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CHAPTER 1
Introduction

1.1 Motivation

When we talk about fluids dynamics, most people think about marcoscopic scale phys-
ical fluid dynamics phenomena, for example, wind movement, cloud formation, ocean
circulation, and flooding. These natural phenomena are easy to be observed, and ef-
forts to understand them date back to ancient time. People had not noticed the micro-
scopic scale hydrodynamics problems until the invention of the microscope. However,
these small scale problems are crucial and vital to be understood. At the microscopic
scale, the thermal fluctuations can no longer be neglected for hydrodynamical prob-
lems. This thesis plans to provide a new possible way to study micro-nano fluidics by
considering the particle-fluid interactions using lattice Boltzmann methods (LBM). LBM
is known as a mesoscopic approach, which is computationally efficient for massively
parallel machines. Originating from lattice gas automata [1, 2], LBM has been devel-
oped for decades in a wide range of fluid dynamics problems, from large scales [3, 4]
to small scales [5]. Studies using LBM as computational tools help to understand com-
plex fluid phenomena, including turbulent flows [6–8], non-ideal fluids with phase seg-
regation/transition [9–12], and particle-fluid coupling (for instance, particle suspen-
sions [13–17], polymer flows [18–20], pickering emulsions [21], self assembly parti-
cles [22–25]). Recent studies have focused on pushing the LBM towards micro-nano
fluidics incorporating thermal fluctuations, designing the fluctuating lattice Boltzmann
models (FLBM) in the single-component fluid [26–31] and a non-ideal mixture of mul-
ticomponent fluids [32,33]. This work explores applications using the multicomponent
FLBM framework [32], and additionally, we couple the finite-size wetting particle model
to the FLBM. Nevertheless, the multicomponent FLBM still lack real applications.
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We begin to study the hydrodynamics of ligament breakup without considering ther-
mal fluctuations. The ligament breakup is driven by the Rayleigh-Plateau instability
which minimizes the surface energy of the ligament and splits it into smaller droplets.
Studies try to understand the process by using sharp interface hydrodynamics, for in-
stance, one-dimensional axisymmetric lubrication approximations [34–41]. The model
is precise and can predict the fragmentation time. However, the model becomes unstable
when breakup occurs. In this thesis, the problem is tackled by using the Lattice Boltz-
mann method as a fluid solver. We compare two different LBM collision schemes with
each other, and analyze their numerical accuracy in respect with real physical problems.

Instead of investigating the interfacial flows at larger scales [41], we consider effects
on the nanoscale such as thermal fluctuations [42–49]. Some studies make extensive
comparisons between the stochastic hydrodynamics equations and molecular dynamics
to model nano-jets/ligament [46,47], and the results have shown that the thermal fluc-
tuations accelerate the breakup process and shortening breakup length nano-jets. These
numerical studies provide some insight to the thermal fluctuation effects on nanoliga-
ments fragmentation process. However, quantitative analyses on the breakup time distri-
bution and droplet distribution are still rarely explored. Our numerical model analyzes
the nanoligament breakup from a statistical point of view [50].

At the nanoscale, thermal fluctuations are essential to understand the complex par-
ticle motion in the nanofluidics. A recent study [51] reports an unexpected significant
viscous drag of Brownian particles at the air-water interface. However, this phenomenon
is not confirmed from the point of view of molecular dynamics [52]. This contradiction
motivates us to enrich the multicomponent FLBM by integrating the finite-size wetting
particle model [21]. In the development of LBM, finite-size particle coupling with FLBM
was used to study polymer flows [20] and short-time Brownian motions [5]. These
studies consider the fluctuating solvent as a single-phase fluid. However, this thesis is
focused on integrating the wetting particle with fluctuating multicomponent fluids and
validating the model.

1.2 Thesis outline

This work is structured as follows: in Chapter 2, we introduce the theoretical back-
ground regarding interfacial flows, surface tension, and Brownian motion. In Chap-
ter 3, we briefly review and present the methodology of the lattice Boltzmann method
involving multiphase/multicomponent flows, and the connection of LBM to the Navier-
Stokes equation. Moreover, the FLBM [32] and the finite-size particle model are intro-
duced [14]. In Chapter 4, we compare two different collision operators to study liquid
ligament breakup, namely single relaxation time (SRT) and multiple relaxation time
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(MRT) collision operators. In Chapter 5, we systematically analyze the effects of ther-
mal fluctuations in the breakup process of nano ligaments. We show results of breakup
time and droplets volume distribution with/without thermal fluctuations with Gaussian
initial condition. In Chapter 6, we show the results of particle settling in fluctuating
multicomponent fluid and compare with the Langevin equations. In Chapter 7, we ad-
dress the Brownian diffusion of a wetted particle in confined geometry. Finally, we give
general conclusion and an outlook in Chapter 8.





CHAPTER 2
Theoretical Background

This chapter presents the theoretical background to understand the fundamental ideas of
this thesis. We start from the fluid dynamic governing equations - the Navier-Stokes equa-
tions. Then, the chapter presents the cylindrical form of the Navier-Stokes equations to solve
liquid jet problems [35]. To understand nano jet problems, we extend the model by adding
a stochastic term in 1D cylindrical lubrication approximation following Ref. [47]. Finally,
we introduce the Langevin equation to model the particle’s Brownian motion regarding
particle-fluid interactions at the nanoscale.

2.1 Equations of motion for fluid dynamics

The Navier-Stokes (NS) equations are the governing equations for the hydrodynamics
of the flow. The flow is mass conserving. We describe the continuity equation as

∂tρ+∇ · (ρu) = 0, (2.1)

where ρ and u are the density and velocity of the fluid. The compressible form of the
NS equations is defined as [53]

ρ(∂tu + (u · ∇)u) = −∇p̄+ µ∇2u +
µ

3
∇(∇ · u) + F, (2.2)

where F is the forcing term to the system, µ is the dynamic viscosity, p̄ is the pressure in
a compressible flow given as function of the pressure in an incompressible flow p:

p̄ = p− (µ′ +
2

3
µ)∇ · u, (2.3)
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where µ′ is the bulk viscosity. For the incompressible flow, the fluid density is a constant
ρ = const and the pressure p is instantaneous. Then, Eq. (2.1) is simplified as

∇ · u = 0, (2.4)

with the previous Eq. (2.2), the Navier-Stokes equations are reduced to

ρ(∂tu + (u · ∇)u) = −∇p+ µ∇2u + F, (2.5)

where ∂tu is the rate of change of a velocity field in an unsteady flow, (u ·∇)u represents
flow convection, µ∇2u is the diffusion term. In isothermal limit, the pressure p is related
to density ρ as

p = c2sρ, (2.6)

where cs is the speed of sound. The kinematic viscosity ν is defined as

ν =
µ

ρ
. (2.7)

Characteristic scales of the Navier-Stokes equations
We need a dimensionless number to connect the physical world with simulation

quantities. Therefore, it is convenient to reformulate the Navier-Stokes equations in
term of characteristic length lc, velocity uc, and time tc = lc/uc scales:

td =
t

tc
, xd =

x

lc
,

ud =
u

uc
, ∂td = tc∂t,

∇d = lc∇, pd =
p

u2
cρ
,

(2.8)

where symbols marked d are dimensionless quantities. We substitute Eq. (2.8) in Eq. (2.1),
Eq. (2.5) and divide ρ, then we obtain the dimensionless formulation of incompressible
Navier-Stokes equations:

∇d · ud = 0, (2.9)

and

∂tdud + (ud · ∇d)ud = −∇dpd +
1

Re
∇2

dud (2.10)
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where is given by

Re =
uclc
ν
, (2.11)

which is well known as the Reynolds number. The Navier-Stoke equations are nor-
mally solved with direct numerical methods, for example, finite-difference [54], finite-
volume [55] or finite-element [56] methods. After introducing the general dynamics of
flows, we would like to investigate the static properties of interfacial flows.

2.2 Interfacial flows

Interfacial flows are essential to understand the evolution of droplet breakup. To study
the interfacial flow dynamics, we need to understand some fundamental concepts. We
first introduce the concept of surface tension.

2.2.1 Surface tension

We define the surface tension as the coefficient of the curvature of the interface that
balances the pressure difference [57]. Therefore, the surface tension can be calculated
from the Laplace formulation

p1 − p2 = γ(
1

R1
+

1

R2
), (2.12)

where p1, p2 are the pressure from the two media, R1 and R2 are the principal radii
of curvature at a certain point of the interface, and γ is the surface tension. When R1

and R2 are close to ∞, the interface between two media is a plane, and the pressure
difference is zero. Also, when R1 = R2, the surface is a sphere. Now, we understand the
concept of the surface tension, and next we will introduce the equations of motion for
interfacial flows.

2.2.2 Cylindrical Navier-Stokes equations

To describe the evolution of liquid cylinder, Landau & Lifshitz rewoite Navier-Stokes
equations to axisymmetric expression [57] in cylindrical coordinates:

∂tvr + vr∂rvr + vx∂xvr = −∂rp/ρ+ ν(∂2
rvr + ∂2

zvr + ∂rvr/r − vr/r2), (2.13)

∂tvx + vr∂rvx + vx∂xvx = −∂xp/ρ+ ν(∂2
rvx + ∂2

avx + ∂rvx/r)− F, (2.14)
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where vr, vx are the velocity in the radial direction and the axial direction, F is the
external force. The continuity equation reads

∂rvr + ∂xvx + vr/r = 0. (2.15)

Eq. (2.15) and Eq. (2.14) are valid when r < h(x, t), where h is the height of the
surface. When r = h(x, t), the balance of normal force can be written as

p

ρ
− 2ν

1 + ∂2
xh

[
∂rvr + (∂xvx)∂2

xh− (∂rvx + ∂xvr)∂xh
]

=
γ

ρ
(

1

R1
+

1

R2
). (2.16)

And tangential force balance is

2ν

1 + ∂2
xh

[
2(∂xvx)∂xh+ (∂rvx + ∂xvr)(1− ∂2

xh)− 2(∂xvx)∂xh
]

= 0. (2.17)

Since the fluid surface is continuous, we have the equation of the surface height h, axial
velocity vx, and radial velocity vr written as

∂th+ vx∂xh = ∂rvr, (2.18)

where r = h in the expression. Through the Taylor expansion at r in vx, vr and pressure
p, we can derive the 1-dimensional approximation of the Navier-Stokes equations [34].
Next, we introduce the one-dimensional axisymmetric lubrication theory.

x
r

h(x, t)
vx

Figure 2.1: Sketch of cylindrical coordinates of the lubrication approximation. The liquid ligament
is initialized with radius R0, h(x, t) is the height of the interfacial flow, vx is the axial
velocity. The top curved line is the interface of the computational model. The curved
bottom line is the representation of rotation of top curved line by 180 degrees. In the
actual computational model, we only consider the 1D interfacial flow representing by
the top curved line.
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2.2.3 One-dimensional axisymmetric lubrication theory

In this section, we introduce the one-dimensional cylindrical lubrication theory [34].
Fig. 2.1 shows the sketch of the cylindrical interfacial flow that represents as a liquid
cylinder. We place the liquid cylinder along the x axis. The whole evolution is described
by its height, h(x, t), and its axial velocity, with vx(x, t). The dimensionless lubrication
equation becomes [34]:

∂th
2 + ∂x(h2vx) = 0 (2.19)

∂tvx + vx∂xvx = −∂xplap + 3Ohh−2 ∂x(h2∂xvx) (2.20)

where plap is the Laplace pressure that can be written as

plap =

[
1

h(1 + (∂xh)2)
1
2

− ∂xxh

(1 + (∂xh)2)
3
2

]
. (2.21)

Oh is the Ohnesorge number, which is a dimensionless number that measures the rela-
tive importance between the viscous force, inertial and surface tension. The definition
of the Ohnesorge number is Oh

Oh =
µ√
ργlc

=

√
We

Re
(2.22)

where lc is the characteristic length scale, which the radius of the ligament in this prob-
lem. We is the Weber number

We =
ρv2lc
γ

. (2.23)

The Weber number describes the importance of the fluid’s inertia and surface tension.
Due to the highly non-linear term for the Laplace pressure in Eq. (2.21), it is compu-
tationally difficult to use classic finite different or finite volume method. In this thesis,
we use finite-difference total variation diminishing (TVD) scheme [58] to solve the one-
dimensional cylindrical lubrication theory in Eq. (2.19)- Eq. (2.21). Fig. 2.2 shows the
simulation example for the liquid ligament breakup using the 1D cylindrical lubrication
approximation. The liquid ligament is placed in a periodic domain. With given initial
sinus disturbance at the surface of the ligament, the ligament starts to break up and
formulates two larger droplets and two satellite droplet. The length of the domain size
is chosen to be 18 times of the ligament radius, which is well suited to accommodate
roughly two wavelengths of the fastest-growing mode of the Rayleigh-Plateau instability.
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a

c

d

b

Figure 2.2: Sketch of the evolution of ligament break-up dynamics predict by the one-dimensional
cylindrical lubrication approximation using TVD scheme [58]. Panel (a): the initial
state of the ligament with sinus disturbance. Panel (b) the ligament starts to break up,
two major droplets are connected by two liquid bridges. Panel (c) the ligament breaks
up into two major droplets, and liquid bridges start to contract. (d) the ligament
breaks up into two major droplets and two satellite droplets.

2.2.4 Ligament breakup: instabilities in capillary oscillations

The fastest-growing mode is defined as the most dominant wavelength during the breakup
process. Eggers gives the theoretical prediction of the fastest-growing model in 1994 [35].
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Assume the cylinder of radius R0 receives a sinus perturbation with wavelength λw =
2π/k, where k is the wavenumber, ε is the amplitude of the disturbance. The initial
expression for the interface is

r(x, t) = R0[1 + ε(t)cos(kx)] (2.24)

and the axial velocity with initial velocity v0 can be defined as

v(x, t) = ε(t)v0sin(kx) (2.25)

Assuming ε(t) = εexp(ωt), we insert it in Eq. (2.19) and Eq. (2.20) and leave the lowest
order in ε, we obtain

ωv0 = −γ
ρ

(
k

R0
−R0k

3)− 3νv0k (2.26)

and

ω = −1

2
v0k. (2.27)

According to Ref. [35] calculation, we got the most unstable modes

ω = ω0

{
[(kR0)2)

1

2
(1− (kR0)2) +

4

9

lν
R0

(kR0)2]
1
2 − 3

2
(
lν
R0

)
1
2 (kR0)2

}
(2.28)

where lν = ν2ρ/γ is a viscous length scale. Eq. (2.28) shows that there is instability
for long wavelength, the stability boundary is kR0 = 1. Therefore, the general fastest
growing mode is defined as

(kR0)2
max =

1

2[1 + ( 9
2 lν/R0)]

1
2

(2.29)

For low viscous case where ν = 0, the fastest-growing mode is λfast = 8.89R0. Also, in
the case of the very high viscous, the infinite wavelength is the most unstable one. Now,
we have introduced the cylindrical 1D lubrication approximation for the interfacial flow.
However, physics will be only valid without considering the thermal fluctuations.

2.2.5 Stochastic cylindrical 1D lubrication theory

On the nanoscale, thermal fluctuations promote interface excitations with energy kBT ;
these are resisted by the surface tension, which opposes a force (per unit length) against
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the deformation of the interface. This balance determines a new length scale, named
thermal lengthscale, defined as [59]

`T =

√
kBT

γ
. (2.30)

We multiply h2 for both LHS and RHS of Eq. (2.20), and insert the Gaussian noise N
into Eq. (2.20) and get

∂t(h
2vx) + ∂x(h2v2

x) = −∂xplap + 3∂x(h2∂xvx) + L∂x(hN), (2.31)

where L is dimensionless constant L =
√

(6/π)`T/lν , which measures the noise ampli-
tude. lν = ν2ρ/γ is the viscous length. The Gaussian Langevin force N is uncorrelated
in both time and space

〈N(x1, t1)N(x2, t2)〉 = δ(x1 − x2)δ(t1 − t2). (2.32)

In Eq. (2.31), the derivative of noise term is singular. Therefore, we integrate both
Eq. (2.19) and Eq. (2.31). Let’s define the momentum integration asH =

∫ x
0
h2(z)vx(z)dz.

Then, we get

∂th
2 = −∂2

xH (2.33)

∂tH = −(
∂xH2

h2
)− plap + 3h2∂x(

∂xH
h2

) + LhN. (2.34)

Fluctuating hydrodynamics is not only important on the continuum level but is also
relevant for the dynamics of particles on the microscales, such as Brownian motions.

2.3 Equations of motion for particle dynamics at the
nanoscale

Equations of motion for the particle in a fluid follows the Newton’s law. If we con-
sider friction force as the only external force, the particle’s equation of motion in one-
dimensional case can be written as

mp
dvp

dt
+ ςvp(t) = 0, (2.35)



2.3 Equations of motion for particle dynamics at the nanoscale 13

Rp

Figure 2.3: Sketch of Brownian particle in microscopic scale: the finite-size particle with a radius
of Rp is immersed in the fluctuating fluid. Due to the random kicks by the fluid
molecules, the particle moves randomly in the fluctuating fluid.

where ς is the friction of the fluid to the particle in the unconfined domain, vp and mp

are the velocity and the mass of the particle. If we consider the thermal fluctuations at
the nanoscale, we need to add the noise term in Eq. (2.35) and get

mp
dvp

dt
+ ςvp(t) = ζ(t), (2.36)

where the scalar term ζ(t) stands for the stochastic noise with zero mean in compliance
with the fluctuation-dissipation theorem [60], i.e.

〈ζ(t)〉 = 0, 〈ζ(t)ζ(t′)〉 = 2ςkBTδ(t− t′). (2.37)

Eq. (6.4) is called Langevin equation which describes the particle’s Brownian motion
under the influence of thermal fluctuations. One can transfer Eq. (6.4) into the particle’s
velocity probability evolution equation which known as Fokker-Planck equation [61]

∂tP =
[
−∂vD(1) + ∂2

vD
(2)
]
P, (2.38)
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where D(1) = −ςvp and D(2) = ςkBT/mp, P is the probability distribution of the parti-
cle’s velocity. We solve the equation and obtain

P (vp) =

√
mp

2πkBT
e
− mv2p

2kBT . (2.39)

Therefore, the particle’s velocity also has zero mean

〈vp〉 = 0, (2.40)

and the ensemble average of the squared particle’s velocity is

〈v2
p〉 =

kBT

mp
. (2.41)

Above mentioned is the example of one-dimension Langevin equation, to calculate
the mean square displacement (MSD) of the particle at time t from specific time t0 can
be defined as

〈
(x(t)− x(t− t0))2

〉
= D12t, (2.42)

where D1 is the diffusion coefficient in 1D. In three-dimensional case, we define the
particle position as x(t) = dvp/dt, MSD of the particle is

〈
(x(t)− x(t− t0))2

〉
= Dun6t, (2.43)

whereDun is the diffusion coefficient of Brownian particle in the unconfined 3D domain,
and Dun is closely correlated with the system temperature T

Dun =
kBT

6πµRp
, (2.44)

where kB is the Boltzmann constant. Fig. 2.3 shows the sketch of a finite-size particle
performing Brownian motion under the influence of thermal fluctuations.



CHAPTER 3
Numerical Models

This chapter delivers an overview of the lattice Boltzmann method (LBM) that we use in this thesis.
Firstly, the chapter provides the introduction to the LBM, and briefly explains the Boltzmann equation.
We build the connection between LBM and the Navier-Stokes equations through the Chapman-Enskog
expansion. Also, this chapter presents two standard collision operators: BGK collision operator and
multi-relaxation time collision operator. After introducing Shan-Chen forcing scheme, the multicom-
ponent fluctuating lattice Boltzmann method (FLBM) is presented. Furthermore, we perform Laplace
tests to calculate the surface tension. Finally, we summarize the finite-size wetted particle model, and
validate the model by performing simulations on particle settling, particle in shear flow simulations.

3.1 Introduction

Lattice Boltzmann method is well-known as a mesoscopic scale method. The scale of the
mesoscopic problems lie between the macroscopic scale and microscopic scales, where
the problems are discretized and usually described by particles interactions. Fig. 3.1
shows the overview of different methodologies from nanoscopic to the macroscopic
scale. The LBM is a lattice-based method, and each cell discretized into different distri-
bution functions. The method updates through two steps: streaming and collision. Dur-
ing the collision, the distribution functions exchange information through the collision
operator with its nearest neighbor. Then, the distribution functions update information
from its nearest neighbor through the streaming step. In the past decades the LBM has
successfully solved numerous hydrodynamical problems, namely, turbulent flows [6–8],
interfacial flows [10, 11, 62, 63], droplet dynamics and breakup [12, 64–66], polymer
flows [18–20], and flow problems in porous media [67–69]. Recently, LBM has shown a
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Particle methods Navier-StokesLattice Boltzmann method

Macroscopic	scaleMesoscopic	scaleMicroscopic	scale

Figure 3.1: Overview of the different methodologies, the LBM is the bridge between the micro-
scopic scale method like particle methods and macroscopic scale method like Navier-
Stokes equations.

significant potential in solving micro-nano fluidics problems [26–33, 50, 70] by consid-
ering the presence of thermal fluctuations. Next, we introduce the LBM starting from
the Boltzmann equation.

3.2 Lattice Boltzmann method (LBM)

In this section, we build up connections between the Boltzmann equation, LBM, and the
Navier-Stokes equations from an easy-to-access perspective. [71–73]

3.2.1 The Boltzmann equation

The particle density in a range of position from x to x + dx and momentum from I to
I + dI at time t can be defined as f(x, I, t)dxdI. If we neglect the collisions, a particle
will stream in the space without loosing its energy. Also, the particle distribution at time
t+ dt remains the same as at t. Then, we obtain

f(x + cdt, I + dI, t+ dt)dxdI = f(x, I, t)dxdI,

where c is equal to I
m , which is the particle’s velocity, and m is the mass of the particle.

However, in the non-ideal case, the particle is only free streaming without colliding is
rarely exist. When collisions happen, the particle distribution at (x+ct, I+dI, t+dt) will
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lose or gain energy from other particles at (x, I, t). Therefore, the distribution function
difference can be modeled by using the collision operator Ω.

f(x + cdt, I + Fextdt, t+ dt)dxdI− f(x, I, t)dxdI = ΩdxdIdt, (3.1)

Where Fext is an external force at position x at time t. Through the first order Taylor
expansion of Eq. 3.1, the Boltzmann equation [3] is obtained:

(c · ∇x + Fext∇I + ∂t) f(x, I, t) = Ω. (3.2)

If we don’t consider the external force and set Fext = 0, then Eq. (3.2) is simplified to

(c · ∇x + ∂t) f(x, I, t) = Ω, (3.3)

and Eq. 3.1 becomes

f(x + cdt, t+ dt)dxdI− f(x, I, t)dxdI = ΩdxdIdt. (3.4)

Then, we divide both LHS and RHS of Eq. 3.4 by dxdI. If we consider m = 1, and c = I.
The particle distribution function at the i the direction is defined as fi. Also, c can be
considered a set of ci. The same holds for collision operator Ω. Then, the general LBM
evolution equation is written as

fi(x + ci, t+ 1)− fi(x, t) = Ωi(x, t). (3.5)

Fig.3.2 shows the two-dimensional the lattice Boltzmann computational domain. Each
black dot represents one lattice cell, and the lattice size is set to unity. In each lattice
cell, the velocity c and particle distribution function f are discretized into 9 directions.
Therefore, the lattice model is named as D2Q9 lattice Boltzmann model, where “D"
stands for dimension, “Q" stands for discretized directions. Other commonly used lattice
models are D3Q15, D3Q19, and D3Q27. By using the discretized distribution functions
fi, we can calculate the macroscopic hydrodynamic quantity. For example, the fluid
density ρ(x, t) can be calculated as

ρ(x, t) =
∑

i

fi(x, t), (3.6)

and momentum ρ(x, t)u(x, t) is given by

ρ(x, t)u(x, t) =
∑

i

fi(x, t)ci. (3.7)
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dx = 1(lbu)
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Figure 3.2: Sketch for the two-dimensional lattice grid for the D2Q9 model. The lattice grid dx
and dy are set to identical lattice Boltzmann unit (lbu). The black dots represents the
lattice cells. The right hand figure presents detailed description of the lattice cell. The
velocity set c is decomposed into finite set of kinetic velocities ci, i = 0 . . . q − 1 and
q is the number of directions in each lattice, which is q = 9 for this model.

3.2.2 Bhatnagar-Gross-Krook, BGK operator

Previously we describe the relationship between the Boltzmann equation and the LBM
algorithm. The general collision operator is represented by Ωi(x, t). The most commonly
used lattice Boltzmann collision operator is the Bhatnagar-Gross-Krook operator [74]
which also known as the BGK collision operator. The operator relaxes the distribution
function towards the local equilibrium with a fixed dimensionless relaxation time τ0.
The BGK operator can be written as

Ωi(x, t) = − 1

τ0
[fi(x, t)− feqi (x, t)] , (3.8)

where feqi (x, t) represents the distribution of local discretized Maxwell-Boltzmann equi-
librium, which is given by

f eq
i (x, t) = wiρ (x, t)

[
1 +

ci · u (x, t)
c2s

+
[ci · u (x, t)]2

2c4s
− [u (x, t) · u (x, t)]

2c2s

]
, (3.9)

in which ρ (x, t) and u (x, t) are the hydrodynamic macroscopic density and velocity,
respectively and wi represents the set of weights for the choice of lattice [75,76].
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The collision operator must preserve the total mass and momentum. Therefore, the
collision operator should satisfy the condition

∑

i

Ωi(x, t) = 0, (3.10)

and
∑

i

Ωi(x, t)ci = 0. (3.11)

Then we insert Eq. Eq. (3.8) into Eq. Eq. (3.5) we get the lattice Boltzmann Bhatnagar-
Gross-Krook equation, known as LBGK equation,

fi(x + ci, t+ 1) = fi(x, t)−
1

τ0
[fi(x, t)− feqi (x, t)] . (3.12)

Since, the BGK collision operator has only a fixed relaxation time τ0 for the whole
system, it is often known as single relaxation time (SRT) operator. When τ0 = 1, the
right hand side of the equation reduces to feqi (x, t): the neighbor only propagates the
equilibrium distribution. When τ0 > 1, it is called sub-relaxation, since the distribution
function is propagated before it reaches the equilibrium distribution. When τ0 < 1,
it is called over-relaxation, the distribution function is propagated beyond equilibrium
distribution. The SRT collision operator often reports numerical instabilities issues when
the relaxation time τ0 → 0.5 [71,77,78]. In order to increase the stability, studies invent
a multiple relaxation time scheme [79].

3.2.3 Multiple relaxation time, MRT operator

The multiple relaxation time (MRT) collision operator shares the same linear form of
the LBM evolution equation as SRT Eq. (3.5). In stead of using a single relaxation time
constant τ0, MRT uses a matrix to present multiple relaxation times.

The MRT operator relaxes to equilibrium through the moment basis. Then, the mo-
ments transfer back from the moment space to f space and stream to their neighbors.
Different moments can have independent relaxation time instead of unique constant re-
laxation time [80]. We define m as the “modes vector", and M as the transformation
matrix from f basis to moment base,

Mf = m. (3.13)

We give the simplest example of D1Q3 (shown in Fig. 3.3) to show the transformation
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Figure 3.3: Sketch for D1Q3 LBM model
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Notice that, for D1Q3 model Eq. (3.14) are only able to produce the lowest hydrody-
namic moments, which are density ρ, momentum ρu and stress tensor Πxx. However,
for other models, like D2Q9, D3Q15, D3Q19, and D3Q27, the higher moments are non-
hydrodynamic moments. These moments are known as “ghost modes”. The ghost modes
do not contribute to the hydrodynamic behavior of LBM [29,79].

The MRT collision operator Ωi(x, t) can be written as follows:

Ωi(x, t) = M−1 Λ M [fi(x, t)− feqi (x, t)] , (3.15)

where Λ is the diagonal matrix for the multiple relaxation time for different moments.
Then, we insert Eq. (3.15) into Eq. (3.5) and get the MRT scheme for the LBM evolution
equation

fi(x + ci, t+ 1)− fi(x, t) = M−1 Λ M [fi(x, t)− feqi (x, t)] . (3.16)

If we left-multiply M the Eq. (3.16), and transfer the LBM evolution equation into
moment space by using Eq. (3.13). The moment space evolution equation can be written
as

m+ −m = Λ[m−meq], (3.17)

where m+ is the updated moment space, meq is the equilibrium distribution for the
moment space. Therefore, BGK collision operator can be considered as a particular case
of the MRT, where the diagonal matrix Λ has the uniform value 1/τ0, and the BGK
collision operator can be written as

Ω = −1/τ0I. (3.18)
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For the MRT scheme, after the collision, we revert from the moment space to the dis-
tribution functions space using f = M−1m. Then the streaming step can propagate the
updated distribution functions to the neighboring lattices.

Summary for LBM algorithm To review all previous equations, we summarize the
LBM algorithm as follow

• Streaming: Lattice cells propagate the distribution function to the nearest neigh-
bors.

• Collision: The current cell particle distribution functions fi interact with neigh-
bor cells by using the collision operator and lead to relaxing to its equilibrium
distribution.

• Recover macroscale hydrodynamical quantities: The updated distribution func-
tion and the discretized velocity can recover macroscale hydrodynamical quanti-
ties: for example, density, momentum, stress tensor.

In computational fluid dynamics(CFD), LBM is an alternative CFD tool to simulate fluid
dynamics problems. The reason is not only because the methodology is easy to par-
allel, but also because the LBM can recover the Navier-Stokes equations through the
Chapman-Enskog expansion.

3.3 Chapman-Enskog expansion: connection to Navier-
Stokes equations

As aforementioned, the LBM is closely connected to the Boltzmann equation and is lo-
cally updated on lattice grid through the particle’s distribution functions. However, we
barely see the connections to the Navier-Stokes equations. In this section, we show
that the LBM can recover Navier-Stokes equations by multi-scale Chapman-Enskog ex-
pansion. This derivation mostly follows Ref. [72] and highlights the key-point of the
derivation so that readers can follow the idea. Also, we chose the BGK operator to sim-
plify the idea for the MRT Chapman-Enskog expansion; readers can refer [81]. We start
the derivation from the Taylor expansion of LHS of the general LBM evolution function
Eq. (3.5)

fi(x+ci, t+1)−fi(x, t) ≈ (∂t +∇ · ci)fi︸ ︷︷ ︸
first order expansion

+
1

2
(∂2
t + 2∂t∇ · ci +∇∇ : cici)fi

︸ ︷︷ ︸
second order expansion

, (3.19)

where the ∇∇ : cici is equivalent to (∇ · ci)(∇ · ci).
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3.3.1 Multi-scale Chapman-Enskog expansion

We separate timescale t into different timescales name as t1 and t2, where t1 repre-
sents fast timescale corresponding to advection timescale, whereas t2 represents slow
timescale as diffusion timescale [82]. To do the perturbation analysis, we need to define
a small perturbation variable ε which equal to Knudsen number ε = Kn. So the Knudsen
number is given by

Kn =
lmfp

L
, (3.20)

where lmfp is the particle’s mean free path, and L is the characteristic length scale of the
system. In the lattice Boltzmann simulation, Kn < 1, and we can do the perturbation
analysis based on this assumption. When Kn > 1, however, the algorithm loses the
continuity, and particle-based method could better describe the system.

Then, we expand the time and space differential term, ∂t and ∇, as

∂t = ε∂t1 + ε2∂2
t2 +O(ε3), (3.21)

∇ = ε∇1 +O(ε2), (3.22)

also, the distribution function fi can expand around the equilibrium distribution f (0)
i

fi = f
(0)
i + εf

(1)
i + ε2f

(2)
i +O(ε3). (3.23)

For the collision operator Ωi, the perturbation expansion shows

Ωi = Ω
(0)
i + εΩ

(1)
i + ε2Ω

(2)
i +O(ε3). (3.24)

We insert Eq. (3.24) into the general LBM evolution function Eq. (3.5), and insert
Eq. (3.23), Eq. (3.22), Eq. (3.21) into the Taylor expansion of the LBM evolution func-
tion Eq. (3.19) we get

Ωi = Ω
(0)
i + εΩ

(1)
i + ε2Ω

(2)
i +O(ε3)

= ε
[
(∂t1 +∇1 · ci)f (0)

i

]

+ ε2
[
(∂t1 +∇1 · ci)f (1)

i + (∂t2 +
1

2
∂2
t1 + ∂tt∇1 · ci +

1

2
∇1∇1 : cici)f

(0)
i

]

+O(ε3).
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Then, we can group collision operator Ω
(1)
i and Ω

(2)
i by different orders of magnitude,

and Ω
(0)
i is equal to 0

Ω
(1)
i = (∂t1 +∇1 · ci)f (0)

i , (3.25)

Ω
(2)
i = (∂t1 +∇1 · ci)f (1)

i + (∂t2 +
1

2
∂2
t1 + ∂tt∇1 · ci +

1

2
∇1∇1 : cici)f

(0)
i . (3.26)

Towards Navier-Stokes equations

By using the multi-scale Chapman-Enskog expansion and applying the conservation
properties for the zeroth order moments and the first order moments(shown in Ap-
pendix B), we can show that the LBM can recover the mass conservation equation of the
Navier-Stokes equations, which is the same to Eq. (2.1)

∂tρ+∇ · (ρu) = 0 . (3.27)

Combining equation of state for the lattice Boltzmann p = c2sρ (details are presented
in Appendix B), the momentum conservation equation can be derive as

∂tρu +∇
[
ρuu + pI− ρc2s

(
τ0 −

1

2

)(
∇u + (∇u)T

)]
= 0 . (3.28)

This equation is equivalent to the compressible Navier-Stoke equation, which show in
Eq. (2.2). And the kinematic shear viscosity is defined as

ν = c2s(1−
1

2
). (3.29)

As a summary, we can see that the LBM can recover the Navier-Stokes equations us-
ing the techniques of Chapman-Enskog expansion. More importantly, with the LBM can
quickly build up complex systems, for instance, adding multiple components of fluids,
finite-size particles, and thermal fluctuations. Next, we introduce fluctuating multicom-
ponent LBM [32].

3.4 Shan-Chen model for interfacial fluids

In this section, we introduce the Shan-Chen model for the multiphase and the multicom-
ponent fluids. We perform large number of Laplace tests to calculate surface tensions at
changing coupling coefficient and bulk density.
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3.4.1 Shan-Chen model for multiphase and multicomponent fluids

This section contains both multiphase and multicomponent fluids. For the multiphase
model, the system contains one fluid but multiple phases (only two phases have been
considered in our work). For the multicomponent model, the system has multiple species
of fluids (this work is based on binary mixture of fluid A and fluid B). In this section,
we summarize two models together. The quantity l presents the different phases or
components (l = A,B). The probability distribution function fli(x, t) is evaluated at a
lattice position x at time t, with i being a discrete index associates to a discrete velocity
ci(i = 0, ..., 18). The Shan-Chen LBM evolution function adds a forcing term Fli(x, t) to
the general evolution function Eq. (3.5). Then, the distribution function is updated via
the combined effect of streaming, collisions, and interaction forces:

fli(x + ci, t+ 1)− fli(x, t) = Ωli(x, t) + Fli(x, t) (3.30)

where Ωli is the general collision operator, which could be any form of the linear colli-
sion operator. In this work, we only discuss the SRT and MRT collision operator. The
macroscopic quantities follow Eq. (3.31). The fluid density ρl and global velocity u can
be evaluated from the distribution functions:

ρl(x, t) =
∑

i

fli(x, t), u(x, t) =

∑
i,l fli(x, t)ci

ρtot(x, t)
, (3.31)

where ρtot = ρA + ρB is the total density for component A and B (multicomponent
case) or ρtot = ρl (multiphase case). The non-ideal forces are chosen in the Shan-Chen
formulation [83–87]:

Fl(x, t) = −Gϕl(x, t)
∑

l′ 6=l

∑

i

ωiϕl′(x + ci, t)ci (3.32)

where G is a coefficient that regulates the strength of the interactions between compo-
nents or fluid phase. Diffuse interfaces display widths of a few lattice grids. The surface
tension γ, which increases at increasing magnitude of G. When G < 0, the Shan-Chen
force is attractive, and the Shan-Chen force in Eq. (3.32) models the multiphase flow.
When G > 0, the Shan-Chen force is repulsive, and the Shan-Chen force models the
multicomponent fluid interactions. For the multiphase case, we set pseudo-potential
function ϕl as

ϕl(x, t) = ρ0

[
1− exp

(
−ρl (x, t)

ρ0

)]
, (3.33)
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where ρ0 is the reference density. For the multicomponent case, we set pseudo-potential
function ϕl as

ϕl(x, t) = ρl(x, t). (3.34)

The sum in Eq. (3.32) extends over a set of interaction links cα coinciding with those of
the LBM dynamics. The effect of the internal forces can be recasted into the gradient of
the pressure tensor p(int) [86]. Thus we modify the internal pressure of the model, i.e.

ptot = c2sρtot 1 + p(int), (3.35)

where the interaction pressure tensor is given by

p(int)(x) =
1

2
Gρ(x)

∑

i

wαρ
′(x + ci)cici +

1

2
Gρ′(x)

∑

i

wαρ(x + ci)cici. (3.36)

Comparison between SRT and MRT collision operator

Forcing schemes are different for the SRT and MRT collision operator. More in de-
tail, for the SRT, starting from equation Eq. (3.32), the component of the interaction
potential along each direction can be evaluated and then used to shift the macroscopic
velocities before evaluating the equilibrium distribution functions:

uSRT
l (x, t) = ul (x, t) +

Fl (x, t) τ0
ρl (x, t)

. (3.37)

On the other hand, for the MRT scheme, we adopt the forcing scheme proposed in
Ref. [88,89], where the velocity equilibrium momentum is evaluated as follows:

uMRT
l (x, t) = ul (x, t) +

Fl (x, t)
2ρl (x, t)

. (3.38)

For both considered collision operators, the equation of state of the system can be writ-
ten as follows:

p(ρl) = ρlc
2
s +

c2sG

2
ϕ2
l . (3.39)

3.4.2 Laplace tests without thermal fluctuations

The aim of performing Laplace tests using the Shan-Chen multicomponent model with-
out fluctuating interfaces is to find the surface tension of the droplet. In our validation,
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Figure 3.4: Sketch for the Laplace test set up. The 2D droplet radius is RD, the computational
domain is set to Lx×Ly = 80× 80 lbu. The particle’s major density is ρA, the solvent
major density is ρB .

a 2D sphere droplet is placed in middle of the domain. The periodic boundary condition
is applied for the domain’s boundary. Fig. 3.4 shows the sketch of the Laplace test set
up. Fluid A and fluid B exist in both the inner and outer part of the droplet. Within
the droplet, A is the majority of the bulk fluid, and B is the majority component outside
of the droplet. In this example, the domain size Lx and Ly are chosen to be 80 lattice
Boltzmann unit (lbu). The total bulk density is ρtot = ρA + ρB = 2.1 lbu where density
A is ρA = 1.98 lbu, and ρB = 0.12 lbu, and the coupling coefficient is set to G = 1.5 lbu.
We have tested 4 different initial radius of 2D droplets, RD = 10, 15, 20, 25 lbu. The total
timestep of the simulation chooses to be 40000 lbu so that we make sure simulations
can relax to stable results.

When the simulation starts, two different components start to interact under Shan-
Chen forcing. When the balance between the pressure difference and surface tension
established, the radius of the droplet will relax to a fixed value. Also, density will adjust
to a constant value. Fig. 3.5 shows the radius of the droplet evolution during the Laplace
tests. When RD is larger, the stabilization process takes a shorter time.

Surface tension

After the simulation is relaxed, we can calculate the surface tension of the 2D droplet
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Figure 3.5: The plot shows the droplet’s radius as functional of simulation time t. Due to the fluid-
fluid interaction, the particle’s radius oscillates in the early-stage of the simulation, and
relaxes to the constant value in the late-stage of the test.

γ, which is defined as

γ =
(pin − pout)

1/RD
, (3.40)

where pin and pout are the inner and outer pressure of the droplet, respectively.
Fig. 3.6 panel (a) shows the pressure difference ∆p = |pin − pout| as function of

1/RD. The surface tension for the given parameters set (initial densities, and coupling
coefficient G) is the slop of the linear fit for four data points. Fig. 3.6 panel (b) shows
the evolution of the surface tension at changing droplet initial radius as function of LBM
simulation timesteps.

Parameter range for Laplace test

To calculate more surface tensions at different parameter sets, we expand the pa-
rameter range of Laplace tests by changing the total density of the binary fluid ρtot, and
varying the coupling coefficient G. The simulations parameters are chosen in the fol-
lowing ranges: ρtot ∈ [2.5 : 3.0], G ∈ [1 : 1.5]. The individual component density will
relax to a fixed value at the late stage of each simulation. Appendix Table A.1 shows the
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Figure 3.6: Panel (a): Pressure difference as a function of inverse droplet initial radius 1/RD at
fixed coupling coefficient G = 1.5 lbu. The surface tension can be obtained via the
linear fit for the data points, which is the gradient of the linear fit. Panel (b): Droplet
surface tension as a function of simulation timesteps at changing droplet radius. After
a transient period of oscillation for surface tension, the surface tension γ is stable at a
fixed constant value after 5000 timesteps.

detailed results of the Laplace tests. During each simulation, the initial parameter set
may result in failure of the simulation, which means that the surface tension may not
be able to keep the separation of two components, and the droplet will dissolve in the
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domain and make the whole domain a uniform mixture of binary fluid. We define these
simulation located in “unstable region". Appendix Table A.2 shows the successful results
and failing results by using the sign of 3and 7.
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Figure 3.7: Panel (a): the surface tension results at changing coupling coefficient G and ρtot, the
value of the surface tensions are presented by variation of colors. Panel (b): density
different ∆ρ as function of ρtot. We are not able to obtain the stable droplet at the
region below the red line. Also, the density different become large when the total den-
sity increase. The red circle is the parameter set we choose for performing fluctuating
LBM simulations in the whole thesis.

Fig. 3.7 shows the summary of Laplace tests. Fig. 3.7 (a) presents the coupling co-
efficient G as function of ρtot. The surface tension results presented by different colors,
where deep blue color indicates minimal surface tension, and light yellow shows strong
surface tension. When total density is larger, the surface tension becomes larger. There-
fore, larger total density will generate a larger density gap between two components
(observed from Fig. 3.7 (b)). Similarly, larger coupling coefficient G results in larger
surface tension as well. Fig. 3.7 (b) shows the relation between density difference ∆ρ
and the total density the binary fluid. The region below the red line is the “unstable
region”, where we could not find the stable droplets. For the simulations of the fluctu-
ating multicomponent hydrodynamics, we choose the parameter set: G = 1.5 lbu, and
ρtot = 2.3 lbu shown as red circle. Since we want the data point that is away from
the unstable region, and at the same time, the data point should have a relatively weak
surface tension to highlight the effects of the thermal fluctuation.
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3.5 The multicomponent fluctuating lattice Boltzmann
method

In this section, we introduce the multicomponent fluctuating lattice Boltzmann method
(FLBM) by summarizing the key points from Ref. [32]. Ifthe reader is interested in the
derivation details of this model, please refer to the reference. Also, we validate the
model by performing simulations to measure the spectrum of the capillary waves at the
fluctuating interface. Moreover, we perform Laplace tests for fluctuating 2D droplets,
and test the maximum thermal length of the methodology.

3.5.1 Fluctuation multicomponent lattice Boltzmann method

Beyond the traditional problems of homogeneous hydrodynamics [90–92], LBM mod-
els have proven particularly suitable for the modeling of complex fluids with multiple
phases or components [85]. Moreover, stimulated by earlier contributions for homoge-
neous fluids [27–29], recently there has been a significant work to include the effects of
thermal fluctuations in LBM for multiphase [26,30] and multicomponent flows [32,93].
Technical details of the fluctuating LBM have already been extensively presented in [32],
and here we only briefly recall the most important aspects for the sake of completeness.
We employ the D3Q19 LB model, which discretizes the momentum lattice into 19 direc-
tions. The method describes the physics of a mixture with 2 fluid components, A and B.
In terms of probability distributions functions, fli(x, t) evaluates at a lattice position x
at time t, with i being a discrete index associated to a discrete velocity ci(i = 0, ..., 18),
and l being the index for the fluid component (l = A,B). The LBM evolution equation,
which is shown Eq. (3.30), combining the stochastic noise can be written as:

fli(x + ci, t+ 1)− fli(x, t) = Ωli(x, t) + Fli(x, t) + ξli(x, t), l = A,B (3.41)

where Ω is a collision kernel, Fli is the Shan-Chen force, and ξli is a stochastic source.
Regarding the collisional operator L, we use the MRT scheme [29,79,81]. The basic idea
behind the MRT scheme is to introduce a vector basis en(n = 0, ..., 18) to decompose the
probability distribution functions into “modes”, Mln = Σienifli. The lowest order modes
coincide with hydrodynamic modes (density, momentum, stress tensor) while higher-
order modes (“ghost” modes) do not contribute to the hydrodynamic behavior of the
LBM [29,79]. The term ξli in Eq. (3.41) is a noise term that is assumed to be a zero-mean
Gaussian random variable, uncorrelated in time and with constant variance (which can,
however, be space-dependent). While noise does not introduce stochastic forces on the
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density modes, it does so in momentum modes with the following correlations

〈ξln(x, t)ξln′(x
′, t′)〉 = −〈ξln(x, t)ξl′n′(x

′, t′)〉 =

(2κ− κ2)kBT
ρlρl′

ρl + ρl′
δnn′δ(x− x′)δ(t− t′), n, n′ = 1, 2, 3 l = A,B l 6= l′

(3.42)

where n, n′ refer to the modes and κ represents the relaxation frequency of the mo-
mentum modes in the MRT scheme. The noise correlations on higher modes satisfy

〈ξln(x, t)ξln′(x
′, t′)〉 = (2κ−κ2)Nn

kBT

c2s
ρlδnn′δ(x−x′)δ(t−t′) n, n′ = 4, ..., 18 (3.43)

where Nn are normalization constants fixed by Nnδnn′ =
∑
i wienien′i. Notice that

all other noise correlation vanish. At hydrodynamical scales, the fluctuating LB allows
to obtain – via the Chapman Enskog analysis [29, 81] – the stochastic hydrodynamic
equations for a binary fluid (repeated indexes are meant summed upon) [94]

∂tρtot + ∂α(ρtotvα) = 0, ∂tρA + ∂α(ρAvα) = ∂α [D∂αη + Ψα] (3.44)

∂t(ρtotvα) + ∂β(ρtotvαvβ) = −∂βPαβ + ∂β [µ(∂αvβ + ∂βvα) + Σαβ ]. (3.45)

The equilibrium properties are fully encoded in the chemical potential η and the pressure
tensor Pαβ which depend on the interaction model chosen at the level of LB [83, 84]
and whose expressions may be found in Ref. [87]. The terms Ψα and Σαβ are stochastic
fluxes and tensors, respectively. Specifically, the stochastic vector field Ψα is the term
due to the thermal noise that must be added to the diffusion flux D∂αµ [94], with D
the diffusion constant; the stochastic tensor Σαβ is added to the viscous stress tensor
µ(∂αvβ + ∂βvα) [57]. Requiring that the fluctuation-dissipation relation holds for our
hydrodynamical problem, and using (3.42) and (3.43), one can derive a unique choice
for the intensity of the stochastic contributions [32,94]:

Σαβ =
√
µkBT(Wαβ +WT

βα) Ψα =
√

2DTW̃α (3.46)

where kB is the Boltzmann constant, and Wαβ and W̃α are random Gaussian tensors and
a random Gaussian vector field respectively, with independent components and variance
equal to unity.
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3.5.2 Thermally excited capillary waves*

Thermally excited capillary waves at a liquid-liquid interface are a basic example of a
fluctuating non-linear system [95, 96]. Such waves are excited by the thermal noise
in bulk and can be described (in case of a two-dimensional problem) in terms of a
local height function h(x), where x denotes a position in the interfacial plane. In the
harmonic approximation, balancing the interface energy gain due to surface tension with
the thermal energy kBT, we obtain the static spectrum of the local height fluctuations h
of a flat interface

〈|h(k)|2〉 =
kBT

γk2
(3.47)

where k is just the wave vector in the interfacial region.

y

x

Lx

LyLy/2

h

Figure 3.8: Sketch of simulation to measure the local height fluctuations h at a flat interface. The
domain is a 2D rectangle with the length of Lx and width of Ly, and full periodic
boundary conditions. We place the fluctuating red component in as a shape of the
rectangular slab at the middle of the domain with same length Lx and width of Ly/2.
The yellow line is the fluctuating interface between the blue and red fluids.

In Ref. [32], numerical evidence has shown that the spectrum Eq. (3.47) can be
reproduced by the fluctuating non-ideal fluid model in case of equal viscosities, µA =
µB . Here, we also extend such numerical evidence to some cases with non-unitary
viscosity ratio χ = µA/µB . Fig. 3.8 shows the sketch of the numerical simulation set-
up to measure the spectrum of capillary waves Eq. (3.47). In particular, we perform

*In preparation: A. Gupta, D. Belardinelli, M. Sbragaglia, X. Xue, F. Toschi Effects of Thermal Fluctuations
in Geometry mediated droplet break-up: a Lattice Boltzmann Study, (2019)
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Figure 3.9: Capillary fluctuations of a one-dimensional planar interface from the FLBM with non-
unitary viscous ratio χ between two fluids. The equal-time spectrum of interfacial
height fluctuations obtained from simulation (points) is compared with the theoretical
capillary structure factor (dotted line). The wavenumber in the plane of the interface
is indicated with k. Simulation parameters are reported in the text.

simulations of a liquid stripe (where the density ρA is larger) in a rectangular box of size
Lx×Ly = 512×100 lbu with full periodic boundary conditions. The extension of a stripe
with a large value of ρ is taken as 512 × 50 lbu. The fluctuation temperature is chosen
as T = 10−5 (setting KB = 1 in lbu). The interaction strength parameter G is chosen
to be G = 1.5 lbu, which provides phase separation with bulk densities ρtot = 2.3 lbu
and ρA = 2.24 lbu in the stripe region. The non-ideal interface width is approximately 5
lbu. The capillary spectrum is obtained by averaging over 5000 snapshots in a simulation
running for 5×106 time steps. In Figure 3.9 we report the static spectrum compared with
the theoretical prediction given in Eq. (3.47): the agreement between the numerics and
the theory is extremely good for practically all wavenumbers up to k ≈ 1. It is crucial
to observe that, as we are working on a lattice, k2 in equations Eq. (3.47) has to be
replaced by a suitable Fourier transform of the one-dimensional discrete Laplacian [32].
The latter can be obtained by looking at the interactions on the lattice Eq. (3.32), as
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explained in the reference [32].

3.5.3 Laplace tests with thermal fluctuations*

In Section 3.4.2, we have measured the droplet surface tension without the presence of
thermal fluctuations. In this section, we measure 2D droplets surface tension with fluc-
tuating interfaces. In particular, we want to assess to what degree we can still use the
static surface tension when evaluating the ensemble-averaged pressure jump at fluctuat-
ing curved interfaces. This study is also motivated by recent works [97–99] studying the
thermally averaged stress tensor for fluctuating interfaces and showing that the value
of the surface tension needs to be renormalized due to the effects of thermal fluctu-
ations. This would directly influence the (thermally averaged) pressure jumps at the
curved interfaces.For 2D interfaces, such correction is triggered by the interface rigidity.
Hence we perform Laplace tests for fluctuating droplets. The droplets are embedded in
a square domain of size Lx × Ly = 60 × 60 lbu. Droplets have radius of approximately
RD = 15 lbu. The interactions parameters are kept the same as section Section 3.5.2,
and we use here a unitary viscous ratio between the droplet phase and the outer phase.
The surface tension is computed as the integral along with the interface of the difference
between the normal and tangential components of the pressure tensor Eq. (3.36), and
it is further averaged in time

〈γ(t)〉 =
1

t

∫ t

0

dt

∫ (
p

(int)
‖ (x, t)− p

(int)
⊥ (x, t)

)
dn. (3.48)

To perform the integral in dn, the center of mass of the droplet is tracked in time, hence
the integration range is changed accordingly, as it extends from the bulk region inside
the droplet to the bulk region outside it.

In Panel (c) of Fig. 3.10 we report 〈γ(t)〉 defined in equation (3.48) for different val-
ues of kBT. As we can see, at large t, 〈γ(t)〉 approaches a constant value, and the latter
is only very slightly changing at changing kBT. Just to give some numbers, the value of
the surface tension for kBT = 0 is γ ≈ 0.107 lbu, hence only variations of 1− 2% are ob-
served. This is better evidenced in Panel (d) of Fig. 3.10, where we shot the asymptotic
values of 〈γ(t)〉 for different kBT. For all practical purposes, we can therefore think of
the surface tension as a constitutive parameter are changing in a reasonable range when
performing the associated Ensemble average.

*In preparation: A. Gupta, D. Belardinelli, M. Sbragaglia, X. Xue, F. Toschi Effects of Thermal Fluctuations
in Geometry mediated droplet break-up: a Lattice Boltzmann Study, (2019)
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Figure 3.10: Laplace test with fluctuating interfaces at changing the intensity of thermal fluc-
tuations. Two representative snapshots are displayed in Panels (a) and (b) for
kBT = 10−4 lbu and kBT = 7.5× 10−4 lbu, respectively. In Panel (c): we report the
time averaged surface tension, 〈γ(t)〉, defined in equation (3.48) for different values
of kBT. For large T, 〈γ(t)〉 approaches a constant value, and the latter is only very
slightly changing at changing kBT. Panel (d): we report the asymptotic values of
〈γ(t)〉 for different kBT.

Thermal length limitation tests

Previously, the highest kBT shown in Fig. 3.10 is 0.001 lbu and the ensemble aver-
aged surface tension is 0.107 lbu. According to Eq. (2.30), we can calculate the largest
thermal length of our previous simulations, which is `T = 0.097 lbu. For curiosity, we
also test the thermal length close to the lattice cell length. Fig. 3.11 presents the en-
semble average snapshots of 2D Laplace tests at changing thermal length (`T = 0.45, 1.0
lbu) with domain size Lx × Ly = 96 × 96 lbu, droplet radius RD = 20 lbu and density
configurations are same as Section 3.5.3. For panel (a) of Fig. 3.11, even though the
droplet has a very diffusive interface, the shape of the droplet still maintains. However,
panel (b) of Fig. 3.11 shows that the droplet starts to dissolve in the solvent and the
surface tension is no longer keeps the interface stable. Our tests show the limitation
of the fluctuating multi-component algorithm, and the thermal length of the algorithm
should choose below 1 lbu, which is the lattice size. According to Section 3.5.3, we can
obtain promising results when `T < 0.1 lbu.

In the next section, we introduce the finite-size particle model [14,21] which couples
with LBM as the single-component fluid solvent and multicomponent fluid solvent.
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(a) (b)

Figure 3.11: Fluctuating Laplace tests simulations ensemble average snapshots (50 continues
timestep snapshots) of two different thermal lengths with same domain size: 96×96
lbu at lattice Boltzmann timesteps 80000 lbu. Panel(a): results of thermal length
`T = 0.45 lbu, the droplet has a diffusive interface but keeps the generally spherical
shape. Panel (b) results of thermal length `T = 1 lbu, the droplet fails to keep the
spherical shape and start to scatter into the solvent.

3.6 Coupling Finite-size particle with LBM

This section is organized as follow: we first summarize the fundamental approach for
lattice finite-size particle model which described in Ref. [14]. Then, the controllable
wetting for the particle is introduced based on Ref. [21]. We propose two validation
cases for the finite-size particle model: particle settling under confinement simulations
and particle rotation under shear flow simulation.

3.6.1 Finite-size particle model

The particle model is built on-lattice as shown in Fig. 3.12. The particle dynamics is
satisfying Newton’s law

Fext = mp
dvp

dt
(3.49)



3.6 Coupling Finite-size particle with LBM 37

Figure 3.12: Sketch for particle with the radius of 2.5 lbu, the particle is built on-lattice. The blue
line is the boundary of the particle and red doted line is the ideal case of the particle
at radius of 2.5 lbu. The black arrows represent the particle’s fluid interactions. The
lattice nodes are represented by black dots.

where Fext is the external force adding on the particle, mp is the particle’s mass, vp

refers as the particle velocity. Torque is defined as

Tp = J
dω

dt
(3.50)

where ω, J and Tp are the angular velocity, momentum of inertia and torque of the
particle. The movement of the particle is solved with leap-frog algorithm [100]. The
particle boundary condition is the no-slip boundary condition. During the bounce back
procedure, the particle exchanges the momentum ∆M with the surrounding fluid

∆M(t) = 2ρ(x, t)ci, (3.51)
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and the force adding on the particle is defined as

Fadd(t) = 2ρ(x, t)ci. (3.52)

The torque Tp is correlated with the force

Tp(t) = Fadd(t)× r(t) (3.53)

where r is the vector pointing from the center pointing to the surface. Since the parti-
cle moves around in the fluid, therefore, distribution function fi needs to consider the
particle’s surface velocity contributing to the fluid

fi(x, t+ 1) = fi′(x, t+ 1)− 1

6
ρ(x, t)vsurfci′ (3.54)

where i and i′ are inverse directions on the lattice, vsurf is the velocity of the particle
surface. Therefore, the force acting on the particle is defined as

Fadd(t) = (2ρ(x, t)− 1

6
ρ(x, t)vsurfci′)ci′ . (3.55)

Since the particle is built on-lattice, the particle’s movement will perform a discretized
motion. When the particle moves forward, the left-behind node needs to create a new
fluid node which was initially the particle node (uncover-node behavior). Also, when the
movement starts, the particle can delete a fluid node and change it to the particle’s node
(cover-node behavior). In the case of newly occupied nodes, the momentum transfers
to the particle is

Fadd(t) = −ρ(x, t)u(x, t). (3.56)

Also, the new fluid that is created due to the uncover-nodes behavior, the distribution
function is

fi(x, t) = ρinitf
eq
i [vsurf(x, t), ρ(x, t)], (3.57)

where ρinit is the initial fluid density. This behavior leads to additional force adding on
the particle

Fadd(t) = ρinitvsurf(x, t). (3.58)

3.6.2 Validation: particle settling under confinement

We validate the finite-size particle model by setting up a simulation test following the
experimental configuration in Ref. [101]. The particle with diameter d is placed in the
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Figure 3.13: Left panel: a sketch of the particle settling under a square cross-section confinement.
The confinement has the domain size of 32× 32× 512 lbu. The particle’s diameter is
d, under the gravity acceleration g, the particle will reach a stationary drift velocity
U

(z)
conf . Right panel: the ratio of drift velocity as a function of d/L. The blue curve

and cyan curve are the two different resolutions from Ref. [14]. The black dotted
line is the experimental data from Ref. [101]. The red curve is the LBM simulation
data. We report simulation parameters in the text.

middle of confinement with a square cross-section filled with a single-component solvent
with density ρ = 1.0 lbu. The confinement has the domain size L×L×Lz = 32×32×512
lbu. The constant gravity g accelerates the particle. After a transient of the velocity
oscillation, the particle will reach a stationary state with constant drift velocity U (z)

conf .
Due to the confinement effect, the drift velocity is smaller than the velocity predicts by
the Stokes law U

(z)
unconf . We measure the drift velocity ratio U (z)

conf/U
(z)
unconf at changing the

diameter of the particle. Fig. 3.13 shows the validation set up for the particle settling
simulation and its results. According to the figure, we find a good match with the
experimental data and previous simulation data [14].
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3.6.3 Controllable parameter for wettability of the particle model

The particle’s wetting model is introduced following Ref. [21]. In multicomponent flu-
ids, it is more challenging to deal with uncover-nodes behavior due to the diffusive
interface. In order to avoid artifacts, the newly generated fluid density ρl,new on one
component (l = A,B) should be the average value of its neighboring fluid

ρl,new(x, t) = ρ̄l(x, t) =
1

NNP

∑

iNP

ρ(x + ciNP , t), (3.59)

where iNP is the indices i for the neighboring fluid nodes, and NNP is total number
of neighboring fluid nodes. Therefore, the generated node distribution function fli on
component l is defined as

fli(x, t) = ρl,new(x, t)feqli [vsurf(x, t), ρl(x, t)]. (3.60)

This leads to additional force adding on the particle

Fadd(t) =
∑

l

ρl,new(x, t)vsurf(x, t). (3.61)

For tuning the wettability of the particle, we place a virtual fluid in the outer most
layer of the particle. The virtual fluid is not following the streaming and collision step in
LBM. The Shan-Chen forcing acting from the surrounding fluid to the finite-size particle
has to be counted, and there is no Shan-Chen force in the direction from particle to
solvent. We define a tunable variablew in the virtual layer of the particle. The simulation
solvent has binary fluid, A and B, therefore, for the component A in the virtual fluid
layer of the particle, we filled with a density of ρA,v. If w is positive, this means that the
particle is more attached to the component A

ρA,v = ρ̄A + |w|. (3.62)

On the contrary, the negative value of w means that the particle is more attached to the
component B

ρB,v = ρ̄B + |w|, (3.63)

where ρA,v and ρB,v are the virtual layer fluid density in two different components.

Particle’s contact angle
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We place the particle at the interface between the component A and component B.
By tuning the parameter w, we can control the position of the particle at the interface.
The domain size is Lx×Ly×Lz = 48×48×128 lbu, the particle radius is Rp = 4, 10 lbu,
and density configuration is ρA = 2.21 lbu, ρB = 0.09 lbu and bulk density ρtot = 2.3
lbu. After simulation starts, the particle will adjust its position vertically at the interface
and find a stationary position. The simulation timestep is set to 5×105 lbu to make sure
the particle is fully relaxed. The contact angle of the particle can be measured as

θ = arccos

(
hoff

Rp

)
, (3.64)

where hoff is the vertical distance from the center of particle to the interface. Fig. 3.14
shows the sketch of contact angle simulation for the wetted particle at the interface.
The particle is hydrophilic to the component A, and the contact angle is smaller than
90 degree (θ < 90◦). We perform the contact angle tests by tuning the parameter
w ∈ [−0.7, 0.7]. The parameter sets are different from Ref. [21] because they used
the SRT as collision operator instead of the MRT (as in the present study). Therefore,
the model needs to be validated by showing that the contact angle can be tuned by the
virtual fluid. Fig. 3.15 presents the validation results for the tunable parameter w, which
controls the wettability of the particle. The contact angles from 30◦ to 150◦ are obtained
by changing w.

3.6.4 Validation: ellipsoid particle under shear flow

In the last session, the wetting particle model has been shown, and the particle’s wet-
tabilities can be changed by tuning the virtual fluid density. In this section, we valid
the finite-size particle model both in single component fluid and the binary mixture of
two fluids. An ellipsoid particle is placed in the middle of 3D domain with shear flow
in the top layer and bottom layer. As shown in Fig. 3.16, the ellipsoid particle’s major
and minor radii are set to R‖ = 10 lbu, and R⊥ = 5 lbu. The shear velocity is set to
Ushear = 0.025 lbu, and the domain size is 323 lbu. The shear rate of the simulation
Gshear is defined as

Gshear =
2Ushear

H
, (3.65)

where H is the distance between the top and bottom shear flow.
The Reynolds number Re is defined as

Re =
Gsheardl

ν
, (3.66)
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Figure 3.14: Sketch of particle’s contact angle measurement test. The cross-section of the particle
is located at the red (fluid A is the majority component) and blue (fluid B is the
majority component) components interface. After the relaxation, the particle prefers
to attach to the component A. θ is the contact angle between the particle and the
interface. The contact angle can be measured using hoff , which refers to the distance
between the particle center and the interface. The particle can behave hydrophilic
(θ < 90◦), neutral (θ = 90◦) or hydrophobic (θ > 90◦) to the component A by
tuning the virtual fluid.
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Figure 3.15: Contact angle as function of w. Two different radius of particle have been tested:
Rp = 4 lbu (red line) and Rp = 10lbu (blue line). The results show that the particle
can be tuned from around 30◦ contact angle to 150◦ contact angle.

where dl is the major diameter of the ellipsoid particle dl = 2R‖. Under the shear flow,
the particle will rotate periodically with time period Ts Ref. [102]:

Ts =
2π(R2

‖ +R2
⊥)

R‖R⊥Gshear
. (3.67)

A set of simulations are performed in both single component solvent and multicom-
ponent solvent for four periodic sessions of the particle’s rotation. The results show a
slight offsite than the theoretical calculation. The reason of this discrepancy is that the
simulation is performed in a highly confined situation at Re = 0.9375, meanwhile the
theoretical results is obtained by considering an infinite domain at Re = 0. Overall,
our numerical results capture the major quantitative results from the theoretical calcu-
lation [102].
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Figure 3.16: ω/Gshear as function of the normalized time tGshear. The blue curve shows the data
from the single component solvent, and the red curve presents the data from the
multicomponent fluid simulation. The black curve shows the theoretical prediction
from Ref. [102] at Re = 0.

3.7 Conclusions

In this chapter, we introduce the LBM as a mesoscopic scale method and built up a con-
nection between the Boltzmann equation and the LBM. Two different collision operators,
namely the SRT and the MRT, are presented. Then, we bridge the LBM to Navier-Stokes
equations through the Chapman-Enskog expansion. Also, the Shan-Chen forcing scheme
has been introduced for both multiphase and multicomponent LBM. We perform a large
range of parameter sets of Laplace tests to find a proper surface tension for the latter use
of our thesis. Furthermore, we summarize the multicomponent FLBM [32] by introduc-
ing the noise term in the collision operator. The methods to measure the thermal length
and ensemble average of the surface tension have been presented. Finally, the on-lattice
finite-size model has been introduced. Through a controllable parameter, the particle
can be tuned for different wettabilities. Both the single component model and the mul-
ticomponent model have been validated through the particle settling simulations and
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rotation of the particle under shear flow. In the next chapter, we compare two different
collision operators (BGK and MRT) through liquid ligament breakup process.





CHAPTER 4
Modeling interfacial flows with
two collision models*

In this chapter, we analyze the hydrodynamic behavior of LBM pseudo-potential models for the prob-
lem of the break-up of a liquid ligament triggered by the Rayleigh-Plateau instability. Simulations
are performed at fixed interface thickness, while increasing the ligament radius, i.e., in the "sharp
interface" limit. We address the influence of different LBM collision operators. We find that different
distributions of spurious currents along the interface may change the outcome of the pseudo-potential
model simulations quite sensibly, which suggests that a proper fine-tuning of pseudo-potential mod-
els in time-dependent problems is needed before the utilization in concrete applications. Taken all
together, we argue that the results of the proposed study provide valuable insight for engineering
pseudo-potential model applications involving the hydrodynamics of liquid jets.

4.1 Introduction

The development of modern applications and innovative materials involving multiphase
flows [103, 104] naturally sets a compelling case for the development of suitably de-
signed numerical methods to be used in synergy with experimental investigations [105]
and analytical predictions [106]. The understanding of many of such problems is rou-
tinely rationalized via the help of a continuum hydrodynamics: in a nutshell one can
say that bulk phases coexist while being separated by thin interfaces, whose width rep-
resents the smallest scale of the continuum description. Such interfaces are character-

*Published as: D. Chiappini, M. Sbragaglia, X. Xue, G. Falcucci, Hydrodynamic behavior of the pseudopo-
tential lattice Boltzmann method for interfacial flows, Phys. Rev. E., 99, 053305 (2019)
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ized by a non zero surface-tension, i.e. the force per unit area that is the continuum
manifestation of the anisotropy of atomistic forces close to the interface. Whereas for
purely analytical calculations the zero-width limit ("sharp interface" hydrodynamics) is
most easily handable [34, 35, 107], for numerical simulations the situation is somehow
more diversified [108–114]. When solving the complex fluid dynamics of multiphase
flows, the traditional advantages of the LBM (simplicity [115, 116], easy handling of
boundary conditions [117, 118], easy parallelization [119]) can be further enriched by
a remarkable versatility in simulating non-ideal equation of states (EoS) and complex
interfaces [120, 121]. More precisely, LBM reproduces "diffuse" interfaces, i.e. the bulk
phases are separated by a region of finite thickness where the fluid properties (i.e. den-
sity, velocity, pressure) change continuously. The hydrodynamical behavior of LBM is
traditionally assessed via the Chapman-Enskog analysis; however, from the theoretical
point of view, the main assumptions of the Chapman-Enskog analysis of having fields
slowly varying in space and time may well be violated due to the presence of the inter-
faces and/or singular events like break-ups [122, 123]. Practically, it is also found that
LBM implementations are affected by spurious contributions at the interface [124,125].
We use the term "spurious" meaning that they are not predicted by hydrodynamics.
These spurious currents are particularly relevant close to the interfaces [126]. Conse-
quently, the actual recovery of the LBM-hydrodynamic "equivalence" could fail [75,76].
Natural questions then arise, on the quantitative potentiality retained by diffuse inter-
face LBM simulations of multiphase flows, especially in comparison to the analytical
description of sharp interface hydrodynamics. In fact, while it is largely acknowledged
in the literature [88,89,91,127–134] that LBM is capable of reproducing static proper-
ties driven by surface tensions (i.e. Laplace pressures [135], contact angles [136]), very
rarely there have been quantitative characterizations on the recovery of time-dependent
hydrodynamics with non-ideal interfaces, especially in presence of singular events. This
chapter aims to take a step forward in the latter direction. As a prototypical problem
of a time-dependent multiphase flow with non-ideal interfaces we refer to the Rayleigh-
Plateau instability [35, 137–143] of a liquid ligament. The Rayleigh-Plateau instability
– driven by the tendency of the interface to minimize the area at fixed available vol-
ume – causes the fragmentation of a liquid ligament into smaller droplets via break-up
events. Numerical results on the break-up time show a neat asymptotic behavior when
the interface width is much smaller than the ligament size. These asymptotic results
are compared with the theoretical predictions of sharp interface hydrodynamics; more-
over, our observations are also enriched with a side-by-side comparison of two different
LBM collision operators, namely the Single Relaxation Time (SRT) with shifted equilib-
rium [124] (hereafter SRT), and Multiple Relaxation Time (MRT) with Guo-like forc-
ing [144] (hereafter MRT). Numerical simulations show that the distribution of velocity
at the interface in the vicinity of the pinch-off region is different, causing different break-
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up processes. A very preliminar investigation on some of the results presented in this
chapter is also available in a recent conference proceedings [11].
The chapter is organized as follows. In Section 4.2 we report on the set-up used for
the numerical simulations; results will be presented in Section 4.3 and in Section 4.4
conclusions will be drawn.

4.2 Simulations set-up

We have performed LBM simulations in a 3D box of Lx × Ly × Lz lattice sites. The
Rayleigh-Plateau instability is triggered through a sinusoidal perturbation with a fixed
amplitude and a constant wavelength (see Fig. 4.1). More specifically, the initial condi-
tion for the ligament radius is r (x) = R0 + δr sin

(
4πx
Lx

)
, where R0 is the unperturbed

ligament radius. The domain size and the ligament radius are chosen to accommodate
roughly 2 wavelengths of the most unstable mode of the instability [35]. The pertur-
bation δr is assigned the three different values R0/30, R0/20, R0/10. The break-up
phenomenon is driven by some characteristic parameters, between them the Ohnesorge

�

�
�

Lz

Lx

Ly�r

�fast

�fast

Figure 4.1: Initial configuration for the numerical simulations. A cylindrical ligament of radius R0

is perturbed with a sinusoidal wave along the axial (x) coordinate. The perturbation
wavelength λfast corresponds to the fastest growing mode of the Rayleigh-Plateau
instability [35].
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number Oh defined in Eq. (2.22) and the capillary time tcap defined as follows:

tcap =

√
ρlR3

0

γ
(4.1)

where ρl is the liquid density, µ the dynamic viscosity, γ the surface tension. For our
numerical simulations, the inter-particle strength G [121, 130] has been fixed to −5.3
lbu (lattice units hereafter), which allows a fair grid convergence study at changing the
ligament radius R0, from values comparable to the interface thickness to values much
larger. Regarding the choice of the Ohnesorge number, a few remarks are in order. Ac-
cording to the literature on the break-up of liquid ligaments [145–147], it is known that
for Oh < 1 instability phenomena of the liquid jet start to take place, causing the forma-
tion of "pinched" regions, which, eventually, lead to the break-up of the liquid column.
To accomplish our analysis in the LBM framework, we have fixed Oh = 0.1, which is
a well-established value on the "pinching" break-up regime [148]. Moreover, through
such a value, it is possible to have a set of corresponding numerical viscosities that grant
the numerical stability of the LBM algorithm [75,76], as explained in the following. The
ligament radius R0 has been varied in the range 14 − 98 lbu. Table 4.1 reports the cor-
responding values of density ratio and surface tension retrieved with the SRT approach,
for the different values of R0. To accurately evaluate the surface tension γ as a function
of the ligament radius, we first carried out a set of steady-state simulations to perform
the well known Laplace test, [149]. With the SRT collision operator, Laplace test re-
quires to account for the natural adaptation of γ to the kinematic viscosity value [150],
while in the MRT framework such an effect is absent. To retrieve a reliable value for the
surface tension for all the ligament radii reported in Table 4.1, we have implemented an
iterative procedure aimed at providing stable values for γ. More specifically, we chose
a first attempt estimation for the viscosity, aimed at ensuring numerical stability; with
the corresponding relaxation time τ , we have performed the Laplace test according to
three values of the static droplet radius, obtaining a first estimate of γ. By using the ob-
tained value of surface tension in Eq. (2.22), we find the new viscosity value that meets
the Oh = 0.1 target: since the values of γ, ρl and ρv (vapor density) are intimately con-
nected to that of τ in the SRT approach, we have iterated the above-described procedure
until the relative error on two consecutive values of surface tension was less than 5%.
For the MRT, no such procedure was needed, as viscosity variations have a negligible im-
pact on the algorithm. Once we acquired the asymptotic surface tension value for both
collision operators, we performed simulations with flat interfaces to find the correct liq-
uid and vapor densities corresponding to the simulation parameters. Finally, after this
last set of simulations we obtained all the input data needed to perform the ligament
simulations. Table 4.2 displays the values of density ratio and surface tension obtained
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Table 4.1: Main simulation parameters atG = −5.3 and Oh = 0.1 as a function of ligament radius
for SRT.

R0 (lbu) 14 28 42 56 70 84 98
Lx (lbu) 256 512 768 1024 1280 1536 1792
Ly = Lz (lbu) 96 192 288 384 480 576 672
τ (lbu) 0.67926 0.76297 0.83053 0.90311 0.97021 1.03776 1.10647
tcap (lbu) 335 912 1611 2380 3189 4015 4846
ρl (lbu) 2.1167 2.1254 2.1348 2.1450 2.1557 2.1666 2.1775
ρv (lbu) 0.0836 0.0900 0.0974 0.1059 0.1156 0.1264 0.1383
γ (lbu) 0.05345 0.05775 0.06277 0.06848 0.07491 0.08206 0.08991

Table 4.2: Main simulation parameters atG = −5.3 and Oh = 0.1 as a function of ligament radius
for MRT.

R0 (lbu) 14 28 42 56 70 84 98
Lx (lbu) 256 512 768 1024 1280 1536 1792
Ly = Lz (lbu) 96 192 288 384 480 576 672
τ (lbu) 0.67293 0.74445 0.79942 0.84575 0.88667 0.92350 0.95745
tcap (lbu) 347 981 1803 2775 3878 5098 6424
ρl (lbu) 2.1086 2.1086 2.1086 2.1086 2.1086 2.1085 2.1085
ρv (lbu) 0.0778 0.0779 0.0779 0.0779 0.0778 0.0778 0.0778
γ (lbu) 0.04951 0.04952 0.04952 0.04955 0.04953 0.04953 0.04954

with the MRT collision operator: as it is apparent from the comparison between Ta-
bles 4.1 and 4.2, the values provided by the MRT display a negligible dependence of the
physical properties on the employed computational grid.
Before closing this section, we notice that the break-up of a thin ligament has already
been studied by means of a axisymmetric LBM formulation in [63, 151–154]; in this
chapter, we extend the results already available in the literature by performing a 3D
grid convergence analysis, by analyzing the effect of different collision operators on the
predictions of hydrodynamics and by performing a more detailed analysis on the prop-
erties of the break-up process.
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4.3 Results

According to the parameters reported in Tables 4.1 and 4.2, we have performed the nu-
merical simulations for the break-up of the liquid ligament for δr = R0/10. In Fig. 4.2
we report results on the time evolution (up to the break-up point) and the break-up
times t∗ at changing the grid resolution. Notice that the break-up time has been made
dimensionless with respect to the capillary time tcap. For both the collision operators, we
observe a very neat trend of the break-time increasing with the simulation resolution
and, thus, with the initial radius R0, in line with the numerical results in [155]. In our
working conditions, sharp interface hydrodynamics predicts a dimensionless break-up
time that is a function only of Oh and δr (see [58] and references therein). Since Oh
and δr are fixed, the observed grid dependency cannot be explained in terms of sharp
interface hydrodynamics and it is an effect induced by the finite width of the interface.
It naturally comes the question of how much these finite width effects are "hydrodynam-
ical". To cope with this issue, one would need to use a "diffuse" interface hydrodynamic
solver for the corresponding hydrodynamic equations predicted by LBM [75,76]. Finite
width effects are expected to be negligible for large resolutions and one can use the
results of sharp interface hydrodynamics (see [58] and references therein) for compar-
ison. For the Ohnnesorge number used, Oh = 0.1, the break-up process is known to
produce 2 mother droplets and 2 satellite droplets. In Fig. 4.2(b), the cases in which
stable secondary droplets are found are reported with filled symbols. We would like to
stress that only stable droplets have been considered, that is, secondary droplets that
live for a period of time at least comparable to the capillary time tcap. It is known, in fact,
that in the pseudo-potential framework of LBM multi-phase flows, small droplets tend
to be re-absorbed in the vapor phase, as discussed in [132, 156]. In our simulations,
SRT provides stable secondary droplets for R0 ≥ 70 lbu, while the MRT collision oper-
ator provides secondary droplets that live considerably less than a single capillary time.
Such a short-living feature is due to their initial diameter, which tends to be smaller
with MRT than with SRT. To the best of the authors’ knowledge, no previous works
both with SRT and MRT, point out such a persistence characteristic of the secondary
droplets [151,152]. By comparing the diameters obtained with the two collision opera-
tors to the analytic, numerical and experimental results in the literature [141,157,158],
we find that the SRT approach provides more accurate predictions. This surely calls for a
careful comparison with the existing LBM data in the literature. Earlier investigation by
Premnath & Abraham [151] used an axisymmetric LBM formulation with source terms
embedded in the LBM dynamics in the BGK approximation. The Carnahan-Starling EoS
was used with a dynamic viscosity ratio of 4 between the liquid and vapor phase. The
authors report the formation of satellite droplets with an initial cylinder radius of 50
grid points (their Fig. 7), hence well below our largest resolutions used. Srivastava et
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al. [152] proposed an axisymmetric LBM formulation with the Shan-Chen force and the
forcing scheme provided by the equilibrium shift, essentially the same of our forcing
scheme for the SRT simulations. For Oh = 0.09 they reported the formation of satellite
droplets with dynamic viscosity ratio of about 30, which is consistent with our results.
Another axysimmetric LBM formulation proposed by Liang et al. [153] makes use of
a phase field Van der Waals model and adds the forcing term as a source to the BGK
evolution. They use an initial cylinder radius with 60 grid points and report presence of
satellite droplets with dynamic viscosity ratio of about 12.5. In the recent investigation
by Liu et al. [154], the authors report numerical simulations with an axisymmetric LBM
with a color-gradient model and MRT collision operator. Finally, in the recent simula-
tions by some of the authors with the Shan-Chen force for a multicomponent fluid and
MRT forcing scheme, it was found the emergence of the satellite droplets [159]. These
facts said, it is likely that the missed formation of satellite droplets in our MRT simu-
lations originates from the chosen EoS and the choice of a viscosity ratio that sensibly
differs from one.
Although at a very qualitative level, results in Fig. 4.2 provide a clue to a physically dif-
ferent behaviour of the two collision operators, with SRT looking "more physical" than
MRT. This result is strange and counter-intuitive, since SRT is known to be affected by
extra forcing-dependent stress contributions, which are large at large forces (i.e. close
to interfaces). These observations stimulated further analysis on the quantitative com-
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Figure 4.2: Panel (a): we report the LBM density evolution as a function of the non-dimensional
time (t̃ = t/tcap) for the SRT collision operator and for different resolutions. Panel (b):
we report the dimensionless break-up times t∗ as a function of the ligament radius for
both SRT and MRT. Filled symbols refer to the presence of satellite droplets in post
break-up conditions. Panel (c): post break-up conditions for both SRT and MRT.



54 Modeling interfacial flows with two collision models

parisons between the numerical simulations and the theoretical predictions. To this aim
we kept the resolution fixed to the largest used in Fig. 4.2 and investigated the break-
up time at changing δr. In Fig. 4.3 results of the numerical simulations are compared
with the predictions of sharp interface hydrodynamics from Ref. [143] and linear sta-
bility analysis. Regarding the latter, the growth rate ω is considered as a function of
both the wavenumber and the Ohnesorge number (see Eq. (28) in [35]). Knowing
the growth rate, the break-up time in the linear approximation can be calculated from
t∗ = log(R0/δr)/ω [140,143]. We notice that the MRT collision operator is well aligned
with linear stability analysis reported in [140], while SRT is practically overlapped with
result presented in [143] where CFD Navier-Stokes simulations have been used for the
same test-case. In view of the results displayed in Fig. 4.2 and Fig. 4.3 one then asks

✏0 =
�r

R0
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Figure 4.3: Influence of the initial perturbation ε0 = δr
R0

for the two collision operators on the
non-dimensional break-up time and comparison with literature data [143] and linear
stability analysis prediction [140].

where the mismatch between the two collision operators emerges, i.e. whether it is
in the initial stage (where we are linearly unstable) or later at the pinch off stage. To
answer this question we inspected the perturbation growth rate in the initial stage of
the ligament destabilization and also considered the ligament silhouettes for the whole
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dynamics up to break-up. Results are reported in Fig. 4.4. We observe that the initial
destabilization process is the same and well in line with the prediction of sharp interface
hydrodynamics. The difference between the two dynamics rather lies in the pinching
regime. To have a deeper understanding of the ligament deformation near the break-up
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Figure 4.4: Panel (a): Normalized perturbation with respect to initial perturbation value at x ≈
Lx/2 (and x = Lx/8 in the inset) as a function of non-dimensional time. Panel (b):
Three snapshots of interface evolution at t̃ = 7, 8, 9 both for SRT and MRT.

we also look at the non-dimensional "minimum" ligament radius as a function of the
non-dimensional time. Results are reported in Fig. 4.5. The "minimum" ligament ra-
dius is defined as the smallest radial coordinate in a configuration at a given time. We
further make this quantity dimensionless by normalizing with the initial ligament ra-
dius. Notice that sharp interface hydrodynamics predicts a linear trend of the minimum
ligament radius [34, 160] and the linear trend is more in line with the SRT dynamics
than the MRT. It is worth nothing that the above presented method is characterized by
a diffuse interface which tends to occupy few lattice points. Even though with increas-
ing resolution the interface thickness tends not to influence results reliability, it is also
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true that for the maximum radius here considered (namely R0 = 98 lbu) the interface
still occupies 4 lbu. Here we consider that the interface is "physically" located exactly
in the middle of the interface thickness. Thus, the LBM solver may be compared with
the sharp interface hydrodynamics while the interface width h

(
x, t̃
)

is greater than the
half of interface thickness (about 2 lbu). Below that threshold there is no possibility to
compare these two methods and comparison would be formally incorrect. It is impor-
tant to point out, that the presented solvers do not introduce any special treatment so
to reduce the interface thickness. Usually, such models are characterized by interfaces
which occupy few sites, but some technicalities have been developed so to reduce the
number of nodes occupied by the interface. Moreover, this thickness cannot be zero, like
a sharp interface solver, and, its tuning will represent an additional degree of freedom
while approaching these simulations. In the present study, we have decided to modify
the ligament radius while keeping unchanged the interface thickness rather than mod-
ify the lattice sites occupied by the interface with the same ligament radius. To delve
deeper into the problem, we compare the velocity profiles for the ligament during the
time evolution of the surface instability leading to the liquid column break-up. Results
are displayed in Fig. 4.6. The Figure displays the dimensionless velocity magnitude
vc = |ub|

R0/tcap
for both collision operators for selected times. To facilitate a comparison

between velocity distribution and the curvature profile, we compare the spatial distribu-
tion of velocity field in both MRT and SRT at similar interface morphology. We observe
that the dimensionless velocity profiles are different for MRT and SRT, both in spatial
distribution and magnitude. This difference in velocity greatly pertains the vapor phase,
and the velocity distributions are differently correlated to the curvature: while for SRT
the velocity localizes in the region of maximum curvature, for MRT it localizes in the
regions of maximum curvature changes. Moreover, when curvature increases, the veloc-
ity contributions increase. A quantitative assessment of how much the observed velocity
distribution is "spurious" would require the solution of the full hydrodynamic equations
in presence of a vapor phase [35]. Nevertheless, the difference between SRT and MRT
emerging from Fig. 4.6 suggests that both collision operators lead to spurious contri-
butions that develop "dynamically" and whose spatial localization is different for the
same curvature profiles. Specifically, if the spurious currents on MRT are more localized
at the pinch-off region, this can cause the break-up time to be different and the satel-
lite droplets to be smaller after break-up. One could then reconsider the comments on
the hydrodynamic recovery via the Chapman-Enskog theory: while SRT has extra terms
with respect to MRT in its Chapman-Enskog expansion, the mismatch may be originated
by the fact that the impact of spurious currents is more effective in the present MRT
implementation. In other words, the bulk equations are more correct in MRT than in
SRT, but the interface boundary conditions are "dynamically" more "spurious" in MRT
than in SRT. One could think of readsorbing this effect of spurious current in a modified
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Figure 4.5: Normalized minimum ligament height near the break-up time. SRT and MRT results
compare with hydrodynamic prediction [34].

stress tensor so that the dynamics of MRT would be that of a system with a slightly
different Ohnesorge number. At the largest resolution analyzed, however, this would
not be possible: we do not observe any steady satellite droplets, while theory predicts
them to exist [147]. Summarizing, for the specific test case analyzed, the pinching of
the interface generates momentum and it is significantly influenced by the distribution
of spurious currents. As we may observe from Fig. 4.6, the MRT with this specific set
of parameters shows a stronger concentration of velocities in the pinching region, while
the SRT presents weaker interference. We think this is the reason why the break-up dy-
namics captured from the SRT better matches the expected results, despite presenting
some possible lacks of consistency while reconstructing the NS equation.
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Figure 4.6: Comparison of the time evolution of the normalized velocity magnitude according to
the SRT and MRT collision operators.
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4.4 Conclusions

We have investigated the dynamics of a liquid ligament perturbed via a Rayleigh-Plateau
instability using the LBM. More specifically, we have considered two LBM collision op-
erators, SRT and MRT, implemented in a multiphase numerical scheme based on the
Shan-Chen Equation of State (EoS) [127, 129, 150]. We have seen that numerical sim-
ulations display a neat asymptotic behavior in the limit where the interface thickness is
sensibly smaller than the characteristic radius of the liquid ligament. Such a behavior
has been compared with the predictions of sharp-interface hydrodynamics [34,160], for
both LB environments. Adopting the same EoS, the two collision operators displayed a
different behavior, with the SRT granting results more adherent to the theoretical and
experimental evidence from the literature, compared to MRT. In particular, even if the
break-up dynamics present a very similar trend between the two collision operators in
the early stages of the instability, SRT provides a pinching evolution closer to the theo-
retical predictions. SRT shows the eventual formation of long-living secondary droplets
after the ligament break-up, which we have not detected in the MRT environment. This
difference is traced back to the "dynamic" distribution of spurious currents rising in the
pinching region. For the specific realizations of EoS adopted, the MRT – despite a higher
numerical stability granted in the set of hydrodynamical parameters characterizing the
simulation – displays a spurious currents pattern localized towards the flex of the lig-
ament silhouette, in the pinching region; SRT, on the other hand, is characterized by a
different distribution of the spurious velocities, which appear to be localized away from
the pinching region, hence the dynamics of the ligament breakup is less affected by such
a spurious pattern and provides results closer to the sharp-interface hydrodynamics.
From a more general perspective, some comments are in order. Our results show that
whenever spurious currents effects are weak in the pinching region, the LBM results
can quantitatively match the ones obtained through the sharp-interface hydrodynamics,
from the initial perturbation destabilization up to the break-up point. The fact that our
simulations with SRT perform better than MRT may well depend on the specificity of the
parameters chosen here, causing "dynamical" spurious currents to distribute less in the
pinching region. While the issue of spurious currents has been pretty well detailed for
"static" problems [121,126,161–164], very little is known about "dynamical" problems.
Hence, we do not want to "promote" a collisional operator rather than the other; instead,
we want to point out that different "dynamical" distributions of spurious currents may
produce quantitatively different results. Of course, this is just a "macroscopic" property,
which hides many non-trivial dependencies on the parameters and technical details of
the models used. This also opens up future perspectives in determining the impact of
the different parameters/choices at hand (e.g. EoS, thermodynamic consistency, surface
tension coupling with EoS, collisional scheme, interface width, Knudsen effects, etc.) to
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obtain a “unifying view” on what are the causes behind the emergence of "dynamical"
spurious currents. In the next chapter, we will add thermal fluctuations into the LBM
model and explore the effects of thermal fluctuations on the ligament breakup.



CHAPTER 5
Thermal fluctuations effects on
nanoligaments breakup*

This chapter studies the effects of thermally induced capillary waves in the fragmentation of a liquid
ligament into multiple nano-droplets. We quantitatively analyze the statistical distribution of the
breakup times and the droplet volumes after the fragmentation process, at changing the two relevant
length scales of the problem, i.e., the thermal length-scale and the ligament size. The robustness of
the observed findings is also corroborated by quantitative comparisons with the predictions of sharp
interface hydrodynamics.

5.1 Introduction

The hydrodynamical description of a non-ideal interface at the microscales is generically
assessed via the combined effects of viscous dissipation and surface tension forces [36,
37, 165–169]. Pushing such a description towards smaller scales faces two main diffi-
culties. From one side, hydrodynamics itself cannot hold at all scales of motion, and its
coarse-grained foundations are inevitably weakened whenever the physics gets closer to
the atomistic level. From the other side, if hydrodynamics needs to be corrected by atom-
istic effects, one faces the issue of the appropriate description to adopt. The equations
of fluctuating hydrodynamics [57,94] provide a promising route, accounting for molec-
ular collisions via the introduction of stochastic contributions to the non-equilibrium

*Published as: X. Xue, M. Sbragaglia, L. Biferale, F. Toschi Effects of thermal fluctuations in the fragmenta-
tion of a nanoligament, Phys. Rev. E., 98, 012802 (2018)
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fluxes, as originally proposed by Landau [57]. Such treatment has the significant ap-
peal to retain the generic hydrodynamic approach since it does not enter into a detailed
characterization of the atomistic motion, but instead takes a coarse-grained perspective,
where molecular effects are modeled via the fluctuation-dissipation balance [60]. So
far, a consistent body of work considered various aspects of interfacial flows in open
and confined geometries [36–41], while there are only very few works considering the
effect of thermal fluctuations [42–49]. On general grounds, thermal fluctuations are
expected to become increasingly more relevant and produce measurable effects when
moving from micrometer scales down to smaller nanometer scales. This is the case, for
example, of nanojets, were stochastic hydrodynamic equations have been used to study
the interface dynamics [46,47] with extensive comparisons with fully atomistic descrip-
tions [46]. It was convincingly shown that thermal fluctuations impact the breakup
properties of nanojets. For the spreading of viscous drops on a solid substrate, thermal
fluctuations have been shown to accelerate the spreading in comparison to the determin-
istic case [170]. This has been studied with the help of fluctuating hydrodynamics in
the lubrication limit [42], and later confirmed by mesoscale numerical simulations [48].
Other numerical methods were used to study dewetting of thin liquid films, and it was
observed that thermal fluctuations accelerate the rupture of films [44]. Also, experi-
mental studies exist [45, 49], concerning the breakup of a nanojet in the presence of
thermal fluctuations. In these studies, it is observed that thermal noise suppresses the
formation of satellite droplets [49], but no quantitative characterization of the distribu-
tion of droplets size has been provided. In the study [45], the pinch-off process has also
been found to be affected by thermal fluctuations, since an initial visco-capillary regime
is followed by a fluctuation-dominated regime when the characteristic size of the neck
approaches the thermal length.The focus of this chapter is on the quantitative analy-
sis of the effects of thermal fluctuations on the statistics of the breakup times and on
the droplet volume distribution, following the contraction and fragmentation of a liquid
nano-ligament. Similarly to other studies [46,47] we rely on a hydrodynamical descrip-
tion coupled to the effects of thermal noise. However, we do not solve the continuum
equations of interfacial hydrodynamics with a sharp interface directly, but instead, uti-
lize the fluctuating multicomponent lattice Boltzmann method(FLBM) [32]. The study
here presented contributes to show a realistic application of fluctuating LBM for nanoflu-
idic phenomena. Our main findings can be summarized as follows: we confirm that
thermal fluctuations are able to accelerate nano-ligament fragmentations process, as it
was previously reported [46,47]. Furthermore, we give quantitative information on how
much the thermal noise can accelerate the breakup process, and we present the effects
of thermal fluctuations on the polydispersity of droplets distribution. Last but not least,
we find that the LBM simulations with thermal noise are consistent with sharp interface
hydrodynamics results.
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The chapter is organized as follows: in Section 5.2 we present technical details of
the numerical simulations; in Section 5.3 we report on the destabilization process driven
by the Plateau-Rayleigh instability and the qualitative effects of thermal fluctuations; in
Section 5.4 we discuss results on the statistics of breakup times, while in Section 5.5 we
report on the statistics of the droplet volumes; in Section 5.6 we provide quantitative
comparison between the LBM results and the results of sharp interface hydrodynamics;
conclusions will follow in Section 5.7.

5.2 Numerical set-up

Numerical simulations are conducted in a 3D fully periodic domain with sizes Lx×Ly×
Lz. A cylindrical ligament with a majority of phase A and radius R0 is set-up with a
symmetry axis along the z coordinate (see Fig. 5.1). By keeping fixed the ratio between
the system sizes Lx,y,z and the ligament initial radius R0, we have performed different
numerical simulations at changing the thermal length `T (see Eq. (2.30)) and the do-
main resolution Lx × Ly × Lz. For each realization of the thermal length and domain
resolution, we performed hundreds of simulations to gather sufficient statistics over the
breakup time and the droplet volumes after breakup. For computational reasons, larger
resolutions are associated with a smaller number of simulations. All these parameters
are summarized in Table 5.1. We remark that applications of LBM in the problem of lig-

R0 (lbu) Lx (lbu) Ly (lbu) Lz (lbu) `2T (lbu2) # of simulations

7.0 48 48 128 7 · 10−5 − 3 · 10−3 1000
10.0 72 72 180 1 · 10−4 − 3 · 10−3 500
14.0 96 96 256 1 · 10−4 200
18.0 122 122 324 1 · 10−4 200
28.0 192 192 512 1 · 10−4 100

Table 5.1: Summary of the different numerical simulations conducted. All the numerical simula-
tions that we describe in this chapter are performed with a coupling coefficient G = 1.5
LB units (lbu hereafter) in Eq. (3.32). Inside the ligament, the density for the two com-
ponents are set to ρA = 2.21 lbu and ρB = 0.09 lbu, with a corresponding total density
ρtot = 2.3 lbu. The surface tension of the system is γ = 0.1515 lbu. The surface tension
is kept fixed in all the numerical simulations, while the noise intensity is varied in equa-
tions (3.44)-(3.45) to achieve different thermal lengths. The viscosity ratio between the
dispersed and continuous phases is set equal to unity.

ament contraction have already been proposed in the literature. In particular, in [152]
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a comparison among axisymmetric LBM and the predictions of deterministic sharp in-
terface hydrodynamics has been provided. The use of an axisymmetric LBM obviously
reduces the computational effort; however, in presence of thermal noise, it does not pro-
vide a realistic description of the interfacial fluctuations typical of 3D interfaces [95,96].
For this reason we have used a fully 3D fluctuating LBM without any axial symmetry.
In all the simulations that we conducted, the length of the domain size is chosen to
be Lx ≈ 18R0, which is well suited to accommodate roughly 2 wavelengths λfast of the
fastest-growing mode of the Plateau-Rayleigh instability [35] (see also Fig. 5.1 for quan-
titative details). The numerical simulations are then conducted for a set of parameters
for which the Ohnesorge number Oh is small, (Oh < 1). The Ohnesorge number quanti-
fies the importance of the viscous forces with respect to the inertial and surface tension
forces, and is defined as Oh = µ/

√
ρmax
A γR0, where ρmax

A indicates the maximum density
of the ligament and µ is the dynamic viscosity. The fastest-growing mode has a wave-
number kfastR0 ≈ 0.697 , where λfast = k−1

fast , independently on Oh [35].

5.3 Plateau-Rayleigh instability

We are interested to understand what is the effect of the thermal noise on the liga-
ment breakup in combination with the Plateau-Rayleigh instability. To this aim we have
designed three different simulation cases, as shown in Fig. 5.1. In the first case (left
panels), we evolve the ligament without thermal noise, i.e. we use Eqs. (3.44)-(3.45)
with kBT = 0. We set an initial small perturbation with wavelength λfast and very small
amplitude. Due to the Plateau-Rayleigh instability, the unstable mode along the inter-
face grows and eventually determine the breakup of the ligament into droplets. In the
second case (middle panels), we evolve the same equations with a different initial con-
dition: beyond the perturbation on the fastest growing mode, we also add a random
Gaussian perturbation on the less unstable Fourier modes; the evolution is kept deter-
ministic, i.e. again we use Eqs. (3.44)-(3.45) with kBT = 0. In the third case (right
panels), we show results coming from numerical simulations with the same initial con-
dition used for the middle panels followed by the fluctuating hydrodynamics evolution,
i.e. Eqs. (3.44)-(3.45) with kBT > 0. Typically, after a few capillary times tcap the lig-
ament breaks into two “mother” droplets and two “satellite” droplets. However, in the
case of thermal fluctuations (right panel in Fig. 5.1), the enhanced volume polydisper-
sity may cause one of the satellite droplets to be so small that it cannot be resolved with
the resolution used. The presence of two mother droplets is clearly due to the fact that
we choose an axial length that corresponds to twice the wavelength of the fastest grow-
ing mode. The presence of small satellite droplets is generated by the combined effect
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z y

x

Figure 5.1: Ligament breakup with LBM simulations. Left column panels: LBM deterministic evo-
lution of a liquid ligament destabilized by the Plateau-Rayleigh instability. The system
is initialized with a small perturbation on the fastest growing mode with wavelength
λfast. The axial system size of the numerical simulations is chosen to accommodate
2 λfast. After the breakup, we observe that the volumes of the two “mother” droplets
are equal to each other, the same happens for the “satellite” droplets. Middle column
panels (“without-TN" protocol): random initial condition followed by LBM determin-
istic evolution (see text for details on preparation). Right column panels (“with-TN"
protocol): random initial condition followed by fluctuating hydrodynamics evolution
with thermal noise (details are reported in the text).

of viscosity and surface tension at the late stage of pinch-off, as already described in the
literature [40,171,172]. This qualitative feature is robust and independent of the ther-
mal noise and of the initialization protocol used. For the pure deterministic case (left
panels), the fragmentation process evolves in a symmetric way, and it leads to two iden-
tical mother droplets and two identical satellite droplets. However, when we add noise
either in the initial configuration or during the entire evolution, things become more
complicated: the breakup time is a random variable and a volume polydispersity in both
mother and satellite droplets is observed. In particular, the presence of thermal noise in
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the evolution (right panels) manifestly accelerates the breakup, which is consistent with
previous studies [46,47]. This is because the effects of thermal fluctuations dominate at
the late stage of pinch-off regime. It is apparent from Fig. 5.1 that during the ligament
fragmentation process both the random initial conditions and thermal fluctuations have
a role; more importantly, numerical simulations offer the possibility to quantitatively
disentangle the two contributions by using two complementary simulations protocols:
we can change the random initial condition and integrate a deterministic dynamics with-
out thermal noise (kBT = 0) in Eqs. (3.44)-(3.45) (“without-TN” protocol, as in middle
panels of Fig. 5.1) or we can include the effects of thermal noise in the dynamics by
using kBT 6= 0 in Eqs. (3.44)-(3.45) (“with-TN” protocol, as in right panels of Fig. 5.1).
Based on these two simulation protocols, in the following we aim at characterizing the
statistics of the droplet breakup times and the droplet volume distribution. The quan-
titative characterization of the droplet volume statistics naturally poses the question of
the specificity of the results, due to the fact that LBM is a diffuse interface hydrody-
namics solver. To address this point we will perform a quantitative comparison between
the droplet volume statistics from the simulations and the predictions of sharp interface
hydrodynamics.

5.4 Statistics of breakup times

Based on previous experimental and numerical works [45, 47, 49], we know that the
thermal noise results in accelerating the late stage of the pinch-off process. Beyond
this accelerated dynamics, here we focus on characterizing the statistics of the breakup
times. We have conducted numerical simulations for a fixed ligament radius R0 = 7
lbu and different thermal lengths, `T ranging from 7 · 10−5 to 3 · 10−3 lbu, in the two
simulation protocols “with-TN" and “without-TN”. To measure the breakup time, we
follow the ligament fragmentation evolution and record the time when a discontinuity
in the density profile is observed along the ligament axis.

In Fig. 5.2, we study the probability density function (PDF) of the breakup time
t∗. Overall, we observe that the shapes of the PDFs are similar to the breakup time
distribution reported in a previous fluctuating thin films study [173]. Comparing the
“without-TN” protocol (first row) and the “with-TN” protocol (second row) for each
thermal length, we see that the thermal fluctuations increase the probability for the
ligament to breakup sooner, which makes the peaks of the distribution of t∗ moving
closer to the origin. Similarly, for both simulation protocols, we find a systematic speed-
up of the breakup time by increasing the amplitude of the thermal fluctuations, as shown
by comparing PDFs on the same row at increasing thermal length (from left to right).
In Fig. 7.4(a), we show the PDFs of t∗ for both protocols normalized by their mean 〈t∗〉
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Figure 5.2: PDFs for the breakup time t∗ as a function of the thermal length squared `2T for differ-
ent simulations protocols (see Fig. 5.1): “without-TN” protocol (Panels (a)-(c)) and
“with-TN” protocol (Panels (d)-(f)). The breakup time is made dimensionless with the
capillary time tcap.

and the standard deviation σt∗ . The breakup time data for both protocols follow similar
trends which are well reproduced by the log-normal fit

flog(x) =
1

(x− x0)σlog

√
2π
e−(log(x−x0)−µ)2/2σ2

log

with σlog = 0.32, µ = 2.82 and x0 = −2.97. Also, Fig. 7.4(b) presents results for the aver-
age breakup time 〈t∗〉 as a function of the thermal length squared `2T for both protocols.
We observe a power-law like behaviour

〈t∗/tcap〉 ∼ (`2T )−0.07

in both cases “with-TN” and “without-TN”, with the latter case always systematically
below the former.
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Figure 5.3: Panel (a): PDF of normalized breakup time at changing thermal length `T for fixed
ligament radius R0 for both simulation protocols fitted with lognormal distribution.
Panel (b): dimensionless mean breakup time 〈t∗〉 /tcap as a function of thermal length
square for the two different simulation protocols used (see Fig. 5.1). Red and blue
dotted lines are power fits for the dimensionless mean breakup time. Error bars are
estimated from the standard deviation (see Fig. 5.2).

5.5 Droplet volumes

In this section we study the droplet volumes after breakup. For this analysis, the droplet
volumes are measured using the marching tetrahedra method [174] with Paraview soft-
ware and a Python interface. This ensures a very accurate measurement of the droplets
volume which is a key ingredient to differentiate the small changes induced by thermal
fluctuations.

In Fig. 5.4 we show the PDFs for the droplets volumes for the “with-TN” protocol at
changing the thermal length `T for fixed ligament radius R0 (top row, Panels (a)-(c)) or
at changing the ligament radius R0 for fixed thermal length (bottom row, Panels (d)-
(f)). We show only the volume distribution of the “mother” droplets (see Fig. 5.1): this
is done to limit the range of V and allow for a more insightful comparison. We have
separately analyzed the PDFs of the satellite droplets and the conclusions drawn for
Fig. 5.4 are valid for them as well.

From Fig. 5.4, we can see that when the thermal length increases the PDFs develop
larger standard deviation (Panels (a)-(c)), the same haFppens when we increase the
ligament radius R0 at fixed thermal length (Panels (d)-(f)). The shape of the PDFs
and the dependency of the standard deviation σV on both `2T and R0 are quantitatively
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Figure 5.4: PDFs for the droplets volumes after breakup based on the “with-TN” protocol (see
Fig. 5.1) at changing the thermal length `T for fixed ligament radius R0 = 7.0 (top
row, panels (a)-(c)) or at changing the ligament radius R0 for fixed thermal length
square `2T = 1 · 10−4 (bottom row, panels (d)-(f)). To make figures comparable at
changing R0, we have subtracted the average volume and rescaled by R3

0.

summarized in Fig. 5.5(a) and Fig. 5.6(a). In particular, in Fig. 5.5(a) we report the
standardized PDFs at changing the thermal lengths for fixed ligament radius for both
protocols. We observe that the rescaled PDFs collapse well on the same master curve,
independently of the thermal length and the simulation protocol. This indicates that
the presence of randomness in the initial condition plays the major role in determin-
ing the shape of the distributions. A tendency towards a slight sub-Gaussain behaviour
is detectable for small (normalized) volume fluctuations, whereas larger fluctuations
are associated with tails higher than Gaussian. The analysis of the standard deviation
σV (Fig. 5.5(b)) shows that in the “with-TN” protocol the droplets polydispersity is en-
hanced by a factors around 40% with respect to what we obtain in the “without-TN”
protocol. In both cases, however, signatures of a scaling law with exponent ∼ 0.14 are
obtained by fitting simulations data. Even though we are not able to provide analytical
explanation for the scaling law, however, we confirm the observed scaling law by com-
paring with the sharp interface hydrodynamics in the following Section 5.6. In Fig. 5.6
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Figure 5.5: Panel (a): standardized PDFs at changing the thermal length `T at fixed ligament ra-
dius R0 for both simulation protocols (“with-TN” and “without-TN”). Panel (b): stan-
dard deviation, σV , as a function of the thermal length squared `2T at fixed ligament
radius R0 = 7 for both simulation protocols. Error bars are estimated from the stan-
dard deviation of different groups of the configurations.
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Figure 5.6: Panel (a): standardized PDFs of the droplet volumes at changing the ligament radius
R0 for fixed thermal length `T. Only data for the “with-TN” protocol are analyzed.
Panel (b): standard deviations σV at changing ligament radius R0, for fixed thermal
length squared `2T = 1 · 10−4. Error bars are estimated from the standard deviation.
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we show the results of a similar analysis but at changing the ligament radius for fixed
thermal length for the physically relevant “with-TN” protocol. Again, we observe that
the rescaled PDFs collapse well on the same master curve. Data are more scattered with
respect to Fig. 5.5 due to the smaller number of simulations used to compute the PDFs.
Overall, we notice that the PDFs reported in Fig. 5.5(a) and Fig. 5.6(a) display fatter
tails with respect to a Gaussian distribution. If from one side one could say that the
statistics accumulated on the tails may be not enough to precisely quantify them, from
the other side we will also present in Section 5.6 data on sharp interface hydrodynam-
ics supporting the view that those tails are definitively non Gaussian. Regarding the
standard deviation (Fig. 5.6(b)), we observe a scaling law close to 3, σV ∼ R3

0 that is
what one would expect based on pure geometrical considerations. Regarding the con-
nection between the distribution of volumes and breakup times, one could say that if
the former is Gaussian and the latter log-normal, then an Arrhenius-like scenario could
be invoked to connect the two, i.e. t∗ ∼ e∆E/kBT, with ∆E some energy contribution
proportional to the volume variation. However, it must be noted that the volume distri-
bution in Fig. 5.5(a) and Fig. 5.6(a) are slightly non-Gaussian, hence the above relation
would imply also some departure from log-normality for the time distribution, further
data would be needed to clarify this issue.

5.6 Comparison with sharp-interface hydrodynamics

In the previous sections we observed that rescaled PDFs of droplet volumes display a
sub-Gaussian shape for small volume fluctuations, and higher tails for larger fluctuations
(see Fig. 5.5(a) and Fig. 5.6(a)); moreover the standard deviation displays signatures
of scaling laws in `2T (see Fig. 5.5(b)). To better reveal the origin of the shape of the
PDFs and the scaling law for the standard deviation, we conducted additional numerical
simulations with deterministic sharp interface hydrodynamics [34,35]. This comparison
with sharp interface hydrodynamics can also elucidate the role of the diffuse interfaces
which are inherent to the LBM approach. We numerically considered an axisymmetric
formulation of the lubrication equation of sharp interface hydrodynamics [34, 35, 58]
(shown in Eq. (2.19) and Eq. (2.20)). We use a finite difference scheme with total
variation diminishing method [58] to solve the sharp-interface hydrodynamics. In this
approach, the periodic axisymmetric ligament is placed along the x axis and the whole
evolution is described by its height, h(x, t), and its axial velocity, with vx(x, t). To study
the droplet size distributions in the sharp interface hydrodynamics approach, we im-
posed an initial perturbation on the radius in the form R0 + εrΞ(x), with Ξ(x) a random
Gaussian variable with unitary variance and zero mean and εr a small number that is
the analogous of `T that we have used in the LBM simulations. By varying the realiza-
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Figure 5.7: Panel (a): comparison among the standardized PDFs of the droplet volumes follow-
ing the two LBM evolution protocols or the lubrication equations with initial random
disturbance (see text for details). Panel (b): rescaled standard deviation (σV /R0)3 at
changing the rescaled thermal length squared (`T/R0)2 and rescaled Gaussian noise
amplitude (εr/R0)2 for lubrication theory. Error bars are estimated from the standard
deviation of different groups of the configurations.

tion of the variable Ξ(x) in the initial conditions we can compute the PDFs for droplet
volumes. In other words, the hydrodynamic solver is the sharp interface counterpart of
the “without-TN” protocol. The ensemble that we consider now is made of 4000 sim-
ulations, which is larger than what we used for the LBM simulations (see Table 5.1).
This will allow us to see how much of the observed behavior for the LBM simulations
can depend on the statistics analyzed. Results are displayed in Fig. 5.7. We notice that
we obtain fatter tails with respect to a Gaussian distribution. Moreover, the agreement
of the rescaled PDFs is remarkable (Panel (a)), suggesting that the main effect fixing
the shape of the standardized PDF is due to the destabilization of multiple modes in
the deterministic hydrodynamic framework. Further insight is conveyed by the analysis
of the standard deviation σV (Panel (b)). Notice that both σV , εr, `T have been made
dimensionless with the characteristic scale R0 in order to allow for a fare comparison.
The direct comparison against the “with-TN” protocol reveals that the two curves are
offset by a constant factor. This may be due to the diffusive interface of the LBM or the
different viscosity ratio between the LBM simulations (where the dynamic viscosity ra-
tio is 1) and the sharp interface approach (where the dynamic viscosity ratio is infinity).
Further investigation needs to be performed to clarify these points. Nevertheless, we
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wish to point out that the scaling properties with respect to the characteristic amplitude
of the initial perturbation is consistent in all three cases.

5.7 Conclusions

We have used numerical simulations based on fluctuating multicomponent lattice Boltz-
mann methods [32] to study the effects of thermal fluctuations on the breakup time of a
liquid ligament and the associated polydispersity in droplets volumes after the breakup.
To quantitatively understand the role of thermal fluctuations during the dynamical pro-
cess of the breakup, we have designed two different simulation protocols that allowed
to evolve with or without thermal fluctuations a random initial condition realized over
the ligament interface. From one side, the thermal fluctuations allow to speed-up the
breakup process [47, 49] and to obtain larger polydispersity; from the other side, the
shape of the resulting PDF for droplet volume appears to be primarily generated by a
dynamical process that does not involve fluctuating hydrodynamics.The leading mech-
anism is that of a fastest-growing mode that is destabilized by the Plateau-Rayleigh
instability, and other unstable modes (growing at the lower rate) that provide – if ini-
tialized with random phases and amplitudes – an effective noise broadening the final
distributions of droplet volumes. From a future perspective, there are various exciting
issues to be investigated. For example, it could be a challenging problem to predict the
observed shape for the PDFs directly from sharp interface hydrodynamics, as well as the
scaling laws for the standard deviations or the breakup time. We also remark that the
thermal lengths that we explored are quite small in comparison to the ligament radius.
Hence, it could be a challenging computational task to extend our study in a range of
parameters with larger thermal lengths [45, 49]. In the next chapter, we integrate the
finite-size particle into our FLBM model, and show the integrated model can provide
correct physical predictions of the particle’s dynamcs.





CHAPTER 6
Particle settling in a confined
fluctuating multicomponent fluid*

This chapter studies the motion of a spherical particle driven by a constant volume force in a confined
channel with a fixed square cross-section. The channel is filled with a mixture of two liquids under the
effect of thermal fluctuations. In the absence of thermal fluctuations, we quantitatively compute the
drift velocity at changing the particle radius and compare it with previous experimental and numerical
data. In the presence of thermal fluctuations, we study the fluctuations in the particle’s velocity at
changing thermal energy, applied force, particle size, and particle wettability. The importance of
fluctuations concerning the mean drift velocity is quantitatively assessed, especially in comparison to
unconfined situations. Results show that confinement strongly enhances the importance of velocity
fluctuations, which can be one order of magnitude larger than what expected in unconfined domains.

6.1 Introduction

Complex flow phenomena involving dispersions of particles moving in viscous fluids are
of interest for their theoretical relevance in the framework of non-equilibrium statistical
mechanics [175, 176]. Such phenomena are also relevant in a variety of applications,
ranging from large [4] to small scales [15]. The corresponding theoretical description at
the large scales hinges on the deterministic Navier-Stokes equations [177,178], suitably
coupled to the surface of the particles via hydrodynamic boundary conditions; these, in
turn, account for the affinity of the particle towards the fluid and result in macroscopic

*Under review: X. Xue, L. Biferale, M. Sbragaglia, F. Toschi Particle settling in a fluctuating multicomponent
fluid under confinement, submitted to Phys. Rev. E., (2019)
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properties, such as slip, wettability, etc. For the microscopic scales problems, people
tend to use particle-based method to mimic molecules collisions. In the last decade,
there has been a boost to push the applicability of LBM simulations towards nano-scales
via the inclusion of thermal fluctuations [26–31]. In the last chapter, we applied the
methodology to study the breakup of liquid ligaments with presence of thermal fluc-
tuations [32, 33], and quantitatively studied the effects of thermally excited capillary
waves on the breakup properties [50]. In this chapter, we propose a novel application
of the FLBM. Specifically, we quantitatively characterize the motion of a spherical col-
loidal particle driven by a constant volume force in a confined nanofluidic channel. The
channel is filled with a fluctuating multicomponent mixture of two fluids. The FLBM is
particularly versatile in allowing the characterization of the particle’s velocity fluctua-
tions at changing the various free parameters in the problem, i.e. the particle radius,
the thermal energy, the driving force, and the particle wettability. From one side, we
will show that the results of the simulations quantitatively agree with the prediction of a
Langevin equation with Gaussian noise and effective friction that accounts for the effects
of confinement. From the other side, we will compare the particle’s velocity fluctuations
to its mean drift velocity, highlighting the difference between unconfined and confined
situations. The chapter is organized as follows. In Section 6.2 we will present the set-
up for the numerical simulations and we will present validation studies in the absence
of thermal fluctuations, by comparing the drift velocity with previous experimental and
numerical data. Results in the presence of thermal fluctuations will be presented in
Section 6.3. Conclusions will follow in Section 6.4.

6.2 Numerical set-up and Validation

The set-up for the numerical simulations is sketched in Fig. 6.1. A particle with diameter
d is placed in a long channel with square cross section L × L. The particle is initially
placed with its center of mass lying in the center of the square cross-section and is driven
by a volume force, g, acting in the z direction. The resulting force on the particle is

Fp =
4

3
π

(
d

2

)3

(ρp − ρtot)g (6.1)

where ρp is the particle density which is set to ρp = 2ρtot. The channel is resolved with
L × L × Lz = 60 × 60 × 900 lbu. The channel is closed with walls in all directions;
this choice is instrumental to fully appreciate the effects of confinement. A neutral wet-
tability boundary condition is chosen for all the bounding walls, while three different
wettabilities are considered at the interface between the particle and the fluid: these cor-
respond to wetting angles θ = 120.5, θ = 90◦, θ = 55.0 and will be denoted hereafter as
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Figure 6.1: Sketch of the setup for the particle settling numerical simulations. The computational
box is a rectangular parallelepiped of height Lz and square base L × L. The solvent
fluid is a fluctuating mixture of two non-ideal components, A and B, with majority
of the component A in the bulk phase. The whole system is under the effect of the
volume force, g, acting in the z direction. The mixture and the particle are simulated
using lattice Boltzmann models (LBM) on a regular three dimensional lattice. The
LBM implementation is further equipped with thermal fluctuations (fluctuating LBM,
FLBM [32]) to mimic the effect of noise at the small scales. The particle’s velocity is
tracked as a function of time and we quantify its statistical properties (average 〈U (z)

conf〉
and fluctuations ∆U

(z)
conf) in the statistically steady state.

“hydrophobic”, “neutral” and “hydrophilic”. The square cross section is kept fixed in all
numerical simulations, while different particle’s diameters are considered. Different val-
ues of the thermal energy and driving force are also simulated. The simulations parame-
ters are chosen in the following ranges: d/L ∈ [0.133 : 0.67], kBT ∈ [1 ·10−5 : 0.45 ·10−3]
lbu, g ∈ [5 · 10−7 : 5 · 10−5] lbu.
We have first validated the numerical set-up without thermal fluctuations. To this aim,

we measured the steady drift velocity of the particle at changing the particle diame-
ter. The steady drift velocity in the confined (conf) channel will be proportional to the
driving force and inversely proportional to the friction ςconf

U
(z)
conf =

Fp

ςconf
. (6.2)
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In unconfined (unconf) domains one would expect the Stokes-law for the friction ς =
3πηd. However, it is known from the literature that confinement enhances friction and
reduces the drift velocity in comparison to the unconfined cases [101, 179–182]. We
therefore focused the attention on the ratio cm as a function of d/L. cm is defined as the
ratio between the particle’s drift velocity under confinement and the Stokes’ prediction
for an unconfined particle driven by the same volume force

cm(d/L) =
U

(z)
conf

U
(z)
unconf

. (6.3)

To keep the notation simple, cm(d/L) will be replaced by cm in the rest of the article.
Results are in good agreement with the experimental observations. Discrepancies which
may be observed with coarser grids (results from [14]) become essentially negligible
with our finer grids. We also observe that there is almost no dependency on the wetta-
bility condition.

6.3 Particle settling under thermal fluctuations and con-
finement effects

After the validation of the results in the absence of thermal fluctuations, we switched-on
the thermal noise in the LBM simulations and studied the corresponding fluctuations in
the particle’s velocity U (z)

conf in the confined environment. As we have seen in the previous
section, the friction acting on the particle is clearly affected by confinement, and it
increases with respect to the unconfined case. This increase in friction is quantitatively
well reproduced by the simulations (cfr. Fig. 6.2). Fluctuations are added in the LBM in
compliance with the fluctuation-dissipation balance [32,33]; thus - as a first guess - one
could invoke a simplified picture based on a Langevin equation for the particle’s velocity
in the direction of volume force [61]. We follow Eq. (2.35) to build up the particle’s
equation of motion with additional force Fp, and we obtain

mp
dU

(z)
conf(t)

dt
+ ςconfU

(z)
conf(t) = Fp + ζ(t), (6.4)

where mp = πd3ρp/6 represents the particle’s mass. The scalar term ξ(t) stands for the
stochastic noise in compliance with the fluctuation dissipation theorem [61], i.e.

〈ζ(t)ζ(t′)〉 = 2ςconfkBTδ(t− t′).
Establishing the correspondence between the mesoscale FLBM dynamics and Eq. (6.4) is
not trivial. Indeed, in order to obtain some “hydrodynamic” interpretation of the FLBM
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Figure 6.2: We report the ratio, cm, between the particle’s drift velocity under confinement and
the Stokes’ prediction for an unconfined particle driven by the same volume force
(cfr. Eq. (7.3)). The ratio cm is considered as a function of the degree of confinement
d/L (cfr. Fig. 6.1) and for different wettability boundary conditions at the particle’s
surface: hydrophilic (blue squares), neutral (green triangles), hydrophobic (red cir-
cles). Results are compared with the experimental results in Ref. [101] and with the
numerical results in [14]. Our numerical investigation agrees well with the previous
numerical and experimental results.

one would need to perform a coarse-graining procedure in the kinetic velocity space
and invoke some multi-scale expansion technique (e.g. Chapman-Enskog [3]) to find
hydrodynamical equations. It has to be noted, however, that such a procedure typically
requires that fields under study slowly vary in time and space; thus, the “equivalence”
between the FLBM simulations and the simple model Eq. (6.4) could fail. Therefore, it
is important to quantitatively investigate if the predictions of Eq. (6.4) can be matched
with the results of the numerical simulations without fitting parameters. Based on this
view, we started to analyze the statistical properties in the particle’s velocity. The steady
state predictions from Eq. (6.4) imply a Gaussian distribution for the velocity fluctua-
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Figure 6.3: Panel (a): Standardized PDFs of particle’s drift velocity at fixed volume force g =
5 · 10−5 (lbu) and fixed thermal energy kBT = 0.45 · 10−3 (lbu). Three different
wettabilities were chosen: hydrophilic, neutral and hydrophobic. To make the PDFs
comparable with a standard Gaussian distribution, we have considered rescaled vari-
ables with zero mean and unitary variance. Data come from different values of the
particle diameter d/L = 0.13, 0.47, 0.67. Results are matched well with standard
Gaussian distribution. Panel (b): we report cm as function of d/L. The quantity cm is
computed as the ratio between the average particle’s drift velocity under confinement
and the Stokes’ prediction for an unconfined particle driven by the same volume force.
The mean drift velocity matches well with the experimental data [101]. Error bars are
estimated from standard deviation of the particle’s drift velocity fluctuations.

tions

P (U
(z)
conf) =

√
1

2πσ2
p

e
− (U

(z)
conf
−〈U(z)

conf
〉)2

2σ2p (6.5)

where

〈U (z)
conf〉 =

Fp

ςconf
σ2

p =
kBT

mp
. (6.6)

First of all we checked that 〈U (z)
conf〉 =

Fp

ςconf
holds and that the results are compatible with

a Gaussian shape. We report in Fig. 6.3 some representative results for different d/L and
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different wettabilities, while keeping the volume force and the thermal energy fixed to
g = 5 · 10−5 lbu and kBT = 0.45 · 10−3 lbu. To check for the Gaussian shape, we report
the PDF of the quantity x = (U

(z)
conf − 〈U

(z)
conf〉)/σp. As can be seen, 〈U (z)

conf〉 =
Fp

ςconf
holds

and the numerical results collapse well on the Gaussian shape f(x) = e−x
2/2/
√

2π. We
then proceeded in characterizing the dependency of the particle’s velocity fluctuations
∆U

(z)
conf =

√
σ2

p on the three parameters d/L, kBT and Fp. From Eq. (6.6) and mp =

πd3ρp/6 one gets

∆U
(z)
conf =

√
6

πρpL3
(kBT)1/2 (d/L)−3/2. (6.7)

The behavior of the velocity fluctuations at changing g, d/L and kBT, is analyzed
in Figs. 6.4 to 6.6. The results are also compared with the prediction of Eq. (6.7).
As predicted by Eq. (6.7), the velocity fluctuations are independent of the volume force
for fixed d/L and kBT (cfr. Fig. 6.4); we also observe the scaling ∼ (d/L)−3/2 for fixed g
and kBT (cfr. Fig. 6.5) and the scaling ∼ (kBT)1/2 for fixed d/L and g (cfr. Fig. 6.6). To
be noticed that not only the scaling laws but also the pre-factor

√
6/(πρpL3) in Eq. (6.7)

matches very well with the numerical observations. Overall, we observe very little de-
pendency on the particle’s wettability.

Finally, in Fig. 6.7 we consider the velocity fluctuations normalized to the mean drift
velocity, to highlight the impact of the fluctuations with respect to the characteristic
order magnitude of the velocity. Based on Eqs. (6.7) and (7.3) and U

(z)
unconf = Fp/ς,

ς = 3πηd, we obtain

∆U
(z)
conf

U
(z)
conf

= 18

√
6η2

(ρA + ρB)2πρpL7

(kBT)1/2 (d/L)−7/2 g−1

cm
(6.8)

where we have related the particle’s velocity to the unconfined velocity via the ratio cm
(cfr. Eq. (7.3)). To gain insight on the importance of confinement, we also compared
the present results with the unconfined predictions ∆U

(z)
conf/U

(z)
conf obtained by setting

cm = 1 in Eq. (6.8). In Fig. 6.7, we report ∆U
(z)
conf/U

(z)
conf , ∆U

(z)
unconf/U

(z)
unconf at changing

d/L for selected values of g and kBT. We also compare with the theoretical predictions
obtained from Eq. (6.8). The numerical data are well in agreement with the theory
for all values of d/L. The unconfined theory is well reproduced only at small d/L,
as expected. Notice that for the largest d/L we observe a dramatic enhance of the
importance of confinement, which is about one magnitude higher than the unconfined
theory.
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Figure 6.4: Particle’s velocity fluctuations ∆U
(z)
conf as a function of the volume force g, at changing

d/L and thermal energy kBT. Results are compared with the theoretical prediction
given in Eq. (6.7). Panel(a) shows the results under the degree of the confinement
d/L = 0.13, and Panel (b) presents the results at d/L = 0.47. Our simulation data
fit well with the theory at all g for Panel(a) and Panel(b). Also, particle’s velocity
fluctuations show no dependency on the volume force g. When the particle reaches
the stationary state, we equally split the data set in five time intervals. Error bars are
the standard deviations from different groups of the configurations.

6.4 Conclusion

In this chapter, we studied the settling of a spherical particle with diameter d in a fluc-
tuating multicomponent fluid. The system is driven by a constant volume force g in a
confined channel with a square cross-sectional area L×L. Our simulations hinge on the
fluctuating lattice Boltzmann methodology (FLBM) coupled with a finite-size particle
model with tuneable wettability [21]. We have first validated the numerical set-up in
the absence of thermal fluctuations. In agreement with earlier numerical studies [14] on
single component LBM, our numerical simulations with the multicomponent LBM well
reproduce the frictional properties of a confined particle [101]. We have then switched-
on thermal fluctuations, and we have systematically characterized the steady-state sta-
tistical properties (i.e. average and fluctuations) of the particle’s velocity at changing
the thermal energy kBT, the degree of confinement d/L, the volume force g. The results
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Figure 6.5: Particle’s velocity fluctuations as a function of d/L at changing the volume force g and
the thermal energy kBT. Results are compared with the theoretical prediction given
in Eq. (6.7). Panel(a) shows results at g = 5 · 10−7(lbu), and Panel(b) shows results
at largest volume force g = 5 · 10−5(lbu). Three different lines are the theoretical
predictions from Eq. (6.7) at kBT = 1 ·10−5, 1 ·10−4, 0.45 ·10−3(lbu). Our simulation
data fit well with the theory at all d/L. When the particle reaches the stationary
state, we equally split the data set in five time intervals. Error bars are the standard
deviations from different groups of the configurations.

of the numerical simulations show a precise matching with the predictions of a simpli-
fied Langevin-type scenario, accounting for the motion of a particle subject to the linear
frictional law induced by confinement and in the presence of a stochastic force satisfying
the fluctuation-dissipation theorem [60]. We think this is a nontrivial result since the
coarse-grained description of FLBM requires some "hydrodynamical assumption", and
this could be well violated by the presence of mesoscale fields that do not vary smoothly
in space and time. On a quantitative basis, results in the presence of confinement show
that the numerical tool is quite versatile in handling quantitative changes in frictional
properties across orders of magnitude. Correspondingly, the measured ratio between the
velocity fluctuations and the mean velocity comes out to be dramatically increased in the
presence of confinement. Having accomplished these steps, the natural follow-up could
be represented by the numerical simulations of the particle motion in the presence of a
heterogeneous interface [51]. This makes the presented numerical results particularly
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in Eq. (6.7). Panel (a) and (b) shows that simulation data match well with the theory
at all kBT under the volume force g = 5 · 10−5, 5 · 10−6, 5 · 10−7(lbu). When the
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Error bars are the standard deviations from different groups of the configurations.

relevant on the future perspective of achieving a further upgrade of the FLBM simula-
tions as quantitative tools for the study of complex fluids with colloidal particles. In the
next section, we prove that our numerical model can recover the particle’s Brownian
motion in the fluctuating multicomponent fluid.
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Figure 6.7: Particle’s velocity fluctuations normalized to the average velocity in both confined
(conf) and unconfined (unconf) environments, as a function of the normalized parti-
cle’s diameter d/L. We change both the volume force g and the thermal energy kBT:
g = 5 · 10−7 lbu, kBT = 1 · 10−5 lbu (Panel (a)), g = 5 · 10−5 lbu, kBT = 1 · 10−5

lbu (Panel (b)), g = 5 · 10−7 lbu, kBT = 0.45 · 10−3 lbu (Panel (c)), g = 5 · 10−5 lbu,
kBT = 0.45·10−3 lbu (Panel (d)). Theoretical prediction for the confined cases is given
in Eq. (6.8). Theoretical prediction for unconfined cases is obtained using Eq. (6.8)
with cm = 1. Error bars are the standard deviations from different groups of the
configurations.





CHAPTER 7
Particle Brownian diffusion in a
confined multicomponent fluid*

This chapter studies the diffusivity of a small particle immersed in a square box filled with a non-
ideal multicomponent fluid in the presence of thermal fluctuations. At changing the wettability on
the particle surface, we measure the particle’s mean-squared displacement and compare with the
prediction of the Stokes-Einstein theory. Two main set-ups are tested, involving periodic boundary
conditions and wall boundary conditions realized on the computational box. We find that full periodic
boundary conditions give rise to random advection after millions of lattice Boltzmann time steps, while
this effect is mitigated in the presence of wall boundary conditions. The matching with the Stokes-
Einstein relation is therefore guaranteed when we use the appropriate frictional properties measured
in the presence of confinement.

7.1 Introduction

In the last chapter, we investigate the finite-size particle coupling with FLBM frame-
work and quantitatively show that our results match well with Langevin equation. We
continue to evaluate the algorithm through performing the Brownian motion of the
finite-size particle in the fluctuating multicomponent fluid. In such conditions, the mean
squared displacement (MSD) of the particle is expected to follow the Einstein’s relation
in time t 〈

(x(t)− x(t0))2
〉

= 6Dunt,

*In preparation: X. Xue, L. Biferale, M. Sbragaglia, F. Toschi A lattice Boltzmann study on Brownian
diffusion and friction of a particle in a confined multicomponent fluid, (2019)
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where the particle is located at x and the diffusion coefficient is indicated with Dun.
Based on the fluctuation-dissipation relation [60], the diffusion coefficient Dun can be
represented by kBT/(6πµRp), where kBT is the system thermal energy, µ is the dynamic
viscosity and Rp is the particle radius. Notice that the denominator in Dun is essentially
the friction coefficient experienced by a spherical particle with radius Rp in unconfined
domains. Due to the large computational cost associated with the study of Brownian
motion, only short-time Brownian motion studies of colloids have been proposed in the
FLBM framework [5]. However, the long-time Brownian motion has rarely been studied.
In this paper, we aim to quantitatively tackle the problem of the Brownian motion of a
wetted particle immersed in a multicomponent fluid. In Section 7.2, we discuss about
our simulation setup. Then we discuss the results in Section 7.3, we show that the
particle experiences a random advection by using periodic boundary condition which
does not allow a fair assessment of the Einstein’s relation with the diffusion coefficient
predicted by the fluctuation-dissipation relation [60]. This pathology is removed when
working with wall boundary conditions; the precise matching with the Einstein’s rela-
tion, however, requires the knowledge of the friction in presence of confinement. We
make conclusion in Section 7.4

7.2 Numerical set-up

The numerical set-up for the Brownian motion simulation is shown in Fig. 7.1. We place
a nanosphere particle with radius Rp in the cubic box with domain size L × L × L,
where L = 60 lbu. The domain boundary conditions can be periodic boundaries or
neutral wetting walls. The box is filled with mixed two species of fluids (A and B). The
component A is the majority of the fluid with density ρA = 2.21 lbu, while component B
is the minority fluid with density ρB = 0.09 lbu. The particle can be tuned as hydrophilic
(preference to component A), neutral (no preference) or hydrophobic (preference to
component B) cases. Also, the density of the particle is set to ρp = 2ρtot. The self-
diffusion time tdiff is the time unite for the Brownian motion simulations, which is defined
as

tdiff = R2
p/ν, (7.1)

where ν is the kinematic viscosity which is set to 1/6 lbu. To perform simulations and
match the asymptotic Brownian motion behavior with the Einstein’s prediction, we need
at least 104 time units. Thus, we cannot use very high resolution for the particle and
chose the radius of the particle equal to Rp = 4 lbu. The domain size is set to 603 lbu,
and the self-diffusion time unit for the particle is tdiff = 96 lbu. The particle’s wetting
parameters, w, (defined in Eq. (3.62) Eq. (3.63)) are set to w = −0.88 (hydrophilic),
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Figure 7.1: Sketch of the setup for the Brownian motion of the wetted particle in the cubic box.
The box is an isometric domain with a size of L × L × L. The solvent is a fluctuat-
ing mixture of two components, A and B, with the majority of component A in the
bulk phase. The solvent solver is based on the implementation of multicomponent
FLBM [32] which simulates the effect of noise at the nanoscale. The wetted particle is
coupled with the binary fluid [14,21]. According to the literature [5], the particle will
initially diffuse less than Einstein’s law in the short-time correlation. We elongate the
simulation and compare the particle’ mean square displacement(MSD) results against
Einstein’s theory.

w = 0 (neutral), and w = 0.32 (hydrophobic). The thermal energy is set to kBT =
1 · 10−4 lbu. Therefore, in each wetting parameter, we perform simulations with 107 lbu
timesteps with 10 realizations to get enough statistics.

7.3 Results

We start by analyzing a case with periodic boundary conditions [5]: the particle is
initially placed in the center of the cubic box and is kicked by the fluctuating sol-
vent. Fig. 7.2 presents the MSD as a function of dimensionless time t/tdiff at changing
wetting parameters w. For t/tdiff < 100, we observe a neat convergence towards the
expected theoretical result. However, the convergent behavior is lost when t/tdiff > 100,
and the MSD eventually deviates from the Einstein’s relation. The reason for the mis-
match is traced back to the fact that the particle is modeled on the lattice and its move-
ment gives rise to a “cover-uncover" behavior on the lattice itself [5,21]. Consequently,
after a long period, the system will develop advection flow in a random direction. The
random advection is removed if As reported in the literature [70], however, the particle
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Figure 7.2: Mean square displacement MSD as a function of the dimensionless time unit t/tdiff

at changing wetting parameters w. Blue, green, and red colors represent wetted
particle equipped with hydrophilic(w = −0.88), neutral(w = 0) and hydrophobic
cases(w = 0.32). Cyan color represent the short-time Brownian motion from Ref. [5].
The particle’s MSD does not match the Einstein’s prediction when t/tdiff > 100. Error
bars are the standard deviation estimated from different Brownian motion experi-
ments.

will experience confinement effects. Hence, the theoretical estimate of the diffusion co-
efficient needs to be performed by including the friction in presence of the walls. The
diffusion coefficients for the confined and unconfined domain, which are Dconf and Dun

respectively, are defined as

Dconf =
kBT

ςconf
, Dun =

kBT

ς
, (7.2)
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Figure 7.3: cm as a function of the tunable wettability parameter w. We analyze particle settling
simulations in three cases: w = −0.88 (hydrophilic), w = 0 (neutral), and w =
0.32 (hydrophobic). The small figure is the sketch of the cross-section of the particle
settling in a cubic box with domain size L3. The error bars are the standard deviation
of cm estimated from the different setting simulations. The particle with radius Rp is
falling under the gravity g.

where ςconf is the friction of the solvent in the confined situation, and the friction ς is for
the unconfined case.

The friction for the unconfined domain can be calculated through the Stoke’s law. For
the friction under confinement, the friction ςconf can be calculated as ςconf = Fp/U

(z)
conf ,

where Fp is the sum of total external forcing acting on the particle, and U
(z)
conf is the

drift velocity which can be obtained from the particle setting simulation. We perform
particle settling simulations under confinement without thermal fluctuations [101] for
hydrophilic, neutral and hydrophobic cases. The domain size is the same as Brownian
motion simulation which is 603 lbu. We place the particle in the center of the domain,
and apply the gravity acceleration g = 10−6 lbu in the z direction. After a transient time,
the particle’s velocity will reach a stationary state, which is defining the drift velocity.
We define cm as the ratio between the particle’s drift velocity under confinement and
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Figure 7.4: The normalized Brownian particle’s MSD as function of dimensionless time t/tdiff at
changing wettabilities. Panel (a) we normalize with the Einstein’s prediction for an
unconfined domain. Panel (b) we change the Einstein’s prediction by substituting the
diffusivity for unconfined domains with the diffusivity measured in confined domains.
Error bars are the standard deviation estimated from different Brownian motion ex-
periments.

the Stokes’ prediction for an unconfined domain driven by the same volume force:

cm =
U

(z)
conf

U
(z)
unconf

. (7.3)

Figure 7.3 shows the ratio cm as function of wetting parameter w. Three wetting pa-
rameters, which are w = −0.88, w = 0,w = 0.32 representing hydrophilic, neutral and
hydrophobic cases respectively, have been investigated. As we can see, the ratio cm is
always smaller than 1, indicating that the friction under confinement is larger than the
Stokes’s friction. Also, we observe that larger error bar appears when the particle is
in hydrophobic case, which indicates that the particle is more sensitive in hydrophobic
situation, further investigation needs to be done. According to Eq. (7.2) and Eq. (7.3),
the diffusion coefficient Dconf can be obtained as:

Dconf =
ς

ςconf
Dun = cmDun. (7.4)
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Consequently, the theoretical expectation for the diffusion coefficient in presence of con-
finement is smaller than the unconfined result. Fig. 7.4 shows the normalized MSD as
function of t/tdiff at changing wetting conditions. In Fig. 7.4 (a), the MSDs for three
wetting conditions are lower than the theoretical predictions normalized by Dun. The
blue, red and green curves do not converge to a same value. This may due to the fact
that the particle is not well resolved, since radius is Rp = 4.0 lbu. If we normalized the
MSD with confined diffusion coefficient Dconf , we can observe that in Fig. 7.4 (b), the
data for three wetting cases are converging to the theoretical predictions.

7.4 Conclusion

In this chapter, we simulate Brownian diffusion of a wetted particle with radius Rp in
a cubic box L × L × L filled with the fluctuating binary mixture. The solvent is sim-
ulated with the multicomponent FLBM [32], and different wettabilities of the particle
have been considered based on [21]. To quantitatively understand the Brownian mo-
tion of the finite-size particle, we have tested two boundary conditions on the cubic
box: periodic and neutral wetted walls. For the periodic set-up, the particle’s motion
experienced a random advection flow which deviates from Einstein’s relation, due to
the “cover-uncover" behavior triggered by the particle’s motion [21]. The use of neu-
tral wetted walls could remove such pathology; however, in presence of confinement,
the friction coefficient needs to be corrected to allow for a precise matching with the
Einstein’s relation. On a future perspective, it would be interesting to place the wet-
ted particle at a fluctuating interface to quantify the capillary effects on the Brownian
motion of the wetted particle. Also, we would like to mention that the particle is still
not very well reserved. Hence, it could be a challenging computational task to perform
numerical simulations with larger resolutions to tackle these kind of problems. In the
next chapter, we make conclusion for the thesis and discuss future perspectives.





CHAPTER 8
Conclusion and future perspectives

In this work, we use fluctuating multicomponent lattice Boltzmann methodology (FLBM)
to study micro-nano fluidics, including ligaments breakup, wetted particle settling in the
fluctuating multicomponent fluid under confinement, and particle’s Brownian diffusion.
Our work combines two different approaches: the multicomponent FLBM [32] and wet-
ted finite-size particle model [21]. With the help of the particle-FLBM methodology, we
can simulate more complex micro and nanoscale phenomenon. For the fluctuating sol-
vent, there have been studies which integrated thermal fluctuations with the LBM frame-
work [26–31]. These works were only considering fluctuating single component fluid
flows. In this thesis, the LBM solver is based on the recent investigations on extending
the thermal fluctuations into the multicomponent fluids [32]. For the finite-size particle
model, people have shown interests to study complex particle-fluid interactions using
LBM, such as particle suspensions [13–17], pickering emulsions [21], self-assembly par-
ticles [22–24]. However, the dynamics of the wetted finite-size particle in the fluctuating
multicomponent fluids has not been well studied in the LBM community. This work has
explored the possible applications of LBM in micro-nano scale fluidics.

In Chapter 4, we did methodological study on the SRT and MRT collision operators
in solving Shan-Chen multiphase flow in the form of a ligament, and compared both
methods with sharp-interface hydrodynamics. Both methods showed similar behavior
of the ligament breakup except when the ligament breakup stage was close to the pinch-
off. Even though MRT was reported to be numerically more stable than SRT, near the
pinch-off region of the ligament, the spurious currents had a higher amplitude in the
case of MRT than for the SRT. SRT could obtain the long-living secondary droplets,
which were not obtained by MRT. Generally speaking, the spurious currents affected
the behavior of the droplet breakup, and our observation that SRT perform better than
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MRT may well depend on the specificity of the parameters chosen here.
Our first application for the multicomponent FLBM was the fragmentation of nano-

ligament, which was presented in Chapter 5. In our simulation, the ligament was initial-
ized with random Gaussian noise at the interface, and the ligament started to breakup
into droplets due to Rayleigh-Plateau instability. We addressed two crucial aspects of
the nanoligament breakup, which were the breakup time and the droplet volume dis-
tributions. Firstly, our work confirmed that the thermal fluctuations can accelerate the
breakup of the liquid ligament. Beyond that, we showed the probability distribution
for the ligament breakup time was a log-normal distribution. Secondly, we addressed
the major droplet volume distributions with and without thermal fluctuations. In both
cases, the droplet distributions were following the sub-Gaussian distribution. We con-
cluded that the fastest growing mode played the leading role in the breakup process,
and other unstable modes presented to enhance the polydispersity. Furthermore, our
results matched well with the sharp-interface hydrodynamics in the scaling law of the
normalized volume standard deviation as a function of the normalized thermal length.

In Chapter 6, we combined the wetted finite-size particle model [21] with the FLBM.
We placed the wetted particle in the middle of the confined channel with a fixed square
cross-section filled with a fluctuating binary mixture of fluid. The system was affected by
a constant volume force, and the particle fell straight to the bottom. When we switched
off thermal fluctuations, the particle would fall with a stationary drift velocity after a
transient velocity oscillation. We first quantitatively validated the particle model in the
absence of thermal fluctuations by comparing experimental data [101] and simulation
results [14]. Then, we showed that the particle can be tuned by a controllable parameter
as reported in Ref. [21]. In the presence of thermal fluctuations, our work measured
the fluctuations of the particle’s drift velocity at various particle’s radius, volume force,
thermal energy, and wettability. We quantitatively matched our simulation data with a
theoretical model from the Langevin equation without fitting parameters.

In Chapter 7, we performed the Brownian diffusion simulations of a single finite-size
spherical particle. The first trial was to follow the previous study in [5] and applied peri-
odic boundary conditions to the cubic box. However, this implementation developed an
advective flow in a random direction after millions of lattice Boltzmann timesteps due to
the cover-uncover behavior of the finite-size particle [5, 14, 21]. Also, the mean square
displacement of the particle deviated from Einstein’s relation. Thus, we applied wall
boundaries with neutral wetting to remove this problem. After having applied correc-
tions due to the wall effect, we matched the Einstein relation for various wettabilities.

This work contains novel developments on FLBM simulations and Brownian particle
dynamics. But there are still a lot of open questions to be answered. In Chapter 5,
we were not able to explain the log-normal like distribution for the ligament breakup
time and sub-Gaussian distribution for the droplet volume distribution. It would be
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interesting to see whether it could be explained theoretically. Even though both LBM
simulations [50] and sharp-interface hydrodynamics (lubrication theory) [35] captured
the same scaling law for the standard deviation of the droplet’s volume and thermal
length, we still lack analytical support for the scaling law. We observed that satellite
droplets evaporated because of low resolution [10, 11], which could be investigated
with a higher resolution. Moreover, the wetted finite-size particle coupling with multi-
component FLBM is still a computational challenge. In Chapter 7, it was discussed that
the particle was still not well resolved. In order to be sufficiently resolved, the finite-
size particle needed at least a radius of Rp = 8 lbu, for which it was computationally
extremely diffcult to recover the Stokes-Einstein relation. The computational model can
be improved by using a higher-order interpolated bounce back scheme [69] or LBM im-
mersed boundary method [183] to provide a smaller radius but higher computational
accuracy. Moreover, it would be beneficial to use the graphical processor unit (GPU) to
accelerate the simulation, since the simulation cost of the Brownian particle in this work
is most of all limited by computational time rather than the domain size. In addition,
it would be interesting to model the dynaimcs of a Brownian particle at a fluctuating
multicomponent interface. We would welcome further contributions in the micro-nano
fluidics using LBM as a computational tool.





APPENDIX A
Detailed parameter table for the
robustness Laplace test

In this appendix, we present tables of Laplace tests results in the following parameters
sets using the Shan-Chen multicomponent method in Table A.1 and Table A.2. The
results has been used in Chapter 3 to reproduce the Fig. 3.7.

G ρtot ρB ρA γ # of grids
bulk density at interface

1 2.1 0.660759 1.43924 0.00527801 11.353
1 2.2 0.546765 1.65324 0.0137529 10.2792
1 2.3 0.469022 1.83098 0.0239 9.30371
1 2.4 0.409716 1.99028 0.035554 8.57608
1 2.5 0.361985 2.13802 0.0485763 8.24552
1 2.6 0.322325 2.27767 0.0628598 7.94863
1 2.7 0.288664 2.41134 0.0783226 7.32502
1 2.8 0.25966 2.54034 0.0949013 6.86524
1 2.9 0.234383 2.66562 0.112546 6.7979
1 3 0.212161 2.78784 0.131216 6.46922

1.1 1.9 0.614471 1.28553 0.00411775 11.5657
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G ρtot ρB ρA γ # of grids
bulk density at interface

1.1 2 0.497059 1.50294 0.0125027 10.2792
1.1 2.1 0.42038 1.67962 0.0227274 9.17159
1.1 2.2 0.363079 1.83692 0.0345935 8.50978
1.1 2.3 0.317594 1.98241 0.0479392 8.11389
1.1 2.4 0.280207 2.11979 0.062643 7.58796
1.1 2.5 0.248769 2.25123 0.0786144 7.0297
1.1 2.6 0.221904 2.3781 0.0957845 6.86404
1.1 2.7 0.198672 2.50133 0.1141 6.60048
1.1 2.8 0.178398 2.6216 0.133517 6.40246
1.1 2.9 0.160577 2.73942 0.154004 6.20468
1.1 3 0.144821 2.85518 0.17553 6.0724
1.2 1.7 0.645467 1.05453 0.000979021 11.7946
1.2 1.8 0.488469 1.31153 0.00846081 10.6308
1.2 1.9 0.40231 1.49769 0.0181208 9.40475
1.2 2 0.34143 1.65857 0.0296284 8.57608
1.2 2.1 0.294574 1.80543 0.0427792 8.11414
1.2 2.2 0.256857 1.94314 0.0574227 7.58796
1.2 2.3 0.225641 2.07436 0.0734495 7.02952
1.2 2.4 0.199313 2.20069 0.0907782 6.86365
1.2 2.5 0.1768 2.3232 0.109347 6.46922
1.2 2.6 0.157351 2.44265 0.129108 6.40177
1.2 2.7 0.140414 2.55959 0.150022 6.20388
1.2 2.8 0.125569 2.67443 0.17206 6.07153
1.2 2.9 0.112492 2.78751 0.195197 5.87414
1.2 3 0.100924 2.89908 0.219411 5.51384
1.3 1.6 0.532462 1.06754 0.00292396 11.8125
1.3 1.7 0.413707 1.28629 0.011304 10.1109
1.3 1.8 0.34122 1.45878 0.0218379 9.03787
1.3 1.9 0.288719 1.61128 0.0342561 8.24633
1.3 2 0.247942 1.75206 0.0483537 7.94863
1.3 2.1 0.215017 1.88498 0.0639858 7.1282
1.3 2.2 0.187765 2.01223 0.0810484 6.86404
1.3 2.3 0.164816 2.13518 0.0994647 6.46941
1.3 2.4 0.145247 2.25475 0.119176 6.4018
1.3 2.5 0.128402 2.3716 0.140138 6.20373
1.3 2.6 0.113792 2.48621 0.162314 6.006
1.3 2.7 0.101047 2.59895 0.185677 5.80852
1.3 2.8 0.089876 2.71012 0.210203 5.44819
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G ρtot ρB ρA γ # of grids
bulk density at interface

1.3 2.9 0.080045 2.81996 0.235875 5.31653
1.3 3 0.071368 2.92863 0.262679 5.25027
1.4 1.5 0.471971 1.02803 0.00377 11.353
1.4 1.6 0.366247 1.23375 0.0125862 9.97009
1.4 1.7 0.300357 1.39964 0.0236499 8.64248
1.4 1.8 0.252492 1.54751 0.0366679 8.11414
1.4 1.9 0.215362 1.68464 0.0514288 7.3913
1.4 2 0.185471 1.81453 0.0677866 6.86524
1.4 2.1 0.160828 1.93917 0.0856379 6.60102
1.4 2.2 0.14017 2.05983 0.104907 6.40246
1.4 2.3 0.122641 2.17736 0.125535 6.2042
1.4 2.4 0.107631 2.29237 0.14748 6.07153
1.4 2.5 0.094685 2.40531 0.170707 5.8739
1.4 2.6 0.083456 2.51654 0.195188 5.44819
1.4 2.7 0.073672 2.62633 0.220904 5.31644
1.4 2.8 0.065116 2.73488 0.247838 5.25014
1.4 2.9 0.057611 2.84239 0.27598 5.18404
1.4 3 0.051011 2.94899 0.305322 5.0529
1.5 1.5 0.336608 1.16339 0.0124187 9.70532
1.5 1.6 0.273144 1.32686 0.0237027 8.57608
1.5 1.7 0.227532 1.47247 0.037044 8.04796
1.5 1.8 0.192443 1.60756 0.0522151 7.32502
1.5 1.9 0.164402 1.7356 0.0690621 6.86425
1.5 2 0.14144 1.85856 0.0874776 6.46922
1.5 2.1 0.12232 1.97768 0.107384 6.33596
1.5 2.2 0.106202 2.0938 0.128722 6.0724
1.5 2.3 0.092489 2.20751 0.151449 5.8745
1.5 2.4 0.080739 2.31926 0.175529 5.51384
1.5 2.5 0.070615 2.42938 0.200938 5.38193
1.5 2.6 0.061852 2.53815 0.227655 5.25027
1.5 2.7 0.054241 2.64576 0.255668 5.18409
1.5 2.8 0.047611 2.75239 0.284967 5.0529
1.5 2.9 0.041821 2.85818 0.315547 5.01974
1.5 3 0.036756 2.96324 0.347408 5.83415

Table A.1: Parameters for the numerical simulations for Laplace tests G is coupling coefficient. ρA
is the majority of the droplet density, ρB is the minority of the droplet density. γ is the
surface tension of droplet, and the last row is number of grids near interface.
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ρtot G
1.0 1.1 1.2 1.3 1.4 1.5

1.0 7 7 7 7 7 7

1.1 7 7 7 7 7 7

1.2 7 7 7 7 7 7

1.3 7 7 7 7 7 7

1.4 7 7 7 7 7 3

1.5 7 7 7 7 3 3

1.6 7 7 7 3 3 3

1.7 7 7 3 3 3 3

1.8 7 7 3 3 3 3

1.9 7 3 3 3 3 3

2.0 7 3 3 3 3 3

2.1 3 3 3 3 3 3

2.2 3 3 3 3 3 3

2.3 3 3 3 3 3 3

2.4 3 3 3 3 3 3

2.5 3 3 3 3 3 3

2.6 3 3 3 3 3 3

2.7 3 3 3 3 3 3

2.8 3 3 3 3 3 3

2.9 3 3 3 3 3 3

3.0 3 3 3 3 3 3

Table A.2: Stability test results: table of bulk density ρtot and coupling coefficient G, 7stands for
simulations which fail to keep the shape of sphere droplet. 3stands for simulations
which can sustain the shape of the sphere droplet.



APPENDIX B
Chapman-Enskog expansion

In this section, we show the detailed derivation using the multi-scale Chapman-Enskog
expansion in Section 3.3.1. We start from applying conservation properties of moments.

B.1 Apply conservation properties

We take a look at the BGK operator described in Eq. (3.8), if we insert Eq. (3.23), we
get

Ωi = − 1

τ0

[
fi − f (0)

i

]
= − 1

τ0

[
εf

(1)
i + ε2f

(2)
i +O(ε3)

]
. (B.1)

Also, due to conservation of the collision operator, which described in Eq. (3.10) and Eq. (3.11),
we can insert the collision operator expansion into Eq. (B.1) and get

∑

i

Ω
(k)
i = − 1

τ0
f

(k)
i = 0, (k > 0) (B.2)

∑

i

ciΩ
(k)
i = − 1

τ0
cif

(k)
i = 0. (k > 0) (B.3)

Zeroth order moments



104 Chapman-Enskog expansion

Lets use the mass and momentum conservation law from Eq. (3.6) and Eq. (3.7), we
obtain

ρ =
∑

i

fi =
∑

i

f
(0)
i , (B.4)

and

ρu =
∑

i

cifi =
∑

i

cif
(0)
i . (B.5)

The second-order moment tensor Π is defined as

Π =
∑

i

Qifi, (B.6)

where Qi = cici − c2sI. Therefore, the sum of Eq. (3.25) can be written as
∑

i

Ω
(1)
i = ∂t1

∑

i

f
(0)
i +∇1 ·

∑

i

cif
(0)
i = 0. (B.7)

We insert Eq. (B.4) and Eq. (B.5) into Eq. (B.7), we get the continuity equation Eq. (2.1)
for the timescale t1

∂t1ρ+∇1 · ρu = 0 . (B.8)

For the timescale t2, we can look at Eq. (3.26)
∑

i

Ω
(2)
i = (∂t1 +∇1 · ci)

∑

i

f
(1)
i

+ (∂t2 +
1

2
∂2
t1 + ∂tt∇1 · ci +

1

2
∇1∇1 : cici)

∑

i

f
(0)
i = 0.

(B.9)

The first bracket multiplies with
∑
i f

(1)
i is equal to 0, due Eq. (B.2) and Eq. (B.3). We

insert zero, first and second moment to the system, and the second bracket can rewrite
as

∂t2ρ+ ∂t1∇ · ρu +
1

2
(∂2
t2ρ+∇1∇1 : Π(0) + c2s∇2

1ρ) = 0. (B.10)
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First order moments

We follow the same logic for zero order moments strategy by multiplying ci to Eq. (B.7)
and Eq. (B.9) and we get

∑

i

ciΩ
(1)
i = ∂t1

∑

i

cif
(0)
i +∇1 ·

∑

i

cif
(0)
i = 0 (B.11)

and
∑

i

ciΩ
(2)
i = (∂t1ci +∇1 · cici)

∑

i

f
(1)
i

+ (∂t2ci +
1

2
∂2
t1ci + ∂tt∇1 · cici +

1

2
∇1∇1 : cicici)

∑

i

f
(0)
i = 0.

(B.12)

Then, we insert the macroscopic quantity into the above Eq. (B.11) and Eq. (B.12), we
get

∂t1ρu +∇1 ·Π(0) + c2s∇1ρ = 0 , (B.13)

and

∇1 ·Π(1) + ∂t2ρu +
1

2
∂2
t1ρu + ∂t1∇1 ·Π(0) + c2s∂t1∇1ρ+

1

2
∇1∇1 : R(0) = 0 , (B.14)

where R(0) is a 3D tensor which defines as R(0) =
∑
i cicici)f

(0).

B.2 Towards Navier-Stokes equations

The first equation to recover is the continuity equation. We use Eq. (B.10) minus one
half of Eq. (B.8) and we get

∂t2 +
1

2
(∂t1∇ · ρu +∇∇ : Π(0) + c2s∇2

1ρ)︸ ︷︷ ︸
=0

= 0. (B.15)

The clearly the equation within the parenthesis is 0, due to Eq. (B.13). Then, we find
the derivative of density at timescale of t2

∂t2ρ = 0 . (B.16)
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This equation shows that at diffusive timescale t2, the density of the fluid remain con-
stant. Next, we combine the fast-changing timescale t1, which connect to the advection
timescale Eq. (B.8). We show that the LBM can recover the mass conservation equation
of the Navier-Stokes equations, which is the same to Eq. (2.1)

∂tρ+∇ · (ρu) = 0 . (B.17)

Now, the target is to find the momentum conservation equation of the Navier-Stokes
equations. We multiply 1/2 to Eq. (B.13) and minus by Eq. (B.14), we get

∇1Π(1) + ∂t2ρu +
1

2

(
∂t1∇1Π

(0) + c2s∂t1∇1ρ+∇1∇1 : R(0)
)
. (B.18)

Then, we multiply ε to Eq. (B.13) and multiply ε2 to Eq. (B.18). Now, these two
equations have the same order in perturbation analysis, and we can add them together
and obtain

(ε∂t1 + ε2∂t2)ρu+

ε∇1 ·
[
Π(0) + εΠ(1) + (1 +

ε

2
∂t1)c2sρI +

ε

2
∂t1Π

(0) +
1

2
ε∇1 ·R(0)

]
= 0.

(B.19)

If we do the inverse perturbation analysis, for the known terms, then we are one step
closer to the momentum conservation equation

∂tρu +∇ ·
[

Π(0) + εΠ(1) + (1 +
1

2
∂t)c

2
sρI +

ε

2
∂t1Π

(0) +
1

2
∇ ·R(0)

]
= 0 . (B.20)

To fully recover the momentum conservation equation, we still have several unknown
moments to calculate, which are Π(0), Π(1), ∇·R(0), ∂t1Π

(0). The detailed computation
of these variables can be found in Ref. [72]. Here, we only list the results

Π(0) = ρuu,

Π(1) = −τ0c2sρ
[
∇1u + (∇1u)T

]
,

∇ ·R(0) = c2s
[
(∇ρu) +∇ · ρu + (∇ · ρu)T

]
,

∂t1Π
(0) = −c2s [(∇1ρ)u + u(∇1ρ)] .

(B.21)

Once, we insert the moments expression in Eq. (B.21) to Eq. (B.20), and replace ε∇1

with ∇ (follow Eq. (3.22)). Combining equation of state for the lattice Boltzmann p =
c2sρ, the momentum conservation equation can be derive as

∂tρu +∇
[
ρuu + pI− ρc2s

(
τ0 −

1

2

)(
∇u + (∇u)T

)]
= 0 . (B.22)
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This equation is equivalent to the compressible Navier-Stoke equation, which show
in Eq. (2.2).
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Summary

Fluctuating multicomponent hydrodynamics
via the lattice Boltzmann models

This Ph.D. project works on the exploration and validation of the lattice Boltzmann
methods at small scales. The method includes the particle-fluid interaction with thermal
fluctuations at the multicomponent fluid. Generally speaking, the lattice Boltzmann
method is well-known as a mesoscopic method, so it is a challenging task to explore
new applications in the micro-nano scales. Our interest is triggered by the contradicting
results from experimental and numerical studies for the Brownian nanoparticles at the
air-water interface. The experimental research shows that the nanoparticles will feel
larger viscous drag when the particle is more expose in the air. However, the molecular
dynamics simulation finds the opposite conclusion. The key to this contradiction is to
understand the fluctuating capillary waves at the interface. Our numerical model lets us
focus on analyzing the effects of the fluctuating interface for the Brownian particle. To
this aim, we separated our work into two major parts. Firstly, we validated our model
with interfacial flow problems. Secondly, we needed to ensure that our model is accurate
enough to recover the particle’s Brownian motion in the multicomponent fluid.

In the first part of the thesis, we chose the liquid ligament breakup as a hydrody-
namical check and studied the breakup process with and without thermal fluctuations.
In Chapter 4, we compared both SRT and MRT collision operator on the Shan-Chen
multiphase lattice Boltzmann without thermal fluctuations. We compared two collision
operator with theoretical and experimental results. We found that the SRT presents
closer approximation to the physical state than the MRT. Despite MRT granting higher
numerical stability, it showed a higher spurious currents pattern localized at the pinch-
off region. In Chapter 5, we presented the ligament breakup process, both with and
without the thermal fluctuations. Our results confirmed that the presence of thermal
fluctuations would accelerate the ligament breakup. Also, we quantitatively calculated
the breakup time distribution and the distribution of the droplets at different intensities
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of the thermal noise.
In the second part of the thesis, we integrated the finite-size particle model into the

fluctuating multicomponent LBM. In Chapter 6, we performed particle settling in the
square cross-section confinement under the influence of an external force. The con-
finement was filled with fluctuating binary mixture of two fluids. Quantitatively, our
numerical results match well with the analytical solution from the Langevin equation.
In Chapter 7, we took a step further and examined the particle’s Brownian motion in
both a periodic and confined geometry. We showed that the periodic boundary condi-
tion would generate random advection flows due to the cover-uncover behavior of the
particle. However, the confined case would fix the issue. Considering the friction coeffi-
cient in confinement, we could show that the particle can recover Einstein’s relation.

For the future perspectives, it is interesting to place the particle at the fluctuating
interface and study the effect of the interface acting on the particle’s Brownian motion
at different wettabilities. All the observed findings underscore the versatility of the LBM
simulations in concrete applications involving the dynamics of interfaces and colloidal
particles in the presence of thermal fluctuations, and they are of practical importance
for engineering micro- and nanofluidic devices.
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