This exposes
the degree of asymmetry of the buoyancy term, determined by departure T̂ ′, yet
not its presence and/or magnitude per se as cause behind thermally induced non-
trivial Lagrangian dynamics. However, this asymmetry becomes significant only
for ‘sufficiently large’ Gr, as investigated in Section 2.4.2.

Fig. 2.7(a) exemplifies the generic 3D flow topology in the inertia-dominated regime
with case Pr = 0.71 and Gr = 2.4× 104. (The inertia-dominated case corresponds
with the state denoted in the literature by, for example, ‘single-roll base flow’, ‘one-
roll system’ or ‘one-roll convective cell’ [70, 97, 179].) The key organising entities
are the focus xc (black marker), with P (dashed/shaded) and L (magenta) as
associated 2D manifold W2D(xc) and 1D manifold W1D(xc), respectively. The flow
topology in each subregion (separated by P) consists of a single family of KAM tori
(one specimen highlighted in blue) and island chains emanating from disintegrated
tori (one specimen highlighted in cyan) centred on W1D(xc). These structures
are typically surrounded by chaotic streamlines (one specimen indicated in black).
Fig. 2.7(b) gives the corresponding Poincaré section (plane x = 1/2) of this generic
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(a) (b)

Figure 2.7: Generic 3D flow topology in subregion 0 ≤ y ≤ 1/2 separated by P
(dashed/shaded) in the inertia-dominated regime demonstrated for Pr = 0.71 and
Gr = 2.4 × 104: (a) 3D perspective view; (b) Poincaré section (x = 1/2). Key
entities: focus xc = (1/2, 1/2, 1/2) (black marker) with P and L (magenta) as
associated 2D manifold and 1D manifold, respectively; KAM torus (blue); torus
corresponding with island chains (cyan); 3D chaotic streamline (black).

topological composition. (The 3D view includes only a small part of the chaotic
streamline for reasons of legibility.) Centrifugal forces cause outward spiralling
away from xc within P, implying repulsion in W2D(xc) (i.e. Re (λ2,3) = A/2 > 0)
and, in consequence, attraction along W1D(xc) (i.e. λ1 = −A = −2 Re (λ2,3) <
0). This renders the 1D and 2D manifolds stable (W s

1D) and unstable (Wu
2D),

respectively, in dynamical-systems terminology [62, 119]. The attraction along
W s

1D drives the secondary circulation.

2.4.2 Second ‘stage’ of symmetry breaking: thermo-inertial
flows

Convective heat transfer becomes stronger with increasing Gr and thus, for ‘suffi-
cient’ Gr, causes symmetry breaking of the temperature field and, in consequence,
of the buoyancy term to such an extent that it induces a global bifurcation in
the flow topology, as demonstrated in Fig. 2.8 for the streamline portrait in P for
Pr = 0.71 (top) and Pr = 7 (bottom). The stagnation point xc (black marker)
within P bifurcates from a focus for ‘smaller’ Gr (panel a,c) to a saddle for ‘larger’
Gr (panel b,d). Moreover, saddle-type xc is accompanied by a pair of foci (cyan
markers) arranged symmetrically according to centro-symmetry (2.5). The stable
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(a) (b)

(c) (d)

Figure 2.8: Typical streamline portraits in P before (a,c) and after (b,d) bifurcation
of the central stagnation point (black marker) from focus to saddle (NSS in 3D)
with accompanying pair of foci (cyan markers) demonstrated for Pr = 0.71 (a,b)
and Pr = 7 (c,d): (a) pre-bifurcation (Gr = 2.4× 104); (b) post-bifurcation (Gr =
7.2×104); (c) pre-bifurcation (Gr = 1.3×103); (d) post-bifurcation (Gr = 1.0×104).
Blue streamline: stable manifold of saddle forming heteroclinic orbits with foci; red
streamline: unstable manifold of saddle separating 2D manifolds of foci within the
symmetry plane; black/grey curves: typical streamlines within each 2D manifold.
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manifold of the saddle (blue streamline) forms heteroclinic orbits with the repelling
foci; its unstable manifold (red streamline) separates the 2D manifolds of the foci
within the symmetry plane (as demonstrated by typical streamlines in each 2D
manifold indicated by the black/grey curves). This heteroclinic interaction gives
rise to the ‘figure 8’ pattern emerging around xc.

The general sense of circulation is retained upon bifurcation: fluid revolves in
counter-clockwise direction around the pre-bifurcation focus as well as about the
post-bifurcation individual foci (blue streamline) and the entire saddle-node ar-
rangement (red streamline). Note that the bifurcated state is termed ‘two-roll
system’ in [70, 179]; the vortical structures centred on the foci (blue) are denoted
‘secondary rolls’ in [97].

The above behaviour corresponds with a pitchfork bifurcation of the streamline
pattern within P at stagnation point xc [119]. This is a direct consequence of two
fundamental topological properties. First, centro-symmetry (2.5) causes stagnation
points in the midplane (other than xc) to emerge pair-wise following (xs,Sii(xs)).
Second, the Poincaré-Hopf theorem states that the sum of the Poincaré indices Ii
of fixed (here stagnation) points equals the Euler characteristic χ of the invariant
surface, i.e.

χ =

N∑
i=1

Ii, (2.15)

where I = 1 and I = −1 for focus-type and saddle-type stagnation points, re-
spectively [65]. The Euler characteristic is a topological invariant for the invariant
material plane P and, given ‘small’ Gr always results in a single focus, here equals
χ = 1. Preservation of χ = 1 during bifurcation of xc within P from focus to
saddle thus dictates the emergence of a symmetric pair of focus-type stagnation
points.4 The stagnation points in P may possibly undergo subsequent bifurcations
upon further increasing Gr. However, this is beyond the present scope.

The above focus-to-saddle transition corresponds in the 3D domain with a bifur-
cation of xc from focus to NSS. The fact that topological constraints only admit
saddle-type streamline portraits for xc within P upon bifurcation has the funda-
mental implication that manifold W2D (accommodating node-type portraits) can
not coincide with P and here, given v1 ∈ L and v2,3 ∈ P, thus must emerge from
either the (v1,v2)-plane or the (v1,v3)-plane. Hence, strictly two configurations
are permissible:

(i) sign(λ1) = sign(λ3) = −sign(λ2)⇒ (v1,v3)→W2D, v2 →W1D;

4This again ignores the above-mentioned corner eddies and thus, strictly, pertains only to the
subregion within P that excludes the corner regions. Moreover, this assumes that the separatrix
between former and latter regions is unaffected by the bifurcation. However, given their localised
and weak nature, the corner eddies changing due to the bifurcation and thereby simultaneously
compromising the separatrix – and thus the reasoning in toto – is highly improbable.
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(a) (b) (c)

Figure 2.9: Emergence of secondary family of KAM tori around L (dashed) at
cavity wall y = 0 and its expansion with growing Gr demonstrated for Pr = 7: (a)
Gr = 1.0 × 104; (b) Gr = 1.7 × 104; (c) Gr = 2.5 × 104. Visualisation by the left
half (0 ≤ y ≤ 1/2) of Poincaré sections (x = 1/2).

(ii) sign(λ1) = sign(λ2) = −sign(λ3)⇒ (v1,v2)→W2D, v3 →W1D.

However, given that λ2,3 and associated eigenvectors v2,3 ∈ P can be interchanged
without loss of generality, both cases are in fact identical. Thus the former case,
shown in Figs. 2.5(b–d), defines the generic configuration for NSS-type xc, putting
forth W1D ∈ P and (near P) W2D ⊥ P as corresponding 3D manifold ori-
entations (typical configurations are demonstrated in Section 2.5.2). Moreover,
sign(λ2) = −sign(λ3) via (2.12) gives inequality λ2λ3 = A2/4 − B ≤ 0. Hence,
B = 0 implies A = 0, meaning that the pitchfork bifurcation always happens
through the degenerate case λ1 = λ2 = λ3 = 0.

Fig. 2.9(a) gives the Poincaré section (x = 1/2) corresponding with (Pr, Gr) =
(7, 1.0 × 104) as shown in Fig. 2.8(d), exposing a secondary family of KAM tori
around the symmetry line L at the cavity wall y = 0, accommodating secondary
circulation in the reversed direction of the original (‘primary’) family of tori (i.e.
counter-clockwise and clockwise secondary circulation for primary and secondary
tori, respectively). Such secondary tori have, to the best of our knowledge, not
been explicitly reported before. (The two tori families are reminiscent of the two
kinds of spiralling streamlines, distinguished by ‘forward’ and ‘reversed’ flow, in the
post-bifurcation case in [97]. However, the fact that the latter (i) include (one of)
the secondary roll(s) and (ii) involve secondary circulation in directions opposite to
that of the above tori strongly suggests that these are essentially different entities.
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The ‘forward-flow’ streamlines adjacent to the y-wise endwalls likely result from the
y-wise elongated cavity (height:width = 1 : 2) and therefore have no counterpart
in the current cubic cavity. Moreover, comparison with findings in Section 2.5.2
suggests that the ‘reversed-flow’ streamlines adjacent to symmetry plane P belong
to the chaotic region in between primary and secondary tori.) The spatial extent of
these new entities expands (while maintaining circulation direction) with increasing
Gr, as demonstrated in Figs. 2.9(b,c) for Gr = 1.7 × 104 and Gr = 2.5 × 104,
respectively, at Pr = 7. Moreover, their emergence is a consequence of intricate 3D
heteroclinic interactions between the manifolds of the above-mentioned stagnation
points in P and new stagnation points on L. This is further studied in Section 2.5.

The pitchfork bifurcation has been observed in numerous studies in both 2D and
3D systems, see, for example, [44, 45, 70, 71, 96, 97, 99, 179], and occurs in a
similar way for basically any Pr. The impact of the latter is mainly quantitative
in that secondary circulation becomes weaker with increasing Pr, and streamlines,
in consequence, tend towards denser winding; compare to this end, for example,
Figs. 2.8(b,d) and refer, for example, also to [97].

2.4.3 Bifurcation mechanism

The pitchfork bifurcation for ‘sufficiently large’ Gr admits physical explanation
by continuing the examination of the properties of the stagnation point xc in
Section 2.4.1. Transition of xc from a focus into a NSS happens for parameter
B ≥ 0 in (2.12) and thus advances

B ≥ 0 ⇒ B0 ≥ B∗0 with B∗0 = −1

4

[
∂ux
∂x
− ∂uz

∂z

]2
< 0, (2.16)

as the kinematic bifurcation criterion. For (generically) non-zero ∂ux,z/∂x, z this
sets a negative lower bound for B0 (as opposed to B0 ≥ 0 above), meaning that
the flow admits the bifurcation for a circulation in the sense shown in Fig. 2.6(a).
Hence, this is indeed the first (in a possible sequence of) bifurcation(s) undergone
by the streamline pattern set up at Gr = 0. Physical considerations suggest that
stronger convective heat transfer (by increasing Péclet number Pe = Gr Pr through,
for given Pr, increasing Gr) promotes exceeding threshold (2.16) and, inherently,
the bifurcation.

Stronger convective heat transfer namely admits deeper penetration of the warm
and cold temperature fronts in the ‘cold’ (x < 1/2) and ‘warm’ regions (x > 1/2),
respectively, in a manner as illustrated in Fig. 2.6(b) with isotherm T = 1/2.
(Symmetry dictates this isotherm to remain attached to the stagnation point xc
and satisfy centro-symmetry (2.5) for any Gr and Pr.) The latter (and any other
isotherm) emanates from ‘coiling up’ of the vertical isotherms of limit Gr = 0
shown in Fig. 2.2(a) due to the circulation about the cavity centre for Gr > 0.
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Figure 2.10: Bifurcation diagram for the pitchfork bifurcation: threshold Gr∗ ver-
sus Pr. Symbols indicate data points from numerical simulations; the dashed
curve indicates the approximate bifurcation threshold Gr ∼ aPrb, with coefficients
(a, b) = (2.53× 104,−0.97).

The convolution becomes more pronounced with increasing Pe = Gr Pr, and thus
causes ever deeper penetration of said temperature fronts. For Pe beyond a certain
threshold (Pe2 in Fig. 2.6b) this results in formation of local heating (I) and cooling
(II) zones adjacent to xc. This locally reduces buoyancy and, in consequence,
flattens the uz-profile (and, via continuity, also the ux-profile), thus effectively
shifting B0 < B∗0 < 0 towards threshold B0 = B∗0 following (2.16). The bifurcation
occurs when the shift suffices to cross this threshold, or equivalently, an associated
threshold Gr∗.

The pitchfork bifurcation happens at any Pr upon exceeding Gr = Gr∗, as con-
firmed by the corresponding bifurcation diagram in Fig. 2.10. Moreover, this re-
veals, consistent with Fig. 2.8, a decreasing threshold Gr∗, and thus earlier bi-
furcation, with growing Pr. This stems from the existence of two limits of the
governing equations (2.3) in Pr. Limit Pr = 0: symmetry breaking solely by fluid
inertia due to the absence of convective heat transfer; limit Pr → ∞: symmetry
breaking dominated by buoyancy via strongly asymmetric temperature fields due
to purely convective heat transfer. The former and latter imply absence and im-
mediate onset, respectively, of the pitchfork bifurcation on the route starting from
limit Gr = 0 and define asymptotes for the bifurcation threshold following

lim
Pr→0

Gr∗ →∞, lim
Pr→∞

Gr∗ = 0, (2.17)

which qualitatively ‘shape’ the bifurcation diagram. (Temperature becomes a pas-
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sive tracer for unbounded Pr, i.e. limPr→∞ dT/dt = u · ∇T = 0, causing di-
rect transport of temperature fronts with material fluid interfaces via the incipi-
ent circulation sketched in Fig. 2.6(a), and thus their immediate penetration ac-
cording to Fig. 2.6(b).) The threshold monotonically decreases with growing Pr
during the transition from inertia-dominated (‘small’ Pr) to buoyancy-dominated
(‘large’ Pr) symmetry breaking. Asymptotes (2.17) suggest a hyperbolic relation
Gr∗ = aPrb; the dashed curve in Fig. 2.10 gives this relation using coefficients
(a, b) = (2.53× 104,−0.97) determined via the least-squares method.

The above designates buoyancy as the mechanism that underlies the pitchfork
bifurcation, and Gr as its key control parameter, and thus rigorously supports
phenomenological explanations in the literature (as, for example, in [44, 97]). It
furthermore substantiates the earlier finding in Section 2.4.1 that, irrespective of
Pr, the formation of a single global vortical structure as illustrated in Fig. 2.7
is the only possible ‘start-up’ scenario of the flow upon increasing Gr from zero.
Hence, the bifurcation into a more complex vortical structure must (for realistic
Pr) happen at some finite Gr, and thus is an essentially nonlinear phenomenon.

The bifurcated streamline pattern is reminiscent of that occurring in lid-driven
cavity flows with simultaneous forcing by facing walls moving steadily at the same
speed in opposite direction [81, 140]. This extends the link with lid-driven cavity
flows established in Section 2.3. However, important to note is that this second
connection exists only for the post-bifurcation case, in other words, for Gr above
some finite lower bound. A linear limit Gr = 0 topologically equivalent to two-wall
lid-driven flows is non-existent.

2.5 Typical 3D flow topologies for thermo-inertial
flows

2.5.1 General behaviour associated with the pitchfork bifur-
cation

The streamline patterns corresponding with the cases in the bifurcation diagram,
and comparison with the literature [97, 179], strongly suggests that, overall, the
bifurcated 3D flow topologies are qualitatively similar (at least) up to Pr ∼ O(6×
103). Two fundamentally different situations can be distinguished in this range:
cases with and without secondary tori.

The bifurcated 3D topologies of cases Pr = 7 and Pr = 0.71 in Fig. 2.8, for ex-
ample, correspond to former and latter situations, respectively. Secondary tori
are separated from the primary tori by a ‘separatrix’ formed by intricate 3D het-
eroclinic manifold interactions of stagnation points on P and L (elaborated in
Section 2.5.2) and are for the cases included in the bifurcation diagram found only



2.5. Typical 3D flow topologies for thermo-inertial flows 45

for Pr ≥ 7; they are absent for all ‘smaller’ Pr (here Pr ≤ 1). This suggests that
secondary tori emerge only for ‘larger’ Pr due to topological bifurcation(s) within
regime Gr ≥ Gr∗ corresponding with the Prandtl number Pr. Given the transition
from inertia-dominated to buoyancy-dominated dynamics with increasing Pr (Sec-
tion 2.4.3), this designates secondary tori as a buoyancy-induced phenomenon that
occurs upon exceeding a certain threshold Pr∗. (Thus dividing regime Gr > Gr∗

in the bifurcation diagram in Fig. 2.10 into subregimes Pr ≤ Pr∗ and Pr > Pr∗.)
Moreover, secondary tori always appear at the cavity endwalls and gradually ex-
pand towards P with increasing Gr in a similar way as demonstrated in Fig. 2.9
for Pr = 7. Hence, the bifurcated flow topology at Pr = 7 is typical of that for
‘larger’ Pr (i.e. Pr > Pr∗) in general. Note for reference that Prandtl numbers
of realistic fluids span many orders of magnitude, ranging from Pr ∼ O(10−2) for
liquid metals via Pr ∼ O(1) and Pr ∼ O(10) for air and water, respectively, to
Pr ∼ O(104 − 108) for magma [88].

Furthermore, the saddle-foci arrangement may undergo stability reversal upon fur-
ther increasing Gr: foci become attracting within P and form a heteroclinic orbit
with the unstable manifold of the saddle. Concurrently with stability reversal,
a closed streamline emerges within P that encloses the saddle-foci arrangement
and acts as a repelling limit cycle for the stable manifold of the saddle. The
flow topology inside the area enclosed by the limit cycle nonetheless remains as in
Figs. 2.8(b,d), yet with now the unstable and stable manifold of the saddle coil-
ing up around the foci and spiralling outward, respectively, in counter-clockwise
direction (thus maintaining the sense of the primary circulation). Such stability re-
versal, for example, happens for Pr = 7 between Gr = 1.7× 104 (original stability)
and Gr = 2.5 × 104 (reversed stability). However, the impact on the flow topol-
ogy is marginal and localised in that certain heteroclinic interactions between the
several stagnation points may change yet without essentially affecting the overall
structure and role of the above-mentioned separatrix. The global partitioning into
two families of KAM tori (and the corresponding sense of circulation) is retained,
as evidenced by the (qualitatively) identical composition of the Poincaré sections
for Gr = 1.0 × 104, 1.7 × 104 (original stability) and 2.5 × 104 (reversed stability)
in Fig. 2.9. Hence, stability reversal, given its secondary role in the global 3D
Lagrangian dynamics, is not examined further here.

Typical bifurcated 3D flow topologies with and without secondary tori are demon-
strated below in Sections 2.5.2 and 2.5.3, respectively. First insights into the mecha-
nisms underlying their 3D structure and organisation are obtained through analysis
of heteroclinic interactions between the several stagnation points.
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(a) (b)

(c) (d)

Figure 2.11: Typical configuration of stagnation points in symmetry plane/line
(P/L) and associated manifolds in bifurcated 3D flow topology demonstrated
for Pr = 7 and Gr = 2.5 × 104: (a) stagnation points (fP,1,2,nP ,fL,nL)
(black stars) and local orientation of associated 1D (lines) and 2D (planes/disks)
manifolds (blue/red: stable/unstable); (b) 3D manifold configuration encompass-
ing Wu

1D(fP,1,2) (blue/cyan), Wu
2D(nP) (grey/black), Wu

1D(nL) (red), W s
2D(nL)

(green) and heteroclinic orbit L = (Wu
2D(nP) ∩ W s

2D(nL)) ∪ W s
1D(fL) (magenta);

(c) global foliation of manifolds (W2D represented by single constituent stream-
line); (d) Poincaré section x = 1/2 (shows larger portions of streamlines than in
panel c). Note that Wu

2D of fL (grey marker in panels b–d) is not included due to
its localised nature.
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2.5.2 Presence of secondary tori (fluids with ‘larger’ Pr)

Stagnation points and associated manifolds

Case Pr = 7 and Gr = 2.5 × 104 is adopted hereafter as a typical bifurcated 3D
flow topology with secondary tori as occurring for ‘larger’ Pr (i.e. Pr > Pr∗). The
stagnation points here consist of the above-mentioned NSS (nP) and pair of foci
(fP,1 and fP,2) within P and a single NSS (nL) and focus (fL) on L. (Note that all
non-degenerate stagnation points in incompressible flows are either NSS or focus;
[36].) Fig. 2.11(a) gives the position of the stagnation points (black stars) including
the local orientation of the associated 1D/2D manifold pairs (extent exaggerated
for visibility) spanned by the corresponding eigenvectors v of the strain-rate tensor
F . 1D manifolds (W1D) are indicated by lines; 2D manifolds (W2D) are indicated
by planes and disks for NSSs and foci, respectively. Blue/red objects represent
stable (W s) and unstable (Wu) manifolds; heavy lines and spirals within 2D man-
ifolds indicate principal axes and typical trajectory for NSSs and foci, respectively.
Note that the eigenvector(s) spanning a certain 1D/2D manifold are on grounds of
symmetry either parallel or normal to P. The specific manifold configurations are
(W s

1D,W
u
2D) for nP (oriented as W1D ∈ P and W2D ⊥P following Section 2.4.2)

and (Wu
1D,W

s
2D) for all other stagnation points.

The general 3D manifold structure and configuration are shown in Fig. 2.11(b).
Manifolds Wu

1D(fP,1,2) (blue/cyan streamlines) emerge perpendicularly from P and
initially run parallel to L (magenta). Note that a first schematic of Wu

1D(fP,1,2)
is provided in [70]. Line L, in turn, constitutes the heteroclinic orbits between nP
(black sphere), nL (black star) and fL (grey star). Manifold Wu

2D(nP), part of
which is delineated by the grey stream surface bounded by heavy black streamlines,
emanates in two directions from L and subsequently coils up on each side around
Wu

1D(fP,1) and Wu
1D(fP,2) while gradually ‘spiralling away’ from P. This underlies

the secondary rolls reported in [97]. (Here the final segment of the shown part
of Wu

2D(nP) is visualised only by the bounding streamline starting closest to P.)
Manifold W s

2D(fL) (grey star) is highly localised due to rapid disintegration already
at small distances from L. Hence, this entity is not included in Fig. 2.11 for reasons
of legibility and, given its minor role, omitted in the remaining discussion.

ManifoldWu
1D(nL) (red streamline) shadows individual streamlines withinWu

2D(nP)
by coiling up around Wu

1D(fP,1,2) while spiralling away from P in essentially the
same way. Manifold W s

2D(nL) is partially delineated by the green stream surface
(bounded by thin black streamlines) and emanates in two directions from L in
a manner resembling Wu

2D(nP). However, an essential difference between both
entities is that W s

2D(nL), instead of coiling up individually around Wu
1D(fP,1)

and Wu
1D(fP,2), layers itself around the entire structure defined by Wu

2D(nP) and
Wu

1D(nL).

Fig. 2.11(b) exposes the central role of manifolds Wu
1D of foci fP,1,2 in the global
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3D flow topology by ‘arranging’ all other manifolds. The latter continue to closely
follow manifolds Wu

1D(fP,1,2) while foliating throughout the entire 3D domain,
as demonstrated in Figs. 2.11(c,d), which further substantiates this central role.
(Here Wu

2D(nP) and W s
2D(nL) are each represented by way of a single constituent

streamline.) Moreover, this reveals that manifolds Wu
1D(fP,1,2) set up a secondary

circulation normal to P akin to the inertia-dominated regime, which is particularly
visible in the corresponding Poincaré section in Fig. 2.11(d). Note that the latter
corresponds with larger portions of the streamlines than shown in Fig. 2.11(c).
Comparison of Fig. 2.11(d) with Fig. 2.9(c) reveals that manifolds Wu

1D(fP,1,2)
outline the above-mentioned separatrix between the primary and secondary KAM
tori. This is elaborated in Section 2.5.2.

The Poincaré section of W s
2D(nL) (green markers) clearly signifies chaotic be-

haviour that, given being interspersed with the Poincaré sections of Wu
2D(nP)

(black markers), Wu
1D(nL) (red markers) and Wu

1D(fP,1,2) (blue/cyan markers),
ensues from heteroclinic intersections W s

2D(nL) ∩ Wu
2D(nP) and Wu

1D(fP,1,2) ∩
W s

2D(nL) and homoclinic intersections W s
2D(nL) ∩ Wu

1D(nL). Intersections be-
tween these manifolds (and possibly those of further undetected stagnation points)
namely are signatures of chaotic dynamics [102, 119]. Note that Wu

1D(nL) and
Wu

2D(nP) cannot intersect on grounds of equal stability properties. Moreover, re-
striction of W s

1D(nP) to P due to reflectional symmetry (2.4) excludes this entity
from involvement in the 3D chaotic dynamics.

Arrangement of coherent structures

The 1D manifolds Wu
1D of foci fP,1,2 tend to converge on NSS nL, which must

be attributed to the heteroclinic intersections Wu
1D(fP,1,2) ∩ W s

2D(nL), and thus
describe a cocoon-like ‘skeleton’ that forms the ‘backbone’ of a chaotic region. This
structure is clearly outlined by the blue/cyan markers and curves in Figs. 2.11(d)
and 2.12(a), respectively, and partitions the subregion on each side of P into a
zone interior and exterior to the skeleton. Thus the skeleton constitutes the above-
mentioned separatrix between primary (exterior zone) and secondary (interior zone)
tori. The skeleton consisting of streamlines, i.e. Wu

1D(fP,1,2), means that the par-
titioning is not strict; transport across this entity is possible yet severely impeded.
Hence, the skeleton defines a porous transport barrier reminiscent of cantori [94]
and typically restricts tracers to one zone for prolonged periods of time. This is
demonstrated in Fig. 2.11(d) by the Poincaré sections of streamlines belonging to
Wu

2D(nP) (black markers) and Wu
1D(nL) (red markers). Both streamlines remain

trapped in the skeleton proximity for a substantial time, yet eventually ‘escape’
near P (dashed line) into the exterior zone. (Note that the ‘reversed-flow’ stream-
lines adjacent to symmetry plane P in [97] closely resemble Wu

1D(fP,1,2), lending
credence to the earlier remark in Section 2.4.2 that they likely belong to the above-
mentioned chaotic region.)
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(a) (b)

(c) (d)

Figure 2.12: Typical bifurcated 3D flow topology in subregion 0 ≤ y ≤ 1/2 sep-
arated by P (dashed/shaded) demonstrated for Pr = 7 and Gr = 2.5 × 104: (a)
formation of ‘skeleton’ by Wu

1D(fP,1,2) (blue/cyan) centred on L (magenta) parti-
tioning shown subregion into interior and exterior zones; (b) interior (green) and
exterior (red) families of KAM tori separated by ‘skeleton’; (c) interior (light grey)
and exterior (dark grey/black) chaotic streamlines; (d) Poincaré section x = 1/2
(shows larger portion of chaotic streamlines than in panel c).
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The skeleton region originates from intricate manifold interactions corresponding
with isolated stagnation points and, given the Hamiltonian structure of the La-
grangian equations of motion (Section 2.3.4) breaks down near such points [11], ac-
commodates essentially 3D non-Hamiltonian dynamics. The Lagrangian behaviour
within the zones interior and exterior to the skeleton, on the other hand, retains its
Hamiltonian nature and thus is essentially similar to that in the inertia-dominated
regime shown in Fig. 2.7. The flow topology in each zone namely consists of a
single family of KAM tori centred on L, viz. said primary (exterior) and secondary
(interior) tori, of which one specimen is highlighted in green and red, respectively,
in Fig. 2.12(b), and island chains (not shown). These coherent structures, in turn,
are surrounded by chaotic streamlines, with one interior and two exterior speci-
mens indicated in light grey and black/dark grey, respectively, in Fig. 2.12(c). The
corresponding Poincaré section is given in Fig. 2.12(d) and exposes the full topo-
logical make-up. (The 3D perspective shows only part of the chaotic streamlines
for reasons of legibility.) The interior chaotic streamline further demonstrates the
nature and impact of the skeleton on the Lagrangian dynamics by remaining con-
fined to this zone for a prolonged period of time before eventually ‘escaping’ into
the chaotic region of the exterior zone. Note that the relatively denser winding
of the exterior chaotic streamlines indicates a lower intensity in chaotic dynamics
compared to the interior zone.

Examination of the post-bifurcation topologies for Pr = (20, 50, 100) reveals essen-
tially the same behaviour as above for Pr = 7. Secondary tori appear near bounding
wall y = 0 and gradually expand towards symmetry plane P with increasing Gr in
the way demonstrated in Fig. 2.9. The concurrent emergence of stagnation points
on symmetry line L implies that similar heteroclinic manifold interactions underlie
the 3D flow topology. Hence, case Pr = 7 indeed is typical of the behaviour for
‘larger’ Pr.

2.5.3 Absence of secondary tori (fluids with ‘smaller’ Pr)

A typical bifurcated 3D flow topology without secondary tori occurring for ‘smaller’
Pr (i.e. Pr < Pr∗) is demonstrated below for Pr = 0.71 and Gr = 7.2 × 104. The
skeleton defined by the 1D manifolds of the foci fP,1,2 emerging from symmetry
plane P remains a key entity in the bifurcated flow topology in the case stagnation
points on L are absent yet its extent and impact change significantly relative to
the above.

Fig. 2.13(a), for example, shows said 1D manifolds (blue/cyan) for Pr = 0.71 and
Gr = 7.2 × 104 in conjunction with L (magenta) and a single streamline within
the 2D manifold of nP (black). (Note that this concerns original stability of the
saddle-foci arrangement, i.e. W s

1D(fP,1,2) and W s
2D(nP); this is of secondary im-

portance for the global 3D Lagrangian dynamics for reasons mentioned before.)
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(a) (b)

Figure 2.13: Bifurcated 3D flow topology in subregion 0 ≤ y ≤ 1/2 separated by
P (dashed/shaded) for Pr = 0.71 and Gr = 7.2 × 104: (a) formation of ‘skeleton’
by W s

1D(fP,1,2) (blue/cyan) centred on L (magenta) and encircled by a single
streamline within W s

2D(nP) (black); (b) Poincaré section x = 1/2 (shows larger
portion of streamlines than in panel a).

Manifolds W s
1D(fP,1,2) again describe a cocoon-like skeleton and act as ‘centres’

about which W s
2D(nP) progressively coils up. However, unlike the ‘larger’-Pr case,

here the skeleton is far more erratic and spread-out, as visualised by the correspond-
ing Poincaré section in Fig. 2.13(b). Hence, the skeleton demarcates a large-scale
chaotic region enveloping the single family of KAM tori and island chains shown in
Fig. 2.4(c) instead of a cantorus-like transport barrier that effectively partitions the
domain into zones with primary and secondary tori. Thus absence of stagnation
points on L yields a bifurcated flow topology that, consistent with the tendency
towards inertia-dominated dynamics for ‘smaller’ Pr (Section 2.4.3), closely resem-
bles the pre-bifurcation state Gr < Gr∗ (Section 2.4.1). An essential difference with
the latter is that here the chaotic region, besides Hamiltonian chaos connected with
breakdown of KAM tori, furthermore involves non-Hamiltonian chaos due to the
manifolds associated with stagnation points within P.

2.6 Conclusions

The present study concerns the Lagrangian dynamics of three-dimensional (3D)
buoyancy-driven cavity flows under steady and laminar conditions due to a global
temperature gradient imposed via an opposite hot and cold sidewall. This serves
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as the archetypal configuration for natural-convection flows in which (contrary to
the well-known Rayleigh-Bénard flow) gravity is perpendicular (instead of parallel)
to the global temperature gradient. Limited insight into the Lagrangian properties
of this class of flows, despite its relevance to observed flow phenomena as well as
scalar transport, motivates this study. The Lagrangian dynamics are investigated
in terms of the generic structure and associated transport properties of the global
streamline pattern (‘Lagrangian flow topology’) by both theoretical and computa-
tional analyses. The main findings on this study are summarised below. Moreover,
an outlook to follow-up research is provided.

Two fundamental states can be distinguished on the basis of Grashof number Gr:
linear limit Gr = 0 and nonlinear regime Gr > 0. Former and latter states are
characterised by closed and (generically) non-closed streamlines, respectively. Sym-
metries render the buoyancy-driven flows dynamically/topologically analogous to
single-wall lid-driven cavity flows. This implies two fundamental similarities be-
tween both flow classes: (i) diffeomorphic Lagrangian flow topologies (at least
under weakly nonlinear conditions); (ii) a (locally) Hamiltonian structure of the
3D Lagrangian equations of motion. This has the important consequence that the
response of the flow topology in the nonlinear regime Gr > 0 (initially) follows the
same universal Hamiltonian route as the single-wall lid-driven flows: coalescence
of closed streamlines into two families of tori (separated by the symmetry plane
midway between the adiabatic sidewalls) for ‘small’ Gr > 0 and their progressive
disintegration into chaotic streamlines with growing Gr. The physical mechanism
triggering this behaviour is symmetry breaking due to nonlinearities introduced by
fluid inertia and convective heat transfer.

Fluid inertia is the prevailing symmetry-breaking mechanism for ‘small’ Gr and
thus explains the (initial) dynamic similarity with lid-driven flows upon progres-
sively introducing nonlinearity from the linear limit Gr = 0. The corresponding
global flow topology is governed by a single focus-type stagnation point; its 2D
and 1D manifolds define the above separating symmetry plane and toroidal axis
of the (disintegrating) tori, respectively. However, for sufficient Gr, convective
heat transfer gives rise to significant asymmetry of the temperature field and, in
consequence, the buoyancy force. This results in a buoyancy-induced pitchfork bi-
furcation of the flow topology within the symmetry plane from a single focus into a
node/saddle/saddle (NSS) with accompanying pair of foci upon exceeding a finite
threshold for Gr. The pitchfork bifurcation underlies the emergence of ‘secondary
rolls’ reported in numerous studies in the literature. Symmetries and topologi-
cal invariance in conjunction with physical considerations regarding thermal/flow
phenomena imply that, irrespective of Pr, the system always follows this scenario
upon increasing Gr from the linear limit Gr = 0. However, the bifurcation thresh-
old for Gr decreases with increasing Pr due to a transition from inertia-dominated
to buoyancy-dominated dynamics at ‘small’ and ‘large’ Pr, respectively.

The global impact of the bifurcation can be distinguished into two cases: bifur-
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cated flow topologies with and without secondary tori emerging adjacent to the
original (‘primary’) tori at the adiabatic sidewalls. This qualitatively depends on
the Prandtl number Pr in that former and latter case tend to correspond with
‘larger’ and ‘smaller’ Pr, respectively. Given the transition from inertia-dominated
to buoyancy-dominated dynamics with increasing Pr, this designates secondary tori
as a buoyancy-induced phenomenon that occurs upon exceeding a certain threshold
for Pr. Such secondary tori have, to the best of our knowledge, not been explicitly
reported before and intimately relate to the occurrence of stagnation points outside
the above-mentioned symmetry plane.

The global post-bifurcation flow topology closely resembles the pre-bifurcation state
in the case such points are absent; the bifurcation of the focus into an NSS and
foci only has a localised effect. Presence of such points, on the other hand, results
in the formation of a cocoon-like ‘skeleton’ due to intricate heteroclinic manifold
interactions of stagnation points within and outside the symmetry plane. This
entity partitions the subregion on each side of said plane into a zone interior and
exterior to the skeleton and constitutes the ‘separatrix’ between primary (exterior
zone) and secondary (interior zone) tori.

The global 3D flow topology is ‘shaped’ by stagnation points in the symmetry
plane/line and their manifold interactions. Hence, further investigation of these
entities versus the system parameters by the adopted approach enables compre-
hensive (Lagrangian) characterisation of the flow and transport properties of 3D
buoyancy-driven flows. The generality of the Lagrangian methodology admits es-
sentially the same strategy for the natural counterpart to the current system, i.e.
Rayleigh-Bénard flows, as well as more complex thermally driven flows involving,
for example, magnetic or radiative effect [22, 68, 153], buoyancy-driven flows in
porous media [137], double-diffusion flows [138], different thermal boundary con-
ditions [144], buoyancy effects in lid-driven flows [143] or inclination of the global
temperature gradient relative to gravity [165, 166]. Proper parameterisation for
smooth introduction of nonlinear effects and a priori designation of existence re-
gions for stagnation points by symmetry analyses facilitates a tractable and system-
atic Lagrangian investigation via (solenoidal representations of) the velocity field
in basically any of these systems. Extension of this ansatz to critical points in the
fluid trajectories of unsteady flows (e.g. periodic points in time-periodic buoyancy-
driven flows [38]) may shed light on outstanding issues such as the transition to
unsteady 3D buoyancy-driven flow [88].

Dedicated laboratory experiments are imperative for exhaustive Lagrangian analy-
ses on thermally driven flows and may be realised in two ways. First, exploitation
of analogies between flow classes as, for example, the dynamic similarity of the pre-
bifurcation buoyancy-driven flow with lid-driven cavity flows. This may, for exam-
ple, enable investigation of Lagrangian properties of the pre-bifurcation regime with
advanced 3D Lagrangian measurement techniques as 3D particle-tracking velocime-
try (3DPTV) using (adapted versions of) the experimental set-up of [176, 180].
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Second, integration of Lagrangian techniques as 3DPTV in experimental set-ups
employed in, for example, [70, 71, 73, 74, 79, 80, 83, 100, 123]. Efforts to this effect
are presented in Chapter 3.



Chapter 3

Topological equivalence
between 3D steady cavity

flows
1

The present study concerns Lagrangian transport and (chaotic) advection in three-
dimensional (3D) flows in cavities under steady and laminar conditions. The main
goal is to investigate topological equivalences between flow classes driven by differ-
ent forcing; streamline patterns and their response to nonlinear effects are exam-
ined. To this end, we consider two prototypical systems that are important in both
natural and industrial applications: a buoyancy-driven flow (differentially-heated
configuration with two vertical isothermal walls) and a lid-driven flow governed
by the Grashof (Gr) and the Reynolds (Re) numbers, respectively. Symmetries
imply fundamental similarities between the streamline topologies of these flows.
Moreover, nonlinearities induced by fluid inertia and buoyancy (increasing Gr) in
the buoyancy-driven flow versus fluid inertia (increasing Re) and single- or double-
wall motion in the lid-driven flow cause similar bifurcations of the Lagrangian flow
topology. These analogies imply that Lagrangian transport is governed by universal
mechanisms and differences are restricted to the manner in which these phenomena
are triggered. Experimental validation of key aspects of the Lagrangian dynam-
ics is carried out by particle image velocimetry (PIV) and 3D particle-tracking
velocimetry (PTV).

1 This chapter has been published as P. S. Contreras, I. Ataei-Dadavi, M. F. M. Speetjens,
C. R. Kleijn, M. J. Tummers & H. J. H. Clercx. Topological equivalence between two classes
of three-dimensional steady cavity flows: A numerical-experimental analysis. Phys. Fluids 31
(2019), p. 123601. The experiments in the buoyancy-driven flow discussed in this paper [37] are
carried out by Iman Ataei-Dadavi.
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3.1 Introduction

Transport under laminar flow conditions and chaotic advection are key to natural
and industrial systems involving small-scale flows or viscous flows in, for exam-
ple, microfluidics, biological flows or geophysics [4, 162]. Chaotic advection is
understood in the present context as purely kinematic, the solution of the advec-
tion equations (that describes the motion of passive tracers) exhibits a chaotic
behaviour [3, 4, 119, 162]. Closely related to chaotic advection is the ‘Lagrangian
flow topology’ (or global streamline pattern for steady flows) and its response
to nonlinearities. This is fundamental to the analysis of transport phenomena
[3, 4, 13, 16, 24, 95, 161, 162].

Flows in cavities are one of the canonical configurations to study Lagrangian trans-
port and chaotic advection in three-dimensional (3D) laminar flows [162]. In this
context, buoyancy-driven and lid-driven flows have been considered as archetypal
configurations to study fundamental aspects of advection [3, 4, 7, 8, 35, 85, 88, 120,
141, 142, 149, 162]. The main goal of this study is to investigate universal phe-
nomena in 3D cavity flows and to this end, buoyancy-driven and lid-driven flows
are adopted as representative systems. Limited insight into Lagrangian transport
in this class of flows, crucial to further technological development, motivates this
study.

The 3D cavity flows studied here are steady and laminar. A smooth introduction
of the nonlinear effects is accomplished by increasing the governing parameters
which are kept well below the onset of unsteadiness so as to ensure steady flows;
see e.g. [70, 131, 145] for comparable flow conditions. The buoyancy-driven flow is
generated by a horizontal temperature gradient (differentially-heated cavity with
two opposite isothermal vertical walls). Two driving modes are considered in the
lid-driven flow: single- and double-lid forcing. This study mainly focuses on the
buoyancy-driven flow in the large Prandtl number (Pr) case, and its comparison
with the double-lid-driven flow (anti-parallel motion at the same speed of two facing
walls). Former and latter flows are governed by the Grashof (Gr) and Reynolds (Re)
numbers, respectively. Moreover, we consider flows in cavities of unit aspect ratio,
a cubical differentially-heated system and a lid-driven flow in a square cylinder
(height/diameter = 1).

We further investigate the strong similarity and analogy between flows exposed
in Chapter 2. This includes single-lid-driven flows (only one endwall moves) and
the changes induced by double-lid-forcing. The response to nonlinearities in the
buoyancy-driven flow has an equivalent counterpart in lid-driven flows: (i) the limit
of vanishing Gr yields the same topology as the Stokes limit (Re = 0) of single-
lid-driven flows. (ii) Increasing Gr changes the flow topology in a similar way as
introducing fluid inertia (Re > 0) in the single-lid-driven case. (iii) Further increas-
ing Gr generates a buoyancy-induced bifurcation of the streamline pattern that is
reminiscent of double-lid-driven flows. The symmetry properties of the cavity flows
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implicate their topological similarities. This allows for a fundamental analysis while
introducing nonlinear effects on two levels: (i) dynamics in the symmetry plane,
and (ii) 3D dynamics outside the symmetry plane.

Furthermore, a comparative numerical-experimental analysis is presented in order
to validate and highlight the practical relevance of the studied Lagrangian dynam-
ics. Particle image velocimetry (PIV) is considered to study the dynamics in the
symmetry plane (in the case of the buoyancy-driven flow), and experimental anal-
ysis of tracer motion is performed by 3D particle-tracking velocimetry (PTV) for
the double-lid-driven flow.

To date, both the buoyancy-driven and lid-driven flows have been widely consid-
ered in literature because of their rich dynamics from a fundamental fluid mechanics
point of view and their relevance to applications. However, there are still few 3D
studies concerning the present cavity flows and, in particular, their Lagrangian
properties. Research has shown that bifurcations occur in this type of flows, pro-
moting complicated Lagrangian dynamics [70, 91, 139, 140, 146]. However, such
bifurcations in 3D have been less investigated than in the 2D case. This motivates
the present study that examines the evolution of the streamline topologies as non-
linearities are introduced (increasing Gr, Re). Such evolution is also relevant to
the onset of chaotic advection (involving break-up of transport barriers) since a
substantial number of studies often consider the response of non-chaotic systems
to small perturbations (e.g. Stokes flow regime) [4, 162].

A review of pioneering studies on the buoyancy-driven flow is presented in [101] (see
also Chapter 2). In this configuration, extensive research has considered simplified
situations in unbounded regions in which one of the aspect ratios tends to infinity.
The objective in several of these studies is the understanding of the onset and the
development of time-dependent flows focusing on low Pr fluids [101, 105]. A large
body of literature has investigated fundamental aspects in 2D and 3D rectangu-
lar cavities, see e.g., Refs. [54, 77, 78, 134] and references therein. Experimental
visualization of flow structures can be found in Refs. [70, 71, 92], for example. A
numerical study of an air-filled cavity (Pr = 0.71) considering bifurcations and
the route to chaos with increasing values of the governing parameter is found in
Refs. [91, 146]. Insight into Lagrangian transport in this configuration is relevant
to buoyancy-driven flows involving additional effects, such as wall and medium
radiation [153] or external vibration [23], inclination of the temperature gradient
[147, 171], time-periodic flows composed of reoriented steady flows [38] or unsteady
effects [93].

Similar to the situation of the buoyancy-driven flow, 3D studies on the double-lid-
driven flow remain limited; challenges in the 3D case appear due to the greater
topological complexity of 3D flows compared to their 2D counterparts [140, 141].
A recent review of studies on the 2D and 3D single- and double-lid-driven flows is
presented in Ref. [85]. In particular, evolution in the dynamics of the double-lid
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system with increasing nonlinearities in 2D cavities and in a 3D spatially-periodic
(unbounded) flow can be found in Refs. [63, 135], respectively. Experimental studies
on this flow configuration are performed in, e.g., Refs. [21, 84, 148].

The present work substantiates the universality of key aspects of the Lagrangian
dynamics. In particular, the 3D flow topology of the double-lid-driven system is
characterised by similar secondary toroidal structures as found in the buoyancy-
driven flow. The appearance of these structures is understood in terms of the
corresponding symmetries, and the evolution of tori families is governed by generic
Hamiltonian mechanisms.

This chapter is organised as follows. The flow models, tracer kinematics, and
numerical methods are introduced in Section 3.2. In Section 3.3 the details of
the experimental methods are described. The comparative numerical-experimental
analysis of the flow topology and Lagrangian dynamics is discussed in Section 3.4.
Conclusions are drawn in Section 3.5.

3.2 Problem definition

3.2.1 Buoyancy-driven flow

We consider the steady flow in a differentially-heated cubical cavity (side length
H) driven by buoyancy under laminar conditions. Two opposite vertical walls are
isothermal and held at different temperatures, TH at the left hot wall and TC at
the right cold wall. The other four walls are thermally insulated. Furthermore, the
no-slip condition for the velocity (u = 0) is considered on all boundaries. Gravity
acts in the negative z-direction and the origin of the frame of reference is located
in a corner of the cube (see Fig. 3.1a).2

The fluid is assumed to be Newtonian with constant physical properties except
for the density in the buoyancy term following the Boussinesq approximation. The
steady buoyancy-driven flow at strongly laminar conditions is governed by the mass,
momentum and energy conservation equations in non-dimensional form (Chapter 2)

∇ · u = 0, Gru · ∇u = −∇p+∇2u+ Tez, Gr Pru · ∇T = ∇2T, (3.1)

parameterised by the Prandtl Pr = ν/α and Grashof Gr = gβ∆TH3/ν2 numbers.
Non-dimensional form (3.1) relies on the scaling x′ = Hx, u′ = Uu, p′ = Pp
and T ′ = T0 + T∆T . In the previous expressions U = gβ∆TH2/ν, P = µU/H,
and ∆T = TH − TC , with g the gravitational acceleration, ez the z-wise unit
vector, µ the dynamic viscosity, ν = µ/ρ the kinematic viscosity, β the thermal

2Note that left and right walls are interchanged compared with the system considered in
Chapter 2 due to practical reasons in the laboratory set-up.
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Figure 3.1: Schematic of the 3D steady cavity flows. (a) Buoyancy-driven flow in
a cubic cavity. (b) Double-lid-driven flow in a cylindrical cavity.

expansion coefficient and α the thermal diffusivity. Note that Gr = UH/ν = Re;
the Reynolds number and Eqs. (3.1) govern the steady buoyancy-driven flow at
low Gr. The non-dimensional problem corresponds to a differentially-heated cavity
with unit side length and thermal boundary conditions T = 1 at x = 0 and T = 0
at x = 1.

3.2.2 Double-lid-driven flow

We consider 3D flows inside a square cylinder (radius R and height H = 2R) driven
by the steady and simultaneous translation of the bottom and top walls. The walls
move a distance Dwall with the same constant velocity magnitude uwall in opposite
direction; positive and negative x-directions for bottom and top walls, respectively.
The mantel of the cylinder is stationary (u = 0 at the boundary). A schematic of
the configuration is shown in Fig. 3.1(b). The flow is governed by the steady and
non-dimensional continuity and momentum equations

∇ · u = 0, Reu · ∇u = −∇p+∇2u, (3.2)

with the Reynolds number Re = uwallR/ν as the control parameter. In Eqs. (3.2),
u and p are the non-dimensional fluid velocity and pressure, respectively. This
assumes a dominance of viscous over inertial forces and the following scaling x′ =
Rx, u′ = uwall u, p′ = Pp with P = uwall ρν/R. The cylinder C : [r, θ, z] =
[0, 1] × [0, 2π] × [−1, 1] is the associated flow domain. Note that the origin of the
frame of reference is chosen to be at the center of the cylinder (Fig. 3.1b). The
non-dimensional wall displacement is D = Dwall/R.

The single-lid-driven flow is governed by Eqs. (3.2) with boundary condition at the
top wall, utop = 0. In Section 3.4.1 the fundamental states of lid-driven flows are
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presented; the flow topology of single-lid-driven flows and the changes induced by
double-lid forcing are introduced.

3.2.3 Tracer kinematics

The motion of passive tracers advected by the steady velocity field u is governed
by the kinematic equation with corresponding solution

dx

dt
= u(x), x(t) = Φt(x0). (3.3)

The continuous flow Φt describes the Lagrangian tracer trajectory from the initial
x0 to the current position x(t). The Lagrangian fluid trajectories are described
by curves x(t) parameterised by t. These coincide with streamlines in the present
context of steady flows.

A representation of the 3D flow x(t) = Φt(x0) by a 2D map Φ is possible due to
the existence of a circulatory structure in cavity flows according to

xk+1 = Φ(xk), (3.4)

with xk = (yk, zk) the kth intersection of the 3D fluid trajectory starting at x0

with a given plane. The intersections of the streamline with this plane form a
sequence of planar positions and constitute the corresponding Poincaré section
(see Chapter 2). Both representations of the dynamics in terms of 3D streamlines
and Poincaré sections will be employed in this study.

3.2.4 Numerical methods

The numerical simulation of the flow fields governed by Eqs. (3.1) and (3.2) is
performed using the commercial CFD package COMSOL Multiphysics. Standard
settings are considered using the modules Laminar Flow and Heat Transfer in

Fluids. In the case of the lid-driven flow, a Physics-controlled mesh with an
extra fine element size is used. The computational mesh consists of O(106) ele-
ments. Tests with refined meshes revealed the robustness of the presented topolog-
ical features. The tolerance factor for the nonlinear solver is set to yield residuals of
O(10−10−10−12). Similar solver properties are considered for the buoyancy-driven
flow, see Chapter 2 for details.

Lagrangian tracer paths are determined by numerical integration of the advection
equation (3.3) using a dedicated tracking algorithm implemented in MATLAB [40].
Integration of the kinematic equation uses an explicit third-order Taylor-Galerkin
scheme with adaptive step size. The reliable isolation of the fundamental topo-
logical structure by the considered numerical scheme (consistent with theoretical
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considerations) indicates the requirement of an adequate degree of resolution (see
the discussion below).

In Ref. [40], a comparative analysis of the particle tracking scheme using the COMSOL
field and its projection onto a divergence-free basis constructed from Chebyshev
polynomials (spectral approach) is performed. The COMSOL field is able to dis-
play fundamental topological properties; the employed numerical scheme using the
COMSOL field adequately resolves the formation of closed streamlines for the Stokes
flow and the response to perturbations following Hamiltonian mechanisms (e.g.,
formation of toroidal structures). Computational departures from the incompress-
ibility constraint in the COMSOL field lead, however, to numerical artefacts in the
Lagrangian dynamics for long integration times. This involves poor resolution of
the small-scale features in the Poincaré sections for further increasing the governing
parameter (e.g., island-chain formation). The projected field satisfies incompress-
ibility up to machine accuracy and enables reliable simulation of, in particular, the
small-scale dynamics.

Based on the previous considerations, we present in Section 3.4 a detailed nu-
merical analysis of the buoyancy-driven and lid-driven flows. This includes the
main features of the Lagrangian dynamics using the COMSOL field (resolution of the
fundamental topological properties such as relevant structures and bifurcations of
the streamline patterns), and long-term dynamics and small-scale features of the
Poincaré sections of the buoyancy-driven flow using the spectral representation of
the COMSOL field according to Chapter 2 and Appendix A. The numerical study of
flows concerns a qualitative comparison between the flow topology and associated
structures. All results are critically compared with theoretical predictions based
on the symmetries governing the Lagrangian dynamics (Section 3.4.1) and exper-
imental measurements when possible (see Section 3.3 and Sections 3.4.2, 3.4.3).
Regarding the double-lid-driven flow, the particle tracking performance is exam-
ined in Appendix B. This includes a comparison between the streamline patterns
obtained with the COMSOL field and a semi-analytical solution (Re = 0), and com-
putation of the Lagrangian dynamics with increased mesh resolution O(3 × 105)
versus O(106) (Re > 0). This reveals adequate resolution and robustness of the
simulated topological features.

3.3 Experimental methods

3.3.1 Buoyancy-driven flow

The laboratory set-up consists of a cubical convection cell (H = 77 mm). This
set-up is essentially a modified version of that utilised in Refs. [9, 10] (see the
sketch in Fig. 3.2a). Copper plates serve as isothermal hot and cold walls (left and
right vertical walls, respectively). The other walls are made of glass. The left wall



62 Chapter 3. Topological equivalence between 3D steady cavity flows

(a) (b)

Laser

Lens
Mirror

Camera

Cameras

Lamps

Moving lids

x
y

z

0

g

x

y

z 0

Figure 3.2: Schematic of the laboratory set-ups. (a) PIV in the buoyancy-driven
flow. (b) PTV in the double-lid-driven flow.

is heated using an electrical heating foil (Minco HK5955) attached to the copper
plate. The right wall is cooled using water from a thermostatic bath (Julabo FP51)
flowing through channels inside the wall.

The working fluid is glycerol (Boom B.V.), with density ρ = 1260 kg m−3 and
Pr ∼ 1.1 × 104 (α = 9.45 × 10−8 m2/s, ν = 1.04 × 10−3 m2/s). The temperature
difference between the vertical walls is varied in the interval ∆T ∈ [1.3, 21.5] oC
(corresponding to Gr ∈ [2.6, 43]). (The analysis in Section 3.4.2 mainly concen-
trates on small Gr (∆T ≤ 3.3 oC) in order to reduce the effects of the temperature
dependence of the fluid viscosity. Non-constant viscosity effects are mentioned as
source of the differences between experiments and simulations.) The temperatures
of the hot and cold plates are kept symmetrically about the laboratory ambient
temperature of 22 oC in order to minimise heat losses to the surroundings. The
temperature of the vertical walls is monitored using Pt100 sensors (Omega Engi-
neering) with an inaccuracy of 0.03 oC. The maximum observed non-uniformities of
wall temperatures (examined by measuring the temperature at different locations
in the plates) are ∼ 0.03 oC and ∼ 0.01 oC for heated and cooled plates, respec-
tively. The Pt100 sensors are embedded in designed holes inside the copper plates;
temperatures are collected by a data acquisition module and monitored using a
logging software [9]. (Once the measured temperatures do not vary more than 0.01
oC for a time duration of at least 15 minutes, the average temperature obtained
by two sensors in each copper plate is considered as the wall temperature.)

Particle image velocimetry (PIV) measurements are performed to obtain highly
resolved 2D velocity fields in the mid-plane of the cavity (Fig. 3.2a). A light sheet
of approximately 2 mm thickness is created using a diode-pumped solid-state laser,
wavelength of 532 nm and power of 0.8 W (Pegasus). A cylindrical lens and a
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mirror are used in order to illuminate the convection cell from the top.

The fluid is seeded with hollow glass spheres (density ρp = 1100 kg m−3, mean
diameter dp = 10µm, Dantec Dynamics). The gravitationally induced particle

velocity is Up =
|ρp−ρ|
18µ gd2p ∼ 7 × 10−9 m/s. Typical experimental velocities

are Uexp ∼ 50 µm/s and 270 µm/s in the high-velocity regions for minimum and
maximum Gr, respectively. Therefore, Up/Uexp ∼ 10−4 and settling effects can
be neglected. Since the particle Stokes number St = Tp/Tf ≈ 0, particles can be
considered passive tracers. With Tp = ρpd

2
p/(18µ) the particle response time and

Tf = H/Uexp the characteristic time scale in the flow.

Particle images are recorded using a PIV camera with 1376 × 1040 pixels resolu-
tion (LaVision). Velocity vectors are calculated from the raw images based on a
multi-pass cross-correlation with final interrogation windows of 16× 16 pixels and
an overlap of 50% using the LaVision software (Davis 8.4.0). The time difference
between consecutive images is adjusted to have a maximum particle image dis-
placement of about 6 pixels at each experiment for a fixed temperature difference.

The mean velocity fields are determined by averaging over 3600 instantaneous ve-
locity fields in the steady state. The uncertainty of the mean PIV velocity vectors
is less than 1% of the maximum velocity in the cavity. Typical duration of experi-
ments is between five hours (at the minimum ∆T ) and two hours (at the maximum
∆T ). From the calculated velocity fields, the streamlines of the steady flow are ob-
tained using the before mentioned LaVision software with standard settings of the
interpolation factor.

3.3.2 Double-lid-driven flow

Experimental analysis of tracer motion in the double-lid-driven flow is carried out
by 3D particle-tracking velocimetry (PTV) using the laboratory set-up introduced
in [157]. It consists of a container filled with water (ν ∼ 10−6 m2/s) into which
a transparent Perspex cylinder (R = 35 mm, H = 70 mm) is submerged (see
Fig. 3.2b). Wall displacement is Dwall = 200 mm (this is restricted by the finite-
size walls/container). The wall velocity is varied in the interval uwall ∈ [0.5, 1] mm/s
with an inaccuracy below 0.1%. This yields an experimental Reynolds number in
the interval Re ∈ [17.5, 35].

The fluid is seeded with fluorescent polyethylene particles (diameter dp = 75-90µm,
density ρp = 1002 kg m−3), which are illuminated by four LED arrays. Salt is
added to water in order to nearly match the density of the tracer particles, re-
sulting in ρ = 1001.7 kg m−3. The tracers are tracked by four CCD cameras,
8-bit 1600×1200 pixels (MegaPlus II ES2020, Redlake) with B+W (orange 550)
filters (Schneider Optische Werke GmbH), recording at a frame rate of f = 0.5 Hz
synchronous with the illumination. The particle tracking velocimetry algorithm
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developed at ETH (Switzerland) is applied to recover the 3D tracer trajectories
[175, 180]. A low seeding density (∼ 50 particles) facilitates particle matching and
isolation of complete trajectories (total duration of the experiment).

Since the Strouhal number is Sr = Tν/Texp ∈ [3, 6], unsteady transient effects are
expected in the experiments. With Tν = R2/ν = 1225 s the viscous time scale, and
Texp = Dwall/uwall ∈ [400, 200] s the forcing time scale. The initial time lapses, as-
sociated with the essentially time-dependent acceleration stage, are excluded from
the experimental trajectories presented in Section 3.4.3 in order to diminish the
influence of transients. For the experimental velocity range, the considered time
span τ (tracking interval) varies from 70 s to 40 s for minimum and maximum
uwall, respectively. It was verified numerically (by monitoring the time evolution of
the velocity components at different locations in the cavity and instantaneous flow
patterns) that during the considered experimental tracking intervals, the experi-
mental tracer trajectories should approach the final streamline patterns (essential
for the purpose of this investigation). This is elaborated below.

The computations reveal that transients can be neglected after ∼ 300 s for the
considered velocity range. For the minimum wall velocity, this means that the
experimental tracer trajectories represent the streamlines in the steady state. For
the higher explored wall velocities, the numerical analysis reveals that convergence
to the steady streamline topology occurs relatively fast and is reached earlier than
that of the velocity field itself. That is, small variations in the velocity field (caused
by transients) do not produce a change in the streamline topology (differences are
entirely quantitative). A qualitative comparison between simulated (steady state)
and experimental tracer trajectories is presented in Section 3.4.3.

Moreover, tracking of tracers without wall motion was performed in order to es-
timate the order of magnitude of experimental disturbances that act as a natural
perturbation (e.g., thermal room conditions originated by the presence of elec-
tronic equipment). A circulatory-type of motion was observed consistent with a
buoyancy-induced perturbation with corresponding drift velocity vp . 0.1 mm/s.
In Section 3.4.3 the effect of experimental disturbances is discussed.

3.4 Flow topology

3.4.1 Equivalences between flow classes

We start this section by introducing key analogies between flows in terms of the
governing equations (Section 3.2) and symmetry properties. A summary from
Chapter 2 of the buoyancy-driven flow is presented. Regarding lid-driven flows, the
fundamental states of the flow topology of single-lid-driven flows and the changes
induced by double-lid forcing are considered.
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Figure 3.3: Topological equivalences between flow classes. Buoyancy-driven flow
(top row). Lid-driven flows (bottom row). (Ib,IIb) Single-lid-driven flow. (IIIb)
Double-lid-driven flow. (I) Gr, Re = 0. (II) 0 < Gr < Gr∗, Re > 0. (III) Gr > Gr∗,
Re > 0. Symmetry plane/line Pb,s,d/Lb,d (grey/dashed), stagnation point at the
cavity center (xc). Three trajectories are displayed, streamlines in Pb,s,d (black),
outside Pb,s,d (cyan/red). (IIa,IIIa) Pr = 1.1×104. (IIa) Gr = 2.6. (IIIa) Gr = 4.6.
(IIb) Re = 10. (IIIb) Re = 100. Pairs of points in (Ia), (Ib) and (IIa,IIIa,IIIb)
denote symmetries Sx,z, Sx and Sc, respectively.

Non-dimensional form (3.1) admits identification of two fundamental flow states.
(i) The linear limit Gr = 0, characterised by closed streamlines. System (3.1)
collapses on the Stokes limit −∇p+∇2u+ Tez = 0 and conductive limit ∇2T =
0. (ii) The nonlinear regime Gr > 0, where generically non-closed streamlines
are present and the convective terms in the governing equations become relevant.
Analogous states exist for lid-driven flows corresponding to cases Re = 0 and
Re > 0 in Eqs. (3.2), respectively [140, 157, 159].

The topological similarity between buoyancy-driven and lid-driven flows is caused
by the corresponding symmetries. Furthermore, symmetries enable the introduc-
tion of equivalences between the streamline patterns of both flows (represented by
regimes I-III in Fig. 3.3; see the discussion below). In this figure, the mid-plane
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portrays a ‘left-right’ reflectional symmetry, and extra symmetries are illustrated
by pair of points. Subscripts b, s, d are used to indicate the buoyancy-driven and
single- and double-lid-driven flows, respectively.

The buoyancy-driven flow (3.1) displays the following two symmetries in the general
case Gr > 0 [101] (see also Chapter 2). Reflectional symmetry about the mid-plane
y = 1/2 (denoted Pb hereafter):

SP : (x, y, z)→ (x, 1− y, z), (ux, uy, uz, T̂ )→ (ux,−uy, uz, T̂ ). (3.5)

Centro-symmetry about the central transverse line x = z = 1/2 (denoted Lb here-
after):

SL : (x, y, z)→ (1− x, y, 1− z), (ux, uy, uz, T̂ )→ (−ux, uy,−uz,−T̂ ). (3.6)

With T̂ = T − 1/2 and T̂ez the effective buoyancy force (Chapter 2). Coexistence
of symmetries (3.5)-(3.6) translates into symmetry Sc = SL SP about the cavity
center xc that is a stagnation point, u(xc) = 0. Centro-symmetry (3.6) in the
limit Gr = 0 divides into the reflectional symmetries

Sx : (x, y, z)→ (1− x, y, z), (ux, uy, uz, T̂ )→ (ux,−uy,−uz,−T̂ ), (3.7)

Sz : (x, y, z)→ (x, y, 1− z), (ux, uy, uz, T̂ )→ (−ux,−uy, uz, T̂ ), (3.8)

about planes x, z = 1/2, respectively. Symmetries (3.5) and (3.7)-(3.8) represent
the constraining mechanism underlying the formation of closed symmetric stream-
lines, see e.g., Fig. 3.3 (Ia). Single-lid-driven flows in the Stokes limit possess sym-
metries (3.5) and (3.7) about planes y, x = 0, respectively (see e.g., Fig. 3.3 Ib).
The absence of symmetry (3.8) does not affect the topological equivalence with the
buoyancy-driven flow.

Breakdown of symmetries (3.7)-(3.8) and (3.7) for Gr, Re > 0, respectively, dictates
the formation of (generically) non-closed streamlines. The Lagrangian flow topol-
ogy consists of symmetrically arranged toroidal structures (primary tori). Stream-
lines in the mid-plane show an outward spiralling motion (Figs. 3.3 IIa,b), corre-
sponding to the existence of a focus-type stagnation point.

In the buoyancy-driven flow, xc bifurcates from a repelling focus for 0 < Gr < Gr∗

to a saddle for Gr > Gr∗, with Gr∗ the bifurcation threshold (Figs. 3.3 IIa,IIIa).
This bifurcation is accompanied by a pair of repelling foci in the symmetry plane.
(See Chapter 2 for details regarding the manifolds of stagnation points.) The
bifurcation threshold follows a hyperbolic relation

Gr∗ = aPrb, with (a, b) = (2.53× 104,−0.97), (3.9)

and stems from limits Pr → 0 (absence of convective heat transfer, fluid inertia
dominates) and Pr→∞ (symmetry breaking dominated by buoyancy) in Eqs. (3.1)
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(see Chapter 2). Double-lid forcing generates essentially the same bifurcation for
lid-driven flows in the case Re > 0; see Figs. 3.3 (IIb,IIIb).

Moreover, the double-lid-driven flow (3.2) for Re > 0 displays symmetries (3.5)-
(3.6). Reflectional symmetry about the mid-plane y = 0 (denoted Pd hereafter)
and centro-symmetry about the central transverse line x = z = 0 (denoted Ld
hereafter). Along Lb,d the only (in general) non-vanishing velocity component is
uy (i.e., ux = uz = 0) due to symmetry (3.6).

In summary, the response to nonlinearities in the buoyancy-driven flow has an
equivalent counterpart in lid-driven flows (this includes single- and double-lid forc-
ing). Equivalent flow topologies (see Fig. 3.3) result from the corresponding sym-
metries.

Two main cases can be distinguished in the buoyancy-driven flow at small and
large Pr, respectively. (In [40] the considered parameter range is 10−2 ≤ Pr ≤ 102

and ‘large Pr’ means Pr ≥ 7.) Only for large Pr, the existence of secondary tori
around Lb (displaying a reversed circulation) is observed. Increasing Gr causes
the progressive disintegration of tori into chaotic streamlines following universal
Hamiltonian mechanisms (governed by the Kolmogorov-Arnold-Moser (KAM) and
Poincaré-Birkhoff theorems) [119].

The emergence of secondary tori is caused by the existence of stagnation points
on Lb (whenever uy vanishes); details on this mechanism can be found in [40].
The presence of such points results in the formation of a ‘separatrix’ between tori
families due to intricate heteroclinic manifold interactions.

Moreover, the existence of stagnation points (generally) precludes the possibility
of a global Hamiltonian structure in the flow domain [162]. This restricts the
Hamiltonian scenario to subregions (as in the case of the two tori families).

In this study we further investigate the equivalences between flows by both nu-
merical and experimental analyses. The study of the buoyancy-driven flow in the
large Pr case is shown in Section 3.4.2, followed by the dynamics of the double-lid-
driven flow and its comparison with the buoyancy-driven flow in Section 3.4.3. In
particular, two key elements are considered: (i) the dynamics and bifurcations in
the symmetry plane, and (ii) the 3D emergence of secondary tori.

3.4.2 Buoyancy-driven flow

Dynamics in the symmetry plane

We focus hereafter on the analysis of the buoyancy-driven flow in the large Pr
case (Pr = 1.1 × 104). Differences between large and small Pr are emphasised.
In particular, the PIV experiments introduced in Section 3.3.1 were designed to
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(a)

(b)

Figure 3.4: Buoyancy-driven flow, Pr = 1.1 × 104. Lagrangian fluid trajectories
in the symmetry-plane (y = 1/2). Experiments, streamline collection (left). Sim-
ulations, representative streamlines (colours represent different initial positions)
(right). (a) Gr = 2.6. (b) Gr = 4.6.
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test and extend the study of the Lagrangian dynamics in the symmetry plane
(Section 3.4.1).

Fig. 3.4 shows the comparison between the streamlines in the symmetry plane Pb
for two values of Gr obtained experimentally (left panels) and, numerically (right
panels). The experiments clearly show the bifurcation of the central stagnation
point from a focus for small Gr (Fig. 3.4a) to a saddle for larger Gr (Fig. 3.4b)
accompanied by a pair of foci. In the experimental case, a collection of stream-
lines obtained by PIV is displayed. In the numerical simulations, representative
trajectories (tracked both forward and backward in time) are shown. Different
colours are used for clarity of the streamline patterns. Red and black streamlines
in the right panel of Fig. 3.4(b) have symmetric initial positions. The numerical
streamlines indicate stability of foci as discussed in Section 3.4.1.

Note the typical behaviour of large Pr, circulation is weak (compared with small
Pr) and streamlines, in consequence, display a dense winding (see e.g. Chapter 2).
There is a good agreement between experiments and simulations, the experimental
measurements qualitatively follow the predicted Lagrangian dynamics with increas-
ing nonlinearities.

Fig. 3.5 shows the evolution of the Lagrangian dynamics in Pb by further increasing
Gr. The experimental streamlines continue to reflect the simulated dynamics; the
evolution from Fig. 3.4(b) to Fig. 3.5(a) shows an increased area associated with
the pair of foci. Moreover, a good agreement is also found regarding the occurrence
of a new bifurcation of the central stagnation point by further increasing Gr, see
Fig. 3.5(b). This new bifurcation is entirely consistent with the evolution of the
Lagrangian dynamics in the symmetry plane for small Pr, the central stagnation
point changes from a saddle to a focus accompanied by two focus-saddle pairs [91].
This can be clearly seen in the experiments of Fig. 3.5(b).

A new feature for the large Pr case can be deduced from the simulations shown
in Fig. 3.5, the existence of an unstable limit cycle (repelling both in its interior
and exterior regions, this was determined by forward and backward tracking of
trajectories). The limit cycle divides the flow domain and encloses the arrangement
of stagnation points (e.g., separation of red/black and blue streamlines in Fig. 3.5a).
Accompanying the limit cycle, stability reversal is observed (in comparison with
lower Gr), e.g., foci in Fig. 3.5 (right) become attracting within the symmetry plane
(determined by forward and backward tracking). With increasing Gr, the interior
region of the limit cycle increases gradually in size. The limit cycle is also found
in the representative case of study with Pr = 7 in Ref. [40], and for Pr = 50 in
Ref. [46].

Symmetry SP restricts the dynamics in Pb to a bounded 2D manifold under steady
conditions. The Poincaré-Bendixson theorem essentially dictates the dynamics in
the symmetry plane: streamlines must describe a closed path (limit cycle) or ap-
proach a stagnation point or a limit cycle [173]. Note, in particular, that chaotic
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(a)

(b)

Figure 3.5: Buoyancy-driven flow, Pr = 1.1 × 104. Lagrangian fluid trajectories
in the symmetry-plane (y = 1/2). Experiments, streamline collection (left). Sim-
ulations, representative streamlines (colours represent different initial positions)
(right). (a) Gr = 6.7. (b) Gr = 43.
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streamlines are excluded within Pb. An important remark is that the observed dy-
namics represents an entirely 3D behavior associated with the three-dimensionality
of the flow domain. Streamlines remain as closed curves with increasing nonlin-
earities in 2D cavities; see e.g. [63, 77, 134]. A state of the 3D flow topology
characterised by closed streamlines is only present for the Stokes limit (Gr = 0),
see e.g. Fig. 3.3 (Ia).

The same evolution shown in Figs. 3.4 and 3.5 in terms of the stagnation points
was numerically obtained in this investigation for Pr = 1 and increasing Gr (4.9×
103, 4× 104, 3× 105) (as a representative example of small Pr). However, no limit
cycle was found up to Gr ∼ 5×105. This agrees with the analysis in the symmetry
plane for Pr = 0.71 presented in Refs. [91, 146]. The existence (or absence) of the
limit cycle represents a clear difference in the dynamics between large and small Pr
fluids, respectively. The considered dynamics and discussion of a Rayleigh-Bénard
flow in a bounded domain in Refs. [42, 82] suggest that a similar behaviour is
found in the symmetry plane of that system: existence of the limit cycle only for
large Pr. Reconciliation of this phenomenon from a unified point of view of general
buoyancy-driven flows in cavities is needed, however, this is beyond the present
scope.

Closer examination of the experimental results displayed in Figs. 3.4 and 3.5 indi-
cates a slight asymmetry in comparison to the theoretical and numerical results.
This was further confirmed by inspection of the corresponding PIV velocity fields.
Moreover, exploration of single streamlines showed no evidence of a limit cycle in
the experimental data (Fig. 3.5, left panels).

The agreement between simulated and experimental streamline patterns indirectly
suggests that departure from symmetries is weak. However, as considered in
Ref. [70], temperature differences produce (local) viscosity changes of glycerol from
40% for ∆T = 4 oC and more than 100% for ∆T = 15oC. This implicates a vio-
lation of the Boussinesq approximation which is expected to be the reason behind
the asymmetries in the experimental streamline patterns. See also the discussion
in Ref. [49] regarding non-Boussinesq effects in the present configuration. Further-
more, typical experimental disturbances such as non-ideal boundary conditions are
also known to have an effect that translates into discrepancies between experiments
and simulations [70–72]. This is an important issue for future research, particularly
regarding 3D flow structures.

Agreement between experiments and simulations is shown in Fig. 3.6. This figure
compares the bifurcation threshold Gr∗ according to Eq. (3.9) (line) with the ex-
perimental results shown in Fig. 3.4, and the experimental and numerical results
for Pr ∼ O(6 × 103) in [70, 179], respectively. (Data from Fig. 3.5 is also shown
for completeness.) Fig. 3.6 experimentally validates the bifurcation threshold for
larger Pr. As predicted by the hyperbolic relation (3.9), we observe a decreasing
threshold and earlier bifurcation with growing Pr (Section 3.4.1).
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Figure 3.6: Comparison between the predicted bifurcation threshold Gr∗ (Eq. (3.9),
line) and experimental and simulated data for larger Pr. Pre-bifurcated and bi-
furcated streamline patterns are indicated using solid circles and asterisks, respec-
tively. The open circle represents the data of Fig. 3.5(b).

Secondary tori

Fig. 3.7 presents numerical 3D tracer trajectories with increasing Gr. The primary
family of tori centred on Lb (dashed line) is shown in Fig. 3.7(a). The emergence
of a secondary family of KAM tori close to the cavity wall (y = 0) with increasing
Gr is shown in the central region of Fig. 3.7(b). Only tracers in the region y < 1/2
are shown which is sufficient due to symmetry SP .

Fig. 3.8 shows the Poincaré sections associated with a collection of tracer trajec-
tories with increasing Gr. The z = 1/2 dashed line represents Lb. The typical
structure of the primary family of tori and the co-existence of the two tori families
are shown in Figs. 3.8(a,b), respectively.

The evolution shown in Figs. 3.7 and 3.8 confirms the generality of the existence of
the secondary family of KAM tori for larger Pr, and the response to nonlinearities
of the tori families according to the dynamics presented in Section 3.4.1.

Moreover, the intimate relation between the appearance of secondary tori and the
existence of stagnation points on Lb (whenever uy vanishes; see Section 3.4.1)
for Pr = 1.1 × 104 was confirmed in this study. Considering only the left half
of the cavity due to symmetry SP , velocity component uy continuously changes
from positive to negative in the interior region (between Pb and the cavity wall)
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(a) (b)

Figure 3.7: Buoyancy-driven flow, Pr = 1.1 × 104. Emergence of a secondary
family of KAM tori with increasing Gr, Lb (dashed line). Representative tracer
trajectories (distinguished by colour for clarity of the concentric structure) with
different initial positions. (a) Gr = 2.6. (b) Gr = 4.6.

with increasing Gr. At intermediate Gr, stagnation points exist in the interior
region corresponding to zeros of uy. Examination of the dynamics for Pr = 7
(representative example in Chapter 2) and further increasing nonlinearities, up to
Gr = 1.3 × 105, indicates a similar evolution. This includes the dynamics in Pb
(Section 3.4.2), the Poincaré sections and the evolution of the stagnation points on
Lb. Therefore, the described Lagrangian dynamics are expected to be generic for
the large Pr case.

Furthermore, exploration of the dynamics for Pr = 1 and increasing nonlinearities
(up to Gr ∼ 5× 105) confirmed that no secondary tori exist (and closely related to
that, no stagnation points in the interior region on Lb appear); in this case, uy > 0
in the interior region along Lb.
There are similarities between the evolution displayed by the two tori families
and steady vortex cylindrical cavity flows generated by rotating one or both end
covers, [see 24, 55, 56] and references therein. One or more recirculating zones
appear (occupying different regions of the flow domain) depending on the govern-
ing parameters. In particular, a bifurcation described by the creation of a closed
bubble-shaped region of fluid ‘vortex-breakdown’ has been widely studied. The cre-
ation of bubbles can be analysed by monitoring the existence of stagnation points
on the cylinder axis (zeros of the axial velocity). The cylinder axis plays the role
of Lb in the buoyancy-driven flow (see also Section 3.4.3).

Analogous behaviour has also been observed in flows between rotating spheres
[55, 56]. The dynamics of the steady flow between concentric rotating spheres, or
spherical Couette flow, discussed in e.g., [12, 28, 113] suggests that the appear-
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(a) (b)

(c) (d)

Figure 3.8: Buoyancy-driven flow, Pr = 1.1× 104. Evolution of simulated toroidal
structures with increasing Gr, Lb (dashed line). Visualisation by intersections with
the plane x = 1/2 (Poincaré section). (a) Gr = 2.6. (b) Gr = 4.6. (c) Gr = 20. (d)
Gr = 43.
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ance of secondary tori might be induced by changing geometrical parameters (in a
wide range of Re). The flow topology can change from a ‘one-cell’ to a ‘two-cell’
flow pattern depending on the rotation parameters. Future efforts are needed to
understand these similarities from a unified framework.

3.4.3 Double-lid-driven flow

In this section the analysis of the flow topology of the double-lid-driven flow is
presented. Symmetry properties (Section 3.4.1) allow for a similar fundamental
analysis with increasing nonlinearities as in the buoyancy-driven case. In the fol-
lowing, we consider first the dynamics in Pd and subsequently the essentially 3D
dynamics outside this plane. Similarities and differences between the double-lid-
driven and buoyancy-driven flows are emphasised.

Dynamics in the symmetry plane

Fig. 3.9 shows the evolution of representative numerical streamlines in the symme-
try plane Pd with increasing Re. Tracers are tracked both forward and backward in
time in order to determine the stability of the relevant structures (see the discussion
below). Different colours (representing trajectories with different initial positions)
are used for clarity of the streamline patterns.

The Stokes limit (Re = 0) is characterised by closed streamlines (Fig. 3.9a). In
this case the stagnation point at the cavity center is a hyperbolic saddle and there
are two symmetrically arranged centres (or degenerate foci) giving rise to the ‘two-
eddy’ streamline pattern or ‘cat-eyes’ flow structure [88, 135, 140]. In this case
the streamline pattern is also symmetric about the planes x, z = 0 according to
symmetries (3.7)-(3.8). Combination of these extra symmetries with SP results
in the formation of three stagnation lines (corresponding to the three stagnation
points in the symmetry plane) extending along y. Similarly to the buoyancy-driven
flow, the Stokes limit is the only state analogous to the 2D flow.

Increasing Re eliminates the two extra symmetries of the Stokes limit in favour
of SL and consequently the constraining mechanism underlying the formation of
closed streamlines vanishes. The two-eddy structure is perturbed and the dynamics
is characterised by the appearance of a pair of repelling foci with a saddle at the
cavity center. Typical streamlines in this case are shown in Figs. 3.9(b,c). (We
show representative streamlines to highlight the Lagrangian dynamics; red and
black streamlines in Figs. 3.9(b-d) have symmetric initial positions). This is entirely
equivalent to the dynamics shown in Fig. 3.4(b) of the saddle-foci arrangement in
the buoyancy-driven flow (Figs. 3.3 IIIa,b).

In the double-lid-driven flow, increasing Re reduces the area of influence of the
pair of foci. Eventually, an unstable limit cycle appears surrounding the arrange-
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Figure 3.9: Double-lid-driven flow with increasing Re. Representative simulated
streamlines with different initial positions (distinguished by colour for clarity) in
the symmetry-plane (y = 0). (a) Re = 0. (b) Re = 50. (c) Re = 100. (d) Re = 200.
(e) Re = 350. (f) Re = 500.
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ment of stagnation points plus stability reversal of the foci that become attracting
(Fig. 3.9d). This behaviour is completely analogous to the dynamics shown in
Fig. 3.5(a) in the buoyancy-driven case.

Further increasing Re causes a bifurcation of the central stagnation point that
becomes an attracting focus (Fig. 3.9e), and the unstable limit cycle remains.
Fig. 3.9(f) shows the evolution with further increasing nonlinearity; the central
focus becomes repelling and two limit cycles exist: a stable one (inner, attract-
ing in both interior and exterior regions) and an unstable one (outer, repelling in
both interior and exterior regions). First exploration suggests that this behaviour
remains up to Re = 1000. The evolution shown in Figs. 3.9(e,f) reveals a bifur-
cation resulting in a streamline pattern consisting of multiple limit cycles. (See
Refs. [13, 62] for a discussion regarding similar bifurcations.) In particular, the
transition in the central part of Figs. 3.9(e,f) from an attracting focus at the cavity
center to a repelling focus accompanied by the stable inner limit cycle with increas-
ing Re shows similarities with a supercritical Hopf bifurcation [119]. This should
be explored in more detail in future studies.

Completely equivalent to the dynamics of the buoyancy-driven flow, the Poincaré-
Bendixson theorem governs the dynamics in the symmetry plane. However, a
one-to-one correspondence between both flows with increasing nonlinear effects
restricts to the foci-saddle structure with and without the unstable limit cycle
(Figs. 3.4b, 3.5a and Figs. 3.9b–d). Further increasing nonlinear effects displays
clear differences between flows in the symmetry plane: on the one hand, the double-
lid-driven flow is characterised by a single focus stagnation point at the cavity center
and multiple limit cycles (Fig. 3.9f). On the other hand, multiple bifurcations of the
central stagnation point occur accompanied by focus-saddle pairs for the buoyancy
driven flow (see, e.g., Fig. 3.5b and [91, 146]). However, the 3D dynamics outside
the symmetry plane of the double-lid-driven flow (Section 3.4.3) shows an analogous
behaviour to the one presented in Section 3.4.2 for the buoyancy-driven flow and
increasing nonlinearities (particularly regarding the existence of secondary tori).

Experimental 3D flow structure

In this section, a qualitative analysis of 3D tracer motion and governing symmetries
is presented for Re > 0. Fig. 3.10 shows typical 3D experimental tracer trajectories
obtained by PTV and their simulated counterparts. An overlay of trajectories
is exposed, revealing a general agreement between both cases. The streamline
patterns shown in Fig. 3.10 begin to delineate the typical perturbed two-eddy
structure. In particular, Figs. 3.10(a,c) give a first clear indication of the effect of
increasing Re, an inclination of the two circulatory regions.

Natural disturbances in the experiments can induce departures from the predicted
dynamics. Experimental imperfections act as natural perturbations of the (ide-
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x x x

(a) (b) (c)

Figure 3.10: Double-lid-driven flow. Comparison between 3D experimental (red)
and numerical (black) tracer trajectories. (a) Re = 17.5. (b) Re = 28. (c) Re = 35.
Open circles (red) and asterisks (black) indicate the corresponding final tracer
positions.

alised) unperturbed state (Section 3.3.2). Even a minute asymmetry produced by
the non-parallel translation of the moving lids, for example, can trigger symmetry
breaking (this was observed numerically in this investigation). These experimental
disturbances are expected to be the reason behind the deviations from the simu-
lated tracer trajectories shown in Fig. 3.10.

Fig. 3.11(a) shows the experimental trajectories close to the mid-plane Pd in the
region |y| ≤ 0.25. Streamlines exhibiting mid-plane crossing (i.e., symmetry break-
ing) are highlighted in blue (thick markers). However, displacement along y is
considerably less than in the other directions. The crossing angle δ for the two
tracers moving vertically near the mantle of the cylinder is δ ' 26o, and δ . 7o

for the others. This reflects the fact that even if no exact symmetry exists in the
experimental streamlines, perpendicular motion is limited and tracers remain near
the mid-plane.

Fig. 3.11(b) presents a side view of measured streamlines and their reflected coun-
terparts (according to SL) in the region |y| ≤ 0.45 for clarity. The two circulatory
regions characterising the foci-saddle structure are delineated and a global con-
sistency in tracer motion is visible. A similar behaviour is found for the other
explored values of Re. The previous discussion strongly suggests that experimental
departure from symmetries is weak.

Secondary tori

The evolution of typical 3D streamlines (and corresponding Poincaré sections, z =
0) obtained by numerical simulations with increasing Re is shown in Fig. 3.12. Only
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Figure 3.11: Double-lid-driven flow, Re = 35. (a) Trajectories near Pd, |y| ≤ 0.25.
Black (y > 0), red (y < 0), and blue/thick (mid-plane crossing). (b) Side view,
|y| ≤ 0.45. Measured trajectories (red), and reflected trajectories according to SL
(black). Circles indicate the final tracer positions.

tracers on one half of the cavity (y > 0) are shown which is sufficient due to the
symmetry SP (streamlines are coloured differently for clarity). For low Re, a single
family of toroidal structures exists (primary tori) (Figs. 3.12a,d). The emergence
of a secondary family of tori around Ld (represented by the x = 0 dashed line) with
increasing nonlinearity can be seen in the center and bottom panels of Fig. 3.12.
The region occupied by the secondary tori closely matches the position(s) of the
limit cycle(s) that exist in the symmetry plane (Fig. 3.9). First inspection suggests
that the persistence of the two families of KAM tori remains up to Re = 1000.

The dynamics of the Poincaré sections in Fig. 3.12 is fully consistent with the
Hamiltonian scenario of the buoyancy-driven flow (Section 3.4.1). Increasing Re
progressively triggers torus breakdown accompanied by growing chaotic regions.
Moreover, entirely equivalent to the behaviour found in the buoyancy-driven case
(Section 3.4.1), a circulation in a reversed direction corresponding to the fami-
lies of tori is observed: counter-clockwise and clockwise direction for primary and
secondary tori in the region x > 0 of Fig. 3.12, respectively. Because of the similar-
ities between flows (Fig. 3.12 and Figs. 3.7, 3.8), a similar behaviour regarding the
separatrix between tori families (Section 3.4.1) is also suspected to occur here (con-
clusive establishment is outstanding). As in the buoyancy-driven flow, exploration
of uy enables us to detect stagnation points on Ld. A similar evolution is found
for the double-lid-driven flow with increasing nonlinearities. However, the position
of the stagnation point on Ld at, e.g., Re = 200 (close to Pd) implies a difference
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Figure 3.12: Double-lid-driven flow. Emergence of a secondary family of KAM
tori with increasing Re, Ld (dashed line). Representative tracer trajectories (dis-
tinguished by colour for clarity of the concentric structure) with different initial
positions (left), and corresponding Poincaré sections, z = 0 (right). (a,d) Re = 50.
(b,e) Re = 200. (c,f) Re = 500.
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between the double-lid-driven and buoyancy-driven flows. Secondary tori in this
case do not appear near the bounding cavity wall and gradually expand towards
Pd with increasing nonlinearity; they appear and remain close to the symmetry
plane; see Fig. 3.12. Nevertheless, the dynamics shown in Fig. 3.12, and the closely
related evolution of stagnation points on the symmetry line, reinforces the gener-
ality of the existence of the secondary family of tori with increasing nonlinearities
in flows in bounded domains.

Moreover, the evolution displayed in Fig. 3.12 (right) is similar to the evolution
presented in Ref. [56] of steady vortex breakdown flows in a cylindrical cavity with
co-rotating top and bottom walls at the same angular velocity and increasing Re.
Secondary tori behave as vortex bubbles and the axis of the rotating cavity plays
the role of Ld in the double-lid-driven flow (see also Section 3.4.2). The robustness
of this phenomenon has been explored by including an inner cylinder in the rotating
cavity [69, 112]. Exploitation of this analogy may deepen insights into the onset
of oscillatory regimes with further increasing nonlinearities in the present cavity
flows.

3.5 Conclusions

This study presents a comparative numerical-experimental investigation of the
global streamline patterns (‘Lagrangian flow topologies’) of three-dimensional (3D)
flows in cavities under laminar and steady conditions. The main objective is to ex-
amine topological equivalences between flow classes and generic transport phenom-
ena. To this end, two prototypical configurations are considered, buoyancy-driven
and lid-driven flows.

A differentially-heated cubical cavity with the direction of the temperature gradi-
ent perpendicular to gravity serves as the buoyancy-driven configuration. The lid-
driven counterpart consists of a flow generated by the motion of two facing walls at
the same speed in opposite direction in a cylindrical cavity (double-lid-driven flow).
These systems are governed by the non-dimensional Grashof (Gr) and Reynolds
(Re) numbers, respectively. Previous research established that fluid inertia prevails
for small Gr and the buoyancy-driven flow exhibits a behaviour that is analogous
to single-lid-driven flows (motion of one endwall only). A buoyancy-induced bi-
furcation occurs for larger Gr resulting in a flow topology that is reminiscent of
double-lid-driven flows (see Chapter 2). This is the starting point of our inves-
tigation that concentrates on the analysis of the buoyancy-driven flow for larger
Prandtl (Pr) and its equivalence with the double-lid-driven flow.

Two main symmetries organise the Lagrangian dynamics: (i) reflectional symmetry
about the mid-plane, and (ii) centro-symmetry about the central transverse line.
These symmetries imply fundamental similarities between the streamline patterns
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of the considered cavity flows, and enable a detailed study of generic phenomena
based on two aspects: (i) dynamics in the symmetry plane, and (ii) 3D dynamics
outside the symmetry plane.

Bifurcations of the streamline topologies occur with increasing nonlinearities in the
symmetry plane of the considered cavity flows. The Poincaré-Bendixson theorem
governs the dynamics in this plane. In particular, the considered cavity flows are
characterised by the same foci-saddle structure and a one-to-one correspondence
between flows is possible in this case. This extends the above-mentioned link
between the buoyancy-driven flow and single-lid-driven flows. Moreover, the 3D
flow topology is characterised by the coexistence of two families of KAM tori.
Secondary toroidal structures appear with increasing nonlinearities. Furthermore,
similarities with vortex breakdown flows regarding this structure are noted. The
response of the flow topology to nonlinear perturbations is governed by universal
Hamiltonian mechanisms.

Laboratory experiments validate several key aspects of the Lagrangian dynam-
ics. Particle image velocimetry (PIV) measurements are considered to study the
dynamics in the symmetry plane of the buoyancy-driven flow. Experimental analy-
sis of tracer motion is performed by 3D particle-tracking velocimetry (PTV) in the
double-lid-driven flow. PIV experiments show a good agreement between numerical
and experimental bifurcations with increasing Gr. In particular, these experiments
confirm the predicted bifurcation threshold for larger Pr. Moreover, a comparison
between experimental trajectories obtained by PTV and their simulated counter-
parts reveals a good agreement with increasing Re. Taken together, the findings
of this study support the universal character of the key aspects of the Lagrangian
dynamics.

Future experimental efforts should focus on the identification of structures outside
the symmetry plane (involving long-term experiments). Direct measurement of the
two families of tori using PTV could be performed by using modified versions of
the experimental lid-driven set-up for higher Re (possibly using the alternative of
moving bands instead of the finite size walls).

Further research should be undertaken to explore the influence of the spatial La-
grangian structures on the time-dependent dynamics for further increasing non-
linearities. Symmetry breaking and full exploration of stagnation points and their
interactions will be fundamental (also considering different cavity aspect ratios). In
this context, reconciliation between the Lagrangian dynamics of the present flows
and other configurations (especially vortex breakdown flows and Rayleigh-Bénard
systems) may contribute to the understanding of unsteady cavity flows in general.
Moreover, future studies might explore the important extension to non-passive
scalar transport and finite-size particles [3, 4, 85, 136, 162].



Chapter 4

Physical topology of 3D
unsteady flows

1

Scope is the response of Lagrangian flow topologies of 3D time-periodic flows con-
sisting of spheroidal invariant surfaces (ISs) to perturbation. Such ISs generically
accommodate non-integrable Hamiltonian dynamics and, in consequence, intra-
surface topologies comprising of islands and chaotic seas. Computational studies
predict a response to arbitrary perturbation that is dramatically different from the
classical case of toroidal ISs: said islands and chaotic seas evolve into “tube–and–
shell” structures by a mechanism termed “resonance–induced merger” (RIM). This
study provides conclusive experimental proof of RIM and advances the correspond-
ing structures as the physical topology of realistic flows with spheroidal ISs; the
underlying unperturbed state is a singular limit that exists only for ideal conditions
and cannot be achieved in a physical experiment. A comprehensive theory (sup-
ported by experiments) reveals that RIM ensues from perturbed periodic lines via
three possible scenarios: truncation of tubes by (i) manifolds of isolated periodic
points emerging near elliptic lines or by either (ii) local or (iii) global segmenta-
tion of periodic lines into elliptic and hyperbolic parts. This theory furthermore
demonstrates that RIM indeed accomplishes tube–shell merger by exposing the
existence of ISs that smoothly extend from the tubes into the chaotic shells. These
phenomena set the response to perturbation – and physical topology – of flows
with spheroidal ISs fundamentally apart from flows with toroidal ISs. Its entirely
kinematic nature and reliance solely on continuity and solenoidality of the velocity
field renders the comprehensive theory and its findings universal and generically
applicable for (arbitrary perturbation of) basically any incompressible flow – in
fact any smooth solenoidal vector field – accommodating spheroidal ISs.

1 Submitted to Phys. Rev. E as P. S. Contreras, M. F. M. Speetjens & H. J. H. Clercx. Physical
topology of 3D unsteady flows with spheroidal invariant surfaces (2019).
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4.1 Introduction

The study concerns the response of Lagrangian flow topologies of 3D unsteady flows
consisting of non-toroidal invariant surfaces (ISs) to perturbation. The response
scenarios for the classical case of toroidal ISs are well-known: resonant and non-
resonant tori disintegrate and survive, respectively, perturbation according to (3D
counterparts of) the Poincaré–Birkhoff (PB) and KAM theorems [4, 6, 33, 34]. Most
tori generically survive weak perturbation and thus the unperturbed flow topology
of toroidal ISs is largely retained. Surviving tori may develop defects due to local
resonances (as opposed to global resonances causing tori breakdown as per PB
theorem) that, if occurring, result in gradual global dispersion of tracers through
repeated “switching” between tori and crossing of separatrices [4, 28, 107, 168, 169].

Key to the response scenarios for toroidal invariant surfaces is intra-surface La-
grangian motion that generically consists of helical trajectories centred on the
toroidal axis; both the PB and KAM theorems explicitly rely on this [6]. How-
ever, the dynamics inside non-toroidal ISs may be fundamentally different and
thus invalidate said theorems and corresponding scenarios. A case of great prac-
tical relevance exists in spheroidal ISs encountered in 3D lid-driven cavity flows
(serving as physical model for e.g. batch mixers and bio-reactors yet also for flow
in micro-droplets or lung alveoli), tumblers for granular media or (kinematic mod-
els for) 3D micro-fluidic flows induced by magnetic beads [162]. This furthermore
includes quasi-2D geophysical flows, that is, large-scale oceanographic and atmo-
spheric flows with an orientation parallel to the spherical surface of the Earth [125];
the Lagrangian motion in such flows is in the corresponding 2D limit topologically
similar to that restricted to (subregions of) spheroidal invariant surfaces.

Spheroidal invariant surfaces in 3D unsteady flows generically accommodate non-
integrable Hamiltonian dynamics and, in consequence, intra-surface flow topolo-
gies comprising (contrary to helical trajectories in tori) of islands and chaotic seas.
Computational studies predict a response to arbitrary perturbation that is dramat-
ically different from tori: said islands and chaotic seas evolve into intricate “tube–
and–shell” structures [111, 130, 158, 159, 162]. This strongly suggests that these
entities constitute the physical topology of 3D unsteady flows with spheroidal ISs
and the underlying unperturbed state is a singular limit. Similar Hamiltonian dy-
namics in fact occur in non-toroidal ISs of greater topological complexity (Ref. [60])
as well as in quasi-2D representations of Lagrangian transport in geophysical flows
(Refs. [47, 174]). Hence, though beyond the present scope, the behaviour associ-
ated with (perturbed) spheroidal ISs investigated hereafter likely generalises to a
broader class of systems involving restriction of Lagrangian motion to (subregions
of) non-toroidal ISs.

The above findings are to date only indirectly supported by experimental evidence
[176]. Moreover, full explanation of the underlying mechanisms is beyond current
theories. Principal goals of this study are (i) conclusive experimental validation
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(Sec. 4.3) and (ii) development of a rigorous and comprehensive theory (Sec. 4.4–
4.6).

4.2 Physical versus theoretical topology

4.2.1 Configuration and unperturbed dynamics

The system considered by [176] is adopted as representative case for investigation
of the dynamics of flows with spheroidal invariant surfaces (ISs). It consists of
a solenoidal time-periodic flow u(ξ, t) = u(ξ, t + T ) in a cylinder (radius R and
heightH = 2R), with T the period time and ξ = (x1, x2, x3) the Cartesian reference
frame, driven by repetition of the sequence of piece-wise steady translations of the
bottom wall at velocity U and angles θk = 2kπ/3 (k ∈ {0, 1, 2}) with the x-axis
and of duration T/3 (see Fig. 1.2 and Fig. 4.1a). The Lagrangian motion of passive
tracers released in this flow at positions ξ(0) = ξ0 is governed by the kinematic
equation

dξ

dt
= u(ξ, t), (4.1)

which admits formal solution by the mapping

ξn+1 = Φ(ξn), ξn = ξ(nT ), (4.2)

with n ≥ 0 the period. The sequence of consecutive tracer positions governed by
(4.2), i.e.

P(ξ0) = {ξ0, ξ1, . . . } , (4.3)

defines the stroboscopic map (or “Poincaré section”) of a tracer starting at ξ0
and visualises the Lagrangian transport. The system is parameterised by the non-
dimensional wall displacement D = UT/3R (= 4 hereafter) and the Reynolds
number Re = UR/ν, with ν the kinematic viscosity.

Lagrangian motion is in the Stokes limit Re = 0 confined to spheroidal ISs as
demonstrated in Fig. 4.1(a) (left) by simulation of a stroboscopic map (black trac-
ers) in a typical spheroid (cyan) following [176]. The corresponding projection in
the rz-plane (Fig. 4.1(a), right) clearly reveals this confinement. Transformation
to a curvilinear reference frame ζ = (ζ1, ζ2, ζ3), with Jacobian J = |∂ξ/∂ζ|, such
that coordinates (ζ1, ζ2) and ζ3 are locally tangent and normal, respectively, to the
spheroids translates the kinematic equation (4.1) into the Hamiltonian form

dζ1
dt

=
1

J

∂ψ

∂ζ2
,

dζ2
dt

= − 1

J

∂ψ

∂ζ1
, (4.4)



86 Chapter 4. Physical topology of 3D unsteady flows

(a)

(b)

(c)

Figure 4.1: Physical vs. theoretical topology in flows with spheroidal invariant
surfaces (ISs) demonstrated by stroboscopic map of single tracer (left: 3D; right:
rz-projection) in time-periodic cylinder flow driven by step-wise translations of
bottom wall at angles θk = 2kπ/3 (k ∈ {0, 1, 2}) (red arrows) with x-axis (see
Fig. 1.2). (a) Simulated theoretical topology (unperturbed limit Re = 0). Tracers
(black) restricted to chaotic sea in ISs (cyan) and outlining intra-surface islands
(black arrows); (b) Simulated physical topology (Re = 0 perturbed by top wall).
Tube (magenta) and shell (black) structures due to explicit perturbation; (c) Ex-
perimental topology (perturbation by natural disturbance). Blue/green-yellow:
periodic line/corresponding degenerate points.
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with ψ(ζ, t) the corresponding Hamiltonian. This implies intra-surface flow topolo-
gies characteristic of 2D non-autonomous Hamiltonian systems: islands surrounded
by chaotic seas. The tracer in Fig. 4.1(a) occupies such a chaotic sea and outlines
two intra-surface islands on opposite sides of the IS (indicated by black arrows).

4.2.2 Impact of perturbations

The above Hamiltonian topology is the theoretical state yet constitutes a singular
limit that changes dramatically under arbitrary perturbation. Introduce to this
end a perturbation of the flow forcing of the Stokes limit Re = 0 by an additional
translation of the top wall at an angle θ′ relative to the step-wise translation direc-
tion θk and relative magnitude ε U , with ε � 1, following [176]. Fig. 4.1(b) gives
the stroboscopic map P(ξ0) for the same initial position ξ0 as in Fig. 4.1(a) for
θ′ = π/6 and ε = 5× 10−4.

The tracer positions ξn in the first stage of the stroboscopic map P(ξ0) are indi-
cated by black markers and delineate a thin shell centered on the chaotic sea in the
original spheroid (Fig. 4.1a, left), signifying similar dynamics as before. However,
the second stage of the tracer evolution (magenta markers) involves a major depar-
ture from the unperturbed dynamics: the tracer enters (and periodically alternates
between) a pair of tubes (emerging near the beforementioned islands) and pro-
gressively migrates away from said spheroid. Basically any tracer on any spheroid
delineates such “tube–and–shell” (TS) structures for arbitrary top-wall perturba-
tion (θ′, ε); alternative perturbation by weak fluid inertia via Re ∼ O(10−3-10−2)
has the same effect [130, 158, 159, 176]. Moreover, an entirely different system,
i.e. the beforementioned bead-driven flow, also exhibits this behaviour [111]. This
implies that the physical topology of flows with spheroidal invariant surfaces (ISs)
generically consists of TS structures as shown in Fig. 4.1(b).

Non-toroidal ISs of greater topological complexity as well as quasi-2D representa-
tions of Lagrangian transport in geophysical flows accommodate similar Hamilto-
nian dynamics as shown in Fig. 4.1(a) [47, 60, 174]. This strongly suggests that
the response to perturbation (including formation of TS structures) demonstrated
in Fig. 4.1(b) likely generalises to a broader class of systems involving restriction
of Lagrangian motion to (subregions of) non-toroidal ISs. Further exploration of
this matter is beyond the present scope, however.

The phenomenon causing TS structures is denoted “resonance-induced merger”
(RIM) due to its correlation with periodic lines, i.e. material curves of periodic
points

ξ0 = Φp(ξ0), (4.5)

that systematically return to their initial position after p periods, in the unper-
turbed flow topology [111, 130, 158, 159, 162]. The blue curve and green points in
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Fig. 4.1(b) indicate the periodic line and relevant degenerate points, respectively,
for shown instance of RIM. However, two key issues remain open. First, RIM has
been explicitly demonstrated only in computational analyses; its physical existence
is to date supported only by circumstantial experimental evidence [176]. Second,
the underlying mechanisms remain elusive; existing theory relies on the emergence
of isolated periodic points ξ0 near perturbed periodic lines yet, though valid for
an analogous flow and thus suspected here as well [111, 176], fails to explain many
instances of RIM in the cylinder flow (including that in Fig. 4.1). The current
study addresses these issues by (i) conclusive experimental proof of RIM and (ii)
a comprehensive theory to explain the occurrence of RIM.

4.3 Experimental proof of RIM

4.3.1 Long-term particle tracking

Experimental investigation of RIM involves direct measurement of the (evolu-
tion of) the tracer positions ξn of stroboscopic maps P(ξ0) following (4.3) by
3D particle-tracking velocimetry (3DPTV) using a modified version of the labora-
tory set-up of Ref. [176]. This set-up incorporates the following key modifications
(refer to [176] and Sec. 1.4 for other specifications). First, employment of the
high-viscosity silicon oil AK30000 by Wacker GmbH (kinematic viscosity ν = 0.03
m2/s, density ρ = 970 kg/m3) for extremely close approximation of the Stokes
limit (Re ≤ 6.6× 10−4).

Second, employment of fluorescent polyethylene tracer particles (density ρp = 1002
kg/m3, diameter dp = 75−90µm) for enhanced imaging via fluorescence induced by
the LED illumination. Fluorescence namely yields a far greater intensity compared
to conventional illumination and, by occurring at a colour (red) different from the
LEDs (blue), admits optical elimination of the background. This tremendously
improves the tracking performance.

Third, implementation of an interactive module to the tracking algorithm for man-
ual connection of segments of tracer paths upon visual inspection. Paths identified
as separate entities namely often concern one tracer yet automated connection
proves very difficult and unreliable. This interactive procedure, though laborious,
gives a further significant improvement in tracking performance.

These modifications in conjunction with a low seeding density (around 5 particles
per experiment) enable isolation of sufficiently long Lagrangian trajectories to ex-
pose RIM. Moreover, the relative settling velocity Up/U = |ρp − ρ|gd2p/18ρνU ∼
O(10−6) and Stokes number St = ρpd

2
pU/18ρνR ∼ O(10−9) imply negligible effects

of buoyancy and inertia, respectively, on the particle dynamics and thus indeed mo-
tion in accordance with passive tracers governed by kinematic equation (4.1).
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4.3.2 Lagrangian dynamics in realistic flows

The experimental stroboscopic map P(ξ0) following (4.3) of a tracer released at the
same position ξ0 as in Fig. 4.1(a,b) is shown in Fig. 4.1(c) and reveals a striking
resemblance with the simulated perturbed state in Fig. 4.1(b) by revealing the same
progression from a thin shell (black) into a pair of tubes (magenta).2 Moreover, the
experimental and numerical structures have a similar spatial extent and correlation
with the simulated periodic line (blue). This is first direct experimental proof of
RIM and a physical topology in the present flow class that generically consists
of corresponding ‘tube–and–shell’ (TS) structures. These findings consolidate the
hypothesis advanced in [176] that RIM, given explicit perturbation is absent, in
the experiments results from natural disturbances and thus is inherent in realistic
flows. The origin of these disturbances is established below.

Close proximity to the Stokes limit means Re is considerably below the range
Re ∼ O(10−3-10−2) for significant fluid inertia determined above and thus elim-
inates this as experimental perturbation for RIM. This furthermore implies that,
given linearity of Stokes flows, the natural perturbation stems from a superim-
posed background flow due to a forcing other than the bottom wall (akin to e.g.
the top-wall perturbation in the simulations). 3DPTV for a stationary bottom
wall indeed reveals a weak circulation (predominantly) parallel to the yz-plane of
magnitude v ∼ O(10−4 mm/s) and suggests a buoyancy-driven flow. Temperature
measurements expose a minute y-wise temperature drop ∆T ∼ O(0.15 K) due to
(inevitably) imperfect ambient conditions that (upon verification by simulations
in a 2D square cavity using a commercial CFD package) is consistent with such a
circulation. The experimental perturbation is of strength v/U ∼ O(10−4) relative
to the bottom-wall velocity U ≤ 1 mm/s and thus is comparable to that of the
simulations. This quantitatively supports the experimental proof of RIM. More-
over, given the perturbation has yet another origin, this further demonstrates that
its particular nature is immaterial.

4.4 Towards a comprehensive theory for RIM

The spheroidal invariant surfaces (ISs) each accommodate at least one periodic
point ξ0 on account of Brouwer’s fixed-point theorem and the sets of points thus
formed, by virtue of continuity, coalesce into periodic lines in the 3D domain.
Hence such lines are inherent in the present flow class and computational analyses
implicate these entities in RIM [130, 158, 159, 162]. Thus the response of periodic
lines to perturbation forms the basis for the comprehensive theory for RIM (includ-
ing further experimental proof) developed below. This leans on expression of the

2The actual procedure is for practical reasons reversed: the simulated stroboscopic maps in
Fig. 4.1(a,b) concern a tracer released at the same position as in Fig. 4.1(c).
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(a) (b)

Figure 4.2: Simulated periodic lines in time-periodic cylinder flow for Re = 0 and
D = 4. Blue/red: elliptic/hyperbolic (segments of) lines; green and green/yellow:
degenerate points for αp = 2 and αp = −2, respectively; shaded plane (perspective
view)/tilted line (top view): symmetry plane Θ = π/6.

Lagrangian dynamics near these entities in canonical forms that are valid under
generic and universal conditions irrespective of the particulars of the flow system.

4.4.1 Canonical dynamics near periodic lines

Periodic lines in the time-periodic cylinder flow (Re = 0 and D = 4 as before)
consisting of periodic points for p = 1 and p = 2 are given in Fig. 4.2 and hereafter
denoted period-1 and period-2 lines, respectively. These lines are arranged relative
to a symmetry plane Θ = π/6 (shaded); they either coincide with or are reflected
about the latter according to Fig. 4.2(b) [130]. (Physical existence of periodic lines
is demonstrated experimentally in [176, 180].) The highlighted segments and points
distinguish essentially different local dynamics and such segmentation is typical of
periodic lines and crucial to the response to perturbations. Characterisation of the
line segments embarks on expression of mapping (4.2) in canonical form via its
local linearisation

ξ′n+1 = F0ξ
′
n, F0 =

∂Φ0

∂ξ

∣∣∣∣
ξ0

, (4.6)

with ξ′ = ξ − ξ0 the local cartesian reference frame at a periodic point ξ0 on
the periodic line and F0 the deformation tensor for mapping Φ0 (subscript “0”
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indicates unperturbed conditions). The dynamics in the eigenspace x of F0 are
described by the canonical map

xn+1 = F0xn ≡M0(xn), (4.7)

with F0 a linear operator that admits two non-degenerate cases discriminated by

α = tr(F0)− 1, (4.8)

and corresponding with

F0(α) =

 λ 0 0
0 λ−1 0
0 0 1

 , F0(α) =

 c −s 0
s c 0
0 0 1

 , (4.9)

for |α| > 2 and |α| < 2, respectively, with coefficients

λ(α) = α/2 +

√(α
2

)2
− 1, c(α) = cos ν =

α

2
, (4.10)

and s = sin ν =
√

1− c2. Here the periodic line coincides with the z-axis and
planes z = constant represent the spheroidal invariant surfaces (ISs). Refer to
Appendix C.1 for details.

Discriminant (4.8) generically varies along a given periodic line, meaning that these
entities are in canonical space characterised by a line-specific relation

α = α(z), (4.11)

which determines the unperturbed dynamics according to (4.7) by a canonical
operator (4.9) dependent on the local line properties via F0 (α(zn)). Thus α =
α(zn) governs the local planar dynamics in the ISs z = constant as follows (colours
refer to Fig. 4.2): hyperbolic orbits

(xn+1, yn+1) = (λxn, yn/λ), (4.12)

for |α| > 2 (red) and circular concentric orbits

(rn+1, ϑn+1) = (rn, ϑn + ν), (4.13)

for |α| < 2 (blue), with (r, ϑ) standard polar coordinates following (x, y) = (r cosϑ,
r sinϑ) and coefficients (λ, ν) given by (4.10). Line segments yielding (4.12) and
(4.13) are denoted “hyperbolic” and “elliptic”, respectively, and are separated by
degenerate points z̃ defined implicitly as

α(z̃) = αp = ±2, (4.14)
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and termed “parabolic points”. The periodic lines in Fig. 4.2 accommodate such
parabolic points both for αp = 2 (green) and αp = −2 (green/yellow). Moreover,
the unstable (stable) manifold of hyperbolic line segments coincides in each IS
z = constant with the x(y)-axis and y(x)-axis for αp > 2 and αp < −2, respectively.

Existence of the above relations relies solely on continuity and solenoidality of flow
u underlying mapping (4.2). Thus the canonical form is valid for periodic lines
in basically any flow subject to incompressibility. This generality and universality
extends to the perturbed canonical mapping introduced below that derives from
this form.

4.4.2 Canonical dynamics for perturbed conditions

Arbitrary perturbation extends canonical map (4.7) to

xn+1 = Fxn + d ≡M(xn), (4.15)

with the operator F to leading order given by

F =

 Aλ 0 0

0
B

λ
0

0 0 C

 , F =


c′√
C
− s′√

C
0

s′√
C

c′√
C

0

0 0 C

 , (4.16)

for |α| > 2 and |α| < 2, respectively, with C = 1/AB and

c′ = cos ν′ =
(A+B) cos ν

2
√
AB

=
√

1− s′2, (4.17)

where coefficients (λ, ν) are following (4.10). The additional coefficients (A,B) =
(1 + a, 1 + b) affect the deformation characteristics of the unperturbed state via
a = b = ε1 (equality permitted without loss of generality) and vector

d = (0, 0, ε2), (4.18)

introduces a z-wise background drift normal to the invariant surfaces (ISs). Thus
parameters |ε1,2| � 1 control the perturbation of a periodic line characterised by a
given discriminant α = α(z) following (4.11); canonical map (4.15) identifies with
its unperturbed counterpart (4.7) for ε1 = ε2 = 0. Refer to Appendix C.2 for
derivation and parameterisation of perturbed map (4.15).

Canonical map (4.15) has an isolated periodic point

x∗ = (I − F )−1d = (0, 0, z∗), z∗ =
ε2

1− C , (4.19)
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and thus admits distinction of two relevant cases: presence and absence of (an)
isolated periodic point(s) in the domain of interest. Presence can be represented
by x∗ = 0 via z∗ = 0 (ε2 = 0); absence can be represented by placement of x∗
outside said domain via |z∗| � 1.

The general impact of perturbations on the dynamics near periodic lines, assum-
ing absence of a periodic point x∗ following (4.19), is determined by operator F .
Comparing (4.9) and (4.16) reveals that F retains the structure of F0, implying
that the basic nature of the dynamics is preserved. The perturbed xy-wise orbits
shadow the unperturbed ones and remain hyperbolic and elliptic for |α| > 2 and
|α| < 2, respectively. The fundamental departure from the unperturbed state exists
in the emergence of a z-wise drift zn+1 − zn ≈ ε2 for arbitrary non-zero ε2 and the
inherent breakdown of the ISs z = constant, which manifests itself in dramatically
different ways for hyperbolic versus elliptic lines.

For hyperbolic lines, significant planar motion parallel to the original IS for regime
α > 2 is in x-direction and relates to the corresponding normal drift following

xn+1 − xn
zn+1 − zn

= γh xn, γh ≈
λ− 1

ε2
, γh � 1, (4.20)

implying a rapid x-wise divergence from the unperturbed periodic line before an
appreciable z-wise drift can develop (Appendix C.3.1). Likewise behaviour occurs
in y-direction for regime α < −2. Hence planar motion along the unstable manifold
dominates over the normal drift and, in consequence, confines tracers to a thin shell
around the chaotic sea of the corresponding IS. Thus the perturbation has an only
marginal impact on the dynamics near hyperbolic lines.

For elliptic lines, on the other hand, planar (radial) motion parallel to the original
IS is relatively weak, i.e.

rn+1 − rn
zn+1 − zn

= γe rn, γe ≈
1−
√
C√

Cε2
, |γe| � 1, (4.21)

implying prolonged (radial) entrapment near the original periodic line in conjunc-
tion with an appreciable drift normal to the unperturbed IS (Appendix C.3.2).
Thus the perturbation, in contrast with their hyperbolic counterparts, has a ma-
jor impact on the dynamics near elliptic lines. Here this induces helical motion
around the z-axis and transverse to the original ISs along invariant tubes (for any
|α(z)| < 2) parameterised by

G(r, z) = r2(z − z∗), (4.22)

and approximately of constant radius for |z∗| � 1. Relation (4.22) follows from
(4.15) and (4.16) upon elimination of ε2 via (4.19) and expression of planar mo-
tion in polar coordinates. This gives C = r2n/r

2
n+1 = (zn+1 − z∗)/(zn − z∗) and
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implies a constant of motion G(rn+1, zn+1) = G(rn, zn) and, inherently, tubular
ISs described by its level sets. Both the radial and normal displacements scaling
(reciprocally) with coefficient C stems from condition det(F) = det(F ) = 1 and
thus incorporates the solenoidality of flow u underlying mapping (4.2).

The drift normal to the original ISs occurs for any perturbation and thus causes
the physical topology to generically consist of chaotic shells and tubes instead of
chaotic seas and islands within (spheroidal) ISs. Moreover, these structures, rather
than coexisting, merge into TS structures as shown in Fig. 4.1(b) and Fig. 4.1(c)
by RIM.

Key to RIM is escape of tracers from tubes through defects. Such escapes are widely
studied yet exclusively for defects in tubes on fully elliptic lines (i.e. case |α| < 2
of the canonical map) due to resonances in the angular motion. Consider to this
end a generalised form of (4.13) admitting period-wise angular displacement ν =
ν(rn, zn) = ν(r0, z0). Said resonances occur if the angular displacement becomes
commensurate with 2π in certain curves in the rz-plane, i.e.

ν(r, z) = 2πk/m, (4.23)

with (k,m) arbitrary integers, where the surfaces of revolution described by the
curves are termed “resonance sheets”. This triggers either random switching be-
tween tubes (denoted “resonance-induced dispersion” or “scattering”) near the res-
onance sheets or prolonged oscillation around the latter (“capture into resonance”)
[28, 107, 168].

RIM, instead of local defects through resonances (4.23), involves full truncation of
such tubes and depends solely on the properties of the periodic line characterised
by discriminant α = α(z) following (4.11). The canonical map enables distinction
of three truncation scenarios, of which two involve resonance phenomena due to
commensurate ν following (4.23), and thus yields a comprehensive theory of RIM.
This is elaborated below.

4.4.3 RIM due to formation of periodic points

The first RIM scenario hinges on the formation of an isolated periodic point x∗
following (4.19) near a perturbed elliptic line (|α| < 2), which can be identified
with the origin without loss of generality (Sec. 4.4.2). The local dynamics around
x∗ are described by map (4.15) for |α| < 2 and ε2 = 0 and (consistent with findings
in [107]) retains the nature of the elliptic line in that tracers perform helical motion
around the associated 1D manifoldW1D (z-axis). However, contrary to cases devoid
of periodic points, the z-wise drift reverses on either side of the associated 2D
manifold W2D (plane z = 0). The z-wise motion in the perturbed map (4.15)
namely simplifies to zn+1 = Czn for ε2 = 0 and thus gives rise to

zn+1 > zn for zn > 0 and zn+1 < zn for zn < 0,
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for C > 1. Case C < 1 yields the opposite dynamics, i.e.

zn+1 < zn for zn > 0 and zn+1 > zn for z0 < n,

and causes the helical paths to diverge upon approaching W2D as illustrated in
Fig. 4.3(a) by the stroboscopic map (left) of a tracer (black) released at x0 =
(0.2, 0.2,−2) (red) below W2D (gray) of x∗ (magenta) using α = 2 in Fig. 4.3(a)
(right) as characteristic discriminant α(z) following (4.11) (ε1 = 10−3, ε2 = 0).
Thus W2D truncates the tubes into two families of funnel-shaped ISs parameterised
by (4.22) for z∗ = 0 (cyan).

The above RIM scenario occurs in the bead-driven flow in [111] and is, by analogy,
also attributed to RIM in the cylinder flow [176]. However, computational studies
reveal that RIM observed in this system (including Fig. 4.1) is in fact devoid of
periodic points and thus beyond the associated theory. This lends further credence
to an essentially different RIM scenario suggested in Refs. [130, 158, 159] (and its
name giver): tube–shell merger induced by resonances in the dynamics associated
with the periodic line. RIM occurs according to this scenario near positions z on
the periodic line where the angular displacement ν = ν(z) following (4.10) satisfies
condition (4.23). This hypothesis is validated hereafter by theoretical analysis and
experimental proof and advances two further scenarios: RIM due to local and global
segmentation of periodic lines.

4.5 RIM due to segmentation of periodic lines

4.5.1 Resonances on periodic lines

The resonance phenomena described in Sec. 4.4.2 interrupt the so-called “averaging
principle” that underlies the survival of tubes under weak perturbation and thus
causes local defects in these entities [4, 28, 107, 168]. RIM involves an essentially
different resonance phenomenon that concerns the transition between elliptic and
hyperbolic dynamics according to (4.12) and (4.13), respectively. Regions with
former and latter dynamics namely join at invariant surfaces (ISs) z = constant in
which discriminant α(z) following (4.11) identifies with the parabolic limit (4.14)
and yields an angular displacement ν = ν(z) through (4.10) that satisfies condition
(4.23). This results in two distinct cases:

• Case α(z̃) = αp = 2 yielding ν(z̃) = 0 and corresponding coefficient λ(z̃) = 1.
Both (4.12) and (4.13) collapse on (xn+1, yn+1) = (xn, yn), implying an IS
z̃ = constant consisting entirely of period-1 points.

• Case α(z̃) = αp = −2 yielding ν(z̃) = π and corresponding coefficient λ(z̃) =
−1. Here (4.12) and (4.13) collapse on (xn+1, yn+1) = (−xn,−yn), implying
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(b)

(c)

(d)

(e)

(a)

Figure 4.3: Scenarios for tube–shell merger due to RIM demonstrated by perturbed
canonical map (left) of single tracer (black; time progression upwards) released
at x0 (red star) near periodic line (vertical axis; blue/red: elliptic/hyperbolic)
characterised by given α(z) (right). Dashed line in α(z): parabolic limit αp; green
and green/yellow in α(z): parabolic points z̃ for αp = 2 and αp = −2, respectively;
light/dark vertical planes: stable/unstable manifolds of hyperbolic line segment;
cyan: ISs for RIM. (a) Periodic point (magenta) and 2D manifold (gray) at elliptic
line. (b) Local segmentation of periodic line (αp = 2). (c) Local segmentation of
periodic line (αp = −2). (d) Global segmentation of periodic line (αp = 2). (e)
Global segmentation of periodic line (αp = −2).
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(xn+2, yn+2) = (xn, yn) and thus an IS z̃ = constant consisting entirely of
period-2 points.

Thus resonances underlying RIM are in essence special cases of (4.23) in that the
resonance sheets identify with ISs z = constant. These sheets in principle cause
the same defects in tubes as in the resonance phenomena following Sec. 4.4.2 yet
their impact on the dynamics, notwithstanding this similarity, is fundamentally
different. First, the resonance sheets thus formed, akin to the 2D manifold associ-
ated with RIM due to periodic points (Sec. 4.4.3), fully truncate the tubes instead
of causing only local defects. Second, these sheets, given their emergence on the
boundary between elliptic and hyperbolic line segments, facilitate the migration
of tracers into chaotic shells and vice versa. This gives rise to two further RIM
scenarios complementary to that following Sec. 4.4.3: RIM due to local and global
segmentation of periodic lines. This is elaborated in Sec. 4.5.2 and Sec. 4.5.3,
respectively.

4.5.2 Local segmentation

Local segmentation occurs near parabolic points z̃ following (4.14) on elliptic pe-
riodic lines as indicated by green and blue, respectively, in Fig. 4.1(b). Such
points are accompanied by small line segments that approach the parabolic limit
α = αp = ±2 up to a tolerance ∆� 1 and generically include sections where

|αp| < |α| ≤ |αp|+ ∆, (4.24)

demarcating small weakly-hyperbolic segments on an otherwise elliptic line. (Green
markers in Fig. 4.1(b) in fact delineate such sections for ∆ = 5 × 10−3.) The
impact of such local segmentation on the perturbed dynamics without periodic
points admits representation by map (4.15) using ε2 > 0 and discriminant

α(z) = γ |z|+ β, |β| > |αp| = 2, (4.25)

yielding a weakly-hyperbolic segment following (4.24) for ∆ = |β|−2 and bounded
by parabolic points z̃ = ±∆/γ. Fig. 4.3(b) and Fig. 4.3(c) demonstrate the two
possible cases αp = 2 and αp = −2, respectively, identified in Sec. 4.5.1 by the
stroboscopic map (left) of a tracer released at x0 = (1, 1,−1) and characterised by
shown discriminant α(z) (right) for (ε1, ε2) = (10−5, 10−3) and (γ, |β|) = (0.5, 2.01)
(yielding z∗ = 50 and z̃ = ±0.02):

(i) deflection of a single orbit from the tube on the lower elliptic segment (blue)
along the unstable manifold (dark gray) of the hyperbolic segment (red)
for β = 2.01 upon crossing resonance sheet z̃ = −0.02 corresponding with
parabolic limit α(z̃) = αp = 2;
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(ii) emergence of two deflected orbits for β = −2.01 upon crossing the resonance
sheet z̃ = −0.02 corresponding with parabolic limit α(z̃) = αp = −2.

Single versus double orbit(s) occur due to period-1 (ν(z̃) = 0) versus period-2
(ν(z̃) = π) resonance, respectively, at given parabolic limits according to Sec. 4.5.1.

Lagrangian motion is in the perturbed map restricted to newly-formed ISs indi-
cated in cyan for shown tracer in Fig. 4.3(b) and Fig. 4.3(c) that are topologically
equivalent to the funnel-shaped invariant surfaces (ISs) in Fig. 4.3(a) for the RIM
scenario according to Sec. 4.4.3. This implies that RIM, as opposed to random dis-
persion due to resonance-induced defects in tubes, indeed merges tubes and shells.
The origin and structure of these ISs are elaborated in Sec. 4.6.

4.5.3 Global segmentation

Global segmentation involves, instead of small weakly-hyperbolic segments follow-
ing (4.24) on an otherwise elliptic line, hyperbolic and elliptic segments of similar
extent. Consider to this end map (4.15) for discrimant

α = γz + β, β = αp = ±2, (4.26)

partitioning the periodic line into an elliptic (z < 0) and hyperbolic (z > 0) segment
at parabolic point z̃ = 0. Fig. 4.3(d) and Fig. 4.3(e) demonstrate the two possible
cases αp = ±2 (Sec. 4.5.1) by a tracer released at x0 = (1, 1,−1) for (ε1, ε2) =
(10−5, 10−3) and γ = 0.01 (z∗ = 50): deflection of a single and pair of orbit(s)
from the tube on the elliptic segment (blue) along the unstable manifold (gray) of
the hyperbolic segment (red) for α(z̃) = αp = 2 and α(z̃) = αp = −2, respectively.
Again, cases αp = ±2 distinguish period-1 versus period-2 resonances (Sec. 4.5.1)
and Lagrangian motion is restricted to invariant surfaces ISs (cyan).

Thus global segmentation basically yields dynamics comparable to that ensuing
from local segmentation. The difference between former and latter primarily exists
in the extent and interaction of the associated ISs and their impact on the dynamics.
This is elaborated in Sec. 4.6.

4.5.4 Typical manifestations of RIM in realistic flows

Manifestations of RIM in the cylinder flow due to the segmented periodic lines in
Fig. 4.2 are shown in the simulated stroboscopic map of a single tracer in Fig. 4.4(a).
Parabolic points I–III and IV concern global (αp = −2) and local (αp = 2) seg-
mentation, respectively, and time progression is from IV to I. The dynamics at
each point are, similar to Fig. 4.1, entirely consistent with the canonical behaviour
in Fig. 4.3(b)–Fig. 4.3(e). However, the close proximity of points II and III re-
sults in non-trivial interaction: the tracer randomly switches between the invariant
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(a) (b)

Figure 4.4: Manifestations of RIM in cylinder flow due to segmented periodic
lines (colour coding as before) demonstrated by stroboscopic map of single tracer.
Parabolic points I–III and IV concern global (αp = −2) and local (αp = 2) seg-
mentation, respectively; time progression from IV to I.

surfaces (ISs) associated with both instances of RIM (cyan in Fig. 4.3) and thus
effectively crosses over from one tube segment into another. Fig. 4.4(b) gives the
corresponding experimental stroboscopic map (and simulated periodic line) and its
close agreement with Fig. 4.4(a) provides further experimental proof of the physical
existence and universality of RIM due to the segmented periodic lines.

Parabolic points I and II in Fig. 4.4 are intersections of the segmented period-1
line in the symmetry plane (shaded) with shown pair of period-2 lines and thus
correspond with case αp = −2 in Fig. 4.3(e). The resulting period-2 resonance
(Sec. 4.5.1) induces oscillatory dynamics at points I,II and this is particularly clear
in the simulated stroboscopic map in Fig. 4.5(a). Shown tracer namely enters a pair
of period-2 tubes, forming in the chaotic zone at point I around the unperturbed
period-2 line, and thus describes a bifurcating tube. Formation of the period-
2 tubes and discriminating whether tracers enter these entities (Fig. 4.5) or the
chaotic zone (Fig. 4.4) is beyond the canonical map. The experimental stroboscopic
map in Fig. 4.5(b) closely agrees with its computational counterpart and thus
validates the tube bifurcation associated with RIM.

4.6 Invariant surfaces (ISs) due to RIM

RIM both by periodic points and line segmentation yields invariant surfaces ISs
(cyan in Fig. 4.3) and thus indeed accomplishes actual tube–shell merger. ISs
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(a) (b)

Figure 4.5: Tube bifurcation by period-2 resonance (αp = −2) at parabolic point
(green/yellow) between elliptic (blue) and hyperbolic (red) segments of period-
1 line in symmetry plane (shaded) demonstrated by stroboscopic map of single
tracer.

associated with periodic points are explained before; their formation via line seg-
mentation is investigated hereafter.

Consider RIM due to global segmentation of a periodic line with discriminant (4.26)
for αp = 2 (Fig. 4.3d). The corresponding IS S(G) (cyan) consist in the elliptic
region (α < 2) of tubes parameterised by G following (4.22) and terminating in
resonance sheet z = z̃ (= 0) at circles

C(G) : x20 + y20 = r20 = G/(z̃ − z∗). (4.27)

The extension of each IS S(G) into the hyperbolic region (α > 2) is composed of
the union of forward mappings Mn(D), with M according to (4.15) and n ≥ 1,
of the tube end D bounded by circle C following (4.27) and its backward mapping
M−1(C). Hence the hyperbolic portion of each IS smoothly “grows” out of its tube
end D as demonstrated in Fig. 4.6(a) for the IS (cyan) of the tracer (black orbit)
in Fig. 4.3(d) emerging from circle C (magenta) centered on the parabolic point
z̃ = 0 (black star).

The forward mappings of circle C(G) (cyan curves in Fig. 4.6a) outline the IS S(G)
and are given by

(xn/A
nλ̃n)2 + (xnλ̃n/B

n)2 = r20, (4.28)

with λ̃n = Πn−1
i=0 λ(zi) > 1, describing ellipses of radius

rmaj = Anλ̃nr0 > r0, rmin = Bnr0/λ̃n < r0, (4.29)
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(a) (b)

Figure 4.6: Hyperbolic portions of invariant surfaces (ISs) for RIM due to segmen-
tation of periodic line (dashed) at parabolic points (stars): (a) IS (cyan) for tracer
(black) expelled into chaotic shell and neighbouring IS (blue); (b) ISs (cyan/red)
for tracers (black/gray) expelled into/entrained from shell. Magenta/green: circles
connecting elliptic/hyperbolic IS portions.

along the major and minor axes, respectively. Thus the ISs (i) constitute (along
the entire line) a continuous family of smooth surfaces S(G) parameterised by G
that are (ii) topologically tubes and (iii) self-similar in r. Hence positions on S(G1)
(cyan) and S(G2) (blue) in Fig. 4.6(a) for any z2 = z1 relate via x2/x1 = y2/y1 =
r2/r1.

The exponential diminution/growth of radii rmaj,min following (4.29) with progress-
ing mapping n signifies rapid contraction and stretching of the elliptic cross-section
of shown ISs with increasing z in Fig. 4.6(a) along the minor and major axes, re-
spectively, and reflects the impact of the stable (dark gray) and unstable (light
gray) manifolds on the dynamics. This results in an extreme x-wise divergence
of the ISs upon entering the hyperbolic region as predicted by (4.20); contrast to
this end the relative thickness ∆z = (zmax − zmin)/r0 ≈ 0.05 and aspect ratio
(xmax − xmin)/∆z ≈ 70 of shown hyperbolic portions with the only minute excur-
sion α − 2 ≤ 7 × 10−3 into the hyperbolic regime. Hence entering the hyperbolic
region immediately triggers a sudden deflection of tracer paths into a thin chaotic
shell as demonstrated in Fig. 4.3(d).

The above concerns expulsion of tracers from tubes into the chaotic shell via the
unstable manifold for αp = 2 as demonstrated in Fig. 4.3(d) yet this readily extends
to case αp = −2 in Fig. 4.3(e). Moreover, entrainment of tracers from the chaotic
shell into tubes may occur [111, 130, 158, 159, 176]. The canonical map captures
this by backward mapping xn = M−n(x0), yielding a path that enters the tube
along the stable manifold (manifolds switch stability upon time reversal). RIM at
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points (I,III) and II in Fig. 4.4(a) e.g. corresponds with expulsion and entrainment
for αp = −2, respectively.

The ISs for local segmentation as demonstrated in Fig. 4.3(b) and Fig. 4.3(c) are in
essence similar to the above global counterparts. Surfaces with an elliptical cross-
section following (4.28) emerge from the bounding circles C(G) following (4.27)
of the lower tube family in resonance sheet z = z̃ < 0; Fig. 4.6(b) gives the IS
(cyan) and corresponding circle (magenta) for the tracer expelled from the lower
tube (black orbit) in Fig. 4.3(b) for αp = 2. Principal difference with global
segmentation is that simultaneously entrainment of tracers from the chaotic sea
into the upper tube family across the hyperbolic region bounded by resonance
sheet z = z̃ > 0 occurs. The corresponding ISs are demarcated by backward
mappings of the tube end attached to the upper bounding circles C(G). Fig. 4.6(b)
gives this circle (green) and resulting surface (red) for a tracer passing through
x′n = −x0, with x0 the initial position of the tracer expelled via the cyan surface,
and following the gray orbit during entrainment.

Thus two families of ISs emerge for RIM due to local segmentation (Fig. 4.6b):
surfaces SR(G) associated with tracer expulsion into the chaotic shell from one
tube family (cyan) via the unstable (dark gray) manifold; surfaces SA(G) associated
with tracer entrainment from this shell into the companion tube family (red) via
the stable (light gray) manifold. Thus former and latter tube families behave
as repellors (“R”) and attractors (“A”) for the tracer dynamics. Both processes
involve, as before, sudden deflection of the tracer paths due to extreme divergence
of surfaces SR,A in the hyperbolic region (relative thickness ∆z ≈ 0.03 and aspect
ratio (xmax − xmin)/∆z ≈ 1000 for α− 2 ≤ 10−2).

Simultaneous expulsion into and entrainment from the chaotic shell causes certain
tracers to cross over from the tubes in SR to those in SA. This is reminiscent
of “scattering” following [168] yet here occurs, instead of via defects, through a
finite-thickness hyperbolic layer separating two tube families. The corresponding
paths coincide with the intersections

L(G1, G2) = SR(G1) ∩ SA(G2), (4.30)

and the subset of tracers crossing over is determined by the radial extent of the
tubes. The parameters are namely bounded as 0 ≤ G1,2 ≤ Gmax, with Gmax =
r2max(z∗− zref) and rmax the maximum tube radius at an arbitrary reference plane
z = zref. This restricts tracers crossing over to but a small subset; the vast majority
is expelled into the chaotic shell. Consider for illustration the magenta/green circles
in Fig. 4.6(b) to demarcate the outermost lower/upper tubes; the total subset of
tracers crossing over from lower to upper tube family is (in each quadrant of the
xy-plane) contained in the narrow strip within the magenta circle between the
hyperbolic portion of SA (red) and the stable manifold (light gray).

It must be stressed that strict differentiation between global and local segmentation
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may be difficult (if not impossible) in realistic flows. Revisit to this end the typical
manifestations of RIM due to line segmentation discussed in Sec. 4.5.4 and shown
in Fig. 4.4. The extent of the segments demarcated by parabolic points II and III
implies global segmentation yet the interaction between ISs is reminiscent of local
segmentation. Thus the dynamics in realistic flows may exhibit features of both
RIM scenarios. However, this is inconsequential for the validity and universality of
the phenomena described above.

4.7 Conclusions

Scope of the present study is the response of Lagrangian flow topologies of 3D
time-periodic flows consisting of spheroidal invariant surfaces (ISs) to perturba-
tion. Such ISs generically accommodate non-integrable Hamiltonian dynamics
and, in consequence, intra-surface topologies comprising of islands and chaotic
seas. Computational studies predict a response to arbitrary perturbation that
is dramatically different from the classical case of toroidal ISs: said islands and
chaotic seas evolve into “tube–and–shell” (TS) structures by a mechanism termed
“resonance–induced merger” (RIM). This study provides conclusive experimental
proof of RIM by direct measurements of long-term Lagrangian motion of passive
tracers by 3D Particle-Tracking Velocimetry (3DPTV). Moreover, these 3D PTV
studies demonstrate that the underlying unperturbed state is a singular limit that
exists only for ideal conditions and cannot be achieved in a physical experiment.
Hence the perturbed state of TS structures constitutes the physical topology in
realistic 3D unsteady flows with spheroidal ISs.

A comprehensive theory (supported by 3DPTV experiments) reveals that RIM en-
sues from perturbed periodic lines (i.e. curves consisting of material points that
systematically return to their initial position) via three possible scenarios: trun-
cation of tubes by (i) manifolds of isolated periodic points emerging near elliptic
lines or by either (ii) local or (iii) global segmentation of periodic lines into ellip-
tic and hyperbolic parts. This theory furthermore demonstrates that RIM indeed
accomplishes tube–shell merger by exposing the existence of ISs that smoothly ex-
tend from the tubes into the chaotic shells. These phenomena set the response to
perturbation – and physical topology – of flows with spheroidal ISs fundamentally
apart from flows with toroidal ISs.

The comprehensive theory is entirely of a kinematic nature and employs canoni-
cal representations of the Lagrangian dynamics that rely solely on continuity and
solenoidality of the underlying velocity field. This renders the theory and its find-
ings universal and generically applicable for (arbitrary perturbation of) basically
any incompressible flow – in fact any smooth solenoidal vector field – accommodat-
ing spheroidal ISs. The consistent emergence of RIM in the unsteady cylinder flow
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adopted in the current study for a variety of perturbations as well as occurrence of
essentially similar instances of RIM in other flows support this assertion.

Non-toroidal ISs of greater topological complexity as well as quasi-2D representa-
tions of Lagrangian transport in geophysical flows accommodate similar Hamilto-
nian dynamics as the spheroidal ISs. This strongly suggests that the response to
perturbation (including formation of TS structures) likely generalises to a broader
class of systems involving restriction of Lagrangian motion to (subregions of) non-
toroidal ISs.



Chapter 5

Concluding remarks

The present investigation concerns the Lagrangian dynamics of passive tracers in
prototypical three-dimensional (3D) cavity flows under laminar conditions. In this
chapter, the conclusions of the study and possible future research directions are
presented.

5.1 Conclusions

Steady and time-periodic flows in 3D cavities are considered in the present research.
Limited insight into the Lagrangian properties of this class of flows, despite its
relevance to flow phenomena in industry and nature, motivates the study. The
investigation focuses on the advection of passive tracers and Lagrangian transport
mechanisms in experimentally realisable flows. Principal goal is the identification
and investigation of universal Lagrangian transport phenomena. To this end, a
combination of numerical/theoretical and experimental studies on this topic has
been performed.

Two classical cavity flows in fluid dynamics are considered as representative con-
figurations. A buoyancy-driven flow (differentially-heated cavity) and lid-driven
flows are adopted. Newtonian fluids and incompressible flows are assumed. Ad-
ditionally, in the buoyancy-driven flow the Boussinesq approximation is adopted.
The buoyancy-driven flow is generated by a horizontal temperature gradient. A cu-
bic cavity is considered with two opposite isothermal vertical walls, the other four
walls are thermally insulated. The single- and double-lid-driven flows in a cylin-
drical cavity are induced by the motion of the bottom wall and the anti-parallel
motion at the same speed of the bottom and top walls, respectively. The buoyancy-
driven and lid-driven flows are governed by the Grashof (Gr) and Reynolds (Re)
numbers, respectively. These parameters are measures of buoyancy and inertia in
the buoyancy-driven flow and inertial effects in the lid-driven flows.

In the steady case, the 3D Lagrangian dynamics is investigated in terms of the
generic structure and associated transport properties of the global streamline pat-
tern (‘Lagrangian flow topology’). In the time-periodic case, primary subject of
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investigation is the response to perturbations in a class of flows with invariant
spheroidal surfaces. The flow is induced by the repetition of a sequence of piecewise
steady translations of the bottom wall (reorientation of the steady single-lid-driven
flow). The main findings of the study, divided into steady and time-periodic flows,
are summarised below.

Steady flows

A central aim of the present investigation was to examine the responses to nonlin-
earities in 3D steady flows. A comprehensive study of the Lagrangian dynamics
focusing on the evolution of the flow topology is possible due to proper parameter-
isation (via Gr or Re) for smooth introduction of nonlinear effects. In particular,
this approach facilitates the identification of common states of the 3D Lagrangian
topologies for the considered flow classes. Two fundamental flow states concerning
the steady cavity flows are relevant. (i) The linear limit (Gr, Re = 0), char-
acterised by closed streamlines. (ii) The nonlinear regime (Gr, Re > 0), where
generically non-closed streamlines are present and the advective terms in the gov-
erning equations become relevant. This represents a first key similarity between
buoyancy-driven and lid-driven flows.

Moreover, this study has found that symmetries can be employed to systematically
determine fundamental properties of the 3D streamline patterns and thus identify
topological analogies between flow classes. The response to nonlinearities in the
buoyancy-driven flow (increasing Gr) has an equivalent counterpart in lid-driven
flows that includes single- and double-lid forcing: (i) the limit of vanishing Gr
yields the same topology as the Stokes limit (Re = 0) of single-lid-driven flows.
(ii) Increasing Gr changes the flow topology in a similar way as introducing fluid
inertia (Re > 0) in the single-lid-driven case. (iii) Further increasing Gr generates
a buoyancy-induced bifurcation of the streamline pattern that is reminiscent of
double-lid-driven flows. The equivalences and topological similarities between both
flows are discussed in more depth below.

The linear limits of the buoyancy-driven and single-lid-driven flows have equivalent
Lagrangian flow topologies consisting of closed streamlines. Moreover, these flows
have a (locally) Hamiltonian structure. This has the important consequence that
the response of the flow topology in the nonlinear regime (initially) follows the
same universal Hamiltonian route: coalescence of closed streamlines into tori and
their progressive disintegration into chaotic streamlines.

Fluid inertia is the prevailing symmetry-breaking mechanism for ‘small’ Gr and
this explains the similarity with single-lid-driven flows (where fluid inertia is pa-
rameterised by Re). The corresponding global flow topology is governed by a single
focus-type stagnation point; its 2D and 1D manifolds correspond to the symme-
try plane and toroidal axis, respectively. Increasing Gr results in a buoyancy-
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induced bifurcation of the Lagrangian flow topology from a single focus into a
saddle with accompanying pair of foci. Symmetries and topological invariance in
conjunction with physical considerations imply that, irrespective of the Prandtl
number (Pr), the system follows this scenario. This represents a generic bifurca-
tion in the buoyancy-driven flow. Although similar bifurcations have been widely
considered in 2D flows, the implications of this type of bifurcations for the 3D La-
grangian topologies have been less explored. This motivated the current study. In
particular, the mentioned bifurcation underlies the emergence of ‘secondary rolls’
reported in numerous studies in literature. The 3D dynamics and the impact of the
bifurcation are summarised below after pointing out that an analogous bifurcation
is found in lid-driven flows.

Double-lid forcing generates essentially the same bifurcation for lid-driven flows
with increasing nonlinearities (Re > 0). In particular, the double-lid-driven flow
is characterised by a similar foci-saddle structure in the symmetry-plane, implying
a topological equivalence between this flow and the buoyancy-driven flow. This
extends the above-mentioned link between the buoyancy-driven flow and single-
lid-driven flows.

Two main cases can be distinguished in the buoyancy-driven flow at large and small
Pr, respectively. Flow topologies with and without secondary tori besides the orig-
inal (‘primary’) tori. Given the transition from inertia- to buoyancy-dominated
dynamics with increasing Pr, the appearance of secondary tori can be considered,
therefore, as a buoyancy-induced phenomenon. Increasing Gr causes the progres-
sive disintegration of tori according to Hamiltonian mechanisms.

Secondary tori intimately relate to the occurrence of stagnation points outside
the symmetry plane. The presence of such points results in the formation of a
‘skeleton’ in the 3D flow domain due to intricate heteroclinic manifold interactions.
The skeleton constitutes a ‘separatrix’ between primary and secondary tori. On
the other hand, the 3D post-bifurcation flow topology closely resembles the pre-
bifurcation state in the case that stagnation points are absent outside the symmetry
plane (the corresponding skeleton in this case only envelops the single family of
primary tori). The topological analysis thus reveals that the 3D flow topology is
‘shaped’ by stagnation points (both inside and outside the symmetry plane) and
their interactions. This implies that the emergence of similar structures in other
flow configurations will govern the dynamics in a similar manner.

The above study has shown that the 3D flow topology of the double-lid-driven flow
is characterised by similar families of tori as found in the buoyancy-driven flow for
large Pr. Moreover, the intimate relation between the appearance of secondary tori
and the existence of stagnation points outside the symmetry plane was confirmed.
This strongly suggests that the emergence of the secondary family of tori is a
universal phenomenon for increasing nonlinearities in a class of flows in bounded
domains.
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Extra bifurcations of the streamline topologies occur with increasing nonlinearities
in the symmetry plane of the considered cavity flows. Laboratory experiments
validate several key aspects of the Lagrangian dynamics of such steady flows. Par-
ticle image velocimetry (PIV) experiments in the symmetry-plane of the buoyancy-
driven flow show a good agreement between numerical and experimental bifurca-
tions with increasing Gr. In particular, these experiments confirm the predicted
bifurcation threshold for larger Pr. Moreover, a comparison between experimental
trajectories obtained by particle-tracking velocimetry (PTV) and their simulated
counterparts in the double-lid-driven flow reveals a good agreement with increasing
Re.

Taken together, the findings of this study support the universal character of the key
aspects of the Lagrangian dynamics. Symmetries can be employed to systematically
determine the fundamental properties of the 3D global streamline patterns. The
governing symmetries enable the identification of topological equivalences between
flow classes. Stagnation points play a central role in shaping the 3D flow topologies.
Moreover, the response to nonlinearities (increasing Gr or Re) is characterised by
the occurrence of similar bifurcations of the Lagrangian flow topologies and the
emergence of generic structures (toroidal structures) that are (locally) governed by
universal Hamiltonian mechanisms.

Time-periodic flow

Limited insight into generic break-up mechanisms of invariant surfaces different
than tori in 3D flows motivates this investigation. Theoretical and numerical stud-
ies revealed that a class of time-periodic flows with invariant spheroids follows
a route to chaos upon (weak) perturbation that is fundamentally different from
that of the classical case of invariant tori. Weak perturbation of the invariant
spheroids results in the formation of intricate coherent structures consisting of
spheroidal shells connected by tubes via a mechanism termed ‘resonance-induced
merger’ (RIM). These structures enable a first global dispersion of tracers and
constitute the precursor to unrestricted 3D chaos.

Recent studies provided first experimental evidence of RIM yet direct validation
remained outstanding. Additionally, the observation of the same dynamics in dif-
ferent systems and (in essence) identical responses to different types of perturbation
(such as weak fluid inertia, experimental disturbances or external perturbation of
the flow forcing) strongly suggest a universal nature of RIM.

Typical unperturbed (Re = 0) intra-surface topologies on spheroids comprise regu-
lar islands and chaotic seas. Computational studies predict the following response
to (small) perturbation: islands and chaotic seas give rise to ‘tube-and-shell’ struc-
tures. The present study conclusively demonstrates RIM and the associated ‘tube-
and-shell’ structures by direct measurements of long-term Lagrangian motion of



5.2. Outlook 109

passive tracers using 3D particle-tracking velocimetry (PTV).

Key modifications of the present experiments with respect to previous experimental
studies include the following elements. Employment of a high viscosity silicon oil for
extremely close approximation of the Stokes limit (Re ≤ 6.6×10−4). Improvement
of tracking performance by employment of fluorescent particles (in order to enhance
particle detection). Use of an interactive module for manual connection of tracer
paths. These modifications enable the isolation of significantly long Lagrangian
trajectories which are required to study RIM.

The experimental results are examined in terms of numerical and theoretical pre-
dictions. The perturbed dynamics near periodic lines reveals that RIM can be
generated by three possible scenarios regarding the truncation of tubes by: (i)
manifolds of isolated periodic points emerging near elliptic lines or by (ii) local
or (iii) global segmentation of periodic lines into elliptic and hyperbolic segments.
The time-periodic lid-driven flow adopted in this study enables, in particular, the
investigation of RIM due to local and global segmentation of periodic lines (these
two scenarios have not been considered before).

The 3D PTV results show that the underlying unperturbed state (limit Re = 0)
is a singular limit that exists only for ideal conditions and cannot be achieved
in a physical experiment. An important (practical) consequence of the above is
that a state of the 3D flow topology characterised by invariant spheroids repre-
sents a theoretical limit (and has a conceptual relevance) but does not occur in
actual experiments. For this reason, the perturbed state of ‘tube-and-shell’ struc-
tures constitutes the actual physical topology. The experimental results are in full
agreement with theoretical predictions and simulated dynamics and confirm the
universal character of RIM.

5.2 Outlook

An innumerable amount of studies adopt the considered prototypical flow config-
urations. The study of universal properties is fundamental in order to understand
related phenomena that emerge under a diversity of conditions. While many in-
teresting and unexpected phenomena occur in these (highly ideal) systems,1 the
incorporation of realistic conditions into the Lagrangian dynamics should be ex-
plored further. In this context, experimental studies are fundamental to establish

1Regarding this, there seems to be no better remark than Chandrasekhar’s final comment in
[32]: “To the critic who rightly points out that in these studies we are very remote from the
conditions under which Nature presents her most extravagant displays, let me only say: There is
a square. There is an oblong. The players take the square and place it upon the oblong. They
place it very accurately. They make a perfect dwelling place. The structure is now visible. What
was inchoate is here stated. We are not so various or so mean. We have made oblongs and
stood them upon squares. This is our triumph. This is our consolation. V. Woolf ”. See also the
recent review by Sreenivasan [164].
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the physical relevance and validity of theoretical/numerical findings. A natural
progression of this study is the experimental investigation of tori families in the
steady flows. Direct measurement of the two families of tori using PTV could be
performed by using modified versions of the experimental double-lid-driven set-up
for higher Re (possibly using the alternative of moving bands instead of the finite-
size walls). The effect of (unavoidable) experimental disturbances will be relevant.
In this study, the experimental departure from symmetries was shown to be weak.
However, long-term effects may become significant for extended tracking intervals.

A detailed experimental investigation of essentially 3D structures outside the sym-
metry plane represents an important challenge involving long-term experimental
measurements which are certainly not trivial. The use of similar elements as em-
ployed for the experimental investigation of RIM can guide future efforts. In the
buoyancy-driven flow, typical non-ideal boundary conditions in experiments need
to be taken into account. In this regard, a first step before performing long-term
experiments is the (numerical) investigation of the effects produced by such non-
ideal conditions that (generally) induce departure from symmetries. This might
provide insight into the robustness of the main structures (e.g. tori families).

By further increasing Gr and Re, the systems exhibit transitions to unsteady
regimes. Future research might explore the evolution of the uncovered spatial
Lagrangian structures and their influence on the onset of time-dependent dynam-
ics. Differences between small and large Pr (such as the absence or existence of
secondary tori) are likely to remain and further studies are needed on this matter.
Symmetry breaking and full exploration of stagnation points and their interactions
will be fundamental. Furthermore, reconciliation between the Lagrangian dynamics
of the present steady flows and other configurations (especially vortex breakdown
flows and Rayleigh-Bénard systems) may contribute to the understanding of un-
steady cavity flows in general.

Regarding time-periodic flows, an interesting subject of investigation (of practical
relevance) is the exploration of the combined effects of RIM and other relevant
phenomena such as the advection of finite-size particles. Relevant transport mech-
anisms include the migration of finite-size particles from chaotic to regular regions
and the accumulation and formation of particle structures. Applications encompass
pollutant dispersion, biomedical studies and geophysical flows.

In the same direction, a related topic can be mentioned. The general idea of the
impact of increasing nonlinearities is as follows. Nonlinear effects introduce sec-
ondary flows and (due to the interaction of the manifolds of new critical points)
an improvement in stirring and mixing is expected. However, the generic emer-
gence of toroidal structures shown in this study indicates that these manifolds also
interact creating transport barriers (such as the separatrix between tori families).
This might have important implications for further technological applications for
confinement and isolation. A detailed exploration of this may be worthwhile.



Appendix A

Spectral representation and
Hamiltonian structure

A.1 Spectral representation of the velocity field

A.1.1 Projection of the velocity field on a divergence-free
basis

In this section we describe the transformation for obtaining a divergence-free rep-
resentation of the COMSOL velocity field. Key to reliable Lagrangian tracking is a
velocity field that satisfies the incompressibility constraint to a very high degree of
precision. However, velocity fields simulated with commercial flow solvers such as
COMSOL generically do not offer this precision. Basically two strategies exist to deal
with this issue. First, treatment of the kinematic equation with a volume-preserving
time integration scheme (instead of the Taylor-Galerkin scheme); second, treatment
of the velocity prior to utilisation for Lagrangian transport studies. Here the latter
course of action is pursued by identically enforcing the incompressibility constraint
∇·u = 0 through evaluation of ux from (uy, uz) via inversion of the x-wise spatial
derivative:

Dxux = −F, Dx =
∂

∂x
, F =

∂uy
∂y

+
∂uz
∂z

⇒ ux = −D−1x F. (A.1)

This embarks on expression of the velocity field in a Chebyshev expansion, i.e.

u(x) =

M∑
m=0

N∑
n=0

P∑
p=0

ũmnp φm (2x− 1)φn (2y − 1)φp (2z − 1) , (A.2)

with φk(.) the kth-order Chebyshev polynomial and f̃mnp the associated Chebyshev
spectrum [27]. The Chebyshev spectrum ũmnp is evaluated via standard discrete
Chebyshev transformation from the velocity field u(xijl) on the discrete grid xijl =
(xi, yj , zl) defined by the Gauss-Lobatto quadrature points [27]. To this end the
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simulated velocity field is interpolated from the COMSOL grid onto the spectral grid
xijl by way of built-in MATLAB routines.

An important property of the Chebyshev expansion (A.2) in the current context is
that spatial derivates of the velocity components translate into algebraic relations

between the associated Chebyshev spectra; for example, u
(1)
x ≡ ∂ux/∂x becomes

ũ
(1)
x = D̃xũx, with ũ

(1)
x and ũx the corresponding matrices with spectral coeffi-

cients and D̃x the matrix representing the x-wise derivative [27]. A key point is

that spectrum ũ
(1)
x exactly represents the (spectrum of the) spatial derivative of the

Chebyshev expansion of ux in any arbitrary position x. This property holds equally
for (the spatial derivatives of) uy,z and thus the spectral representation (A.2) en-
ables exact transformation of the (inverted) differential equation (A.1) into the
algebraic form

D̃xũx = −F̃ , F̃ = D̃yũy + D̃zũz ⇒ ũx = −D̃−1x F̃ , (A.3)

where D̃y,z correspond to the spatial derivatives in (y, z)-directions. This procedure
determines ux up to an arbitrary contribution ψ(y, z); any adjusted field u′x =
ux +ψ satisfies (A.3) as well. This ambiguity is readily eliminated by substituting
mode m = 0, which corresponds to contributions to (A.2) of the form ψ(y, z), by
mode m = 0 of the untreated velocity component ux evaluated from Chebyshev
transformation of the original COMSOL field.

The above yields the sought-after spectrum ũx via standard linear algebra and
gives a spectral representation (A.2) of u that satisfies ∇ · u = 0 up to machine
accuracy everywhere in the flow domain. Hence, employing (A.2) during numerical
integration of the kinematic equation ensures, similar to [155], volume-preserving
Lagrangian dynamics at all times. Fig. A.1 demonstrates the spectral representa-
tion in terms of the planar field (ux, uz) in the symmetry plane P for the linear
limit Gr = 0 (panels a,b) and the typical nonlinear case (Pr,Gr) = (7, 2.5 × 104)
(panels c,d) using M = N = P = 24. (In this work we consider M = N = P and
for brevity only specify M .) Panels (a) and (c) give the spectral representation of
component ux (left) and its deviation from the original COMSOL field (right); panels
(b) and (d) give the accompanying results for component uz. This reveals a close
approximation of the original COMSOL field; deviations typically are several orders
of magnitude below the velocity magnitude. Moreover, the spectral representa-
tion satisfies volume-preservation and symmetries in any arbitrary position x to
machine precision.

A.1.2 Performance of the spectral tracking algorithm

A comparative analysis of the particle tracking using the COMSOL velocity field and
its spectral representation for different orders of expansion is carried out. The
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(a) (b)

(c) (d)

Figure A.1: Spectral representation of the COMSOL field in terms of the planar field
(ux, uz) in the symmetry plane P for M = N = P = 24: (a) ux for Gr = 0; (b) uz
for Gr = 0; (c) ux for (Pr,Gr) = (7, 2.5× 104); (d) uz for (Pr,Gr) = (7, 2.5× 104).
Left and right maps in each panel correspond to the spectral representation and
the deviation from the original COMSOL field, respectively.

first test cases concern limit Gr = 0 and ‘small’ Gr following Sec. 2.3.4, for which
individual streamlines should, according to theory, describe a closed orbit and torus,
respectively.

Fig. A.2(a) shows a typical single streamline for the limit Gr = 0 obtained by
the dedicated spectral method for M = (16, 24, 36) versus the standard tracking
algorithm using the COMSOL field. The streamlines are virtually indistinguishable,
signifying close agreement between both methods as well as convergence of the
spectral representation. Moreover, the computed streamlines are closed to a high
degree of precision, as demonstrated in Fig. A.2(b) by way of three streamlines in
symmetry plane P determined with the spectral approach for M = 24. The stream-
lines correspond with tracers released at initial positions x0 (filled circles) on the
horizontal axis emerging from xc (dashed) and tracked for 50 revolutions about
the stagnation point xc (black star). The subsequent windings of each streamline
about xc coincide to within O(∆ rn), with ∆ rn = |xn − x0| the drift of the inter-
section of each streamline with said axis from its initial position after n revolutions
according to Fig. A.2(c). The drift even after 50 revolutions is only of O(10−3),
meaning that the spectral method accurately resolves the closed streamlines and
thus reliably captures the fundamental topological properties of limit Gr = 0.

Figs. A.3(a,b) give the 3D streamline and corresponding Poincaré section, respec-
tively, for case Pr = 0.71 and Gr = 3.2×103, which corresponds with the regime of
‘small’ Gr. This reveals that both the COMSOL and spectral approaches again per-
form consistently with theory by recovering a torus. Furthermore, structures again
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Figure A.2: Performance of spectral Lagrangian tracking scheme for resolution of
closed streamlines in the limit Gr = 0: (a) typical streamline identified via COMSOL

field (black) versus spectral representation (M = 16: blue; M = 24: magenta;
M = 36: red); (b) streamlines in symmetry plane P (filled circles: initial tracer
positions) determined with spectral approach (M = 24); (c) drift ∆rn of intersec-
tion of streamlines with the horizontal axis (dashed in panel b) versus number of
revolutions n about the stagnation point (black star in panel b).
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Figure A.3: Performance of spectral Lagrangian tracking scheme for resolution of
KAM tori for ‘small’ Gr demonstrated by case Pr = 0.71 and Gr = 3.2 × 103:
(a) typical streamline delineating a KAM torus identified via COMSOL field (black)
versus spectral representation (M = 16: blue; M = 24: magenta; M = 36: red);
(b) corresponding Poincaré sections.



A.1. Spectral representation of the velocity field 115

!
"#$ "#$% "#& "#&% "#'

(

"#)

"#)%

"#*

"#*%

"#+

!
"#$ "#$% "#& "#&% "#'

(

"#)

"#)%

"#*

"#*%

"#+

!
"#$ "#$% "#& "#&% "#'

(

"#)

"#)%

"#*

"#*%

"#+

!
"#$ "#$% "#& "#&% "#'

(

"#)

"#)%

"#*

"#*%

"#+

(a) (b) (c) (d)

Figure A.4: Performance of spectral Lagrangian tracking scheme for resolution
of typical island chain at ‘large’ Gr demonstrated by case Pr = 0.71 and Gr =
7.2 × 104: (a) COMSOL; (b–d) spectral approach for M = 16 (b), M = 24 (c) and
M = 36 (d).

being indistinguishable implies that the chosen M also here suffice for convergence
of the spectral method. However, case Gr = 3.2× 103 exposes a crucial difference
in performance between COMSOL and spectral approaches. The Poincaré section
of the former exhibits a gradual drifting from a closed orbit (and thus a torus in
3D) for long integration times (not shown). This violates the Hamiltonian nature
of the Lagrangian dynamics and must be attributed to computational departures
from the incompressibility constraint by the standard approach [155].

The streamline following the spectral approach, on the other hand, remains closed,
meaning this method is devoid of such numerical artefacts and thus outperforms
the COMSOL approach for Lagrangian analyses.

A further test case concerns ‘large’ Gr following Sec. 2.3.4 and corresponds with
complex Poincaré sections consisting of KAM tori and island chains embedded in
chaotic seas. Fig. A.4 shows the Poincaré section of a typical island chain for
Pr = 0.71 and Gr = 7.2× 104 obtained with the COMSOL approach (panel a) versus
the spectral approach for M as indicated (panels b–d). The COMSOL result exhibits
substantial drifting from an island-chain structure for reasons given before, thus
further consolidating the above finding of its inferior performance for Lagrangian
analyses. The spectral results, in contrast, retain the same island structure – and
thus are faithful to the Hamiltonian nature of the dynamics – for all M . The effect
of M is entirely quantitative in that the island chain shifts and deforms slightly
with varying M . The results suggest that convergence requires a somewhat higher
resolution (i.e. M & 24) than in the regimes considered before.

Fig. A.5 gives the full Poincaré section for Pr = 0.71 and Gr = 7.2 × 104 using
the spectral approach versus M . This reveals that the topological composition is
preserved for all M , and variations are again entirely quantitative and restricted to
minor shifts and deformations; M & 24 again emerges as adequate resolution for
convergence. This further demonstrates the superior performance of the spectral



116 Chapter A. Spectral representation and Hamiltonian structure

(a) (b) (c)

Figure A.5: Performance of spectral Lagrangian tracking scheme for resolution of
typical island chains within chaotic sea at ‘large’ Gr demonstrated by case Pr = 0.71
and Gr = 7.2× 104: (a) M = 16; (b) M = 24; (c) M = 36.

approach for reliable Lagrangian analyses. Extensive testing for different Pr and
Gr (not shown) confirmed these findings.

A.2 Hamiltonian structure of the Lagrangian dy-
namics

The primary circulation, shown in Sec. 2.3, causes the formation of two toroidal
regions on either side of P (Fig. 2.2e). The interior of each such region is diffeo-
morphic to a unit torus. This advances a curvilinear reference frame ξ = (ξ1, ξ2, ξ3)
diffeomorphic to the toroidal reference frame associated with this unit torus. (ξ1, ξ2)
and ξ3 are the (curvilinear counterparts to the) poloidal and toroidal coordinates,
respectively, as a natural counterpart to the Cartesian frame x = (x, y, z). The
transformation of the kinematic equation (2.2) is (formally) defined by

dx

dt
= u(x) ⇒ dξ

dt
= ν(ξ), (A.4)

with νi = u · ei/hi the curvilinear velocity components and ei = h−1i ∂x/∂ξi and
hi = |∂x/∂ξi| the corresponding unit vectors and scaling factors, respectively [5].
A key advantage of the curvilinear representation (A.4) is that it yields a flow with
a uni-directional toroidal component u3 = u ·e3 > 0 everywhere inside the toroidal
region. This admits subsequent transformation of the kinematic equation from the
physical frame ξ = (ξ1, ξ2, ξ3) to a canonical space-time frame ζ = (ζ1, ζ2, τ), i.e.

dξ

dt
= ν(ξ) ⇒

(
dζ1
dτ

,
dζ2
dτ

)
=

(
∂H
∂ζ2

,−∂H
∂ζ1

)
, (A.5)
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where the (canonical) time τ is associated with the poloidal velocity component
u3. The transformation is according to [11] and relies on the vector potential
A = A1e1 +A3e3 of the physical velocity u, which is implicitly defined by

u1 = 1
h2h3

∂
∂ξ2

(h3A3), u2 =
1

h1h3

[
∂

∂ξ3
(h1A1)− 1

h2h3

∂

∂ξ1
(h3A3)

]
, (A.6)

u3 = − 1
h1h2

∂
∂ξ2

(h1A1). (A.7)

The transformation links the canonical space (ζ1, ζ2), the canonical time τ and the
Hamiltonian H with the curvilinear coordinates via

ζ1 = ξ1, ζ2 = −h1(ξ)A1(ξ) = P (ξ2; ξ1, ξ3), τ = ξ3, H(ζ1, ζ2, τ) = h3A3|ξ(ζ1,ζ2,τ),
(A.8)

where P effectively is a function parameterized by (ξ1, ξ3) that nonlinearly relates
the canonical coordinate ζ2 and the curvilinear coordinate ξ2. Hence, the physical
space and the canonical space-time-domain coincide, save for a nonlinear ‘deforma-
tion’ in the ξ2-direction. Transformation (A.8) exists everywhere outside stagnation
points [11]. The latter are absent in the primary circulation, implying that the kine-
matic equation (2.2), and thus the Lagrangian dynamics, indeed has an intrinsic
Hamiltonian structure. Refer to [161] for an intimately related transformation for
periodic duct flows (which are also topologically toroidal domains).

Any cross-section A transverse to the ξ3-direction effectively is a ‘snapshot’ in the
canonical time τ of the 2D Hamiltonian system in the canonical space (ζ1, ζ2). The
primary circulation causes streamlines to systematically return to such a cross-
section and thus produces consecutive ‘snapshots’ of the 2D Hamiltonian system.
This admits the definition of a map xk+1 = Φ(xk) that describes the ‘snapshot-
wise’ evolution of the Lagrangian positions x = (x1, x2) within A in a manner
essentially equivalent to the stroboscopic map of a 2D time-periodic system.





Appendix B

Performance of the tracking
algorithm

B.1 Double-lid-driven flow

A comparative analysis of particle tracking with the Taylor-Galerkin scheme using
the COMSOL velocity field for the double-lid-driven flow is carried out in this section.
Following Sections 3.4.3 and 3.4.3, the Lagrangian dynamics in the symmetry plane
and outside this plane are considered.

The first presented test concerns the limit Re = 0 in the symmetry plane Pd.
Fig. B.1(a) shows the comparison between the streamline patterns obtained using
the tracking algorithm with the COMSOL field (red) and calculated by numerical
simulation with the semi-analytical solution in the noninertial limit according to
Refs. [139, 140] (black). The computed streamlines closely shadow each other.
In full agreement with symmetries (3.7)-(3.8) closed orbits are obtained. Typi-
cal examples tracked for 50 revolutions using the COMSOL field are displayed in
Fig. B.1(b). Fig. B.1(c) presents the drift Xn = |xn − x0| of the intersection xn
of each streamline with the x-axis after n revolutions about the cavity center.
Initial tracer positions (x0, z0 = 0) are shown in Fig. B.1(b) (markers). As ex-
hibited in Fig. B.1(c), streamlines are closed to an acceptable degree of precision,
Xn < O(10−2).

Fig. B.2 shows the comparison between the streamline patterns in the symme-
try plane for Re = 500 obtained using the COMSOL field and increased resolution.
The computational mesh consists of O(3 × 105) and O(106) elements in figures
Fig. B.2(a,b), respectively. Three tracer trajectories are displayed (distinguished
by colour). The flow topology remains unchanged (variations are entirely quanti-
tative).

A comparison regarding the 3D dynamics is shown in Fig. B.3 by exposing the
Poincaré section of typical tracer trajectories (distinguished by colour) for Re = 200
using the COMSOL field and increased resolution. The coexistence of two families
of KAM tori is displayed, and differences are, again, entirely quantitative. Similar
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Figure B.1: Double-lid-driven flow, Re = 0. Streamlines in the symmetry plane
(y = 0). (a) Comparison between the streamline pattern; semi-analytical solution
(black), COMSOL field (red, O(106) mesh elements). (b) Typical streamlines obtained
using the COMSOL field; initial tracer positions (markers). (c) Drift Xn corresponding
to intersections of the streamlines in (b) with the positive x-axis as a function of
the number of revolutions n.
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Figure B.2: Double-lid-driven flow, Re = 500. Streamline pattern in the symmetry
plane (y = 0) obtained with the COMSOL field and increased resolution. (a) O(3 ×
105) mesh elements. (b) O(106) mesh elements.
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Figure B.3: Double-lid-driven flow, Re = 200. Poincaré section (z = 0) obtained
with the COMSOL field and increased resolution. (a) O(3× 105) mesh elements. (b)
O(106) mesh elements.

tests for different Re confirm the robustness of the simulated Lagrangian dynamics.
This indicates an adequate degree of resolution.





Appendix C

Canonical map and
displacement near periodic

lines

C.1 Unperturbed canonical map

The canonical map (4.7) leans on the spectral decomposition of the linearised map
F0 following (4.6), i.e.

F0 = V ΛV −1, (C.1)

with V = [v1 v2 v3] and Λ = diag(λ1, λ2, λ3) the eigenvector and eigenvalue
matrices, respectively. The eigenvalue spectrum is governed by the characteristic
equation

|F0 − λI| = λ3 − J1λ2 + J2λ− J3 = 0, (C.2)

which is determined by the matrix invariants

J1 = tr(F0), J2 =
1

2

[
tr2(F0)− tr(F2

0)
]
, J3 = det(F0),

where J3 = 1 due to ∇ · u = 0. For periodic lines J1 = J2, implying one unit
eigenvalue, say

λ3 = 1, (C.3)

and yielding two non-degenerate cases for (λ1, λ2), i.e.

λ1 = λ−12 = λ = α/2 +
√

(α/2)2 − 1, (C.4)

for |α| > 2 and

λ1 = λ∗2 = α/2 + i
√

1− (α/2)2, (C.5)
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for |α| < 2, with discriminant α given by

α = J1 − 1, (C.6)

and i =
√
−1 (superscript “∗” indicates complex conjugate).1 This gives

ζn+1 = Λζn, ζ = V −1ξ′, (C.7)

as representation of the linearised map (4.6) in the eigenspace ζ spanned by eigen-
vectors vk. Reformulating the complex notation in ζ1,2-direction for case |α| < 2
due to complex λ1 = λ∗2 (and corresponding v1 = v∗2) following (C.5) into standard
cartesian form (x, y) admits translation of (C.7) for any α into a single canonical
map (4.7) in eigenspace x = (x, y, z) via (trivial) transformation

x = ζ, F0 = Λ =

 λ 0 0
0 λ−1 0
0 0 1

 , (C.8)

for |α| > 2 and transformation

x =

(
ζ1 + ζ2

2
,
ζ1 − ζ2

2i
, ζ3

)
, F0 =

 c −s 0
s c 0
0 0 1

 , (C.9)

for |α| < 2, with

c = cos ν = α/2, s = sin ν =
√

1− c2, (C.10)

the real and imaginary parts, respectively, of eigenvalue λ1 of magnitude |λ1| = 1
given in (C.5). The periodic line in canonical space x thus defined coincides with
the z-axis and planes z = constant represent the invariant surfaces (ISs).

C.2 Perturbed canonical map

Arbitrary perturbation extends canonical map (4.7) to

xn+1 = Fxn + d, (C.11)

with corresponding perturbed linear operator

F = F ′F0, F ′ =

 A a2 a3
b1 B b3
c1 c2 C

 , (C.12)

1This derivation of the eigenvalues essentially follows that of Ref. [111] yet with different
parameterisation.
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where (A,B,C) = (1 + a1, 1 + b2, 1 + c3), and background drift d = (d1, d2, d3).
Parameters ai, bi, ci ∼ O(ε1) and di ∼ O(ε2), with ε1,2 � 1, control the perturba-
tion.

The perturbed map admits simplification without loss of generality as follows.
Characteristic equation (C.2) for F0 following (C.8) subject to perturbation (C.12)
becomes

|F − λ′I| = (C − λ′) [(Aλ− λ′)(B/λ− λ′)− a2b1]

−(c2/λ) [(Aλ− λ′)b3 − a3b1λ]

+c1λ [a2b3/λ− a3(B/λ− λ′)]
= (C − λ′)(Aλ− λ′)(B/λ− λ′) +O(ε21)

= 0, (C.13)

where the trailing term in the bottom line collects all contributions involving mul-
tiplication factors consisting of (triple) products of ai, bi, ci. Omitting the latter
yields

λ′1 = Aλ, λ′2 = B/λ, λ′3 = C, (C.14)

as leading-order approximation of the eigenvalue spectrum of the perturbed oper-
ator F in regime |α| > 2. Similarly, characteristic equation (C.2) for F0 following
(C.9) subject to perturbation (C.12) becomes

|F − λ′I| = (C − λ′)
{
λ′

2 − γλ′ +AB
}

+O(ε21)

= 0, (C.15)

with γ = (A+B)c+(a2−b1)s and (c, s) according to (C.10), where again omitting
the trailing term yields

λ′1 = λ′2
∗

=
√
AB

(
c′ + i

√
1− c′2

)
, λ′3 = C, (C.16)

with

c′ =
γ

2
√
AB

= cos ν′ ≈ (A+B)c

2
√
AB

, (C.17)

as leading-order approximation of the eigenvalue spectrum of the perturbed oper-
ator F in regime |α| < 2.

Dependence of the leading-order approximations (C.14) and (C.16) of the perturbed
eigenvalues λ′ = (λ′1, λ

′
2, λ
′
3) for |α| > 2 and |α| < 2, respectively, solely on coeffi-

cients (A,B,C) implies that only the diagonal elements of the perturbation matrix
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F ′ in (C.12) are relevant and thus effectively simplifies to F ′ = diag(A,B,C). This
yields

F =

 Aλ 0 0
0 B/λ 0
0 0 C

 , F =

 Ac −As 0
Bs Bc 0
0 0 C

 , (C.18)

as perturbed linear operator (C.12) for |α| > 2 and |α| < 2, respectively. The
solenoidality condition det(F ) = det(F ′) det(F0) = 1 leads to det(F ′) = 1 =
ABC + O(ε21) and, by virtue of ε1,2 � 1, ABC = 1 for the leading-order approx-
imation (C.18). Restriction of (without loss of generality) the isolated periodic
point

x∗ = (I − F )−1d, (C.19)

of mapping (C.11) to the z-axis, i.e. x∗ = (0, 0, z∗), gives

d = (0, 0,−c3 z∗) ≡ (0, 0, ε2), (C.20)

as corresponding (purely z-wise) background drift.

Linear operator F in (C.18) for case |α| > 2 adopts the general structure of its
unperturbed counterpart F0 following (C.8) and thus qualitative retains the (hy-
perbolic) nature of the unperturbed dynamics. This qualitative retention of the
unperturbed dynamics, though less evident, also holds for case |α| < 2. The cor-
responding operator F in (C.18) namely satisfies characteristic equation (C.15),
implying an embedded elliptic structure similar to (C.9) yet based on eigenvalues
(C.16) instead of (C.5), i.e.

F̃ =


c′√
C
− s′√

C
0

s′√
C

c′√
C

0

0 0 C

 , (C.21)

using s′ =
√

1− c′2 and C = 1/AB. Similarity transform

F = MF̃M−1, M =

 1 0 0
m1 m2 0
0 0 1

 , (C.22)

relates operators F and F̃ , with

m1 =

√
B(c′2 − c2)√
A(1− c2)

, m2 =

√
B

A
−m2

1, (C.23)
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and admits expression of (C.11) as

x̃n+1 = F̃ x̃n + d̃, (C.24)

where x = Mx̃ and d = Md̃. Conditions |c| < 1 and c′ ≈ c due to |α| < 2 and
A,B ∼ O(1), respectively, imply a non-zero and bounded determinant

det(M) = m2 =

√
B(1− c′2)√
A(1− c2)

, (C.25)

and thus render similarity transform (C.22) non-singular. Hence representations
(C.11) and (C.24) of the perturbed canonical map are entirely equivalent and in-
terchangeable; the present study adopts (C.24) (upon dropping tildes for brevity)

due to the structure of the associated F̃ following (C.21) being identical to F0 in
(C.9).

C.3 Displacement near perturbed periodic lines

C.3.1 Hyperbolic lines

Consider regime α > αp bounded by parabolic limit αp = 2, yielding λ > λp,
with λp = 1, and thus designating the x-axis as the unstable manifold in the
unperturbed planar motion (4.12). This results in x-wise exponential divergence
following xn+1 = Aλxn in the perturbed state (4.15) and zn+1 = Czn + ε2 as
corresponding normal (i.e. z-wise) motion. Thus the ratio planar-to-normal motion
becomes

xn+1 − xn
zn+1 − zn

=
(Aλ− 1)xn

(C − 1)zn + ε2
, (C.26)

which to good approximation simplifies to

xn+1 − xn
zn+1 − zn

≈ γh xn, γh =
(λ− 1)

ε2
, (C.27)

in the absence of isolated points (implying |C − 1| = ε2/|z∗| � ε2 and, in con-
sequence, zn+1 − zn ≈ ε2 due to |z∗| � 1) and using A ≈ 1. Minute excursions
α − αp & O(10−2) into the hyperbolic regime already give rise to substantial de-
partures λ − 1 = λ − λp & O(0.1) of coefficient λ from its parabolic limit λp = 1.
This, in conjunction with condition ε2 � 1, yields

γh � 1, (C.28)
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and through (C.27) implies a rapid x-wise divergence of Lagrangian trajectories
from the periodic line before any appreciable z-wise drift can develop. Hence
tracers (at least in the proximity of the original periodic line) remain close to the
associated unperturbed IS as demonstrated in Fig. 4.3(b) and Fig. 4.3(d) by the
sudden deflection of the tracer path upon reaching the hyperbolic segment of the
periodic line. Excursion into hyperbolic regime α < αp, with αp = −2, similarly
results in rapid y-wise divergence following Fig. 4.3(c) and Fig. 4.3(e).

C.3.2 Elliptic lines

Radial motion is in the elliptic regime |α| < 2 of the perturbed state (4.15) (using

identity c′
2

+ s′
2

= 1) described by rn+1 =
√

(x2n+1 + y2n+1) = rn/
√
C. Combina-

tion with relation zn+1 = Czn + ε2 as before gives

rn+1 − rn
zn+1 − zn

=
(1/
√
C − 1)rn

(C − 1)zn + ε2
, (C.29)

for the ratio planar-to-normal motion. This, similar to (C.26), to good approxima-
tion simplifies to

rn+1 − rn
zn+1 − zn

≈ γe rn, γe =
1−
√
C√

Cε2
, (C.30)

in the absence of isolated points. Condition C ≈ 1 yields

γe � 1, (C.31)

implying a reversed situation compared to the above hyperbolic case in that planar
motion is negligible, causing prolonged entrapment in the proximity of the original
periodic line and, in consequence, an appreciable z-wise drift away from the unper-
turbed IS. This is demonstrated in Fig. 4.3(b)–Fig. 4.3(e) by the spiralling tracer
path centered on the elliptic segment of the periodic line.
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Summary

Universal Lagrangian transport mechanisms in 3D cavity flows

Cavity flows are canonical systems in fluid dynamics and have been widely stud-
ied because of their scientific and industrial relevance. These flow configurations
display fundamental aspects of vortical flows in bounded regions present in many
natural systems, such as biophysical and geophysical flows. In addition, they rep-
resent one of the generic configurations of industrial devices. Applications extend
from crystal growth, thermal processing and bio-reactors via coating processes to
micro-mixers and lab-on-a-chip devices.

Flows in cavities represent a prototypical configuration for the investigation of
Lagrangian transport in laminar flows. Understanding the Lagrangian transport
mechanisms in such flows (characterised by low velocities and/or small scales) is key
to emerging technologies in micro-fluidics and compact industrial equipment, for
example. To date, the overwhelming majority of research concentrated on trans-
port phenomena in two-dimensional (2D) flows and this painted a fairly complete
picture of 2D (chaotic) flows. However, insight into the Lagrangian transport prop-
erties of 3D flows, crucial to further technological development, remains limited.
This motivates the present investigation on the fundamental aspects of Lagrangian
transport in representative 3D flows.

The study aims to deepen insight into universal Lagrangian transport mechanisms
in 3D cavity flows under laminar conditions. Two representative cavity flows driven
by different mechanisms (body and surface forcing) are considered. A flow in a
differentially-heated cavity (buoyancy-driven flow) and in a lid-driven cavity are
adopted. Steady and time-periodic flows are studied. The buoyancy-driven flow
is generated by a horizontal temperature gradient (side-heated configuration) and
the single- and double-lid-driven flows are induced by the motion of one endwall
and the anti-parallel motion at the same speed of two facing walls, respectively. In
the steady case, the 3D Lagrangian dynamics is investigated in terms of the generic
structure and associated transport properties of the global streamline pattern (‘La-
grangian flow topology’) by theoretical and computational analyses. Chapter 2
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addresses the analysis of the buoyancy-driven flow. In particular, in this chapter
key similarities between the buoyancy-driven and lid-driven flows are discussed.

Symmetries imply fundamental similarities between the streamline patterns of the
buoyancy-driven and single-lid-driven flows in their respective linear limits (zero
values of the governing parameters). This yields a trivial state of closed streamlines.
The temperature difference (parameterised by the Grashof number Gr, ratio of the
buoyancy to viscous forces) is the principal control parameter for the flow topology
in the buoyancy-driven flow. Increasing Gr induces symmetry breaking by fluid
inertia and buoyancy and causes formation of toroidal structures (also denoted
tori) embedded in chaotic streamlines. For small Gr fluid inertia prevails and gives
an analogous behaviour to single-lid-driven cavity flows. Fluid inertia in the lid-
driven flow is parameterised by the Reynolds number Re (ratio of inertial to viscous
forces); increasing Re in this case induces a similar evolution to increasing Gr in the
buoyancy-driven counterpart. A buoyancy-induced bifurcation of the flow topology
occurs for larger Gr and underlies the emergence of secondary tori for large Prandtl
numbers Pr (the ratio of the viscosity and thermal diffusivity of the fluid). Key
to these dynamics are stagnation points and corresponding manifold interactions.
Such secondary tori have, to the best of our knowledge, not been explicitly reported
before.

The equivalences between the steady buoyancy-driven and lid-driven flows are fur-
ther investigated in Chapter 3. This chapter presents, in particular, a comparative
numerical-experimental analysis. Fluid inertia and double-lid forcing in the lid-
driven flow (with Re as control parameter) cause similar bifurcations of the flow
topology to those in the buoyancy-driven case. In particular, the 3D Lagrangian
dynamics in the double-lid-driven flow is characterised by similar families of tori as
found in the buoyancy-driven flow. This extends the link between the buoyancy-
driven and single-lid-driven flows. The analogies between flow classes imply that
Lagrangian transport is governed by universal mechanisms. Differences restrict to
the manner in which these phenomena are triggered.

So far, studies on 3D transport phenomena mainly concerned theoretical analyses
and numerical simulations. Though several key features have been investigated
experimentally, deeper experimental studies are essential to establish physical rele-
vance and validity of theoretical/numerical findings. This study aims to fill this gap
via laboratory experiments in a lid-driven set-up. A 3D lid-driven time-periodic
flow inside a cylindrical cavity is considered. The analysis concentrates on the
small-scale features of the Lagrangian dynamics. The flow is induced by the repeti-
tion of a sequence of piecewise steady translations of the bottom wall (reorientation
of the single-lid-driven flow). Chapter 4 addresses the study of the time-periodic
flow. The experimental analysis of tracer motion is performed by 3D particle-
tracking velocimetry (PTV). The laboratory set-up consists of a Perspex cylinder
above a horizontal plate acting as driving bottom wall. A highly viscous fluid is
considered in order to reduce inertial effects (Stokes limit).
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Theoretical and numerical studies of lid-driven cavity flows predict that a class of
3D unsteady flows with invariant spheroids follows a route to chaos upon (weak)
perturbation that is fundamentally different from that of the classical case of in-
variant tori. Weak perturbation of the invariant spheroids results in the formation
of intricate structures consisting of thin spheroidal shells connected by tubes via a
mechanism termed ‘resonance-induced merger’ (RIM). Observation of RIM in com-
pletely different systems strongly suggests that this is a universal phenomenon. The
3D-PTV measurements provide conclusive experimental proof of RIM, its universal
nature and the associated structures by way of long-term experiments.
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