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Abstract

The Travelling Salesman Problem (TSP) is a classic NP-hard problem. A well-studied
variant, also known to be NP-hard, is the Euclidean TSP, where n points are placed in a d-
dimensional space, and the weight of an edge between two points is the Euclidean distance between

them. In 2018, a 2O(n1−1/d) algorithm was found, and it was shown that a 2o(n
1−1/d) algorithm

does not exist unless ETH fails.
On the other hand, Euclidean TSP can be trivially solved in polynomial time in R1. We study
the complexity of Euclidean TSP in regimes between the 1-dimensional and the arbitrary 2-
dimensional case. More precisely, we consider settings where the points lie in a rectangle of size
δ×n and we present algorithms that are fixed-parameter tractable for parameter δ. In particular,
our results are as follows. If every point pi has x-coordinate exactly i (1 ≤ i ≤ n), and every

y-coordinate is in the interval [0, δ], then a shortest tour can be found in n32O(
√
δ log δ) time.

Furthermore, if the n points are distributed uniformly at random, i.i.d., in a rectangle of size
n× δ, a shortest tour can be found in expected time n42O(δ log δ).
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Chapter 1

Introduction

The Travelling Salesman Problem, more commonly written as TSP, is one of the most well-
studied problems in theoretical computer science. In the basic problem, we are given a complete
undirected graph G on n vertices, where each edge has been given a non-negative weight. The
goal is to find a set of n edges that form a tour on all the points, such that the total weight of the
chosen edges is minimised.

The well-known Held-Karp dynamic programming algorithm, which runs in O(2nn2) time, was
discovered independently by both Held and Karp [1] and Bellman [2] in 1961 and 1962, respectively.
In 1972, Karp [3] proved the problem to be NP-hard. To this day, it is still unknown whether an
exact O(poly(n)(2− ε)n) algorithm exists.

Throughout the years, many variations on TSP have been studied. One such variation is the
Euclidean TSP. We are no longer directly given edge weights; instead, we are given a set P of n
points in Rd. The weight of an edge between two points is the Euclidean distance between them.

A classic variant of 2-dimensional Euclidean TSP is Bitonic TSP: given a set of n points in
the plane, compute a shortest tour crossing every vertical line at most twice. It can for instance be
found as an exercise in Chapter 15 of the book “Introduction to Algorithms” [8], where the reader
is challenged to find an O(n2) dynamic programming algorithm for this problem. It was proven in
2016 by De Berg et al. [10] to be solvable in O(n log2 n) time. Since for d = 1 the shortest bitonic
tour always is the shortest tour, the shortest bitonic tour is likely to be the shortest tour if the
points are taken randomly from a very narrow rectangle.

In 1998, Smith and Wormald [4] published an algorithm for the general d-dimensional Euc-

lidean TSP problem, using 2d
O(d) · nO(dn1−1/d) time. Treating d as a fixed constant, it there-

fore takes 2O(n1−1/d·logn) time. In 2014, Marx and Sidiropoulos [5] proved that there exists no

2O(n1−1/d−ε) algorithm for any ε > 0, under the complexity assumption called the Exponential
Time Hypothesis (ETH). ETH, introduced by Impagliazzo, Paturi, and Zane [6] in 2001, states

that n-variable 3SAT cannot be solved in time 2o(n). In 2018, De Berg et al. [7] gave an 2O(n1−1/d)

algorithm, and proved that no 2o(n
1−1/d) algorithm exists unless ETH fails.

Our results. In this thesis, we study two variations on the 2-dimensional Euclidean TSP in
which the input is a set P := {p1, ..., pn} of points that lie in the rectangle rectangle [0, n]× [0, δ]
for some δ ≤ n.

We will first take a look at what we will call the NarrowRectFixedXTSP problem. For
this variation, we assume that the x-coordinate of point pi is exactly i for all 1 ≤ i ≤ n. We will

show that for this variation, a shortest tour can be found in n32O(
√
δ log δ) time.

For the second variation, which we will call NarrowRectTSP, we assume the n points are
taken uniformly at random, i.i.d., from the rectangle. It is easy to sort these points on their
x-coordinate, so we will label the points p1, ..., pn such that xi ≤ xi+1 for all 1 ≤ i < n. We will
show that for this variation, a shortest tour can be found in expected time n42O(δ log δ).

Euclidean TSP in Narrow Rectangles 1



Chapter 2

Notation and terminology

We assume the reader is familiar with basic graph theory, dynamic programming, and asymptotic
notation, such as the big O notation. For more information, see for example [8] and [9].

We denote the x-coordinate of a point p ∈ R2 by x(p), and its y-coordinate by y(p). For two
points p, q, we write pq to denote the directed edge from p to q. Paths and tours are written as
lists of points, (t1, t2, ..., tm), with t1 = tm in case of a tour. The length of a path/set of edges/tour
T , written as |T |, is the sum of the length of its edges.

Let P = {p1, ..., pn} be a set of points with 0 ≤ x(pi) ≤ x(pi+1) ≤ n for all 1 ≤ i < n. For
simplicity, we will assume from now on that all x-coordinates are distinct, although (as briefly
discussed at the start of section 5.2) our results also hold if points can have equal x-coordinates.
To improve readability, we will also write xi for x(pi), and yi for y(pi). We define the spacing of
pi (in P ) as ∆i = xi+1 − xi, for all 1 ≤ i ≤ n − 1. We extend this definition with ∆0 = x1, and
∆n = n− xn. Note that

∑n
i=0 ∆i = n.

Let Q be any nonempty subset of P . We will use the terms leftmost/rightmost point of Q to
denote the point of Q with the lowest/highest x-coordinate, respectively.

We call a vertical line, defined by its x-coordinate x∗, a separator, when xi 6= x∗ for all i. Note
that a separator divides the point set into two sets. We write si for the separator between pi and
pi+1. More precisely, si has x-coordinate (xi + xi+1)/2.

To finish this part, we have a few definitions regarding tonicity. Given a path/set of edges/tour
T , the tonicity at si of T , written as toni(T ), is the number of edges of the given path/tour crossing
si. The tonicity of a path/set of edges/tour T is the vector 〈ton1(T ), ..., tonn−1(T )〉. We say a
path/set of edges/tour T has lower tonicity than U (written as T � U) if for all i = 1, ..., n − 1,
the equation toni(T ) ≤ toni(U) holds. T has a strictly lower tonicity (written as T ≺ U) if there
also exists at least one i for which toni(T ) < toni(U) holds. Note that since the point set P is
finite, there are also finitely many tours on P . In particular, there cannot be an infinite sequence
T1, T2, ... on P such that T � T1 � T2 � ... holds. This implies for example that there exists at
least one minimal tour Tmin such that Tmin 6� T for any other tour of equal length.

Finally, we call a path/tour k-tonic (monotonic for k = 1, bitonic for k = 2) if for any si,
the tonicity of the path/tour at si is at most k. This allowed tonicity need not be achieved; any
k-tonic path is by definition also a (k + 1)-tonic path. We say a path/tour has exact tonocity k if
the path/tour is k-tonic, but not (k − 1)-tonic.

2 Euclidean TSP in Narrow Rectangles



Chapter 3

General observations

Before diving into any specific problem, we will introduce some simple geometric lemmas, which
we will use as building blocks for the lemmas and theorems in later chapters.

It is a well-known fact that for two-dimensional Euclidean TSP a solution with crossing
edges is suboptimal. Therefore, throughout this document, unless stated otherwise, we will only
consider paths/tours without crossing edges.

Lemma 3.1. Let T be a tour containing the (directed) edges q1q2 and r1r2. Let |q1r1|+ |q2r2| ≤
|q1q2| + |r1r2|. Then if we swap the edges q1q2 and r1r2 for the edges q1r1 and q2r2 we obtain a
tour T ′ with |T ′| ≤ |T |. Furthermore, if q1 and r1 are to the left of q2 and r2, then T ′ ≺ T .

Proof. W.l.o.g., we can write

T = (t1, t2, ...., ti−1, q1, q2, ti+2, ..., tj−1, r1, r2, tj+2, ..., tn, t1)

Now, choose T ′ as

T ′ = (t1, t2, ..., ti−1, q1, r1, tj−1, ..., ti+2, q2, r2, tj+2, ..., tn, t1)

See Figure 3.1 for an example of T and T ′.

Since T ′ consists of T , with the edges q1q2 and r1r2 swapped for the edges q1r1 and q2r2, we
find that |T ′| = |T | − |q1q2| − |r1r2|+ |q1r1|+ |q2r2| ≤ |T |. It is easy to see that if q1 and r1 are to
the left of q2 and r2, then T ′ ≺ T holds: between max(x(p), x(r)) and min(x(q), x(s)) the tonicity
has been lowered by 2. Everywhere else, the tonicity remains unchanged.

q1

q2

r1

r2

Figure 3.1: An example of Lemma 3.1. T is the solid line, T ′ is the dashed line. Between x(r1)
and x(q2), the tonicity of T ′ is 2 lower than the tonicity of T .

Euclidean TSP in Narrow Rectangles 3



CHAPTER 3. GENERAL OBSERVATIONS

q′
1

q′
2

q1

q2

ba

r1
r′
1

r′
2 r2

Figure 3.2: An example of Lemma 3.2. Since |q1q2|+ |r1r2| < |q1r1|+ |q2r2| holds, |q′1q′2|+ |r′1r′2| <
|q′1r′1|+ |q′2r′2| also holds.

Lemma 3.2. Let 0 ≤ a < b ≤ n. Let q1, q2, r1, r2 be any four points of P with x(q1), x(r1) ≤ a,
b ≤ x(q2), x(r2) and |q1q2| + |r1r2| < |q1r1| + |q2r2|. Let q′1, q

′
2 be the points on q1q2 with x-

coordinates a, b respectively. Let r′1, r
′
2 be the points on r1r2 with x-coordinates a, b respectively.

Then 2(b− a) ≤ |q′1q′2|+ |r′1r′2| < |q′1r′1|+ |q′2r′2|.

Proof. See Figure 3.2 for an example. The proof is simple: when we move q1 straight towards q2,
the length of q1r1 can never decrease strictly more than the length of q1q2 by doing so. Therefore,
|q1r1| − |q′1r1| ≤ |q1q2| − |q′1q2|. Repeat this argument for the other three points.

Recall that the point set P lies in a rectangle of height δ, and that ∆i = xi+1 − xi. A direct
consequence of Lemma 3.2 is the following:

Lemma 3.3. Let δ ≤ k∆i. Let Topt be a shortest tour. Then there exists a shortest tour T ′opt �
Topt with toni(T

′
opt) ≤ 2k.

Proof. Let Topt be a shortest tour. If Topt is non-2k-tonic at si, then Topt has at least k + 1
edges crossing si from left to right. We claim that at least one pair of edges (q1q2, r1r2) has the
property that |q1q2| + |r1r2| ≥ |q1r1| + |q2r2|. To see this, suppose such a pair does not exist. If
we order the edges on where they cross si, and then apply Lemma 3.2 to each consecutive pair,
we get that 2δ > 2k∆i. See Figure 3.3 for an example. This, however, directly contradicts our
assumption that δ ≤ k∆i. Therefore, such a pair of edges must exist. Using this pair, we can find
a T ∗opt ≺ Topt with |T ∗opt| ≤ |Topt| (and therefore a shortest tour), by Lemma 3.1. We apply this
repeatedly until we have obtained a shortest tour T ′opt � Topt with toni(T

′
opt) ≤ 2k.

A more general version is the following:

Lemma 3.4. Let δ ≤ (xj − xi)(k− j+ i+ 1) for some 1 ≤ i < j ≤ n. Let Topt be a shortest tour.
Then there exists a shortest tour T ′opt � Topt with toni(T

′
opt) ≤ 2k and tonj−1(T ′opt) ≤ 2k.

Proof. Let Topt be a shortest tour. If Topt is non-2k-tonic at si, then Topt has at least k+ 1 edges
crossing si from left to right.

We claim that at least one pair of edges (q1q2, r1r2) has the property that |q1q2| + |r1r2| ≥
|q1r1|+ |q2r2|. To see this, suppose such a pair does not exist. Since at most j− i−1 of these k+1

4 Euclidean TSP in Narrow Rectangles



CHAPTER 3. GENERAL OBSERVATIONS

∆i

δ

q1 q′
1

q′
2

q2

r1
r′
1

r′
2

r2

t1 t′
1

t′
2 t2

Figure 3.3: An example of Lemma 3.3, with k = 2. Suppose |q1q2| + |r1r2| < |q1r1| + |q2r2|
and |r1r2| + |t1t2| < |r1t1| + |r2t2|. Since δ ≥ |q′1r′1| + |r′1t′1| and δ ≥ |q′2r′2| + |r′2t′2|, we get that
2δ ≥ |q′1r′1|+ |q′2r′2|+ |r′1t′1|+ |r′2t′2| > |q′1q′2|+ 2|r′1r′2|+ |t′1t′2| ≥ 4∆i.

edges have an endpoint in {pi+1, ..., pj−1}, at least k+ 1− (j − i− 1) of these have length at least
xj − xi. Analogously to the previous lemma, we order these edges on where they cross si, and
then apply Lemma 3.2 to each consecutive pair. This gives us that 2δ > 2(k− (j− i−1))(xj−xi).
This, however, directly contradicts our assumption. Therefore, such a pair of edges must exist.

Analogously to the previous lemma, we can use this pair to find a Topt−1 ≺ Topt with |Topt−1| ≤
|Topt| (and therefore a shortest tour), by Lemma 3.1. We apply this repeatedly until we obtain a
shortest tour T ∗opt � Topt with toni(T

∗
opt) ≤ 2k. By symmetry, we can then find a shortest tour

T ′opt � T ∗opt with tonj−1(T ′opt) ≤ 2k. Since T ′opt � T ∗opt, we also have toni(T
′
opt) ≤ 2k. Therefore,

T ′opt � Topt is indeed a shortest tour with toni(T
′
opt) ≤ 2k and tonj−1(T ′opt) ≤ 2k.

Euclidean TSP in Narrow Rectangles 5



Chapter 4

One point per integer x-coordinate

In this chapter, we will analyse the NarrowRectFixedXTSP problem, as described in the
introduction. First, we show that if δ ≤ 2

√
2, the shortest bitonic tour is a shortest tour overall.

We will show this bound is tight. Then, we show that for every δ, the shortest 2d2
√
δe-tonic

tour is a shortest tour. We will give a set of examples where the shortest tour has exact tonicity
Θ(
√
δ). To finish this chapter, we will give an algorithm solving NarrowRectFixedXTSP in

n32O(
√
δ log δ) time.

4.1 Bitonic tours

In 2016, De Berg et al. [10] showed that a shortest bitonic tour can be found in O(n log2 n) time.
Therefore, an obvious question arises: when is a shortest bitonic tour guaranteed to be a shortest
tour? First, we will provide a simple proof for δ ≤

√
3. Then, we will give a proof to show that

this holds for all δ ≤ 2
√

2. This proof will give rise to a counterexample for δ > 2
√

2.
We will start with a variation on Lemma 3.2.

Lemma 4.1. Let δ ≤
√

(b− a)(b− a+ 2) for some integer 2 ≤ a < b ≤ n− 1. Let q1, q2, r1, r2 be
any four points of P with max(x(q1), x(r1)) ≤ a, and b ≤ min(x(q2), x(r2)). Then |q1r1|+ |q2r2| ≤
|q1q2|+ |r1r2|.
Proof. Let q1, q2, r1, r2 be any such four points. Now, let us move q1 and q2 towards each other,
and move r1 and r2 towards each other, such that q1 and r1 have x-coordinates a − 1 and a
(not necessarily respectively) and that q2 and r2 have x-coordinates b and b + 1 (not necessarily
respectively). Let us call these new points q′1, q

′
2, r
′
1 and r′2. See Figure 4.1 for an example.

Analogously to the proof of Lemma 3.2, we can conclude that

|q1r1|+ |q2r2| − |q1q2| − |r1r2| ≤ |q′1r′1|+ |q′2r′2| − |q′1q′2| − |r′1r′2|

holds.
Now, we move q′1, q

′
2 upwards to the line y = δ, and r′1, r

′
2 downwards to the line y = 0. Let us

call these new points q′′1 , q
′′
2 , r
′′
1 , r
′′
2 . See Figure 4.2 for an example. Note that |q′′1 q′′2 | ≤ |q′1q′2| and

|r′′1 r′′2 | ≤ |r′1r′2| hold. At the same time, |q′′1 r′′1 | ≥ |q′1r′1| and |q′′2 r′′2 | ≥ |q′2r′2| hold. Therefore,

|q′1r′1|+ |q′2r′2| − |q′1q′2| − |r′1r′2| ≤ |q′′1 r′′1 |+ |q′′2 r′′2 | − |q′′1 q′′2 | − |r′′1 r′′2 |

holds.
Finally, we calculate |q′′1 r′′1 |+ |q′′2 r′′2 | − |q′′1 q′′2 | − |r′′1 r′′2 |. W.l.o.g., x(q1) < x(r1) < x(r2) < x(q2).

We find:

|q′′1 r′′1 |+ |q′′2 r′′2 | − |q′′1 q′′2 | − |r′′1 r′′2 | =
√

12 + δ2 +
√

12 + δ2 − (b− a+ 2)− (b− a)

≤ 2
√

1 + (b− a)(b− a+ 2)− 2(b− a+ 1)

= 0

6 Euclidean TSP in Narrow Rectangles



CHAPTER 4. ONE POINT PER INTEGER X-COORDINATE

a− 1 a b b+ 1

q1 q′
1

r1 r′
1

r′
2

r2

q′
2

q2

Figure 4.1: Moving points along edges: |q1r1|+|q2r2|−|q1q2|−|r1r2| ≤ |q′1r′1|+|q′2r′2|−|q′1q′2|−|r′1r′2|

q′′
1

q′
1

r′
1

r′′
1

r′′
2

q′
2

r′
2

q′′
2

a− 1 a b b+ 1

Figure 4.2: Moving points vertically: |q′1r′1|+|q′2r′2|−|q′1q′2|−|r′1r′2| ≤ |q′′1 r′′1 |+|q′′2 r′′2 |−|q′′1 q′′2 |−|r′′1 r′′2 |

In conclusion, we now have:

|q1r1|+ |q2r2|−|q1q2|−|r1r2| ≤ |q′1r′1|+ |q′2r′2|−|q′1q′2|−|r′1r′2| ≤ |q′′1 r′′1 |+ |q′′2 r′′2 |−|q′′1 q′′2 |−|r′′1 r′′2 | ≤ 0

which is exactly what we wanted to prove.

Now, we can directly apply this to show when the monotonic path on a subset Q ⊆ P is
guaranteed to be a shortest path on Q.

Lemma 4.2. Let δ ≤
√

3. Let Q be a subset of P . Then, of all paths on Q from the leftmost
point of Q to the rightmost point of Q, the monotonic path is a shortest path.

Proof. Let Topt be any shortest path. If Topt is the monotonic path, we are done. Else, since
Topt is non-monotonic, we can find a pair of edges (q1q2, r1r2) in Topt with max(x(q1), x(r1)) <

min(x(q2), x(r2)). Using Lemma 4.1 (note that δ ≤
√

1(1 + 2)), we find that |q1r1| + |q2r2| ≤
|q1q2|+ |r1r2|. Therefore, we can now apply Lemma 3.1 to find an T ∗opt ≺ Topt with |T ∗opt| ≤ |Topt|
(and therefore a shortest path). We apply this rule exhaustively to obtain T ′opt, which must be
the monotonic path.

This directly implies that when δ ≤
√

3, the shortest bitonic tour is a shortest tour. After
all, any tour can be seen as a combination of two paths, one from the leftmost point of P to its
rightmost point, and one vice versa. We will now give an improved (higher) upper bound. First,
we will show that even for relatively large δ, a shortest bitonic tour is a shortest tour, as long as
every shortest tour is bitonic near both ends of the rectangle.

This proof will be partially computer-assisted, to whittle down the amount of cases to be
checked manually. In short, for given sets of edges E,F of which the union forms a tour, the
automated prover will prove that there exists a set of edges F ′ such that E ∪ F ′ forms a shorter

Euclidean TSP in Narrow Rectangles 7



CHAPTER 4. ONE POINT PER INTEGER X-COORDINATE

q1

q3

q2
q4

q2

q3

q4

q1

q2

q3

q1

r1

r2

si si si

Figure 4.3: An example of the steps done byAutomatedProofPreProcessor. The solid edges
denote F , the dashed E. First, rule 1 is applied, by moving q1 towards q4. Then, rule 4 is applied
on q4, splitting it to r1 and r2, and rule 2 is applied immediately afterwards on the newly formed
r1. Then, all points have consecutive x-coordinates.

tour than E ∪ F . For more details about this prover, see Appendix A. The automated prover
requires a specific subset of points to have consecutive x-coordinates. This requirement will not
always be met when we want to use the automated prover. Hence, we will now define a function
AutomatedProofPreProcessor(P , E, F ) that returns a point set P and edge sets E and F
which preserve the properties proven by the automated prover.

Let P be a set of points with integer x-coordinates. Let s be a separator of P . Let E, F be
two edge sets on P such that E ∪ F forms a tour T , and every edge of F crosses s. Note that F
does not need to contain all edges crossing s. Let Q be the set of points incident to one or more of
the edges of F . Then, AutomatedProofPreProcessor(P , E, F ), is a procedure that applies
the following rules, only applying rule 2 after rule 1 has been applied exhaustively, only applying
rule 3 when rule 1 and 2 have been applied exhaustively, etcetera.

1. Let sj be the rightmost separator such that all edges of F cross sj . Pick a q to the left of
sj , with one incident edge in F , and with the x-coordinate x(q) + 1 currently unoccupied by
any other point in Q. Note that it may be occupied by a point in P \ Q. This is allowed.
Move q towards its neighbour, such that its x-coordinate increases by 1. Note that q is not
moved past sj : if x-coordinate j + 1 was not occupied by the points in Q, then all edges of
F would cross sj+1 as well, contradicting the definition of sj .

2. The same rule as rule 1, but horizontally mirrored.

3. Pick a point q to the left of sj , with two incident edges qiq, qqk in F , and the x-coordinate
x(q)+1 currently unoccupied by any other point in Q. Then, split the point q into two points
r1 and r2: change edge qiq to qir1, change qqk to r2qk, and add the edge r1r2 (currently of
length 0) to E. Note that rule 1 will be applied directly after using this rule.

4. The same rule as rule 3, but horizontally mirrored. Note that rule 2 will be applied directly
after using this rule.

See Figure 4.3 for an example. After doing this, return the (possibly changed) P , E and F as P ,
E and F . Note that E ∪ F forms a tour T . Furthermore, if the points of Q have distinct integer
x-coordinates, so do the points of Q, the set of points incident to the edges of F . Also, since we
only move points towards each other, if the original points were in the rectangle [0, n]× [0, δ], so
will the points returned be. Finally, this procedure does indeed terminate. First of all, each of
the n points can be split at most once: only points with two incident edges in F can be split, and
after splitting a point, the two resulting points both have only one incident edge in F . Secondly,
each of the points can be moved at most n times. Now, we will prove that this function indeed
preserves all properties we want it to preserve. Intuitively, these properties say: if we can find a
counterexample to the statement that T is a shortest tour with minimum tonicity, then we can
also find a counterexample to the statement that T is a shortest tour with minimum tonicity.
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Lemma 4.3. Let P be a set of points. Let si be a separator of P . Let E, F be two edge sets on
P such that E ∪ F forms a tour T , and every edge of F crosses si. Let P ,E, F be the point set
and edge sets returned by AutomatedProofPreProcessor(P , E, F ). Define T as the tour

formed by E ∪ F . Let F
′

be any set of edges such that E ∪ F ′ forms a tour T
′

on P . Then there
exists a set of edges F ′ such that E ∪ F ′ forms a tour T ′ on P , with the following properties:

1. If |T ′| < |T |, then |T ′| < |T |

2. If |T ′| ≤ |T |, then |T ′| ≤ |T |

3. If |T ′| ≺ |T |, then |T ′| ≺ |T |

4. If |T ′| � |T |, then |T ′| � |T |

Proof. We will prove this statement by induction over the number of times the four rules of
AutomatedProofPreProcessor are applied. First, we note that the statement is trivial

if no rules are applied: simply picking F ′ = F
′

is sufficient. All that remains to prove is
that if the statement holds if the rules are applied at most N times for some N ∈ N, then it
also holds if the rules are applied at most N + 1 times. Let P,E, F be a sets of points and
edges such that AutomatedProofPreProcessor(P , E, F ) results in N + 1 rule applica-
tions. Let us call the sets of points and edges gained after the first application of the rules
P1, E1 and F1, and the tour E1 ∪ F1 = T1. Now, we can invoke the induction hypothesis, since
AutomatedProofPreProcessor(P1, E1, F1) results in N rule applications. Therefore, there
exists an edge set F ′1 such that E1 ∪ F ′1 forms a tour T ′1 on P1, with the four properties. Now, to
construct an F ′ with all four desired properties, we make a case distinction on which rule was the
rule applied to get P1, E1, F1.

• Rule 1 / 2
If one of the first two rules was applied, then F ′ = F ′1 suffices. Let us check the properties
one by one:

1. Suppose |T ′| < |T |. Then, by definition of F ′1, we have |T ′1| < |T1|. We would like
to prove that |T ′| < |T |. Let us name the moved point q, and let t be its neighbour
in F . Now, since q was moved some distance d ≥ 1 straight towards t, we know that
|F1| = |F |−d, and |F ′1| ≥ |F ′|−d. After all, no edge can have its length decreased more
than d by moving one point a distance d, and q also must have exactly one neighbour
in F ′, since otherwise, E ∪F ′ could not be a tour. Using this, we can directly conclude

|T ′| = |E|+ |F ′| ≤ |E|+ |F ′1|+d = |T ′1|+d < |T1|+d = |E|+ |F1|+d = |E|+ |F | = |T |

which is what we wanted to prove.

2. Analogous to the previous property.

3. Suppose T
′ ≺ T . Then, by definition of F ′1, T ′1 ≺ T1. We would like to prove that

T ′ ≺ T . Let us name the moved point q. Now, we know that tonr(F1) = tonr(F )− 1,
where r is such that sr is the separator directly to the left of the now-moved point q.
Therefore, tonr(T1) = tonr(T ) − 1. For all other separators, the tonicity of F1 and
F are equal. Furthermore, tonr(F

′
1) ≥ tonr(F

′) − 1, analogously to the first property.
Therefore, tonr(T

′
1) ≥ tonr(T

′) − 1. Using this, we can see that T ′ � T , since for all
separators si

toni(T
′) ≤ toni(T ′1) + 1 ≤ toni(T1) + 1 = toni(T )

holds. Pick sj such that ton(T ′1, sj) < ton(T1, sj) Finally, since T ′ � T and

ton(T ′, si) ≤ ton(T ′1, si) + 1 < ton(T1, si) + 1 = ton(T, si)

we can conclude that T ′ ≺ T .
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4. Analogous to the previous property.

• Rule 3 / 4
Since rule 3 or 4 was applied, P1 contains two points, q1 and q2, that used to be one point
q in P . Furthermore, F ′1 contains two edges q1t1 and q2t2. Then, the F ′ formed by taking
F ′1, and changing q1t1 for qt1, and q2t2 for qt2, is sufficient. The reason all four properties
hold is very simple: neither the length nor the tonicity of a tour depend on the names of the
points, or the order of the edges. If we see E,F,E1 and F1 as sets of edges between pairs
of coordinates, the only difference between the pairs (E,F ) and (E1, F1) is that E1 contains
an extra edge of length 0. Since this edge has length 0, it has no impact on the length nor
on the tonicity of tour T1. Therefore, the length and tonicity of T and T1 match.

We have constructed an F ′ with the four desired properties in both cases of the induction step, as
well as in the base case. Therefore, by induction, such an F ′ exists for every P,E and F , no matter
how many steps are needed for AutomatedProofPreProcessor(P , E, F ) to terminate.

We have now successfully increased the power of the automated prover. As promised, we will
now show that even for relatively large δ, a shortest bitonic tour is a shortest tour, as long as
every shortest tour is bitonic near both ends of the rectangle.

Lemma 4.4. Let δ ≤ z, where z is the largest solution to the equation x6 − 9x4 − 22x2 + 71 = 0
(note: z ≈ 3.233). Let Topt−b be a shortest bitonic tour. Let Topt−e be a shortest tour among all
tours that have an edge between p1 and p2 and an edge between pn−1 and pn. Then |Topt−b| =
|Topt−e|. Moreover, for any δ > z, there exists a point set P such that |Topt−b| > |Topt−e|.

Proof. First, we note that every bitonic tour has both an edge between p1 and p2 and an edge
between pn−1 and pn. Therefore, |Topt−b| ≥ |Topt−e| must hold.

Let T be the set of all shortest tours that have an edge between p1 and p2 and an edge
between pn−1 and pn. Let Topt ∈ T be such that for all T ∗opt ∈ T , we have T ∗opt 6≺ Topt. Note
that there might be multiple such ‘local minima’, we can pick any of them. Since Topt−e ∈ T ,
|Topt| = |Topt−e|. We will now prove that Topt is bitonic, and therefore, |Topt| = |Topt−b|.

Suppose Topt is not bitonic. Let i be the highest integer such that toni(Topt) = 4. Since
toni+1(Topt) is (therefore) exactly 2, the incoming and outgoing neighbours of point pi+1 must be
to its left. Let us call them q1 and q2, respectively. Furthermore, there must be two more edges
crossing si. Let us name the one crossing from left to right r1r2 and the one crossing from right
to left t1t2. In other words, Topt has the form ([...], q1, pi+1, q2, [...], r1, r2, [...], t1, t2, [...]). As we
will see in a moment, w.l.o.g. we have one of the two cases in Figure 4.4.

We might have given one point two different names, i.e., it might be that certain points from
the set {q1, q2, r1, r2, t1, t2} are actually the same point. There are three candidates: q2 = r1,
r2 = t1 and t2 = q1. We will argue that w.l.o.g., only q2 = r1 can hold: first, let us take a look
at the scenario where q1 = t2 holds. If q1 = t2 and q2 6= r1 hold, the tour gotten by walking Topt
backwards is an equivalent tour, with q1 6= t2 and q2 = r1. If both q1 = t2 and q2 = r1 hold, then
these two points must be p1 and p2. However, by definition of Topt, p1 and p2 must be neighbours,
which these two points are not. Therefore, we can w.l.o.g. assume that q1 = t2 does not hold.
Now, we take a look at the option r2 = t1. If this is the case, then pi+1 = pn−1 and r2 = t1 = pn.
However, by definition of Topt, pn−1 and pn must be neighbours, which these two points are not.
Therefore, r2 = t1 does not hold. In conclusion, w.l.o.g. we indeed have one of the two cases in
Figure 4.4. From now on, the direction of the edges will be irrelevant—as long as a set of edges
forms a tour, it can be given a direction afterwards—so we will turn our edges into undirected
edges.

We will now for both cases show that there exists an T ′opt ∈ T such that either |T ′opt| < |Topt| or
T ′opt ≺ Topt holds. Therefore, no non-bitonic Topt with the desired properties can exist. Therefore,
Topt must be bitonic, from which we can conclude that |Topt| = |Topt−b|. In both cases, T ′opt will
be formed by only substituting the set of four (undirected) edges F = {q1pi+1, pi+1q2, r1r2, t1t2}
for some F ′. Note that any tour T with |T | ≤ |Topt| formed this way is an element of T , as
the edges p1p2 and pn−1pn, which are on the path between q1 and t2 and the path between
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pi+1

q1

q2

r1

r2

t1t2

si si+1 si

q1

q2 = r1 r2

t1t2

si+1

pi+1

Figure 4.4: Sketches of the two cases for Lemma 4.4. Points that have equal x-coordinates in
the sketch can have any horizontal ordering between them. The points can also have any vertical
ordering between them. Dashed lines denote paths of at least one edge. To the right of pi+1, the
tour is bitonic.

r2 and t1, respectively, remain undisturbed. Furthermore, for all the elements of both cases,
AutomatedProofPreProcessor(P , E, F ) returns an element of the same two cases (although
it might return one of the left hand case when given one of the right hand case). Therefore, by
Lemma 4.3, we may assume the points have consecutive x-coordinates.

• Left hand case: q2 6= r1
For this case, we will find an F ′ with |E ∪ F ′| < |E ∪ F |. We will need the following claim.

Claim 4.4.1. Let q1, pi+1, q2, r1, r2, t1, t2 be seven points with consecutive x-coordinates
and y-coordinates in the interval [0, 3.5]. Let us define the set of undirected edges E =
{q2r1, r2t1, t2q1} and the set of undirected edges F = {q1pi+1, pi+1q2, r1r2, t1t2}. Then there
exists a set F ′ of undirected edges such that E ∪ F ′ forms a tour strictly shorter than the
tour formed by E ∪ F .

Proof. This proof can be given by the automated prover, see Appendix A.

Note that this claim holds for y-coordinates in the interval [0, 3.5], and therefore it also holds
for y-coordinates in the interval [0, z]. This argument will also hold for all other automated
proofs, though we will not repeat this.

• Right hand case: q2 = r1
The proof of this case will be similar to that of the previous case. The one exception is the
worst case scenario, which we will also use to prove the bound is tight. Let us start with a
claim similar to the previous one.

Claim 4.4.2. Let q1, pi+1, q2, r2, t1, t2 be six points with consecutive x-coordinates and y-
coordinates in the interval [0, 3.24]. Let us define the set of undirected edges E = {r2t1, t2q1}
and the set of undirected edges F = {q1pi+1, pi+1q2, q2r2, t1t2}. Then there exists a set F ′ of
undirected edges such that E∪F ′ forms a tour strictly shorter than the tour formed by E∪F ,
or (w.l.o.g.) x(q1) < x(t2) < x(q2) < x(pi+1) < x(r2) < x(t1), max(y(q2), y(r2)) < 0.1,
1.3 < y(pi+1) < 1.5, and 3.1 < min(y(q1), y(t1), y(t2)) hold.

Proof. This proof can be given by the automated prover, see Appendix A.

Therefore, when we are not in the worst case scenario mentioned at the end of the claim, we
can find an F ′ with |E ∪ F ′| < |E ∪ F |.
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q1 t2

q2

pi+1

r2

t1

Figure 4.5: The worst case scenario for Lemma 4.4. The solid, dashed and dotted lines form the
three sets of edges.

Let us take a look at the worst case scenario, x(q1) < x(t2) < x(q2) < x(pi+1) < x(r2) <
x(t1), max(y(q2), y(r2)) < 0.1, 1.3 < y(pi+1) < 1.5, and 3.1 < min(y(q1), y(t1), y(t2)). See
Figure 4.5, which also depicts the two viable alternative sets of edges: {q1q2, q2pi+1, pi+1r2,
t1t2} and {q1q2, q2r2, t1pi+1, pi+1t2}. Looking at the figure, we can easily deduce a bit more
about the y-coordinates of the points. Remember, the worst scenario we are looking for, is
one where δ is as small as possible, but the solid set of edges is (one of) the shortest set(s) of
edges. Clearly, y(q1) = y(t1) = y(t2) = δ must hold, as well as y(r2) = 0. Furthermore, since
we know y(q1) > 2y(pi+1), we can conclude that y(q2) = 0. Therefore, the only unknowns
are y(pi+1) and δ. Using this we can find a value for y(pi+1) that gives us the worst (that
is, smallest) bound for δ. This bound is given by the following claim, whose rather tedious
proof is in the appendix.

Claim 4.4.3. Let q1, t2, q2, pi+1, r2, t1 be six points with x-coordinates i − 2, i − 1, i, i +
1, i + 2, i + 3 respectively, y(q2) = y(r2) = 0, 1.3 < yi+1 < 1.5, and y(q1) = y(t1) =
y(t2) = δ. Let |q1pi+1| + |pi+1q2| + |q2r2| + |t1t2| ≤ |q1q2| + |q2pi+1| + |pi+1r2| + |t1t2|
and |q1pi+1| + |pi+1q2| + |q2r2| + |t1t2| ≤ |q1q2| + |q2r2| + |t1pi+1| + |pi+1t2|. Then δ ≥ z,
where z is defined as the largest solution to the equation x6 − 9x4 − 22x2 + 71 = 0. If
δ = z, then |q1pi+1| + |pi+1q2| + |q2r2| + |t1t2| = |q1q2| + |q2pi+1| + |pi+1r2| + |t1t2| =
|q1q2|+ |q2r2|+ |t1pi+1|+ |pi+1t2| holds.

Proof. For the proof, see Appendix B.

A quick count gives us that the alternatives have strictly lower tonicity than F . Combined
with Claim 4.4.2, we conclude that as long as the x-coordinates of the six named points are
consecutive, we can find either an F ′ with |F ′| = |F | and F ′ ≺ F , or an F ′ with |F | < |F ′|,
both of which suffice.

This brings us to the end of the proof: when we assume Topt is not bitonic, then we can always
derive a contradiction. Therefore, we must conclude that Topt is bitonic, and therefore, |Topt−b| ≤
|Topt|. Since we already had concluded that |Topt−b| ≥ |Topt|, we can conclude that both tours
have equal length.

Finally, for δ > z, we have to give a point set P such that |Topt−b| > |Topt−e|. We choose P as
the point set in Figure 4.5, scaled vertically with the constant δ/z > 1. Note that q1 = p1, t2 =
p2, r2 = pn−1 and t1 = pn. Therefore, the set F of solid edges forms a tour when combined
with the edge set E = {(p1, p2), (pn−1, pn)}. As we have already proven, F is the unique shortest
set of edges forming a tour with E. Since F is not bitonic, P is indeed a point set for which
|Topt−b| > |Topt−e|.
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p1

p2

p3 p4

q1

q2

q3

pn−1

pn

q1

q2

q3

q4

pn−1

pn

Figure 4.6: Sketches of the three possible cases for Theorem 4.1. Points that share an x-coordinate
in the sketch can have any horizontal ordering between them. The points can also have any vertical
ordering between them. Dashed lines denote paths of at least one edge.

Using this lemma, we can finally prove a tight bound on when a shortest bitonic tour is
guaranteed to be a shortest tour:

Theorem 4.1. Let δ ≤ 2
√

2. Let P = {p1, ...pn} be a set of points with xi = i for all 1 ≤ i ≤ n,
and 0 ≤ yi ≤ δ. Let Topt−b be a shortest bitonic tour. Let Topt be a shortest tour. Then
|Topt| = |Topt−b|. Moreover, for any δ > 2

√
2, there exists a point set P such that a shortest tour

on P is strictly shorter than the shortest bitonic tour on P .

Proof. Let Topt be a shortest tour. Let Topt−b be a shortest bitonic tour. Using Topt, we will
find a tour Topt−e with |Topt−e| = |Topt|, which has both an edge between p1 and p2 and an edge
between pn−1 and pn. Then, we can directly apply Lemma 4.4 to conclude |Topt−e| = |Topt−b|,
and therefore, |Topt| = |Topt−b|.

Let us take a look at pn−1 and pn. We will prove that there exists an tour T ′opt � Topt
with |T ′opt| = |Topt| in which pn−1 and pn are neighbours. If Topt already qualifies, simply take
T ′opt = Topt. Else, we have one of the cases in Figure 4.6.

Again, we will form T ′opt by only substituting F , the solid edges in the figure, for other edges.
For all the elements of the second an third case, AutomatedProofPreProcessor(P , E, F )
returns an element of the same two cases. Therefore, by Lemma 4.3, we may assume the points
have consecutive x-coordinates. We will prove that since Topt is a shortest tour, only the second
case can hold. Furthermore, we will show that in this case, such an T ′opt exists.

• Left hand case
This case can be refuted by the automated prover:

Claim 4.4.4. Let p1, p2, p3, p4 be four points with x-coordinates 1, 2, 3, 4, respectively, and
y-coordinates in the interval [0, 6.99]. Let us define the set of undirected edges E = ∅ and the
set of undirected edges F = {p1p4, p4p2, p2p3, p3p1}. Then there exists a set F ′ of undirected
edges such that E ∪ F ′ forms a tour strictly shorter than the tour formed by E ∪ F .

Proof. This proof can be given by the automated prover, see Appendix A.

Therefore, we can find an F ′ with |E ∪ F ′| < |E ∪ F |.

• Middle case
This case contains the worst case scenario. Let us start by defining the worst case scenario,
and finding an F ′ for all other cases.

Claim 4.4.5. Let q1, q2, q3, pn−1, pn be five points with distinct integer x-coordinates in the
intervals [n − 4, n − 2], [n − 4, n − 2], [n − 4, n − 2], [n − 1, n − 1], [n, n], respectively, and
y-coordinates in the interval [0, 2.83]. Let us define the set of undirected edges E = {q1q3}
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and the set of undirected edges F = {q1pn, pnq2, q2pn−1, pn−1q3}. Then there exists a set F ′

of undirected edges such that E ∪ F ′ forms a tour strictly shorter than the tour formed by
E ∪ F , or (w.l.o.g.) max(y(q3), pn−1) < 0.1, min(y(q1), pn) > 2.81 and x(q2) = n− 2.

Proof. This proof can be given by the automated prover, see Appendix A.

Apart from the worst case (max(y(q3), pn−1) < 0.1, min(y(q1), pn) > 2.81 and x(q2) = n−2),
we therefore can find an F ′ with |E ∪ F ′| < |E ∪ F |.
Let us take a look at this worst case scenario. Remember, we are trying to prove that
there is an T ′opt such that either |T ′opt| < |Topt|, or |T ′opt| = |Topt| and T ′opt ≺ Topt.
There are two serious alternatives F ′, both bitonic: F ′1 = (q1q2, q2pn, pnpn−1, pn−1q3) and
F ′2 = (q1pn, pnpn−1, pn−1q2, q2q3). Note that the corresponding T ′opt−1 and T ′opt−2 both have
strictly lower tonicity than Topt, and have pn−1 and pn as neighbours. Therefore, it is suf-
ficient to prove that at least one of |T ′opt−1| ≤ |Topt| and |T ′opt−2| ≤ |Topt| holds. Let us
assume the opposite and derive a contradiction, so we assume F forms the shortest path
from q1 to q3. Then:

– F still forms the shortest path if q3 is changed to q′3 = (x(q3), 0), since |pn−1q3| either
decreases, or increases less than |q2q3| increases

– F still forms the shortest path if q1 is changed to q′1 = (x(q1), δ), since |q1pn| either
decreases, or increases less than |q1q2| increases

– if y(q3) = 0, then F still forms the shortest path if pn−1 is changed to p′n−1 = (n−1, 0),
since |pn−1q3| decreases, and |q2pn−1| is increased less than |pn−1pn|

– if y(q1) = δ, then F still forms the shortest path if pn is changed to p′n = (n, δ), since
|pnq1| decreases, and |pnq2| is increased less than |pn−1pn|

So, since F forms the shortest path on the points Q = {q1, q2, q3, pn−1, pn}, it also forms
the shortest path on the point Q′ = {q′1, q′2, q′3, p′n−1, p′n}. Therefore, the following set of
equations must hold: {

|Topt| < |T ′opt−1|
|Topt| < |T ′opt−2|

Topt, T
′
opt−1 and T ′opt−2 all share the same edges outside of F , F ′1 and F ′2, so this is equivalent

to: {
|q′1p′n|+ |p′nq′2|+ |q′2p′n−1|+ |p′n−1q′3| < |q′1q′2|+ |q′2p′n|+ |p′np′n−1|+ |p′n−1q′3|
|q′1p′n|+ |p′nq′2|+ |q′2p′n−1|+ |p′n−1q′3| < |q′1p′n|+ |p′np′n−1|+ |p′n−1q′2|+ |q′2q′3|

Let us simplify this set of equations:{
|q′1p′n|+ |q′2p′n−1| < |q′1q′2|+ |p′np′n−1|
|p′nq′2|+ |p′n−1q′3| < |p′np′n−1|+ |q′2q′3|

However, we cannot simplify this any further, since we do not have the exact coordinates of
all the points. More specifically, there are only two cases left:

– p′n = (n, δ), p′n−1 = (n− 1, 0), q′1 = (n− 3, δ), q2 = (n− 2, yn−2), q′3 = (n− 4, 0), see the
left hand side of Figure 4.7. In this case, we can simplify the set of equations to3 +

√
y2n−2 + 1 <

√
1 + (2

√
2− yn−2)2 + 3√

4 + (2
√

2− yn−2)2 + 3 < 3 +
√

4 + y2n−2

14 Euclidean TSP in Narrow Rectangles



CHAPTER 4. ONE POINT PER INTEGER X-COORDINATE

q1

q2

q3 pn−1

pn q1 pn

q2

pn−1q3

δ

Figure 4.7: Sketches of the worst case scenarios of the middle case of Theorem 4.1. F is the solid
line.

which in turn simplifies to {
yn−2 <

√
2√

2 < yn−2

which cannot be satisfied.

– p′n = (n, δ), p′n−1 = (n− 1, 0), q′1 = (n− 4, δ), q2 = (n− 2, yn−2), q′3 = (n− 3, 0), see the
right hand side of Figure 4.7. In this case, we can simplify the set of equations to4 +

√
y2s + 1 <

√
4 + (2

√
2− ys)2 + 3√

4 + (2
√

2− ys)2 + 2 < 3 +
√

1 + y2s

which in turn simplifies to1 +
√
y2s + 1 <

√
4 + (2

√
2− ys)2√

4 + (2
√

2− ys)2 < 1 +
√

1 + y2s

which also cannot be satisfied.

In both cases, we get a contradiction. Therefore, we have now proven that |T ′opt−1| ≤ |Topt| or
|T ′opt−2| ≤ |Topt| holds. Therefore, if we are in this case, we can find a T ′opt with |T ′opt| ≤ |Topt|
and T ′opt � Topt which has pn−1 and pn as neighbours.

• Right hand case
For the last time, we use the power of the automated prover:

Claim 4.4.6. Let q1, q2, q3, q4, pn−1, pn be six points with distinct integer x-coordinates in
the intervals [n − 5, n − 2], [n − 5, n − 2], [n − 5, n − 2], [n − 5, n − 2], [n − 1, n − 1], [n, n],
respectively, and y-coordinates in the interval [0, 3.3]. Let us define the set of undirected
edges E = {q1q2, q3q4} and the set of undirected edges F = {q1pn, pnq4, q3pn−1, pn−1q2}.
Then there exists a set F ′ of undirected edges such that E ∪ F ′ forms a tour strictly shorter
than the tour formed by E ∪ F .

Proof. This proof can be given by the automated prover, see Appendix A.

Therefore, we can find an F ′ with |E ∪ F ′| < |E ∪ F |.

In conclusion, in all three cases, we found an T ′opt with |T ′opt| ≤ |Topt| and T ′opt � Topt, and which
has pn−1 and pn as neighbours. By symmetry, we can now also find an Topt−e with |Topt−e| ≤
|T ′opt| ≤ |Topt|, which has p1 and p2 as neighbours. Since Topt is by definition a shortest tour,
|Topt−e| = |Topt|. Furthermore, Topt−e � T ′opt � Topt. More specifically, tonn−2(Topt−e) = 2.
Therefore, Topt−e has pn−1 and pn as neighbours. Therefore, we can now apply Lemma 4.4 and
conclude that |Topt−b| = |Topt−e| = |Topt|.

Euclidean TSP in Narrow Rectangles 15
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1

2
δ

1

2
δ

Figure 4.8: A point set for which the shortest tour (solid line) is shorter than the shortest bitonic
tour (dashed line), for all δ > 2

√
2. See also Theorem 4.1.

Inspired by the worst case scenario, we can give a simple counterexample for δ > 2
√

2, con-
taining only five points. See Figure 4.8. This proves the bound is tight.

16 Euclidean TSP in Narrow Rectangles



CHAPTER 4. ONE POINT PER INTEGER X-COORDINATE

4.2 2k-Tonic tours

In this second main section of the chapter, we will take a look at the generalised version of bitonic
tours: 2k-tonic tours.

Lemma 4.5. Let δ > 0. Let k = d2
√
δ + 1− 1e. Let Topt be a shortest tour. Then there exists a

2k-tonic shortest tour T ′opt � Topt.

Proof. Let Topt be a shortest tour. Now, for any i, j such that 1 ≤ i and j = i + bk/2c ≤ n, we
would like to apply Lemma 3.4. To do so, we first need that δ ≤ (xj − xi)(k − j + i+ 1). Let us
check this:

(xj − xi)(k − j + i+ 1) = (j − i)(k − j + i+ 1)

=

⌊
k

2

⌋(
k −

⌊
k

2

⌋
+ 1

)
=

⌊
k

2

⌋⌈
k

2

⌉
+

⌊
k

2

⌋
Now, since k is an integer:

≥ k − 1

2

k + 1

2
+
k − 1

2

=
k2 + 2k − 3

4

≥ (2
√
δ + 1− 1)2 + 2(2

√
δ + 1− 1)− 3

4

=
4(δ + 1)− 4

√
δ + 1 + 1 + 4

√
δ + 1− 2− 3

4
= δ

This is true independent of our choice of i. Therefore, we can first apply the lemma with i = 1,
giving us a shortest tour Topt−1 � Topt that is 2k-tonic at s1 and sbk/2c. When we apply this
lemma again on Topt−1 with i = 2, we get a shortest tour Topt−2 � Topt−1 that is 2k-tonic at
s1, s2, sbk/2c and sbk/2c+1. After doing this for all i such that i + bk/2c ≤ n, we have a shortest
tour T ′opt � Topt that is 2k-tonic at all si.

Finally, we show that the factor
√
δ is necessary, by giving a set of examples where the shortest

tour has exact tonicity Θ(
√
δ):

Lemma 4.6. There exist point sets Pk (k ≥ 2) with corresponding δk = Θ(k2), such that the
unique shortest tour of Pk has exact tonicity 2k.

Proof. We will show an example with δk = 2k2. First, we will give a point set Qk, of which
we will find the shortest path, which will be unique and consist of the shortest |Qk| − 1 edges.
Then, we will add a point s, and argue that the (unique) shortest tour on Q′k = Qk ∪ {s} is the
aforementioned path with both end points connected to s. Finally, Pk must have points with
consecutive x-coordinates, which Q′k does not. Therefore, we add points to Q′k to form Pk. We do
so in such a way that Pk has a tour with equal length to the shortest tour of Q′k, thereby proving
it to be the shortest tour of Pk.

Let k ≥ 2 be any fixed integer. Take

Qk = {p = (2k + 1, 0)} ∪ {qi = (k + i, 2ki)|i ∈ {0...k}} ∪ {ri = (i, 2ki+ k)|i ∈ {0...k − 1}}

See Figure 4.9 for an example with k = 2. Now, running Kruskal’s algorithm for minimum
spanning trees on Qk returns the path (p, q0, r0, q1, ..., rk−1, qk), thereby proving that this is the
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p

q2

r1

q1

r0

q0

u6 u7 u46 u47 t

Figure 4.9: A sketch of Q′2 and its shortest tour, see Lemma 4.6

shortest path. The edge pq0 and all edges of the form qiri are the shortest possible edges, with
lengths k+1 and length

√
2k, respectively. The next shortest are the edges of the form riqi+1, with

length
√

2k2 + 2k + 1. Note that the only other serious candidates for the title of next shortest
edge are of the form riri+1 or qiqi+1, all of which have length

√
4k2 + 1. Since k ≥ 2, these are

indeed longer than the previously chosen edges. In conclusion, the path (p, q0, r0, q1, ..., rk−1, qk)
is indeed the shortest path through all points of Qk.

Now, let us take t = (3k4, 2k2). Since t is so far away from all the other points, the two points
closest to t are those two that have the highest x-coordinates: p and qk. This is easy to see:

|pt| =
√

(3k4 − 2k − 1)2 + (2k2)
2

=
√

(3k4 − 2k)2 − 6k4 + 4k + 1 + 4k4

< 3k4 − 2k

|qkt| = 3k4 − 2k

and for any other point v we have

|tv| ≥ x(t)− x(v) ≥ 3k4 − (2k − 1) = 3k4 − 2k + 1

Therefore, we can combine the edges qkt, tp with the aforementioned shortest path through all
points of Qk to obtain the shortest tour through all points of Q′k = Qk ∪ {t}.

Finally, we note that the length of the shortest tour of a set can never decrease when points
are added to the set. Therefore, adding the points {ui = (i, 2k2)|i ∈ {2k+ 2, ..., 3k4−1}} to Q′k to
obtain Pk finalises our argument; the length of the tour (p, q0, r0, ..., rk−1, qk, u2k+2, ..., u3k4−1, t, p)
is equal to the length of the shortest tour on Q′k, since all points added lie directly on an edge
traversed in the shortest tour on Q′k.

In conclusion, for any k ≥ 2, we can find a point set Pk, consisting of 3k4 + 1 points with
consecutive x-coordinates, and a δk of 2k2, of which the shortest tour has exact tonicity 2k.
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q11

q12

q21

q22

QPi∗
si∗

Figure 4.10: A sketch of an optimal set of paths for Algorithm 1. Q = {(q11, q12), (q21, q22)}.
Dotted lines denote paths using at least one point from Pi∗ . Point pi∗ must be on one of the two
paths.

4.3 The algorithm

Let k = d2
√
δ + 1−1e. We can use our knowledge that the shortest 2k-tonic tour is a shortest tour

(see Lemma 4.5) to create a dynamic-programming-based fixed-parameter tractable algorithm.
Let Q = {(q11, q12), ..., (qm1, qm2)} be a list of m ≤ k pairs of points. Note that duplicate points

may be used. However, no point may be used more than twice. Let us write Q for the multi-set
of points in Q. Let pi∗ be a point to the left of Q. Let us write Pi∗ for {p1, p2, ..., pi∗}. A table
entry A[Q, i∗] denotes the minimum total length of a set of paths {(q11, ..., q12), ..., (qm1, ..., qm2)}
where every path has at least two edges and every point in Pi∗ ∪Q is used exactly once. If such
a set does not exist, A[Q, i∗] = ∞. For a sketch, see Figure 4.10. Algorithm 1 gives a high-level
description of our dynamic-programming algorithm.

Algorithm 1 NarrowRectFixedXTSP-DP(P, δ)

Input: A set P = {p1, ..., pn} of points in [0, n]× [0, δ], with xi = i for all 1 ≤ i ≤ n
Output: The length of the shortest tour through all points in P

1: for i∗ = 1 to n− 1 do
2: for every set Q of at most k = d2

√
δ + 1− 1e pairs of points to the right of pi∗ , containing

no more than two points to the right of the vertical line x = i∗ + δ do
3: Calculate A[Q, i∗] as described below

4: return A[{(pn, pn)}, pn−1]

Let us take a look at how to calculate A[Q, i∗] using previously computed values. Let Topt be
a set of paths realising A[Q, i∗]. Now, for every pair (qi1, qi2) ∈ Q, exactly one of the following
must hold:

• The path of Topt from qi1 to qi2 does not cross si∗−1.
In this case, the path (qi1, pi∗ , qi2) must be in Topt. We define S as the set of i’s for which
this case holds. Note that |S| ≤ 1. For an example, see Figure 4.11.

• The path of Topt from qi1 to qi2 crosses si∗−1 at least twice.
Then, for both points qi1 and qi2, two cases are possible:

– The neighbour of qij is pi∗ . We define T as the set of points qij for which this case
holds. Note that |S|+ |T | ≤ 1. For an example, see Figure 4.12.

– The neighbour of qij is not pi∗ .
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q11 = q′
11

q12 = q′
12

q21

q22

Q
si∗−1

p∗
i

Pi∗ \ {p∗
i
} si∗

Figure 4.11: An example with S = {1}. Dotted lines denote paths using at least one point from
Pi∗ \ {pi∗}.

q11 = q′
11

q12 = q′
12

q21

q22 = q′
22

Q

p∗
i
= q′

21

si∗si∗−1Pi∗ \ {p∗
i
}

Figure 4.12: An example with T = {q21}. Dotted lines denote paths using at least one point from
Pi∗ \ {pi∗}.

In both of these cases, we define q′ij as the last point of the path (qij , ..., qi(1−j)) before
crossing si∗−1. So, q′ij = pi∗ if qij ∈ T , and q′ij = qij otherwise. We also define Ui = 1, if the
path of qij contains pi∗ , but pi∗ is not adjacent to a qij . Else, Ui = 0. For an example with
Ui = 1, see Figure 4.13.

Finally, note that all points mentioned above must be different, unless explicitly mentioned
otherwise. Since exactly one path uses pi∗ , we have |S|+ |T |+

∑m
i=1 Ui = 1.

Suppose we know exactly what S, T and all Ui are. Then we know certain edges are in Topt.
We know two edges if S is non-empty, and one edge if T is non-empty.
The other edges form a set of paths connecting pairs of points outside Pi∗ \ {pi∗}, by using every
point in Pi∗ \ {pi∗} exactly once. Note that this is a previously computed table value. The pairs
of points that need to be connected are the following:

• For all i ∈ S, the corresponding pairs are already connected.

• For all other i, if Ui = 0, we simply need to connect q′i1 and q′i2. Remember that q′ij is either
p∗, or qij itself.

• Otherwise (Ui = 1), our path will look like (qi1, ..., pi∗ , ..., qi2). Therefore, we need to make
two connections:
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q11 = q′
11

q12 = q′
12

q21 = q′
21

q22 = q′
22

Q

p∗
i

si∗si∗−1Pi∗ \ {p∗
i
}

Figure 4.13: An example with U2 = 1. Dotted lines denote paths using at least one point from
Pi∗ \ {pi∗}.

– qi1 must be connected to pi∗

– pi∗ must be connected to qi2.

Note that both of these paths indeed must have at least two edges.

This gives rise to a natural dynamic-programming algorithm: for every table entry, simply
take the minimum over all possible S, T, U1, ..., Um with |S| + |T | +

∑m
i=1 Ui = 1. Recall that

A[Q, i∗] = ∞ if no set of paths exists with the required properties. Next we explain when this is
the case. Observe that Q should never contain more pairs than Pi∗ , since every path needs at least
one point from Pi∗ . Furthermore, Q should always contain at least one pair, since all points in
Pi∗ need to be used. Finally, since every of the m paths of Topt has exactly two edges crossing the
separator to the right of pi∗ , m ≤ k should indeed hold (see Lemma 4.5). To finish the algorithm,
we can find the length of the shortest tour on P by simply taking A[{pn, pn}, pn−1]. After all, a
tour is nothing but a path from pn to pn using every point in {p1, ..., pn−1} exactly once.

Analysis of the running time
Let us start by finding a rough upper bound. There are O(n2k) possible sets Q of size at most k.

There are O(n) possible i∗. Therefore, there are O(n2k+1) table entries. We can split the amount
of options per table entry up into three options:

• |S| = 1: there are m = O(k) pairs which can be connected to pi∗ .

• |T | = 1: there are 2m = O(k) points which can be connected to pi∗ .

• ∃i : Ui = 1: there are m = O(k) paths which can contain pi∗ .

This gives a total amount of O(k) options per table entry. Finally, the time needed per option
checked is simply O(1), since we only need to calculate the length of at most 2 edges. Since

k = O(
√
δ), this brings the total time needed for the algorithm to O(kn2k+1) =

√
δnO(

√
δ).

There is one aspect of Algorithm 1 that we did not explain yet. Namely, in step 2 we restrict
the set Q such that it contains at most two points to the right of the line x = i∗ + δ. Next we
explain why this is correct, and how this improves the running time. If three or more points of Q
are far to the right of pi∗ , at least two of the edges connected to these three points must have the
same direction, and therefore we can apply Lemma 3.1 to conclude that the paths of Q cannot be
part of the shortest tour. More precisely, we can ignore all table entries of which Q contains at
least three (copies of) points with a horizontal distance of at least δ to pi∗ . Therefore, instead of
having O(n2k) possible Q per i∗, we only have O(n2δ2k−2) possible Q per i∗. We still have O(n)
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possible i∗, and we still need O(k) time per table entry. Since k = O(
√
δ), this brings the total

time needed to n32O(
√
δ log δ). This brings us to our conclusion:

Theorem 4.2. NarrowRectFixedXTSP can be solved in n32O(
√
δ log δ) time.
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Chapter 5

Randomly distributed points

In this chapter, we will analyse the NarrowRectTSP problem, as described in the introduction.
As a reminder, our point set P consists of n points, taken uniformly at random, i.i.d., from a
rectangle of size n×δ. Note that both the x- and the y-coordinate can be non-integers. Afterwards,
these points are labelled p1 to pn, such that xi < xi+1 for all 1 ≤ i < n.

We no longer can get a guaranteed upper bound on the tonicity of a shortest tour in this
setting. To counter this, we will group the points into blocks of consecutive points such that the
separators between blocks are crossed relatively few times. We will then use these blocks to create
a dynamic-programming-based algorithm, which is a variation on the NarrowRectFixedXTSP
algorithm, with an expected running time of n42O(δ log δ).

5.1 Finding separators

For this section, we will assume that there are no two points with the same x-coordinate, as well
as that there is a unique shortest tour, as the probability of at least one of these assumptions not
being true is 0.

We define a block in the point set P to be a subset Q ⊆ P of horizontally consecutive points.
Let b and k be integers with 1 ≤ b ≤ n and 1 ≤ k ≤ n/2. We define a (b, k)-partition to be a
partition of the point set P into blocks B1, ..., Br such that the following two properties hold:

1. Every block Bi contains at most b points

2. For any j with 1 ≤ j < r, the separator between the rightmost point of Bj and the leftmost
point of Bj+1 is crossed at most 2k times in a shortest tour.

Such a partition into r blocks can be represented by a subset S ⊆ {s1, ..., sn−1} consisting
of r − 1 separators. We will try to find (b, k)-partitions with low values of b and k, by only
looking at the x-coordinates of the points. This significantly simplifies the analysis. Recall that
∆i = xi+1−xi. For any i < n, using Lemma 3.3, we can conclude that any separator si is crossed
at most 2dδ/∆ie times. To find separators where the tour is 2k-tonic, it is thus sufficient to find
i’s such that ∆i ≥ δ/k. Therefore, for a given d and our point set P , we define the d-partition:
the partition of the points formed by taking all the si for which ∆i > d. We define S(d) to be its
corresponding set of separators. Note that every d-partition is a (n, dδ/de)-partition.

Now, if every block of the d-partition contains relatively few points, we can do a lot better
than picking d such that d ≥ δ/k:

Lemma 5.1. Let δ > 0. Let the d-partition for some d > 0 have at most b points in each block.
Let k = d

√
4bδ/d+ 1e. Then the d-partition is a (b, k)-partition.

Proof. Let Topt be a shortest tour. Let si ∈ S(d). Then pi and pi+1 are in different blocks. More
generally, for any j > i we get that xj − xi ≥ d(j − i)/bed must hold. Specifically, this holds for
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j∗ = i+ 1 + bb(k − 1)/(2b)c, giving:

xj∗ − xi ≥
⌈
j∗ − i
b

⌉
d =

⌈
i+ 1 + bbk−12b c − i

b

⌉
d =

⌈⌊
k − 1

2b

⌋
+

1

b

⌉
d =

(⌊
k − 1

2b

⌋
+ 1

)
d

Furthermore, we find that for k = d
√

4bδ/d+ 1e, we have:

δ ≤ d(k2 − 1)

4b

=

(
k − 1

2b

)
d

(
k − k − 1

2

)
=

((
k − 1

2b
− 1

)
+ 1

)
d

(
k − bk − 1

2b

)
≤
(⌊

k − 1

2b

⌋
+ 1

)
d

(
k − b

⌊
k − 1

2b

⌋)
≤ (xj∗ − xi)(k − (j∗ − i− 1))

Therefore, we can apply Lemma 3.4 on Topt for all si ∈ S(d) for which j∗ ≤ n, thereby creating
an T ′opt with tonicity at most 2k at all of these si. Since T ′opt < Topt and Topt is the shortest tour,
T ′opt = Topt. However, there might be some si for which j∗ > n, for which we therefore still need
to prove that Topt has tonicity at most 2k at those si. This is easy to see: first, we note that any
tour has at most tonicity 2 at sn−1, at most tonicity 4 at sn−2, and so forth. In general, any tour
has at most tonicity 2(n− i) at si. If j∗ > n, then the tonicity at si is at most

2(n− i) < 2(j∗ − i) = 2

(
1 + b

⌊
k − 1

2b

⌋)
≤ 2

(
1 + b

k − 1

2b

)
= 2k

as we wanted to prove. Therefore, the shortest tour Topt has tonicity at most 2k at all si ∈ S(d).
Since we already knew that every block has at most b points, we can conclude that the d-partition
is a (b, k)-partition.

We would like to know the probability that the d-partition has no blocks larger than some
fixed b. To do so, the following lemma will prove to be very useful.

Lemma 5.2. For all i, b, d: P[max(∆0, ...,∆b−1) < d] = P[max(∆i, ...,∆i+b−1) < d].

Proof. The statement is a variant on Lemma 4.1 of [11], and can be proven analogously. For
completeness, we will explain the intuition behind this lemma.

Let us take a look at an alternative way of generating our points in the plane. After we have
generated our points normally, we generate a random point p0 uniformly in our rectangle. Then,
we subtract x0 from the x-coordinate of every point, modulo n (so every point is still within
the original rectangle). Only after doing so, we finally label our points p1, ..., pn as we normally
do. Clearly, this does not change the distribution of p1, ..., pn. Therefore, this also leaves the
distribution of ∆0, ...,∆n unchanged.

We can take this one step further. Instead of generating n points, we generate n + 1 points.
Then, we pick one of these points at random to be p0, after which we follow the same procedure
as above. Once more, this does not change the distribution of p1, ..., pn, nor that of ∆0, ...,∆n.
However, since every one of the points is now equally likely to be point p0, we can easily see that
the original statement must hold.

As promised, we will now give a lower bound that the d-partition has no blocks larger than
some fixed b.

Lemma 5.3. Let b > 0 and 0 < d < 1. Let n be large enough. Then the probability of the

d-partition being a (b, dδ/de)-partition is at least 1− n
(

1− 1
2e
− d

1−d

)b
.
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Proof. As we have already seen, the d-partition is guaranteed to be a (n, dδ/de)-partition. There-
fore, we only need to calculate the probability that every block contains at most b points. The
probability that there exists at least one block which contains at least b+ 1 points, is

P[∃i : max(∆i, ...,∆i+b−1) < d] ≤
n−b∑
i=1

P[max(∆i, ...,∆i+b−1) < d]

Now, using Lemma 5.2, we get

n−b∑
i=1

P[max(∆i, ...,∆i+b−1) < d] = (n− b)P[max(∆0, ...,∆b−1) < d]

Now, we need an upper bound for P[max(∆0, ...,∆b−1) < d]. We know that

P[∆0 < d] = P[x1 < d] = 1−
(
n− d
n

)n
holds. Similarly, for ∆1 we can give an upper bound:

P[∆1 < d|x1 = x∗] = P[x2 < x∗ + d|x1 = x∗] = 1−
(
n− x∗ − d
n− x∗

)n−1
≤ 1−

(
n− 2d

n− d

)n−1
In general, for every i with 1 ≤ i ≤ b, we get that

P[∆i−1 < d|xi−1 = x∗] = P[xi < x∗+d|xi−1 = x∗] = 1−
(
n− x∗ − d
n− x∗

)n−i+1

≤ 1−
(

n− id
n− (i− 1)d

)n−i+1

Therefore, we want a lower bound on ((n− id)/(n− (i− 1)d))
n−i+1

. Since i ≥ 1 and the fraction
is smaller than 1, we get (

n− id
n− (i− 1)d

)n−i+1

≥
(

n− id
n− (i− 1)d

)n
The larger i is, the smaller the fraction is. Therefore, since i ≤ b < n+ 1:(

n− id
n− (i− 1)d

)n
≥
(
n− (n+ 1)d

n− nd

)n
=

(
n(1− d)− d
n(1− d)

)n
=

(
1− d

n(1− d)

)n
This is a form of (1 + α/n)

n
, an increasing function in n with the well-known limit of eα. Therefore,

for n large enough, this is at least e−d/(1−d)/2.
To recap, we have for n large enough:

P[∃i : max(∆i, ...,∆i+b−1) < d]

≤
n−b∑
i=1

P[max(∆i, ...,∆i+b−1) < d]

= (n− b)P[max(∆0, ...,∆b−1) < d]

≤ nP[max(∆0, ...,∆b−1) < d]

≤ n
(

1−
(
n− (n+ 1)d

n− nd

)n)b
= n

(
1−

(
1− d

n(1− d)

)n)b
≤ n

(
1− 1

2
e−

d
1−d

)b
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Therefore, for n large enough, the probability that there are no blocks of at least b+ 1 points, and
therefore every block has at most b points, is at least

1− n
(

1− 1

2
e−

d
1−d

)b
as we wanted to prove.

If we take b = c log n for some constant c > 0, we get a probability of

1− n
1+c log

(
1− 1

2 e
− d

1−d

)

which, for well-chosen c, d, is 1− o(1). Using c = 6, d = 1/2, for example, results in a probability
of approximately 1− n−0.76.

5.2 The algorithm

Knowing that the probability of the d-partition being a (b, dδ/de)-partition is high—the probability
of this not being the case shrinking exponentially fast in b—we create a dynamic programming
algorithm which is fast for low b. It is a variation on the algorithm for NarrowRectFixedXTSP
we presented in the previous chapter (see Algorithm 1).

First of all, if any two points have the same x-coordinate, we simply compute an optimal
solution by brute-force. Since the probability of this happening is 0, this has no effect on the
expected running time of the algorithm.

We choose d = 1/2, and write k = d2δe. Let B be the rightmost block of the (1/2)-partition.
If B contains at least two points, split it into two blocks, the rightmost only containing pn.
Let B1, ..., Br be our (new) set of blocks. Note that Br = {pn}. Define b = maxi |Bi|. Let
Q = {(q11, q12), ..., (qm1, qm2)} be a list of m ≤ k pairs of points, not containing points from block
B1. Note that duplicate points may be used. However, no point may be used more than twice.
Let us write Q for the multi-set of points in Q. Let Bi∗ be a block to the left of Q. Let us write
Pi∗ for B1 ∪ ... ∪ Bi∗ . A table entry A[Q, i∗] denotes the minimum total length of a set of paths
{(q11, ..., q12), ..., (qm1, ..., qm2)} where every path has at least two edges and every point in Pi∗ ∪Q
is used exactly once. If such a set does not exist, A[Q, i∗] = ∞. For a sketch, see Figure 5.1.
Algorithm 2 gives a high-level description of our dynamic-programming algorithm. As we will see,
this algorithm is in many ways a generalisation of the algorithm presented in the previous chapter,
adapted to work with blocks of points instead of separate points. Therefore, there will be lots of
similarities on both the structure of the algorithm and the possible cases for each point pair in Q.

Algorithm 2 NarrowRectTSP-DP(P, δ)

Input: A set P = {p1, ..., pn} of points in [0, n]× [0, δ]
Output: The length of the shortest tour through all points in P

1: for i∗ = 1 to r − 1 do
2: for every set Q of at most k = d2δe pairs of points to the right of Bi∗ , containing no more

than two points with horizontal distance more than δ to the rightmost point of Bi∗ do
3: Calculate A[Q, i∗] as described below

4: return A[{(pn, pn)}, Br−1]

Let us take a look at how to calculate A[Q, i∗] using previously computed values. Let Topt be
a shortest set of paths. Let s be the separator directly to the left of the leftmost point of Bi∗ .
Now, for every pair (qi1, qi2) ∈ Q, exactly one of the following must hold:

• The path of Topt from qi1 to qi2 does not cross s.
In this case, let q′i1, q

′
i2 be the neighbours of qi1, qi2 respectively. Note that q′i1 = q′i2 can
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q11

q12

q21

q22

B1 B2 B3 = Bi∗ Q
s

Figure 5.1: A sketch of a shortest set of paths, with δ = 1/2. We know that every separator
between blocks is crossed at most 2d2δe = 4 times. Q = {(q11, q12), (q21, q22)}. Dotted lines
denote paths using at least one point from B = B1 ∪B2 ∪B3.

hold. We define S as the set of i’s for which this case holds. For an example, see the pair
(q11, q12) in Figure 5.2. Note that |S| ≤ b.

• The path of Topt from qi1 to qi2 crosses s at least twice.
Then, for both points qij , two cases are possible:

– The neighbour of qij is an element of Bi∗ . In this case, let us call it p′ij . We define T as
the set of points qij for which this case holds. For an example, see point q22 in Figure
5.2. Note that |S|+ |T | ≤ b, and 2|S|+ |T | ≤ 2m.

– The neighbour of qij is not an element of Bi∗ . In this case, we will not define q′ij . For
an example, see point q21 in Figure 5.2.

In both of these cases, we define q′′ij as the last point of the path (qij , ..., qi(3−j)) before
crossing s. So, in the first case, q′′ij = q′ij can hold, and in the second case, q′′ij = qij always
holds.
We also define Ui = ci/2−1, with ci the amount of times the path crosses s. In other words,
Ui is the amount of times the path crosses s from left to right, only to cross s back again.
For every time we do so, we can define two points: uij and u′ij (so, 1 ≤ j ≤ Ui). These
are, respectively, the first point after crossing s from left to right, and the last point before
crossing s from right to left again. See Figure 5.2 for an example.

Finally, note that all points mentioned above must be different, unless explicitly mentioned
otherwise. Since all points in Bi∗ must be used, we have 1 ≤ |S|+ |T |+

∑m
i=1 Ui ≤ b.

Suppose we know exactly what S, T and all Ui, q
′
ij , q

′′
ij , uij , u

′
ij are. For an example, see figures

5.2 and 5.3. Then we know certain edges are in Topt: for every i ∈ S and for every qij ∈ T we
defined the neighbour of qij as q′ij . The total length of these edges is

∑
{qij |i∈S}∪T |qijq

′
ij |.

Next, we must determine the edges fully in Bi∗ . To find these, we can use any algorithm that finds
shortest sets of paths in R2, for example the algorithm proposed by De Berg et. al [7]. Since the
rest of our algorithm is independent of this choice, let us call it ConnectInBlock. The pairs of
points that need to be connected are the following:

• For all i ∈ S: the points q′i1 and q′i2. If q′i1 = qi2, this path is trivial and can be ignored.

• For all points qij ∈ T : the points q′ij and q′′ij . If q′ij = q′′ij , this path is trivial and can be
ignored.

• For all defined Ui ≥ 1, and 1 ≤ j ≤ Ui: the points uij and u′ij .
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q11

q12

q21 = q′′
21

q22

q′
11

q′
12

q′
22

q′′
22

u21

u′

21

B1 B2 B3 = Bi∗ Q
s

Figure 5.2: A sketch of a shortest set of paths. Dashed lines denote paths using only points of
Bi∗ . Dotted lines denote paths using only and at least one of the points of B \Bi∗ . q21 = q′′21, and
U2 = 1.

These correspond to the dashed lines in the example. The points that must be used to connect
these pairs are the remaining points in Bi∗ .
This brings us to the third and final set of edges: those used to form a set of paths to connect
pairs of points outside Pi∗ \Bi∗ , by using every point in Pi∗ \Bi∗ exactly once. The pairs of points
that need to be connected are the following:

• For all i ∈ S, the corresponding pairs are already connected.

• For all other i, if Ui = 0, we simply need to connect q′′i1 and q′′i2. Remember that if the
neighbour of qij is not in Bi∗ , then q′′ij = qij .

• Otherwise (Ui > 0), our path will look like (qi1, ..., ui1, ..., u
′
i1, ..., ui2, ..., u

′
i2, ..., uiUi , ..., u

′
iUi
,

..., qi2). Therefore, we need to make multiple connections:

– q′′i1 must be connected to ui1

– Every uij must be connected to u′ij . However, we have already done so using Con-
nectInBlock.

– u′iUi
must be connected to q′′i2.

– Every other u′ij must be connected to ui(j+1).

See Figure 5.3 for an example.
This gives rise to a natural dynamic programming algorithm: for every table entry, simply take

the minimum over all possible S, T, Ui, q
′
ij , q

′′
ij , uij and u′ij with 1 ≤ |S| + |T | +

∑m
i=1 Ui ≤ b: at

least 1, since every point in Bi∗ must be used, and at most b, since every point in Bi∗ can only be
used once. Recall that A[Q, i∗] = ∞ if no set of paths exists with the required properties. Next
we explain when this is the case. Observe that Q should never contain more pairs than Pi∗ , since
every path needs at least one point of Pi∗ . Furthermore, Q should always contain at least one
pair, since all points in Pi∗ need to be used. Finally, since each of the m paths of Topt has exactly
two edges crossing the separator to the right of Bi∗ , m ≤ k should indeed hold. To finish the
algorithm, we can find the length of the shortest tour on P by simply taking A[{pn, pn}, Br−1].
After all, a tour is nothing but a path from pn to pn using every point in {p1, ..., pn−1} exactly
once.

Analysis of the running time
Let us start by finding a rough upper bound. There are O(n2k) possible sets Q of size at most

k. There are r − 1 = O(n) possible Bi∗ . Therefore, there are O(n2k+1) table entries.
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q21

q′′
22

u21

u′

21

B1 B2 = Bi∗
Qs

Figure 5.3: To calculate the length of the path in Figure 5.2, we need the table entry A[Q′, 2] with
Q = {(u′21, q′′22), (u21, q21)}, depicted here

Now, we calculate the amount of options per table entry. We can assume |Q| = k, since the
number of options with |Q| < k is dominated by the number of options with |Q| = k. For a given
S, there are O(b2|S|) choices for the corresponding q′ij in Bi∗ . Then, we can assume all remaining
points are in T , since the number of options with |T | = 2k − 2|S| is dominated by the number
of options with |T | < 2k − 2|S|. There are therefore O(b|T |) choices for the corresponding q′ij
for the qij in T , and another O(b|T |) for the corresponding q′′ij . Finally, for any fixed S we can
assume 2k−2|S|+2

∑
i/∈S Ui = 2k, i.e., s is crossed exactly 2k times, since once more, the number

of options where s is crossed 2k times dominates the number of options where s is crossed at
most 2k − 2 times. Simplified,

∑
i/∈S Ui = |S|. This is the combinatorial equivalent of putting |S|

unlabelled balls in k−|S| bins, so these Ui can be chosen in
(|S|+(k−|S|−1)

|S|
)

=
(
k−1
|S|
)

ways. Finally,

we get to pick 2
∑
i/∈S Ui points in Bi∗ , which gives us to O(b2|S|) options. Note that no matter

which |S| we pick, we always pick 4k points in Bi∗ ; one for each time s is crossed, and two for
every pair in Q. All multiplied and summed, the number of options per table entry becomes

k−1∑
|S|=0

b2|S|b|T |b|T |b2|S|
(
k − 1

|S|

)
=

k−1∑
|S|=0

b4k
(
k − 1

|S|

)
= b4k2k−1 = O(b4k2k)

For each option, assuming we have precomputed all the entries of ConnectInBlock (we
will get to this in a bit), we only need to look up the corresponding value, and calculate the
sum of the length of 2|S| + |T | ≤ 2k edges, which takes O(k) time. Therefore, for filling the
dynamic-programming table, we have a total time needed of O(n2k+1b4k2kk).

Next, we calculate the time needed to precompute all answers of ConnectInBlock. If we
use the algorithm mentioned before (see [7]), every run takes 2O(

√
v) time, with v the amount of

points. Since the algorithm is only used within a block, v ≤ b. Let λ > 0 be such that every run

takes O(2λ
√
b) time.

Finally, we need the amount of table entries precomputed by ConnectInBlock. Worst case
scenario, we have n/b blocks, each containing b points. Per block there are at most 2k pairs of
points that need to be connected, so there are O(b4k) possible combinations. This brings the total
number of precomputed table entries to O(nb4k−1), and the total time used by ConnectInBlock

to O(nb4k−12λ
√
b). So, all in all, the total time used by the full algorithm is O(nb4k−12λ

√
b +

n2k+1b4k2kk).
There is one aspect of Algorithm 2 that we did not explain yet. Namely, in step 2 we restrict

the set Q such that it contains at most two points with horizontal distance more than δ to the
rightmost point of Bi∗ . Next we explain why this is correct, and how this improves the running
time. If three or more points of Q are far to the right of the rightmost point of Bi∗ , at least two
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of the edges connected to these points must have the same direction, and therefore we can apply
Lemma 3.1. More precisely, we can ignore all table entries of which Q contains at least three
points with a horizontal distance of at least δ to the rightmost point of Bi∗ . There are at most
bδ/dcb ≤ 2δb points within distance δ. Therefore, instead of having O(n2k) possible Q per i∗, we
only have O(n2(2δb)2k−2) possible Q per i∗. Therefore, we can limit the total time for filling the

dynamic-programming table from O(n2k+1b4k2kk) to O(n2+1 (2δb)
2k−2

b4k2kk), bringing the total

time needed to O(nb4k−12λ
√
b + n323kδ2k−2b6k−2k).

Now, we can calculate the expected running time of the full algorithm, which is equal to

E[running time] =

n−1∑
b=1

P[maximum block size = b](running time if maximum block size = b)

≤
n−1∑
b=1

P[maximum block size > b− 1](running time if maximum block size = b)

We can use Lemma 5.3 and the analysis above, combined with k ≤ 2δ+ 1 and d = 1/2, to obtain:

E[running time] ≤ O

(
n−1∑
b=1

n

(
1− 1

2
e−

d
1−d

)b (
nb4k−12λ

√
b + n323kδ2k−2b6k−2k

))

≤ O

( ∞∑
b=1

(
1− 1

2
e−1
)b (

n4b12δ+426δ+3+λ
√
bδ4δ

))

≤ O

(
n4210δ log δ

∞∑
b=1

2−0.29b+16δ log b+λ
√
b

)
assuming that δ ≥ 1. There are two upper bounds we will use, which we will prove first:

• First upper bound: For all b > 0, δ ≥ 2 we have 16δ log(b) ≤ 0.15b+ 110δ log δ
For any given δ ≥ 2, it is easy to see that the function 0.15b + 110δ log δ − 16δ log(b) is
minimised for b = 16δ/(0.15 ln 2), at which point it is

0.15
16δ

0.15 ln 2
+ 110δ log δ − 16δ log

(
16δ

0.15 ln 2

)
=

(
16

ln 2
− 16 log

(
16

0.15 ln 2

))
δ + (110− 16)δ log δ

> −93.2δ + 94δ log δ > 0

which proves this upper bound.

• Second upper bound: For all λ > 0, b > 0 we have λ
√
b ≤ 0.1b+ 5λ2

Let λ > 0 be fixed. Then, a little algebra gives that the function 0.1b + 5λ2 − λ
√
b is

minimised for b = 25λ2, at which point it is 2.5λ2 + 5λ2− 5λ2 = 2.5λ2 > 0. This proves this
upper bound.

Applying these upper bounds to the running time gives us:

E[running time] ≤ O

(
n4210δ log δ

∞∑
b=1

2−0.29b+0.15b+110δ log δ+0.1b+5λ2

)

≤ O

(
n4210δ log δ+110δ log δ+5λ2

∞∑
b=1

2−0.04b

)
≤ O

(
n42120δ log δ

)
= n42O(δ log δ)

This brings us to our conclusion:

Theorem 5.1. NarrowRectTSP can be solved in an expected time of n42O(δ log δ).
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Chapter 6

Remarks and further research

In this thesis we studied the Euclidean TSP problem for point sets in a rectangle of size n× δ.
We considered two variants.

In chapter 4, we have taken a look at NarrowRectFixedXTSP. For this problem, we proved
that a shortest bitonic tour is a shortest tour when δ ≤ 2

√
2, and that this bound is tight. We

have shown that a shortest 2k-tonic tour is a shortest tour for k = d2
√
δ + 1 − 1e. Furthermore,

for every δ such that k =
√
δ/2 ≥ 2, we constructed a point set Q′k of which the unique shortest

tour had exact tonicity 2k. Finally, we gave an algorithm solving the problem in n32O(
√
δ log δ)

time.
A more elegant proof would be a great improvement over our currently rather long proof for

Theorem 4.1, which states that for δ ≤ 2
√

2, a shortest bitonic tour is a shortest tour overall.
First of all, it uses the power of an automated prover, which would be nice to avoid. However,
with the proof in its current form, the use of an automated prover is almost a necessity: the proof
of the theorem, including all definitions and lemmas introduced specifically for this proof, takes
up a whopping eight pages. Combining these two critiques, it is clear that a more elegant proof
of this theorem would be preferred.

In chapter 5, we studied the NarrowRectTSP problem. We found that for well-chosen
constants c, d > 0, the probability that the d-partition contains no blocks of more than c log n
points is 1−o(1). Using the fact that any shortest tour has low tonicity between two of the blocks,
we gave an algorithm with expected running time n42O(δ log δ).

There are a few things to note about this chapter. First of all, the upper bound of k =
d
√

4bδ/d+ 1e by Lemma 5.1 is not used by the algorithm. The simple bound of k = dδ/de results

in a better running time, since it is independent of b. The b in d
√

4bδ/d+ 1e is a remnant of
the lower bound xj − xi ≥ d(j − i)d/be, for pi a rightmost point of a block. Suppose we can
improve this lower bound with high probability to xj − xi ≥ d(j − i)(εb + d)/be ≥ d(j − i)εe
for some small ε. Then, with high probability, the corresponding improved upper bound on k
would be better than the simpler bound. Using this bound when possible could result in a lower
running time. Furthermore, as we have said at the beginning of chapter 3, any solution with
crossing edges is suboptimal. However, we have not yet developed a way of using this to speed
up the algorithm. Finally, another possible way of improving the speed of the algorithm is to
set an upper bound on b. If b is at most this upper bound, which should be true with high
probability, perform the algorithm as before. Otherwise, instead of performing the algorithm,
simply use ConnectInBlock. This should simplify the analysis of the algorithm, resulting in a
better upper bound on the expected running time. Combining some or all of these improvements,

it could be possible to get a poly(n) · 2O(
√
δ log δ) expected running time.
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Starting from the two problems we have analysed, there are quite a few variations possible.
Some interesting variations, including some thoughts on how to tackle some of them, are the
following:

• Generalisations of distribution of points
The way the points are distributed in the rectangle currently is rather strict. Many gener-
alisations are possible, especially for the first variation. One such generalisation is to only
assume that there is some constant c such that the amount of points with their x-coordinate
in [i, i+ 1) is at most c for all i in {1, ..., n} (or even for all i ∈ [0, n]).

• More dimensions, first variation
Instead of taking our points from the rectangle [0, n] × [0, δ], we can also take them from

the block [0, n]d × [0, δ]. Recall that there exists no algorithm faster than 2O(n1−1/d) for
Euclidean TSP in Rd, unless ETH fails. Therefore, we want to know: can we design a

fixed-parameter tractable algorithm running in f(δ)2O(n1−1/d) time for some function f?

• More dimensions, second variation
We can also take our points from the block [0, n]× [0, δ]d. Let us take a look at what effect
this would have on the results of this thesis. First of all, separators become d-dimensional
hyperplanes. Lemma 3.1 and Lemma 3.2 still hold without any changes. We would need the
following extension on Lemma 3.2: since we know that |q′2r′2| ≤ δ

√
d, and that |q1q2|+|r1r2| ≥

2(b−a), we know that if |q′1r′1| ≤ 2(b−a)−δ
√
d, then |q1q2|+ |r1r2| ≥ |q1r1|+ |q2r2|. Simply

said: if two edges in a shortest tour both cross separators si and sj in that order, then
the two places where they cross si cannot be too close together. We can use this to create
variations on Lemmas 3.3 and 3.4, giving us an upper bound on the tonicity of a shortest
tours depending linearly on the spacings between the x-coordinates of the points. From
here on, proving variations on every single lemma, theorem and algorithm should be easy,
with the notable exception being the whole of Section 4.1. Note that the algorithm used for
ConnectInBlock also works in more than 2 dimensions, and therefore can still be used. All
in all, treating d as a fixed constant, we would expect to find algorithms with (expected)

running times nO(1)2O(
√
δ log δ) and nO(1)2O(δ log δ), respectively.

• Multiple rectangles
Instead of having a single rectangle for our points to be located in, we could also have
multiple rectangles. For example, we could have four rectangles, together forming a square.
As long a significant part of a rectangle is significantly far from the other rectangles, we
would expect the overall shortest tour to have large paths in common with the shortest tour
or shortest path for that specific rectangle.

• Non-Euclidean measures
Last of all, we could take a look at non-Euclidean measures, such as other Lp norms. The
results in this thesis are possibly completely invalid for L1 and L∞, but we would expect
similar results to hold for NarrowRectFixedXTSP when using L3, for example. For
NarrowRectTSP, however, we would need another algorithm to perform ConnectIn-
Block, which could have a significant effect on the running time.

Of course, each and every one of these ideas can be combined with the others, resulting in more
general versions of the problem.

32 Euclidean TSP in Narrow Rectangles



Bibliography

[1] M. Held, R. M. Karp. A dynamic programming approach to sequencing problems. In Proceed-
ings of the 1961 16th ACM National Meeting, ACM ’61, pages 71.201-71.204, New York, NY,
USA, 1961. ACM. 1

[2] R. Bellman. Dynamic programming treatment of the travelling salesman problem. J. ACM,
9(1):61-63, 1962. 1

[3] R. M. Karp. Reducibility among combinatorial problems. In 50 Years of Integer Programming,
pages 219-241. Springer, 2010. 1

[4] W. D. Smith and N. C. Wormald. Geometric separator theorems & applications. In FOCS,
pages 232-243. IEEE Computer Society, 1998. 1

[5] D. Marx and A. Sidiropoulos. The limited blessing of low dimensionality: when 11/d is the
best possible exponent for d-dimensional geometric problems. In SoCG, pages 67-76. ACM,
2014. 1

[6] R. Impagliazzo, R. Paturi, and F. Zane. Which problems have strongly exponential complexity?
J. Comput. System Sci., 63(4):512-530, 2001. 1

[7] M. de Berg, H.L. Bodlaender, S. Kisfaludi-Bak, S. Kolay. An ETH-tight exact algorithm for
Euclidean TSP. In FOCS, pages 450-461. IEEE Computer Society, 2018. 1, 27, 29

[8] T.H. Cormen, C.E. Leiserson, R.L. Rivest, C. Stein. Introduction to Algorithms (3rd ed.). MIT
Press and McGraw-Hill, (2009) [1990]. 1, 2

[9] D. Knuth. The Art of Computer Programming, Volume 1 (3rd ed.). Reading, Massachusetts:
Addison-Wesley, 2011 [1968]. 2

[10] M. de Berg, K. Buchin, B.M.P. Jansen, G.J. Woeginger. Fine-grained complexity analysis of
two classic TSP variants. In ICALP, volume 55 of LIPIcs, pages 5:1-5:14. Schloss Dagstuhl -
Leibniz-Zentrum fuer Informatik, 2016. 1, 6

[11] M.I. Riffi. On the spacings of exponential and uniform order statistics. In Journal of Al-aqsa
University. Researchgate, 2006. 24

Euclidean TSP in Narrow Rectangles 33



Appendix A

The automated prover

Here, we will give an overview of the inner workings of the automated prover. The goal of the
automated prover is the following. It is given as input a δ, an edge set E, and an edge set F , such
that E ∪ F forms a tour on their n points. Furthermore, it is given lower and upper bounds on
the x-coordinates of the points. Finally, it assumes the x-coordinates of the points are integer and
distinct. It then tries to prove the following:

There exists a set F ′ of edges such that E ∪ F ′ forms a tour on the given points, and
the total length of F ′ is strictly shorter than the total length of F .

Algorithm 3 AutomatedProver(n,B, δ, E, F )

Input: An amount of points n, a set of bounds B on the x-coordinates of the points, and
edge sets E,F such that E ∪ F forms a tour

Output: A list of cases, which together form the original problem. Every set is marked with
SUCCESS if for that case it finds a strictly shorter edge set F ′ such that E ∪F ′ forms a tour, and
marked with FAIL otherwise.

1: result← ∅
2: Generate all F ′ for which E ∪ F ′ is a tour
3: for Every valid combination X of x-coordinates for the points do
4: Generate case (X,Y ), consisting of the exact x-coordinates of the points, and the bounds

[0, δ] for the y-coordinate of each of the points
5: TryToProveCase(X,Y )

6: return result

1: function TryToProveCase(X,Y )
2: if there exists an F ′ such that |F ′|+ ε1 < |F | then
3: Add (X,Y, SUCCESS) to result
4: else if the bounds in Y are larger than ε2 then
5: for every of the 2n subcases of Y do
6: TryToProveCase(X,Y ′)

7: else
8: Add (X,Y, FAIL) to result

See Algorithm 3 for pseudocode, which we will now explain. First, all candidate sets of edges F ′

that form a tour together with E are generated. Then, a set of cases is generated. Each case
consists of the following:

• The x-coordinates of each of the points. Every point must have a different integer x-
coordinate, and must adhere to the given bounds on the x-coordinates.
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Figure A.1: Three pairs of intervals, the shortest edges between points in those intervals (dashed)
and the longest edges between points in those intervals (dotted)

• For every point, an interval denoting the range in which its y-coordinate must lie. When
the cases are first generated, this is simply [0, δ] for every point.

For each of the possible combinations of x-coordinates of the points, one such case is generated.
Then, for every case, it does the following:

• To prove a case, it calculates an upper bound on the total lengths of every candidate F ′,
and a lower bound of the total length of F ; for every edge, a lower bound can be found by
simply taking the points as close together as possible, and an upper bound is found by doing
the opposite. See figure A.1 for some examples. If there exists a F ′ such that the upper
bound on its length is guaranteed to be lower than the lower bound on the length of F , then
|F ′| < |F | must hold, and the case holds. To counter rounding errors, the calculated upper
bound must be more than some fixed ε1 lower than the calculated lower bound for this to
trigger.

• If it fails to prove the case, it splits the case into 2n cases, by splitting the interval of every y-
coordinate into two equal parts. For example, if a case has two points and intervals [0, 2] and
[6, 8], it is split into the four cases ([0, 1], [6, 7]), ([0, 1], [7, 8]), ([1, 2], [6, 7]) and ([1, 2], [7, 8]).
Then, it recursively tries to prove all of these cases. If, however, the intervals become too
small (smaller than some fixed ε2), the prover gives up on proving this case.

This process continues until all cases have been either proven or given up on. Then, the prover
returns a list of all cases and whether they were proven or unproven, to make it possible to extract
worst case scenarios.
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Appendix B

Optimising δ for Lemma 4.4

In this appendix, we will prove Claim 4.4.3, used for Lemma 4.4. Remember Figure 4.5. Now, we
have the following set of equations:{

|q1pi+1|+ |pi+1q2|+ |q2r2|+ |t1t2| ≤ |q1q2|+ |q2pi+1|+ |pi+1r2|+ |t1t2|
|q1pi+1|+ |pi+1q2|+ |q2r2|+ |t1t2| ≤ |q1q2|+ |q2r2|+ |t1pi+1|+ |pi+1t2|

We can simplify this, leaving only yi+1 and δ as variables:{
|q1pi+1|+ |q2r2| ≤ |q1q2|+ |pi+1r2|
|q1pi+1|+ |pi+1q2|+ |t1t2| ≤ |q1q2|+ |t1pi+1|+ |pi+1t2|

√
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Let us take a closer look at Figure 4.5, to gain some insight in what happens when δ is minimal
under the given constraints. The first constraint, stating that the solid path must be at most as
long as the dashed path, becomes easier to achieve the higher the y-coordinate of pi+1 is. The
second constraint, stating that the solid path must be at most as long as the dotted path, becomes
easier to achieve the lower the y-coordinate of pi+1 is. Therefore, we can conclude that in the
worst case scenario all three paths have equal length. We now have the following set of equations:

√
(δ − yi+1)2 + 9 + 2 =

√
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√
y2i+1 + 1√

(δ − yi+1)2 + 9 +
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√
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√
(δ − yi+1)2 + 4

This set of equations can solved by an automated solver, such as the Solve function of Math-
ematica. The only answer with δ ≈ 3.24 and yi+1 ≈ 1.4 is δ = z, yi+1 = z2, where we define
z ≈ 3.23338 as the largest solution to the equation x6 − 9x4 − 22x2 + 71 = 0, and z2 ≈ 1.3951 as
the second largest solution to the equation 64x6 − 1808x4 + 3240x2 + 71 = 0.
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