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Multi-Stable Operation of a Semiconductor Ring
Laser Due to Spatial Hole-Burning

Daan Lenstra , Senior Member, IEEE, Theodorus T. M. van Schaijk , Member, IEEE,

and Erwin A. J. M. Bente , Member, IEEE

Abstract— We have theoretically analyzed multi-stability of a
symmetric ring laser operating in one single longitudinal mode in
the presence of coherent back scattering and inversion-grating-
induced mutual coupling of the clockwise and counter-clockwise
modes. Our model takes into account the inversion grat-
ing created by the standing-wave pattern of the interfering
counter-propagating fields and avoids the frequently used ad-hoc
introduction of cross and self-saturation coefficients. Our study
confirms that linear coupling due to waveguide irregularities or
weak interface reflections leads to an effective pump strength
below which the clock and anti-clock wise modes are symmetri-
cally coupled whereas above which the grating-induced coupling
leads to multi-stability.

Index Terms— Semiconductor lasers, ring lasers, optical hole
burning, bistable circuits, coupled oscillator systems.

I. INTRODUCTION

THE occurrence of bi-stable behavior with respect to
clockwise (CW) and counter clockwise (CCW) operation

in ideal semiconductor ring lasers (SRLs) is often attributed
to cross-gain saturation exceeding self-gain saturation [1]–[4].
In these papers, cross and self-saturation are introduced in
a phenomenological way. In fact, we will show that the
bi-stability is a natural consequence of spatial hole-burning
by the (partially) standing-wave pattern in the inversion [5],
contrary to claims that the strong carrier diffusion leads to neg-
ligible grating-induced dynamical effects (see for instance [4],
p.2 and [6], p.267). We will derive stability conditions in
the presence of coherent back scattering, without making
additional assumptions of self and cross saturation. Back scat-
tering naturally occurs in optical waveguides due to side-wall
irregularities [7] but can also result from spurious reflections
from interfaces in the ring.

The behavior of the ring laser and the corresponding stabil-
ity situation heavily depend on the value of the back-scatter
phase, a parameter quantifying the ratio of what in previous
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papers is referred to as dispersive and absorptive coupling
between the CW and CCW light [1]–[3]. In one paper a value
for this ratio was fitted from measurements [1] and for this
value bifurcation diagrams were calculated in [2] and [3].
With our theory we are able to qualitatively reproduce their
bifurcation scenario for the corresponding value 0.48π of the
back-scatter phase, including limit-cycle oscillations in a small
pump-strength interval.

In the paper by Gelens et al. [4] an impressive analysis is
presented of the bifurcation structure for the semiconductor
ring laser based on a model with phenomenological cross
and self-saturation coefficients [2]. Our model is different
from [4], mainly in that we take the dynamics of the inversion
grating into account without introducing the phenomenological
parameters. Yet we find qualitatively the same bifurcation
structure, including the pump-strength regions of tri-stability
for certain values of the back-scatter phase.

With regard to the role of spatial hole burning (SHB),
which is responsible in our theory for creating the weak
inversion grating, we mention two publications in which SHB
is claimed to play a role. Using a traveling-wave description,
Javaloyes and Balle [8] show that on increasing or decreasing
pump current abrupt jumps in wavelength and/or direction-
ality of the lasing mode are due to temperature-induced
shifts of the gain profile in combination with SHB-induced
slow spatial variation of the inversion. A paper by Pérez-
Serrano et al. [9] discusses the different manifestations of
longitudinal multistability in ring and Fabry-Pérot lasers due to
the different amounts of SHB. Here we do not consider heating
effects nor different longitudinal modes; we merely focus on
the subtle role the carrier grating plays in the CW/CCW
bistability assuming only one longitudinal mode in the
cavity.

At this point we mention the remarkable in-depth studies
by Born et al. [6], [10] and by Cai et al. [11], in which
many aspects of multi-mode semiconductor ring lasers, i.e.
mode interactions, switching and hysteresis are investigated
and modeled on the basis of a third-order theory for the
polarization response in the gain medium developed in [6].
Here, carrier gratings due to various mechanisms such as
carrier pulsations, carrier heating and spectral hole burning
are considered, but no relation is laid between the intrinsic
drive to unidirectionality and the carrier grating induced by the
standing-wave pattern in case of counter-propagating modes.
In fact, this particular carrier grating was neglected in [6].
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We will show here that this grating is responsible for bistable
unidirectional behavior in a semiconductor ring laser.

This paper is organized as follows: After the introduction
Sec.1, we will present in Sec.2 our set of coupled rate
equations describing the CW and CCW single-mode operation
and the formation of the inversion grating by spatial hole burn-
ing (SHB) which provides the self-induced nonlinear coupling
between the modes. Also, the variables and parameters will be
introduced and clarified here. Sec.3 is devoted to the analysis
and solution method of the rate equations near steady-state
behavior. This yields all potentially stable stationary-state
solutions, the so-called fixed points, but the stability of these
fixed points should be further investigated. This will be done
analytically in Sec.4 for the symmetric coupled-mode solution
corresponding to phase locked CW and CCW modes with
equal-intensities. For the fixed points corresponding to asym-
metric, i.e. unequal-intensity, phase-locked modes the stability
is established numerically, as will be described in Sec.5, where
details of this procedure are given in Appendix A. Bifurcation
scenarios for three different values of the back-scatter phase
is presented in Sec.6 and the conclusions follow in Sec.7.
We will conclude that our model with spatial hole-burning-
induced mode coupling leads to the same stability and bifur-
cation structure as the previously existing model with ad-hoc
introduction of cross and self-saturation [4].

II. FORMULATION OF THE RATE EQUATIONS

The rate equations were originally derived for the weakly
time-dependent field amplitudes in [12] in the context of a
feedback-insensitive semiconductor laser and extended for the
inclusion of coherent back scattering in [13]. The relevant
equations for the present study are

Ṅ0 = �J − N0

T0
− (� + ξ N0) I − 2ξ

√
Icw IccwReM, (1)

Ṁ = −iȦM − M

T1
− (� + ξ N0)

√
Icw Iccw − ξMI, (2)

˙Icw = ξ N0 Icw + 2K
√

Icw Iccw cos (ϕ + A)

+ ξ
√

Icw Iccw{ReM + αImM}, (3)
˙Iccw = ξ N0 Iccw + 2K

√
Icw Iccw cos(ϕ − A)

+ ξ
√

Icw Iccw{ReM − αImM}, (4)

Ȧ = 1

2
ξ

{
1

�
(αReM + ImM) − � (αReM − ImM)

}

+ K {1

�
sin (ϕ − A) − �sin (ϕ + A)}, (5)

�̇ = 1

2
ξ

{
1

�
(ReM − αImM) − � (ReM + αImM)

}
�

+ K {1

�
cos (ϕ − A) − � cos (ϕ + A)} �. (6)

Here, N0 is the inversion (number of electron-hole pairs) with
respect to the threshold value; M ≡ ReM + iImM is the
inversion-grating (complex) amplitude in the same dimension-
less units; Icw and Iccw are the CW and CCW intensities,
respectively, in units of photon numbers;I ≡ I cw + Iccw is the
total intensity; A is the phase difference ϕccw − ϕcw between
the modes and � ≡ √

Iccw/Icw is the degree of directionality.

TABLE I

VARIABLES LISTING

TABLE II

PARAMETERS LISTING

The variables are listed in Table I and the parameters
in Table II. Clearly, 0 < � < 1, when CW dominates over
CCW and � > 1 in the opposite case; the case � = 1 is
referred to as symmetric operation. Note that (6) is a dependent
equation; it can be derived from (3) and (4).

The set of equations (1)-(6) is directly based on the
first-principles rate-equation theory of [5]. This latter the-
ory includes carrier diffusion leading to the (short) grating
lifetime T1 (see (2)). As we intend to focus on essential
concepts, we don’t consider electrons and holes separately,
but rather give a description in terms of electron-hole pairs.
Moreover, carriers that are not confined to the quantum well
are considered to be “lost” for the gain and will be disre-
garded. Although this will be reflected in the actual value
for the threshold current and the slope efficiency, it will not
compromise our conclusions. This method is a well-accepted
qualitative approach which is often successfully applied and
tested.

As to the parameter values, it should be remarked that the
indicated value of 3.5 for α is taken as in [2]–[4] and applies
to quantum-well material. A realistic value for the back-scatter
(BS) phase ϕ is not easy to give as it heavily depends on the
laser geometry. In [14] an asymmetric ring was considered in
which the coupling rate from CW to CCW was different for
the reverse case, due to enhanced reflection from one of the
outputs. In symmetric ring configurations, such as considered
here, both coupling rates are equal and the BS phase could
assume any value in principle. In refs. [2]–[5], [14] a value
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for ϕ slightly smaller than π/2 was considered, based on the
experimental fit in [2].

III. ANALYSIS CLOSE TO STEADY STATE

The first terms in (5) and (6), i.e. with the grating amplitude
M, are the inversion-grating induced terms which, in the
absence of the second terms, lead to bi-stable operation
between the CW and CCW mode. The second terms, i.e. with
the back-scatter rate K , describe coupling of the CW and CCW
due to sidewall-induced backscattering [2], [7], [13]; these
terms by themselves lead to phase-locked symmetric operation
of the two modes.

We assume that the system evolves towards a steady state
with constant intensities and phase difference, i.e. Ṅ0 = Ṁ =
˙Icw = ˙Iccw = Ȧ = 0. This assumption implies that the CW

and CCW mode frequencies will lock together and ImM =
0. We then find from (2), using

√
Icw Iccw = I�/(1 + �2),

ξ I T1 � 1 and ξ N0 � � in very good approximation
(use � I ≈ �J )

M ≈ −T1�J�/(1 + �2). (7)

After introducing the normalized dimensionless pumping
strength (similar to (7) in [4])

p ≡ ξT 1�J

2K
, (8)

and using (7), eqns. (5) and (6) can be written near steady
state in very good approximation as

1

K
Ȧ = αp

�2 − 1

�2 + 1
+ 1

�
sin (ϕ − A) − �sin (ϕ + A) , (9)

1

K
�̇ = p

�2 − 1

�2 + 1
� + {1

�
cos (ϕA) − � cos (ϕ + A)}�. (10)

Here we note in passing by that with the adiabatic approx-
imation (7) the underlying rate equations for the fields can be
shown to be formally equivalent to the field rate equations (2)
in [4] with self-saturation coefficient s=0. However, the inver-
sion rate equation (1) differs from the corresponding equation
(3) in [4]. Comparing the normalized pump parameter p in (8)
with the corresponding parameter (7) in [4], we can express the
cross-saturation coefficient c introduced in [4] as c = T1/T0.

It should be realized that the inversion-grating lifetime T1,
determined by the carrier diffusion, is much shorter than the
inversion lifetime T0 in case of quantum-well material because
strong diffusion will rapidly wash out the grating. In case
of quantum dots however, carriers are much more confined
to the dots and the much weaker diffusion will increase the
grating lifetime to a value close to the inversion lifetime. The
above-made approximations may therefore not be valid for
quantum-dot material.

One easily verifies by inspection of (9) and (10) that if
{�(t),A(t)} is a solution, then

{
�(t)−1,−A(t)

}
is a solution

too, corresponding to exchange of CW and CCW. Further-
more, for each steady-state solution {�ss ,Ass} we can express
�ss in Ass as

�2
ss = sin(ϕ − Ass − arctanα)

sin(ϕ + Ass − arctanα)
. (11)

Next we will derive an expression for Ass in terms of �ss .
The first term in (9) is the inversion-grating induced frequency
shift �ω,

�ω ≡ αp
�2 − 1

�2 + 1
. (12)

The second and third term in (9) together form the back-
scattering contribution, which can be expressed as

WBS sin (
BS − A) , (13)

where


BS ≡ arctan

{
(1 − �2)

(1 + �2)
tanϕ

}
+

{
0 i f cosϕ > 0

π i f cosϕ < 0;

WBS ≡
√

1

�2 + �2 − 2 + 4cos2ϕ. (14)

With (13) we can write the phase-evolution equation (9) in
the form of an Adler equation [16]

1

K
Ȧ = �ω + WBS sin (
BS − A) (15)

According to (15) the phase difference A will lock to a time-
independent value whenever

WBS > |�ω|. (16)

In that case, the stable steady-state solution of (15) for given
fixed � is

Ast (�) = 
BS + arcsin(
�ω

WBS
), (17A)

where 
BS, |�ω| and WBS depend on �. Eq.(15) allows
another steady-state solution, i.e. the unstable solution at fixed
�, given by

Aunst (�) = 
BS + π − arcsin(
�ω

WBS
). (17B)

The respective corresponding solutions for � can now
be obtained by substituting Ast (�) and Aunst (�) into (10),
equating the right-hand side (RHS) to zero and solving the
resulting equations numerically for �st and �unst , respectively.
The solution for which the RHS has derivative <0 could
be stable, but the corresponding combinations Ast , �st and
Aunst , �unst thus obtained must be checked further as to their
stability. Generally, we find at least two time-independent
solutions, but sometimes up to six. Each of these solutions is
periodic in the BS phase ϕ with period π ; they are referred to
“in-phase” or “out-of-phase” solutions depending on whether
cosϕ > 0 or < 0, respectively. For every solution � = �0 > 1,
the corresponding counterpart with � = �−1

0 is a solution as
well.

We will show in the next section that solutions Ast , �st

are not always stable, while the solutions Aunst , �unst are
always unstable, that is, they were never observed to turn
stable. We will present a fully analytical treatment for the
fixed-point combinations {A = 0 or π , � = 1} which exists
for all values of the pump strength p. For all other fixed-point
solutions the stability can be determined only by numerical
or combined analytical and numerical means, which will be
presented in Sec. 5. In Sec. 6 three bifurcation scenarios are
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presented, based on the combined results of Secs. 3, 4 and 5 as
well as fully numerical time integrations of the rate equations.

IV. STABILITY ANALYSIS FOR SYMMETRIC

COUPLING {Ast = 0, �st = 1}
Near the point of investigation {Ast = 0, �st = 1}, we can

write in first order (δ� ≡ � − 1; δA ≡ A−Ast), using (9) and
(10),

1

K

d

dt

(
δ�
δA

)
=

(
p − 2cosϕ 2sinϕ
αp − 2sinϕ −2cosϕ

) (
δ�
δA

)
. (18)

Near the other time-independent solution {Ast = π, �st = 1}
exactly the same equation holds with ϕ replaced by ϕ + π .
The stability eigenvalues of (18) are given by

λ± = T ± √
T 2 − 4D

2
= T

2
{1 ±

√
1 − 4D

T 2 }, (19)

where T and D are the trace and determinant, respectively,
of the matrix in (18), i.e.

T = p − 4cosϕ; D = −2 p (cosϕ + αsinϕ) + 4. (20)

The solution under study is referred to as node if both
eigenvalues λ± are real; it is called spiral when the eigenvalues
are complex. The solution is stable when both eigenvalues
have negative real parts, i.e. T < 0 and D > 0, while the
approach to the time-independent solution is oscillatory in case
of a spiral, i.e. when D > T 2

4 . The stability requirement T < 0
yields

p < 4cosϕ ≡ pT , (21)

which is a Hopf-bifurcation. Note, sincep > 0, that Ast = 0
when cosϕ > 0, whereas Ast = π when cosϕ < 0 (see the text
just below (18)). The requirement D > 0 gives (use p > 0)

p < pD, (22)

where

pD ≡ 2

cosϕ + αsinϕ
= 2√

1 + α2cos(ϕ − atanα)
. (23)

This corresponds to a pitch-fork bifurcation.
The oscillatory condition D > T 2

4 defines a p-interval
[0, p0] wherein the time-independent solution is approached
by oscillations, with

p0 = −4αsinϕ

(
1 +

√
1 + 1

α2

)
, when − π

2
< ϕ < 0;

(24A)

p0 = −4αsinϕ

(
1 −

√
1 + 1

α2

)
, when 0 < ϕ <

π

2
.

(24B)

The special points pT , |pD| and p0 are displayed as functions
of ϕ in Fig. 1 for α = 3.5. This figure summarizes the stability
situation for the steady state of symmetric operation �st = 1.

It should be mentioned that following exactly the same
procedure for equations (18) as was applied to (9) and (10)
in Sec.2, yields the same stability condition (22) related to

Fig. 1. Stability overview for � = 1 in the (p, ϕ)-plane. The grey regions
indicate stability, light grey corresponds to complex eigenvalues (i.e. stable
spiral), dark grey to real (i.e. stable node). The blue curve is pT , the orange
curve pD and the red curvesp0. The black vertical dashed lines correspond
to special values forϕ, where ϕ = Atanα − π

2 is the asymptotic in pD and
ϕ = 1

2 (Atanα∓ π
2 ) are the joint intersections of pT , pD and p0. The black

vertical dotted lines indicate the ϕ values for which bifurcation diagrams (Fig
2 (b) and (c)) are given. In (b) a zoom-in is given for the lower right corner of
(a). The special bifurcation points labeled A to G are also indicated in Fig. 2.

the pitch-fork bifurcation, but fails to reproduce the Hopf
bifurcation line pT in (21). This illustrates that the solution
method of Sec.2 may predict false stability and justifies the
need for stability check.

V. STABILITY ANALYSIS FOR ASYMMETRIC

BISTABLE OPERATION

For this analysis we will introduce instead of the direction-
ality � the variable ρ defined as

� ≡ tanρ. (25)

In terms of ρ the rate equations (9) and (10) can be rewritten
as (s ≡ K t)

dA

ds
= −αpcos(2ρ) + cos(ρ)

sin(ρ)

× [2 sin(ϕ)cos(A) − 1

cos2(ρ)
sin(ϕ + A)]; (26A)

dρ

ds
= −1

4
psin(4ρ) + 2cos2(ρ) cos(ϕ)cos(A)

− cos(ϕ + A)]. (26B)
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The steady-state (fixed-point) solutions of (26), {Ass, ρss}
are given by the combinations {Ast , �st }, {Aunst , �unst } as
indicated below (17). The stability of each such solution
follows from linearization of (26) around that particular fixed
point. Details can be found in Appendix A. It leads to a (2×2)
stability matrix M and the condition for stability of the fixed
point

Tr (M) > 0 and Det (M) > 0, (27)

with Tr (M) and Det (M) respectively the trace and determi-
nant of the matrix M . This condition is checked numerically
using the expressions (A3-A6).

VI. BIFURCATION SCENARIOS

Using the method of linearization around each fixed-point
solution of the rate equations we find the bifurcation diagrams
shown in Fig. 2 for three different back-scatter phases ϕ = 0,
ϕ = 0.48π and ϕ = −0.2π , which gives a good impression
as to what generally can be expected for arbitrary back-scatter
phase.

The case ϕ = 0 (Fig. 2(a)) corresponds to the special case
where the coupling rate of CW and CCW is real. Plotted is
the directionality � (vertical) in dB vs. the pump strength
p (horizontal). The 0 dB solution (� = 1) is stable until
p = pD = 2 where it destabilizes in a sub-critical pitch
fork bifurcation (point A). Each one of the bi-stable branches
emerges from a saddle-node bifurcation at p = 1.06. Between
p = 1.06 and p = 2, the system is tristable.

The case ϕ = 0.48π in Fig. 2 (b) was also studied in
refs. [2]–[4], [15], where this value for ϕ is obtained from
a fit to the experiment in [2]. The 0 dB solution (� = 1)
is destabilized by a Hopf-bifurcation at p = 0.251 (point
C), while � stably oscillates with increasing amplitude for
p > 0.251. Minimum and maximum amplitudes of �(t) are
indicated by red curves. The oscillation frequency decreases
monotonically from 0.24 K at p = 0.251 (point C) to 0.11 K
at p = 0.6323 (point E), where the oscillation ceases abruptly.
Precisely at E the unstable branches, born in the unstable pitch-
fork bifurcation near p = 0.55 (point D), turn stable. The
bistable branches extend to infinity for p > 0.6323.

Fig. 2 (c) shows the bifurcation diagram for ϕ = −0.2 π .
In this case, no oscillating behavior is found. The 0 dB solution
is destabilized in the subcritical Hopf bifurcation at p = pT =
4cosϕ = 3.236 (point G), while the bistable branches are born
in saddle-node bifurcations at p = 1.081 and extend to infinity.
The unstable branches connect at the horizontal axis for p =
1.601 (point F) in a subcritical pitch-fork bifurcation. Note
that these unstable branches connect here with the unstable
� = 1 solution, corresponding to Aunst (� = 1) = π , which
coexists with the stable solution. The interval of tristability is
1.081 < p < 3.236.

It should be emphasized that all three above scenarios are
for α = 3.5. It can easily be deduced from Fig. 1 that the
stability situation for the � = 1 solution will significantly
change for different values of α. The way in which the dynam-
ical picture changes as function of α is beyond the scope of
the present study. This is especially relevant for quantum-dot
material based ring lasers, for which α is expected to be

Fig. 2. Bifurcation diagrams for the directionality � (in dB) versus the
dimensionless pump strength p (see (8)) for back-scatter phase values ϕ = 0
in (a), ϕ = 0.48 π in (b) and ϕ = −0.2 π in (c). Shown are the
fixed-point equilibrium values corresponding to steady-state operation. Black
lines represent stable fixed points; black dashed lines unstable points. In (b),
no stable fixed point exists in the region 0.251 < p < 0.6323. Here, � and A
are oscillating, that is, a stable limit cycle (�,A) is born in a Hopf bifurcation
atp = 0.251. The minimum and maximum amplitudes of �(t) are indicated
by red curves. In all cases, the unstable � = 1 solution, corresponding to
Aunst (� = 1) = π is not indicated.

much closer to zero. Preliminary investigations indicate no
qualitative changes in the bifurcation scenario for ϕ = 0.48π
on varying α, but the tri-stabilities found for ϕ = 0 and
ϕ = −0.2π disappear for α <∼ 3. The asymptotic bistability
for large pump strength remains for every value of α.

VII. CONCLUSION

We have addressed the multistable CW/CCW directional-
ity situation in a symmetric SRL with a single-longitudinal
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mode in the presence of SHB and coherent back scattering.
The rate-equation model employed naturally takes account of
the formation of a weak inversion grating induced by the
counter-propagating CW and CCW modes. It is shown that the
relevant bifurcation parameter is the dimensionless normalized
pump strength p, defined in (8) in terms of grating lifetime,
inverse back-scatter rate and injection current with respect to
threshold current. We find that for p � 1 the back scattering
dominates the dynamics, resulting in equal-amplitude phase-
locked operation of CW and CCW (� = 1). This state loses
stability above a certain pump strength in a pitchfork, Hopf
or other bifurcation, which depends on the back-scatter phase.
Around p ≈ 1, again depending on the back-scatter phase,
a pump-strength region is found where the system either shows
tri-stable behavior (i.e. with three stable fixed points) or stable
limit-cycle oscillations. Sufficiently far above threshold p � 1,
the situation of bi-stable operation occurs with one mode
dominating over the other and vice versa, i.e. � and �−1, with
� �= 1. This situation extends to p → ∞.

Our underlying gain theory has a restricted number of
parameters only; especially no additional assumptions of self
and cross saturation were made. The directional bistability is
driven by the SHB-induced inversion grating. Our findings
in Fig. 2 (b) are in qualitative agreement with results given
in [2]. Also, the pump strength interval with oscillating behav-
ior of the coupled CW and CCW modes, reported by [1]–[3],
was found by numerical time integration of (1) to (5). Further
investigation should reveal whether addition of gain saturation,
such as due to free-carrier or two-photon absorption, not
considered here so far, may change the picture here disclosed.
More general, the stability and bifurcation structure derived
on the basis of our model is in qualitative agreement with the
more complete overview by Gelens et al. [4].

APPENDIX A

For a fixed-point solution {A0, ρ0} we introduce the vari-
ables δA ≡ A − A0, δρ ≡ ρ − ρ0 and obtain from the rate
equations (26) in lowest order

dδA

ds
= −M11δA − M12δρ; (A1)

dδρ

ds
= −M21δA − M22δρ, (A2)

where the stability-matrix elements are given by

M11 = 2[sin (ϕ)sin(A0)
cos(ρ0)

sin(ρ0)
+ cos (ϕ + A0)

sin(2ρ0)
]; (A3)

M12 = 2[−αpsin(2ρ0) + sin (ϕ)cos(A0)

sin2 (ρ0)

− 2
cos(2ρ0)

sin2 (2ρ0)
sin (ϕ + A0)]; (A4)

M21 = [2cos2(ρ0) cos (ϕ)sin(A0) −sin (ϕ + A0)]; (A5)

M21 = [pcos (4ρ0) + 2sin(2ρ0) cos (ϕ)cos(A0)]. (A6)
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