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Foreword 

In this thesis I shall present eight papers, which have been written in the period November 1990 through September 
1995 ofmy PhD research, financially supported by Eindhoven University ofTechnology (November 1, 1990 through 
September 30, 1991) and The Netherlands Organization for Scientilk Research (NWO) (October 1, 1991 through 
September 30, 1995). 

• M. van Eupen&. J.H. van Lint, On the Minimum JJistance of Ternary Ogelic Codes 

• M. van Eupen, Five New Optimal Ternary Linear Codes 

• M. van Eupen & R. Hili, An Optima/ Ternary {69,5,45] Code and Related Codes 

• A.E. Brouwer & M. van Eupen, The Correspondence between Projective Codes and ~ Weighi Codes 

• M. van Eupen, A Geometrica/ Constroction of the Ternary {69,5,,/5] Code 

• M. van Eupen, Four Non-Existence Results /or Ternary Linear Codes 

• M. van Eupen, Same New lksttlts for Ternary Linear Codes of Dimension 5 and 6 

• M. van Eupen & P. Lisonëk, Classification of some Optima/ Ternary Linear Codes of Small Lerigth 

All papers have been accepted for publication, except for the paper A Geometrical Constroction of the Ternary 
{69,5,45} Code, which bas never been submitted. In the pa.per On the Minimum Distance of Ternary Cyclic Codes, 
I basically worked out the ideas gîven to me by prof.dr. J.H. van Lint. The paper An Optima/ Ternary {69,5,,/5] 
Code and Related Codes can be considered as the product of fruitful collaboration with prof. R. Hili. In the paper 
The Correspondence between Projective Codes and 2- Weight Codes, prof.dr. A.E. Brouwer wrote Section l through 
6, while the last section was written by me. In the paper Classification of some Optimal Ternary Linear Codes of 
Small Length, P. Lisonëk did the oomputational part, wrote Section 6 and produced the tables. 

Special thanks go to prof.dr. A.E. Brouwer, who was my supervisor for the main part of my PhD research. 
would also like to thank prof.dr. J.H. van Lint and prof. R. Hili for their supervising in the first part of my PhD 
research. 
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Chapter 1 

1. Introduction 

Consider the following problem. Data bas to be communicated tbrough sp.aee or time, say from A to B. Suppose 
tbat the data consists of words from a set W. Also suppose that all words in W consist of n letters from an alpbabet 
of size s. During the transmission from A to B a letter in sucb a word can accidentally change into anotber letter 
witb low probability ( where the probability of an error in one letter is independent of the probability of an error in 
all other letters). The problem is how to construct the set W of words such that the data in A is very lîkely to be 
completely recovered in B and sucb tba.t W is not too small in size. 

This problem and many other related problems have been widely studied, starting in 1948 witb Shannon's pa
per [l]. The problem arises for example in satellite communication and in storage of data. If the set W of words 
satisfies the condition stated in the problem sa.tisfactorily, then W is called an error-cqrrecting code. The problem of 
flnding good error-correcting codes is one of the main problems of what is called coding fheqry. Man:y results in this 
area can be found in [2]. 

Let the distance between two words (:r1,x" ... ,xn) and (y1,Y2, ... ,yn) be defined as the number of i for wbich 
x; dilfers from y;. Tben it is not difficult to see that if the words in W have a large distance to each other, then 
W is capable of correcting many errors. Indeed, if the distance between two words in W is never less than d and 
no more then !(d - 1) errors are made during the transmission, then the data can be completely recovered in B by 
choosing the word in W that is closest to the received word to be the word that bas probably been sent in A, The 
smallest distance between two words in W is called the minimum dista11ce of the code W. Given integers n, s and 
d, the original problem now in fa.et boils down to the problem of finding the largest set W of words of n letters from 
an alphabet of size s, such that the minimum distance of W is a.t least d. 

Much work bas been done on tbis problem in the case that s 2. In tbis case the code is called binary. Much less 
work ha.s been done in the case that s = 3 (in wbkh case the code is called ternary). Many new results concerning 
ternary error-correcting codes can be found in this thesis. 

One way to approach the problem is to take for W a specific subspace of GF(q)", where GF(q) denotes the field 
of q elements (and so s = q bas to be assumed to be a prime power). In tbis case W is called a q-ary /inear cqde. 
Althougb a nonlinear code can be better than the best linear code (given n, q and d), the loss by looking for linear 
codes only is commonly assumed not to be too much. Furtbermore, the coding and decoding process for linear codes is 
in genera! mucb less complicated than for nonlinear codes and hence linear codes are more likely to be used in practice. 

A q-ary lînear code with length n, dimension k and minimum distance dis called an [n, k, d], code (the subscript 
q is sometimes omitted if the size of the alphabet is clear). As we have seen, a higher minimum distance gives 
rise to a higher error-correeting capability of the code. Therefore, one of the problems in coding theory is to find 
a linear code with the highest possihle minimum distance, given n, Ic and q. This highest possible minimum dis
tance is usually denoted by d9(n,k). An [n,k,d9(n,k)] 9 code is usually called qptimal. Sometimes, the problem 
is stated in a sliglttly different way, by giving the values of k, d and q and asking for the smallest n for which an 
[n, 1:, d], code exists. In that case the smallest nis denoted by n.(k, d) and an [n9(k, d), Ic, d], code is called optima!. 
Although the first problem is more or less equivalent to the second one, the notion of optimality is certainly not 
the same in both cases, We shall try to avoid confusion by stating explicitly what we mean by optimalîty if necessary. 



This thesis contains several papers that give rise to improvements of the table for d3 ( n, k) and n3(k, d). The deter
mination of (for example) ds(n, k) consists of two tasks. Firstly, an [n, k, d] code has to be found with d equal to the 
conjectured value of da(n,k). Secondly, it has to be proved that an [n,k,d+ 1) code does not exist. (And then we 
know that indeed d = d3(n, k).) In many cases it is very difficult to find the exact value of d3(n, k) and we can only 
give a lower and upper bound for it. A problem that is very much related to the original problem is then to find 
improvements to the lower and upper bound. 

In the first paper On the minimt1m distance of ternary cyc/ic codes we go into the problem of lower bounding 
the minimum distanre of ternary cyelic codes. The next two papers Five new optima/ ternary linear codes and An 
optima/ ternar'!J (69, 5, 45] code and related codes give ad hoc constructions of new optima! ternary linear codes. The 
Jatter also gives a non-exîstence proof. In The correspondence between projective codes a.nd !!-weight codes also some 
codes improving on the upper bound for n3(6, d) arise. This paper also gives an interesting relation between ternary 
[69,5,45] codes and ternary [16,5,9] codes. The uniqueness of codes with these parameters is proved in the fil\h paper 
A geometrica/ constrnction of the ternary [69, 5, 45] code. More non-existence results can be found in the sixth and 
seventh Four non-existence resu/ts for ternary linear codes and Some new results for ternary /inear codes of 
dimension and 6. The seventh paper also presents new ternary linear codes încluding one new projective 2-weight 
code. The eigth and last paper Classification of some optima/ ternary linear codes of small /ength goes înto the 
problem of classifying optimal lînear codes. 

II. Key Ideas 

In the introdnction we defined an [n, k, d], code Cas a linear subspace of dîmension 1.: in GF(qjH with the property 
that every two different vectors in C are at distanee at least d. The vectors in C are called codewords. The number of 
nonzero entries in a codeword c is called the weight of c. Obviously, the distance of two codewords c1 and c2 is equal 
to the weight of c1 c 2. Since c1 - c2 is in the subspace C, the minimum distance of a linear code is equa.l to the 
least nonzero wei,ght in C. If c would be the vector (z1, z2, ... , :>:n), then the weight of c modulo the characteristic 
pof GF(q) can be written as zr1 + x;- 1 + · · · + z~- 1 . If q = 2, then the weight modulo 2 is a linear form. If C 
is complete!y in the kernel of this linear form, then C is an even-weight code. If C is not comp!etely in the kernel, 
then half of the codewords of C have even weigbt and it is easy to see that C can be extended to an even-weight 
[n + 1, k, d + 1]2 code. For q 3, the weight of a codeword modulo 3 is a quadratic form. Let Qc be the quad.ratic 
form zî + z~ + · · · + z; restricted to C. lf the radical of Qc is the code C itself (Qc is comp!etely degenerate), then 
all weights in C are divisible by 3 and C is called a self-orlhogonal code. If the dimension of the radica.1 of Qc is 
less than k, then we can still say something about the number of codewords of weigbt i mod 3 in C (i = 0, l, 2). lf 
we know the dimension of the radica.l and the type of Qc, then we can even compute the nnmber of codewords of 
weight i mod 3 exactly (since we can count the number of so!utions of Qc(x) = i). On the other hand, if we know 
the weight enumerator of C (tb at is, the number of codewords of weight w for all w ), then we can find the dimension 
of the radical and the type of Qc. Using tbis observation, we can formulate extension theorems for ternary linear 
codes (see Cba.pter 8). From these extension theorems we can derive existence results and non-existence resu!ts for 
ternary linear codes, as can be seen in Chapter 8. The observation can also be useful in dassifying ternary linear 
codes, as can be seen in Chapter 9. 

If we choose a basis of an [n, Ir., d], code C and write the basis vectors as rows of a k x n matrix G, then this 
matrix Gis called a generator matridor C. The columns of G natura.lly correspond to points in PG(l.:-1,q). Since 
permutation of the columns of G and multiplication of a column by a nonzero sca.lar does not affect the minimum 
distanee of C, we can as well define an [n,k,d]q code as a multiset Sof size n in PG(I.:- l,q) with the property 
tbat every hyperplane intersects the multiset in at most n - d points. (A multi-set, since a column of G can occur 
repeatedly and its multiplicity matters). In this way, the problem of finding n.(k, d) can be formu!ated as the problem 
of finding the smallest multiset in PG(k 1,q) such that every hyperplane intersects in at most :n - d points. In 
this terminology, codewords in C correspond to hyperplanes in PG(k- l,q). For example, the residual code with 
respect to a codeword c in C is in fact the intersection of S with the hyperplane corresponding to c. The shortened 
code with respect to a certain column in G is the projection of S from the point corresponding to that column onto 
a hyperplane not containing the point. These observations (and others) can be useful in constructing and classifying 
codes, as can be seen in Chapter 6. If S is projective ( that is, the multiplicity of a point is 0 or 1 ), then it is sometimes 
useful to look at the complement of S in PG( k- l, q ). For example, if k 3, then we are in the projective plane and 
the complement of a projective code S is a multiple blocking set if S does not eontain a line. Classification results 
for multiple blocking sets then lead to classification results for linear codes of dimension 3, as can be seen in Chapter 
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9. Starting from a code S1 in PG(k - l,q), we can make a code S2 in the dual space of PG(k l,q) by taking a 
point in the dual space (a hyperplane H) with multiplidty L(w), where wis the weîgbt of H (that is, the weight of 
the corresponding codeword) and L is a linear function from the nonnegative integers to the nonnegative integers. 
In this way we find a correspondence between projective codes and two-weigkt codes ( that is, codes with only two 
nonzero weights), as can be seen in Chapter 5. 

These ideas and others have led to many results on ternary linear codes of dimension 5 and 6 (see Chapter 3, 
4, 5, 6 and 8). The value of n3 (5, d) is now known for all d. 

In Chapter 7 we look at codes with small length and relatively high dimension. The idea is then that we can 
look at the coset gmph of a code C ( that is, the graph with the cosets of C as points where two points are conneeted 
if the cosets are at distance one) to prove non-existence of a code having C as a shortened code with respect to a 
linearly dependent set of columns of the generator matrix. Using this idea, we completely determine d3 (n, k) for 
n::; 21 and all k. 

A cyclic code of length n over GF(q) is a code with an automorphism of order n. So we can view a cydic code 
as an ideal in GF(q)[x]/(>:" 1). A cydic code is then completely determined by the set of zeroes R of its generator 
g( x ). Ma.ny cyclic codes turn out to be optima!. For large length and dimensîon, however, it is usually not doable to 
find the minimum distance by computing the weights of all codewords. So we need to develop methods to find good 
lower bounds for the minimum dista.nce, looking at the defining set R only. In Chapter 2 we focUJ3 on this problem in 
the case q 3. Since this deals with the determination of na(k, d) in a much more global sense, we start offwîth this 
problem. After the prevîously described chapters, we end up in Chapter 9 wîth the very specific problem of finding 
a classîfication of all ternary linear codes with a given parameter set. 

REFERENCES 

[1] C.E. Shannon, "A ma.thema.tical theory of communica.tion," Bel/. Syst. Tech. J. 27, pp. 379-423 and pp. 623-656, 
1948. 

[2] F .J. Ma.cWilliarns &. N .J .A. Sloane, The theo'l'1f of error-correcling codes, Amsterdam: North-Holland, 1977. 
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Chapter 2 

On the Minimum Distance of Ternary Cyclic Codes 

M. van Eupen & J.H. van Lint 

IEEE Transactions on Information Theory, March 1993 

Abstract-There are many ways to find lower 
bounds for the minimum distance of a cycllc code, 
based on investigation of the defining set. Some 
new theorems are derived and we apply these 
and earlier techniques to find lower bounds for 
the minimum distance of ternary cyclic codes. 
Furtbermore by computer the exact minimum 
distance of ternary cyclic codes of length less 
than 40 is computed. A table is given containing 
all ternary cyclic codes of length less than 40 and 
having a minimum distance exceeding the BCH 
bound. lt seems that almost all lower bounds 
are equal to the minimum distance. Especially 
shifting, which is also done by computer, seems 
to be very powerful. For length 40 $ n $ 50 only 
lower bounds are computed. In many cases, how
ever, we are able to derive theoretically that these 
lower bounds are equal to the minimum distance. 

l. INTRODUCTION 

A CYCLIC CODEC of length n over the alphabet GF(q) 
(gcd(n,q) = 1) can be characterized as an ideal in the 
ring GF(q)[x]/(:rn 1) with generator g(x) (say), which 
is a divisor of xn 1. A codeword of C will be writ
ten either as c(x) E GF(q)[x]/(x" - 1) or as the vector 
c of length n having as i-th entry the coef!icient of x' 
in c(x). lf a is a primitive n-th root of unity in some 
extension field of GF(q), then all zeros of x• - l can 
be written as ai (0 $ j $ n 1). If g(z) is not con
stant, then g(x) has some zero ai• since g(x) divides 

4 

"n -1. But because g(x) is a polynornialover GF(q), it 
also has agi•,af'i•, ... as its zeros (we will say: m;0 (x) 
divides g(x), where m;.(x) is the minimal polynomial 
of ai•, i.e. the monic polynomial that only bas ze
ros a:Î0 , o9io, o;f")io 1 ,. ,). So we can cbaracterize g(z) 
(and also C) by the set G := {jolm;0 (z) divides g(x)} 
(here we use that gcd(n, q) = 1, and so every zero 
of xn - 1 (and so every zero of g(x)) has multîplic· 
ity one). Mostly we wil! characterize C by its defining 
set R := {ilai is a zero of g( z)} (and sometimes by R, 
which is the set of integers rnodulo n tbat are not in 
R). We define the check polynomial h1(z) as the re
ciprocal polynomial of h(z) := (:rn l)/g(x) (h1(x) is 
the generator polynomial of the dual code). Of course 
every c("') E C bas zeros ai, j E R, and tbis is the 
same as saying: c has inner product zero with the vector 
( l ai a 2i . . . a!•-l)j ). Soa parity checl: matrix 
of Cis 

where R = {j1,h,". ,j,} is the defining set of C (we do 
not require that a parity clteck matrix has independent 
rows). For purposes that wil! become dear soon, we wil! 
define, for l C {0, 1, .. , n- !}, M(R)I as the submatrix 
of M(R) consisting of the i-th columns of M(R), where 
i E I. One can see immediately that if R contains a 
consecutive set oflength s, then M(R)r contains a Van
dermonde s x s submatrix and so rank(M(R)I) = s, 
whenever III = s. So if we define for every codeword 
c E C its support I as the set of positions where c is 
nonzero, then a codeword c with support 1, 111 $ s (i.e. 



the weight of c (=wt(c) := II!) is at most s) cannot oc
cur since M(R)1 has full rank. So the minimum distance 
d = d(C) := minceC\{O} wt(c) is at least s + l. We 
call this bound the BG H bound (cf. [3],[4]), and we will 
write dBcH = s + 1, if s is the largest integer having 
the property that there is a code equivalent to C with 
a defining set containing a consecutive subset of size s 
( notice that R depends on the choice of "'; we call two 
codes equivalent if their defining sets are the same up to 
multiplication with some integer coprime ton). The first 
generalization of the BG H bound was given by Hart
mann and Tzeng [5]. They prove that if the consecutive 
sets {i+ja,i+ l+ja, ... ,i+6-2+ja} (0 $ j $ s) 
are contained in R, and if (a, n) < 6, then the minimum 
distance of the code with defining set R is at least 6 + s. 
Roos [6] generalized this by proving that if the statement 
is true for sufficiently many (say s') values of j, then the 
minimum distance is at least 6 + s' - l. A last general
ization can be found in [1] and is called the AB-method. 
It says that if A,B C {0,1, ... ,n- 1} are such that 
A + B := {a + b mod n 1 a E A,b EB} is a subset of R, 
then the code with defining set R has minimum distance 
at least 6, if rank(M(A)I)+rank(M(B)I) > III for every 
subset I of {O,l, ... ,n-1} for which III < 6. 

If Co is a subcode of C, then we wil! write Co $ C. 
If Ro is the defining set of C, then we must have R C Ro. 
Moreover we have: d(C) $ d(C0). lfC0 $ C and Co# C, 
then we write Co < C (and we say: Co is a proper sub
code of C). A cyclic code Cis called minimal if C # {O} 
(0 denotes the zero word) and if {O} $ C0 < C implies 
that Co = { 0}. The generator of a minimal code is 
(xn - 1)/m;(x) for some j. 

In Section II we first give some theorems, that give good 
lower bounds for the minimum distance. The first one is 
called shifting and turned out to be very powerful. We 
used a computer to compute the shifting bounds and for 
length less than 40 this bound was for approximately 
95% of the codes equal to the minimum distance. Where 
the shifting bound did not equal the minimum distance 
we were of ten (but unfortunately not always) able to 
find a bound that did equal the minimum distance. Of 
course for many codes it is possible to find a lower bound 
more quickly by hand using other theorems than shifting 
(including the AB-method). But to avoid a long list of 
tedious examples, we only used other theorema where 
it was necessary (i.e. where the shifting bound did not 
equal the minimum distance). The results can be found 
in Table 1. 
In Section II! we treat the lengths 40 $ n $ 50. Because 
shifting is in the worst case exponential in n, the com
puter could in some cases not find the shifting bound in 
reasonable time. Fortunately other theorems were pow
erful enough to find almost all minimum distances. The 
results can be found in Table II and Table II!. 

5 

Il. LOWER BOUNDS 

The technique of shifting was introduced in 1986 by Van 
Lint and Wilson [1]. It gives very good lower bounds for 
the minimum distance of cyclic codes. We now give a 
definition of the shifting bound dsHIFT(C) of a cyclic 
code C, that is sligthly different from the definition in 
[1], hut easier to implement on a computer. 

Definition 1: Suppose Cis a cyclic code of length n with 
defining set R. We define the shifting bound dsHIFT(C) 
inductively: 

l. lf C is a minimal cyclic code and r1, r2, ... , rw is 
the longest sequence of different integers ( mod n) 
such that: 

(i} {r1,r2, ... ,rw} C R, 

{ii) There is a sequence ai, a2, .. . , aw such that for 
all i: {a;+r1 , ... ,a;+r;_i} C Rand a;+r; f/c R 
(all additions taken modulo n), 

then dsn1FT(C) = w + l. 

2. If C is not a minimal code and 

iisHIFT(C) := minc,<C dsHIFT(Co), 

and r1 , r2 , ..• , rw is the longest sequence of different 
integers with w $ iisHIFT(C) - 1 satisfying condi
tions (i) and (ii) above, then dsn1FT(C) = w + l. 

Theorem 1 (Shifting): Suppose C is a cyclic code with 
minimum distance d. Theo dsn1FT(C) $ d. 

Proof: By induction w.r.t. the number of irreducible fac
tors in the check polynomial. 

l. Let C be a minimal code (i.e. there is one ir
reducible factor in the check polynomial) and 
r 1 , r 2 , ... , rw (w > 0) a sequence satisfying condi
tions (i) and (ii} in Definition l. Suppose c(x) E C 
is of weight w and has support I. Theo we have for 
all 1 $ i $ w: 

rank(M(r1, r2, .. "r;)i) 
rank(M(a; + r1, a; + r2, ... ,a; + r;)i) 

= rank(M(a;+r,, .. "a;+r;-1)I)+l 
= rank(M(r1, r2, .. "r;-1)!) + l. 

The first equality follows from the fact that the 
rank of a matrix stays invariant under multiplica
tion with diag(l, <>4', <>24 ', ... , O<(n-l)a,). To prove 
the second equality we recall that: 



[ 

1 a•.+r, "2(a,+r,) 

1 aa.+r2 

1 ó:a,+r, 

: : : :i:=:;;:::;:; l 
"(n-l)(a,+r,) 

and see that c (the vector of length n correspond
ing to c("')) is orthogonal to the first i - 1 rows of 
this matrix, hut is not orthogonal to the last row 
(since otherwise c(x) would have a••+r, as a zero, 
hut a; + r; </: R and C is a minimal code, so this 
would imply that c("') 0). So the last row is 
linearly independent from the other rows and the 
equality follows (notke tbat we may restrict our
selves to the columns corresponding to support I). 
The tbird equality is as ohvious as the first one. 
So rank(M(ri,r2"."r..,)I) rank(M(r1,r2"." 
r"_i)J) + 1 = .. , rank(M(r1)1) + w - 1 = w. 
But tbis means that M(r1, r2, ... , rw)I has full rank 
and so c(x) cannot be a codeword. This implies tbat 
dsHIFT(C) $ d. 

2. Suppose C is not a minimal code. By induction we 
know that dsHIFT(C) $ d(C) minoa<C d(Co). 
Suppose r 1,r2, ... ,r.., satisfyconditions (i)a.nd (ii) 
and w $ dsHIFT(C) 1 $ d(C) L Again let 
c(z) be a codeword ofweight w (> O). We see that 
if a•.+r, is a zero of c(x), then c(x) is in a proper 
subcode of C, since a; + r; </: R. This contradicts 
the fact that 0 < w $ J( C) - L So again the last 
row of M(a; + ri.a; + r2,,. "a; + r;) is linearly 
independent of the others and in the same way as 
in L we have rank(M(r1, r2," "rw)I) = w and 
c( x) cannot be a codeword. D 

In some cases shifting is not powerful enough and we have 
to irnprove the lower bound, using some other theorems. 
The first theorem is very useful and is also a consequence 
of a theorern of McEliece [7]. 

Theorem 2: Suppose C is a terna.ry cyclic code of length 
n witb defining set R. Suppose tbat if i </: R, then 
n - i E R. Then C is selforthogonal (or equivalently: 
wt(c(x)) = 0 rnod 3 for all c(x) E C). 

Proof: Suppose c(x),c'(x) E C and ais a primitive n-tb 
root of unity. If c( a') f. 0, then i </: R so by assump
tion n i E R and c'(<:>-i) = 0. This is trne for all i, 
so c(x)c'(x- 1 ) = 0 mod (xn 1). Looking at the coef
ficient of x•-1 in c(:r:)c'(x- 1), we get {c(:i:),c'(x)) = O 
mod 3 ( ( c( x), c' ( x)) denotes the inner product of c( x) 
and c'(x) in GF(3)). So C is selforthogonal (and be
cause (c(x),c'(x)) = {c(x),c(x))+(c'(x),c'(x))+2(c(x) + 
c'(x),c(x) + c'(x)), this is equivalent to saying that all 
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weights in C are divisible by 3). D 

Examp/e 11.l: n=ll, R = {O, 2, 6, 7, 8, 10}. This code 
satisfies the condition in Theorem 2. Here dsHIFT = 5, 
but because weights are divisible by 3, we have d ~ 6. 
Example 22. l: n=22, R = {2, 6, 8, 10, 18}. Here 
dsH!FT = 10 a.nd by Theorem 2 we have d ~ 12. 
Example 22.2: n=22, R = {O, 4, 7, 11, 12, 13, 14, 16, 
17, 19, 20, 21}. Here dsHlFT = 7 and by Theorem 2 we 
have d;::: 9. 
Example 22.3: n=22, R = {O, 2, 6, 7, 8, 10, 11, 13, 17, 
18, 19, 21}. Here dsHIFT = 5 and by Theorem 2 we have 
d~6. 
Example 23.1: n=23, R = {O, 5, 7, 10, 11, 14, 15, 17, 
19, 20, 21, 22}. Here dsHIFT = 7 and by Theorem 2 we 
have d 2': 9. 
Example 26.1: n=26, R. {1, 2, 3, 6, 9, 18}. Here 
dsHIFT = 13 and by Theorem 2 we have d ~ 15. 
Example 26.2: n=26, Ïi. {l, 2, 3, 4, 5, 6, 9, 10, 12, 15, 
18, 19}. Here dsnrFT 8 and by Tbeorem 2 we have 
d 2: 9. 
Example 26.3: n=26, R 
18, 21}. Here dsHIFT 

d 2: 9. 

{1, 2, 3, 4, 6, 7, 9, 10, 11, 12, 
8 and by Theorem 2 we have 

Theorem 3 (Orthogonal subcode representation): Sup
pose C and Co are ternary cyclic codes of length n gen
erated by 

g(x) = Ilj=1 m;1 (x) and go(x) = IIJ=1 m;,(x) 

respectively, where t > s. Suppose that if '}' is a zero 
of go(x)/g(x), then "-1 is a zero of g0(;i:). Then every 
c(x) E C can be wrîtten as c(x) = c0 (x) + c1(x), where 
eo(x) E Co and e1(x) is an element of the code Ci, that 
is generated by 

Moreover wt(c(x)) = wt(co(r)) + wt(c1(x)) mod 3. 

Proof: It is easy to see that gcd(g0(x),g 1(x)) = g(x). So 
g(x) = a(x)go(x)+b(x)g1(x) for certain polynomialsa(x), 
b(x) E GF(3)[x]/(xn - 1). So also c(x) = c0 (x) + c1(x) 
for certain co(x) E Co and c1(x) E C1. Furthermore 
go(x)g1(z- 1) = 0 mod (x" 1), because if '}' is not a 
zero of g0(x), then by assumption it is not a zero of 
go(x-1)/g(x-1) (Le. '}'is a zero of g1(x-1)). But now we 
have c,,(:i:)c1(x-1):: 0 mod (x"-1), and this means that 
(c,,(x), c1(x)) = 0 mod 3. So 

wt(e(x)) _ (c(x),c(x)) 
- (co(x) + c1(x),co(x) + c1(x)) 
- (co(x),co(x)) + 2(co(x),c1(x)}+ 

+(c1(x), c1(x)) 
{co(z), co(x)) + (c1(x), c1(z)} 

- wt(co(x)) + wt(c1(x)) mod 3. D 



Corollary 1 : Suppose C is a ternary cyclic code of lengtb 
n with defining set R not containing 0. Also suppose that 
the code Co corresponding to R U { 0} is selforthogonal. 
Then the following holds for all c(x) E C: 

{i) wt(c(x)) 0 mod 3 or wt(c(x)) = n mod 3, 

(ii) if wt(c(x)) 0 mod 3, then c(x) E Co. 

Proó{ Co is generated by go(x) = (x - l)g(x), The 
condition in Theorem 3 is satisfied. We see that C1 is 
generated by (xn -1)/(x-1) = ,,,n-I +x•-2 +, .. + L So 
all nonzero codewords in C1 are of weight n. Applying 
Theorem 3 and using the fact. that wt(eo(x)) 0 mod 3 
(by assumption), we get (i). Moreover, if wt(c(x)) 0 
mod 3, then by Theorem 3 also wt(c1(.x)) = 0 mod 3, i.e. 
c1(x) = 0 (since n "' 0 mod 3). This proves statement 
~ 0 

Examp/e 11.2: n=ll, R = {2, 6, 7, 8, 10}. The con
ditions in Corollary 1 are satisfied (see Example 11.1). 
Using shifting we get d::::; 4. But because wt(c(z)) = 0 
or wt(c(x)) = 2 for all codewords c(z), we have d ~ 5. 
Examp/e 22.4: n=22, R {O, 2, 6, 8, 10, 18}. The 
conditions in Corollary l are satisfied (see Example 22.l) 
and dsHIFT 8. By Corollary 1 (i) we have d ~ 9. But 
Corollary 1 (ii) says that if a codeword c(x) of weight 9 
occurs, then c( .x) is an element of the code in Example 
22.1, whid1 bas d ::::; 12. This is a contradiction and so 
d> 10. 
E;;;.mp/e 22.5: n=22, R = {4, 7, 11, 12, 13, 14, 16, 17, 19, 
20, 21}. The conditions in Corollary 1 are satisfied (see 
Example 22.2) and dsHIFT = 6. Using Corollary l (ii) 
and the fact that the code in Example 22.2 hl)Jl d 2: 9, we 
getd2:;7. 
Example 22.6: n=22, R = {2, 6, 7, 8, 10, 11, 13, 17, 18, 
19, 21}. The conditions in Corollary 1 are satisfied (see 
Example 22.3) and dsHIFT = 5. Using Corollary l {i) 
we get d::::; 6. 
Example 22.7: n=22, R = {4, 7, 12, 13, 14, 16, 17, 19, 
20, 21}. 
Here dsHIFT = 6. We wish to apply Theorem 3 to prove 
that d ::::; 7. Let the code C with defining set R be gener
ated by g(.x). Let Co be generated by g(z)(z l)(x+ 1). 
Then the condition in Theorem 3 is satisfied. Co is 
the code of Example 22.2 and is selforthogonal and bas 
d::::; 9. Furthermore C1 is generated by (z22 - l)/(x2 -1) 
and c1 ( x) E C1 can only have a weight divisible by 
3 if c1(x) = 0. Now suppose c(x) E C bas weight 
6. Write c(x) = co(x) + c1(x), where co(x) E C0 and 
c1(x) E C1 . Then by the congruence relation wt(c(x)) = 
wt(co(x))+wt(c1(x)) mod 3, and from the observations 
made above, we have c1(x) 0. So c(.x) E C0 , which is a 
contradiction, since Co bas no codewords of weight 6. So 
d::::: î. 
Examp/e 23.2: n=23, R = {S, 7, JO, 11, 14, 15, 17, 19, 20, 
21, 22}. The conditions of Corollary l are satisfied (see 
Example 23.1) and dsHIFT = 6. Suppose a co<leword of 
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weigbt 6 occurs, then by Corollary 1 (ii) it is in the code 
of Example 23.1, which has d ;::: 9. A contradiction, so 
d ;::: 7. Applying Corollary l (i), we get d ::::; 8 (this is 
also sbown in [8]). 
Example 26.4: n=26, R = {O, !, 2, 3, 6, 9, 18}. 
The conditions of Corollary l are satisfied (see Example 
26.1). Here dsnrFT = 12, hut by Corollary 1 (ii) we 
must have d ~ 13 (see Example 26.l). And by Corollary 
1 (i) we get d ::::; 14. 
Example 26.5: n=26, R {7, 8, 11, 13, 14, 16, 17, 20, 
21, 22, 23, 24, 25}. Here dsnrFT = 7, and by Corollary 
l (i) we have d 2: 8 (see Example 26.2). 

Since our codes are ternary, 3 is not a divisor of n. So 
if n is not too big (say n 5 50), then 2 is a divisor of n, 
unless n is a prime or n = 25, 35 or 49. But if 2 divides n, 
then we can use knowledge of the cyclk codes of length 
n/2 to find better lower bounds. 

Definitfon !! : Suppose C is a ternary cyclic code of length 
m. Tben the code of length 2m defined by: 

C2 := {c(x2)+xc'(z2)ic(z),c'(z) E C} 

is called the square of C. 

It is easy to see that C2 is a ternary cyclic code again, 
whicb has the same minimum distance as C. Moreover 
the following holds. 

Theorem 4 : A ternary cyclic code D of length n = 2m is 
a square if and only if R = m+ R, wbere Ris the defining 
set of D and m+R:= {m+rmod nlrER}. 

Proof: 
=:>: Suppose D C2, where C is a cyclic code of 
length m. Suppose a is a primitive n-th root of unity. 
Then obviously arm -1 and so arm+i = -ar' for all 
i. Let i E R. Because D is a square of C, we know 
that c(a") + aric'(a2') 0, for all c(.x),c'(x) E C. But 
then also c(a2') - a'c'(a2i) = 0, for all c(z),c'(z) E C, 
since c'(x) E C implies -c'(x) E C. So we also have 
c((-a')2 ) + (-a')c'((-a'}2) 0, for all c(x),c'(z) E C, 
and so -ar' arm+i is a zero of all elements of D. Tbis 
means that also m + i E R. 
<=: Again "' is a primitive n-th root of unity. We write 
/3 := n 2 and /3 is a primitive m-th root of unity. We 
shall prove that if R m + R, tben D = C 2 , where 
C bas defining set R! = R mod m. Take d(x) E D 
and write d(z) + d{-z) a(z2 ), d(z) d(-z) = 
xb(z2), where a(z),b(z) E GF(3)[z]/(x"' 1). We 
have d(ar') = d(-a') 0 for all i E R. So also 
a(n") b(a") = 0 for all i E R. But this means 
that a(j3Ï) b(J3Ï) = 0 for all i E R! so a(:i:),b(z) E C 
and so d(x) 2((d(z) + d(-x)) + (d(.x) - d(-x))) 
2(a(x2) + zb(z2)) E C 2 • 

On the other hand, if c(/3') = c'{/3') 0 for all i E R! (i.e. 
c(x), c'(z) E C), then c(a2i) ±aic'(a") 0 for all i ER!. 



But then c(x2 ) + xc'(x2) bas zeros a1 and -a' = am+i 
for all i ER!. So c(x2) + xc1(x2) ED. 0 

Notîce that the code of Exaruple 22 .3 îs the square of 
the code of Example 11. l. 

Example 22.8: n=22, R = {2, 6, 7, 8, 10, 13, 17, 18, 
19, 21}. By Theo rem 4 this code is the square of the 
code of Example 11.2. So d 2'. 5. Thîs also explaîns why 
the code has no words of weîght 7 or 21. 

In the explanation of Table !II, the following theorem 
wilt be quite use[ul. We dedicate it to Paris, since it was 
proved (at nîght) în a hotel room în that city. 

Theorem 5 ('Paris by night'): Suppose C is a ternary 
cyclic code of length n = 2m and defining set R. Let CL 
be the cyclîc code oflength n with defining set RU( m+ R) 
(the so called lower square of C) and Cu the cyclic code of 
length n with defining set Rn (m + R) (the upper square 
of C). Call dL and du the minimum distances of CL and 
Cu respectively. Then for the minimum distance d of C 
we have d 2'. min {dL,2du}. 

Proof: Notice that CL and Cu are ternary cydic codes. 
Moreover, using Theorem 4, ît is easy to see that CL 
and Cu are squares. Of course CL'.';'. C '.';'. Cu. Suppose 
c(x) E C and c(x) fi CL. Then c(x) is nonzero both 
on the even posîtions and on the odd positions, since 
otherwise c(a') = 0 would imply c(a-•) c(am+i) = O, 
and c(x) would be an element of CL. But c(x) is also in 
the square Cu. So wt( c( x)) 2'. 2du. 0 

Corol/aT'fl 2: If dL '.';'. 2du, then d dL· 

Proof: From Theorem 5 we have: d > dL. But CL '.';'. C, 
so we also have: d $ dL. - D 

Example 22.9: n=22, R = {2, 4, 6, 7, 8, 10, 12, 13, 
14, 16, 17, 18, 19, 20, 21}. Cu is the code of Example 
22.8 and so du 2'. 5. CL has defining set {O, 11} and so 
dL 11. Using Theorem 5 we get: d 2'. 10. 

Theorem 6: Suppose C is a ternary cydic code of length 
n = 2m with defining set R. Let GE be the cyclic 
code of length n with defining set R U {jij 0 mod 2} 
and Co the cyclîc code of length n with defining set 
R U {jij = 1 mod 2}. Then every element of C can 
be written as (a + b, -a + b ), where (a, -a) E GE and 
(b, b) E Co (a and bare of length m), and: 

(i) wt((a+b,-a+b))=3(m 100)-wt(a) wt(b), 
where loo l{ila; = b; O}I, 

(ii) wt((a + b,-a + b)) 2'. 2max{wt(a),wt(b)} -
min{ wt(a), wt(b)}, 

{iii) wt((a + b, -a + b)) 2'. min{dE, do, max{dE/2, 
do/2}}, where dE and do are the minimum dis
tances of GE and Co respectîvely, and (a+ b, -a+ 
b) ;i: 0. 

Proof: By Theorem 3 we can write every codeword of 
C as the sum of a codeword of GE and a codeword of 
Ca. But every codeword of GE is of the form (a, -a) 
and every codeword of Co is of the form (b, b) (since 
xm 1 and xm + l are divisors of their respective gen
erators). Now define for given a and b in GF(3r: 
lu := l{ila; =rand b; = •}I (r,s = 0,1,2). Then we 
have: 
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wt(a) + wt(b) + wt(a + b) + wt(-a + b) 

Lr;<o E. 1" +E. E.;00 1" + Lr L:,"_, l"+ 
+E,E.,..1" 
Lr;<o(E, /" + l" + E,"_, l" +E.,.,/")+ 
+3L:,"0 lo, 
Lr;<oO:::, 1" + 2I:;, 1") + 3 I:;,"0 lo, 
3C~::r;<o E, l" + E.;eo lo,) 
3(E, I:;, In - loo) 
3(m-loo). 

And so 

wt((á + b, -a + b)) 
wt(a + b) + wt(-a+ b) 
3(m -100) wt(a) - wt(b) 

2'. 3max{wt(a), wt(b)} - wt(a) wt(b) 
2max{ wt(a), wt(b)} min{ wt(a), wt(b)} 

~ max{wt(a), wt(b)}. 

So (i) and (ii} have been proved. To prove (iii) we observe 
that there are three possîbilities: 

L wt(a) = 0: Then wt((a + b, -a + b)) 2'. do, 

2. wt(b) = 0: Then wt((a + b, -a+ b)) 2'. dE, 

3. wt(a) # 0, wt(b) ;i: 0: Then max{wt(a), wt(b)} 2'. 
max{dE/2,do/2}. o 

Examp/e 22.10: n=22, R = {O, 1, 3, 5, 9, 15}. GE is 
equivalent to the code of Example 22.l and so dE 2'. 12. 
Co has deftning set {O} and soda= 22. Applying The
orem 6 (iii) we get d 2'. ll. But a codeword of weîght 11 
cannot oecur by Corollary 1 (i). So d 2'. 12. 

Theorem 5 and Theorern 6 will be used more optîrnally 
în the next section. We shall now discuss the relationship 
between Theorem 6 and contraction. The method of con
traction was introduced in [l]. For the parameters that 
we shall treat in this paper, we could actually do without 
the method. However, one special case is so aften quite 
useful that we mention it here. 

Lemma 1: Let C be a cyclic code of length 2m with 
deftnîng set R, containing as even integers the set 2R1 

(where R! C {O, 1". "m - l}). Define the contraction 



C' as wo, w1, where wo := wt(c(.i:)+c(-x)) and w1 := wt(c(:c)
c( -:c)) = 6 - w0. First we have to make some prepara
tions. We apply Theorem 3 to get c(x) c0(x) + c1(x), 

and write c;' := c; + Cm+i (O::; i < m). Then C' is a where co(x) is in the code with defining set Ru {0,13} 
cyclic code of length m wîth definîng set R!. and c1(") is in the code with defining set {O, 13}, We do 

this because looking at the zeros of co(x) and c1(") we 
Proof: Let a be a primitive (2m)-th root of unity and have co(x)co(-x-1) = 0 and co(x)c1(-x- 1) = 0, and 80 
/3 = a 2 a primitîve m-th root of unity. Then {co(x), co(-x)) (co(x),c1(-x)) = (co(-x), c1(x)) 0. 

m-1 m-1 

L c;'(/P)' = :[;(c; +cm+i)(a'i)' = 
i:O i::::O 

m-1 2m-1 

L c;(a'i)i + L c;(a'i)' = 0 
i:::O 

So wo (c(") + c(-z), c(z) + c(-")) = 2(c(z), c(-x)) 
2(co(z) + c1(x),co(-z) + c1(-x)) 2((c0(z),co(-x)) + 
(co(x),c1(-x)) + {c1(..},eo(-.i:)) + (c1(x),c1(-x))) = 
2(c1(x), c1(-x)). But, again by Theorem 3, we can write 
c1(x) a,l(z) + a21(-x), where /(x) = x25 + x24 + ". + 
x+l = ("'26 -1)/(x-l)and al>a2 E GF(3). Then, since 
(l(x),1(-x)) 0, we have that (c1(z),c1(-z)) a1a2 

if j E R' (and hence 2j E R). D and moreover c(l) = {c1(z), l(z)) = 2a1 and c(-1) = 
(c1(x),l(-x)) = 2a2. So wo := 2{ci(z),c1(-x)) = 
2c(l)c(-l). We know that c(l) c:fi 0 and c(-1) # 0. So 
we must be in one of the following cases: 

We use this as follows. If c' E C' and c' f 0, then 
wt(c) 2: wt(c'). If c' = 0, then wt(c) is even and further
more 0 belongs to the defining set of C (in other words c 
is in the even-!ike subcode of C). 

Example: n=26, R {2, 4, 6, 8, 10, 12, 13, 14, 16, 18, 
20, 22, 24}. 
We sec that R' {O} (sec Lemma 1). So if cis a code
word and c' its contraction, then either wt(c') = 13 (and 
80 wt(c) ?; 13) or wt(c') = 0. So, îf wt(c) < 13, then 
wt(c) is even. This is also obvious if we use Theorern 6 
and observe that Co has defining set {Q}. 

Suppose C is a ternary cyclic code of length n = 2m 
and c = (a + b, -a + b), where (a, -a) E CE and 
(b, b) E Co, is a codeword of C. Then obviously c' = 2b 
(see Lemma 1) and 80 wt(c') = wt(b). So actually do/2 
equals the minimum distance of C', One could al80 define 
C11 := {(co-Cm, -c, +cm+l>.'. ,±cm-1 =t=c2m-illc E C} 
and derive something similar for dE/2, but unfortunately 
C11 need not be cydic. We shall not go into detail about 
this. The reader can verify easily that in the ternary case 
Theorem 6 is always as least as powerful as wntraction 
to length n/2. A ternary code of length n 2m is called 
double if {jij : 1 mod 2} C R, and it is easy to see 
that the minimum distance of a double code is twice the 
minimum distance of its contraction. 

Special cases: 

Example 26.6: n=26, R {l, 2, 3, 6, 8, 9, 17, 18, 20, 
23, 24, 25}. dsHTFT = 6. We wish to prove that d 2: 7. 
Suppose c( ;i:) is a codeword of weight 6. Obvîously we 
have: 

L c(l)+c(-1) O(i.e. lisazeroofc(z)+c(-z)): 
This means that c(l)c(-1) = 2 or equivalent)y that 
Wo 1 mod 3 and W1 = 2 mod 3, 

2. c{l) -c(-1) = 0 (i.e. 1 is a zero of c(z) c(-x)): 
This means that c(l)c(-1) = 1 or equivalently thal 
wo 2 mod 3 and w1 = l mod 3. 

So certainly w0 ;/i 0 mod 3. If Wo = 1, then l is not a zero 
ofc(x)+c(-z) and so we are in case 2, which is a contra
diction, since Wo ;/i 2 mod 3. So essentially there is just 
one case left, and that is the case where wo = 2 and both 
nonzero coetlicients in c(x)+c(-z) have the same sign (if 
they have different sigu, then 1 is a zero of c( x) + c(-x) 
and Wo = l mod 3). In that case (c(z) + c(-z))2 bas 
weight at most 3, and 

wt((c(z) - c(-x))2
) ~ 4 + ( ~ ) = 10. 

Looking at Equation ( l), we see that there cannot be any 
overlap between (c(z)+e(-z))2 and (c(z)-c(-z))2, since 
the weight of their sum must be 13. But also by Equa
tion (1) we must then have that all nonzero coe!licients 
in ( c( z) + c( -z ))2 have the same sigu. This is a. con
tradîction, since the nonzero coefficients in c(x) + c(-x) 
have the same sign. So c(x) cannot have weight 6 and 50 

d':!. 7. 
Example 26.7: n=26, R {O, 13, 14, 16, 17, 22, 23, 
25}. Here dsHIFT 5 aud the Roos bound equals 6 

(c(x) + c(-x))2 
- (c(z) c(-x))2 c(z)c(-x) 

(which is rather remarkable). To prove tbis, observe 
(1) that the consecutive sets {13+ 3j, 14+3j) are contained 

in Rif j E {0,!,3,4}. By Roos [6] this means tbat 
d 2: 3 + 4 - 1 = 6. Notice that c(x)c(-z) is in the code with defining set 

{O, 13}. Moreover gcd(c(z),x2 1) = gcd(c(-x).x2 - 1) 
1 (since the codes corresponding to R U {l} and 

R U {-1} have d 2: 8), and 50 c(z)c(-z) is equal to 
(x26 

- l)/(x2 
- 1), up to cyclîc shift or multiplication 

by 2. We wish to prove that this is not possible for any 
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Explanation of Table I: 

By computer we calculated the minimum dîstance of all 
ternary cyclic codes wîth length < 40. In many cases 
this minimum distance is equal to the BCH bound. In 



Table I we give the minimum distance of all temary cyclic 
codes of length < 40, and minimum distance not equal 
to the BCH bound. So the minimum dista.nces of all 
other temary cyclic codes of length < 40 can easily be 
found by computing the BCH bound. Also by computer 
we calculated the dsHTFT (see Definition 1) of the codes 
listed in Table I. We see from Ta.ble 1 that in many cases 
the minimum distance equals the dsHTFT· In the other 
cases some minimum distances are equal to bounds given 
by other theorems in this section (or belang to the spe
cial cases). In these cases we refer to an exa.mple in this 
section. Unfortuna.tely some minimum dista.nces are left, 
that could not be derived theoretica.lly by us. These are 
indicated by a question mark. By the shifting certificate 
we mean the sequence r1) r2, ... > rdsnrPr-1 i whicll ha.s 
been put in the order of Definition 1. 

!ent to a code that was already in the list. We saw that 
we could call two codes equivalent, if their defining sets 
were the sa.me up to multiplication with an integer co
prime to n. But if n = 2m, we can a1so call two codes 
equivalent, if theîr defining sets are the same up to a 
shift over m (this corresponds to a substitution of z by 
-x in the codewords c(z), and so the minimum distance 
steys invariant). So we call two codes equivalent if their 
defining sets can be obtained from each other by some 
combination of multiplying with an integer coprime to n 
and shifting over m (where n = 2m). 
To find the defining sets of the codes in Table I and to 
find equivalent codes, we refer to the appendix. 

Of course we did not mention codes that were equiva.-

nr. n k d Û.sHJFT dscH 
l 8 4 4 4 3 
2 11 5 6 5 4 
3 11 6 5 4 4 
4 13 6 6 6 5 
5 13 6 6 6 5 
6 16 4 8 8 6 
7 16 7 6 6 5 
8 16 8 4 4 3 
9 16 9 5 5 4 
10 16 9 4 4 3 
11 20 6 8 8 6 
12 20 7 8 8 6 
13 20 8 8 8 5 
14 20 9 6 6 5 
15 20 10 6 6 5 
16 20 12 4 4 3 
17 20 12 4 4 3 
18 20 13 4 4 3 
19 20 13 4 4 3 
20 20 13 4 4 3 
21 20 14 4 4 3 
22 20 14 4 4 3 
23 20 15 4 4 3 
24 22 5 12 10 8 
25 22 6 12 10 7 

TABLE I 
(PART 1) 

G 
Of4,5 
0,2 
2 
0,4,7 
0,2,7 
0,115,8,10 
4,5,8,10 
0,4)5,8 
5,8,10 
415,8 
0,2,4,10,11' 
2,4,10,11 
0,4,5110,11 
4,5,10,11 
0,4,10,11 
0,5,10,11 
0,4,5,10 
5,10,11 
4,5,IO 
2,5,10 
0,10,11 
4,5 
10,ll 
0,1,4,7,11 
2,4,7,11 
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• Shifting certifica.te ExpL 
4~7,0 

7,10,6,0 Ex. 11.1 
6,7,2 Ex. 11.2 
10,11,7,12,0 
6,0,11,5,2 
7,13,8,14,9,0,1 
4,7,12,13,5 
4,7,0 
7,14,13,5 
4,7,5 
10,16,11,17,12,13,0 
10,11,16,12,17 ,13,2 
11,4,16,12,15,10,0 
11,15,10,4,5 
11,12,19,10,0 
10,19,0 
4,15,0 
ll,17,5 
4,15,5 
14)5,i 
10,19,0 
4,15,5 
11,17,0 
13,19,14,20,11,12,3,0,l Ex. 22.1 
10,17 ,12,19,11,6,16,7,2 Ex. 22.10 



nr. n k d dsHIFT dBcH 
26 22 6 10 8 8 
27 22 7 10 8 7 
28 22 10 9 7 5 
29 22 10 6 5 4 
30 22 Il 7 6 5 
31 22 11 6 5 4 
32 22 12 7 6 4 
33 22 12 5 4 4 
34 22 15 4 4 3 
35 22 16 4 4 3 
36 23 Il 9 7 6 
37 23 12 8 6 5 
38 26 6 15 13 11 
39 26 6 12 12 10 
40 26 6 12 12 10 
41 26 7 14 12 9 
42 26 7 12 12 10 
43 26 7 12 12 8 
44 26 8 Il 11 8 
45 26 8 10 10 6 
46 26 9 9 9 8 
47 26 9 9 9 8 
48 26 9 9 9 7 
49 26 9 11 10 9 
50 26 . 10 9 9 7 
51 26 10 9 9 7 
52 26 10 8 8 7 
53 26 10 9 9 6 
54 26 JO 10 10 8 
55 26 10 10 10 9 
56 26 10 9 9 7 
57 26 11 8 8 7 
58 26 11 6 6 5 
59 26 11 7 7 6 
60 26 11 7 7 5 
61 26 12 9 8 8 
62 26 12 9 8 6 
63 26 12 8 8 7 
64 26 12 9 8 6 
65 26 12 6 6 5 
66 26 12 6 6 5 
67 26 12 6 6 5 
68 26 13 8 7 7 
69 26 13 8 8 6 
70 26 13 6 6 5 
71 26 13 8 7 5 
72 26 13 7 7 6 
73 26 13 6 6 4 
74 26 13 8 8 7 
75 26 13 6 6 5 
76 26 13 6 6 5 
77 26 13 8 8 5 
78 26 13 6 6 5 
79 26 13 6 6 5 
80 26 14 7 7 5 

TABLE 1 
(PARI' 2) 

G 
1,4,7,11 
2,4,7 
0,4,7,11 
0,2,7,11 
4,7,11 
2,7,11 
4,7 
2,7 
0,7,11 
4,11 
0,5 
5 
0,4,5, 7,8,13114,17 
0,1,5, 7,8,13,14,17 
0,l,2,4,8,l3,14,17 
4,5,7,8,13,14,17 
2,4,7,8, 13,14,17 
1,2,4,8,13,14,17 
4,5,7,8,14,17 
1,2,4,8,14,17 
0,4,7,8,13,14,17 
0,21718,13Jl4,17 
0,1,4,8,13,14,17 
0,1,2,8,13,14,17 
4,7,8,13,14,17 
2,7,8,13,14,17 
1,7,8,13,14,17 
l,4,8,13,14,17 
1,2,8,13,14,17 
4,5,7,13,14,17 
114,7,13,14117 
2,7,8,14,17 
2,4,8,14,17 
1,4,8,14,17 
1,2,8,14,17 
0,7,8,13,14,17 
0,5,8,13,14,17 
0,1,8,13,14,17 
0,4,7,13,14,17 
O-,lj7,13,14,17 
0,1,4,13,14,17 
0,4,7,8,13,17 
7,8,13,14,17 
5,8,13,14,17 
4,8,13,14,17 
l,8,13,14,17 
4,7,13,14,17 
1,7,13,14,17 
4,5,13,14,17 
2,4,13, 14,17 
1,4,13,14,17 
1,2,13,14,17 
4,7,8,13!17 
l,7,8!13,17 
5,8,14,17 
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Shifting certi!kate Expl. 
11,12,13,14,3,4,l Ex. 22.4 
12,6,17,16,18,7,2 Ex. 22.9 
11,12,20,19,13,0 Ex. 22.2 
7,10,6,0 Ex. 22.3 
ll,12,19,13,4 Ex. 22.5 
6,17,7,2 Ex. 22.6 
16,13,12,19,4 Ex. 22.7 
6,7,2 Ex. 22.8 
19,U,O 
12,14,4 
14,10,21,19,20,0 Ex. 23.1 
14,10,21,19,5 Ex. 23.2 
11, 12,13,22, 10, 19,20,21,14, 15,4,0 Ex. 26.l 
19,21,13,23,20,22, 14,24, 7 ,0 ,l 
24112,8)22,25,13,9,23,0,1,4 
10 ,l l,12,13, 21,20, 19,14,15,4,5 Ex. 26.4 
16,6, 12,20, 10,21,22,11,23, 7,2 
1,9,3,13,17 ,24,23,12,8,2,4 
19,22,10,23,20,14,15,21,4,5 
1,9,17,22,3,24,23,2,4 
10,22,21,20,11,12, 7,0 
20,21,22,16,24,6, 7,0 
22,12,8,25,23,24,0,1 
22,24,25t0t 16,l ,2312,3 ? 
10,11,22,21,20,12, 7 ,4 
20,16,6,22,21,23,7 ,2 
1 ,aa,21,20,22,s,1 
23,16,9,13,12,8,3,l 
22,17,8,23,1,13,24,2,3 
12,13,21,15,11,10,14,4,5 
l 0,3, 16,22, 12,l l,9,l 
20,16,6,23,21,7,2 
22,16,23,17,2 
22,9,24,3,8,l 
22,23,1,16,2,3 
20,21,22,23,24,7,0 Ex. 26.2 
13,22,14,23,15,16,0 Ex. 26.3 
23,24,13,0,22,8,1 
11,12,16,25,21,10,0 ? 
22,13,0,16,1 
9,0tl2,3,l 
10,11,7,12,0 
20,21,22,23,7,8 Ex. 26.S 
13,14,22,15,23,lû,5 
22,12,23,13,4 
23,16,13,24,8,l ? 
12,21,10,11,13,4 
22,16,21,13,l 
13,14,22,16, 12,4,5 
12,13,17 ,16,2 
9,13,22,3,1 
1,17,13,2,16,22,3 
10,23,11,7,4 
20,8,24,7,1 
14,15,23,22,16,5 



TABLE 1 
(PART 3) 

nr, In : dsHJFT dBCH G Shifting cerlificate 
8 26 5 4,8,14,l 16,24,22,23,4 
82 26 2,8,14,17 22,16,23,17,2 
83 26 5 1,8,14,17 23,16,8,24,22,1 
84 26 5 4,7,14,17 11,16,10,21,4 
85 26 4 1,7,14,17 21,23,7,1,3 
86 26 4 1,7,8,17 20,24,8,7,1 
87 26 4 1,2,8,17 23,24,2, 1,3 Ex. 26.6 
88 26 5 0,7,13,14,17 13,22,21,16,0 
89 26 4 0,4,13,14,17 22,13,12,16,0 
90 26 6 5 o, 7,8,13,17 23,24,7,20,0 
91 26 15 6 6 5 0,4,8,13,17 12,25,23,24,0 
92 26 16 6 6 4 7,13,14,17 22,16,21,13,7 
93 26 16 6 6 4 4,13,14,17 12,10,23,14,4 
94 26 16 6 6 2,13,14,17 22,17,16,13,2 
95 26 16 6 6 4 1,13,14,17 14,1,25,23,3 
96 26 16 6 6 4 7,8,13,17 7,24,23,20,8 
97 26 16 6 6 4,8,13,17 8,20,4,13,10 
98 26 16 6 6 1,8,13,17 23,13,9,20,1 
99 26 16 6 6 4,7,13,17 10,23,21,11,4 
100 26 16 6 6 2,4,13,17 10,4,2,23,6 
101 26 17 5 5 4,14,17 12,10,14,4 
102 26 17 6 5 2,8,17 17,24,23,2 
103 26 18 6 0,13,14,17 13,22,16,0 Ex. 26.7 
104 26 18 4 4 3 0,7,13,17 23,11,0 
105 26 19 5 5 3 13,14,17 13,22,16,14 
106 26 19 4 4 3 0,7,17 23,21,0 
107 26 20 4 4 3 14,17 22,16,14 
108 28 6 12 12 10 0,2,4,5,7,14 4,14,5,15, 10,11, 12, 13,6, 7 ,o 
109 28 7 12 12 10 2,4,5,7,14 4,14, 10' 12,20, 11, 13,5, ,6, 7 ,2 
110 28 8 12 12 6 2,4,5,7 10,5, l 1,6, 16,15,4, 20,21, 7, 2 
111 28 10 7 7 5 2,4,5 11,4,22,10,5,2 
112 28 18 4 0,4,7,14 20,7,0 
113 28 19 4 4 4,7,14 20,7,4 
114 28 19 4 4 2,7,14 6,21,2 
115 28 20 4 4 4,7 20,7,4 
116 32 16 16 12 0,1,2,5,10,16,20 13,25,14,26, 15,27, 16,28,17 ,18,19,0,1,2,3 
117 32 12 12 10 1,5,8,10,16,20 7, 13,23 ,25,27 ,24,26,8,9,1O,1 
118 32 8 8 6 0,1,5,8,10,16 7,13,8,14,9,0,1 
119 32 10 10 8 1,5,10,16,20 13,27,25,14,28,26,9,10,1 
120 32 9 8 8 6 1,5,8,10,16 7,23,13,8,9,10,1 
121 32 13 6 6 5 2,5,10,16,20 13,20,5,6,2 
122 32 14 6 6 5 0,1,4,10,16,20 9,11,0,3,1 
123 32 14 6 6 5 4,5,8,10,20 4,7,12,13,5 
124 32 15 6 6 5 5,8,10,16,20 13,28,14,7,5 
125 32 15 6 6 1,4,10,16,20 9,25,101311 
126 32 16 4 4 0,4,5,8,16,20 4,7,0 
127 32 16 6 6 0,1,10,16,20 25,9,26,0,I 
128 32 16 6 6 5 5,8,10,20 13,29,28,7,5 
129 32 17 4 3 415;8,16,20 4,7,5 
130 32 17 5 5,10,16,20 13,28,14,15,5 
131 32 17 5 1,10,16,20 25,9,26,10,1 
132 32 17 2,5,16,20 21,5,20,6,2 
133 32 18 4 0,5,8,16,20 20,7,0 
134 32 18 4 0,4,5,16,20 4,15,0 
135 32 18 4 4,5,8,20 4,7,5 
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nr. n k d dsHJFT decH 
136 32 18 5 5 4 
137 32 18 5 5 4 
138 32 19 4 4 3 
139 32 19 4 4 3 
140 32 19 4 4 3 
141 32 19 5 5 4 
142 32 20 4 4 3 
143 32 20 4 4 3 
144 32 21 4 4 3 
145 32 21 4 4 3 
146 35 12 12 12 JO 

147 35 13 12 11 10 
148 35 16 8 g 6 
149 35 17 7 7 6 
150 35 18 8 7 5 
151 35 22 6 6 4 
152 35 23 5 5 4 
153 35 24 4 4 3 
154 35 25 4 4 3 
155 37 18 11 8 5 
156 37 19 10 8 5 

TABLE 1 
(PART 4) 

G 
0,1,10,16 
5,8,IO 
5,8,16,20 
1,8,16,20 
4,5,16,20 
1,10,16 
0,5,16,20 
5,8,20 
5,16,20 
1,16,20 
0,2,5,7 
2,5,7 
01215 
2,5 
0,2,7 
0,2 
2 
0,5,7 
5,7 
0,2 
2 

Shifling certincate 
9,lU,O,l 
7,14,13,5 
20,7,5 
8,19,1 
4,15,5 
9,25,10,l 
20,15,0 
20,7,5 
20,15,5 
16,19,1 
18,21,30,24, 22,6, 19 ,20 ,5, 7 ,o 
18,19,20,21,23,5,22,6, 7 ,2 
18,24,23,30,22,5,0 
18,30,22,23,5,2 
18,23,21,31,6,0 
34,23,31,18,0 
31,23,18,2 
20,14,0 
20,14,5 
13, 18,14,19,31,5,0 
13, 18,14,19,31,5,2 

n = 40 

Expl. 

1 

? 

? 
? 

111. LONGER CODES 

There are too many ternary cyclic codes of length 40 to 
give a list of all of them. So for each dimension k we 
computed the best of the lower bounds for the minimum 
distance of all codes of dimension k, and only listed the 
corresponding codes (Table II). For some codes in Table II 
we were able to find an upper bound for the minimum dis
tance (just by computing some codewords ), that equaled 
the lower bound for its minimum distance. This is indi
cated by a boldface entry in the column 'd,n" ;::'. In the 
last column of Table II an explanation is given for the 
lower bound. lf this lower bound is not the BG H bound 
and is not explained in some example, then the bound 
equals the dsHJFT and the sequence ri, r2, ... rdsnin-1 

is glven. 

In this section ternary cyclic codes will be studied with 
40 :::; n :::; 50. Computing exact minimum distances for 
these codes is very time consuming, so we only computed 
lower bounds. Of course first of all we used shifting, 
sînce this method seems to be very powerful as we saw 
in Section ll. But for some codes shîfting also took too 
much time and so we had to compute a lower bound us
ing one of the other theorems in Section IL Of course we 
also tried to improve the dsHIF1' using one of the other 
theorems. 

TABLE Il 
(PART 1) 

40 
30 
25 
24 
22 

6 24 
22 
20 

9 18 
10 18 

G 
l,2,4,5,7,8,10,11,13,20,22,25 
O, 1,2,4, 7,8,10, 11,13,20,22,25 
lt2)4) 7,8,10, 11113,20,22125 
0,2,4,5, 7,8'10, 11,13, 20,22,25 
2,4,5,7,8,IO,ll,l3,20,22,25 
0,1,4,7,8, 10,11,13,20,22,25 
1,4, 7,8, 10,11, 13,20,22,25 
1,4,7,8,10,11,13,22,25 
4,5,7,8,10,11,13,20,22,25 
0,4, 7,8,10,11,13,20,22,25 

Explanation 
BCH 
BCH 
BCH 
Example 40. l 
Example 40.2 
BCH 
BCH 
BCH 
19,20,33,32,29,30,21,34,28,31,24,15'11,22, 10,4,5 
28,31,32, 19,33,29,20,34,30,21,35,22,36' 10,11, 7 ,o 
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TABLE Il 
(PART 2) 

k dma$ ~ IG Expla.nation 
11 16 2,7,8,10,11,13,20,22,25 30,6,24,32,33,29,21, 19,37'18,17 ,16,22, 7' 2 
12 16 0,4, 7,8,11,13,20,22,25 31,32,19,35,36,23,37,34,11, 24,33,20,21, 7 ,o 
13 14 114,5,8;10t13~20,22,25 8,27,4,12,37,31,35,30,26,24,9,3,1 
14 14 O, 7 ,8,10,11,13,20,22,25 29,20, 23,24,38,30,37,33,32,21,19, 7 ,O 
15 14 1,2,5,8,13,20,22,25 BCH 
16 12 0,5, 7,8,10,13,20,22,25 20,21,22,30,38,29 ,37 ,24, 23, 7 ,o 
17 12 5, 7 ,8,10,13,20,22,25 23,24,15,31, 7 ,29,21,30,22,20,5 
18 Il 0' 7,8,10, 13,20,22,25 37 ,24,38,30,21,22,20,23, 7 ,0 
19 11 7 ,8,!0,11,20,22,25 19,20,23,32,22 ,33,24, 21, 7 ,8 
20 JO 0,7,8,13,20,22,25 22,23,31, 7 ,39,20,25,21,0 
21 9 8,11,13,20,22,25 34,16,37 ,38,19,32,24,0 
22 8 O,!O,ll,13,20,22,25 19,10,37,34,30,25,0 
23 8 J0,11,13,20,22,25 30,Hl,37 ,33,19,25,11 
24 8 0,1,10,13,20,22 26,30,9,39,37,0,1 
25 8 7,11,20,22,25 21,25,34,22,19,20,7 
26 4,13,22,25 BCH 
27 6 5, 7 ,20,22,25 21,34,22,20,5 
28 6 0,13,20,22,25 37,38,25,39,0 
29 6 7,20,22,25 21,34,22,20, 7 
30 5 0,13,20,22 BCH 
31 5 7,20,22 BCH 
32 4 5,22,25 34,25,5 
33 4 20,22,25 34,25,20 
34 4 22,25 34,25,22 
35 3 13,20 BCH 

Examp/e 40.l: n=40, R = {l, 3, 9, 27}. We will use 
Theorem 5 to prove that d ::'.: 24. Notice that CL has as 
defining set all integere modulo 40, and so we may take 
dL infinit.e. Gu is the square of the rode of length 20 
wîth defining set {O, 2, 4, 5, 6, 8, 10, 11, 12, 13, 14, 15, 
16, 17, 18, 19}, which has minimum distance at least 12 
by the BG H bound. So by Theorem 5 we have d ::'.: 24. 
Example 40.2: n=40, R. {O, l, 3, 9, 27}. Again we will 
use 'Paris by night' to prove tbat d ::'.: 22. Also again dL 
is infinite. Cu is the square of the code of length 20 witb 
defining set { 0, l, 3, 7, 9}, which has minimum distance at 
least 11 by the BG H bound. So by Theorem 5 we have 
d:::: 22. 

boldface entry in the column 'd ::'.:'. In the last column 
one can find an expla.nation for the lower bound for d. If 
shifting gives the best bound, then a shifting certificate 
is given. Otherwise we either refer to a tbeorem ('Paris' 
mea.na Theorem 5) or to an example. Sometimes we a.Jso 
give an explanation for the upper bound, by giving a 
subcode with a known minimum distance contained in 
our code (e.g. ':>nr.13'). The ':o!'-sign denotes 'a code 
equivalent to'. If the code is double or a square, then the 
minimum distance can be calculated from Table I and 
there is nothing else to explain. Notice that not for all 
codes the shifüng bound is given in Table III. Here the 
computer spent too much time to compute the shifting 
bound. Because we need lower bounds for the minimum 
distance of all proper subrodes of a code to eompute 
the shifting bound, we have put other lower bounds in 
the computer where the shit\ing bound was not known. 
Notice that this means that the entries in the column 
'dsHIFT' need not equal the dsHIFT ofDefinition 1 (but 
it is easy to see that the dsHIFT from Table III is still at 
most d). 

40<n::s;50 

In Table lil we give a complete list of all ternary cyclic 
codes of length 40 < n :::; 50, ha.ving a lower bound 
for the minimum dîstance more than the BCH bound. 
Again we also computed upper bounds and if the lower 
bound equals the upper bound, we indicate this with a 
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nr. " k d> dsHJFT 

1 41 8 20 20 
2 41 9 18 18 
3 41 17 12 12 
4 41 24 8 8 
5 41 25 8 8 
6 44 5 24 
7 44 6 24 
8 44 6 20 
9 44 7 22 
10 44 1 20 
11 44 8 21 
12 44 8 20 
13 44 10 12 
14 44 10 18 
15 44 10 12 10 
16 44 Il 12 10 
17 44 11 14 
18 44 11 12 10 
19 44 12 10 8 
20 44 12 16 
21 44 12 12 10 
22 44 12 12 10 
23 44 12 14 
24 44 12 10 
25 44 13 10 8 
26 44 13 14 14 
27 44 13 12 10 
28 44 14 10 8 
29 44 14 11 11 
30 44 14 10 10 
31 44 15 12 10 
32 44 15 12 10 
33 44 15 8 8 
34 44 16 12 10 
35 44 16 12 10 
36 44 16 12 10 
37 44 16 12 10 
38 44 16 8 8 
39 44 17 10 8 
40 44 17 10 8 
41 44 17 8 8 
42 44 17 12 10 
43 44 17 12 10 
44 44 18 10 8 
45 44 18 10 8 
46 44 18 10 8 
47 44 18 10 8 
48 44 18 8 8 
49 44 19 10 8 
50 44 19 10 8 
51 44 20 12 10 
52 44 20 9 7 
53 44 20 8 8 
54 44 20 6 5 
55 44 21 11 10 

dscH 
16 
13 
7 
7 
5 
16 
14 
16 
13 
14 
12 
13 
8 
10 
8 
8 
10 
8 
8 
10 
7 
7 
8 
8 
8 
10 
7 
7 
8 
7 
8 
8 
6 
7 
7 
8 
8 
6 
8 
8 
6 
7 
7 
7 
7 
8 
8 
6 
7 
7 
8 
5 
5 
4 
7 

TABLE 111 
(PART 1) 

G Explana.tîon 
0,2,4,7,8 28,34 ,30,36,17,5,23,19' 7,25,15,10,12,18,20,16,4,6,0 
2,4,7,8 4,33,21,5,34,22,23,17' 16 ,15,20,10,18,19,6, 7' 2 
4,7,8 7,21,16,11,20, 15,25,29,4,10,5 
0,2,S 0,33,31,39,8,6,2 
7,8 7,21,16,30,19,10,8 
0,1,4, 7 ,8,11,14,22 double 
1,4,7,8,11,14,22 double 
1,2,7,8,11,14,22 double 
0,1,4,7,8,14,22 Example 44. l 
l,4,7,8,11,14 double 
1,4, 7,8,14,22 Example 44.2 
1,2, 7 ,8,14,22 'Pa.ris1,Jnr.8 
0,2,4, 7,8,11,14,22 square 
0,1,7,8,11,14,22 double 
0,1,4, 7,11,14,22 double 
2,4, 7,8,11,14,22 'Paris',:>nr.13 
1,7,8,11,14,22 double 
1,4,7,11,14,22 double 
0,2,4, 7 ,8,14,22 square 
0,1,7,8,14,22 Example 44.3 
0,1,4,7,14,22 square 
2,4,7,8,11,14 square 
1,7 ,8,llt14 double 
1,4"7,11,14 don bie 
2,4,7,8,14,22 'Pa.ris\:>nr.19 
1,7,8,14,22 21,22,24,25,27,13,41,37 ,39,23, 7 ,8,1, '.)nr.17 
1,4,7,14,22 'Pa.ris) ,:;nr.21 
2,4,7,8,14 square 
l,7,8,14 23,37,24,38,25,39,26, 7,8,l 
1,4,7,14 square 
0,4,7,8,ll,14,22 'Paris1.:>nr.13 
0,2,7,8,11,14,22 'Paris' ,::>nr.13 
0,1,7,ll,14,22 double 
4,7,8,11,14,22 'Pa.ris',:>nr.13 
2,7,8,11,14,22 'Pa.ris',:>nr.13 
1,4,8,11,14,22 'Pa.ris11-::>~nr.13 
l,2,8,lljl4,22 'Pa.ris',::>~nr.13 
1,7,8,11,22 double 
0,4, 7,8,14,22 'Puis',::>n1.19 
0,2, 7,8,14,22 'Pa.ris',:>nr.19 
0,1,7,14,22 37,21,13,25,42,0,I,:::iur.33 
4,7,8,11,14 'Paris' ,:mr.22 
2,7,8,11,14 'Paris',::>nr.22 
4,7,8,14,22 'Paris',:::inr.19 
2,7,8,14,22 'Paris',Jnr.19 
1,4,8,14,22 'Paris't:J~nt.19 
1,2,8,14,22 'Pari.s',:>~nr.19 
1,7,8,22 21,39,23,27, 7,8,1, :::inr.38 
4,7,8,14 'Pa.ris' ;:::>nr.28 
2,7,8,14 ~Pa.ris) 1 :>nr.28 
0,7,8,11,14,22 Example 44.4 
0,4,7,11,14,22 square 
0,2,7,ll,14,22 10,18,38,43,41,6,0 
0,l,4,11,14,22 square 
7,8,11,14,22 Example 44.5 
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nr. n k d> dsHIFT dBcH 
56 44 21 9 5 
57 44 21 6 4 
58 44 21 8 5 
59 44 22 10 8 
60 44 22 7 5 
61 44 22 8 5 
62 44 22 6 4 
63 44 22 8 7 
64 44 22 7 5 
65 44 22 6 4 
66 44 23 8 8 7 
67 44 23 1 6 5 
68 44 23 6 5 4 
69 44 23 8 8 5 
70 44 24 8 8 7 
7l 44 24 1 6 4 
72 44 24 5 4 4 
73 44 25 8 7 5 
74 44 25 6 5 4 
75 44 26 6 5 4 
76 44 26 8 7 5 
77 44 27 1 6 5 
78 44 27 6 5 4 
79 44 28 6 5 4 
80 44 28 1 6 5 
81 44 30 4 4 3 
82 44 30 4 4 3 
83 44 30 4 4 3 
84 44 31 4 4 3 
85 44 31 4 4 3 
86 44 31 4 4 3 
87 44 31 4 4 3 
88 44 32 4 4 3 
89 44 32 4 4 3 
90 44 32 4 4 3 
91 44 33 4 4 3 
92 44 35 4 4 3 
93 44 36 4 4 3 
94 44 37 4 4 3 
95 46 11 18 12 
96 46 12 18 18 12 
97 46 12 16 10 
98 46 13 16 10 
99 46 22 9 7 6 
100 46 22 9 9 6 
101 46 23 9 7 6 
102 46 23 9 8 6 
103 46 24 8 6 5 
104 46 24 8 8 6 
105 46 33 4 4 3 
106 46 34 4 4 3 
107 47 23 9 9 6 
108 47 24 8 8 5 

TABLE 111 
(PAll.T 2) 

IG Explana.tion 
1 4,7,11,14,22 'Paris' .:rnr.52 

1,4,11,14,22 'Paris~,Jnr.54 

4,7,8,11,22 32,21,40,16,19,7,4 
0,7,8,14,22 Example 44.6 
0,4,7,14,22 square 
0,2,7,14,22 38, 13,34,17 ,6,21,0, :;)nr.53 
0,1,4,14,22 square 
7,8,11,14 38,39,32,40,33, 7,8 
4,7,11,14 square 
1,4,11,14 square 
7,8,14,22 38,39,lJ,28,34, 7,8 
4,7,14,22 'Pa.ris',::>nr.60 
l,4,14,22 'Paris',:mr.62 
4,7,8,22 16,35,12, 20,39, 7 ,4, :mr. 58 
7,8,14 38,39,13,28,34, 7,8 
4,7,14 square 
1,4,14 square 
0,7,11,14,22 'Paris',:>nr.33 
0,1,11,14,22 'Paris',Jnr.54 
7,8,11,22 Theorem 6 (iii),:>"'nr.54 
1,8,11,22 Example 44.7 
0,7,14,22 'Paris'1 Jnr.60 
0,1,14,22 'Paris',Jnr.62 
7,8,22 Exa.mple 44.8 
1,8,22 Exa.mple 44.9 
0,4,11,14,22 square 
0,2,11,14,22 10,33,0 
0,7,11,22 square 
4,11,14,22 11,33,4 
2,11,14,22 10,33,2 
4,8,11,22 32,11,4 
7,11,22 19,11,7 
0,7,22 square 
4,11,14 square 
2,11,14 10,33,2 
7,22 19,17,7 
0,11,14,22 38,22,0 
8)1,22 28,24,8 
11,14 34,38,11 
0,2,5,10,23 "'double 
2,5,10,23 16,10,6,18,14,4,20,22,32,36,42,5,17 ,15,19, 7 ,2,:Jnr.95 
1,5,10,23 double 
2,5,10 'Pa.ris',:J~nr.97 
0,5,10,23 square 
0,1,10,23 38,27,39,22,41,0,9,1 
5,10,23 'Pa.ris',::>nr.99 
1,10,23 Example 46.1 
5,10 .square 
1,10 38,27,28,39,29,9,l 
0,10,23 20,28,0 
10,23 20,28,10 
0,5 38,44,30,19,43,10,22,0 
5 43,29,44,38,39,10,5 

Example 44.1: n=44, R = {2, 6, 10, 11, 18, 30, 33}. We code of length 22 with defining set {O, 1, 3, 4, 5, 7, 9, 
shaU use Theorem 5 to prove that d > 22. CL bas defin- 12, 13, 14, Ui, 16, 17, 19, 20, 21 }, whieh bas minimum 
ing set {11,33} and so dL = 22. Cu i;; the square of the distance 12, since it is equivalent to the code of Example 
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22.10. So also du = 12. By Theorem 5 we have d;:: 22. 
By Corollary 2 we have d 22. 
Example 44.2: n=44, R = {0, 2, 6, 10, 11, 18, 30, 33}. 
We wish to apply Theorem 6 to prove that 21 is the 
best lower bound for the minimum distanee that we can 
find (notice that 'Paris by night' gives d 2". 20). Sup
pose c = (a + b, -a + b) is a nonzero element of the 
code of weight less than 21, where (a, -a) E GE and 
(b,b) E Co. If c E GE or c E Co, then wt(c) '2: 22 (GE 
has defining set { 11, 33} and Co is the code nr. 7 in Table 
III). If wt(a) = 22, then by Theorem 6 (ii) we also have 
wt(c);:: 22. So we can assume that wt(a) =ll. Now we 
can say immediately that wt(c) 2wt(a) + 2wt(b) 
1 + 2wt(b) ;/i 2 mod 3 (since b is an element of the 
code of Example 22.10 and so wt(b) ;/i 2 mod 3) and 
so wt(c) of 20 so d;:: 21. We shall show that we cannot 
improve this bound by using Theorem 6. Let b( z) be the 
polynomial corresponding tob. Notice that b(z)±b(-z) 
is an element of the code of Example 22.8 (minimum dis
tance 5) and cannot be the zero word (since otherwise 
wt(c) ;:: 22 + lO = 32 or c E CL, which has minimum 
distance 22). Since a is either zero on the even or zero 
on the odd positions, we have: loo :S Il - 5 = 6. So 
22 - 100 2".: 22 6 = 16 and by Theorem 6 {i) we have: 
wt(c);:: 3 • 16 wt(a) - wt(h) = 37 wt(b). We have 
three cases: 

l. wt(b) :S 15: wt(c) 2".: 37 - 15 = 22, 

2. wt(b) = 16: wt(c) ~ 37 - 16 = 21, and also by 
Theorem 6 (ii): wt(c) 2".: 2 * 16- 11 = 21, 

3. wt(b) > 16: wt(c) > 21 by Theorem 6 {ii). 

Example 44.3: n=44, R = {2, 4, 6, 10, Il, 12, 16, 18, 20, 
30, 33, 36}. We wish to apply Theorem 6 to prove that 
d 2".: 16. Suppose c (a+ b,-a+ b) is a nonzero code
word of weight less than 16, where (a, -a) E GE (having 
defining set {11,33}) and (b, b) E Co (code nr. 14). As 
in Example 44.2 we may assume that wt(a) ll. If b(x) 
is the polynomial corresponding tob, then b(x) ± b(-x) 
is an element of the code of length 22 with defining 
set {O, ll} and we may assume that b(x) ± b(-:i:) 0 
(since otherwise wt(b) = 0 and so wt(c) = 22). 
loo $ 11 2 9 and 22 - 100 2".: 13. So by Theorem 6 
(i) we have wt(c) 2".: 3 • 13- wt(a)- wt(b) = 28-wt(b). 
But wt(b) 0 mod 3 (by Theorem 2) and so we must be 
in one of the following two cases: 

l. wt(b) :S 12: wt(c) 2".: 28- 12 = 16, 

2. wt(h) ;:::: 15: wt( c) 2". 2 • 15 - Il = 19 by Theorem 
6 (ii). 

So d 2".: 16. 
Example 44.4: n=44, R = { l, 2, 3, 4, 5, 6, 9, 10, 12, 
15, 16, 18, 20, 23, 25, 27, 30, 31, 36, 37}. This code sat
isfies the condition of Theorem 2, and so d 0 mod 3. 
dsHJFT = 10 and so d 2". 12. Moreover d 12, since this 
code contains nr.13 in Table UI. 

Example 44.5: n=44, R = { 0, l, 2, 3, 4, 5, 6, 9, 10, 12, 
15, 16, 18, 20, 23, 25, 27, 30, 31, 36, 37 }. This code 
satisfies the conditions of Corollary 1 (i) (see Example 
44.4). Here dsHIFT 10, so we have by Corollary 1 {i) 
that d 2". Il. 
Example 44.6: n=44, R = { 0, 7, 8, 13, 14, 17, 19, 21, 
22, 24, 26, 28, 29, 32, 34, 35, 38, 39, 40, 41, 42, 43 } . We 
wish to apply Theorem 6 to prove that d ;:: 10. Suppose 
c = (a + b, -a + h) is a nonzero codeword of weight less 
than 10, where (a,-a) E GE (nr.19) and (b, b) E Co 
(nr.14). Notice that GE is a square with minimum dis
tance 10, i.e. if wt(a, -a) < 20, then (a, -a) (and also a) 
is either zero on the even or on the odd positions (and if 
it is zero both on the even and on the odd positions, then 
wt(c) 2".: 18). Let b(z) be the polynomial corresponding 
tob, then b(x) ± b{-z) has zeroes 1 and -1 and so b 
must have weight at least 2 on both the even and the odd 
positions (if h is zero on either the even or on the odd 
positions, then b = 0 and wt(c) 2".: 10). We have three 
cases: 

l. wt(a) > 9 or wt(b) > 9: then wt(c) ;:: 10 by Theo
rem 6 (ii), 

2. wt(a) < 9 and wt(b) = 9: then wt(c) 2".: 10 by 
Theorem 6 {ii), 

3. wt(a) = 9 and wt(b) = 9: then by the ohserva
tions made above 100 :S 2 + (11- 2) = 11 and so by 
Theorem6 (i)wehave: wt(c) 2". 3•11-9-9= 15. 

So d 2". 10, and since code nr.19 in Table !II is contained 
in this code, we have d = 10. 
Example 44.7: n=44, R {1, 3, 5, 8, 9, 11, 15, 22, 23, 24, 
25, 27, 28, 31, 32, 33, 37, 40}. We wish to apply Theorem 
6 to prove tbat d;:: 8. Suppose c = (a+ b,-a+ b) is 
a nonzero codeword of weight < 8, where (a, -a) E CB 
(equivalent to nr.13) and (h, b) E Co (ur.38). GE is 
selforthogonal and bas minimum distance 12, so wt(c) 
can only be smaller than 8 if wl(a) 6 (if wt(a) = 0, 
then c E Co, which bas minimum distance 8). But if 
wt(a) = 6, then a is zero on either the even or the odd 
positions. By Theorem 6 (ii) wt(c) can only be smaller 
than 8 if wt(b) $ 6. So we have two cases: 
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1. m 100 = 6: then c is in the lower square CL by 
the ohservations made above ( c is zero on either the 
even or the odd positions). But dL = 9, so this is 
impossible, 

2. m - 100 2".: 7: Then by Theorem 6 (i) we have: 
wt(c) 2".: 21 - 6 6 = 9. 

So d 2".: 8, and since code nr.38 is contained in it, we have 
d 8. 
Example 44.8: n=44, R = {7, 8, 13, 17, 19, 21, 22, 24, 
28, 29, 32, 35, 39, 40, 41, 43}. We wish to apply Theorem 
6 to prove that d 2". 6. Suppose c = (a + b, -a + b) is 
a nonzero codeword of weight < 6, where (a, -a) E GE 



{nr.19) and (b, b) E Co {nr.38). The only way to get 
wt(c) < 6, is to take wt(a) 5 and wt(b) = 4 or 5. But 
Ge is a square and so wt(a) = 5 irnplies that ais zero on 
either the even or the odd positions. We have two cases: 

l. m loo = 5: then c is an element of the !ower 
square, which has minimum distance 6, 

2. m - 100 ?: 6: then by Theorem 6 (i} we have: 
wt( c) ;:: 18 - 5 5 = 8. 

So d ?: 6, and since the lower square has minimum dis
tance 6, we have d = 6. 
E:cample 44.9: n=44, R {l, 3, 5, 8, 9, 15, 22, 23, 24, 25, 
27, 28, 31, 32, 37, 40 }. We wish to apply Theorem 6 to 
provethatd?: 7. Supposec= (a+h,-a+b) isanonzero 
codeword of weight < 7, where (a, -a) E Ce (equivalent 
to nr.19) and (b, b) E Co (nr.38). The only way to get 
wt(c) < 7 is by taking wt(a) = 5 and wt(b) 4 or 5 or 
wt(a) = 6 and wt(b) = 6. But Ce is a square and so 
wt(a) < 10 implies that a is zero on either the even or 
the odd positions. We have two cases: 

!. m - loo = wt(a): then cis an element of the lower 
square, which has minimum distance 7. 

2. m - loo ?: wt(a) + 1: then by Theorem 6 (i) we 
have: wt(c) ?: 3(wt(a) + 1) wt(a) wt(b) 
2wt(a) wt(b) + 3 ?: 8. 

So d ?: 7, and since the lower square has minimum dis
tance 7, we have d = 7. 
Example 46.1: n=46, R = {l, 3, 9, 10, 13, 14, 20, 22, 
23, 25,27, 28, 29,30, 31, 34,35,38, 39,40,41,42, 44}. 
dsHIFT = 8. The condîtions in Corollary 1 are satisfied. 
By Corollary 1 (i) weights are congruent to 0 or 1 mod 
3. So d;:: 9. 

APPENDIX 

In the next table we gîve a complete list of all irreducible 
factors of "n - 1, n $ 50, over GF(3) (a. list for n $ 100 
can be fouud in [9]). We a.lso give the exponents of the 
zeros of these polynomials for some chosen n-th root of 
unity. As we sa.w, a cydic code of length n can be rep
resented by a. set of irriducible factors of "n - 1. In the 
last column we give the permutations on the minimal 
polynomials, that permute codes into equivalent codes. 
If "n-l + "n-2 + ... +" + 1 is an irreducible factor of 
"n - 1, this will be denoted by 'trivia!'. 

TABLE IV 
(PARTl) 

n minimal oolynomials 1 zero& exponente 1 permutations 

• 1 
:.+. 2 

0 1 1 2 3 

2 +1 1,3 3 2 1 
3 •+! 2 

5 tnvlal 
7 tnvuU 
n l 

:,". 2 
0 l 2 . • 5 

2 +z+2 1,3 1 5 3 4 2 
3 + 1 2,6 4 5 3 1 2 
4 •+l 4 
5 .r::i+2.t+2 5,7 

10 1 •+2 0 1 2 3 4 
2 r• + 2X' 3 + z 2 + 2z + 1 1,3,7,9 • 3 2 l 
3 ~· + z-3 + t-:1 +te+ 1 2,4,6,8 

• •+ l 5 
11 l •+2 0 1 2 3 

2 z:l!i + 2z3 + z 2 + 2s: + 2 1,3~4,5,9 1 3 2 
3 s:3 + X" 4 + 2:3 + ;r:i + 2 2,6,7,8110 

13 1 •+2 0 ; 2 . • 5 
2 ,; 3 +z::r +:c+ 2 i 1,3,9 1 3 4 5 2 
3 JSJ +r2 + 2 ' 2,5,6 1 4 5 2 3 

• i:
3 +2r:i + 2:c+2 4,10,12 1 5 2 3 4 

5 ;l;
3 + 2x + 2 7,8,11 

14 ' 1 •+2 0 1 2 3 • 2 z 6 + 2x' + .t:• + 2:c" + a:-2 + 2z + 1 1,3,5,9,11,13 • 3 2 l 
3 &~ + xl!i + z• + z-' + z 2 + r + 1 2,4,6,8,10,12 

• z+l 7 
16 l •+2 u 1 , 3 4 5 • 2 r" + :&~ 2 1,3,9,11 1 5 7 • 2 6 a 

3 •' 2,6 6 2 7 4 5 1 3 

• Z'Ä + 1 4,12 
s .. '2;r;~ + 2 5f7,13,15 
6 8 
7 +2x+2 10,14 
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n minimal polvnomials 
17 tnv1al 
I• trivia.[ 
20 1 •+2 

2 r• + & 3 + 2$ + 1 
3 r'* + 2x 3 + r" + 2z + 1 
4 :;i;• + % 3 + E~ + X + } 
5 $, + 1 
6 •+I 
7 ai•+ 2r3 +r + l 

22 1 •+2 
2 •'+ + 2x 3 +2x 2 +1 
3 •' + +x 2 +2x+2 
4 r' + 2:» 3 + x 2 + 2 
5 t<l' + 2r3 + 2.r 2 + 2;i: + l 
6 •+! 

23 1 •+2 
2 t11 + 2'.c• + 2r~ + :r• + &:i.+ 

+2;i;2 + 2r + 2 
3 Ell+ $111 + &'9' + 2E& + 2zT+ 

+z" + x3 + 2 
25 1 •+2 

2 E:Jo + zu + xio + xt> + 1 
3 z'*+:t3' +x2 +z + 1 

26 1 •+2 
2 z-3 + 2.v+ l 
3 .r3 +.i:2 +z+2 
4 z3 +r'"'+2 
5 z 3 +2;,+a: + 1 
6 r 3 +z:;:+2z+1 
7 z 3 + 2z2 + 21& + 2 
8 •+1 
9 z 3 + 2.t + 2 

10 :e3 + 2z" + 1 
28 1 •+2 

2 x~+r 11 +r3 +z + l 
3 x• + 2r6 + x"• +21;3 +x::i+ 

+2:c+1 
4 r 6 + r 6 + :r• + r 3 + .:e:'.i + :t + 1 
5 r 6 + 2rl'î + 2Z" 3 + 2z + 1 
6 %', + 1 
1 •+ 1 

29 tnvtal 
31 tnvial 
32 1 •+2 

2 ;r
8 + z 4 + 2 

3 :r'+Z',+2 
4 z 7 +:z:+2 
5 r& + 2z• + 2 

• r 2 + 1 
7 .. 2r2 +2 
8 

:l+2r+2 9 
34 1 z+2 

2 ra+ + l:l4 +. +2•+ 1 
3 rH+ +z14 +. .+z+l 
4 •+l 

35 1 •+2 
2 xu + 2zH + 2.rto + rs + 2x"+ 

+r7 + r 3 + 2«f* + r 2 + 1 
3 ria+ :-10 + 2r* + z1 + z-5+ 

+Zr• + %3 + :nl + 2:r + 1 

4 z6 +z3 +x4 +r3 +za +r + 1 
5 r 1 + z 3 + : 2 + r + 1 

37 1 •+2 
2 ... 2z 16 + 2:t"14 + 2r13+ 

+ 2.1:3 + 2r'+ 
+l 

3 + ;rt't + 2r111 + 2:tu + zH+ 
+2ru + 2..:12 + 2~10 + 2%9+ 

+2%3 + 2$6 + 2%& + .r' + 2x
3+ 

+2z:l+E+l 

TABLE IV 
(PART 2) 

1 z.eros exoonent& 

IU 

1,3,7,9 
2,6,14,18 
4,8112,16 
5115 
10 
11,13,17,19 
0 
1,3,5,9,15 
2,6,8,10,18 
4,12,14,16,20 
7,13,17,19,21 
11 

" 112,3,4,6,8,9,12,13,16,18 

5,7,10,11,14,15,17,19,20121, 
22 
0 
{!, 2,3,4} • {O, 5, 10, 15, 20) 
5,10,15,20 
0 
1,3,9 
2,6,18 
4,10,12 
5,15,19 
7,11,21 
8,20,24 
13 
14,16,22 
172325 
0 
1,3,9,19,25,27 
2,6,10,1.S.22,26 

4,8,12.16120,24 
5,11,13,15,17,23 
7,21 
14 

0 
1,3,9,11,17,19,25,27 
2,6,18,22 
4,12 
5,7,13,15,21,23,29,31 
8,24 
10,14,26,36 
!6 
20,28 

1 ~,3,S,7, .. ,33 
' 2,4,6,8, ",32 

17 
0 
l ,3j4j9,11,12,13,l 4),l 7 ,27,29. 
33 
2,6,8,18,19,22 ,23,24,26131, 
32,34 
5,10,lS,20,25,30 
7,14 21 28 
Q 

1,3,4, 7,9,10'11,12,16,21, 
25,26,27,28,30,33,34,36 

2,5,6,8,13,14,15,17, 18,19, 
:m,22,23,24,29,31,32,3S 

19 

1 oermutations 

1 2 3 4 5 • 
1 7 3 4 5 6 2 
6 7 4 3 5 1 2 

1 2 3 4 5 6 
1 5 4 3 2 6 
6 4 5 2 3 l 

l 2 3 
l 3 2 

none 

l 2 3 4 5 6 7 8 9 10 
1 5 4 7 10 2 9 8 3 6 
1 6 • 3 2 10 4 8 7 5 
1 10 1 • 6 5 3 8 4 2 
8 9 • 10 3 7 6 1 2 4 

1 2 3 4 5 6 7 

1 5 3 4 2 6 7 
7 5 4 3 2 6 1 

1 2 3 4 5 6 7 8 9 
1 5 7 9 2 6 3 8 4 
8 2 3 9 5 6 7 ! 4 

1 2 3 4 
4 3 2 1 

l 2 3 4 • 1 3 2 4 5 

1 2 3 
1 3 2 



TABLE IV 
(PART 3) 

minimal 1 nomiats zeros ex onents ermutat1ons 
c+2 1 
rt& + 2z17 + ,;-t6 + __ + 2r+l 1,3,5,7, .. ,37 4 
:ta+ru +ru+ ... z+ 1 2,4,6,8, .. .,36 
z+I 19 

40 •+ 0 l 8 9 10 Il 12 13 
r 4 +r3 +AJ"+l 1,3,9,27 1 13 8 10 9 Il 12 5 
x4 +S'3 +2r+1 2,6,14,18 1 9 12 5 10 8 2 6 Il 3 13 
r• + 2r3 + .i;2 + 2t + 1 4,12,28,36 l 10 12 13 8 6 2 11 3 5 
ri+z:+2 5,15 11 6 12 13 8 10 9 1 3 5 
r 4 +2:t3 +z2 + l 7,21,23,29 

1 r• + :r3 + :r2 + :r + 1 8,16,24,32 
8 r 2 + l 10,30 
9 r• +r2 + 2r+ 1 11,17,19133 

10 r• +.r-a + :z+ 1 13,31,37,39 
11 •+l 20 
12 :r' +2r3 +.r+ 1 22,26134138 
13 rl+2r+2 '25,35 

41 1 0 
2 +z3+ 1,3,9, 14,27 ,32,38,40 

2 ,6,13,18,23,28,35, 
+z+l 39 
r•+11:7 +2.:i-4 +2z~+ 4,5,12,15,26,29136, 
+ir+ 1 37 .. 7,16,19,20,21.22,25, 

34 
8,10,11,17,24,30,31, 
33 

tnvta 
l 4 6 8 
2 1,3,5,9.15,23,25,27' 6 4 3 

31,37 8 3 • 
3 2,6,16,18,30 

4,12,16,20,36 
7,13,17,19,21,29,35, 
39,41,43 
8,24,28,32,40 
11,33 
H,26,34,38,42 
22 

1,3,9,13,25,27,29, 
+1 31,35,39,41 

+2x"+ 2,4,6,8,12,16,18,24, 
+.r3+2 26,32,36 

+x6 +211:"+ 5,7,11,15,19,:21,33, 
+:c 2 +2x+ 1 37,43,45 

+2r"+2:c6 +.r•+ 10,14,20,22,28,30, 
+:c 3 + '2x 2 + 2x + 2 34,38,40,42,44 
•+l 23 

•+ 0 

•" 1 ,2,3,4 ,6, 7 ,8,9 ,12' 
14,16,17 ,18,21,24, 
25,27,28,32,34,36, 
37,4'2 

3 5,10,11J13,15,19,20, 
22,23,26,29,30,31, 
33,35,38,39,40,41, 
43,44 45,46 

49 0 none 
{1,2,a,<,s,6} • {o, 
7,14,21,ZS,35,42} 

3 7,14,21,28,35,42 

50 0 
{1,3, 7, 9} • {O, 10, 201 301 40} 

3 {2,4,6,8}. {0, 10,20,30,40} 

• 5,15"'15,45 
5 10,20,30,40 
6 25 
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Chapter 3 

Five New Optimal Ternary Linear Codes 

M. van Eupen 

IEEE 1ronsaciions on Information Theory, January 1994 

Abstract-Optimal ternary linear codes with pa
rameters [29,5,18], [34,5,21], [43,5,27], (61,5,39], 
and [31,6,18] have been found. Codes with these 
parameters were not known until now. 

l. RESULTS 

LET n3(k, d) denote the smallest integer n such that a 
ternary (n,k,d] code exists. A ternary [n,k,d] code is 
called optima! if n n3(k, d). In [7) a table for n3(5, d), 
d ~ 99 is given. Four new 5-dimensional codes will be 
given that yield several improvements to this table. Also 
a new 6-dimensiona.1 code will be given in this paper. 
Each of the codes is found in the following way. Let a be 
a positive integer and let Co be an [n - a, k - 1, d] code 
generated by Go. Then we can try to find a word ç_ of 
length n - a, such that the matrix 

+-- n-

G= 

generates an [ n, l'., dJ code G. In our search we choose 
a to be as big as possible (such that an [n - a, k - 1, d] 
code exists). In some cases this means that Co is unique, 
simplîfying the search for C. For all five codes found 
a is at least 2, thus giving non-projective codes. Using 
Table 3 in [7), we see that all four 5-dimensiona.1 codes 
are optima\. Since it is proven in [2] that a [30,6,18] code 
does not exist, also the [31,6,18] code is optima.!. 

(i) The following generator matrix yields a [29,5,18] code: 

11000002111112211212221222121 
00100012012211220112020120012 
00010022210122121010202110102 
00001020222110022211100022111 
00000120000001111111122222222 

Its weight enumerator is given by: l + 168z18 + 36z21 + 
36z24 + 2z27• 

(ii) The following generator matrix yields a [34,5,21] 
code: 

1100000001111121121112221121122212 
0010000121222022001101122211122000 
0001001211021210022121010210202210 
0000102102120212200112020101212201 
0000011110000011111111111Hll11111 

lts weight enumerator is given by: 1 + 142z21 + 66z24 + 
26z27 + 8z30. 

(iii) The following generator matrix yields a [43,6,27] 
code: 

22 

1110000202111210001010211210001202201112012 
00010000000000000111111111 ll ll l ll l l ll l l l ll l 
0000100001111111100000000111111111222222222 
0000010110011122200111222000111222000111222 
0000001121201201212012012012012012012012012 

lts weight enumerator is given by: 1 + 152z27 + 54z30 + 
18z33 + 18z36. 

(iv) The following generator matrix yields a [61,5,39] 
code: 



l 100000000002210000001121101222222112122110122211110220110102 
0010000000111112222220000000000000111111 l l lll l l ll ll l l l l ll ll ll 
0001001110011220011220000111111111000000000111111111222222222 
0000101122101100221010111000111222000111222000111222000111222 
0000011212221012020021012012012012012012012012012012012012012 

lts weight enumerator is given by: l + 140z39 + 70z42 + 
24z45 + 4z48 + 2z51 + 2z54 . 

(v) The following generator matrix yields a (31,6,18) 
code: 

1100000000002102112121111100111 
0010000022212221211211111221121 
0001000101201121200220102121202 
0000l00200222001110011122112220 
0000010222000112220011122001112 
0000001221021210210202101210210 

lts weight enumerator is given by: 1+296.:18 + 228z21 + 
186:24 + 18z27• 
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Chapter 4 

An optimal ternary (69,5,45] code and related codes 
M. VAN EUPEN 

R. HILL 

Designs, Codes and Cryptography, July 1994 

Abstract. A ternary (69,5,45] code is constructed, thus solving the problem of finding the minimum length of a. terna.ry 
code of dimension 5 and minimum distance 45. Furthermore, this code is shown to be a unique two-weight code with weight 
enumerator 1+210Z45 + 32Z". It is also shown that a temary [70,6,45] code, which would ha.ve been a. projective two-weight 
<::ode giving rise to a new strongly regular graph, does not exist. In order to prove the ma.in resnlts~ the uniqneness of some 
other optima! terna.ry codes with specified weight enumerators is also established. 

1. Introduction 
A fundamental problem in coding theory is that of finding nq( k, d), the smallest value of n for which there exists an 
[11, k, d] code over GF(q) (n denotes the length, k the dimension and d the minimum Hamming distance of the code). 
For the case of ternary codes (q = 3), the value of n3(k, d) was found in [7] and [9] for k::; 4 for all d and for Ic= 5 for 
all but 30 values of d. Eleven of these 30 unresolv"'1 cases have now been settled: n3 (S, 33) = 62 [6], n 3(5, 57) = 87 
[5], na(5, 61) 94 [4], na(5, 18 - i) = 29 - i (i = 0, l, 2), na(5, 21 i) = 34 î ( i = 0, 1, 2), na(5, 27) = 43, and 
na(5,39) 61 [2]. Of the remaining cases, perhaps the most interesting is the question ofwhether n3 (5,45) is equal 
t.o 69 or 70. If the lower value is correct, then the optima! code must be a two-weight [69,5,45] code. Moreover there 
is the possibility that sucli a code might be the shortened code of an optima) two-weight [70,6,45] code (the shortened 
code w.r.t. position i of a code Cis defined as the code consisting of the codewords in C having.a zero at position 
i, with this position deleted). The latter would be of particular interest because it would be projective and would 
therefore give rise to a strongly regular graph on 729 points (see [1]) whose existence is not known. A (69,5,45] code 
must be non·projective and cannot give rise to a strong!y regular graph since there is no feasible parameter set for 
a strongly regular graph on 243 points with.valency 210 {the number of codewords of minimal weight in a [69,5,45] 
code). 
In this paper we shall show that there exists a [69,5,45] code and that it is unique, hut that a [70,6,45] code does 
not exist. The existence result gives three further values of na(5, d), namely na(5, 45- i) = 69 - i, for i = 0, 1, 2. In 
proving the main results, we sha!I also establish the uniqueness of some other optima! ternary codes of dimension 4 
and 5 with certain weight enumerators. 

Some lemmas will be belpful in the following sections. 

LEMMA 1 ([7], Lemma 2.1, or [9], Lemma 2.13). Suppose C is an (n, k,dj code over GF(q) with generator matrix G 
and suppose Ç, E C has weight w, where w < dq/(q - 1). Then the residua/ code w.r.l. ç_, being defined as the code 
generated by the restriction of G to the columns where ç_ hos a zero, is an [n w, k 1, d1 code with 

d' ~ d-w+ f~l · 
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where r x l denotes the smal/est integer;::: "_ 

Let w(i!!.) denote the weight of i!/_. 

LEMMA 2 . Let i!!1, .. "!f;, be k linearly independent vectors in GF(qt and let the (k - 1)-dimensfonal projective 
space spanned by these vectors be represented by the veètcrs 11_

1
,J!.

2
, •.• ,Jl..,,• where Vk := 9i='f. Then 

f:w(1l) qt-1(n z(i!/.1,---,i!/_t)), 
J=l 

where t(!,1 , ... , !f;,) denotes the number of zeroes that J!'.1 , ... , !!.; have in common. 

Proof. A column in the matrix having rows 1ll' ... , Jl.,, has either 0 or q•- 1 nonzero entries. 0 

The next corollary will be frequently used. 

CoROLLARY 1 ([9], Lemma 2.4). SuppDse i!1. and Jl. are linearly independent vectors of length n over GF(3). Then 

w(!_) + W(![) + w(!_ + l!) + w(!_ 11_) = 3( n z(i!!., 1l) ), 

where z(!_, l!.) denotes the number of pDsitions where both ;i;, and Il have a zero. 

Suppose C is an [n,k ,d] code over G F( q ). Let Aw denote the number of codewords of weight w in C. Define the dual 
of Cas the set of words of length n that are orthogonal to all codewords in C, w.r.t. the ordinary inner product. 
Let B. be the number of codewords of weigbt v in the dual of C. Then A" and Bv are related by the well-known 
MacWilliams identities: 

( 
n-j )B· 
n-v 3 (11 = O, l, 2" .. , n). (1) 

Tbe weight enumerator of C wil! be written as E" A"Z"'. 

Let C be a ternary [n,k,dj code with k ;::: 2. 

LEMMA 3 ([8], Corollary 2.14). 

(i) A" = 0 or 2 for w > (3n - 2d)/2. 

(ü) lf w > (3n - 2d)/2 and A" = 2, then A. = 0 for v > 3n - 2d - w and v 1' w. 

A linear code wil! be called self-orthogonal if it is contained in its dual. Clearly for a ternary self-orthogonal code we 
have that w(;i;,) = 0 mod 3 for all ;i;, E C (because w(;i;) (;i;,, ;i;,) mod 3, where (.!t, 1iJ denotes the inner product of i!1. 
and y). But also if w(.!t) = 0 mod 3 for all .il E C, then Cis self-orthogonal, since (;i;,,y) = w(i!!.) + w(y) - w(;i;, + y) 
mod3 (see [8]). - - -

LEMMA 4 . If all weights in a ternary linear code C are divisible by 9, then the residtia/ code w. r. t. a codeword in C 
must be selj-(}rthog(}nal. 

Proof. By Corollary 1, n - z(,!t, 1[) must be divisible by 3 and hence n - w(.!t) - z(i!!, l!.) must be divisible by three.0 

In Section 2 we shall prove that a [69,5,45] code must have weight enumerator 1 + 210Z45 + 32Z54 • In Section 3 a 
generator matrix of the [69,5,45] code will be given and it will be proved that it is unique. In Section IV the [70,6,45] 
code wil! be studied. lt will be proved that if it exists, then it must have weight enumerator 1 + 588Z45 + 140Z54 . 

We shall prove that the code does not exist. 
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2. The weight enumerator of the ternary (69,5,45] code 

In this section we shall prove that a ternary [69,5,45] code must be a two-weight code with nonzero weights 45 and 
54. This was also proved by D.E. Newton as part of bis Ph. D. research. His thesis [11] included a mention of the 
result, but the rather long proof was omitted. A slightly shorter proof is given below. First we need a lemma. We 
are grateful to A.E. Brouwer for the following version, giving a significant strengthening of our original lemma. 

LEMMA 5 . Let C be a 1:-dimensional code over GF(3). Suppose C n CL has dimension r, where CL denotes the 
dual code of C. Then the number N ( C) of codewords of weight divisib/e by 3 is given by 

if 1: r is odd 
iflc-r=2t is even. 

Proof A vector ~ is said to be isotropic with respect to a quadratic form if (~. l.) = 0. Let the quadratic form be 
the one corresponding to the usual inner product over GF(3) and let N(C) denote the number of isotropic vectors 
in C. Then clearly N(C) equals the number of codeworda of weight divisible by 3 in C. Let R = C n CL = {y E 
C : (~. iJ = 0 for all ~ E C} ( called the radîcal of C). Clearly N ( R) = 3', where r is the dimension of R. Aisö, if 
~ E C and ll. E R, then ~+ll. is isotropic if and only if ~ is isotropic, and so N ( C) N ( C / R) · N(R). The quotient 
space C/R (of dimension k - r = m, say} is non-degenerate w.r.t. the quadratic form (i.e. the dimension of the 
radical of C / R is zero) and so its number of isotropic vectors is well known (see, for example, page 109 of [10], where 
formulae are given for the number of points on the corresponding quadrics); we have N(C / R) = 3m-1 , if m is odd, 
and N(C/R) = 3m-l ± (3ml2 3m/2- 1), if mis even, the sign depending on whether the quadric is hyperbolic or 
elliptk. Since N(C) = 3' N(C/R), the result follows. D 

COROLLARY 2 Ij a ternary code C of dimension k (;::: 2) is not self-orthogonal, then ii contains at most 5 · 3•-2 

codewords of weigkt divisible by 3. 

Proof. If C is not self-orthogonal, then k 
arising when t = 1. 

r > 0, in which case the maximum value of N(C) is clearly 5 · 3•-2, 

0 

Remarks 

1. The result of Corollary 2 is best possible in that for any k 
codewords of weight divisible by 3; for example consider 
(100 · · ·O), (11100 · · ·O), (OOOlllOO · · ·O), ... , (00 · · ·0111). 

2, there exîsts a code wbich has exactly 5 · 3•-2 

code of length 3k 3 generated by the vectors 

2. Corollary 2 gives a partial explanation for the fact that optima! ternary linear codes with minimum distance 
;:: 0 mod 3 are very frequently self-orthogonal. If an optima! code bas parameters which only just survive 
the constraints of the Mae Wîlliams identities, the code may be forced to have a large number of codewords of 
minimum weight. If the minimum weight is divisible by 3 and if more than five ninths of the codewords are 
forced to have the minimum weight, then it follows from Corolla.ry 2 that every codeword has weight divisible 
by 3 and so the code is self-orthogonal. This is what happens for tb.e (69,5,45] code, as we now show in Theorem 
1. 

THEOllEM 1 . Ij a ternary [69, 5, 45] code exists, then it lias weight enumerator 1 + 210Z45 + 32Z54 and it has 6 
repeated columns. 

Proof Using Lemma 1 and the results for optima! ternary linear codes in [9], we flnd that the only nonzero weights 
that can occur in a [69,5,45] code are 45, 50, 51, 54, 59, 60, 68, and 69. Let Aw denote the number of codewords of 
weight w in a [69,5,45] code and Bw the number of codewords of weight w in its dual. We know from Table 3 of [9] 
that a {68,5,45] code does not exist, and so B1 = 0. The MacWilliams identities (1) with v = 0, 1, 2 thus give 

A,s + Aso + As1 + A ... + As9 + Aeo + Ass + As9 

24A•s + 19Aso + l8As1 + 15A ... + lOAs9 + 9Aso + A68 
276A45 + 171Aso + 153As1 + 105A04 + 45As9 + 36Aso 

242 

5520 

60996+27B2 

(2) 

(3) 
(4) 

Taking (4)-9x(3), we find that A45 ;::: 188.6 and hence the code is self-orthogonal by Corollary 2. By Lemma3 (i) 
we have that Aso and Aa9 are either 0 or 2. Furthermore if As9 = 2, then by Lemma 3 (ii) Ast = As4 = Aao = 0 
and equations (2) and (3) yield a contradiction. So As9 = 0. 
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Suppose Aao = 2. Then from Equatîons (2) and (3) we derive that the only possible solutîons (in non-negative even 
integers) are 

A4s = 210 s, Asi = 4 + 3s, As<= 26 - 2s, Aso= 2, s E {O, 2, 4, 6, 8, 10, 12}. 

Hence Ä54 > 0. Let ç_ be a codeword of weight 54. Then the residua.I code w.r.t. ç_ is a (15,4,9] code by Lemma 1. 
Now as a result of Theorem 4.2 in (8] (see also Lemma 7 in Section III), every [15,4,9] code is self-orthogonal. So 
every codeword has 0, 3, or 6 zeroes in common with ,:;. Let g be a codeword of weight 60. Then, by Corollary 1, 
w(ç_ + g) + w(i: - g) îs 93, 84, or 75. But none of these three numbers can be expressed as the sum of two numbers 
chosen from the set {45,51,54,60} ofpossible weights. So A60 = 0. Hence from Equation (2) and (3) we derive tbat 
the only p086ible solutions are 

A4s = 210 - t, Aai = 3t, As< 32 - 2t, 

where t E {0,2,4, ... ,16}. But by Equation (4) we must have t:::; 12 for 8 2 to be non-negative, and so there are 
at least two linearly independent codewords of weîgbt 54. Suppose a codeword !! has weîght 51. Then by Corollary 
1 we have that w(i; + .!!) + w(ç_ !!.) is 102, 93, or 84. We have already seen that 93 and 84 can not occur. So 
w(i; + é) + w(ç_ - !!) must be 102, which implies that both ç_ + !1 and ç_ - !!. have weight 51. Let Il be a projective 
plane spanned by two linearly independent codewords of weight 54 and a codeword of weight 51 (they cannot !ie on 
a line). Then, by the previous observation, Il must contain 4 other vectors ofweîght 51. This yie!ds a contradiction 
with Lemma 2 since 2 · 54 + 5 · 51+6·45 = 633 > 9 · 69. So t = 0 and we find the desired weight enumerator. From 
Equation (4) we find that 8 2 = 12. But no column can occur tbree times or more, since shortening at three positions 
where tbree identkal columns occur would yield a [66,4,45] code viola.ting the Griesmer bound (see [7], Theorem 2.2). 
So 82 = 12 implies that 6 different repeated columns occur in G. 0 

3. Existence and uniqueness of the ternary [69,5,45] code 

Let G be a generator matrix of a [69,5,45] code C. We sha.11 examine G in three steps. 

Step 1. The shortened code w.r.t. two positions where G bas identica.I columns is a [67,4,45] code Co (say) with 
nonzero weights 45 and 54 only. 

LEMMA 6 . There exis!s exactly one ternary [67, 4, 45] code having nonzero weights 45 and 54 only. 

Proof. Using (1) with v = 0, 1, we find that the weîgbt enumerator is 1+78Z45 + 2Z54 • Using (1) with v = 2, we 
then find that B2 = 54. But no column can occur three times or more in Co since otberwise we can shorten Co to a 
[64,3,45] code, violating the Griesmer bound (see [7] Theorem 2.2). Hence 27 columns must occur twice. Moreover 
the residual code w.r.t. a codeword of weight 54 is the projective [13,3,9] code (see Lemma 1). So the multiset 
of columns of a generator matrix of such a [67,4,45] code is two times the whole of PG(3, 3) with one hyperplane 
suhtracted. D 

Step 2. In order to write the origina.l genera.tor matrix G in an appropriate form we will need a lemma due to 
Hili and Newton ([8] Theorem 4.2). 

LEMMA 7 A terna'71 [15, 4, 9] code either 

(i) has weight enumerator 1 + 50Z9 + 30Z12 and has B 2 0, or 

(ii) has weight enumerator 1 + 52Z9 + 26Z12 + 2Z15 and has 8 2 = 2, 

where B2 denotes the number of codewords of weight 2 in the dua/ af the [15, 4, 9] code. 

Let i:2 denote the codeword in C corresponding toa codeword ofweight 54 in Go. Then the residual code w.r.t. 1:2 is 
a [15,4,9] code with two identical columns. Hence by Lemma 7 tbis residual code contains a codeword of weight 15. 
Thîs means that C contains a codeword i:1 (say) having no zeroes in common with 1:2· So the projective line through 
i:1 and i:2 contains one word of weight 45 and three words of weigbt 54 by Corollary 1. So w .!.o.g. we can write G as 

+-13- 1 0 +-24-t 0 1 
0 1 1 l 

r---~----; 

u 

27 

+-15-+ 

v 

l 2 
1 1 

-15- 2 
1 

w 



where G1 generates a [13,3,9) Simplex code and every column occurs twice in (UIV!W) (see Step 1). 

Step 3. The next step is to look at the residual codes with respect to i:1 , i:1 + i:2 , and i:1 - i:2 , in order to find 
more information about C. Obviously both V and W generate a [15,4,9] code with a codeword of weight 15 and thus 
havîng two îdentîcal columns (see Lemma 7). By Lemma 4 the matrix U generates a self-orthogonal (24,4,15] code. 
Since ît contains a codeword of weight 24, A24 2 and A21 = 0 by Lemma 3. Using (1) with /1 0, l, we find that 
Ais = 52 and Ais = 26. 

LEMMA 8 . There exists exactly one ternary [24, 4, 15] code having weight enumerator 1 + 52Z15 + 26Z18 + 2Z24 . 

Proof. Let D be a [24,4,15] code having the given weight enumerator. Then 8 2 = 6 by (1). Moreover no column 
can occur three times, since otherwîse a [21,3,15] code would exist, violating the Griesmer bound. If we shorten D 
at two positions where it bas identical columns, then we get a [22,3,15] code, having nonzero weights 15 and 18 only. 
Using (1) with v = 0 and v = 1, we find that this [22,3,15] code has A15 = 24 and Ais 2. Substituting this in (1) 
with v = 2, we get B2 = 18. No column can occur three times sînce a [19,2,15] code does not exist. Moreover the 
residual code w.r.t. a codeword of weight 18 is the projective [4,2,3] Simplex code. Hence the multiset of columns of 
a generator matrix of this [22,3,15] code is two times a PG(2, 3) minus one line. So w.l.o.g. a generator matrix U' 
of D is of the form 

1 1 u1 u2 ua u4 v1 vi v2 v2 V3 v~ v4 

0000001111111 
0001120011000 
0010110000112 

v4 Vs v~ ve v~ V7 v7 vs t/s V9 v~ 
11111111111 
0 2 2 1 1 1 1 2 2 2 2 
2 0 0 1 1 2 2 1 2 2 

where we may assume that the top row has weight 24. Also the first and second row must have exactly nine 1 's in 
common. Since U' has exactly three pairs of identical columns, it follows that of the nine pairs { v;, vi}, one of them is 
{ l, l}, one is {2, 2}, and the rest are {l, 2}. W.l.o.g. (consider linear combinationsofrow 2, 3, and 4), we may assume 
that v1 = v; l, v2 = v; = 2, and (v;, vi) = (1, 2) for 3:::; i:::; 9. Now, since we want the code to be self-orthogonal, 
we have to choose ui, ua, and u4 equal (look at the inner product with the fourth row) and u2 equal to 2 (look 
at the inner product with the third row). Bath choices (u1,u2,ua,u4) = (1,2,1,l) and (u1,u2,u3,u4) = (2,2,2,2) 
yield codes having the desired weight enumerator. But the two codes are equivalent, as can easily be seen af ter 
multiplication of the fourth row of U' by 2. D 

So we can fix(] and search for appropriate V, W, and G1• Here we are helped by the fo!lowing lemma. 

LEMMA !} . There exists exactly one [15, 4, 9] code conlaining a word of weight 15, and this code has an automorphism 
of order 13. 

Proof. From Lemma 7, we already know tbat a [15,4,9] code containing a word of weight 15 must have exactly one 
repeated column. So a generator matrix V' can be written as 

where Vó genera.tes a [13,3,9] Simplex code (which is obviously unique). For fixed Vil, the set F of words of weight 
15 that are possible first rows of V' was found by computer search to have size 288. And for a fixed first row of V', 
we find that the order of the automorphism group of the [15,4,9] code generated by V' is 39 (here in fact we count 
the monomial transformations leaving the code invariant and fixing the first two columns). But the order of the 
automorphism group of the code spanned by V0 is equal to IPSL(3,3)1=33 • 13 · 8 · 2 and this means that this first 
row of V' and its scalar multiple by 2 already yield 2 · ~ = 25 · 32 := 288 different possible first rows of V'. So 
the 288 words in F yield equivalent codes and sa the code is unique. Since 13 divides the order of the automorphism 
group of the (Ui,4,9) code, the code must have an automorphism of order 13. D 

The following generator matrix generates a [15,4,9] code that is cyclîc at the last 13 positions: 

1 1 1 1 1 1 1 1 1 1 l l 1 1 11 

Xo 
0 0 1 2 0 2 0 1 l 1 2 1 1 0 0 
0 0 0 1 2 0 2 0 1 .l 1 2 l 1 0 

io 0 0 0 l 2 0 2 0 1 2 1 1 
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With Lemma 8 and 9, an exhaustive search to find all [69,5,45] codes can easily be performed. After fixing U, we 
can (by Lemma 9) w.Lo.g. assume that the columns of V are arranged so that V generates the same code as that 
generated by Xo. Hence we have {34 - 3)/13 6 choices for the second row of V (because of the automorphism of 
order 13). For every choice, we then have 34 - 32 = 72 choices for the third row and for every choice of that, we 
have 34 - 33 = 54 choices for the fourth row. After ha.ving chosen V, Wis fixed since every column in the matrix 
(UIVIW) occurs twice (see Step 1). We can then check whether W generates a [15,4,9] code and ifit does, we try to 
find the right rows of G1 . Since w.Lo.g. we can assume that G1 generates a cyclic [13,3,9] code, we have 26/13 = 2 
choices for the first row of G1, 33 - 3 = 24 choices for the second row and 33 32 = 18 choices for the third row. 
Doing the sea.rch exhaustive!y we find 108 dilîerent generator matrices G generating a [69,5,45] code. All these codes 
are easily shown to be equivalent. A detailed discussion of this fact can be found in [3]. An exa.mple of a generator 
matrix of the [69,5,45] code is given below. 

l l l l l l l l l ll l ll 1000000000000000000000000111111111111111222222222222222 
OOOOOOOOOOOOOOOl l l l l l l ll l l ll l l l ll l ll l l l l l l ll l l l ll l l lll l l l ll llll lll l l l 
001202011121100000000112212121212121212001202011121100000000111222222 
001100120201112000212002200210012122121112022112010122000112112000112 
001121100120201001011000012002112211221220001002201212122012011012122 

Thus we have: 

THEO REM 2 . There exists exact/y one ternary [69, 5, 45] code. 

CoROLLARY 3 . n3 (5, 45) = 69, n 3 (5, 44) = 68, n 3 (5, 43) = 67. 

Proof. There exists a [69,5,45] code (by Theorem 2) and hence a [68,5,44] and a [67 ,5,43] code by puncturing (i.e. 
deleting a coordinate). The non-ex:istence of shorter codes with the sa.me dimension and minimum distance was 
shown in [9]. 0 

4. The Ternary [70,6,45] code 

Using Theorem 1 it is easy to prove the fol!owing theorem. 

THEOREM 3 . Ij a ternary [70,6, 45) code exists, tlten it has weight enumerator 1+588Z45 +140Z54 and is projective. 

Proof. Let lJ.. be a codeword of weight w > 0 in a [70,6,45] code. lf w < 70, then the shortened code w.r.t. a position 
where !!!. is zero contains !!!. with this zero deleted. This shortened code, however, is the [69,5,45] code and thus by 
Theorem 1, !!!. must have weight either 45 or 54. lf w 70, then A10 = 2 by Lemma 3 (i), yie!ding a contradiction 
using Coro!!ary 2. So a [70,6,45] code is a two-weight code and A45 and AH can be computed from (1) with 11 

= 0 and 1, using the fact that B1 = 0 since a [69,6,45] code can not exist (see [7]). That the code must be pro
jective fol!ows from the fact that a [68,5,45] code does not exist (or from the fact that B2 = 0 from (1) with v o::: 2). D 

Before we can prove that a ternary [70,6,45] code does not exist we need a lemma. 

LEMMA 10 . There exists exact!y one ternary [16,5, 9] code and its weight enumerator is 1+ 116Z9+ 114Z12 + 12Z15• 

Proof. Let C be a [16,5,9] code. If C does not contain a codeword of weight 15, then by Lemma 7 every shortened 
code of C contains 50 codewords of weight 9. Hence the number of codewords of weight 9 in C would be 16 · 50/7, 
which is not an integer. So A15 > O. Let i!i. be a codeword of weight 15 in C. Then w.l.o.g. we can assume that 
"'-looks like 01 · · · - 15 - · · · l. So the shortened code w.r.t. the first position must be a [15,4,9] code containing 
a codeword of weight 15 and thus by Lemma 7 having one repeated column. Since this [15,4,9] code is unique by 
Lemma 9, we can take w .!.o.g. the generator matrix X0 from Section 3 Step 3, whîch generales a [15,4,9] code that 
is cydic at the last 13 positions. So w .!.o.g. a generator matrix X of C bas form 

1 0 1 !! 
0 1 l l 1 1 1 1 l 1 1 1 1 1 

X= 0 0 0 l 2 0 2 0 1 l 2 l l 0 0 
0 0 0 0 1 2 0 2 0 l 1 2 1 0 
0 0 0 0 0 l 2 0 2 0 l l 2 l 
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Now the shortened code w.r.t. the second position must also genera.te a [15,4,9] code haviog one repeated column 
and therefore conta.ining a codeword of weight 15 (see Lemma 7). So we can a.ssume that g has weight 13. Moreover, 
since the sum and difference of the first and second row of X must be of weight at least 9, g must have six 1 's and 
seven 2's. We saw (see proof of Lemma 9) that there are 288 possibilities for g so that the shortened eode w.r.t. the 
second position is a (15,4,9] code, a.ssuming that !!. has weight 13. Now 65 of these possibilities for !!. have six 1 's and 
seven 2's, namely 

1!1 211ll12122222 

!!2 2221121212112 
1!a 1222121221211 

!!.< 2112211122122 

i!s 2112212112212 

and all their cydic shifts. Let f. denote the codeword 1001202011121 that occurs in the shorteoed code of C w.r.t. 
the first three positions and let 1 be the all-one vector of length 13. Then d(f., !fa -1) = dfo, !!.< -1) = d(f., i!s - !) 4, 
where d(y, .J denotes the distance between y and J!.. So for g g_1 , !!.<or i!s (or any of their cyclic shifts), the matrix 
X fails tö genera.te a (16,5,9] code. So basically the only possibilities for g are g2 and 11a and in fact X generates a 
[16,5,9] code in both cases. Now let X2 and X3 denote the matrix X where !!. = g2 and g = !!.3 respectively. Let 
i:1, i:2,. . denote the rows of X 2 • Then replacing i:1 by 2!:! + i:2 + 2i:s + 2J:.t + 2J:s, followed by the interchange of 
columns and 3 and the multiplication of column l by the scalar 2 transforms X2 into X3 . So X2 and X3 genera.te 
equivalent codes and C is unique, up to equivalence. D 

THEOR.EM 4 . A ternary [70, 6, 45] code does not exist. 

Proof. W .l.o.g. a generator matrix f of a [70,6,45] code C looks like 

11 o 1 !1 k ~ ~ 
21 0 1 1 1 ;.-- 13--> 1 0 .-24-. 0 1 .-15--> 1 2 +-15--> 

0 0 0 0 . " 0 1 ... 1 l .. 1 1 " . 1 1 

0 0 0 
0 0 0 G1 u v w 

• 

0 0 0 

where, by the unîqueness of the shortened [69,5,45] code, we may a.ssume that Gi, U, V and W are now ftxed. We 
suppose they are as given in the example generator matrix near the end of Section UI. Let i:o, i:1 , and i:2 denote 
the first, second, and third row off respectively. Then the residual code w.r.t. i:1 is a [25,5,15] code containing 
a codeword of weight 24. Moreover it is self-orthogona.l by Lemma 4 and projective by Theorem 3. Usîng (1) and 
Lemma 3 we then find that the weight euumerator is 1+130Z15 + 86Z18 + 24Z21 + 2Z24 . Let a {45',54-Î} line 
denote a projective line with i codewords of weight 45 and j codewords of weight 54. Using Corollary l we then 
derive that through i:1 there are 130/2=65 {454,54°} lines, 86/2=43 {453,541} lines, 24/2=12 {452,542} lines, and 
one {451 ,543 } line. Hence puncturing C at the positions where i:1 has a zero yields a [45,6,24] code with weight 
enumerator 1 + 24Z24 + 172Z27 + 396Z30 + 48Z33 + 86Z36 + 2Z45 (for details see [3]). Obviously the residual codes 
w.r.t. i:2 , + .t2 , and i:1 !'.2 are [16,5,9] codes. Hence by Lemma 10 we may assume that t1 equals g_, or one ofits 
cyclic shifts proef of Lemma 10). Theo !'.o and i:2 have one zero in common and hence forma {451 , 543 } line (see 
Corollary So w .!.o.g. we may a.ssume that !'.o is of weight 45 and that the sum and difference with i:2 are of weight 
54. This means that h is of weight 14, bis of weight 8 and t., is of weight 8 (since they cannot be of lower weight). 
Moreover it is easy to see that b and !., have 4 ones and 4 two's ( consider linear combinations of to and r.1 , fa). So 
for ea.ch possibility for t 1 there are 44 · 13 = 572 possibilities for Li so that the conditions are satisfied. Furthermore, 
for each (!i,b) pair there are also 572 possibilities for ~to check. Trying all possibilities, we found that there are 
18 (h, fs, t.,) triples such that the punctured code of C at the positions where i:1 bas a. zero is a [45,6,24] code with 
the right weight enumerator. However, all 18 possible {45,6,24] codes contain two codewords of weight 24 having 11 
zeroes in common. This proves that a [70,6,45] code cannot exîst since the number of zeroes that two codewords in 
a [70,6,45] code have in common is at most 10 (see Corollary 1). D 
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Chapter 5 

The correspondence between projective codes and 2-weight 
codes 
A.E. BROUWER 

M. VAN EUPEN 

October 1994 

Abstract. We show how to get a 1-1 correspondence between projective linear codes and 2-welght linear codes. A general
iza.tion of the construction gives rise to several new ternary linea.r codes of dimension six. 

1. Preliminaries 

Let V be a .!:-dimensional subspace of GF(q)n. If the Hamming distance between two different vectors in Vis at 
least d, then V is called a q-ary [n, k, d] code. Let G be any matrix with row space V. Let W be the column space 
of G and let PW denote the projective space coming from W. Tben PW is a (k 1)-dimensional projective space. 
Let X denote the multiset of points in PW corresponding to the nonzero columns of G (so X is of size nv, if nv 
denotes the number of coordinate positions that are not identically zero in V, called the effective length of V). If 
every hyperplane in PW intersects X in at most nv - d points, then X defines a q-ary [nv, k, d] code. We shall say 
that X is the multiset corresponding to the code ir. 

2. How to construct a 2~weight code out of a projective code 

Let C be a projective q-ary [n,k,d] code, with nonzero weights w1 ,""w,. Each subcode D ofcodimension 1 in C 
has nonzero weights w1 , "" w1 with respective frequendes fi, .", ft, say, and these frequencies satisfy 

(this follows by counting all nonzero vectors in D), and 

z)nv w;)f; nv(q•- 2 1), 

where nv is the effective length of D defined in Section l ( this follows by counting the zero entries of all vectors in 
D). Since Cis projective, we have nv == n - l for n subcodes D, and nv n for the remaining (qk -1)/(q-1) n 
subcodes of codimension l. It follows that for arbitrary choice of Oi, fJ the sum 

does not depend on D but only on nv, and hence only takes two values. Fix n,fJ in such a way that all numbers 
aw; +/3 are nonnegative integers, and consider the multiset X (in the projective space PC) consisting of the 1-spaces 
(c) with c E C taken arw + f3 times, if wis the weight of c. As we just saw, each hyperplane Dof C meets X in 

+ fJ(qk-1 l)/(q l) 
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points, so X defines a lînear q-ary 

[IXJ, k, IXI - 11~--1 - q1- 2 .max(an,a(n-l))] 
q-

2-weight code, provided that both weights are nonzero. (Note that 

q• -1 IXI = fJ-- + q1
-

1an, 
q-1 

so these two weights are v = IXI - (JXJ - fJ)/q and u = v + al-2.) 

For example, if we start with the unîque (16,5,9] ternary code, wbich has weight enumerator 01 9116 12114 1512, 
and take a = !, fJ = -3, then we find a ternary (69, 5, 45} code wîth weight enumerators 01 45210 5432 . With a =:{-, 
fJ = 5 we lind a ternary (173,5, 108] code with weight enumerator 01 10832 117210• 

3. How to construct a projective code out of a 2-weight code 

Now, let C be a 2-weight linear q-a.ry [n, k, dj code, with nonzero weights u and v. Let X be the corresponding 
multiset in PG(k-1,q), so that JXI n, and each hyperplane meets X in eith.er IXI- u or IXI -v points. Let U be 
a subspace of dimension i (0::; i::; k -2) of this prvjective space, containing 'Y points of X. Then we can determine 
the numbers N. and N. of hyperplanes of bath kinds conta.ining U, by solving 

and 

Nu+ N0 = (qH-l l)/(q l) 

q•-•-2 - l 
(IXJ-u-1)N.+(IXl-v-1)N.=(IXJ-1) q-l, 

so that Nu and N. are determined by "f. Let H be the set of hyperplanes meeting X in IXI u points. Then 

q• -1 
IHI = (JXll-1 - 11--)/(u - v) 

q-1 

and H defines a projective linear [IHJ, k] code, with nonzero weights 

(IXI - 'Y)tf-2 - v•'-'-1 
IHI - -l 

u-v 
where 7 runs through the multiplicities that the points of PG(/.: - l, q) have in X. (This follows from the above 
counting for i 0.) 

For exarnple, if we start with a ternary [69, 5, 45] code with weights u 54 and v = 45, then we find a projec
tive linear [16, 5] code with nonzero weights 9+ 37. Since the original code bas multiplicities1=0,1, 2, the resulting 
c.ode has weights 9, 12, 15. 

4. Going back and forth 

Although both constructions are not precisely l-1 since there are choices to be made (in one direction: choose a,(3; 
in the other direction: choose which of the two weights is called u), they ca.n be sa.id to be inverses of each otber 
(under the assumption that botb codes are of the same dimension). Starting from a 2-weight code, we constructed 
a projective code with nonzero weights 

(IXI 7)q•- 2 - v~ 
u 

Now aw1 + fJ = 'Y for appropriate a and fJ (with a = (u - v)/qk- 2), and for this choice of a and fJ we find the 
original code back a.gain. And conversely, starting from a projective code (and any a, /3) we find a 2-weight code 
with weights 

q•-1 l 
u = IXI - (3--- - q~-2 .a(n- l) 

q-1 
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and 

v IX! 

With this choice of u we find the original code back again. 

5. Uniqueness of the ternary [69, 5, 45] code 

In [5] it is shown that a temary [16, 5, 9] code bas unique weight enumerator 01 9116 12114 1512 • In [2] it is shown that 
a temary [69, 5, 45] 2-weight code also has a unique weight enumerator (namely 01 45210 5432). So by the remark 
at the end of Section 2 and the observation in Section 4 uniqueness of one code is equivalent to uniqueness of the 
other. In [2] the uniqueness ofthe [69,5,45] code is praved and, independently, the uniqueness of the [16,5,9] code. 
For both uniqueness proofä the aid of a computer was needed. In [1] a computer-free proof of the uniqueness of the 
[69, 5, 45] code is given, so that we now also have a computer-free proof of the uniqueuess of the [16,5,9] code. 

6. More examples 

One of the open cases in Hili & Newton [6J was the existenée of a temary [149, 5, 99] code with weights 01 99222 10820 . 

The second construction shows that such a code is equivalent toa self-orthogonal ternary [10, 5, 3] code, hut there is 
no such code since 10 is nota multiple of 4. (Cf. Mallows, Pless & Sloane [8].) The nonexistence of [149, 5, 99] has 
also been shown by I. Landgev [unpubl.]. 

If the code we start with (in the first construction) is not projective, then nD wîll take more values. 

Thus, starting from a nonprojective temary [29, 5, 18] code with weights 01 18188 2188 2488 272 we find a 3-weight 
ternary [57, 5, 36] code with weights 36, 45 and 54. 

Similarly, starting from a nonprojective temary [34,5,21] code with weight enumerator 01 21142 2466 2726 30" we find 
a 3-weight ternary [71, 5, 45) code with weights 45, 54 and 63. 

Starting from a quatemary [120,5,88] code with weights 01 88765 96255 1203 (such a code bas been constrncted 
by Gullîver), we find a quatemary [89,5,64] code. 

Another interesting example is the quaternary [24, 5, HIJ code, which must have weight enumerator 01 16513 20504 246 

(see [7]). The corresponding 2-weight code is a [172,5, 128] code with weight enumerator 01 128951 14472 . The code 
is optîmal, since the residual code with respect toa codeword of minimum weight is optima! (see [3]). It has codes 
wîth parameters [44,4,32] and [28,4,20] as residual codes. Earlier, codes with these parameters were found in [3] 
only by a computer search. 

7. The general construction 

The construction în Section 2 can be generalized in the following way: Suppose we have an [n, k, dj code C over 
GF(q) with nonzero weights w1". "w,. Let D be a subcode of codimension lof C. Let the frequencîes of w1". "Wt 

in D be denoted by fi, ... , j,. Then the Pless power moments [9] give us: 

Bj (~ 11!S(r, 11)qk-l-v ( ~ = ~ ) ) -n', 

where v; = n - w;, Bi is the number of codewords of weight j în the dual of D and S( r, v) is a Stirling number of the 

second kind. Let p;(v) L:!;;~ p~;)v' be the polynomial that is 0 for v = Vh, h -:fo i and is l for v = v;, (i = 1, "" t). 
Consider the set X; in the projective space PC ronsisting of 1-spaces < c > (c E C) with multiplicîty p;(v), where 
w = n - vis the weight of c. Then X; defines a projective code that is intersected by D in (L;~=l p;(vh)fh)/(q - 1) 
points. So if we can compute the weight enumerator up to weight t l of the dual of every codimension 1 subcode 
of C (which corresponds toa coset of the dual of C), then we can compute the weights in X; (i = 1, .. "t), using the 
Pless power moments. 

34 



For example, let C be the extended ternary Golay [12,6,6) code. It is well known that its weight enumerator is 
01 6264 g44o 1224• Since C bas 3 nonzero weights we have to compute the weight enumerator of the cosets of the 
dual of C (denoted by C.L) up to weight 2. Since C.L = C in this case, it is easy to see that there are 12 cosets 
with a weight enumerator starting with 11 2°, 132 starting with 1° 21 and 220 starting with 1° 2°. Let w1 = 6, 
w2 = 9 and U':J = 12. Then, for example, p2(v) -~v(v 6) = +!v. So X2 is intersected by a hyperplane 

in%·(-~)· I:;~=I v~fh + % · ! I:;~=I vnfh points. Using the Pless power moments, we then find that X2 is a code 
of length 220 for which the cosets of the first kind give 24 codewords of weight 165, the cosets of the second kind 
give 264 codewords of weight 150 and the cosets of the third kind give 440 codewords of weight 144. So X2 is a 
[220,6,144] code (which improves the hound in [11)). For Xs the respective cosets give 24 codewords of weight 12, 
264 codewords of weight 6 and 440 codewords of weight 9. So X 3 is the [12,6,6) code again. Moreover, the union of 
X 2 and X 3 is a code oflength 232 with 24 codewords of weight 165+12=177, 264 codewords of weight 150+6=156 
and 440 codewords of weight 144+9=153. This [232,6,153] code gives a considerable improvement on the bounds in 
[Il]. 

Another example tbat gives rise to new codes is the ternary [7,6,2] code, the dual of the (7,1,7] repetition code. lts 
weight enumerator is given by 01 2"2 370 4210 5210 6154 742 . Since this code has 6 weights, we have to compute the 
weigbt enumerator of every coset of the (7,1,7] code up to weight 5. lt is easy to check that the following weight 
enumerators up to weight 5 can occur: 

weight enumerator 
1 1 
2 21 

3 21 51 

4 31 51 

5 31 41 

6 42 

7 41 52 

number of times oceurring 
7 
21 
21 
105 
35 
70 
105 

The following table shows for every weight in the (7,6,2] code the weights of the code X; (i 1, ... 6) corresponding 
to the respective cosets. 

coset number 
weight 1 2 3 4 5 6 7 

2 6 11 10 14 12 15 16 
3 15 20 25 23 30 24 22 
4 60 80 70 74 66 69 67 
5 75 70 80 67 69 66 74 
6 66 52 47 49 51 57 50 
7 21 10 11 16 15 12 14 

So weîghts 3 and 5 together give a ternary [140,6,90] code witb weight enumerator 01 90406 96210 9970 10542 and 
weights 5, 6 and 7 togetber give a ternary [203,6,132] code witb weight enumerator 01 132252 135210 138252 16214 . 

Botb codes improve on the bounds in (11]. 
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Chapter 6 

A geometrical construction of the ternary [69,5,45] code 
M. VAN EUPEN 

May 1994 

Abstract. A geometrkal constrnction is given of the ternary [69,5,45] code. lt is an optima! code in the sense that a [68,5,45] 
code does not exist. lt will be shown that the code is unique. 

In [l] the following theorem is sbown. 

THEO REM 1 . A ternary [69, 5, 45] code must have weight enumerator l + 210Z45 + 32Z54 and must have 6 repeated 
columns. 

So a [69,5,45] code is a multiset C of points in PG( 4, 3) of size 69 such that every byperplane intersects C in eitber 
15 or 24 points and such tbat 6 points have mutiplicity 2 and the rest has multiplicity L We sball show that such a 
multiset exists and moreover that it is unique. 

Let z be a point of multiplicity 2 in C and let H 1 be a hyperplane not containing z. Let P denote the projection of C 
from x in Hl· Tben every plane in H 1 obviously intersects P in either 13 or 22 points. Let A; denote the number of 
pla.nes in H1 containing i points of P. Tben obviously A1a + A22 = 40. Moreover, since there are 13 planes through 
a point in H 1 and P has size 67, we must have that 13A13 + 22A22 = 13 · 67. Then it follows that A13 = 1 and 
A22 = 39. Let Il be a plane in H 1 intersecting P in 13 points. We shall prove that Il n P = Il. To do thîs, we take 
any line L in Il containing "f points of P. The 3 planes (in H1) other from II containing L must intersect Pin 22 
points. Hence "( + (13 - -y) + 3(22 1) = 67. So 'Y = 4 and so every line intersects II n P in 4 points. This means 
that II n P is a plane and so II n P = II. It is easy to see that any line outside Il in H 1 contains 7 points of P. Take 
a point outside Il in H 1 of multiplicity v in P. Then v + 4(7 //) = 22 and so u = 2. Hence we have the following. 

The multiset P consists (Jf the p(Jints of II with multiplicity 1 and the points of H 1 \II with multiplicity 2. 

Let H4 be the hyperplane containing :i: and II. Then obviously H4 contains 15 points of C. Moreover, ît is easy to 
see that a plane in H4 intersects C in at most 6 points. Hence H4 n Cis a [15,4,9] code. 

LEMMA 1 (Hili and Newton [17)). A ternary [15, 4, 9] code either 

(i) kas weight enumerator l + 50Z9 + 30Z12 and B2 = 0, or 

(ii) has weight enumerator l + 52Z9 + 26Z12 + 2Z15 and B2 2, 

where B 2 denotes the number of codewords of weight 2 in the dual of the [15, 4, 9] code. 

Let D be a terna.ry [15,4,9] code containing a point dof multiplicity 2 (so D is of type (ii) in Lemma 1). Tben the 
projection from d on a plane not containing d must be the plane itself, since every line in the plane contains at most 
4 points of the projection. Moreover notice that there is a plane containing no points of D. As we saw, H4 n Cis 
a [15,4,9] code containing a point of multiplicîty 2. So without loss of generality we may assume that II is a plane 
containing no points of C. I,et H2 and H3 be the two hyperp!anes other from H1 and H4 containing ll. Since II 
contains no points of C, one of the H; (i = l, 2, 3, 4) must contain 24 points of C and the others must contain 15 
points of C. Without loss of generality we may assume that H 1 contains 24 points of C. Now it is easy to see 
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that every plane in H 1 interseets H1 n C in 0, 3, 6, or 9 points. Moreover there is a plane containing no points of 
H 1 n C (being II). Then it is easy to prove that planes other from II oontain 6 or 9 points and that there must be 13 
planes containing 6 points and 26 planes containing 9 points. So H1 n Cis a [24,4,15] code with weight enumerator 
1+52Z15 + 26Z18 + 2Z24 and this code is shown to be unique in [1], Lemma 8. Moreover, this [24,4,15] code has 3 
repeated points. Hence we have the following. 

The 24 points /rom C in H 1 are completely delermined up to isomorphism and there are 3 points of multip/icity 2, 
18 points of mulliplicity 1 and 6 points of multiplicity 0. 

The 15 points from C in H1 are easily shown to forma [15,4,9] code. Moreover, there is a plane in H2 containing no 
points of C (being II) and so by Lemma 1 there must be one point of multiplicity 2. The same holds for Han C. 

From the 15 points in H2 n C there is one point of multip/icity 2 and the projection /rom this point to II is II itse/f 
The same holds /or H3 n C 

We have enough informationnow to determine the points in H2 nC, H3 nC and H4 nC, given the points in H1 nC. 
To show this, we can take a representation of PG( 4, 3) where a point z be is represented by a 5-tuple {zi, z2 , •• "zs). 
Let H1 be the hyperplane z1 = 0, H2 the hyperplane z1 - z2 0, H3 the hyperplane z1 + z2 = 0 and H4 the 
hyperplane z2 = 0 (so II is the plane z1 = z2 = 0). For H1 n C we take the following 24 points: 

000000000000000000000000 
111111111111111111111111 
000000112212121212121212 
000212002200210012122121 
001011000012002112211221 

The set Y of points in H1 with multiplicity O in C consists of elements i/1) = (0, 1,0, 0, 2), y(>) = (0, 1, 0, 1,0), 
i/3 ) = (0,1,0,1,2), rf4l (0,1,0,2,2), rf5l = (0,1,2,0,0), and y(6) (0,1,l,l,O). Let y be the point in H2 of 
multiplicity 2 in C. Then the line through zand y must hit H1 in a point ofY. Suppose this line hits H1 in i/2) 
(that is, y equals (1, 1, 0, 1, 0)). The line through y and p = (0, 0, 1, 2, 0) Ell must have one point other from y and 
p occuring in C. So either (1, 1, 1, 0, 0) or (1, 1, 2, 2, 0) occurs in C. By looking at the projection of either of the 
two points from z to JI1, we get a contradiction with the fa.et that on H1 \ ll everything has to occur twice in the 
projection of C from x. In the sa.me way you can prove that the line through x and y cannot hit H 1 in i/5) and y(6) 

respectively. Let y' be the point of multiplicity 2 in H3 . Then we have only 3 possibilities for {y, y'}. However, the 
3 possibilities can be moved into each other by the linear transformation z -+ (z1, za, z3, z4 + zs, zs), which leaves 
H1 nc invariant. So without loss of generality we can assume that y = (1, 1, 0, 0, 2) and y' = (2, 1, 0, 1, 2). Obviously, 
the lines through x and r/2), y<4), i/5) and i/6) respeetively must hit both H, and Ha in a point of C. Furthermore, 
the line through zand (0, 1,0,0,0) cannot contain more points of C. Suppose this line interseets H2 in a point v. 
Then the line through y and v must contain a point of C that is not y or v and is not in II. Doing the sa.me with 
(0, 1, 1, 0, 0) and (0, 1, 2, 2, 0) we have found 9 points of H2 n C and 9 points of H 3 n C a.lready. If we take a point 
of Ha of multiplicity 1 in C that is on a line with x that hits H 1 in a point of multiplicity 1 in C, then it must hit 
H2 in a point of multiplicity 0 in C. This means that the other point (not lying in II) on the line through y and this 
point of multiplicity 0 must have multiplicity 1 în C. Using this argument, we find 3 other points in H 2 n C and 3 
other points in Han C. Using the fa.et that H2 n C and Han C must be self-orthogonal codes, we find two ways to 
complete (H2 U H3)iîC. Given the points of C in H1 , H2 and H3 , the points of C in H4 are completely determined, 
since in the project ion from y to H 1 \ Il everything bas to occur exactly twice again. So we find that the point set 
of a [69,5,45] code can be represented in the following two ways: 

0000000000000000000000001111111111111112222222222222221111111111111 ll 
l l l l l l l l l l l l l l l l l l l l l l ll l l l l l l l ll l l ll l l ll l l 11111111111000000000000000 
000000112212121212121212000021021012222000021021021111000120001221222 
000212002200210012122121001201001121012111201220212012000022120012221 
001011000012002112211221220200111111222220200111000222001110222022020 

000000000000000000000000111111111111111222222222222222111111111111111 
111111111111111111111111111111111111111111111111111111000000000000000 
000000112212121212121212000021021012111000021021021222000120001121121 
000212002200210012122121001201001121012111201220212012000022120012122 
001011000012002112211221220200111111222220200111000222001110222022020 
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Both possibilities yield [69,5,45] codes. However, applying the linear transformation z .... (z1, z2 , 2z3 , z4 + 2z3 , z5) to 
the first point set gives the second point set (and vice versa). So we have: 

THEOREM 2 There exists exadly one ternary [69, 5, 45] code. 
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Abstract-It is proved that ternary codes with pa
rameters [15,8,6], [15,9,5), [16,6,8], and [16,7,7] do 
not exist. This result solves the problem of find· 
ing optimal ternary linear codes oflength at most 
21. A table is given, showing the exact value of 
ds( n, k) for n S 21 with the earliest references. 

I. INTRODUCTION 

LET dq(n, k) denote the largest integer d such that an 
[n, k, d] code over GF(q) exists. In [13), [14], and [17] sev
eral lower and upper bounds for d3 (n, 1:) are given. The 
exact value of da(l5+ i, 8+ i) (O Si S 4), da(15+i, 9+i) 
(0 Si S 3), da(16+i, 6+i)(O Si S 4), and d3 (16+i, 7+i} 
(0 S i S 3) was not known until now. In this paper the 
non-existence witl be proved of ternary codes with pa
rameters [15,8,6], [15,9,5], [16,6,8], and [16,7,7]. On the 
other hand it is known that there exist [27 ,20,5), [56,50,4], 
[22,12,7], [29,20,6] codes (see [13], [17)). This proves that 
da(15 + i, 8 + i) = 5 (0 S i S 12), d3 (15 + i, 9 + i) = 4 
(O S i S 41), da(16 + i,6 + i) = 7 (0 $ i S 6), and 
da(16 + i, 7 + i) 6 (0 S i S lil). The determination of 
da(n, k) for k $ n S 21 is thereby solved. 

A linear [n,k,d] code G over GF(q) can be represented 
by a generator matrix G, that is, a k x n matrix with k 
linearly independent codewords of G as its rows. Two 
codes Gt and G2 are called equivalent if G1 has a gen
erator matrix G1 and G2 has a generator matrix G2 
such that G1 and G2 are the same up to column per
mutation and column multiplication by a nonzero scalar. 
So, if G has no zero columns, the multiset of points in 
PG( k-1, q) represented by the columns of G is a multiset 

of size n representing the class of codes equivalent to G. 
Sometimes this multiset wil! be called G as wel!. If all 
multiplicities are 1 in this multiset, then its complement 
is defined as PG(k - l, q) \ G. 
The dual code GJ. of Gis defined as the set of codewords 
that are orthogonal to all codewords of G. Obviously GJ. 
has dimension n - k. The minimum distance of G'- is 
called the dual distance of G and will be denoted by dJ.. 
A code with dual distance at least 3 will be called projec· 
tive (notice that in the multiset of points in PG(k -1, q) 
corresponding to G all multiplicities are l in this case). 
The shortened code of G with respect to position i is 
defined as the set of codewords in C having a zero at 
position i (and since we do not want a code to have zero 
columns we delete this zero in the shortened code). The 
shortened code with respect toa point x E PG(/: 1, q) 
in G can be viewed as the projection of G to some hyper
plane in PG(k - 1, q) not containing x. The shortened 
code of C with respect to positions i and j is defined 
as the shortened code with respect to position j of the 
shortened code with respect to position i of G. In many 
cases we shatl ronsider the shortened code of G with re
spect to positions where a codeword of minimal weight 
in GJ. has nonzero entries. If we assume for simplicity 
that this codeword in G'- has ones at those positions, we 
can write G as 
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dJ. - n-dJ.. 
: 100 000 -1 LiJ.-1 

OIO 000 -1 ~..L-2 

dl. 
000 010 -1 i!i.2 
000 ". OOI -1 •1 

î 1000 
k - dJ. + 1 : Go 

! 000 0, 

Let Go be the code generated by Go. Then Go is an 
[n - dJ., k - dJ. + l, d] code. Let r be the coset graph 



of C0 , that is, the graph with as points the cosets of Co 
where two points are connected if and only if the distance 
between the corresponding cosets equals l. Then il'.!, ;i;.2 , 

. . . , ~L-• and their linear combinations can be secn as 
points in r. The coset Co will be denoted by Q in r. 
Puncluring a code C at position i means deleting the i-th 
position in all codewords of C. Notice that the dual of 
the shortened code with respect to position i of C is the 
punctured code with respect to position i of ei. 
The number of codewords of weight w in C will be de
noted by Aw. The number of hyperplanes containing i 
points of C ( counting multiplieities) is obviously equal 
to An-if(q - 1) (i < n). The weight enumerator of C 
will be written as Lw AwZ"'. Notice that in the ternary 
case C is self-orlhogonal (that is, G Ç Ci) if and only if 
A" = 0 for all w t; 0 mod 3 (see {13]). 

In Section II we derive some uniqueness results neces
sary for the non-existence proofs. The proofs of the main 
results can be found in Section III. In the appendix an 
updated table for ds(n, k) will be given for n $ 21. In 
this paper known results from this table will be used 
without explicitly refering to the appendix. 

ll. SOME UNIQUENESS RESULTS 

Lemma 1: A q-ary code with parameters [(q + l)m -
€, 2, qm - <] is unique for f = 0, 1. 

Proof: A ((q + l)m <, 2, qm - <] code is a collection of 
(possible repeated) points in PG(l,q), ha.ving no point 
repeated more than m times. So, if c 0, then every 
point has to occur m times. If c = 1, then every point 
has to occur m times, except one, which has to occur 
m-1 times. D 

Lemma 2: A q-ary [q 2 -<, 3, q2-q-c] code Cis projective 
if 0 $ < < q. Such a projective code is equivalent to the 
complement of a blocking set in PG(2,q) with q + l + c 
points. If 0 $ < < then such a blocking set must 
contain a line. If also c 2, then C is unique. 

Proof: Suppose G is not projective. Then we can shorten 
it to a [q2 < - 2, 2, q2 - q <] code, being a collec
tion of q2 - e - 2 (possibly repeated) points in PG(l, q) 
with no point repeated more than q - 2 times. Hence 
q2-<-2 $ (q+ l)(q-2) =q2 q-2 and so <2: q. We 
assume tbat 0 $ e < q and so C is projective. Moreover 
C is a collection of points in PG(2, q) with at most q 
points on a line. lts complement is a set of size q + 1 + < 
with at least one point on a line, hence a blocking set. 
By Bruen (4] a blocking set of size less than q + ,fe + l 
contains a line. Hence it is easy to see that if c < ,fe and 
< $ 2, this blocking set is unique. D 

For purposes that will become clear later we define n; as 
the number of hyperplanes containing i points of C, and 
find for the code with < l in Lemma 2 that no = l, 
nq-I = q+ l, nq = q2 - l, and n; = 0 for other values ofi . 

So there exists exactly one ternary [9,3,6] code, generator 
matrix for example 

(

100222210) 
G2 = 0 1 0 O 2 2 1 2 1 

001201221 

and exactly one (8,3,5] code, generator matrix for exam
ple 

(

10001211) 
G3 = 0 l 0 1 l 1 0 l 

0 0 1 l 2 2 l 0 

Lemma 3: Aq-ary[q2,4,q2 -q-l]codeisprojectiveand 
is equivalent to an ovaloid minus a point in PG(3, q). 

Proof: Projectiveness fellows from the fact that a 
(q2 - 2, 3, q2 - q - 1] code does not exist by Lemma 
2 (take€= 1). A (q2 ,4,q2 q l] code Cis a set Sof 
q2 points in PG(3, q) with at most q + 1 points on each 
plane. Let :c E S and look at the local PG(2, q) viewed 
from z, tbat is, lines through :c become points and planes 
through :c become lines. A point in this local PG(2, q) 
can be secn as the projeetion viewed from x of a point in 
PG(3, q) on a plane not containing z. Obviously in the 
local PG(2,q) viewed from z, S \ {a:} consists of q2 

- 1 
points with at most q points on each line. So by Lemma 2 
its complement is the union of a line and a point outside 
this line. So in PG(3, q) we have that :c is in a unique 
plane "• (say) and in a unique line L. (say) sneb that 
,,."nS = {z} and L. is not in,,." and L. nS = {z}. We 
shall prove that all lines L, (z E S) have a point z in 
common and that S U { z} is an ovaloid. Indeed for any 
a: and Il in S, y is not on L, and the plane spanned by 
L. and Il meets S in q points ( any plane containing L. 
bas q- 1 points of S from the local PG(2, q) viewed from 
z) and hence it contains Ly ( any plane cantaining q - 1 
points of S from the local PG(2, q) viewed from 11, con
tains Ly ) . So L, and L, meet. This means that all linea 
L. ( :c E S) are concurrent, since otherwise they would 
lie in a plane and so S would lie in a plane (impassible). 
Let z be the point where all lines L" ( z E S) meet. To 
prove that S U { z} is an ovaloid, we have to prove tbat 
no three points in this set lie on a line. If z and 11 are in 
S, then the line through z and y cannot contain another 
point af S, since S viewed from a: in the local PG(2,q) is 
projective by Lemma 2. Moreover a line through z can 
obviously not contain two elements of S. Sa S U { z} is 
an ovaloid. D 
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Using the counting after the proof of Lemma 2, we can 
compute the numbers n; for S. Obviously n 1 = q2 , n9 
q2(q+l)jq = q(q+l), nq+I = q2 (q2-1)/(q+l) = q2(q-l) 



and n; = 0 for all other i > O. Since L; n; = q3+q2+q+l, 
we have that n 0 !. 

Since there is a unique ovaloid in PG(3,3) (see (15] 
page 35) and this ovaloid has a transitive automorphism 
group, ternary codes with parameters (10,4,6] and (9,4,5] 
are unique. An example for a. genera.tor matrix is 

( 

1 0 0 0 
0 1 0 0 0

• = 0 0 l 0 
0 0 0 l 

;;;;~~i 
022121 
201221 

for the (10,4,6] code and 

( 

1 0 
0 1 

Gs = o 0 

0 0 

for the [9,4,5] code. 

0 0 2 2 
0 0 2 2 
1 0 0 2 
0 2 0 

1 1 
2 2 
2 1 

2 

Lemma .j: A q-ary (q2+1,5,q2-q-l] code C only exists 
for q ::; 3. If q = 2 or 3, then Gis unique. 

Proof: Using the computations after the proof of Lemma. 
3, we find for the numbers n; for C tha.t n 1 = q2 + 1, n2 = 
(q2 + l)q2 /2, "•+I (q2 + l)q(q + l)/(q + 1) = (q2 + l)q, 
n 1+2 (q2 + l)q2(q - l)/(q + 2), and n; = 0 for other 
i > 0. Sono = q4 +q3+q2+q+l-n1-n2-n1+1-nq+2 
is 1 for q = 2, is 0 for q = 3, is 1 for q = 4 and is negative 
for q ?: 8 (and n 1+2 is not an integer for q 5 or 7). 
If q = 2 then C is the trivia! [5,5,1] code consisting of 
all words. lf q = 3, then C exists since puncturing the 
ternary {11,5,6] code (the dual of the terna.ry Golay code) 
yields a (10,5,5] code. If q = 4 then C does not exist, since 
a quaternary [17,5,11] code would have a [6,4,3] residua.l 
code (see [14], Lemma 2.13), which does not exist since 
a quaternary code of length 6 and dimension 2 must be 
non-projective. 
To prove that the ternary [10,5,5] code is unique, we 
define the quadratic form Q(i!!.) = xî + x~ + ... + "'lo for 
i!!. E GF(3)10. Obviously Q(il!.) = wt(i!!.) mod 3, where 
wt(i!!.) denotes the Hamming weight of i!!.· Define the 
quadratic form Q' as the restriction of Q to C. Since 
n3 = n0 0, there are no codewords of weight 1 mod 3 
in C and so there are no solutions of Q'(il!.) = 1. Hence 
the dimension of the radical of Q' is 4 (it cannot be 5, 
since otherwise G would be self-orthogonal). So there are 
five pairwise orthogonal linea.rly independent codewords 
in C, four ha ving weight 0 mod 3 and one (!;. say) having 
weight 2 mod 3. Now we can extend 52 with a nonzero 
entry and the other four vectors with a zero, to get a 
basis of a self-orthogonal code of length 11, hence an 
[11,5,6] code (since all weights must be divisible by 3). 
Since an [11,5,6] code is unique and bas a transitive auto
morphism group, we can conclude that also Cis unique.D 

An exa.mple of a generator matrix of the unique ternary 
[10,5,5] code is 

( ~~~~~; o. 0 0 1 0 0 2 
0 0 0 1 0 0 
0 0 0 0 1 2 

1 0 1 1 l 2 1 1 0 
2 2 2 1 
2 2 1 2 
0 1 2 2 

Lemma 5: A q-ary (q2 +q+1 •,3,q2 - t] code Cis 
unique for 0 :S e ::; 2 and q ?: 3. 

Proof: Suppose C is not projective, then there exists a 
[q2 + q - 1 <, 2, q2 - <] code and so q2 + q - 1 - < ::; 
(q + l)(q 1) = q2 - 1 and so < ?: q. Hence the com
plement of C is a set of < points and so C is uniqne for 
f::; 2. 0 

So ternary codes with parameters (12,3,8] and [11,3,7] 
are unique. An example of a generator matrix is 

for the [12,3,8] code and 

(

100111 
Ga"" O 1 O O O 1 

0 0 1 1 2 0 

for the [11,3,7] code. 

III. NoN-EXISTENCE THEOREMS 

In this section we sha.11 follow the notation from Seetion 
I, that is, the shortened code of a code C with respect 
to positions where a eodeword of minimum weight in Cl. 
is nonzero will be called Co and its coset graph will be 
ealled r. The vectors i!!.1 , i!!.:!• ..• , i!!.,fi_ 1 are also defined 
as in the introduction. 

Lemma 6: A temary [13, 7,5] code must have dual dis
tance ?: 4. 

Proof: Let C be a ternary (13,7,5] code. Then its dual 
distance dl. cannot be 1, since a. (12,7,5] code cannot ex
ist. Suppose dl. 2, then Co is an (11,6,5] code. Since a. 
ternary [11,6,5] code is unique and is the perfect temary 
Golay code, its coset gra.ph r is a strongly regular graph 
(see [3]) and hence the diameter of r (that is the maxi
mum dista.nce in the graph r) equals 2. Since i!!.i must 
be at distance at least 3 from Q, we have a contradiction 
and hence dl. ?: 3. Suppose dl. = 3. Then Co is a [10,5,5] 
code. We know from Lemma 4 tha.t Co is the shortened 
code of the ternary Golay code and so the coset gra.ph 
r of Co is an antipodal 3-cover with diameter 4 (cf. [3], 
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Section 11.3.H). It is easy to see that the linear combina
tions of ;i:1 and contain 6 vectors !!.1 , !!2, .•. , f!s, say, at 
distance at least from Q and at distance at least 2 from 
each other (being ;i:1 , ~' ;i:1 ;i:2 and their opposites). 
Denote the points in r at distance 4 from Q by !!. and Q. 

Suppose !!.; Î! for some i. Then there is a j such that 
!!; = "(the opposite vector) and !!.k (k ,P i, j) is at dis
tance l from !!.; or!!;, a contradiction. So !!.; is at distance 
3 from Q for all i and we can assume that g_1 , g_2,i13 are at 
distance l from !!. and !4,Jls, !!o are at distance 1 from "· 
Moreover !!.t .!!2, !!a have one common neighbour (being 
!!.) and g,,,,!15,f!s have one common neighbour (being Q), 
since µ = 2 (for points at distance 2) and À = l in r. 
Now !!.t must be at distance 3 from !!..!• !!.s· and !!6· So 
!!1 must be at distance 4 from their common neighbour 
Q, a contradiction. So the dual distance of a (13,7,5] code 
must be at least 4. D 

Unfortunately for the remaining results in this paper 
a geometrie proof seemed to become too complicated. 
However, the results can easily be checked by computer, 
following the procedure that will be sketched in genera! 
now. Let C be an [n, k, d] code with dual distance dJ. ;:: 2. 
The code Co with generator matrix Go is defined a.• in 
Section 1 and we assume that the first k -d.L + 1 columns 
of Go form an identity matrix (without lossof generality). 
Let S1 be the set of cosets in r at distance d - 2 from Q. 
The set Si can be found by searching for all vectors ;i:1 
ha.ving the first k - dJ. + 1 coordinates equal to zero and 
such that the lower right (n - dJ. + 2) x (k- dJ. + 2) suh
matrix of G generates an [n - dJ. + 2, k- dJ. + 2, d] code. 
If S1 is not empty and dJ. ;:: 3, then we compute the 
or bits on S1 under the action of the automorphism group 
of C0 • Let the number of orbits be equal tot and choose 
t representatives of the orbits i!l1l,!.\2J," "!!}.\•). Let ~i) 
(l ~ i ~ t) denote the set of possibîlîties for !!}.2 given that 
;i:1 = !.l'), that is, the set of vectors !!}.2 having the first 
k dJ. + l coordinates equal to zero such that the lower 
right (n-dJ. +3) x (k-dJ. +3) submatrix of G generates 

an (n dJ. + 3, k - dJ. + 3, d] code (given that i!i = ;i:i'»· 

Obviously f4_') Ç S1• If there is an i such that S~'l is 

non-empty and dJ. ;:: 4, then we compute the set S~') of 
possible {;i:,, ~} sets (the order is not important), that 

is, given that ;i:1 = i!tlo, we compute for every ;i:2 E f4.'l 
the possibilities for i!a E s~» sucli. that the lower right 
(n -- dJ. + 4) x (k - dJ. + 4) submatrix of G generates 
an (n - dJ. + 3, k - dJ. + 3, d] code. If necessary, we can 
continue like this and combine the possible {~,~} sets 
in ;4» with the possible fa2 , i!t.i} sets in ;4» to search for 
possible {i!t:l•i!ta•i!t.i} sets, which will be the elements of 
the set ~i) etcetera. If 512_

1 
is empty for all i, we can 

conclude that C cannot have codewords of weight dJ. in 
the dual. 

Lemma 7: A ternary [14, 8, 5] code must have dual dis
tance 6. 

Proof: By Lemma 6 a ternary (14,8,5] code C must have 
dJ. ;:: 5, since a (14,8,5] code with dual distance 4 or less 
would have a shortened [13,7,5] code with dual distance 
3 or less ( consider shortening at a position where a word 
of minimum weight in the dual bas a nonzero entry). 
Suppose dJ. = 5. Then Co is a. (9,4,5] code. By Lemma 
3 a ternary (9,4,5] code is unique and we assume that 
Go = Gs (see Section II). Following the same notation 
as before, we have tha.t JS11 = 80 a.nd that there are 3 
orbits on the cosets in S1 under the automorphism group 
of Co. The next tahle shows in the second column 3 rep
resentatives (!!!.\'), i = 1, 2, 3) of the 3 orbits and in the 
third column the length L; of the orbit represented by 
;i:\il. The other columns show the number of elements in 

the sets s)'l (j 2,3,4, i = l,2,3). 

1 000000112 4 42 90 0 
2 000001011 72 16 22 0 
3 000012022 4 6 0 0 

We see that the dual distanee of a. (14,8,5] code cannot be 
5. Since a [14,6,7] code does not exist, the dual distance 
of a (14,8,5] code must be 6. D 

The search also showed that a (13,7,5] code with dual dis
tance 4 has weîght enumerator either l + 96Z5 + 156Z6 + 
22sz1 +51oz8 +4942'9 +4osz10+204Z11 +1sz12 + i2z13 

or l+ l02Z5 +156Z6 +168Z7 +606Z8 +494Z9 +312Z10 + 
264Z11 + 78Z12 + 6Z13

• 

Lemma 8: A ternary (14, 8, 5] code must have weight enu
merator l+140Z5 +280Z6 +508Z7 +1120Z8 + l344Z9 + 
i54oz10 + 868Z11 + 616Z12 + 112z13 + 32z14

. 

Proof: By Lemma 7 a. [14,8,5] code C must have dual 
distance 6. Hence Co is an (8,3,5] code. By Lemma 2, 
a ternary [8,3,5) code is unique. We shall assume tha.t 

Go = Ga (see Section II). In the next table rJ'l de

notes the set sj'l minus the possibîlîties that yield an 

[n - d'- + l + j, k dJ. + 1 + j, d] code with dual distance 
Iess than j + 1 (shortening, the dual distance decreases 
by at most l). 
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i (ó) 
!!i.1 L; \zj'll 1zj•l1 1~·>1 12t>1 

l 00000111 48 38 194 92 4 
2 00000112 48 42 204 76 4 
3 00001102 12 62 452 280 8 
4 00010112 6 28 100 16 0 

All possibilities in '.ti') (i l, 2, 3) yield (14,8,5] codes 
with weight enumerator l + 140Z5 + 280Z6 + 508Z7 + 
i 120z8 + 1344Z9 +1540Z10+868Z11 +616Z12 +112z13 + 
~~ 0 

We also found all possible weight enumerators for a 



[13,7,5] code with dJ. = 5, being 1 + 92Z5 + 158Z6 + 
242z1 +500Z8 +490Z9 +398Z10 + 213z11 +soz12+sz1a, 
l + ssz• + 172Z6 + 226Z7 + &oszs + 480Z9 + 412z10 + 
2l4Z11 +76Z12 +10Z13 , and 1+90Z5 + 160Z6 + 254Z7 + 
480Z8 + 480Z9 + 44oz10 + 186Z11 + ssz12 + 8Z13 . 

Theo rem 1: There is no ternary [15, 9, 5] code. 

Proof: Suppose a [15,9,5] code C exists, then every short
ened code is a [14 ,8,5) code with weight enumerator as 
given in Lemma 8 ( C cannot have zero columns, since 
a [14,9,5) code does not exist). So the number of code
words of weight 6 in C would be 15 times the number of 
codewords of weight 6 in a (14,8,5) code divided by 15-6. 
Since 15 · 280/9 is not an integer, the theorem follows. O 

Corollary 2: Ternary codes with parameters [16,9,6), 
[17, 10, 6), [18, ll,6) or [19, 12, 6] do not exist. 

Theorem 3: There is no ternary (16, 6, 8] code. 

Proof: Suppose a ternary [16,6,8] code C exists. Then 
its dual distance must be 4 by Corollary l (it cannot be 
less than 4 since a [13,4,8] code does not exist). So Co 
is a [12,3,8] code. By Lemma 5, a ternary [12,3,8] code 
is unique. We assume that Go = G1 (see Section II) and 
find the following table. 

iG.(i) L; 
l 0000l00lll22 288 
2 000010012121 432 

0 0 
26 0 

Cero/lary 1: Ternary codes with parameters (16, 10, 5], 
[17, 11, 5] or (18, 12, 5] do not exist. Hence a ternary [16,6,8) code cannot exist. D 

Lemma 9: A ternary [14, 7, 6] code must have dual dis
tance 6. 

Proof: By Lemma6, a ternary (14,7,6] code C must have 
dJ. ;:::: 4, since if there is a word of weight 3 or less in the 
dual of C, then by puneturing at a position where this 
word is zero would yield a [13, 7 ,5] code with dual distance 
less than 4. 
Suppose dJ. 4. Then Co is a (10,4,6] code. By the 
remark after Lemma 3, a ternary (10,4,6] code is unique. 
We assume that Go G4 (see Section II) and find the 
following table. 

l 0000001122 
2 OOOOOlOlll 
3 0000120222 

We see that dJ. ca.nnot be 4. 

4 46 0 
80 4 0 
4 6 0 

Suppose dJ. 5. Then Go is a (9,3,6] code. By Lemma 2, 
a ternary [9,3,6] code is unique. We assume that Go = G2 
(see Section II) and find the following table. 

L, 
l OOOOO!lll 108 
2 000001122 12 
3 000112201 6 

8 
46 
12 

8 
88 
12 

0 
0 
0 

So dJ. cannot be 5. Since a [14,7,7) code does not exist, 
we have that dJ. = 6. O 

Theorem Il: There is no ternary [15, 8, 6] code. 

Proef: Suppose a ternary [15,8,6] code C exists. Then 
its dual distance is 6 or less, since a [15,7,7] code does 
not exist. This means that shortening of C at a posi
tion where a word of minimum weight in GJ. is nonzero, 
yields a (14,7 ,6] code with dual distance 5 or less. This is 
a contradiction by Lemma 9 and the theorem follows. o 

The search also showed that there are two possible weight 
enumerators for a [15,5,8] code with dual distance 3, 
being 1 + 66Z8 + 50Z9 + 84Z11 + 30Z12 + 12Z14 and 
l + 64Z8 + 52Z9 + sszu + 26Z12 + 10Z14 + 2Z'5 • 

Corollary 3: Ternary codes with parameters [17, 7, 8], 
[18, 8, 8], (19, 9, 8) or (20, 10, 8) do not exist. 

Theorem 4: There is no ternary [16, 7, 7] code. 

Proef: Suppose a ternary [16,7,7] code C exists. Then its 
dual distance must be 5 by Corollary 2 and by the fact 
tbat a [12,4,7] code does not exist. So Co is an [ll,3,7] 
code. By Lemma 5, a ternary [11,3, 7] code is unique. We 
assume that Go G8 (see Section II). In the next table 

the Tf 'l are defined as in the proof of Theorem 8. 
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i "c•) L; ! 1zj•)1 17:!')1 11'.l'll 
l 00001001112 18 124 48 0 
2 0000100ll22 72 158 220 0 
3 00001002121 72 160 152 0 
4 00001010112 144 170 156 0 
5 00001010122 72 160 148 0 
6 000010102ll 36 98 48 0 
7 00001010212 144 122 62 0 
8 00001012201 144 104 86 0 
9 00001012202 144 144 168 0 
10 00001012210 144 144 132 0 
Il 00001012221 144 138 170 0 
12 00001021110 72 120 56 0 
13 00001021112 72 114 60 0 
14 00001120210 36 140 96 0 

Hence a ternary {16,7,7] code cannot exist. D 

Coro//ary 4: Ternary codes with parameters [17, 8, 7], 
[18, 9, 7] or [19, 10, 7] do not exist. 



The references listed after the tables, have been ordered 
chronologically. 

APPENDIX 

In Table [the exact value of d3(n, k) is given for n $ 21. 
Table II and III give the earliest referenees for the lower 
oound and the upper bound for da( n, k) respectively. 

TABLE I 

da(n, k), n $ 21 

• 1 2 3 4 5 6 7 • 9 10 11 12 
n 
l 1 
2 2 l 
3 3 2 1 
4 4 3 2 1 
5 5 3 2 2 1 
6 6 4 3 2 2 1 
1 7 5 4 3 2 2 l 
8 8 • 5 4 3 2 2 1 
9 9 6 6 5 4 3 2 2 l 
10 JO 7 6 6 5 4 3 2 2 l 
11 l1 8 7 6 6 5 3 3 2 2 l 
12 12 9 8 6 6 6 4 3 3 2 2 1 
13 13 9 9 7 6 6 5 4 3 3 2 2 
14 14 10 9 8 7 6 6 5 4 3 2 2 
15 15 11 9 9 8 7 6 5 4 4 3 2 
16 16 12 10 9 9 7 6 6 5 4 4 3 
17 17 12 Il 10 9 8 7 6 6 5 4 4 
18 18 13 12 11 10 9 8 7 6 6 • • 
19 19 14 12 12 Il 9 9 8 7 6 6 5 
20 20 15 13 12 12 IQ 9 9 8 7 6 6 
21 21 15 14 12 12 Il 10 9 9 8 7 6 

13 

1 
2 
2 
2 
3 

• 4 
5 
6 

TABLE II 

References lower bounds 

• 1 2 3 4, 5 6 7 s 9 10 Il 12 13 
n 

~ 1 
3 

1 l 
• 5 1 1 1 1 l 
1 6 1 1 4 l ! l 

7 1 1 • • ~I 
1 

18 1 1 4 • 1 1 
9 1 . 4 1 l 1 
10 1 • 4 4 1 1 
11 1 3 4 8 ~ 4 4 l 1 1 
12 1 ! 3 4 2 10 4 4 • 1 1 1 
13 1 1 6 4 2 2 3 4 4 6 l 1 1 ,. 1 1 2 • 3 2 18 23 4 2 1 1 1 

'" 1 1 4 3 27 2 2 • • 4 1 1 
1 ,o l 1 19 4 2 4 4 4 4 4 l 

1' 1 1 4 3 2 • 4 

~ 
4 4 4 4 4 

fo ! l 4 3 3 4 4 3 • 4 4 4 
1 • 18 3 4 4 3 4 4 4 
l 3 2 19 4 . 4 4 • l 21 _..i_!i l 22 2 2 26 20 2 _15 14 25 
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14 1• 10 17 18 
'" lU 

21 

1 
2 1 
2 2 1 
2 2 2 1 
3 2 2 2 1 
4 3 2 2 2 1 
4 4 3 2 2 2 1 
5 4 3 3 2 2 2 1 • 

14 15 16 17 18 19 20 " 

1 
1 1 
1 1 ! 
1 1 1 1 
4 1 1 1 1 
4 . 1 1 
4 17 4 ! ' 1 ! 

24 2 2 7 1 1 1 1 



TABLE Ill 
References upper bounds 

9 10 11 12 16 17 18 19 20 

16 
17 
18 

i 19 
20 
21 

Table references: 

1. trivia\ 

2. adding a coordinate 

3. d.(n, k):::; d9(n - 1, k) + l (puncturing) 

4. d9(n,k):::; d9(n-1,k 1) (shortening) 

5. Base [2] 

6. the Hamming codes were first discovered by Ham
ming for the binary case ( written down for the first 
time in [20] page 418), but later generalized for 
prime alphabet in [7] 

7. shortening the [40,36,3] Hamming code 19 times 
yields a [21,17,3] code 

8. Golay [7] 

9. E:=l ( 7 ) (q 1)1 :::; qn-k, where t is the largest 

integer not greater than (Hamming bound [11]) 

10. Coxeter [5] 

11. Jobnson bound [16] 

12. n 2: E~;;;; r ~ l (Griesmer bound [8]) 

13. shortening a [24,12,9) code [IJ, yields a [23,11,9] 
code, which has a [21,11,7) punctured code 

16. Gulati [9] 

17. Pellegrino [19) 

18. Games [6] 

19. Hili and Newton [13] 

20. Gulliver [8] 

21. Hill and Newton [14) 

22. puncturing a [22,3,15] code (14] yields a [21,3,14] 
code 

23. Kschisehang and Pasupathy [17] 

24. shortening a [28,20,6] code [17] six times, yields a 
[22,14,6] code, whieh has a punctured [21,14,5] code 

25. shortening a [28,20,6] code [17] seven times, yields 
a [21,13,6] code 

26. puncturing a [22,6,12] code [17] yields a [21,6,ll] 
code 

27. Lizak [18] 

28. Theorem 1 

29. Theorem 2 

30. Theorem 3 

14. shortening a [24,12,9] code [l] twice, yields a 31. Theorem 4 
[22,10,9] code, which bas a [21,10,8] punctnred code 

The first unknown value of da(22, k) is that for k = 7. 
15. shortening a [24,12,9] code [l] three times, yields a This value is known to be bounded by 10:::; d3(22, 7):::; 11 

[21,9,9] code (see [13]). 
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Chapter 8 

Some new results for ternary linear codes of dimension 5 and 6 

M. van Eupen 

November 1994 

Abstract-lt is proved tb.at ternary codes with pa
rameters [40,5,25] and [148,5,98] do not exist. A 
new ternary code is constrncted with parameters 
[47,5,30). The resnlts solve the problem offinding 
the smallest n for which a ternary [n, 5, d] code ex
ists for d = 25, 29, 30 and 98. Several new ternary 
linear codes of dimension 6 are found, inclnding 
one two-weight code giving rise to a new strongly 
regnlar graph. 

1. NoN-EXISTENCE RESULTS 

CoNSIDER THE quadratic form Q from G F(3r to G F(3) 
given by Q(x) = xi + x~ + ... + x~, where x1":2, .. . x 0 

denote the respective coordinates of x E G F(3)". Let the 
Hamming weight of a word x be denoted by wt(x). Then 
obviously Q(x) = wt(x) mod 3. Let C be a subspace of 
dimension kof GF(3)" and let Qc be the quadratic form 
Q restricted to C. Altbougb Q itself is non-degenerate, 
Q c can be degenerate. The dimension of the radical of 
Qc and the type of Qc determine the number of words of 
weight 0, 1 and 2 mod 3 in C respectively and vice versa. 
Let Aw denote the number of words of weight w in C and 
let S; denote the number l 2:

1 
Aai+• for i 0, l, 2, where 

j runs over all integers for which 0 < 3j + i '.'.':: n. Let r 
denote the dimension of the radical and let .ó. denote the 
determinant of Qc (which is +lor -1 and is related to 
the type of Qc ). Then from (16] we have the following. 
lf Ic - r is even, then: 

s, 

s, 

If k - r is odd, then: 

So 

S1 !ca•-1 + 
2 

s, !(3k-l 
2 

l) 

·.Ó.·3~) 

(-l)~·A·3~). 

(2) 

(3) 

(4) 

(5) 

(6) 

A ternary [n,k,d] code C can be seen a.s a k-dimensional 
subspace of GF(3)" (with the property that the smallest 
nonzero weight is d). The code C is cal led self-orthogonal 
if every codeword of C is orthogonal to every codeword 
of C with the usual inner product ( thus corresponding 
to the ca.se that r k). From [7] we have the following 
lemma.s: 

Lemma 1: Let C be a [n, k, d] code. If d = 2 
( mod 3) and no codeword of is of weight 1 ( mod 3), 
then C can be extended toa self-orthogonal [n+l, k, d+l] 
code. If d = 1 ( mod 3) and no codeword of G is of weight 
2 (mod 3), then C can be extended toa self-ortbogonal 
[n+ 2,k,d+ 2] code. 

Lemma 2: LetCbeaternary [n,k,d]code. Ifthedimen
sion of the radical of Qc is Ic 2 and if the determinant 
of Qc is 1, then C can be extended to a self-orthogonal 
[n + 2, k, 3[~1] code. 

From this we ea.sily derive: 

So !(3•- 1 + 2 '(-1)"-r '.ó. 3't"-1 1) (1) [ 2 Praposition 1: A ternary 148, 5, 98] code does not exist. 
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Proof: Suppose C is a ternary [148,5,98] code. Let 
Aw denote the number of codewords of weight w in 
C. Since ternary codes witb parameters [48,4,32], 
[45,4,30] and (42,4,28] do not exist by the Griesmer bound 
(for example see Thoorem 2.15 in [14)), we have that 
A100 A103 = A1os 0, using Lemma 2.13 in [14]. Sup
pose that S1 :f: 0. Then from (2) and (5) we derive that 
81 ~ 27. Hence certainly Li>O A109+• <! 54. From the 
first two MacWilliams identitiêS (for example see Lemma 
2.1 in [14]) we ea.sily find that Lw>0 (w 98)Aw = 260. 
So 260 ~ 11 · Li>O A1so+i ~ 11 · 54 = 594, a contra
diction. So S1 'ö and by Lemma 2 we can extend C 
to a [149,5,99] code. In [3] it is proved that a ternary 
[149,5,99] code does not exist. Hence C does not exist. 
0 

In a similar way the non-existence can be derived of 
ternary codes with parameters [50,5,32] (see [6]) and of 
ternary codes witb parameters (144,5,95] (for an alterna
tive proof, see [15]). 

Let n3 (k,d) denote the smallest integer n such that a 
ternary [n, k, d] code exists. 

Corollary 1: ns(5, 98) 149. 

Proof: The lower bound follows from Proposition 1 and 
the upper bound follows from Tahle 3 in [14]. D 

Consider the projective spa.ce PC coming from the vec
torspace C. The weight of < c >E PC is defined as the 
weight of c E C. Consider a line / in PC. lf / contains 
two points of weight 24, one point of weight 25 and one 
point of weight 26, then we shall write the weight dis
tribution of 1 as 242 25 26. We shall now consider the 
weight distribution modulo 3 of lines in PC. For our 
particular line / the weigbt distribution modulo 3 would 
be written as 02 l 2 (mod 3). From Lemma. 2.4 in [14] 
we have for any line 1 in PC: 

Proposition 2: LxEI wt(") = 3(n - z1), where z1 denotes 
the number of positions where every " E / is zero. 

And thus we have: 

Coro//ary 2: Lxeiwt(x) =0 (mod 3). 

Take any point x E PC of weight 1 mod 3. Then 
by Corollary 2 the lines through " have weight distri
bution either l 2 02 (mod 3), 13 O (mod 3), or 12 22 

(mod 3). Let L;(W) denote the number of lines through 
a point of weight i (mod 3) (i = 1, 2) with weight 
distribution W (mod 3). Then it is easy to see that 
2L1(l 2 02 )+L1(13 0) = 80 , 1+2L1(13 O)+L1(12 22 ) S1 

and L1(l 2 02) + 2L1(12 22) = S2 • From these equations 
we can ea.sily express the L1(W) in the S; (i = 0, 1, 2): 

Using similar arguments we get: 

lf x is a point of weight O (mod 3), then we have to 

distinguisb between L~1 ) and L~2\W) denoting the nnm
ber of lines through x witb weight distribution W ( mod 
3) for " an element of the radical and z not an ele
ment of the radical of Qç respectively (under the as
sumption that such an " exists). lf z is an element of 
the radical, then the number of lines through " with 
weight distribution 02 l 2 (mod 3) is obviously zero (so 
L~1)(02 l 2) = 0). If x is not an element of the radical, 
then the number of lines through " with weight distri
bution 02 1 2 is equal to the number of lines through x 
that do not lie in the hyperplane of points orthogonal 
to " (so L~2)(02 1 2) = 3k-2). Using the fa.et that So = 
1+3L~i)(04)+L~)(02 12), S1=L~l(0212)+3L~')(01 13) 

and S2 = L~)(02 l 2) + 3L~)(01 23), we get that 

lemma 3: A ternary [15, 4, 9] code either 
(i) bas weight enumerator l + 50Z9 + 30Z12 and B2 = 0, 
or 
(ii) bas weight enumerator l + 52Z9 + 26Z12 + 2Z15 and 
B2 =2, 
where B2 denotes the number of codewords of weight 2 
in the dual of the (15, 4, 9] code. 
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Proposition 3: A ternary [40, 5, 25] code does not exist. 

Proof: Suppose C is a ternary [40,5,25] code. Let A,,, 
denote the number of codewords of weight w in C and 
B.,, the number of codewords of weight w in the dual of 
C. Using Lemma 2.13 in [14] and the fact that ternary 
codes with parameters [6,4,3], [12,4,7] and [3,4,3] do not 
exist (see for example [5]), we immedia.tely derive that 
A2a = Aa4 = Aa1 0. If C has a repeated column, then 



shortening at this column we get a [38,4,25] code, which 
is unique (for example see [7]) and has weight enumer
ator 01 2536 2636 278 and is projective. So B2 is either 
0 or 2. The residual code with respect to a codeword of 
weight 25 îs a [15,4,9] code C'. If C is projective, then 
C' is also projectîve and hence has weîght enumerator 
01 950 1230 by Lemma 3. So by Proposition 2 in this 
case I:rel w(;i;) $ 3(40- 3) = 111 îf / contaîns a point of 
weight 25. So if a codeword of weight 38 or more occurs, 
then a line through the corresponding point and a point 
of weight 25 must contain a point of weight less than 25 
(contradiction). So if B2 = 0, then Aas= A;i9 = A4o 0. 
If B2 = 2, then a point of weigbt 38 or more can only be 
on a line with a point of weight 25 if this point is from 
the shortened [38,4,25]. So if a codeword of weight 38 or 
more occurs, then all codewords of weight 25 are from the 
shortened [38,4,25] code and so we can puncture C to a 
(39,5,25] code (contradicting for example Table 3 in (14]). 
So in all cases Asa = Aso = Á4o = 0. 
The next step is to prove that Aai = 0. To do this, 
we first have to flnd a lower bound for A25 • Let " be 
a point of weight 25 of C. Then through " there are 
at least 25 linJJS 1 for which I:,ez w(y) = 102 (using 
Lemma3). All these lines must contain at least one point 
other than " of weight 25 (since 3 · 26 > 102 - 25). So 
A;s 2::: 2 + 2 · 25 = 52. Let z be a point of C of weight 31. 
Then the residual code with respect to z is a [9,4,5] code, 
which is unique (for example see [5]) and has weîght enu
merator 01 536 624 gis 92 . Let 1 be a line tbrough z and 
a point " of weight 25. Then by Lemma 3, I:yEI w(y) is 
eitber 111 or 120 (sînce x is on /). The number of lines 1 
such that Lyel w(y) = 111 is at most 24/2 = 12 {look at 
the number of codewords of weight 6 in the residual code 
wîtb respect to z) and the number of points of weight 
25 on each such line is at most 2. The number of lines / 
snch that I:,ei w(y) = 120 is at most 2/2 = 1 and the 
number of points of weight 25 on such a line is at most l. 
Hence the total number of codewords of weight 25 in C 
is at most 2 2 · 12 + 2 · l = 50. This contra.diets the fa.et 
that A2s ;::: 52 and so Asi = 0. So 25 is the only weight 
congruent to 1 modulo 3 occuring in C and so A2s = 281. 
To flnd a better lower bound for A2s, we want to know 
something about the dimension of the radical ( r, say) and 
the determinant (A, say) of Qç. Since a. [42,5,27] code 
does not exist (see table 3 in [14]), we already have that 
r < 4 by Lemma 2 and that ifr = 3, then A = -1 by 
Lemma3. lf x is a point of weight 25 of C, then the lines l 
through x for which I:,ei w(y) = 102 either have weight 
distribution 253 27 or 252 262 . Sinee there are at least 25 
such lines, we have that L1(13 O)+L1(12 22) 2::: 25. From 
(7) we then find that the (r, A) pairs (3, -1), (2, +l) and 
(1, +l) cannot occur. This means that A2s = 281 2::: 72 
(using (2) and (5)). 
Suppose that z is a point of weight 36 of C. Then 
the residual code with respect to z is a [4,4,l] code, 
which is obviously unique and bas weight enumerator 
01 18 224 332 416. Let l be a line through z and a 

point of weight 25 of C. The number of such lines 1 with 
I:,er w(y) = 111 is at most 8/2 = 4 and there are3 points 
of weight 25 on each such line. The number of lines 1 with 
I:,ez w(y) = 120 is at most 16/2 = 8 and they contain 
one pointofweight 25. Hence A25 $ 2·3·4+2·8 = 40, con
tradicting A2s ~ 72. So Aas = 0. Using the same argu
ments it is easy to prove that A35 = A33 = A32 = 0, using 
the fact that a [5,4,2] code bas unique weight enumerator 
Q1 220 320 430 510 (obvious), a [7 ,4,3] code bas weight enu
merator either oi 316 418 518 628, oi 314 420 524 51s 7•, 
01 310 4so 51s 616 76 or 01 3i2 422 530 6" 7s (see [7J) and a 
[8,4,4] code has weight enumerator either oi 532 68 71s 84 , 

01 422 524 520 7• s• or 01 42• 51s 632 gs (also see [7}). 
If B2 = 2, then there is a line l with a point of weight 
25 such that l:,,ez w(y) = 120. This contradicts the fact 
that 25 + 3 · 30 = 115 < 120. If B2 = 0, then there are 
25 lines with weight distribntion 253 27 or 252 262 and 
15 lines with weight distribution 25 26 302 or 25 27 29 30 
through a point of weight 25. Hence L1 (1 2 02) = 15 
and so r 0 and ~ = -1. So 80 = 40, 81 = 36, 
S2 45, L1 (13 0) = 10 and L1(12 22) = 15. So 
A25 72, A26 = 4 · 15 + 2 · 15 - A29 = 90 - A29 , 

A21 20 + A211 and Aso = 60 - A211. Substituting this in 
the third MacWilliams identity (t = 2, see [14]) we find 
that A29 -90, a eontradiction. Hence C does not exist. 
0 

Corollary 3: ns(5, 25) = 41. 

Proof: The lower bound follows from Proposition 3 and 
the upper hound fellows from Table 3 in [14]. 0 

Corcllary 4: na(6, 75 i) = 116 - i for i = 0, land 2. 

Proof: The lower bound follows immediately from Propo
sition 3 and Lemma 2.13 in [14]. The upper bound fol
lows from tbe fact that in [8] a ternary quasi-twisted 
[114,6,73] code bas been found with weight enumerator 
oi 73156 74264 753• 75ios 78"' 81" 8'.l45 g348 91i2 92i2. 
Since I;, Aai = 81, the dimensiou of the radical is 4 
and the determinant is 1. So by Lemma 3 this code can 
be extended toa (116,6,75] code with weight enumerator 
oi 75456 78144 s1• 8496 9324• o 

Il. EXISTENCE RESULTS 

In Section 2 we viewed a q-ary linear code as a k
dimensional subspace of GF(q)". In this section we 
shall view a q-ary [n, k, d] code Cas a multiset of points 
in PG( k 1, q) with the property that every hyperplane 
intersects in at most n - d points. If our projective space 
PG(k l,q) comes from the vector space V and if we 
write the representatives ( elements of V) of the points 
of C as columns of a matrix (with multiplicity as in C), 
then the row space of this matrix is a k-dimensional sub
space of GF(q)" with the property that the minimum 
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Hamming-distance between any two vectors is at least 
d. The elements of this k-dimensional subspace will be 
called the codewords of C. The automorphism group of 
a subspace V of GF(q)A is defined as the group of all 
n x n monomial transformations that keep V invariant. 

Let \/ be a k-dimensional subspace of GF(q)' and let 
G be a subgroup of the automorphism group of V. Let 
PV be the projective space coming from V. We shall 
construct new k-dîmensional codes by taking as point 
set the union of orbits on PV under the actîon of G. 
Takîng for G the cyclic group G,, we get quasi-cydic 
codes [lOJ (and something more since we do not require 
that the orbits are of fu!l length). Taking a bigger group, 
the computing time becomes less and sometimes equally 
good codes can be found. 

For example, if we take for V the 5-dimensional sub
space of GF(3)6 of vectors orthogonal to 111111 and for 
G the affine group on Zs (that is, all bijections from Zs 
to "ll. 6 of the form az + b, where a E {l, 5} and b E Zs), 
tben the union of the orbits of the following points yield 
a ternary [47,5,30] code: 210000, 110100, 221010, 212010, 
112110, 111111, 222111 and 212121 (the order matching 
with the natura! order of 7l6). lts weight enumerator is 
01 30168 333/l 3636 452. Thus we have (see Table 3 in 
[14J): 

Proposition 4: n3(5, 30 - i) = 47 - i, for i 0 and 1. 

There are only 21 orbits on V under G and 
hence searching through all projective codes being 
the union of some orbits does not take too much 
time. Also a. [38,5,24] code with weîght enumerator 
01 24168 2736 3036 362 and a [74,5,48] code with weight 
enumerator 01 48158 5160 548 5716 have been found, whîch 
were not known for a. long time but have also recently 
been found by Bogdanova and Boukliev [1]. 

Takîng for V the 6-dimensional subspace of G F(3)7 con
sisting of vectors ortbogonal to 1111111 and for G the 
affine group on GF(7), we get the 15 orbit represent,._ 
tîves lîsted in Table L In Table II the parameter sets of 
new codes are given together with the orbit representa
tives and the weight enumerator, which have been found 
by the construction and improve on the bounds in [11]. 
In Table III the parameter sets of two-weight codes are 
given that have been found with the construction (and 
for which no code with a higher minimum distance can 
be found with the construction). The (154,6,99} two
weight code is new and also its corresponding strongly 
regular graph (see (4J) was not known until now [2]. No
tice that because of the few orbits, the searching time 
is negligîble. We have also searched tbrough the non
projectîve case where the multiplicity of a point is at 
most 2. This yielded one code improvîng on the bounds 
in [1 lJ, namely a [189,6,123) code with weight enumerator 
01 1232s2 126406 13556 15314 and orbits 2, 5, 8, 9, ll (2 
times), 13 and 14. 

TABLE l 

[133, 6, 85 

[147, 6, 94) 

[154,6,99] 
[175, 6, 114) 
[182, 6, 118} 

[196, 6, 127] 

[210, 6, 136] 

Orbit representatives 

l 2 
2 lllOOOO 7 
3 1101000 8 
4 2211000 9 
5 2121000 10 

2,3,5,7,11,12,15 

1,3,9,11,12,13,14 
1,2,5,8,11,12,14 
2,3,5,9,12,14,15 

1,2,5,8,9,11,14 

1,2,5,8,9 ,10,14 

1221000 11 1111110 
2210100 12 2221110 
2111100 13 2212110 
1211100 14 2122110 
1121100 " 15 2211111 

TABLE Il 

0 86 87 
9284 9942 10228 

01 94210 95•2 95112 97•2 98126 10210 
10542 10784 

01 g9420 108308 
01 114420 117168 12384 12642 13514 

01 118168 119168 12084 12284 12384 

12484 13228 13828 

01 127210 129140 13042 13142 13270 

134210 15614 

01 136210 13742 138140 13942 141 70 

: 14342 146168 15614 

[224, 6, 146] 2,3,4,5,6,9,12,14,15 ' 01 146168 14784 14884 14984 15084 
151 16" 15628 16828 
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TABLE UI 
Ternary two-weight codes of dimension 6 

parameters or bits 
[84,6,54] 1,8,12 
[112, 6, 72] 2,3,11,12,13,14 
[126, 6, 81] 1,4,6,8,11 
[154,6, 99] l,3,9,11,12,13,14 
(168, 6, 108] 1,2,7,8,12,15 
[273, 6, 180] l ,2,3,4,7,8,9,13,14,15 
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Chapter 9 

Classification of some optimal ternary linear codes of small 
length 
M. VAN EUPEN 

P. LISONÉK 

J anuary 1995 

Abstract. A classilication is given of some optimal temary linear codes of small Jength. Dimension 2 is dassilied for every 
minimum distance. Dimension 3, 4 and 5 is classified up to minimum dista.nce 12. For higher dimension a. cla.ssiJication is 
given where possible. 

1. Preliminary results and goals 

A linear [n,k,d] code Cover GF(q) is defined as a multiset of n points in PG(k l,q) with the property that 
every hyperplane contains at most n - d points of C and at least one hyperplane contains exactly n d points of C 
(countîng multiplicities). The parameter n is called the /ength, k the dimensfon and d the minimum distance of C. 
This can be motivated as follows. Let PG(k - 1, q) be the projective space coming from the k-dimensional vector 
space V G F( q }k. Let Cv be a multiset in V of size n consisting of representatives of the elements of C with the 
sa.me multiplicity. Let G be the k x n matrix with the elements of Cv as its columns ( called a generator matrix 
of C). Then the row space of G is an [n, k, d] code over GF(q) in the usua.I sense. Indeed a hyperplane can be 
represented by an element {a) E PG(k - 1, q) such that H = { (v) E PG(k - l,q)i(a, v) = O} (where a, v E V, (a) 
denotes the 1-space spanned by a and(".) denotes the usual inner product). Hence a hyperplane corresponds toa 
linear combination of the rows of the generator matrix G ( called a codeword). Since a hyperplane intersects C in at 
most n - d points, the minimum weight of a nonzero codeword is indeed d. The (n k)-dimensiona.1 vedor space 
over G F( q) consîsting of vectors orthogonal to all rows of G ( with respect to the usual inner product) is called the 
du al (code) of C and is denoted by Cl.. The minimum distance of CJ. is called the dua/ distance and is denoted by 
dl.. Notice that at most dl. - 2 points of CC PG(k 1, q) lie in a (dl. - 3)-dimensional subspace. 

Puncturing a code C at a point x can ouly be done if the multiplicity of x is > 0 in C and means decreasing 
its multiplicity by l (the resulting multiset is called the punctured code of C at x). Shcrtening a code G can be 
done at any point y E PG(k 1, q) and the shortened code of C at y is defined as the projection of C from y to 
a hyperplane not containing y (so this is a code in PG(k - 2,q)). If the point y is not explicitly mentioned, then 
we mean shortening at a point of multiplicity 1 in C. Notice tbat the minimum dîstance of a shortened code is the 
same as the minimum distance of C. The residua/ code of C with respect toa hyperplane H (or to a corresponding 
codeword c) is the multiset of points of C in H (and hence a code in PG(k- 2,q)). The complement of a code Cis 
defined as the set of points with multiplicity 0 in C. If x bas multiplieîty more than 1 in some multiset, then x is 
called a repeated point of that multiset. A multiset without repeated points is called projective. Let C be an [n, k, d] 
code. IfC is not projective, then there exîsts an [n-2,k- l,d] code. 

A fundarnental problem in coding theory is that of finding the srnallest integer n for given integers k and d such that 
an [n, k, d] code exists (fora given field GF(q)). This integer n is usually ca.lled nq(k, d) and an [n9(k, d), k, dj code 
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over GF(q) is called optima/. Let g9(k,d) = [ f.1 · Griesmer [8), [17] proved the following. 

THEOREM 1 n,(k,d) 2: g9(k,d). 

From this theorem we easily derive the following. 

LEMMA l Suppose Cis a [g,(k,d),k,d] code over GF(q), where (m l)q"- 1 < d :<; mq•- 1 /or some integer m. 
Then the multiplicitu of any point is at most m in C. 

Proof. Write d = mq•- 1 2:;~,;;-,;' c;q', where 0 :5 c; < q (0 $ i $ k 2). Then it is easy to see that r p 1 mand 

so gq( k, d) = g9( k l, d) + m. Take any point y and look at the shortened code C' (say) of C at y. By Theorem 1 
the length of C' is at least g,(k 1, d). Since the multiplicity of y is equal to the length of C minus the length of C', 
we find that the multiplicity of y is at most m. D 

A sufficient condition for the existence ofa [g9(k,d),k,d] code can be found in [17), Theorem 2.20. 

The weight of a codeword c of C is defined as the distance bet ween c and the all-zero codeword. The weight 
enumerator of C will be written as w{' w~' ... w{' and denotes that /; codewords of C have weight w; (1 :5 i :5 t) 
and that weights other than w; (1 :5 i :5 t) do not occur (so t is the number of weights occurring). 

In the temary case (that is, if q 3), the weight modulo 3 of a eodeword is a quadratic form on GF(3)». Moreover, 
a code is sel/-orthogonal (that is, every codeword of Cis orthogonal to every eodeword of C) if and only if all weights 
are 0 (mod 3) (see {16)). We utilize these facts in the following lemmas. 

LEMMA 2 Let C be a ternary [n, k, d] code. I/ d = 2 (mod 3) and no codeword of C is of weight 1 (mod 3), then C 
can be extended toa self-orthogonal[n+ l,k,d+ l] code. l/d = l (mod 3) and no codeword o/C is o/weight 2 (mod 
3), then C can be extended to a self-ortkogonal [n + 2, k, d + 2) code. 

Proof. Let Q be the quadratic form on GF(3)" defined by Q(") = "~+"~+., .+z! (zi, .. "Xn denoting the respective 
coordinates of x ). Let Qc be the quadratic form Q restricted to the k dimensional subspace of G F(3)» corresponding 
to C. Obviously, if cis a codeword of C of weight w, then Qc(c) = w (mod 3). If d = 2 (mod 3) and no codeword 
of Cis of weight l (mod 3), then the equation Qc(c) = 2 bas at least one solution and the equation Qc(c) = 1 has 
no solutions. This can only happen (for example see [21], Tbeorem 6.26 and Tbeorem 6.27) if the dimension of the 
radical of Qc is k- l. Tbis means that the set of codewords of C has a basis of pairwise orthogonal vectors, k -1 of 
them being of weight 0 (mod 3) and one being of weight 2 (mod 3). So if we extend the basis vectors witb an entry 0 
if the weight is 0 (mod 3) and an entry 1 if the weight is 2 (mod 3), then the resulting basis generates a vector space 
with the property that every vector it contains is orthogonal to every vector it contains. Hence the corresponding 
code is a self-orthogonal code oflength n+ 1 and with minimum distance d+ 1. If d l (mod 3) and no codeword of C 
is of weight 2 (mod 3), then we have to extend the basis vectors in the same way and repeat the extending entry once.D 

In the following lemma Qc will denote the quadratic form as defined in the proof of Lemma 2. Notice that the 
dimension of the radical of Qc and the determinant of Qc can be computed from the weight enumerator of C using 
the formulas in (21], Theorem 6.26 and 6.27. 

LEMMA 3 Let C be a ternary [n, k, d] code. IJ lhe dimension of the radical of Qc is k 2 and i/ the determinant of 
Qc is 1, then C can be extended to a self-orthogonal [n + 2, k, 3filJ code. 

Proof. If the dimension of the radkal of Qc is k - 2 and if the determinant of Qc is 1, then the set of codewords 
of C has a basis of pairwise orthogonal vectors, k 2 of them being of weight 0 (mod 3) and two ethers (61 and "2, 
say) being either both of weight 1 (mod 3) or both of weigbt 2 (mod 3). The basis vectors of weight 0 (mod 3) have 
to be extended with two zeroes. If b1 and b2 are bath of weight 1 (mod 3), then we can extend b1 with a 1 followed 
by a 1 and b2 with a 1 followed by a 2. If b1 and b2 are both of weight 2 (mod 3}, then we can extend b1 with a 0 
followed by a 1 and 62 with a 1 followed by a 0. 0 

The aim of this paper is to classify as much as possible optimal temary linear codes with small length. In the 
classification two codes that can be transformed into each other by an element of PGL(k, q) are counted as one, of 
course. Applying a projective linear transformation to a code C corresponds to multiplying on the left the generator 
matrix G of C with an invertible k x Ic matrix. If after multiplication with an invertible k x k matrix the columns of G 
only have been permuted and possibly some columns have been multiplied with a nonzero scalar, the corresponding 

54 



permutation wil! be called an automorphism of the code. The set of all automorphisms is called the automorphism 
group. If the automorphism group can move any point of G (viewed as a multiset) to any other point of C, then it 
is called transitive. 

In this paper different dimensions are treated in separate sections, whereas Section 5 deals with codes of dimen
sion at least 5. We have tried to keep the results as genera! as possible. In the lemmas and the tables in this paper 
only the number of codes with a given parameter set is given, whereas the actual classification can be found either 
in the proof of the lemma or in the appendix ( except for the cases where there are more than 20 codes with given 
parameter set). In some (but very few cases) the use of a computer is needed. In Section 6 some remarks are given 
about the way to dassify codes by group action methods and about the size of the problem in the cases that we 
consider in this paper. 

2. Codes of dimension 2 

Suppose C is a q-ary linear code of dimension 2 and minimum distance qm - <, where 0 $ < < q. Then by Theorem l 
the length ofC is at least (q+ l)m-L Moreover a [(q+ l)m-<, 2,qm-<] code exists for all mand< (it is a multiset 
of points in PG(l, q) with multiplicity at most m). Up to isomorphism, the number of q-ary [(q + l)m - e, 2, qm - <] 
codes equals the number of partitions of< in parts of size at most m, provided that e s; 3 (because of the 3-transitivity 
of PGL(2, q)). In particular we have: 

LEMMA 4 {{6}, Lemma 1 ): A q-ary code with parameters [(q + l)m - e, 2, qm- eJ is unique foH = 0, L 

If < = 2, then the following holds. 

LEMMA 5 IJ q;:: 3 and m;:: 2, then there are exar:tly two q-ary codes wiih parameters [(q + l)m 2, 2, qm 2]. 

Proof. There a.re two partitions of 2 in parts of size at most m. 0 

Combining Lemma 4 and Lemma 5 we lind the complete classification of optima! ternary l.inear codes of dimen
sion 2 and minimum distance d, for all d. 

3. Codes of dimension 3 

Suppose C is a q-ary linear code of dimension 3 and minimum distance mq2 - liq - <, where 0 $ li < q and 0 $ f < q. 
Then by the Griesmer bound (Tbeorem 1) the length of C is at least m(q2 + q + l) li(q + 1) " Moreover a 
[m(q2 +q+ l)-li(q+ 1) <,3,mq2 -/iq <]code over GF(q) exists if26+< $ 3m (see (17], Tbeorem 2.20). We 
shall consider the case m = l first. A (q2 +q+ 1-li(q+ 1)- <,3,q2 -liq- <]code is a set of q2 +q+1-/i(q+ 1)-< 
points (see Lemma 1), at most q + l - /i on any line. lts complement is a set of li(q + 1) + < points, at least li on each 
line. In Lemma 6 we shall consider the case 6 = 0, in Lemma 7 the case 6 = l and in Lemma 8 the case 6 = q - L 

LEMMA 6 {[6}, Lemma 5): A [q2 + q + l <, 3, q2 - <] code exists and is projective for all< (0 $ c < q) and is unique 
for 0 $ f $ 2. 

LEMMA 7 {[6], Lemma 2): A [q2 - <, 3, q2 - q - <] code exists and is projective for all 0 $ < < q and is unique if 
0 :S < < y'ij and< :S 2. lf q = 3 and< = 2, then ihere are exact/y two codes with such parameters. 

Proof. Let Che a [q2 - <,3,q2 -q <]code, where 0 $ < < q. Then Cis the complement of a blocking set B (say) 
in PG(2,q) with q + 1 +<points. (A blocking set is a set of points in PG(2,q) with the property tbat every line 
interseds the set in at least one point.) By Bruen [4], if 0 $ < < y'ij, then Bis a line together with <points outside. 
Hence C is unique if moreover < $ 2. lf q = 3 and ' = 2, then we have to consider two cases: 

1. B contains a line. So B is a line with two points outside. 

2. B does not contain a line. So Cis a blocking set itself. In [18] (Lemma 13.4.3) it is proved that such a blocking 
set is a projective triangle of side three. D 

LEMMA 8 A q-ary [q + 2 - <, 3, q <] code, q odd, exists if and only if < 2: l. lf q = 3 and < E {l, 2}, then such a 
code is unique. 
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Proof. Let C be a q-ary [q + 2 - <, 3, q <] code. Then every line contains at most 2 points of C. Hence C is an are 
(that is, a set of points in PG(2, q), at most 2 on a line). The maxima! size of an are in PG(2, q), q odd, is equal to 
q + 1 (for example, see [15]). So C exists if and only if <;?; !. Let q = 3. If < = l, then Cis a [4,3,2] code, the dual 
of the [4,1,4] repetition code. If < 2, then Cis a [3,3,l] code, which is obviously unique as welL 0 

From Lemma 8 it follows that a ternary [5,3,3] code does not exist. Hence a ternary [6,3,3] code would be op
tima!. 

LEMMA 9 There are exactly Jour ternary cudes with parameters [6, 3, 3]. 

Proof. Suppose C is a ternary [6,3,3] code. If C is not projective, then its dual must be a line with two points 
outside. If C is projective, tben its complement is a blocking set B (say) with 7 points. There are exactly three such 
blocking sets as B can contain either two lines, one line or no line (in the last case B must be a triangle with side 
three). D 

Although a ternary [9,3,6] code exists by Lemma 7, a ternary (10,3,6] code can also be regarded as "optima!" in 
the sense that a ternary code with the same length and dimension and a higher minimum distance does not exist. 

LEMMA 10 There are exactly six ternary codes with parameters [10,3,6]. 

Proof. Suppose C is a ternary [10,3,6] code. Then either C contains a line or not. 

l. Suppose C contains a line L. Then no point of L occurs twice in C and so D = C \ L is a [6,3,3] code the 
complement of which contains a line. From the proof of Lemma 9 we know that we have the following cases: 

a D is not projective. We know that there is just one such [6,3,3] code and its complement is two lines (L1 
and L2, say) with a point outside. Without loss of generality C = DUL1 . 

b D is projective and the complement of two lines (L1 and L2, say). Without loss of generality C = DU L1. 

c Dis projective and the complement of a line L 1 (say) and three non-collinear points. Then C must be DUL1. 

2. Suppose C does not contain a line. Then its complement is a blocking set B (say). It is easy to see that no 
point of C can occur three or more times. Moreover, if no point of C is repeated, then B would be a blocking 
set of size three (impossible). If four or more points of Care repeated once, then there certa.inly exists a line 
containing more than four points of C (impossible). Hence we have the following cases: 

a One point is repeated once. Then B contains four points and must be a line. 

b Two points are repeated once. Then B must be a line L with a point p outside. The repeated points have 
to be chosen on some line through p and a point on L. 

c Three points (p1, P2 and p3, say) are repeated once. Then p1, P2 and P3 are obviously not collinear. Let lij 
be the line through p; and Pj (i < j). Then B consist of the points on the lines /;i (i < j) distinct from 
P1, p2 and 1'3· Indeed B is a blocking set.. D 

Also a ternary [14, 3, 9] code can be regarded as "optima!" in the sense that a [14, 3, 10] code cannot exist. 

LEMMA 11 There are exact/y three ternary codes with parameters [14, 3, 9]. 

Proof. Suppose C is a ternary [14, 3, 9] code. Then obviously at least one of the points of C must be repeated. lt is 
also easy to see that no point of C can occur three times or more. 

1. Suppose one point of C is repeated once. Then C is obviously uniquely determined. 

2. Suppose two points of Care repeated once. Then the complement of C is a point p (say). The two repeated 
points must be col!inear with p. 

3. Suppose three or more points are repeated once. Let R be the set of repeated points. Obviously R is an are 
and so IRI::; 4. Any line through two points of R (a secant of R) must contain a point of the complement of 
C (which bas IRI - l points). So IRI 4. Moreover Ris uniquely determined by Lemma 8. The secants of R 
intersect pairwise in three points outside R. Hence also the complement of Cis uniquely determined. D 

Next we consider the case m 2. The case ó = 0 is treated in Lemma 12, the case li 1 in Lemma 13 and the case 
li 2 (and q ;?; 3) in Lemma 16. 
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LEMMA 12 Let C be a q-ary [2(q2 + q + 1) - e,3, 2q2 - e] code. For < = 0 or 1, C is unipe. For < 2 there are 
exactly two codes with such parameters. 

Proof. A point occurs at most two times in C by Lemma 1. So two times PG(2, q) minus C is a multiset of< points. 
0 

LEMMA 13 Let C be a q-ary [2q2 + q + l <, 3, 2q2 
- q <] code. For e = 0, C 1s unique. For e = 1 there are exactly 

two codes with such parameters. IJ q = 3 and < = 2, there are exact/y five codes with such parameters. 

Proof. Let B be two times PG(2, q) minus C. Then Bis a multiset of q + 1 +<points, at least one on a line. So B 
is a blocking set with repeated points allowed. If B bas a point of multiplicity more tha.n one, then after decreasing 
the multiplicity of this point by one Bis still a blocking set. So if < = 0, then B must be a line (see [4]). If < = 1, 
then B is either a. line with a point outside or a line with one point repeated. Let q = 3 and < = 2. If B does not 
contain a line, then it cannot have repeated points and is unique (see also Lemma 7). If B contains a line, then it is 
easy to see that there are four possibilities for B. D 

Before we can handle the case 6 = 2, we need a lemma about double blocking sets ( a double blocking set is a 
set of points in PG(2, q), at least two on a line, see [1]). 

LEMMA 14 Let B be double blocking set in PG(2, q) of size 2q + 2 + <, with 0 $ < < q and repetition a//owed. Let 

1

2..fi 
rr(p'+l + l)/(p' + l)] 

M= 2 
5 
6 

if q > 16 is a square, 
if q = p2•+I > 3, 
ifq 3, 
ifq 4, 
if q 9, 
ifq=l6. 

IJ< < M, then B contains a line with at least one point rezreated. 

Proof. [f Bis projeetive, then it is proved in [l] that B can only exist if e;:::: M. In genera! (with repetition allowed) 
it can be verified from the proofs in [l] that if < < M, then there is a line L (say) with at least q+2 points of B (case 
l ofTheorem 2.1 in [1]). Suppose some point p (say) of L has multiplicity zero in B. Then all lines different from L 
through p must contain at least two points of B \ L. So B contaîns at least q + 2 + 2q = 3q + 2 points, contradicting 
the assumption that e < q. So B contains a line and one point of this line must be repeated. D 

In the next lemma the case 6 = 2 will be considered. Hence we have to assume that q ~ 3. 

LEMMA 15 Let C be a q-ary [2q2 - '· 3, 2q2 2q - <] code. IJ< = 0, then there are two codes with such parameters. 
IJ<= 1, then there are three such codes if q > 3 and jour if q 3. lf < 2, then there are eight sv.ch codes if q > 4, 
twelve if q = 3 and thirteen if q 4. 

Proof. Let C be a q-ary [2q2 - <, 3, 2q2 - 2q - <] code with 0 $ e < q. By Lemma 1 no point occurs three times or 
more. Let B be two times PG(2,q) minus C. Then Bis a collection of 2q +2 +<points with the property that every 
line contains at least two points of B. So B is a double blocking set with single repetition allowed. Let € = O. By 
Lemma 14, B contains a line L (say) wîth at least one point repeated. So B \Lisa bloeking set of size q + 1, hence 
a line. This line can be either L or a line different from L. 
Let € = 1. If B contains a line L (say) with one point repeated, then B \ L is a blocking set of size q + 2, hence a 
line with a point. It is easy to see that there are exactly three possibilities in this case. Only if q 3 it can happen 
that B does not contain a line with a point repeated (see Lemma 14). Let q = 3. There must be a line containing 
4 points of B, since the ternary (9,3,6] code is the complement of a line (see Lemma 7), hence nota double blocking 
set. Let L be a line with 4 points of B. Then L must be contained in B, since otherwise B has to contain at least 10 
points (look at the lines through a missing point of L ). Now B \ L is a set of 5 points blocking all lines but L. Since 
we may a.ssume that no line contains 5 points of B, B \ L is intersected by every line in at most 3 points. Then it 
is easy to see that the only possibility for B \ L is three points on a line Lo (say) (where only the point Po (say) is 
missing) together with two points on a line not through Po. Si nee adding the line that is not bloeked indeed gives a 
double blocking set, the total number of codes with such parameters is four if q 3. 
Let < = 2. If q > 4, then by Lemma 14 B must contain a line L (say) with a point repeated. So B \ L must be a 
blocking set and if q > 4, then sueh a blocking set must be a line with two points (see [4]). It is easy to see that 
there are eight possibilities in this case. Let q 3. Suppose B contains a line L (say) with a point repeated. Then 
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6 

van Eupen [6 , Lemma 3 
l van Eupen 6 , Lemma 3 

72 Lemmal7 
14 Lemma 18 
3 Lemmal9 

18 
2 Lemma20 

Table l: Classification of some 4-dimensional ternary codes. 

B \ L must be a blocking set of size 6. So apart from the possibilities described above, B can be the non-trivia! 
blocking set with a line a.dded. Sinee there are three ways to a.dd a line, the total number of double blocking sets 
in PG(2, 3) containing a line with a point repeated is eleven. If B does not contain a line with a point repeated, 
then every line contains at most 4 points of B. So B is a ternary [10,3,6] code. If a point p (say) bas multiplicity 
2 in B, then shortening B at p would yield an [8,2,6] code. In a ternary [8,2,6] code every point bas multiplicity 
2 (see Lemma 4). Hence every line through p has 4 points of B. So if we decrease the multiplicity of pin B by 
2, then we still have a double blocking set B' (say). Since the size of B' is 8, it must contain a line with a point 
repeated. This contradicts the assumption that B does not contain a line with a point repeated. So B must be 
projective. In [10] it is proved that B is unique in this case (and B must be the (10,3,6] code in case l.c in the 
proof of Lemma 10). So in total there are twelve possibilities if q = 3. Let q = 4. If B contains a line with a 
pcint repeated, then B \ L is a blocking set of size 7 in PG(2, 4). So B \ L is either a line with two points (yielding 
eight possibilities for B) or a Baer subplane (in which case there are two ways to add a line). Suppose that B does 
not contain a line with a point repeated. Then B must be a [12,3,8] code. With the same reasoning as for the 
terna:ry case, it can be proved that B must be projective (look at the projection from a point of mutiplicity 2). In 
[10) it is proved that there are three possibilities for B in this case. Hence in total there are 13 possibîlîties for q = 4.D 

4. Codes of dimension 4 

All orbits under PGL(4,3) ofprojective n-subsets of PG(3,3) have been computed for every 0:::; n:::; 40 (see Section 
6). This gives a classification of all 4-dimensional ternary projective codes, in particular the optima! ones. For some 
other optima! parameter triples (where the codes need not be necessarily projective) we give a special treatment. 
The results are summarized in Table l. 

For minimum distance 3 of course we have: 
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LEMMA 16 A q·ary [n, n 3, 3] code, q + 1 < n :'.> q2 + q + J, is the dua/ of a projective n-set of PG(2, q). 

Soit is easy to see that there are exactly four temary codes with parameters (7,4,3). 

LEMMA 17 There are 12 ternary codes with parameters [13, 4, 7]. 

Proof. With the method of Section 6, it is found that there are 58 projective [13,4,7) codes. If a [13,4,7] code is not 
projective, then it mlli!t have exactly one point of multîplicity 2. lndeed shortening the code at a point of multiplicity 
2 yîelds an (11,3,7) code, which is projective by Lemma 6. From the proof of Theorem 4 in [6], it follows that there 
are 14 non·projective [13,4,7] codes. 0 

LEMMA 18 There are 14 ternary codes wil.h parameters [14,4,8]. 

Proof. The method of Section 6 gives 12 projective [14,4,8j codes. Usîng the same reasoning as in Lemma 17, we 
find from the proof of Theorem 3 in [6J that there are 2 non-projective [14,4,8] codes. D 

From [12] and [7] (Lemmas 7 and 9) we have: 

LEMMA 19 There are e:r:actly three ternary codes with parameters [15, 4, 9). 

There are two ternary [18,4,11] codes by Table 1. We can also prove this theoretieally and give a description. 

LEMMA 20 There are exactly two ternary codes with parameters [18, 4, 11] and they can be e:r:tended to the unique 
(19, 4, 12) code. 

Prooi Let C be a ternary [18,4,11] code. Suppose c is a codeword of C of weight 13. Then the residual code with 
respect to cis a [5,3,3] code (see Lemma 2.13 in [17]). Since a [5,3,3] code does not exist by Lemma 8, C does not 
contain a codeword of weight 13. In the same way it can be proved that C does not contain codewords of weight 16. 
So C can be extended to a self-orthogonal (19,4,12) code C' (say) by Lemma 2. There is exactly one ternary code 
with parameters (19,4,12] (see (13]). Let the point set of this (19,4,12) code be given by the columns of the foltowing 
matrix. 

(

1 2 1 2 l 2 1 2 0 2 0 1 1 2 0 1 0 2 ll 
0011220011220011220 

G= O O o O O O 1 1 1 1 1 1 2 2 2 2 2 2 0 
1111111111111111110 

Then the following permutations are automorphisms of c• (in fact they are generators of the automorphism group ): 

(1 2)(3 4)(5 6)(7 14)(8 13)(9 15)(10 16)(1117)(12 18) 

and 
(15181510 7)(2 61716 9 8)(31113)(4 12 14), 

where the numbers are column numbers. The two permutations correspond to multiplication on the left of G with 
matrices 

Ul!!l"U!!!l 
respectively. So the first 18 points are in the sa.me orbit under the automorphism group of C'. Hence there are 
at mast two non-equivalent (18,4,11] codes. Since deleting one of the first 18 columns of G yields a code with 
weight enumerator 01 1138 1222 1414 154 172 and deleting the la.st column yields a code with weight enumerator 
01 nu 1224 1418 182 , there are exactly two ternary codes with parameters (18,4,11]. 0 

5. Codes of dimension at least 5 

In Table 2 the parameters of ternary linear optima! codes with length at mast 20 and dimension at least 5 are given 
for which a cla.ssification has been found. 

If no reference is given in Table 2, then the number of codes with the parameters bas been found by computing the 
orbits of projective n-subsets of PG(/,; 1, 3) (projectivety fotlows from the parameters in these cases). 
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1 Dual Golay 
236 

4 

7 Lemma23 
2 Lemma22 
2 
3 Lemma 16 

Lemma21 
Go lay 

. emma4 

Extended Golay 

Lemma24 

Lemma24 

Table 2: Classification of some ternary codes of dirnension at least 5. 

LEMMA 21 There is exactly one ternary code with parameters [9, 5, 4] and exactly one with parameters [10, 6, 4]. 

Proof. A ternary [9,5,4] code must have dual distance at least 5, since shortening it at 4 positions containing the 
support of a codeword of the dual would yield a [5,2,4] code, violating the Griesmer bound. So the dualis a [9,4,5] 
code, which is unique by Lemma 3 in [6]. For the same reasons the dual distance of a ternary (10,6,4} code must be 
at least 6. The uniqueness of the [10,4,6] code was first shown in (2]. O 

LEMMA 22 There are exactly two ternary codes with parameters [19, 5, 11]. 

Proof. Let C be a ternary [19,5,11] code. Then shortening C yields an [18,4,11] code. A classification of [18,4,11] 
codes is given in Lemma 20. Looking at the possible weight enumerators of (18,4,11] codes, we must conelude that 
C cannot contain codewords of weight 13 or 16. Moreover, C must contain a codeword of weight 17 or 18. Hence C 
ca.nnot contain a codeword of weight 19 by Corotlary 2.7 in [17]. So C can be extended toa self-orthogonal [20,5,12] 
code by Lemma 2. In [13] it is shown that there are exactly two ternary codes with parameters [20,5,12]. Let 

(

102112 
011212 

G1= 0 0 0 0 1 1 
0 0 0 0 0 0 
001111 

i; i; ~ ~ ~ ~ i; ~ ~ ~ ~1 
2 2 0 0 1 2 2 0 0 1 l 2 2 
0011 111222222 
11 1 1 1 1111 

generate one [20,5,12] code (C1, say) and let 

G2 = ( i ! l ~ ~ ~ ! ~ i ~ ~ 
00000000111 
00111111111 

1 0 1 2 0 2 0 2 
20112010 

2200112 
2 2 2 2 2 
1 l 1 l 

generate the other [20,5,12] code (C" say). Then the permutatîons 

(1 2)(5 6)(7 8)(9 16)(10 15)(1118)(1217)(13 20)(14 19) 

and 
(1945)(27315)(6 18 16 17)(8 14 10 13)(12 19) 
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are automorphisms of C1 with corresponding matrices: 

[ ! 
1 0 0 

1 l [ 1 
1 l 0 

!] 
0 0 0 l 0 2 
0 2 0 and 0 0 0 
0 0 1 2 0 0 
0 0 0 l 1 2 

Hence C1 bas a transitive automorphism group. The permutations 

(3 4)(5 10 7 16)(6 9 8 15)(1113 19 17)(12 14 20 18) 

and 
(1 15)(2 16)(3 9)(4 10)(7 18)(8 17)(1120)(1219) 

are automorpbisms of C2 witb correspondîng matrices 

[j 
0 2 0 

!] [ ! 
0 0 0 

!] 
1 0 0 1 0 0 
0 0 2 and 0 2 0 
0 l 0 1 1 1 
0 0 0 2 0 0 

Hence also C2 bas a transitive automorpbism group. (In {act fot both codes the two given permutations generate 
the automorphism group.) So puncturing of the two [20,5,12] codes does not depend on the pOl!ition. Let c; and 
q be the [19,5,11] codes obtained by puncturing C1 and C2 respectively. Both C: and q have weight enumerator 
01 11•0 1260 1454 1518 1718 182 . That C: and C2 are not equivalent can be seen as follows. From the proof of Lemma 
2 it follows that there is a unique point p1 ( say) that extends C[ to C 1 and a uni que point P> ( say) that extends C2 
to C2 . If C: and C2 are equivalent, then there is a linear transformation T (say) that maps C: to q. Since T(pi) 
extends q to Ca. T(p1) bas to be equal top,. Tbis would imply that C1 and C2 are also equivalent, a contra.diction. 
Hence G[ and C2 must be non-equivalent. o 

LEMMA 23 There are exaclly seven ternary codes with parameters [18, 5, 10). 

Proof. Let C be a ternary [18,5,10] code. Then shortening C we get a [17,4,10) code. Ternary codes with parameters 
[17,4,10) have been classified (see Thble 1). Jt turns out that extending a [17,4,10] code to an [18,5,10] code yields a 
code with weight enumera.tor either 01 1054 1172 1224 1336 1436 1618 182 or 01 1052 1176 1222 1340 1428154 1616 174. 
By computing the number of codewords of weight 0, l and 2 modulo 3 respectively, we find that the dimension of 
the radica.l of an [18,5,10) code is 3 and that the determinant of the corresponding quadratic form is l. So by Lemma 
3 an [18,5,10) code can be extended to a [20,5,12] code. Generators of the automorphism group of botb [20,5,12) 
codes C 1 and G2 are given in the proof of Lemma 22. It can be shown that the action of the automorphism group on 
2-element subsets of the point set C1 gives five orbits (represented by {1, 2}, {l,3}, {1,5}, {1, 11} and {l, 12}), while 
for C 2 there are two orbits (represented by {l, 2} and {1,3}). So there are at mOl!t seven non-equivalent [18,5,10] 
codes. By checking for non-equivalence pairwise (see Section 6), we found that there are exactly seven ternary codes 
with parameters [18,5,10]. 0 

LEMMA 24 Tb.ere is exactly one lernary code with parameters [14, 7, 6] and exactly one with parameters [14, 8, 5). 

Proof. The generator matrix of any [n, 1:, dj code C with dual distance dJ. can be written in the following form. 

+- k - dJ. + l -> +- n - k 1 ..... 
1 0 0 " 0 0 0 1 
0 1 0 0 0 0 1 

0 A 
0 0 " 0 1 0 1 
0 0 0 0 1 1 

0 Go 
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(see [6]). If C is a ternary (14,7,6) code, then its dual distance must be 6 by Lemma 9 in [6). So Go generates an 
[8,2,6) code, which is unique by Lemma 4. lt can be shown that up to equivalence there is just one possibility for 
A. If C is a ternary [14,8,5] code, then its dual distance must be 6 by Lemma 7 in [6). So Go generates a [8,3,5] 
code, which is unique by Lemma 7. Also in tbis case it can be shown that there is just one possibility for A up to 
equivalence. D 

6. Classiftcation via Finite Group Action 

In Sections through we witnessed many ternary code classifications based on geometrie reasoning. In this section 
we introduce an a.Jternative approach to the classification problem. This approach is based on the concept of finite 
group action and is more computational in its nature. The main idea ofit is to express the equîvalence of linear codes 
in an algebra.ic framework which then allows us to solve the classification problem by algebra.ic and computational 
methods. We will explain the relevance of group action for the dassification of linear codes and we will discuss some 
practical aspects of the underlying computations in the case of ternary codes. 

Snppose G x X X be a finite group action. For any x EX, its G-orbit is G(x) := {gx 1 g EG}. The set of 
all G-orbits on X wil! be denoted by G \ X, Given a finite action of G on X and a finite set Y, the indnced action 
G x yx - yx is introduoed by putting (g,f)(x) ,_. f(g- 1x), i.e" (g,f) is mapped tof, wbere f(x) := f(g- 1 x). 
The number of G-orbits onyx can be evaluated by various Ha.vors of Pólya's Theorem depending on whether we 
want to know just the total number of orbits or a more refined information, such as enumeration of orbits by content. 
(The content of a function f: X - Y is the function c1 : Y - N defined by CJ(Y) := 11-1(11)1 for all y E Y.) A 
complete description of Pólya's enumeration tbeory (along with many examples from combinatorics) can be found 
in the textbooks (14), [l9J, (20), and on many other places. 

Once we know the number of orbits that we are interested in, a more difficult problem is to list a unique repre
sentative of each orbit, i.e., to construct a set T(G \ yx) such that 

yx = u G(f). 
J€T(G\ YX) 

(We note that the union on the right-hand side of the last equation is disjoint.) The set T(G\YX) issometirnescalled 
a transversa/ of the G-orbits. The most important contribution to solving the problem of transversal construction 
carne from R.C. Read in the form of his orderly listing methods. The essence of the orderly idea is well described in 
Read's historica! paper [22], (A valuable survey of dilferent listing methods can be found in Chapter 7 of [19).) 

lt occurs very often that we are not interested in exhaustive catalogs of orbit representatives but rather we want 
to list only those representatives satisfying a given property P. Let P be a predicate defined on Z such that for each 
g EG and each z E Z we have P(z) ~ P(gz). With certain additional assumptions on P we can restrict the orderly 
generation such that it delivers exactly the catalog of representatives of orbits on which P is trne. For examples of 
predieates governing restricted orderly generation see, e.g., [5]. 

In the setting introduced above, let G := PGL(k,q) and let X be the point set of PG(k 1,q), Further, let 
Y {O, l}. Then the equivalence classes of k-dimensional q-ary projective codes are in a one-to-one correspondence 
with G-orbits on Y x. 

In our computations, we used Read's orderly method in combination with the canonicity check developed in [9], see 
also Sections 7.2 and 7.3 in (19]. This canonicity check also can be adapted to efficiently handling the isomorphism 
check: Gîven two fuuctions / 1 ,h E yx, decide if there exists an element g EG sucb that h = gf1• This was used 
in the proof of Lemma 23. 

By Pólya's Theorem, it turns out that there are exactly 111,832 projective types of sets in PG(3, 3), Moreover, it is 
sufficient to list only about one half of these types. (The other half is obtained by pointwise complernentation.) This 
is indeed a manageable task which took us only about 8 CPU hours on an SGI workstation, This way we obtained 
unique representatives of equivalence classes of all 4-dimensional ternary projective codes. Hence, we classified up to 
equivalence all optima! 4-dimensional ternary codes in the cases wbere it is known that these codes must be projective 
(see Section 1). The results are contained in the first two columns of Table l. Fnrthermore, the classifications of 
projective [13,4,7] codes and of projective [14,4,8] codes, which of course were also easily extracted from the listing 
process, served as ingredients for proofs of Lemmas 17 and 18. 

In the case k = 5, the total number of projective types of subsets of PG( 4, 3) is about 1026 which makes the 
complete listing impossible. Fortunately, the orderly generation proceeds by content so we are able to list the 
projoctive types of n-element subsets of PG( 4, 3) for some initia! segment of values n ~ nmax· In this case we 
use Pólya's Theorem for enumeration of orbits by content which tells us that, for example, there are exactly 9,260 
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projective types of eleven-point sets in PG(4, 3). Hence we ca.n certainly afford to list the types of n-subsets for 
n $ 11, which gives us the classification of 5-dimensional ternary projective codes of length up to ll. From this 
number of points on, the exhaustive listing would be very time and spaee consuming. Fortunately, we note that 
the next three triples of optima! projective code parameters (namely, [14,5,7), [15,5,8] and [16,5,9)) all satisfy the 
equality n d = 7. A weakened version of this predicate (namely, P(S):="parameters n,d of the code defined by 
the projective set S satisfy n - d 7") can be used to control the restricted orderly generation (see above). Indeed, 
for 11 < n $ 16 we succeeded to all projective types of n-subsets of PG(4, 3) that satisfy the predieate P. This 
way we classified (up to equivalence) all optima! 5-dimensional ternary projective codes of lengths up to 16, see the 
corresponding rows of Table 2. 

By restricting ourselves to the case Y = {O, 1} we limited our attention to the projective sets and projective codes. 
Allowing IYI > 2 would enable classifieations of projective multisets (non-projective codes) if a.n upper bound on the 
number of point repetitions is known in ad va.nee. This task must be handled with care since, for growing IY 1, the 
number of orbits can blow up rapidly. 

In this paper we saw two essentially different approaches to classifying linear codes, namely the geometrie proof.s 
and the constructions in the framework of group action. Bath approaches have their advantages and limitations. 
While the geometrical methods are more elegant and less dependent on the parameters of the code, they are not 
practicable in cases when the number of arising classes is too high. (One would be a1so tempted to say that the 
geometrie proofs are ''theoretica)", i.e" "machine-independent". It should be noted, however, that even this type of 
proofs often relies on the use of computer on some stage of the work.) On the other hand, the computer-assisted 
methods relying on group aetion are less sensitive to the arîsing number of classes but with growing dimension of the 
codes and/or growing multiplieities of points they may beeome impractieal soon. 
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Appendix: Tables of codes 

In the following we indude exhaustive lists of 2-, 3-, 4- and 5-dimensional ternary codes (up to equivalence) for 
certain parameter sets. The respective classifications are described in the paper. The codes are given as point 
sets in PG(k - 1,3) (except for the [14,7,6] and the [14,8,5] code, whieh are given in the form of a generator 
matrix). A projective point< (ca0 ,ca" ... ,cak-il >, cE GF(3)', isencoded by anon-negativeinteger isuch that 
0::; i <(3• - 1)/2 and 

x' ao + a1x + ... + a._,x•-1 (mod P•(x)) 

where P•(x) is a primitive element of GF(3•) and the coellicient arithmetic is performed modulo 3. This gives us a 
unique bijection between the point set of PG(k- 1,3) and the set of exponents {O, 1, ... , (3k - 1)/2-1}. We took 
the polynomials 

P2(x) x2 +2x+2 

Pa( x) x3 + 2z + 1 
P.(z) x4 + 2x3 + 2 

Ps(x) x5 + 2x + 1. 

In the tables of projective codes, îf it is shorter to express a code C as a complement of a projective set (iruitead 
of writing down C itself), we do so and we use the notation compl(".) in such cases. We also use the symbol Ik as 
an abbreviation for {O, l, ... , k- 1} where k 4, 5. In terms of generator matrices, lt stands for the k x k identity 
submatrix of the generator matrix for the respective code. lf the code is not projective, we use a superscript to 
denote the multiplicity of the respective point. 

The lists of 72 codes with parameters [13,4,7] and 236 codes with parameters [14,5,7] are not included as tbey 
would make the table part too large. We can send the tables of these codes to interested readers via electronic mail. 
lf you do not have access to e-mail, please send us a self-addressed envelope and a 3!" floppy disk. 

(2,2, 1] 
(3, 2, 2] 
(4, 2,3] 
[S, 2,4] 
(6, 2,41 
{7, 2,5] 
8, 2, 6] 

{0,1} 
{0, 1, 2} 
{0, 1, 2,3} 
{O, 1, 2'. 3'} 
{02,12,2~} 

{O 1' 2' 32 } 
ol,1l,:è,a2 

0 1 2 
n'2632 

0 1a" 
0 14•5• 
o14se2 
ot5h;" 
oiee 

Table 3: Optima! two-dimensional ternary codes of length up to 8. 
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3,3, 1 
[4,3,2) 
[6,3,3J 
[6,3,3) 
(6,3,3) 
[6,3,3) 
[7,3,4) 
[7,3,4} 
(8,3, 5) 
(9,3, 6j 

{10,3,6) 
{I0,3,6) 
[10,3,6} 
[10,3,6) 
(10,3, 6) 
[10,3, 6} 
(11, 3, 7] 
(12,3,8) 
(13,3, 9) 
(14,3,9) 
[14,3,9) 
(14,3, 9) 

(16,3, IOJ 
[16,3, 10) 
[16,3, IO) 
[16,3, IOJ 
[16, 3, !OJ 
[16,3, 10) 
[16,3, lOJ 
(16,3,10] 
[16,3, 10] 
[16,3, 10} 
(16,3, 10] 
[16,3, lOJ 
[17,3, 11} 
[17, 3, 11j 
[17, 3, 11) 
(17,3, ll) 
[18,3,12) 
[18,3, 12) 
[20, 3,13] 
[20,3, 13) 
[20,3, 13] 
[20,3, 13] 
[20,3,13) 
[21,3, 14] 
(21,3, ! 
(22,3, 1 
(24,3, l 
(24,3, l 
[25, 
26, 

{0, 1,2) 
{0,1,2,5) 
{O, l, 2, 3, 6, 7} 
{O, 1, 2, 3, 4, 6} 
{0, 1, 2, 3, •• 5) 
{0, 1,2,3,6'} 
{0,1,2,3,4,6,7) 
{O,l,2,3,4,5,6} 
{O,l,2,3,4,6,7,8) 
{o, 1,2, a, 4, e, 1,s. 11) 
{O, 1, 2, 3, 4, 5, 6, 7, B, 11) 
(0, 1,2,3, 4, 5,6, 7,8,9} 
{0,1,2,314,6, 7,8,11:1) 
{o, 1, 2,3, 4, 5, s', 1, 10} 
{o, 1, 2, "> •'. s, 1,s'J 
{0,l,2,3 .•'.•.•'} 
{o, 1, 2,a,4, 5,6, 1,s, 9, 10} 
{0, 1, 213, -tj s, 6, 7, 8, 9110, 11} 
{O, 1, 2,3, 4, S, 6 1 7, 8, 9i 10, 11, 12} 
{O, 1, 2t3i 4, 5, 6, 7, 8, 9, 10, 11, 12"} 
{O, !, 2,3, 4, 5, 6, 7, 8, 9', to', 11) 
{O, 1, 2,3, 4, 5, 72, 91, 10,, 11 2 } 

{O, 1, 2,3, 4, 5, 6, 7,8, 9, 10', 11', 12'} 
{O, !, 2, 3, 4,5, 6, 7,8', 10', n', 122 ) 

{O, 1,2, 3, 4, 52
, 6, 7,8, 92, 102, 112} 

{O, 1, 2,3, 4,5, s', 7,s', 9, 10'. 12'} 
{0,1, 52 ,6,72 ,82 ,92,122} 
(0.1, 47,62,12,s,,11"} 
(0,1, ,52 ,82 ,10i,11:i,122} 

{O, l, 2, 3, 42 , 6::1, 6, 7,82 , 92 , 102 } 

{O, 1, 2132
, 42

, 5, 62
, 72 ,82

, 1121 
{O, 1,2,32,42,5, 7'\92 ,lO:l,11 i 
{O, 1, 2, 3, 42

, 52
, 61 71 8

2 , 102 , ll } 
{02, 1, 1 22 ,31. ",. f>l, 7"' 8l) 
{0, l, 2, 3, 4, 5, 6, 7,8,' 9, 102, 11 2, 122} 
{011, 2,3,4,S", 6, 7,82 , lO:i, 113 , 122} 
{0, 1, 2,3, 42

, 5 2
' 6,82

' 102
, 112

' 122
} 

f O, 1,, 22 , 3 2 ,4l, 62 , 1a, 82 , 1f'} 
{O, 1, l 13, 42

, 5.2 ,6, 7,8-.a, 102, 112, 122} 
{o, fl 'i:i 32 42 52 72 32 u'} 
{O, i.2:3, 4, 52, è, 7~,fè,9: 102 , U 2 , 12::1} 
{O, 1, 2, 3, 4, 5,62

, 72
, 82

, 92
, 102 , 11"',122) 

{0, 1, 2,3 '7,,82, 104, 112, 12,} 
{0,1,22 , 1'2,82 ,102 ,11 2 ,122 } 

{0,1,22, ,62, 72,82,9,102,lf1} 
{O, 1,2,3, 42 , 5l ,6::t, 72 , 8 2 , 9, 102 , 11 2 , 122} 
{O, l, 2', 3, 4:.:i:, S,, 62 , 72 , 82 , 102 , 112 , 122} 
{0.1, 21', 3,44 ,5a, .s 2 , 12 ,s2 , 9, 102, 1i::1, i22} 
{0.1, 23 , all,42 , 52 , a:i:, 7:i ,s2, 92, 102, 112, 122 } 

fo2
, 12

, 2:1,a2 •• e. 52,62, 1 2 ,s2 , s 2 , 1021 , 112} 
(Ot14 ,2 102 ,11:.0 

102 11 

0 1 2 3 
012123646 
013•41•6• 
013a4us.s62 
013844512 
0l3I04fi566' 
o14105ua27:i: 
014125666 
015165352 
01 a:i:.92 

0t~«7U92 
0t6a712g6 
0168718102 
ota•2rtr92 
016147.86 10:1 
o•sn9e 
ot7Il9129:l 
01s1•9• 
01926 
ot9a101• 

0 19 141tl61t6 

0 19~1ri 
01 1ft'11l2124 

01 104 11 1,12213. 
0110•11 n1221a• 
01 1016116 12"132 

0 1 101011 i.o122 13:oi14' 
01 1010111.:1122 H 2 

01 101011 t213:t15::i: 
0•1on1r•12•14• 
0 11012116 126 151 

01 10•211•1~2 14• 
0•101112•134 

01 1016128 16:1: 
0111n-12113• 
01 11 141 128 14. 
0• 11 16126 142162 

0111 16 126 172 
01122215• 
01 122•1s7 

ot 1310141215"152 
01 t312146tS6 

01 uJ•21410152 172 
0113i1114n1s1 

0 11316 1511621 

01 14u·1s•112 

01 14U156 1$2 

0 1 1521 182 

0 1 16t:r1712182 

-0 1 16181s• 
0 1 1713188 

01 1876 

Table 4: Optima! three-dimensional ternary codes of length up to 26. 
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!7· 4,3j I, u ps, 28, 30} 0 3 4--5··5·· 
[7,4,3] I, u (9, 27, 28} 0l3H4l052t61&74 

[7,4,3] I, u (8, 9, 10} 0J.3U42253063~ 

[7,4,3] I, u {8, 9, 27) ot3l04305l35lG~ 

[8,4,4] J,u (8,9,10,ll} 0t4225M5<t07Sg& 

[8, 4,4] I, u (8, 9, 10,32} 0J4l•5lti&32g• 

[8, 4,4) [4U {81 9,21,27} 0t4205-326117H3• 

[9, 4,5] I, u (8, 9, 15, 21, 27} ots"e62•au9" 
[10, 4,6) 1" u {6.8, 9, 15, 21127} 0•560920 

[17, 4, 10] I, u {4, 8, 9, 10, 11, 13, 15, 18, 19, 28, 29,30, 33} 01 102•1J 14 1224 13614'152 162 

[17,4, 10] f4 u {4, 7, 8, 9, 10, 13, 18, 19, 28, 29, 30, 32,33} 01 1026 11 1812::i213415416:.i 
[17,4, 10] 11 u {4 1 6, 7,8, 9, 10, 18, 19,28, W,30,32,33} ot10?•11 12 12:z6 138 H 4172 

[17,4, 10] 1. u { 4, 7, 8, 9, 11, 15, 18, 19, 27' 28, 29, 30, 33} 0110,• 112•12u ur•1461s2162 

(17,4, 10] 14 V {4, 7,8, 9, 11, 15, 18, 19, 22,27, 28, 29,30} 0 11026 1 t :Y.11216134148154 

[17,4,10] 1" u {41 6, 7,8, 9, ll, 18, 19,27, 28, 29,30,33} 01102• 11221220136146 17* 
[17,4, 10] 1. v {4,8, 9, 12! 15, 18, 19, 21, 27, :!8, 29,30,33} 0 1 102•11u12813 10 14616~ 
[17,4, lOJ '· u {4, 7,8, 9, 12, 15, 18, 19, 21,27, 28, 29,30} 01 io,•11 u12•13rn14•1 s 2 

[17,4, 10} /4 u {4, 7,8, 9, 12, 18, 19,21, 27,28, 29,30,33} 01 10á3n 3012•13t• 14•112 

[17,4, 10} 14 u {4, 7,8, 9, 12, l5, 18, 19, 27,28, 29,30,33} 01 10,,11 n12e13u14•15:i1a, 
(17,4, 10} 14 u {4, 7,8, 9, 14, 15, 18, 19, 27, 28, 29,30,33} 011022113a:12•1al2 14•15:i1s:o 
(17,4,lOJ 1. u {4,8, 9, 11, 13, 15, 18, 19,20, 28, 29, 30,33} 01 10:.i:" 11281261316148162 

[17,4,lOJ 1. u {4,8, 9, 11, 13, 15, 18, 19,20, 22, 28, 29,30} 01 io:i:..11:ta12•13to1481e:i: 
{17,4,10) 1. u {4,8, 9, 12, 15, 18, 19, 22,:28, 29,30,33,36} 0110:.i:.tll :h>l2HJ3614.156 

[17,4, 10] I, u {4,8,9, 13, 15, 18, 19, 22,28,29,30,33,36} 01 102"11 241214 136 14"156 

[17,4, 10] l. u { 4, 8, 10, 11, 13, 15, 18, 19, 2:2, 28, 29, 30, 35} 01 1o:t8 11 1812ta13214n1s2 

(17,4, 10] 1, u {7,8, 12, 18, 19, 21, 22,28, 29,30,31,33,36} 01 102• 11 :n122 • u 2us• 
[17,4,10] 1" u {7, 8, 12, 18, 19, 21, 28, 29,30,31,33,35,36} 011o:ra11 30 1212 138 158 

(18,4, 11] 1. u {4, 7,8, 9, 12, l5, 18, 19, 21, 27, 28, 29,30, 33} 0111 38 12'J2 14U151 17'J 
(18,4, 11] /4 u {4, 7,819,12, 14, 18, 19, 21, 27, 28, 29,30, 33} 0111 a612'Jf1418182 
[19,4, 12] 1. u {4, 7,8, 9, 12, 14, 15118, 19, '21, 27, 28, 29, 30,33} 01 1260 15 18 18'J 
[25,4, 16] compl(/4 U {8, 16, 18, 23,25, 28, 29,30,34,37, 38}) 011aM11"°18"2s:.i 
[26,4, 17] compl(/4 u {8, 16, 18, 23,25, 28, 29,34,37,38}) 01 175 :.i 18~26'J 

[27,4, 18] compl({O, 1,2,8, 16, 18, 23,25, 28,29,34,37,38}) 0 11s'1 :n·, 
[30,4,19] compl({O, 1, 2,8, 18, 25, 28,29,37,38)) 0119ta20"21"27'J 
[30,4,19] <:ompl(J4 U {18, 25,28,29,37,38}} 0 119a:4 2on212V22&262 

[30,4, 19] compl(I, u {28, 29,30,37,38,39}) 0119a:t20H:n•2211244 

[30,4, 19] compl(J, U {17, 28,29,30,37,38}) 01 19362018213''J22&24" 
[30,4,19] compl(I, u {18, 28,29,30,37,39}) 01 1926~.m":n •221023•242 

[30,4,19] compl(I, u (4, 28, 29,30,37,39}) 01 192820:ut21 4 224 '234 

[30,4, 19] compl(/, u {24, 26, 28, 29,30,37}) 01 193220H·~n 2•22•23•212 

{30,4, 19] compl(I, u {4, 2ä,26,28, 29,30)) ot19.to20:io.;n :W23to 

(31,4,20] compl({O, 1, 2, 18, 25 1 28, 29, 37,38}) 01 2036212 •2218272 

[31, 4, 20) compl(J• u {28, 29,30,37,39}) 01 20°21n23 1ra~t4" 
[32,4, 21] compl(I, u {28,30,37,39}) 0121t•24ltl 
[34, 4, 22) compl( {O, 1, 2, 28, 29,37}) 01 2231}2336248 25$27?: 
(34, 4, 22] compl(I, u {28,37}) 0 1 2232 23~224825 "26• 
[34,4, 22] compl( {o, l, 2, 25, 28, 29}) 01 2236231824:14 272 

(35, 4, 23] compl( {O, l, 2. 28,37}) 0123°242.26627'J 
[36, 4, 24] compl({O, 1, 28, 37}) 01 2412276 

[38, 4, 25] compl({O, l}) 012s3626aG218 

(39, 4, 2•] compl({O}) 012ss.2126 

[40,4, 271 comptiil\ 0 1 2740 

Table 5: Four-dimensionaJ projective optimsl ternary codes. 

(14,4,BJ 
[14,4,8] 
(14,4,8] 
[14,4,8] 
[14,4,8] 
[14,4,BJ 
(14,4,8] 
[14,4,BJ 
[14,4,8] 
(14,4,8] 
(14,4,8] 
[14,4,8] 
[14,4,8] 
[14,4,8] 
[15,4,9] 
[15,4,9) ' 
[15,4,91 : 

1. u {4, 12, 131Ui,18, 19, 22, 28, '29, 30} 
I, U {4, 7, 12, 14, 18, 19,28, 29, 30,33} 
l, u {12, 15, 18, 19, 22, 28,29,30,31,33} 
l, u {7, 12, 18, 19, 22,28, 29,30,31,33} 
l. u {10, 11, 12, 18, 19, 22, 281 29, 30, 33} 
1. u {7,10, 12, 18119,28,29,30132,33} 
1" u {7, 10, 15, 18, 19,22, 28, 29, 30, 32} 
l, u {5, 13,15, 18,19,20,22,28,29,30} 
1. u {11, 12, 13, 15, 18, 26,27, 28, 29,30} 
I, u {11, 12, 15, 18, 26, 27, 28, 29, 30,33) 
l, u {11,12, 17, 18, 21, 28, 29,30,33, 36) 
j._ u {4, 7, 12, 15, 25, 26, 28, 29, 30,33} 
lot U {O, 5, 9, 14,15, 22, 23, 27,29, 30} 
J,,, u {O, 6, 9, 11,15, 22', 23, 27,29,30} 
J, u (5, 7, 12, 13, 19, 20,23, 25,29,31,35} 
1. u {6, 7, 12, 14, 25, 26131,33,37,38,39} 
I.u.f0,6 7,1112 16,17,21 27 29 301 

0 8'""9·"·10~11•12 13" 
0 1828912103012•14, 
0182692:J10Ull t012't3« 
0 1s219 18 10 16 11•12•1a~ 
0lg:26922101411101'l"l3" 
01 8-:i6 920101•11 •12t114~ 
o1g2a9a101e11 a12•13~ 
01s2•9'J:•1o'J:012•13" 
0183092011'J:•126 
o1g309'J:0112" 126 
018'l69'Mll:i6142 

0Js3o9:ro11:i:•126 

01s3':i9:i:011 :0°126142 
o13309201onu .iue13°' 
019601230 
019501230 

0 19 52 12:161&2 

Table 6: Turnary [14,4,8] and [15,4,9] codes. 
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[8, 5,3 
(8, 5,3] 
[8, 5,3] 
(9, 5,4] 

[10,5,5] 
[ll,5,6] 
(15,5,8] 
[15,5,8] 
[15,5,8] 
[15,5,8) 
[16,5,9] 

(18, 5, 10] 
[18,5, JO] 
[18, 5, 10] 
[18,5, 10] 
[18,5, 10] 
[18,5, 10) 
(18, 5, IOJ 
(19, 5, Il] 
{19,5,llj 

,5, 12) 
2 

Is u j59,88,90 
/sU (31,88,98} 
i.u{a0,31,98) 
1, u {30,31,84, 98) 
Is u {21,30,31, 84, 98) 
I, U {21,30,31,63,84,98) 
[5 u {20, 24,31,35, !)l, 511 69, 71, 92, 110} 
Is u {20, 24,31,35, 54 169, 71, 92, 110, 118} 
I, u (21,33,41,69, 89, 90, 91. llO, 111, 112) 
1, u {3'!, 45,55,82,88,89, 90,97, 112,113} 
Is u {20, 24 131,35 1 51, 54,69, 71, 92, 110, UB} 
lt. u {20, 28,42, 45, 52,56,58,92, 101, lll, 113, 116, 118} 
Ie. u {9, 13, 1-4,39, ö2, 56,59,63.66, 101, 103, 110, 111} 
15 u {9, 17, 21,23, 25,35,49,52,58,63, 103, 107, 119} 
/, u {23, 26,51, 52,60,66, 73,88,99, 103, 105, 107, 117} 
I~ u {12, 14,34,41, 43,49, 67,83, 78,89,99, 105, 110} 
15 u {14, 18, 23,34, 39,43, 55, 57,58, 78, 105, 109, 116} 
1, u {14, 18, 23,39,41,43,55,57,58, 78, 105, 109, 116) 
Is u {14, 18, 23,34,39,41,43,55,57,58, 78, 105, 109, 116} 
15 U {24, 29,36,38,49,52,56,92, 98, 102, 1041 1131 117, 119} 
15 u{13,17,33,36,54,65 1 79,82,85, 93,98, 100, 104,1141 116} 
Is U 10, 13, 14, 19,24,31 133,38, 57,81,89,931 100 106, 110 

03456 8 
oi3:w4•6 s""ee07°s• 
0t3lfi4G05"6H74&gfi 

0143651262477283$92 

ot 5'12560890920 

0161329110 

o•sfie95ou a.123014H 
o•se695011•• 12301412 
(llg:<h49$211 H12*fit4lO15:1 
01g009.f.olO~ll20124<.!131<>1410 

Ql9llllll21Hl512 

01 10"'11n12241336143616u.1s2 

0 1 1052 ll'16l22213'°14"1fi.4 161fi174 

01 10H1ln122•13'"'143fott;;U1s2 

0110':a:111• 12',1a40142•1s4161611• 
011052u 1412n1a•0u 2• Ui4161411• 
0 1 1os211 16 12221a"'0 t4 28 1S4 161~11• 
0110n111•122a13•0 14281S4161417* 
01 1190 12•0 14.s•1sia17ia1s2 

0111901260 1-4ll4 t5Ul7t•t82 

01 121M1157 '1s:io 
01 121Mi15n1g::io 

Table 7: Five-dimensional projective optima! ternary codes oflength $ 20. 

' 114.7,6] 
10000001100122 0 6""'"7"""8"'"' 9"'""' 
01000001201101 10"'*1 l #(>f12l&214D 
00100001012201 
0001000011021' 

1 0000100lll1021 
00000101212120 
00000010022222 

[14,8,5] 10000000122100 0 5 "'"6"°"7<RHIS 
01000000111010 9l:W4101.54011 "l;\$12'l6 

00100000012110 131Ul4 3::i 

00010000001111 
00001000100122 
00000100011212 
00000010101021 
00000001112022 

Ta.ble 8: Ternary [l4,7,6j and [14,8,5] codes. 
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Nederlandse samenvatting 

In dit proefschrift worden aan de hand van acht artikelen resultaten gepresenteerd op het gebied van ternaire 
lineaire codes. 

Het eerste gedeelte van het proefschrift is gericht op het vinden van ondergrenzen voor de minimum afstand van 
ternaire cyclische codes. Bekende en nieuwe stellingen worden toegepast op alle ternaire cyclische codes van lengte 
ten hoogste 50. Ter vergelijking is de echte minimum afstand berekend van ternaire cyclische codes van lengte kleiner 
dan 40. In slechts enkele gevallen is de ondergrens kleiner dan de minimum afstand zelf. 

Het tweede gedeelte van het proefschrift is gericht op optimale ternaire lineaire codes. In het bijzonder wordt de 
tabel voor n 3 (k,d) en d3(n,k) verbeterd en wordt geprobeerd optimale ternaire lineaire codes te classificeren. Zes 
nieuwe optimale ternaire lineaire codes van dimensie 5 worden geconstrueerd, die samen met bekende constructies, een 
aanzienlijke verbetering opleveren voor de tabel van n3(5,d), Van codes met parameters [69,5,45]a wordt bewezen 
dat er slechts één van kan bestaan. De code bezit slechts twee niet-nul gewichten en kan worden geconstrueerd uit 
een projectieve [16, 5, 9)3 code. De relatie tnssen projectieve codes en codes met slechts twee niet-nul gewichten wordt 
onderzocht en leidt tot nog enkele nieuwe resultaten. Ook de tabel voor ns(6, d) wordt verbeterd voor een tiental 
waarden van d, via constructie van nieuwe codes. 

Naast de genoemde ondergrenzen, wordt ook gezocht naar bovengrenzen voor da(n, k). Er wordt bewezen dat 
codes met parameters [15, 8, 6)3, [15, 9, 5]3 , [16, 6, 8]s en [16, 7, 7]3 niet kunnen bestaan. Dit resultaat levert tientallen 
verbeteringen op voor de tabel van d3(n, k). In het bijzonder is, met dit resultaat, de waarde van d3(n, k) bekend 
voor n ten hoogste 21. Ook wordt een algemene stelling afgeleid voor het uitbreiden van ternaire lineaire codes. Deze 
stelling kan in enkele gevallen worden gebruikt voor het vinden van bovengrenzen voor da(n, k). Met een hieraan 
verwante techniek wordt bewezen dat n3(5, 25) gelijk is aan 41, waarmee na(5,d) volledig is bepaald tot d = 81. 

Tenslotte worden optimale ternaire lineaire codes met dimensie ten hoogste 5 en minimum afstand ten hoogste 12 
volledig geklassificeerd. 
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Stellingen 
behorende bij het proefschrift 

TERNARY LINEAR CODES 
van Marijn van Eupen 

1. Let n, k and d be integers with k 2: 2 and d =: 2 (mod 3), such that a ternary (n + 1, k, d +Ij code does not 
exist. Suppose that d - 2i > da(n - 3i -1, k - 1) for ml ::; i :S lf + t(2n - 3d)- t + 2~t:iJ. Then ternary 
[n,k,d] codes do not exist. 

M. van Eupen, An Extensfon Theoremfor Ternary Linear Codes, in: Proceedings of the International Workshop 
on Optimal Codes and Related Topics, May 1995, pp. 137-140. 

2. The only ternary constacyclic codes of length smaller than 40, with the property that application of the 
Assmus-Mattson theorem yields non-trivia! t-designs with t ;?: 2, have parameters [10,4,6) (t = 3), [11,5,6] 
(t = 4), [13,3,9] (t = 2), [13,6,6] (t = 2), [22,10,9] (t = 3), [23,11,9] (t = 4), (28,8,15] (t = 3), [28,14,9] (t = 3) or 
[34,16,12) (t = 3). 

3. If we define df ( n, k) as the largest integer d such that an additive code over 7l4 with length n, size 4k and 
minimum Lee-distance d exists, then a lower bound for df(n, k) (n::; 16) is given by 

and an upper bound is given by 

and df (11, k) = 2 for 12 < k < n :S 15 and n = 16, 13 < k < 16, and df{l6, 12Ï) = df(16, 13) = 4. 

4. There exists a reversible Hadamard difference set with parameters (2500, 1225,600) in 7l2 x 7l2 x 7l:. 

M. van Eupen & V.D. Tonchev, The Ezistence of a Projective Code and an Abelian Reversible Hadamard 
Difference Set in 7l2 x '11..2 x 7l:, preprint. 

5. For every t = 2', i 2: 1, there exists a strongly regular graph on 52t points with valency 5" 4-t and À = 
(5'-1~0'-s) _ 1 andµ= cs'-1l~s'+al_ 

M. van Eupen, An lnfinite Family of 0.. Weight Codes Related to Hadamard Difference Sets, preprint. 

6. De invloed van studentenevaluaties op het salaris en de positie van universitaire docenten in de VS ondermijnt 
de kwaliteit van het amerikaanse universitaire onderwijs. 

7. Hoewel het opleidingsniveau van de promovendus is gedaald, worden promovendi bij sollicitaties steeds vaker 
afgewezen op grond van hun te hoge opleiding. 

8. Iemand kan niet intelligent genoemd worden als hij zich niet realiseert hoe ongelofelijk dom hij is. 


