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Abstract

In this study, an efficient ghost cell-based immersed boundary method is used to per-

form direct numerical simulations of mass-transfer processes in bidisperse arrays. Sta-

tionary spherical particles, with a size ratio of 1.5, are homogeneously distributed in a

periodic domain in the spanwise directions. Simulations are performed over a range of

solids volume fractions, volume fraction ratios of small-to-large particles, and Reynolds

numbers. Through our studies, we find that large particles have a negative influence

on the overall mass-transfer performance; however, the performance of individual par-

ticle species is independent on the relative volume fraction ratios. We propose two

correlations: (a) a refitted Gunn correlation for a better description of the interfacial

transfer performance based on individual particle species; (b) a fractional calculation

for a simple estimation of the overall performance in bidisperse systems using charac-

teristics of individual particle species. We also investigate how well the overall mass-

transfer coefficient can be predicted by defining an appropriate equivalent diameter.

K E YWORD S

bidisperse mixture of spheres, fluid–particle systems, immersed boundary method, mass

transfer, Sherwood number correlations

1 | INTRODUCTION

Fluid–particle systems are frequently encountered in a wide range of

processes, such as catalytic transformation in the chemical industry,

crude oil cracking in the petrochemical industry, coal combustion in

the energy industry, and pellet synthesis in the pharmaceutical indus-

try. In these systems, the flow structure is highly complex, and the

associated mass transfer introduces additional considerable complexi-

ties. Due to many practical issues, such as attrition, collision, erosion,

deposition and sintering, the size of particles may be significantly

altered, leading to a more physically complex system. For example,

varying particle sizes will change the structure of the surrounding

gas–solid suspension and consequently influence the interstitial flow

behavior, the wake generation, and dissipation as well as the forma-

tion of the mass-transfer boundary layers. Neglecting the size

distribution may result in a considerable deviation between expected

and actual performance. Hence, fundamentally understanding the

mass-transfer processes in fluid–particle systems with nonuniform

particle sizes is of paramount importance.

The key parameter describing the mass-transfer characteristics

inside a fluid–particle system is the mass-transfer coefficient, or in its

dimensionless form, that is, the Sherwood number. In the past

decades, many researchers, such as Thoenes and Kramers,1 Daizo and

Motoyuki,2 Nelson and Galloway,3 Dwivedi and Upadhyay,4 Hsiung

and Thodos,5 Gunn,6 Wakao and Funazkri,7 and Fedkiw and New-

man8 performed experimental investigations and proposed various

empirical correlations based on their experimental data. However, in

their work either monodisperse particles are used for experiments or

a uniform particle size is assumed for interpreting the results. Besides,

these correlations can only provide engineers a quick estimation of
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the average mass-transfer rate, they do not quantify detailed informa-

tion of the process such as spatial variation and temporal evolution.

Under these circumstances, direct numerical simulation (DNS) has

recently attracted researchers' interest to resolve all the details at a

subparticle level, that is, length scales smaller than the particle size. As

such, DNS provides fundamental insights of such highly heteroge-

neous systems.9-11 One additional advantage of DNS is its ability to

perform quantitatively accurate parameter studies that can be used to

derive closure relations for fluid–particle-transfer coefficients. These

relations can be further applied in larger scale models for those

unclosed terms, with the ultimate target of a better prediction of real-

istic processes in industry.12

Bidisperse fluid–particle systems are rarely studied in the scientific

community using DNS. Maier et al13 studied random bidisperse

sphere packings for beads with a size ratio of 2.6 and suggested to

use the mean hydraulic radius to evaluate the porosity and the perme-

ability. Van der Hoef et al14 studied low Reynolds number fluid flow

past bidisperse random arrays of spheres. Based on the measured

drag force for a range of diameter ratios, mass fractions, and packing

fractions, they formulated a new drag force correlation for polydis-

perse systems. Beetstra et al15 extended the work of Van der Hoef

et al14 to obtain a corrected drag law for general polydisperse systems

for particle Reynolds numbers up to 1,000 and diameter ratios up to

4. They claimed very good agreement between simulation results and

the newly proposed correlation for a system with four particle sizes.

Sarkar et al16 proposed a correction factor to the correlation of Van

der Hoef et al14 for bidisperse fluid–particle systems with large diame-

ter ratios up to 10. This correction factor originates from the filling of

small particles into voids surrounding large particles at such large size

disparities. Successively, the same authors verified their correction

factor using polydisperse random sphere arrays with log-normal and

Gaussian size distributions.17 Yin and Sundaresan18 reported a study

of bidisperse gas–solid suspensions at low Reynolds numbers. An

improved drag law for polydisperse systems is established considering

particle–particle relative motions, where the momentum transfer

between particle species is found to have important contributions to

the net fluid–particle drag. Later on, the same authors extended their

correlation to moderate Reynolds numbers.19 However, the system is

limited to ternary suspensions, where the total solids volume fraction,

the volume fraction ratio as well as the particle size ratio are restricted

to narrow ranges. It should be noted that beyond the DNS scope,

bidisperse suspensions were numerically investigated for sedimenta-

tion behavior.20,21

The aforementioned researchers all performed Lattice Boltzmann

simulations, focusing on closures for fluid–particle drag. The immersed

boundary method (IBM), which has been widely used for fluid–particle

systems with complex geometries, moving particles, and deformable

objects,22-27 has been extended to studies of bidisperse systems in

the last few years. Mehrabadi et al28 studied the slip velocity between

particle species to characterize segregation phenomena, which arises

from the difference in gas–particle and particle–particle drag forces

acting on each particle species. A bidisperse gas–particle drag model

is first obtained using fixed particle assemblies, and then compared

with the drag force measured from simulations of freely evolving

bidisperse suspensions. A significant advantage of IBM is given by the

fact that generic scalar transport equations can be added with relative

ease. Tavassoli et al29 extended IBM to heat transfer and performed

extensive simulations to obtain the heat-transfer coefficients of

bidisperse random arrays of spheres. With a total of 54 spheres and a

size ratio of 2, the relative amount of large and small particles is chan-

ged to investigate the influence of composition on the heat transfer.

They reported good agreement with the monodisperse correlation

only if the Sauter mean diameter is used as the characteristic size.

Municchi and Radl30 studied the momentum and heat transfer in

dense static bidisperse gas–particle beds. They claimed the existence

of an analogy between the drag coefficient and the Nusselt number

for applications in Euler–Lagrangian models by introducing a stochas-

tic closure model. Different from the study of flows at low velocities

performed by Tavassoli et al,29 they reported results for Reynolds

numbers between 100 and 400. To the best of the authors' knowl-

edge, these two studies are the only attempts toward a DNS-based

investigation of passive scalar transfer in bidisperse systems.

In this study, an efficient ghost cell-based IBM is applied to study

mass transfer in bidisperse fluid–particle systems. The numerical

approach we employ here is identical to the one used by Lu et al31 to

investigate the heat transfer of fluid–particle systems with strong wall

effects. It is important to mention that in their paper the ghost cell-

based IBM (used in the current study) and a force addition-based IBM

(used in the aforementioned literature29,30) produce results that are in

close agreement. The former one, also known as a discrete forcing

method (DFM),32-39 has the advantages of a sharp fluid–solid inter-

face representation and the absence of stability issues due to strong

fluid–particle coupling contrary to the latter one, commonly denoted

as a continuous forcing method (CFM).40-47 As the simplest polydis-

perse systems, bidisperse sphere mixtures are archetypical and pro-

vide a convenient system to obtain fundamental knowledge. This

forms the basis for the understanding of more complex polydisperse

particle systems. In this study, particle arrays are constructed from

two particle species, where wall effects are eliminated by applying

periodic boundary conditions in the lateral directions. The number of

each particle species is changed to achieve different solids volume

fractions as well as different fraction ratios between particle species.

It is interesting to understand the effect of bidispersity on the overall

behavior of the entire system as well as the individual behavior of

each particle species. We consider this study as a first step to charac-

terize the interfacial mass transfer in polydisperse systems. Here, it

should be emphasized that the heat- and mass-transfer processes

between the fluid and particles are essentially the same following the

Chilton–Colburn analogy, and hence the current research can be reg-

arded as a general study of passive scalar transfer, that is, the results

are valid for both interfacial heat and mass transport.

The organization of this study is as follows. First, the physical

problem of fluid flowing through bidisperse arrays is described. Sec-

ond, numerical details, including governing equations, solution

methods as well as the fluid–solid coupling, are given. After that,

results are presented, where the influence of particle sizes is analyzed
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in detail and numerical empirical correlations are proposed. Finally,

the conclusions and outlook are presented.

2 | PROBLEM DESCRIPTION

In this study, we consider stationary arrays consisting of a relatively

large number of spherical rigid particles with two sizes. The diameter

of small particles dS is 0.004 m and the diameter of large particles

dL = 1.5dS. The particles are randomly distributed in a three-

dimensional duct with a length of Lx = 16.5dS in the flow direction and

a size of Lz = 7.5dS in the lateral directions. The particle array is gener-

ated by a hard-sphere Monte Carlo method with the solids volume

fraction η varying from 0.1 to 0.4. For the same volume fraction, five

cases with varying volume fraction ratio between small and large par-

ticles are considered. The volume fraction of individual particle spe-

cies follows the equations given below:

ηi =
Ni

π
6d

3
i

� �
Vreactor

, ð1Þ

η=
X
i

ηi: ð2Þ

In Table 1, the compositions of the bidisperse arrays studied in this

study are summarized, and schematic representations of the problem's

configuration at η = 0.4 are shown in Figure 1. Two points need to be

emphasized: (a) extra inlet and outlet regions, with a length of 4.5dS

and 12dS, respectively, are included to avoid inflow development and

outflow recirculation problems; (b) particles are periodically config-

ured inside the duct, although some particles seem to be cut by the

lateral boundaries, they enter the duct again in the opposite

boundary.

For the simulations, fluid flows into the domain at a constant and

uniform velocity. At the lateral boundaries, periodic boundary condi-

tions are applied for both the velocity field and the concentration field

computation. Atmospheric pressure is prescribed at the outlet bound-

ary, and a zero-gradient boundary condition is applied there for the

concentration field computation. The Dirichlet boundary condition is

assumed at the particle surface ϕP. The fluid enters the system with

the inlet concentration ϕf, in. The dimensionless concentration ~ϕf is

expressed by the following equation, leading to a dimensionless con-

centration ranging between zero and unity:

~ϕf =
ϕf−ϕP

ϕf, in−ϕP
: ð3Þ

Other data used for the simulations are listed in Table 2. The Schmidt

number is unity, which indicates a similar boundary layer thickness of

the concentration field to the one of the velocity field. In this case,

the Reynolds number equals the Péclet number, and hence only one

dimensionless number is sufficient to describe the fluid properties.

For each case, four fluid superficial velocities are enforced at the inlet,

which correspond to the particle-based Reynolds numbers of 50, 100,

150, and 200 for small particles (ReS) and 75, 150, 225, and 300 for

large particles (ReL), respectively.

TABLE 1 Composition information of bidisperse particle arrays

ηS/η Particle numbers

η

0.1 0.2 0.3 0.4

1.00 Small 177 354 532 709

Large 0 0 0 0

0.75 Small 133 266 399 532

Large 13 26 39 52

0.50 Small 89 178 266 355

Large 26 52 79 105

0.25 Small 44 88 133 177

Large 39 79 118 158

0.00 Small 0 0 0 0

Large 52 105 158 210

F IGURE 1 Schematic representations of bidisperse arrays with the solids volume fraction of 0.4. From left to right panels, ηS/η decreases
from 1.00 to 0.00 [Color figure can be viewed at wileyonlinelibrary.com]

TABLE 2 Simulation parameters for the study of bidisperse arrays
of spheres

Parameter Value Unit

Grid size 2.0 × 10−4 m

Time step 5 × 10−6 to 2 × 10−5 s

Fluid density 1.0 kg/m3

Fluid viscosity 2 × 10−5 kg m–1 s–1

Mass diffusivity 2 × 10−5 m2/s

Fluid superficial velocity 0.25, 0.50, 0.75, and 1.00 m/s
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Rei =
ρfuindi
μf

: ð4Þ

In this equation, ρf is the fluid density, uin is the superficial inlet

velocity, μf is the fluid viscosity, and di is the diameter of the parti-

cle species of concern. In total, 80 simulations (4 volume

fractions × 5 compositions × 4 velocities) are performed for the cur-

rent study.

The mesh resolution, defined as the ratio of the particle diam-

eter to the grid size, applied in the current work is 20 and 30 for

small and large particles, respectively. These values are believed

to be sufficient according to the mesh convergence tests per-

formed in our earlier publications.48,49 One should notice that, for

further higher Reynolds numbers and denser systems, the require-

ment of mesh resolution might increase, as the boundary layers

become thinner and the interparticle spaces become smaller,

respectively.

3 | NUMERICAL DETAILS

The transport phenomena in the fluid phase are governed by the con-

servation equations for mass, momentum, and species transport. For

an incompressible and Newtonian fluid, they read

r�u=0, ð5Þ

∂ρfu
∂t

+r� ρfuuð Þ= −rp+ μfr2u+ ρfg, ð6Þ

∂ϕf

∂t
+r� ϕfuð Þ=Dfr2ϕf: ð7Þ

In the above equations, ρf and μf represent the fluid density and vis-

cosity, respectively, whereas Df is the mass diffusivity in the fluid

phase. For the current work, no feedback effects to the momentum

equation is considered, and hence both the fluid and solid phases

are assumed to have constant physical properties. As we mentioned

in the introduction part, the quantity ϕf here can also represent the

temperature, with Df corresponding to the thermal diffusivity in

this case.

The governing equations are solved by a finite difference scheme

on a three-dimensional staggered Cartesian grid with uniform grid

spacing in all three coordinate directions. The momentum equation is

temporally discretized by applying the Adams–Bashforth scheme for

the convection term and the Euler backward scheme for the diffusion

term, which leads to the following expression:

ρfu
n+1 = ρfu

n +Δt −rpn+1−
3
2
Cn
m−

1
2
Cn−1
m

� �
+Dn+1

m + ρfg
� �

: ð8Þ

In this equation, n is the time step index, with the convective momen-

tum flux Cm and the diffusive momentum flux Dm, respectively,

defined by

Cm = ρf r�uuð Þ, ð9Þ

Dm = μfr2u: ð10Þ

The second-order total variation diminishing scheme and the standard

second-order central differencing scheme are applied for the spatial

discretization of the convection and diffusion terms, respectively. A

fractional step method is used to advance the velocity field, which

first calculates a tentative velocity field using the old pressures gradi-

ent and then updates the velocity field using the new pressure gradi-

ent obtained from the pressure Poisson equation.

The species transport equation is treated in the identical way as

the momentum equation for both temporal and spatial discretization:

ϕn+1
f =ϕn

f +Δt −
3
2
Cn
ϕ−

1
2
Cn−1
ϕ

� �
+Dn+1

ϕ

� �
, ð11Þ

with the convective flux Cϕ and the diffusive flux Dϕ defined as

Cϕ =r� ϕfuð Þ, ð12Þ

Dϕ =Dfr2ϕf: ð13Þ

The preceding discretization procedure results in algebraic equations

of the following generic form:

acenϕcen +
X6
1

aneiϕnei = bcen, ð14Þ

which provides the relationship between any fluid quantity ϕcen in the

simulation domain and its six neighboring points indicated as ϕnei. A

robust and efficient parallel block incomplete Cholesky conjugate gra-

dient solver is used for solving this sparse matrix.50

Due to the utilization of the nonbody conforming Cartesian grid, a

ghost cell-based (i.e., cells inside the solid phase but required for solv-

ing fluid-phase equations) IBM is applied to impose the desired

boundary condition at the exact position of the particle surface. The

key feature of this method is that a generic variable ϕ in the vicinity

of the immersed object surface can be approximated by a second-

order polynomial. The coefficients of this polynomial can be expressed

in terms of the boundary value and the values of the fluid concentra-

tion at selected grid points. The back-calculated ghost value is subse-

quently used to update the coefficients in the sparse matrix

(Equation 14), and this procedure is performed for all ghost points to

ensure that the desired boundary condition is enforced over the

whole surface of the immersed object. We refer the interested reader

to our earlier paper for a detailed description of the IBM methodology

which applies this second-order quadratic interpolation scheme for

the reconstruction procedures.48 The IBM we developed is able to

handle mixed boundary conditions, and we also refer the interested

reader to our earlier papers demonstrating the potential for different

applications.51,52 It should be noted that although only the Dirichlet
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boundary condition (which can be handled by less complex directional

quadratic interpolation scheme53-55) is used in the current study, it

has been demonstrated that the quadratic interpolation scheme pos-

sesses a better performance at higher Reynolds numbers due to its

three directional reconstruction procedures.56

4 | RESULTS

In this section, we present and discuss simulation results of fluid pass-

ing bidisperse particle mixtures obtained from our DNS model.

Followed by the quantification of the overall performance, the mass-

transfer characteristics of each particle species are studied. Subse-

quently, we refit the Gunn correlation and propose a new procedure

to enable better predictions of the interfacial mass-transfer rates.

Finally, we investigate how to define a proper equivalent diameter in

such bidisperse systems. These investigations are closely related to

practical considerations and reveal the significance of the current

research in engineering applications.

4.1 | Overall performance

The cup-average profile of the concentration gives the first impres-

sion of the rate of the interfacial mass-transfer process. The cup-

averaged concentration is defined as

~ϕf

� 	
=

Ð Ð
Sf
~ϕfu�dSfÐ Ð

Sf
u�dSf : ð15Þ

In this equation, u is the velocity vector and Sf is the cross-sectional

area element perpendicular to the main flow direction. It should be

noted that only the fluid quantities in the interstitial void spaces are

considered in this calculation. In Figure 2, the evolution of the cup-

average concentration is shown. Figure 2a reveals the influence of dif-

ferent volume fraction ratios of small-to-large particles, at the same

overall solids volume fraction η = 0.4 and the same fluid velocity

corresponding to ReS = 200 (ReL = 300). One can observe a sharp

decay of ~ϕf

� 	
in the packing zone, and clearly, large particles reduce

the decay rate and lead to less saturation. This is the result of larger

specific surface areas with an increasing amount of smaller particles.

One should keep in mind that, from the point of view of hydrodynam-

ics, with smaller particles the particle Reynolds number is actually

lower and hence the mass transfer is hindered to some extent by the

thicker boundary layer. By applying the dimensionless definition in

Equation (3), we can directly address the saturation problem in the

fluid phase. It is clear that the saturation length is shorter with more

small particles in the mixture. Figure 2b reveals the influence of differ-

ent solids volume fractions for the case of an equivalent volume frac-

tion between small and large particles, that is, ηS/η = 0.50. The

positive influence of the total solids volume fraction on the fluid satu-

ration can be clearly seen due to the larger contacting surface area.

The influence of different fluid velocities is also shown in Figure 2b,

where a higher Reynolds number results in a shorter residence time

and consequently less saturation in the fluid phase. Meanwhile, the

effect of higher Reynolds numbers on the improved mass-transfer

rate should be borne in mind, which counteracts somewhat the overall

saturation decrease. The same change of the Reynolds number has a

larger influence on systems possessing a smaller solids volume frac-

tion. This is due to the integral effect of the smaller fluid–solid con-

tacting area and the decreased mass-transfer rate resulting from the

lower interstitial fluid velocities. From these results, we are able to

conclude that the fluid-phase equilibrates faster (i.e., saturation) with

the solid phase at higher solids volume fraction, higher volume frac-

tion ratio of small particles and lower fluid velocities. At an extreme

situation with sufficient high packing density, small particle size, and

low Reynolds number, we would expect that the concentration field

F IGURE 2 Cup-average profiles of the concentration in the streamwise direction. (a) Influence of particle composition at η = 0.4 and
ReS = 200 (ReL = 300). (b) Influence of solids volume fractions and Reynolds numbers at ηS/η = 0.50 (solid lines: ReS = 50, that is, ReL = 75; dashed
lines: ReS = 200, that is, ReL = 300) [Color figure can be viewed at wileyonlinelibrary.com]
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will quickly saturate after a short distance. In that case, no interfacial

transfer correlation is required, and the concentration field in the fluid

phase attains the (constant) value of the solid phase.

In Figure 3, the distribution of the species concentration as well as

the corresponding axial velocity are shown for the central plane of the

particle array for the case of η = 0.3 and ReS = 150 (ReL = 225).

The dimensionless concentration is computed by Equation 3, while

the axial velocity is nondimensionalized by the inlet superficial veloc-

ity. The effect of varying composition of small and large particles is

shown as well in this figure. Due to the inhomogeneous distribution

of particles, the fluid has its preferred flow paths through interstices

possessing high permeability, namely, regions with high porosity. This

phenomenon results in locally higher velocities and consequently

lower local saturation. This is observed to be more pronounced at

small ηS/η. Besides that, back mixing and unsteady wakes are also

amplified in systems containing more large particles. It is important to

include variations of the local fluid velocity in the assessment of the

evolution of the species concentration. In Figure 4, we compare the

profiles of the cup-average quantity ~ϕf

� 	
and the point-average quan-

tity ~ϕf

� 	� 	
. The latter one is simply the arithmetic mean of the con-

centration in all fluid cells in the examined cross-sectional plane. From

the figure, a similar trend is observed for the point-average profiles;

however, they are significantly lower than the cup-average ones. The

values in the outlet region are not constant any more, but gradually

increase after the packings toward the values obtained by the cup-

average calculation. This behavior is more pronounced at lower solids

F IGURE 3 Distribution of the
species concentration and axial
velocity in the central plane of the
particle array, at η = 0.3 and ReS = 150
(ReL = 225). From left to right, ηS/η
increases from 0.00 to 1.00. It should
be noted that both variables are
dimensionless [Color figure can be
viewed at wileyonlinelibrary.com]
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volume fractions and lower volume fraction ratios of small particles.

The nonsmoothness of the point-average profiles is due to the fact that

this quantity is not related to a molar flux which needs to obey a bal-

ance equation as in the case of the cup-average quantities. It should be

kept in mind that this difference between the cup-average and the

point-average profiles exists, as the latter one is actually used for the

interfacial transfer calculation in coarser-scale models. The inadequacy

of the cup-average-based Nusselt number has been proved, and the

inconsistency between the average transfer rate (Nusselt number)

needs to be corrected by a function accounting for the concentration

difference.57,58 This is, however, beyond the scope of this study, and

we refer the interested reader to the original work. Providing the more

reasonable application of a flux conservation calculation in DNS, here

we use cup-average quantities for the driving force calculation.

Quantitatively, the overall transfer performance can be represented

by the mass-transfer coefficient km, which is computed as an average of

the slice-based values by the following expression in the unit of m/s:

km =
1
Lx

ðLx
0

kmh idx= 1
Nx

XNx

i=1

Df
rϕf

e
�n

ϕf

e* +
0BBBB@

1CCCCA
i

, ð16Þ

where the numerator is the average concentration gradient at the par-

ticle surface whereas the denominator is the species transport driving

force between the bulk fluid and the particle surface. The slice-based

mass-transfer coefficient is computed at each plane (with Nx = Lx/Δx,

namely, the total number of slabs) perpendicular to the streamwise

direction, that is, both numerator and denominator are calculated

locally in the examined cross-sectional plane. In Figure 5a,b, the spa-

tial evolution of km is shown, for varying small-particle volume frac-

tions and varying total solids volume fractions, respectively. In

Figure 5a,b, a statistically homogeneous distribution of the mass-

transfer coefficient is observed, although the concentration is

decreasing in the direction of the mean flow (Figure 2). This is due to

the nearly uniform fluid–solid interfacial contacting area in the

streamwise direction, and of course, the fluctuations result from the

local heterogeneity. The spanwise periodic domain removes the wall

effect, and hence no initial decay occurs in the profile of the mass-

transfer coefficient. This is in contrast to the profiles we published in

our earlier work,31 where particle arrays were positioned inside a

tube. With this kind of spatially uniform distribution of the mass-

transfer coefficient quantified by the mean flow, we are able to evalu-

ate the average value as well as the corresponding SD in the full pack-

ing region, which are shown in Figure 6. It should be noted that the

last few slabs which possess comparatively lower values are excluded

from the calculation. This is due to the exit effect, which becomes

more pronounced at higher solids volume fractions and higher volume

fraction ratios of large particles, according to our simulation results.

The exclusion of the last few slabs also helps to avoid temporal fluctu-

ations as unsteady wakes may occur at spheres at the rear part of the

array at high Reynolds numbers. From Figure 6, we are able to con-

clude that (a) the overall transfer performance is improved at higher

solids volume fractions, higher volume fraction ratios of small parti-

cles, and higher fluid velocities; (b) the fluctuations at different spatial

locations are amplified at higher fluid velocities; however, there is no

clear dependence on the relative particle volume fraction ratios and

total solids volume fractions. It should be noted that we reported an

increased overall transfer coefficient with more large particles in the

system in our previous paper,31 which is, however, due to an intensi-

fied flow field inside the array in case of a slender bed.

With respect to the influence of bidispersity on the overall perfor-

mance, the cross-sectional distribution of the species, the overall

mass-transfer coefficients, and the concentration profiles are in good

agreement, that is, with more small particles in the mixture, there is

F IGURE 4 Comparison of the concentration profile in the streamwise direction in terms of the cup-average ~ϕf

� 	
and point-average ~ϕf

� 	� 	
evaluations. The solid lines represent ReS = 50 (ReL = 75), whereas the dashed lines represent ReS = 200 (ReL = 300). (a,b) Different volume
fraction ratios of small particles with ηS/η = 0.25 and 0.75, respectively [Color figure can be viewed at wileyonlinelibrary.com]
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less channeling in the bed, higher interfacial transfer efficiency, and

more saturation of the fluid phase.

4.2 | Species performance

Following the assessment of the overall behavior, we move one step

forward to evaluate the performance of each particle species. It

should be mentioned that the interfacial transfer performance of

individual particle species can readily be obtained from DNS, con-

trary to traditional experimental investigations. This can be quanti-

fied by calculating the mass-transfer coefficient of each particle

species using Equation (16), however, with the numerator only

accounting for the particle species of concern in the examined slice.

In Figure 7, the mass-transfer coefficients of both small and large

particle species are plotted along the packing region at varying

small-to-large particle volume fraction ratios, together with the over-

all profile. From the figure, we can clearly see that the individual par-

ticle species possess a similar distribution as the overall one in the

direction of the mean flow, which is fluctuating around a constant

value. Besides that, the magnitude of the fluctuation is noticed to

dramatically increase in case the volume fraction of the reference

particle species decreases. In any case, the fluctuating amplitude of

individual particle species is larger than the one of the overall profile.

The overall profile is always bounded by the ones of the particle

species, with the upper limit being small particles and the lower limit

being large particles. There are some spikes in the profile of a parti-

cle species penetrating the profile of the other species, which is due

to the preferred flow path resulting from a locally heterogeneous

configuration of particles in that slab. Similar as in Figure 5a, the

overall profile rises with increasing volume fraction of the small par-

ticles. It is, however, interesting to notice that there is no clear rise

or decline of the individual species profiles with changing relative

volume fraction ratios. Instead, the overall profile is moving toward

the one of the dominant particle species.

As the spatial distribution of the mass-transfer coefficient of each

particle species is also statistically homogenous, the mean value and

F IGURE 5 Spatial distribution of the mass-transfer coefficient in the streamwise direction at ReS = 100 (ReL = 150): (a) η = 0.2; (b) ηS/
η = 0.50. The corresponding probability density function (PDF) of the mass-transfer coefficient within the packing region are plotted in panel
(c) and (d), respectively [Color figure can be viewed at wileyonlinelibrary.com]
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the corresponding SD are computed to facilitate quantitative analysis.

In Figure 8, the mass-transfer coefficient of each particle species is

plotted at varying relative particle volume fraction ratios where the

solids volume fraction increases from 0.1 to 0.4. In Figure 9, the mass-

transfer coefficient of each particle species is plotted at varying

relative particle volume fraction ratios with the Reynolds number

increasing from 50 (75) to 200 (300). The previously reported overall

transfer coefficients are also included in the figures without an error

bar. From these figures one can clearly observe that small particles

always possess a higher transfer coefficient than large particles and

the overall km is always in between while gradually increasing from

the all-large case to the all-small case. The mass-transfer coefficient of

both particle species increases at higher solids volume fractions and

higher fluid velocities. It is interesting to notice that such depen-

dences in bidisperse systems are in high correspondence with the

Gunn correlation which is widely applied for monodisperse systems.

Similar behavior was reported by Tavassoli et al,29 although they com-

puted the transfer coefficient of individual particles and subsequently

performed averaging for each species. For reference purposes, the

mass-transfer coefficients predicted by the Gunn correlation assuming

a monodisperse system with the same overall particle volume fraction

and superficial velocity are indicated by dashed lines in the figures.

km, idi
Df

= 7−10ε+5ε2

 �

1+0:7Re1=5i Sc1=3
� �

+ 1:33−2:40ε+1:20ε2

 �

Re7=10i Sc1=3:

ð17Þ

In this equation, ε is the voidage and Rei is the particle-based Reynolds

number with respect to the diameter di of the particle species of con-

cern (Equation 4). By comparing the DNS results with the empirical

values, it is found that the relative small-to-large particle volume frac-

tion ratio has little influence on the mass-transfer coefficients of indi-

vidual particle species, which are quite close to the empirical value

and fluctuate. In the work of Tavassoli et al,29 they also reported irreg-

ular variations of the heat-transfer coefficients of individual particle

species at different compositions; however, the variation difference

was much larger than ours. We believe that this finding is related to

the usage of our slice-based calculation, as in their particle-based cal-

culation the local microstructure plays a significant role which is, how-

ever, not incorporated in the calculation.49 We do find a dependence

of the SD on the relative volume fraction ratio. For larger ηS/η, it

F IGURE 6 The overall mass-transfer coefficient and the corresponding SD versus solids volume fraction, volume fraction ratio of small
particles, and fluid velocity. The particle Reynolds number increases from 50 (75) to 200 (300) in (a–d). The same legend is applied to all figures
[Color figure can be viewed at wileyonlinelibrary.com]
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increases and decreases for large and small particles, respectively. In

other words, the slab variations with respect to the mean value

decrease with higher content of the concerned particle species, which

can be reasonably explained by the more even contacting between

the fluid and the concerned particle species. For the same relative

composition of the reference particle species, for example, ηS/η = 0.25

for small particles versus ηS/η = 0.75 for large particles, large particle

species always possesses a larger deviation. This can be attributed to

the fact that at the same volume fraction a large particle species is

represented by a lower number of particles and hence is less evenly

distributed within a slab.

4.3 | New correlations

In the previous section, it was found that the mass-transfer coeffi-

cient of individual particle species is independent on the particle

composition. Instead, the average value obtained from the slice-

based calculation over the full packing region of a certain particle

species can be predicted by using only the total solids volume frac-

tion and the particle Reynolds number of the reference species.

The mass-transfer coefficients at different relative volume fraction

ratios are averaged, and subsequently the following equation is

applied to calculate the Sherwood number of individual particle

species:

Shi =
km, idi
Df

: ð18Þ

In this case, eight groups of data are obtained relating the Sherwood

number and the particle Reynolds number for each solids volume frac-

tion. It should be noted that among these eight groups, two groups

have the same flow parameters, that is, the small particles species at a

fluid velocity of 0.75 m/s and the large particle species at a fluid

velocity of 0.5 m/s, which give the same particle Reynolds number of

150. Gunn derived the widely used correlation from various experi-

mental sources, where the mass-transfer coefficient may vary by sev-

eral orders of magnitude with the same hydrodynamic characteristics.

In our case, the maximum difference occurring at η = 0.2 is only 8%,

which is well acceptable. In Figure 10, the Sherwood numbers of indi-

vidual particle species obtained from our DNS are compared with two

closures available in literature.57,59 As expected, the Sherwood num-

ber increases at higher Reynolds numbers and higher solids volume

fractions, due to stronger convective effects and larger specific con-

tacting area, respectively. Both of the comparisons produce satisfac-

tory agreement, with the correlation from Tavassoli et al59 yielding

higher versus the correlation from Sun et al57 yielding lower values

than our DNS data. It should be noted that these two closures were

obtained by fitting DNS data for particle Reynolds numbers up to100,

and hence it is not surprising that the deviation becomes larger at fur-

ther higher Reynolds numbers (in our work). Both literature DNS-

based closures seem to have specific problems. For Tavassoli's corre-

lation, an overestimation of the Gunn correlation was reported; how-

ever, their own correlation predicts an even higher value than the

F IGURE 7 Spatial distribution of the overall and species mass-
transfer coefficient along the packing region at η = 0.4 and
ReS = 100 (ReL = 150), with ηS/η equal to 0.25, 0.50, and 0.75 in the
top, middle, and bottom panels, respectively. The same legend is
applied to all panels [Color figure can be viewed at
wileyonlinelibrary.com]

10 of 17 LU ET AL.

http://wileyonlinelibrary.com


Gunn correlation at higher Reynolds numbers. For Sun's correlation,

the authors mentioned that the lower values (than Tavassoli et al's

work) result from their fully developed flow simulations which exclude

large values in the developing region. However, from Figures 5 and 7,

it is clearly observed that the values in the front part of the array are

not higher than other parts, although periodic boundary condition is

neither applied in the streamwise direction in our current study. We

would actually expect somewhat higher values, because CFM (used

by Tavassoli et al and Sun et al) normally predict somewhat higher

transfer coefficients than DFM (used by us).31

Based on our DNS data, we refit the Gunn correlation to obtain a

better quantitative representation of the Sherwood number as a func-

tion of Reynolds numbers and solids volume fractions. The following

equation is proposed for spherical particles with the solids volume

fraction up to 0.4 and the particle-based Reynolds number up to 300:

Sh = 7−10ε +5ε2

 �

1 +0:4Re1=5p Sc1=3
� �

+ 1:33−2:35ε+1:22ε2

 �

Re7=10p Sc1=3:
ð19Þ

It should be noted that in this equation we have retained the term

Sc1/3 to account for the dependence on the diffusion coefficient

because, in our current study, identical molecular transport rates of

mass and momentum (Sc = 1) hold well for gas–particle systems. Nev-

ertheless, this newly proposed correlation needs to be further vali-

dated for liquid–particle systems, which have Schmidt numbers up to

1000. As far as the authors know, this is the first attempt to validate

and extend the Gunn correlation to particle Reynolds numbers well

above 100 for mass transfer in fixed particle assembles involving

binary particulates. In Figure 11, the developed correlation is plotted

as a function of the particle Reynolds number at different solids vol-

ume fractions to enable comparisons with the DNS results; a good

agreement is observed between the correlation and the discrete data

points. The average value of the relative deviation is less than 4% over

the entire range whereas the maximum deviation is less than 8%. It

should be noted that the mass-transfer coefficients obtained in the

current work agree well with all empirical values, contrary to our pre-

viously reported results where wall effects played a significant role

and as a consequence, the calculated mass-transfer coefficients were

much lower.31 A refit to the Sun correlation reveals a similar behavior,

with a slightly larger average deviation (5%) and maximum deviation

(11%), and hence is not detailed here. During the refitting processes,

we noticed that the profile at η = 0.4 develops much faster with the

F IGURE 8 The mass-transfer coefficient of each particle species and the corresponding SD versus relative particle volume fraction ratio at
ReS = 100 (ReL = 150). The total solids volume fraction increases from 0.1 to 0.4 in (a–d). The same legend is applied to all figures [Color figure
can be viewed at wileyonlinelibrary.com]
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particle Reynolds number than the other three. This might indicate an

inaccurate dependence of the Sherwood number on the Reynolds

number, namely, the exponent of Rep in the second term in Equa-

tion 19, as the first term in Sun's correlation solely accounts for the

dependence of the Sherwood number on the solids volume fraction.

Based on this finding, the authors speculate that different exponential

factors might be required for solids volume fractions below 0.3 and

above 0.4. In the current work, we failed to find a more proper

F IGURE 9 The mass-transfer coefficient of each particle species and the corresponding SD versus fluid velocity at η = 0.3. The fluid velocity
increases from ReS = 50 (ReL = 75) to ReS = 200 (ReL = 300) in (a–d). The same legend is applied to all figures [Color figure can be viewed at
wileyonlinelibrary.com]

F IGURE 10 Comparison of the Sherwood number of individual particle species between the direct numerical simulation results (circles) and

literature correlations (curves). (a,b) Correlations from Tavassoli et al59 and Sun et al,57 respectively [Color figure can be viewed at
wileyonlinelibrary.com]
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dependence on the Reynolds number, due to the unavailability of suf-

ficient data points.

One more correlation for a quick estimation of the overall mass-

transfer coefficient is established building on the fact that the overall

mass-transfer coefficient gradually increases from one species to the

other, while for individual particle species the mass-transfer coeffi-

cient is only a function of the total solids volume fraction and its own

(species) Reynolds number (influence of the Schmidt number is not

considered in the current work). In this case, the mass flux to each

particle species is known, and consequently the total molar flow of

each particle species can be computed by multiplying the flux with

the total surface area of the concerned particle species. Based on the

conservation of the total molar flow in the system, the average mass-

transfer coefficient can be obtained by diving the total molar flow rate

by the total surface area of all particle species. This average value is

defined as the overall mass-transfer coefficient, which is expressed by

the following equation:

km,overall =

P ηi
di
km, iP ηi
di

: ð20Þ

It should be noted that for the evaluation of this average the transfer

coefficient of each particle species is weighted by the fraction of the

total specific surface area this species accounts for. The specific sur-

face area for species i equals 6(ηi/di), where ηi is the fraction of the

reactor volume that particle species occupies (see Equation 1). The

computed overall mass-transfer coefficients from Equation 20 are

compared with the DNS results using a parity plot in Figure 12. The

mass-transfer coefficient of individual particle species is obtained

from the refitted Gunn correlation, namely, Equation 19. Excellent

agreement is observed in the figure, where the coefficient of correla-

tion R2 obtained from the following equation is 0.978:

R2 = 1−

P
i km,DNS, i−km,cal, i

 �2P
i km,DNS, i−km,DNS

 �2 : ð21Þ

In the proposed calculation procedure (Equation 20), the characteris-

tics of the particle species, namely, the particle diameter, and the

number of particles are accounted for through the specific surface

area, whereas the characteristics of the particle array, namely, the

total solids volume fraction and the hydrodynamic characteristics, are

incorporated through the individual mass-transfer coefficients of the

empirical correlation. To validate this proposed procedure, we extract

discrete data from Tavassoli et al29 to plot a similar parity comparison

in Figure 13. They reported Nusselt numbers based on the Sauter

mean diameter, with the solids volume fraction ranging from 0.4 to

0.6 at a particle size ratio of 2. We transferred the Nusselt number to

the heat-transfer coefficient using the detailed species composition

information provided in their paper, and we used their own correla-

tion for the calculation of the individual mass-transfer coefficient.

F IGURE 11 Comparison of the Sherwood number of individual
particle species obtained from our direct numerical simulation results
(circles) and our proposed correlation (curves), at varying Reynolds
numbers and solids volume fractions [Color figure can be viewed at
wileyonlinelibrary.com]

F IGURE 12 Comparison of the overall mass-transfer coefficients
of bidisperse particle mixtures computed with Equation 20 versus the
direct numerical simulation (DNS) results [Color figure can be viewed
at wileyonlinelibrary.com]

F IGURE 13 Comparison between the fractional calculation and
the direct numerical simulation (DNS) results reported by Tavassoli
et al29 [Color figure can be viewed at wileyonlinelibrary.com]
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Very good agreement is obtained between their DNS data and our

fractional calculation, with the correlation coefficient R2 being 0.952.

It should be noted that their solids volume fractions are higher than

the ones used in this study, which demonstrate that the proposed

procedure is applicable to the entire solids volume fraction range.

4.4 | Equivalent diameter

A reasonable and accepted approach to describe polydisperse sys-

tems is to identify a monodisperse system that possesses the same

transport behavior. For this purpose, the size dispersity is represen-

ted by an equivalent diameter deq, where the associated equivalent

Reynolds number Reeq and the equivalent Sherwood number Sheq

can be computed by applying the same equations as Equations 4

and 18, respectively. In this circumstance, the polydisperse particle

mixture is described as a homogeneous medium with uniform

particle size.

There are several choices available for the equivalent diameter,

however, up to date no concrete definition is universally accepted for

the best description of the heat- and mass-transfer processes in poly-

disperse systems. The generic form of the equation for the equivalent

diameter computation can be written as

dpq =

Pns
i=1Nid

p
iXns

i=1
Nid

q
i

0@ 1A1= p−qð Þ

=

Xns

i=1
ηid

p−3
iPns

i=1ηid
q−3
i

 !1= p−qð Þ

, ð22Þ

where ns is the total number of particle species in the array, Ni is the

number of the particles of type (size) i, and di is the diameter of

particle species i. Balakrishnan and Pei60 applied a simple arith-

metic average value, namely d10. A surface diameter, that is, d20,

defined as the diameter of a monodisperse system possessing the

same surface area of the polydisperse system, and a volume diam-

eter, that is, d30, defined as the diameter of a monodisperse system

possessing the same solids volume, are also reported in litera-

ture.61,62 d32, also known as the Sauter mean diameter, which

specifies a monodisperse system with the same specific surface

area as the polydisperse system, is applied as the reference length

by Yin and Sundaresan.18 Furthermore, rising the exponent values

to 4 and 3, the De Brouckere mean diameter is found, which is

widely used for systems that are sensitive to the presence of large

particles.63 Obviously, the equivalent Reynolds number Reeq and

the equivalent Sherwood number Sheq change with the volume

fraction ratios of particles species, no matter which definition for

the equivalent diameter is used.

Five different equivalent diameters, computed using Equation 22,

are listed in Table 3. It should be noted that these values are indepen-

dent of the total solids volume fractions and hence are only listed as a

function of the relative volume fractions of particle species. In

Figure 14, the mass-transfer coefficients directly obtained from the

DNS are compared with the ones computed using different equivalent

diameters. The equivalent mass-transfer coefficient is obtained by

first applying the equivalent Reynolds number Reeq to our refitted

correlation (Equation 19); second applying the Sherwood number cal-

culation Sheq using the corresponding equivalent diameter. As

expected, a y = x regression is observed for all equivalent diameters,

and we compute the coefficient of correlation R2 for the different

equivalent diameters using Equation (21). The obtained values are

0.973, 0.977, 0.979, 0.978, and 0.969 for d10, d20, d30, d32, and d43,

respectively. Based on these results, we suggest that the volume

equivalent diameter is the best one for the current systems although

the actual differences in R2 values are quite small. This might be

understood as that the volume change may significantly influence the

local particle configuration and hence alter the flow field around parti-

cles leading to different heat- and mass-transfer behavior. This finding

is supported by the recommendation of using the volume equivalent

diameter for effective conduction and dispersion calculations in case

of nonspherical particles in VDI Heat Atlas.64 However, in view of the

fact that the values of d20, d30, and d32 are quite close and larger than

the other two, the best choice among these three to describe the

interfacial transfer characteristics in polydisperse systems needs to be

investigated through further studies over a larger parameter space,

such as the particle size ratio, the number of particle species, the

solids volume fraction, etc.

Actually, both the equivalent diameter approach discussed here

and the fractional calculation proposed previously aim to provide an

overall mass-transfer coefficient for a polydisperse system. Based on

TABLE 3 Different equivalent diameters for the bidisperse arrays
of spheres used in the current study

ηS/η

dpq

d10 d20 d30 d32 d43

0.75 1.0445dS 1.0543dS 1.0660dS 1.0903dS 1.1240dS

0.50 1.1138dS 1.1333dS 1.1548dS 1.1993dS 1.2493dS

0.25 1.2355dS 1.2605dS 1.2845dS 1.3335dS 1.3753dS

F IGURE 14 Parity comparison of the mass-transfer coefficient
obtained from the direct numerical simulation (DNS) and the refitted
correlation for different choices of the equivalent diameter [Color
figure can be viewed at wileyonlinelibrary.com]
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the computed correlation coefficients, we are able to conclude that

both methods are reliable and predict the transport behavior in parti-

cle mixtures well. The fractional calculation (R2 = 0.978) can provide

almost the same prediction as the best case in the equivalent diameter

approach.

5 | CONCLUSIONS AND OUTLOOK

In this study, we applied DNSs to investigate the mass-transfer behavior

in fluid–solid systems with binary particle distributions. Particles were

homogeneously distributed with a diameter ratio between the large and

small particles amounting 1.5. The fluid–solid coupling is realized at the

exact position of the particle surface by applying the Dirichlet boundary

condition through the IBM–DFM method. Stationary arrays composed

of hundreds of spherical particle were studied with the solids volume

fraction ranging from 0.1 to 0.4, the volume fraction ratio of small-to-

large particles ranging from 0.0 to 1.0 and the particle-based Reynolds

number ranging from 50 to 300. The results presented in this study can

be appropriately applied to describe the external mass-transfer perfor-

mance between bulk fluid and particle surface without consideration of

the intraparticle transport. It should be noted that following the

Chilton–Colburn analogy, the present results are valid for interfacial

heat transfer as well, provided that additional heat-transfer mechanisms

like natural convection and radiative transport are negligible.

Overall, it was found that large particles will lead to less saturation

of the fluid phase and a lower average mass-transfer coefficient of

the system. If particle species are considered separately, the overall

mass-transfer coefficient profile was found to be separable into the

profiles of individual particle species, which are also statistically

homogeneous in the direction of the mean flow over the entire pack-

ing region. The average mass-transfer coefficient of individual particle

species was nearly constant regardless of the relative volume fraction

ratios, where the overall value gradually increased from one to the

other. For a more accurate representation of the dependence on the

Reynolds number and the solids volume fraction, the Gunn correlation

was refitted using our DNS results obtained for individual particle spe-

cies. Following that, a fractional calculation which allows a simple pre-

diction of the overall mass-transfer coefficient of bidisperse systems

was proposed by using the properties of individual particle species.

An alternative and commonly used method to compute the overall

mass-transfer coefficient in a polydisperse system is to introduce an

equivalent diameter. Five common equivalent diameters were investi-

gated by comparing the equivalent Sherwood number obtained from

DNS with the values obtained from the refitted Gunn correlation

using the equivalent Reynolds number. It was found that d20, d30, and

d32 performed much better than the other two (d10 and d43), whereas

d30 might be the best one for our current systems.

Future work should focus on extensions of the two newly pro-

posed correlations to more complex systems. For the Gunn-refitted

correlation, a larger range of the Reynolds numbers is recommended.

As we mentioned in Section 4, it seems that the exponential factor

needs to be corrected to obtain a better representation of the

dependence on the Reynolds number, which, however, requires more

simulations to be performed to obtain sufficient data. Besides that, as

many industrial applications require particles to be closely packed, an

extension to higher solids volume fractions is needed. For the frac-

tional calculation, as a first step, extensions to bidisperse systems with

varying particle size ratios, especially with extreme ratios should be

explored. After that, an extension of this concept to fluid–solid flows

with multiple particle species is of significant interest. From tridisperse

systems to Gaussian size distributions and finally to realistic polydis-

perse systems (for example, dissolving pellets where particle size

shrinks individually), these investigations will bring new insights to

practical applications. Although in the current study we use stationary

particle arrays, the results are expected to be valid also for freely mov-

ing particles, and hence extension to fluidized bed simulations seems

possible. This is, however, an open question and brings another ave-

nue for follow-up research to have a comprehensive investigation of

such behaviors in particulate flows.
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NOTATION

Variables

a, b coefficients in generic discretized equations

Cϕ convective mass transport per unit of volume (mol m–3 s–1)

d particle diameter (m)

Df mass diffusivity (m2/s)

Dϕ diffusive mass transport per unit of volume (mol m–3 s–1)

km mass-transfer coefficient (m/s)

Ltotal length of the bed in the streamwise direction (m)

Lx length of the packing in the streamwise direction (m)

Lz length of the packing in the lateral directions (m)

n time step index

ns total number of particle species

Ni number of the particle species i

Nx total number of slabs in the streamwise direction

p pressure (Pa)

R2 coefficient of correlation (1)

Sf normal cross-sectional area element (1)

t time (s)

uin fluid superficial velocity at inlet (m/s)

Greek letters

ε voidage (1)

η solids volume fraction (1)
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μf fluid dynamic viscosity (kg m–1 s–1)

ρf fluid density (kg/m3)

ϕf concentration (mol/m3)

~ϕf
dimensionless concentration (1)

ϕf, in concentration at inlet (mol/m3)

ϕP concentration at particle surface (mol/m3)

~ϕf

� 	
cup-average concentration (mol/m3)

~ϕf

� 	� 	
point-average concentration (mol/m3)

Δt time step (s)

Δx mesh size (m)

Vectors

Cm convective momentum flux (N/m3)

Dm diffusive momentum flux (N/m3)

g gravitational acceleration (m/s2)

n unit normal vector (1)

u velocity (m/s)

Subscripts and superscripts

f fluid phase

p particle phase

S small particles

L large particles

eq equivalent quantity

Operators

∂
∂t

partial time derivative (1/s)

r gradient operator (1/m)

r� divergence operator (1/m)

r2 Laplace operator (1/m2)
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