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A new mathematical model has been developed describing the thermodynamics of the

hydrogen absorption and desorption process in Metal Hydrides via the gas phase. This

model is based on first principles chemical and statistical thermodynamics and takes into

account structural changes occurring inside hydrogen storage materials. A general state

equation has been derived considering the chemical potentials of reacting species and

volume expansion, from which the equilibrium hydrogen pressure dependence on the

absorbed hydrogen content can be calculated. The model is able to predict the classical Van

’t Hoff equation from first-principle analytical expressions and gives more insight into the

various hydrogen storage characteristics. Pressure-Composition Isotherms have been

simulated for various hydride-forming materials. Excellent agreement between simulation

results and experimental data has been found in all cases.

Copyright © 2015, Hydrogen Energy Publications, LLC. Published by Elsevier Ltd. All rights

reserved.
Introduction

Metal Hydrides (MH) can be successfully employed as efficient

and safe storage media of hydrogen gas. In these materials

storage takes place undermoderate pressure and temperature

conditions. In that respect MH have a significant advantage

over traditional hydrogen storage systems, which suffer from

either extremely high pressures or very low temperatures.

Storage in MH is therefore one of the key factors, facilitating

e.g. hydrogen-driven fuel cells and Nickel-Metal Hydride

(NiMH) batteries [1e7]. In order to unravel the complex

hydrogen storage process, a more detailed understanding is,

however, essential.
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MH materials are generally characterized by pressure-

composition isotherms [4e8]. A typical isotherm and corre-

sponding phase diagram for conventional MH alloys are

schematically shown in curves (a) and (b) of Fig. 1, respectively

[6e9]. The isotherms are generally plotted versus the

normalized hydrogen content (x). During hydrogen absorption

at low concentrations a solid solution is formed, which is

generally denoted by the a-phase. In this concentration region

the partial hydrogen pressure (PeqH2
) is clearly dependent on the

amount of stored hydrogen. After the hydrogen concentration

reaches a certain critical value (xa), phase transition is initi-

ated and the a-phase transforms into the b-phase as indicated

in Fig. 2a. The pressure dependence in this two-phase coex-

istence region is characterized by a (sloping) plateau [10,11].
513, 5600 MB Eindhoven, The Netherlands.
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Fig. 1 e Schematic representation of a pressure-

composition isotherm (a) and phase-diagram (b) for a

typical hydrogen storage material. a and b solid solution

regions are indicated together with the temperature-

dependent two-phase (a þ b) miscibility gap.

Fig. 2 e (a) Schematic representation of the hydrogen

storage process. (b) Schematic representation of the lattice

gas model in the two-phase (a þ b) coexistence region for a

typical hydrogen storage material. The various host

energies (L0i), hydrogen guest energies (E0
i) and interaction

energies (U0
ij) between hydrogen stored in the different

phases are indicated.
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Hydrogen absorption induces significant volumetric expan-

sion of the crystal lattice, especially in two-phase coexistence

region, as is schematically represented in Fig. 2b [1e4,12].

After the a-phase has been fully converted into the b-phase at

xb, a clear pressure dependence on x is again found in the solid

solution region of the b-phase. The two-phase miscibility gap

between xa and xb decreases at higher temperatures, to

completely disappear at the critical temperature (Fig. 1, curve

b). Above the critical temperature there is no two-phase

coexistence region [6e9,13,14]. Similarly the critical compo-

sition and critical film thickness has been identified at which

two-phase coexistence region is absent [12,15].

Several attempts have been made to describe pressure-

composition isotherms. Existing mathematical models are

often based on statistical thermodynamics, allowing simu-

lating macroscopic characteristics by using microscopic pa-

rameters, such as atomic interaction energies, etc. One of the

first thermodynamic models has been proposed by Lacher

[16]. This semi-empirical model successfully described iso-

therms above the critical temperature but did not give a

proper description in the two-phase plateau region. Further

improvements of the Lacher-model have been proposed by

others [17,18]. These models are, however, based on heuristic

assumptions and empirical parameters, and have a high level

of mathematical complexity. A different approach has been

adopted by Flanagan et al. [3,10,11] who described the ther-

modynamics of the hydrogen storage system in terms of

chemical potential of reactants and reaction products. Similar

model with simple atomic interaction energy term has been

proposed by McKinnon [19]. Unfortunately these models can

only describe isotherms with flat plateau regions, using the

so-called Maxwell construction. Attempts to describe sloping

plateaus were, however, rather empirical [20].

Recently a Lattice Gas Model (LGM) has been proposed for

MH systems [7]. The advantage of this LGM is that phase

transitions are included together with (inter-phase)
interaction energies of hydrogen inside the host material (see

Fig. 2b). The excellent agreement between simulation results

and experimental data has been shown for various types of

MH materials revealing both flat and sloping plateaus

[7,15,21]. The original LGM has, however, been developedwith

the assumption that the change of the Gibbs free energy

during the (de)hydrogenation process depends on the mate-

rials solid-state properties only and other contributions were

therefore neglected. Consequently, the LGM was not able to

describe the characteristics of complete hydrogen storage

systems, hence excluding the possibility to simulate, for

example, the Van ’t Hoff equation [5,22].
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In the present paper, a comprehensive model is proposed,

describing the thermodynamics of complete MH systems.

This model is based on first principles of statistical and clas-

sical thermodynamics and is a generalization of the previous

LGM, implying that contributions of all species involved in the

(de)hydrogenation process are included together with the

pressure dependence and materials volume expansion. The

simulation results will be compared with experimental

results.
Model description

System definition

Gas phase hydrogen storage is a complexmulti-stage process,

which is schematically represented in Fig. 2 a. Dissociation of

hydrogen molecules at the interface of the metal and the gas

phase results in atomically adsorbed hydrogen. Subsequently,

hydrogen is absorbed in the bulk of the MH where hydrogen

atoms occupy interstitial sites of the hostmaterial. The overall

reaction, taking place during hydrogen absorption/desorption

can, in general terms, be given by

Mþ 1
2
H24MH; (1)

where the unhydrided host material is represented by M. (De)

Hydrogenation generally takes place in a closed container

with fixed volume.

According to the Lattice Gas approach the bulk of the MH

material can be considered as a host-guest system in which

hydrogen guest atoms can occupy the host sites [6,7]. It has

been argued that each host site can either be occupied by a

single hydrogen atom or is empty. Consider the bulk of a

hydride-formingmaterial to consist ofM unit cells, which are

during the hydrogen storage process either in the a- (Ma) or

the b-phase (Mb). For many MH compounds the crystallo-

graphic structure of both phases are identical and M there-

fore remains constant during the absorption/desorption

process

M ¼ Ma þMb: (2)

When furthermore is assumed that the numbers of host

sites per unit cell (d) in both the a- and b-phase are equal, the

total number of host sites in the present hydride-forming

system (N) can be represented by

N ¼ Na þNb ¼ d$Ma þ d$Mb: (3)

Denoting the number of hydrogen guest atoms in the a-

and b-phases as na and nb, respectively, the total number of

occupied sites (n) is then given by n¼ naþ nb. The normalized

number of absorbed hydrogen atoms (x) can be represented by

x ¼ n
nmax

¼ na þ nb

nmax
; (4)

where nmax is the maximal number of occupied host sites.

Assuming a linear dependence of the number of unit cells
during phase transition (see Ref. [7]), Na and Nb can be repre-

sented as function of the normalized hydrogen content, ac-

cording to

Na ¼ Mad ¼

8>>>><
>>>>:

Md; x<xa

Md

�
xb � x
xb � xa

�
; xa � x � xb

0; x>xb

;

Nb ¼ Mbd ¼

8>>>>><
>>>>>:

0; x<xa

Md

�
x� xa

xb � xa

�
; xa � x � xb

Md; x>xb

(5)

where xa and xb are the phase transition points (Fig. 1). Simi-

larly, na and nb can be represented as a function of x

na ¼

8>>>><
>>>>:

xnmax; x<xa

xanmax

�
xb � x
xb � xa

�
; xa � x � xb

0; x>xb

;

nb ¼

8>>>><
>>>>:

0; x<xa

xbnmax

�
x� xa

xb � xa

�
; xa � x � xb

xnmax; x>xb

(6)

The total Gibbs free energy (GMH[J]) of theMH system can be

written as [23e25].

GMH ¼ GH þ GMa
þ GMb

þ GH2
; (7)

where GH is the Gibbs free energy of hydrogen absorbed in the

host material, GMa
and GMb

are the Gibbs free energies of the

metal host lattice (M) for the a and b phase, respectively, and

GH2
is the Gibbs free energy of hydrogen (H2) in the gas phase.

Each term in Eq. (7) is the product of the chemical potential (mi
[J mol�1]) and the number of moles (ni) involved [25,26], ac-

cording to

Gi ¼ nimi; (8)

where index i indicates the various components of the

hydrogen-storage system, i.e. i¼H, Ma, Mb, H2.

During the (de)hydrogenation process themolar amount of

hydrogen changes in each part of the system togetherwith the

equilibrium gas-phase hydrogen pressure (PH2 [Pa]) and the

temperature (T [K]). The increment of the total Gibbs free en-

ergy for the (de)hydrogenation process (Eq. (1)) must therefore

be taken into account [23e26], which leads to

dGMH ¼
�
vGMH

vnH

�
T;PH2 ;nMa ;nMb

;nH2

dnH þ
�
vGMH

vnMa

�
T;PH2 ;nH ;nMb

;nH2

dnMa

þ
�
vGMH

vnMb

�
T;PH2 ;nH ;nMa ;nH2

dnMb
þ
�
vGMH

vnH2

�
T;PH2 ;nMH ;nMa ;nMb

dnH2

þ
�
vGMH

vPH2

�
T;nH ;nMa ;nMb

;nH2

dPH2
þ
�
vGMH

vT

�
PH2 ;nH ;nMa ;nMb

;nH2

dT:

(9)

Obviously, under isothermal conditions, the temperature is

constantandthe last termofEq. (9) is zero.According togeneral

thermodynamics, the system is in equilibrium when dGMH¼ 0

[25,26]. When furthermore, the definition of the chemical

http://dx.doi.org/10.1016/j.ijhydene.2015.11.038
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potential mi ¼ ðvGi=vniÞT; PH2 ;nj is taken into account, Eqs. (8) and

(9) can be rewritten under equilibrium conditions as
dGMH ¼ mHdnH þ mMa

dnMa
þ mMb

dnMb
þ mH2

dnH2

þ
�
vGMH

vPH2

�
T;nH ;nMa ;nMb

;nH2

dPH2
¼ 0:

(10)

The equilibrium condition of Eq. (10) can now be connected

to the microscopic parameters of the hydrogen storage sys-

tem. Considering the general expression for the Gibbs free

energy, G¼H� TS, the chemical potentials of each compo-
εH ¼

8>>>><
>>>>:

Ea þ Uaax; x<xa

Ebxb � Eaxa � Uaax
2
aðNa=nmaxÞ þ Ubbx

2
bðNb=nmaxÞ þ UabxaxbðNa=nmax �Nb=nmaxÞ=2
xb � xa

; xa � x � xb

Eb þ Ubbx; x>xb

(16)
nent in the system can be expressed by

mi ¼
�
vGi

vni

�
T;PH2 ;nj

¼
�
vHi

vni

�
T;PH2

� T

�
vSi

vni

�
T;PH2

; (11)

where Hi [J] is the enthalpy and Si [J K
�1] the entropy. As the

enthalpy can be described by H¼Uþ PV, Eq. (11) can be

expanded to

mi ¼
�
vGi

vni

�
T;PH2 ;nj

¼
�
vUi

vni

�
T;PH2 ;nj

� T

�
vSi

vni

�
T;PH2

þ PH2

�
vVi

vni

�
T;PH2 ;nj

;

(12)
in which Ui [J] is the internal energy and Vi [m

3] is the volume

of the component under consideration. Eq. (12) will be derived

below for each component in the system.
Hydrogen in the solid (mHdnH)

The first term in Eq. (12) requires the total internal energy of

hydrogen absorbed in the hydride-forming material (UH). The

so-called Bragg-Williams approximation has been adopted,

implying that the absorbed hydrogen atoms are randomly

distributed in the host material [27]. Ei [eV] represents the

energy of the individual hydrogen atoms absorbed in both the

a and b phase as indicated in Fig. 2b. It is assumed that the

hydrogen atom absorbed at a particular site can interact with

hydrogen atoms at any other sites with a characteristic

interaction energy. According to the mean-field approxima-

tion the interaction energy between the occupied sites does

not depend on their location. Uaa and Ubb [eV] correspond to

the attraction or repulsion energies of H-atoms in the a- and b-

phase, respectively. Uab represents that between H-atoms in

the different phases (Fig. 2b). Taking the amount of hydrogen

in each phase into account, UH can be described by

UH ¼ e

�
Eana þ Ebnb þ Uaa

2nmax
n2
a þ

Ubb

2nmax
n2
b þ

Uab

2nmax
nanb

�
; (13)

where ni has been defined by Eq. (6) and e is the elementary

charge (1.6$10�19 C) [23]. Eq. (12) requires the derivative of UH

with respect to the amount of absorbed hydrogen (nH). How-

ever ni are functions of normalized hydrogen concentration.
Considering the normalized hydrogen concentration x, nH can

be represented by

nH ¼ nmax

NA
x; (14)

leading to

�
vUH

vnH

�
T;PH2

¼ NA

nmax

�
vUH

vx

�
T;PH2

¼ FεH; (15)

where NA is Avogadro's number, F (¼ eNA) the Faraday con-

stant and εH [eV] is defined as
in both solid solutions (x< xa and x> xb) and the two-phase

coexistence region (xa� x� xb).

The second term in Eq. (12) requires the entropy of absor-

bed hydrogen in the three crystallographic regions, which can

be obtained from the Bolzmann equation [7].

SH ¼ �knmax

8>>>><
>>>>:

x ln xþ ð1� xÞlnð1� xÞ; x<xa

S0
a

�
xb � x
xb � xa

�
þ S0

b

�
x� xa

xb � xa

�
; xa � x � xb

x ln xþ ð1� xÞlnð1� xÞ; x>xb

; (17)

where k is the Boltzmann constant (1.38$10�23 J K�1). The

partial entropies in the plateau region (S0
i ) can conveniently be

expressed as a function of xa and xb, according to

S0
i ¼ xi lnxi þ ð1� xiÞlnð1� xiÞ; (18)

where i again refers to the individual crystallographic phases.

Differentiating SH in Eq. (17) with respect to the molar amount

of absorbed hydrogen and taking Eq. (14) into account yields

sH ¼
�
vSH

vnH

�
T; PH2

¼ NA

nmax

�
vSH

vx

�
T; PH2

¼ R

8>>>>>>>>><
>>>>>>>>>:

ln

�
1� x
x

�
; x<xa

S0
a � S0

b

xb � xa

; xa � x � xb

ln

�
1� x
x

�
; x>xb

; (19)

where R¼ kNA¼ 8.31 [J mol�1 K�1], is the gas constant [23].

Substituting Eqs. (15) and (19) into Eq. (12) leads to the

following expression for the chemical potential of absorbed

hydrogen

mH ¼ FεH � TsH þ PH2

�
vVH

vnH

�
T;PH2 ;nMa ;nMb

; (20)

which, after multiplication by the increment dnH, forms the

first term in Eq. 10

mHdnH ¼
 
FεH � TsH þ PH2

�
vVH

vnH

�
T;PH2 ;nMa ;nMb

!
dnH: (21)

http://dx.doi.org/10.1016/j.ijhydene.2015.11.038
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Host lattice contribution (mMa
dnMa

þ mMb
dnMb

)

Consider the internal energy of the host lattice UMi [J] of both

crystallographic phases. Denoting the energy contribution of

each unit cell by Li [eV] (Fig. 2b), the internal energy of the host

material can be represented by

UMi
¼ eLiMi; (22)

where the number of unit cells (Mi) in each phase satisfies Eq.

(5). Obviously, in the solid solution regions of both the a- and

b-phase Mi is constant, consequently ðvUMi
=vnMi

ÞT; PH2 ¼ 0. In

the two-phase coexistence region the derivative

ðvUMi
=vnMi

ÞT; PH2 can be calculated, taking into account that

nMi
¼ Mi

NA
, which leads to

�
vUMi

vnMi

�
T;PH2

¼ NA

�
vUMi

vMi

�
T;PH2

¼ FLi: (23)

As the host material is assumed to be crystalline, its en-

tropy can be considered constant [25], therefore

ðvSMi
=vnMi

ÞT; PH2 ¼ 0. Obviously, the derivative of nMi
is zero

when Mi is not present in the system. The following expres-

sions for the chemical potentials therefore hold in the three

crystallographic regions

mMa
¼

8>>>>>>><
>>>>>>>:

PH2

�
vVMa

vnMa

�
T; PH2 ;Mb

; x � xa

FLa þ PH2

�
vVMa

vnMa

�
T; PH2 ;Mb

; xa <x � xb

0; x>xb

; mMb

¼

8>>>>>>><
>>>>>>>:

0; x � xa

FLb þ PH2

�
vVMb

vnMb

�
T; PH2 ;Ma

; xa < x � xb

PH2

�
vVMb

vnMb

�
T; PH2 ;Ma

; x>xb

: (24)

According to the definition of Eq. (2) the total number of

unit cells in the present MH-system remains constant during

the hydride-formation process, implying that

nM ¼ nMa
þ nMb

; (25)

and hence that

dnMa
¼ �dnMb

: (26)

In the two-phase coexistence region Eqs. (25) and (26) imply

that

dnMa
¼ �dnMb

¼ �dnH
d

; (27)

The summation of the second and third term in Eq. (10) can
then be written as Eq. (28)
mMa
dnMa

þ mMb
dnMb

¼ dnH

8>>>><
>>>>:

0;

FLþ PH2

2
41
d

�
vVMb

vnMb

�
T; PH2 ;nMb

� 1
d

�
vVMa

vnMa

�
T; PH2 ;

0;
in which L ¼ Lb�La
d .
Hydrogen in the gas phase (mH2
dnH2 )

Considering hydrogen as a di-atomic ideal gas, the chemical

potential mH2
under isothermal conditions has been derived to

be

mH2
¼ RT

�
7
2
� s0

�
þ RT ln

PH2

Pref
; (29)

where Pref is the reference pressure (105 [Pa]). Note that Rs0
defines the molar entropy of hydrogen gas under standard

conditions. Eq. (29) represents a generalization of the classic

expression for the chemical potential of monoatomic ideal

gases given in Ref. [28]. Its derivation can be found in

Appendix I for the convenience of reader.

Considering a closed system in which the total amount of

atomic hydrogen (ntot [mol]) in the system is constant, the

conservation law requires that

ntot ¼ nH þ 2nH2
; (30)

where the stoichiometric coefficient 2 converts the amount of

molecular hydrogen into atomic hydrogen. In this equilibrium

situation any change in the amount of hydrogen in the solid

can only be achieved at the expense of the gas phase

hydrogen, i.e.

dnH2
¼ �1

2
dnH: (31)

Therefore the fourth term in Eq. (10) can be represented by

mH2
dnH2

¼ �1
2

�
RT

�
7
2
� s0

�
þ RT ln

PH2

Pref

�
dnH: (32)

Pressure-related term (ðvG=vPH2 ÞT;nH2
;nH ;nM

dPH2 )

Consider the pressure-related term in Eq. (10), which includes

the partial derivative of the Gibbs free energy with respect

to the gas-phase hydrogen pressure ðvG=vPH2 ÞT;nH2 ;nH ;nMdPH2 .

According to the ideal gas law [23e25] the hydrogen pressure

can be expressed in terms of the amount of hydrogen in the

gas phase, according to

VgPH2
¼ nH2

RT; (33)

where Vg is the volume of the gas phase. Due to the volume

expansion of the hydride-forming material, which sometimes

can be quite significant [4,12], Vg may change during the (de)

hydrogenation process in a fixed container. Using Eq. (31), Eq.

(33) can be rewritten as
x � xa

nMa

3
5; xa <x � xb

x>xb

: (28)

http://dx.doi.org/10.1016/j.ijhydene.2015.11.038
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Vg$dPH2
þ PH2

$dVg ¼ �1
2
RT$dnH; (34)

from which the total pressure increment can be obtained

dPH2
¼ � 1

Vg

�
1
2
RTþ PH2

dVg

dnH

�
dnH: (35)

The partial derivative of the Gibbs free energy with respect

to hydrogen pressure can be found, using the definition of Eq.

(29) and that of the ideal gas (Eq. (33)) [25], according to

�
vG
vPH2

�
T;nH ;nMa ;nMb

;nH2

¼
�
v
�
nH2

mH2

	
vPH2

�
T;nH ;nMa ;nMb

;nH2

¼ nH2

�
vmH2

vPH2

�
T;nH ;nMa ;nMb

;nH2

¼ nH2

RT
PH2

¼ Vg: (36)

Combining Eqs. (35) and (36), the following expression is

obtained

�
vG
vPH2

�
T;nH ;nMa ;nMb

;nH2

dPH2
¼ �

�
1
2
RTþ PH2

dVg

dnH

�
dnH: (37)

Obviously for isothermal measurements, for example

by making use of Sievert-type equipment, the total vol-

ume of the entire hydrogen storage system is considered

constant. The change in the free gas volume can therefore
dGH2
¼0

¼

8>>>>>>>>>><
>>>>>>>>>>:

(
�1
2
RT�PH2

"
dVg

dnH
�
�
vVH

vnH

�
T;PH2 ;nMa ;nMb

#
�1
2

�
RT

�
7
2
�s0

�
þRTln

PH2

Pre(
�RT

2
�PH2

"
dVg

dnH
�1
d

�
vVMb

vnMb

�
T;PH2 ;nMa

þ1
d

�
vVMa

vnMa

�
T;PH2 ;nMb

�
�
vVH

vnH

�
T;(

�1
2
RT�PH2

"
dVg

dnH
�
�
vVH

vnH

�
T;PH2 ;nMa ;nMb

#
�1
2

�
RT

�
7
2
�s0

�
þRTln

PH2

Pre

0¼

8>>>>>>>>>><
>>>>>>>>>>:

(
�RT

2
�1
2

�
RT

�
7
2
�s0

�
þRT ln

PH2

Pref

�
þFεH�TsH�PH2

"
dVg

dnH
�
�
vVH

vnH

�
(
�RT

2
�1
2

�
RT

�
7
2
�s0

�
þRT ln

PH2

Pref

�
þFεH�TsHþFL�PH2

"
dVg

dnH
�1
d

�
(
�RT

2
�1
2

�
RT

�
7
2
�s0

�
þRT ln

PH2

Pref

�
þFεH�TsH�PH2

"
dVg

dnH
�
�
vVH

vnH

�

be expressed in terms of the volume change of the solid

which, in turn, depends on the stored hydrogen content

inside the solid. This is dependent on the materials vol-

ume expansion.
Equilibrium condition (dG¼ 0)

According to the general condition of equilibrium (Eq. (10)) the

Gibbs free energy is minimum when dG¼ 0. Introducing Eqs.

((21), (28), (32) and (37)) into Eq. (10) the following Eq. (38) is

obtained.

Obviously, Eq. (38) requires the bracketed terms to be zero,

which yields after rearrangements Eq. (39).

Eq. (39) represents the general state equation for hydrogen

storage systems and includes the gas phase, the host material

and hydrogen absorbed inside the various crystallographic

phases of the host material. It describes hydrogen absorption/

desorption isotherms in its most general form, taking into

account hydrogen pressure changes and materials volume

expansion, and connects microscopic materials properties

with macroscopic characteristics, such as pressure and vol-

ume, which can be measured experimentally. Eq. (39) can be

solved analytically with respect to PH2 using the so-called

Lambert W-function [29]. Denote
f

�
þFεH�TsH

)
dnH; x�xa

PH2 ;nMa ;nMb

#
þFL�1

2

�
RT

�
7
2
�s0

�
þRTln

PH2

Pref

�
þFεH�TsH

)
dnH;xa<x�xb

f

�
þFεH�TsH

)
dnH; x>xb

(38)

T;PH2 ;nMa ;nMb

#)
; x�xa

vVMb

vnMb

�
T;PH2 ;nMa

þ1
d

�
vVMa

vnMa

�
T;PH2 ;nMb

�
�
vVH

vnH

�
T;PH2 ;nMa ; nMb

#)
; xa<x�xb

T;PH2 ;nMa ;nMb

#)
; x>xb

(39)
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b

;

l¼

0
BBBBBBBBBBBB@

dVg

dnH
�
�
vVH

vnH

�
T;PH2 ;nMa ;nMb

; x�xa

dVg

dnH
�1
d

�
vVMb

vnMb

�
T;PH2 ;nMa

þ1
d

�
vVMa

vnMa

�
T;PH2 ;nMb

�
�
vVH

vnH

�
T; PH2 ;nMa ; nMb

; xa<x�xb

dVg

dnH
�
�
vVH

vnH

�
T;PH2 ;nMa ;nMb

; x>xb

; (40)
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then equilibrium hydrogen pressure enters Eq. (39) in the

linear (�PH2l) and in the logarithmic terms (�1
2RT ln

PH2
Pref

).

Introducing new variables Eq. (39) can be written in the

following form:

�zðxÞ þ aY þ b ln Y ¼ 0; (41)

where Y ¼ PH2
Pref

; a¼�Prefl; b ¼ �½RT and function z(x) is defined

as

zðxÞ ¼

8>>><
>>>:

�
�
FðεH � εMÞ � T

�
sH � 1

2
Rs0

�
� 9
4
RT� FL

�
; xa � x � x

�
�
FðεH � εMÞ � T

�
sH � 1

2
Rs0

�
� 9
4
RT

�
; otherwise

(42)

Eq. (41) can be further rearranged with respect to the

normalized pressure term Y as

cY$expðcYÞ ¼ cZðxÞ; (43)

where c¼ a/b; Z(x)¼exp(z(x)/b). Eq. (43) is solved in terms of

standard Lambert W-function [29] as

Y ¼ 1
c
WðcZðxÞÞ; (44)

which leads, in the expanded form, to

PH2
¼ RT

2l
W

�
2lPref

RT
e�

2zðxÞ
RT

�
: (45)

Both Eqs. (40) and (45) are, in principle, discontinuous at the
PH2
¼ Pref exp

�
� 9
2
þ s0

�

� exp

8>>>>>>>>>><
>>>>>>>>>>:

2F
RT

ðEa þ UaaxÞ � 2 ln

�
1� x
x

�

2F
RT

Ebxb � Eaxa � Uaax
2
aðNa=nmaxÞ þ Ubbx

2
bðNb=nmaxÞ

xb � xa

þ 2
R

2F
RT

ðEb þ UbbxÞ � 2 ln

�
1� x
x

�

phase transition points xa and xb. From a physical point of

view it is, however, obvious that the isotherms must be

continuous. In order to obtain continuous dependencies in Eq.

(45), the following restrictions are imposed to preserve the

continuity of PH2
ðxÞ at xa and xb

lim
x[xa

PH2
ðxÞ ¼ lim

xYxa
PH2

ðxÞ and lim
x[xb

PH2
ðxÞ ¼ lim

xYxb
PH2

ðxÞ: (46)

No volume expansion

Now the general state equation has been derived (Eq. (39)) it

is interesting to theoretically investigate the impact of the

materials volume expansion on the simulated isotherms. In

this specific case, the volume expansion in both the solid

solution and two-phase coexistence regions is considered

negligible and all volume-related terms can therefore be

neglected. Consequently, function l defined by Eq. (40)

is reduced to zero. The final state equation can then be

significantly simplified to

1
2
RT ln

PH2

Pref
¼ �9

4
RT� T

�
sH � 1

2
Rs0

�
þ F

�
εH þ L ; xa � x � xb

εH ; otherwise
;

(47)

Substituting the expressions for sH (Eq. (19)) and εH (Eq. (16))

into Eq. (47) an explicit expression is obtained for the partial

hydrogen pressure as a function of the normalized hydrogen

concentration in the hydride-forming material
; x<xa

F
T
UabxaxbðNa=nmax �Nb=nmaxÞ=2

xb � xa

þ 2FL
RT

� 2
S0
a � S0

b

xb � xa

; xa � x � xb

; x>xb

:

(48)
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To preserve pressure continuity at the phase transition

points in Eq. (48), Eq. (46) can be applied which, after simpli-

fication, gives the following continuity conditions
8>>>><
>>>>:

L ¼ Dab � Da � Db þ Ea þ Eb þ Uaaxa þ Ubbxb

2ðxb � xaÞ � 1

ðxb � xaÞ2
�
Ebxb � Eaxa þ

Ubbx
2
b � Uaax

2
a

2

�

Uab ¼
Uaax

2
a � Ubbx

2
b

xaxb

� Da � Db � Ea þ Eb � Uaaxa þ Ubbxb

xaxb

ðxb � xaÞ
; (49)
where Da ¼ RT
F ln

�
1�xa

xa

�
, Db ¼ RT

F ln

�
1�xb

xb

�
, Dab ¼ RT

F ðS0a � S0bÞ.
Both thegeneral stateexpression (Eq. (39)) andconstantvolume

expression (Eq. (48)) offer the theoretical description of

hydrogen absorption/desorption isotherms, allowing detailed

parameter identificationof complexhydrogenstorage systems.
;

Volume expansion influence

The general expression for hydrogen absorption/desorption

isotherms (Eq. (39)) also includes a volume expansion term,

which is denoted as PH2l, where l is defined by Eq. (40). l can be

determined in three main crystallographic regions, which can

be denoted as

lðxÞ ¼
8<
:

laðxÞ; x � xa

labðxÞ;
lbðxÞ;

xa � x � xb

x � xb

: (50)

In the specific case that la¼lb¼lab¼0 this corresponds to

the constant volume situation considered before, which is

covered by Eqs. (48) and (49). If l deviates from zero, Eq. (39)

still applies. However, the continuity conditions represented

by Eq. (49) have to be replaced by the following expressions

8><
>:

LðlÞ ¼ Lþ ðlabðxaÞ � laðxaÞÞPa þ ðlabðxbÞ � lbðxbÞÞPb

UabðlÞ ¼ Uab þ xb � xa

xbxa

½ðlabðxaÞ � laðxaÞÞPa � ðlabðxbÞ � lbðxbÞÞPb�

(51)

where L and Uab corresponds to the case that l¼0.
Van ’t Hoff relationship

Considering the simplified case with no volume expansion,

Eq. (47) can, for example, in the two-phase coexistence region

be rearranged to

1
2
ln

PH2

Pref
¼ FðεH þ LÞ � 9

4RT

R
1
T
� sH � 1

2Rs0
R

: (52)

The reader will recognize in this expression the well-

known Van ’t Hoff relationship, which is generally repre-

sented by

1
2
ln

P
�
H2

Pref
¼ DH

�

R
1
T
� DS

�

R
; (53)

in which the molar enthalpy (DHo) and entropy (DSo) of the

hydride (de-)formation reaction are considered to be
temperature-independent [5,22]. The Van ‘t Hoff relation is

generally determined in the middle of the two-phase coexis-

tence region where Po
H2

holds. Considering the above mathe-
matically derived expression (Eq. (52)),DHo and DSo can now be

represented by

DH ¼ FðεH þ LÞ � 9
4
RT; (54)

and

DS ¼ sH � 1
2
Rs0: (55)

In contrast to the classical Van ’t Hoff equation (Eq. (53)),

the molar enthalpy and entropy in the present derivation (Eq.

(47)) are temperature-dependent and can be determined at

any hydrogen concentration along the isotherms. Eq. (47) can

therefore be considered as a generalization of the classical

Van ’t Hoff relationship, disclosing deeper insight into the

microscopic properties of hydride-forming materials.
Heat capacity

Another important material characteristic is the heat capacity

of hydride-forming materials (CMH) which is generally

expressed as the partial derivative of the internal energy of the

solid with respect to temperature [25], according to

CMH ¼
�
vUMH

vT

�
V;P

; (56)

where UMH in the present terminology is the total internal

energy of the solid, consisting of the energy of absorbed

hydrogen (UH in Eq. (13)) and energy of the host material

(UMi, i¼a,b in Eq. (22)), i.e. UMH ¼ UH þ UMa
þ UMb

. As a first

approximation the partial derivative vUMH
vT can be represented

as a finite difference between the internal energies at two

different temperatures (T1 and T2). The heat capacity of Eq. (56)

can then be rewritten as

CMH21
¼ UMH2

� UMH1

T2 � T1
: (57)

Results and discussion

Influence of volume expansion on the isotherms

Eq. (39) makes it possible to model the hydrogen equilibrium

pressure as function of the amount of absorbed hydrogen,

taking into account all processes, including the gas phase

pressure and volumetric materials changes. Fig. 3 illustrates

http://dx.doi.org/10.1016/j.ijhydene.2015.11.038
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Fig. 3 e Pd-H isotherms simulated at 150 �C according to

Eq. (39). Simulations without volume expansion (curve (a))

are compared with included volume expansions of 10%

(curve (b)), 25% (curve (c)) and 100% (curve (d)). The insert

shows pressure increase between curve (a) and curves (b),

(c) and (d) accordingly. Corresponding curves are denoted

as (b)e(a), (c)e(a) and (d)e(a).

Fig. 4 e Pd-H isotherms simulated at 150 �C according to

Eq. (39), considering (curve (a)) and not considering (curve

(b)) a pressure contribution.
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the influence of the volume expansion on the hydrogen ab-

sorption/desorption isotherms described by Eq. (39). The

simulation results for Pd at 150 �C without volume expansion

are shown in the black curve (a) using the analytical solution

of Eqs. (48) and (49). The simulations including volume

expansion are represented by the grey curves and are calcu-

lated from Eq. (39), using the W-Lambert function of Eq. (45).

Curve (b) corresponds to the case of 10% volume expansion in

the fully hydride PdH case, which visually coincides with

curve (a). Assuming a volume expansion of 25%, similar to the

fully hydride LaNi5H6 case (curve (c)) also hardly shows any

deviation from curve (a). When a volume expansion of 100% is

assumed, some small difference can be seen in the b solid

solution region for pressures above 100 bar. The insert in Fig. 3

shows the pressure increase above curve (a) in more details.

One can see that increase in the volume in general leads to

increase in the pressure, and this pressure increase is pro-

portional to the pressure as given by curve (a). This behavior is

completely in linewith the derivations of Appendix II, where it

is shown that negative values of l lead, ceteris paribus, to

increasing pressure, see Eq. (A7).

It can therefore be concluded that for conventional

hydride-forming materials at average temperatures and

pressures the influence of the volume expansion on the iso-

therms is negligibly small. Only when the volume expansions

becomes larger than 100% a small pressure increase is to be

expected but for most hydride-forming materials these are

unrealistic expansion values.
Influence of pressure on the isotherms

The pressure-related terms appear in the expression for the

Gibbs free energy of Eq. (38). In the previously developed

models the influence of the pressure on the isotherms has not

been taken into account. The presence of the pressure-related
terms in the final equations gives more physically realistic

values for both the microscopic and macroscopic parameters.

Fig. 4 shows, as an example, the simulated isotherm of Pd at

150 �C with (curve (a)) and without (curve (b)) considering the

influence of the hydrogen pressure. Note that curve (a) in Fig. 4

is identical to curve (a) in Fig. 3. It can be concluded that the

influence of the pressure is indeedquite significant and cannot

be neglected in the mathematical description of isotherms.
Van ’t Hoff relationship

Plotting the experimental values for 1
2 lnðP0H2

=Pref Þ as a function

of the inverse temperature, the Van ’t Hoff relationship for Pd

is obtained as shown in Fig. 5a. From this linear dependence

DH0 and DS0 can be calculated from the slope and intercept,

respectively. The calculated experimental values for

DH0¼ 42.40 kJ mol�1 and DS0¼ 0.10 kJ mol�1 K�1 are in close

agreement with those reported before [30e32]. The molar

enthalpy and entropy can also be calculated at the mid-

plateau region for the simulated isotherms, using Eqs. (51)

and (52). The average values obtained in the simulated tem-

perature range are DH¼ 42.35 kJ mol�1 and

DS¼ 0.10 kJ mol�1 K�1, which are very close to the experi-

mental values obtained from the classical Van ’t Hoff

expression Eq. (53).

Using the present model, the results for the Van ’t Hoff

equation can accurately be simulated at various hydrogen

content. Fig. 5b illustrates the situation when these de-

pendencies are plotted at the center of both the a (curve (b))

and b solid solution region (curve (c)), together with the mid-

plateau region result (curve (a)). Obviously, curve (b) is below

curve (a), as expected. Curve (c) is above curve (a), indeed

indicating a steep increase of the partial hydrogen pressure in

the solid solution region of the b-phase.
Isotherms

Desorption isotherms have been further simulated according

to the above presented model without considering volume
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Fig. 5 e (a) The Van ’t Hoff dependence for the

experimentally determined Pd-H isotherms as a function

of 1/T. (b) The calculated Van ’t Hoff dependencies

corresponding to the simulated mid-plateau region (curve

(a)), at the center of the a-phase region (curve (b)) and at the

center of the considered b-phase region (curve (c)).

Fig. 6 e a. Simulation (lines) of experimentally measured

Pd-H pressure-composition desorption isotherms

(symbols) at various temperatures: 100 �C (a), 150 �C (b),

200 �C (c), 250 �C (d) and 300 �C (e). b. Temperature-

composition phase diagram of Pd-H constructed based on

the simulation results (a).
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expansion as this influence appears to be rather limited. The

simulation results will be comparedwith experimental results

in this section. The experimental isotherms have been

determinedwith conventional Sievert's type of equipment [33]

on a variety of hydride-forming materials, i.e. at palladium

powders in the temperature range of 100e300 �C, and at LaNi5,

LaNi4.9Al0.1, LaNi4.7Al0.3 and La0.8Ce0.2Ni5 powders in the tem-

perature range of 40e80 �C. All isotherms are normalized with

respect to the absorbed hydrogen content (x).

Simulations of desorption isotherms of Pd-hydride at 100,

150, 200, 250 and 300 �C are shown in curves (a)-(e) of Fig. 6a,

respectively. Excellent agreement between the experimental

data (symbols) and simulations (lines) is found in all cases.

These simulations are performed, using Eqs. (48) and (49) and
assuming a constant sample volume during dehydrogenation,

i.e. l ¼ 0. The isotherm simulated at 300 �C (curve (e)) is above

the critical temperature (Tc) of Pd-hydride (Tc ¼ 293 �C [30]) for

which the two-phase coexistence region is absent. Obviously,

the 300 �C isotherm has been simulated using the solid solu-

tion equations only, implying the first and third expression of

Eq. (48). The model parameters have been determined by a

non-linear least square method and the as-obtained values

are listed in Table 1. The simulated phase diagram for the Pd-

hydride system is shown in Fig. 6b. These results demonstrate

that the miscibility gap is clearly influenced by the tempera-

ture. With increasing temperature the plateau pressures in-

crease and the miscibility gap becomes narrower to finally

disappear at Tc. Consequently, the Pd-hydride system only

exhibits solid solution states at higher temperatures.

The chemical potentials of all species in the hydrogen

storage system calculated by Eqs. (20), (24) and (29) for Pd at

150 �C are shown in Fig. 7a. The chemical potential of the

hydrogen stored in the hydride-forming material is fully

compensated by the chemical potential of hydrogen gas. The

differential characteristics of Pd-H formation at 150 �C,
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Table 1 e Parameters of the Pd-H hydrogen storage system. Optimized parameters are in bold.

N Par Dimension 100 �C 150 �C 200 �C 250 �C 300 �C

1 xa e 0.079 0.116 0.110 0.299 e

2 xb e 0.787 0.784 0.768 0.618 e

3 Eb
a eV ¡0.041 ¡0.028 ¡0.017 ¡0.022 ¡0.021

4 Eb
b eV ¡0.206 ¡0.092 ¡0.043 ¡0.055 e

5 Ub
aa eV ¡0.448 ¡0.366 ¡0.306 ¡0.222 ¡0.196

6 Ub
bb eV 0.014 ¡0.125 ¡0.184 ¡0.150 e

7 Ub
ab eV 0.076 �0.904 �1.327 �0.419 e

8 L$102 eV 7.364 2.134 0.306 1.193 e
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enthalpy, entropy and Gibbs free energy (calculated from Eqs.

(54) and (55)) are shown in Fig. 7b. The discontinuous behavior

of the differential curves of the enthalpy and entropy are a

clear indication of first-order phase-transitions [23,25]. How-

ever, these discontinuities at the phase transition points are of

equal, but opposite magnitude, resulting in continuous Gibbs

free energy curve and, consequently, isotherms. The singu-

larities of the Gibbs free energy near x¼ 0 and x¼ 1 are caused

by the entropy related terms ln

�
1�x
x

�
according to Eq. (19). The

individual phase contributions to the entropy of formation are

shown in Fig. 7c. As expected in solid solution regions, the

total entropy (black curve) completely coincides with en-

tropies of the corresponding phases. In two-phase coexistence

region the total differential entropy is the summation of the

partial increments of a- and b-phase.

Using the present model, the Gibbs free energies of the

system components can be calculated in the integral form.

The enthalpy, entropy and Gibbs free energy of the bulk of the

hydride-forming material as a function of normalized

hydrogen content for Pd at 150 �C are shown in Fig. 8. As ex-

pected, the contribution of the entropy to the Gibbs free en-

ergy is minor importance compared to that of the enthalpy

(see Fig. 8a). Both contributions are continuous but not

smooth and ‘kinks’ are clearly visible at the phase transition

points, which corresponds to the discontinuities in the dif-

ferential curves of Fig. 7b. For calculation of the above char-

acteristics, the partial energies of host crystal lattice of the

hydride-forming material in a- and b-phases (La and Lb, Eq.

(23)) have been identified. It can simply be assumed that for

the unhydrided host material the internal energy can be

defined by the energy of a-phase unit cell, i.e. UM¼ La. The

enthalpy of pure palladium can be found in literature (e.g. in

Ref. [34]). Taking into account that for bulk material the in-

ternal energy is approximately equal to its enthalpy and using

the value for L ¼ Lb�La
d (see Table 1), La and Lb are determined to

be 0.034 and 0.049 eV, respectively.
Heat capacity

The molar heat capacity for Pd at 150 �C simulated by Eq. (57)

as a finite difference between 200 �C and 100 �C energy states

is shown in Fig. 9. The heat capacity of pure palladium was

assumed equal to that experimentally measured [34]. The

difference in heat capacity between the non-hydrated and

hydrated material is in a range reported in Ref. [35]. It is

interesting also to observe the decline of the heat capacity at

the end of the hydrating process.
Stoichiometric LaNi5-based alloys

The desorption isotherms measured by the Sievert's type of

equipment [33] for LaNi-based alloys at various temperatures

have also been simulated in the present model. The com-

parison of the simulated and measured isotherms for LaNi5
at 40, 60 and 80 �C are shown in Fig. 10. Excellent agreement

between the simulation results (lines) and experimental data

(symbols) is again found at all temperatures. The numerical

values of model parameters for LaNi5 were obtained by non-

linear least squares method and are listed in Table 2. The Van

’t Hoff lines for all measured hydride-forming materials

considered in the present paper are shown in Fig. 11. The

influence of the substitution metal on the isothermal prop-

erties of LaNi5 can be clearly seen. Decreasing the Ni-content

and increasing the Al-content results in a decrease of the

plateau pressure, while adding Ce, replacing the La content in

the AB5-structure, results in an increase of the plateau

pressure. The parameters based on the experimentally

determined Van ’t Hoff plot for LaNi5 (Eq. (50)) are

DH0¼ 31.22 kJ mol�1; DS0¼ 0.109, kJ mol�1 K�1. Parameter

values obtained in the present simulations at the two-phase

coexisting region are very close to those reported in literature

[11,22,36].
Non-stoichiometric ABx alloys

The performance of the proposed model is not restricted to

materials with wide flat hydrogen absorption/desorption

plateaus. Fig. 12 shows the isotherms for various non-

stoichiometric LaNix�1Cu alloys measured at 20 �C [13,14].

The copper content in these materials was fixed at Cu1.0 but

the overall non-stoichiometric ABx composition was varied in

the range of 5.0 and 6.0 by adjusting the Nix�1 content. The

experimental absorption and desorption isotherms are rep-

resented by the open and filled symbols, respectively. The

lines represent the simulated isotherms, which in all cases are

in good agreement with the experimental data. It is found that

the isothermal pressures increase with increasing degree of

non-stoichiometry. The stoichiometric AB5.0 alloy (curves (d))

reveals wide and flat pressure plateaus. Simultaneously, the

hysteresis between the absorption and desorption isotherms

decrease to completely disappear for the AB6.0 alloy (curves

(d)), which is in line with the in situ XRD measurements for

these alloys reported before [14]. Furthermore, the isotherms

become much more sloping with increasing degree of non-

stoichiometry. It can be concluded that the present model

accurately describes a wide variety of alloys with various

http://dx.doi.org/10.1016/j.ijhydene.2015.11.038
http://dx.doi.org/10.1016/j.ijhydene.2015.11.038


Fig. 7 e Simulation of Pd-H at 150 �C (a) various chemical

potentials: hydrogen gas (12mH2
), crystal lattice (mb¡ma) and

absorbed hydrogen (mH); (b) differential molar

characteristics of hydride formation: enthalpy (¡DH),

entropy (TDS) and Gibbs free energy (¡DG); (c) total molar

entropy of hydride formation (TDS) and its a- (TDSa) and b-

(TDSb) phase contributions.

Fig. 8 e Simulation of Pd-H at 150 �C (a) integral molar

characteristics of hydride formation: enthalpy (H), entropy

(¡TS) and Gibbs free energy (G); (b) total molar entropy of

hydride formation (TS) and its a- (TSa) and b- (TSb) phase

contributions.

Fig. 9 e Simulated heat capacity of palladium at 150 �C as a

function of hydrogen content.
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Fig. 10 e Simulation (lines) of experimentally measured

LaNi5-H pressure-composition isotherms (points) at

various temperatures: 40 �C (a), 60 �C (b) and 80 �C (c).

Table 2 e Parameters of the LaNi5 hydrogen storage
system. Optimized parameters are in bold.

N Par Dimension 40 �C 60 �C 80 �C

1 xa e 0.098 0.091 0.081

2 xb e 0.808 0.809 0.819

3 Eb
a eV ¡0.018 ¡0.008 0.004

4 Eb
b eV 0.004 0.003 0.006

5 Ub
aa eV ¡0.304 ¡0.346 ¡0.405

6 Ub
bb eV ¡0.186 ¡0.183 ¡0.184

7 Ub
ab eV �1.580 �1.688 �1.944

8 L$102 eV �2.428 �1.966 �1.744

Fig. 12 e Pressure-composition isotherms for non-

stoichiometric LaNix¡1Cu alloys at 20 �C. Symbols

represent the experimental data and lines the simulations.

Open and filled symbols refer to the absorption and

desorption isotherms, respectively for LaNi4.0Cu (a),

LaNi4.2Cu (b), LaNi4.4Cu (c) and LaNi5.0Cu (d).
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characteristics, including sloping plateaus and hysteresis ef-

fects. This makes the proposed model universal to describe

hydrogen absorption and desorption processes of hydride-

forming compounds.
Fig. 11 e Van ’t Hoff lines for Pd (a), LaNi5 (b), LaNi4.9Al0.1 (c),

LaNi4.7Al0.3 (d) and La0.8Ce0.2Ni5 (e).
Conclusions

A new mathematical model has been presented, describing

the thermodynamics of hydrogen storage systems. Themodel

is based on first principles of chemical and statistical ther-

modynamics and consists of a detailed description of all parts

in the system, including the host metal, hydrogen absorbed in

the various crystallographic phases of the host material, and

hydrogen in the gas phase. Considering the energy, the Gibbs

free energy and the chemical potential as a function of

hydrogen content of each component in the system results in

a general state equation, describing temperature-dependent

isotherms. Conclusively, the equilibrium hydrogen pressure

can be accurately simulated as a function of hydrogen content

in the bulk of hydride-forming materials, taking into account

the gas pressure and the volume expansion of the host

material.

The simulation results of desorption isotherms at various

temperatures have been compared with the experimental

results obtained for Pd, LaNi5, LaNi4.9Al0.1, LaNi4.7Al0.3 and

La0.8Ce0.2Ni5. The simulation results were found to be in good

agreement with the experimental results. Themodel was able

to calculate values of enthalpy (DH) and entropy (DS) of

hydride-formation as a function of hydrogen content and the

results were found to be in good agreement with the classical

experimental Van ’t Hoff dependence. Using the model pa-

rameters at various temperatures, the heat capacity of the

hydride-forming materials has been simulated of hydrogen

content. The theoretically predicted heat capacity of Pd was

also found to be in good agreement with experimental results

reported in literature. In addition it has been shown that

sloping plateaus and hysteresis between the absorption and

desorption isotherms also can be accurately modeled.
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Appendix I
Derivation of the chemical potential of hydrogen in the gas
phase

For the reversible change of state of gases the first thermo-

dynamic law holds [25]:

dU ¼ TdS� pdV; (A1)

whereU is the internal energy of the gas atoms/molecules, T is

the temperature, S entropy p pressure and V is volume. The

state equations for the diatomic hydrogen gas can be repre-

sented by Refs. [6,24,28].

U ¼ 5
2
NkT; pV ¼ NkT; (A2)

where k is Bolzmann constant; N is the number of gas atoms.

Taking into account the general gas law [23,25], substitut-

ing Eq. (A2) into Eq. (A1) and integrate it from the reference

state (T0, P0), the following expression is obtained

SðN;T;pÞ ¼ Nk

"
s0 þ ln

(�
T
T0

�7=2�p0

p

�)#
; (A3)

where s0 ¼ S0ðT0 ;V0Þ
Nk and S0(T0,V0) is the reference entropy of

hydrogen. Furthermore, it is known that [28].

vS
vN






U;V

¼ �m

T
; (A4)

where m is chemical potential of gas.

Applying the following notations [6,7]: m ¼ mH2
, p ¼ PeqH2

and

p0¼ Pref, introducing R ¼ kNa ¼ k F
e, and differentiating Eq. (A3)

for isothermal conditions according to Eq. (A4) taking into

account Eq. (A2) one can obtain equation of the chemical po-

tential of diatomic hydrogen gas

mH2
¼ RT

�
7
2
� s0

�
þ RT ln

Peq
H2

Pref
: (A5)

Appendix II
Sensitivity of equilibrium hydrogen pressure on l

It will be shown in this Appendix that there is a theoretical

reason that a decrease in l results in higher equilibrium

pressures. Consider function

f
�
PH2

; l
	 ¼ �RT

2
� 1
2

�
RT

�
7
2
� s0

�
þ RT ln

PH2

Pref

�
þ FεH � TsH � PH2

l

þ
�
FL; xa � x � xb

0; otherwise
:

According to Eq. (39), fðPH2
; lÞ ¼ 0 for all (small) deviations

of l and PH2
from certain given (initial) value for l and PH2

.

Consequently,

df
�
PH2

; l
	 ¼ vf

vPH2

dPH2
þ vf
vl

dl ¼ �RT
2

dPH2

PH2

� PH2
dl� ldPH2

¼ 0;

(A6)

and therefore

dPH2

dl
¼ � PH2

RT
2PH2

þ l
: (A7)

Consider the constant volume case when l ¼ 0, then Eq.

(A7) results in
dPH2
dl ¼ �2ðPH2 Þ

2

RT <0. Therefore, small but negative

values for l will always result in higher equilibrium hydrogen

pressure, which is in agreement with the results shown in

Fig. 3.
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