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Abstract

A trajectory is a sequence of time-stamped locations, each of which
is represented as a point in two or three dimensions. An uncertain
trajectory replaces each point, according to some uncertainty model,
with a probability distribution, a disk, a set of points, etc. This is used
to express uncertainty about the true location of an object and handle
measurement imprecision transparently.

Fréchet distance is a commonly used trajectory similarity metric,
often introduced as the smallest length of a leash needed for a leashed
dog and its owner to walk along their two respective trajectories
without going backwards.

In this thesis, we discuss similarity of uncertain trajectories, with
the focus on region-based uncertainty models (disks, line segments,
sets of points) and discrete and continuous Fréchet distance.

We show that finding the upper bound on both the discrete
and continuous Fréchet distance on uncertain trajectories is an NP-
complete problem in many settings. We also study expected discrete
and continuous Fréchet distance, assuming uniform distribution of
points within the respective regions, and show that finding it in many
settings is #P-hard.

Finally, we discuss the setting with time bands, where we enforce
temporal similarity of the two trajectories, thus decreasing the com-
plexity, and give the polynomial-time algorithms to find upper bound
and expected value of discrete and continuous Fréchet distance in this
setting for trajectories with uncertainty model of sets of points.
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1

Introduction

Trajectory data is very common. It arises in all kinds of settings: tracking an-
imals, investigating movement of particles, or analysing someone’s workout
all involve trajectory data. Most commonly trajectory data is represented
as a sequence of time-stamped locations in two or three dimensions with
associated data (see Figure 1.1 (left)). It is not surprising that many methods
for analysing trajectory data have been developed. Moreover, these methods
help address many different analysis goals, some of the most common ones
being quantifying the similarity of two trajectories, clustering trajectories,
finding a trajectory representative of a group, simplifying a trajectory, or
segmenting a trajectory based on some useful criteria.

These analysis goals can be quite nuanced depending on the application
area. For instance, if one wants to compare trajectories of two racing drivers,
time has to be taken into account to say anything meaningful, as the speed
has a large impact on the trajectory of the car. In other settings, however,

(0, 0) at 10:01

(1, 1) at 10:05

(0, 2) at 10:07

(2, 4) at 10:12

Figure 1.1: Left: Trajectory data. Centre: Polygonal curve on the data. Right:
Uncertain trajectory and measured data.
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1. Introduction

time may not be of interest—consider the trajectories of people walking
through a check-in hall at the airport. Most likely, speed and relative timing
are not so relevant here, but rather the distribution of people through the
various parts of the hall is of interest. If many trajectories are involved, one
may get a better overview by performing clustering and selecting some
trajectories as representatives for the clusters for further analysis. If one
instead considers a workout tracker, segmentation is important—one would
want to separate cycling, running, swimming, and taking a bus into separate
parts and process them differently. So, in a variety of scenarios, trajectory
analysis is called for.

In many of these real-life scenarios, however, data actually comes from
GPS trackers or base radio station triangulation, so the position recorded for
each data point has some inherent uncertainty. For example, in Figure 1.1
(right), the recorded (black) data points are all off the actual (red) trajectory
due to measurement imprecision. On the scale of this example, imprecision
might turn out to be significant. Coupled with the fact that the sampling
rate may be somewhat low and that the position of an object between the
measurements is inherently uncertain, the entire trajectory of an object may
be difficult to pinpoint, and hence tricky to analyse.

However, most existing approaches to handling trajectories tend to
ignore data imprecision and other sources of uncertainty, simply treating
trajectories as polygonal curves, or even just as a discrete set of points. See
Figure 1.1 (centre) for an example of a polygonal curve on data points;
note that the curve is very different from the actual trajectory shown in
red in Figure 1.1 (right). If there is little uncertainty relative to the scale of
analysis, then this approach may still yield passable results; however, when
the imprecision is significant, any analysis might only be meaningful if
uncertainty is taken into account in any further calculations in a transparent
manner.

Therefore, either new methods should be developed, or the existing
ones should be adapted, to treat uncertain trajectories. Doing this in the
context of similarity of trajectories is the focus of this thesis.

In particular, in this thesis we focus on a specific similarity measure
developed for precise trajectories and, taking several simple models for
measurement uncertainty, study how the uncertainty propagates to the
similarity measure, establishing lower bounds, upper bounds, and expected
values and either giving the algorithms to solve the problems or show
corresponding hardness results.

To discuss the contributions of the thesis in more detail, we first need
to establish how the similarity between trajectories can be measured (Sec-
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1.1. Similarity of Trajectories

Figure 1.2: Left: Black curve is the simplification of the red curve. Note that they
are similar. Right: Trajectories clustered in red and green clusters. Note that each
trajectory is similar to others in its cluster.

tion 1.1), and how to take uncertainty into account in geometric algorithms in
general (Section 1.2) and in algorithms for trajectory similarity in particular
(Section 1.3).

1.1 Similarity of Trajectories

Various flavours of trajectory analysis show up inmany different application
areas. Most of the analysis goals fall into a few groups, with the benefit that
one can develop the algorithms without tying them to a specific application
area. As mentioned previously, the most common tasks are similarity,
simplification, segmentation, and clustering.

Simplification of a trajectory is the process of reducing the complexity
of the trajectory without losing specific information. There are several
algorithms for curve simplification that do not take time into account, that
is, they reduce a curve to a similar curve by omitting some points from the
curve. See Figure 1.2 for an example: the black trajectory is a simplification
of the red one, as it uses a subset of its vertices and is simpler; note that the
two trajectories are similar, or the simplification would be of low quality.

A simple algorithm that works well in practice is the Ramer–Douglas–
Peucker algorithm [18, 34]. Another commonly used algorithm is due to
Imai and Iri [27]. It is a more involved algorithm with guarantees on the
quality of the simplification. Note that the concept of similarity plays an
important role here, since we need to quantify how similar the simplified
trajectory is to the original. The two algorithms so far use Hausdorff distance

for the error measure. The algorithm by Agarwal et al. [2] can use the
Fréchet distance instead; the difference will be explained further, but usually
it is a more natural measure to use for trajectories. It also provides an
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1. Introduction

approximation rather than an optimal solution, but the trade-off is that it
does so much faster than the Imai–Iri algorithm. The latter can also be
adapted to use Fréchet distance.

Recently there has been work by Bringmann and Chaudhury [9] provid-
ing an algorithm for a different version of simplification problem that runs
asymptotically as fast as the Imai–Iri algorithm; they also give a conditional
lower bound showing that at least in high dimensions Imai–Iri and their
new algorithm are optimal.

All of these algorithms only do curve simplification; there are also
approaches that aim to take time into account, so e.g. information about
the speed changes is not lost [26], as well as other extensions of the basic
algorithms, but they are not the focus of this overview.

Segmentation of a trajectory is the process of identifying subtrajectories
that fit some criteria of interest, such as bounds on speed, direction, etc. For
monotone criteria a greedy approach can be applied; for more complicated
criteria or combinations thereof one can apply the algorithm based on the
so-called start–stop diagram due to Aronov et al. [7]. The basic idea is that,
based on the criteria, one can build a diagram with free space that is open to
traverse and blocked cells, and then construct a specific trajectory through
that diagram to find the segmentation. More recently, Alewĳnse et al. [4]
have suggested a general criterion-based segmentation framework that runs
in O(n log n) time as opposed toΘ(n2) in previous work. Alewĳnse et al. [5]
also study segmentation (and classification) of trajectories incorporating
uncertainty in the movement between the measured points on the trajectory.

Clustering of multiple trajectories is the process of assigning a label to
each trajectory, thus grouping them according to some similarity metric. See
the example in Figure 1.2: two clusters of trajectories are clearly visible, and
red trajectories are more similar to each other than to green trajectories.

Commonly used clustering algorithms include variants of k-means
clustering that accept arbitrary distance metrics and DBSCAN [21]; the
most interesting part of applying them to the trajectories is the choice of
the underlying metric that should show how similar two trajectories are.
One could also use (k , `)-centre clustering, where the algorithm needs to
find k cluster centre trajectories of complexity at most `, minimising some
distance metric between each clustered trajectory and its cluster centre [12].

One may notice that most tasks described so far internally use the
concept of similarity of two trajectories. The similarity is quantified by
some measure of similarity; for some applications, such as clustering, we
would want to use a metric rather than any measure, so we need the triangle
inequality to hold.
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1.1. Similarity of Trajectories

Similarity measures Many different measures of similarity of trajectories
have been proposed. Onemeasure that has been used quite often isHausdorff

distance; however, it is by no means specific to trajectories, as it completely
ignores the sequence and instead views each trajectory as a set of points, so
it does not provide intuitive results most of the time.

Perhaps the most commonly used measure is dynamic time warping

(DTW) [30]. Its notable feature is the fact that it aligns the trajectories
monotonously in time—if one were to imagine two objects moving along
the trajectories and consider the link between them, DTW imposes the
restriction that both objects have to traverse their respective trajectories from
start to end, and that neither of them may at any point go backwards or
jump over parts of the trajectory. However, it is sometimes inconvenient
that DTW is not a metric, i.e. the triangle inequality does not hold.

Longest Common Subsequence (LCSS) adapted to trajectories traverses the
two trajectories monotonously and considers points equivalent if they are
within a certain distance from each other; the resulting value then is the
maximum number of points that can be considered equivalent [36]. It can
be a useful measure, as it is robust to outliers, since it ignores some points
by design; however, it is again a non-metric.

Variants of edit distance, e.g. edit distance on real sequence, have been
proposed, with the idea that the current point on a trajectorymay be skipped,
adding one edit; or it may be matched to the current point on the other
trajectory, adding one edit if they are too far, or no edits if they are close
enough [16]. It is thus quite similar to LCSS, and has the same benefits and
issues.

Fréchet distance is very similar to DTW, except that it is a bottleneck
measure, using the maximum instead of the sum of values; a crucial benefit
of this measure is it being a metric, in addition to the benefit of it being a
fairly natural fit to the trajectory similarity problem [6, 24]. A variant of
this metric exists that only considers the vertices of the trajectory, called
discrete Fréchet distance; it is easier to compute and is an upper bound on
Fréchet distance, but it may yield misleading results if the sampling rate of
the trajectories does not let the points align well [20]. Many variants of the
Fréchet distance exist, including Fréchet distance with shortcuts [19] (where
vertices may be skipped to make the measure more robust to outliers) and
weak Fréchet distance [6] (where one can also go back along a trajectory,
but cannot jump). Since the Fréchet distance appears to be the best fit, its
extensions will be used as similarity measures in this thesis. Further details
on Fréchet distance and discrete Fréchet distance, as well as the standard
algorithms to find them, are provided in Section 2.1.
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1. Introduction

Time bands In the context of some of the preceding measures, especially
DTW and Fréchet distance, it often makes sense to impose stricter require-
ments on the temporal alignment of trajectories. That can be achieved by
using a time band, that is, by disallowing aligning points that are too far
apart in time. The constrained measures are thus forced to only consider
alignments that satisfy temporal limitations, ensuring that trajectories that
are very similar, but are misaligned in time, will be perceived as dissimilar.

The most common type of a time band is the Sakoe–Chiba band,which
simply restricts the aligning of point k on one trajectory to points k±w on the
other trajectory, for all k and for some fixed w [35]. Another commonly used
time band is the Itakura parallelogram; as the name suggests, the time band
resembles a parallelogram in shape, being narrow at the start and end of the
trajectories and the widest in the middle [28]. Finally, a generalised version
has been proposed specifically for use with Fréchet distance, constrained
free-space diagrams, where the diagram is specified by defining the boolean
constraints and storing the relevant attributes with the trajectories [10]. A
time band applied on top of regular Fréchet distance can be seen as a specific
instance of constraints. We use the Sakoe–Chiba band later in this thesis.

1.2 Uncertainty in Computational Geometry

Measurements are never exact, resulting in inherent uncertainty in measure-
ment data. However, algorithms often assume precise input, not treating
measurement uncertainty explicitly and assuming that it does not have an
important effect on the result.

Treating uncertainty transparently is a rather newanddifferent approach.
Doing so requires establishing an uncertainty model. Consider, for now, some
problem on a static set of points. If a point is uncertain, it can be often
modelled as a region of possible point locations, or as a finite set of such
locations, with any location inside the region being equally likely, and the
locations outside the region impossible. Another approach would be to
assign a probability distribution over the space under consideration to each
uncertain point; there is some work by Löffler and Phillips [33] where the
authors compute a distribution on the output of a shape fitting problem,
given the uncertain points presented as probability distributions as input.
While this approach provides more information, it is often difficult to deal
with, so the region-based model is used more often. Based on that model
with each imprecise point a disk of fixed radius, Cai and Keil [15] compute
the visibility inside a simple polygon. In turn, Knauer et al. [29] study the
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1.3. Similarity of Uncertain Trajectories

Figure 1.3: Lower and upper bound on the convex hull area on imprecise points
modelled as line segments.

directed Hausdorff distance between imprecise point sets. More recently,
Löffler [32, Chapter 3] provides an extensive overview of new algorithms
and hardness results for lower and upper bounds on the output of smallest
bounding box, smallest enclosing circle, andminimumwidth strip problems
on imprecise points given as disks or squares. He also provides algorithms
dealing with lower and upper bounds on convex hull area on imprecise
points represented as disks, squares, and line segments [32, Chapter 4, 5],
as well as bounds on diameter of a point set [32, Chapter 6] and bounds
on the perimeter of a polygon [32, Chapter 11]. The approach of finding
lower bounds and upper bounds on the output occurs quite often in general in
the problems on uncertain points with region-based uncertainty. See the
example for the realisations of the lower and upper bounds on convex hull
area in Figure 1.3.

There are also some methods that use uncertainty models in the context
of moving points. The model of imprecision here is that we can query
the location of an object precisely, but it then moves, querying takes time,
and we can (usually) only query one object at a time, so at any given
moment we do not have a current precise location for most objects. Evans
et al. [22] study the querying strategies in this model that would minimise
uncertainty. When considering trajectories in this context, one could use
the Brownian bridge model. The idea of that model is that the uncertainty
can be represented as Brownian motion between a fixed starting point and
a fixed end point. The model has been used to detect specific movement
patterns by Buchin et al. [13]. There is also work using that model (or similar
movement models) on segmentation and classification of trajectories [5].

1.3 Similarity of Uncertain Trajectories

There is surprisingly little work on similarity of trajectories with some
uncertainty model. Ahn et al. [3] take the region-based imprecision model
with each uncertain point modelled by a disk of a certain radius and find
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1. Introduction

the lower bound discrete Fréchet distance using a dynamic programming
approach. They also present approximation algorithms both for the lower
and upper bound discrete Fréchet distance under some extra assumptions.
They stipulate that finding upper bound Fréchet distance is hard; it is
confirmed by Fan and Zhu [23] for the case of thin rectangles as imprecision
model and is further explored in this thesis.

Buchin and Sĳben [14] approach the problem of computing discrete
Fréchet distance on uncertain trajectories with points defined by probability
distributions. As discussed in Section 1.1, many similarity measures
for trajectories are based on aligning the trajectories according to some
optimisation goal. In most previous work, when given the distributions
of uncertain points, the aim is to come up with the distribution of the
output of interest; in this case, it would be the distribution of the Fréchet
distance. Buchin and Sĳben propose a different approach: they give the
distribution of the output conditioned on the alignment of trajectories, so for
each alignment they can compute the distribution of the discrete Fréchet
distance, and so their end goal is to find the alignment that has the largest
probability to realise a certain discrete Fréchet distance. In a way, this
approach swaps the choice of the alignment and the computation of the
outcome for that alignment—this is different from what we focus on in this
thesis.

1.4 Contributions

Setting In this thesis, we focus on Fréchet distance and discrete Fréchet
distance as similarity measures, since they are metrics and provide natural
results for trajectory similarity.

We choose the region-based imprecision model and make a distinction
between indecisive points, where each point is a set of equiprobable real
locations, and imprecise points, where each point is a closed region of
equiprobable real locations. The latter can be of any shape, but we focus
on disks and line segments. We do not consider any uncertain movement
models between the measurements, instead assuming linear interpolation
between real locations. These choices provide a convenient framework; in
the future it would be, of course, interesting to also consider uncertainty for
the movement between measurements.

Results We consider upper bound Fréchet distance, lower bound Fréchet
distance, and expected Fréchet distance between trajectories. Note that

8



1.4. Contributions

indecisive imprecise
disks line segments

discrete FD UB NP-complete NP-complete NP-complete
Exp #P-hard — #P-hard

FD UB NP-complete NP-complete NP-complete
Exp #P-hard — —

Table 1.1: Summary of hardness results in this thesis.

the expected distance can be defined, as we essentially assume uniform
distribution for the locations of uncertain points over the respective regions.

First of all, finding lower bound discrete Fréchet distance for imprecise
points has been tackled by Ahn et al. [3]. Their approach can also be
extended to indecisive points in a straightforward way.

In other areas, we get the following results:

1. NP-completeness results. As discussed before, there is very little work
on uncertain trajectories. In the line of work by Ahn et al. [3] and Fan
and Zhu [23], we show NP-completeness for upper bound on discrete
and continuous Fréchet distance in several settings. See Table 1.1 for
details.

2. #P-hardness results.1 There is also very little work on expected value of
any function on uncertain points. This seems to be a natural extension
of previous work tackling lower and upper bounds. However, this
turns out to be rather difficult: we show #P-hardness for expected
value of discrete and continuous Fréchet distance in several settings.
See Table 1.1 for details.

3. Algorithms for discrete and continuous Fréchet distance with Sakoe–
Chiba time bands. Previous sets of results suggest that there is little
room for positive algorithmic results in this setting. However, it turns
out that in the setting with time bands the problems become feasible,
and the limitations imposed by time bands may sometimes prove to
be useful. In particular, we give algorithms to find, given indecisive

trajectories, upper bound discrete and continuous Fréchet distance, as
well as expected value of discrete and continuous Fréchet distance.

1Hardness class #P is a class of hard counting problems. For example, SAT (‘Is there a
satisfying assignment to a boolean formula?’) is an NP-complete problem, whereas #SAT
(‘How many satisfying assignments to a boolean formula are there?’) is a #P-complete
problem.
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1. Introduction

Outline The rest of this thesis is organised as follows. In Chapter 2 we
present some preliminaries regarding the Fréchet distance and discrete
Fréchet distance, as well as uncertainty models and notation in use. In
Chapter 3 we proceed to formally state and prove the hardness results
mentioned above. In Chapter 4 we give the algorithms for upper bound
and expected distance when using the time bands. Finally, we conclude the
thesis and discuss future work in Chapter 5.

10



2

Preliminaries

It is necessary to provide some background information and introduce the
notation before we proceed. In this chapter, we give the definition of Fréchet
distance and discrete Fréchet distance and recall the standard algorithms to
compute these metrics on precise (not uncertain) trajectories, introduced
by Alt and Godau, and Eiter and Mannila, respectively [6, 20, 24]. Then
we formally introduce the uncertainty model for imprecise and indecisive
points and give an overview of the notation used in the rest of the thesis.
The notation used is inspired by several works on Fréchet distance and
imprecise point sets [3, 8, 29].

2.1 Fréchet Distance

Denote [n] ≡ {1, 2, . . . , n}. Suppose we operate in d-dimensional Euclidean
space. Consider a sequence of points in this space P � 〈p1 , p2 , . . . , pn〉.
A polygonal curve P is defined by these points by linearly interpolating
between the successive points and can be seen as a continuous function:
P(i + α) � (1 − α)pi + αpi+1 for i ∈ [n − 1] and α ∈ [0, 1]. The length of such
a curve is the number of its vertices, |P | � n. We denote the concatenation of
two polygonal curves P and Q of lengths n and m by P ‖ Q; the new curve
follows P, then has a segment that connects P(n) to Q(1), and then follows
Q. Similarly, p ‖ q for any two points p and q denotes the line segment from
p to q. We can generalise this notation:

i∈[n]

pi ≡ p1 ‖ p2 ‖ · · · ‖ pn ≡ P .

11



2. Preliminaries

A trajectory is a polygonal curve with timestamps associated with each
vertex of the curve.1 Therefore, whenever timestamps are not relevant,
trajectories and polygonal curves behave the same, and so we use the terms
interchangeably. We denote a subtrajectory from vertex i to j of curve P as
P[i : j] ≡ pi ‖ pi+1 ‖ · · · ‖ p j .

Metrics definitions Fréchet distance is a metric on trajectories that is often
intuitively introduced with the following example. Suppose a man is
walking his dog, and they go along their respective trajectories, from start
to end. Each of them must complete the entire trajectory, without jumping
over bits and without going backwards (but they may stop). The dog is on
a leash; the Fréchet distance is the smallest leash length necessary for them
to be able to walk along their trajectories fully.

Discrete Fréchet distance is occasionally introduced using a similar analogy
with leaping frogs, but the mechanics of it seems rather confusing; the
difference with the regular Fréchet distance is that now we only consider
the vertices on both trajectories and disregard the way the dog and its owner
move between vertices.

The idea and the difference between the two versions can perhaps be
best explained graphically: see Figure 2.1 and its caption for more intuition.

We shall now formally define the continuous and discrete Fréchet
distance. Let Φn be the set of all continuous non-decreasing functions
φ : [0, 1] → [1, n], and let Ψn be the set of all non-decreasing functions
ψ : [0, 1] → [n], with the additional restriction that functions in Ψn may
not skip over any values in [n]. Another restriction is that φ(0) � ψ(0) � 1
and φ(1) � ψ(1) � n. We call pairs of such functions (φ1 , φ2) and (ψ1 , ψ2)
couplings between trajectories. We denote the discrete Fréchet distance between
precise trajectories A and B of lengths n and m, respectively, by ddF(A, B)
and define it as follows:

ddF(A, B) � inf
ψ1∈Ψn ,ψ2∈Ψm

max
t∈[0,1]

‖A(ψ1(t)) − B(ψ2(t))‖ ,

where ‖·‖ denotes the Euclidean distance.
Similarly, we define (continuous) Fréchet distance between precise traject-

ories A and B of lengths n and m, respectively, as

dF(A, B) � inf
φ1∈Φn ,φ2∈Φm

max
t∈[0,1]

‖A(φ1(t)) − B(φ2(t))‖ .

1In general, it need not be a polygonal curve; however, as we assume linear interpolation
between successive vertices in this thesis, it is easier to not make such distinction.
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2.1. Fréchet Distance

(0, 0)

(0, 1)

(0, 2)

(2, 4)

(2, 0)

(1, 1)

(3, 2)

(4, 4)

(0, 0)

(0, 1)

(0, 2)

(2, 4)

(2, 0)

(1, 1)

(3, 2)

(4, 4)

Figure 2.1: Left: Discrete Fréchet distance is computed when only considering
the vertices. An optimal coupling is shown in dashed red lines, and the largest of
them is marked thick and defines the resulting distance. Right: Fréchet distance is
computed when considering entire trajectories. Some parts of an optimal coupling
are shown with dashed lines; between them the coupling can be interpolated
linearly. The line defining the result is marked thick; note that it does not connect
two vertices. Observe that discrete Fréchet distance is always an upper bound for
Fréchet distance.

So, Fréchet distance is the bottleneck distance for the best reparameterisation
on the two trajectories, restricted to only moving forward on each trajectory.

When considering the discrete Fréchet distance, it is sometimes incon-
venient (andusually unintuitive) to use thenotation for couplings introduced
earlier, even though it makes the definitions for the regular Fréchet distance
and discrete Fréchet distance notably similar. In that case, we can consider
a coupling on trajectories A and B of lengths n and m, respectively, to be a
sequence of r > 0 elements from [n] × [m], c � 〈(a1 , b1), . . . , (ar , br)〉, where
a valid coupling also satisfies (a1 , b1) � (1, 1), (ar , br) � (n ,m), and, for any
i ∈ [r − 1],

(ai+1 , bi+1) �

(ai + 1, bi) ,
(ai , bi + 1) ,
(ai + 1, bi + 1) .

Denote the set of all valid couplings on trajectories of lengths n and m as C
and denote the length of a sequence r � |c |. Then we can give an equivalent
definition of discrete Fréchet distance as

ddF(A, B) � inf
c∈C

max
s∈[|c |]
‖A(as) − B(bs)‖ ,

where cs � (as , bs) for all s ∈ [|c |]. This definition is convenient when one
does not want to reason directly about pairs of functions with a continuous
domain that have the same role as the sequence c in this definition. In

13



2. Preliminaries
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Table 2.1: Left: Distance matrix on vertices for example of Figure 2.1. Right:
Dynamic program for discrete Fréchet distance, filled from bottom left corner.
Rows correspond to points from the left trajectory, columns—to points from the
right trajectory. Optimal path is marked in grey.

words, a coupling is a relation on the vertices of two trajectories, where we
never move to a previous vertex, couple all vertices, couple the first vertices
to each other, and couple the last vertices to each other. We then find the
bottleneck distance for each coupling and pick the distance stemming from
the best coupling, so we get the bottleneck distance of the best coupling.

Discrete Fréchet distance optimisation algorithm This latter definition of
discrete Fréchet distance is instructive to arrive to the dynamic programming
algorithm by Eiter and Mannila, which is deduced in a standard manner
from the following recursion:

ddF(A[1 : i + 1], B[1 : j + 1]) �max(‖A(i + 1) − B( j + 1)‖ ,
min(ddF(A[1 : i], B[1 : j]),

ddF(A[1 : i + 1], B[1 : j]),
ddF(A[1 : i], B[1 : j + 1]))) .

In words, the discrete Fréchet distance is the maximum of the distance of the
newly added element in the coupling and the value that was considered best
previously. Due to the coupling restrictions, there are only three possible
subproblems that we need to consider, and we may choose the best of them,
thus obtaining the recursion above. It is straightforward to turn it into a
dynamic program.

Table 2.1 gives the distance matrix and the computation of the discrete
Fréchet distance for the example of Figure 2.1. Each cell of the table on the
right shows the value of the discrete Fréchet distance so far; the final result
can be read out from the top right corner of the table, and the coupling that
yields this result can be read from the sequence of grey cells. Notice that
the table shows the same coupling as Figure 2.1.

So, there is a recursion that yields a dynamic programming solution to
discrete Fréchet distance on precise trajectories. Given two trajectories of
length n and m in d dimensions, this solution takes Θ(dmn) time to run.
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False False True True
False True False False
True True False False
True True False False

Table 2.2: Left: Distance matrix on vertices for example of Figure 2.1. Right:
Dynamic program for decision version of discrete Fréchet distance with threshold
ε � 2.5.

More recently, Agarwal et al. [1] presented an algorithm that computes
discrete Fréchet distance in timeO

(
mn log log n

log n

)
in twodimensions, for m ≤ n.

However, it is rather complex and does not help the intuition about the
problems discussed in this thesis, so we will not go into further detail.

Discrete Fréchet distance decision algorithm Note that here we were
solving the optimisationproblem—finding the actual value of discrete Fréchet
distance. Instead, one could pose a decision problem—check whether the
value of discrete Fréchet distance is below a certain threshold. Obviously,
we can solve it with the same algorithm, except now we can store the
values of True and False. Table 2.2 shows the same distance matrix and
the dynamic program for the decision problem for the threshold of ε � 2.5.
Naturally, the decision version here still takes time Θ(dmn). The decision
version of the algorithm by Agarwal et al. [1] mentioned earlier runs in time
O

(
mn log log n

log2 n

)
for m ≤ n.

Fréchet distance decision algorithm One can use a similar approach to
solve the decision version of the Fréchet distance problem, except now we
have free and blocked areas within each cell of the table rather than simply
having a boolean value in each cell. The resulting table is called a free-space

diagram. On polygonal curves, each cell becomes an intersection of an ellipse
with the cell, with the inside of the ellipse being free. The answer to the
problem is True if and only if there is a monotone path from the bottom
left corner to the top right corner of the free-space diagram. A free-space
diagram for the example of the two polygonal curves of Figure 2.1 is shown
in Figure 2.2.

Algorithmically this can be checked by keeping the open intervals on
the edges of the cells, i.e. the white segments on cell borders shown in
Figure 2.2. The algorithm then runs in timeΘ(dmn). For further details the
reader is invited to consult the work by Alt and Godau [6] or previous work
on the same topic [24].

15



2. Preliminaries

(0, 0)

(0, 1)

(0, 2)

(2, 4)

(2, 0)

(1, 1)

(3, 2)

(4, 4)

Figure 2.2: Left: Visualisation of Fréchet distance. Right: Free-space diagram for
threshold ε � 2.15. One can draw a monotonous path from the lower left corner to
the upper right corner of the diagram, so the Fréchet distance between trajectories
is below the threshold.

Fréchet distance optimisation algorithm In principle, to solve the optim-
isation problem we need to find the value of ε where the solution to the
decision problem turns from True to False. So, we need to find the threshold
where the monotone path can no longer be drawn through the free-space
diagram. Therefore, we need to consider the intervals we store; the solution
will occur when the relative configuration of the intervals changes, so the
path can no longer be drawn. The events when this occurs are:

1. For lower ε the lower left and top right points are not in free space;

2. For lower ε there is no more vertical or horizontal passage between
some two neighbouring cells;

3. For lower ε the monotone path cannot be drawn (vertically or hori-
zontally) through two non-adjacent cells.

There can be one event of the first type, O(mn) events of the second type,
and O(m2n + mn2) events of the third type. The events are illustrated in
Figure 2.3. This way, we only need to consider a finite set of events, each of
which corresponds to a certain value of the threshold ε that we can find in
Θ(d) time. These values are called critical values.

Having identified critical values, one can use binary search on the sorted
critical values, executing the decision algorithm every time, to find the
critical value that is the solution to the optimisation problem. Sorting the
critical values takes O((m2n + mn2) log mn) time; doing the binary search
takes O(dmn log mn) time, so the algorithm finds the optimal value in time
O((m2n + mn2) log mn) [24], assuming d ∈ O(log mn).
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(0, 0)

(0, 2)

(2, 0)

(1, 1)

(2, 2)

(a) Critical event 1, for ε � 2. First and last point are just in free space.

(0, 0)

(0, 2)

(1, 0)

(2, 1)

(1, 2)

(b) Critical event 2, for ε � 2. A passage just opens between neigh-
bouring cells in free space.

(0, 0)

(0, 2)

(1, 0)

(1.5, 1)

(0,−0.5)

(1, 2)

(c) Critical event 3, for ε � 1.5. A horizontal passage just opens between non-neighbouring
cells in free space.

Figure 2.3: Types of critical events, illustrated with trajectories and the correspond-
ing free-space diagrams. In all three cases, for any lower ε there is no monotone
path from the lower left corner to the upper right corner, and there is no repara-
meterisation of the trajectories yielding the distance between every pair of points
of at most ε.
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This can be improved by using Cole’s variant of parametric search
instead of binary search, obtaining the running time of O(dmn log mn) [6].
However, we do not discuss this technique further.

Buchin et al. [11] show that the running time might be slightly improved
toO(n2

√
log n(log log n)1.5) in the expected case on two trajectories of length

n on a pointer machine, and to O(n2(log log n)2) on a word RAM, assuming
d is constant in both cases. However, it has been shown that no strongly
subquadratic algorithms for Fréchet distance are likely to exist [8], so it is
assumed that the bound cannot be considerably improved.

2.2 Uncertainty Model

Again, suppose we operate in d-dimensional Euclidean space. There are
different uncertaintymodels; in general, uncertain points can be represented
as probability distributions, but we take a simpler approach in this thesis.
An uncertain point is commonly represented as a compact region H ⊂ Rd .
Usually, it is a finite set of points, a disk, a rectangle, or a line segment. The
intuition is that only one point from this region represents the true location
of the point; however, we do not know which one. A realisation of such
a point h is one of the points from the region, chosen according to some
probability distribution P; we denote this as h ∈P H.

An indecisive point is a special case of an uncertain point: it is a set of
points H � {h1 , . . . , hk}, where each point hi ∈ Rd for i ∈ [k]. Similarly, an
imprecise point is a compact connected region H ⊂ Rd . We will usually use
disks as such closed regions, although we could also use rectangles, line
segments, etc. We denote the disk with the centre at p ∈ Rd and radius
r ≥ 0 as D(p , r). We denote the line segment between points p1 and p2 by
S(p1 , p2). The probability distribution for indecisive points is discrete; the
one for imprecise points is usually continuous. Note that a precise point is
a special case of an indecisive point (set of size one) and an imprecise point
(disk of radius zero).

2.3 Notation

Consider a sequence of uncertain pointsH � 〈H1 , . . . ,Hn〉, referred to as
an uncertain trajectory or an uncertain curve. A realisation of such uncertain
trajectory is a polygonal curve P � 〈p1 , . . . , pn〉, each point of which is
a realisation of the corresponding uncertain point; so, for all i ∈ [n], we
need pi ∈P Hi for some fixed distribution P. We denote the fact that P is a
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realisation ofH under distribution P by P bP H . If the distribution is clear
from context, we sometimes omit it and simply write P b H .

Extending the notation to uncertain trajectories H and V , we consider
the upper bound and the lower bound on the discrete Fréchet distance
under different possible realisations, defined as follows:

d max
dF (H ,V) � max

AbH ,BbV
ddF(A, B) ,

d min
dF (H ,V) � min

AbH ,BbV
ddF(A, B) .

Here we do not consider any specific distribution P; the only important
point is that no realisation should be completely excluded by P.

Extending our notation for Fréchet distance to the uncertain trajectories,
we can define

d max
F (H ,V) � max

AbH ,BbV
dF(A, B) ,

d min
F (H ,V) � min

AbH ,BbV
dF(A, B) .

Finally, one may ask what will be the expected value of the Fréchet
distance if the realisation is picked randomly according to P, independently
for each point on the trajectories. We call this the expected Fréchet distance:

d E(P)F (H ,V) � EAbPH ,BbPV[dF(A, B)] ,
d E(P)dF (H ,V) � EAbPH ,BbPV[ddF(A, B)] .

As before, if the distribution is clear from the context, we might just write
d EF and d EdF for the expected continuous and discrete Fréchet distance,
respectively.
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3

Hardness Results

In this chapterwe discuss the hardness results for upper bound and expected
value of continuous and discrete Fréchet distance in different settings, as
defined in Chapter 2.

As mentioned previously, we do not consider lower bounds: Ahn et
al. [3] have already covered the case of discrete Fréchet distance on imprecise
points modelled as disks, and it is easy to cover the case with indecisive
points. To do that, one simply should apply the same algorithm, however,
instead of keeping track of intersections of disks, one needs to keep track of
subsets of point sets.

As we show in this chapter, with a reasonably simple construction we
can show that upper bound and expected case are hard. This means that
we need to find other ways forward, and we discuss one such approach in
Chapter 4.

3.1 NP-Completeness of Upper Bound Fréchet
Distance

We present proofs of NP-hardness of determining d max
F and d max

dF exactly
in several models by showing reductions from CNF-SAT (Satisfiability).
In particular, we show that the problem is NP-hard in two-dimensional
Euclidean space for both the indecisive and imprecise setting both for
discrete and for continuous Fréchet distance.

We will construct two trajectories, one of them uncertain; one trajectory
will correspond to the variables occurring in a CNF-SAT formula, and the
other one will correspond to the clauses. Recall that when computing any
variant of Fréchet distance, we pick an alignment or coupling. Because of
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3. Hardness Results

the way we construct trajectories, only some couplings can be optimal, and
thus only those couplings need to be considered. In our construction any
subtrajectory corresponding to a clause of the formula may be chosen to
align with the variable trajectory, so we would traverse both at the same
time linearly andmap the rest of the formula trajectory to a point. If a clause
is satisfied, then the Fréchet distance resulting from such coupling will be
large. If some clause is not satisfied, we can pick that clause to align the
subtrajectory with the variable trajectory, and the Fréchet distance will be
low.

Therefore, if for all clauses the corresponding coupling yields a large
Fréchet distance and no other couplings are possible, then the overall Fréchet
distance will be large. On the other hand, in that case all clauses are satisfied,
and so the formula is true for the given variable assignment. So, we get a
large Fréchet distance if and only if a formula is satisfiable. The different
realisations of the uncertain trajectories will then correspond to different
assignments.

More formally, suppose we are given a CNF-SAT formula C with

C �

∧
i∈[n]

Ci , Ci �
∨

j∈ J⊆[m]
x j ∨

∨
k∈K⊆[m]\J

¬xk for all i ∈ [n].

Here n and m is the number of clauses and variables, respectively, and
x j for any j ∈ [m] is a boolean variable. Such a variable may be assigned
‘true’ or ‘false’; an assignment is a function a : {x1 , . . . , xm} → {True, False}
that assigns a value to each variable, a(x j) � True or a(x j) � False for any
j ∈ [m]. We denote by C[a] the result of substituting x j 7→ a(x j) in C for all
j ∈ [m]. To restate the problem,

CNF-SAT
Input: A CNF-SAT formula C.
Output: ‘Yes’ if there is a variable assignment a such that C[a] � True,
‘No’ otherwise.

As shown in the Cook–Levin theorem, any problem in NP can be reduced in
polynomial time to CNF-SAT [17, 31].

Our goal is to demonstrate that by solving some problem of our choosing
weobtain a solution toCNF-SAT in polynomial time. Wedefine the following
decision problem in the domain of interest:
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Upper Bound Discrete Fréchet
Input: Two uncertain trajectoriesH andV and a threshold t ∈ R.
Output: ‘Yes’ if d max

dF (H ,V) > t, ‘No’ otherwise.

We can define a similar problem for the continuous Fréchet distance:

Upper Bound Continuous Fréchet
Input: Two uncertain trajectoriesH andV and a threshold t ∈ R.
Output: ‘Yes’ if d max

F (H ,V) > t, ‘No’ otherwise.

In the remainder of this section, we will show that it is possible, given an
instance of CNF-SAT problem, to construct an instance of Upper Bound
Discrete Fréchet and Upper Bound Continuous Fréchet and in both cases
to use the solutions to those problems to construct a solution to CNF-SAT,
and such construction can be done in polynomial time.

Construction for Discrete Fréchet Distance on Indecisive Points

Suppose we are given a CNF-SAT formula C with n clauses, denoted as
C1 , . . . , Cn , and m variables, x1 , . . . , xm . We will construct two indecisive
trajectories in two-dimensional space. The gadgets are shown in Figure 3.1.

We define a variable gadget VG j for j ∈ [m] as a single indecisive point
and a synchronisation point:

VG j � {(0, 0.5 + ε), (0,−0.5 − ε)} ‖ (2, 0) .

Here one can set ε ∈ R arbitrarily, as long as 0 < ε < 0.25. We define an
assignment gadget AGi , j for each i ∈ [n] and j ∈ [m] as two precise points,
where we refer to the first one as an assignment point and to the second
one as a synchronisation point:

AGi , j �


(0,−0.5) ‖ (1, 0) if x j is a literal of Ci ,
(0, 0.5) ‖ (1, 0) if ¬x j is a literal of Ci ,
(0, 0) ‖ (1, 0) otherwise.

We show a useful relation between the gadgets. To do so, we introduce
the one-to-one coupling as a valid coupling c � 〈(a1 , b1), . . . , (ar , br)〉, where
the condition is restricted to (as+1 , bs+1) � (as + 1, bs + 1) for all s ∈ [r − 1].
Necessarily, such a coupling can only exist for trajectories of equal length.

Lemma 1. Suppose we are given a clause Ci and a variable x j that both occur in

the CNF-SAT formula C, and we restrict the set of valid couplings C to only contain
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one-to-one couplings. We only get the discrete Fréchet distance equal to 1 + ε if
the realisation of VG j we pick corresponds to the assignment of x j that ensures the

clause Ci is satisfied; otherwise, the discrete Fréchet distance is 1. In other words, if

we consider A b VG j that corresponds to setting a(x j) to some values, then

ddF(A,AGi , j) �
{

1 + ε iff Ci[a] � True,

1 otherwise.

Proof. First of all, observe that, as we only consider one-to-one couplings,
the second points of both gadgets must be coupled; the distance between
them is ‖(2, 0) − (1, 0)‖ � 1, thus the discrete Fréchet distance between the
trajectories must be at least 1.

Now consider the possible realisations of VG j . Say, we pick the real-
isation (0, 0.5 + ε) ‖ (2, 0), which corresponds to assigning a(x j) � True.
If x j is a literal of Ci , so Ci[a] � True, then by construction we know
that AGi , j is (0,−0.5) ‖ (1, 0). Since we consider only the one-to-one
couplings, we must couple the first points together, yielding the distance
‖(0, 0.5+ε)−(0,−0.5)‖ � 1+ε > 1, so thediscrete Fréchet distance in this case
is 1+ε, and indeedwe picked the assignment that ensures that Ci is satisfied.
If instead ¬x j is a literal of Ci , so Ci[a] � False, then we know that AGi , j is
(0, 0.5) ‖ (1, 0), and it is easy to see that, as ‖(0, 0.5 + ε) − (0, 0.5)‖ � ε < 1
we get the discrete Fréchet distance of 1, and that we picked an assignment
that does not ensure that Ci is satisfied.

A symmetric argument can be applied when we consider the realisation
(0,−0.5 − ε) ‖ (2, 0) for VG j : if ¬x j is a literal of Ci , then we get the discrete
Fréchet distance of 1 + ε and we picked an assignment that surely satisfies
Ci .

Finally, consider the case when AGi , j � (0, 0) ‖ (1, 0). This implies that
assigning a value to x j has no effect on Ci , i.e. a literal involving x j does
not occur in Ci , so neither assignment (and neither realisation of VG j)
would ensure that Ci is satisfied. Also observe that ‖(0, 0.5 + ε) − (0, 0)‖ �
‖(0,−0.5 − ε) − (0, 0)‖ � 0.5 + ε < 1, so both realisations yield the discrete
Fréchet distance of 1.

So, we can conclude that we get the distance 1 + ε if and only if the
partial assignment of a value to x j ensures that Ci is satisfied; otherwise,
we get the distance 1. �

Nowwe can construct a variable clause gadget and an assignment clause gadget:

VCG � (−2, 0) ‖


j∈[m]

VG j , ACGi � (−1, 0) ‖


j∈[m]

AGi , j .
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It is crucial now that we show the following:

Lemma 2. Given a CNF-SAT formula C containing some clause Ci and m variables

x1 , . . . , xm , consider trajectories π1 ‖ VCG ‖ π′1 and π2 ‖ACGi ‖ π′2 for arbitrary
π1 , π′1 , π2 , π′2 with |π1 | � k and |π2 | � l. If some optimal coupling between

π1 ‖VCG‖π′1 and π2 ‖ACGi ‖π′2 for any realisation ofVCG has a pair (k+1, l+1),
then there is an optimal coupling that has pairs (k + s , l + s) for all s ∈ [2m + 1],
i.e. there is an optimal coupling that is one-to-one on the gadgets for any realisation

of VCG.

Proof. Observe that both gadgets have exactly 2m + 1 points. Suppose
the optimal coupling Opt has a pair (k + 1, l + 1), so it matches the first
points of VCG and ACGi . If Opt is already one-to-one for all s ∈ [2m + 1],
there is nothing to be done. Suppose now that it is one-to-one until some
1 ≥ r < 2m + 1, so it has pairs (k + s , l + s) for all s ∈ [r], but it does not have
a pair (k + (r + 1), l + (r + 1)). Then one of the following cases occurs.

• r � 2q + 2 is even; then we know that the point (2, 0) in VGq+1
is not coupled with the point (1, 0) in AGi ,q+1, but the preceding
indecisive point is coupled with the assignment point. Then either
(2, 0) is coupled to an assignment point, with the distance at least 2,
or (1, 0) is coupled to an indecisive point, yielding the distance of√

1 + (0.5 + ε)2 > 1. If we eliminate that pair and instead couple (2, 0)
to (1, 0), we will still have a valid coupling and obtain the distance of
1 on this pair; thus, the new coupling is not worse that the original
one, and so it is also an optimal coupling that is one-to-one for all
s ∈ [r + 1].

• r � 2q + 1 is odd; then we know that the indecisive point in VGq+1 is
not coupled with the assignment point in AGi ,q+1, but the preceding
(2, 0) and (1, 0) (or (−2, 0) and (−1, 0)) are coupled. Then either Opt
has a pair of the indecisive point and (1, 0), or it has a pair of the
assignment point and (2, 0). (The cases for (−1, 0) and (−2, 0) are
symmetrical.) In either case, we want to eliminate that pair from the
coupling and instead add the pair of the indecisive point and the
assignment point, yielding a valid coupling that is one-to-one for all
s ∈ [r + 1]. To complete the proof for this case, we need to show that
such coupling is optimal.

Consider the first possible coupling. The distance between the inde-
cisive point and (1, 0) is

√
1 + (0.5 + ε)2, whereas the distance between
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the indecisive and the assignment point is ε, 0.5 + ε, or 1 + ε. As
ε < 0.25, note that

0.25 + ε > 2ε
1 + 0.25 + ε + ε2 > 1 + 2ε + ε2

1 + (0.5 + ε)2 > (1 + ε)2√
1 + (0.5 + ε)2 > 1 + ε ,

so our change to the optimal coupling will replace a pair with a pair
with lower distance, so the new coupling is at least as good as the
original one, and thus optimal.
Now consider the second coupling. The distance between the assign-
ment point and (2, 0) is at least 2, and 2 > 1+ ε > 0.5+ ε > ε, so again
our change yields an optimal coupling.

By induction, we conclude that the statement of the lemma holds. �

We can now use the two previous results to show the following.

Lemma 3. Given a CNF-SAT formula C containing some clause Ci and m variables

x1 , . . . , xm , construct trajectories π1 ‖VCG ‖ π′1 and π2 ‖ACGi ‖ π′2 for arbitrary
π1 , π′1 , π2 , π′2 with |π1 | � k and |π2 | � l. If some optimal coupling between

π1 ‖ VCG ‖ π′1 and π2 ‖ ACGi ‖ π′2 for any realisation of VCG has a pair

(k + 1, l + 1) and ddF(π1 , π2) ≤ 1 and ddF(π′1 , π′2) ≤ 1, then the discrete Fréchet

distance between the trajectories is 1 + ε for realisations of VCG that correspond to

satisfying assignments for Ci , and 1 for realisations that do not. In other words,

if A b VCG corresponding to assignment a and we only consider the restricted

couplings, then

ddF(π1 ‖ A ‖ π′1 , π2 ‖ ACGi ‖ π′2) �
{

1 + ε iff Ci[a] � True,

1 otherwise.

Proof. First of all, since some optimal coupling between π1 ‖ VCG ‖ π′1
and π2 ‖ ACGi ‖ π′2 for any realisation of VCG has a pair (k + 1, l + 1),
we can use Lemma 2 to find an optimal coupling Opt that is one-to-one
on the subtrajectories corresponding to the gadgets. That means that we
can, essentially, split the trajectories, if we consider only such restricted
couplings:

ddF(π1 ‖ A ‖ π′1 , π2 ‖ ACGi ‖ π′2)
� max(ddF(π1 , π2), ddF(A,ACGi), ddF(π′1 , π′2))
� max(1, ddF(A,ACGi)) ,
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where the last equality follows from the fact that ddF(A,ACGi) ≥ 1, since
the first points are in a coupling and have the distance 1, and from the
assumption that ddF(π1 , π2) ≤ 1 and ddF(π′1 , π′2) ≤ 1. Note that here we do
not restrict the coupling on π1 , π2 and π′1 , π

′
2 in any way.

To obtain the end result, we need to consider the distance between A
and ACGi under a one-to-one coupling. Using Lemma 1, it is easy to see
that, if we have a(x j) � True for some variable x j and x j is a literal in Ci ,
then Ci[a] � True, and ddF(A,ACGi) � 1 + ε; similarly, if a(x j) � False

for some variable x j and ¬x j is a literal in Ci , then Ci[a] � True, and
ddF(A,ACGi) � 1 + ε. If there is no such x j , then Ci[a] � False and
ddF(A,ACGi) � 1. We can thus conclude that the lemma holds. �

We can now define the trajectories of interest and give the final reduction.
Define the variable trajectory and the clause trajectory as follows:

VT � (0, 0) ‖ VCG ‖ (0, 0) , CT �


i∈[n]

ACGi .

So, the trajectory VT contains a gadget per variable in the formula C, starting
and ending in (0, 0), and the trajectory CT contains a gadget per clause in
the formula C, where each such gadget considers the role of each variable
in the clause. We show the following result.

Lemma 4. Given a CNF-SAT formula C with n clauses and m variables, construct

the trajectories VT and CT as defined above and consider a realisation (0, 0) ‖
A ‖ (0, 0) of trajectory VT, corresponding to some assignment a. Then, under no
restrictions on the couplings except those imposed by the definition,

ddF((0, 0) ‖ A ‖ (0, 0),CT) �
{

1 + ε iff C[a] � True,

1 iff C[a] � False.

In other words, the discrete Fréchet distance is 1 + ε if and only if the realisation
corresponds to a satisfying assignment, and is 1 otherwise.

Proof. We can show this by proving that the premises of Lemma 3 are
satisfied.

First of all, note that all the points of CT are within distance 1 from (0, 0).
Furthermore, note that we can always give a coupling with the distance at
most 1 + ε: couple (0, 0) to (−1, 0) from ACG1, then walk along realisation
of VCG and ACG1 in a one-to-one coupling, and then couple the remaining
points in CT to (0, 0). As all the points of CT are within distance 1 from
(0, 0) and as this is otherwise the construction of Lemma 3, this coupling
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yields the discrete Fréchet distance of at most 1+ ε for any realisation of VT.
Therefore, any coupling that has pairs further away than 1 + ε cannot be
optimal. Observe that the only point within that distance from (−2, 0) is
(−1, 0). Therefore, we only need to consider couplings that couple the first
point of realisation of VCG with the first point of some ACGi as possibly
optimal. Thus, for each of the n couplings we get, we can apply Lemma 3.
There are two cases to consider.

• There is some gadget ACGi with the distance 1 to A under the one-to-
one coupling. Then we can choose that gadget to align with A and
couple all the otherpoints inCT to (0, 0) at thebeginningor at the endof
VT as suitable. As all the points of CT are within distance 1 from (0, 0),
this coupling will yield distance 1; as lower distance is impossible, this
coupling is optimal, so then ddF((0, 0) ‖ A ‖ (0, 0),CT) � 1. Observe
that by our construction this situation corresponds to the case when
Ci[a] � False, by Lemma 3, and so indeed C[a] � False.

• The distance between any gadget ACGi and A under the one-to-
one coupling is 1 + ε. Then, no matter which gadget we choose
to align with A, we will get the distance of 1 + ε, so in this case
ddF((0, 0) ‖ A ‖ (0, 0),CT) � 1 + ε. Note that, by our construction, this
means that Ci[a] � True for all i ∈ [n]; therefore, indeed C[a] � True.

As we have covered all the possible cases, we conclude that the lemma
holds. �

We are now prepared to state the main result of this section.

Theorem 5. The problem Upper Bound Discrete Fréchet for indecisive traject-

ories is NP-complete.

Proof. First of all, observe that, if two realisations of length n and m are
given as a certificate for a ‘Yes’-instance of the problem, then one can verify
the solution by computing discrete Fréchet distance between the realisations
and checking that it is indeed larger than some threshold t. The computation
can be done in time Θ(mn), using the algorithm proposed by Eiter and
Mannila [20]. Therefore, the problem is in NP.

Now suppose we are given an instance of CNF-SAT, i.e. a CNF-SAT

formula C with n clauses and m variables. We construct the trajectories
VT and CT, as described previously, and get an instance of Upper Bound
Discrete Fréchet on trajectories VT and CT and threshold t � 1. If the
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ACGAG
(0, 0)

(0, 0.5)

(0,−0.5)
(1, 0)(−1, 0)

VCGVG(0, 0.5 + ε)

(0,−0.5 − ε)
(2, 0)(−2, 0)

Figure 3.1: Illustration of gadgets used in the basic construction.

answer is ‘Yes’, thenwe also output ‘Yes’ as an answer toCNF-SAT; otherwise,
we output ‘No’.

Using Lemma 4, we can see that, if there is some assignment a such
that C[a] � True, then for the corresponding realisation the discrete Fréchet
distance is 1 + ε; the other way around, if for some realisation we get the
distance 1 + ε, then by our construction all the clauses are satisfied and
C[a] � True; and so d max

dF (VT,CT) � 1 + ε. On the other hand, if there is
no such assignment a, then for any assignment a there is some Ci with
Ci[a] � False, yielding C[a] � False, and also for any realisation of VT there
is some gadget ACGi that yields the discrete Fréchet distance of 1; and
so d max

dF (VT,CT) � 1. Therefore, the formula C is satisfiable if an only if
d max

dF (VT,CT) > 1, and so our answer to the CNF-SAT instance is correct.
Furthermore, observe that the trajectories have 2m+2 and 2mn+n points,

respectively, and so the instance of Upper Bound Discrete Fréchet that
gives the answer to CNF-SAT can be constructed in polynomial time. Thus,
we conclude that Upper Bound Discrete Fréchet for indecisive trajectories
is NP-hard; combining it with the first part of the proof shows that it is
NP-complete. �

Construction for Continuous Fréchet Distance on Indecisive
Points

We use exactly the same construction as for the discrete Fréchet distance. To
do the same proof, we need to present arguments for the continuous case
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(0, 0)
(0, 0.5)

(0,−0.5)
(1, 0)(−1, 0)

(0, 0.5 + ε)

(0,−0.5 − ε)

(2, 0)(−2, 0)

Figure 3.2: Construction for ε � 0.15. Shaded red area is the points within distance
1 from the segment (0,−0.5) ‖ (1, 0). Observe that (0, 0.5 + ε) is outside that region,
and that (1, 0) is the only red point within distance 1 from (2, 0).

that lead up to an alternative to Lemma 4. For the arguments to work, we
need to further restrict the range of ε to be [0.12, 0.25).

Consider the construction drawn in Figure 3.2. The key points here are
that (0, 0.5 + ε) is far from any point on the clause trajectory, and that (2, 0)
is only close enough to (1, 0). We can present a lemma similar to Lemma 1.

Lemma 6. Given a clause Ci and a variable x j that both occur in the CNF-SAT

formula C, we only get the Fréchet distance equal to (1 + ε) · 2√
5
if the realisation

of VG j we pick corresponds to the assignment of x j that ensures the clause Ci

is satisfied; otherwise, the Fréchet distance is 1. In other words, if we consider

A b VG j that corresponds to setting a(x j) to some values, then

dF(A,AGi , j) �
{
(1 + ε) · 2√

5
iff Ci[a] � True,

1 otherwise.

Proof. Consider the possible realisations of VG j . Suppose we pick the
realisation (0, 0.5 + ε) ‖ (2, 0), which corresponds to assigning a(x j) � True.
If x j is a literal in Ci , so Ci � True, then by construction we know that AGi , j

is (0,−0.5) ‖ (1, 0). As noted in Figure 3.2, the distance between (0, 0.5 + ε)
and any point on (0,−0.5) ‖ (1, 0) is larger than 1. To be more specific, the
distance between the point (x , y) and the line defined by (x1 , y1) ‖ (x2 , y2)
can be determined using a standard formula as

d �
|x(y2 − y1) − y(x2 − x1) + x2 y1 − x1 y2 |√

(x2 − x1)2 + (y2 − y1)2
.
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In our case, we get

d �
|0 − (0.5 + ε) · (1 − 0) − 1 · 0.5 − 0|√

(1 − 0)2 + (0 + 0.5)2
�

2 · (1 + ε)√
5

.

As the point (0, 0.5+ ε)must be coupled to some point on AGi , j , the Fréchet
distance we get in this case cannot be smaller than d. Furthermore, it is easy
to see that the point (0, 0.5 + ε) is the furthest point from AGi , j , thus we get
that Fréchet distance is exactly d.

On the other hand, if ¬x j is a literal in Ci , then by construction we know
that AGi , j is (0, 0.5) ‖ (1, 0). As noted in Figure 3.2, the distance between
(2, 0) and any point on (0, 0.5) ‖ (1, 0) is at least 1, with the smallest distance
achieved at (1, 0). It is clear that this is the furthest pair of points on the two
gadgets in this case; thus, we get the Fréchet distance of 1.

A symmetric argument can be applied when we consider the realisation
(0,−0.5 − ε) ‖ (2, 0) for VG j : if ¬x j is a literal in Ci , then we get the Fréchet
distance of d and we picked an assignment that satisfies Ci ; and in the other
case, we get that Ci[a] is not necessarily satisfied and the Fréchet distance
of 1.

Finally, consider the case when AGi , j � (0, 0) ‖ (1, 0). Again, this implies
that assigning a value to x j has no effect on Ci , so neither assignment (and
neither realisation of VG j) would ensure that Ci is satisfied. Also observe
that both realisations give rise to trajectories that are entirely within distance
1 of (0, 0) ‖ (1, 0), yielding the Fréchet distance of 1. �

We can now naturally get a lemma similar to Lemma 3.

Lemma 7. Given a CNF-SAT formula C containing some clause Ci and m variables

x1 , . . . , xm , construct trajectories π1 ‖VCG ‖ π′1 and π2 ‖ACGi ‖ π′2 for arbitrary
π1 , π′1 , π2 , π′2 with |π1 | � k and |π2 | � l. If some optimal coupling φ1 , φ2
between π1 ‖ VCG ‖ π′1 and π2 ‖ ACGi ‖ π′2 for any realisation of VCG has

some value t such that φ1(t) � k + 1 and φ2(t) � l + 1 and dF(π1 , π2) ≤ 1 and

dF(π′1 , π′2) ≤ 1, then the Fréchet distance between the trajectories is (1 + ε) · 2√
5

for realisations of VCG that correspond to satisfying assignments for Ci , and 1 for

realisations that do not. In other words, if A b VCG corresponds to assignment a
and we only consider the restricted couplings, then

dF(π1 ‖ A ‖ π′1 , π2 ‖ ACGi ‖ π′2) �
{
(1 + ε) · 2√

5
iff Ci[a] � True,

1 otherwise.

Proof. First of all, observe that, as we traverse VCG, we need to couple
(2, 0) to (1, 0) to obtain an optimal coupling. Therefore, essentially, the
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traversal can be split into m parts, each of which corresponds to traversing
VG j and AGi , j at the same time for all j ∈ [m]. We can thus use Lemma 6
to note that, if some variable x j is assigned a value that makes clause Ci

satisfied, then the Fréchet distance becomes (1 + ε) · 2√
5
; if that is not the

case for any variables, then we can traverse the entire trajectory, as well
as π1 and π′1 by linearly interpolating our position between the vertices
of the trajectories and otherwise using the coupling of the discrete case,
while staying within distance 1 of the other trajectory, yielding the Fréchet
distance 1. The distance also cannot be smaller than 1 due to coupling of
(2, 0) and (1, 0). �

While this proof is a bit less formal than that of Lemma 3, its validity
should be sufficiently clear from geometric considerations described earlier
in this section.

Now we can provide a lemma that mirrors Lemma 4.

Lemma 8. Given a CNF-SAT formula C with n clauses and m variables, construct

the trajectories VT and CT as defined above and consider a realisation (0, 0) ‖ A ‖
(0, 0) of trajectory VT, corresponding to some assignment a. Then

dF((0, 0) ‖ A ‖ (0, 0),CT) �
{
(1 + ε) · 2√

5
iff C[a] � True,

1 iff C[a] � False.

In other words, the Fréchet distance is (1 + ε) · 2√
5
if and only if the realisation A

corresponds to a satisfying assignment, and is 1 otherwise.

Proof. First of all, observe that any point of CT is within distance 1 of (0, 0);
furthermore, when starting to traverse A, we must couple (−2, 0) to (−1, 0)
in an optimal coupling. Thus, the premise of Lemma 7 is satisfied, and,
using reasoning similar to that of Lemma 4, we observe that an optimal
coupling chooses one of the clauses to traverse in parallel with the variable
trajectory, and so if there is a clause that is not satisfied, then we get the
Fréchet distance of 1, and if all of them are satisfied, then all of then yield the
Fréchet distance of (1+ ε) · 2√

5
. Thus, we conclude that the lemma holds. �

Finally, we can show the main result.

Theorem 9. The problem Upper Bound Continuous Fréchet for indecisive

trajectories is NP-complete.

Proof. First of all, observe that, if two realisations of length n and m are
given as a certificate for a ‘Yes’-instance of the problem, then one can verify
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the solution by checking that the Fréchet distance between the realisations is
indeed larger than some threshold t. The computation can be done in time
Θ(mn), using the algorithm proposed by Alt and Godau [6, 24]. Therefore,
the problem is in NP.

Now suppose we are given an instance of CNF-SAT, i.e. a CNF-SAT

formula C with n clauses and m variables. We construct the trajectories
VT and CT, as described previously, and get an instance of Upper Bound
Continuous Fréchet on trajectories VT and CT and threshold t � 1. If
the answer is ‘Yes’, then we also output ‘Yes’ as an answer to CNF-SAT;
otherwise, we output ‘No’.

Using Lemma 8, we can see that, if there is some assignment a such that
C[a] � True, then for the corresponding realisation the Fréchet distance
is (1 + ε) · 2√

5
; the other way around, if for some realisation we get the

distance (1 + ε) · 2√
5
, then by our construction all the clauses are satisfied

and C[a] � True; and so d max
F (VT,CT) � (1 + ε) · 2√

5
. On the other hand,

if there is no such assignment a, then for any assignment a there is some
Ci with Ci[a] � False, yielding C[a] � False, and also for any realisation of
VT there is some gadget ACGi that yields the Fréchet distance of 1; and
so d max

F (VT,CT) � 1. Therefore, the formula C is satisfiable if an only if
d max

F (VT,CT) > 1, and so our answer to the CNF-SAT instance is correct.
Furthermore, as before, the instance of Upper Bound Discrete Fréchet

that gives the answer to CNF-SAT can be constructed in polynomial time.
Thus, we conclude that Upper Bound Continuous Fréchet for indecisive
trajectories is NP-hard; combining it with the first part of the proof shows
that it is NP-complete. �

Construction for Discrete Fréchet Distance on Imprecise Points

Here we consider imprecise points modelled as disks and as line segments;
the results and their proofs turn out to be very similar.

Disks We use a construction very similar to that of the indecisive points,
except now we change the gadget containing a non-degenerate indecisive
point so that it contains a non-degenerate imprecise point, for all j ∈ [m]:

VG j � D((0, 0), 0.5 + ε) ‖ (2, 0) .
Essentially, the two original indecisive points are now located on the
diameter of the disk.

We can reuse the proof leading up to Theorem 5, if we can show the
following:
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Lemma 10. Suppose d max
dF (VT,CT) � ν. If one considers all realisations A of VT

that yield ddF(A,CT) � ν, then among them there will always be a realisation that

only places the imprecise point realisations at either (0, 0.5 + ε) or (0,−0.5 − ε).

Proof. First of all, note that the points (2, 0) and (1, 0) are still in the traject-
ories in the same quality as before, so they must be coupled, and hence the
lowest discrete Fréchet distance achievable with any realisation is 1.

Now consider a realisation of an imprecise point. Suppose that all the
clause assignment points for that imprecise point are placed at (0,−0.5).
Then geometrically it is obvious that the distance is maximised by placing
the realisation at (0, 0.5 + ε); if there is a realisation that achieves the best
possible value ν without doing this, then we can move this point and still
get ν.

Suppose that some clause assignment points are at (0,−0.5) and some
at (0, 0.5). As the realisation comes from the disk of radius 0.5 + ε, there
is no realisation that is further than 1 away from both assignment points;
therefore, to maximise the distance we have to choose one of the two
locations, and then the previous case applies.

So, it is clear that, from an arbitrary optimal realisation, moving to the
(correct) indecisive point realisation will still yield an optimal realisation for
the maximum discrete Fréchet distance, thus the statement of the lemma
holds. �

Line segments Again, we use a very similar construction, except now we
change the gadget to be, for all j ∈ [m]:

VG j � S((0,−0.5 − ε), (0, 0.5 + ε)) ‖ (2, 0) .

Again, the two original indecisive points are now located on the ends of the
segment; moreover, the segment is a strict subset of the disk.

We can state a similar lemma.

Lemma 11. Suppose d max
dF (VT,CT) � ν. If one considers all realisations A of VT

that yield ddF(A,CT) � ν, then among them there will always be a realisation that

only places the imprecise point realisations at either (0, 0.5 + ε) or (0,−0.5 − ε).

Proof. Since the line segments include these points and are subsets of the
disks, the statement of Lemma 10 immediately yields this result. �

So, now we can state the following for both models:

Theorem 12. The problem Upper Bound Discrete Fréchet for imprecise tra-

jectories modelled as line segments or as disks is NP-complete.
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Proof. As shown in the proof of Theorem 5, the problem is in NP for any
uncertain trajectories.

Furthermore, aswehave shown inLemma10 andLemma11, for the same
CNF-SAT formula the upper bound discrete Fréchet distance on indecisive
and imprecise points is equal for our construction. So, trivially, Upper
Bound Discrete Fréchet is NP-hard for imprecise trajectories. Therefore, it
is NP-complete. �

Construction for Continuous Fréchet Distance on Imprecise
Points

We use exactly the same construction as in the previous section. The
argument here follows the previous ones very closely, sowe can immediately
state the following theorem.

Theorem 13. The problem Upper Bound Continuous Fréchet for imprecise

trajectories modelled as line segments or as disks is NP-complete.

Proof. Note that we can apply exactly the same argument as the one in
Lemma 10 and Lemma 11 to reduce this problem to the one on indecisive
points. Then, we can apply the same argument as in the proof of Theorem 12
to conclude that the problem is NP-hard.

We have shown in Theorem 9 that the problem is in NP for all uncertain
trajectories; thus, we conclude that it is NP-complete. �

3.2 #P-Hardness of Expected Fréchet Distance

Here we present proofs that computing d E(U)dF and d E(U)F on either indecisive
or imprecise trajectories is #P-hard. To that aim, we show reductions from
#CNF-SAT. This is a counting version of the CNF-SAT problem formulated
previously, and it can be stated as follows:

#CNF-SAT
Input: A CNF-SAT formula C.
Output: The number of distinct variable assignments a such that
C[a] � True.

The problems in the domain of interest that we consider can be formulated
as follows:
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Expected Discrete Fréchet
Input: Two uncertain trajectoriesH andV.
Output: d E(U)dF (H ,V).

We can define a similar problem for the continuous Fréchet distance:

Expected Continuous Fréchet
Input: Two uncertain trajectoriesH andV.
Output: d E(U)F (H ,V).

In the remainder of this section, we will show that it is possible, given
an instance of #CNF-SAT problem, to construct an instance of Expected
Discrete Fréchet and Expected Continuous Fréchet and in both cases to
use the solutions to those problems to construct a solution to #CNF-SAT,
and such construction can be done in polynomial time.

Construction on Indecisive Points

For the settings involving indecisive points we can use exactly the same
construction that was described in the proofs of NP-hardness of the upper
bound Fréchet distance.

An attentive reader might have noticed that in the proofs we established
the relation between the particular outcomes for the discrete Fréchet distance
on specific realisations and the question whether these realisations corres-
pond to satisfying assignments. So, the number of satisfying assignments is
equal to the number of realisations yielding the discrete Fréchet distance
of 1 + ε; such a reduction is called a parsimonious reduction. In principle, if
we had a trivial counting version of the problem, we could immediately
apply a well-known result that states that, if a problem is NP-complete
and its NP-hardness has been established through a chain of parsimonious
reductions, then the associated counting problem is #P-complete, presented
e.g. by Goldreich [25, Theorem 6.18]. The problem of finding the expected
value is not a counting problem, but it intuitively is similar to one. Indeed,
the proof turns out to be quite simple and follows in a straightforward
manner from the fact that the reduction is parsimonious and from the
definition of expected value on discrete distributions.

Theorem 14. The problem Expected Discrete Fréchet for indecisive trajectories

is #P-hard.

Proof. Suppose we are given an instance of the #CNF-SAT problem, i.e. a
CNF-SAT formula C with n clauses and m variables. Denote the (unknown)
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number of satisfying assignments of C by N . We can use the same reduction
as the one suggested in the proof of Theorem 5 to construct indecisive
trajectoriesVT andCT. We then get an instance ofExpected Discrete Fréchet
on indecisive trajectories. Assuming we solve it and get d E(U)dF (VT,CT) � µ,
we can now compute N as follows:

N � (µ − 1) · 2
m

ε
.

N is then the output for the instance of #CNF-SAT that we were given. As
shown in the proof of Theorem 5, construction of the trajectories can be
done in polynomial time; clearly, so can be the computation of N , hence the
reduction takes polynomial time.

We now still need to show that the result we obtain is correct. Note
that the construction is parsimonious, in the sense described earlier. For
a distinct assignment, there is exactly one realisation of the trajectory
VT. Furthermore, as we choose the realisation of each indecisive point
uniformly and independently, all the realisations have equal probability
of 2−m . Furthermore, there are N satisfying assignments; and each of the
corresponding realisations yields the discrete Fréchet distance of 1 + ε.
In the remaining 2m − N cases, the distance is 1. Using the definition of
expected value, we can derive

µ � d E(U)dF (VT,CT)
� N · 2−m · (1 + ε) + (2m − N) · 2−m · 1
� 2−m · (N + N · ε + 2m − N)

� 1 +
N · ε
2m .

Then it is easy to see that indeed

N � (µ − 1) · 2
m

ε
.

So, we get the correct number of satisfying assignments, if we know the
expected value under uniform distribution. Therefore, Expected Discrete
Fréchet for indecisive trajectories is #P-hard. �

Observe that, for the continuous Fréchet distance, the reduction is very
similar: it is again parsimonious, and the values of the continuous Fréchet
distance are only slightly different. Therefore, we can easily state the
following.
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Theorem 15. The problem Expected Continuous Fréchet for indecisive traject-

ories is #P-hard.

Proof. We can use almost the same reduction as in Theorem 14, so, given an
instance of #CNF-SAT (CNF-SAT formula C with n clauses and m variables),
we construct the two trajectories, solve Expected Continuous Fréchet to
obtain the value of µ, and compute

N � 2m · (µ − 1) ·
√

5
2(1 + ε) −

√
5

as the output for #CNF-SAT.
To show that the output is correct, note that

µ � 2−m · N · 2√
5
· (1 + ε) + 2−m · (2m − N) · 1

� 1 + 2−m · N ·
(

2√
5
(1 + ε) − 1

)
,

so we can express N as

N � 2m · (µ − 1) ·
√

5
2(1 + ε) −

√
5
.

Again, the reduction is correct and can be done in polynomial time, so
Expected Continuous Fréchet for indecisive trajectories is #P-hard. �

Construction on Imprecise Points

Here we only treat the imprecise points modelled as line segments; in
principle, we believe that for disks a similar result should hold, but the
specifics of the reduction do not allow for a clean computation of N given
the expected value in the current construction or its obvious modifications.

We use the same construction as we did when proving Theorem 12, with
a minor addition: we define a new gadget, which will force the resulting
distance to be predictable. For every j ∈ [m], we can define

FG j � (−1, 0) ‖


k∈[ j−1]

((0, 0) ‖ (1, 0))

‖ (0, 0.5) ‖ (0,−0.5) ‖ (1, 0)

‖


k∈[m]\[ j]

((0, 0) ‖ (1, 0)) .
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So, we define a clause gadget that ignores all the variables except for x j

and then features both ‘true’ and ‘false’ for x j . We then define the clause
trajectory as

CT �


i∈[n]

ACGi ‖


j∈[m]

FG j .

The idea here is quite simple: we can now choose to align one of FG clauses
with the variable trajectory. Note that, as before, due to the synchronisation
pointswe can never get the Fréchet distance below 1. If one of the realisations
x j of the segments falls into the interval [(0,−0.5), (0, 0.5)], then it will be
not further away than 1 from both the corresponding points on FG j ; all
the other points, being in the middle at (0, 0), are guaranteed to be at most
0.5 + ε < 1 away from their coupled point; so, the one-to-one coupling will
yield the discrete Fréchet distance of 1, thus the optimal discrete Fréchet
distance in this case is 1.

Therefore, we only need to consider the situations when all the realisa-
tions happen to fall in either the interval ((0, 0.5), (0, 0.5 + ε)] or [(0,−0.5 −
ε), (0,−0.5)). We will treat the first interval as True and the second interval
as False. Denote the number of satisfying assignments by N . So, overall, to
find the expression for the expected discrete Fréchet distance, we need to
consider three cases:

• At least one realisation of m variables falls within the y-interval
[−0.5, 0.5]. Note that the realisation on each segment is uniform
and independent of other segments. So, the probability of this case
happening is

Pr[at least one realisation from [−0.5, 0.5]]
� 1 − Pr[all realisations outside [−0.5, 0.5]]
� 1 −

∏
j∈[m]

Pr[realisation of x j outside [−0.5, 0.5]]

� 1 −
∏
j∈[m]

2ε
1 + 2ε

� 1 −
(

2ε
1 + 2ε

)m

.

Note that in each such case we get the discrete Fréchet distance of 1,
as discussed before.

• All realisations fall outside the y-interval [−0.5, 0.5], and they corres-
pond to a non-satisfying assignment. Each specific non-satisfying
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assignment corresponds to picking values on the specific interval,
either ((0, 0.5), (0, 0.5 + ε)] or [(0,−0.5 − ε), (0,−0.5)), depending on
whether we need True or False. So, the probability of getting a
particular assignment is

Pr[specific assignment] �
∏
j∈[m]

ε
1 + 2ε

�

( ε
1 + 2ε

)m
.

Overall there are 2m − N such assignments, and each of them contrib-
utes the value of discrete Fréchet distance of 1, just as before—we can
choose a non-satisfied clause and align the corresponding subtraject-
ories, yielding the discrete Fréchet distance of 1.

• All realisations fall outside the y-interval [−0.5, 0.5], and they corres-
pond to a satisfying assignment. Again, the probability of getting a
particular assignment is

(
ε

1+2ε
)m , and there are N such assignments.

Now they contribute values distinct from 1; still, the optimum is
contributed by one of the new clauses, and then it will be defined by
the realisation closest to (0, 0). This is shown in the following lemma.

Lemma 16. Consider some realisation A b VT where each value can be

interpreted either as True or False and the corresponding assignment satisfies

the formula. Pick j such that the subtrajectory of A realising VG j contains

the point closest to (0, 0), at location (0, 0.5 + ε′) or (0,−0.5 − ε′) for some

ε′ > 0. Then the optimal coupling establishes a matching between A and

FG j , and the discrete Fréchet distance is ddF(A,CT) � 1 + ε′.

Proof. First of all, note that we still have to couple the synchronisation
points and we cannot have discrete Fréchet distance below 1. So, we
only need to consider the couplings of A with the gadgets of CT.
Note that if we align FG j with A, we get discrete Fréchet distance of
1 + ε′.
Recall that we consider only satisfying assignments, so, if we consider
an arbitrary subtrajectory ACGi , then there is some variable x j that
satisfies the corresponding clause, and so the realisation of that
variable is 1 + ε′′ away from the corresponding assignment point.
Therefore, such a coupling will yield the discrete Fréchet distance of
1 + ε′′ ≥ 1 + ε′.
Finally, it is easy to see that choosing some FGk with k , j will also
yield some distance 1 + ε′′ ≥ 1 + ε′.
So, the statement of the lemma holds. �
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So, here we need to find E[min j∈[m](1+ε′j)]with ε′j sampled uniformly
from (0, ε]; we can rephrase this to 1+ε·E[min j∈[m] u j]with u j sampled
uniformly from (0, 1]. It is a standard result that the minimum now is
geometrically distributed, so we get

E[min
j∈[m]

u j] �
1

1 + m
,

and hence the expected contribution is

1 +
ε

1 + m
.

We can bring the three cases together to find

d EdF(VT,CT) � 1 ·
(
1 −

(
2ε

1 + 2ε

)m)
+ 1 · (2m − N) ·

( ε
1 + 2ε

)m

+

(
1 +

ε
1 + m

)
· N ·

( ε
1 + 2ε

)m

� 1 −
(

2ε
1 + 2ε

)m

+ 2m ·
( ε
1 + 2ε

)m

+
Nε

1 + m
·
( ε
1 + 2ε

)m

� 1 + N · εm+1

(1 + m) · (1 + 2ε)m .

So, if we were to compute d EdF(VT,CT) � µ, then clearly the number of
satisfying assignments is

N � (µ − 1) · (1 + m) · (1 + 2ε)m
εm+1 .

This is easy to compute in polynomial time, and our construction can still
be done in polynomial time; hence, we can state the following.

Theorem 17. The problem Expected Discrete Fréchet for imprecise trajectories

modelled as line segments is #P-hard.

Proof. Follows directly from the previous considerations. �

41





4

Algorithms with Time Bands

Aswe have discussed before, time bands are an interesting concept that allows
one to enforce temporal synchronisation of trajectories when considering
their similarity. As we have also seen in the previous chapter, general
computation of upper bound and expected discrete and continuous Fréchet
distance is infeasible even under rather simple uncertaintymodels. However,
as it turns out, computing these values when enforcing a time band is indeed
feasible, as this chapter shall explain. In all of this chapter we only discuss
indecisive points.

4.1 Upper Bound Discrete Fréchet Distance: Precise
and Indecisive

First of all, let us discuss a rather simple setting. Suppose we are given
a trajectoryH � 〈P1 , . . . , Pn〉 of n indecisive points, each of them having
` options, so for all i ∈ [n] we have Pi � {p1

i , . . . , p
`
i }. Consider also the

second trajectory V � 〈q1 , . . . , qn〉 of n precise points. We would like
to answer the following decision problem: ‘If we restrict the couplings to

Sakoe–Chiba band of width w, is it true that d max
dF (H ,V) ≤ ε for some given

threshold ε > 0?’
So, we want to solve the decision problem for the upper bound discrete

Fréchet distance on a pair of precise and indecisive trajectories. In general,
as we have seen, the problem is NP-complete. However, because we are
limited to the width w, we can actually solve the problem.

Consider the dynamic programming table that we use to compute
discrete Fréchet distance on precise trajectories, as introduced in Chapter 2.
Recall that we discussed the decision version, where we simply need to
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4. Algorithms with Time Bands

propagate the values of True and False. In principle, the current setting is
not that different.

Suppose we positionH to go horizontally along the table, and V to go
vertically. Consider an arbitrary column in the table and suppose that we
fix the realisation of H up to the previous column. Then we can simply
consider the new column ` times, each time picking a different realisation
for the new point onH , and computing the resulting reachability. As we
do this for the entire column at once, we can ensure consistency of our
choice of realisation. This procedure will, essentially, give us a set of binary
reachability vectors for the new column, each vector corresponding to a
realisation. The reachability vector thus is a boolean vector that, for the cell
(i , j) of the table, states if for a particular realisation A ofH[1 : i] the discrete
Fréchet distance between A and V[1 : j] is below some threshold ε.

However, an important observation is that we do not need to distinguish
between the realisations that give the same reachability vector: once we
start filling out the next column, all we care about is the existence of some
realisation leading to that particular reachability vector. So, we can indeed
just keep a set of binary vectors corresponding to reachability in the column.

Note that this procedure was suggested for a specific realisation up to
the current point, and so for a fixed reachability vector in the previous
column. However, we can also simply repeat this process for each previous
reachability vector, only keeping the unique results. As all the realisation
choices happen alongH , by treating the table column-by-column we make
sure that we do not have issues with inconsistent choices. Therefore,
repeating this procedure n times, we will fill out the last column of the table.
At that point, if any vector has False in the top right cell, then there is some
realisation A bP H such that ddF(A,V) > ε, and hence d max

dF (H ,V) > ε.

Algorithm Now that we have provided some intuition, let us formally
define the algorithm. First of all, note that width of time band w means that
we consider 2w + 1 couplings for each point, symmetrically w steps away
from the diagonal. Similarly to the regular discrete Fréchet distance, we
use two tables, distance matrix D and reachability matrix R. We interpret
Di ,k � 〈Di ,k ,i−w , . . . ,Di ,k ,i+w〉. The pseudocode is shown in Algorithm 1.

Some details might be confusing at first. First of all, we initialise the
distance matrix D in a straightforward way. Whenever convenient, we will
treat each Di and Ri as a set of boolean vectors. The reachability of the first
column is special: we can only start from the bottom left cell, i.e. from i � 1,
which is whywe use the vector R0 for reachability. However, we can then go
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Algorithm 1 Finding time-banded upper bound discrete Fréchet distance
on an indecisive and a precise trajectory.
1: function TBDFDIndPr(H ,V, w , ε)
. Input constraint: |H | � |V | � n and 0 ≤ w < n

2: Initialise matrix D of size n × ` × (2w + 1)
3: for all i ∈ [n] do
4: for all k ∈ [`] do
5: for all j ∈ {max(1, i − w), . . . ,min(n , i + w)} do
6: Di ,k , j ← [d(pk

i , q j) ≤ ε?]
7: Initialise matrix R of size n × 22w+1 × 2w + 1
8: R0← 〈r1 � True, r2 � False, r3 � False, . . . , rw+1 � False〉
9: for all k ∈ [`] do
10: R1,k ← Propagate(R0,D1,k , 1, w , n)
11: for all i ∈ [n] \ {1} do
12: for all A ∈ Ri−1 do . For each reachability vector
13: B← A ∨ (A << 1)
14: for all k ∈ [`] do
15: C← Propagate(B,Di ,k , i , w , n)
16: Add C to set Ri
17: r ← True
18: for all A ∈ Rn do
19: r ← r ∧ An
20: return r
21: function Propagate(A, B, i , w , n)

. Propagate the reachability upwards in a column
22: C← A ∧ B
23: r ← False
24: for all j ∈ {max(1, i − w), . . . ,min(n , i + w) do
25: if B j ∧ C j then
26: r ← True
27: else if B j ∧ ¬C j ∧ r then
28: C j ← True
29: else if ¬B j then
30: r ← False
31: return C
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4. Algorithms with Time Bands

upwards, if allowed by the distance matrix, that is, add more precise points
and couple them to the current point—this is done by function Propagate.

Then we fill out R column-by-column. We take the reachability of the
previous column and note that any cell can be reached either with the
horizontal step or with the diagonal step, yielding the disjunction of the
vectors A shifted by 1 and A, respectively. Then we need to consider various
extensions of the trajectoryH with one of the ` realisations of the current
point: the distancematrix should allow the specific coupling, andwe should
make sure to allow for upwards movement within the vector, both done
by a call to Propagate. Now we just remember the newly computed vector;
note that we treat Ri as a set, so we only add distinct vectors.

Finally, we check if there is a realisation that may yield False in the
last cell; if so, then this will be the realisation chosen by the upper bound
operation, and so the answer is False. Otherwise, the answer is True.

Correctness We use the following loop invariant to show correctness of
the algorithm.

Lemma 18. Consider column i. Every reachability vector of this column corres-

ponds to some realisation ofH[1 : i] and the discrete Fréchet distance between that

realisation and V[1 : min(n , i + w)]; and the other way around, every realisation

corresponds to some reachability vector.

Proof. The statement is trivial for the first column: we consider all ` possible
realisations ofH(1) and compute reachability of cells (1, 1) to (1, 1 + w) in a
straightforward way, so clearly, for every realisation there is a reachability
vector, and every reachability vector corresponds to a realisation.

Now suppose the statement holds for column i. As follows from
the recurrence establishing discrete Fréchet distance in Section 2.1, the
reachability of column i + 1 only depends on the distance matrix for column
i + 1 and the reachability of column i. We consider every possible extension
ofH[1 : i] toH[1 : i + 1], as for every reachability vector of column i we
consider all ` options for the distance matrix for column i + 1. Thus, we
only consider valid realisations for column i + 1, and we consider all of
them from the point of view of reachability.

So, the statement of the lemma holds. �

Since the lemma holds, the reachability of the top right cell corresponds
to the solution to the decision problem for each possible realisation ofH .
So, if at least one reachability vector for column n has False as the last value,
then there is some realisation A ofH that ensures that ddF(A,V) > ε, and
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4.2. Upper Bound Discrete Fréchet Distance: Indecisive

so d max
dF (H ,V) > ε, correctly yielding the answer False; otherwise, we get

True, as we should.

Running time First of all, populating the distance matrix takes time
Θ(`nw). A call to Propagate takes Θ(w) time, so initialisation of first
column of reachability matrix takes Θ(`w) time. Note that, at any further
point, we may have at most 22w+1 distinct reachability vectors; for each of
them, we get ` calls to Propagate, taking Θ(4w`w) time per column, so
over all columns we need Θ(4w`wn) time. If we assume that adding an
element to the set takes amortised constant time, then the previous value
dominates. Finally, the check at the end takes Θ(4w) time. So, overall the
algorithm runs in time Θ(4w`nw). This agrees with our hardness result:
for a small fixed-width time band, we get the reasonable running time of
Θ(`n), whereas if we set w � n − 1 to compute the unrestricted distance, it
will take Θ(4n`n2)—clearly, exponential time.

Improvements An attentive reader might have noticed that we do not
actually even need to store all the reachability vectors. The upper bound
chooses the vectors that are most False, in a way—so, whenever one vector
dominates another in terms of False-values, we only keep the dominating
one. This improvement brings down the number of possible vectors to
Θ(4w · w−0.5), thus improving the running time of the algorithm by a factor
of
√

w.
Summarising our discussion so far, we arrive at the following conclusion.

Theorem19. ProblemUpper Bound Discrete Fréchet restricted to Sakoe–Chiba

time band of width w on trajectories of length n of indecisive points with ` options
can be solved in time Θ(4w`n

√
w) in the worst case.

Proof. Immediately follows from the discussion above. �

4.2 Upper Bound Discrete Fréchet Distance:
Indecisive

Now we extend our result of the previous section to the setting where both
trajectories are indecisive, soH is defined as before, and instead of V we
haveV � 〈V1 , . . . ,Vn〉, with, for each j ∈ [n], Vj � {q1

j , . . . , q
`
j }.

The setting is actually not too different. Imagine that we were to pick a
specific realisation for trajectoryV. Then we could apply the algorithm of
the previous section immediately. Of course, we cannot run it separately for
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4. Algorithms with Time Bands

every single realisation; instead, we note that the part of the realisation that
matters when filling out column i is the points from i −w to i + w, since any
previous or further points are outside the time band. So, we can fix these
2w + 1 points and compute the column as in the previous algorithm. We
can do so for each possible combination on these 2w + 1 points. Continuing
in this manner, we get an algorithm very similar to the previous section.
The pseudocode is given in Algorithm 2. We denote the distance column
vector taken for combination of realisations number s onV, for column i
and realisation number k of the last point onH , by Di ,k[s].

Correctness The correctness of the algorithm follows from the correctness
of the one in the previous section, combined with the fact that our search
for all realisations of interest onV ensures consistency. Let us show this in
a more explicit manner.

Lemma 20. Any reachability vector we store in column i corresponds to some

realisation of the subtrajectories H[1 : i] and V[1 : min(i + w , n)], and every

such realisation has the resulting reachability vector stored in column i.

Proof. First of all, consider the statement for column 1. Clearly, we consider
all possible realisations of both subtrajectories, so the statement holds.

Now, as we move from column i to column i + 1, we fix the realisation
of points i − w + 1 to i + w + 1 on trajectoryV and consider all the vectors
stemming from the possible values of point i − w; as in Lemma 18, we cover
all realisations of trajectoryH .

As for trajectoryV, note that we, again, only need the reachability from
the previous column and the distance matrix from the current column, so
the points before i − w + 1 do not play a role for the consistency between
the two, and thus they can be ignored.

So, we only get reachability vectors corresponding to valid realisations,
and we do not miss any, as required. �

This means that in the very last cell we get correct reachability options
corresponding to realisations; if at least one of them is False, then clearly
the result should be false.

Running time The running time is quite a bit worse; it is easy to see, due
to the changes, that overall it now takes Θ(4w nw`2w). For small constant w
and `, we get Θ(n); for w � n − 1, we get Θ(4n n2`2n)—again, exponential
time in n. As in the previous algorithm, we could store the boolean vectors
more efficiently, thus reducing the running time by a factor of

√
w.
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Algorithm 2 Finding time-banded upper bound discrete Fréchet distance
on two indecisive trajectories.
1: function TBDFDIndInd(H ,V , w , ε)
. Input constraint: |H | � |V| � n and 0 ≤ w < n

2: Initialise matrix D of size n × ` × (2w + 1) × `
3: for all i ∈ [n] do
4: for all k ∈ [`] do
5: for all j ∈ {max(1, i − w), . . . ,min(n , i + w)} do
6: for all s ∈ [`] do
7: Di ,k , j,s ← [d(pk

i , q
s
j ) ≤ ε?]

8: Initialise matrix R of size n × `2w+1 × 22w+1 × 2w + 1
9: R0← 〈r1 � True, r2 � False, r3 � False, . . . , rw+1 � False〉
10: for all s ∈ [`w+1] do
11: for all k ∈ [`] do
12: R1,s ,k ← Propagate(R0,D1,k[s], 1,w , n)
13: for all i ∈ [n] \ {1} do
14: for all s ∈ [`2w+1] do . Or fewer in edge cases
15: for all A ∈ Ri−1[s] do . For each reachability vector with

fixed realisation
16: B← A ∨ (A << 1)
17: for all k ∈ [`] do
18: C← Propagate(B,Di ,k[s], i , w , n)
19: Add C to set Ri[s]
20: r ← True
21: for all A ∈ Rn do
22: for all s ∈ [`2w+1] do
23: r ← r ∧ An[s]
24: return r
25: function Propagate(A, B, i ,w , n)

. Propagate the reachability upwards in a column
26: C← A ∧ B
27: r ← False
28: for all j ∈ {max(1, i − w), . . . ,min(n , i + w) do
29: if B j ∧ C j then
30: r ← True
31: else if B j ∧ ¬C j ∧ r then
32: C j ← True
33: else if ¬B j then
34: r ← False
35: return C
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We summarise the results as follows.

Theorem 21. Suppose we are given two indecisive trajectories of length n with `
options per indecisive point. Then we can compute upper bound discrete Fréchet

distance restricted to Sakoe–Chiba band of width w using algorithm TBDFDIndInd

in time Θ(4w n
√

w`2w).

Proof. Follows immediately from previous discussion and Lemma 20. �

4.3 Expected Discrete Fréchet Distance

Consider first the setting of one precise and one indecisive trajectory. Note
that we store the reachability vectors in a set; instead, we could store a
counter with each reachability vector, so that every time we get an element
that is already stored, we increment the counter. Notice that we cannot use
the improvement that would allow us to discard some vectors, as that would
eschew the count, and we are not interested in the worst possible result now.
We can implement a similar mechanism in the setting of two indecisive
trajectories. Moreover, we can clearly propagate the count through the
algorithm and in the end find the counts associated with answers True and
False to the decision problem.

So, if we store the count of realisations that give us a certain reachability
vector, we essentially obtain, for some value of ε,

P(ddF(A, B) > ε) when A, B bU H ,V.

For any realisation, there is a specific value of ε—a critical value—that acts as
a threshold between the answers True and False for that realisation, since if
we fix the realisation we just compute the regular discrete Fréchet distance.
Note that that threshold must be a distance between some two points on
different curves. In the case of a precise and an indecisive trajectory, there
are `n(2w + 1) such distances with the time band of width w; in the case of
two indecisive trajectories, there are `2n(2w + 1) such distances. Therefore,
if we run our algorithm for each of these critical values and record the
counts of True and False for each threshold, we will obtain the complete
cumulative distribution function P(ddF(A, B) > ε) for A, B bP H ,V.

Then we can simply find, under the time band restriction,

d E(U)dF (H ,V) �
∫ ∞

0
PA,BbPH ,V(ddF(A, B) > ε)dε .

For any realisation the answer may change from True to False only at one
of the critical values. So, the distribution of True and False only changes
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at a finite set of critical values and is constant between them; therefore,
P(ddF(A, B) > ε) is a step function. Hence, finding the integral of interest
amounts to multiplying the value of P(ddF(A, B) > ε) by the distance
between two successive values of ε that match, and summing all the results,
i.e. to finding the area under the step function by summing up areas of
rectangles that make it up.

So, clearly, under the time band restriction, we can run one of our
algorithms either `n(2w + 1) or `2n(2w + 1) times to obtain the expected
discrete Fréchet distance. We show the details in Algorithm 3 for the two
settings. We summarise this result as follows.

Theorem 22. Suppose we are given an indecisive trajectory H and a precise

trajectory V of length n with ` options per indecisive point and want to find the

expected discrete Fréchet distance when constrained to Sakoe–Chiba band of width

w. Then we can run ExpTBDFDIndPr(H ,V, w) to obtain the result in time

Θ(4w`2n2w2) in the worst case.

Proof. First of all, note that from the discussion above it immediately follows
that the algorithm is correct. In the worst case, every ε that we have to
add to E will be distinct, so we have `n(2w + 1) insertions, taking in total
Θ(`nw log `nw) time. Then, we run CntTBDFDIndPr once per value in E,
and its running time is the same as that of TBDFDIndPr, so here we take
time Θ(`nw · 4w`nw) in the worst case, as claimed. �

We can formalise the result similarly for the other setting.

Theorem 23. Suppose we are given two indecisive trajectoriesH andV of length

n with ` options per indecisive point and want to find the expected discrete Fréchet

distance when constrained to Sakoe–Chiba band of width w. Then we can run

ExpTBDFDIndInd(H ,V , w) to obtain the result in time Θ(4w n2w2`2w) in the

worst case.

Proof. Again, note that from the discussion above it immediately follows
that the algorithm is correct. In the worst case, we have `2nw insertions,
taking in totalΘ(`2nw log `nw) time. Then, we run CntTBDFDIndInd once
per value in E, and its running time is the same as that of TBDFDIndInd, so
here we take time Θ(`2nw · 4w nw`2w) in the worst case, as claimed. �

4.4 Upper Bound Continuous Fréchet Distance

In principle, one could adapt the algorithms for the upper bound discrete
Fréchet distance to the case when either both trajectories are indecisive or
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Algorithm 3 Finding time-banded expected discrete Fréchet distance on an
indecisive and a precise trajectory and two indecisive trajectories.
1: function ExpTBDFDIndPr(H ,V, w)
. Input constraint: |H | � |V | � n and 0 ≤ w < n

2: Initialise sorted set E
3: for all i ∈ [n] do
4: for all k ∈ [`] do
5: for all j ∈ {max(1, i − w), . . . ,min(n , i + w)} do
6: Add d(pk

i , q j) to sorted set E
7: s ← E[1]
8: for i ← 1 to l(E) − 1 do
9: ε← E[i], ε′← E[i + 1]
10: p ← CntTBDFDIndPr(H ,V, w , ε)
11: s ← s + (1 − p) · (ε′ − ε)
12: return s
13: function ExpTBDFDIndInd(H ,V , w)

. Input constraint: |H | � |V| � n and 0 ≤ w < n
14: Initialise sorted set E
15: for all i ∈ [n] do
16: for all k ∈ [`] do
17: for all j ∈ {max(1, i − w), . . . ,min(n , i + w)} do
18: for all s ∈ [`] do
19: Add d(pk

i , q
s
j ) to sorted set E

20: s ← E[1]
21: for i ← 1 to l(E) − 1 do
22: ε← E[i], ε′← E[i + 1]
23: p ← CntTBDFDIndInd(H ,V , w , ε)
24: s ← s + (1 − p) · (ε′ − ε)
25: return s
26: function CntTBDFDIndPr(H ,V, w , ε)

. Like TBDFDIndPr, but returns the fraction of count of True over False
for the final cell.

27: function CntTBDFDIndInd(H ,V , w , ε)
. Like TBDFDIndInd, but returns the fraction of count of True over False
for the final cell.
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4.4. Upper Bound Continuous Fréchet Distance

Figure 4.1: Reachability adjustments. Left: Although the dotted interval is free
according to the distance matrix, only the solid interval is reachable from the cell
on the left with a monotone path, assuming entire cell on the left is free. Right: The
entire interval that is marked as free according to the distance matrix is reachable
with a monotone path from the cell below, assuming the cell below is free.

one is precise and one is indecisive, and we are interested in the decision
problem for Fréchet distance and not discrete Fréchet distance. Since we are
going column-by-column, we would need to store the reachability intervals
on the vertical border of each cell.

It is simpler to see how this would work in the setting of a precise and an
indecisive trajectory: each column now is a column of a free-space diagram,
and we only need to store the intervals on the right side of the column. As
we progress to the next column, we need to consider all the options from
the previous column, so we need to run the same algorithm, except we
store and process vectors of free-space intervals instead of True and False.
One other distinction is that we do not consider diagonal steps—for Fréchet
distance doing so would not make any sense, as the path is continuous, and
the diagonal step is not distinguishable from a horizontal step followed by
a vertical step, if such situation occurs.

In particular, we now take the intervals stored in the distance matrix and
compute reachability based on the previous column: if a cell can be reached
horizontally from the previous cell, then the lower bound of the interval
in this cell may need to go up, since we can only use monotone paths.
Propagate will now take the intervals that correspond to the distance matrix
and the precomputed reachability and make the following adjustment: if a
cell is reachable from below, then the entire interval on the right is actually
reachable. See Figure 4.1 for an example of both cases.

Other than that, the algorithm is exactly the same; clearly, we can make
the same adjustments to the algorithm handling two indecisive trajectories.

Notice that we now do not have at most 22w+1 vectors per column, since
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we store intervals instead of boolean values, and they can be more varied.
However, the number of values is still limited: for any cell, the upper value
of the interval is defined by the distance matrix, so there can be at most ` or
`2 values for the two settings. The lower value of the interval is defined by
the distance matrix or by one of the cells from the same row; these may have
at most ` or `2 values each, and there are at most 2w of them, so per cell we
can have at most Θ(`w) or Θ(`2w) lower interval values and Θ(`) or Θ(`2)
upper interval values, instead of just two possible values in the discrete
case. The running time changes accordingly, replacing 4w with (`w)2w , but,
importantly, we still have linear dependency on n, so the running time is
polynomial for fixed w and `.

4.5 Expected Continuous Fréchet Distance

We can, of course, again store the associated counts with the vectors of
intervals in the algorithm. As we look at the final cell, we can sum up the
counts associated with the cases where the upper right corner of this cell is
reachable, and so we can find the proportion of True to False for a particular
threshold ε.

Again, we can find critical values; this time they follow in line with
those discussed in Section 2.1. The number of the critical values will be
different, however: case 1, where we look at the start and end points, now
yields Θ(`2) events; case 2, where we look at two neighbouring cells, so at
the distance between a segment and a point, yields Θ(`3nw) events; and
case 3, where we look at the distance between a segment and two points,
yields Θ(`4nw2) events.

Otherwise, we can run Algorithm 3 on the new critical values, calling
instead the counting version for the continuous Fréchet distance. This way
we can compute the expected Fréchet distance restricted to a Sakoe–Chiba
band in time polynomial in n for fixed w and `, as desired.

54



5

Conclusion

Trajectory data is ubiquitous, and uncertainty is an important aspect to it,
and yet there is very little work on uncertain trajectories in general and their
similarity in particular.

In this thesis, we approach the topic of similarity of uncertain trajectories,
focusing on simple region-based models for measurement uncertainty and
Fréchet distance as the similarity metric.

This thesis generalises previous work in two areas:

• Previously, there has been work that would cover lower and upper
bounds in various settings in point sets. We aim to provide the same
wide spectrum of approaches on uncertain trajectories.

• Previously, there has been very little work on expected value of certain
outputs on uncertain points. We study expected discrete Fréchet
distance and Fréchet distance on uncertain trajectories.

Both of these extensions make positive algorithmic results difficult, as
showcased in Chapter 3 with the proofs of NP-completeness for the upper
bound setting and #P-hardness for the expected value setting.

However, there are some restricted versions of the same problems that
are feasible to compute—we show this with the example of algorithms
using time bands. Time bands are a reasonable restriction that naturally
arises in the context of trajectory analysis, when temporal synchronisation
of the two trajectories is desired.

This thesis shows that the problems related to upper bound and expected
value quickly get difficult to compute in general, even in rather simple
uncertainty settings. However, bringing in realistic assumptions on the
input and the desired outcome helps to get polynomial-time algorithms.
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5. Conclusion

This work provides a promising starting point for a line of future
research on uncertain trajectories. There are some open problems related to
similarity of uncertain trajectories. In particular, lower bound continuous
Fréchet distance on uncertain trajectories has not been proven difficult or
solved. It could also be interesting to look at the problems discussed in this
thesis without assuming that ` ∈ Θ(1) for the indecisive point setting—for
instance, if we obtain the indecisive points by sampling some unknown
probability distribution, we might be interested in optimising the running
time of algorithms in terms of `.

There are also many other possible uncertainty models, both for meas-
urement uncertainty considered in this thesis and for movement uncertainty,
like the Brownian bridge model; these approaches may be better suited to
realistically uncertain trajectories, although the problems in such models
may be even more difficult to compute than in the model treated in this
thesis, so more realistic assumptions about the data would be needed.

In that direction, one could also consider moving towards results that
are practically relevant for application areas—there one would need fast
algorithms that give useful results, while operating under reasonable
restrictions on the data.

Finally, we could consider other analysis goals on uncertain trajectories,
like simplification, clustering, or segmentation. Overall, there are many
possible directions for future work on uncertain trajectories, taking this
thesis as a starting point.
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