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Abstract

In this report the saddle point construction (SPC) method for optimization in optical systems
will be discussed. First, an introduction to geometrical optics is given and several methods for
optimization are introduced. The saddle point construction method will be explained an applied
to the lens triplet. After that it is shown that the method can be extended to grazing incidence
mirror systems. The SPC method seems less effective for finding good configurations of these.
Some options are proposed that might improve the outcome.
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Chapter 1

Introduction

In modern day society microchips play a crucial role. Almost everything is equipped with one
or more. Advances are made to make these chips smaller or to get more transistors on the same
area. The fabrication process that is used in the production is called lithography. In this method,
light is used to etch a pattern into a substrate, also called a wafer. To make smaller chips, the
optical systems (lenses or mirrors) used to aim the light at the substrate need to be more and
more precise. Lenses or mirrors are also used in the process of checking the resulting wafer by
shining light on a pattern added before. This pattern should take as little space as possible, to
keep more room for the functional part of the wafer. However, in the process of checking, no light
should fall outside of the space designated for the pattern. This means that also in this step the
optical system should be precise.

The accuracy of an optical system is not only determined by the shapes of the lenses or mirrors,
but also by the wavelength of the light that is used. The minimal size of the image spot is limited
based on this wavelength. A shorter wavelength allows for a smaller spot. However, the absorption
of a lens is dependent on the wavelength in such a way that lenses absorb all of the light in the
desired spectrum. This rules out lenses, and the use of mirrors is necessary. The reflectivity of
mirrors also depends on the wavelength, which also disables the use of normal mirrors. Instead,
the use of total external reflection is necessary. With this phenomenon light in vacuum hits the
interface between the vacuum and a material with a lower refractive index. If the angle of the
incident ray is grazing enough, meaning close to tangential to the surface, the ray will be reflected.
This means that we need to find precise systems consisting of these grazing incidence mirrors.

The preciseness of an optical system can be estimated by the aberrations, which will be ex-
plained in Chapter 3. Before that, we will first explain some basic properties of geometrical optics.
For a precise mirror system we need to minimize a merit function based on the aberration for-
mulas. The local optimization algorithms that we will use for that are explained in Chapter 4.
A main challenge is that the merit function probably has many local minima. This is a well-
known problem in optical system design. It makes the result of the optimization dependent on the
starting guess, which is undesirable. Global optimization algorithms are often time consuming,
even though improvements in computational power have made this a bit more bearable. Plenty
of research has gone into such algorithms for finding the global minimum [10, 16].

The past few years, a new method for finding multiple local minima has been developed by
Bociort and others [2, 3, 4, 6, 9, 19]. Their method is called the saddle point construction method
and it is used to find multiple local minima by starting from a minimum in a lower dimensional
space. In Chapter 5 I will explain in detail how this method works. So far it has mainly been
applied to systems consisting of multiple lenses. I will also use the example of a lens triplet to
help understand the method.

The use of saddle point construction for mirror systems is a less researched topic. However,
as mentioned, sometimes it is necessary to use mirrors instead of lenses. Because of that, the
main topic of this report will be the minima in the merit function of a mirror system. To research
this we will try to extend the saddle point method to mirrors. We want to see if, like with lens
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systems, we can find several significantly different systems that minimize the aberrations. There
will be several practical constraints that will make the search more difficult. Notably, the angles
of incidence on the mirrors must be grazing, meaning that the angle of a ray with respect to
the normal of the mirror is large. This automatically makes the system asymmetric. Until very
recently there have been no expressions for aberrations in such systems. Approximations to the
aberration formulas have been made and as a result we are now able to minimize them.
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Chapter 2

An introduction to geometrical
optics

Before we start discussing aberrations and optimization, I will first give an introduction to geomet-
rical optics. Perhaps the most well-known theorem of geometrical optics is the law of reflection. It
states that the angle of an incident ray is the same as the angle of the reflected ray. A more general
version of this will be mentioned in Section 2.1, along with some basic concepts and conventions.
I will discuss raytracing in Section 2.2, which is used to find the properties of a known optical
system. Later in the chapter some more intricate optical properties will be introduced, as well as
how to evaluate them. To learn about optics I used the books by Hecht [8] and Welford [20] and
this chapter is mainly a recap of those books.

2.1 Snell’s law

Light is generally regarded as both a wave and a massless particle. This is confusing, but both
concepts have their applications. I will not go too deep into the micro-scale aspect of optics, since
macroscopic rays and wave fronts are of more interest for this project. It is good to explain how
reflection and refraction actually work. It is well known that light moves at a speed of c/n, where
c = 3.0 · 108m/s is the speed of light in vacuum, and n is the refractive index of the medium
through which the light travels. This also implies that the refractive index of vacuum is 1. The
index of air at 0 ◦C is 1.0003, but this is mostly approximated to be 1 as well.

Two common ways to describe the propagation of light are rays and wavefronts. A ray indicates
the path an infinitesimally small beam of light would follow. A wavefront denotes the set of points
which light reaches at a given time. For example, a point source spreading light in every direction
in a homogeneous medium generates rays that are straight lines directed radially outward. The
wavefronts are spheres centered at the source. This means that the rays are perpendicular to
the wavefronts. In fact, this is always the case except for bending points where the propagation
direction of light changes instantaneously. At these points the direction of a ray is not defined.

There are several ways to get to Snell’s law of refraction. It has been proven experimentally and
through electromagnetic theory. I will merely explain it here instead of proving it. If the reader is
interested, proofs can be found in the book by Hecht. Coming back to the concept of wavefronts,
imagine a part of the wavefront entering a different medium. The propagation speed in the new
medium might be different, while part of the wavefront is still in the previous medium. The two
different propagation speeds will bend the wavefront. This changes the direction of propagation
of the wavefront and in that way refracts the light. An illustration of this phenomena with planar
wavefronts is given in Figure 2.1. Snell’s law dictates in what way this happens exactly. First,
suppose that in two dimensions there is a ray hitting a refracting surface between two media with
refractive indices n and n′. Denote by I and I ′ the angle from the normal to the incoming and
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2.2. PARAXIAL RAYTRACING

refracted rays, respectively. Then Snell’s law is given by

n′ sin I ′ = n sin I. (2.1)

Air

Glass

Figure 2.1: Refraction of a planar wavefront
moving from air to glass

This already introduces some notation that I will use in
this report. It is largely in accordance with the book by
Welford. The prime generally denotes that the quantity
corresponds to the image space. So it denotes a quantity
after refraction. In larger systems this will be confus-
ing because there are multiple refractive surfaces, but
for introducing the formulas the prime works fine. The
variables I and I ′ are the angle of incidence and refrac-
tion, respectively. The angle is taken from the normal to
the ray, where the normal is oriented to the side of the
surface where the ray is located, so for refraction the nor-
mal used for I is opposite to the normal used for I ′. By
convention, a counter-clockwise angle is positive, and a
clockwise angle is negative, so that −π/2 < I, I ′ < π/2.
Furthermore it is also worth mentioning that distances
are generally signed in geometrical optics. This means that they can be negative unless otherwise
mentioned.

One assumption is already used in equation (2.1). That is, the problem is assumed to be two-
dimensional. This is based on the underlying simplification that the system is symmetric around
an axis of revolution, called the optical axis. Next to that, we assume there are no skew rays, so all
rays either intersect the optical axis or are parallel to it. Because of this, a ray and the optical axis
will always span a plane. This is the plane in which we work to get a two-dimensional problem.
It is often denoted as the y − z plane, with the y-axis being perpendicular to the optical axis and
the z-direction being parallel to the optical axis. Furthermore, light travels from an object point
(possibly infinitely far away) through an optical system to an image plane. We generally want to
know how the light hits this plane. Notions like before or behind are also based on the order in
which light passes through surfaces if it comes from the object. In figures in geometrical optics,
light always moves from left to right.

So far I have not mentioned reflection yet, but it is not that different from refraction. The
same formulas hold, but with a refractive index n′ = −n. Equation (2.1) then becomes

n sin I ′ = −n sin I. (2.2)

The main difficulty in working with reflections is that one has to be careful with the coordinates.
Normally, in an optical drawing the light moves from left to right, in the positive z-direction. In
a global coordinate system the ray will move in the negative direction after a reflection. This can
be avoided by changing the coordinate system upon reflection.

2.2 Paraxial raytracing

In this report the focus will be on the paraxial or Gaussian region. This means that the compu-
tations done are valid close to the axis of the optical system. It allows applying certain approxi-
mations that make computations easier. In paraxial optics the angle a ray makes with the optical
axis is assumed to be small. This is necessary to stay close to the axis. To denote this angle we use
u or u′, with the prime again for the quantity after refraction. This is the signed smallest angle
from the axis to the ray. Like before, counterclockwise means a positive angle. An important
simplification in paraxial raytracing is the approximation of the tangent by the angle itself. So
instead of tan(u) = ∆y

∆z we will use the formula u = ∆y
∆z , where ∆y and ∆z denote a displacement

perpendicular and parallel to the optical axis, respectively. In a two-dimensional medium with a
constant refractive index any ray is simply a line. This line is fully defined by its angle with the
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CHAPTER 2. AN INTRODUCTION TO GEOMETRICAL OPTICS

optical axis u and its y-coordinate given by h at a certain z-value. For a ray between two planes
perpendicular to the optical axis separated by a distance d the angle stays constant. If h1 is the
height at the first plane, the height at the second plane h2 is given by

h2 = h1 + du. (2.3)

If a ray is approaching a surface that is not necessarily a plane, the z-coordinate of the point of
incidence is generally different from the intersection of this surface with the optical axis. As a part
of the paraxial approximation the z-coordinate is still considered constant over the surface. This
is a reasonable approximation if the curvature of the surface is small. Therefore it is possible to
just say that two surfaces have a distance d between them in the z-direction regardless of shape.
We define this distance to be the distance along the z-axis between the surfaces. If we want to
know u and h after a refraction we need Snell’s law. Logically, the height stays the same at the
point of refraction, but the angle generally does not. Because of the symmetry condition every
refractive surface is perpendicular to the optical axis at the intersection point. We also saw before
that the curvatures are small so that the angle between the normal to the surface and the axis is
small. Since the angle of a paraxial ray with the optical axis is small, the angle of incidence on
a surface is also small. This allows us to approximate sin I ≈ I. Therefore the paraxial version
of equation (2.1) is given as n′I ′ = nI. However, we wanted to calculate u instead of I. For
spherical surfaces, which this report will focus on, the conversion between angles with the normal
and angles with the axis are done through an easy equation. The derivation of this equation is
easier to understand with the help of Figure 2.2. The normal at a point on a sphere is in the

u

I I'

(n) (n')

h

β

R

u'

α

Figure 2.2: Relation between incidence angle and the angle of a ray with the axis.

same direction as the line from the center of the sphere to this point. This creates a line from
the center of curvature along the normal that is intersected by the ray in the point of incidence
on the surface. This means that I = π − α, where α is the angle between the ray and the radius
of the sphere. In turn, if we define the angle between the radius and the optical axis as β, then
α = π − u− β. Adding those formulas together gives

I = β + u. (2.4)

The angle β can be approximated in the same way as u, by β = h
R , where R is the radius of the

sphere. Instead of the radius it is preferable to work with its reciprocal, the curvature c. This
allows for a smoother transition between positive and negative curvature. With alternate angles
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2.2. PARAXIAL RAYTRACING

(also called Z-angles) it is easy to see that I ′ = β + u′. Substituting this into the paraxial Snell’s
law gives

n′(hc+ u′) = n(hc+ u). (2.5)

After some reordering this can be used to calculate the new angle after refraction.

u′ = c
n− n′

n′
h+

n

n′
u. (2.6)

Now we can trace an entire ray through an optical system. For propagation, equation (2.3) is
used, and for refraction, equation (2.6). So if a ray starts incident to some surface at a height
h1 and with an angle u1 it is possible to find the height and angle after refraction at N surfaces
sequentially. Starting with refraction and then propagation the following equations are used.

uj+1 = cj
nj − nj+1

nj+1
hj +

nj
nj+1

uj , (2.7)

hj+1 = hj + djuj+1, (2.8)

where dj is the distance between surfaces j and j + 1. We can collect hj and uj in a vector
xj = (hj , uj)

T and rewrite the previous equations. Since the equations are linear, they can simply
be converted to matrix-vector multiplication. At the refraction step the height does not change,
so corresponding to that we have

Rj =

(
1 0

cj
nj−nj+1

nj+1

nj

nj+1

)
. (2.9)

At the propagation step the angle does not change, so the corresponding matrix is

Dj =

(
1 dj
0 1

)
. (2.10)

So finally we can write equations (2.8) and (2.7) as

xj+1 = DjRjxj . (2.11)

Of course this can be used sequentially in an optical system. If we want to trace a ray from a
point with ray coordinates x0 to a surface through N refractive surfaces we have to propagate
the ray to the first surface with a matrix D0. Then we just have to apply equation (2.11) N − 1
times. This gives

xN =

(
N−1∏
i=1

DiRi

)
D0x0 = (DN−1RN−1) . . . (D1R1)D0x0, (2.12)

after which we need to apply one more refraction equation to know the angle after the last surface,
(hN , u

′
N )T = RNxN . To find the point where the ray hits the surface where we want to know the

image, we just have to apply the propagation equation one more time.
The same procedure can be used to find the conjugate of an on-axis point. Conjugate in this

sense means the intersection of a ray with the optical axis when starting from another point on
the axis. The two on-axis points are said to be conjugates and in paraxial optics any ray passing
through one of them will also pass through the other. Starting with an arbitrary angle in an
on-axis point before the optical system, apply the matrix equations to find the height and angle at
the last surface. Then to find the point where the ray crosses the axis again we need to remember
that we assumed u′N ≈ tanu′N . Let l be the distance from the last surface to the intersection
point then we have u′N = −hN

l , or l = −hN

u′N
. As can be seen, this length can be negative. If the

ray moves away from the axis after the last surface a virtual intersection is located before the last
surface. This is found by simply extending the final ray segment.
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CHAPTER 2. AN INTRODUCTION TO GEOMETRICAL OPTICS

2.3 Focal lengths

One of the uses of paraxial raytracing is finding the focal lengths of an optical system. There are
multiple related concepts that use the term focal length. There is the difference between image
side and object side focal lengths. This just depends on which side the ray is coming from. In
this report we will only focus on image side focal lengths. First we will look at the focal point.
In paraxial optics an incoming bundle of rays parallel to the axis crosses the axis in one point
after refraction. This can be either real (for a positive system) or virtual (for a negative system).
Because all the rays in the bundle will cross the axis at the same point, we can just pick one with
nonzero height and find the crossing for that. We start the raytrace with x0 = (h0, 0)T . This
raytrace does not start from a point, but rather from a virtual object at infinity. Because the
angle is zero it does not matter where we start on the incoming ray. The easiest choice is to just
pick a d0 = 0, so zero distance to the first surface. Finding the intersection with the optical axis
can be done in exactly the same way as at the end of the previous section.

Now that the focal point is known, two focal lengths can be computed. The back focal length
(bfl) is the distance from the last surface to the focal point. Again, this length can be negative
if the focal point is located to the left of the surface. Assuming we calculated the height hN and
angle u′N after the last refraction, the bfl is given by

fb = −hN
u′N

. (2.13)

The effective focal length (efl) is the distance from the rear principal plane to the focal point.
This rear principal plane is the plane where the extension of the incoming parallel ray at height
h0 intersects the (extension of the) ray after the last surface. Obviously this intersection is only a
point, but these intersections for all parallel incoming rays together make a plane. Conceptually
this can be somewhat more difficult to understand, but the equation for computing the efl is not
any more complex than for the bfl. Since we know that the height at which the ray crosses the
principal plane is h0 and the angle of the ray to the focal point is u′N we have

fe = − h0

u′N
. (2.14)

An illustration of these concepts can be seen in Figure 2.3. Similar to the rear principal plane, the
front principal plane is found by tracing a parallel ray from the image side. The point where the
extension of this parallel ray intersects the ray on the object side is on the front principal plane

Optical system Rear principal plane

fe

fb

hNh0

u′N

Figure 2.3: Two focal lengths and the rear principal plane. The wavy lines denote that
the optical system is arbitrary. They are not the refractive surfaces.
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2.4. STOP AND PUPIL

2.4 Stop and pupil

Stops and pupils are important concepts in optics. They determine the amount of light that goes
through an optical system. They are used in most cameras to regulate the light levels, but they
also play a role in aberrations. The stop is the limiting aperture that regulates which rays pass
through the system [5]. This can be a physical opening where light can pass through, or it could
be one of the lenses or mirrors in the system. The entrance pupil is an image of this stop. The
entrance is the image given by the lenses located in front of the stop while the exit pupil is the
image given by the lenses after the stop. If the stop is located in front of or on the first surface,
the entrance pupil is simply equal to the stop. Similarly, for a stop located after the last surface,
the exit pupil is equal to the stop. For our report the exit pupil is not that interesting and only
the entrance pupil and the stop will be considered from now on.

Given the location and radius of the stop, we can construct the entrance pupil through raytrac-
ing. However, this raytrace is actually backwards. An illustration is given in Figure 2.4. Suppose

Aperture stopEntrance pupil

Figure 2.4: Construction of the entrance pupil in an optical system.

we know the position where the raytrace ends and want to know a point where it has passed
before. For this we can easily rewrite equation (2.11) into

xj = R−1
j D

−1
j xj+1, (2.15)

with

D−1
j =

(
1 −dj
0 1

)
and R−1

j =

(
1 0

−cj nj−nj+1

nj

nj+1

nj

)
. (2.16)

First we need to locate the center of the entrance pupil. This is done by tracing back a ray from
the center of the stop with a small angle from the axis. The location where the ray before the
first surface (real or virtually) crosses the axis is then the center of the entrance pupil. After that
the radius or height of the pupil needs to be computed. For this we need to trace back a ray
from the edge of the stop. The point where it crosses the plane with the z-value of the center
of the entrance pupil is the edge of the pupil. This method is based on the underlying principle
that a ray through the center of the stop will also go through the centers of the pupils and a ray
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CHAPTER 2. AN INTRODUCTION TO GEOMETRICAL OPTICS

through the edge of the stop will go through the edges of the pupils [20]. A ray from an off-axis
object point that passes through the centers is called the principal ray or the chief ray. A ray from
the on-axis object point through the edges of the stops and pupils is called the marginal ray. An
illustration is given in Figure 2.5. Both play a major role in calculating the Seidel aberrations. In

η

ū

u

h

h̄

l̄

l

Entrance pupil

marginal

chief

Figure 2.5: The chief and marginal ray.

general these two rays are the only rays that need to be traced when computing the aberrations.
To be able to distinguish them the quantities belonging to the chief ray will be denoted by a bar,
like x̄, ū and h̄. Quantities belonging to the marginal ray will be denoted without the bar. When
the object is located at infinity, the incoming marginal ray is parallel to the optical axis directed
towards the rim of the entrance pupil. The chief ray is then incoming with an angle which is called
the field angle. It is the maximum angle in which light can enter the system. This situation is
shown in Figure 2.6.

2.5 Optical invariants

An important concept in Seidel aberrations is that of optical invariants. These are quantities that
are invariant under refraction. A special one of those is the Lagrange invariant. It is not only
invariant under refraction, but also under propagation. In fact, it is rather a property of the entire
optical system. Let an object point be at distance η from the axial object point O. The conjugate
for this axial point is denoted by O’. The off-axis image at the z-coordinate of O’ is at height η′.
Let u be the angle of a ray connecting the axial conjugates when leaving O and u′ be the angle of
the same ray when arriving at O’. See Figure 2.7 for a drawing of the situation. The invariant is
then denoted by H and is given as

H = nuη, (2.17)

where n is again the refractive index of the space in which the object is located. However, as it is
an invariant, we also have H = n′u′η′. This is derived by Welford in Section 3.3 of his book [20].
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2.5. OPTICAL INVARIANTS

ū

h

h̄

Entrance pupil

marginal

chief

Figure 2.6: The chief and marginal ray when the object is located at infinity.

O

O'u
η

η' u'
ζ ζ'

h

Figure 2.7: Quantities related to the Lagrange invariant. The two solid vertical lines
denote the principal planes.

If the object is located at infinity and the object height increases to infinity as well, the formula
for the invariant is indeterminate. The object height η goes to infinity, while u vanishes. See Figure
2.6. This problem can be solved by writing u = −h/ζ, where h is the incidence height at a reference
surface, a possible choice is the first principal plane, and ζ is the signed axial distance from this
surface to O. This means that ζ is negative if this surface is to the right of O, which is generally
the case. If we then define β := η/ζ, and therefore η = βζ, we can also write

H = −nhβ. (2.18)

Now if the object moves to infinity, so ζ → −∞, this formula is still valid.
Consider now the situation as shown in Figure 2.5. Define l to be the axial distance from the

first refractive surface to the object and l̄ to be the distance from the first surface to the entrance
pupil. Then the distance along the axis from the pupil to the object is given by l − l̄. Remember
now that the chief ray is the ray through both the object and the center of the pupil. Its angle is
then given by ū = η/(l − l̄), so η = (l − l̄)ū. Substituting this into equation (2.17) gives

H = nuū(l − l̄) = n(uūl − uūl̄). (2.19)

Let h and h̄ be again the incidence heights at the first surface, then u = −h/l and ū = −h̄/l̄,
where l and l̄ are negative. Substitute this into the previous equation to get

H = n(uh̄− ūh). (2.20)
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CHAPTER 2. AN INTRODUCTION TO GEOMETRICAL OPTICS

This is a very useful way to write the Lagrange invariant. In fact, the previous two versions that
were mentioned were just specific cases of this one. If we evaluate H at the object we have h = 0
and h̄ = η, so we arrive at equation (2.17). If the object is at infinity the marginal ray is parallel
to the optical axis, so u = 0. The angle of the chief ray is then the field angle β so that we have
the same equation as (2.18). Another interesting easy location to calculate the Lagrange invariant
could be at the pupil. The chief ray height is zero there so that we have H = −nūh.

Another important invariant is the refraction invariant. This is only invariant before and after
refraction. For spherical surfaces it is given by

A = n(hc+ u). (2.21)

This has been mentioned before in equation (2.5), but without the notion of an invariant at
that time. However, from that equation it can easily be seen that it is indeed invariant through
refraction. This was a direct consequence of Snell’s law. The notation will be in line with what
has been mentioned before and we denote by A the refraction invariant of the marginal ray and
by Ā that of the chief ray.
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Chapter 3

Monochromatic Seidel aberrations

In the previous chapter we assumed to be working in the paraxial regime, and this is only a limit
case when angles and distances from the axis go to zero. Despite this, it is still a useful model and
not just a limiting concept [20]. The closer the rays stay to the optical axis, the more accurate
the equations are. Aberrations are the formulas that describe how far off the paraxial equations
are. In this chapter we will discuss these formulas and their interpretation.

3.1 Aberration formulas

As mentioned before, in a homogeneous medium light propagates everywhere at the same speed.
A point source will create spherical wavefronts. A point has its paraxial (virtual) image in another
point, and the wavefronts approaching this image after refraction should also be spherical, centered
around the image. One way to view aberrations is to see them as deviations in the actual wavefront
compared to a perfectly spherical one. These are called wavefront aberrations, the perfect sphere
which the wavefront is compared to is called the reference sphere. We define the reference sphere
to be centered around the image point and passing through the center of the exit pupil. The
wavefront that is compared to this is the one passing through the center of the exit pupil as well.
An example is shown in Figure 3.1.

A second way to express aberrations is in the form of transverse aberrations. For this we look
at the image plane, which is the plane perpendicular to the optical axis that contains the paraxial
image point. In the paraxial case all rays from the object cross this plane in this point. The
transverse aberration of a ray is the difference between the intersection of the ray with the image
plane and the paraxial image point. Of course this aberration depends on which ray you choose.
This ray is determined by the coordinates of its intersection with the entrance or exit pupil. These
are determined in an x, y-coordinate system with its origin in the center of the pupil. This means
that the aberrations can be written as a function of, among others, the pupil coordinates. In
fact, the aberrations are a function of the pupil coordinates x and y, as well as the object point
coordinates ξ and η [20, p. 106].

In our report we will work with the wavefront aberrations. This is a function of the pupil and
object point coordinates as well. We use W to denote the wavefront aberration, so we have

W = W (x, y, ξ, η). (3.1)

Now the rotational symmetry of the system starts playing a role. The four variables are not
completely independent. Because we cannot have skew rays, if we convert the coordinates to polar
coordinates, the angle is the same in the pupil and the object. This is given by

x = r sin θ, y = r cos θ,

ξ = ρ sin θ, η = ρ cos θ.
(3.2)
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CHAPTER 3. MONOCHROMATIC SEIDEL ABERRATIONS

exit pupil

reference
sphere

wavefront

image

Figure 3.1: An example of an aberrated wavefront and corresponding reference sphere.

Since the entire system is rotationally symmetric, the aberration can only depend on symmetric
variables, i.e., independent of θ. The variables that are used by Welford are x2 + y2, xξ + yη and
ξ2 + η2. Furthermore, we can always rotate the coordinate system in such a way that the object
is along the η-axis, allowing us to set ξ = 0. Now we have W = W̃ (x2 + y2, yη, η2). On this we

can apply a Taylor expansion around W̃ (0, 0, 0) to get

W (x, y, η) = W̃ (x2 + y2, yη, η2)

= W̃ (0, 0, 0) + a1(x2 + y2) + a2yη + a3η
2 + b1(x2 + y2)2 + b2yη(x2 + y2)

+ b3y
2η2 + b4η

2(x2 + y2) + b5yη
3 + b6η

4 + higher order terms.

(3.3)

The reference sphere and the position of the wavefront can be chosen such that they both pass
through the center of the pupil, so that they intersect there. This means that the aberrations
vanish at the center of the pupil, giving W (0, 0, η) = 0. Thus, the term W̃ (0, 0, 0) drops out and
there can be no aberration terms independent of x and y. As a result, the coefficients a3 and
b6 must be zero. The terms x2 + y2 and yη appear if the reference sphere is not centered at the
paraxial image point. However, we have defined it to be centered there, so these terms drop out of
the formula. The remaining terms are often called fourth order aberrations or primary aberrations
and the resulting aberration formula is as follows

W (x, y, η) = b1(x2 + y2)2 + b2yη(x2 + y2) + b3y
2η2 + b4η

2(x2 + y2) + b5yη
3. (3.4)

A very useful property of the aberration formula is that the aberrations of separate surfaces can
simply be summed to calculate the total aberration of an optical system [20, Sec. 7.5]. The
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3.2. INTERPRETATION OF PRIMARY ABERRATIONS

contribution of a single surface can be either positive or negative, so a surface can cancel the
contributions of other refractive or reflective surfaces.

A derivation of the fourth order aberration formula is given by Welford in Chapter 8 [20]. For
this some new notation is used. The radius of the exit pupil is denoted by hp and the maximal
object height by ηmax. Then for coordinates x and y of any point at the exit pupil and any object
height η we have

W (x, y, η) =
1

8
SI

(x2 + y2)2

h4
p

+
1

2
SII

y(x2 + y2)

h3
p

η

ηmax
+

1

2
SIII

y2

h2
p

η2

η2
max

+
1

4
(SIII + SIV)

x2 + y2

h2
p

η2

η2
max

+
1

2
SV

y

hp

η3

η3
max

.

(3.5)

The terms SI, . . . , SV are called the Seidel sums and are given by

SI = −
∑

A2h∆
(u
n

)
, (3.6a)

SII = −
∑

ĀAh∆
(u
n

)
, (3.6b)

SIII = −
∑

Ā2h∆
(u
n

)
, (3.6c)

SIV = −
∑

H2c∆

(
1

n

)
, (3.6d)

SV = −
∑[

Ā3

A
h∆
(u
n

)
+
Ā

A
H2c∆

(
1

n

)]
. (3.6e)

The summations are taken over all surfaces. Each surface has its own contribution to the Seidel
sums and they can simply be added. To compute the Seidel sums at each surface we need to trace
the marginal and chief ray through the system. All variables in the above formulas are the same
as mentioned in the previous chapter, so the variables without bar correspond to the marginal ray,
and the variables with bar to the chief ray. Exceptions to this are n, the refractive index, and H,
the Lagrange invariant, which are properties of the system rather than the rays. The delta symbol
denotes the difference in value before and after refraction at a surface. If we follow conventions
mentioned in the previous chapter this can be written as, for example, ∆(u/n) = u′/n′ − u/n.
Since the Seidel sums only depend on the marginal and chief ray, they are properties of the
complete optical system. This is not the case for the aberration formula in equation (3.5), since
this is dependent on pupil coordinates. The goal is to minimize the aberrations independent of
the coordinates, so we need to minimize the Seidel sums. This will be discussed in Chapter 5.

3.2 Interpretation of primary aberrations

In principle this is all that needs to be known to start optimizing, but it is nice to have some kind
of interpretation of the different aberration terms. For this we consider equation (3.4) again. The
first term, b1(x2 + y2)2 is called the spherical aberration. It is independent of object height, so
it is also present for on-axis object points. In a perfect paraxial system, all rays perpendicular to
one single wavefront should cross the optical axis in one point. This means that the rays starting
further from the axis should be steeper than the ones starting closer. If this effect is too large
the outer rays will intersect the axis too early. On the other hand the outer rays could not be
steep enough and the rays will intersect the axis beyond the focal point. These are both results
of spherical aberration. The first is positive while the second is negative. An illustration of this
effect can be seen in Figure 3.2. On the image plane spherical aberration changes the image into
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CHAPTER 3. MONOCHROMATIC SEIDEL ABERRATIONS

Figure 3.2: The difference between a perfect lens and one with positive spherical aber-
ration [25].

a circular spot instead of a point. In the figure it is visible that the outer rays diverge far from
the center around the image point. Shifting the image plane can result in a spot with less spread,
but with a lower intensity at the center.

The second term, b2yη(x2 + y2), is called coma. Like spherical aberration it creates a spot
when trying to image a point. The difference is that this spot will be next to the paraxial image
point, with an elongated side towards this point. This effect is particularly notable in telescopes
when looking at stars. An illustration of the coma effect is given in Figure 3.3. The third term

Coma

Image

θ

Figure 3.3: Coma [23]

is called astigmatism, given by b3y
2η2. The effect of astigmatism is that the focal length differs

between the x-z-plane and the y-z-plane. The fourth term, b4η
2(x2 +y2), is called field curvature.

This name is chosen since the image plane seems curved. In paraxial optics the rays from an
object point all intersect the image plane at the same point. Field curvature causes these rays to
all go through a point on a curved surface which intersects the optical axis at the same point as
the paraxial image plane. The fifth and last primary aberration term is distortion, given by b5yη

3.
This effect alters images by magnifying objects by a factor depending on the object height. An
illustration of this effect on a square grid is shown in Figure 3.4.
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3.2. INTERPRETATION OF PRIMARY ABERRATIONS

(a) Barrel distortion, b5 > 0 [21] (b) Pincushion distortion, b5 < 0 [24]

Figure 3.4: Distortion with either too much magnification (barrel distortion) or not
enough magnification (pincushion distortion) towards the edges

One aspect of aberrations is overlooked in this chapter, and will not be taken into account in
the rest of the report. In this entire discussion, the wavelength of the light is assumed to be one
fixed value. However, visible light contains wavelengths within a spectrum. There are aberrations
which are a direct consequence of this, called chromatic aberrations. To overcome these, optical
systems often consist of multiple glass types. In this report we will further assume that all light
that goes through a system has the same wavelength, this is called monochromatic light.
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Chapter 4

Optimization methods

In this chapter the use of various optimization methods will be discussed, as well as the problems
that will occur. The discussion will be general, considering an unspecified vector-valued function
F : Rn → Rm. The goal is then to minimize φ(x) = ‖F (x)‖22 over all x in some domain X ⊂ Rn.
This will make the discussion of methods more general. The actual function for our model will
of course have an effect on the applicability of the optimization methods. The functions we work
with have several properties that limit the choice in optimization algorithms. First, it is in general
not a convex function we are working with. This makes it a lot more difficult, if not impossible
to find a global minimum. Secondly, the dependence of F on the free parameters collected in x is
quite complex, which makes a line search undesirable. This is an important step of for example
the steepest descent method. Finally, the dimensionality and complexity of the problem make it
difficult to compute the Hessian matrix. For a model problem it would be doable with a few hours
of calculations by hand. However, for our model it is probably best to avoid these calculations. A
way to do this could be to approximate the Hessian by means of finite difference approximations
or to choose an optimization method that does not need the Hessian directly.

4.1 Unconstrained optimization

In unconstrained optimization the goal is to find the minimum of φ over all possible x ∈ Rn. So
to find x∗ such that

x∗ = argminx∈Rn{φ(x)}. (4.1)

This is global optimization, but as already mentioned the problem is generally not convex. Convex
in this context means that the Hessian of φ is symmetric positive definite. Non-convexity makes it
very hard to actually find a global minimum. Instead it is good to first focus on local optimization.
A point x∗ ∈ Rn is a local minimum of φ if there exists an open neighborhood around x∗, say Ω,
such that

∀x ∈ Ω : φ(x∗) ≤ φ(x). (4.2)

If we regard a point y = x∗ + s ∈ Ω close to x∗ we can expand φ(y) around x∗ to obtain

φ(y) = φ(x∗ + s) = φ(x∗) +∇φ(x∗)Ts+
1

2
sTHφ(x∗)s+ · · · , (4.3)

where Hφ denotes the Hessian of φ. By the definition of a minimum we know that we need
∇φ(x∗) = 0. Otherwise either s or −s can give a value smaller than φ(x∗). Furthermore, for a
local minimum we need Hφ(x∗) to be positive definite.

4.1.1 A quasi-Newton method

A lot of optimization methods use the condition on the gradient as a way to find an optimal point.
One way is to apply Newton’s method to the equation ∇φ(x) = 0. A derivation is given by Heath
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4.1. UNCONSTRAINED OPTIMIZATION

[7, p. 238]. Starting from a point x it is possible to see ∇φ(x + s) as a function of s. Then we
can approximate this as a linear function

∇φ(x+ s) ≈ ∇φ(x) +Hφ(x)s. (4.4)

The zero of this linear equation is easily found by Hφ(x)s = −∇φ(x). This gives the local
optimum of a quadratic function exactly, but for other functions it is just an approximation.
Therefore it is necessary to repeat this process to get an iterative method as shown in Algorithm
1.

Algorithm 1 Newton’s method for optimization

Require: Initial guess x0

1: for k = 0, 1, 2, . . . do
2: Solve Hφ(xk)sk = −∇φ(xk)
3: xk+1 = xk + sk
4: end for

Like I mentioned before, a positive definite Hessian is a necessary and sufficient condition for
a local minimum. Further away from a local minimum this might not be the case and then the
method might not go in a descent direction. This can be solved in several ways, but it is not of
much interest for us for a reason I will explain now. Newton’s method needs the Hessian and this
can be very difficult to compute. Because of that there are many methods which approximate this
matrix. These are called quasi-Newton methods. One particularly effective version is the BFGS
method, named after its inventors Broyden, Fletcher, Goldfarb and Shanno. It approximates the
true Hessian Hφ(xk) by a symmetric positive definite (spd) matrix Bk provided the initial matrix
B0 is symmetric positive definite [17]. This reduces the computation time and ensures that the
steps of the algorithms are actually in a descent direction. Shown in Algorithm 2 is the formula
used to calculate Bk+1. One can see that this approximate Hessian matrix is the only difference
from the Newton algorithm as shown in Algorithm 1.

Algorithm 2 BFGS method for optimization

Require: Initial guess x0, spd B0

1: for k = 0, 1, 2, . . . do
2: Solve Bksk = −∇φ(xk)
3: xk+1 = xk + sk
4: yk = ∇φ(xk+1)−∇φ(xk)

5: Bk+1 = Bk +
yky

T
k

yT
k sk
− Bksks

T
k Bk

sT
k Bksk

6: end for

A thorough derivation of this algorithm is given by Nocedal and Wright in their book on
numerical optimization [17, p. 136–140]. One can notice when looking at the algorithm that Bk

is not directly needed, but instead one can use B−1
k . If an iterative formula for this can be found,

then it is possible to save calculation time and storage of Bk. For this the Sherman-Morrison-
Woodbury formula can be used [17]. This goes as follows: if a matrix Ā = A+abT is nonsingular,
then

Ā−1 = A−1 − A
−1abTA−1

1 + bTA−1a
. (4.5)
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It can be verified by multiplying Ā and Ā−1 to get

ĀĀ−1 =
(
A+ abT

)(
A−1 − A

−1abTA−1

1 + bTA−1a

)
= I + abTA−1 − ab

TA−1 + abTA−1abTA−1

1 + bTA−1a

= I + abTA−1 −
a
(
1 + bTA−1a

)
bTA−1

1 + bTA−1a

= I + abTA−1 − abTA−1 = I.

(4.6)

This formula can be applied to the fourth step of the BFGS algorithm by writing it as Bk+1 =

B̄k− Bksks
T
k Bk

sT
k Bksk

and B̄k = Bk+
yky

T
k

yT
k sk

. For now I will omit the subscript k for the sake of notation,

because it is present on every variable. It is then possible to write both in the form needed for
the Sherman-Morrison-Woodbury formula, i.e.,

B̄ = B + abT , a = b =
y√
yTs

,

Bk+1 = B̄ + uvT , u = −v =
Bs√
sTBs

.

Note that B is symmetric so BT = B. Applying the formula gives then

B̄−1 = B−1 − B
−1yyTB−1/yTs

1 + yTB−1y/yTs
= B−1 − B−1yyTB−1

yTs+ yTB−1y
,

B−1
k+1 = B̄−1 − B̄

−1Bs(−Bs)T B̄−1/sTBs

1 + (−Bs)T B̄−1Bs/sTBs
= B̄−1 +

B̄−1BssTBB̄−1

sTBs− sTBB̄−1Bs
.

4.2 The Levenberg-Marquardt optimization method

4.2.1 Gauss-Newton

Presently, one of the most used optimization algorithms in optical design is the Levenberg-
Marquardt method [1, 12]. It is also called the damped least-squares method. There are several
ways to derive this method. Let us take a look at the objective function φ. Multiplying this by a
factor 1

2 does not change the minimum, but it will make notation more convenient. To get again an
iterative method, we assume the iterate xk to be available and make a step sk with the objective
to minimize φ(xk + sk). This is purely dependent on F (xk + sk), which can be linearized around
xk:

φ(xk + sk) =
1

2
‖F (xk + sk)‖2 ≈ 1

2
‖F (xk) + J(xk)sk‖2, (4.7)

where J denotes the Jacobian matrix of F . Minimizing this over sk is simply solving a linear least
squares problem. This can be done through the normal equations, giving

J(xk)TJ(xk)sk = −J(xk)TF (xk). (4.8)

Updating xk according to xk+1 = xk + sk gives us an iterative method. This is called the
Gauss-Newton method. It is no coincidence that it is named after Newton, since this is in fact a
quasi-Newton method. If we express φ as 1

2F
TF then we have

∇φ(x) = J(x)TF (x), (4.9)

and the Hessian of φ is given by

Hφ(x) = J(x)TJ(x) +

m∑
i=1

Fi(x)HFi
(x), (4.10)
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4.2. THE LEVENBERG-MARQUARDT OPTIMIZATION METHOD

whereHFi is the Hessian of the function Fi, which is the ith component of F . If the Hessian is then
approximated as J(x)TJ(x) we arrive at the quasi-Newton method which is the same as Gauss-
Newton. This method has several benefits [17]. First, the Jacobi matrix is already calculated for
the gradient, so this saves computational time for the Hessian approximation. Second, the method
guarantees a descent direction whenever J(xk) has full rank, since

sTk∇φ(xk) = sTk J(xk)TF (xk) = −sTk J(xk)TJ(xk)sk = −‖J(xk)sk‖2 ≤ 0. (4.11)

The equality only holds if ∇φ(xk) = 0, so at a stationary point. Furthermore, convergence of this
method can be proven [17] in the sense of

lim
k→∞

J(xk)F (xk) = 0. (4.12)

This is exactly what is wanted, since this means that the method converges to a stationary point.
Because of the descent direction this will be a minimum unless the method starts at a stationary
point.

4.2.2 Adding a damping factor

A downside of the method is that the rank of J(xk) might not be full. This leads to a situation
where convergence of the method cannot be guaranteed. The way to counter this, suggested by
both Levenberg and Marquardt is to dampen the Hessian approximation by a diagonal matrix.
This leads to

(J(xk)TJ(xk) + γkD
TD)sk = −J(xk)TF (xk). (4.13)

This leaves two choices to modify the scheme, namely the parameter γk and the diagonal matrix
DTD. When the identity matrix is used for DTD, it can be interpreted as shifting the spectrum
of the Hessian approximation [7]. Indeed, assume λ is an eigenvalue of JTJ with eigenvector v,
then

0 =
(
JTJ − λI

)
v =

(
JTJ − λI + γkI − γkI

)
v =

(
JTJ + γkI − (λ+ γk)I

)
v. (4.14)

So λ + γk is an eigenvalue of JTJ + γkI. This is beneficial if for example the eigenvalues are of
completely different orders of magnitude. Assume that JTJ has one eigenvalue 1 and another
eigenvalue 10−6. Then with a damping factor γk = 1 this results in an eigenvalue of 2 and one
of approximately 1. So, this shift in eigenvalues decreases the condition number based on the
2-norm, which makes the problem better conditioned. It is also worth noticing that for a large γk
this results in a small step in the steepest descent direction. Meanwhile a small parameter results
in more or less the Gauss-Newton step. Another suggested choice for DTD is to choose a diagonal
matrix with the same entries as the values on the diagonal of JTJ [17]. This has as a benefit that
it is less sensitive for scaling problems. If variables are several orders of magnitude apart, they
will have damping factors more in line with their magnitude. With the previous choice of DTD
they would both get the same damping. However, when JTJ contains a zero on the diagonal
(so that it is not positive definite) the scaling matrix will also have a zero. The matrix on the
left-hand side of equation (4.13) will not be positive definite and this can lead to problems in the
calculation.

The second choice in the method is that of the parameter γk. A simple but effective option is
given by Marquardt in the article where he elaborated the algorithm [14]. Starting with a param-
eter γ0 and a multiplication factor ν > 1 let γk be the value used at the kth iteration. Compute
the next iterand, one with γk and one with γk/ν. If the latter results in a value of φ smaller than
at the kth iteration, set γk+1 = γk/ν. If this is not the case, but the choice γk does result in a
smaller merit function value, set γk+1 = γk. If neither improves the system, the parameter needs
to increase. This can be done by successive multiplication with ν. Set then γk+1 = γkν

l, with l the
smallest integer such that this parameter results in a decrease in the error function. This method
for choosing γk is also claimed to be used by Matlab in their Levenberg-Marquardt algorithm for
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least-squares methods [15]. Their choice is ν = 10 and the initial γ can be chosen by the user.
When the parameters are fixed there is still one other decision to be taken. The convergence

or stopping criterion needs to be determined. For an optimization problem the logical choice is
to stop when the norm of the gradient is smaller than some tolerance. This would indicate an
(approximate) local minimum. Another criterion is to have the relative change per step ‖sk‖/‖xk‖
smaller than some tolerance. One could argue that this is a stopping criterion instead of a con-
vergence criterion, since it gives no guarantee that a minimum is reached. If this criterion on the
step size is met several times in a row, it means that the algorithm is stuck and will not improve,
while a minimum may not have been reached yet. Another stopping criterion which always needs
to be implemented is a limit on the number of iterations.

All this leads to Algorithm 3. Do note that the second condition for the while loop is not valid

Algorithm 3 Levenberg-Marquardt algorithm for minimization

Require: Initial guess x0, initial γ0, multiplication factor ν, tolerances ε1 and ε2 and a maximum
number of iterations kmax

1: k = 0
2: Compute H0 = J(x0)TJ(x0) and g0 = J(x0)TF (x0)

3: while ‖gk‖ > ε1 and ‖xk−xk−1‖
‖xk−1‖ > ε2 and k < kmax do

4: Solve (Hk + γkI)s
(1)
k = −g and (Hk + γk

ν I)s
(2)
k = −g for s

(1)
k and s

(2)
k

5: if φ(xk + s
(2)
k ) < φ(xk) then

6: Set xk+1 = xk + s
(2)
k and γk+1 = γk/ν

7: else if φ(xk + s
(1)
k ) < φ(xk) then

8: Set xk+1 = xk + s
(1)
k and γk+1 = γk

9: else
10: Set γ̃k = γkν
11: Solve (Hk + γ̃kI)s̃ = −g for s̃k
12: while φ(xk + s̃k) ≥ φ(xk) do
13: Set γ̃k = γ̃kν
14: Solve (Hk + γ̃kI)s̃ = −g for s̃k
15: end while
16: Set xk+1 = xk + s̃k and γk+1 = γ̃k
17: end if
18: k = k + 1
19: Compute Hk = J(xk)TJ(xk) and gk = J(xk)TF (xk)
20: end while

for the first loop, since xk−1 does not exist yet. A solution to this is implemented in the Matlab
code, but to keep the algorithm compact I left out some implementational subtleties. Also, for
example, if the while-loop at line 12 is iterated too many times, the algorithm will terminate.

4.2.3 Another way to determine the damping factor

The method used for determining the damping factor in Algorithm 3 is one of the first that were
used for this optimization algorithm. Since then several other methods have been proposed. The
alternative that I will discuss here is derived by Nocedal and Wright [17, Ch. 10]. So far we
considered Levenberg-Marquardt as an eigenvalue shift of the approximate Hessian matrix. There
is a second way to derive this method from Gauss-Newton that will help in constructing a damping
factor γ. Remember that in equation (4.7) we linearized F around xk and tried to minimize its
norm in the hope that this would approximately minimize φ. However, this linearization is only
valid relatively close to xk, so the approximation might differ a lot from the actual function if
the step size is too large. Therefore we need to restrict ourselves to a region around xk, a so-
called trust region. For the intuitive choice of a spherical search region we have for some ∆k the

24
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minimization problem

min
sk

1

2
‖F (xk) + J(xk)sk‖2, given ‖sk‖ ≤ ∆k. (4.15)

To convert this to the Levenberg-Marquardt algorithm that was mentioned earlier we need a
theorem that is mentioned by Nocedal and Wright in Chapter 4 [17]. I will omit the proof here,
because it is rather lengthy, but it is included in the aforementioned book. Assume we want to
minimize the general quadratic function m(p) = f + gTp + 1

2p
TBp for some scalar f , vector g,

and matrix B under the restriction that ‖p‖ ≤ ∆. Then p∗ is a solution to this problem if and
only if it satisfies the constraint and there is a γ ≥ 0 such that the following conditions hold

(B + γI)p∗ = −g, (4.16a)

γ(∆− ‖p∗‖) = 0, (4.16b)

B + γI is positive semidefinite. (4.16c)

The function from equation (4.15) actually fits into the framework of this theorem with f = φ,
g = ∇φ, and B = JTJ . We can write

1

2
‖F + Js‖2 =

1

2
(F + Js)T (F + Js)

=
1

2

(
F TF + F TJs+ (Js)TF + (Js)TJs

)
=

1

2
‖F ‖2 + (JTF )Ts+

1

2
sTJTJs

= φ+∇φTs+
1

2
sTJTJs.

(4.17)

Note that JTJ is always positive semidefinite, so that the third condition for the theorem is
satisfied as long as γ ≥ 0. The second condition implies that either ‖p∗‖ is located on the
boundary of the search domain or γ = 0 and Bp∗ = −g. This last equation applied to our
problem gives JTJs = −∇φ = −JTF , which is an iteration in the Gauss-Newton method. The
more interesting case is when ‖p∗‖ = ∆, so γ is nonzero. The goal is then to find the value of γ for
which the conditions above are satisfied. We can write p as a function of γ as p(γ) = −(B+γI)−1g
or simply

(B + γI)p(γ) = −g. (4.18)

Then we want to find γ such that ‖p(γ)‖ = ∆. This has changed the problem into a scalar
root-finding problem, for which we can use the well-known Newton’s method. However, ‖p(γ)‖
becomes infinitely large for γ close to −λ, where λ is an eigenvalue of B [17, p. 85]. This makes
Newton’s method inefficient, but instead we can use the function

ψ(γ) :=
1

∆
− 1

‖p(γ)‖
= 0. (4.19)

Applying Newton’s method to this function gives.

γ(l+1) = γ(l) − ψ(γ(l))

ψ′(γ(l))
. (4.20)

To convert this into an algorithm we can use the Cholesky factorization to get RTR = B + γI
and define q by p = RTq. Why this is useful will become evident shortly. Taking the derivative
of both sides of equation (4.18) with respect to γ gives us

p+ (B + γI)p′ = 0. (4.21)

So by isolating the derivative of p we get

p′ = −(B + γI)−1p = −(RTR)−1p = −R−1q. (4.22)
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With this relation we can now compute the derivative of ψ. Remember that, unless otherwise
mentioned, the 2-norm is used, so we have ‖p‖ =

√
pTp.

ψ′ =
1

‖p‖2
d

dγ
‖p‖

=
1

‖p‖2
1

2
√
pTp

(
p′Tp+ pTp′

)
=

1

‖p‖3
pTp′

=
1

‖p‖3
(RTq)T (−R−1q)

= − 1

‖p‖3
qTq

= −‖q‖
2

‖p‖3
.

(4.23)

This, as well as ψ itself, can be substituted into equation (4.20). This leads to an algorithm
for approximately determining γ given some ∆. It is shown with some modifications below in
Algorithm 4. The most time consuming part of the algorithm would be the Cholesky factorization
of B + γI [17, p. 87]. However, the particular case of our problem where B = JTJ gives us a
benefit. We can compute the QR-decomposition[

J√
γI

]
= QR. (4.24)

Remember that inherent to the QR-decomposition Q is orthogonal, so Q−1 = QT . Then we have

RTR =
[
JT

√
γI
]
QQT

[
J√
γI

]
= JTJ + γI. (4.25)

This gives us the iterative algorithm to compute γ, given in Algorithm 4. We use this instead of

Algorithm 4 Finding the damping parameter based on the trust region method.

Require: Initial guess γ(0) and the maximum step size ∆
1: for l = 0, 1, 2, . . . do

2: Decompose

[
J√
γ(l)I

]
= QR

3: Solve RTRp = −g and RTq = p
4: Set

γ(l+1) = γ(l) +

(
‖p‖
‖q‖

)2(‖p‖ −∆

∆

)
(4.26)

5: end for

the method to determine γ in Algorithm 3. After finding γ we can set sk = p. The algorithm
does not need to find a very precise value of γ. It is only the damping factor, and slightly more
or less damping just corresponds to a slightly smaller or larger step. That is no problem since ∆k

is also not determined in a precise way. The following ratio is used as a tool for setting ∆ for the
next step.

ρ =
φ(xk)− φ(xk + sk)

φ(xk)− 1
2‖F (xk) + J(xk)sk‖2

. (4.27)

This ratio can be interpreted as a measure of accuracy of the approximation of φ. The closer ρ
is to 1, the better the approximation of φ(xk + sk). If ρ is close enough to 1, we can increase
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the trust region for the next step, for example ∆k+1 = 2∆k, limited by some global maximum
step size. However, if ρ is close to 0 the approximation is quite bad and the trust region will be
decreased, e.g. ∆k+1 = ∆k/4. Furthermore, if ρ is too small the iteration step is rejected and
xk+1 = xk. Otherwise xk+1 = xk + sk.

4.3 Constraints

The algorithms mentioned in the previous section are given for unconstrained optimization. How-
ever, optimization problems are often constrained. These constraints can be induced simply by
the physical reality, like a distance that needs to stay positive. It is also possible that a constraint
follows from the preferences of the problem owner. An example in optics could be that the focal
distance needs to stay constant.

4.3.1 Equality constraints

The latter of the previously mentioned cases is an example of an equality constraint. A mini-
mization problem with an equality constraint means that one wants to minimize one function of
the problem variables, while another function of those variables stays constant. It is possible that
there are multiple constraints at the same time, written as f(x) = 0, with f : Rn → Rl for some
l < n. Now equation (4.1) changes to

x∗ = argmin{φ(x) |x ∈ Rn,f(x) = 0}. (4.28)

One of the most well known ways to implement equality constraints is the use of Lagrange multi-
pliers. This is perhaps due to the fact that this method is derived from an intrinsic property of
constrained minimization, the gradient of the objective function should be parallel to the gradient
of the constraint function in a minimum [1, 17]. This means that for every constraint function fi,
at a minimum x∗, there is a scalar λ∗i such that ∇φ(x∗) = λ∗i∇fi(x∗). The Lagrange function L
is given by

L(x;λ) = φ(x) +
∑
i

λifi(x) = φ(x) + λTf(x), (4.29)

with a gradient

∇L(x;λ) =

[
∇φ(x) +

∑
i λi∇fi(x)

f(x)

]
. (4.30)

The top part will be zero if the gradients are parallel, like mentioned before, and with the right
value of λ. Setting the second part to zero simply says that the constraint should be satisfied.
An x such that ∇L(x,λ) = 0 will be a feasible point for the constrained minimization problem.
Feasible means here that a point is complying to the constraints. So instead of finding a zero
of the gradient of f , we solve the constrained minimization problem by finding the roots of ∇L.
However, this approach has one major drawback. All of the critical points found in this manner
will be saddle points [7]. Why this is true will become evident when we look at the Hessian of L.

HL(x,λ) =

[
Hφ(x) +

∑
i λiHfi(x) Jf (x)T

Jf (x) 0

]
. (4.31)

This Hessian matrix is not positive definite, since eTn+lHLen+l = 0, with en+l an all-zero vector
with a 1 at the last (n+ l) entry. Because of this, the critical points will not be minima of L. The
unconstrained optimization algorithms that were discussed before were specifically made to find a
minimum (or maximum). This is evident from the fact that every step is a descent step. See for
example equation (4.11).

The two other ways of implementing equality constraints that I will mention are a bit less
elaborate, but more intuitive. The best option would be if we could use the constraint function to
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decrease the dimensionality of the problem by l. We try to eliminate the variables indexed by J ,
which is a combination of l elements from [1, . . . , n]. It might be possible to rewrite f(x) = 0 to
get

xJ = f̃J(x̃J), (4.32)

where xJ is a vector with components xj for j ∈ J and x̃J ∈ Rn−l is a vector containing all entries

of x except those in xJ . This also means we have to rewrite the merit function φ(x) = φ̃J(x̃J).
The variables xJ are then said to be fixed by the constraint. This allows us to do an unconstrained
optimization in Rn−l instead of optimizing on a manifold in Rn. This can significantly speed up
the computations, and the algorithms for unconstrained optimization can be used without any
changes. One does need to take into account the derivatives of the fixed variables with respect to
the free variables, giving

∇x̃J
φ̃J = ∇x̃J

φ+
∑
j∈J

∂φ

∂xj
∇x̃J

(xj). (4.33)

This way of implementing constraints is preferable in most cases, but sometimes it might not be
possible. Maybe the constraint function cannot be made explicit, which makes it impossible to
analytically express one variable in terms of the others. Or it could just be very difficult to extract
one variable from the equation.

It could be the case that the constraint does not need to be satisfied exactly. The value of the
merit function can then be increased when the constraint is violated. Preferably, the larger the
violation of the constraint, the larger the addition to the merit function. Since the constraints are
given by f(x) = 0, we can add the square of the components of f to the merit function to get a
new merit function ϕ defined by

ϕ(x) := φ(x) +
µ

2
‖f(x)‖2. (4.34)

The added term to the merit function is called a penalty function. If we have a merit function
that is a sum of squares, we simply add other squared functions. This means that the vector F is
extended with the constraint function. Where we had φ(x) = 1

2‖F (x)‖2, we now have

ϕ(x) =
1

2

∥∥∥∥[ F (x)√
µf(x)

]∥∥∥∥2

. (4.35)

This has transformed the constrained optimization problem into an unconstrained optimization
problem. Moreover, the merit function can again be written as the square of the norm of a vector.
This allows us to apply a Gauss-Newton or Levenberg-Marquardt method. A drawback of this
constraint implementation is that it introduces another parameter choice, namely the constant µ.
If this is too large, the problem might be ill-conditioned, but if µ is chosen too small, the solution
might deviate a lot from the constraint. Another drawback is that the problem might become
unbounded. An example given by Nocedal and Wright [17, p. 500] reads

minimize − 5x2
1 + x2

2 given x1 = 1. (4.36)

The solution of this problem is x = (1, 0)T . However, if µ < 10 the new merit function is
unbounded from below, since then

ϕ(x) = −5x2
1 + x2

2 +
µ

2
(x1 − 1)2 =

(µ
2
− 5
)
x2

1 + x2
2 − µx1 −

µ

2
. (4.37)

4.3.2 Inequality constraints

Another type of constraints is the inequality constraint. This means that some function g : Rn →
Rk, with k < n, of the optimization variables needs to be larger than a given value. This changes
equation (4.1) into

x∗ = argmin{φ(x) |x ∈ Rn, g(x) ≥ 0}, (4.38)
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where the ‘greater or equal’ sign denotes elementwise comparison. Of course this can be combined
with one or multiple equality constraints, but for convenience the inequality constraints will be
considered separately for now. A distinction can be made between inactive and active constraints.
If the solution to the unconstrained minimization problem is also a feasible solution to the con-
strained problem, the constraints are said to be inactive. Otherwise the inequality constraints are
active and thus change the solution of the minimization problem. A mix of active and inactive
constraints can also exist. If a constraint can be omitted without changing the solution of the
problem, that constraint is inactive.

Solving a minimization problem with inequality constraints is often a lot more difficult than
with equality constraints. For example fixing one variable with the constraint is generally impos-
sible. There are multiple ways to work with inequality constraints, none of which are as easy to
use as the methods mentioned above for equality constraints. The method I will mention is the
extension of penalty functions to inequality constraints. In this case we want to add to the merit
function if g < 0. So the penalty function that can be added is

∑
i(gi(x))2

1gi(x)<0. Another way
to write this is (min(gi, 0))2 or, as used by Nocedal, (max(−gi, 0))2. This leads to a merit function
given by

ϕ(x) = φ(x) +
µ

2

∑
i

(min(gi(x), 0))2. (4.39)

A drawback is that this function might be less smooth than the original merit function and con-
straint function, since ϕ is only continuously differentiable once. However, since the optimization
methods that have been considered in this report do not use the exact Hessian, this is not a large
problem.

4.4 Example: Aberrations in a lens

To test these optimization methods, we will consider the problem of aberrations in a single lens,
also called a singlet. The lens is assumed to consist of two spherical surfaces. It is made of glass
with a homogeneous refractive index and is surrounded by air. Two examples of this were already
given in Figures 3.2 and 3.3. In Chapter 3 the formulas for the fourth order aberrations have
been explained and it is those functions that I will minimize. To calculate the aberrations at each
surface, a raytrace of the marginal and chief ray has to be performed. This leads to an aberration
function depending on the curvatures and the thickness. In this example I will fix the thickness
of the lens and only use the curvatures as variables, so x = (c1, c2)T . The merit function is the
sum of squares of the aberrations, so

φ(x) =
1

2
‖S(x)‖2, with S = (SI, SII, SIII, SIV, SV)T . (4.40)

A contour plot of the logarithm of this function is shown in Figure 4.1. It is not entirely clear due
to the solid ‘line’, which is actually multiple contour lines close together, but the minimum of the
function is located at (0, 0)T . An optimization run is done with the Levenberg-Marquardt method,
with the damping parameter set according to Algorithm 4. For referencing an optimization is
also performed with the default Levenberg-Marquardt method from the optimization toolbox in
Matlab, as well as the default implementation of the BFGS method. However, it is difficult to
compare my implementation with that of Matlab, since they are unclear about their convergence
criteria. Sometimes it is mentioned that the gradient should be lower than the tolerance, but
sometimes they mention the relative gradient instead. Despite this, some conclusions can still be
made from this comparison. I used a tolerance on the gradient of 10−8, so the algorithm should
stop if the norm of the gradient is smaller than this threshold value. The same value is also used
as the optimality tolerance in the Matlab algorithms. The initial guess of the optimization is
x0 = (−0.5, 0.5)T . My implementation of Levenberg-Marquardt takes about 0.088 seconds and
terminates with a residual of the order 10−16. In comparison, the default Matlab implementation
takes 0.128 seconds, so it is about 50% slower. More interesting, however, is that it terminates
with a residual of the order 10−5. So while it takes longer, the solution is also less accurate.
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Figure 4.1: A contour plot of the logarithm of the merit function of one lens.

Interestingly, when I decrease the tolerance for the Matlab algorithm until it terminates with the
same residual as my implementation, the running time barely increases. This is a consequence
of the quadratic convergence property that the Levenberg-Marquardt algorithm has close to a
minimum [17, Ch. 10]. For the BFGS algorithm I also decreased the tolerance until I got the same
accuracy, and this took around 0.2 seconds, so this method is somewhat slower than the others.

For a better comparison I repeated the previous experiment with 100 initial conditions evenly
spaced in [−0.5, 0.5]2. I timed the optimization runs and took the average. I used the tolerances
from the previous experiment which gave residuals of the same order there. The average times are
a lot smaller than the single case that was used before, since most initial conditions are closer to
the minimum. The average time for my implementation of the Levenberg-Marquardt algorithm
was 0.0049 seconds, the Matlab Levenberg-Marquardt mean time was 0.0076 seconds and the
average of the BFGS method was 0.0205 seconds. The proportions are in line with the earlier
results.

Next, I introduce an equality constraint in terms of the effective focal length (see Section 2.3).
The lens should have a fixed focal length. This can be computed using the matrix equations on
any ray incident parallel to the optical axis. These equations can be rewritten in such a way that
one curvature becomes a function of the focal length and the other curvature. An explanation
of how this is done will follow in Section 5.1. In this way I will eliminate the second curvature
as an optimization variable. This makes the problem a one-dimensional optimization problem.
A plot of the merit function is given in Figure 4.2. Again, I did optimization runs with 100
different initial conditions. This time they were uniformly located on [0, 1]. Levenberg-Marquardt
with Algorithm 4 takes on average 0.0064 seconds to achieve the tolerance. This is similar to the
unconstrained optimization time, despite having one dimension less. This is because the evaluation
of the merit function contains more operations and thus takes longer. Interestingly enough, the
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Figure 4.2: A plot of the merit function when the second curvature sets the focal length
to 100 mm.

Matlab Levenberg-Marquardt is slower (0.0231 seconds) while the BFGS is faster (0.0072 seconds)
than in the unconstrained case. It could be that the BFGS algorithm is more efficient in only one
dimension.

If we now want the curvatures to be within certain bounds we can include inequality constraints.
Say we want to keep the curvature smaller than 0.3 and larger than -0.3. There are several
ways to describe this in a mathematical equation. The obvious constraint function is g(x) =
(0.3−|c1|, 0.3−|c2|)T , with g(x) ≥ 0. A continuous choice would be g(x) = (0.32−c21, 0.32−c22)T ,
which I am going to use here. Remember that c2 is a function of c1. Like mentioned before, the
inequality constraint is implemented through a penalty function. For this constraint that penalty
function is (µ/2)

∑2
i=1(min(0.32 − c2i ))2. The new merit function is plotted for different values of

the parameter µ in Figure 4.3. The times are also measured for this optimization problem and
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merit function with =0.01
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Figure 4.3: A plot of the merit function with a penalty function for the inequality
constraint with different values of µ.

the average running times are almost the same as without the inequality constraints. Because the
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constraints are inactive in the minimum, they only have a minor influence on the optimization
runs starting outside of the feasibility domain. The optimization runs with initial conditions that
comply to the constraints should not have iterations that violate the constraints.
The results of these timing experiments have been summarized in Table 4.1. We can conclude

Alg. 4 Matlab L-M Matlab BFGS
unconstrained 0.0049 s 0.0076 s 0.0205 s

equality constraint 0.0064 s 0.0231 s 0.0072 s
both constraints 0.0064 s 0.0240 s 0.0076 s

Table 4.1: The average times an algorithm needs to minimize a problem.

that my implementation of the Levenberg-Marquardt is faster for this example than both of the
tested Matlab implementations. The BFGS method is slower for the unconstrained problem, but
faster for both of the constrained optimization problems. It is unclear if this is because of the
constraints, or because of the low dimensionality. This might become clearer when we take a
look at larger optical systems, and thus higher dimensional optimization problems, in the next
chapters.
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Chapter 5

Saddle point construction for lens
systems

In the previous chapters we have introduced the theoretic background for this report. We can now
start to implement this knowledge to a more interesting problem than a single lens. First we will
introduce the situation of a lens triplet and the function that we want to minimize. In Sections
5.2 and 5.3 we will explain the saddle point construction method, which will be used in finding
multiple minima. In the last section we will combine the prior sections to find good lens systems.

5.1 The lens triplet

Being able to minimize the aberrations for one lens like in the previous chapter is nice, but we can
try to improve further by adding more lenses. This will add more degrees of freedom and this can be
used to decrease the aberration function. Like mentioned in Chapter 3 the contribution of a surface
to an aberration term can be either positive or negative, so the aberrations of the first lens can be
compensated by the second one. This idea was already used in the nineteenth century when H. Tay-
lor tried to compensate some aberrations and ended up with the famous Cooke triplet. The name
comes from the company that he worked for [11]. The Cooke triplet has different shapes depending
on factors such as the desired focal length or the aperture position. The main characteristic is
that it has a negative lens surrounded by two positive lenses. An example is given in Figure 5.1.

Figure 5.1: A Cooke triplet [22]

The extra degrees of freedom that come with the
added lenses allow us to make better optical systems, but
they also make optimization a lot more difficult. With
three lenses, there are six surfaces. We assume them to
be spherical, so that each surface has only the curva-
ture as a parameter. Practical experiments have shown
that distances are only weak optimization parameters in
optical systems, meaning that they do not influence the
merit function a lot [6]. Our own numerical experiments
confirmed this result. Therefore it is justifiable to choose
those beforehand instead of using them as optimization
variables. This makes the optimization problem a six di-
mensional one. These additional dimensions compared
to the single lens result in more local minima. Therefore
the output of a local optimization depends on the initial
guess. As long as the local minimum does not give a
merit function value of zero, there might be another minimum which gives a lower merit function
value.

The brute-force way to tackle this problem is to just try many initial conditions. This will
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probably result in multiple local minima. Intuitively one would use a grid in parameter space for
the initial guesses. The finer this grid, the larger the chance that all local minima will be found.
However, to keep the grid at the same spacing, the number of necessary initial values grows ex-
ponentially with the number of dimensions. The search for a global minimum in a non-convex
problem has been a subject of many studies. Several methods have been developed for finding a
global minimum. Some of them are based on local optimization and restarting to find a differ-
ent local minimum, like the escape function [10]. Other methods have a more heuristic nature.
The genetic algorithm, for example, works through comparing the merit function value for several
configurations of variables and a deliberate choice of new configurations [16]. Of course there
are also hybrid methods that combine, for example, a heuristic method with a local optimization
algorithm. The method that we will discuss here is not so much focused on finding the global
optimum, but more on finding multiple local minima. This could be beneficial if there are, for
example, two local minima with comparable merit function values. One might not be the global
optimum, but could still be preferable from a practical perspective. Of course this can also be used
as a global optimization algorithm by choosing the local minimum with the lowest merit function
value. The so-called saddle point construction method that we will discuss is mainly developed by
F. Bociort in many of his papers. Before I will explain how this method works, we will first take
another look at the function that we will be working with.

Like with the singlet, our unconstrained merit function is the sum of squares of the Seidel aber-
rations from Chapter 3. This can be written as the square of the 2-norm of the vector containing
these aberrations. This was one of the assumptions made in the previous chapter for deriving
the Gauss-Newton or Levenberg-Marquardt methods. For every function evaluation a raytrace is
performed on the chief ray and marginal ray. The derivatives are computed analytically. As noted,
we have the six curvatures c1, . . . , c6 as variables. However, the problem is not fully unconstrained.
We want the effective focal length to have a predefined value, lfoc. As mentioned in equation (2.14)
this is defined as lfoc = −h0/u

′
N , where h0 is the incidence height on the first surface of a ray

parallel to the optical axis. u′N is the angle of the refracted ray after the last, Nth, surface. With
this triplet case we have N = 6. We can compute x′N = (hN , u

′
N )T with the matrix equations

starting from x0 = (h0, 0)T as

x′N = RNDN−1RN−1 · · ·D1R1D0x0. (5.1)

We would like to use the constraint on the focal length to reduce the dimensions of this optimization
problem to 5. Say we use surface L for this, by making cL a function of the other curvatures and
the desired focal length. The only part of equation (5.1) that contains cL is the matrix RL, so we
want to isolate this. We can multiply both sides of the equation with the vector (0, 1) to isolate
u′N and split the product on the right-hand side to get

u′N = (0, 1)x′N = (a, b)RLxL, with

xL = DL−1RL−1 · · ·D1R1D0x0, and

(a, b) = (0, 1)RNDN−1RN−1 · · ·DL+1RL+1DL.

(5.2)

Both (a, b) and xL = (hL, uL)T are completely independent of cL. Recall the expression for RL

RL =

(
1 0

cL
nL−nL+1

nL+1

nL

nL+1

)
. (5.3)

Substituting this into equation (5.2) then gives(
a+ b cL

nL − nL+1

nL+1

)
hL + b

nL
nL+1

uL = u′N = − h0

lfoc
. (5.4)

From this equation we can isolate the curvature of surface L to get

cL = − 1

nL − nL+1

(
nL+1h0

b hLlfoc
+
nLuL
hL

+
nL+1a

b

)
. (5.5)
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This transforms our six-dimensional problem with a constraint on the effective focal length into
a five-dimensional unconstrained optimization problem. For this problem we want to find the
multiple local minima that exist. For that I will introduce a method in the next section. The
triplet situation is chosen because it is sufficiently elaborate to give some insights, but still easy
to understand.

5.2 A saddle point method for finding minima

5.2.1 Introducing the SPC method

The method that we are going to use to compute the minima of the above mentioned triplet
aberration function is called the saddle point construction (SPC) method. It has been developed
by F. Bociort together with several others in multiple papers [2, 3, 4, 6, 9, 19]. I will try to explain
the essence of this method and apply it to our triplet problem.

As the name already suggests, a large role in the method is reserved for saddle points. In
two dimensions it is easy to visualize how they can help in discovering new minima in a function
landscape. As seen in Figure 5.2 from the saddle point there are two directions to move upward
and two directions to move downward. Those two downward directions will lead to two different

Figure 5.2: A two-dimensional saddle point [26].

local minima, assuming that the function is bounded from below. Therefore, if we ended a local
minimization in one of the minima, we could somehow be able to move to the other minimum by
going through the saddle point.

In more dimensions saddle points are a bit harder to understand. For this we use the concept
of Morse index (MI), a name used for the number of negative eigenvalues that the Hessian of a
function evaluated at a critical point has. A minimum therefore has MI = 0 while a maximum
has a Morse index equal to the number of dimensions. Any critical point that has a Morse
index between these two values is a saddle point. Each eigenvalue corresponds to an eigenvector,
and if the eigenvalue is negative then the saddle point is a maximum along the direction of the
eigenvector. One could say that the MI is the number of dimensions in which a critical point
is a maximum. The interesting observation has been made that all local minima of continuous
functions encircled by any equimagnitude surface are ‘connected’ by saddle points with MI = 1
[2]. Connected in this sense means that you could move from one minimum to another by moving
alternately through minima and saddle points with MI = 1. From a minimum to the saddle point
the merit function increases and from the saddle point to the next minimum its value decreases
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again. This connection is shown by considering an equimagnitude surface with function value
φ = φa encircling two minima. For a sufficiently small function value φ = φb the equimagnitude
surface consists of two separate parts, as long as φb is still larger than the largest of the merit
function values corresponding to the two minima. If the function is continuous, there exists a
value φS with φb < φS < φa such that the two separate parts of the equimagnitude surface touch
at one point S. Bociort proves in his article that this point is indeed a saddle point with MI = 1
[2].

An MI = 1 saddle point only has two descent directions, along the eigenvector corresponding
to the negative eigenvalue or in the opposite direction. This makes the case similar to the two-
dimensional saddle point. This knowledge will be used to find multiple local minima. Assume
we are stuck in a minimum after a local optimization run. If we are able to find an MI = 1
saddle point, then we can pass that to find a new local minimum on the other side. Saddle points
with a higher Morse index have more descent directions and optimizing from points close to it is
more unpredictable. A method to detect MI = 1 saddle points surrounding a minimum called
NETMIN has been developed [4, 6]. However, this is computationally intensive, because it uses
many successive local optimization runs. We would like to find a faster method and for this a
property intrinsic to optical system design has been used.

A useful property of optical systems is that we can actually construct these saddle points with
MI = 1 from lower dimensional problems. We can go to an N -dimensional system by adding a
lens to an (N − 2)-dimensional system. Assume we have a lens system that is a non-degenerate
local minimum. Meaning that the Hessian has no eigenvalue equal to 0 at the minimum. We
want to add a new lens after the ith surface. We define cref to be the curvature of this surface
in the old system. The new lens will be put immediately after the ith surface, so with a distance
equal to zero between them. Furthermore, the new lens will have curvatures ci+1 and ci+2, and
its thickness will be zero as well. The result is that the new surfaces are essentially located on the
old surface, but refraction still happens at each surface. This situation is not realistic, but merely
a theoretical tool that we use. If ci+1 = ci+2 the new lens practically vanishes, and the paths of
the rays do not change. This lens is called a null-lens or null-element. If then ci = cref all rays in
the new system behave the same as in the old optical system. Because of that, the merit function
will have the same value and the focus constraint will still be satisfied. The result is that we have
an isoline in the N -dimensional merit function space parametrized by ci+1 = ci+2 = u which has
the same value as the old system. This situation is sketched in Figure 5.3a. On the other hand, if

ci ci+1

ci+2

n

lfoc

(a) ci+1 = ci+2, and ci = cref

ci ci+1
ci+2

n

lfoc

(b) ci = ci+1, and ci+2 = cref

Figure 5.3: The situations along the two isolines, where the rays do not change compared
to the old system. The sketches are drawn with distances between the surfaces for
visualization, but the distances are actually zero.

we set ci = ci+1 = v the air space between surface i and i+ 1 becomes a null-element. If we then
set ci+2 = cref the merit function value again remains equal to that of the old system. This gives
another isoline in the merit function space. This is sketched in Figure 5.3b. The lines intersect
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when u = v = cref because we then have

ci = ci+1 = ci+2 = cref. (5.6)

All other variables are kept equal to the values at the (N − 2)-dimensional minimum. We call this
intersection point S. It can be proven that this point is in fact a saddle point [3]. We need to
consider just the subspace of the variables ci, ci+1 and ci+2, since in all other variables the point
is a minimum. We define the space Ω centered around S with the new variables

r := ck − cref, s := ck+1 − cref, and t := ck+2 − cref. (5.7)

The isolines are then in this space along the vectors

SA = (1, 1, 0)T and SB = (0, 1, 1)T , (5.8)

so these isolines are parametrized as λSA and µSB. The directions in the N -dimensional space
corresponding to the old variables are perpendicular to the subspace Ω. We define the plane
Q ⊂ Ω spanned by SA and SB. The point S is a saddle point on this plane. The gradient in Q is
zero because the function is constant in two independent directions. It is neither a minimum nor
a maximum since the contour lines around a minimum or maximum are ellipses, while we have
intersecting isolines in S. The only remaining direction that we need to check for the Morse index
is that within Ω perpendicular to Q, along the vector (1,−1, 1)T . However, any point outside of
Q violates the focal length constraint, so we do not need to consider this [3]. This proves that S
is a saddle point with MI = 1. A simplified illustration of Q around S is shown in Figure 5.4.

IsolineIsoline

S ε

Figure 5.4: A simplified version of a saddle point. The arrows indicate the gradients at
that point. A gradient based local optimization algorithm will generally iterate against
the direction of the arrows.

We want to choose points on both sides of the saddle point to start local optimization runs.
Ideally we want points located on a line where the saddle point is a maximum. However, it is a
priori not known in which direction the saddle point is a maximum and in which a minimum. The
safe choice is to pick the points on one of the isolines. In Figure 5.4 these are drawn in red. The
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gradients there are perpendicular to the isoline and in opposite directions for points on different
sides of the saddle point. This means that for a gradient based local optimization algorithm these
starting points will lead to different minima. Either one of the isolines can be chosen for the
starting points. I will use points on one of the isolines by perturbing the curvatures of surfaces
i+ 1 and i+ 2 by ε to get

ci+1 = ci+2 = cref ± ε, ci = cref. (5.9)

Theoretically, one would want the starting points for optimization close to the saddle point. If they
are too far away the behavior of the function is unpredictable and the starting point might be in the
basin of attraction of another minimum. However, practically ε can not be too small. The gradient
is equal to zero at the saddle point, and close to it the gradient is still small. The optimization
algorithm will make very small steps because of that, if it starts at all. The convergence criterion
for the algorithm is that the norm of the gradient is smaller than some value. For a starting point
too close to the saddle point the gradient might be small enough to meet this criterion and the
algorithm will terminate without arriving at a minimum. Unfortunately there is no hard rule on
how to choose ε. This is now mostly done by trial and error.

We can now construct two local minima in an N/2-lens system (N -dimensional) from one local
minimum in an (N/2−1)-lens system (N−2 surfaces). However, there are even more possibilities.
We applied this procedure of adding a lens at an arbitrary surface in the system, but of course this
can be done at any surface. By doing this at every surface we can construct even more N/2-lens
systems. Minima are generally connected to multiple saddle points, so there are local optimization
runs that will end up in the same minimum. Therefore the number of minima that are found is
smaller than 2(N − 2), but we will still end up with multiple local minima.

5.2.2 Testing the SPC method

To help visualize and test the SPC method I applied it to a theoretical test case. We start from
only one surface. The medium before the surface has refractive index n and after has refractive
index 1. The object is located at infinity and the focal length is set to be lfoc. The situation
is drawn in Figure 5.5. Since we use a constraint to eliminate a variable and we only have one

c1 c2 c3

n

lfoc

Figure 5.5: The setup for the saddle point construction. The three surfaces are separated
for illustration purpose, but the distance between them is zero. Since all surfaces are the
same and at the same location the principal plane is located at these surfaces and the efl
is equal to the bfl.
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surface, its curvature is automatically defined by the focal length according to equation (5.5).
This makes the problem zero-dimensional. There is only one point in the variable space, given by
c1 = − 1

(n−1)lfoc
, so this is obviously also the minimum, independent of what merit function we

use. To make calculations by hand easier, we only use the square of the spherical aberration for
the merit function. We will now apply SPC by inserting a null-element with curvatures c2 and c3
after the old surface. The last surface is used to control the focal length, so the saddle point c∗

that we construct is given by

c∗ = (c∗1, c
∗
2) =

(
− 1

(n− 1)lfoc
,− 1

(n− 1)lfoc

)
. (5.10)

We can write the ray coordinates in a raytrace as functions of the curvatures. From equation (5.5)
we can then express c3 as a function of c1 and c2 by

c3 = − 1

(n− 1)lfoc
+ c2 − c1. (5.11)

The formula for spherical aberration is given by equation (3.6) and it only includes the marginal
ray. With the object at infinity the marginal ray is parallel to the axis is at a height h. We can
trace a ray through the system using equations (2.7) and (2.8) and substitute the ray coordinates
into the formula for spherical aberration. The result is given by

SI(c1, c2) =

((
−2 + n

n
(c2 − c1) + (1 + 2n)

(
1

(n− 1)lfoc
+ c1

)
− 2(1 + 2n)c1

)
(c2 − c1)

·
(
− 1

(n− 1)lfoc
− c1

)
+ n2 1

(n− 1)3l3foc

)
(n− 1)h4.

(5.12)

We can take the gradient of this and substitute the coordinates of equation (5.10) to find that the
gradient is indeed zero at the constructed point. Furthermore the Hessian is given by

H|c∗ = 2(1 + 2n)
h4

lfoc

(
2 −1
−1 0

)
, (5.13)

and so its determinant is

det(H|c∗) = −
(
−2(1 + 2n)

h4

lfoc

)2

< 0. (5.14)

This means that the eigenvalues of the Hessian have opposite signs and thus the constructed point
is indeed a saddle point. The merit function that we use is the square of this spherical aberration.
This has critical points where either the spherical aberration or its gradient is zero. Let us take a
look at the landscape of the merit function now to visualize this. In Figure 5.6a a contour plot of
the logarithm of the merit function is given.
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(a) The logarithm of the square of the spherical aberration
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Figure 5.6: Saddle point construction method on a model problem.

The hyperbola-like lines where the contour lines are close together in the blue region are around
the lines where the spherical aberration is equal to zero. Because the contour plot is based on a
discrete grid, the lines are not nicely visible. Furthermore, simple calculations on equation (5.12)
show that there are four other critical points. These are three saddle points A, B and C and one
local minimum D, located as shown in Figure 5.6b. The same figure also shows the two isolines
that are used to construct the saddle point in the SPC method. Indeed the intersection point of
these two lines corresponds to the analytically computed saddle point A. It is also nicely visible
that starting optimization on both sides of the saddle point along an isoline will result in two
different minima that are found. One is the minimum D and the other somewhere on the line
where the merit function value is 0. A weaker point of this method is also shown in this figure,
as saddle points B and C cannot be constructed with SPC in this way. Therefore we can also not
find solutions along the top and right hyperbola curves where the merit function value is zero. A
part of this problem can be tackled by making adjustments to the SPC method, as will be shown
in the next section.

5.3 Generalizing the saddle point construction method

To tackle the problem mentioned in the previous section, a generalization of the saddle point
construction has been made [19]. Assume again that we have a system of N/2− 1 lenses which is
in a minimum. We want to add a new lens with curvatures ci+1 = ci+2 and zero thickness. This
time we use the notation c0 for all of the old variables. The generalization that we introduce is
that the new lens can be placed anywhere in the system. It does not need to be directly before
or after a surface, but it can be for example halfway between two lenses or after the last lens.
The two new surfaces can even be placed between the two surfaces of an old lens. This lens is
then split in two and the added ’lens’ is actually the air space between these split lenses. Because
the new surfaces have the same curvature and no distance between them, they again constitute a
null-element. This means that the merit function φ and focal length stay the same. We have then

φ(c0, ci+1, ci+2) = φ0, with ci+1 = ci+2, (5.15)

where φ0 is the merit function value of the old (N/2 − 1)-lens system. When all old variables
are fixed at c0 the problem is reduced to a two-dimensional one. We are searching along the line
ci+1 = ci+2 for a critical point in the (ci+1, ci+2)-plane. A lens along this line is a null-element,
so it does not change the rays in any way and therefore the system is still a minimum in the
old variables. Then the critical point is either a saddle point with Morse index 1, or the entire
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equimagnitude line is a minimum. We assume now that the minima are isolated points, so the
latter case does not occur. In all cases with a constraint on the focal length the saddle point was
found to have MI = 1 [19]. Because of this we will assume that this will also be the case for the
saddle points that we will construct.

To find the critical point we must know where the gradient vanishes. For this we regard the
gradient containing only the derivatives with respect to ci+1 and ci+2, since the other variables
are kept constant. On the line ci+1 = ci+2, so along the vector (1, 1)T , the merit function value
is constant, so the directional derivative is zero. If now the directional derivative along another
vector that is not parallel to (1, 1)T is zero as well, the entire gradient is zero. I choose the vector
(1, 0)T for this. We can write any vector z ∈ R2 as a linear combination, z = λ1(1, 1)T +λ2(1, 0)T ,
for some scalars λ1, λ2 ∈ R, and we have

zT∇φ = (λ1(1, 1) + λ2(1, 0))∇φ = λ1(1, 1)∇φ+ λ2(1, 0)∇φ = λ2
∂φ

∂ci+1
. (5.16)

If we find a point on the isoline for which the derivative of the merit function with respect to ci+1

is equal to zero, then zT∇φ = 0 for any z. Thus we find ∇φ = 0. The entire search for a saddle
point is now reduced to finding a value for ci+1 that meets the criterion

∂φ

∂ci+1
(c0, ci+1, ci+2)

∣∣∣∣
ci+2=ci+1

= 0. (5.17)

The method to find such a point is chosen in accordance with the article by Van Turnhout et al. to
be the bisection method [19]. To determine the upper and lower bound for ci+1 we first calculate
this derivative at a grid of ci+1-values. We then apply the bisection method in the interval
or intervals where the sign of the derivative changes. Since the merit function is continuously
differentiable there has to be a root between two values with different signs. After the saddle
point has been found, the method continues in the same way as the aforementioned version of
the SPC method. We choose two points on opposite sides of the saddle point and start local
optimization runs from there.

We will test this procedure on a similar model problem as before. We start again from one surface
that has been fixed to control the focal length. Instead of adding a lens directly after this surface,
we insert it at distance d. This situation is shown in Figure 5.7. In this case we will use the
first surface, i.e., c1, to control the focal length, instead of the last surface like before. This is
done to make the model more in line with the theory as explained and it does not change the
characteristics of the landscape too much. The distance between the surfaces slightly increases
the difficulty of the calculations. For example we can use equation (5.5) in the same way as in the
previous section to get the relation

c1 = − 1 + (c3 − c2)(n− 1)lfoc

(n− 1) (1 + (c3 − c2)(n− 1)d) lfoc
. (5.18)

Because the incident marginal ray is parallel to the axis we have u1 = 0 and due to the focal
distance constraint we have u′3 = −h/lfoc. The spherical aberration from equation (3.6) is now
given by

SI = −A2
1hu2 −A2

2h2

(u3

n
− u2

)
−A2

3h2

(
− h

lfoc
− u3

n

)
, (5.19)

where h is the incident height, h2 is the height at the null-lens and uj is the angle from the axis
to the ray incident at surface j. The refraction invariants Aj at surface j are given by

A1 = nc1h,

A2 = c2h2 + u2,

A3 = n(c3h2 + u3).

(5.20)
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Null-lensn

d

lfocc1

c2 c3

Figure 5.7: The setup for the saddle point construction. The two surfaces of the null-lens
are separated for illustration purpose, but the distance between them is zero.

By substituting the refraction invariants and equation (5.18) into equation (5.19), and using the
matrix equations for raytracing, we can write the spherical aberration as a function of c2 and c3.
Then we look for a point for which the following holds

∂SI

∂c2

∣∣∣∣
c3=c2

= 0. (5.21)

The nice thing is that this equation can have multiple roots. To compare this method to what
we did in the previous section we set d = 0. Indeed, one of the solutions that we find is the same
saddle point that we found in the previous section, but in this case another saddle point is found
as well. The solutions that are found are

c2 = c3 = − 1

(n− 1)lfoc
and c2 = c3 =

4n2 + n− 2

(n+ 2)(n− 1)lfoc
. (5.22)

We will now include the other aberrations in the problem as well. The merit function is then the
2-norm of the vector containing the Seidel sums. The biggest difference is that there are no more
solutions where the merit function vanishes. The contours of this function are shown in Figure
5.8, as well as the saddle points that are found with the SPC method. It is visible here already
that the merit function contains some steep valleys. Especially at the top right corner the contour
lines are close together. This makes optimization severely more difficult. If the iteration is slightly
off the bottom of the valley, the gradient will be dominated by the direction perpendicular to the
line c2 = c3. The algorithm will barely move along this line but mostly zig-zag without moving
much closer to the minimum. The paths of the optimization runs with the Levenberg-Marquardt
method are shown in Figure 5.9. The optimization starting from above the saddle point in the
top right does not converge due to the steep valley I mentioned before. The valley in the merit
function landscape keeps getting steeper the larger c2 and c3 get. This can be resolved by allowing
a maximum curvature and using a penalty function to implement this.

5.4 Saddle point construction to find triplets

We will now apply the saddle point construction method to a slightly less artificial problem. The
triplet system has been explained in the beginning of this chapter and we want to see if the
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Figure 5.8: Contours of the logarithm of the merit function with all Seidel sums. Also
including the isoline and the two found saddle points in red.

generalized SPC method will be able to find multiple local minima. We want to construct a triplet
with lenses with thickness of 1 mm. The distance between each lens will be 1.5 mm. We start
with one lens. The aperture will be on the first surface. As seen in the previous chapter, there is
only one minimum for this. This lens of this minimum is shown in Figure 5.10. From this singlet
we want to construct a doublet. We do this by inserting a null-element at three different places.
After the lens, at a distance of 1.5 mm, in the middle between the two surfaces and before the
lens. When we place the new lens in front of the first surface we need to watch out not to change
the position of the aperture. This will alter the merit function and then the constructed system
might not be a saddle point. Therefore we place the new surfaces directly in front of the old lens.
The aperture will then be on the first surface of the new lens. This way all constructed doublets
will have the aperture on the first surface.

We construct several saddle points this way and start optimizing from points close to them.
We will end up in minima, but these have a lens (or airspace) with zero thickness in their system.
To end up at the desired thicknesses we increase the distances in small steps and optimize each
time. The idea is that the function space will not change too much and that the minima stay
minima and barely change position for small changes. We find five doublets that are minima in
this way. For each insertion place we find two saddle points, but some are equivalent. Also, some
minima are connected to two saddle points. These five minima are shown in Figure 5.11. Note that
the systems have different focal points. We put a constraint on the effective focal length, so the
distance from the back principal plane to the focal point. The positions of these principal planes
depend on the systems, and for these doublets they are located at different positions. However,
from equation (2.14) we can see that a constraint on the efl is equal to a constraint on the angle
of the refracted ray after the optical system. Indeed in Figure 5.11 the angles of the refracted rays
seem to be the same.

Despite differences in specifications like thicknesses and aperture position, similarities can be
seen between these results and results in literature [6]. Interesting is that next to the result, the
structure is also the same. The four saddle points shown by Van Grol et al. are constructed in
the same way, i.e., by inserting a lens in the same place. Each saddle point is connected to two
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Figure 5.9: Optimization runs started from close to the saddle points.

Figure 5.10: A singlet lens optimized for aberrations.

minimima, of which one is configuration (b) in Figure 5.11. This is a so-called hub, a minimum
that is connected to many saddle points and is generally characterized by low curvatures.

The saddle point construction is repeated on these five doublets. At every system there are
now five places to insert a null-element. Doing this results in 21 different local triplet minima.
This is one less than found by Van Grol et al., but they used different specifications and therefore
a slightly different merit function. Even when I chose the same specifications the structure was
not completely the same. A discussion with Florian Bociort about this taught me that they added
higher order aberration terms specifically to have this structure.

To not flood this report with figures I will not put all 21 minima here, but they are included in
Appendix A. Let us take a look at the more interesting ones. In the beginning of this chapter the
Cooke triplet was mentioned and indeed one of the minima here is indeed such a triplet, shown in
Figure 5.12.
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(a)

(b)

(c)

(d)

(e)

Figure 5.11: Lens doublets at local minima.

Figure 5.12: The Cooke triplet for our specifications.

This triplet has indeed a very good merit function value, but there are triplets that have an
even lower value. The best solution that we found is shown in Figure 5.13. Note that this is not
necessarily the global optimum since there is no guarantee that all minima have been found and
thus a better solution could exist.
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Figure 5.13: The best triplet found with the SPC method
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Chapter 6

Extension to grazing incidence
mirror systems

The problem of finding good triplet systems is interesting to study the saddle point construction
method. It is easy to understand and relatively simple to calculate the aberrations. These are also
the reasons that triplets have been studied thoroughly for the past century and as a result the SPC
method does not give any new triplet systems. However, if we relax our symmetry assumption,
there is still research to be done and SPC might help in that.

6.1 The mirror system

6.1.1 The layout of the system

The optical system that we will investigate consists of mirrors instead of lenses. The biggest
difference compared to the previous chapter is that we abandon axial symmetry. Instead of the
optical axis we have the optical axis ray (OAR) which connects the centers of the mirrors. We still
have some symmetry assuming that the OAR will stay in one plane throughout the system. We
define a global coordinate system denoted by the capital letters X,Y, Z. We define the Z-axis to
be along the incident OAR and the X- and Y -axis in such a way that the OAR is located in the
plane Y = 0, also called the meridional plane, see Figure 6.1. Note that the coordinate system is
global, so it does not move along the OAR. The Y -axis is of course perpendicular to this plane.

OAR

X

Z

Figure 6.1: The OAR in the X − Z-plane of a mirror system
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To visualize the Y -coordinate we can use the Y -OAR-plane, also called the sagittal plane. Note
that the OAR bends at every reflection, so this is not an actual plane in the three-dimensional
coordinate system. See Figure 6.2 for an illustration of this using the same optical system as in
Figure 6.1.

Folding line Folding lineOAR

Y

Figure 6.2: The unfolded Y -OAR-coordinate system of a mirror system. Note the folding
lines where the OAR is reflected in the X − Z-plane.

These coordinate systems are however not useful for defining the surfaces. For that we need
a local coordinate system at each surface, denoted by x, y, z. The y-axis is in the same direction
as the Y -axis in the global coordinate system. These coordinate systems are rotated around the
y-axis such that the z-axis is along the normal at the center of the mirror, pointing towards the
side where the rays are located, as shown in Figure 6.3.

z

x

OAR

α

u

Figure 6.3: The local coordinate system at a mirror surface.

The surface can be defined in terms of this local coordinate system by writing the z-coordinate
as a function of x and y. This is written as an expansion around (x, y) = 0, since we assume the
rays to hit close to the center of the mirror. The mirror is assumed to be plane-symmetric in the
y-direction, so all odd terms of the expansion in y vanish. The formula that we then use is

z(x, y) = a20x
2 + a02y

2 + a30x
3 + a12xy

2 + a40x
4 + a22x

2y2 + a04y
4 + h.o.t. (6.1)

Note that the terms a00 and a10x vanish. The constant a00 denotes a displacement along the
z-axis, but we have defined the origin of the coordinate system to be in the center of the mirror.
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A non-zero coefficient a10 would imply a tilt around the y-axis, since this term is the derivative
of z(x, y) with respect to x in the center. However, we defined the z-axis to be the normal of the
mirror, so the tangent of the mirror is along the x-axis. The smallest angle from the z-axis to the
incident OAR is denoted by α, and to the reflected OAR by α′, where we still use the convention
that a counterclockwise angle is positive. For example in Figure 6.1, α would be negative at the
first surface and positive at the second one. In our case we will always have α′ = −α. Note that
these angles are in general not small, so unlike the paraxial angles we do not approximate the
tangents of these angles. Any other ray has an angle u with the OAR in the meridional plane
and an angle v in the sagittal plane. These angles are assumed to be small and so we can use
the approximations tanu = u and tan v = v again. Since the angles and distances relative to the
OAR are small, we can use paraxial optics with respect to this axis. However, we cannot simply
use the same equations as in the axisymmetric case, since the angle of a ray with the normal of
the surface is too large.

6.1.2 Propagation equations

We want construct matrix equations like in Section 2.2 for our mirror systems. We want to keep
track of the height and the angle like in the axisymmetric case. The angle is of course the angle
from the OAR to the ray. This has already been mentioned and we use u in the meridional plane
and v in the sagittal plane. The height is less obvious. In the sagittal plane it works the same
as in the lens system before, but the meridional plane is more difficult. We could work with the
distance perpendicular to the OAR, but then this does not stay constant at reflection. Instead we
use the x-coordinate at the mirror as the height. This stays constant at reflection, but we need
another approximation to calculate this. The layout of this is given in Figure 6.4.

α

u

hx

rm

β

γ1

γ2

O

Q

P

Figure 6.4: The layout used to calculate the height at z = 0. The angle u is drawn a
lot larger than it generally is in our case.

We draw a line perpendicular to the OAR in the center of the mirror which crosses the other
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ray in the (virtual) point Q. By approximating the tangent of u like before we get OQ = −urm.
If we take into account the signs of the angles we have γ2 − α = π/2. On the other hand we also
have γ1 − β = π/2. It is clear that γ1 = γ2 and so we also have β = α. Because u is very small,
the angle at P is nearly a right angle. We make another approximation here by acting as if this
angle is indeed right. Then we have

hx =
OQ

cosβ
= − urm

cosα
. (6.2)

We now want to find the equations to go from the coordinates just after reflection to the position
and angles incident on the next surface. This is more challenging in the meridional plane. We do
this by computing the distance perpendicular from the reflected OAR at the first surface to the
ray that we are tracing. Then we can calculate the perpendicular distance at the second surface
by the same propagation equation as in Section 2.2. After that we can compute the coordinate at
the mirror from this perpendicular height. A sketch of the situation is given in Figure 6.5. Denote

hx,j

ξj
z

x

x

z

ηj+1

hx,j+1

d

Figure 6.5: The propagation of a ray in the meridional plane. Note that the axes flip
between the surfaces.

by hx,j the mirror coordinate at the jth surface and the distance perpendicular to the outgoing
OAR from the center of the mirror to the other ray by ξj . From the way we calculated hx above,
we get now

hx,j =
ξj

cosα′j
. (6.3)

While hx is invariant at reflection, this is not the case for ξ. Therefore we use ηj+1 for the distance
perpendicular to the incoming OAR from the center of the next mirror to the other ray. As with
the axisymmetric equations we have

ηj+1 = ξj + djuj+1 = hx,j cosαj + djuj+1. (6.4)

We need to take into account that the local x-axis of the new mirror is rotated in the opposite
direction, so the height needs to switch sign to η̃j+1 = −ηj+1. From there we need to calculate
the position on the mirror surface by

hx,j+1 =
η̃j+1

cosαj+1
= − cosαj

cosαj+1
hx,j −

dj
cosαj+1

uj+1. (6.5)
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In the sagittal plane propagation is easier. The height on the mirror is the same as the y-coordinate
in the global coordinate system. We can simply use the same equation as with the axisymmetric
system to get

hy,j+1 = hy,j + djvj . (6.6)

However, this is the propagation along the OAR and at the new surface the z-axis is directed in
the opposite direction. This means that we also need to flip the sign of the angle. We put the ray
coordinates in the vectors

xj =

(
hx,j
uj

)
and yj =

(
hy,j
vj

)
. (6.7)

For the ray coordinates just after reflection we use the prime, so

x′j =

(
hx,j
u′j

)
and y′j =

(
hy,j
v′j

)
. (6.8)

Then we rewrite the propagation equations (6.5) and (6.6) in matrix-vector form and we have
xj+1 = Dx,jx

′
j and yj+1 = Dy,jy

′
j where the matrices for the meridional and sagittal plane are

given respectively by

Dx,j =

(
− cosαj

cosαj+1
− dj

cosαj+1

0 1

)
, and Dy,j =

(
1 dj
0 −1

)
. (6.9)

6.1.3 The Coddington equations

For reflection we use the Coddington equations [13, Ch. 11]. We will first derive these for a
reflective surface in a way adapted from Kingslake. We assume that since the rays hit close to the
center of the mirror, the quadratic terms in equation (6.1) dominate and we can ignore the others.
The Coddington equations are used to calculate the angle of a reflected ray as a function of the
quadratic curvature coefficients.

The meridional plane

The derivation for the meridional Coddington equation is the most difficult of the two due to the
asymmetry. We have a ray from B, reflected in a mirror with a radius of curvature Rx centered
around Cm. The angles of the incident and reflected rays with the z-axis are denoted by γ and γ′.
The ray hits the mirror in point P and the x-axis in point P̄ . The distance from O to P̄ is denoted
by hx. By im and i′m we denote the angles from the line perpendicular to the mirror through P̄ to
the incident and reflected ray, respectively. The angle from the z-axis to the line P̄Cm is θ and rm
is the distances from O to B. The situation is sketched in Figure 6.6. We want to calculate u′ after
reflection. For this we write it as a function of hx and u, so u′ = u′(hx, u). We assume that both
hx and u are small, so we linearize this function around (0, 0), giving u′ = b0 + b1hx + b2u. The
coefficient b0 should be 0, since a ray without height and angle is simply the OAR and thus the
angle of this ray with respect to the OAR is always 0. Furthermore, we can substitute equation
(6.2) to get

u′ =

(
b2 −

b1rm
cosα

)
u. (6.10)

From this we can calculate the distance from O to the point where the refracted ray intersects the
OAR by

r′m = −hx cosα

u′
= −

− rmu
cosα cosα(

b2 − b1rm
cosα

)
u

=
rm cosα

b2 cosα− b1rm
. (6.11)

So this distance is completely independent of hx or u and so all rays from B that are reflected in
the mirror intersect the OAR in a (possibly virtual) point B′. Thus to know u′ it is sufficient to
find r′m.

Note that we actually use the point P̄ as the point of reflection rather than P . The point P̄
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Figure 6.6: The layout used to derive the Coddington equation in the meridional plane.
In this figure we have γ < 0, γ′ > 0, im < 0, i′m > 0, θ > 0, rm > 0, r′m > 0 and s < 0.

is the intersection of the ray with the x-axis. This is also used to determine the x coordinate on
the mirror in the propagation equations before, so it is consistent. The idea is that the curvature
is small, so the difference in x-coordinate between P and P̄ is small as well (In Figure 6.6 the
curvature and angles are exaggerated). Although not explicitly mentioned, this approximation is
used as well in the paraxial equations for the axisymmetric system.

To derive the Coddington equations, we regard hx and all angles except for α and α′ as functions
of θ. In a similar way as with equation (2.4) we derive im = γ−θ, where we now take into account
the signs of the angles. Taking the derivative with respect to θ gives

dim
dθ

=
dγ

dθ
− 1. (6.12)

We mentioned that we assume that rays hit the mirror close to its center, so hx will be small. As
a consequence the angle θ will be small as well. We use this to approximate tan θ = θ and as a
result we have hx = −Rxθ. We take the derivative of this with respect to θ as well to get

dhx
dθ

= −Rx. (6.13)

Furthermore, by taking the derivative with respect to θ of equation (6.2) we also have

dhx
dθ

= −
du
dθ rm

cosα
. (6.14)

By using that the angles of triangle BOG should add up to π and taking care of the signs, we get

u = −(π − (γ + π − α)) = γ − α. (6.15)

And so we have du
dθ = dγ

dθ . If we combine this with equations (6.13) and (6.14) we get

dγ

dθ
=
R cosα

rm
(6.16)
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Substituting this into equation (6.12) results in

dim
dθ

=
Rx cosα

rm
− 1. (6.17)

For the reflected ray we want to find a similar equation. We have ∠P̄G′Cm = π − (i′m + θ) and
∠P̄G′Cm = π − γ′, so γ′ = i′m + θ and taking the derivative with respect to θ gives

dγ′

dθ
=

di′m
dθ

+ 1. (6.18)

Completely analogous to the incident ray we can derive

dhx
dθ

= −
du′

dθ r
′
m

cosα
. (6.19)

The angle θ is independent of whether the angle is incident or reflected, so we still have the relation
hx = −Rxθ. Also, by looking at triangle B′OG′ we find u′ = γ′ − α. We can combine this with
equations (6.18) and (6.19) and rewrite to get

di′m
dθ

=
Rx cosα

r′m
− 1. (6.20)

Substituting n = −n′ = 1 into Snell’s law (equation (2.1)) and differentiating with respect to θ
gives

cos im
dim
dθ

= − cos i′m
di′m
dθ

. (6.21)

We can then substitute our earlier results in this equation to get the paraxial reflection equation
for the meridional plane of skew rays,

cos im

(
Rx cosα

rm
− 1

)
= − cos i′m

(
Rx cosα

r′m
− 1

)
. (6.22)

When we put θ = 0 we get im = α and i′m = α′ = −α, which we substitute into this relation.
Furthermore we substitute Rx = 1/2a20. This last substitution is based on equation (6.1), which
is the expansion of the shape function of the mirror around z(0, 0) = 0. The coefficient a20 is then
given by

a20 =
1

2

∂2z

∂x2

∣∣∣∣
x=0

. (6.23)

For a circular mirror in the meridonal plane we have

∂2z

∂x2

∣∣∣∣
x=0

= ± 1

Rx
. (6.24)

We want the mirror to curve towards the positive z side for a positive Rx, so we choose the positive
solution above. Rewriting the equation that results from the substitution gives us the Coddington
equation for the meridional plane of a mirror:

4a20

cosα
=

1

rm
+

1

r′m
. (6.25)

Our goal was to find an expression for u′, so using the equation (6.2) and the relation r′m =
−hx cosα/u′ we can rewrite equation to (6.25) to get

u′ = −u− 4a20hx. (6.26)

We can put this in a matrix-vector equation, giving us x′j = Rx,jxj , where

Rx,j =

(
1 0

−4a20 −1

)
. (6.27)
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Figure 6.7: The layout for the Coddington equation in the sagittal plane.

The sagittal plane

The refraction equation in the sagittal plane is a lot easier to derive. The system is symmetric
around the axis in this plane so we can simply use equation (2.5). A difference is the folding line
in the sagittal plane, as shown in Figure 6.7. The difficulty is that the curvature of the surface
is defined with respect to the z-axis instead of the OAR. In the y, z-plane we approximated the
mirror to be circular with radius Ry. If we look at the surface in the plane spanned by the y-axis
and the incident OAR, the mirror is an ellipsoid with its center at distance Ry/ cosα from the
incidence point of the OAR. Close to this incidence point we can again approximate the mirror to
be circular. This gives us the equation

n

(
hy cosα

Ry
+ v

)
= n′

(
hy cosα′

Ry
+ v′

)
, (6.28)

where hy is the incidence height of the ray. Since we are working with mirrors, we can use
n = −n′ = 1 and α′ = −α. Furthermore we have Ry = 1/2a02 and get the Coddington equation
for the sagittal plane:

4a02 cosα = −v + v′

hy
. (6.29)

The goal is again to know the angle after reflection, so we isolate v′ from this and get

v′ = −v − 4a02hy cosα. (6.30)

Writing this as a matrix-vector equation gives us y′j = Ry,jyj , where

Ry,j =

(
1 0

−4a02 cosα −1

)
. (6.31)

Now we have the matrix-vector equations for propagation and reflection in both the meridional
and sagittal plane
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6.1.4 Aberrations in grazing incidence mirror systems

In Chapter 3 we discussed the aberrations for an axisymmetric optical system. This symmetry
allowed us to drastically simplify the aberration formula by letting several terms vanish. In this
mirror system that is not possible and thus the aberration formula is generalized. Like with the
Seidel aberrations we want to classify different terms based on the effect they have on the image.
Work on this has been done by Sasián [18]. In Table 15.2 of the cited book the aberration terms
are nicely listed. We ignore the so-called piston terms since those are generally not regarded as
proper aberrations and they vanish anyway. In Table 6.1 the aberrations that are relevant for this
report are listed. The vectors H, ρ and i are the normalized field, aperture and symmetry unit

Formula Name
W01001(i · ρ) Field displacement
W02000(ρ · ρ) Defocus
W11100(H · ρ) Magnification
W02002(i · ρ)2 Uniform astigmatism
W11011(i ·H)2 Anamorphic distortion
W03001(i · ρ)(ρ · ρ) Uniform coma
W12101(i · ρ)(H · ρ) Linear astigmatism
W12010(i ·H)(ρ · ρ) Field tilt
W21001(i · ρ)(H ·H) Quadratic distortion 1
W21110(i ·H)(H · ρ) Quadratic distortion 2
W04000(ρ · ρ)2 Spherical aberration
W13100(H · ρ)(ρ · ρ) Coma
W22200(H · ρ)2 Quadratic astigmatism
W22000(H ·H)(ρ · ρ) Field curvature
W31100(H ·H)(H · ρ) Cubic distortion

Table 6.1: Aberrations until fourth order of our type of optical systems.

vectors, respectively. They are defined as

H =

h̄xh̄y
0

 , ρ =

hx + h̄x
hy + h̄y

0

 and i =

− cosα
0

sinα

 , (6.32)

where hx and hy are the coordinates on a mirror of the marginal ray and h̄x and h̄y those of the
chief ray. Both of these rays are defined in the same way as for the axially symmetric case. The
marginal ray goes from the on-axis object point through the edge of the entrance pupil. The chief
ray goes from the off-axis object point through the center of the pupil. The W -coefficients are
not given by Sasián, but Teus Tukker did derive formulas for them. We therefore have analytic
expressions for these aberrations as functions of the curvature coefficients and incidence angles
of the surfaces as well as the distances between mirrors. These distances are again chosen to be
constants so we do not use them to optimize the system. It turns out that the term W01001 is
zero when Snell’s law is met. Next to that we add together the defocus and uniform astigmatism
since this sum vanishes if the Coddington equations are satisfied for the marginal rays. If the
Coddington equations are satisfied by the chief rays, the sum of magnification and anamorphic
distortion is zero. So we end up with thirteen aberration coefficients of which the first three
should always be zero. We try to minimize the sum of squares of these coefficients like before.
The variables that we optimize over are the curvature coefficients of equation (6.1) and the angle
of incidence. This means that each surface adds eight variables: a20, a02, a30, a12, a40, a22, a04

and α.
We have again a constraint on the focal length. This time we do not use the effective focal

length. The reason for this is that we want the focal point of the meridional plane and the sagittal
plane to be in the same location. Then we really have a spot on the image plane. If we have
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the same efl in both planes this is not guaranteed. The principal planes can be, and often are,
located in different places and then the focal points are also not overlapping. Instead we can use
a constraint on the back focal length. However, we want to image an object point, so we choose
the constraint so that the image plane is at a fixed location. We want this in both the meridional
and sagittal plane, so we can eliminate one of the a20 coefficients and one of the a02 coefficients
from the variables. The logical choice is to use those variables of the same mirror, but this is not
necessary.

Another constraint is put on the angle of incidence. The reflection on the mirrors is due to
total internal reflection, also called Fresnel reflection, a phenomenon that only occurs when the
angle relative to the normal is large enough. We need to introduce a constraint to make sure that
this angle is indeed large enough. For that we use a penalty function as explained in Section 4.3.2.
Without this, there is a high probability that an optimization run will decrease the angle towards
zero and the coefficients of equation (6.1) towards those of a symmetric mirror. This makes the
optical system axisymmetric and multiple aberration terms drop out. We simply work with the
Seidel aberrations of Chapter 3 then.

6.2 Extending the saddle point construction method

The merit function of the grazing incidence mirror system is significantly more complex than for
the axisymmetric system. Not only are there more components in the aberration vector, but the
coefficient formulas are also much more extensive. Furthermore there are also more variables.
Even just three mirrors means we have 24 variables, where three lenses gave only a quarter of
the variables while having double as many surfaces. All of this makes it plausible that the merit
function has even more local minima than the lens triplet system already had. The probable
existence of multiple local minima validates the use of the saddle point construction method for
this optimization problem.

Because the problem is significantly more difficult for this mirror system, we will use the first
version of the SPC method as explained in the previous chapter. For that we need to add two
surfaces to a system that is already a minimum. In the lens system this means just adding one
lens, but a mirror consists of only one surface, so we need to add two of those. Of course the
situation that we have three mirrors without any distance between them is not a physically valid
optical system, but neither is a lens with zero thickness. It is simply a mathematical tool for
the optimization process and we need to make sure that the end result is realistic by increasing
distances. We use indices j + 1 and j + 2 for the new surfaces, added after surface j.

By adding two mirror surfaces we add sixteen variables, which does not work with the SPC
method. Instead we just want one variable per surface. We start by putting every curvature term
except for a20 to zero for both new surfaces. The vanishing terms will then not have any influence
on the rays or the aberrations. The angles αj+1 and αj+2 of the new surfaces should be equal up
to the sign to that of the reference surface, αj . We will work with a system of alternating mirrors
like in Figure 6.1 or 6.5. We set then

αj = −αj+1 = αj+2. (6.33)

Just as in Section 5.2 we can construct two isolines, see Figure 6.8. The quadratic curvature
coefficient of the jth surface in the old system is aref

20 . Since we have dj = dj+1 = 0 we find

Rx,jDx,jRx,j+1Dx,j+1Rx,j+2 =

(
1 0

−4(aj20 + aj+1
20 + aj+2

20 ) −1

)
. (6.34)

If the two curvatures of the new mirrors are equal except for the sign, so −aj+1
20 = aj+2

20 , these
together constitute a null-element, since the matrix above reduces to Rx,j . This means that the

paths of rays do not change. If we then set aj20 = aref
20 we have an isoline with the same merit

function value as the old system, see Figure 6.8b. This is very similar to the SPC method that we
introduced for lenses. In the same way we find an isoline when we set aj20 = −aj+1

20 and aj+2
20 = aref

20 ,
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(a) Mirror j in the old system.
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(b) A mirror system on the isoline −aj+1
20 =

aj+2
20 , aj20 = aref20.
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(c) A mirror system on the isoline aj20 = −aj+1
20 ,

aj+2
20 = aref20.

aj20 aj+1
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(d) The saddle point with all curvatures equal to
aref20.

Figure 6.8: Saddle point construction for mirrors. The distances between the mirrors
are actually zero, but for visualization the mirrors are drawn separated.

as shown in Figure 6.8c. On the intersection of these two isolines we have the situation as in Figure
6.8d with the variables

aj20 = −aj+1
20 = aj+2

20 = aref
20 . (6.35)

This is a saddle point with MI = 1, following the same explanation as in section 5.2. We can
now use a local optimization algorithm on this, starting from points on both sides of the saddle
point. This has already been explained in the previous chapter. All other curvature coefficients
of the new surfaces are kept at zero and the angles only change to stay the same as αj . Now
we have two mirror systems with two extra mirrors, but these new mirrors only have a quadratic
curvature in the meridional plane. If we introduce now the coefficients a02 of the new mirrors it is
as if we add two new surfaces in the sagittal plane. In the same way as before, we have an isoline
−aj+1

02 = aj+2
02 = ξ with aj02 = aref

02 and another isoline aj02 = −aj+1
02 = η with aj+2

02 = aref
02 . So a

new saddle point is constructed by

aj02 = −aj+1
02 = aj+2

02 = aref
02 . (6.36)

We can apply this SPC step to both of the systems resulting from SPC in the meridional plane.
From a saddle point we start again two optimization runs. This will result in at most four
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different local minima. With all of these systems we optimize one more time with the other
variables included as well. We could repeat the process for a20 and a02 with the other curvature
coefficients, but the idea is that they have less influence on the merit function, so this will not
introduce great variations.

6.3 Results

We will now use this method to look for a good three-mirror system. The situation will be an
object at 300 mm with a height of only 0.1 mm. The aperture at the first surface perpendicular to
the incident OAR will have a radius of 0.1 mm and we use a constraint to put the image distance
at 100 mm. This means that angles and deviations from the axis are small and remain small if
the mirror curvatures are not too extreme. The introduced approximations are therefore justified.
We start with one mirror, its quadratic curvature coefficients are determined by the image length.
First we need to optimize this mirror, which still has six free parameters left. This is as many
as the entire lens triplet system, so it is not unthinkable that even this single mirror has multiple
local minima. Experiments show that this is indeed the case. Starting with all curvatures equal
to 0, 0.0001 and 0.01 gives three different optima. Interestingly enough they all have the same
merit function value. These single mirror systems can not be constructed from lower dimensional
systems, so we can not apply SPC. Thus, we can not use this method to find multiple minima.
We could apply some global optimization algorithm to find several single surface optima, but for
now we will just pick one and construct a larger system from that.

We apply now the SPC method as mentioned above to get a system of three mirrors oriented
in alternating directions. All four of the systems result in an aberration component vector with
components that are close to machine precision (< 5 · 10−16) if the convergence criterion is strict
enough. However, they are also very similar. This defeats the point of the SPC method, which is
finding different minima. There could be several possible explanations for this. It could be that
the landscape of the function is indeed so complex that there are just that many minima close
together. Another option is that there is an entire subspace, e.g., a line, where the merit function
vanishes. This is possible, since we effectively use 22 variables to find the root of ten equations.
The other problem is that we already have solutions with a merit function value around machine
precision with just three mirrors, so we can not decrease it further by adding more mirrors. So we
are not able to increase the number of minima that way.

To visualize the solutions I put them in Optic Studio, but due to the small curvatures of the
mirrors the results are not that interesting to see. One of them is shown in Figure 6.9. This is a
system that resulted from one mirror that had come from a local optimization with a flat mirror
as initial guess. Like mentioned before, the optimized single mirror is dependent on the starting
curvatures. When we start a local optimization for one mirror with all curvature coefficients equal
to 0.01 we end up with a different mirror. Especially some of the higher order curvature coefficients
turn out larger than when we start with a flat mirror. If we then apply the SPC method to this,
the resulting three-mirror system also contains larger curvature terms in the first mirror. This
may be a minimum in the aberration function that we use, but when we put this in Optic Studio,
we see that a real ray trace shows that the system is not actually that good. The light is clearly
not focused well at one point. Looking further into the raytrace shows that at every reflection a
small error is made in our paraxial raytrace. This error is then propagated further, which means
that the position on the next mirror also contains an error. At the second reflection another small
error is introduced, next to the difference in position used to calculate the outgoing ray’s angle.

These errors seem to be more prominent at the second set of mirror systems, which makes
us believe that this is mainly due to the higher order curvature terms. In our derivation of the
matrix equations we assumed x and y to be small, so that we could ignore all terms higher than
quadratic in equation (6.1). However, if the coefficients of those terms are a lot larger than a20

and a02, this approximation might not be justified.
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(a) A shaded model

(b) The mirror system viewed in the meridional plane.

Figure 6.9: One of the mirror systems with minimal merit function value.

As a comparison I optimized the same system, with the same aberration formulas, but with
all third and higher order curvature terms fixed at zero. We are then left with surfaces defined by

z(x, y) = a20x
2 + a02y

2. (6.37)

Since we have the same merit function, but less variables to optimize over, the minima will have a
higher merit function value than before. Otherwise the previous optimization would get solutions
with the higher order terms equal to zero. Especially since this was one of the initial conditions.
Two resulting mirror systems are shown in Figures 6.10 and 6.11. The other two optimization
results are equal and not physically realistic. Even though the aberrations are higher in these
systems, the raytrace seems to correspond better with the real rays. The spot size is significantly
smaller than for the mirrors with higher order curvatures, despite the larger aberrations. Another
measure for the quality of the system, the Strehl ratio, is between 0.998 and 0.9996. This is the
ratio between the real peak intensity of the system and the peak intensity of the ideal system
without aberrations, but with diffraction. The Strehl ratio is approximated in Optic Studio. The
closer it is to 1, the better. With the higher order curvatures included, a ratio of 0.71 was achieved.

An interesting phenomenon occurs with these quadratic mirrors. From the two added mirrors
we get four different local minima after the saddle point construction in the meridional and sagittal
plane. However, after we introduce the angles α2 and α3 as optimization variables we end up with
only three different local minima. We observe that two different minima can be in the bassin of
attraction of the same minimum when problem specifications are slightly changed. This behavior
has been noted before in practical applications of the SPC method [9].

With these simpler mirrors it is also easier to add another two mirrors. Doing this leads to
fifteen different five mirror systems. All of them have a better merit function value, but they
do not really improve the systems in Optic Studio. Some of them have a notably smaller merit
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(a)

(b)

Figure 6.10: Two results of minimizing aberrations of quadratic mirrors.

function value, but they contain unrealistic curvature terms. This can happen since I did not put
any constraint on the maximal curvature that a surface can have. The important point is that
with these simpler surfaces we are able to find more different local minima. The drawback is that
we have to use more mirrors and that the merit function value is higher.

6.4 Future research possibilities

Apparently, there are several difficulties with using the SPC method to construct a grazing inci-
dence mirror system. There are ways to try to fix those problems that I have not been able to
implement yet. A major drawback of the mirrors is that we need to add two at each SPC step.
Adding one mirror at a time could drastically increase the number of minima that can be found.
The entire method is used in the context of adding two surfaces. However, it might be possible to
use the same mathematical principles by only adding one surface. The idea is that two variables
are added to an existing minimum in a specific way to construct a saddle point. The search for
this is done on an isoline in the two new variables. Perhaps we could add one surface with two
variables related such that the merit function does not change. For our method to work, this
relation should be a curve, so when the new variables are x1 and x2 we need some function ψ for
which

φ(x0, x1, x2) = φ0, with x1 = ψ(x2). (6.38)

Here, φ is again the merit function, x0 are the variables of the previous system and φ0 is its merit
function value, similar to equation (5.15). Then tangential to this curve, the directional derivative
of the merit function in the (x1, x2)-plane is zero. Any point on this curve which has a directional
derivative equal to zero in another direction than tangential to the curve is then a saddle point,
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(a)

(b)

Figure 6.11: The meridional planes of the mirrors from Figure 6.10.

see Section 5.3. The benefit of using two curvatures of surfaces without distance between them is
that this relation is easy to see. Within one surface I have not yet found two variables with such
a connection, but further research into this might be fruitful.

There is another way to go from one to two mirrors, but it is significantly more time consuming.
Note that a completely flat mirror only changes the direction of the rays, but not the angles or
distances between them. They also do not introduce any aberrations. They can be regarded as
just a break in the coordinate system. Because of that, we can also simply take them out. This
will not change the aberrations or focal lengths in any way. We will use that property to create a
two-mirror system. We can construct a three-mirror system just like before. To get a two-mirror
system we need to take one surface out. This can be done by slowly letting its curvatures tend to
zero. A way to implement this is to put a constraint on the curvatures of the system. By asserting
the constraint through a penalty function, we have control over how strict it is. We increase the
parameter µ from equation (4.39) in steps and optimize at each step to not change too much to
the system at once. When the curvatures are low enough, the mirror can be taken out and we end
up with a system with one surface less. By doing this with all three of the mirrors in a system we
could end up with even more different solutions. The drawback is that this method is quite slow.
It needs a lot of steps and at each step an optimization algorithm has to be applied. An interesting
thought is that this process can be iterated. We could go from one to three mirrors and take one
out to go to two. After that we can apply SPC again to the two-mirror system. This leads to a
system consisting of four mirrors. By taking one mirror out of the resulting systems we go back
to a three-mirror system. And we can go to two mirrors, to four mirrors again, back to three, etc.
This way it might be possible to discover more local minima, but as already mentioned, it is very
time consuming.

Apart from ways to increase the number of minima found, improvements can also be made
on the quality of the solutions. This can be done by implementing a real raytrace. The raytrace
that we used included many approximations, which cause a difference between an optimum in our
model and a real optimal optical system. It is possible that the path of a ray can not be described
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with matrix equations, so probably a real raytrace will need more operations. The benefit is that
it can possibly lead to more practical solutions. Especially a raytrace that takes into account the
higher order curvature terms might improve results a lot.
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Chapter 7

Conclusions and recommendations

We have discussed the saddle point construction method and tested it on the problem of finding
aberration compensated lens triplets. This problem is well suited for testing the method. We
found that the SPC method can be extended to mirror systems. A paraxial raytrace through
the system is done and, with formulas comparable to the Seidel sums, the aberrations can be
computed. By adding two mirrors in a specific way, a saddle point in the aberration function can
be constructed. From there two local minima are found. Using that the meridional and sagittal
plane are independent, we can increase that to four different minima. However, the SPC method
is way less effective for the situations of grazing incidence mirror systems. An optimum consisting
of three mirrors already leads to a very low merit function value, so adding more mirrors is not
needed. Getting to a three-mirror system only needs one step of adding two mirrors which means
that there are only very few saddle points constructed. A possible solution to this has been
suggested, but it is a very time-consuming one.

As a conclusion, the results of the SPC method applied to grazing incidence mirrors have
not been as groundbreaking as the results with lens systems yet. However, there are several
options for future research that might improve this. Adding one mirror at a time would be a
major progression, but a way to do this has not been found yet. Another area that should be
researched further is the quality of the solutions. The way that the aberrations are calculated
should be researched further, since we find that systems with low aberrations are not necessarily
good systems in reality.
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Appendix A

Lens triplet minima

Figure A.1

Figure A.2

Figure A.3
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Figure A.4
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Figure A.9

Figure A.10
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Figure A.14
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Figure A.19

Figure A.20

Figure A.21
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