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Application of the satisfying BabuSka-Brezzi 
method to a two-dimensional diffusion problem 

Carolien M. Kootwijk 

Philips Research Laboratories, Eindhoven, The Netherlands 

Frank P. T. Baaijens 

Philips Research Laboratories and Eindhoven University of Technology, Faculty of 
Mechanical Engineering, Eindhoven, The Netherlands 

The satisfying BabuSka-Brezzi (SBB) method is applied to a two-dimensional diffusion problem. Several 
interpolation schemes, both continuous and discontinuous, are investigated numerically. The super- 
convergence phenomenon observed in the one-dimensional case is not recovered in two dimensions. 
However, SBB does stabilize the numerical solution substantially, particularly for low-order interpo- 
lations. 
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Introduction 

Mixed finite element methods are becoming increas- 
ingly popular. They offer additional degrees of freedom 
in designing new elements, but nonstandard variational 
principles are needed to overcome certain difficulties 
that arise when the traditional Galerkin finite element 
method is applied to mixed problems. A good illustra- 
tion is found in Hughes and Franca.’ 

In the one-dimensional situation, Franca* reported 
superconvergence of the so-called satisfying Babuska- 
Brezzi (SBB) method for the one-dimensional diffusion 
problem posed in a mixed setting. Even when using 
discontinuous interpolations for the flux variable, con- 
tinuous solutions were obtained. 

The purpose of this work is to investigate whether 
similar results can be achieved for two-dimensional 
problems. This would be particularly interesting for, 
e.g., injection molding computations. For such prob- 
lems the so-called pressure problem (which is a general- 
ized Reynolds equation3v4) is to be solved, while the 
velocity field is related to the flux of the pressure field. 
Mostly linear triangular elements are used for these 
analyses, giving discontinuous velocity fields. This dis- 
continuity is held responsible for the occasional numeri- 
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cal instabilities that occur in computing the temperature 
distribution. This temperature field depends on the ve- 
locity distribution via advective terms in the energy 
equation. Therefore, Sitters3 suggested introduction of 
an element with continuous pressure gradients. An- 
other application would be the analysis of viscoelastic 
flow’ where a mixed stress-velocity-pressure formula- 
tion is used. Singularities in the flow domain may yield 
oscillatory stress fields that may possibly be stabilized 
by SBB. 

The outline of this report is as follows. In the next 
section, the theory of SBB is recalled. Following this, a 
two-dimensional problem is introduced, and several el- 
ements are proposed.’ Finally, numerical results are 
presented. 

Theory 

The general mixed form of a boundary value problem 
can be written as 

Au + B*u = f (1) 

Ba+Cu=g (2) 

plus boundary condition terms. A, B, and B* are differ- 
ential operators, with B and B* conjugate, and u, u, f, 
and g are scalars, vectors, or second-order tensors. 

Now, consider adomain fi in RP, wherep denotes the 
dimension of the space. To derive the weak form of the 
problem, two sets of trial solutions and two sets of 
weighting functions are needed. The sets of trial solu- 
tions are S for u, respectively. U for u and the sets of 
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weighting functions are T for the weighting function T, 
respectively. W for the weighting function w. To derive 
the weak form, equation (1) is multiplied with an arbi- 
trary weighting function r E T and equation (2) with 
an arbitrary weighting function w E W and integrating 
over 0: 

Problem 1 (MX). Given f: R + R” and g: R --, R”, find 
{a, u} E S x U such that 

(7,Aa+B*u-f)=O VTET (3) 

(w,Ba+Cu-g)=O VWEW (4) 

plus natural boundary conditions. 

The notation (v, w) is defined by 

(v,w)=Jv.wdn 

II 

where v and w may both be scalars, vectors, or second- 
order tensors, and “.” accounts for the appropriate 
inner product. 

A finite element approach is obtained by performing 
an integration by parts and by choosing the solution 
from S,,, U,, Th, and W,, finite dimensional approxi- 
mations of S, U, T, and W: S,, C S, U,, C U, Th C T, and 
W,, C W. This gives the Galerkin formulation: 

Problem 2 (MG). Given f: fl+ R” and g: a-+ R”, find 
{u,,, uh} E S,, x U,, such that 

47h, u,,) + b(rh, u/J = f(rJ VT,, E T,, (5) 

b(u,, w/J + c(w,, u/J = g(w/J VW, E w, (6) 

plus natural boundary conditions. 
Starting with (MX), the SBB formulation of the prob- 

lem has the form: 

Problem 3 (SBB). Given f: R + R” and g: R + R”, find 
{a, u} E S x U such that 

(r,Au+B*u-f)-(aB~,BufCu-g)=O 

VTE T (7) 

(w,Bu+Cu-g)=O VWEW (8) 

plus natural boundary conditions. 

in which (Y is a nonnegative stability constant. Dis- 
cretization, performing an integration by parts, and 
choosing (Y = Sh”, with S > 0 and r 2 0, leads to the 
general form of the SBB formulation:’ 

Problem 4 (SBB,). Given f: R + R” and g: R ---, R”, find 
{Us, uh} E Sh x U, such that 

&(r,, %) + b,h(%, uh) = fh(%) VT/, E Th (9) 

~2h(Wh, u/l) + c,(w,, u/J = g,(w/J VW, E w, (10) 

where 

ah (Th, uh) = a(Th, uhh) - (ah”BTh, Buh)h (11) 

bh(Th, uh) = b(Th, uh) - (ah”BTh, cuh)h (12) 

bzh (wh, uh) = b(Uh, w/z) (13) 

ch cwh, uh) = dwhv uh) (14) 

.fh (Th) = f(Th) - (~h2’&v dh (15) 

ghcWh) = dwh) (16) 

In this formulation a(cih, uh) is assumed to be negative 
definite. 

The notation (. , .),, denotes the summation over all 
elements of (_,.), whereas integration takes place over 
the element interiors 

(V,, W,,)h = 2 j- v,, * Wh dfl 
e=l n’ 

(17) 

where vh and wh may be scalars, vectors, or second- 
order tensors, and “.” accounts for the appropriate 
inner product. In this formulation h is a mesh size 
parameter. 

The term (6h2’BTh, Buh)h is a diffusion-like term, so it 
adds stability to the primal variable u, without disturb- 
ing the solution of the Lagrange multiplier u. Notice that 
consistency is not violated. 

A two-dimensional problem 

In this section, the SBB formulation is applied to a two- 
dimensional problem. Several element choices are in- 
vestigated. 

Consider a domain fl in R2. The domain R has 
boundary I, with unit outward normal 6, that is divided 
into I, and I, such that I = I, u IP and I, n I,, = 4. 
Along I, the essential boundary conditions are pre- 
scribed, and along IP the natural boundary conditions 
are given. Now consider the following two-dimensional 
problem 

a+%4, = -f (18) 

with 

and u = u(x, y), c = c(x, y), and f = f(x, y) while {Z,, $} 
is a Cartesian vector base in R*. 

A physical interpretation of this model problem is for 
mstance the steady heat conduction problem, in which 
Vu represents the heat flux, c the thermal conductivity, 
and f a source term. It has the same mathematical 
structure as the generalized Reynolds problem used in 
injection molding simulations.4 

The mixed, strong form of the boundary value prob- 
lem is 

Problem 5 (MS). Given f: R + R and c: R + R and a 
constant p, find U: R + R and & fl+ R2 such that 

+ 
--“+Vu=O 

C 

-Q.G= f 

u=O onr, 

G.fi =p on rp 
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Comparing (MS) with equations (1) and (2) gives 
_ 

Aa=-!! (19) c 

B*u = 9, (20) 
Ba = -9.G (21) 
cu = 0 (22) 

f=O (23 

g=f (24) 

To define the weak form of (MS), the following classes 
of functions are defined: 

trial solutions 

U={uluEH’(n),u=Oonr,} 

S = {++E [ L*(n)y} 

weighting functions 

W = {w(wEH’(fi),w = Oonr,} 

T = {+E [ L2(fl)]2} 

where H’(R) is defined as 

H’(n) = {UIU, U’ E L,(R)} 

and L2(n) is the space of square integrable functions on 
the domain fi 

The notation ; E [ L2(fl)12 is used to indicate that each 
component of the vector ;, with respect to some appro- 
priate vector base, must be in L,(n). 

The weak form of (MS) is defined by 

Problem 6 (MW). Given f: fl+ R and c: R + R and a 
constant p, find {G, u} E S x U such that 

a(+, 6) + b(+, u) = 0 V;ET 

b(G, w) = f(w) VW E w 

with 

(25) 

= I ;.audfi 
n 

f(w)=(W.f)+j-WPdl. 
I-P 

(26) 

= wfdsl+ 
/ wpfl (27) 

n rP 
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Taking U,, C U, W, C W, Sh C S, and T,, C T to be 
spanned by piecewise polynomial interpolations with 
continuous functions for U,, and W, and with possibly 
discontinous functions for S,, and Th, the Galerkin ap- 
proximation is given by 

Problem 7 (MG). Given f: R + R and c: R + R and 
constants u0 and p, find {Ghh, iih} E Sh x U,, such that 

a(;,, GJ + b(G,, ~4~) = 0 If;,, E Th 

NC;,, w/J = f(wJ vw, E w, 

According to the general SBB form and with equations 
(19)-(24), the SBB formulation of the two-dimensional 
boundary value problem is 

Problem 8 (SBB). Given f: R + R and c: R + R and a 
constant p, find {Ghh, iih} E Sh x U,, such that 

ah(Gh? Gh,> + b(+h, uh) = &(;h) vGh E T,, 

6(&h,, wh) = ftWh) VW, E w,, 

where 

Notice that r = 1 is chosen. 
In matrix form, (SBB) can be written as (see Appen- 

dix) 

-&u + BTu = G, - (28) 

Ba=F (29) - 

where 

oT = [m,, uy,. . . (+z, fly,1 

UT= [UI...U,] 

and m and n are the total number of &-, respectively. u 
nodes in the assembly. A, and B are the matrices 
associated with ah (Gh, +h) and b(+h,&,) and Gs and Fare 
load vectors associated with gh(i& and f(Wh). 

If Gh is interpolated discontinuously, provided (@ ’ 
exists, the u degrees of freedom can be eliminated on 
the element level to get the following equation in u 

Ku = i (30) - 

where 

E = $, K’ withg = Be(Ae)-‘(r)’ - -6 (31) 

i = $, F’ with F’ = F’ + B’(A’)- ‘Gg - -6 (32) 

The symbol A%represents the assembly process. Now, 
u can be calculated on the element level by 

a’ = (4;) - ‘(II’) Tu’ - @) - ‘G; (33) 

When G,, is interpolated continuously, both u and u 
must be solved from the following matrix equation: 

[ -2 $][:I= [:I (34) 
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The following elements are considered: 

l triangular elements with three-node equal-order in- 
terpolation, six-node equal-order interpolation, 
seven-node equal-order interpolation, and seven- 
node interpolation for u,, and three-node interpo- 
lation for c+~ 

l rectangular elements with nine-node equal-order in- 
terpolation 

The calculations are made with the SEPRAN finite 
element package.’ There are two methods to represent 
c?,,, whereby method one can be divided into two repre- 
sentations 

1. c;h is interpolated discontinuously and (a) repre- 
sented per element and (b) represented at each nodal 
point by averaging contributions of adjacent ele- 
ments 

2. 6,, is interpolated continuously and represented at 
each nodal point 

Method 1 uses equation (30) to calculate u and equation 
(33) to calculate u, whereby representation lb displays 
the mean of the value of elements sharing the same 
nodal point. Method 2 uses equation (34) to calculate 
both u and U. The different element types are shown in 
Figure I. 

Numerical results 

The following problem is analyzed to compare the SBB 
formulation with the Galerkin formulation, which is 
obtained by choosing S = 0. 

aa, an, 
ax+%=-f 

au 
CT, = - 

ax 

au 
CT)'= - 

au 

with u: fi + R and 

IR = {x,y~x,yER,O~x~ l,Osy~ 1) 

Because the problem is symmetric, the results are only 
considered for u,, and CT,,,. 

First, two problems with discontinuities in f are 

Figure 1. Element types with c?~ interpolated discontinuously, 
respectively, continuously. x : b variables, 0: u variables. 

Figure2. Division of 0 in triangular or rectangular elements; + 
is viewpoint. 

Figure 3. Discontinuous field of f for problem 1 and 2; + is 
viewpoint. 

considered (with element size 0.1): 

1. f = 1OOif{0.4~xr0.5and0.4ry~0.5}andf = 0 
elsewhere, with boundary conditions ~(0, y) = u( 1, 
y) = u(x, 0) = u(x, 1) = 0 (see Figure 3). 

2. f = lOOif(0.4Ixs0.5andOIy~ 1)andf = 0 
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Figure 4. CT_ on R for problem 1 with the six-node triangular element and 6 = 0, respectively 6 = 0.1. 

Figure 5. uxh on 0 for problem 2 with the three-node triangular element and 6 = 0, respectively 6 = 100. 

elsewhere, with boundary conditions ~(0, y) = u( 1, 
y) = 0 (see Figure 3). 

These discontinuities in f cause instabilities in CJ_ for 
the three-node and the six-node triangular elements. 
This is shown in Figures 4 and5, where i,,,is plotted as a 
function of (x, y). In these figures CT_, is interpolated 
continuously on a 10 x 10 mesh, either by using a six- 
node triangular element (Figure 4) or a three-node 

triangular element (Figure 5). The instabilities get 
smaller if SBB is used. 

For the other tests f = 100 is chosen on R with 
boundary conditions: 

u(O,y) = u(l,y) = U(X,O) = U(X, 1) = 0 

so IU = I and IP = 4. The exact solution of this problem 
is 

4x,Y)=50 Y(l -Y)-$8 (2n: 1)3 

cash [(2n + l)r(x - f)] 

n-0 cosh[(n + f)~] 
sin[(2n + 1)77-y] 

CC 
c+,(x,y) = 50 

{ 
-$ c 

1 

37 n=O (2n + 1)2 

sinh [(2n + l)n(x - 91 sin ,c2n + ljml 
cash [(n + +rl 1 

oz 
a,(x, y) = 50 1 - 2y - $2 

1 cosh[(2n + l)~(x - ;)I 

n=O (2n + 1Y cash [(n + t)?rl 
cos [(2n + 1)%-y] 

Figure 6 shows the discontinuities of uXh at the Remarkably, without the application of SBB, the 
interface of the elements, when ux,, is interpolated dis- discontinuously interpolated elements (with respect to 
continously and R is divided into eight triangular ele- G) respond with a behavior one order lower than the 
ments (see Figure 2). actual interpolation function, e.g., constant in case of a 
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Figure 6. Discontinuities of gX)I at the interface of the elements for the six-node triangular element, when 6 = 0, respectively 6 = 100. 

t 
100 L 

lo-' 

modes=3 

to- 

mestrstze 

10‘ 

10’ 

IO' 

10" 

lo- 

Figure7. Error emXfor the three-node triangular element with equal-order interpolation. 

-- 1. 

.A. m(kodlb 

--2 

-ii 
.c 
b 
t 
al 

b= 

modes=6 
6=0 

t 
to-’ * 

10“ 

mesh-size 

100 

modes=3 
6=100 

10-1 

mesh-size 

nnodes=6 
8=100 

10. 

.- 
10- 

mes+-sIze 

10. 

Figure 6. Error e_for the six-node triangular element with equal-order interpolation. 
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linear interpolation and linear in case of quadratic inter- 
polation. Application of SBB improves the order of 
response to the actual interpolation order. This can, for 
instance, be seen in Figure 6. 

This is less obvious for the seven-node triangular 
element and nine-node rectangular element, but the 
response is smoothened somewhat by application of 
SBB. The triangular element with seven-node interpo- 
lation for u,, and three-node interpolation for 19~ is not 
influenced by the SBB formulation. 

In contrast with the one-dimensional case,2 the dis- 
continuities at the interface of the elements are not 
removed by the application of the SBB method for 
either of the element types. 

Figure 7 shows the L2 error of oX,,for the three-node 

nnodes=9 nnodes=9 
6=0 6=100 

10-l ‘..* 
10-g 

mestvsze 

triangular element. The error eCX decreases somewhat 
by the use of SBB if 6,, is interpolated discontinuously 
(method la and lb). If 6,, is interpolated continuously 
(method 2), the error errx increases when the SBB 
method is applied. 

The error em1 for the six-node triangular element is 
shown in Figure 8. The error eVX decreases by the use of 
SBB, but the convergence rate stays the same if c?,, is 
interpolated discontinuously, respectively, continu- 
ously. 

Figure 9 shows the L, error of rXh for the nine-node 
rectangular element. The SBB formulation reduces the 
error eUr slightly, if G,, is interpolated discontinuously 
(method 1). If G,, is interpolated continuously (method 
2), the error eCi is larger for S = 100. 

m&7-size 

Figure9. Errore_forthe nine-node rectangularelementwith equal-order interpolation. 

CT~ interpolated discontinu 
nnodes=3 

10’ 
I 

CT, interpolated continu 
Modes=3 

10*' lo=1 
lo- lo- 10-a 104 lo- 10. 10’ lo- lo-' lo- 10“ 10. 10' 10' 

6 6 

Figure 10. Errors e,and eWxas a function of Gfor the three-node triangular element with equal-order interpolation. 
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U, interpolated discontinu un interpolated continu 
modes=6 nnodes=6 

-4 

I 

. -b- _ crh in el 

-+-w-- 

Figure 11. Errorse,and eVXas a function of Sfor the six-node triangular element with equal-order interpolation. 

on interpolated discontinu D,, interpolated discontmu 

modes=7 nnodes=7(u).3(a) 

. .A- . u, m el 

-0-- cr, in m 

t 

A. h&A. A.A-A. A.&A. &k-h- &A.& A 
_i- 

.E 

Figure 12. Errors e, and eVX as a function of 8 for the seven-node triangular element with equal-order interpolation and the triangular 
element with seven-node interpolation for uh and three-node interpolation for u,,. 

Figures lo-13 show the L2 errors of u,, and u,,,for the 
various elements as a function of 6, when R is divided 
into eight triangular elements or four rectangular ele- 
ments. One can see from these figures that, if the SBB 
formulation gives an improvement in the L2 errors, this 
improvement is obtained if 6 2 0.1. 

The nine-node rectangular element (Figure 13) gives 
different results than the other elements. The best value 
of 6 for this element is 0.1. 

The L2 errors are not influenced by the value of 6 
when the seven-node triangular element or the triangu- 
lar element with seven-node interpolation for u,, and 
three-node interpolation for Gk is used (see Figure 12). 

The above results are summarized in Table 1. 

Table 1. Effect of 6 on (T and u. 

Interpolation 

47 
p24 
P;P,+d 

P2’fl 
Q*Qi 
PIP, 
p2p2 
Q,Q, 

G 

+ 
+ 

z 
+ 
+ 

++ 

+I- 

u Optimal 6 

> 10-l 

! 
> 10-l 

- 

0 10-1 
+I- IO-’ 

10-l 
0 5 x 10-Z 

i-l- 5 x 10-Z 

+ + very good, + good, 0 moderate, - bad, + I - good/bad; Pj 
linear interpolation of order i, Qj bilinear interpolation of order i, 
~a\‘$continuous interpolation, ( 1’ extended quadratic interpo- 
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u, interpoiated discontlnu 

F 
nnodes=9 

_,::I 

L 

10- IL-J-’ 10’ 10' 10. 10' 10' 

6 

cn interpolated contlnu 
modes=9 

Figure 13. Errors e,and evxas a function of Gforthe nine-node triangular element with equal-order interpolation. 

Conclusions 

Instabilities that occur near discontinuities in the solu- 
tion of the gradient are decreased when SBB is applied. 
The SBB formulation makes the approximation of G,, 
over an element better when GA is interpolated dis- 
continously. For some combinations of element choice 
and interpolation of Ghh, the SBB formulation has a good 
influence on the convergence of the errors. Further, 
there exists an optimal value of 6 at which the L, error of 
oXh is minimal. 

The superconvergence phenomenon observed in the 
one-dimensional case is not recovered. 

A critical point in the use of SBB is the choice of the 
parameter 8. A more mathematical approach is needed 
to establish these values. 
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Appendix: Matrix form of the SBB formulation 
for the two-dimensional problem 

Let nnd be the number of local nodes of Re at which u,, 
and wh are interpolated. Then uh and wh can be written 
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as 

w#= = g cp,(x)w, 
ll=I 

or 

UhlfIC = .Y=(x)U (Al) 
WhIti = %=(x),f 642) 

with 

z= = [cp, . . * %J 

U 
cT _ 

- [ u; * * * u;,J 

W 
eT - 

- [ w; . . . w&l 

where qa (x) is the shape function associated with local 
node a. The shape functions for G,, and qh may be of 
another order than for uh and wh and are called 4a(~) 

(A3) 

(A4) 
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where mnd is the number of local nodes at which Gh and +G 
;,, are interpolated. The vectors G,, and ;,, can also be [1 

= +=7e W) 

written as 
7.v 

with 
GA = u,k, + u,z, 4’= 6 

[ 

’ .” ~~,d ’ 
Gh = r,z, + TYZY 0 4, . . * 0 4%n,d 1 

whereby CT~, CT,,, T,, and T,, are interpolated as follows dT = Ia:, a;,- . . ‘T:,,, (+:,.,I 

(TX 

[ I 

fT = [C, 7:; . . ~Tfc,,~ 7&J 
= +‘a’ WI 

uv Now, the components of (SBB) can be written as 

647) 

(A9) 

(AlO) 
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(A13) 

F: = 
I cp,.f dfl 6414) 

Now, the equations of (SBB) can be written as 

e=l e=l r=l 

$, we=I$f = 2 weTFe + I w,p c.K (Al@ 
e=l 

If u, w, CT, and 7 are the global cknterparts of the local 

lf, we, a’, and 7e, respectively 

UT= [U1...U,] 

w== [w,*.*w,] 

UT = k5, uy,. . . mx, ayml 

fl = [TX, Ty,. . . TX, Ty,l 

where n is the total number of the u nodes and m is the 
total number of the 6 nodes in the assembly, equations 
(A17) and (A18) can be assembled to 

- T=&T + 7TBTu = TUG* (A17) - 

wTBa = w=F + WlPfl (Al@ 

Jr, wp CiT is a natural boundary condition that can be 
incorporated in wTF. Equations (A17) and (A18) must 
hold for all admissible wT and fl, hence 

-&a + B=u = G, (A19) 

Ba=F (AW - 
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