
 

Multiscale studies on the redistribution and mechanical
properties of materials
Citation for published version (APA):
van der Heijden, T. W. G. (2020). Multiscale studies on the redistribution and mechanical properties of materials.
[Phd Thesis 1 (Research TU/e / Graduation TU/e), Applied Physics and Science Education]. Technische
Universiteit Eindhoven.

Document status and date:
Published: 27/01/2020

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/4b23fa93-13ca-412e-9764-4b0764512406


Thijs W. G. van der Heijden

Multiscale Studies on the Redistribution
and Mechanical Properties of Materials





Multiscale Studies on the Redistribution
and Mechanical Properties of Materials

Thijs Willem Gerrit van der Heijden



A catalogue record is available from the
Eindhoven University of Technology Library

ISBN: 978-90-386-4963-4
Cover design: Thijs van der Heijden, Chiara Raffaelli
Printing: Ipskamp Printing

Part I of this dissertation is part of the research programme “Towards zero
defectivity” with project number 13919, which is partly financed by the
Netherlands Organisation for Scientific Research (NWO).

Copyright ©2019 by Thijs W. G. van der Heijden



Multiscale Studies on the Redistribution
and Mechanical Properties of Materials

PROEFSCHRIFT

ter verkrijging van de graad van doctor aan de Technische Universiteit
Eindhoven, op gezag van de rector magnificus prof.dr.ir. F.P.T. Baaijens,
voor een commissie aangewezen door het College voor Promoties, in het

openbaar te verdedigen op
maandag 27 januari 2020, om 16:00 uur.

door

Thijs Willem Gerrit van der Heijden

geboren te Helmond



Dit proefschrift is goedgekeurd door de promotoren en de samenstelling van
de promotiecommissie is als volgt:

voorzitter: prof. dr. ir. G. M. W. Kroesen
1e promotor: prof. dr. ir. P. P. A. M. van der Schoot
2e promotor: prof. dr. A. A. Darhuber
leden: prof. dr. R. H. H. G. van Roij (Universiteit Utrecht)

prof. dr. J. H. Snoeijer (Universiteit Twente)
prof. dr. J. D. R. Harting
dr. S. A. Harris (University of Leeds)

adviseur: dr. ir. C. W. J. Berendsen (ASML)
reservelid: prof. dr. C. Storm

Het onderzoek of ontwerp dat in dit proefschrift wordt beschreven is uitgevoerd in
overeenstemming met de TU/e Gedragscode Wetenschapsbeoefening.



Contents

1 Introduction 1
1.1 Material redistribution due to an evaporating droplet . . . . . 2
1.2 Dynamics and mechanical response of molecules . . . . . . . . 11
1.3 Outline of the dissertation . . . . . . . . . . . . . . . . . . . . . . . 17

I Evaporating droplet on a thin film 21

2 Macroscopic droplet model 23
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.4 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . 48

3 Compound redistribution 51
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.3 Deposit vs droplet properties . . . . . . . . . . . . . . . . . . . . . 60
3.4 Compound redistribution inside the thin polymer film . . . . 71
3.5 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . 79

4 Dynamics of surface charge dissociation 81
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 92
4.4 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . 107



II Mechanical properties of proteins 109

5 Force-torque spectroscopy of proteins 111
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
5.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
5.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 118
5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
5.A The elastic stress . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
5.B Calculating the twist . . . . . . . . . . . . . . . . . . . . . . . . . . 128

6 Conclusions and outlook 131
6.1 Part I – Evaporating droplet on a thin film . . . . . . . . . . . . 132
6.2 Part II – Mechanical properties of proteins . . . . . . . . . . . . 135

Bibliography 137

Summary 155

Samenvatting 157

Curriculum vitae 161

List of publications 163

Acknowledgement / Dankwoord 165

vi



Chapter 1
Introduction

In physical problems one generally encounters multiple length and time scales that
are often intertwined. In this Chapter, we introduce our multiscale studies on the
redistribution and mechanical properties of materials. This dissertation consists
of two parts, regarding (I) the evaporation of droplets on thin polymeric films
and the associated redistribution of material that originates from the thin film,
and (II) the mechanical response of large molecules such as proteins to externally
applied torsional and stretching forces. We discuss separately the technical context,
previous studies and numerical methods associated with the two parts and draw
an outline for this dissertation.



For the modelling of physical phenomena one commonly needs to deal
with a broad range of length and time scales, which are often intertwined. If
these scales differ significantly, it is prudent to take a multiscale approach in
order to investigate the problem at hand on the different relevant scales. In
this dissertation, we examine two applications that have different length and
time scales inherently associated with them. Firstly, in Part I, we investigate
the dynamics of a water droplet evaporating on top of a thin polymeric film,
and how it affects the distribution of the compounds present in the film.
Secondly, in Part II, we examine the mechanical properties of a large protein
molecule by means of multiscale molecular simulation. In our studies, we
may identify three scales on which we examine our phenomena:

• Macroscale: the physical processes that are “visible to the naked eye”.
We typically deal with length and time scales down to millimetres (or
hundreds of micrometres) and milliseconds. We consider problems
that concern many particles, and therefore we investigate them using
continuum properties and continuum processes. Thermal fluctuations
do not explicitly play a role at the macroscale.

• Mesoscale: a scale that fits right in between the macroscale and mi-
croscale: typically sufficiently many particles take part in the process
to describe it using continuum descriptions, whereas thermal effects
need to be taken into account in describing the dynamics.

• Microscale: the physics concerning individual atoms and molecules.
Thermal fluctuations play an important role in the dynamics at this
scale. Typical dimensions are nanometres and nanoseconds, or shorter.

One can consider various modelling methods on the scale regimes men-
tioned above, depending on the level of detail they relate to. In the next
sections, we briefly discuss separately the practical context, works in the
literature, and modelling methods that may be employed, associated with (I)
the redistribution of material inside a thin film due to the evaporation of a
droplet, and (II) the mechanical response of molecules to externally applied
forces.

1.1 Material redistribution due to an evaporating droplet
The most prominent daily-life example of a material being redistributed
and concentrated due to an evaporating droplet is the so-called coffee stain
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CHAPTER 1. INTRODUCTION

Fig. 1.1 – A typical example of the coffee stain effect: a dark coffee ring is left behind
after a drop of coffee evaporates.

effect [1, 2], see Fig. 1.1. The dark ring-like stain around the rim of an
evaporated drop of coffee is the result of the solid coffee particles suspended
in the droplet being transported to the edges, due to the inhomogeneous
evaporation rate along the droplet’s surface. When the drop dries, these
colloids are concentrated and deposited onto the surface, causing the dark
ring. The physical process of droplet drying and material deposition is, apart
from the fundamental interest, relevant to numerous industrial applications,
such as inkjet printing [3–6], semiconductor device manufacturing [7, 8] and
the creation of photonic crystals [9]. The redistribution and deposition of the
material due to droplet evaporation have therefore been studied extensively,
both experimentally [1, 2, 10–14] and theoretically [1, 2, 12, 15–18].

In this dissertation, however, we focus on the redistribution of material
that originates from the thin film onto which the droplet is deposited. Al-
though this phenomenon is much less studied, it is of significant industrial
interest. For instance, in the semiconductor industry immersion lithography
is often used in the production of semiconductor devices. It is a technique to
create three-dimensional microscopic patterns for manufacturing integrated
circuits on chips [7]. Ultraviolet (UV) light is used to transfer patterns from
a photomask onto a photosensitive polymeric film, the so-called photoresist.
The photoresist consists of a polymeric resin and several low-molecular-weight
compounds, such as photoacid generator (which reacts with the UV light and
changes the solubility of the resin in the developer agent) and quencher (which
balances the acid in order to define the patterns more precisely) [7].
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In immersion lithography a water film is introduced between the optics
and the photoresist film, in order to increase the resolution of the written
structures, as the refractive index of water is higher than that of air or vacuum.
After the scanning process, droplets may be left behind, which may in turn
disrupt the designed micropatterns, as illustrated in Fig. 1.2. Experimental

Fig. 1.2 – A scanning electron microscopy (SEM) image of a typical watermark
defect. The regular line pattern is clearly disrupted by the presence of a
water droplet. The line pitch is 220nm. Reprinted with permission from
[7]. Copyright 2009, Society of Photo-Optical Instrumentation Engineers
(SPIE).

studies on the creation of these so-called watermark defects indicate that they
originate from the interaction between the water droplet and the photoresist
film, and that they negatively impact the development of the film [7, 19].
These watermark defects are thought to be caused by the compounds present
in the film (e.g., the aforementioned photoacid generator and quencher)
that are leached into the drop. As the droplet evaporates, they become
concentrated and are deposited back into and on top of the film, causing
the defect. In order to study this problem, we examine the dynamics of an
evaporating water droplet and combine it with the transportation of material
from the thin film into the droplet and vice versa.

A multitude of investigations have been carried out on liquid droplets on
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CHAPTER 1. INTRODUCTION

substrates. For instance, researchers have studied the wetting and spreading
of water droplets on substrates [20, 21], the associated motion of the droplet’s
contact line [22–24] (see Fig. 1.3) and the pinning of it on the substrate [21, 25].
In addition, several studies were dedicated to the evaporation of simple [26–
30] or multicomponent droplets [30–33]. The literature on the evaporation
of droplets often focusses on two limiting modes of evaporation: a droplet
evaporates with either a constant contact area (where the droplet’s contact
line is pinned) or a constant contact angle (where the droplet’s contact line
moves), allowing transitions between these limits [26, 28, 29, 34]. A typical
evolution of the contact area of an initially pinned droplet with the substrate
as a function of time is shown schematically in Fig. 1.3.

Fig. 1.3 – Top: schematic of a droplet on a substrate. The contact line encloses
the contact area; both are indicated with the dashed line and the arrows.
Bottom: schematic evolution of the evaporating droplet’s contact area
with the substrate as a function of time. The contact line is initially pinned.
After the pinning-depinning transition, the contact line moves inward and
the surface area of the contact area decreases linearly in time.

In the regime where the contact line is pinned, the contact area remains
constant in time. After the so-called pinning-depinning transition, the contact
line moves inward and the surface area of the contact area decreases linearly
in time [8, 28, 35]. The pinning-depinning transition occurs as the capillary
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force exerted by the droplet on the contact line overcomes the force with
which the contact line is pinned to the substrate [21, 29]. As we shall see
in Chapter 2, if a droplet is not limited to these two evaporation modes but
rather is allowed to relax its shape during the evaporation, the time it takes
the droplet to fully evaporate is strongly affected.

During the evaporation process, internal flows arise in a liquid droplet.
Studies on the transport dynamics elucidated the convective flow as a result
of the evaporation [30, 32, 36–41] and the internal temperature distribu-
tion [30, 38, 41, 42]. The flow is induced by an inhomogeneous loss of mass
in the droplet, as the evaporation rate increases towards the droplet’s contact
line [43]. In addition, temperature gradients in the liquidmay lead to gradients
in the surface tension, generating Marangoni flows in the droplet [42].

These flows inside a droplet affect the deposition patterns of colloidal
particles [15, 18, 25, 38, 40, 44–46]. As already alluded to, the characteristic
structure of a coffee stain is the result of radially outward flows [1]. Recently,
Kolegov and Barash [18] investigated the various structures that arise in
the deposition profile if the effects of advection, diffusion and/or capillary
attraction are taken into account. Besides the colloidal particles, compounds
dissolved in the liquid may be deposited when they fall out of the solution
as the saturation concentration of these compounds is reached due to the
evaporation [47–49].

Belmiloud et al. [8] measured the topology of a deposit stain after a water
droplet dries on a silicon substrate, see Fig. 1.4. It turns out that the resulting

Fig. 1.4 – Left: 3D high-resolution profilometry measurement of a ring-shaped
watermark observed on a hydrophobic Si wafer. Right: the topology
taken at the centre across the watermark. Reprinted with permission
from [8]. Copyright 2012, The Electrochemical Society.
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CHAPTER 1. INTRODUCTION

watermark exhibits a well-defined ring around the edge of the stain and a
decreasing height towards the centre of the stain. In the centre, we find an
increase of the deposit height, presumably caused by leftover compounds that
are deposited at late times in the drying process. We return to the deposition
of material in Chapter 3, where we investigate how the compounds from the
thin film leach into the droplet and are deposited as the droplet evaporates.

Besides the uptake of material from the inside of the thin film, it turns
out that droplets may induce electrical charging of the surface. For instance,
polymeric materials [50–52] and glass slides [53] may become charged if water
moves over them. Recently, He and Darhuber [54] reported that the surface
of a photoresist film acquires an electrical charge after a droplet evaporates
on top of it or is dragged over the surface. Relating to this observation, we
investigate in Chapter 4 the water-induced dissociation of charge groups at
the surface of a thin photoresist film.

From this multitude of physical phenomena at play in the context of
a droplet on a thin film, we need to extract the processes most relevant
to our problem. A challenge is the large range of associated length and
time scales: the characteristic size of the water droplet is in the order of
10− 100µm [19, 55, 56], while a photoresist film is generally much smaller
(approximately 100nm thick [7]). Relevant time scales range from 10−100ms
( internal flows inside the droplet [14, 30, 43]) to 0.1−10s (droplet evaporation
and compound diffusion).

Conveniently, some of these processes take place on length and time scales
that are so different that it allows for a multiscale approach. For instance,
processes that occur on very short time scales, e.g., the mixing of the com-
pounds inside the droplet, we take to occur instantaneously: we may consider
the concentration inside the droplet to be homogeneous. This allows us to
separate the processes occurring inside the water droplet from those occur-
ring inside the film, and to reduce the connection between them to a mere
boundary condition. In the following, we briefly discuss several conventional
methods to model the dynamics of the liquid droplet and the polymeric film,
and we give a flavour as to how we approach the problem in this work.

Regarding the liquid droplet, in the study of hydrodynamics a problem
can generally be described as governed by the Navier-Stokes equations [57, 58].
These equations describe the motion of a viscous fluid, and can be derived
from the Cauchy momentum equation [57]. In its general form, the Navier-
Stokes momentum equation relates the velocity of the fluid to the pressure
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gradient, the viscous dissipation of the fluid and external forces. It is a strongly
nonlinear differential equation, and a general solution remains to be found.
In fact, showing that solutions always exist and whether they are smooth is
one of the “Millennium Prize Problems”, mathematical problems for which
a correct solution yields a million dollar prize [59]. In special cases, under
specific assumptions, exact solutions can be found, however in more general
problems the Navier-Stokes equations are often solved numerically [60].

For fluid flow calculations on large or complex geometries often Lattice
Boltzmann methods (LBMs) are employed [61, 62]. Instead of solving the
Navier-Stokes equations directly, the fluid is modelled as imaginary fluid par-
ticles on a lattice that stream and collide according to the Lattice Boltzmann
equation. A large advantage of this method is that it is highly parallelisable,
as the lattice nodes only interact with their direct neighbours, which enables
efficient calculations on computing clusters. LBMs allow for, e.g., the sim-
ulation of multicomponent flows, fluid turbulence and reaction diffusion
systems [61, 63]. Researchers have used LBMs to study, e.g., the injection
of droplets in inkjet printing [64], the spreading of droplets on porous sur-
faces [65], the deposition of colloidal particles in drying droplets [17] and
the dynamics of deformable particles immersed in a fluid [66, 67].

In the investigation of fluids at the nanoscale, molecular dynamics (MD)
may be used to simulate the wetting dynamics of droplets [68, 69]. MD is a
technique to numerically integrate Newton’s laws of motion in time and is
used, as the name suggests, to simulate the dynamics of molecules. We return
to MD in the next section. Simulating droplet dynamics on the molecular
level may elucidate the underlying microscopic phenomena at play in wetting
and spreading. For instance, Blake et al. [69] have found good agreement
between data fromMD simulations and a molecular kinetic theory of wetting.
The latter describes the motion of the contact line of a droplet as thermally
driven jumps over the intrinsically inhomogeneous surface [22]. However,
the typical length and time scales that can be reached in atomistic simulations
(of the order of nanometres and nanoseconds) are typically much shorter
than the experimentally relevant scales.

From our perspective, for the purpose of carrying out efficient calculations
on the droplet evaporation dynamics, we do not aim to explicitly solve for the
hydrodynamics inside the water droplet. We rather focus on the dynamics
on the (macroscopic) level of a full droplet, i.e., we solely consider the droplet
shape and size as a function of time, and disregard the hydrodynamic details
inside it. Due to the characteristic size of the droplet being much larger
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CHAPTER 1. INTRODUCTION

than the thickness of the photoresist film, we choose to treat the droplet
evaporation macroscopically and to construct a dynamical equation for the
droplet shape as a function of time based on a statistical mechanical framework.
The underlying mechanism stems from the fact that a physical system tends
to move towards its thermodynamic equilibrium, for which its free energy is
at its minimum.

The free energy F is a state function that takes into account a system’s
internal energy U and entropy S,

F =U −T S, (1.1)

where T is the absolute temperature. The tendency for a system to move
towards the free energy minimum is reflected in the fact that in general the
force on, e.g., a particle, is proportional to the derivative of the free energy
with respect to the position of that particle. We use this principle to construct
our equation for the droplet shape, based solely on the sum of the free energies
of the interfaces between the different phases (solid, liquid, gas). The resulting
equation we connect to works on the coalescence of droplets [16, 70, 71] that
regard dissipative arguments for the droplet shape relaxation, and effectively
calibrate our equation to reflect this behaviour.

Parenthetically, density functional theory (DFT) studies on droplet dy-
namics also consider the free energy as the basis of the theory [72–75]. In
DFT, the dynamics of the particles is driven by gradients in the chemical
potentials of the particles (that are calculated from the free energy). In princi-
ple, this also implies that in equilibrium the free energy becomes minimised.
However, our model is of a much more macroscopic nature and it therefore
allows for faster calculations on the droplet shape dynamics.

Regarding the photoresist film, various methods exist to model the poly-
meric material it consists of. The usefulness of the method again depends
strongly on the focus of the investigation and the required level of detail. An
additional complication is that in general the dynamics of a polymer depends
on the boundary conditions. For example, the bulk behaviour of a polymer
differs from that in a thin film geometry [76–80]. This is partly due to the
entropic and interfacial effects becoming more important as the film thickness
decreases [80].

Investigations of polymer material on the atomistic level are often chal-
lenging, due to the intrinsically large number of atoms present in a polymer;
simulating a large number of polymer molecules atomistically becomes infea-
sible as the degree of polymerisation increases. In molecular dynamics studies
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of polymeric materials, the molecules are therefore often investigated on a
coarse-grained level [81–83].

In many cases, however, polymeric materials are modelled on a more
macroscopic level. One example is Flory-Huggins theory, which models
the thermodynamics and phase behaviour of polymers in solution or mix-
tures [84]. It considers the components as existing on a lattice and associates
an energy to the attraction or repulsion between the different species. This
energy depends on an interaction parameter, commonly referred to as the
“Flory-Huggins χ parameter”, which can be measured experimentally or be
predicted from simulations [85]. Despite the formalism being rather simple,
using only one parameter χ , it is able to describe the thermodynamics of
polymers fairly well [84]. Another example is density functional theory,
which we also encountered in the study of droplet dynamics. Researchers
have performed DFT studies on polymer melts and mixtures in order to
calculate the density profiles in and the structure of the material [86–88].

In our application however, we focus on the low-molecular-weight com-
pounds that are present in the photoresist film. We consider the polymer
resin as a background that may affect, e.g., the effective diffusivity of the
compounds or the interfacial tension between the film and the water droplet,
but we do not explicitly solve for the dynamics of the polymer. We make
use of a separation of length scales, as the photoresist film is thin (∼ 100nm)
compared to the size of the droplet (∼ 10− 100µm). This has as a result
that the vertical redistribution of the compounds in the thin film occurs on
much shorter time scales than that in the radial direction, which allows us to
consider the compound redistribution as a purely (one-dimensional) vertical
diffusion problem.

In the study regarding the water-induced surface charging of the photore-
sist film we again do not seek to model the full polymer material (or the
hydrodynamics in the water), but rather focus on the surface dissociation
chemistry and the distribution of the ions, affected by the electric effects that
arise from the separation of the charges. We simplify the problem by reduc-
ing it to a one-dimensional geometry. Although by doing so we effectively
disregard the impact of the shape of the droplet, we aim to investigate the
influence of the droplet size, the ionic strength of the solution and the ion
diffusivity on the charge dissociation dynamics using a simple model.

This concludes the context of our studies for Part I, on the interaction
between a water droplet and a thin photoresist film. In the next Section,
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CHAPTER 1. INTRODUCTION

we outline the context of our study on the mechanical properties of large
molecules, which constitutes Part II of this dissertation.

1.2 Dynamics and mechanical response of molecules
The study of the dynamics of single molecules has attracted interest over the
years, in particular in the biological sciences. Large, polymeric molecules,
such as RNA, DNA and proteins have been studied extensively in the context
of their folding behaviour [89–94] and mechanical properties [95–105]. Since
these types of molecules are at the basis of life as we know it, understanding
their behaviour on a microscopic level may elucidate their mechanics and
biological function.

For instance, studies on the mechanisms behind the folding of DNA
molecules shed light on how DNA is arranged in the nucleus of eukaryotic
cells (i.e., cells with a cell nucleus) and how it is replicated [91, 92]. Researchers
have investigated the folding and unfolding of RNA molecules during the
transcription and translation processes in order to understand the kinetics of
the molecule and its three-dimensional structure in the cell [89, 90].

In the case of proteins, the manner in which the molecule is folded is
crucial, as the functionality of proteins in organisms directly relates to their
three-dimensional structure [106]. Despite the fact that the intrinsic structure
of proteins consists of linear chains of polymerised amino acids, of which only
20 different types occur in humans, their final folded structure does allow
them to fulfil a multitude of different roles in organisms, such as providing
rigidity, transporting cargo through cells or catalysing reactions.

Experimentalmechanical studies on singleDNA,RNAor proteinmolecules
are generally carried out by exerting nanoforces on them. For example, in
atomic force microscopy (AFM) experiments [102, 107–110] a molecule is
attached between a cantilever with a sharp tip (typically one or a few atoms
wide) and the substrate. By measuring the force on and the deflection of the
cantilever, the relation between the exerted force and the reached extension
is determined. This relation can be represented in a force-extension curve, a
mechanical (stretching) signature for the molecule, see Fig. 1.5.

In Fig. 1.5, we show the results of AFM experiments from Rief and
Grubmüller [102] on cardiac titin, a heart muscle protein that is responsible
for the passive elasticity of the muscle fibres. Figure 1.5a shows a schematic
of the titin molecule, which consists of eight folded domains (although only
three are shown). As the force is applied the domains start to unfold, which
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Fig. 1.5 – Results of atomic force microscopy (AFM) experiments on cardiac titin.
a) A construct consisting of eight domains (only three shown), was im-
mobilized on a surface and subsequently stretched with an AFM tip. b)
Each peak of the force-extension curve corresponds to the unfolding of
one single domain. Reprinted with permission from [102]. Copyright
2002, WILEY-VCH.

is reflected in Fig 1.5b: the force builds up until it reaches a peak, at which
a domain unfolds and the protein is able to extend at a smaller force. This
process repeats for the unfolding of multiple domains.

In essence, the type of experiment performed using optical [111–116]
or magnetic tweezers [95, 117–119] is similar to AFM measurements: a
force is exerted on a structure and the amount of deflection or extension is
measured. However, in this case, the molecule is attached to a microbead
that is manipulated using a focussed laser beam or magnetic fields. A large
advantage of using magnetic particles in these tweezers experiments is that
the particles can be rotated using rotating magnetic fields, enabling a second,
independent direction to exert forces on the molecules on.

Indeed, as shown by vanReenen et al. [117], one can extract a torsion profile
for a protein complex, similar to the force-extension curve discussed above, see
Fig. 1.6. They studied a complex of two antibody proteins, immunoglobulin G
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CHAPTER 1. INTRODUCTION

a b c

Fig. 1.6 – Torsion profile of an IgG-IgG complex sandwiched between a magnetic
particle and a glass substrate. (a) The particle orientation as a function
of time in a magnetic field rotating in the (anti-)clockwise direction. (b)
The rotational response measured at different field strengths. (c) The
torsional spring constant at the corresponding twisting angle. Reprinted
with permission from [117]. Copyright 2013, Biophysical Society.

(IgG) molecules, sandwiched between a magnetic particle and a glass substrate.
By rotating the magnetic field (Fig. 1.6a), varying the magnetic field strength
and measuring the rotational response of the magnetic particle (Fig. 1.6b) they
measured the torsional resistance (torsional spring constant) of the structure
as a function of the rotation angle (Fig. 1.6c).

In our study, we focus on the same type of protein: the antibody. Anti-
bodies, or immunoglobulin (Ig), play an important role in the mammalian
immune system, by specifically binding to foreign structures, called antigens,
in the body [120]. This way, they protect the animal from infections. The
fact that their binding to structures is so specific makes them an excellent
candidate for use in biomedical applications: antibodies are employed in
so-called immunoassays in order to detect molecules in the body [121].

In an immunoassay, the antibody (equipped with, e.g., a fluorescent or
radioactive label) binds to a molecule. The label is subsequently detected
using conventional detection methods. In order to make immunoassays a
viable method for point-of-care diagnostics in medical applications, however,
all processing steps (including sample preparation, transportation, mixing and
analysis) should be incorporated in such a “lab-on-a-chip” device. A proposed
method for this integration is to make use of magnetic particles [119, 122].
The particles can serve as labels for the antibodies in the immunoassay, and
at the same time be manipulated using magnetic fields, in order to, e.g., mix
fluids within the biosensor.

In addition, as we discussed above, the magnetic particles may be used
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to actively exert forces and/or torques on the molecules, wherein they act
as magnetic tweezers. Magnetic tweezers measurements inside a biosensor
may significantly improve the accuracy of the sensor’s measurements: if
the mechanical signature of the analyte molecules is known, they can help
differentiate between specific (antibody-antigen) and non-specific binding
events (e.g., hydrophilic/hydrophobic interactions, non-specific adsorption
or Van der Waals forces) in the immunoassay.

In this work, we aim to gain insight into the relation between the me-
chanical properties of a large molecule (such as immunoglobulin) and its
internal structure. In order to do so, we perform numerical simulations of
the molecule while subjecting it to external forces. By analysing the protein’s
response to these forces, we seek to extract a mechanical signature for the
molecule, similar to a force-extension curve or a torsion profile in AFM and
tweezers experiments.

The structural information of many different (bio)molecules is available
in, e.g., the Protein Data Bank (PDB) [123] or the Electron Microscopy
Data Bank (EMDB) [124]. The PDB contains information on the atomic
coordinates in the molecule, derived from X-ray diffraction and nuclear
magnetic resonance (NMR) experiments, whereas the EMDBmainly contains
three-dimensional volume maps obtained from electron microscopy. Both
types of data give insight into the shape and structure of the molecules,
however for our purpose we are interested in the atomistic information.

Naturally, if the atomistic structure of a molecule is known, an atomistic
simulation method such as molecular dynamics (MD) appears to be the go-to
method for the analysis [125]. However, as alluded to in the previous section,
this method quickly becomes infeasible for large molecules such as proteins.
Especially if the surroundings of the molecule (typically water and ions) are
explicitly taken into account, the total number of particles in a simulation is
too large to reach statistically relevant simulation times. A coarse-graining
step, e.g., where every amino acid in the protein chain is represented by only
a few particles [126], may solve the “many-particles” issue. However, if we
aim to find the mechanical response of the molecule to external forces, we
arguably lose structurally relevant information if we coarse-grain the protein.

Instead, we opt for a multiscale analysis of the structure of the molecule.
Initially, we treat the molecule as a continuum material and simulate its be-
haviour on amesoscopic scale. We employ a continuum constitutive model for
the molecule as a whole, using Fluctuating Finite Element Analysis (FFEA).
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CHAPTER 1. INTRODUCTION

Using FFEA, we perform an analysis of the distribution of the internal stresses
as external forces are applied. The method takes in the structural information
of molecules from sources such as the PDB or the EMDB and converts the
structural information into a three-dimensional volume mesh [127]. All
volume elements are parametrised using macroscopic quantities, such as the
elastic modulus and internal viscosity.

At the heart of FFEA is the Cauchy momentum equation [57] that relates
the momentum in the material to the elastic, viscous and thermal stresses,

ρ
Duuu
Dt
=∇∇∇ · (σσσ e+σσσv+σσσ t) . (1.2)

Here, ρ denotes the material mass density, Duuu/Dt the material derivative of
the velocity in the material and σσσ e, σσσv and σσσ t the elastic, viscous and thermal
stresses in the material, respectively. Note that the inclusion of the thermal
stresses in FFEA allows for mesoscopic simulations of the molecules: the
molecule is modelled as a continuum material (parameterised with macro-
scopic parameters) but the effect of thermal fluctuations is explicitly taken
into account. Mechanical finite element analysis has been previously applied
in the context of molecular studies, to investigate the purely elastic response
of large structures such as lipid membranes [128] and viral capsids [129].
However, no viscous or thermal stresses were regarded in these studies.

Using FFEA, we are able to actively exert forces on a single molecule and
analyse the resulting stress distribution inside themolecule. The regionswhere
the highest stresses occur compose the crucial areas in terms of the molecule’s
mechanical response: the areas that exhibit the strongest deformations are
likely to be the softest links in the structure. We separately investigate the
most flexible domain and in this way focus our efforts on the mechanically
most relevant area in the structure. The other parts of the molecule arguably
are more rigid and therefore of less importance for the mechanical signature.

For the investigation of such a flexible domain, we return to the molecule’s
atomistic representation and perform full-atom molecular dynamics simula-
tions on the isolated domain. We subject this region to external forces and
torques in order to study its mechanical properties. By disregarding most
of the molecule in the MD simulations, we reduce the number of atoms to
such extent that we enable an extensive microscopic numerical analysis of the
relevant area.

In MD simulations, atoms are usually represented as beads, and the co-
valent bonds between them as springs [126]. There are potential energies
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associated with the covalent bonds, such as bond stretching, bond angles and
bond rotations (dihedrals), as well as the non-bonded interactions, such as
Van der Waals forces, steric repulsions and electrostatic effects. Associated
with all the terms contributing to the total interaction energy are interaction
parameters (such as spring constants) that are in general different for different
covalent bonds. The values of these parameters are referred to as force fields
for the MD simulation, and they are derived from quantum mechanical cal-
culations or experimental measurements. Typically, different force fields are
optimised for different types of molecules (small molecules, DNA, proteins,
lipids, etc.).

On top of the parameterisation of the interactions, we need to consider
the environment of the molecule under investigation. A rough separation can
be made between an explicit and implicit solution, where the water molecules
and salt ions are explicitly accounted for in the simulation or not. Consider-
ing an explicit solution allows for a more accurate interaction between the
molecule and the solution, however, the added water molecules do consid-
erably slow down the simulation. In contrast, an implicit solution serves as
a “background”: the viscous friction with the solution is accounted for by a
friction parameter.

In our microscopic study, we investigate part of the IgG protein using a
force field optimised for protein molecules [130]. We simulate the molecule in
implicit solvent, such that we can ensure a strongly damped dynamics, which
minimises inertial effects. We effectively perform a numerical combined force-
torque spectroscopy analysis of the mechanical properties of the domain: we
find how its resistance to torsional forces evolves as we increase the stretching
force exerted on the domain.

This concludes the discussion of the context for the studies presented
in this work. In the next Section, we provide a schematic summary of the
relevant modelling methods and a brief outline of the dissertation.
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1.3 Outline of the dissertation
In the previous sections, we have provided an overview of experimental
investigations, theoretical studies and numerical methods related to the work
presented in this dissertation. In Fig. 1.7 we provide a summary of the relevant
numerical methods and the length and time scales at play.

Continuum Mechanics

macromesomicro
μmnm mm
μsns ms

photoresist film thickness

Molecular Dynamics

Lattice Boltzmann

Fluctuating Finite 
Element Analysis

Density Functional Theory
Coarse-grained MD 

droplet sizeantibody molecule size

Fig. 1.7 – An overview of the length and time scales associated with the microscale,
mesoscale and macroscale, and the relevant modelling methods discussed in
this Chapter.

In this dissertation, we separately discuss the two applications we investi-
gate by means of multiscale modelling. In Part I we present our studies on an
evaporating droplet on top of a thin polymeric film and how it influences the
distribution of compounds that originate from the thin film. In Part II we
discuss our findings with regard to a numerical method to examine the rela-
tion between the mechanical properties and the internal atomistic structure
of large molecules such as proteins.
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The remainder of this dissertation is structured as follows.

Part I:

? In Chapter 2 we describe our macroscopic model for an evaporating droplet,
taking into account the droplet shape relaxation and contact line pinning.
We relate the model to existing models and experimental results, and show
good agreement with both. We find that the lifetime of an evaporating
droplet is strongly affected by the competition between the shape relaxation
and evaporation processes, and the pinning of the contact line.

? In Chapter 3 we extend the model by including a thin polymeric film
underneath the droplet. The film contains soluble compounds that may
be transported diffusively from the film into the droplet and vice versa.
As the compound concentration inside the droplet strongly increases due
to the evaporation of the liquid, the saturation concentration may be
reached, which in turn causes the precipitation of the surplus material that
is deposited onto the film. We find three power law regimes for the size of
the deposition area as a function of the initial droplet size, dictated by the
competition between the droplet evaporation, compound diffusion and
initial material concentration inside the droplet. Our prediction for the
deposit topology resembles topologies found experimentally. We find that
the impact of the presence of the evaporating droplet on the concentration
profile inside the film is again dictated by the competition between droplet
evaporation and compound diffusion.

? In Chapter 4 we discuss the electrical charging of a liquid droplet as it moves
over a film. We presume that the charging occurs due to the dissociation of
active groups at the surface of the thin film, which causes ions to diffuse into
the liquid, while leaving behind the counterions that are fixed to the surface.
We study the interplay between the dynamics of the surface chemistry and
the ion diffusion, subject to an electric field that arises due to the charge
separation. We find that the surface group dissociation is affected by the
thickness of the water film, the ionic strength of the solution, and the
diffusivity of the ions in the liquid.
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Part II:

? In Chapter 5 we study the mechanical properties of an antibody protein
molecule using a multiscale approach. We identify the region of interest
using a mesoscale continuum simulation, which in turn we analyse on a
microscale atomistic level. We extract the torsion profile (the torsional
resistance of the region of interest as a function of the amount of torsion)
from the atomistic simulations and learn how it evolves as the stretching
force increases.

In Chapter 6 we summarise the main conclusions of our work and propose
directions for future research.
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Evaporating droplet on a thin film





Chapter 2
Macroscopic droplet model

The evaporation of sessile droplets on a flat surface involves a complex interplay
between phase change, diffusion, advection and surface forces. In an attempt to
significantly reduce the complexity of the problem and to make it manageable, we
propose a simple model hinged on a surface free energy-based relaxation dynamics
of the droplet shape, a diffusive evaporation model and a contact line pinning
mechanism governed by a yield stress. Our model reproduces the known dynamics
of droplet shape relaxation and of droplet evaporation, both in the absence and
in the presence of contact line pinning. We show that shape relaxation during
evaporation significantly affects the lifetime of a drop. We find that the dependence
of the evaporation time on the initial contact angle is a function of the competition
between the shape relaxation and evaporation, and is strongly affected by any
contact line pinning.

The contents of this chapter have been published as

Macroscopic Model for Sessile Droplet Evaporation on a Flat Surface (2018)
Thijs W. G. van der Heijden, Anton A. Darhuber, Paul van der Schoot
Langmuir, 34 (41), 12471-12481

https://doi.org/10.1021/acs.langmuir.8b02374


2.1 Introduction
Understanding the dynamics of spreading and drying of droplets deposited on
a substrate is of importance to many practices, such as inkjet printing [3–5],
pesticide spraying [131] and semiconductor device manifacturing [7, 8]. In
the semiconductor industry, photolithographic methods are employed to
define patterns for integrated circuits on wafers, coated with photosensitive
polymer layers [7, 132]. Often, water immersion is used to increase the
resolution of the lithography process [132, 133]. However, if any droplets
are left behind on a wafer, they may induce so-called watermark defects in
the photoresist layer [7, 134].

Due to the importance of understanding drying processes, the drying
of droplets on surfaces has been intensely studied experimentally [8, 27,
34, 135–138], theoretically [16, 26, 35, 74, 138] and numerically [65, 139–
141]. Nevertheless, the understanding of this multifaceted problem remains
incomplete due to the multitude of coupled processes that determine the
evaporation dynamics. Apart from the evaporation itself, processes such as
convection and heat transport in the droplet, shape relaxation, and contact
line pinning play a role.

Associated with the complex physics of the problem at hand are a large
number of physical parameters, the relative importance of which depends on
the initial and boundary conditions as well as the time and length scales of
interest. Therefore, we aim to develop a macroscopic model that does not
resolve the details of, e.g., the velocity field inside the droplet or the vapour
concentration field around it. Rather, we consider three constituents to make
up our model: (1) interfacial free energy-based relaxation for the droplet
shape, (2) diffusion-limited evaporation and (3) contact line pinning.

In the literature, various authors studied the evaporation of droplets,
focusing on two limiting modes of evaporation: a droplet evaporates with
either a constant contact area or a constant contact angle, allowing transitions
between these limits [26, 28, 29, 34]. Others have investigated the shape
relaxation of droplets by measuring the contact angle of non-evaporating
droplets in time [22, 142, 143]. In order to combine the both aspects, which
are described in literature separately, we propose a model that is not restricted
to the two evaporation modes but also contains the shape relaxation of the
droplet during the evaporation process. It captures and extends the evaluation
of Stauber et al. [28] by taking into account the contact line dynamics, i.e.,
incorporating both advancing and receding contact lines and considering cases
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without contact line pinning. Moreover, to describe the transition between
mobile and pinned contact lines, our model includes a yield stress that governs
contact line pinning: contact line motion is inhibited for capillary driving
forces below a critical stress.

The remainder of this Chapter is organised as follows. In Section 2.2, we
present the main ingredients of our phenomenological model. Section 2.3
contains a comparison with experimental data and existing theories, as well as
an overview of representative cases of evaporation with and without contact
line pinning. We also discuss in detail the implications of choices made for
certain parameters during the calculations. In Section 2.4, we summarise our
results and present our main conclusions.

2.2 Theory
The focus of this dissertation is on droplets of sizes smaller than the capillary
length lc =

p

γLG/ρg , which allows us to model the droplet as a spherical
cap [144]. Here, γLG denotes the surface tension of the liquid-gas interface, ρ
the mass density of the fluid and g the gravitational acceleration. For water
in air at room temperature, lc ' 3mm [144]. We presume the liquid to be
incompressible. If the shape of the droplet is described as a spherical cap, it is
uniquely defined by only two parameters. We choose for these the radius a
of the contact area and the contact angle θ of the drop with the solid surface
that we assume to be rigid (see Fig. 2.1) [145]. Geometrically, they are related
to the droplet volume V according to

V (a,θ) =πa3

�

2− 3cosθ+ cos3θ

3sin3θ

�

. (2.1)

Equation (2.1) implies that, for a given volume V , a prescribed value for
the contact area radius a defines the contact angle θ, and vice versa. Within a
macroscopic description of the droplet shape, the equilibrium values of a and
θ are determined by γLG, as well as the the solid-liquid and solid-gas interfacial
tensions, γSL and γSG. We associate the droplet shape with an interfacial free
energy F (a,θ), given by the sum of the interfacial tensions multiplied by the
respective surface areas,

F (a,θ) =πa2
�

γSL− γSG+
2γLG

1+ cosθ

�

. (2.2)

For a given volume V , Eq. (2.2) can be expressed as a function of θ only,
using Eq. (2.1), that is, F (a,θ)→ F (θ) [146]. Minimising this free energy F
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a

Fig. 2.1 – Schematic of an axisymmetric droplet on a planar surface, with contact
angle θ and radius a of the contact area.

with respect to θ produces the following equation for its optimal value,

γSG− γSL− γLG cosθeq = 0, (2.3)

which is the well-known Young’s equation for the equilibrium contact angle
θeq [147, 148]. We note that θeq denotes the contact angle corresponding to the
free energy minimum, however this angle is not necessarily straightforwardly
accessible experimentally [149].

Out of equilibrium, Eq. (2.3) does not hold. To describe how an out-of-
equilibrium droplet shape relaxes towards equilibrium, we construct a kinetic
equation for the contact angle using a relaxational dynamics approach based
on our free energy landscape [150, 151]. It describes how the droplet adjusts
its contact angle θ with the surface in order to move towards equilibrium.
Together with the volume V , this defines a new radius of the contact area
a. We refer to this process as “shape relaxation”, since both θ and a change
simultaneously to accommodate a lower free energy state. We note, however,
that the overall shape of the droplet remains a spherical cap. This allows us
to quite naturally include the effects of steady evaporation and of a potential
pinning of the contact line. In the next subsections we discuss separately
and in detail the three main components of our phenomenological model:
the relaxation dynamics of the droplet shape, the description for diffusive
evaporation and the contact line pinning mechanism.
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2.2.1 Relaxation dynamics of the droplet shape
Based on the free energy F (θ) obtained from Eqs. (2.1,2.2), we construct a
relaxation equation for the contact angle θ,

dθ
dt
=−Γ dF

dθ
, (2.4)

where Γ is a phenomenological relaxation rate that we specify in more detail
below. Equation (2.4) describes a rate of change that is proportional to the
generalised force dF /dθ. This is in analogy to so-called model A dynamics
commonly applied in the kinetics of phase transitions of non-conserved
order parameters [150–152]. We note that it is also possible to derive kinetic
equations by equating capillary and viscous forces [71, 153]. In our model,
this balance is implicit in the parameter Γ .

Several experimental and theoretical works have identified the difference
between the cosines of the instantaneous, time-dependent contact angle θ
and its equilibrium value θeq, given by Eq. (2.3), to be the driving force for
the motion of the contact line [21, 22, 70, 143, 148]. For small values of
the difference cosθ− cosθeq, this relaxation can be described by a simple
exponential function [143, 154]. The exponential decay allows us to identify
a characteristic timescale τrlx as

cosθ− cosθeq∝ exp(−t/τrlx). (2.5)

We discuss the functional expression for τrlx below.
To make contact with Eq. (2.5), we transform Eq. (2.4) into a kinetic

equation for cosθ, and expand it around the equilibrium cosθeq. A linearisa-
tion produces an exponentially decaying cosθ, from which we determine Γ .
This yields

Γ =
1

τrlxγLGV 2/3Θ(cosθeq)α(t )
, (2.6)

with
Θ(x)≡ 2(9π)1/3 (1− x)3 (1+ x)

�

2− 3x + x3�−5/3 . (2.7)

Equations (2.4,2.6) reproduce Eq. (2.5) for small deviations from equilibrium.
In Eq. (2.6), we introduce a time-dependent, dimensionless factor α(t ) to
account for changes in the dynamics of the droplet shape relaxation due to, e.g.,
a change in droplet size over time. We return to this below. Equations (2.4,2.6)
describe how a droplet deposited with a non-equilibrium initial contact angle
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θ0 relaxes to the equilibrium value θeq in a relaxation process characterised
by a fundamental timescale τrlx, provided that the contact line is not pinned.
We discuss our model for contact line pinning below.

The characteristic timescale τrlx for the shape relaxation has been identified
in various experimental and theoretical works to be dependent on the fluid
viscosity η, the liquid-gas interfacial tension γLG and a length scale L [16, 70,
71, 142, 143, 154–156], as

τrlx =
ηL
γLG

. (2.8)

In experiments on spreading of polymeric fluids, this length scale L has
been described as a measure for the slip or friction length of the interaction
between a polymeric liquid and the solid [142, 143, 154], which seems to be
independent of droplet dimensions [143] and has been estimated to be of the
order of micrometres [154]. In works on the coalescence of droplets, however,
the length scale L has been shown to be proportional to the droplet size
R [16, 70, 71], which seems in agreement with experimental and theoretical
work on the spreading of polymer melts [155] and spherical droplets of simple
liquids [156]. For this reason, we take the length scale L to be kV 1/3

0 , with
V0 the initial volume of the droplet, making it proportional to the droplet
size, and k a dimensionless proportionality constant that can be related to an
Arrhenius factor [70]. Hence,

τrlx = k
ηV 1/3

0

γLG

. (2.9)

As the droplet size decreases during evaporation, the length scale L related
to the shape relaxation may (1) remain constant (in the case that L is related to
a slip or friction length), or (2) decrease with the droplet size. The scale factor
α(t ) can be employed to incorporate either behaviour into the dynamics
described by Eqs. (2.4,2.6). If L remains constant, we may choose α = 1,
whereas for a size-dependent length scale α(t ) = (V (t )/V0)

1/3. As we shall
see, it turns out that the two expressions for α do give rise to small differences
in the droplet dynamics albeit that the lifetime of an evaporating droplet is
not sensitive to whether α is proportional to the droplet size or not. For
simplicity, we set α = 1 for the evaluation of our results. We discuss the
implications of choosing the alternative α(t ) in more detail in Section 2.3.

The structure of Eq. (2.6) allows for the implementation of different mod-
els for droplet shape relaxation, as long as it progresses exponentially in the
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limit of small deviations from equilibrium, as in Eq. (2.5). For example, from
a microscopic perspective, the motion of the contact line is often described
by a so-called molecular kinetic theory (MKT) [22]. This theory describes
the motion of the contact line in terms of small jumps over the intrinsically
microscopically inhomogeneous surface, driven by thermal fluctuations. It
has been shown to predict contact line dynamics in agreement with experi-
ments and molecular simulation [22, 69, 157–159]. MKT relates the velocity
da/dt of the contact line to the driving force via the expression

da
dt
=

2ξ kBT exp
�

− G∗

kBT

�

ηvL

sinh
�

γLGξ
2

2kBT

�

cosθeq− cosθ
�

�

, (2.10)

where ξ denotes the distance between adsorption sites on the surface, kBT
the usual thermal energy with kB Boltzmann’s constant and T the absolute
temperature, vL the molecular volume of the liquid and G∗ the surface con-
tribution to the activation free energy of wetting [22, 24, 158, 160].

If we translate Eq. (2.10) in terms of the time evolution of the cosine
of the contact angle, i.e., make use of Eq. (2.1), and expand this to linear
order for small deformations cosθ− cosθeq, we find that the characteristic
timescale τrlx according to molecular kinetic theory must be given by

τrlx =
ηV 1/3

γLG

vL

�

3
π

(1+cosθeq) sinθeq

2−cosθeq−cos2 θeq

�1/3

ξ 3 exp
�

− G∗

kBT

�

(2+ cosθeq) sin
2θeq

. (2.11)

We see that the functional form of τrlx of Eq. (2.11) is analogous to that
of Eq. (2.9). This suggests that the characteristic shape relaxation time as
predicted by MKT, which is a microscopic theory in origin, to linear order
also is a function of macroscopic parameters such as droplet size, viscosity
and surface tension. Parenthetically, we find that a hydrodynamic theory for
contact angle dynamics, as described by Voinov and de Ruijter et al., yields an
analogous result [157, 161]. If we expand the theory for small deformations
cosθ− cosθeq, we again find a characteristic timescale τrlx that is proportional
to the fraction ηV 1/3/γLG. This indicates that the scaling of the characteristic
relaxation timescale with viscosity, droplet size and interfacial tension, as
described in Eq. (2.9), is universal.

This concludes our analysis of the relaxation dynamics of small drops. We
next describe how quasi-steady evaporation affects the dynamics of a deposited
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droplet, presuming that an instantaneous free energy can be defined, in effect
presuming a separation of timescales.

2.2.2 Evaporation of the droplet
We take quasi-stationary, isothermal vapour diffusion into the surrounding
gas phase to be the governing mechanism for evaporation, assuming the
droplet to be in contact with an infinite volume of gas. We neglect thermal
effects caused by the evaporation of the fluid, effectively assuming that heat
transport occurs at much shorter times than the timescales associated with the
evaporation process. For water in air, the evaporative cooling at the droplet
surface has a negligible effect on the evaporation rate [162] and we consider
an isothermal substrate, which is reasonable for surfaces with high thermal
conductivity [163–165]. Picknett and Bexon [26] derived an expression for
the rate of change in mass of a droplet as a function of the contact angle θ.
The rate of change of the volume V of a droplet can then be written as

dV
dt
=−2πaD∆c

ρ sinθ
f (θ), (2.12)

where D denotes the diffusion coefficient of vapour molecules in the gas phase
and ρ the mass density of the liquid [35]. Furthermore,∆c ≡ cs− c∞ denotes
the difference between the vapour mass concentration cs near the liquid-gas
interface (in units of mass per volume), presumed to be the saturation value
of the fluid molecules in the gas phase, and the vapour mass concentration
c∞ at infinity, i.e., that of the ambient atmosphere. Finally, f (θ) denotes a
geometric factor for which an exact analytical expression is not available in
closed form [26, 43]. For our purposes a polynomial representation for f (θ),

f (θ) =































0.6366θ+ 0.09591θ2

−0.06144θ3 for 0≤ θ < 0.175,

0.00008957+ 0.6333θ
+0.116θ2− 0.08878θ3

+0.01033θ4
for 0.175≤ θ≤π.

(2.13)

is sufficiently accurate. Indeed, the error of the approximant is less than 0.2%
for all values of θ [26].

For a constant contact angle θ, Eq. (2.12) can be expressed entirely in the
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contact area radius a(t ) using Eq. (2.1) and solved exactly. This gives

a(t ) =

√

√

√

a2
0 −

4D∆c
ρ

f (θ) sin2θ

2− 3cosθ+ cos3θ
t , (2.14)

where a0 denotes the initial value of the contact area radius a0 = a(0). It shows
that the contact area πa2 decreases linearly in time, a known experimental
result [35]. From Eq. (2.14), we deduce that the time tevap it takes to evaporate
a droplet is the longest for θ=π/2. For this contact angle, the evaporation
time τevap is given by the simple expression

τevap =
ρ

2D∆c

�3V0

2π

�2/3

. (2.15)

In the remainder of this Chapter, we shall scale all evaporation times to τevap.
Note that this point we have identified the two fundamental timescales that
describe our problem: the fundamental relaxation time τrlx, Eq. (2.9), and
the fundamental evaporation time τevap, Eq. (2.15). The actual evaporation
time depends on the one hand on the initial contact angle and the relaxation
dynamics of the droplet shape, but also on whether or not contact line pinning
takes place.

2.2.3 Contact line pinning
Contact line pinning is the phenomenon where the contact line of the droplet
becomes stuck, permanently or temporarily, on structural or chemical inho-
mogeneities of the supporting surface [21, 166–172]. In general, a droplet in
the pinned state exhibits a contact angle different from the equilibrium angle
θeq, as it cannot relax to its equilibrium shape. We model the influence of
surface heterogeneities by introducing a net macroscopic threshold force per
unit length, fp, exerted in the plane of the surface along the radial direction
of the circular contact line. It has a direction opposite to the capillary driving
force per unit length, fc. As both fp and fc are exerted on the perimeter of
the contact area, we for simplicity refer to both as a force.

If the magnitude of the capillary driving force is smaller than the threshold
fp, then the contact line remains pinned. On the other hand, if it is greater,
we allow the contact line to move: the relaxation of the contact angle θ is
calculated using Eqs. (2.4,2.6) and the contact line moves accordingly. In
the presence of contact line pinning, the droplet shape relaxes to the point
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where the capillary forces and pinning forces are balanced. The contact line
motion is quasi-steady and hence the associated friction does not depend on
the velocity of the contact line. For simplicity, we presume that the yield
force fp does not depend on the position on the surface. The capillary force
we define as

fc =−
1

2πa
dF
da
=−γLG

�

cosθ− cosθeq

�

, (2.16)

where we have made use of Young’s law, Eq. (2.3). In our prescription,
we allow motion of the contact line as long as | fc|> fp. Equation (2.16)
is also referred to as the unbalanced Young force or unbalanced capillary
forces [24, 29, 148].

The magnitude of the pinning force fp defines a contact angle range in
which the capillary force fc is too weak to overcome pinning. As long as the
contact angle θ resides within this range, the contact area remains constant.
We refer to this range as the “fixed area” regime and it turns out to be bounded
by the receding and advancing contact angles, θr and θa, which are the contact
angles for which fc and fp are balanced. Within our model, the values of these
quantities depend on the pinning force fp [21], according to

θr = arccos
�

cosθeq+ fp/γLG

�

, (2.17)

θa = arccos
�

cosθeq− fp/γLG

�

. (2.18)

The receding and advancing contact angles indicate the points at which the
pinning-depinning transitions occur. If the droplet evaporates while initially
being in the pinned (fixed area) state, the contact angle decreases until the
droplet depins at a value equal to θr, after which the evaporation continues
with a constant contact angle θr and a receding contact line. In contrast to
a constant θr, a constant advancing angle θa is not encountered for droplets
with decreasing volume, but it can only be observed as the point at which
the droplet becomes pinned after initial spreading.

2.3 Results and Discussion
We now compare predictions of our phenomenological model with the full
non-linear response presented by molecular kinetic theory (MKT) and with
experiments on droplet evaporation in the presence of contact line pinning.
We quantify the competition between evaporation and relaxation using the
ratio of the two timescales τevap and τrlx. It determines, together with the
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initial and equilibrium contact angles as well as the magnitude of the pinning
force, the lifetime of an evaporating droplet. Both fundamental timescales
depend only on the properties of the fluid and the surrounding vapour phase.
Their ratio scales linearly with the droplet size V 1/3

0 . Presuming that the
Arrhenius factor k in Eq. (2.9) is of the order 108 [70], typical values of
τevap/τrlx for water droplets of micrometre to millimetre sizes range from
10−4 to 100, however the latter value may increase further under conditions
of slow evaporation (i.e. high humidity). For fluids with a higher viscosity η,
presuming the other parameters remain unchanged, τevap/τrlx decreases. The
ratio of the two timescales has also been addressed by Man and Doi [16] to be
important in the context of evaporation problems. Directly connecting the
parameter kev presented in Ref. 16 to our τevap/τrlx, however, is not straight-
forward due to the factor k. We choose the droplets to be hemispherical in
equilibrium, i.e., θeq =π/2, which is typical for a water droplet on a polymer
substrate. The implications of choosing a different equilibrium contact angle
are discussed at the end of this section.

Because sessile droplet shape relaxation and evaporation have been de-
scribed separately in the literature before, we feel it instructive to first investi-
gate how our model compares to those works and to known experimental
data. After the validation of the model with the literature, we discuss the
predictions given by our more complete model that unites shape relaxation,
droplet evaporation and contact line pinning. Finally, we discuss the impact
of the assumptions we make during our calculations.

2.3.1 Shape relaxation and pinning-depinning transition
To illustrate the relaxation dynamics predicted by our free energy-based model
and to compare the predictions to an existing model for contact line dynam-
ics, we first compare our theory with the relaxation dynamics of a droplet
deposited on a surface according to molecular kinetic theory (MKT). This
theory, which has a microscopic basis, is shown to describe experimentally
measured contact line dynamics rather well [22, 157–159]. As discussed in
the Section 2.2, for small values of cosθ− cosθeq, MKT predicts an exponen-
tial relaxation with a timescale τrlx given by Eq. (2.11). For greater values,
however, the dynamics deviates from a simple single exponential description.
In order to compare the non-linear contact angle dynamics predicted by our
model to that described by MKT, we solve Eq. (2.10) numerically. For con-
venience, we set the equilibrium contact angle to a value of θeq =π/2 and
choose four initial angles θ0 symmetrically around this angle. In Fig. 2.2, we
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compare the time dependence of the contact angle θ and the absolute value of
the difference between the cosines of θ(t ) and θeq. Indicated in the figures are
the results of our model (blue triangles), the MKT result (green pluses) and a
simple single exponential relaxation as given in Eq. (2.5) (red crosses). Note
that, as in all cases τrlx and θeq are fixed, the results indicated in the figures
as “Our model” are independent of the choice of the characteristic timescale
and hence also describe the result for, e.g., the linearised version of the MKT
model.

Figure 2.2 teaches us the following:

i. For deviations of±π/6 from the equilibrium value of π/2, see Fig. 2.2(c)
and (e), agreement between the evolution of the contact angle as a
function of scaled time predicted by all three descriptions is excellent.
For greater initial deviations from the equilibrium angle, shown in Fig-
ures 2.2(a) and (g), agreement remains remarkably good, in particular
for the larger initial angle;

ii. Figures 2.2(d) and (f) highlight any inconsistencies for small deviations
from the equilibrium by focussing on the difference of the cosines on a
logarithmic scale. These figures show that well within one characteristic
timescale simple single exponential decay is reached. Any small late-stage
deviations between the curves is caused by the early-stage non-linear
behaviour. Figures 2.2(b) and (h) show that even for greater initial
deviations from the equilibrium contact angle, simple single exponential
decay occurs within one characteristic timescale.

The process of droplet evaporation in the presence of contact line pinning
has been studied theoretically by Stauber et al. [28], who describe the depen-
dence of the evaporation time tevap on the initial contact angle θ0, where they
fix the receding contact angle θr to several values. They consider two separate
modes of evaporation, a constant contact radius (pinned) and a constant
contact angle (receding) mode, allow for pinning-depinning transitions and
model the evaporation dynamics accordingly using an evaporation description
analogous to Eq. (2.12). Their results can be reproduced quantitatively by
our model. However, our model also includes the relaxation of the droplet
shape towards its equilibrium angle, after it is deposited on the surface with
an angle different from the equilibrium value. We discuss in more detail the
similarities and differences between their work and the results from our model
in the next subsection.
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Fig. 2.2 – Comparison between predictions for the relaxation dynamics of the con-
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Wenow relate results fromourmodel to the experimental data of Belmiloud
et al. [8] on the evaporation of a water droplet on a flat silicon surface, see
Fig. 2.3. Figure 2.3 shows the squared contact diameter (2a)2 (blue triangles)
and contact angle θ (red crosses) as a function of time t . The results of
Belmiloud et al., represented by the solid lines, can be readily reproduced
by our phenomenological model (dashed lines). Initially, the contact line of
the droplet is pinned, as is seen from the squared contact diameter remaining
constant, while the contact angle decreases. As the receding contact angle
θr is reached, a pinning-depinning transition occurs, after which the angle
remains constant at the receding value and the diameter squared decreases
linearly, as discussed in the Section 2.2.
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Fig. 2.3 – Comparison between the results of experiments on the evaporation of
sessile water droplets on a silica wafer [8] (solid lines) and the numer-
ical evaluation of the droplet model (dashed lines). The squared con-
tact diameter (2a)2 (left vertical axis, blue triangles) and contact angle
θ (right vertical axis, red crosses) are shown as a function of time t .
The two modes of evaporation, pinned and receding, are indicated. The
model results are for a pinning force fp ' 0.034Nm−1, a vapour concentra-
tion difference∆c = 11.6× 10−3 kgm−3 and a vapour diffusion coefficient
D = 3.15× 10−5 m2 s−1.

In order to model the evaporation process of the initially pinned droplet,
we choose our model parameters to correspond to the experimental values.
The pinning force per unit length fp was set to a value of fp ' 0.034Nm−1 to
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obtain a receding contact angle of θr = 34°. The value for the pinning force
per unit length is of the same order of magnitude as the liquid-air interfacial
tension (γLG = 0.07Nm−1). The values reported by Belmiloud et al. [8] for
the surface vapour concentration cs and the relative humidity were used to
determine ∆c = 11.6× 10−3 kgm−3. The best correspondence between the
measurement and our model is obtained for a vapour diffusion coefficient
D = 3.15× 10−5 m2 s−1, as opposed to the reported D = 2.60× 10−5 m2 s−1.
However, Belmiloud et al. also report on an underestimation of the evapora-
tion rate: the droplet evaporates faster than predicted by Eq. (2.12) [8]. This
is arguably due to inaccuracies in measuring the properties of the ambient
vapour.

2.3.2 Predictions by full model
We now consider the effect of the interplay between the three components of
our model to predict the evaporation dynamics of a droplet. To that end, we
first discuss two limiting cases. We report our findings on (1) the effect of
contact line pinning on a non-evaporating, relaxing droplet, and (2) the effect
of shape relaxation on the lifetimes of droplets with an unpinned contact line.
Subsequently, we present our results on simultaneous shape relaxation and
evaporation of a droplet subject to contact line pinning.

If the shape relaxation of a droplet is affected by contact line pinning,
the contact angle relaxation in the absence of evaporation studied in the
previous section (Fig. 2.2) changes drastically, as is illustrated in Fig. 2.4.
If droplets start out within the fixed area region, i.e., have an initial angle
θr <θ0 <θa, indicated by the shaded region in Fig. 2.4, then the contact line
is not able to move. In other words, the droplets are not able to relax their
shape to accommodate the equilibrium contact angle θeq. For initial angles
outside of this regime, shape relaxation does occur, albeit only until the fixed
area region is reached, after which the motion of the contact line is halted.
This phenomenon has strong implications for the lifetime of an evaporating
droplet. The asymmetry in the time it takes for the droplet to become pinned
for θ0 =π/6 and for θ0 = 5π/6 has its origin again, as is the case for the
shape relaxation shown in Fig. 2.2, in the non-linearity of Eqs. (2.4,2.6). We
note that the curves shown in Fig. 2.4 depict the relaxation of the contact
angle θ. The exponential relaxation of the cosine in Eq. (2.5) is therefore not
immediately evident from the Figure.

If we allow for evaporation, the shape relaxation of a droplet from an
initial contact angle θ0 towards its equilibrium angle θeq may have a strong
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Fig. 2.4 – Relaxation of the contact angle θ of a deposited drop on a surface towards
the equilibrium value θeq =π/2. There is no evaporation and the pinning
force fp is set such that the receding and advancing contact angles are
θr =π/4 and θa = 3π/4. This results in the fixed area range between θr
and θa, where the capillary force fc cannot overcome fp and the contact
line becomes or remains pinned.

impact on the evaporation dynamics of a droplet, also without any contact line
pinning occurring. As discussed in Section 2.2, the evaporation rate depends
on the contact angle θ, and is at its minimum for θ=π/2. If a droplet with
a certain θeq is deposited onto a surface with an initial angle θ0 6= θeq, the
relative speeds at which the droplet relaxes to its equilibrium angle and at
which it evaporates, characterised by the ratio τevap/τrlx, will influence the
lifetime of such a droplet. In the remainder of this Chapter, we adopt the
representation style of Stauber et al. [28] when discussing lifetimes of droplets,
where we depict the scaled evaporation time tevap/τevap as a function of the
initial contact angle θ0.

Firstly, we consider the evaporation of droplets in the absence of contact
line pinning. In Fig. 2.5 we present the droplet lifetimes tevap/τevap as a
function of the initial contact angle θ0, for τevap/τrlx = 10−4, 10−2, 100, 102.
In the limit of slow shape relaxation (τevap/τrlx� 1), we exactly recover the
result of Stauber et al. [28] for evaporation with a constant contact angle, see
the blue triangles in Fig. 2.5. The droplet lifetime decreases rapidly for θ0→ 0,

38



CHAPTER 2. MACROSCOPIC DROPLET MODEL

as the area-to-volume ratio increases. As already discussed in Section 2.2, the
lifetime is longest for θ=π/2, resulting in a maximum in the graph. For
θ >π/2 the lifetimes slightly decrease again due to the increase in area-to-
volume ratio.
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Fig. 2.5 – Scaled evaporation times tevap/τevap for sessile droplets as a function of
the initial contact angle θ0, for ratios τevap/τdiff = 10−4, 10−2, 100, 102.
The equilibrium contact angle is θeq =π/2.

For increasing τevap/τrlx, we see a decreasing effect of the initial angle on
the lifetimes, as the contact angles relax more quickly to the equilibrium value
θeq =π/2. The increase in droplet lifetime due to faster shape relaxation is
most notable for small contact angles, as the relaxation is the fastest in that
regime and small changes to the contact angle induce large changes in the
evaporation rate, according to Eq. (2.12). Close to θ0 =π/2, however, both
shape relaxation and evaporation are slow and hence the changes in droplet
lifetime upon changing τevap/τrlx are small. For τevap/τrlx� 1, the droplet
lifetime is effectively independent of θ0. We conclude that the evaporation
dynamics of a droplet on a flat surface is strongly affected by the ratio between
the rates of evaporation and shape relaxation, in the absence of contact line
pinning.

If the contact line can become stuck on the surface due to pinning, however,
the response of a drop to deposition on a surface becomes more complex. We
can identify three regimes in the droplet dynamics, distinguished by the value
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of the initial contact angle θ0 relative to the receding and advancing contact
angles θr and θa:

a. θ0 <θr, where θ0 lies below the fixed area range;

b. θr ≤ θ0 ≤ θa, where θ0 lies within the fixed area range;

c. θ0 >θa, where θ0 lies above the fixed area range.

Fig. 2.6 shows the droplet shape in terms of the scaled squared radius
(a/a0)

2 (blue triangles) and θ (red crosses) as a function of non-dimensional
time t/τevap. The pinning force fp was set to fp ≈ 0.924γLG leading toθr =π/4
and θa = 3π/4. The contact angle range between the two (the fixed area do-
main) is indicated by the shaded area. The ratio between evaporation and
relaxation timescales is τevap/τrlx = 1. Three different graphs are shown to
illustrate the three regimes. If θ0 <θr, the droplet starts out in the depinned
state, and thus the contact line moves to accommodate the contact angle
relaxation towards the equilibrium value θeq, see Fig. 2.6(a). After some
time, the receding contact angle θr is reached and the contact angle relaxation
halts, resulting in the remainder of the evaporation process occurring with
a constant contact angle θr. In the second case, shown in Fig. 2.6(b), the
droplet starts out with a pinned contact line, since θr <θ0 <θa. Due to
evaporation, the contact angle decreases until it reaches θr. At that point, a
depinning transition occurs, the contact line is allowed to move again and
evaporation continues with a constant contact angle θr. Parenthetically, in
Fig. 2.6(b), we present the results for an initial contact angle θ0 <π/2, but
the general behaviour of the contact angle as a function of time is the same for
π/2≤ θ0 <θa. Lastly, for θ0 >θa, the contact line can initially move freely,
causing the droplet to spread and increase its contact area, see Fig. 2.6(c).
After the contact angle reaches the advancing value θa, however, the contact
line becomes pinned. Once more, from this point on, the contact angle
decreases due to evaporation. And again, as the contact angle reaches the
receding value θr, a depinning transition occurs and evaporation continues
with a constant contact angle.

The emergence of the three regimes due to the presence of contact line
pinning has a significant impact on the droplet lifetimes. The extent of the
effect depends on the ratio of evaporation and relaxation timescales τevap/τrlx,
as is illustrated in Fig. 2.7. Figure 2.7 shows the scaled lifetime of an evap-
orating droplet tevap/τevap as a function of the initial contact angle θ0, for
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Fig. 2.6 – Scaled contact area (a/a0)
2 and contact angle θ as a function of non-

dimensional time t/τevap, for the evaporation of a droplet with equi-
librium angle θeq =π/2. The shaded areas indicate the fixed area do-
mains between the receding and advancing contact angles, θr =π/4 and
θa = 3π/4. The ratio between evaporation and relaxation timescales
is set to τevap/τrlx = 1, and we show the time evolution of the droplet
shape for three values of the initial contact angle θ0, (a) θ0 =π/6<θr,
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Fig. 2.7 – Scaled evaporation times
tevap/τevap of sessile droplets
as a function of the initial
contact angle θ0, for var-
ious values for fp/γLG ≈
0.924, 0.707, 0.383, 0, and
three ratios τevap/τrlx of
(a) 10−2, (b) 100, (c) 102,
covering the range from
fast to slow evaporation.
The values of the respective
receding and advancing
contact angles are indicated
by arrows in the same colour
as the corresponding lines
in the graph. The black
lines represent the two
limiting cases of evaporation
at constant radius of the
contact area (CCR, solid)
and evaporation at a constant
contact angle (CCA, dashed).
The equilibrium contact
angle is θeq =π/2.
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τevap/τrlx = 10−2, 100, 102, covering the entire range from fast to slow evap-
oration. We can identify two limiting cases for the evaporation in all three
graphs, shown in black, being evaporation with a constant contact radius
(CCR, solid lines) and evaporation with a constant contact angle (CCA,
dashed lines). These two limits are not dependent on the ratio τevap/τrlx, as
we impose that either the contact area or the constant angle remains fixed.

The time it takes for a droplet to evaporate is shorter at a constant ra-
dius compared to a constant angle for the majority of the initial angle range
0≤ θ0 ≤π. This is because the constant contact radius mode causes the con-
tact angle to decrease during evaporation. Decreasing θ generally speeds up
the evaporation process due to an increase of the surface-to-volume ratio, es-
pecially at late times. For large initial angles (θ0→π), however, evaporation
in the constant angle mode becomes faster than evaporation in the constant
radius mode. As the latter causes a continuous decrease in the contact an-
gle, it initially slows down the evaporation rate before speeding it up again.
As discussed before, the maximum lifetime of a droplet evaporating in the
constant angle mode is tevap = τevap for θ0 =π/2, resulting in a maximum in
the graph. For the constant radius mode, the maximum lifetime is shorter
than the maximum in the constant angle mode, being tevap ≈ 0.9354τevap for
θ0 ≈ 0.822π [28].

The differently coloured arrows at the top of Fig. 2.7 represent the receding
contact angle θr and the advancing contact angle θa. These define the domain
in which the contact area remains constant. The arrow colours correspond
to the colours of the curves shown in the figure, which depict the droplet
lifetimes tevap/τevap as a function of the initial contact angle θ0, for values of
the pinning force fp/γLG of approximately 0.924 (blue triangles), 0.707 (green
pluses), 0.383 (red crosses) and 0 (purple dots). The values for θr and θa
remain constant in all three graphs, and as θeq =π/2, they take symmetric
values around the equilibrium.

For all three graphs in Figs. 2.7(a) to (c), the curve segments between the
bounding receding and advancing contact angles are identical. The reason is
that if the contact line of a drop is initially pinned due to the choice of initial
angle, this angle cannot relax towards its equilibrium value as is also shown
in Fig. 2.6(b). Therefore, the magnitude of the shape relaxation rate does not
affect the evaporation process. During evaporation, the contact angle only
decreases from the initial to the receding angle and remains at that value until
the drop has fully evaporated.
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The relaxation of the contact angle towards its equilibrium value is only
possible for initial angles outside of the fixed area domain, as shown in
Fig. 2.6(a) and (c), where shape relaxation occurs until the contact angle
reaches either boundary. In other words, for values of θ0 outside of the fixed
area region, the relative shape relaxation rate does have an impact on the
droplet lifetime. For values of τevap/τrlx ¦ 1, as shown in Fig. 2.7(b) and (c),
evaporation is relatively slow and relaxation in essence instantaneous. This
leads to an evaporation time that is essentially an invariant of the initial angle,
outside of the fixed area domain, where the lifetime takes on the value at the
nearest boundary (at θr or θa). If evaporation is very fast, i.e., τevap/τrlx� 1,
shown in Fig. 2.7(a), relaxation cannot keep up and the evaporation time
is dictated by a virtually constant contact angle. For sufficiently small θ0,
however, relaxation can keep up with evaporation and the evaporation time
deviates from the lifetimes for the constant contact angle mode. This deviation
vanishes for τevap/τrlx→ 0.

For initial angles above the advancing angle, the lifetime curves start to
deviate from both limiting cases and from the curves reported by Stauber et al.
[28], when τevap/τrlx increases. This is caused by the evaporation dynamics
predicted by our model being more complicated than a simple imposed
transition from a pinned into a depinned state. As shown above in Fig. 2.6(c),
the contact line can initially move freely, implying that the contact angle
starts to move towards its equilibrium value θeq. Upon reaching θa, the
contact line becomes pinned and the contact angle decreases until it reaches
θr. Subsequently, a pinning-depinning transition occurs and the droplet
evaporates with a fixed contact angle. In other words, the droplet experiences
two transitions, rather than one, by subsequently going through depinned,
pinned and depinned modes.

2.3.3 Impact of assumptions
We developed a phenomenological model for the shape relaxation of an evap-
orating droplet. The characteristic time scale associated with this relaxation
is found to be proportional to a length scale L. This length scale L has been
connected to (1) a slip or friction length, or (2) the size of the droplet. In
order to incorporate the effects of either length scale on the evaporation
dynamics, we have equipped Eq. (2.6), which describes the droplet relaxation,
with a scale factor α. In the discussion of the results in the previous section
we chose α= 1 for simplicity.

Now we discuss in more detail the implications of considering an alterna-
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tive α= α(t ), which is proportional to the droplet size:

α(t ) =
�

V (t )
V0

�1/3

, (2.19)

where V (t ) and V0 denote the instantaneous and initial droplet volumes,
respectively. As a consequence, the relaxation process speeds up as the droplet
size decreases. We find, however, that explicitly taking this effect into account
hardly affects the droplet lifetime. This is caused by the circumstance that the
capillary driving force is the strongest at short times, as the difference cosθ−
cosθeq is then the greatest. In other words, the majority of the relaxation
process occurs at short times. However, at short times the droplet has hardly
lost any volume by evaporation, which means that the scale factor α(t )≈ 1,
causing the relaxation processes for both expressions for α to occur in virtually
the same manner. In Fig. 2.8 we depict the squared scaled radius (a/a0)

2 (blue
triangles) and the contact angle θ (red crosses) of evaporating droplets as a
function of scaled time t/τevap. We present the results for the scale factor
α(t ) = [V (t )/V0]

1/3 (solid lines) compared to α= 1 (dashed lines), for three
values of θ0. For these calculations, we do not incorporate a contact line
pinning force, which means the droplet is allowed to relax its shape towards
θeq =π/2, and τevap/τrlx = 1.

In all three graphs, we can clearly see that the dynamics described by
the two expressions for α are identical at early times. Only after the droplet
has partly evaporated, we see a slight deviation in the dynamics, due to
the decrease of α(t ). This effect only arises after approximately 30% of the
evaporation time has passed. For large initial contact angles θ0, which we
show in Fig. 2.8(c), the deviations between the graphs for the two expressions
for α are slightly larger than for smaller θ0 (Fig. 2.8(a) and (b)). However,
the time at which the droplet is fully evaporated is hardly affected. Note that
the presence of contact line pinning would only decrease the effect shape
relaxation has on the evaporation time, as it inhibits contact line motion
for a certain range of the contact angle θ. We conclude from this that the
lifetime of an evaporating droplet is not sensitive to our choice for α and
hence explicitly taking into account the size-dependence of the relaxation
process has a negligible effect on the total evaporation time. We note that this
phenomenon is valid regardless of the value of τevap/τrlx: a reproduction of
Fig. 2.7 with the alternative scale factor α yields the same graph.

A second point left for discussion is the influence of the value of the
equilibrium angle θeq on the evaporation dynamics of a droplet. We recall that
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an equilibrium contact angle of π/2 has two implications for the evaporation
dynamics of a droplet. Firstly, evaporation is slowest at θ=π/2, as described
by Eq. (2.12). Secondly, in the presence of contact line pinning, the fixed area
domain is located symmetrically around the equilibrium angle: as cosθeq = 0,
the advancing contact angle is given by θa =π−θr, as described by Eq. (2.17)
and (2.18). Both properties are not valid for droplets with an equilibrium
contact angle θeq 6=π/2. A droplet taking on a non-hemispherical equilibrium
results on the one hand in the fact that faster shape relaxation, or increasing
τevap/τrlx, not necessarily implies slower evaporation, as we have shown in
Fig. 2.7, but that this depends on the initial and equilibrium contact angles.
On the other hand, the receding and advancing contact angles are now located
asymmetrically around the equilibrium angle.

As we have seen above, if contact line pinning occurs, the time it takes
for a droplet to evaporate depends strongly on the values of the receding and
advancing contact angles (see Fig. 2.7). For contact angles in between the
two, contact line motion is inhibited. For θeq 6=π/2, this principle is still
valid, only θr and θa are located asymmetrically around θeq. For initial angles
within the fixed area domain, the lifetimes remain unchanged with respect
to θeq =π/2. As contact line motion is inhibited there, shape relaxation is
blocked, so the value of θeq is irrelevant. For initial angles outside of the
domain the lifetime as a function of initial angle behaves similar to what we
show in Fig. 2.7: for increasing shape relaxation rates, so increasing τevap/τrlx,
the evaporation time of a droplet converges to the values at the boundaries
and it becomes increasingly less dependent on the initial contact angle θ0.

We conclude from the above that the specific value of the equilibrium
contact angle θeq has little effect on the general behaviour of the droplet
lifetime as a function of the initial contact angle. It does affect the evaporation
dynamics, but to an extent that is limited to two factors. On the one hand,
it determines the evaporation time at the equilibrium angle, so it affects the
droplet lifetime most in the absence of contact line pinning and in the limit
of fast shape relaxation. On the other hand, it determines, together with the
magnitude of the pinning force fp, the locations of the receding and advancing
contact angles, which in turn define the region in which contact line motion
is inhibited.
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2.4 Summary and Conclusions
In conclusion, we propose a model for diffusive evaporation of a droplet on a
flat surface, which accounts for the relaxation of the contact angle towards
its equilibrium value. This shape relaxation is driven by the tendency of the
droplet to reach its minimum free energy state. We also model pinning of the
contact line onto the surface by introducing a pinning force, insisting that
the contact line remains pinned as long as the capillary forces are not able to
overcome this threshold force.

Within our model description, the time it takes for such a droplet to evap-
orate turns out to depend on five parameters, being the initial and equilibrium
contact angles, the characteristic timescales associated with shape relaxation
and evaporation, and the magnitude of the contact line pinning force. The
ratio between the two characteristic timescales describes the competition
between shape relaxation and evaporation, which has a significant effect on
the droplets’ lifetime. In the limit of slow relaxation (or fast evaporation),
the total evaporation time of a droplet strongly depends on the initial contact
angle, whereas for fast relaxation the lifetime is virtually unaffected by the
value of the initial contact angle.

The presence of a pinning force results in a contact angle range for which
the contact line is fixed, as the capillary forces are not capable of overcoming
the pinning force. This regime is bounded by the receding and advancing
contact angles and as long as the contact angle resides within this range, the
contact area remains constant. The magnitude of the pinning force determines
the values of the receding and advancing contact angles and therefore has an
impact on the lifetime of an evaporating droplet: the shape relaxation of a
droplet becomes partly suppressed, because the droplet cannot relax its shape
for contact angles within this fixed area regime.

We show that shape relaxation has a significant impact on the evaporation
time of a droplet, both in the absence and presence of contact line pinning.
Explicitly taking into account the size-dependence of the relaxation process
turns out to have virtually no effect on the droplet’s lifetime, since the ma-
jority of the relaxation occurs at short times for which the droplet size has
hardly decreased. The value of θeq does also not affect the general dynamical
behaviour, however, it does define the lifetime for a droplet at its equilibrium
angle and the location of the receding and advancing contact angles.

Finally, the simplicity of our model allows for relatively straightforward
evaluation of the dynamics of an evaporating droplet. This means that it
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can also be readily extended to, e.g., take into account compound exchange
between the solid and the liquid phase, or investigate an evaporation process
wherein the droplet properties do not remain constant in time.
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Chapter 3
Compound redistribution

A thin polymeric film in contact with a fluid body may leach low-molecular-
weight compounds into the fluid. If this fluid is a small droplet, the compound
concentration within the liquid increases due to continuous leaching in addition
to the evaporation of the droplet. This may eventually lead to an inversion of
the transport process and a redistribution of the compounds within the thin film.
In order to gain an understanding of the compound redistribution, we apply a
macroscopic model for the evaporation of a droplet and combine that with a diffu-
sion model for the compound transport. In the model, material deposition and the
resulting contact line pinning are associated with the precipitation of a fraction of
the dissolved material. We find three power law regimes for the size of the deposit
area as a function of the initial droplet size, dictated by the competition between
evaporation, diffusion and the initial compound concentrations in the droplet and
the thin film. The strength of the contact line pinning determines the deposition
profile of the precipitate, characterised by a pronounced edge and a linearly decay-
ing profile towards the centre of the stain. Our predictions for the concentration
profile within the solid substrate resemble patterns found experimentally.

The contents of this chapter have been published as

Compound redistribution due to droplet evaporation on a thin polymeric film:
Theory (2019)
Thijs W. G. van der Heijden, Anton A. Darhuber, Paul van der Schoot
Journal of Applied Physics, 126 (6), 065303

https://doi.org/10.1063/1.5109485
https://doi.org/10.1063/1.5109485


3.1 Introduction
The process of staining of surfaces due to the evaporation of fluid droplets
containing dissolved or suspended material finds its most prominent example
in the so-called coffee stain effect [1, 2]. The formation of the dark rings of
deposit is a result of the material being transported by internal flows inside
the droplet caused by differences in the evaporation rate across the surface.
Apart from a fundamental scientific interest, understanding the deposition of
solids and being able to predict the topology of the resulting stain is of impor-
tance in applications such as inkjet printing [173, 174], semiconductor device
manufacturing [7, 8, 175] and the creation of colloidal photonic crystals [9].
The redistribution and deposition of material due to the evaporation of a
droplet are therefore studied extensively, both experimentally [1, 2, 10–13]
and theoretically [1, 2, 12, 15–18].

Much less studied, although also of significant industrial interest, is the
redistribution of material that originates from the substrate onto which a
droplet has been deposited. For instance, in the semiconductor industry,
water droplets left behind during immersion photolithography may disrupt
the designed structures by redistributing compounds in the photosensitive
polymer layer [7]. Experimental investigations on the creation of these so-
called watermark defects indicate that they originate from the interaction
between the water droplet and the photoresist film, and that they negatively
impact the development of the film [7, 19]. These watermark defects are
thought to be caused by compounds present in the film that are leached
into the drop. Examples of such compounds are photoacid generator and
quencher [7]. During the course of the evaporation of the droplet, the
material may diffuse back into the substrate or precipitate onto the surface
as it becomes more concentrated as a result of the evaporating fluid. This
redistribution of compounds may cause severe distortions of the intended
patterns in the film. Another application is inkjet printing, where the ink may
be smeared out due to the presence of an evaporating droplet: ink pigments
that are present in the substrate may be taken up in the droplet and deposited
elsewhere as the droplet evaporates.

In this Chapter, we investigate this phenomenon theoretically. We find
that the size of the deposit stain depends on the initial droplet size, where
small droplets produce a deposit that is relatively larger than those left behind
by large droplets. We relate this to the ratio of timescales of evaporation and
diffusion, and whether or not the fluid itself contains contaminants. If depo-
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sition of material occurs only near the contact line of the shrinking droplet,
which may as a result become pinned, our macroscopic model predicts that
the deposit profile decays linearly from the edge towards the centre. The
height of the rim is determined by the strength of the pinning. Whilst pinning
and depinning in our theory are axisymmetric by construction, this need not
be the case in practice. Depinning and the final stages of drying frequently
break circular symmetry [175, 176]. In spite of its simplicity, our model
predictions do qualitatively describe the salient features of the structure of
watermark defects seen experimentally [7, 19].

The remainder of this Chapter is organised as follows. In Section 3.2,
we present our model for compound redistribution, in which we combine
a macroscopic description for the evaporation of a droplet and diffusive
transport of compounds between the thin film and the fluid. Section 3.3
describes our findings relating the deposit to the initial droplet size. Because in
our model contact line pinning is directly linked to precipitation of dissolved
compounds, we find that the solubility limit is a crucial quantity in relation
to the size and topology of the deposit stain. Section 3.4 presents an overview
of the redistribution of material within the thin film and relates this to
observations on watermark defects. In Section 3.5, we summarise our results
and present our main conclusions.

3.2 Theory
For simplicity, we consider droplets that are smaller than the capillary length
lc =

p

γLG/ρg , where γLG denotes the liquid-gas interfacial tension, ρ the
mass density of the liquid and g the gravitational acceleration. Water in air at
room temperature has a capillary length of lc ' 3mm, implying that droplets
that are smaller than this have an equilibrium shape of a spherical cap [144].
If a droplet is deposited onto a thin solid film, compounds from that thin
film may diffuse into the liquid. The liquid itself need not be pure either
and may already contain dissolved compounds. For definiteness, we presume
these compounds to be of the same species as those that diffuse out of the
substrate into the droplet. This is not really a restriction, as the diffusion
processes for multiple compounds occur independently of each other, if their
concentrations are sufficiently low, in which case the transport processes must
be additive. Our model compound has a solubility limit, implying that it falls
out of solution if the concentration exceeds that limit.

In order to describe the droplet dynamics during evaporation, we may

53



use a simple macroscopic model, such as presented in Chapter 2. This model
combines the relaxation of the droplet shape, diffusive evaporation and con-
tact line pinning of the droplet, and describes the observed dynamics of
evaporating droplets remarkably well. For simplicity, however, we presume
here that a droplet is deposited on the substrate at its equilibrium angle, and
consequently the droplet shape relaxation does not directly play a role in our
description. In that case, our model needs only three ingredients: (1) the dif-
fusive evaporation at the level of the steady-state diffusion of the fluid into the
ambient atmosphere [26, 35], (2) diffusive exchange of compounds between
the droplet and the film, and (3) a contact line pinning mechanism described
by the imbalance between the instantaneous capillary forces and a pinning
force, presumed to be spatially homogeneous [24, 29, 148]. In our model, the
pinning force is zero until precipitation occurs, that is, when the compound
concentration in the fluid drop reaches the solubility limit. We consider the
magnitude of the pinning force a model parameter that is independent of the
amount and distribution of the precipitate on the substrate.

After the droplet is deposited on the solid film, compounds present in
the film may diffuse into the liquid or vice versa. We take vertical diffusion
to be the dominant transport mechanism. This is plausible in the limit of
sufficiently thin solid films, that is, films that are much thinner than the
characteristic size of the deposited droplet. Indeed, if the diffusivity in the
film is homogeneous (i.e., the radial and vertical diffusivities are equal), then
the ratio of the relevant timescales related to (1) the diffusion of material
within the film in the vertical direction (and from the film into the droplet
or vice versa) and (2) the radial equilibration of compounds within the film,
scales with the square of the ratio of the pertinent length scales. For the
vertical diffusion this is the film thickness, whilst that for the radial diffusion
is the initial droplet radius. Typical film thicknesses in semiconductor pho-
tolithography are in the order of 100 nm and initial droplet sizes are in the
range of tens to hundreds of micrometres [19, 55, 56], so the timescales differ
by four to six orders of magnitude, and our assumption is reasonable.

In the late stages of the evaporation of the droplet, the concentration
of dissolved material within the drop increases due to the decrease of the
droplet volume. In reality, because of this, the diffusive transport inverts the
material flow, causing material transport back into the film. In addition, the
concentration may reach the solubility limit Csat of the compound in the fluid,
leading to precipitation. From this point on, the compound concentration in
the droplet remains constant at the saturation level. Due to internal flows
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in the droplet, the precipitate predominantly accumulates near the contact
line [1, 16]. This implies that for a pinned contact line the stain becomes
ring-like. We find that if the contact line pinning can be overcome by the
capillary forces acting on the contact line, the contact line moves inward
during evaporation. The height of the deposit then decreases linearly towards
the centre of the stain. The height of the ring around the edge of the smeared-
out stain depends on the strength of the contact line pinning. Experiments
on the topology of the stains support our deposition model that in fact is
inspired by the watermark creation mechanism proposed by Belmiloud et al.
[8].

We note that droplet evaporation may lead to a locally varying interfacial
tension along the droplet surface due to temperature gradients or concentra-
tion gradients of dissolved compounds, which may result in a Marangoni
flow. The extent of Marangoni flow in an evaporating droplet depends on the
type of liquid, substrate and solute. Surface-active compounds may strongly
suppress the Marangoni flow in water droplets and low concentrations of
such compounds can hardly be avoided [36]. In the case that the thermal
conductivity of the substrate is much greater than the liquid conductivity,
the thermocapillary Marangoni flow along the substrate is directed towards
the contact line [42], which is consistent with a coffee-ring-like stain. Ex-
perimental measurements on the deposition profile of watermarks show a
coffee-ring-like stain, which suggests that Marangoni flow in the droplet is ei-
ther negligible or directed towards the contact line along the substrate [8, 14].
We note that the presence of Marangoni flow would promote the mixing of
the compounds present in the droplet, to which we return below. In our
model, we do not explicitly include the effects of Marangoni flow.

If a droplet is deposited on a surface and is left to evaporate, the radius a
of the contact area decreases as the volume of fluid decreases. We consider
isothermal, quasi steady-state diffusive evaporation into an infinite ambient
atmosphere, and let the contact angle θ remain constant during the evapora-
tion until precipitation occurs, see Fig. 3.1. In that case, the time dependence
of the contact area radius a follows the familiar square root law [26, 35, 43],

a(t ) =
Æ

a2
0 −Λ(θ)t , (3.1)

where a0 = a(0) denotes the initial contact radius, and

Λ(θ) =
4Dg∆c

ρ

f (θ) sin2θ

2− 3cosθ+ cos3θ
, (3.2)
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Fig. 3.1 – Sketch of the droplet with initial size a0 and contact angle θ evaporating
on the thin film with thickness d . The size ad of the deposition area is
indicated. The thin film rests on an impermeable support.

is a measure for the evaporation rate. Here, Dg denotes the vapour diffusion
coefficient, and ∆c ≡ cs− c∞ is the difference between the vapour concentra-
tion close to the surface cs (in units of mass per volume), which as usual we
presume to be at the saturation level, and the vapour concentration of the
ambient atmosphere c∞. ρ denotes as before the mass density of the liquid
and f (θ) is a geometric factor that relates the droplet shape to the evaporation
rate. We do not reproduce the lengthy expression for f (θ) here, but instead
refer the reader to Refs. [26, 35, 43]. From Eq. (3.1) we deduce that there
must be a characteristic timescale τevap for the evaporation process, which we
take to be the maximum time it takes for a droplet to fully evaporate. For
a droplet with a given initial volume V0, this happens to be the case for a
contact angle θ=π/2, for which we find,

τevap =
a2

0

Λ(π/2)
=

ρa2
0

2Dg∆c
=

ρ

2Dg∆c

�3V0

2π

�2/3

. (3.3)

As the compounds dissolved in the liquid precipitate, the contact line may
become pinned onto the precipitate with some pinning force per unit length fp.
We treat fp as a model parameter that does not depend on any spatial position
and hence is not connected with irregularities on the precipitate. For the
duration of the pinning, the contact area radius a remains constant in time,
causing the contact angle θ to decrease. As the droplet further evaporates,
the capillary force per unit length fc obeys

fc =−γLG

�

cosθ− cosθeq

�

, (3.4)
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showing that the capillary force increases in magnitude as θ decreases [21, 29,
148]. In Eq. (3.4), θeq denotes the thermodynamic equilibrium value of the
contact angle θ, described by Young’s equation,

γSG− γSL− γLG cosθeq = 0, (3.5)

where γSG and γSL denote the solid-gas and solid-liquid interfacial tensions,
respectively. At the moment the capillary force fc exceeds the pinning force
fp, the droplet depins and the contact line proceeds to move inwards again.
The radius again obeys Eq. (3.1), albeit with a different contact angle θr, and
a0 now refers to the radius at the point in time of depinning that then defines
where we reset time to naught. We refer to θr as the receding contact angle,
defined as the angle at which the pinning and capillary forces balance,

θr = arccos
�

cosθeq+ fp/γLG

�

. (3.6)

Note that the droplet becomes permanently pinned if cosθeq+ fp/γLG > 1.
As already alluded to, during the evaporation process, compounds present

in the thin film may diffuse into the liquid droplet and compounds in the
liquid droplet may diffuse into the film. As we presume vertical diffusion to be
the dominant transport mechanism, the time evolution of the concentration
profile Cs(r, z, t ) within the thin film obeys the one-dimensional diffusion
equation,

∂ Cs

∂ t
=Ds

∂ 2Cs

∂ z2
, (3.7)

where r denotes the radial position from the centre of the liquid droplet, z
is the vertical position in the film and Ds is the diffusion coefficient of the
compound in the thin film. In our model, Ds depends on neither the radial
nor the vertical position. In reality, diffusion may be anisotropic and depend
on, e.g., the water content inside the film, the local temperature or the internal
structure of the film. Notice that although there is no radial component in
the diffusive transport, the concentration in the film becomes a function of r
because the droplet deposited onto the film evaporates and hence becomes
smaller with time.

The characteristic time scale τdiff associated with the diffusion of com-
pounds within the thin film may be estimated by the time it takes for the
compounds to traverse the thickness d of the film,

τdiff =
d 2

2Ds

. (3.8)
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We calculate the amount of material that diffuses from the thin film into the
liquid (or vice versa) using the flux density Jz(r, t ) along the normal of the
interface from

Jz(r, t ) =−Ds
∂ Cs

∂ z

�

�

�

�

z=d
. (3.9)

This expression ignores any differences in the affinity of the compounds for
film and liquid, but has the advantage that it is the simplest description of the
diffusive process. The flux into the support of the thin film we put equal to
zero, hence

∂ Cs

∂ z

�

�

�

�

z=0
= 0. (3.10)

Due to the transport of material between the thin film and the liquid
droplet, as well as the ongoing evaporation of the droplet, the concentration
of the compounds within the droplet changes as a function of time and poten-
tially of position. However, as the evaporation causes internal flows within
the droplet [36, 42, 177], we presume that mixing is instantaneous on the
timescale of the diffusive processes involving the thin film. This then implies
that the compound concentration Cl = Cl(t ) within the liquid is indepen-
dent of the position in the drop. This is a reasonable approximation, as the
timescale associated with the internal flow (and convective mixing) is approx-
imately 10− 100ms, considering typical droplet dimensions (10− 100µm)
and typical flow velocities (∼ 1mms−1) [14, 30, 43]. In addition, the diffusive
transport of the solute promotes mixing, but it is slower (timescale of order
∼ 0.1−10s), for diffusivities of order 10−9m2 s−1. In contrast, for typical diffu-
sivities for the soluble compound in the 100nm film (of order 10−15m2 s−1 or
smaller), the characteristic timescale associated with the compound diffusion
is of order 10s or longer. The time it takes for the droplet to evaporate is
about τevap ∼ 0.1− 10s. This implies that the mixing of the solute inside the
droplet is significantly faster than both the diffusion of the compounds inside
the thin film and the evaporation of the droplet.

The challenge now is to link the concentration of compounds in the
droplet Cl to a boundary condition for the diffusion equation of those com-
pounds in the thin film. Because we presume the concentration of compounds
in the droplet to be homogeneous, we cannot impose a Neumann bound-
ary condition, which would be the most natural boundary condition in the
context of mass transport. Instead, we use a Dirichlet boundary condition,

lim
z→d

Cs(r, z, t ) =Cl(t ). (3.11)

58



CHAPTER 3. COMPOUND REDISTRIBUTION

This implies that at t = 0 an infinitesimally narrow region in the film has the
same compound concentration as the fluid. Consequently, for short times
we may well be overestimating the material transport between thin film and
fluid. This we do not see as a serious drawback, for it is consistent with our
initial condition, which is a step function,

Cs(r, 0≤ z < d , 0) =C0(r ), (3.12)

with C0(r ) the initial concentration of the compounds in the film. In the
case of an initially patterned film, such as is the case, e.g., after irradiation
of a photoresist in photolithography [7], C0 depends on the position r .
For simplicity, we presume any patterning to be radially symmetric. As to
be discussed in more detail below, any unphysical initial response relaxes
relatively fast on the timescale of the diffusive processes that we focus on.

We need to numerically solve for the two quantities that describe the
compound concentration in the thin film and in the drop, Cs(r, z, t ) and
Cl(t ). The latter we calculate at every time step, by taking the ratio of the
amount of dissolved material and the instantaneous droplet volume V (t ),

Cl(t ) =
Cl(0)V (0)+

∫ t
0

dt ′
∫ a(t ′)

0
dr 2πr Jz(r, t ′)

V (t )
, (3.13)

provided that the concentration is smaller than the saturation value, Cl(t )<
Csat. Once the concentration has reached the saturation value, it remains
constant, Cl(t ) =Csat, for all further times. The surplus material is deposited
onto the thin film near the contact line of the drop. We keep track of the
amount of deposited material as a function of time and radial position.

We solve Eq. (3.7) by adding and subtracting from Cs(r, z, t ) the in-
stantaneous droplet concentration Cl(t ), and define an auxiliary function
Cs(r, z, t )−Cl(t ) and spatially Fourier transform the resulting diffusion equa-
tion. The boundary condition at z = d becomes homogeneous. The solution
is given by

Cs(r, z, t )−Cl(t ) =
4
π

∞
∑

n=0

(−1)n

2n+ 1
fn(r, t )cos(λn z), (3.14)

with λn =
π
d

�

n+ 1
2

�

and

fn(r, t ) =−Cl(t )

+ e−Dsλ
2
n t
�

C0(r )+
∫ t

0
Cl(τ)Dsλ

2
neDsλ

2
nτdτ

�

.
(3.15)
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Note that C0(r ) is a constant if the film has not been patterned. This
does not mean that in that case f (r, t ) does not depend on r , because we do
not allow diffusion to take place for positions r beyond the contact radius
a of the droplet, which depends on time. We presume that the compound
diffusion ceases if the droplet is no longer present directly above the substrate,
i.e., the concentration profile at a radial distance r no longer evolves if the
droplet’s contact area radius a(t ) < r . At any point in time, we know the
value of a, as discussed above.

Equation (3.14) describes how the compound concentration profile in the
thin film evolves as a function of time due to the presence of a liquid droplet
on top of the film. As a result of the simultaneous compound diffusion and
droplet evaporation, the compound concentration in the liquid Cl changes as
time progresses. We solve Eq. (3.14) numerically as the droplet evaporates
and find how the material inside the thin film is redistributed during the
evaporation process. We return to this in Section 3.4.

If the concentration of the dissolved compounds exceeds the solubility
limit, the surplus material precipitates, is deposited on top of the film and may
pin the contact line, provided that the pinning force is non-zero. In the next
section, we relate the deposit size and profile to the initial droplet properties.
We show that the deposit size scales differently with the initial droplet size
depending on the ratio between the timescales τevap and τdiff, associated with
droplet evaporation and compound diffusion, respectively, and the purity
of the initial liquid droplet. We find that the deposit profile decays linearly
towards the centre of the deposit area. For the case where back-diffusion of
material into the thin film is negligible, we obtain an analytical expression
for the height of the deposit as a function of the radial distance.

3.3 Deposit vs droplet properties
Before presenting our results, we identify four different scenarios regarding
the number of different compounds, the purity of the drop at time zero and
the initial concentrations of the compounds within the thin film.

1. One species present in the thin film, and a pure liquid deposited onto
the thin film;

2. One species present in the thin film, and the liquid containing the same
species deposited onto the thin film;
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3. One species present in the liquid deposited onto the thin film, and none
in the film;

4. Multiple species present in the thin film and the liquid.

Note that if we consider more than one component this complicates matters
considerably, for all of them might have different diffusivities, have differ-
ent saturation concentrations in the liquid, give rise to different pinning
behaviours, et cetera. For now, we consider a homogeneous distribution of
compounds at time zero, C0(r ) =C0, and set the equilibrium contact angle
to θeq =π/2, which is a typical value for water on a polymer film. We note
that although we focus our attention on the droplet and the precipitate on
top of the surface in this Section, we do in fact consider the exchange of
soluble material with and the redistribution of material inside the thin film
in our calculations. We postpone our in-depth discussions of both the time
evolution of the material concentration in the film and initially patterned
substrates, where C0(r ) depends on the radial position, to Section 3.4.

In scenario 1, the thin film leaks a compound into the droplet that sub-
sequently evaporates and concentrates that compound. If the concentration
in the drop exceeds that of the film, diffusion back into the film takes place,
redistributing the compound within the film. We discuss this aspect in more
detail in Section 3.4. If the concentration of compounds in the liquid exceeds
its saturation value, the surplus material precipitates near the contact line, and
the droplet becomes pinned temporarily or permanently, depending on the
strength of the pinning force. This then defines the deposit radius ad on the
surface, see Fig. 3.1. In Fig. 3.2, we have plotted our findings on the deposit
size ad as a function of the initial droplet size a0. Both radii are scaled to a
critical radius ac, defined as the size at which the characteristic timescales for
evaporation and diffusion, τevap and τdiff, are equal,

ac ≡

√

√

√∆c
ρ

Dg

Ds

d 2, (3.16)

see Eqs. (3.3) and (3.8). The compound diffusivity is presumably small, where
Ds may reach values of order 10−15m2 s−1 or smaller [7]. For typical values of
the model parameters (∆c ' 10−3kgm−3, ρ ' 103kgm−3, Dg ' 10−5m2 s−1,
d ' 10−7m), this results in a critical radius ac of order 1− 10µm, while the
droplet sizes relevant to lithography are in the order of tens to hundreds of
micrometers [19, 55, 56].
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Fig. 3.2 – The deposit size ad as a function of the initial droplet size a0, both scaled
to the characteristic size ac, which is set by evaporation and diffusion.
Two regimes are found, corresponding to fast evaporation (a0 < ac) and
fast diffusion (a0 > ac). C0/Csat = 0.5.

In Fig. 3.2, we arbitrarily set C0/Csat = 0.5. Larger or smaller values lead
to a vertical shift upward or downward of the shown curve. We note that the
strength of the pinning force fp does not have an impact on the graph, since
the deposit size ad is defined as the droplet size at the time that precipitation
starts. The figure highlights two power law scaling regimes, representing
fast diffusion and fast evaporation. For fast evaporation, ad∝ a4/3

0 , and for
fast diffusion we have ad∝ a2/3

0 . We conclude that the deposit size depends
differently on the initial droplet size, depending on whether diffusion or
evaporation dominates the physics of the problem. In addition, the way that
the deposit size depends on the film thickness d is different for these two
regimes: for fast diffusion, the deposit size increases with increasing film
thickness, whereas for fast evaporation it decreases with increasing film thick-
ness. This dependence of the deposit size on the film thickness is somewhat
counter-intuitive but stems from the fact that the flux of material from the
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film into the support of the film is not allowed. 1 As a result, the flux of
material from the film into the droplet is inversely proportional to d .

We recover the power law scalings described above by considering a simple
scaling analysis. In the case of fast evaporation, we presume the flux density
Jz of material from the film into the droplet to be constant, Jz = J0, since
the concentration profile within the thin film has hardly any opportunity to
evolve during the droplet evaporation. The amount of material N , dissolved
in a hemispherical droplet at the time td at which the precipitation starts, can
be calculated as

N =
∫ td

0

∫ a(t )

0
2πr J0 dr dt '

πρJ0

4Dg∆c
a4

0 , (3.17)

for ad/a0 � 1, and follows directly from Eqs. (3.1, 3.2). At t = td, the
concentration within the droplet has reached the saturation value, Cl =Csat,
which is given by the ratio between the amount of dissolved material N and
the droplet volume Vd =

2
3πa3

d,

Csat =
N
Vd

=
3ρJ0

8Dg∆c
a4

0

a3
d

. (3.18)

Since Csat is a constant model parameter, we find

ad =
�

3ρJ0

8Dg∆c Csat

�1/3

a4/3
0 , (3.19)

for the case of fast evaporation. We note that since J0 is inversely proportional
to d , ad decreases with increasing film thickness as d−1/3.

In the case of fast diffusion, we presume that the film underneath the
droplet becomes virtually fully depleted of soluble material, such that

N =C0dπa2
0 . (3.20)

This results in an expression for the deposit size ad, given by

ad =
�

3C0

2Csat

d
�1/3

a2/3
0 . (3.21)

1If we do not allow any flux of material at the support-film interface, it implies that
the concentration gradient must be zero there. This boundary condition directly creates a
non-locality of the solution for the diffusion equation, which results in the material flux at
the film-liquid interface to be inversely proportional to the film thickness d .

63



From this scaling analysis, we recover the power law scalings for the deposit
size that we find in Fig. 3.2. Here, we only examined the dependence of the
size of the deposit area ad on our model parameters. Next, we investigate in
more detail how the deposited material is distributed onto the film after the
precipitation is initiated.

Within our model description, as soon as the precipitation occurs, the
precipitate ends up near the contact line. The contact line may become
pinned onto the deposit with a pinning force fp. The strength of the pinning
determines the deposit profile on top of the film; the stronger the pinning, the
more material ends up near the edge of the deposit stain. From the point that
the precipitation starts, the compound concentration in the droplet remains
constant at Cl = Csat. If we neglect the back-diffusion of material from the
droplet into the thin film, the amount of material nd that falls out of solution
at a given time obeys

dnd

dt
=−Csat

dV
dt

. (3.22)

As long as the contact line remains pinned, all of the deposited material ends
up near the edge of the deposit area. We can express the amount of material
deposited near the edge nedge as

nedge =−
∫

CsatdV =Csat(Vd−Vdepin), (3.23)

where Vdepin denotes the volume of the droplet at the point of depinning.
Equation (3.23) represents the amount of dissolvedmaterial in the volume that
is lost between the start of the deposition, where the droplet is hemispherical,
and the depinning of the droplet. Vdepin is given by the volume of a droplet
with a base radius of ad and a contact angle at its receding value θ= θr. For
θeq =π/2 it reduces to,

Vdepin =πa3
d

�

2− 3cosθr+ cos3θr

3sin3θr

�

≡ 1
3πa3

d F (ξ ),
(3.24)

where we have used Eq. (3.6); ξ ≡ fp/γLG denotes the strength of the pinning
with respect to the capillary forces, and

F (ξ )≡ 2+ ξ

(1+ ξ )3/2
p

1− ξ (3.25)
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is a function that connects the dimensionless pinning force ξ to the depinning
volume Vdepin. If ξ = 0 no pinning occurs, whereas if ξ ≥ 1 the contact line
becomes pinned permanently. The amount of dissolved material nedge that is
deposited near the edge of the droplet then obeys

nedge

nsat

= 1− 1
2

F (ξ ), (3.26)

with nsat =
2
3πa3

dCsat the amount of dissolved material present in the droplet
at the time the deposition starts. In Fig. 3.3 we show the relative amounts of
compound that are deposited near the edge (blue triangles) or in the interior
(red crosses), as a function of the contact line pinning strength fp/γLG. We
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Fig. 3.3 – The amounts of material deposited near the edge (blue triangles) or in
the interior (red crosses) of the deposit, relative to the total amount of
material present in the droplet at t = td, as a function of the dimensionless
contact line pinning strength fp/γLG.

learn from Eq. (3.26) and Fig. 3.3 that the stronger the pinning force fp, the
more material ends up near the edge of the stain. The remainder of the
dissolved material ends up in the interior of the deposit stain, after the contact
line depins. As from this point on the contact angle θ remains constant at
the receding value θr, the deposition profile of the interior is described by

dn
dt
=−Csat

dV
da

da
dt

, (3.27)
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resulting in the amount of precipitate per unit area hint(r ) decreasing linearly
towards the centre of the stain,

hint(r ) =
1

2πr
dn
dr
=

Csat

2
F (ξ )r. (3.28)

We combine Eqs. (3.26) and (3.28) into an expression for the full deposit stain
profile h(r ),

h(r ) =
Csat

6
a2

d [2− F (ξ )]δ(r − ad)+
Csat

2
F (ξ )r H (ad− r ), (3.29)

see Fig. 3.4. Here, δ(x) denotes the Dirac delta function, and the integra-
tion convention we use is

∫ ad

0
δ(r − ad)dr = 1. H (x) denotes the Heaviside

step function, where H (x) = 1 for x > 0 and H (x) = 0 for x ≤ 0. Our

0.0 0.2 0.4 0.6 0.8 1.0
r/ad

h(r) = Csat

6 a2
d [2 − F (ξ)] δ(r − ad)

+Csat

2 F (ξ)rH(ad − r)

interior

edge

Fig. 3.4 – Schematic of the topology of the deposit stain described by the amount per
unit area h(r ) as a function of the scaled radial position r/ad; ξ ≡ fp/γLG
is a dimensionless measure for the strength of the contact line pinning.
See also the main text.

findings on the topology of the deposit stain, with a pronounced edge and a
decrease towards the centre, are qualitatively similar to experimental findings
of Belmiloud et al. [8] on the topology of a watermark on a hydrophobic
Si wafer. Note that the expressions presented above are valid as long as the
back-diffusion of material from the droplet into the thin film is neglected.
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If back-diffusion does occur, the amount of deposited material is smaller.
We calculate the amounts of deposited and back-diffused material numerically
and note that despite Eqs. (3.22)-(3.29) are not strictly valid in this case, the
general shape of the deposit profile remains the same. In fact, if the com-
pound concentration inside the liquid droplet increases towards the solubility
limit, the material simultaneously precipitates onto and diffuses back into the
thin film. The fraction of material that diffuses back into the film depends
on the relative diffusion rate τevap/τdiff, as well as on the initial compound
concentration in the thin film C0/Csat. In Fig. 3.5a, we show the fraction of
the amount of material that diffuses back into the film after the precipitation
has started, ndiff, and the amount of material present in the droplet when the
precipitation starts, nsat, as a function of the effective diffusion rate τevap/τdiff,
for various initial concentrations C0/Csat, presuming that ξ ≥ 1. In that case,
the droplet becomes permanently pinned after the saturation concentration
is reached.

We find that the fraction of material that diffuses back into the film
during the precipitation exhibits a maximum at a certain value of τevap/τdiff.
We can readily explain this by considering two extreme cases. Naturally,
for slow diffusion (τevap/τdiff � 1), virtually all material is deposited on
top of the film and no material diffuses into it. However, for fast diffusion
(τevap/τdiff � 1), the dissolved material in the droplet and that in the thin
film are in steady equilibrium. At the point where precipitation occurs, the
compound concentration in the film is equal to that in the droplet and hence
no net diffusion occurs. In between those two limits, material can diffuse
back into the thin film. Since the initial compound concentration in the thin
film C0 strongly affects the size of the deposit ad, ndiff is strongly influenced
by the value of the former. In essence, the competition between the droplet
evaporation and the compound diffusion after the saturation concentration
is reached is now dictated by the diffusion time scale τdiff from Eq. (3.8), and
the typical time it takes for the saturated droplet to evaporate,

τevap

τdiff

�

�

�

�

�

sat

=
1
τdiff

ρa2
d

2Dg∆c
=
τevap

τdiff

�

ad

a0

�2

. (3.30)

The amount of material diffusing into the thin film after the saturation level
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Fig. 3.5 – The fraction of material that diffuses into the thin film after the saturation
concentration is reached as a function of the relative diffusion rate. (a)
ndiff/nsat as a function of τevap/τdiff. (b) Both axes are rescaled appropri-
ately with the deposit size ad, resulting in a master curve for the diffused
material as a function of the diffusion rate.

is reached, that is, for τevap/τdiff

�

�

�

sat
≈ 1, may be estimated as

ndiff

nsat

=
Jzπa2

dτdiff
2
3πa3

dCsat

'
Ds

Csat
2d πa2

dτdiff
2
3πa3

dCsat

=
3d
8ad

. (3.31)

If we rescale the axes of Fig. 3.5a with the quantities above, we find that
indeed the curves for different C0/Csat collapse reasonably well onto a single
master curve, see Fig. 3.5b. This indicates that the back-diffusion of the
dissolved compounds is quasi-universal. However, both the amount and
the timescales at which the process takes place are strongly affected by the

68



CHAPTER 3. COMPOUND REDISTRIBUTION

saturation concentration. We note that in order to perform the rescaling in
Fig. 3.5b, we need the deposit size ad, which is a result from our calculations.
Since the deposit size ad depends strongly and non-linearly on the ratios
τevap/τdiff and C0/Csat, a proper ab initio rescaling of the axes cannot be found.
In addition, we note that for the values for the ratio C0/Csat depicted in
Fig. 3.5, the evaporative and diffusive processes are in competition and are
not directly affected by the finite thickness of the film. However, for smaller
values of C0/Csat, virtually all soluble material in the film is taken up by the
droplet. Conversely, if C0/Csat > 1, the material transport may not even be
inverted for low to intermediate values of the compound diffusivity, as the
compound concentration in the film remains higher than that in the droplet.
In both limits, the universal behaviour of the amount of diffused material as a
function of the competition between evaporation and diffusion breaks down.

This concludes our discussion of scenario 1, in which one species of
compound is present in the thin film, and pure liquid is deposited onto the
film. We now discuss to what extent the phenomena discussed above are of
relevance to the alternative scenarios and in what aspects they exhibit different
behaviours. Firstly, in the case of scenario 2, where initially both the film and
the liquid contain the same species, the relative initial concentrations have a
strong impact on the deposit size as a function of the initial droplet size. Due
to the initial droplet already containing dissolved material, a third power law
scaling arises. If we neglect the diffusion of material between the thin film
and the droplet, the total amount of dissolved material N contained in the
droplet is,

N =
2
3
πa3

0Cl(0), (3.32)

resulting in,

ad =
�

Cl(0)
Csat

�1/3

a0. (3.33)

The introduction of this third regime affects the scaling behaviour that we
showed in Fig. 3.2. Depending on the initial compound concentration in the
droplet, the size of the deposited droplet and the thickness of the film, we
also find this regime. In Fig. 3.6, we show the deposit size ad as a function of
the initial droplet size a0, for various initial compound concentrations in the
droplet Cl(0)/C0. For this plot we set again C0/Csat = 0.5.

Figure 3.6 shows that the relation between the deposit size ad and the
initial droplet size a0 gradually transitions from two power law regimes with
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Fig. 3.6 – The deposit size ad as a function of the initial droplet size a0, both scaled
to the characteristic size ac, for various initial compound concentrations
within the liquid drop Cl(0)/C0. A third regime with an exponent of
unity arises for high initial concentrations.

exponents 4/3 and 2/3 into a single power law regime with exponent 1, as
the initial compound concentration Cl(0) increases. Since the dimensions of
the liquid droplet are much larger than the thickness of the thin film, Cl(0)
only needs to be a fraction of the initial concentration in the thin film C0
in order to have a considerable effect on the deposit size; the total dissolved
amount in the initial droplet quickly becomes comparable or dominant to the
amount present in the thin film. He andDarhuber [178] conducted systematic
experiments regarding residue formation induced by the evaporation of water
droplets on photoresist layers for the case of slow diffusion (τevap/τdiff < 1).
Their results are consistent with a power law scaling of the residue diameter
ad∝ aα0 with exponent 1≤ α≤ 4/3, which is in agreement with our model
predictions.

Apart from the impact on the deposit size, the non-zero initial compound
concentration in the drop of scenario 2 has hardly any effect on the properties
of the deposit. The deposit topology depends largely on the strength of the
contact line pinning (which we presume to be independent of the compound
concentrations), and the diffusion of material from and into the thin film,
governed by the characteristic timescales corresponding to the evaporation
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and diffusion processes. The same holds for scenario 3, in which the thin
film is initially devoid of soluble compounds. In fact, in this case the relation
between the deposit size and the initial droplet size yields a power law with
exponent 1, regardless of the initial compound concentration in the drop. As
no compounds are present in the thin film initially, all precipitating material
originates from the initial droplet.

As we have hinted at before, in scenario 4, where multiple species of
compound are present in both the thin film and the droplet, the deposition
dynamics can become much more complex. Generally, these compounds have
different diffusivities, have different saturation levels or give rise to different
pinning behaviours. If we presume that the diffusion processes of different
compounds occur independently of each other, the precipitation of a single
compound and the resulting contact line pinning may still affect the droplet
shape. The deposition dynamics therefore becomes an interplay between all
involved compounds. The contact line may even become pinned multiple
times, with different pinning strengths, onto the different components that fall
out of the solution. This is in addition to the mechanisms for multiple pinning
events reported in the literature [25, 45, 47, 48, 179], which mainly consist
of multiple deposition events of a single compound or colloidal particle type.
The resulting footprint and its topology will in our case consist of several
edges of the different deposited materials, effectively being a superposition
of several profiles as presented in Fig. 3.4. The amount of each compound
diffusing between the droplet and the thin film is also directly affected, due
to the size of the droplet’s contact area being influenced by the multitude
of components present in the droplet and the film. To discuss in detail the
multitude of possible scenarios that arise with multiple components is beyond
the scope of this Chapter. We note that it is straightforward to incorporate
these effects in our model.

Until now, we have focussed our attention on the size of the deposit area
and the topology of the deposit stain. We discuss in the next section in more
detail how the interior of the thin film is affected by the compound exchange
between the film and the liquid droplet.

3.4 Compound redistribution inside the thin polymer film
In the previous section we hinted at the fact that the fraction of material that
is transported into the thin film during the deposition onto the film depends
on the balance between diffusion and evaporation. However, as we shall see,
the distribution of compounds within the thin film outside the deposition
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area also depends strongly on the diffusion process. We first consider an
initially homogeneous thin film and show typical evolutions of the concen-
tration profile within the film as a function of time. To highlight the effect
the compound redistribution may have for, e.g., industrial applications, we
subsequently examine a patterned substrate, where the compound concentra-
tion is a function of the radial position in the film. We consider an initially
pure droplet, hemispherical in equilibrium, which at the point of saturation
becomes permanently pinned onto the precipitated material that is deposited
near the rim of the droplet.

In Fig. 3.7, we show the time evolution of the evaporating droplet and
the concentration profile inside the thin film. We (again arbitrarily) set
C0/Csat = 0.5 and τevap/τdiff = 1, and note that the precipitated material is not
shown and that the thickness of the thin film is exaggerated for visualisation
purposes, i.e., it is not to scale. Furthermore, in Fig. 3.7, we shifted the thin
film down by a distance d , such that z = 0 now corresponds to the top of
the film and z =−d to the bottom. In Fig. 3.7a we show the initial situation
with a homogeneous compound distribution in the thin film and an empty
droplet. We evaluate the concentration profile, described by Eq. (3.14), taking
into account the Fourier components up to n = 50. The initial compound
concentration is constant (depicted by the dashed red line), resulting in the
strong Gibbs oscillations near the solid-liquid interface, if decomposed in 51
Fourier components. These do, however, die out quickly as the diffusion
process starts, to which we return below. As the droplet is left to evaporate
on the thin film, it takes up components from the film, see Fig. 3.7b; the
film slowly becomes depleted of compounds. The extent of the depletion
depends on the compound diffusivity and the evaporation timescale and may
be expressed in a diffusion depth,

ddiff =
Æ

2Dsτevap =

√

√

√

ρ

∆c
Ds

Dg

a2
0 , (3.34)

which is a measure for the depth into the thin film that is affected by the
material transport between the film and the droplet. If ddiff = d , the diffu-
sion front reaches the thickness of the film and we transition from the “fast
evaporation” to the “fast diffusion” regime of Fig. 3.2; in fact, equating ddiff
to d is equivalent to equating the initial droplet size a0 to the critical size ac.
Due to the difference between the droplet size and the film thickness, the
compound concentration inside the droplet remains low until very late in
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Fig. 3.7 – The compound concentration profile inside the thin film C (r, z, t ) as a
function of the radial and vertical positions r and z, and the droplet at
various points during the evaporation process: (a) t/tevap = 0, (b) t/tevap =
0.50, (c) t/tevap = 0.99. C0/Csat = 0.5 and τevap/τdiff = 1. z and r are both
scaled to the initial droplet size a0. Left: the compound concentration
inside the droplet and the thin film. A darker colour represents a higher
compound concentration in both the droplet and the film; Right: the
compound concentration inside the thin film at the centre ( r = 0) of the
droplet’s contact area, as a function of the vertical position in the film
z/d .
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the evaporation process. Consequently, the material flux out of the film into
the droplet decreases over time predominantly due to the limited amount
of soluble material present inside the film, not due to the concentration
increase inside the droplet. Later in the evaporation process, however, the
concentration inside the droplet rises strongly due to the decrease of droplet
volume, until it reaches the saturation value Csat. At the point where the
concentration inside the droplet exceeds the concentration just inside the film,
the material flow inverts and the compounds are transported back into the
film, see Fig. 3.7c. We return to this phenomenon below. This final stage of
the evaporation process results in a patch of concentrated compound inside
the thin film around the centre of the droplet, near the solid-liquid interface.

As we evaluate the time evolution of the concentration profile more
closely, we find that we can roughly divide it into two phases: (1) the com-
pounds diffuse from the thin film into the droplet, and (2) the compounds
diffuse back from the droplet into the thin film. In Fig. 3.8 we show the scaled
concentration profile at the centre of the droplet’s contact area C (0, z, t )/Csat
as a function of the position in the film z/d , at various fractions of the total
evaporation time of a droplet tevap. We show the two phases (1) and (2)
separately in Figs. 3.8a and b. We note that the transition in time between the
two phases depends on the value of τevap/τdiff, and remind the reader that at
the film-droplet interface (located at z/d = 1) the compound concentration
C (r = 0, z = d , t ) is equal to that of the droplet Cl(t ).

Figure 3.8a confirms that the strong Gibbs fluctuations of the initial
profile near the interface, and which constitute a modelling artefact, vanish
completely within one percent of the evaporation time. If we include as
many as 51 terms in the Fourier expansion of Eq. (3.14), we find a good
approximation for the initial homogeneous distribution in the film. However,
since the coefficients decay exponentially over time as Dsλ

2
n t , the higher

orders become irrelevant virtually instantly. In fact, if we use only two
Fourier orders to describe the process, much of the initial dynamics is still
retained and the two solutions converge within 30% of the droplet evaporation
time. We note, however, that taking only so few orders into account may
result in inaccuracies at late times, when the compound concentration in the
droplet rises quickly and the profile develops strong gradients. We find that
the concentration profiles flatten out gradually, as material is transported
from the film to the droplet, while the compound concentration in the drop
remains negligible. Only when Cl increases considerably, we find that the
material flow is inverted and a transition is made into the second phase, shown
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Fig. 3.8 – The scaled compound concentration inside the thin film at the centre of
the droplet’s contact area C (r = 0, z, t )/Csat as a function of the vertical
position in the film z/d , for various points in time t/tevap. C0/Csat = 0.5
and τevap/τdiff = 1. (a) Net material transport occurs from the film into
the droplet; (b) Net material transport occurs from the droplet into the
film: back-diffusion.

in Fig. 3.8b. A fraction of the dissolved compounds is transported back into
the droplet, most of which ends up close to the film-droplet interface. Deep
inside the film, however, we find hardly any effect from the back-diffusion.
The concentration at the bottom of the film ( z/d = 0) actually continues to
decrease in the second phase, since it lags behind the temporal evolution of
the concentration at the interface. The velocity of the “concentration front”,
shown in the right-hand side of Fig. 3.8b, from the interface into the thin
film, is again dictated by the compound diffusivity inside the film and hence
depends on τevap/τdiff.

We have learned that an evaporating droplet on top of a thin film may
redistribute the initially uniformly distributed material inside the film due to
diffusion from the film into the droplet and back. The layer becomes locally
partially depleted of compounds, which are redeposited onto and into the
thin film in a concentrated patch around the centre of the droplet. In order to
highlight and illustrate in more detail the effect this has on the final compound
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distribution, we consider a substrate that is initially patterned, i.e., the initial
compound concentration C0(r ) inside the film depends on the lateral position
in the film. This is the case, e.g., after irradiation of the photoresist film
in photolithography. Our patterning consists of regular, radially equally
spaced lines that contain alternating high and low compound concentrations.
We set the high concentration to a constant C0, while choosing the low
concentration to be zero. In Fig. 3.9 we show the influence of the value
of τevap/τdiff on the final distribution of compounds in the thin film, for
C0/Csat = 0.5. It clearly demonstrates the impact the value of τevap/τdiff

0 Csat

(a) τevap/τdiff = 0.1

(b) τevap/τdiff = 1

a0

ad

(c) τevap/τdiff = 10

Fig. 3.9 – The concentration profile inside the initially patterned thin film after the
droplet has fully evaporated, for various values of τevap/τdiff: (a) 0.1, (b) 1,
(c) 10. C0/Csat = 0.5. The initial droplet size a0 (blue) and the deposit
size ad (red) are indicated.

has on the final compound distribution after the droplet has completely
evaporated. We can see in Fig. 3.9a that for small values of τevap/τdiff, i.e.,
fast evaporation, the film hardly becomes depleted of compounds and the
material redistribution remains (literally) superficial. As we increase the value
of τevap/τdiff in Figs. 3.9b and c, the diffusion front penetrates deeper into the
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film, which eventually becomes almost completely depleted of compounds, as
these diffuse into the droplet. To further increase the diffusivity of compounds
inside the film would result in a similar picture due to the finite nature of the
film: only a finite amount of material is present to be redistributed.

Despite the differences between the final concentration profiles for dif-
ferent values of τevap/τdiff, we can identify some similarities between them.
In all three profiles, the contrast (i.e., the concentration difference between
the high-concentration and low-concentration regions) of the line pattern
decreases towards the centre of the stain, albeit to different extents. We note,
however, that close to the film-droplet interface, the patterns are strikingly
similar.

We investigate these phenomena in more detail in Fig. 3.10, where we
show the compound concentration C (r, z, t )/Csat as a function of the radial
position r/a0, for various values of τevap/τdiff and at various heights in the
thin film z/d . In all three Figs. 3.10a, b and c, we find that at the interface
( z/d = 1.0, blue triangles), the compounds are taken up by the liquid droplet,
after which they are redeposited into the film near the centre of the droplet’s
contact area. Toward the centre of the stain, we see an increase of compound
concentration, until it reaches the saturation value Csat inside the deposition
area ( r ≤ ad), effectively blocking the underlying patterning from reaching
the surface. We can recognise this phenomenon in Fig. 3.9 in the concentrated
patch of material near the interface in the deposit area. If we look deeper into
the film, however, for small values of τevap/τdiff (Fig. 3.10a), we find that in
the middle of the film ( z/d = 0.5) the pattern has only been affected slightly,
while at the bottom ( z/d = 0.0) it remains virtually unaffected by the droplet.
Upon increasing the diffusivity relative to the evaporation rate, in the case
that τevap/τdiff = 1 (shown in Fig. 3.10b), we see that the concentration profile
is clearly affected by the evaporating droplet, all the way down to the bottom
of the film. Note, however, that although the contrast has decreased, the
original patterning may be recovered from the film: already at z/d = 0.5
the regions of high and low concentration may still be distinguished. This
changes for greater values of τevap/τdiff, as we show in Fig. 3.10c. Due to the
relatively fast diffusion, the film is fully depleted of the soluble compound.
Towards the deposition area ( r ≤ ad), the compound concentration in the
thin film increases due to back-diffusion, however, all information on the
initial patterning is lost. We note that if we were to include the radial diffusion
of compounds, the lateral scale of the affected film should be larger than a0.
The extent of the widening of the footprint depends on the competition
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Fig. 3.10 – The concentration profiles inside the initially patterned thin film after
the droplet has fully evaporated, for various values of τevap/τdiff: (a) 0.1,
(b) 1, (c) 10. C0/Csat = 0.5. A cross-section is taken at various heights in
the film: at the top ( z/d = 1.0, blue triangles), the middle ( z/d = 0.5,
red crosses) and the bottom ( z/d = 0.0, green pluses). The compound
concentration C (r, z, t )/Csat is shown as a function of the radial position
r/a0. The dashed lines indicate the unperturbed pattern (grey), the initial
droplet size a0 (blue) and the deposit size ad (red).
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between droplet evaporation an compound diffusion. However, due to the
evaporation, the droplet shrinks, resulting in the contact line moving inwards,
away from r = a0. This results in the film being affected predominantly in
the region r ≤ a0. In addition, we note that introducing the radial diffusion
would increase the importance of ensuring moderate values for τevap/τdiff
(® 1) in the technological application, in order to retain the initial patterning.
Radial diffusion further destroys the designed patterning by blurring the
regions in the film with high and low compound concentration.

We conclude from this that for modest values of the ratio τevap/τdiff, the
disruption of the concentration profile remains fairly superficial, and hence
the original pattern may be recovered by removing the top part of the film.
For greater values, however, the patterning is lost unrecoverably.

3.5 Summary and Conclusions
In conclusion, we put forward a macroscopic model for the redistribution of
compounds from a thin film due to the presence of a sessile evaporating droplet.
We identify four different scenarios, related to the number of compounds
present and their initial concentrations in the film and in the droplet. We
presume that vertical diffusion is the predominant mode of transportation
in the material. The compounds present in the film diffuse into the liquid
droplet on top of the substrate. In the late stages of the evaporation process,
the concentration within the droplet strongly rises until the saturation level
is reached. At this point, dissolved compounds start to fall out of solution
and are deposited near the contact line of the drop, on which the contact
line may become pinned, temporarily or permanently. The nature of the
pinning depends on the strength of the pinning force of the contact line on
the precipitate. In addition, the compounds diffuse back into the thin film,
reversing the diffusive transport.

For the case that we consider only one species of compound that originates
entirely from the thin film, we find two power law regimes for the size of the
deposition area as a function of the initial droplet size. In the fast-evaporation
limit, the deposit size scales with the initial droplet size to a power 4/3,
whereas for fast diffusion, this exponent is 2/3. It turns out that the topology
of the resulting deposit strongly depends on the strength of the contact line
pinning onto the precipitate. If the pinning is stronger, more material ends
up near the contact line and less of it is deposited in the interior of the
deposit stain. This results in a strongly pronounced edge, and a linearly
decreasing profile towards the centre of the stain. During the deposition of
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material, a fraction of the dissolved compounds diffuse back into the thin
film. This amount exhibits a maximum, the magnitude and position of
which are strongly dependent on the deposit size and therefore on the initial
concentration of compounds in the film.

If some dissolved compounds are already present inside the droplet from
the start, a third power law regime arises. Depending on the initial concen-
tration in the drop, the deposit size becomes linearly proportional to the
initial droplet size. Apart from the effect on the deposit size, an impure initial
droplet does not affect the deposition process qualitatively. This also holds
in the case of an empty initial film and an impure droplet, but in this case
we only find an exponent of 1 for the scaling between the initial droplet size
and deposit size. If multiple compounds are involved, the deposition process
becomes more complex, as all of the compounds generally exhibit different
diffusivities, saturation concentrations and may result in different contact line
pinning and depinning events. We do not discuss this in detail in this Chapter.
However, it can be captured by our model in a straightforward fashion.

We find that in addition to a deposition stain on top of the thin film, an
evaporating droplet may affect the initially uniform compound distribution
in the film. We find that in general, components diffuse from the thin film
into the droplet, partially depleting the thin film from compounds. In the late
stages of the evaporation, however, the concentration in the droplet increases
strongly and a portion of the compounds diffuses back into the film, inverting
the material transport. This effect becomes more pronounced if we consider
patterned substrates, where the initial compound concentration depends on
the lateral position in the film, such as is the case after the illumination of
the photoresist film in photolithography. During the evaporation process,
the contrast (i.e., the difference between the high-concentration and low-
concentration regions) of the pattern decreases from the outside towards the
centre and the patterning of the film becomes fully blocked from reaching
the surface in the deposition area. This is in qualitative agreement with
experimentally measured watermark defects in immersion lithography [7, 19].
Depending on the compound diffusivity, this effect may or may not remain
superficial. This implies that for modest values of the diffusivity, not all of
the film is affected by the droplet and the original pattern may be recovered
by removing a fraction of the film from the top.
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Chapter 4
Dynamics of surface charge dissociation

Electrical charging effects due to the motion of water over a substrate are phe-
nomena that appear in various contexts in the literature. It turns out that a
polymeric film may become electrically charged as a droplet slides over it. This
may be of importance for the semiconductor industry, as the charging may have
an impact on water-induced defects in the manufacturing of semiconductor de-
vices. We propose a model to investigate the dissociation of charges originating
from the surface of a polymer film and how they are redistributed in the water
phase. We take into account the surface group dissociation chemistry and the
redistribution of the ions affected by the resulting electric field. Our results agree
qualitatively with experimental work on how charging of a polymer depends on
the film thickness. We find that both an increasing water film thickness and an
increasing ionic strength of the solution promote the surface dissociation. The
dependence of the dissociated fraction on the ionic strength is much weaker for
thinner water films, as the ion concentration profiles encounter effects associated
with the finite size of the film. We model the motion of water over the surface by
instantaneously moving the water film over fresh surface, resetting the dissociated
fraction of surface groups back to zero. As the water acquires more mobile ions
after every surface refresh, the dissociation becomes increasingly suppressed. We
argue that we may connect the refresh interval to the inverse of the velocity at
which the water moves: for higher velocities the liquid accumulates less charge.



4.1 Introduction
The dynamics of liquid droplets and the numerous physical phenomena as-
sociated with them have been studied intensively in the literature. Apart
from a fundamental interest in the underlying physical phenomena, the un-
derstanding of droplet dynamics is of importance in industrial applications,
such as inkjet printing [3–5] or semiconductor manufacturing [7, 8]. For
this reason, a large number of studies have been performed on droplets,
including (but not nearly limited to) the evaporation of simple and mul-
ticomponent droplets [30], the dynamics of the contact line [22, 24], the
convective flows [30, 32, 36–40] and temperature distribution during the
evaporation [30, 38, 42], and the precipitation and deposition of dissolved
compounds or colloidal particles [15, 18, 25, 38, 40, 44–49]. The latter relates
to a well-known phenomenon called the coffee stain effect [1, 2], where a
dark ring is formed by the colloidal coffee particles having been precipitated
along the edge of an evaporated drop of coffee.

We investigated in Chapter 3 the diffusive redistribution and deposition
of compounds present in a thin polymeric film due to the evaporation of a
water droplet on top of it, in the context of immersion lithography. This is a
technique used in the manufacturing of semiconductor devices. In the process,
water is used to increase the resolution of the lithographic process [7]. How-
ever, during the manufacturing water droplets may be left behind on top of
the polymeric photoresist films, where they are moved around or left to evap-
orate. These residual water droplets have been associated with the creation
of so-called watermark defects: water-induced disruptions of the designed
patterns [7, 19]. Recently, He and Darhuber [54] found indications that not
only the leaching of compounds from the film, but also the dissociation of
charged species may play a role in the creation of watermark defects: they
performed experimental work on liquid droplets sliding over and evaporating
on top of photoresist films, and found that the surface becomes electrically
charged.

Electrical charging effects due to the motion of water are phenomena
that appear in various contexts in the literature. For instance, it turns out
that polymeric materials may become charged if water slides off an inclined
surface [50–52]. Yaminsky and Johnston [53] reported charging of glass
slides if non-wetting liquids move over them. For water droplets, Choi et al.
[180] found that they become electrically charged during micropipetting,
and Miljkovic et al. [181] investigated the electrostatic charging of droplets
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that ‘jump’ after coalescing on superhydrophobic surfaces. Werkhoven et al.
[182] numerically investigated the dynamics of charge distributions due to
fluid flow in a narrow channel, where the ions are subject to diffusive and
convective transport. Parenthetically, conversely, for the manipulation of the
motion of liquids on surfaces the influence of electrical effects on liquids are
often employed in the context of electrowetting [183].

He and Darhuber [54] reported that in their experiments they found
no dependence of the charging effects on the thickness of the polymer film
in a range of 50− 200nm, indicating that the charging is predominantly a
surface effect. In addition, from their study of the dependence of the charging
on the electric permittivity of the fluid, they found strong indications that
the charging of the droplet was due to the dissociation of ionic species at
the surface. In this Chapter, we aim to model the dissociation of charges
originating from the surface of a polymer film and their redistribution in
the water phase. We propose a model that takes into account (1) the surface
group dissociation chemistry, (2) the rise of an electrical potential due to the
redistribution of charges and (3) the diffusion of the ions under the influence
of the resulting electric field.

We aim for a simple dissociation model to investigate how the physical
quantities (such as the height of the water film, the diffusivities of the ions
and the ionic strength of the solution) affect the statics and dynamics of the
dissociation process. We describe the problem using a set of coupled equations
that give rise to complex dynamical behaviour of the surface dissociation and
ion distributions. Due to the film-water problem, we cannot employ either
symmetry or the infinite geometry that are often found in theoretical investi-
gations [182, 184, 185]. We do not take convection into account explicitly,
but we do incorporate a mechanism to describe the sliding of the droplet: we
model the dissociation dynamics as the droplet comes into contact with fresh,
non-dissociated surface. The time interval at which the surface refresh occurs
we connect to the velocity of a sliding droplet.

The remainder of this Chapter is structured as follows. In Section 4.2
we introduce our problem setup and describe the (kinetic) equations that
constitute our model. In Section 4.3 we investigate how the surface groups
dissociate over time and how the dissociation process is affected by various
physical quantities. In addition, we study what the effect is of moving the
droplet over fresh surface. In Section 4.4, we summarise our main findings
and draw our conclusions.
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4.2 Theory
We aim to model the interaction between a thin polymeric film and the water
phase. To that end, we disregard the droplet shape and consider a water body
on top of a thin film with a dissociating surface: we reduce the problem to a
one-dimensional geometry, schematically shown in Fig. 4.1.

Fig. 4.1 – A schematic representation of the one-dimensional water-polymer film
problem. A water film of height R rests on a thin polymeric film of thick-
ness d , supported by an electrically grounded substrate. The dissociated
fraction f is indicated, as well as the electrical potential ϕ and the number
densities of the ionic species in the solution, ρ1+ and ρ0±, corresponding
to the dissociated mobile ions and the background ions, respectively.

A water film of height R rests on top of a thin polymer film of thickness
d . Analogous to the experimental setup, they are supported by an electrically
grounded substrate [54], although we note that in the experimental situation
a glass slide is placed in between the grounded substrate and the photoresist
film. The presence of the water on top of the film causes a fraction f of
the surface groups (with surface number density σm) to dissociate into a
fixed ion and a mobile counterion that in turn moves into the water. For
the remainder of this Chapter, we consider the mobile ion to be positively
charged (leaving behind a negative ion at the surface) and take both ions to
be monovalent. We note that switching the sign of the charges does not affect
the results qualitatively. The release of the charges from the surface results in
a distribution of mobile dissociated ions in the solution (with number density
ρ1+(z)) that depends on the distance 0≤ z ≤ R to the upper surface of the
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polymer film, which in turn causes the onset of an electrical potential ϕ(z).
In the water, additional ionic species are present. For instance, a salt may

be dissolved in it. We note however, that even in the case that no salt is added
to the solution, hydronium (H3O

+) and hydroxide (OH−) ions are present
due to the self-dissociation of water [186]. For neutral water, with a pH of 7,
the concentration of these ions is 10−7mol L−1. The vertical distributions of
these ‘background’ ions in the water are affected by the electrical potential ϕ,
and at the same time they shield the electrostatic effects in the solution. The
amount of shielding is generally expressed in terms of the Debye length that
represents the characteristic distance over which the electrostatic effects are
shielded [186, 187],

λD =
�

ε0εw

2βe2ρ0

�1/2

. (4.1)

Here, ε0 and εw denote the vacuum permittivity and the relative permittivity
of the water, respectively, e the elementary charge and ρ0 the number den-
sity of the positive and negative background ions in the solution. β is the
reciprocal of the thermal energy kBT , with kB the Boltzmann constant and
T the absolute temperature. We note that in our case we have a third ionic
species in the solution, of which the amount changes over time, implying that
a ‘true’ Debye length cannot be defined. However, λD represents the amount
of electrostatic screening due to the background ions. Equation (4.1) dictates
that the more ions there are in the solution, the smaller the Debye length and
the more effective the electrostatic screening. A second relevant length scale
associated with Coulombic effects is the Bjerrum length that represents the
distance at which the electrostatic and thermal energies are equal,

λB =
βe2

4πε0εw

. (4.2)

For water at room temperature, the Bjerrum length is approximately
λB ' 0.7nm.

We aim to describe the dynamics of the charge dissociation and redistribu-
tion in the water-polymer film problem. In the following, we connect with a
statistical mechanical framework to describe the equilibrium state, in order
to find relations between the model parameters and steady-state behaviour.
Subsequently, we describe the kinetic equations that we use to investigate this
problem.
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4.2.1 Equilibrium behaviour

We describe the charge dissociation from the surface with a dissociation
equation, analogous to the Langmuir adsorption equation [188],

d f
dt
=−k+ρ1+ (z ↓ 0, t ) f + k−(1− f ), (4.3)

of which the steady state yields,

1− f
f
=

k+
k−
ρ1+(z ↓ 0)≡ 1

Kd

ρ1+(z ↓ 0). (4.4)

Equation (4.3) provides a direct connection between the dissociation of the
surface charges and the concentration of mobile dissociated ions in the solu-
tion near the surface. Here, k− and k+ denote the dissociation and association
rates, respectively. Their ratio Kd denotes the dissociation reaction constant,
which describes the equilibrium behaviour, and ρ1+ (z ↓ 0) denotes the num-
ber density of dissociated mobile ions ρ1+ near the surface at z = 0. This
coupling implies that the dissociation is suppressed if the concentration of
the mobile ions near the surface is high.

For the equilibrium state we write down a free energy functional (scaled
to the thermal energy) βF , which accounts for the energetic and entropic
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contributions of all the species in the problem,

βF = σm

∫

d2rrr

[ f ln f +(1− f ) ln(1− f )
︸ ︷︷ ︸

1©
−βeϕ(z ↓ 0) f
︸ ︷︷ ︸

2©
−(1− f )βµ
︸ ︷︷ ︸

3©
+βeϕi f +βε f ]

(4.5a)

+
∫

d3rrr









ρ1+ lnρ1+ν1+−ρ1+
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1©
+

1
2
βeϕρ1+

︸ ︷︷ ︸

2©

−βµρ1+
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(4.5b)

+
∫

d3rrr









ρ0+ lnρ0+ν0+−ρ0+
︸ ︷︷ ︸

1©
+

1
2
βeϕρ0+
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(4.5c)

+
∫

d3rrr









ρ0− lnρ0−ν0−−ρ0−
︸ ︷︷ ︸

1©
−1

2
βeϕρ0−

︸ ︷︷ ︸

2©









. (4.5d)

Here, every line corresponds to a separate species of charges: (4.5a) is the
contribution from the negative bound surface charges, and (4.5b) from the
mobile dissociated positive charges. (4.5c) and (4.5d) describe the contribu-
tions to the free energy from the positive and negative background ions, of
which the number densities are denoted by ρ0+ and ρ0−. The terms indicated
with 1© represent the contribution of translational and mixing entropy to the
free energy, 2© is the Coulombic free energy, and 3© provides the coupling
between the dissociated mobile ions in the solution and the fixed surface
charges via the chemical potential µ. We consider the free energy βF above
in a semi-infinite geometry, so for R→∞. In our kinetic theory, we take
finite values for R and enforce mass conservation in the system.

For the ionic species we need to introduce a volume scale νi± within the
entropy description. We argue that the choice of this scale is arbitrary and,
as we shall see below, of lesser importance in our problem: ν1+ appears in
the dissociation reaction constant Kd and it only rescales the dissocation
free energy. In ideal gases, one typically considers the mole fractions or
volume fractions for the entropy of mixing [186], whereas in our problem,

87



the introduced volume scale ν1+ also includes (inaccessible) information such
as a reference state and ionic interaction details. We choose as a volume scale
the volume of a hydrated ion, which is approximately 0.18nm3 [187].

The potential ϕi denotes the electrical potential caused by the creation of
image charges due to the electrically grounded plate, to which we return below.
ε is a free energy associated with the chemical dissociation from the surface
(including, e.g., covalent bond breaking, Born energy of ions, etc.), which
therefore may reach values of the order of tens of kBT [187]. Even though
the dissociation of a charge from the surface may cost energy, translational
and mixing entropy is gained in the process. The larger the entropy gain, the
larger the fraction of dissociable groups that actually dissociate.

Extremising the free energy functional βF gives us the equilibrium func-
tions for the physical quantities. We take the partial derivative of the free
energy functional with respect to the dissociated fraction ∂ βF /∂ f and the
functional derivative to the number density function δβF /δρ1+, and equate
them to zero. The result yields,

f
1− f

= exp [−βµ−βε−βeϕi+βeϕ(z ↓ 0)] , (4.6)

ρ1+(z) =
1
ν1+

1− f
f

exp [−βeϕ(z)+βµ] . (4.7)

If we combine the equations above with Eq. (4.4), and equate the chemical
potential µ in Eqs. (4.6) and (4.7), we find,

ρ1+(z) = ρ1+(z ↓ 0)exp [−βe {ϕ(z)−ϕ(z ↓ 0)}] . (4.8)

Equation (4.8) is a shifted version (with the reference at the surface rather
than at infinity) of the solution to the Poisson equation,

∂ 2ϕ

∂ z2
=− e

ε0εw

�

ρ1++ρ0+−ρ0−
�

, (4.9)

which also holds for the background ions,

ρ0±(z) = ρ0 exp [∓βeϕ(z)] . (4.10)

From the above, we also find an expression for the dissociation reaction
constant,

Kd ≡
k−
k+
=

1
ν1+

exp [−βε−βeϕi] . (4.11)
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Note that for a strongly positive dissociation free energy ε, the dissociation is
suppressed. The image charge potential ϕi, which is negative in general, will
in turn promote the dissociation.

The potential ϕi is the Coulombic potential that arises due to the presence
of the grounded plate under the substrate. For every charge that is created
at the water-film interface, an image charge is created at an equal distance
behind the grounded substrate, illustrated in Fig. 4.2 [189]. The principle
of image charges is understood from basic electrodynamics [190], and it has
been employed to model electrolyte solutions with dielectric interfaces [185].
Since no mobile ions are present in the polymeric film, the electrical potential
is not screened in the film. We argue that the nearest charges to the grounded
plate, those at the water-film interface, are responsible for creating the image
charge and we disregard the ionic species in the solution for this effect. We
also ignore the image charges that arise due to the interface between the
high-permittivity water and low-permittivity polymer. The created image

Fig. 4.2 – Every charge dissociated at the water-polymer interface causes an image
charge due to the grounded plate, at a distance 2d from the original charge.

charge is equal in magnitude but of opposite sign to the original charge at
the surface. We therefore incorporate an image charge electrical potential for
every charge at the surface, given by

ϕi =−
1
2

e
4πε0εp(2d )

, (4.12)

where εp denotes the relative permittivity of the polymeric film. The factor
1/2 is due to the second charge originating from the image plane [189]. Equa-
tion (4.12) implies that the presence of the grounded plate in fact contributes
positively to the dissociation. As we shall see below, this effect is stronger for
a smaller film thickness d .
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The equilibrium behaviour described above gives us a handle on the
dissociation dynamics in the long-time limit. We discuss the kinetic equations
that we use to investigate the dynamics of the surface charge dissociation
below.

4.2.2 Dissociation dynamics
As we already mentioned above, we describe the charge dissociation using a
Langmuir dissociation equation (4.3). This provides a direct coupling between
the surface’s dissociation chemistry and the mobile ion concentration in the
solution. The electrical potential ϕ that arises because of the dissociation is
described by the Poisson equation (4.9). It describes ϕ in time as a function
of the vertical position z, as a result of the ion concentration profiles ρ1+
and ρ0±, which are also functions of z and t . Due to the gradients in the
concentration profiles and the electrical potential (i.e., the electric field) the
ionic species are transported through the water. Assuming that the diffusion
is isotropic, we describe their motion using the Nernst-Planck equation,

∂ ρi±

∂ t
=Di±

∂

∂ z

�

∂ ρi±

∂ z
±βeρi±

∂ ϕ

∂ z

�

, (4.13)

where Di± denotes the self-diffusion coefficient for ion species i± [191].
In order to calculate the physical quantities as a function of time t and

position z, we first non-dimensionalise the equations in order to extract
the relevant parameters for the problem. The time t is normalised to the
characteristic time for the charge dissociation, τdiss ≡ k−1

− , and the vertical
position z to the Debye length in the solution λD, given in Eq. (4.1). We
normalise the electrical potential to the thermal energy, ϕ̃ ≡βeϕ, and the
ionic concentration profiles ρi± to the initial background ion concentration
ρ0. We indicate the normalised quantities with a tilde (˜), resulting in the
following coupled set of equations,

d f
d t̃
= 1−

�

1+
ρ0

Kd

ρ̃1+(z̃ ↓ 0)
�

f , (4.14)

∂ 2ϕ̃

∂ z̃2
=−1

2

�

ρ̃1++ ρ̃0+− ρ̃0−
�

, (4.15)

∂ ρ̃i±

∂ t̃
= D̃i±

∂

∂ z̃

�

∂ ρ̃i±

∂ z̃
± ρ̃i±

∂ ϕ̃

∂ z̃

�

, (4.16)
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where t̃ ≡ k−t , ρ̃i± ≡ ρi±/ρ0, z̃ ≡ z/λD and ϕ̃ ≡ βeϕ. D̃i± denotes the
normalised diffusion coefficient and is defined as,

D̃i± ≡
Di±

k−λ
2
D

. (4.17)

For the mobile dissociated ions,

D̃1+ =
τdiss

τdiff

, (4.18)

where τdiff ≡ λ2
D/D1+ is the characteristic time scale associated with the

diffusive transport of the mobile dissociated ions over the Debye length
λD. We note that we may consider a second diffusive time scale, being the
time associated with the diffusion over the thickness of the water film R,
τR≡ R2/D1+ = τdiffR̃

2.

Equation (4.18) implies that D̃1+ in fact describes the competition between
the diffusive motion of the dissociated ions and the dynamics of the surface
dissociation. It may therefore be interpreted as the reciprocal of the second
Damköhler number DaII [192]. As we shall see in Section 4.3, the value of
D̃1+ strongly affects the dissociation reaction rate. For D̃1+� 1 the diffusivity
is low and the dissociation is suppressed by the high concentration of ions
near the surface: we are in the diffusion-limited regime. Conversely, for
D̃1+� 1, diffusion is fast and the dissociation is limited by the reaction speed:
the reaction-limited regime. For many ionic species, the diffusivity is of the
order Di± ' 10−9m2 s−1 [193, 194]. If we presume that k− is of the order
105− 106s−1, which holds for some acids [195], and λD ' 1µm (pure water),
we typically find D̃i± ' 10−2− 10−3. This implies that we typically are in the
diffusion-limited regime for pure water. However, we do investigate the case
D̃i± ¦ 1, since the Debye length λD decreases with increasing ionic strength
of the solution.

We incorporate the influx of ions into the liquid from the surface in a
boundary condition for Eq. (4.16),

D̃1+

�

∂ ρ̃1+

∂ z̃
+ ρ̃1+

∂ ϕ̃

∂ z̃

�

z̃↓0
= 8πλBλDσm

d f
d t̃

, (4.19)

while all other fluxes at both boundaries ( z̃ ↓ 0 and z̃ ↑ R̃) are zero,

D̃i±

�

∂ ρ̃i±

∂ z̃
± ρ̃i±

∂ ϕ̃

∂ z̃

�

z̃↓0, z̃↑R̃
= 0. (4.20)
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For the electrical potential ϕ̃ we set as boundary conditions

ϕ̃
�

z̃ ≤−d̃
�

= 0, (4.21)

∂ ϕ̃

∂ z̃

�

�

�

�

z̃↓0
−
∂ ϕ̃

∂ z̃

�

�

�

�

z̃↑0
= 4πλBλD

εw

εp

σm f , (4.22)

to account for the negative charge that is left behind at the film-water interface.
Naturally, the initial water body does not contain any mobile dissociated ions,
so ρ̃1+ (z̃, t̃ = 0) = 0, and has a homogeneous distribution of background ions,
so ρ̃0± (z̃, t̃ = 0) = 1.

For a fresh surface f = 0 holds. We model the motion of the droplet over
the surface by refreshing the surface after every interval ∆ t̃ . The electrical
potential ϕ̃ and the distributions of the ionic species ρ̃i± carry over from
before the refresh. As we shall see, the dissociation degree decreases every
time we refresh the surface, due to the water acquiring increasing numbers
of mobile dissociated ions. We argue that we may interpret the size of the
interval ∆ t̃ as a measure for the velocity at which a droplet moves over the
surface. This introduces yet another time scale into the problem that directly
influences the dynamics of the dissociation and diffusion if it becomes smaller
than the time it takes to reach a steady state.

We solve the problem described above numerically, using the COM-
SOL [196] finite element solver software package. We simultaneously solve
for the quantities f , ϕ̃ and ρ̃i± by incorporating them into a single five-
dimensional vector equation. In the next Section, we study the dynamics of
the surface dissociation, and investigate the distribution of ionic species in
the water and how the process is affected by physical quantities such as the
thickness of the water film and the ionic strength of the solution. We also
discuss our findings on how moving the water over fresh surface affects the
dissociation.

4.3 Results and Discussion
In order to describe the dissociation dynamics, we consider a surface with
a surface group density of σm = 3× 1014 m−2. This value is analogous to the
value experimentally found by He and Darhuber [54]. We note that it is
rather low (typical values are in the order of one charge per 0.8nm2 [187])
due to the size and low concentration of the macro-ions of the photoacid
generator and quencher [54]. The surface chemistry is largely described by the
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dissociation reaction constant Kd from Eq. (4.11). As discussed above, for ν1+
we take for simplicity the effective volume of a hydrated ion (approximately
0.18nm3 [187]). However, we note that as both the dissociation free energy ε
and the image charge potential ϕi appear in an exponential in Kd, the effect of
ν1+ on the dissociation dynamics is relatively small. For the dissociation free
energy we take ε= 30kBT . We note that in this Chapter, we do not explicitly
vary the values for σm and ε. A larger value of ε results in a lower fraction of
dissociated surface groups f , as the dissociation costs more energy. A larger
σm also results in a smaller f : more charges are released, but the mass action
of the ions in the solution counteracts the dissociation.

We note that in droplet sliding experiments charge densities in the order
of 10µCm−2 have been measured for droplet sizes of order 1mm [52, 54],
which in our model corresponds to dissociated fractions f of order 10−1. We
investigate smaller droplet sizes, in the order of R= 10− 100µm, as these are
the relevant sizes in the context of immersion lithography [19, 55, 56]. As we
shall see below, this also means that we typically find lower fractions f , in the
order of 10−3− 10−2. This is due to the stronger suppression of the surface
dissociation as the mobile dissociated ions are distributed over a smaller space.
We return to the influence of the water film size below.

Our default for the film thickness is d = 100nm, which is a typical
thickness in the context of semiconductor manufacturing processes [7]. We
set the effective diffusivities of all ionic species to D̃i± = 1. The initial ionic
strength of the solution we express using a logarithmic quantity, analogous to
how the pH is usually defined. We define our measure for the ionic strength
γ such that the initial concentration of background ions ρ0 satisfies,

ρ0 = 10−γmol L−1. (4.23)

We set γ = 7, resulting in ρ0 = 10−7mol L−1, which corresponds to the ionic
strength of pure water at neutral pH. We emphasise that as γ increases, the
ionic strength of the solution decreases. For the water we set εw = 80 and for
the polymer film we take εp = 5, which is of the same order as the relative
permittivity of many polymers [197].

We first focus on the dynamics and the equilibrium phenomena associated
with the dissociation below. We study the impact of the water film thickness R,
the ionic strength γ and the ion diffusivities D̃i±. Subsequently, we investigate
the effect of moving the water over fresh surface, i.e., instantaneously resetting
the dissociated fraction to zero.
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4.3.1 Dissociation dynamics and equilibrium phenomena
If the water is put on top of the thin film, a fraction of the surface groups at
the water-film interface dissociate. In Fig. 4.3 we show a typical example of
the dissociated fraction f , scaled to the equilibrium value feq as a function
of time t̃ . For this reference state (σm = 3× 1014 m−2, ε = 30kBT , εw = 80,
εp = 5, d = 100nm, D̃i± = 1, γ = 7, R= 10µm), we find feq = 4.2× 10−3. As
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Fig. 4.3 – The dissociated fraction of surface groups scaled to the equilibrium value
f / feq, as a function of time t̃ . The graph is for our reference state (σm =
3× 1014 m−2, ε = 30kBT , εw = 80, εp = 5, d = 100nm, D̃i± = 1, γ = 7,
R= 10µm), for which feq = 4.2× 10−3.

we can see in Fig. 4.3, the surface charges dissociate quickly at first (in the
order of a single τdiss), and the process immediately slows down afterwards.
The slowing down is the effect of the mass action of the mobile ions in the
solution that oppose the dissociation of the surface groups. The fact that
D̃i± = 1 implies that the ions diffuse over a Debye length (λD ' 1µm) as fast
as the dissociation reaction occurs. However, the equilibration throughout
the water takes longer (τR' 100τdiff, since R̃' 10), which is reflected in the
fact that the equilibrium is not reached until t̃ ' 100.

After the dissociation and the concentration profiles equilibrate, the pro-
files typically look as shown in Fig. 4.4. We expanded the thickness of the
film by a factor 10 for visualisation purposes. We see from Fig. 4.4a that due
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Fig. 4.4 – The equilibrium profiles as a function of the position in terms of the
height of the water film z̃/R̃ (bottom axis) and the Debye length z̃ (top
axis) after the dissociation of the surface groups. The graphs are for the
reference state described in Fig. 4.3. In the Figures, the thickness of the
thin film (the domain z̃ < 0) is increased by a factor 10 for visualisation
purposes. (a) The density profiles of the ionic species ρ̃1+ (left axis, blue
triangles), ρ̃0+ (right axis, green pluses), ρ̃0− (right axis, red crosses). The
dashed black line indicates ρ̃0± = 1 on the right axis. (b) The net charge
density ρ̃1++ ρ̃0+− ρ̃0−. (c) The electrical potential ϕ̃.
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to the influx of positive ions and the resulting negatively charged surface, the
concentrations of positive ions, i.e., the mobile dissociated ions ρ̃1+ and the
background positive ions ρ̃0+, are higher near the surface and decrease as we
move away from it. The negative background ions ρ̃0− are depleted from
that zone due to the repulsion from the surface. Note that this depletion
zone is of size λD, which implies that from one Debye length away from
the surface, the electric effect of the surface is screened. This distribution of
ions is generally known as an ‘electric double layer’, which is created near a
charged surface in an electrolyte solution [198, 199]. As we regard a closed
system, this means that far away from the surface the normalised density of
the negative ions is ρ̃0− > 1, whereas ρ̃0+ < 1.

We learn from Fig. 4.4b, however, that due to the dissociated positive
ions the net charge far away from the surface remains neutral. We show in
Fig. 4.4b the sum ρ̃1++ρ̃0+−ρ̃0− (as a measure for the net charge density) as a
function of the position in the water. We find that near the surface ( z/R→ 0),
the net charge is positive and becomes neutral towards the top of the water
film ( z/R→ 1). As before, the positive ions are attracted towards the surface
and the negative ions are repelled, such that the electrostatic effects induced
by the surface are screened from the rest of the solution.

In Fig. 4.4c, we again recognise the impact of electrostatic shielding. The
electrical potential ϕ̃ decays over a characteristic length z̃ = 1, corresponding
to a single Debye length λD. As the total charge becomes neutral far away
from the surface, the electrostatic potential becomes constant. The fact that
ϕ̃ decreases linearly in the thin film is due to the absence of charges inside the
film. The dissociating surface and the grounded substrate virtually constitute
a capacitor, with a constant electric field between the two plates (dϕ̃/dz̃ is
constant).

The distance between the plates of this ‘capacitor’, the thickness of the
film d , directly affects the charge dissociation dynamics due to its effect on
the image charge potential in Eq. (4.12). This is reflected in Fig. 4.5, where
we show the equilibrium dissociated fraction scaled to the value for infinite
film thickness feq/ feq,∞ as a function of the film thickness d . We find that the
dissociated fraction (i.e., the surface charge) decreases with increasing film
thickness d , according to

feq/ feq,∞ = exp (di/d ) , (4.24)

where di denotes the characteristic film thickness over which the image charge
effects disappear. From Eq. (4.12) we expect di to be of the order of the
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Fig. 4.5 – The equilibrium dissociated fraction scaled to the value for infinite film
thickness feq/ feq,∞ as a function of the polymer film thickness d . The
black dashed line is a fit according to Eq. (4.24), with di = 1.4nm. The
other parameters are set to the reference state of Fig. 4.3. Note that due to
the scaling with feq,∞ the graph is independent of the water film thickness
R and the ionic strength γ .

Bjerrum length inside the film. If we equate the Coulombic image charge
energy and the thermal energy (−βeϕi = 1), we find d = λB(εw/εp)/4 =
2.8nm. From the fit in Fig. 4.5, we find half that size: di = 1.4nm. We
speculate that this may be due to the double effect of the surface dissociation:
an increased dissociation yields a higher ion concentration near the surface,
opposing the dissociation reaction.

The qualitative trend of Eq. (4.24) is also found in experiments [52, 54],
where the thickness of the substrate is in the range 100µm−15mm. We note
that in the case of He and Darhuber [54] we refer here to the thickness of the
glass slides between the grounded substrate and the polymer film. They find
that the substrate thickness over which the image charge effects disappear is
in the order 100µm− 1mm. The discrepancy between the experimentally
found length scale and our findings is likely due to our model for the effect
of the image charges. In order to account for the experimental length scale,
we may need to incorporate a more elaborate model that takes into account
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the interactions between multiple charges. For instance, a single charge at the
surface may interact with the entire image plane.

He and Darhuber [54] also reported, however, no dependence of the
surface charge on the thickness of the photoresist film, when they varied it in
the range d = 50−200nm. This observation is, in fact, in correspondencewith
our findings in Fig. 4.5, since our prediction for the characteristic thickness
di is much smaller than the experimental thickness range. As a result, the
fraction of dissociated groups f is virtually independent of d in this range.

We note that the graph in Fig. 4.5 is independent of the water film height
R and the ionic strength γ , due to the scaling of the dissociated fraction
feq to its value for an infinite polymer film thickness feq,∞. As we shall see
below, however, the values for R and γ do affect the equilibrium behaviour
of the charge dissociation. Parenthetically, since we solely regard equilibrium
behaviour here, the diffusivities of the ions D̃i± have no influence: they only
affect the equilibration time for the ion profiles. We investigate the impact of
the ion diffusivities below.

In order to examine the influence of the water film height R and the ionic
strength γ , we calculate the equilibrium dissociated fraction feq as a function
of the value of γ , for various values of R. We show the result in Fig. 4.6.
Figure 4.6 highlights that the equilibrium fraction feq strongly increases as the
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Fig. 4.6 – The equilibrium dissociated fraction feq as a function of the ionic strength
γ , for sizes of the water film of R = 5,10,50,100,500µm. The other
parameters are set to the reference state, as described in Fig. 4.3.

water film height R increases. This is easily understood since the thicker the
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water film, the more space the ions have to be distributed over. The gain in
translational entropy allows for a larger dissociated fraction. Or, alternatively,
the lower concentration of ions results in a smaller effect of the mass action
that suppresses the surface dissociation.

Secondly, we overall find a higher feq for small values of γ : the concen-
tration of background ions is high, which means that the electrostatic effects
are effectively screened. This results in a virtually flat concentration profile
for the ions, and as a result feq is almost independent of γ for small γ . This
allows us to approximate the (virtually homogeneous) number density of
the mobile ions for high ionic strength (small γ ) as ρ1+ ' σm feq/R: simply
the number of dissociated charges per unit area divided by the water film
thickness. The Langmuir dissociation equilibrium in Eq. (4.4) then becomes,

1− feq

feq

=
σm feq

KdR
, (4.25)

which yields,

feq =
KdR
2σm

�

�

1+
4σm

KdR

�1/2

− 1

�

(4.26)

Equation (4.26) gives us a simple expression for the maximum value for feq
(that occurs at small γ ) as a function of the surface group density σm, the
dissociation reaction constant Kd and the water film height R. It shows
that indeed the dissociated fraction feq increases with increasing water film
thickness R.

Conversely, for high γ , the background ion concentration is low and the
electrostatic screening is not effective. As a result, the mobile dissociated
ions start to dominate the problem and the dissociation is suppressed. We
note that this observation is in disagreement with findings by Yatsuzuka et al.
[51], who reported a decrease in charging effects as the conductivity (i.e.,
ionic strength) of the water increases. However, they consider adsorption
(not dissociation) as the charging mechanism and investigated accelerating
droplets sliding off an inclined plane. We expect that for dissociation, in
correspondence with our results, an increased ionic strength should indeed
lead to increased dissociation, due to the more effective electrostatic screening.

It is also apparent from Fig. 4.6 that the extent to which γ affects feq
depends strongly on R. This is mainly due to the finite nature of the water
film. TheDebye length λD associated with the electrostatic screening increases
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for increasing γ . However, the water film still needs to accommodate all
dissociated ions. A thinner water film contains less space to distribute the
ions over and is therefore affected less strongly by the electric screening effects.
The concentration near the surface, which regulates the dissociation process,
strongly senses the concentration at the top of the film, effectively making
the electrostatic screening effects less important for thin water films.

As we already mentioned above, the diffusivities D̃i± of the ions in the
solution do not play a role in the equilibrium behaviour of the dissociation
process and the concentration profiles. However, they do strongly affect the
dynamics. We show in Fig. 4.7 the dissociated fraction f / feq as a function of
time t̃ , for various ion diffusivities D̃i±. We show in Fig. 4.7a that the mobile
dissociated ion diffusivity D̃1+ directly affects the dissociation rate. We vary
the mobile dissociated ion diffusivity D̃1+ = 10−2, 100, 102, while fixing D̃0± =
1. We find that for low diffusivity (D̃1+ = 10−2) the dissociation reaction
is strongly suppressed. This is due to the high concentration of dissociated
mobile ions, which originate from the surface and are not transported away
efficiently. The mass action of the ions opposes the dissociation reaction and
the process slows down. If the diffusivity D̃1+ increases, we find that the
dissociation process speeds up with it, until the reaction-limited regime is
reached: increasing the diffusivity beyond D̃1+ = 102 has no effect on the
dissociation process, as the ions move away faster than the reaction occurs.

As we can see in Figs. 4.7b and 4.7c, the value of the diffusivity of the
background ions D̃0± virtually does not affect the dissociation process: the
three graphs overlap. This indicates that D̃1+ is the only relevant diffusivity
in the problem. We note, however, that the impact of D̃0± is limited partly
because in the reference state, the background ions dominate the problem
and the concentration of mobile ions ρ̃1+ is low, as we can see in Fig. 4.4a.
However, even for lower ionic strengths (larger γ ) D̃1+ remains the most
relevant diffusivity for the dissociation process, since the concentration profile
of the mobile ions directly affects the dissociation dynamics via mass action.

We have given a flavour of how the various physical quantities affect the
dissociation of charges from the surface. If in this process the water moves
over the surface, the ions in the solution are transported with the water,
and the charged surface is left behind: the charge on the upper surface of the
polymer film decreases. We investigate this phenomenon by (instantaneously)
transporting the water onto fresh surface, i.e., resetting f → 0. The time
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Fig. 4.7 – The normalised dissociated fraction f / feq as a function of time t̃ , for
various diffusivities D̃i±. The other parameters are set to the reference
state, as described in Fig. 4.3. (a) D̃1+ is varied and D̃0+ = D̃0− = 1, (b)
D̃0+ is varied and D̃1+ = D̃0− = 1, (c) D̃0− is varied and D̃1+ = D̃0+ = 1.
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interval at which this occurs we take as a measure for the velocity at which
the water moves. We discuss the results below.

4.3.2 Refreshing the surface
We reset the dissociated surface fraction f to zero after a time interval ∆ t̃ .
We initially set ∆ t̃ = 200, to ensure that the dissociation fully equilibrates
before the surface is refreshed, for our default parameters (σm = 3× 1014 m−2,
ε= 30kBT , εw = 80, εp = 5, d = 100nm, D̃i± = 1, γ = 7, R= 10µm). For a
dissociation rate k− = 105s−1 the interval ∆ t̃ corresponds to ∆t = 2ms. For
a droplet size R= 10µm this means a ‘velocity’ of v = 5mms−1. In Fig. 4.8
we show the dissociated fraction f , normalised to the equilibrium value for
the initial dissociation feq,1, as a function of time t̃ . We have indicated the

0 500 1000 1500 2000
time t̃

0.0

0.2

0.4

0.6

0.8

1.0

fr
ac

ti
on

f
/f

eq
,1

Fig. 4.8 – The dissociated fraction f , scaled to the equilibrium value for the first
dissociation step feq,1, as a function of time t̃ . The refresh interval is∆ t̃ =
200. The red points are the values for fend, right before the next refresh
step. The other parameters are set to the reference state, as described in
Fig. 4.3.

values of fend before the next surface refresh with the red points in Fig. 4.8.
As we can see, the dissociation is opposed more strongly after every refresh.
As the concentration of mobile dissociated charges in the solution increases,
the dissociation reaction becomes increasingly suppressed.

We first investigate the effect the size of the refresh interval ∆ t̃ (which is
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inversely proportional to the ‘velocity’ v ) has on the dissociation dynamics.
If we sufficiently decrease ∆ t̃ in Fig. 4.8, we end up refreshing the surface
before the equilibrium is reached. In order to examine this behaviour, we
track the normalised dissociated fraction right before the surface is refreshed,
fend/ feq,1, as a function of the dissociation step n. We vary the size of the
refresh interval ∆ t̃ . The result is shown in Fig. 4.9. The decrease of fend
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Fig. 4.9 – The dissociated fraction right before the surface refresh fend, scaled to the
equilibrium value for the first dissociation step feq,1, as a function of de
dissociation step n. We vary the size of the refresh interval∆ t̃ . The other
parameters are set to the reference state, as described in Fig. 4.3.

as a function of n appears to exhibit a power law behaviour, however we
note that on both axes we only show data on barely a decade. We find that,
naturally, fend decreases as we decrease ∆ t̃ , as the surface refresh takes place
during the dissociation reaction. It turns out that also the slope of the graphs
slowly decreases (i.e., becomes less negative) as we decrease∆ t̃ . If the interval
between the refresh steps is longer than the time it takes to fully equilibrate
(∆ t̃ ¦ 200), the fraction fend becomes independent of the value of ∆ t̃ . The
power at which feq decreases as a function of n arguably also depends on the
surface group density σm, as the suppression of the dissociation due to mass
action is amplified if more charges are released into the liquid for a given
fraction f .

The observation that fend decreases as we decrease ∆ t̃ (or increase the
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velocity v ) presumably implies that the charge accumulating in the water
film decreases if we decrease ∆ t̃ . To investigate this, we calculate the total
accumulated charge per unit area q in the water film, after ten dissociation
steps. This is calculated as,

q =
10
∑

n=1

σme fend,n, (4.27)

where fend,n is the fraction of dissociated surface groups in the n-th dissociation
step, right before the surface is refreshed. We show the charge density q as a
function of the refresh interval ∆ t̃ in Fig. 4.10, and we vary the diffusivity of
the mobile dissociated ions D̃1+ to correspond to the diffusion-limited regime
�

10−2
�

, the diffusion-reaction regime
�

100
�

and the reaction-limited regime
�

102
�

. We note that the data for D̃1+ = 1 (red pluses) corresponds to the data
shown in Fig. 4.9. We show the ‘velocity’ of the water on the top horizontal
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Fig. 4.10 – The accumulated charge q as a function of de size of the refresh in-
terval ∆ t̃ . We vary the diffusivity of the mobile dissociated ions
D̃1+ = 10−2, 100, 102. The other parameters are set to the reference
state, as described in Fig. 4.3. The top horizontal axis represents the
‘velocity’ v, for a water body of size R= 10µm and k− = 105s−1.
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axis. This is an estimation based on the distance the water moves (of order
the water body size R= 10µm) in a time ∆t =∆ t̃/k−, with k− of the order
105s−1. Note that the total ‘distance’ over which the droplet is moved remains
constant.

In Fig. 4.10 we indeed see that the acquired charge q increases as we
increase the interval ∆ t̃ , until we reach the ‘fully equilibrated’ state for large
∆ t̃ . The three graphs overlap for small values of ∆ t̃ : the time interval is
short, the dissociation reaction is just starting and the ion diffusion has no
effect yet. For intermediate ∆ t̃ , the graphs have similar shapes and slopes,
only they are shifted on the time domain. The steepest part of the graph is
located at the point at which the refresh occurs on the diffusion time scale (at
D̃1+∆ t̃ = 1). For large ∆ t̃ , equilibrium is reached before the refresh occurs.
Full equilibration is reached as ∆ t̃ reaches the time it takes to diffuse over
the water film thickness R, ∆ t̃ = τR.

We note that in experimental work on moving droplets by He and Darhu-
ber [54], no dependence of the surface charge (that we connect to the accu-
mulated charge in the water) on the droplet velocity was found (in the range
of v = 1−40mms−1). From our results, however, we argue that one possible
explanation for this is that the dissociation process occurs faster than the
droplet moves. This is directly visible from Fig. 4.10: for sufficiently small
velocities v (sufficiently large∆ t̃ ) the accumulated charge q remains constant.
Another explanation may be that the dependence of the accumulated charge
on the refresh interval is rather weak: over the course of eight decades of ∆ t̃ ,
q only decreases by approximately one decade. Given the relatively narrow
velocity range in the experiments, the effect may therefore be lost in the
measurement error.

In order to assess the maximum charge per unit area a water film of thick-
ness R can acquire after nine surface refreshes, we calculate the accumulated
charge density q as a function of the ionic strength γ . We vary the film
thickness R = 5,10,50,100,500µm and let the dissociation process equili-
brate before every surface refresh. The result is shown in Fig. 4.11. What we
find is a Figure much similar to Fig. 4.6, albeit that the effects are amplified.
The same trends and arguments hold: (1) q increases for increasing R, since
more space is available for the ions to be distributed over; (2) q decreases for
increasing γ , since the less electrostatic screening occurs, the fewer ions are
dissociated into the water; (3) the effect of γ is stronger for larger R, due to
the finite size effects that we encounter in small droplets.
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Fig. 4.11 – The total accumulated charge per unit area q after ten refreshes of the
surface as a function of the ionic strength γ . We let the dissociation pro-
cess equilibrate before every refresh and we vary the water film thickness
R= 5,10,50,100,500µm. The other parameters are set to the reference
state, as described in Fig. 4.3.

Figures 4.10 and 4.11 together give some handles as to how and to what
extent moving a droplet over a surface that contains dissociating groups may
lead to it acquiring a net charge. Generally, larger droplets acquire more charge
and droplets with a high ionic strength, e.g., due to a high salinity or low pH,
are able to take up more charges than pure water (pH = 7). In addition, if
the droplet velocity increases, the charging decreases. We argue that these
observations are relevant in the context of applications that involve droplets
sliding over a dissociating surface, such as immersion lithography [54].

In this Chapter we do not change the system parameters such as the
film thickness R or the ionic strength γ during the dissociation process.
In reality they may change due to, e.g., the evaporation of the liquid or a
change in the ambient atmosphere. We speculate that our results may be
able to give qualitative indications of their effect. For instance, if we consider
an evaporating water film (i.e. R decreases), the overall ion concentration
increases and the dissociation is suppressed. However, if the concentration
strongly increases, the charges may be deposited or adsorbed at the surface.
Similarly, if we were to change the ionic strength γ during the dissociation
(e.g., by adding an acid, base, or salt, or by changing the environment), this
may also directly affect the dissociation or deposition of ions.
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This concludes the discussion of our results. In the next Section, we
summarise our findings and draw our conclusions.

4.4 Summary and Conclusions
In this Chapter, we propose a model to investigate the dissociation of charges
originating from the surface of a polymer film and how they are redistributed
in the water phase. We take into account (1) the surface group dissociation
chemistry, (2) the rise of an electrical potential due to the redistribution of
charges and (3) the diffusion of ions subject to an electric field. Our model
describes the creation of an electric double layer near the surface as the charges
dissociate from it. Our results agree qualitatively with experimental work on
how charging of a polymer depends on the film thickness. We find that both
increasing the water film thickness and increasing the ionic strength of the
solution promote the surface dissociation. For high ionic strengths, we find
a simple expression for the dissociated fraction as a function of the surface
group density, the dissociation reaction constant and the thickness of the
water film. The dependence of the dissociated fraction on the ionic strength
is much weaker for thinner water films, as the ion concentration profiles
encounter effects associated with the finite size of the film. We show that the
diffusivity of the mobile dissociated ions dominates the diffusion-reaction
competition.

We model the motion of water over the surface by instantaneously trans-
porting the water film over fresh surface, resetting the dissociated fraction of
the surface groups back to zero. As the water acquires more mobile ions after
every surface refresh, the dissociation becomes increasingly suppressed. If we
decrease the time interval between surface refreshes to below the time it takes
for the ion concentration profiles to equilibrate, we find that the acquired
charge decreases. We argue that we may connect the refresh interval to the
inverse of the velocity at which the water moves: for high velocities, the
liquid accumulates less charge. We calculate the maximum charge the water
film acquires after nine surface refreshes, as a function of the film thickness
and the ionic strength of the solution. We find the same trends as above: (1)
a thicker water film acquires more charge, as the ions can be distributed over
a larger space; (2) a higher ionic strength promotes the dissociation, as the
electrostatic effects are shielded more effectively; (3) the dependence of the
charge accumulation on the ionic strength is weaker for thinner films, due
to finite size effects. These qualitative findings may be of importance for
industrial applications that involve droplets moving over surfaces.
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Chapter 5
Force-torque spectroscopy of proteins

Assessing the structural properties of large proteins is important to gain an under-
standing of their function in, e.g., biological systems or biomedical applications.
We propose a method to examine the mechanical properties of proteins subject to
applied forces by means of multiscale simulation. We consider both stretching
and torsional forces, which can be applied independently of each other. We apply
torsional forces to a coarse-grained continuum model of the antibody protein
immunoglobulin G (IgG) using Fluctuating Finite Element Analysis and iden-
tify the area of strongest deformation. This region is essential to the torsional
properties of the molecule as a whole, as it represents the softest, most deformable
domain. We subject this part of the molecule to torques and stretching forces on
an atomistic level, using molecular dynamics simulations, in order to investigate
its torsional properties. We calculate the torsional resistance as a function of the
rotation of the domain, while subjecting it to various stretching forces. We learn
how these obtained torsion profiles evolve with increasing stretching force and
show that they exhibit torsion stiffening, which is in qualitative agreement with
experimental findings. We argue that combining the torsion profiles for various
stretching forces effectively results in a combined force-torque spectroscopy analysis,
which may serve as a mechanical signature for the examined molecule.

The contents of this chapter have been submitted for publication as

Combined force-torque spectroscopy of proteins
by means of multiscale molecular simulation (2019)
Thijs W.G. van der Heijden, Daniel J. Read, Oliver G. Harlen,
Paul van der Schoot, Sarah A. Harris, Cornelis Storm

https://arxiv.org/abs/1910.02901
https://arxiv.org/abs/1910.02901


5.1 Introduction
Proteins fulfil numerous different roles in organisms, such as providing rigidity,
transporting cargo through cells or catalysing reactions. The functioning
of a protein arises from the folding of its intrinsic structure, a linear chain
of amino acids, into a higher-order hierarchical structure. Its final folded
structure consists of a certain shape with one or more active sites, which
facilitate the protein’s function [106]. One type of protein in particular, the
antibody or immunoglobulin, plays an important role in the mammalian
immune system, by specifically binding to foreign structures in the body.
The fact that its binding to a particular molecule is very specific makes the
antibody protein an excellent candidate to be employed for analyte detection
in a so-called immunoassay [121]. In an immunoassay, the analyte is targeted
by an antibody molecule equipped with, e.g., a fluorescent or radioactive label.
This label can in turn be detected using conventional detection methods.

In order to make immunoassays a viable method for point-of-care diagnos-
tics in medical applications, however, not only the analysis, but also all of the
sample preparation, transportation and mixing steps should be included in a
‘lab-on-a-chip’ device. One proposed method for the integration is making
use of magnetic particles within the device [119, 122]. Not only can these
particles serve as labels for the analytes, but upon actuation with magnetic
fields they can be actively manipulated and be used to, e.g., mix fluids within
the sensor. In addition, the magnetic particles may act as magnetic tweezers in
order to exert forces on the molecules [117–119]. This experimental method
is used to study the structural properties and unfolding of molecules such as
proteins, DNA and RNA [200–204], and may be employed side-by-side with
atomic force microscopy (AFM) [102, 107–110] and optical tweezers [111–
116] experiments to assess the mechanical properties of molecules.

In recent years, van Reenen et al. [117] investigated the torsional resistance
of immunoglobulin protein complexes using magnetic tweezers experiments.
They were able to distinguish between different torsion profiles for different
proteins, a quality that may eventually be employed to, e.g., identify the
nature of the binding (to be either specific or non-specific) in immunoassays.
To gain more insight into the relation between the intrinsic structure of a
molecule and its mechanical properties, we propose a multiscale numerical
approach to analyse the mechanical properties of proteins, in our case an
immunoglobulin molecule, when subjected to externally applied forces. Since
investigating such large molecules (∼ 105 Da) as a whole on an atomistic
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level is too costly in a computational context, we examine the molecule on a
coarse-grained mesoscopic level using Fluctuating Finite Element Analysis
(FFEA) [205–207]. FFEA considers the overall shape of the molecule and
regards it as a continuum material internally. This allows for a fast evaluation
of the molecule subject to thermal and/or external forces, at the expense of the
loss of information on the internal structure. Using FFEA, we can identify
the area in which immunoglobulin deforms the most during torsion, which
is presumably an essential region for the molecule’s torsional properties: it
constitutes a weak link in the rigidity of the molecule. Using molecular
dynamics simulations, we perform a combined force-torque spectroscopy
analysis on this domain on a microscopic, full-atom level: we investigate the
torsional resistance of the molecule as a function of the rotation, while a
stretching force is exerted on the structure. We extract the resulting torsion
profile of the molecule and learn how it develops as the stretching force
increases.

The remainder of this Chapter is organised as follows. In Section 5.2, we
describe the subject molecule of this Chapter – immunoglobulin G (IgG) –
in more detail. We briefly describe the Fluctuating Finite Element Analysis
(FFEA) and molecular dynamics (MD) methods that we use in our simu-
lations. In Section 5.3, we present the results from the FFEA simulations,
which we use to define the domain of interest. We discuss our results from
the atomistic MD simulations of this relevant domain, in which we subjected
it to external forces and torques. In Section 5.4, we summarise our findings
and draw our conclusions.

5.2 Methods
5.2.1 Force-torque spectroscopy on Immunoglobulin G
Our subject molecule is an antibody protein, immunoglobulin G (IgG), of
which an atomistic structure was found by X-ray diffraction (mouse IgG,
Protein Data Bank: 1IGT) [208], see Fig. 5.1 (top left). The protein consists
of two structurally identical heavy chains (red and yellow) and two identical
light chains (blue and green), with a total mass of ∼ 150kDa. The four
chains combined form three bulky domains (the three branches of the typical
“Y”-shape), connected by a thin linker; a feature shared by all isotypes of
immunoglobulin [209].

The IgG molecule was the subject of experimental work by van Reenen
et al. [117], who investigated the torsional properties of a protein complex,
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Fig. 5.1 – The overall shape of the atomistic structure (top left) of IgG is converted
into a volume mesh (bottom right). Schematic (top right): the torsional
force is exerted on the molecule at the bottom (red shaded area), while the
protein is fixed at the ends of the top branches (yellow shaded areas), to
mimic the fixation to a substrate. The torsion axis and rotation direction
are indicated.

formed by either two IgG molecules or an IgG and a protein G molecule.
They sandwiched the complex between a glass substrate and a magnetic
particle and found that the different protein complexes respond differently
to exerted torques and that they stiffen for increasing torsion angles: they
exhibit a torsion stiffening behaviour. We note that in practice, in addition to
the torsional forces, a stretching force may be exerted on a protein complex
by applying a second magnetic field that pulls the magnetic particle away
from the substrate. However, stretching forces are already inherently present
in the experimental situation due to the gravitational forces that work on
the magnetic particle and the forces that arise from the direct interaction
between the magnetic particle and the substrate to which the protein complex
is bound.

Considering the addition of such stretching forces in the torsion experi-
ments allows for a second, independent axis to exert forces on the molecules
on. Arguably, both the conventional stretching and torsional rigidities of a
molecule depend in fact simultaneously on both the amount of stretching and
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the amount of torsion. This creates a direct coupling between the stretching
and the torsion in such a combined force-torque spectroscopy analysis, and
may result in a more complex mechanical “signature” of a certain structure.
We aim to numerically investigate the mechanical properties of a single IgG
molecule, and to calculate the torsion profile of part of IgG under the influ-
ence of stretching forces. To that end, we first identify our region of interest
on a mesoscopic level using Fluctuating Finite Element Analysis (FFEA). We
briefly discuss the method below.

5.2.2 Mesoscopic simulation using Fluctuating Finite Element Analysis
(FFEA)

The FFEA method treats large molecules such as proteins as a continuum
material, in order to simulate their behaviour on a mesoscopic scale [127,
205]. The underlying principle is that the overall shape of such a molecule
determines its function, and that the intrinsic structure of the molecule is of
less importance. We presume that the dynamics of such a material is described
by the Cauchy momentum equation,

∂ uuu
∂ t
+(uuu ·∇∇∇)uuu = 1

ρ
∇∇∇ ·σσσ , (5.1)

where uuu denotes the velocity at any point in the material, ρ is the mass density
of the material and σσσ is the total stress exerted by the continuum material.
We employ the Kelvin-Voigt material model, which allows us to write the
total stress σσσ as the sum of elastic, viscous and thermal stress terms,

σσσ =σσσ e+σσσv+σσσ t. (5.2)

The elastic stress σσσ e is based on a Mooney-Rivlin hyperelastic model for the
stress [210, 211], which is described inmore detail in the Appendix. For the ex-
pressions for the viscous and thermal stresses we refer the reader to Ref. [205],
since these are of secondary importance in this study. The protein’s material
properties are parametrised using continuum material parameters, such as the
mass density ρ, the bulk modulus K and the shear modulus G. To directly
measure experimentally the values for these parameters is not straightforward,
although estimations can be made by considering experimental data on the
density of proteins (roughly 1.5g/cm3) [212, 213], their internal viscosity
(∼ 1mPas) [214] and their elastic modulus (order 107− 108 Pa) [214, 215].
We note, however, that the location of the most deformed area is arguably
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more sensitive to the geometry of the molecule than to the exact values for
the material properties, since we exert external forces on the molecule and
parametrise the structure homogeneously.

We create the volume mesh for the molecule by considering the atomistic
model, converting it to an electron density map and meshing its surface [127],
as illustrated in Fig. 5.1. We coarsen the surface until the shortest edge is
7Å, while maintaining the volume [214], and create the volume mesh using
the Netgen software package. We investigate the IgG molecule in numerical
torsion simulations by exerting an external torque on the bottom branch of
the molecule, see Fig. 5.1. In order to mimic the fixation to a substrate, we
immobilise the ends of the top two branches. We note that we do not exert
stretching forces on the molecule in these FFEA simulations. In order to
avoid strong sudden deformations of the molecule, we slowly increase the
total torque on the molecule up to various constant values τ. We exert the
torque by adding an additional torsion force to all the mesh nodes within
the red shaded area in Fig. 5.1, where the magnitude depends on the distance
to the torsion axis. For definiteness, we disregard the thermal stresses in the
material, and rather focus on the viscoelastic response of the structure to the
external torque. To that end, we set the thermal stresses in our simulations
to zero.

By studying the internal stresses in the molecule during torsion using
FFEA, we find the domain of interest for this protein. We isolate the domain
and analyse it using molecular dynamics simulations. We briefly describe the
simulations below.

5.2.3 Atomistic simulation using molecular dynamics (MD)
We perform molecular dynamics (MD) simulations on the relevant domain of
the molecule using the GROMACS software package [216]. The simulation
is performed in an implicit water solution, with a 100 mM monovalent salt
concentration, using a Langevin thermostat with friction constant γ = 5ps−1,
in order to ensure a strongly damped dynamics. This is prudent in order
to suppress the influence of the high rotation rate (as discussed below) and
to minimise inertial effects in our analysis of the mechanical response. We
employ the Amber ff99SB-ILDN forcefield for the parametrisation of the
interactions in the atomistic representation of the protein [130].

By simultaneously exerting a stretching force f and a torque τ on the
structure we are able to explore its mechanical properties in this combined
force-torque spectroscopy analysis. We exert various stretching forces f on
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the molecule, ranging from 0 to 3200kJmol−1 nm−1 (approximately 5.3nN).
We exert the torque τ on the molecule by rotating a harmonic potential
well V around the central axis of the molecule, which the forced residues
of the structure are pulled into (GROMACS: V rm2) [217], see Fig. 5.2. The

Fig. 5.2 – Schematic of the potential well V , that rotates in a counter-clockwise
direction with a rate of 100°ns−1. Blue indicates low potential energy, red
indicates high potential energy. The potential minimum is indicated by
the dashed line. The forced residue, indicated by the blue circle, is pulled
towards the bottom of the well, resulting in the torque τ. The central axis
(the gray dashed line in Fig. 5.4) is indicated by �.

potential minimum is indicated by the dashed line, and the blue and red
colours represent low and high potential energy, respectively. The rotation
rate is 100°ns−1 and the magnitude of the torque depends on the positions
of the residues as well as the spring constant k associated with the potential
well. k ranges from 0 to 3000kJmol−1 nm−2 (∼ 5Nm−1) in our simulations,
resulting in torques τ up to approximately 2000kJmol−1 (∼ 3300pNnm).
For reference, in the experiments by van Reenen et al. [117], the maximum
exerted torques are of the order of 4000pNnm.

In the next section, we present our results on the mesoscopic FFEA
simulations in order to identify the domain of interest in the molecule. We
isolate this area and perform full-atom MD simulations on it, subjecting it to
external forces and torques. We analyse the torque as a function of the torsion
of the molecule and the exerted stretching force, resulting in a combined
force-torque spectroscopy analysis of the domain.
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5.3 Results and Discussion
5.3.1 Mesoscopic FFEA simulations
We perform mesoscopic simulations of the IgG molecule subject to torsional
forces using FFEA. In Fig. 5.3 we show snapshots of a typical torsion simula-
tion for various values of the torsion angle φ. We measure the stress at each
position in the molecule and shade the stressed regions in red. The intensity
of the red colour indicates the amount of stress, which is normalised to the
maximum stress in each snapshot.

Fig. 5.3 – Snapshots of a typical FFEA torsion simulation of the IgG molecule
for various torsion angles φ, for a total torque τ = 299pNnm. The
surface elements shaded in red indicate the areas in which the total stress
is relatively high. The intensity of the red shade is scaled to the maximum
stress magnitude σmax in each snapshot. The areas of high stress indicate
strong deformations.

We find that for increasing torsion angles φ, the stress in the linker area
between the three bulky domains strongly increases. The high stress indicates
a strong deformation in this area, which hints at this region being critical for
the torsional resistance of the molecule as a whole: it constitutes the softest
area in the structure. We note that in this particular case this is not entirely
surprising, considering that it is a relatively thin linker in the otherwise
bulky geometry of the molecule. However, we argue that in general this
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need not be the case. The use of the FFEA continuum model to assess the
magnitude of the stress as a function of position within a molecule enables
us to select which region is necessary to consider for more detailed analysis
using atomistic simulations, which account for the internal structure of the
protein. 1

We further investigate the linker domain and its mechanical properties
on a microscopic level: we isolate the linker region and subject it to torques
and stretching forces in molecular dynamics simulations in order to extract
its torsion profile for various stretching forces. We discuss the results below.

5.3.2 Atomistic MD simulations
The flexible linker region of the IgGmolecule consists of two identical peptide
chains with 13 residues each, interconnected by three disulfide bonds, see
Fig. 5.4. Note that only two of the disulfide bonds (in yellow) are clearly
visible.

We first perform an energy minimisation and a NVT simulation, while
keeping the ends of the chains immobilised, to equilibrate the molecule.
Subsequently, we perform a molecular dynamics simulation while subjecting
the molecule to a stretching force f along its central axis, in the absence of a
torque. We fix the top residues (indicated in red) in place, to mimic the fact
that in reality they are connected to the rather bulky top two branches of the
molecule. For the initial stretching, we allow the bottom residues (indicated
in blue) to only move strictly in the direction of the stretching force, as this
serves as an equilibration for the length of the chains. Then, the bottom
residues are released and a torque τ is exerted on them along the molecule’s
central axis, which causes the structure to rotate.

Directly calculating the rotation angle φ of the bottom residues around
the torsion axis is only sensible if the molecule remains reasonably stretched
during the torsion. Due to the double-chain nature of the structure, however,

1Using FFEA to perform a full analysis of the torsional rigidity of the molecule turns
out to not be possible: for high values of φ (resulting from high values of the torque τ),
the molecule relaxes its internal stresses by twisting back the linker region and thereby
moving through its own surface, which is a non-physical phenomenon. Unfortunately,
incorporating a steric surface-surface repulsion for the molecule in order to prevent this
results in computationally infeasible calculations at late times: the linker region coils up
and much of the surface remains at a close distance to itself. The simulations eventually fail
because the molecule cannot relax its internal stresses and as a result the elements in the
linker invert due to the strong forces on the nodes.
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Fig. 5.4 – The linker region, consisting of two identical protein chains (indicated by
the red and blue ribbons), in a full-atom representation. The central axis
of the molecule is indicated (gray dashed line), as well as the direction of
the torque τ and the pulling forces f . The residues at the top (red circles)
are fixed to their position, the torque and force are exerted on the residues
at the bottom (blue circles).

exerting a strong torque on the molecule not only results in a rotation around
the torsion axis, but it also causes additional coiling of the central axis of
the molecule. This coiling is not accounted for if we directly measure φ.
In order to capture all of the torsion in the structure, we consider the twist
Tw of the backbones of the chains in the linker region as a measure for the
amount of rotation contained in the molecule. The twist is a quantity of a
mathematical ribbon, independent of an external reference axis, that describes
the winding of the ribbon around itself with respect to the ribbon axis [218].
We note that the value for Tw becomes negative if we move along the ribbon
in the opposite direction. We construct the ribbon by considering the pairs
of corresponding atom between the backbones of the two identical chains,
from the lowest disulfide bond, up to the top residues. We define the ribbon
axis as the average positions of each pair of atoms and the ribbon boundary
consists of one of the two peptide chains. The protocol to calculate the twist,
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as well as the notion that using the writhe as an alternative measure of the
torsion of the molecule turns out to not be viable, are discussed in detail in
the Appendix.

In our torsion simulations, we calculate the twist Tw of the structure
for each snapshot of the simulation and track the exerted torque τ. Fig-
ure 5.5 shows the data from a typical simulation, for which we arbitrar-
ily set the stretching force f = 800kJmol−1 nm−1 and the spring constant
k = 50kJmol−1 nm−2, which results in a regularly oscillating behaviour. We
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Fig. 5.5 – The twist Tw (blue) and applied torque τ (red) as a function of time,
for a stretching force f = 800kJmol−1 nm−1 and a spring constant k =
50kJmol−1 nm−2. The light colour represents the original data, the darker
colour shows a weighted running average of the data over time, calculated
using Eq. (5.3).

show the data for the twist Tw in blue, and the torque τ in red. The light
colour represents the original data, the darker colour shows a weighted run-
ning average of the data over time, in order to highlight the trends. The
weighted running average x̄i at a point in time i is calculated by taking 2N
data points surrounding i , and weighing them by the inverse distance to the
point,

x̄i =

∑N
j=−N xi+ j/(| j |+ 1)
∑N

j=−N 1/(| j |+ 1)
, (5.3)

where xi is the original data at the point in time i . For the trends in Fig. 5.5,
we set N = 30.
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We see that the data for both the twist and the torque strongly fluctuate
as a result of the Brownian motion of the molecule, but that overall the twist
and torque show coherent behaviour. At very short times ( t < 100ps), we see
a fairly constant value for Tw, and no torque τ is exerted. This corresponds
to the length equilibration step, where we stretch the molecule using a force f
without exerting a torque. Subsequently, we release the bottom residues and
rotate the potential well V . As a result, we see an increase of both Tw and τ
in time. After a while, the molecule reaches a state of oscillatory motion, as
both Tw and τ reach a maximum value, after which the molecule partially
relaxes to a less strained state. The process repeats for each (half-)cycle of
the rotating potential well: as long as the rotated residues remain near the
potential minimum, hardly any torque is exerted. Upon further rotation,
however, the torsional resistance increases and a torque is exerted on the
residues in order to enforce the rotation. As the torsional resistance of the
molecule then becomes too strong for the potential well to overcome, the
residues move out of the well and the structure is allowed to partially relax
until the rotating potential catches up to it again. Since the potential well
is symmetric with respect to the central axis (as is schematically shown in
Fig. 5.2), this results in a period for the oscillatory motion of half a rotation
of the well, corresponding to 1.8ns for a rate of 100°ns−1.

We repeat the torsion simulations for various values of the spring constant
k for the rotating potential well V . We track the twist Tw and the torque τ
during the simulations and combine the results into a torsion profile for a given
stretching force f : we show the exerted torque τ as a function of the twist Tw
of the molecule. In Fig. 5.6 we show the torsion profiles for various values
of the stretching force f : (a) 0, (b) 200, (c) 800, and (d) 3200kJmol−1 nm−1.
All individual data points are shown with a 5% opacity, which effectively
results in a configuration density plot of the molecule in torque-twist space.
The darker lines are trends, which we calculate by averaging the torques τ
for twists Tw between −1.5 and 1.5, in steps of ∆Tw = 0.02. The error
bars shown are the standard deviations around the averages of the torque.
Figure 5.6e shows typical snapshots of the simulations for specific values of
the twist Tw =−1, 0, 1, for f = 3200kJmol−1 nm−1.

We learn from Fig. 5.6 that regardless of the magnitude of the stretching
force f , the molecule initially exhibits a torsion stiffening behaviour: the
torque τ increases non-linearly with increasing Tw. For |Tw| ® 0.1 we
see that the profile remains fairly flat and close to τ ≈ 0, which hints at a
low torsional resistance, whereas for increasing values the profile steepens,
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Fig. 5.6 – The development of the twist-torque profile for increasing stretching force;
the exerted torque τ is shown as a function of the twist Tw for various
stretching forces f : (a) 0, (b) 200, (c) 800, and (d) 3200kJmol−1 nm−1.
(e) Snapshots of the torsion simulation illustrating the conformation
of the molecule at specific values of the twist Tw = −1, 0, 1, for f =
3200kJmol−1 nm−1.
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indicating an increase of the torsional stiffness: the torsional resistance (or
“torsional spring constant”) is associated with the derivative of the torque with
respect to the twist. The stiffness increase is in agreement with the results
of van Reenen et al. [117], who reported torsion stiffening behaviour of the
IgG-IgG complex for increasing torsion angles (up to approximately 250°).
In our analysis, however, for even greater rotations the torsion profile appears
to flatten off. We return to this phenomenon below.

We note that for f = 0, in Fig. 5.6a, the spread of the data points is notably
larger than for nonzero stretching forces. This is caused by the fact that the
molecule may become strongly supercoiled, and the configuration of the
molecule regularly becomes inverted (i.e., the bottom residues end up above
the top residues) due to the strong internal stresses caused by the exerted
torque and the absence of a stretching force. As a result, the torque needed to
reach a certain twist varies rather strongly. Nevertheless, these data points do
display characteristics for the mechanical properties of the molecule at zero
stretching force. The profile exhibits a mild torsion stiffening and is fairly
symmetric for positive and negative values of Tw.

As we increase the stretching force f , in Figs. 5.6b and c, the standard devia-
tion decreases and the underlying shape of the torsion profile becomesmore ap-
parent: the two chains are pulled towards each other as a result of the stretching
and cause the onset of an internal counterforce. The shapes of the two torsion
profiles are rather similar, the profile for f = 800kJmol−1 nm−1 (Fig. 5.6c)
displaying a slightly stiffer profile than the profile for f = 200kJmol−1 nm−1

(Fig. 5.6b), as may be expected. For both profiles, we see that in the flat
regime, for small twists ( |Tw| ® 0.1), the spread is small, compared to the
data for stronger twists. This indicates that the torsional stiffness of the
molecule is rather insensitive to its exact configuration in the untwisted state.
If the molecule is twisted more strongly, its torsional response depends more
strongly on how the chains are positioned with respect to each other. While
the torsion profiles appear rather symmetric, some features arise that may be
associated with the internal structure of the molecule. For example, the mag-
nitude of the torque is greater for negative values of the twist than for positive
ones. This hints at a preferred rotation direction for the molecule, which may
indicate that the helicity of the structure is slightly right-handed. In addition,
we find that “islands” form in torque-twist space, around Tw =±1, and that
their shape depends on the sign of the twist Tw and the magnitude of the
stretching force f .

If we stretch the molecule strongly, with a force f = 3200kJmol−1 nm−1,
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shown in Fig. 5.6d, we find that the features become more pronounced and
asymmetric. Still, the profile is rather flat for small values of Tw, however,
the aforementioned islands now have a distinctly different shape for positive
or negative twists. This indicates that for strong stretching forces f , the
details in the structure of the molecule may become crucial for the torsional
resistance of the protein, and that as a result the asymmetries in the torsion
profile arise.

If we join together the torsion profiles for different stretching forces
f , we practically create a combined force-torque spectroscopy analysis of
the structure, see Fig. 5.7. We only show the trends without the standard
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Fig. 5.7 – The trends of the combined force-torque spectroscopy profile of the IgG
linker region: the exerted torque τ is shown as a function of the twist Tw,
for various values of the stretching force f . For clarity the individual data
points and the standard deviations of the torques are not shown.

deviations, in order to illustrate the overall evolution of the torsional stiffness
profile. Note that the full shape of the profile does contain more information
about the structural details and the resulting torsional behaviour, and that
the shown trends may not necessarily fully represent the shape of the torsion
profile, which is apparent from the trendline in Fig. 5.6d. From Fig. 5.7
we learn that the molecule indeed gradually stiffens as the stretching force f
increases. It exhibits a torsion stiffening behaviour for small twists, after which
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the resistance flattens off and the torsional resistance remains approximately
constant. Given the double-chain structure of the molecule, we in fact expect
the profiles to show an additional torsion stiffening for even greater values
of |Tw| (as the structure becomes more strongly coiled), however we have
not investigated greater rotations. We speculate that we do see the onset
of such additional stiffening for strongly negative twists in the curves for
f = 1600kJmol−1 nm−1 and f = 3200kJmol−1 nm−1. Figure 5.7 indicates
that the end of the torsion stiffening regime, represented by the inflection
point of the torque-twist curve, gradually shifts to smaller values of |Tw| as f
increases. In addition, the asymmetry between the magnitude of the exerted
torques for positive and negative twists is apparent.

We argue that such an evolution of the shape of the torsion profile of a
molecule with increasing stretching force composes a mechanical signature
for said molecule. It may facilitate the development of a characterisation
method for proteins or other large molecules, for which we can predict the
mechanical response by performing this numerical force-torque spectroscopy
analysis.

This concludes the discussion of our results. In the next section, we
summarise our main findings and draw our conclusions.

5.4 Conclusion
We put forward a multiscale molecular simulation method to perform a com-
bined force-torque spectroscopy analysis of large molecules such as proteins:
we analyse the mechanical response of a molecule when subjected to external
torques and stretching forces. We combine (1) Fluctuating Finite Element
Analysis (FFEA) with (2) molecular dynamics (MD) simulations that incor-
porate external forces. We find that using FFEA, we are able to indicate the
region within an IgG molecule that is crucial for its torsional rigidity: while
subjecting the molecule to torques, we locate the area of strongest deforma-
tion, suggesting that this linker domain is likely to be the most flexible. We
subsequently isolate the relevant domain and investigate its torsional proper-
ties using MD simulations, while subjecting it to stretching forces and torques.
We find that the linker region exhibits a torsion stiffening behaviour, a result
that is in qualitative agreement with experimental results by van Reenen et al.
[117]. For stronger rotations, the exerted torque flattens off and the torsional
resistance remains approximately constant. As we increase the stretching
force exerted on the molecule, we find that the structure stiffens and that
features and asymmetries arise in the shape of the torsion profile, which
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indicates that the structural details of the molecule may be crucial for its
mechanical response. Combining the torsion profiles for different stretching
forces effectively results in a combined force-torque spectroscopy analysis of
the molecule and we argue that this may be used as a characterisation method
for the examined structure.

In conclusion, our study serves as a proof of concept for an efficient
numerical evaluation of the mechanical response of a large molecule. This
method facilitates the automation of the multiscale procedure for a high-
throughput computational analysis of multiple proteins subject to stretching
and torsional forces. If the atomistic structure of such a molecule is known,
we may disregard the domains less relevant to the torsional stiffness and
focus on the softest areas from the perspective of the torsional rigidity, aided
by the FFEA method. Bulky domains within the molecule that consist of
many atoms and are likely to be relatively rigid, do not need to be taken
into account. This is a considerable advantage for the atomistic molecular
dynamics simulation that is subsequently used to investigate the torsional
properties of the relevant domain in more detail.
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5.A The elastic stress

The elastic energy of the molecule is based on a Mooney-Rivlin hyperelastic
model for the stress [210], with an adaptation proposed by Gent [211], in
order to introduce a maximum deformation for the structure. The strain
energy density function W is as follows:

W =− G
2
(Im− 3) ln

�

1−
I1− 3
Im− 3

�

+
3K − 2G

12

�

J 2− 1
�

− 3K + 4G
6

ln J ,
(5.4)
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with G and K the shear and bulk moduli, respectively, and I1 and J two
invariants of the deformation gradient tensor FFF :

I1 =Tr
�

FFF FFF T � ; (5.5)
J = Det (FFF ) =V /V0, (5.6)

with V and V0 the instantaneous and initial volumes, respectively. Im is the
maximum value for I1 for the structure. In our analysis, in order to strongly
limit the deformations and to emphasise the stressed regions, we set Im = 3.1.
FFF describes the deformation for a mapping of a position XXX to a new position
xxx: XXX 7→ xxx(XXX ):

Fi j =
∂ xi

∂ X j

. (5.7)

The elastic stress tensor is derived from the strain energy density function as
follows:

σσσ e =
1
J
∂W
∂ FFF

FFF T , (5.8)

which results in:

σσσ e =
G
J

Im− 3
Im− I1

FFF FFF T +
�

3K − 2G
6J

�

J 2− 1
�

− G
J

�

III , (5.9)

with III the identity matrix.

5.B Calculating the twist
The twist of a ribbon indicates the amount of (right-handed) winding of
the ribbon around itself, along the central axis. We can define a ribbon by
considering the central axis C1 and the boundary C2, see Fig. 5.8.

We indicate the unit tangent to the central axis ttt (s) and the normal unit
vector nnn(s) perpendicular to ttt , pointing fromC1 toC2. They share a common
arc length parameter s . The twist Tw of the ribbon can be calculated as [218],

Tw =
1

2π

∫

C1

(ttt ×nnn) · dnnn
ds

ds . (5.10)

In order to calculate the twist contained in the linker region (see Fig. 5.4), we
first need to transform this region to a ribbon representation. We consider
only the backbones (consisting of carbon and nitrogen atoms) from the lowest
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ttt

nnn

C2C1

Fig. 5.8 – A ribbon with central axis curve C1 and boundary curve C2. The unit
tangent to the central axis ttt and the unit normal vector nnn pointing from
C1 to C2 are indicated. This particular ribbon contains a twist Tw = 1.

disulfide bond up to the top. These are the atoms corresponding to the green
ribbons in Fig. 5.6e. Taking into account the dangling ends at the bottom of
the two chains in the twist calculation would result in overestimations of the
intrinsic twist of the protein, since these are hindered less by the two-chain
structure. As the two chains are structurally identical, it is prudent to connect
the corresponding atoms in order to form a ribbon. We define the central
axis AAAi as the average positions of the connected atoms in each chain,

AAAi =
rrr 1,i + rrr 2,i

2
, (5.11)

where rrr j ,i denotes the position of the i -th atom in chain j . The discrete
ribbon is now defined by the central axis AAAi and the boundary BBB i ≡ rrr 1,i , see
Fig. 5.9.

BBB i

BBB i+1

AAAi

AAAi+1

Fig. 5.9 – A discrete ribbon with central axis positions AAAi and boundary positions
BBB i .

We calculate the twist Tw of the discrete ribbon as

Tw =
1

2π

n−1
∑

i=1

αi arccos (vvv i ·www i ) , (5.12)
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where

αi = sgn
�

AAAiAAAi+1 · (vvv i ×www i )
�

; (5.13)

vvv i =
BBB iAAAi ×BBB iAAAi+1

||BBB iAAAi ×BBB iAAAi+1||
; (5.14)

www i =
BBB i+1AAAi ×BBB i+1AAAi+1

||BBB i+1AAAi ×BBB i+1AAAi+1||
, (5.15)

and AAAiAAAi+1 indicating the segment from position AAAi to AAAi+1 [218]. The factor
αi accounts for the direction of the twist, i.e., whether the respective segments
cause a positive or negative contribution to the total twist.

Considering the writhe
In our analysis of the rotation of the molecule we also considered using the
writhe of the structure. In order to calculate the writhe, we construct a
closed loop consisting of the two backbones of the chains, the lowest disulfide
bond connecting the two chains and an artificial connection between the top
two residues. The writhe is a quantity of a closed loop, which means that
it is independent of any external reference axis or orientation. However, it
turns out that the writhe is rather sensitive to fluctuations in the positions of
the atoms. This results in uncertainties and inaccuracies in determining the
rotation of the molecule and we therefore deem it unsuitable for our analysis.
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Chapter 6
Conclusions and outlook

In this dissertation, titled ‘Multiscale Studies on the Redistribution andMechanical
Properties of Materials’, we investigate two examples of applications that have
different time and length scales inherently associated with them. Part I treats the
evaporation of a water droplet on a thin polymeric film and how the water affects
the redistribution of material that originates from the film. Part II discusses our
work on the investigation of the mechanical properties of large molecules such
as proteins, in a numerical combined force-torque spectroscopy analysis. In this
Chapter, we summarise our main findings and the conclusions related to our work.
We provide indications on what subjects remain unaddressed and give suggestions
for future investigations related to the work discussed in this dissertation.



6.1 Part I – Evaporating droplet on a thin film
In Chapter 2, we put forward a macroscopic model for the evaporation of
a sessile droplet on a flat surface. Since evaporation is a complex interplay
between physical processes such as phase change, diffusion and advection, we
attempt to strongly reduce the complexity of the problem by considering a
simple model that includes only three ingredients: (1) a free-energy-based
relaxation of the droplet shape, (2) diffusive evaporation and (3) pinning
of the contact line governed by a threshold pinning force. We conclude in
Chapter 2 that:

? Within our model description, the time it takes for a droplet to evaporate
(its lifetime) turns out to depend on only five parameters: the initial and
equilibrium contact angles, the characteristic time scales associated with
shape relaxation and evaporation, and the magnitude of the contact line
pinning force.

? The ratio between the two characteristic time scales describes the compe-
tition between shape relaxation and evaporation, which has a significant
effect on the droplets’ lifetime.

? In the limit of slow relaxation (or fast evaporation), the total evaporation
time of a droplet strongly depends on the initial contact angle, whereas for
fast relaxation, the lifetime is virtually unaffected by the value of the initial
contact angle.

? The magnitude of the pinning force has an impact on the lifetime of an
evaporating droplet, since the shape relaxation of a droplet towards its
equilibrium shape becomes (partly) suppressed.

In Chapter 3 we extend this model and include the presence of a thin
polymeric film that contains low-molecular-weight compounds that may leach
into the droplet. Since the droplet is much larger than the thickness of the
film, we regard vertical diffusion to be the dominant transport mechanism
for the mobile compounds. We consider compound mixing in the droplet
to occur instantaneously (i.e., fast relative to the diffusion process). As the
droplet evaporates, the compounds are deposited back into the film and on
top of it. From Chapter 3 we conclude that:

? For one species of compound, which originates entirely from the thin
film, we find two power law regimes for the size of the deposition area
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as a function of the initial droplet size. In the fast-evaporation limit, the
deposit size scales with the initial droplet size to a power 4/3, whereas for
fast diffusion, this exponent is 2/3.

? The topology of the resulting deposit on top of the film strongly depends
on the strength of the contact line pinning onto the precipitate. If the
pinning is stronger, more material ends up near the contact line and less of
it is deposited in the interior of the deposit stain. This results in a strongly
pronounced edge, and a linearly decreasing profile towards the centre of
the stain.

? During the deposition of thematerial, a fraction of the dissolved compounds
diffuses back into the thin film. This amount exhibits a maximum, of which
the magnitude and position are strongly dependent on the deposit size and,
therefore, on the initial concentration of compounds in the film.

? If dissolved compounds are already present inside the droplet from the
start, a third power law regime arises. As the initial concentration in the
drop increases, the deposit size becomes linearly proportional to the initial
droplet size.

? During the evaporation, the droplet affects the compound distribution in
the film. The film becomes partially depleted of compounds, which are
redeposited in the centre at late times in the evaporation process. This
results in an increasing loss of contrast in the patterning of the film towards
the centre of the stain. In the deposition area, the pattern becomes fully
blocked from reaching the surface.

? Depending on the compound diffusivity and droplet evaporation time, this
effect may or may not remain superficial. This implies that for modest
values of the diffusivity, or relatively fast evaporation, not all of the film
is affected by the droplet and the original pattern may be recovered by
removing a fraction of the film from the top.

In Chapter 4 we study the case where the material that is released into
the droplet does not originate from the inside of the film, but rather is due to
the dissociation of surface charge groups at the surface of the polymer film.
The fact that the compounds are electrically charged adds to the complexity
of the problem as the charge separation causes an electrical potential. We
investigate this process in a simplified one-dimensional geometry, where we
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take into account the surface dissociation chemistry and the diffusion of ions
due to gradients in concentration and the resulting electrical potential. From
Chapter 4 we conclude that:

? An increasing water film thickness and increasing ionic strength both
promote the surface dissociation.

? For high ionic strengths, we find a simple expression for the dissociated
fraction as a function of the surface group density, the dissociation reaction
constant and the thickness of the water film.

? The dependence of the charge dissociation on the ionic strength is weaker
for thinner water films, due to finite size effects.

? The diffusivity of the mobile dissociated ions dominates the diffusion-
reaction competition. The diffusivities of the background are of lesser
importance for the dissociation dynamics.

? If the water film is moved onto a fresh, non-dissociated surface, the dissoci-
ation becomes increasingly suppressed as the water acquires more mobile
ions after every surface refresh. For higher velocities, the liquid accumulates
less charge.

This concludes our summary of the main results of Part I. In the following,
we suggest a few options for extensions of this research.

6.1.1 Outlook

Convection in the droplet
In our investigations, we do not explicitly regard the flows inside the water
droplet. During the droplet evaporation, internal flows arise due to inho-
mogeneous evaporation or gradients in surface tension [30, 32, 36–42]. Due
to the droplet being much larger than the thickness of the film we disregard
the convection and treat the droplet macroscopically. As is known from the
literature, however, the internal flows may strongly affect the distribution of
deposited material [15, 18, 25, 38, 40, 44–46]. Including convection in our
calculations provides a more elaborate evaluation of the distribution of the
material during the droplet evaporation.
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Water invasion and lateral material transport
As a droplet evaporates on top of a thin film, the watermay invade the polymer
material. In the case of a photoresist film, this changes its reactivity [7]. As
the water content in a material may affect the diffusivity of the compounds in
it [220], investigating the distribution of water is likely to be of importance.
The diffusion of the material inside the film becomes dependent on the water
content, and by extension on the position in the film. In addition, we only
consider vertical diffusion in our model as a compound transport mechanism.
Presumably, the lateral transport of material further affects the concentration
profile in the film. The diffusion of material need not be isotropic, as it may
be affected by the material dimensions and internal structure. In the most
general case, combining these effects, we need to study a position-dependent,
anisotropic diffusion process within the photoresist film.

Moving droplets
As we discussed in Chapter 4, moving a droplet over a surface may induce
electrical charging of the surface and the droplet [50–54, 180, 181]. However,
by considering a one-dimensional geometry we disregard the shape of the
droplet (which assumes a spherical cap shape), as well as the effect of the
contact line. Moving the droplet over a surface presumably leads to the
bulldozing of the material due to the sliding of the droplet’s contact line,
which takes along the compounds. As a result, the material distributions
inside the droplet are affected by the droplet’s motion. Ideally, we model the
motion of a spherical cap-shaped droplet over a surface and incorporate the
influence of the contact line.

6.2 Part II – Mechanical properties of proteins
In Chapter 5 we investigate the mechanical properties of an antibody protein
bymeans of multiscale molecular simulation. We perform torsion simulations
on the molecule using a mesoscale continuum model, and identify the most
deformed domain in the protein. We subsequently isolate this domain and
subject it to external torsional and stretching forces in an atomistic simulation.
From Chapter 5 we conclude that:

? The thin linker domain between the three branches of the antibodymolecule
deforms the most during torsion.

? The linker region exhibits torsion stiffening behaviour, which is in agree-
ment with experimental findings. For stronger rotations, the exerted torque
flattens off and the torsional resistance remains approximately constant.
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? As we increase the stretching force exerted on the molecule, we find that
the structure stiffens and that features and asymmetries arise in the shape
of the torsion profile, which indicates that the structural details of the
molecule may be crucial for its mechanical response.

? Combining the torsion profiles for different stretching forces effectively
results in a combined force-torque spectroscopy analysis of the molecule
and we argue that this may be used as a characterisation method for the
examined structure.

? This method facilitates the automation of the multiscale procedure for a
high-throughput computational analysis of multiple proteins subject to
stretching and torsional forces.

In the following, we suggest a few options for extensions of this research.

6.2.1 Outlook
Multiple domains
For the molecule of interest in our study, the antibody protein, it turns out
that the thin linker is clearly the most deformed. In other proteins, with a dif-
ferent overall shape, the distinction may not be so clear and multiple domains
may need to be investigated microscopically. In particular, combining the
mechanical profiles of the separate regions into a single mechanical signature
for the molecule as a whole, in order to connect to experimental force-torque
spectroscopy data, may turn out to be complicated.

Hybrid simulation method
In this research, we investigate the molecule on different length scales, in order
to be able to identify and isolate the region of interest from a mechanical
perspective. We omit the rest of the molecule in the atomistic simulations.
One could conceive a hybrid simulation that deems the manual separation
unnecessary, and in fact is able to simulate the molecule on different levels
of detail in a single simulation. We may treat the bulky, globular parts of
the molecule as a continuum material, disregarding their internal structure,
and investigate the structurally relevant domains on an atomistic level. In
doing so, we optimally distribute our computational efforts over the different
parts of the molecule. A challenge in such a hybrid method is to attach the
continuum domains to the atomistic domains, in terms of the parametrisation
of the potential energies related to the bonds that connect the two types of
structures.
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Summary

Multiscale Studies on the Redistribution
and Mechanical Properties of Materials
For the modelling of physical phenomena one commonly needs to deal with
a broad range of length and time scales, which are often intertwined. If the
difference between the relevant scales is large, it is prudent to take a multiscale
approach in order to investigate the problem at hand. In this dissertation,
we examine two examples of applications that have different length and time
scales inherently associated with them.

Firstly, in the semiconductor industry, photolithographic methods are em-
ployed to create patterns for integrated circuits on wafers coated with thin
photosensitive polymer films. Often, water immersion is used to increase
the resolution of the process. However, droplets may be left behind and, as
they evaporate, cause disruptions of the structures, the so-called watermark
defects. These droplets are generally tens to hundreds of micrometres in size,
while the polymer film is only approximately a hundred nanometres thin.

We therefore propose a macroscopic model for the dynamics of an evapo-
rating droplet, hinged on a surface free-energy-based relaxation dynamics of
the droplet shape, a diffusive evaporation model and a contact line pinning
mechanism governed by a yield stress. Our model reproduces the known
droplet dynamics, and we show that the lifetime of a droplet is strongly
affected by the competition between the shape relaxation and evaporation,
and whether or not contact line pinning occurs.

We combine our macroscopic model with a description for the redistribu-
tion of soluble compounds in the thin polymer film due to the presence of
an evaporating droplet. We presume diffusion along the surface normal to be
the dominant transport mechanism and associate the deposition of material
and the resulting contact line pinning with the precipitation of a fraction
of the dissolved material. We find three power law regimes for the size of
the area in which the deposition occurs as a function of the initial droplet
size. These regimes are dictated by the competition between evaporation,
diffusion and the initial compound concentrations in the droplet and the



film. The resulting deposit profile is characterised by a pronounced edge and
a linearly decaying profile towards the centre of the stain. Our predictions
for the concentration profile inside the thin film resemble patterns found
experimentally, and we find that the designed structures in the thin film may
be recovered if the droplet evaporation occurs sufficiently fast.

If a droplet evaporates on top of a polymer film, it not only redistributes
material in the bulk of the film. Experimental work indicates that charged
groups also dissociate from the surface of the film and are taken up by the
droplet. The resulting charge separation changes the effective diffusion of the
charges in the liquid. We model this coupled physical problem in a simplified
one-dimensional geometry. We describe the surface charge dissociation with a
Langmuir dissociation model. The dissociated charges give rise to an electric
potential, which in turn affects the diffusion of the charges in the liquid.
We learn that the surface dissociation is suppressed as the droplet becomes
charged and that the dissociation dynamics is not only affected by the surface
chemistry, but also by quantities such as the ion diffusivity in the fluid, the
thickness of the water film and the ionic strength of the solution.

Our second example of a multiscale approach is the numerical mechanical
study of large molecules, such as an immunoglobulin G protein, an antibody
that occurs in the mammalian immune system and that may be employed
in medical sensing applications such as immunosensors. Since performing
a complete full-atom numerical investigation of these large molecules is cur-
rently not feasible, we propose a multiscale modelling method to relate the
intrinsic structure of the molecule to its mechanical properties.

First, we identify in the molecule the region of interest from a mechanical
point of view by using a method known as Fluctuating Finite Element Anal-
ysis. We investigate its viscoelastic response to externally applied torques and
find the domain with the highest internal stresses. Subsequently, we analyse
this domain in full-atom molecular dynamics simulations and subject it to
external torques and stretching forces. From the twist of the molecule as
a function of the exerted torque for various stretching forces we find that
it exhibits torsion stiffening, which is also found in experiments. As we
increase the stretching force, we find that asymmetric features arise in the
torsion profile. This indicates that the structure of a molecule is crucial for
its mechanical response. Combining torsion profiles for different stretching
forces results in a combined force-torque spectroscopy analysis, and we argue
that this may be used as a structural characterisation tool for molecules.
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Multischaalstudies naar de Herverdeling
en Mechanische Eigenschappen van Materialen
Bij het modelleren van fysische problemen komen we regelmatig een breed
scala aan lengte- en tijdschalen tegen. Wanneer het verschil tussen de relevante
schalen groot is, is het zinvol om een ‘multischaalaanpak’ te hanteren bij het
onderzoeken van een probleem. In dit proefschrift bekijken we twee voor-
beelden van toepassingen die inherent te maken hebben met verschillende
lengte- en tijdschalen.

Ten eerste: in de halfgeleiderindustrie worden fotolithografische technieken
ingezet om patronen te schrijven voor geïntegreerde schakelingen op compu-
terchips. Het schrijven gebeurt op platte schijven die bekleed zijn met een
dunne lichtgevoelige polymeerlaag. Vaak wordt daarbij water gebruikt, dat
door zijn lichtbrekingseigenschappen een positief effect heeft op de resolutie.
Echter, druppels kunnen achterblijven en, wanneer ze verdampen, verstorin-
gen van de geschreven patronen veroorzaken: de zogehetenwatermerkdefecten.
Deze druppels zijn typisch tientallen tot honderden micrometers groot, ter-
wijl de polymeerlaag maar ongeveer honderd nanometer dun is.

Om deze reden zetten we een macroscopisch model op voor een verdam-
pende druppel, met drie ingrediënten: (1) de relaxatiedynamica van de vorm
van de druppel, gebaseerd op de totale grensvlak-vrije energie, (2) een diffusief
verdampingsmodel en (3) het vastpinnen van de contactlijn. Ons model geeft
de bekende druppeldynamica weer, en we laten zien dat de levensduur van
een verdampende druppel sterk beïnvloed wordt door de competitie tussen
de vormrelaxatie en verdamping, en of de contactlijn blijft steken of niet.

We combineren dit macroscopische model met een beschrijving voor de
herverdeling van oplosbare componenten in de dunne polymeerlaag door
de aanwezigheid van een verdampende druppel. We nemen aan dat verticale
diffusie het belangrijkst is voor het materiaaltransport en koppelen de de-
positie van materiaal (met het blijven steken van de contactlijn tot gevolg)
aan het neerslaan van een deel van het opgeloste materiaal. We vinden drie
machtsverbanden tussen de grootte van het depositiegebied en de grootte



van de oorspronkelijke druppel. Deze verbanden worden bepaald door de
competitie tussen verdamping, diffusie en de beginconcentraties van stoffen
in de druppel en de dunne laag. Het gedeponeerde materiaal heeft typisch een
duidelijke rand en een lineair afnemend profiel richting het midden van de
vlek. Onze voorspellingen voor het concentratieprofiel binnen in de dunne
laag lijken sterk op experimenteel gevonden profielen. We constateren dat we
de patronen (die in de dunne laag geschreven zijn in het lithografisch proces)
kunnen terugvinden, mits de verdamping van de druppel voldoende snel
gebeurt.

Wanneer een druppel verdampt bovenop een polymeerlaag, zal deze niet
alleen het materiaal binnen in de laag herverdelen. Experimenten duiden aan
dat elektrisch geladen groepen aan het oppervlak van de laag gedissocieerd
raken, en opgenomen worden door de druppel. De resulterende scheiding van
ladingen verandert de effectieve diffusie van de ladingen in de vloeistof. We
modelleren dit gekoppelde fysische probleem in een versimpelde eendimensio-
nale geometrie. We beschrijven het losraken van de oppervlakteladingen met
een Langmuir-dissociatiemodel. De losgeraakte ladingen veroorzaken een
elektrische potentiaal, die vervolgens weer invloed heeft op de diffusie van de
ladingen. We leren dat de oppervlaktedissociatie onderdrukt wordt doordat
de druppel elektrisch geladen raakt, en dat de dissociatiedynamica niet alleen
beïnvloed wordt door de oppervlaktechemie, maar ook door grootheden
zoals de diffusiviteit van de ionen, de hoogte van de waterlaag en de ionische
sterkte van de oplossing.

Ons tweede voorbeeld van een multischaalaanpak is de numerieke mecha-
nische analyse van grote moleculen, zoals het eiwit immunoglobuline G,
een antilichaam dat voorkomt in het immuunsysteem van zoogdieren en dat
ingezet zou kunnen worden in medische toepassingen zoals immunosensoren.
Gezien het uitvoeren van een numeriek onderzoek op atomair niveau van
dergelijke grote moleculen momenteel computationeel niet haalbaar is, stellen
we een multischaal model voor om de interne structuur van het molecuul te
koppelen aan zijn mechanische eigenschappen.

Eerst identificeren we in het molecuul het mechanisch relevante gebied
met een methode genaamd Fluctuating Finite Element Analysis (Fluctuerende
Eindige-elementenanalyse). We onderzoeken de visco-elastische respons van
het molecuul op een extern aangebrachte draaikracht en vinden het domein
met de hoogste interne spanning. Vervolgens analyseren we dit domein op
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atomair niveau met behulp van moleculaire dynamicasimulaties en oefenen
we er externe draai- en rekkrachten op uit. Uit de draaiing van het molecuul
als functie van de draaikracht vinden we dat draaiverstijving optreedt; iets dat
ook reeds gevonden is in experimenten. Als we de rekkracht vergroten zien
we asymmetrische kenmerken ontstaan in het berekende draaiprofiel. Dit
geeft aan dat de structuur van een molecuul cruciaal is voor zijn mechanische
respons. Als we de draaiprofielen voor de verschillende rekkrachten combi-
neren, krijgen we een effectieve rek-draairespons, die mogelijk gebruikt kan
worden als een structuurkarakterisatie voor moleculen.
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