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SUMMARY 

Mixing is a widespread phenomenon both in nature and in technologkal applications. Despite 
the large interest of mixing to many scientific disciplines, nogeneral theory descrihing mixing 
bas been developed yet, and mixing problems are stuclied on a case-by-case basis. Recent 
ad vances in the study of mixing in chaotic flow systems by Aref, Ottino, and co-workers, have 
linked effective mixing of viscous liquids with the chaotic behaviour of dynamica} systems. 
They observed that complex structures of fluids folds can be created if the flow (which can 
be simple) bas a periodic time dependency. Hamiltonian systems with more than one degree 
of freedom can be non-integrable and chaotic. 

In the thesis a set of computational tools have been developed that are applied to proto
type mixing flow problems. The tools and methods are general, but were applied to simple 
geometries to allow for a straightforward interpretation and comparison of results. Since no 
general analytica! solutions are available for the velocity fields of the flows investigated, these 
were obtained numerically by solving the Navier-Stokes equation using a continuous pro
jection scheme. A speetral element Galerkin weighted residual technique was used for spatial 
discretization. Furthermore, a metbod for the tracking of strongly deforming fluid elements 
in two- and three-dimensional flows was introduced. For the implementation of this metbod 
a parallel algorithm with dynamica} workload distribution over slave processes in a PVM
network was developed. Thesetof methods forms the basis for the analysis of the prototype 
mixing flow probierus stuclied in this thesis. 

One of the most exciting fundamental results was found during the study of mixing in a 
three-dimensional time-periodic cavity flow. The periodicity of the flow can lead to a set of 
periodic lines, comprising of a collection of periodic points. The structure of the lines can 
be complex and their nature, elliptic or hyperbolic, can change along the line. Combined 
with, the influence of the rheological properties of the fluid on the periodic structures, it was 
found that small changes in shear-thinning behaviour can modify the location and nature of 
the aforementioned periodic lines. This can lead to completely different adveetion pattems, 
and modify the regular and potential chaotic mixing zones. Furthermore, it was found in 
general that for the cavity flow, shear-thinning decreases the mixing quality, and a simpte 
modification of the flow parameters can be insufficient to retain a better quality. Biastic fluid 
effects barely change the chaotic characteristics of the system for low Weissenberg numbers, 
at least if (the) two-dimensional cavity flow is considered. 

Por mixing of less viscous fluids, stationary and unstationary inertia forces become im
portant, and complicates the mixing analysis greatly. Fluid mixing in a prototype cavity flow 
with an oscillating lid velocity was examined for a Navier-Stokes flow. For these inertia
dominated flows, the symmetry of the flow is destroyed and a periodic point analysis is more 
difficult. Computational methods have been developed and applied for the analysis of these 
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type of flows, resulting in a set of general tools. The presence of unstationary inertia forces 
in the cavity flow with an oscillating lid velocity can lead to cbaotic adveetion and an expo
nential increase in interfacial area. The corresponding oscillation frequency bas a significant 
effect on mass transfer capabilities in the cavity flow. As long as the Stroubal number is 
of tbe order of 5 compared to the steady motion of the wall, effective mixing results. For 
Strouhal numbers of order of either 1 or 10, tbe influence of the oscillations is less effec
tive and mixing wiJl be poorer. The effect of the amplitude of tbe oscillations, for a fixed 
Reynolds number, can be significant. lt was found bere that, if the amplitude is of equal order 
compared to the steady motion, chaotic adveetion of fluid elements is possible. The results 
indicate tbat a larger amplitude of tbe oscillations, compared to tbe steady component, leads 
to more stretching and folding of the fluid, and thus to better mixing. 

Finally, a model is presented to study multi-component mixing flows, allowing unequal 
viscosities and interfacial tension. This model is an extension of tbe earlier developed nu
merical scbemes and the model interprets surface tension as a continuous, three-dimensional 
effect across an interface, rather than as a boundary value condition on tbe interface. Tbe 
model is general and can be straightforwardly extended to different geometries, or to include 
fluids with different rheological properties. Results in simp Ie domains conceming Newtonian 
fluids are presented. For two mixing configurations, the influence of surface tension forces 
on the generation of interfacial area was studied. The non-periodic nature of the flow and the 
assembly of parameters and initial conditions make results hard to generalize. However, it is 
observed that surface tension tends to decrease tbe generation of interfacial area. The Iower 
the capillary number the lower the increase in interfacial area during mixing. Moreover, it 
was found that for viscosity ratios less then one, i.e. the blob has a lower viscosity than the 
matrix fluid, the blob generales more interface during mixing, compared to the equal viscos
ity system. For viscosity ratios larger then one the opposite is true: the blobs stretches Iess 
easily and for large ratios the blob acts like an obstacle. 



1. INTRODUCTION 

1.1 Mixing practice 

Numerous reasoos exist to be interested in mixing. Convective heat transfer by mixing in 
fluids is, for example, of interest in thermal engineering where flows are used to achleve an 
uniform temperature distribution. In astrophysics and combustion, mixing through turbulence 
is studied. Understanding of viscous and viscoelastic fluid mixing is of importance in material 
and food processing, and is the subject of this thesis. In most of these cases the goal is to 
control the stirring process: to enhance or suppress mixing. The significanee of mixing in 
food preparation is obvious for every cook. The importance of polymer mixing is confirmed 
by the fact that only a few percent of all new polymers are ever commercialized. Due to 
the high cost of synthesizing new materials, the much more inexpensive alternative is mixing 
(blending) of existing polymers to obtain a final product with the desired properties. 

Although in industry mixing of matcrials is carried out in statie, batch, and dynamic 
mixers, which can have complex geometries, theoretica] analyses so far mainl~ report on 
much simpter systems. Well-known examples of industrial mixer are single- (see tigure 1.1) 
or twin-screw extruders. Although the rheology of the fluid is often non-Newtonian with 
multipJe relaxation times, and therefore should be described using multi-mode constitutive 
equations, or a deformation-rate-dependent viscosity, in mixing modelling the fluid is mainly 
assumed to be Newtonian. 

Early ventures to describe and understand mixing processes are by Spencer and Wiley 
(1951), Danckwerts (1952), and Bigg and Middleman (1974). Recently, mixing of viscous 
liquids bas been associated with the chaotic behaviour of a dynamica] system (Aref, 1984). 

--------
.... , ... 
//J/////J//J// 

Figure 1.1: On the left a part of a single-screw extruder is plotted. Because of the geometrical com
plexities of single- and twin-screw extruders, prototypical systems like cavities are studied. 
This figure shows how they are related. 
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Figure 1.2: The bakers transformation: stretching and folding leading to exponentlal mixing, in the 
rnathematics literature a operation referred to as a horseshoe map. 

Aref studied the chaotic adveetion of passive tracers by the flow of two-alternating rotating 
point vortices, called the blinking vortexflow. During mixing in such chaotic flows, complex 
structures of folds are observed which could he well-defined by consiclering the flow as a 
Hamiltonian dynamica) system. Soon these ideas were adopted for other types of flow, as 
for example the journlll hearing flow (Chaiken et al., 1986), the lid-driven cavity flow (Chien 
et al., 1986), and the tendril-whorljlow as întroduced by Khakhar et al. (1986). Here the flow 
is induced by a discontinuons succession of extensional flows and twist maps. The afore
mentioned flowsareaU two-dimensional and they have a periodic time dependency. More 
recent studies have investigated two-dimensional aperiodic flows (Liu et al., 1994), and three
dimensional time and spatial periodic flows. Examples include mixing in the partitioned-pipe 
mixer (Kusch and Ottino, 1992 ), analysis of the Kenics TM static mixer ( Avalosse and Crochet, 
1997), or three-dimensional mixing of fluids in a cylindrical cavity (Mil es et al., 1995). 

In this thesis prototypical mixing flows are considered. Almost all computational results 
reported bere deal with two- and three-dimensional time-periodic cavity flows. Despite the 
fact that the latest computer hardware developments allow a velocity field computation in 
extruders, questions still remain how to evaluate its mixing performance. Therefore, a more 
fundamental approach is foliowed bere, where, step by step, fluid properties and mixing 
conditions are made more realistic. 

1.2 Mixing mechanisms 

The traditional solution to many mixing problems has been to increase the energy input to 
the process, and let the turbulence of the velocity field produce effective mixing. With the 
extremely high viscosities associated with polymers, turbulent flow is not achievable and 
Iaminar flow is the only possible mechanism for polymer mixing. As the importance of 
mixing for polymer processing bas increased, better fundamental understanding of mixing in 
1aminar ftows is needed. 

As already observed by Reynolds (1894), effective (laminar) mixing of fluids arises due 
to repeated stretching and folding. Stretching and folding is related to chaos and horseshoes 
structures, and provides a direct conneetion to fluid mixing. The flows are such that material 
is efficiently stretched and folded as in the famous bakers transformation, see tigure 1.2. The 
quality of mixing, characterized by the interfacial area, the number of folds or striations, or 
the redprocal of the striation thickness, grows exponentially. 
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Mixing involves a reduction of large to smalllength scales. In tigure 1.3 a typical mixing 
process as it progresses is illustrated. The initial condition corresponds to a large blob of a 
dispersed phase suspended in the continuons phase. At the beginning of the mixing process, 
the capillary number Ca, which is the ratio of the viscous forces to the interfacial forces, 
is large due to low curvature, and interfacial tension in unimportant. In regions of high 
curvature, such as folds, the thickness of fluid elements is reduced, and the interfacial tension 
starts to play a more important role. Eventually, the interfacial forces willlead to breakup of 
the dispersed phase into smaller droplets. At the same time, dropiets collide and coalesce into 
larger droplets. Interfacial tension also causes a droplet to relax towards a spherical shape, 
even if no flow is imposed on the mixture. 

The initial stage of mixing, where Ca » 1, is called distributive mixing. The fluid 
interfaces are passively advected during flow and they do not contribute any forces to the 
balance equations. The process of break up and coalescence, where Ca ~ l, is referred to as 
dispersive mixing. Here the interfaces play an active role and the flow field is effected by the 
interface. 

-----;;.-

.-------------.., ~,... 

" 
...•. .. .,. 

•.•.. . llfl/ll·····. . 
(fl.. •·•·• .... ............. 1 ........ ------>-

~· .. • •··.·• 5. e . . · ... . • e .. ·•· ..• 
..:· ...• :·· .• . . . . . .. 
• • • •• . . •.. · ..... 

Figure 1.3: Large to smal) mixing scales: initially the capillary number is large and the dispersed phase 
is stretched and folded. Once the striations become thinner, interfacial forces start playing a 
role and breakup and coalescence can occur. Finally, a system of smaller blobs is obtained. 

To descri he mixing, the evolution of the interface between the two fluids, as it stretches 
and folds in space, needs to be elucidated. Much of the initial work on distributive mix
ing has been summarized by Ottino (1989) and recent studies report on more complex two
dimensional Stokes flows. Jana et al. ( 1994b) studied mixing in multicellular cavity flows and 
the vortex mixing flow. Liu et al. (1994) studied the structure of stretching fieldsin chaotic 
cavity flows, and periodic and a-periodic flows were compared. Jana et al. (1994a) stud
ied chaotic mixing of viscous fluids in the baffled cavity flow, which is indoeed by periodic 
changes in geometry. Stone and Leal (1989) and lanssen (1993) give reviews focusing on 
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dispersive mixing systems, where the deCormation and breakup of sma1l dropiets suspended 
in simple flows is studied. The effects of interfacial tension, unequal viscosities, interface re
actions and fluid elasticity on morphology development in inhomogeneous fluids is examined 
in these papers. 

The objective of this thesis is to study a set of prototype mixing flows of immiscible in
compressible fluids. One of the main goals is to extend the current research and develop com
putational methods to study three-dimensional mixing flows, and to investigate if it is possible 
to extend knowledge obtained for two-dimensional systems to three-dimensional flow prob
lems? Also two-dimensional flows are investigated in which inertia forces are not so large 
that they lead to turbulence, but they are substantial enough that they may not be neglected. 
For the cavity flow the Îijfluence on mixing is studied fora transition of the rheological prop
erties from Newtonian to non-Newtonian. Also the influence of multi-components on mixing 
is an issue of importance. The tools and methods developed in this study are general, but 
are bere applied to simpte geometries to allow an easy interpretation and comparison of the 
results. 

1.3 Outline of the thesis 

The outline of this thesis follows the analysis of increasingly complex mixing systems. In 
chapter 2, principles of fluid roeebanies are discussed, and a general overview of concepts 
of chaotic mixing are given. In chapter 3, the computational methods which are used to ob
tain flow fields are presented. A metbod for tracking of strongly deforming fluid elements in 
two- and three-dimensional flows is also presented. Chapter 4 discusses techniques to find 
periodic points in general three-dimensional time-periadie flows. The mixing of Newtonian 
fluids in three-dimensional cavity flows for different mixing protocols is analysed. In chapter 
5, unsteadiness during a time-periodic flow (in this thesis referred to as a non-quasi-static 
flow) in square cavity is examined. The techniques discussed in chapter 4 are used bere to 
analyse this type of complex flow. Chapter 6 discusses the influence of rheology on the mix
ing behaviour in cavities. Elastic and in-elastic fluids are considered separately. In chapter 
7, the early stages of mixing processes with fluids of different viscosities are studied. A new 
metbod to incorporate interfadat forces in two- and three-dimensional flows is presented, 
and applied to some prototypical systems. Concluding remarks are elaborated in chapter 8. 

The thesis is partly based on a number of publications: Galaktionov, Anderson, and Peters 
('Mixing simulations: tracking strongly defonning fluid volumes in 3D flows'), Anderson, 
Galaktionov, Peters, van de Vosse, and Meijer (' Chaotic fluid mixing in non-quasi-static time
periadie cavity flows'), Anderson, Galaktionov, Peters, van de Vosse, and Meijer (' Analy
sis of mixing in three-dimensional time-periodic cavity flows'), Kruijt, Galaktionov, Ander
sou, Peters and Meijer (' Mapping approachfora time-periadie cavity flows'), Galaktionov, 
Anderson, Peters, van de Vosse (' An adaptive front tracking technique for three-dimensional 
transient flows' ). 



2. MATHEMATICAL PORMULATION OF MIXING 

2.1 Introduetion 

In this chapter the mathematica} model for two- and three-dimensional mixing of incompress
ible ftuid flow is discussed. Principles of continuurn mechanics are expressed in conservalion 
laws for mass and momenturn and are taken as point of departure and formulated in a math
ematica! framework. Different rheological models are considered of which the constitutive 
equations are presented. Finally, kinematic foundations will be used for the development of 
the numerical methods that are described in the next chapters. This framework forms the 
basis of different methods to analyse mixing phenomena. 

2.2 Equations of motion 

2.2.1 Principles of fluid mechanics 

A continuous body B of ftuid is a set whose elements can be put in a bijective correspondence 
with the points of a region g c JR3 (Chadwick, 1 976). The elements of B are called material 
points. g is the contiguration or material volume of B, i.e. the region in JR3 that is occupied 
by B. An element of g is denoted by x = (XI, x2, X3)T. When a body is in motion, the 
contiguration changes with timet, so g = Ç(t), and a reference-contiguration 9r c JR3 is 
introduced which is tixed (often 9r = Ç(t = 0)). This reference contiguration may be the 
contiguration of B at a certain time tr and is often chosen at t = 0. The position of a material 
point P E B in this reference-configuration is denoted as X (X= (XI, X2, X3)T E g c 
JR3). The motion and deformation of B can now be described as 

X= X(x, t) or x= x(X, t). (2.1) 

In the tirst way of description the situation is considered as a tixed point x in space, often 
called the Eulerian description of motion. In the second formulation, one particular material 
point P E B is foliowed during the motion; this is called the Lagrangian description of 
motion. Any scalar field <P, specifying some property ofthe body B, can now be considered 
as a function of X and t, <P = cb1(X), or a function of x and t, 4>1 = cb(x). The material 
time derivative of 4>1 is the rate of change with the time of <P1 of a specific particle, so 

d<l>r ocb1(X) 
dt = öt 

(2.2) 

Similarly, the local derivative is the rate of change of <P1 with time at a fixed point in space, 

O<l>t acbr(X) 
-=---

Öt öt 
(2.3) 
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The following relation exist between the material and local time derivative 

d<f>t = ö<f>t +U. VcÏ>r, 
dt öt 

where u denotes partiele velocity of the material point P is given by the relation 

öx(X, t) u=x=--
öt 

(2.4) 

(2.5) 

The dot· in u · V<i>1 denotes the standard inner product in JR3. Now, the so-called Reynolds 
Transport Theorem (see Chorin and Marsden, 1993) can be derived: 

d f d f - f dcÏ>1J dt <f>edV = dt <f>t J dVr = --;JfdVr (2.6) 

~) ~ ~ 

where J := det(F), and Fis the deformation gradient defined as 

F = öxjoX = (Vx<t>1(X))T. (2.7) 

By applying (2.4) to the right-hand-side and using tbe observation dJ jdt = JV ·u (Chorin 
and Marsden, 1993) it follows that 

f dci>,J J (aci>, - ) J (a<t>r ) -;ttdVr = at+ V· <f>1u JdVr = at+ V· <l>ru dV, 

9r 9r Q(t) 

(2.8) 

yielding the Reynolds transport theorem 

:t f <f>tdV = f ( 0;
1 
+V · <f>ru) dV. (2.9) 

Q(t) Q(t) 

This transport theorem is now applied to derive the conservation laws for incompressible 
flows. 

2.2.2 Conservalion laws for incompressible flows 

Conservation ofmass of any material volume Ç(t) with boundary iJÇ(t) can be written as 

:t f pdV=O, (2.10) 

Q(t) 

or, by using the Reynolds Transport Theorem (2.9), 

f (~ +V·pu)dV=O, (2.11) 

Q(t) 

where pis the density ofthe fluid. Since Ç(t) is arbitrary this leads to the differential equation 

ap 
-+V ·pu =0 ar ' (2.12) 
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which holds at each point of the fluid assuming that p and u are continuons and differentiable 
in both space and time. For an incompressible flow, i.e. 

dp ap - = -+u· V p = 0, (2.13) 
dt at 

it follows that equation (2.12) red u ces to 

V·u=O, (2.14) 

which is often called the incompressibility condition. Conservation of linear momenturn of 
any material volume G(t) can be written as 

:t I pudV = I phdV + I tav, (2.15) 

Ç(t} Ç(t) 8Ç(t) 

whereh are the body forces acting on Q(t) and t is the traction (stress) vector on the boundary 
aQ(t). The traction vector t is replaced with the Cauchy stress tensor T related tot by the 
Cauchy-Fourier formula t = TT n, where n is the outward normal on aQ(t). Using the 
Reynolds transport theorem (2.9) and the incompressibility equation (2.14) we get 

I p ~; = I phdV + I TT nav. (2.16) 

Ç(tl Ç(t) açcrl 

The divergence theorem is applied to the last integral yielding 

I p~; =I pbdV+ I divTTdV, 
Ç(t) Ç(t) Ç(t) 

which again must be valid for every Q(t) and thus, 

p: = pb+divTT. 

In absence of couple stresses, TT = T is symmetrie (Chorin and Marsden, 1993). 

2.2.3 Constitutive relations 

(2.17) 

(2.18) 

Constitutive relations give the coupling between the stress T and the deformation F, and 
can be formulated after introduetion of some related tensors. The velocity gradient tensor is 
definedasL = (Vu)T andrelatesthetensor F = L·Fastheproductofthevelocity gradient 
tensor and the deformation gradient tensor. The rate of deformation tensor is denoted as D = 
~(L + LT) and the Finger tensor as B = F ·FT, and it is easy to prove that B = 2D. The 
Finger tensor is frame independent and objective, and is often used to construct constitutive 
equations. A general relation between the stress and Finger tensor is then characterized by 
the form: T = T(B, B, ÏJ, .. . ). Ifthere is no deformation, for an incompressible fluid the 
Cauchy stress must reduce to a hydrostatic pressure -pI and the stress tensor is split into 
pressure p and a deviatoric part 

1 
T = "j(tr(T))I +(I= -pi+ (1, (2.19) 
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where tr is the trace operator. The extra stress (J is detennined by the rheological behaviour 
of the fluid. In this thesis three different models are considered: 

• Newtonian 
As indicated above, a constitutive equation for ftuids may have the fonn T = T(B) = 
T(2D). A general way to construct an arbitrary function T(2D) is to expand this 
function in a power series. This yields 

(2.20) 

The Cayley Harnilton theorem (Chadwick, 1976) states that for the tensor D 

(2.21) 

where IzD• I.'IzD· and I.I.I.2D are the invariantsof 2D defined as: 'IzD = tr(2D), 
I.I.2D = !<I;D- tr(2D2)), and I.I.IzD = det(2D). As a consequence, the power 
series (2.20) is rewritten as 

(2.22) 

Por Newtonian fluids go = - p and 81 is found to be a constant, and 82 = 0. If the 
dynamic viscosity is defined as 17 = 81/2 then the constitutive equation reads : 

T =-pi+ 21]D, (2.23) 

where the stress is proportional to the rate of straining. 

• Generalized Newtonian models 
Por these type of fluids the difference from Newtonian roodels is the shear-rate depen
dency of the viscosity. To characterize these fluids, a non-Newtonian scalar viscosity 
is introduced dependent on the shear-rate, and the dependency is such that it does not 
depend on the coordinate system used. This is achieved using the three independent 
scalar invariantsof 2D. Since tr(D) = V' ·u, for incompressible flows 'IzD = 0. 
Moreover, the data to fit constitutive equations is obtained from simp Ie shearing flows 
such that det(D) = 0. Further, experimental observations show that dependency of D 2 

is rarely found (Macosko, 1994), and the generalized Newtonian constitutive equation 
then gets the form 

T =-pi+ 2 q(I.'IzD) D. (2.24) 

Well-known generalized Newtonian models are the power-law 

(2.25) 

and the Carreau-Yasadu model 

(2.26) 



2.3. Kinematic foundations and chaotic dynamics 9 

see also Maeosko (1994). Here, 110 is the zero shear-rate viscosity and 1700 is the infinite 
shear-rate viscosity. The parameter n (power law parameter) is positive and bounded 
by 1. For n = 1 the models are Newtonian. For a = 2 the Carreau-Yasadu model 
simplifies to a model known as the Carreau modeL 

• Viscoelastic 
A large class of viscoelastic models are based on the following description. The Cauchy 
stress T is written as 

T =-pi+ 2r,sD + r, (2.27) 

where 'f/s is the solvent viseosity and r is the viscoelastic stress defined by a constitutive 
relation. A general eonstitutive equation to model viscoelastie behaviour of the fluid 
(Bird et al., 1987; Larson, 1988) is: 

<> 
J..r+Y·r=2r,pD, 

with ~ representing the Gordon-Showalter derivative of the extra stress tensor: 

<> Ot' T 
r= - +u · V-r - (L -I; D) · T - r · (L -I; D) . at 

(2.28) 

(2.29) 

Here, À is the relaxation time, I; is a dimensionless material parameter and Tip is the 
polymerie viseosity. For some wel1 known models the tensor Y is given below. 

- upper convected Maxwell : 

Y=l I;= 0. 

If a solvent viseosity Tls is present, this is called the Oldroyd-B model. 

- Phan-Thien-Tanner : 
eÀ 

Y = (l + -tr(-r))l, 
Y/p 

0 <I; < 2. 

where e is a dimensionless parameter. 

(2.30) 

(2.31) 

Detailed inforrnation on the eonstitutive equations ean be found in, for example, Bird et al. 
(1987), and Larson (1988). 

2.3 Kinematic foundations and chaotic dynamics 

The mixing problem starts rather than ends with the specifieation of the velocity field u (x, t) 
{see Ottino, 1989). The solution of equation (2.5), with x= X at timet= 0 gives the flow 

x= <1>1(X), X = <Pr=o(X), (2.32) 

i.e. the partiele X is mapped to the position x after a time t. The motion is assumed to be 
invertible, and differentiable and required to satisfy 

0 < J < 00, J = det(F), (2.33) 
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where F is the deformation gradient defined in equation (2. 7) as 

F = (oxjiJX) = Vx(<l>t(X))r. (2.34) 

The requirement (2.33) precludes two particles X 1 and X 2 from occupying the same position 
x at a given time. Non-topological motions such as break:up or coalescence are thus not 
allowed by virtue of (2.33). The Eulerian velocity field u(x, t) is often hard to obtain, and 
even if it is available the flow <1>1(X) is almost never available in a closed form. Note that the 
flows can be composed according to 

(2.35) 

i.e. X is taken to position <l>s(X) and then to <'~>t+s(X). The flow can also be reversed 

(2.36) 

Given this description of the flow, conditions are seeked under which a deterministic flow 
u(x, t) is able to produce efficient stretching and fotding of material surfaces throughout 
the space occupied by the fluid. Given a proper mixing measure, what is the best way to 
achieve a desired degree of mixing? Analysis of only the velocity field, for example in terms 
of streamlines, has proven to be an unsuccessful approach to the analysis of mixing. Very 
simple streamlines are shown to produce complicated partiele trajectories. The path of a 
partiele X is given by the solution of equation (2.5), dxjdt = u(x, t), with x = X at time 
t = 0. The theory of differential equations bas shown that the solution of this problem 
is unique and continuons with respect to the initia) data if u(x, t) bas a Lipschitz constant 
K > 0. The distance of two particles x 1 and xz, initially at X 1 and X z, evolves according to 
the inequality 

where K > 0. (2.37) 

This inequality states that trajectories diverge (at most) exponentially fast. 
Chaotic flows accomplish that two initially close particles diverge exponentially fast; they 

realize stretching and folding, and reorientation of material elements in a natura! way. The 
understanding of these kinds of systems requires the incorporation of an additional set of 
tools. For two-dimensional time-periodic flows a comprehensive analysis is feasible and 
some major tools to analyse chaotic flows are summarized below, following Ottino (1989). 
Some extensions to three-dimensional flows are presented later. The place to start is with the 
location and character of fixed and periodic points in the flow. 

2.3.1 Fixed points and periodic points 

Given the flow defined in (2.32), x= <1>1(X), Pis a fixed point ofthe flow if 

P = <l>r(P), (2.38) 

for all timet. Thus the point located at the position P stays at P, like a stagnation point in a 
velocity field. Within a time-periodic flow, the point P is called a periodic point of period T 
if 

P = <l>r(P), (2.39) 
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i.e. the partiele located at the position P with orbit x = <I>,(P) returns to its initia} posi
tion aftera timeT, but not earlier ( <I>,(P) =/: P for any t < T). Note that the concept of 
periooicity and periodic points depends on the frame of reference. The periodic points can 
be classified as hyperbolic, elliptic, or parabolic, according to the deformation of the fluid in 
the neighbourhood of the periodic point. Fixed and periodic points can be stabie or unstable. 
Two definitions of (local) stability are given by Hirsch and Smale (1974), and Guckenheimer 
and Holmes (1983) which focus on the behaviour near the points. 

The behaviour around a periodic pointPin two-dimensional incompressible flows (area 
preserving mapping) is given by the linearized mapping ~ -+ A~, where A is a 2 x 2 real 
matrix representing the gradient F and ~ =x- P. The eigenvalues ÀJ, Àz of A are then 
given by À 2 - tr(A)À + 1 = 0. The following cases are distinguished: 

• Hyperbolic, ÀJ, Àz are real 

• Elliptic, complex eigenvalues IÀi I = 1 for i = 1, 2 

• Parabolic, Àï = ± 1 for i = 1, 2. 

The hyperbolic mapping is unstable since none of the eigenvalues belong to the unit 
circle. Por the elliptic case the eigenvalues are complex conjugate and lie on the unit circle; 
the system is stable. In the degenerate case the system is called parabolic. The effects of the 
different linear mappings on the square (0, 1) x (0, 1) are shown in figure 2.1. The net motion 

elliptic parabolic 

1 I 
I I 

elongation rota ti on translation 

Figure 2.1: Effect of linear area preserving mappings on a square; left hyperbolic, middle elliptic, right 
parabolic. 

in the neighbourhood of an elliptic point is rotation; the motion in the neighbourhood of a 
hyperbolic point is contraction in one direction and stretchlog in another. As will be clear 
in the following of this chapter and the forthcoming chapters, the hyperbol ie points are often 
related to chaos present in mixing flows. Associated with these hyperbolic points there are 
invariant sets, the stabie and unstable manifolds, which are central to the chaotic behaviour 
near the separatix. 

2.3.2 Chaos in Hamiltonian systems 

The equations which describe the trajectoriesof fluid particles in a two-dimensional flow are 
a Hamiltonian system, a special case of a volume preserving system see Aref (1984) and 
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Ottino (1989). The equations descrihing the partic1e trajectory are given by equation (2.5) 
and read in a rewritten form 

dx ol/I 
dt = ay' 

dy ol/I 
dt =- ox' (2.40) 

where 1/1 is the strearn function and is, regardless of the form of 1/1, called a Harniltonian 
system (Aref, 1984). The system is said to have one degree of freedom if the flow is steady, 
thus 1/1 = 1/f(x, y), two degrees of freedom if 1/1 = 1/f(x, y, t) and the flow is unsteady. If 
1/1 is time-pcriodie the system is said to have "one and a half" degree of freedom. In Ottino 
(1989) it is shown that systems with one degree of freedom are integrable and hence they 
cannot be chaotic. Harniltonian systems with more than one degree of freedom can be non
integrable and chaotic. To study the general features of Hamiltonian systems some theorems 
and methods from dynamica] systems are summarized. 

Poincaré sections 

One of the computationally less expensive methods to investigate chaotic flows is the ap
plication of a Poincaré section (also called a Poincaré map) that reveals zones of regular 
and chaotic motion. The Poincaré section allows a systematic reduction in complexity of 
problems by reduction of the number of dimensions (Hirsch and Smale, 1974). Successive 
intersections of orbits of a point XJ aftera timet define a map Xn+J = <l>(xn). The point 
Xt is mapped to x2 = <l>(xt), the pointx2 is mapped to x3 = <l>(x2) = <I>2(xJ), and so on. 
Thus the periodic trajectory in the phase space corresponds to a fixed point of the mapping 
P = <I>(P). In figure 2.2 six examples of Poincaré sections in a time-periodic cavity flow, 
induced by consecutive motion of top and bottorn wall, are presented fora dimensionless wall 
displacement D = 3, 4, 6.24, 15, 20, and 25. Initially, 25 points are uniformly distributed in 
the cavity and tracked for 15,000 periods. These asymptotic pictures show that for increasing 
D the regions of chaotic and regular mixing change. 

Stabie and unstable manifolds 

For the system x = <1>1(X) the stabie ws (P), and the unstable wu(P) manifolds associated 
with the hyperbolic pointPare defined by: 

W8 (P) = {all X E JRN such that <1>1 (X) 4- Past 4- oo} 
wu(P) = {all XE JRN such that <1>1(X) 4- Past 4- -oo}. 

Fluid particles leave the neighbourhood of P through wu (P) and get back to via W8 (P). 
In two-dimensional time-periodic flows the manifolds are typically represented as Iines; in 
three-dimensional (steady) flows the setscan be surfaces (Ottino, 1989). By definition, the 
sets wu(P) and ws (P) are invariant; a partiele belonging to one of these sets does so per
manently and cannot escape from it. 

The combination of fluid dynamics and chaos provides a visual analogue for periodic 
points and their associated stabie and unstable manifolds. Consider a two-dimensional time
periodic velocity field, and focus on the behaviour of fluid elements near periodic points. A 
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(a) (b) 

(c) (d) 

(e) (f) 

Figure 2.2: Example of six Poincaré mappings in a rectangular time-periodic cavity flow. The plots 
(a) - (f) are for dimensionless wall displacements equal to D = 3, 4, 6.24, I 5, 20, and 25 
respectively. 

small bi ob S around an elliptic periodic point P produces a rotatien of the blob during flow 
when the point P returns to its original position. During the hyperbalie cycle the blob placed 
on top of a hyperbalie points contracts in one eigen direction and stretches it in another. In 
this case, the unstable manifold W" (P) corresponds to the region the blobis stretched along. 
In figure 2.3 a visualization of manifolds is presented. 

A point R which belong simultaneously to the stabie and unstable manifolds of two dif
ferent fixed or periodic points P and Q is called heteroclinic, see Smale ( 1967) and Gucken
heimer and Holmes ( 1983), thus 

RE W"(P) () W 5 (Q). (2.41) 

If the intersectien is transversal (the manifolds interseet non-tangentially), R is called a 
transversal heteroclinic point. The point R is called homoclinic if P = Q . Uniqueness 
of solutions pi aces strong restrictions on the behaviour of stabie and unstable manifolds. Two 
unstable manifolds betonging to two different periodic points cannot interseet Also is it im
possible that an unstable or stabie manifold intersects with itself. However, the intersection of 
stabie and unstable manifolds beienging to the same or different manifolds is permitled and 
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W"(P) w s(Q) 
p Q 

Figure 2.3: Visualization of manifolds wu (P) and W 5 ( Q). 

is in fact responsible for the complex behaviour of ftows. The presence of homoclinic and 
lor heteroclinic points is one of the accepted definitions of chaos. The rate of generation of 
weli-mixed areas is controlled by the unstable manifolds of the hyperbolic points belonging 
to the lowest order periodic points. The stretching is then proportional to the value of the 
eigenva!ues of the displacement gradient matrix. 

2.3.3 Quantification of mixing 

Several mixing measures are introduced in the literature to delermine the rate and quality 
of mixing, see for example Ottino (1989). Numerous measures are related to the kinematic 
behaviour of material lines. The length stretch À of a material line in a certain flow <1>1 is 
defined as 

À2 =(FT F: MM), (2.42) 

where F is the displacement gradient matrix as introduced in equation (2.7), and M is an 
orientation vector M = dXfldXi. The rate at which these material lines stretch can be 
measured by assessing the stretc!Ung efficiency 

dlogÀjdt 
eÀ = 1 • 

(D: D)~ 
(2.43) 

The efficiency of stretching in a two-dimensional flow ranges from I I t where the flow is 
steady and the domain is closed, to exponential fora hyperbolic, unbounded, flow. For three
dimensional flows, the efficiency of stretching can be exponential for steady flow. In chaotic 
ftows the reorientation prevents the material lines from full alignment with the streamlines, 
which would lead to linear stretch ing. 

In this thesis often the increase of interfacial area between two fluids is used to measure 
the rate of mixing. Let the interfacial length (or area in three-dimensional flows) between 
the two fluids at time t be denoted as 11, while the initia! length of the interface is defined 
as lo. The increase in interfacial area (length stretch) is then defined as /1 f lo. The striation 
thickness is then proportion al to 1//1. 

Other relevant mixing measures are functions of first and second moments of the con
centration distribution. Here, the intensity of segregation I is used, which is a property of 
the mixture that is effected by molecular diffusion. The intensity of segregation is a second
moment stalistic (variance) of the concentration distribution and is defined in Danckwerts 
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(1952): 

2 
I -- ac .tb w1. ë = {c(x)}o 

ë(l- ë) 
(2.44) 

where a; is the varianee in concentration over an entire domain Q, defined as: 

(2.45) 

and c(x) is the concentration in a point x e Q in the domain. The brackets (-}o denote 
an averaging over the quantity in the brackets in Q. Intensity of segregation is a measure 
of the deviation of the Ioca1 concentration from the ideal situation (i.e. when the mixture is 
homogeneous). A va1ue of I equal to zero means no intensity, where a value of unity means 
a maximum intensity (only black and white fluids and no gray fluid). In chapter 6 a discrete 
version of the intensity of segregation is used. 

In general multiple mixing measures are required to determine the rate and quality of a 
mixture. An effective combination to quantify a mixture would be intensity of segregation, 
and a mixing measure that reveals information on the largest unmixed regions. Development 
of these mixing measures bas not been a topic of interest in this thesis, but is definitely a 
research subject that requires extra attention. Here, deliberation is focussed on the capability 
of different mixing flows to lead to an exponentlal generation of interfacia1 area. 
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3. COMPUTATIONAL METHOOS TO ANALYSE MIXING 

3.1 Introduetion 

In tbis chapter, computational metbods to study mixing are introduced. In subsequent chap
ters these methods are applied for analysis of two- and three-dimensional mixing in prototy
pical chaotic flows. In the previous chapter tbe mathematical framework to study mixing was 
expressed in equations descrihing tbe fluid flow (Navier-Stokes equations) and equations 
to track material particles. A pressure correction metbod is used to decouple tbe velocity 
and pressure in tbe Navier-Stokes equations. This technique is based on tbe ideas of van 
Kan (1986) who, for finite difference metbods, first presented asecond-order pressure cor
rection scheme. The major difference with tbe scheme used bere, and first presenled by 
Timmermans et al. (1996), is tbe continuous decoupling of velocity and pressure. A spec
tral element discretization, first introduced by Patera ( 1984) and matbematically analysed by 
Maday and Patera (1989), provides high order, speetral accuracy when approximating suffi
ciently smooth functions, a clear advantage compared to the algebraic convergence that can 
be obtained using a conventional low-order method. Of great importance for a numerical 
metbod for three-dimensional mixing flows is also tbe efficiency of this scheme, both witb 
respect to memory usage and to computing time. For tbe speetral element metbod, efficiency 
is achieved firstly by tbe use of a tensorial basis tbat is derived from tbe one-dimensional 
basis, and secondly by the use of iterative solution algoritbms using low-order fini te element 
preconditioning. The tensorial basis allows the metbod to decrease tbe number of operations 
needed to compute the residuals in an iterative technique. As the ful1 speetral element system 
matrix no Jonger needs to be stored, the iterative solver results in a more efficient memory 
u sage. 

Finally, an adaptive front tracking technique is developed to track strongly deforming 
fluid elements. Dynarnic restructuring of the grid is used to rnaintaio good quality of tbe 
mesh tbat describes tbe fluid interface. Compared to otber front tracking algorithms (Unverdi 
and Tryggvason, 1992a; Glimmet al., 1998), bere curvature-related criteria arealso applied 
to decide if refinement of tbe interface is required. Moreover, a short history, typically ten 
time levels, of the velocity field and the fluid interface is stored during tracking, such tbat 
refinement can be performed using the oldest time level as a reference state. 

3.2 Computational techniques for the velocity field 

In the previous chapter the conservalion laws and constitutive equation fora Newtonian fluid 
were presented, see equations (2.14 ), (2.18), and (2.23), resulting in tbe Navier-Stokes equa-
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ti ons: 

au 
p(at +u· Vu) = -Vp+ qV2u+ 1 

V·u = 0. (3.1) 

The velocity is represented by u, pressure by p, density by p, dynamic viscosity by q and 
I can be a body force like gravity or volumetrically applied surface tension forces. Initia! 
and boundary conditions supplement equations (3.1). The variables are first scaled using a 
characteristic velocity U, length scale L, time w, and characteristic force Jo: 

u*= ujU x*= xjL t* = wt p* = pjpU2 I*= I/Jo. (3.2) 

The characteristic force Jo is determined by the nature of the force. If these characteristic pa
rameters are substituted into equation (3.1), the following set of partial differentiaJ equations 
is obtained: 

au* 
St-+ u*· V* u* 

at* 
V*· u* 

= _ V*p* + _l_v*zu* + JoL I* 
Re pU2 

= 0. (3.3) 

The stars are now dropped to simplify the reading, and a natura) choice follows for the char

acteristic force Jo = p~
2

• The Reynolds and Strouhal numbers, 

UL 
Re=p-, 

t] 

Lw 
St=

U 
(3.4) 

are then defined accordingly. The Reynolds number measures stationary inertia forces versus 
viscous forces, while the Strouhal number measures the unstationary inertia forces versus the 
stationary ones. 

3.2.1 Time inlegration 

Since nogeneral analytica} solutions are available for the velocity field, numerical techniques 
need to be applied. The Navier-Stokes equations (3.3) are discretized in time using an 
approximate projection method. This semi-implicit scheme is proposed by Timmermans 
et al. (1996) and proceeds as follows. First, the non-linear convection part is treated by 
means of an operator-integrating splitting approach, see Maday et al. (1990). Thereto the 
momenturn equation (3.3) is written in terros of an integrating factor in the convection C 

St_?_ (Q<t*,t>u) = Q(t*,t)(_I vzu- Vp + /). ot C C Re 
(3.5) 

Rewriting equation (3.5) and applying (3.3) yields the following differential equation defining 

the integrating factor Qg*·t) by 

sriQc<t*,r) = -Qc<r*,t>c, Q<r*,t*> _ 1 at c - · (3.6) 
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where I is the identity operator and C denotes non-linear convention u · Vu. The remain
ing "Stokes equation" (3.5) is discretized by means of a second-order backward difference 
scheme: 

2~t [3un+I- 4Qgn+~.rn)un + Qgn+~.rn-l)un-t] = 

1 
-Vpn+l +Re vzun+l + jn+l. (3.7) 

This results in a saddle point problem for the velocity and the pressure (Girault and Raviart, 
(tn+l 1n+l-i) I . 

1986). To evaluate the terms Qc ' un+ -z (i = 1, 2) the following associated initial 
value problem is solved: 

O::;s::;(i+l)dt, i =0, 1 

(3.8) 

It can be proven that, following ideas from Maday et al. (1990), 

(tn+l 1n+l-i) I . 
QC ' un+ -r = û(idt). (3.9) 

(t"+l 1n+l-i) 
It should be noted that the integrating factor Qc · is never constructed explicitly; 
rather, the 'action' of the integrating factor is evaluated through solution of the associated 
convection problem (3.8). Equation (3.8) is discretized in time by a fourth-order Runge-Kutta 
scheme. 

The projection scheme now proceeds as follows: 

• A predietor u~+ I for the velocity at level n + 1 is calculated using the pressure at level 
n as a predietor for the pressure at level n + 1 , 

(3.10) 

imposing the velocity boundary conditions of level n + 1. The models stuclied in this 
thesis use Dirichlet boundary conditions u = g on aSt A discussion ofthe application 
of Neumann boundary conditions for the projection scheme is given in van de Vosse 
et al. (1995). 

• By subtracting {3.1 0) from {3. 7) and applying the divergence operator to both sides of 

the result, the following equation for qn+I = pn+l - ~ + -1-v · unp+J is obtained: 
Re 

(3.11) 

A general and consistent choice is to apply the original boundary conditions at the 
time-level n + 1 for the intermediate velocity u;+ I, that is, to choose u~+ I = gn+l 
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on BSl. Due to the continuous formulation, an appropriate boundary condition must 
be formulated for equation (3.11). In the above scheme a homogeneaus Neumann 
boundary condition arises in a natural way, since 

I V2if+Idn =I a~n:J dan= o. (3.12) 

Sl aSl 

• Finally the velocity and pressure at level n + 1 (the correctors) are calculated according 
to: 

un+l un+l 
2/l.tVqt+l 

(3.13) = p 3St 

pn+l 1 
= pn + qz+I - Re V . u~+ I. (3.14) 

Note that in the projection scheme both the velocity and the pressure are predicted in 
the first step and then corrected in the remaining three steps. It can easily be shown that 
the solution (un+I, pn+l) of the scheme is consistent with that of the original system (3.7). 
Equation (3.13) also ensures that the normal component of the boundary condition for un+ 1 

is satisfied on the boundary; the tangential component of the boundary condition cannot be 

satisfied exactly. However, the acceleration au on r and the souree term are continuous in at 
time (sudden starts and sudden sourees are not allowed), and the tangentlal boundary condi-
tion for the velocity is satisfied with accuracy 0(.ó.t2) (Timmermans et al., 1996), yielding a 
consistent projection scheme that is second order in time. 

The choice of the spatial element for the velocity and the pressure is important with re
spect to the well-posedness of the system. From the theory of saddle-point problems it is 
well-known that the Navier-Stokes problem (3.1) has to satisfy the Brezzi-Babuska condi
tion (Brezzi, 1974) to obtain a unique velocity and pressure. Fora high-order speetral element 
approximation this generally means that the degree of approximation for the pressure must 
betaken two degrees lower than that of the velocity (Maday and Patera, 1989). On the other 
hand, applying the decoupling procedure, as described above, to the continuous equations 
gives a more straightforward scheme, since in that case the original problem is reformulated 
into several new (and simpler) problems. The theory of saddle-point problems is then no 
Jonger applicable; as a consequence, the degree of approximation for pressure can be taken 
equal to the degree of approximation for the velocity. 

3.2.2 Speetral element metbod 

In the previous section the Navier-Stokes equations were decoupled requiring solutions of 
a Helmholtz and Poisson equation. We therefore restriet our attention the following linear 
partial differentlal equatîon: 

- V(aV'u) + bu = f 
u = 0 

in Sl 

on an. 
(3.15) 
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Note that, because of the linearity of the Helmholtz operator, the use of homogeneons Dirich
let boundary conditions is nota restriction. A problem with inhomogeneons Dirichlet bound
ary conditions can always be rewritten in tbe form of equation (3.15). It is assumed that Slis 
a bounded domain in JR3 with a piecewise-smooth boundary aR, and R is the dosure of n. 
The functions a and bare bounded and positive for all x E R. It is further assumed that the 
functions f as wellas Rare sucb tbat u E C2(Sl) n C 1 (Ö). 

From this classical introduction, the weak tormulation is presented, a tormulation in 
whicb a solution is sought in the Hilbert space Hó (Q), where 

HÓ(R) = {V E L2(R)I'Vv E L2(R), V= 0 on an}' 

and L2(S!) denotes the standard L2 Lebesgue space defined on Sl by 

L
2

(11) = { •I• exists on SI and l•2
dll < oo} . 

The natural inner product in this space is defined as 

(v, w) =I vwdR 

Q 

with induced norm llvll2 = (v, v). In general tbe Sobolev space Hm(R) is defined.by 

(3.16) 

(3.17) 

(3.18) 

Hm(R) = { v E L2(R)I Va integer 1 :::;: a:::;: m, vmv E L2(R)}. (3.19) 

The Sobolev spaces are equipped with their natura! inner products and norms. 
The variational form equivalent to problem (3.15) canthen be written as 

Find u E HJ(R) such that: 

a(u, w) = (/, w), 

where the bilinear form a ( ·, ·) is defined by 

a(u, w) =I (a'Vu · 'Vw + b uw)dR, 

R 

u, wE HÓ(R). 

(3.20) 

(3.21) 

It is easily verified that the bilinear forma(·,·) is bounded and positive-definite. Application 
ofthe Lax-Milgram lemma tberefore proves that problem (3.20) bas a unique solution u E 

HJ(S!). 
The speetral element metbod is a technique combining the geometrical flexibilities of tbe 

finite element metbod with high order accuraey of speetral methods, see Canuto et al. (1988). 
The idea is to divide a complex geometry R into several speetral elements Slb 1 :::: k 5 K, 
such that 

K 

Uök=R and Ök n Rt = 0 for all k =/;: l. (3.22} 
k=l 
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Each speetral element is mapped onto thereferenceelement Rr = [ -1, lJ®[ -1, lJ®[ -1, IJ. 
The global coordinates (x, y, z) are mapped to this reference element, providing the local 
coordinates (Ç, r}, 0 in Rr. 

A Gauss~Lobatto-Legendre grid is constructed in each of the elements nk. 1 ~ k ~ K, 
where the grid G N is a tensor product of one-dimensional Gauss-Lobatto-Legendre grids 
G N = Gx,N ® Gy,N ® Gz,N, where Gx,N, Gy,N and Gz,N are the ordered sets 
{zi jj = 0, · · ·, N} ofthe roots of 

d 
(1 - z2

) dz Ln(Z) = 0, (3.23) 

where Ln is the nth order Legendre polynomial. In genera!, different order polynomials can 
be used in different directions, but throughout this thesis equal orders are applied. 

The velocity representation is then given by 

N N N 

UN(X, y, z) = L L L Uijk 4Ji(Ç)4Jj(I1)4Jk(n, 
i=O j=Ok=O 

(3.24) 

where the Lagrangian interpolants 4Ji(Ç), 0 ~ i ~ N are defined on the one-dimensional 
reference element by the relationship 

(3.25) 

Here Çi are the collocation points of the Gauss-Lobatto-Legendre grid Gx,N. The variables 
are now approximated using these Legendre Lagrangian interpolants of degree N in all three 
spatial directions. In figure 3.1 a two- and a three-dimensional meshare plotted. Note the 
clustering of the nodes towards the element boundaries. 

Let P~. K (Slk) denote the space of polynomials of degree N or less in all three variables, 
defined in element k. The velocity and pressure fields are chosen to be in XN = PN,K(Sl) n 
HJ(S!) with 

(3.26) 

The weighted residual Galerkin formulation is now used to create a linear system of equations 
for the coefficients U ijk: FindUN E XN such that 

a(UN, w) = (/, w) (3.27) 

leading to the discrete matrix system 

AuN =Mf, (3.28) 

where A is referred to as the speetral stiffness matrix and M is the mass matrix. As proved 
by Maday and Patera ( 1989) for brick shaped elements, an error estimate for the solution u N 

of problem (3.27) is given by 

(3.29) 
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Figure 3.1: The left figure displays a domain subdivided into four speetral elements each of eighth 
order. On the right a cube is discretized using eight elements of again eighth order in each 
direction. 

for u E HJ(O) and f E Hn(O), with n, m :=::: 1. 
Analytica) integration of equation (3.27) is in general not possible and numerical integra

tion is necessary. Conventional integration rules are Gauss quadrature and Gauss-Lobatto
Legendre quadrature. The use of Gauss-Lobatto-Legendre quadrature is less accurate then 
regular Gauss quadrature (0(2N) versus 0(2N - 2)), but a considerably more efficient 
scheme arises. Because of the Cardinal basis (3.25), the basis functions satisfy the rela
tion 4>i (~j) = ll;j and numerical integration is performed without any interpolation of the 
basis functions. Gauss-Lobatto-Legendre quadrature also ensures a diagonal mass matrix, 
and therefore equations (3.8) and (3.13) can be solved withoutinvertinga matrix. 

Without this tensor-product factorization, which is due to the Lagrangian basis, speetral 
element methods would be inefficient. Orszag (1980) noted that the evaluation of A UN in 
general requires 6K N6 + O(K N5) multiplications, where A is the stiffness matrix resulting 
after discretization of the Poisson equation in three dimensions. Using the tensor-product 
this is reduced to 6K N 4 + O(K N 3 ) multiplications. Explicit construction of the matrix A is 
avoided and matrix-vector evaluations can be performed element-by-element. 

The features discussed above make iterative methods attractive to solve Poisson and 
Helmholtz equations as derived from the projection scheme discussed in the previous section. 
Since A is (semi-)positive definite and symmetrie, the best choice for an iterative scheme is 
the conjugate gradient metbod (CG). This metbod can be found in a large number of papers 
and textbooks on numerical solution methods. CG computes a approximation U cg of u N in 
a finite number of iterations, such · that 11 U cg - u N 11 is less than a defined tolerance. If exact 
arithmetic is assumed, then the number of iterations is bounded by the number of degrees 
of freedom. In each iteration a set of direction veetors is computed where one matrix-vector 
multiplication is performed. The number of iterations is proportional to ..jëA, with CA the 
condition number of the matrix (cA = Àmax I À min). If the operator A is based on a speetral 
element discretization, Maday and Patera ( 1989) showed that 

(3.30) 
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This condition number is larger than for the operators based on classical finite difference or 
finite element methods. This is explained by the concentration of Gauss-Legendre-Lobatto 
points near the boundaries, where the distance is of the order K-1 N-2• The maximum 
distance scales like K-1 N-1, resulting from the fact that the grid is not equidistant. If a 
finite element operator is constructed on a Gauss-Legendre-Lobatto grid, approximately the 
same condition number is obtained as for the speetral element operator. 

Without preconditioning techniques the combination of speetral element methods and 
iterative solvers would be inefficient as a result of the poor conditioning of the system, see 
equation (3.30). Preconditioning can be used to reduce the number of iterations. A good 
preconditioner (say P) meets the following requirements. First, the eigenvalues of p-l A 
are more clustered than those of A. Ideally P should be "spectrally close" to the original 
operator A, meaning that the condition number of p-I A is close to the unit value. Second, 
the preconditioner is easy to invert, since at each iteration step a direction vector is multiplied 
with p-I. Third, P is sparse so it is efficient to construct and to store. 

Finite element preconditioning has been proposed by Deville and Mund (1985) and is 
bere further developed for two- and three-dimensional (deformed) geometries. The finite 
element matrix P is constructed bere by connecting the Gauss-Legendre-Lobatto nodes G N 

and using linear approximation to build the preconditioner. As a result c p-t A = 0(1) and 
the number of iteration steps is independent of the number of elements K and their speetral 
order N. To ensure easy inversion of P (by a (incomplete) Choleski decomposition) an 
adequate numbering of the nodesis required. After construction of P a Cuthili-McKee or 
Sloan algorithm is used to minimize the bandwidth of P, where both slorage and inversion 
time of the preconditioner matrix are optimized. The speetral nodes are then accordingly 
ordered, such that a solution vector on the speetral mesh can be copied directly to the finite 
element mesh. 

Note that, after spatial discretization of the projection scheme, divergence-freedom of the 
final computed velocity is only satisfied in the weak sense. Also, the use of the diagonal 
mass matrix can further decrease the accuracy with which the incompressibility constraint is 
satisfied. However, the numerical results presented in Timmermans (1994) suggest that fora 
high-order metbod this loss of accuracy is not severe. 

3.3 Partiele tracking 

Chapter two, section 2.5, showed that partiele paths follow from the solution of the ordinary 
differential equation 

dx 
dt = u(x, t). (3.31) 

From the speetral element discretization, the velocity u(x, t) is only known at a limited num
ber of points (interpolation or grid points) and for a limited number of time steps within the 
period. Tracking material points in a flow requires knowledge of the velocity of the fluid at 
any arbitrary point in the flow domain at any moment. Therefore, interpolation of the velocity 
field is necessary. The accuracy of the interpolation is always limited by the accuracy of the 
discretized data. To insure that the interpolation error is of the same order as the approx
imation error of the discretized data, a consistent interpolation scheme based on the same 
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polynomial basis functions is applied. Canuto and Quaterooi (1982) derive an estimate for 
this interpolation error. If Ihu is the interpolant of u (their values coincide at the nodes), and 
if u belongs to Hm(R) with m > !. then 

(3.32) 

The proof of equation (3.32) follows from recognizing that good interpolation follows from 
good approximation and accurate quadrature (Maday and Patera, 1989). 

In the work of Souvaliotis et al. (1995), the effects of approximation, round-off, and 
interpolation errors on partiele paths in mixing problems is extensively discussed. For the 
joumal hearing flow the evolution of these errors, for three different time discretizations of 
equation (3.31), is discussed. A tirst-order Euler scheme, asecond-order Adamsmulti-step 
method, and a third-order Adams multi-step metbod were compared. Their conclusion was 
that the tirst-order Euler scheme is unreliable for partiele tracking in a flow field, and the 
high order schemes are preferable. Throughout this thesis the dynamica} system (3.31) is 
numerically integrated using an adaptive fourth-order Runge-Kutta Cash-Karp scheme, see 
Press et al. (1992). Between time levels, a piecewise linear interpolation is used to obtain the 
velocity field at an intermediale time level (also the same as the discretization order) and, as 
a result, errors in the trajectories of particles are mainly imposed by discretization errors of 
the numerical velocity field. 

3.4 Adaptive front tracking 

The tracking of material interfaces in :Huid flows is widely addressed in the literature. Sev
eral techniques developed for tracking were reviewed by Beris et al. (1996), Hyman (1984), 
Rudman (1997), and Unverdi and Tryggvason (1992a). Without repeating these reviews, it 
should be mentioned that in general there are two basic approaches: front capturing and front 
tracking. 

Well-knownjront capturing methods are the simplified line interface calculation (SLIC, 
Noh and Woodward (1976)), the volume of :Huid metbod (VOF, Hirt and Nichols (1981)), 
and the method of Young (Young et al., 1980). In case of front capturing, markers are dis
tributed over the :Huid volume, or a special marker function is passively advected with the 
flow. In this case special techniques are used to restore ("capture") the shape of the inter
face, using the computed values of the marker function. The advantages of this approach 
are a relatively simpte formulation for the adveetion of the marker function and the ability 
to deal with interaction of interfaces with relative ease. The drawback of front capturing is 
the complexity of the interface shape restoration techniques, which frequently (especially in 
the three-dimensional case) have difficulties restoring a smooth and continuous surface, see 
(Rudman (1997), and Qu and Li (1996)). 

Within a front tracking approach a separate moving mesh is used to descri he the interface. 
Front tracking allows sub-grid resolution; the interface position is known with a higher pre
cision than the size of the elements used for main flow computation. A front tracking method 
does not suffer from disadvantages that result in erroneously non-smooth or discontinuous 
surfaces. A disadvantage of front tracking is the difficulty of descrihing topological changes 
like breakup and coalescence. However, front tracking can account for surface-related forces 
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like surface tension (see chapter 7). Galaktionov et al. (1999) compared front tracking and 
front capturing fora mixing shear-layer problem. The results sbowed that front tracking 
provides more detailed layered structures. 

3.4.1 Surface description 

In this work a surface is described by an unstructured triangular mesh, as done by Tryggvason 
and Unverdi (1990), and Unverdi and Tryggvason (1992a,b). Additional totheir techniques, 
surface curvature is used bere to decide about necessary mesh refinements. Local mesh re
finement provides the possibility to u se small elementsin strongly curved zones of the surface 
(near sharp edges, for example), and much larger elementsin relatively planar zones, keep
ing the number of elements as low as possible. This significantly reduces the amount of 
computational work for tracking the moving nodal points. Also the pre-history of the sur
face deformation is used for adding new markers during mesh refinement. New markers are 
added on a less deformed, earlier contiguration of the surface and then tracked totheir current 
position. This allows the use of simpler linear interpolation. Without history, higher order 
interpolation is required, (see Hyman, 1984). 

The mesh data that needs to be stored consists of the list of nodal points, with their 
coordinates and the information about their connectivity. Thus, both closed and non-closed 
surfaces, and surfaces consisting of separate segments, can bedescribed as one single object. 
The elementary objects used by the algorithm to describe the surface are cells (triangles), 
edges (sides of triangles), and nodes. Thus, three lists are kept. Por all nodal points the 
coordinates are stored. Integer arrays are used to establish relations between basic objects. 
The first array establishes relations between the cells and nodes, providing the pointers for 
every triangle to its vertices (nodes). Another array links cells totheir edges (three for each 
cell). Edges, in turn, are referred to via their two end nodes. This scheme of reference is 
redundant, as, for example, the reference to the vertices of a triangle could be recovered 
from the edges and their pointers to the nodes. Such redundancy, however, simplifies the 
algorithms of mesh refinement and restructuring. As any edge belongs to one or two triangles; 
an additional array refers the edges to the cells they belong to. If only one pointer to a triangle 
is stored for a certain edge, it serves as indication that this edge belongs to the the contour 
(boundary) of the surface. This is used during mesh restructuring, preventing the contour 
sbape from being distorted. The last array, referring edges to triangles, is easily re-created 
in a single loop over all triangles, using the other pointer arrays. It is updated after mesh 
restructuring and refinement. lts main use is finding which neighbouring triangular cells that 
share a common edge. 

The information about the surface shape allows the area of the surface to be computed 
and, for closed surfaces, also the enclosed volume can be calculated. The computation of the 
surface area is straightforward: it is the sum of the areas of all triangular cells. The enclosed 
volume can be computed as a surface integral using the divergence theorem: 

V = I dv = ~I V· x dv ~ f x · n ds (3.33) 

g g aQ 

where Q is the domaio enclosed by the surface (IQ, ds is the element of the surface, and n 
is the local outer normal to this surface. When the surface is approximated by flat triangular 
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cells, the surface integral (3.33) can be replaceel by the sum over these triangles. When the 
vertices of all triangles are numbereel such that orientation is preserveel, the volume can be 
expressed by a compact, simp Ie formula. For clockwise numbering (looking from the outside) 
the volume is given by 

N 3 

V _ .!_" " ".. x(n)y(n)Z(n) - -6 ~ . .(....; '-ljk i j k • 
n=l I,J,k=l 

(3.34) 

The first sum is over all triangular cells (elements) of the surface, where x?), YJn) and zin) 

are the coordinates ofthe vertices numbereel respectively i, j and kin the cell number n. In 
equation (3.34) Bijk are the componentsof the well-known Levi-Civita tensor defined as : 

Bijk = { +~ 
-1 

ifi=j V j=k V ï=k 
if (i, j, k) is an even permutation of (1, 2, 3) 
if (i, j, k) is an odd permutation of (1, 2, 3). 

(3.35) 

Formula (3.34) is exactfora volume enclosed by a surface composeel oftriangles. It can also 
be derived directly. 

3.4.2 Dynamic restructuring ofthe interface grid 

The mesh can become significantly distorteel during flow and should be refined where nec
essary. The most important part of mesh refinement is containeel in the choice ofthe criteria 
that define whether cells should be refined. The mesh refinement algorithm proposed bere is 
controlled by three parameters : 

• hmax - the maximum cell edge length. 

• hmax. c - the maximum Iength of an edge of a cell adjacent to an angle sharper than 
CX.max· 

• CX.max - the critical angle between cells. (The angle between neighbouring cells is de-
fined as the angle betweentheir outer normals.) 

Thus, the refinement algorithm takes into account the curvature of the surface, so that strongly 
curved parts of the surface are covereel by small cells while relatively flat zones of the surface 
are described by large cells. This minimizes the number of markers and, thus, the computa-
tional expenses. ' 

The mesh edges that are tagged for refinement are split into two eelges by adding new 
nodal points. Figure 3.2 illustrates how a single triangular cell is transformeel when one, two 
or three of its eelges were taggeel for refinement. · 

After the mesh re finement is completed; local changes of the mesh topology (re-connection 
ofthe nodes) are performeel on selected cells. A scalar value, proportional to the ratio ofthe 
cell area to the square of its linear size, 

q = l2J3 s2' 
p 

(3.36) 
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(a) (b) (c) 

Figure 3.2: Scheme of transformation of a mesh cell with 1, 2, or 3 edges tagged for refinement. 

is used to characterize the quality of each cell, where s is the area and p is the circumference 
of the triangle. The value q = 1 represents a perfect (equilateral)triangle and 0 < q < 1 
otherwise (see figure 3.3a). 

An elementary transformation involves two adjacent cells. Their common edge is re
moved and a new one is created, connecting the other two opposite vertices (see figure 3.3b). 
This "flipping" transformation is performed when the minimum quality of the two cells be
fore flipping is smaller than a certain Qcrit (for the presented results qcrit = 0.6 was spec
ified) and the minimum quality of two new eens after transformation is larger than before 
(min(q3, q4) > rnin(qi, qi) according to figure 3.3b). 

A disadvantage associated with the flipping transformation is that it can distort the local 
surface shape (influencing also surrounding elements). If a pair of cells represents a concave 
piece of the surface then it becomes convex, and vice versa. Therefore, flipping is applied 
only in relatively flat zones, where the angle between adjacent cells outer normals is less 
thansome prescribed value /3. Also the requirement is imposed that both cells to be flipped 
should have only sharp angles adjacent to the common edge; otherwise artificial folds of 
surface can be created. Extra precautions are taken to avoid creation of duplicate cells as a 
result of flipping, when one of the new cells accidentally coincides with one of its neighbours. 
For applications that are very sensitive to the local changes of curvature, like flows strongly 
affected by surface tension, the flipping algorithm should be applied with care. But for certain 
problems, especially when the surface is subjected to almost uni-directional stretching, as 
will be shown by an example in the next subsection, such local transformations reduce the 
computational expense considerably. 

(a) (b) 

Figure 3.3: a) Contour plot of the quality q of a triangular cell. Two vertices of the triangle are fixed at 
points ( -1, 0) and (1, 0). The value of q is the function ofthe position ofthe third vertex of 
the triangle. b) "Flipping" of two adjacent cells in order to increase the minimum quality. 
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3.4.3 Performance of mesh restructuring 

The influence of mesh restructuring is illustrated with the following example. Figure 3.4 
shows the result of tracking an initially flat surfacefora Stokes flow in a rectangular box. All 
walls, except the front and back ones, remain fixed . The flow was induced by first moving the 
back wall to the right, total displacement being equal to 1.75 times the cavity length Lx, and 
accordingly moving the front wall to the left with the same displacement The initia! surface 
was a rectangle -0.98 < y < 0.98, 0.05 < z < 0.95 in the plane x = 0. The surface is 

x 

(a) (b) 

Figure 3.4: Example of tracking strongly deforming surfaces withand without mesh restructuring: a) 
no restructuring was done, mesh contains 3084 nodes and 6056 cells; b) with dynamic 
restructuring, the mesh contains only I 6 I I nodes and 3110 cells. In both cases a wire 
frame, showing all mesh cells, is plotted, whîle a thicker line is used to indicate the surface 
edge. 

covered with relatively large triaugles to make the wire-frame plot, showing all cells, clear 
enough. The maximum allowed edge length was set to 0.25 of the cavity height L 2 , while 
the maximum edge length in curved parts of the surface is half as large. Figure 3.4a shows 
the results of tracking without mesh restructuring. Strong, almost uni-directional stretching 
in some parts of the surface results in cells of very low quality q and the mesh contains a 
rather excessive number of nodal points. If mesh restructuring is allowed, the mesh shown in 
tigure 3.4b is obtained. It contains about half as many nodal points. 

To show how mesh restructuring in this example influences the relative number of cells 
with different quality q, all cells were subdivided into 50 groups according to their quality, 
with each group representing the quality range jj.q = 0.02 (0 ::; q ::; 1 ). In figure 3.5a these 
numbers are plotted versus the cell quality q of the group. The thin line corresponds to the 
case when mesh refinement was not performed (see tigure 3.4a), while the thick Iine shows 
the distri bution when mesh restructuring was done during tracking. The dotted line shows an 
intermediale case when only flipping was performed but no cells were deleted. As is clear 
from the plot, mesh restructuring shifts the balance towards cells of higher quality. In the 
given example, cells with q > 0.6 were considered "good enough" and did not trigger mesh 
restructuring. Figure 3.5a gives information only about the number of mesh cells with dif
ferent quality. Figure 3.5b shows the relative area covered by the cells belonging to different 
quality groups. Mesh restructuring also efficiently increases the relative area covered by the 



30 3. Computational methods to analyse mixing 
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Figure 3.5: Relative number of cells (a) and relative area (b) covered by the mesh cells of the quality 
q. The range 0 :::; q :::; I is subdivided into 50 intervals (D..q = 0.02). The thin solid 
line corresponds to the mesh, shown in tigure 3.4a (no mesh restructuring done). The thick 
line corresponds to results with dynamic mesh restructuring (figure 3.4b). The dotted line 
presents the intermediale case, when only "ftipping" of adjacent cells was allowed but no 
removal of cells was done. 

cells with high q. 
In this thesis the numerical tools for front tracking are applied to the analysis of proto

typical mixing flows. However, the tools and methods are general and are integrated into the 
finite element package SEPRAN (Segal, 1984). As a result, industrial mixing problems can 
also be studied. An example is given in tigure 3.6, where the adveetion of a material volume 
in a static mixer is shown. Despite the complicated geometrical shape, a speetral element 
discretization can be applied to obtain an accurate description of the velocity field. During 
tracking of the blob, an exponential increase of interfacial area is observed and the volume 
loss is less than one percent. 

3.4.4 Parallelization 

Fora strongly deforming fluid volume in a flow, a large, varying number of markers needs to 
be tracked. This tracking makes parallel processing attractive because these computations are 
independent for every point. For the implementation of the parallel algorithm, a master-sJave 
scheme with the dynamica] workload distribution over slave processes in a PVM-network 
(Geist et al., 1994) was chosen. Themaster program perfarms all types of mesh transfor
mations and distributes the extensive computational work (time integration) among slaves. 
An auxiliary program is used to handle the velocity field data, braadcasting it to slaves on 
request of the master program. More details about the parallel algorithm and its efficiency 
can be found in Galaktionov et al. ( 1997). 

3.5 Summary 

The computational tools have been introduced which are used in mixing analysis in the forth
coming chapters. A salution strategy to deal with the salution of the Navier-Stokes equa-
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Figure 3.6: Adaptive front track.ing used to adveet a material blob in a multillux static mixer. The 
speetral element methad is used to solve the velocity field, resulting in a system with more 
than 2.8 million degrees of freedom. An exponential increase of interfacial area is observed 
for the advected blob. 

tions for unsteady incompressible flow was extensively discussed. The choice ofthis solution 
method was largely determined by the need for an efficient numerical scheme. The tech
nique consists of a continuous projection scheme with second-order accuracy in time and 
was classified as a special application of the class of projection methods. 

The application of this decoupling algorithm to the Navier- Stokes equations results in 
a set of equations that is simple to implement using a speetral element discretization. The 
same degree of approximation can be used for velocity and pressure, since there is no need 
to satisfy any form of the Brezzi-Babuska condition. The u se of a diagonal mass matrix, 
which is a valid approach in a high-order method, is essential with respect to efficiency. A 
finite element preconditiooer in combination with a conjugate gradient solver can efficiently 
be applied to solve the resulting set of linear equations. Only the calculation of speetral 
matrix-vectorproductsis required, which can be performed on element level. Inversion ofthe 
preconditioned system was efficiently performed by renurnbering the nodes using a Cuthiii
McKee or Sloan algorithm. The memory requirements are strongly reduced and large-scale 
three-dimensional computations can be performed using this approach. 

An adaptive technique for tracking of strongly deforming fluid volumes is presented. 
Examples of application of the technique to a three-dimensional flow are given. The adaptive 
nature of the algorithm described makes it suitable and efficient for complex flows. Initia! 
stages of chaotic mixing in complex three-dimensional flow can be analysed using this model. 
A non-adaptive approach would involve intolerable computational expenses. Moreover, the 
present algorithm allows a straightforward parallelization using a message-passing paradigm. 
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The current results are obtained using such an approach. 



4. ANALYSIS OF QUASI-STATIC NEWTONJAN MIXING 

4. I Introduetion 

A methad to locale periadie structures in general Stokes ftows with time periadie boundary 
conditions is presented and applied to three-dimensional mixing cavity flows . Numerically 
obtained velocity tielcts and partiele tracking, as introduced in the previous chapter, are used to 
analyse displacement and stretching. This analysis allows for the location and identification 
of periadie points, and is here applied to find tirst-order points. The presence or absence of 
these perioctic points provides insight in the quality of the mixing process. 

In the lilerature some techniques have been proposed to locale perioctic points, see Ottino 
( 1989); Meleshko and Peters ( 1996). These melhods usually depend on symmetry of the 
flow and are designed for two-dimensional geometries. The objeclive here is to propose a 
general methad which does nol use symmetry, and which can be applied for two-dimensional 
and lhree-dimensional flow problems. The basics of the technique are validaled by a lwo
dimensional example for which a semi-analytica! velocity field is available. These results 
serve to justify the use of the lechnique for three-dimensional mixing problems. Results are 
presenled for two different mixing protoeals in a time perioctic three-dimensional cavity flow. 
A major result is that periadie lines, comprising of a collection of points, are observed for 
three-dimensional ftows. The structure of the lines can be complex and their type can change 
along a line. 

The first mixing protocol (Protocol A) is denoted as F, B 1, where the operator F, de
notes motion of the front wall to the right, while Bt similarly denales motion of the back 
wall to the Jeft. All other walls are stationary. The second protocol (Protocol 13) consists of 
four steps and is similarly denoted as Bd Ft B 11 F,; the subscripts r, l, u, and d denote right, 
left, up, and down wall motions. The fluids considered are highly viseaus and the steady 
Stokes equations are used as a valid approximation of the Navier-Stokes equation (3.1 ). The 
transience ofthe velocity is negleeled and a piecewise steady flow is assumed. Mixing proto
col A is a straightforward extension of the two-dimensional cavity, extensively discussed by 
Ottino (I 989), and is also used to campare results from the technique exploiting symmetry 
with results obtained with the general approach. Protocol 13 is introduced to emphasize the 
importance of three-dimensionality of the flow for mixing characteristics. 

For the three-dimensional cavity flow with time-periadie motion of the front and back 
walls only in x direction, periadie points can be found using a technique similar to that 
elaborated by Meleshko and Peters ( 1996). This technique, originally designed for the two
dimensional cavity flow, exploits symmetry in the velocity field (streamlines are symmetrical 
with respect to the plane x = 0, see Bajer ( 1995), and is, with minor adaptations, also 
applicable to the three-dimensional cavity flow. The essential property of periadie points is 
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Figure 4.1: Protocol A and B. The sequence and the direction of the front and back walls motion is 
shown. All other walls are fixed. 

that they cross the plane of symmetry, say x = 0, at the times t = T /4 and t = 3T /4, where T 
is again the time of one period. The surface that coincides with the plane x = 0 at the instant 
t = T /4 is tracked up to the timet = 3 T /4. The intersection of this deformed surface with 
the plane x = 0 gives the portrail of the periodic structures, namely their positions after 3/4 
periods of the motion. ln general the intersection of the two surfaces will consist of surf aces, 
lines and (isolated) points. For the results presented in this chapter, the intersections (and thus 
the periodic structures) consistsof lines which are either closedor end at the boundary (since 
the deformed surface and the plane x = 0 have a common boundary). The actual position 
of the periodic Jin es is found by tracking the points to the time t = T. The location of the 
points was also verified by track.ing them for one complete period of the flow. An example of 
this technique applied to mixing protocol A is presented in section 4.4. I. In section 6.2.2 this 
technique is used to find periodic points in the two-dimensional cavity flow for shear-thinning 
fluids. 

4.2 Periodic point dereetion 

For more general three-dimensional mixing flows, considerations Iike symmetry in the veloc
ity field can be of no use. Th is implies that another technique for finding periodic structures is 
needed. The technique developed here to find tirst-order periodic points is based on analysis 
of displacement and stretching over one period. The displacement function d(X) is defined 
as: 

d(X) = IIX- <l>T(X)II2, (4.1) 

where 11 · · · llz is the Euclidean normand <1>1 (X) was defined in sec ti on 2.2.1. Using the defi
nition of the displacement gradient F x = (V x <l>T(X)) T, a useful definition of the stretching 
coefficient can be defined: 

(4.2) 
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where a (F x) is the eigenvalue spectrum of F x. 
The technîque used to locate periadie points is essentially basedon finding roots of d(X) = 0. 
If a root is found, say at point xo, then the eigenvalues À 1, À2, and À3 of the displacement 
gradient matrix F x in xo are investigated. Notice that for incompressible fluids det(F x) = 1 
or, equivalently, ÀJ À2À3 = I. If (and only if) the periodic point xo belongs toa periadie line, 
which maps to itself, then one of the eigenvalues (say ÀJ) is necessarily equal to I. If a 
periodic point is found with an eigenvalue of I, then the eigenveetors are used to search 
for other perioctic points. The search used the fact that the corresponding eigenvector n 1 is 
tangential to the periodic line. This is clear since 

(ex: --+ 0). (4.3) 

For the other two eigenvalues there are two possibilities. 

• Both of them may be complex, in which case they are complex conjugates: À2 = À3 

and À2À3 = I. Their absolute values are in this case both equal to I and the type of 
the periodic point is elliptic. This means that locally the material rotates around that 
perioctic point. 

• The other possibility is that both eigenvalues À2 and À3 are real. In the limiting case 
(parabolic point) the absolute value of both of them can be equal to 1, otherwise the 
absolute value of one ofthem is larger than I, and as before À2À3 = I. This corresponds 
to an unstable (hyperbolic) point on the line, and implies that the material is locally 
stretched. 

4.2.1 Computational issues 

The general strategy to find first-order perioctic structures in three-dimensional flows requires 
the computation of the displacement function d(X) within the flow domain. To locate the 
roots of d(X) = 0 the following strategy is used: 
a) Analysis of marker displacement on a coarse three-dimensional grid over one period, to 
find an initia) guess for the local minimum of displacement See left part of tigure 4.2. 
b) Accurate determination of the position of local minima of displacement, using a sequence 
of planar two-dimensional grids with decreasing coarseness. See then tigure 4 .2 (right part). 
c) Analysis of the local deformation pattern, determining the eigenvalues and eigenveetors of 
F, and determining if there is an unit eigenvalue. If so, then the eigenvector that corresponds 
to unit eigenvalue is determined (this vector is tangential to the periodic line) and is used to 
step along the perioctic line. 
d) Return to step (b) to praeeed along the periodic line. Diagnose the types of the periodic 
points. See sectien 4.2. 

The strategy starts with a relatively coarse uniform three-dimensional rectangular grid 
of material points in the flow domain. For computational reasons, the grids do nottouch the 
boundaries. The points of these grids are tracked over one complete period of motion, and the 
total displacement of each individual point d(X) is computed. The minima of this function 
indicate the location of (possîble) periadie points. 

As the resolution of the grîd is limited (by computational resources), there is no conti
denee that the local minima indeed represent perioctic structures. Therefore, these regions of 

r . 
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Figure 4.2: Left: plot representing the displacement d(X) of a marker grid over one period; right: 
refined marker grid, used to locate the local minimum of displacement. 

low displacement are refined by recomputing d(X) on a finer grid (see tigure 4.2) and again 
analysed, until a minimum is found that is, within some specific tolerance, close enough to 
zero. 

4.3 Validation of the techniques 

To check the accuracy of the numerical techniques used to locate periodic points, a well
known two-dimensional example of a periodic mixing flow in a rectangular cavity is consid
ered. The flow is generated by successive periodic motion of two opposite walls (upper and 
lower in tigure 4.3) in opposite directions. The two other walls are fixed. First, during the 
first half-period the top wall moves to the right, then, during the second half-period the bot
torn waii moves to the left. This mixing flow is chosen since for this flow a semi-analytica! 
velocity solution is available (Meleshko and Peters (1996)) so the accuracy of the numeri
cal scheme to compute the velocity field can be validated. The dimensionless displacement 

of each wall during a period is defined as D = droe~dbor , where drop and dbor are the dis
placement of the top and bottom, respectively, while the parameter w denotes the width of 
the cavity. For this case the dimensionless displacement was set equal to D = 6.24, the 
same value used by Ottino ( 1989) where drop = dbor· The aspect ratio of the cavity (length 
to width) was 5:3. A blobis placed around a tirst-order hyperbalie point (1.15, 0.0) and is 
tracked for five periods using both the numerical and the analytica! solution. The numerical 
solution is obtained using the two-dimensional speetral element mesh depicted in tigure 3.1 . 
Eighth-order Legendre polynomials were used to obtain the velocity field for the cavity flow 
induced by a moving top wall ; the flow for a moving bottorn wall follows from a simple 
rotation. The results, presented in tigure 4.3, show a nearly perfect agreement between both 
deformed blobs, justifying the use of the numerical solution technique. 

The number of material points needed to describe the blob is presented in table 4.1. The 



4.4. Three-dimensionallime-periodic ffows 37 

Table 4.1: Comparison ofthe number of points, area and circumference between the numerical and an-
alytical results as presenled in tigure 4.3. The values for area and circumference are relative 
to the initia! configuration. 

time in periods T 0 2 3 4 5 

number points (analytica!) 120 207 627 2728 9217 30739 
circumference of blob 1 10.1 31.9 136.7 442.1 1489.1 
area ofblob 1.0042 0.9985 0.9957 1.0071 1.0041 

number points (numerical) 120 205 624 2687 9139 30367 
circumference of blob I 9.9 31.6 135.3 438.6 1473.2 
area ofblob 1.0041 0.9986 0.9902 1.0018 0.9830 

table shows an exponential increase of the circumference of the blob (between each period 
approximately a factor 31). The number of points needed to describe the blob increases 
with approximately the same factor. The area is computed for the numerical and analytica] 
velocity field and in both cases the area preservalion is exceptionally good, demonstraling the 
accuracy of the adaptive partiele tracking scheme. 

4.4 Three-dimensional time-periodic flows 

4.4.1 A quasi two-dimensionaJ cavity flow 

Mixing protocol A is a straightforward extension of the two-dimensional protocol. For pro
tocol A the dimensionless displacementDof the wallsover a half-period was equal to 7. The 
periadie lines for the rectangular cavity, which are here found using symmetry conditions, 
serve as a useful example to check the general technique introduced insection 4.2. Figure 4.4 

Figure 4.3: The results of tracking a blob after five periods using a numerical (left) and an analytica! 
(right) velocity field. The dimensionless displacement Dis equal to 6.24. 
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Figure 4.4: On the Jeft the initia} planar surface is shown which is tracked using mixing protocol A 
from a quarter to three quarters of a period (picture on the right). For the initia! surface an 
uniform grid is chosen, which is adaptively refined during the tracking procedure. 

shows the defonnation of the initia] planar surface, which is tracked from a quarter to three 
quarters of a period. The intersection of the two surfaces (which are lines for this flow) is 
tracked for a full period and provides the Iocations of periodic points. The periodic struc
tures, which are now lines instead of points, are presented in figure 4.5. The thickness of 
each line is used to designate its type: stabie (elliptic) lines are thick, unstable (hyperbolic) 
are thin. Symmetry, which is present for this flow, is also revealed by the periodic points, and 
is proved in Theorem 4.1 . The planes of symmetry are the mid-plane z = 0.5 and the plane 
y = 0. No te that the periodic lines displayed in figure 4.5 do notend at the boundaries of the 
flow domain. This is because, for computational reason, the initia! surface does nottouch the 
boundaries. 

Theorem 4.1. If the symmetry operators Sx and S2 are defined as 

Sx: (x, y, z)--+ (x, -y, z) and S2 : (x, y, z)--+ (x, y, 1- z), (4.4) 

then Sx pand S 2 p are both periodic points if pis periodic. 

Proof. It is clear that SxSx = I and S2 S 2 = I, where I is the identity op
erator. The operator Fr denotes a motion of the front wal I to the right, while 
B1 similarly denotes a motion of the back wall to the left. If p is periodic then 
Fr BJP = p, and because ofthe reversibility ofthe Stokes flow, B!1 r; I p = p. 
Because of the flow symmetry 

(4.5) 

Using this the proof follows as 

SxSx Fr SxSx B1Sxp (4.6) 
'--.,--' '--.,--' 

I I 

and similarly it can be shown that F rBtS2 p = S , p . 
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Figure 4.5: Periodic lines in the quasi-two-dimensional flow (mixing protocol A) : thin - unstable 
(hyperbolic) lines; thick - stabie (elliptic) lines, derived using the symmetry of the flow 
field. 

The pattem shown in tigure 4.5 can be related to the results for the two-dimensional cavity 
flow with a decreasing D parameter, noticing that, in the vicinity of the lid and bottom, the ef
fect of the wall displacement is reduced, and that the motion of the particles is, approximately, 
restricted to one horizontal level. Close to the bottorn only one periadie line is formed, sirn
ilar to one periadie point in two-dimensions, for relatively smal! values of D. Approaching 
the mid-plane, equivalent to an increasing effective D parameter, the single elliptic line splits 
into two elliptic lines and one hyperbalie line. Closer to the mid-plane (z = 0.5) the elliptic 
lines also change their type and become hyperbolic. Another typical phenomenon, already 
known from the two-dimensional case, is the birth of a pair of periadie points of different 
type "out of nothing". This is observed in the left half of the cavity (x < 0), where a closed 
ring is formed when the opposite lid is approached and the lines merge and disappear again. 

Analysis of periadie structures in flow A using a general technique 

Mixing flow A is also analysed using the general technique introduced in section 4.2. The 
easiest way to examine the three-dimensional structures is "slice by slice" (step (b) in the 
algorithm). In tigure 4.6 the patterns of the displacement and the stretching ratio are presented 
fora number of horizontal cross-sections. On the left side, the total displacement d(X) over 
one period is presented. Light gray scaled regions represent regions of low displacement, 
while the dark reg i ons are regions of high displacements. On the right side of the tigure, the 
stretching s(X) over one period is depicted. To increase the clarity ofthe map, thresholding of 
the maximum stretching values was used (the threshold level was equal to 5). To delermine 
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Displacement d(X) Stretching s(X) 

z = 0.050 
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Figure 4.6: Mapsof displacement and stretching over I period of motion (using mixing protocol A) at 
the horizontal levels z = 0.05, 0.125, 0.225 and 0.5, respectively with ranges [ -0.9w < 

x < 0.9w, -0.9d < y < 0.9d]. Left: mapsof displacement gray scale denote displace
ment; white colour corresponds to low displacement Right: maps of the stretching: gray 
scale denote the stretching ratio, black corresponds to high stretching, white designates the 
low stretching zones. 
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Table 4.2: Computed unit eigenvalues of the displacement gradient matrix for the points 
PI, pz, and P3· pz is an elliptic perioctic point; the other two are of hyperbolk type. The 
eigenvalnes are computed using a second-order central differences scheme with spatlal dis
cretization step size l!.x. 

ÁX = 5 X 10-2 ÁX = 2.5 X 10-2 ÁX = 1.25 X 10-2 ÁX = 6.25 X 10-3 

PI 0.99846 0.9995 0.9997 0.9998 
P2 0.99569 1.0004 1.0002 1.0000 
P3 1.00037 1.0001 1.0000 1.0000 

the type of the perioctic points, contour lines for displacement are placed in the stretching 
tigures. 

Close to the bottom, at the level z = 0.05 (see tigure 4.6), the local minimum of the 
displacement in the zone of low stretching indicates that the elliptic line crosses this plane. 
The horizontal slice z = 0.125 is approximately the level where the periodic Iine splits into 
three (compare with tigure 4.5). This phenomenon is indicated by the shape of the zone of 
the local minimum of displacement. The "tongue" of the high-stretching region (gray area in 
tigure 4.6), approaching the central zone of the displacement minimum, indicates that, after 
the splitting, the line in the middle becomes hyperbolic. On the upper level, z = 0.225, 
three separate lines, crossing the plane, are clearly visible, one in the middle, at y = 0, being 
hyperbolic, while the two other lines remain elliptic. In the mid-plane, z = 0.5, all three sharp 
local minima of displacement are positioned in zones of high stretching ratio, indicating that 
the type of the points is hyperbolic. In the left part of the cross-section, a clear portrail of 
another elliptic periodic line is present. This line is part of the closed curve on the left of 
the cavity, plotled in tigure 4.5. The coupled hyperbolk part of the line is outside the zone 
in which the analysis was performed. It can be concluded that the results of the presenled 
"displacement-stretching" analysis are in excel1ent agreement with the results of the search 
for periadie structures using the "symmetry" algorithm. 

Table 4.2 contains the determined unit eigenvalnes for the points Pl = (0.83, -0.55, 0.51 ), 
P2 = (0.72, -0.34, 0.21), and P3 = (1.05, -1.66, 0.51). The point P2 is an elliptic periodic 
point, the other two are of hyperbalie type. The results show that the eigenvalnes are accu
rately computed. The periodic points are therefore located on a periadie line. 

4.4.2 Mixing induced by a four-step protocol 

For the four-step protocol B, the flow was induced by the successive motion of the two op
posite walls in crossed directions as depicted in tigure 4.1. The net resulting displacement 
of each wall, after one complete period, is zero. Different from the previous protocols, now 
slices in three directions were used for the analysis, because the contiguration of the lines 
was completely unknown, and there was no a priori idea about their possible position. Again, 
coarse grids were used tirst to locate an initial guess for the position of the perioctic points. A 
sequence of tiner, locally retined grids provides a more accurate Iocation. For these points, 
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Figure 4.7: Periodic Iines in the four-step mixing flow (protocol B): thin- unstable (hyperbolic) Iines; 
thick- stable (elliptic) lines. Left D = 3, right D = 5. 

where d(X) < E, the eigenvalues and eigenveetors of Fx are determined. The eigenvector 
that corresponds to the unit eigenvalue is used to capture the periodic line. As a result, a 
system of periodic lines was revealed for D = 3 and D = 5. 

The periodic lines found are plotted in tigure 4.7. Hyperbolk partsof the line are thin, 
elliptic lines are thick. For both values of D three periodic lines are formed. In the first case, 
D = 3, two completely cHiptic lines are revealed, plus one periodic line consisting of one 
elliptic part and two hyperbolic tips. In the case D = 5, the periodic structure consists of 
three lines with mixed types of periodic points. The existence of first-order hyperbolic points 
for both D parameters shows that mixing protocol B can lead to chaotic advection. 

The periodic lines in figure 4.7 are axially symmetrie around the line y = 0, x - z = 0. 
The proof of this statement is similar to the proof of Theorem 4.1. The protocol under study 
then can be written as 

(4.7) 

where the rightmost operator is acting fust. The symmetry operators Sx. Sy and Sxz are 
defined as: 

Sx:(x,y,z)-+ {-x,y,z). Sy:(x,y,z)-+(x,-y,z), 

Sxz: (x,y,z) -+ (z,y,x). 

In addition, the operatorS= SySxz is introduced as: 

S: (x,y,z)-+ (z, -y,x), 

(4.8) 
(4.9) 

(4.10) 

This operator, in fact, describes rotation by 180", or axial symmetry around the line y = 

0, x- z = 0. It is obvious that SS= I, and thus S-
1 

= S, where I is again the identity 
operator. 

Using the symmetry of the flow domain and the symmetry of the velocity field it is pos
sibie to express all operators used in protocol P through a single basic map F = Fr and 



4.4. Three-dimensional time-periodic flows 43 
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Figure 4.8: Deformation of the two blobs after 4 periods. Initia! blob (H), around a hyperbolic point, 
and deformation ofblob (E), around an elliptic point. 

symmetry operators as follows: 

Fr= F, Ft= F- 1
, Bu = SFS, (4.11) 

Note that for practical purposes the inverse map F-1 can also be presentedas F-1 = S x F S x. 

Using ( 4.11) the expression ( 4. 7) for the protocol P can be rewritten as 

(4.12) 

The inverse protocol p-1 then willlook as follows (operators are re-written in inverse order 

and rep]aced by their inverses, taking into account that S- 1 
= S): 

(4.13) 

From (4.12) and (4.13) it follows that the protocol under study Pandits inverse p-I obey 
the following symmetry relations: 

p-1 = SPS, (4.14) 

In terrns used by Franjione et al. (1989) this means that the map P possesses a symmetry 
S. The same symmetry holds for the maps pn for n > l. lf pk possesses the symmetry S, 
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Figure 4.9: Increase in interfacial area and volume conservation of elliptic (E) and hyperbolic (H) blob 
for four-step cavity flow (mixing protocol B) 

which means that p-k = S pk S, then the same is true for k + I: 
p-<k+J) =p-I p-k = sps spks = sP ss pks = spk+Is. ._,_,..__, '-.-' (4.15) 

p-t p-k 1 

Relation (4.15) forms a step ofthe induction, with (4.14) being its base for k = 1. Thus, for 
any integer n 2:: 1 

(4.16) 

The relations (4.16) and reversibility of the Stokes flow reveal the symmetry that periodic 
structures of the flow under study must necessarily possess, namely that periodic structures 
of any order ( or the isoJated points, if any) should he arranged symmetrically around the axis 
y =0, x -z =0. 

Theorem 4.2. If p is a periodic point of nth order of the flow described by the 
protocol P (4.7), then the point Sp, which is symmetrical to itwith respect to 
the axis y = 0, x - z = 0, is also an nth order periodic point of the same flow. 

Proof. By definition, the point p is a periodic point of nth order of the map P if 
pn p = pand pk p =f:. p for any I :5 k < n (the Jatter requirement is sometimes 
omitted). As the Stokes flow is quasi-stationary, it could he reversed and the 
same eoïnt p remains periodic fortheinverse protocol: p-n p = p. Then the 
pointSpis mapped as follows: 

pnsp = 1tpnsp = s~p = sp-np = sp. {4.17) 

I p-n 

In the same way, pk p =f:. p for I :5 k < n. Thus, Sp is a periodic point of nth 
order of the protocol P. 
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The system of periadie lines displayed in figure 4.7 does exhibit this type of symmetry. 
The elliptic line in the middle is actually crossing the axis of symmetry. It is interesting 
to note the difference in the type of symmetry observed by Franjione et al. (1989) for two
dimensional cavity flows and the symmetry bere. While Franjione et al. (1989) encountered 
only reflectional symmetries, the flow and the periadie structures discussed here possess ro
tational (orientation preserving) symmetry. 

To emphasize the importance of the periadie structure analysis, the motion of two blobs 
is calculated for a few periods. The first blob is positioned around an elliptic point, the other 
one around a hyperbalie point. The results for the case D = 3 are presented in figure 4.8. The 
difference in deformation between the two blobs is large and the blob around the hyperbalie 
point is advected through the whole domain, while the stretching of the blob around the 
elliptie point is very smalt. In figure 4.9 results regarding volume conservation are depieted. 
For the material blobs around the hyperbalie and elliptic points, the volume is preserved 
within a few percent after four periods of mixing. The area is scaled with respect to the 
area of the initia! blob. For the blob around the elliptic part of the line, the area remains 
nearly constant; however, for the hyperbalie blob a substantial increase in area is observed. 
As a final test a material point (0.188562, -0.399432, -0.408048) located at an elliptic Iine 
is tracked for 500 periods. The distance between the tracked and original point is 0.0062, 
indicating the accurate location of the elliptic point. 

4.5 Discussion 

An algorithmwas presented todetermine periadie structures in three-dimensional cavity mix
ing flows, which is also applicable to more general flows and geometries. The analysis of the 
motion of surfaces during one period provides information on deformation and stretching in 
the flow. Careful investigation of this in formation results in the location of periadie structures 
(if any) in the flow domain. Analysis of the displacement gradient matrix was used to identify 
the type of each periadie line. 

The results show that the approach to locate and identify periadie structures has success
fully been applied to several three-dimensional cavity flows. The periadie structures in the 
first two-step mixing flow, with parallel moving walls, are found using two techniques. One 
exploits symmetry in the flow, the other technique assumes a general flow. Both methods 
lead to the same set of periadie structures. For the four-step protocol, periadie structures 
were found for two different mixing parameters. The actual tracking of two blobs located 
around periodic points of hyperbol ie and elliptic type, respectively, show the large difference 
in stretching in the four-step induced periadie flow. 

The mixing flows and protoeals investigated in this chapter were applied to a prototype 
mixing configuration. However, tbe tools which have been developed and applied to examine 
the flow for periodic points are generaL They can be applied to other geometries or mixing 
protocols. Possibilities are offered to investigate and analyse intlustrial mixing flows. Ex
truders or static mixing can be studied using similar techniques. The periooicity present in 
these flows is spatial instead of tempora], but this does not limit the application of the model. 
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5. ANALYSIS OF TWO-DIMENSIONAL NON-QUASI-STATIC MIXING 

5.1 Inrroduction 

Unsteady flow within the periods of two-dimensional periodic flow can yield chaotic mixing, 
which itself leads to improverneut of mass and heat transfer properties, see for example Baird 
et al. (1996), and Mackley et al. ( 1996). The effect of flow oscillations on mass transfer en
hancement has been investigated for reciprocating plate columns and baffied tubes, see e.g. 
Hewgill et al. (1993), and Baird et al. (1996), while their effect on mixing and heat transfer 
were determined for different values of the Strouhal number, see Howes et al. (1991), and 
Mackley et al. ( 1996). These studies show that an oscillatory fluid motion can lead to chaotic 
mixing, but an analysis of the characteristics of chaos properties in the flow and its cocre
sponding mixing properties bas not yet been presented. The objective of the study described 
in this chapter is to analyse the details of the characteristics of this chaos by applying ~ompu
tational methods. To this end, the cavity flow with an oscillating, time-periodic lid velocity 
is studied, using contour tracking, periodic point analysis and Poincaré mappings. 

Numerous experimental and computational studies have demonstrated that mixing in cav
ity flows can be enhanced by time-periodic motion of the bottorn and top walls, as shown in 
the previous chapters, and by Chien et al. (1986), and Liu et al. (1994). Generally the flows 
are quasi-statie, the mixing fluids considered are highly viscous and, consequently, inertia 
forces are negligible. The flow is then determined by the Stokes equations, and computa
tional methods, like periodic point analysis, which often rely on symmetry in the velocity 
field, i.e. symmetry of the streamlines, are used to analyse the mixing characteristics. In this 
chapter chaotic mixing is analysed for flows determined by the full Navier-Stokes equations, 
where stationary and unstationary inertia forces cannot be neglected and where, consequently, 
symmetry is broken. Although it is commonly believed (see Jana et al. (1994a)) that for such 
a flow without evident symmetry, periodic point analysis and Poincaré sections cannot be 
used, these analysis methods can efficiently be applied, as will be shown in this study. 

A prototype cavity flow with an oscillating lid velocity is used to determine the mixing 
characteristics of a non-quasi-static flow. First, the specific velocity field computations are 
discussed, focusing on the influence of stationary and unstationary inertia forces. The veloc
ity field is taken as a point of departure, and the mixing in the cavity is studied as a function 
of the oscillations of the lid velocity. Finally, some modifications of the original system are 
proposed to increase the ex tent of mixing. 
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5.2 Velocity field computation 

The unsteady two-dimensionallaminar motion is considered of an incompressible Newtonian 
fluid within a square cavity (see figure 5.1), where the transient mixing flow is induced by a 
time-periodic motion of the upper wall. The motion of the incompressible fluid is described 
by the Navier-Stokes equations, which read in dimensionless form: 

au 
St at + (u · V)u = 

I 2 
-Vp+-V u 

Re 
Y'·U = 0, 

(5.1) 

(5.2) 

pUL . 21rL . 
where Re = -- Is the Reynolds number and St = -U is the Strouhal number. The n T 
viscosity is denoted by 'f/, density by p, and U and L are, respectively, the characteristic 
velocity and length. T is the duration of a period in time. The boundary conditions for 
u= (u, v)T reads: 

{ 
. (2m) 

U = Utop = 1 + P Sin T 
u=O 

v=O 

v=O 

top wall 

side and bottorn walls. 

The parameter P is the amplitude of the oscillations. 

x 

21TI 
u=l+Psin(T) 

•=0 
v=O 

v-=0 

U=Û 

v=O 

(5.3) 

Figure 5.1: Left ft gure: Geometry of the cavity with time-periodic oscillatory lid velocity. In the tigure 
on the right the fini te element representation of the speetral element mesh is shown. The 
mesh consistsof 10 x 15 speetral elements each of eighth order, yielding totally 9801 non
uniformly distributed nodal points. 

Since for Re > 0 no analytical solutions are available for the velocity field in a cavity 
with oscillatory lid velocity, numerical techniques need to be applied. The Navier-Stokes 
equations are discretized in time using the projection metbod as discussed in chapter 3. The 
initial velocity and pressure in the cavity are set to zero and, for the range of parameters in
vestigated, the time-periadie boundary conditions induce a time-periadie flow with the same 
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(b) 

Figure 5.2: Instantaneous streamlines for the flow with parameters P = 1.5 and St = 4.2 at the time 
levels tI T = 0.2, 0.5, 0.8 and 1.0 for figures (a·d) respectively. The plots (tI T versus 
U10p) above the streamlines depiet the magnitude ofthe velocity at the current time level. 

period T after a number of periodic motions. This result is not trivial, since the momen
turn equation is non-linear and may result in a flow that is non-periodic, or periodic with a 
frequency different from the one imposed by the boundary conditions. The maximum norm 
difference between two velocity fields at times differing by exactly one period of excitation 
is computed, and, for the simulations presented in this study, it holds that 

liu(x, t + T)- u(x, t)lloo :5 P x 10-5, (5.4) 

where 11 •.. 11 00 denotes the maximum norm. Consequently, all solutions presented are time
periodic, and in the mixing analysis the influence of the initial conditions on velocity have 
disappeared. 

Typically 300 time steps were used within one period in order to obtain numerical stabil· 
ity for the momenturn equation. The speetral element mesh which was used is depicted in 
figure 5.1. It consistsof 10 x 15 speetral elements, each of eighth order, yielding totally 9801 
nodal points. 

Previous studies on this flow concluded that over a wide range of parameters the effects 
of stationary and unstationary inertia forces are limited with respect to the mixing process; 
see, e.g., Takasaki et al. (1993), who examined the flow for 50 :5 Re :5 500. Therefore, 
in this study the Reynolds number Re is fixed at 50, while the Strouhal number St is var
ied within the range 0.5 :5 St :5 12. The amplitude P of the oscillations takes the values 
0, 0.5, and 1.5. For P = 0 the lid velocity is constant, for P = 0.5 the lid velocity oscil
lates but remains uni-directional, and for P = 1.5 the lid velocity changes sign during each 
period. The present study does not intend to give a detailed analysis of the velocity field in a 
cavity with an oscillating lid (see Nishimura and Kunitsuga (1997) for an extensive analysis 
on vortex strength for differentStrouhal numbers), but aims to give an analysis of the chaotic 
mixing behaviour of this flow. As an illustrative example of the velocity field, figure 5.2 
shows the streamlines for P = 1.5 and St = 4.2. Even when the lid velocity becomes nega
tive, the clockwise rotation still persists in the centre of the cavity, while a counterclockwise 
recirculation is generated just below the top wall. The centre of the clockwise rotating vortex 
mainly oscillates in the vertical direction during the time period motion of the lid. 
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5.3 Mixing analysis 

For the amplitudes P = 0, 0.5, and 1.5, numerically computed velocity tields are applied 
to study the influence of P on mixing using a tixed Strouhal number. The case P = 0 is 
used as a reference where no oscillations are present. For one set of parameters, P = 0.5 
and St = 4.2, the characteristics of mixing are studiedinmore detail using a periodic point 
analysis. 

The chaotic adveetion of a material strip placed in the cavity is studied for each of the 
three amplitudes. The strip is placed vertically in the cavity, and has the dimensions 0.495L ::::; 
X ::::; 0.505L, O.IL :::; Y :::; 0.9L. For amplitude P = 0 (steady motion) only a linear 
increase in interfacial area of the strip is observed, see tigure 5.3 and table 5.1. In Nishimura 
andKunitsuga(1997)thelineX = 0.5L, 0.1L:::; Y:::; 0.9Lwastrackedandtheirresultsfor 
t = 8 show a good agreement with the results presented in tigure 5.3. Here, a strip is tracked 
instead of a line in order to visualize areas of bad mixing, indicated by Iow local stretching. 
For P = 0.5 and P = 1.5 the material strip is not constrained to follow steady streamlines ( 
in contrast to P = 0 ) and is much more effectively distributed over a large part of the flow 
domain. The stretchlog and fotding process of fluid elements, strongly enhancing the fluid 
mixing, clearly can be observed in tigure 5.3. The generation of interfacial area is shown in 
table 5.1. The table shows that fora P larger than zero, an exponential increase of interfacial 
area, and therefore efficient mixing, can occur. The results at the timet = 8 :::ö 5.3T are 
shown to allow fora comparison with Nishimura and Kunitsuga (1997). The computed area 
conservation of the advected strips is within l% over 12 periods, indicating accurate tracking. 

Adveetion of material fluid elements, as discussed above, provides insight into the rate 
of mixing. An asymptotic picture of the mixture follows from a Poincaré map, which is less 
computationally expensive to obtain. For P = 0 the Poincaré section reveals the streamlines 
of the flow, since there is only a steady movement of the upper wall. The Poincaré sections 
for the flows with parameters P = 0.5 or 1.5 and St = 4.2 are shown in tigure 5.4. An initial 
grid of 100 markers, uniformly distributed over the flow domain, is tracked for 500 periods 
to create an asymptotic picture of the mixture. 

The Poincaré section for P = 0.5 shows that the particles are reasonably well spread over 
a large part of the cavity, but that there are, apart from the region close to the stationary walls, 
four poor-mixing regions located in the core of this flow. The presence of regionsof regular 
motion in the core is studied in detail by means of a periodic point analysis. 

Determination of periodic points in this type of flows is not as straightforward as for 

Table 5.1: The inftuence of the amplitude P on the circumference of the advected strips shown in tigure 
5.3. The exponential increase in interfacial area is clear for P 0.5 and P = 1.5. The 
results are for T = 1.5, resulting in a Strouhal number St = 4.2. 

t=O t = 3T t =6T t =9T t 12T 
P=O 1.7 5.8 9.7 14.7 17. 
P=0.5 1.7 5.6 13. 30. 57. 
p = 1.5 1.7 8.7 39.7 162 608 
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P=O p = 0.5 p = 1.5 

1=0 

I= 5.3T 

1 = J2T 

Figure 5.3: Deformation of the material strips in the top row; left column strips are the deformation for 
P = 0 ; middle column strips are the deformation for P = 0.5, and the pictures in the light 
column are for P = 1.5. The middle row figures display the adveetion after t = 8 = 5.3 T, 
and the lower figures show the deformation at t = 127. Here, T = 1.5, resulting in a 
Strouhal number St = 4.2. 

(a) 

Figure 5.4: Poincaré section after 500 periods: (a) P 
St =4.2. 

0; (b) p 0.5, St = 4.2; (c) P = 1.5, 
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systems where stationary and unstationary inertia farces are absent. For those flows it is 
aften possible to use symmetry ofthe streamlines to simplify the detection of periadie points. 
For the mixing flows studied here such techniques cannot be applied, and the more general 
method, as presented in chapter 4 and by Andersen et al. ( 1999a), is used to tind periadie 
points. Although the methad in the previous chapter was used to detect periadie points in 
piecewise-steady three-dimensional ftows, it can also be used to detect periadie points in 
non-quasi-static ftows. 

A grid g of markers ( 100 x 1 00) is uniformly placed in the cavity (not touching the cavity 
walls) and tracked for one period of motion. The displacement d(X) and stretching s(X) are 
computed for XE Q using the detinitions in equations (4.1) and (4.2): 

d(X) = IIX- <l>r(X)II2. (5.5) 

where a (F X) is the eigenvalue spectrum of F x. 

Displacement Stretching 

(b) 

Figure 5.5: Displacement (a) and stretching (b) after one period; St = 4.2 and P = 0.5. For the 
stretching plot a threshold maximum value 5 is used, where the maximum stretching value 
equals 14.4. 

The results are presented in tigure 5.5. In the care of the cavity a region of low displace
ment is detected, and a further retinement of the grid g indicates a root of d(X) = 0, and 
consequently the presence of a tirst-order periadie point. Since there is no stretching around 
the tirst-order periadie point, it is concluded that the nature of this point is elliptic. If the 
displacement and stretching are now computed over three periods in a zoomed region in the 
cavity much more details are revealed, see tigure 5.6, and seven regionsof low displacement 
(around roots of d(X) = 0) are observed. The central of theseven regions, which was earlier 
classitied as a tirst-order elliptic periadie point, obviously also has a low displacement after 
three periods of motion. The three regions nearest to the tirst-order point surround third
order hyperbalie periadie points, as is clear from analysis of s(X). The nature of these six 
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Displacement Stretching 

(a) (b) 

Figure 5.6: Displacement (a) and stretching (b) after three periods fora zoomed region around the set 
of islands (0.4L « x « 0.85L, 0.5L « y « 0.95L); St = 4.2and P = 0.5. The 
maximum stretching value after three periods equals 65.5. 

third-order periodic points is revealed by the stretching picture after three periods, presented 
in figure 5.6b. The three points nearest the first-order point are located in a low-stretching 
region, while the other three are in a high-stretching zone. The first three are obviously el
liptic points (which was also clear from the Poincaré section) and the three other third-order 
periodic points are of hyperbalie type. The large island in the middle of figure 5.4b, is thus 
located around a first-order elliptic periadie point, while the three other smaller islands are 
located around third-order elliptic periodic points, as follows from numerical analysis of the 
flow. 

Kolmogorov-Arnold-Moser (KAM) boundaries separate regions of regular and chaotic 
flow, see Ottino (1989). If a surface coinciding with a KAM boundary at t = 0 is placed 
around the tirst-order elliptic point, it will return to its original position after one period. If 
such surfaces are placed around the third-order el liptic points and tracked for one period, then 
they undergo a cyclic mutual permutation. 

In figure 5.7 the adveetion of blobs (with an original diameter h = 0.05L, where L is the 
width of the cavity) around the third-order hyperbolic points is presented. Aftereach multiple 
of three periods the blob intersects withits original position. During the tirst 12 periods the 
deformation of the blobs only appears to be minor, but during the next 12 periods the effect of 
exponentially stretching (and consequent fotding around the el liptic points) becomes clear. In 
figure 5.7c the location of the blobs after 18 periods is depicted. One period later, figure 5.7d, 
the Iocation of the blobs is shifted and they are located around the next hyperbol ie periadie 
point. The deformation of a single blob after 30 periods is presenred in tigure 5.7f. The 
sequence of pictures show that the stretching and folding takes place between the islands, 
where the islands appear to "attract" folds. In figure 5.8 a zoomed region from figure 5.7f is 
displayed. This tigure showshow the unstable manifold of one hyperbalie cycle is conneered 
with the stabie manifo1d of another hyperbalie cycle (see also chapter 2). This connection, 
called a heteroclinic connection, is here shown between two third-order hyperbalie points. 
Obviously, two more heteroclinic connections are present in this flow. 
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Figure 5. 7: Adveetion of blobs plaeed around third-order hyperbol ie points. The closed !i nes define the 
islands surrounding the elliptie points. Figures (a)-(c) show adveetion after 6, I 2 and 18 
periods. Plot (d) shows the adveetion after 19 periods and (e) after 24 periods. Finallyin 
tigure (f) the adveetion of a single blob plaeed around the upper hyperbol ie point is shown 
after 30 periods. The StrouhaJ number is equal to 4 .2 and the amplitude P equals 0.5. 

One of the most simple measures to quantify the degree of mixing is the stretching of 
a material blob in the flow. Such a measure was used, for example, by Ottino (1989) and 
Nishimura and Kunitsuga (1997), and s also mentioned in chapter 2. The line (boundary) 
stretching, l (t) I lo, for the blobs of figure 5.7 placed around the upper hyperbolic point is 
shown in figure 5.9. The blob circumference grows exponentially as l(t) ~ loe0·23117 . It 
should be noted that if a non-adaptive technique is applied to track the contours of the blobs, 
misleading results may be obtained, since in that case mixing is exponential only during the 
first periods, but laterit becomes only linear (Nishimura and Kunitsuga, I 997). Such a wrong 
condusion is mainly the result of the difficulties associated with tracking contours in chaotic 
flows; when no adaptive contour tracking method is used, a stretched and folded contour part 
which is not resolved may grow between two adjacent contour points. 

In addition to the amplitude, the Strouhal number is also an important parameter that 
controls the flow and mixing characteristics. If the Strouhal number for a fixed amplitude 
P, say P = 1.5, is too large or too small, the unstable (hyperbolic) periodic points will 
disappear and as a result the mixing quality wil! decrease. If the Strouhal number is large 
then the time period of the oscillations is small, having a minor effect on the stretching and 
folding. For a smal! Strouhal number the flow resembles the linear mixing steady flow. For 
two extreme Strouhal numbers, St ~ 0.6(T = I 0) and St ~ I 3(T = 0.5), a similar perioctic 
point analysis was performed. For these ftows no hyperbalie points, the souree for stretch
ing and folding, (up to fourth order) could be detected. This explains the adveetion results 
presenled in Nishimura and Kunitsuga (1997). For the steady flow ( P = 0) only a single 
stationary point is located in the centre of the main vortex, explaining the poor mixing for 
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Figure 5.8: Here a region around the hyperbolic points on tigure 5.7fis enlarged. The blobis stretched 
along its unstable manifold and intersects with the stabie manifold of another hyperbolic 
point (heteroclinic connection). As it enters the stabie manifold it is stretched along the 
unstable manifold. 

this parameter. Nishimura and Kunitsuga ( 1997) also considered three different aspect ratios 
and they calculated the line stretching for different Strouhal numbers. For these aspect ratios 
they found that the change of aspect ratios will probably lead to poorer mixing. Based on the 
maximum line stretch they concluded that there is an optimal Strouhal number that yields the 
"best" mixing for each aspect ratio. In their research, optimal mixing occurs for the original 
aspect ratio (square cavity) with aStrouhal number approximately equal to 5. Some caution 
should be used with respect to this conclusion, si nee high stretching itself does not necessar
ily imply good mixing. It is possible that fluid elements undergo exponential stretching, but 
they remain in a limited part of the flow domain. Proper use of mixing measures, some of 
which are given in chapter 2 is required to favour one mixture over the other. Tucker ( 1991) 
discusses this subject in detail. 

The fluid element adveetion results in figure 5.7, and the Poincaré sections in figure 5.4 
show that although chaotic mixing can be present in the square cavity with an oscillating lid
velocity, mixing in the bottorn of the cavity remains poor. In the next section some possible 
improvements of the original system are proposed to increase the extent of mixing. 

5.4 Improving mixing performance 

The previous sections showed that an oscillating lid-velocity can produce chaotic mixing. In 
the upper half of the square cavity the mixing is chaotic, while the quality of mixing remains 
poor near the bottorn and side walls of the cavity. Several measures can be considered that 
could yield a more uniform mixture. Examples include changing the geometry introducing 
curved geometries, or changing in the aspect ratio of the cavity, or a change in the Strouhal 
number, and, finally, by introducing a more complex boundary condition (for example a 
moving lower cavity wall, see tigure 5.1 0). Here the influence of a steady movement of the 
bottorn wall on the mixing ability is investigated. This causes the stagnation regions in the 



56 5. Analysis of two-dimensional non-quasi-static mixing 

0 

0 
0 

0 + 
0 + 

0 + 

0 ++ 

0 + 
o+ 

0 

0 
oo + 

+ 

10 15 .20 
Number ol periods 

25 30 

0 blob 1 

-blob2 

+ blob3 

Figure 5.9: Line stretching l(t)/ lo fortheblobs around the hyperbolic points from tigure 5.7 presented 
for the first 30 periods; St = 4.2 and P 0.5. 

bottorn of the cavity to disappear, and allows the fluid to reach the chaotic region. 
Por one set of parameters, (P = 1.5, St = 4.2, and four different bottorn velocities) 

the velocity fields during a period are computed. Similar to the original situation with a 
fixed bottorn wall, a time-periodic velocity field is induced by the time-periodic boundary 
condition at the top wall. The instantaneous streamlines for the flow with a high bottorn 
velocity (U bot = -I) are presented in tigure 5.11. The streamlines show that (compared with 
tigure 5.2) the corner cells are absent in the bottorn half of the cavity where now velocity 
gradients are significant. The main vortex is still present and its centre moves vertically up 
and down duringa period. Again, a separation zone is visible as a response to the sign change 
of the velocity of the upper wall, see tigure 5.lle. 

Computational methods are once more applied to gain insight in the chaotic behaviour of 
the flow. Pirst, Poincaré sections are computed and the results are presented in tigure 5.12. 
Por Ubot = -1 a structure with seven islands is revealed. The two largeistands at approxi
mately the vertical centre line are surrounding tirst-order elliptic points. The tive other islands 
are around fifth-order elliptk points, a situation similar to tigure 5.4a, which had third-order 
periodic points. A tirst-order periodic points analysis, see tigure 5.13, shows that between 
the tirst-order elliptic points a tirst-order hyperbolk point, previously not present, is located. 
Stretching and displacement results after five periods reveal five additional periodk points of 
hyperbolk type located between the high-order islands. Although the mixing in the Iower half 
of the cavity bas improved, the global mixing quality seems not to be improved drastically in 
terms of the total area of the is lands. 

If the bottorn wall moves in the positive x direction, Ubot = I, the mixing quality de
creases drastically. The Poincaré section, tigure 5.12b, reveals a large recirculation region 
in the lower half of the cavity. Inside this separated zone some remarkable structures are 
present, but this structure is not further investigated because of lack of interaction with the 
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Figure 5.10: A rounded cavity can be used to remove the bad mixing zone in the bottorn of the cav
ity (left picture). A change in boundary conditions mayalso enlarge the potential mixing 
zone, for example an oscillating bottorn velocity (middle picture) or a steady bottorn ve
locity (right picture). 

remainder of the cavity. 
In figure5.14a,resultsareshown for P = 1.5 and St= 4.2 witbasmali steady movement 

of the bottorn wall in the negative x direction, U bot = -0.1. In figure 5.14b we see results 
for the same flow conditions but now with a movement in positive x direction. Also bere 
the direction of the bottorn wall movement has a large influence on the mixing in the cavity. 
Even if the bottorn wal1 moves with a velocity as low as U bot = 0.1, astrong negative effect 
on mixing is observed. A separated rotation region is generated where the fluid elements are 
only stretched linearly, and where there is no interaction with the core of the flow. 

5.5 Conclusions and discussion 

Fluid mixing in a prototype cavity flow with an oscillating lid velocity was examined for a 
Navier-Stokes flow. Forthese inertia-dominated flows, the symmetry of the flow is destroyed 
and a periadie point analysis is more difficult. Computational methods have been developed 
and applied for the analysis of these type of flows, resulting in a set of general tools (Anderson 
et al., 1999b ). The major conclusions are: 

• Superimposing an unsteady component of the lid velocity on the steady flow results 
in an exponential increase of interfacial area, due to stretching and folding of fluid 
volumes in the flow. 

• A time-periadie boundary condition in a non-linear flow can lead asymptotically to a 
time-periadie flow. 

• Computational tools like periadie point analysis and Poincaré sections can be applied 
for transient, non-quasi-statie, time-pcriodie flows. 

• For the cavity flow studied bere, movement of the bottorn wall will only positively 
affect the mixing if it is a perturbation in the opposite direction with respect to the 
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Figure 5.11: Instantaneous streamlines for the flow with parameters P == 1.5, St == 4.2 and bot
torn wall velocity Ubot = -1. Pictures (a)-(f) are results at the time levels t/T = 
0, 0.2, 0.4, 0.6, 0.8, and J .0 respectively. 

upper wall motion. Otherwise, the effect can be a large decreasein the mixing quality, 
and, therefore, also in the mass and heat transfer capabilities. 

The methods developed are genera1 and can be applied to other non-quasi-static mixing prob
lems, for example when the non-lineacity results from the rheologica1 properties of the fluid. 

The presence of unstationary inertia forces in the prototype cavity flow with an osciHating 
lid velocity allowed an exponentlal increase in interfacial area. The corresponding oscillation 
frequency bas a significant effect on mass transfer capabilities in the cavity flow. As long as 
the Strouhal number is of the order of 5 compared to the steady motion of the wall, effective 
mixing results. For Strouhal numbers of order of either 1 or 10, the influence of the oscilla
tions is less effective and mixing will be poorer. The effect of the amplitude of the oscilla
tions, fora fixed Reynolds number, can be significant. It was found bere that, if the amplitude 
is of equa1 order compared to the steady motion, chaotic adveetion of fluid elements is possi
ble. The results indicate that in the range of investigated situations (P = 0, 0.5, and 1.5) a 
larger amplitude of the osci1lations, compared to the steady component, leads to more stretch
ing and folding of the fluid, and thus to better mixing. A smaller amplitude can a1so lead to 
chaotic advection, but it is expected that the mixing efficiency will be lower. 

Another phenomenon that was observed during the computations is that elliptic points, 
and their associated islands, actually promote mixing efficiency. Fluid elements which are 
close to hyperbolk periadie points are advected around the islands. The islands act as obsta
cles for the fluid, and the fluid folds around the islands. Clearly, KAM boundaries separate 
the regular and chaotic mixing zones, and within the KAM boundaries the mixing is regu
lar and linear. However, if the flow parameters are modified such that the islands disappear, 
then the route to effective mixing also disappears. It is therefore more effective to let the 
fluid stretch and fold around the islands, and then after a number of periods, modify or adjust 
the protocol such that weU-mixed ftuid exchanges with the ftuid in the islands. One might 
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Figure 5.12: Poincaré section after 500 periods. In figure (a) results are shown for P = 1.5 and St = 
4.2 with a negative steady movement of the bottorn wal!, i.e. U hot = -I. In (b) for the 
flow conditions but now with a positive movement, i.e. U bot = I. 

Displacement Stretching 

(a) (b) 

~, ~2 0.3 o.• as o.6 a7 o.s o.a 

Figure 5.13: Displacement (a) and stretching (b) after one period; St = 4.2 and P = 1.5. The bottorn 
wall has a steady velocity of U bot = -1. The maximum stretchingafter one period equals 
17.8. 
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Figure 5.14: Poincaré sections after 500 periods. In tigure (a) results are shown for P = 1.5 and 
St = 4.2 with a smal! steady movement of the bottorn wall in the negative x direction, 
U bot = -0.1. (b) shows similar How conditions but now with a movement in the positive 
x direction, Ubor = O.I. 

also consider adding some marbles or solid fillers into the initia] mixture. These will lead to 
stretching and folding of fluid elements and can be easily removed after the mixing processis 
finished. Another possibility might be to change the geometry or to create a mixing protocol 
with oscillations superimposed on the steady flow, and let the amplitude and/or the frequency 
be a function of time. 



6. ANALYSIS OF NON-NEWTONIAN MIXING 

6.1 Introduetion 

Many fluids in nature and industrial processes are non-Newtonian, where the stress is not 
linearly proportional to the rate of straining, or notconstant in time even when constant strain 
rates are applied. The viscosity can depend on the shear-rate, or the stresses can depend on 
the history of the deformation, or both. Contrary to a common belief, such a fluid behaviour 
is rather common, and can be encountered in everyday life. A dai1y life example is mayon
naise. If it is lefton a pieee of bread it will barely move, but when sheared by a knife it spreads 
easily. Polymerie materials often show a time dependenee in their response, called viseoelas
ti city. When these materials are loaded in shear or extension, an instantaneous deformation 
is folJowed by a non-linear continuous deformation. When the load is removed, part of the 
deformation is recovered instantly, more is recovered with time, and in some materials there 
is a permanent setting. 

To date, despite of its importance, only a few studies have been publisbed on chaotic 
adveetion of non-Newtonian fluids. Niederkom and Ottino (1994) reported on chaotic advee
tion in the joumal hearing flow for shear-thinning fluids. Ling and Zhang ( 1995) examined 
the influence of the deformation-rate-dependent viscosity on mixing windows- regions in the 
parameterspace where mixing systems are nearly chaotic. Both studies describe a deerease in 
the amount of mixing compared to Newtonian fluids, both in rate and in extent. These signif
icant effects are obtained with Iess than 5% discrepancy in the velocity field compared to the 
Newtonian resuJts. It was observed that shear-thinning reduces the strength of vortices and 
weakens the link between high and Jow shear-rate regions. Hence, the mixing performance 
degrades. 

The underlying topic of this chapter is to address the importance of rheology on detailed 
mixing structures in (again) simpte, but well defined flows. First, two-- and three-dimensional 
shear-thinning flows in cavities are considered. Next, the influence of viscoelasticity is stud
ied. For viscoelastic mixing flows the analyses are much more complicated, because of the 
memory of the fluids, so for this case only a two-dimensional cavity flow is considered. In 
general, for viscoelastic flows, the transition zones can not be neglected when extemal exci
tations are changed. If the relaxation time of the fluid is smalt compared to the characteristic 
time of a period, however, a time-periodic flow is often obtained after a number of periods. 

Justas for the inelastic non-Newtonian case, only a few studies have been publisbed on 
chaotic adveetion in viscoelastic fluids. Niederkorn and Ottino (1993) present experiments 
and simulations involving planar creeping flow between eccentric cylinders. Each cylinder 
boundary bas an angular velocity that behaves like a square wave as a function of time, creat
ing reetangolar pulses, and thus the flow possesses a characteristic period. Their experiments 
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show that the area of the flow domain containing chaotic fluid partiele trajectories can either 
increase or decrease, compared to the Newtonian case, depending on the periods associated 
with the boundary motion. These effects occur for a Weissenberg number (product of a fluid 
relaxation time and a characteristic shear rate) as low as 0.04. 

Leong and Ottino (1990) studied the effect of addition of polymer to a Newtonian ftuid 
undergoing chaotic advections in two-dimensional time-periodic cavity flow. They studied 
two different mixing protocols, one flow that is discontinuons in time, the other a continuons 
(sinusoidal) flow. In both cases they observed large effects at relatively Iow Deborah numbers 
(defined as the ratio of fluid relaxation time and duration of a period) on the order of 0.5. 

Another recent study on chaotic adveetion in creeping flow of viscoelastic fluids between 
eccentric cylinders is by Kumar and Homsy (1996). They used perturbation theory for low 
levels of elasticity todetermine semi-analytically the viscoelastic correction to the Newtonian 
flow field, basedon the Oldroyd-B constitutive model. This is done to predict how elasticity 
affects chaotic adveetion in quasi-steady flows. They found that elasticity can act to either 
increase or decrease the area over which chaotic adveetion occurs, depending on the boundary 
motion. 

This chapter is subdivided into two parts: inelastic and elastic non-Newtonian fluids. The 
first part discusses the influences of a shear-rate-dependent viscosity on mixing. Similar to 
previous chapters, Poincaré maps, periodic points, and adveetion of fluid elements are used to 
analyze the mixing behaviour. In addition to this, a technique recently introduced by Kruijt 
et al. (1999) is used to compare the influence of a large variety of mixing parameters on 
a mixing measure related to the intensity of segregation. The second part discusses com
putational techniques for viscoelastic flows. Problems associated with the velocity-boundary 
singularities in the corners of the cavity are discussed, and other boundary conditions circum
venting these singularities are compared. For a valid change in these boundary conditions, 
the influence of an increase of elasticity on the velocity and stress field is studied using the 
Oldroyd-B model. 

6.2 Inelastic fluids 

In chapter 2, a short overview of constitutive relations between stress and deformation are 
given. In this section, fluids are considered in which the stress is not linearly proportional to 
the rate of strain, but still does not dependent on the history of the deformation. These fluids 
were classified as generalised non-Newtonian inelastic ftuids. 

6.2.1 Velocity field calculation 

The rheological model used in this section is the Carreau model with a zero infinite-shear-rate 
viscosity: 

TJ = TJo I +O.y)2 
• ( )

(n-1)/2 
(6.1) 

This model has several advantages over the power law equation, since it possesses a charac
teristic viscosity and therefore can be made dimensionless. In addition, viscosity/shear rate 
curves for most fluids exhibita low shear-rate Newtonian plateau and a transition region into 
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the power law regime, see tigure 6.1. The Carreau model accounts for both of these consid

erations. The shear-rate y used in equation (6.1) is defined as y = ,j !IIv. where IIv. 
defined in section 2.2.3, is the second invariant of the rate of deformation tensor D. 

The dimensionless form of the equations of motion for the Carreau fluid is: 

au 
St-+u ·Vu ar 

V·U 

1 
-Vp+ Re V· 2rJD = 

= 0~ (6.2) 

Th R ld b R pUL · d fi d . h h . . Tw d' e eyno s num er e = -- ts e ne usmg t e zero s ear-rate vtscostty. o I-
t'Jo 

mensionless numbers characterize the shear-thinning nature flow: the shear-thinning index 
or power-law parameter n, and the Carreau number Cr = )..};', which can be regarded as 
a dimensionless shear-rate. The Reynolds number is often scaled using this dimensionless 
shear-rate. The time-perioctic flows considered in this chapter are such that Re St is small 
and, as a result, the transience of the velocity field during switching of wall motions can be 
neglected. Similar to chapter 4, the ftows are therefore approximated as piecewise steady. 
To obtain a solution of equations (6.2) with appropriate boundary conditions, the non-linear 
convection term u ·Vu is neglected and the quasi-stationary Stokes equations are solved to 
obtain the velocity field. 

The main difference between equations (6.2) and the Newtonian system is the non-constant 
viscosity rJ = rJ(Y ). A straightforward discretization of (6.2) would lead to the construc
tion and solution of a large system of linear equations each time step. Especially for three
dimensional problems this would involve excessive computational costs. In the literature 
several strategies have been proposed to split the viscosity into a constant and a non-constant 
part, see for example Karamanos and Sherwin (1998). The constant viscosity component is 
then handled similar to the Newtonian viscosity while the non-constant part is treated sepa
rately. Operator splitting, as applied in chapter 3, can be used to obtain a new system for the 
non-linear part or, alternatively, an explicit scheme can be applied. The main disadvantage 
of these approaches is the time-step restrietion imposed by either of these methods. Here a 
different discretization strategy is proposed where the viscosity is not split into two parts and, 
as a result, each time-step the solution of a new system of linear equations is required. To 
circumvent the additional computational costs, a special preconditioner, in combination with 
a conjugate gradient iterative sol ver, is developed and applied. 

Time discretization 

Although not considered in the computations considered in this chapter, the non-linear con
veelion term u· Vu can be treated using the operator-integrating splitting approach (Maday 
et al., 1990), and the remaining "Stokes equation" is discretized by means of a second-order 
backward difference scheme: 

3un+l- 4ün + Ün-1 
St-------

2b..t 
= V n+l + I V 2 n+l D - p Re . Tl u•+ I' 

V· un+l = 0, (6.3) 
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Figure 6.1: Shear-tbinning viscosity behaviour for n = 1, 0.8, 0.6, 0.4, and 0.2., where the viscosity 
is plotted as a function of the shear rate on a log-log plot. The straight line is for n = 1, the 
most curved line for n = 0.2. 

1 
where Dun+ I = Ï(Vun+l + (Vun+l )T). 

The projection scheme now proceeds as follows: 

• A predietor u~+ 1 for the velocity at level n + 1 is calculated, using the pressure at level 
n as a predietor for the pressure at level n + 1 : 

(6.4) 

and imposing the velocity boundary conditions of level n + 1. The viscosity rj~+l is 

predicted by the extrapolation rj;+ 1 = 2r}n - r}n-l. 

• By subtracting (6.4) from (6.3) and applying the divergence operator to both sides of 
the result, an equation for the pressure update qn+l = pr+1 - pn is obtained. It reads: 

3V n+l 
2 +I · 

0
P ( +1 +1 ) V if = St 

281 
+V· V · 2r}; Du~+l - V · 211n Dun+l . (6.5) 

Here a main result of van Kan (1986) is applied, who proved that the term 

V· (V· 217~+! Durp+l V· 2r}n+l Dun+ I) can he neglected compared to the otherterms 

in equation (6.5). A homogeneons Neumann boundary condition is a consistent choice 
fora boundary condition of (6.5). 

• Finally, the velocity and pressure correctors at level n + 1 are calculated according to: 

2.6.tVqn+l 

3St 
(6.6) 
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Spatial discretization 

For the Newtonian system, the Stokes equations were decoupled into three Helmholtz equa
tions for each of the velocity components, and a Poisson equation of the pressure update. 
Now the salution of two systems is required each time step. The equations (6.4) and (6.5) are 
discretized using a speetral element Galerkin technique as used insection 3.2.2. The Poisson 
system is discretized in exactly the same manoer as the Newtonian system. The spatial dis
cretization of system (6.4), which needs the construction and solution of a system of linear 
equations for each time step, is also performed using the speetral element method, but extra 
attention is given how the resulting set of equations is solved. 

Without loss of generality, it can be assumed that homogeneaus boundary conditions are 
imposed, and the variational formulation equivalent to problem (6.4) canthen be written in 
the form: 
Find u E HJ(R) such that: 

a(u, w) = (/, w), (6.7) 

where the bilinear forma(·,·) is defined by 

a(u, w) = j (r(vu · V'w + tJ(Vul · V'w + b u. w)dQ, u, w E HÓ(Q). (6.8) 

Q 

The functions 11. band f are defined by the original problem (6.4). It is easily verified that, 
since the viscosity 11 is positive, the bilinear form a(·, ·) is bounded and positive-definite. 
Application of the Lax-Milgram lemma therefore shows that problem (6.7) bas a unique 
solution u E HJ(R). 

Similar to chapter 3, a polynomial subspace of HJ (Q) isselected, and a weighted residual 
Galerkin formulation is now used to create a 1inear system of equations: FindUN E XN such 
that: 

a(UN, w) = (/, w) (6.9) 

Ieading to the discrete matrix system 

(6.10) 

Here A(17) is referred to as the speetral stiffness matrix and Mis the mass matrix. See chapter 
3 for the definition of the polynomial space XN. Un1ike problem (3.27), the construction of 
the stiffness matrix and solution of the coupled system (6.10) is now required at each time 
step, since A = A(17). Application of an iterative solver is essential bere and, as in chap
ter 3, a finite element preconditiooer in combination with the conjugate gradient metbod is 
used. To decrease the computational costs the preconditiooer is created using a fixed viscos
ity, namely 11 = 110· This approach allows the construction of a separate preconditiooer for 
each velocity component, while the matrix-vector evaluations in the CG-sol ver (using spec
tral elements) are performed on an element-by-etement basis for the coupled system. The 
memory requirements to solve the system for shear-thinning fluids are of the same order as 
for Newtonian fluids; the increase in CPU time, due to the non-linear form of the speetral 
residual A(r})UN - M f, is approximately 150%. 
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6.2.2 Two-dimensional cavity flows 

The objective of thls section is to analyse the influence of shear-thinning on mixing in a 
two-dimensional cavity with a time-perioctic motion of the top and bottorn walls, using the 
computational methods described in the previous section. This flow contiguration is exten
sively studied, both experimentally and theoretically, in the literature for Newtonian fluids, 
and this flow was also described insection 4.3 to validate the computational methods. Since 
a piecewise steady velocity field is assumed, only a single velocity field computation for the 
motion of a single wall is required, and the other field, for moving the bottorn wall, is simply 
found by a coordinate transformation. 

!:r ,. 
' 

~~~--~-7.~~~ •. ~.~.~ .• --~.s~~ 
Vetocity in x-direction 

F=i .·~··· ::: I 
~-- n•0.4 : 
·• • n•02 I I . 

' 

Figure 6.2: The x component of the velocity along the lines x = -1.5 (left figure) and x = 0 (right 
figure). 

The aspect ratio of the cavity is chosen to be the same as in previous studies (Leong and 
Ottino, 1989) and equals 5:3. The cavity domain 0 : -1.67 <x < 1.67, -1 < y < 1, 
is subdivided into 15 x 9 speetral elements of t2th order, refined near the moving top wall. 
The Newtonian velocity field is taken as of the initial condition, and the time integration is 
continued until a steady state is reached. The criterion used to terminate the integration is 
based on the relative difference llui+1 -ui lloo/llui+llloo· The toleranee to terminate the 
integration was set equal to 1 o-6. 

Mixing in this cavity is studied for five different parameters n = 0.2, 0.4, 0.6, 0.8 and 
1.0 of equation (6.1), leading to four shear-thinning fluids and the Newtonian fluid (n = 1). 
In the remainder of this section the Carreau number Cr is fixed and Cr = 1.5. First, the 
influence of the shear-rate-dependent viscosity on the velocity field is studied. Second, the 
impact on mixing is analysed using Poincaré maps, chaotic adveetion of fluid elements, and 
tirst-order periodic points. Finally, a mapping approach, as introduced in Kruijt et al. (1999), 
is used to study mixing for a large number of dimensionless wall displacements. 

Velocity field 

Figure 6.2 shows the velocity profiles along two lines in the cavity, when the top wall has a 
constant velocity u = 1. The left plot shows the result at the line x = -1.5 and the result for 
the centre line x = 0 is shown on the right. The deviations from the Newtonian velocity field 
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Figure 6.3: The normalized viscosity d.istribution in a cavity with a moving top wal! fora Carreau fluid 
with parameters n = 0.6 and À= 3. 

are only minor near the side walls of the cavity, but in the centre of the cavity the differences 
are significant increasing as n decreases. The effect of the shear-rate dependent viscosity is 
to reduce the influence of the rnaving top wall in the core of the cavity. Figure 6.3 shows a 
typical viscosity distribution in the cavity for a Carreau fluid, with parameters n = 0.6 and 
À = 3. The viscosity and streamlines are symmetrical around the vertical centre line. Using 
these velocity fields the influence of shear-thinning on mixing in the cavity flow is studied. 

Poincaré maps 

Once the steady state velocity field has been computed, the analysis of the chaotic dynamics 
is basedon integration of x = u, and the time dependenee of u is the souree of any chaotic be
haviour in the system. The Poincaré map is one of the less computational expensive methods 
to analyse chaotic mixing flows, and such a map is computed for four different shear-thinning 
parameters. In section 2.3.2 an example was given where Poincaré mappings were computed 
for different dimensionless displacement parameters. Here this parameter is fixed through
out this section at D = 6.24. A comparison of the Poincaré map for the Newtonian fluid, 
presented in tigure 2.2, and the Carreau fluid with n = 0.8 shows that the main island is 
still present, but its size has decreased. For two lower values of the power law parameter, 
n = 0.6 and n = 0.4, the asymptotic pictures show more global mixing. For n = 0 .2 a large 
number of islands, mainly around high-order elliptic points, is observed. These results ap
pear to show that the mixing is improved for stronger shear-thinning fluids . However, while 
the parameters n = 0.6 and n = 0.4 display a more uniform asymptotic mixture, it sill be 
shown that the rate of mixing is considerablely lower than for either the Newtonian fluid or 
the Carreau fluid with n = 0.8, see below. More details of the chaotic behaviour of the flow 
is revealed by analysing chaotic adveetion of fluid elements and studying the periadie points. 
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Figure 6.4: Poincaré maps for Carreau ftuids with n = 0.8, n = 0.6, n = 0.4, n = 0.2 where the 
flow consistsof a consecutive motionsof the top and bottorn walls. The dimensionless wall 
displacement D equals 6.24. 

Chaotie adveetion 

The rate of mixing can be estimated by examining the adveetion of a fluid strip in the cavity. 
An initia! strip, shown in figure 6.5, is tracked for two periods for the Newtonian fluid and 
the four shear-thinning fluids, see figure 6.5. Let the interfacial Jength between the two fluids 
at timet be denoted as l~o while the initiallength of the interface is defines as lo. The increase 
in interfacial area (length stretch) is then defined as 11 I lo . 

The increase in interfacial area for the fluids with different rheological properties is given 
in table 6.1. The results show that, for decreasing n, a decrease of area generation is observed. 
For n = 0.2 the length stretch is five times Jess than for the Newtonian fluid. Only a minor 
difference between the Newtonian fluid and the Carreau fluid with n = 0.8 is observed. 

Periadie points 

The periodic points in this flow could be located using the general method presenled in chap
ter 4. A more elegant way to find periodic points in this flow is to use the symmetry present in 
the flow, see Meleshko and Peters (1996). Figure 6.6 displays two plots; the streamlines for 
the flow with a moving top, and the trajectory of a first-order periodic point. Meleshko and 
Peters (1996) showed that the trajectory of any first-order periodic point intersects with the 
vertical centre line at the times t = I j4T and t = 3j4T, where T is the duration of a period. 
To find periodic points, the centre Iine x = 0 is tracked from t = lj4T and t = 3j4T, and 
the number of intersections between the original and deformed lines equals the number of 
periodic points. Their actual position can be calculated by tracking these intersections from 
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t=O 

n =0.4 n = 0.2 

Figure 6.5: Top Jeft: initia! strip; Deformation of the strip after two periods of motion for n = 1.0, n = 
0.8, n = 0.6, n = 0.4, n = 0.2 is depicted in the other five pictures. The dimensionless 
wall displacement equals 6.24. 
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t = 3 I 4 T to t = T. 
The vertieal eentre line (x = 0) is traeked from a quarter of a period to three quarters of 

a period for the shear-thinning ftuids and the Newtonian ftuid, see tigure 6.7. The number of 
periadie points follows from the number of interseetions with the line of symmetry x = 0. 
For the Carreau fluid with n = 0.8 the number of intersections is equal to 5, whieh is the 
same as for the Newtonian fluid. As a result, an equal number of periadie points is found, 
see tigure 6.7. For the Carreau fluids with a lower parameter n, the line deforms less and, as 
a result, the number of periadie points is only three. Obviously periadie points "eollapse" if 
n is deereased from n = 0 .8 ton = 0.6. For the flow with fluid parameter n = 0.2 only one 
single (elliptie) periadie point remains. 

ir = 3!4T 

t =OT 

Figure 6.6: The tigure on the left shows the streamlines in a eavity flow with a moving top. The stream
lines corresponding to the movement of the bottorn wall are symmetrical around the hori
zontal centre line. The tigure on the right shows a partiele trajectory fora tirst-order perioctic 
point in a time-perioctic flow. At the times t = 1j4T and t = 3j4T the trajectory of the 
point intersects the vertical centre line. 

The mapping methad 

The results presented above for the four Carreau ftuids show a deerease in the rate of mixing 
eompared to the Newtonian system. Only a single mixing protocol has been eonsidered here, 
and to analyse mixing for different parameters, like the dimensionless displacement D, a 
repetition of the analysis is required. In optimization of mixing flows, several parameters 
of the flow have to be adapted, and the analysis needs to be repeated many times. For this 
applieation, tracking methods as applied above are not efficient, and a cheaper, more flexible 
method to evaluate mixing behaviour is required. In Kruijt et al. ( 1999) such a method, "the 

Table 6.1: This table shows the generation of interfacial area for the different Carreau fluids. As a 
reference also the result for a Newtonian fluid is given. A decrease in interfaciaJ area is 
observed if the fluid becomes more shear-thinning. 

n 0.2 

lt! lo 2.03 
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Figure 6.7: Deformation of the line x = 0 from 1 = 1j4T tot = 3/4T for five different fluids. The 
number of intersections with the originalline reveals the number tirst-order periodic points. 
Note that, for computational reasons, the initial centre line does not touch the upper and 
lower walls. 

mapping method" is proposed. 
The idea is to construct a discretized mapping from an initia! grid toa deformed grid, see 

figure 6.8. A distri bution of fluid concentratien in the original grid is then mapped to obtain a 
new distribution. Within this so-called mapping approach, a flow domain Q is subdivided into 
N non-overlapping sub-dornains Sl; with boundaries aSl;. The boundaries a2; of these sub
dornains are then tracked in a flow from t = to to t = to + ó.t. The area of the intersections 
of the deformed sub-dornains with the original ones determine the elements of the mapping 
(or distribution) matrix \IJ, where \liij equals the fraction of the deformed sub-domain Q i at 
timet = to + ó.t that is found in the original (t = to) sub-domain Sl;: 

(6.11) 

Note that the matrix \IJ is essentially sparse. The computation of the matrix e1ements \llij 

is very time consuming and takes more then 100 hours using a 12 CPU multiprocessor 225 
Mhz R 1OK Silicon Graphics ™ for the shear-thinning example presented later in this sec
tien. However, once the matrix is obtained, matrix-vector mu1tiplications are extremely fast 
(less than 1 sec on a single CPU 100 Mhz Pentium ™). The combination of a number of 
matrices for different wall displacement parameters D are used in Kruijt et al. ( 1999) to cam
pare different mixing protocols. For poten ti al "optima!" mixing protocols, mixing efficiency 
diagrams are created, which can be used to choose an optima! dimensionless displacement 
parameter. Here this technique is applied to investigate the influence of shear-thinning be
haviour on mixingfora large number of flow parameters. 

The quantity being mapped is the averaged concentratien of a marker fluid, which is 
rheologically identical to the matrix fluid. The distribution of the marker fluid is described 
by a column vector C, and its components C; are the Jocally averaged concentrations in each 
sub-domain Sl;. If the initial distri bution at to = 0 is described by the concentratien vector 
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C0 , the concentration after time f!.t can be computed as cllr = wC0 . If the sameflow is 
continued (repetitive mixing), the concentration after k steps is ckM = wkc0. Spencer and 
Wiley (1951) suggested to analyse mixing behaviour by studying wk. However, this is not 
feasible for high spatial resolution. In this case the matrix wk will not be sparse for large 
k, because fluid from every sub-domain is advected into most, or even all, of the other sub
domains. Instead of studying wk, the evolution of the vector ck is studied. The concentration 
vector ck is computed in a sequence 

ci+l =wc;, (6.12) 

without a direct evaluation of wk. 
A simple quantitative criterion to characterise the degree of "mixedness" is needed to 

describe the mixed state. One characteristic, which can be called "discrete intensity of segre
gation", is defined as 

N 

I- 1 _!_ "<c - ë)2a· - ë(l- ë) A~ I , , 

l N 
where ë =- "'c·a· AL., I ,, 

i=l 

N 

A=L:a;. 
i=l 

(6.13) 

The sum is computed over all internal cells, N is the number of cells, c; is the concentration 
of the marker fluid in the cell i that has the area a;, and A is the total area of all cel\s taken 
into account; ë is the average concentration of marker fluid there. As the grids used in this 
work are regular and all their cells have equal volumes, formula (6.13) can be simplified: 

I I N 
I=_ - L(c; -ë)2 , 

c(l- c) N i=J 
with 

1 N 
ë=-L: c;. 

N i=l 

(6.14) 

The definition of I is similar to the standard intensity of segregation as introduced by Danck
werts ( 1952), and also mentioned in chapter 2. Similar measures were used by Tucker (I 991 ). 
Unlike the intensity of segregation, the discrete intensity of segregation is defined through the 
concentration averaged in the fini te sized cells, and not via the integral over pointwise va lues 
of concentration. 

The mapping technique was applied for the top-bottorn (TB) mixing protocols as used 
earlier. The initia! distribution of fluid is as follows: black fluid is placed in the Ie ft half of the 

I I 

! . 
1-+++-H-'-i++++-t-t-t-~ 1 +. -1--l--l-f.+-1--l--1 

Figure 6.8: (Left) Initial sub domain discretization (25 x 15 grid) and (right) deformed grid after dis
placement of the top wal! by two times its length. During the actual computations a finer 
200 x 120 grid was used. 
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Figure 6.9: Mixing quality plotsfora Newtonian (left) and a shear-thinning (right) fiuid with parameters 
n = 0.6 and À = 3. Results for the top-bottorn protocol are presented, where the grey scale 
denotes the quality Q. The hyperbalie lines are lines of constant energy input. 

cavity, and the other half of the cavity is filled with white ftuid. The ftuids are mixed using 
the mixing protocol TB fora large number of mixing parameters D. Discrete intensity of 
segregation is used as a mixing measure. The results are shown in figure 6.9. The plots show 
the mixing quality Q, defined as 

Q= 1-I. (6.15) 

White regions correspond to parameter subsets leading to efficient mixing; dark regions cor
respond to poor mixing parameter settings. The maximum dimensionless displacement was 
equal to 64, and the number of wa]) movements is limited to 128. To construct each of the 
mixing efficiency diagrams presented in figure 6.9, a total of 8192 mixing simulations are 
performed using the mapping approach. 

The tigure on the left shows the results for the Newtonian ftuid, while the other shows the 
results for the Carreau ftuid with power-law parameter n = 0 .6 and À = 3. The results show 
that shear-thinning worsens the mixing quality considerably. The input of energy, propor
tional to the number of wal! movements x D, has to be considerably higher for the Carreau 
ftuid to reach a mixing quality equal to the Newtonian ftuid. 

6.2.3 Three-dimensional cavity flows 

As far as the author knows, no studies have been reported in the literature on the analysis of 
three-dimensional non-Newtonian mixing ftows. Protocol A from chapter 4 is used here to 
analyse the influence of shear-thinning on periadie points. Mixing protocol A is a straightfor
ward extension of the protocol for the two-dimensional cavity used in the preceding section, 
and consistsof a time-periadie motion of the front and back wal! (see figure 4.1 ). All other 
walls are stationary. The dimensionless displacement D equals 7. 

Periodic points were located in this flow for three different Carreau ftuids, in a smaller 
shear-thinning range than studied in the two-dimensional examples, with power-law parame
ters n = 0.9, 0.7, 0.6. As in chapter 4, the sets of points form periadie lines, and the nature 
of the periadie points can change along each line. The results are displayed in figure 6.1 0, 
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where the set of Iines corresponding to the Newtonian fluid are added as a reference. The 
front view shows that for n = 0.9 periadie lines are still present in the left half of the eavity; 
for the lower n parameters these lines disappear. The side view picture clearly shows that, 
fora decreasing n, the lengthof the lines decreases and the type changes along the Iine. For 
n = 0.6 the Iines are almast completely elliptic. From these results it is expected the mixing 
in this flow wiJl be poorer for shear-thinning fluids. 

To demonstrate the influenee of the parameter n on mixing, a blob is advected in the flow 
for four periods of motion. The initia) blob is loeated such that it touches the periadie lines 
for n = 0.6 and n = 0.7, see figure 6.1 I. The adveetion results, shown in the bottorn row of 
figure 6.11, show a large differenee in the adveetion of the blob. For the Carreau fluid with 
n = 0. 7 the blob is stretched and folded more extensively than for n = 0.6. Such an outcome 
is not surprising, si nee the periadie points in this region are hyperbalie for n = 0.7 but elliptie 
for n = 0.6. These results show that the mixing quality can be locally very sensitive to the 
rheological properties of the fluid. 

6.3 Viscoelastic fluids 

In this section some methods are introduced whieh can be used to study the effects of elastic
ity on mixing. A large class of constitutive relations are available which could have been used 
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Figure 6.11: Deforrnation of a blob positioned between periodic lines belonging to different shear
thinning parameters. The centre of the blob lies on the periodic line for n = 0.65, while 
the radius of the blob is chosen such that the blob touches the periodic !i nes for n = 0.6 
and n = 0.7. 

for this purpose. Here, a relatively simple model is used, the Oldroyd-B constitutive equa
tion, which is a mathematica) model that exhibits no shear-thinning behaviour. This model is 
chosen to separate viscoelastic, this section 6.3, from shear-thinning, section 6.2, effects. 

6.3. 1 Velocity field calculation 

The viscoelastic flow is described by the following governing equations: 

l p ( ~~ +u· Vu)= V· a 

a= -pi+ 2rysDu + T 

V-u=O, 

(6. 16) 

where pis the isotropie pressure, rJs the solvent viscosity, and r is the viscoelastic extra-stress 
tensor defined by the constitutive model chosen. Since only creeping ftows are considered, 
the inertia term is negleered in the momenturn equation. The Oldroyd-B model for the extra 
stress r reads: 

V 
ÀT+T=2r}pDu, (6.17) 

where the upper conveeled derivative is defined as : 

V ar T 
T= - + (u · V)r - (Vu) · T - T · (Vu). at (6.18) 

The stress T and velocity u are coupled by equations (6.16) and (6.17) resulting in a non
linear set of equations. 
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Dimensionless Parameters 

The variables are first scaled using a characteristic velocity U, length scale L, time w, pres
sure po, and characteristic stress ao 

u*= ujU x*=x/L t* = wt p* =PI Po 
Substitution of the variables into the momenturn equation leads to 

wL ou* * * * PO * * ao * * --+u ·"Vu =---'\7 p +--'\7 · u, 
U éJt* pU2 pU2 

and the dimensionless numbers are defined as: 

wL pU2 
Strouhal St = -U and Reynolds Re = --. 

ao 

u*= a fao. (6.19) 

(6.20) 

(6.21) 

The characteristic pressure is then defined as po = pU2 . For Newtonian liquids, like those 
u 

considered in chapter 3, the characteristic stress equals ao = TJL and the Reynolds number 

simplifies to Re = pUL, yielding the same definition as in chapter 3, where TJ is the Newto
TJ 

nian viscosity. 

Next, the constitutive equation is non-dimensionalized by sealing the extra stress -r* = 
-r fro with a characteristic stress ro. Then 

De éJ-r * +We [u*· "V*-r*- r* · '\l*u*- ('\l*u*)T · -r*] + -r * = 2TJ _!!_D*. (6.22) 
éJt* P Lro 

À ÀU 
The Deborah number De = -, and the Weissenberg number We = -are then accordingly 

w L u 
defined, and we choose ro = 2TJpz; · The stars are now dropped to simplify the reading. If 

De = We = 0 then theelastic response of the system disappears, and the model is Newtonian 
with a viscosity TJ = TJs + lJp· 

Time inlegration 

The numerical solution of the viscoelastic flow equations has been a challenging problem 
in viscoelastic flow community, and still is. A large number of different numerical methods 
to solve systems like (6.16) have been proposed in the literature, and overviews of these 
techniques can be found in Keunings (1986), and Baaijens (1998), and references therein. 

Here, a model is proposed to solve (6.16), fora well-defined flow problem, basedon the 
discretization as discussed in chapter 3. The system of equations descrihing the viscoelastic 
flow is solved using a deccupled method. Using this approach the solution methods for New
tonian incompressible flows, and solvers for the constitutive equations, can be combined. An 
analogue discretization was successfully applied by Minev et al. ( 1995), for thermally-driven 
flow problems. They proposed a splitting technique for solutions of the Navier- Stokes and 
the energy equations, using the Boussinesq approximation. The decoupling of the tempera
ture and the velocity was realized by using an explicit extrapolation for the velocity during 
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the solution of the temperature equation. In this sectien a similar approach is used, but now a 
constitutive equation is discretized using an explicit extrapolation for the velocity. 

The non-linearconvection term in equation (6.16) can be handled in a similar way to chap
ter 3, using the operator-splitting approach. This places no restrietion on the discretization of 
the scheme, and is omitted in the remainder of this chapter (inertia forces are assumed negli
gible). The momenturn equation (6.16) and the constitutive relations (6.17) are discretized in 
time using a secend-order implicit backward scheme, and the following semi-discrete system 
appears: 

(6.23) 

(6.24) 

(Vu"+ I/ . Tn+l] + Tn+l = 27]pDun+i. (6.25) 

In order to maintain second-erder accuracy of the whole scheme, and to decouple the velocity 
and extra stress, a secend-order approximation of the velocity in time has to be used. 

Given the velocity and stress on the previous time levels, the stress at level n + 1 is 
computed as 

(6.26) 

where ün+l = 2u" - un-I. 

A predietor for the velocity u~+ I at level n + 1 is calculated using the pressure predietor 

p;+ l = p" 

3un+l - 4u" +un-I 1 
St p = -Vpn+l +-V· n D +V· Tn+l 2D.t P Re .,s u;,+l , (6.27) 

and imposing the velocity boundary conditions. 
Subtracting (6.27) from (6.25) and applying the divergence operator to both sides of the 

I 
result yields the following equation for qn+l = pn+l - pn+l + - V. u"+ I: 

P Re P 

(6.28) 

A homogeneaus Neumann boundary condition for qn+l can be used. Finally, the velocity 
and pressure at level n + I (the correctors) are calculated according to: 

(6.29) 
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Spatial inlegration 

Similar to the Newtonian system, the equations are decoupled into three Helmholtz equations 
for the velocity components, and a Poisson equation for the pressure update. An additional 
equation (6.26) has to be solved for viscoelastic flows. All equations are spatially discretized 
using the speetral element method. With respect to the velocity and pressure approximation, 
it is observed that the theory of saddle-point problems is then no Jonger applicable, and, as a 
consequence, an equal degree of approximation can be taken for pressure and velocity. For 
viscoelastic flows no thorough mathematica) analysis is available that provides guidelines 
for how to stress should be approximated. Gerritsma and Philips (1999) discusses this issue 
for discretizations where a coupled formulation for velocity, pressure, and stress is applied. 
They found that the discretization of the stress should be of lower degree than the approxi
mation used for the velocity. For the projection scheme discussed above, which decouples 

' pressure, velocity, and stress, equal polynomial spaces are used. For equation (6.26) a system 
for the three stress components Txx, Tyy, and Txy in two-dimensional flow, or si x stress com
ponents i xx . Tyy. Tzz, Txy . Txz, and Tyz in three-dimensional flow is formed . These equations 
are solved using a speetral element Galerkin formulation, similar to the velocity and pressure 
equations. 

6.3.2 Two-dimensional cavity flows 

The objective of this section is to analyse the influence of elasticity on mixing in a two
dimensional cavity with a time-periadie motion of top and bottorn wal Is. The flow conditions 
are sirnilar to those insection 6.2.2, but now Boger fluids are considered, i.e. fluids exhibiting 
viscoelastic behaviour, and having a constant shear viscosity, obeying the Oldroyd-B consti
tutive model. Leong and Ottino (I 990) report on experiments in the two-dimensional cavity 
using Boger fluids (they used different viscoelastic solutions of polyacrylamide). Their ex
periments show that a small actdition of the polymer toa Newtonian fluid undergoing chaotic 
adveetion decreased the amount of chaos. The unmixed (regular) regions increase in size, 
while preserving the underlying symmetries in the system. They also found that the size of 
the islands decreases with an increasing elasticity and rate of stirring. These large effects 
were found at relatively low Deborah numbers. 

The following dimensionless numbers are of importance: Re, St, De, We, and the di
mensionless displacement D. For the cavity with height L, width W, and wall velocity U it 
follows that 

u 
We=À 

L ' 

À 
De=-, 

T 

UL 
Re=p---

1'/s + 1'/p 

UT 
and D = W , (6.30) 

where T is the duration of a period. The following relations hold between these dimensionless 
numbers: 

De= St x W e, 
w 

and We = L D x De. (6.31) 

The magnitude of the inertia effects is given by the Reynolds number Re and the Strouhal 
number St. It is here assumed that these effects are negligible, and Re « 1 and St « I. The 
dimensionless displacement is fixed at D = 6.24, the same value used for the inelastic shear-
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thinning fluids. The Weissenberg number is used to add elasticity. The solvent viscosity is 
chosen such that 7Js = 1 I 107] p. 

Figure 6.12: The top row shows the streamlines and the Poincaré section for the original boundary con
dition. The second row shows the results using boundary condition (6.32); the bottorn row 
presents the streamlines and Poincaré map using equation (6.33) as a boundary condition. 

One of the main difficulties in solving the viscoelastic flow problem in the cavity is 
formed by the presence of the singularities in the corners near the moving lid. Previous 
studies report that no mesh-convergent solutions for the system discussed above have been 
obtained, using several methods basedon DEYSS-DG (Baaijens, 1998). This latter class of 
methods has proven to be very successful for the four-to-one contraction flow problem, where 
singularities in the stress need to be captured near the contraction corner. Several modifica
tions of the original cavity flow come to mind to circumvent the singularities. An elegant 
approach is for example suggested by Grillet et al. ( 1999), who lifted the moving lid slightly, 
and enforced periodic boundary conditions for the stress and the velocity in the created gap. 
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A disadvantage of this technique, with respect to mixing, is that particles in the cavity can 
leave the cavity through the gap. Another approach to work around the singularities is a 
modification of the boundary conditions for the moving top wall. This eliminates the dis
continuity of the velocity at the corners, while ensuring that particles originally in the cavity 
remain there. 

70 
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Figure 6.13: The tigure on the left shows the maximum of the stress in the cavity until a steady state is 
reached. The normal stress component T x x is the largest. The plot on the right depiets the 
absolute and relative stress difference. 

The results shown by the Poincaré maps favour the use of equation (6.33) as a boundary 
condition for the velocity. Two different boundary conditions are proposed, assuming that the 
origin is in the centre of the cavity: 

(6.32) 

and 

I Uo 
I I x+W/2 

u(x)= uo(2-2cos(rr - o-)) 

U ( I I ( x-W/2)) o 2 - 2 cos rr - 8-

- w /2 + 8 ::: x ::: w /2 - 8 

- w /2 ::: x < - w /2 + 8 

w /2 - 8 ::: x < w /2. 
(6.33) 

The first boundary condition (6.32) is a fourth-order function , and is similar to that used by 
Chella and Vinals (1996). The second modities the original boundary condition (u = Uo) 
such that the wall velocity has a smooth transition in a region 8 from 0 to Uo and vice versa. 
This latter boundary condition is consistent with the original one if 8 -+ 0. The lengthof the 
transition zone is chosen to be 8 = 0.1 W. 

The inftuence of these boundary conditions on the velocity field in the cavity is shown by 
the streamlines for We = 0, which are presented in tigure 6.12. The streamlines which are 
computed using boundary condition (6.33) only show a minor difference from the stream
lines using the original system. As expected, the differences are limited to regions near the 
singularities, where the streamlines for the modified boundary conditions are much rounder. 
This is particularly evident when equation (6.32) is applied as a boundary condition. The 
perturbations with respect to the original conditions are considerable, and the use of (6.32) 
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x c:ompooen1 of velochy x componcnl of velocity using DE VSS 
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Figure 6.14: The x component velocity along the vertical centre line x = 0 (left) and the line x = -1 
(right) for We = 0.05, 0.10, and 0.15. 

is very much open to question. A quick influence on mixing can be revealed using Poincaré 
maps. 

The differences in the Poincaré maps shown in figure 6.12 is astonishing. The Poincaré 
map created using the fourth-order boundary conditions has a completely different structure 
than original boundary condition. The Poincaré map created using equation (6.33) resembles 
the original Poincaré map much more closely. Only near the boundaries a layer appears, that 
is notpresent for the original system. The fact that the streamlines are much rounder and stay 
away from the corners is an explanation for the presence of this layer. 

Consequently, this boundary condition will used in the remainder of this chapter. For 
different Weissenberg numbers the flow in the cavity is approximated using the numerical 
technique prescribed earlier in this section. The results are validated using the DEYSS-DG 
method. 

The aspect ratio of the cavity is chosen to be 5:3 as in previous sections. The cavity 
domain Q : -1 .67 < x < 1.67, -1 < y < I is subdivided into 20 x 15 speetral elements of 
6th order, refined near the moving top wall. The Newtonian velocity field is taken as an initia! 
condition, and time inlegration is continueduntil a steady state is reached. The criterion used 
to terminale the integration is basedon the relative difference llri+l - T; lloo/llri+llloo· The 
toleranee to terminale the inlegration was set equal to I o-6. For We = 0.15 the stress buildup 
in the flow is shown in figure 6.13 . This figure a lso shows how the absolute stress difference 
IITi+l- Ti ll oo and the relative stress difference IITi+l- Ti lloo/IITi+lll oo decreases with time. 

Minor changes in velocity fields for the viscoelastic fluids are observed in figure 6.14, 
where the velocity is plotted along two !i nes in the cavity, x = 0 and x = -1, for Weissenberg 
numbers We = 0.05, 0. 10, and 0.15. Using either the numerical scheme presented in the 
chapter, or DEYSS-DG, it was possible to obtain mesh-convergent veloeities and stresses. 
The model presenled in this thesis prediets larger stresses than DEYSS-DG in particular near 
the moving wall, see figure 6.15. 

The influence of the Weissenberg number on the stresses is much larger than on the ve
locities. Along the vertical centre line in the cavity the computed stresses are displayed, 
using both the scheme presenled in this chapter and the discrete version ofEYSS-DG. Figure 
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6.15 shows the results for T, where it is observed that the differences are maximum near the 
moving lid for the stress component Txx. 

Although the differences in the velocity fields for the Oldroyd-B fluids are relatively 
small, no direct condusion with respect to mixing should yet be stated. As observed ear
lier in this chapter for the shear-thinning fluids, the chaotic behaviour of the system can show 
large changes, even though the changes in the velocity field are minor. Figure 6.16 presents 
the Poincaré map for We = 0.05 and We = 0.15, where the transience of the velocity fields 
during switching of the wall motion is negleeled since De « 1. The dimensionless dis
placement was equal to D = 6.24. The difference between these two maps is small, and 
the main island in the cavity is still present. The size has slightly decreased for the flow 
with We = 0.15. For the levels of elasticity examined here, which allowed for a velocity 
field computation using the Oldroyd-B model, it is concluded that the viscoelastic effects are 
minor if a two-dimensional cavity flow is considered. 

6.4 Discussion 

The first part of this chapter has dealt with a Carreau shear-thinning viscosity model to study 
mixing characteristics of non-Newtonian fluids. To obtain the corresponding velocity fields 
for two- and three-dimensional cavity flow, an approximate projection scheme has been de
veloped and applied for temporal discretization. For spatial discretization, the speetral ele
ment method was used to obtain accurate solutions. As a consequence, an efficient scheme, 
second-order accurate in time, could be applied. This scheme has the samememory require
ment as the Newtonian scheme, and is only approximately 150% slower than the Newtonian 
sol ver. The method is general in the sense that it can be directly applied to more complicated 
geometries. 

Even though the deviations from the Newtonian flow of steady-state velocity fields are 
relatively small, large effects were observed in the chaotically advected patterns in the time
perioctic two- and three-dimensional flows. In genera], for the systems studied in this thesis, 
the overall effect of a shear-thinning viscosity is to decrease the rate and ex tent of mixing. The 
shear-thinning viscosity results in a decrease of stretching in the flow, which is the primary 
route to efficient mixing. For the two-dimensional flows studied here, hyperbalie points 
disappear if shear-thinning is increased (or they transfarm into elliptic perioctic points). For 
the three-dimensional flow the effects are similar for the perioctic lines found in the cavity. 
The length of the Jines decreases if shear-thinning is increased, and the nature of parts of 
these line changes from hyperbalie to elliptic. The overall effect is again a decrease in the 
rate of mixing. 

The study of perioctic points for shear-thinning flows should be extended to high-order 
perioctic points, as they may contribute significantly to the amount of stretching. The results 
using the mapping method, however, show a general decrease in mixing when the discrete 
intensity of segregation is applied as a mixing measure. Compared to the Newtonian mix
tures, a significant amount of additional energy input is required to obtain an equal degree of 
miXIng. 

A new method to model viscoelastic flows was presenled in the second half of this chap
ter. This new model essentially decouples stress, velocity, and pressure such that an equal 
degree of spatial approximation cao be used. A second-order extrapolation in time of the 
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Figure 6.15: The Txx component (top row), Txy component (middle row), and Tyy component (bottom 
row) of the stress along the vertical centre line for We = 0.05, 0.10, and 0.15. The 
results on the left are for the projection scheme. On the right for DEVSS-DG. 
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Figure 6.16: The figure on the Jeft shows the Poincaré map for We = 0.05; the plot on the right 
for We = 0.15. The differences with the original Poincaré map are only minor. The 
dimensionless displacement was equal to D = 6.24. 

velocity was used to rnaintaio the second-order, or at least the required order, accuracy of 
the scheme. For problems which are intrinsically well-defined, this model can be used to 
obtain accurate solutions. For viscoelastic flow problems with singularities, like contraction 
flows, this model is not appropriate, and other (!ow-order) techniques could be used. If the 
order of the singularities is known, it is possible to modify the basis functions such that the 
singularities can be captured. 

It was found that the computation of viscoelastic flow using an Oldroyd-B constitutive 
relation for cavity flow is a difficult problem. Without a modification of the original velocity 
boundary conditions for the cavity flow, no mesh-convergentsolutions were obtained. With a 
modified boundary condition, mesh convergent solutions were obtained for low Weissenberg 
numbers. The perturbation of the velocity field compared to the Newtonian velocity field is 
small, but the extra stresses in the cavity do deviate, and the influences were the largest near 
the moving lid. The projection scheme using a speetral element discretization was capable 
obtaining accurate solutions for flow problems with the sameorder of elasticity as DEY SS
DG. The perturbation ofthe velocity field compared to the Newtonian field is small, and only 
minor changes in the Poincaré maps for two viscoelastic fluids were observed. 

For other mixing systems it is expected that the influence of elasticity can be larger. In 
particular, elasticity should have a large effect for flows containing obstacles, like the cavity 
flow with a (rotating) cylinder, or the joumal hearing flow. For other constitutive relations, 
such as the Phan-Thien-Tanner model, flow problems can usually be solved for higher Weis
senberg numbers, and larger effects on mixing are contemplated. However, these models also 
include shear-thinning, which makes it hard to distinguish elastic effects from the influences 
of shear-rate dependent viscosity. It is apparent that chaotic mixing of viscoelastic fluids 
deserves further computational and experimental exploration involving well-characterized 
fluids, and choosing more selective geometries. 
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7.1 Int~ucöon 

Investigation of chaotic mixing in two- and three-dimensional flows in cavities bas been de
scribed in the previous chapters. Much of this work, and other studies in the literature, is done 
to elucidate fundamental kinematics of mixing processes with passive interfaces. In contrast 
to the other chapters, this chapter reports on the mixing of two dissimilar (immiscible} fluids. 
They can have different viscosities, and interfacial tension can become important. Here the 
interfaces are not passively advected in the flow, but they modify the flow within both phases. 

Numerical simulations of morphological evaluation in chaotic mixing involve the solution 
of the Navier-Stokes equations for two or more fluid phases with specified boundary and in
terfacial conditions. An important difficulty in those numerical simulations is the unknown 
position ofthe moving interface, which must be found together with the velocity and pressure 
fields in the fluid phases. Several approaches to solvethese types of probieros are available in 
the literature, although only a few have been applied to investigate chaotic mixing problems. 
Zhang and Zumbrunnen (1996a} stuclied the influence of mixing of two similar fluids by a 
third dissimHar fluid. Regionsof regular motion (islands) can be destroyed by the influence 
of the third fluid. Their results suggest that mixing can be promoted by the presence of a 
dissimHar fluid. In another study Zhang and Zumbrunnen (1996b) examined the formation 
of fine-scale structures which are influenced by interfadat tension. Chella and Viiials ( 1996) 
introduced a numerical technique where a diffuse interface model was used to study mixing 
in cavities. Adveetion of two fluids which are horizontally layered in a lid-driven cavity was 
stuclied as a function of capillary forces, and the results were compared to the classical case of 
a passively advected interface. They found, in cases where surface tension is important, that 
the interfacial stretch is less than the stretch for a passively advected interface. Chakravarthy 
and Ottino ( 1996) stuclied mixing in a square cavity and considered the influence of viscosity 
ratio on the generation of interfacial area. Different mixing parameters, where the viscosities 
of the two fluids are of the same order, and two different initial configurations were consid
ered. They reported that if the disperse phase bas a lower viscosity, more stretching along the 
interface occurs, however, in this study the influence of interfacial tension was neglected. 

If the effect of interfacial tension on a fluid interface is considered, the surface stress 
boundary conditions at an interface between two fluids (labelled "1" and "2") is (Landau and 
Lifshitz, 1959) often denoted as 

(7.1) 

where a is the fluid surface tension coefficient, Pa is the pressure in fluid a, and Taik is the 
viscous stress tensor in fluid a. In equation (7 .1) the Einstein summation convention is used. 
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The vector Hi is the unit normal (into fluid "2") at the interface, and K is the local surface 
curvature. The capillary number, which measures viscous forces relative to interfacial forces, 
follows from equation (7.1). Let 1/L measure the curvature K and rry he a scale for the 
viscous forces. Then the capillary number can be defined as 

Ca= rry =rrf!L_ 
ajL a 

(7.2) 

In general the surface lension a may vary along the interface, but bere only the model1ing 
of viscous incompressible fluids with a constant surface tension coefficient is considered. 
This condition reduces equation (7.1) to Laplace's formula (Landau and Lifshitz, 1959) for 
the surface pressure p8 , the fluid pressure jump across an interface under surface tension: 

Ps = P2- PI = aK. (7.3) 

The surface pressure is therefore proportional to the curvature K of the interface. The surface 
force per unit interfacial area can he written as 

(7.4) 

where K (x s) is the curvature, taken positive if the centre of curvature is in fluid "2" (Brackbill 
et al., 1992), and n(xs) is the unit normalto the interface at x 8 , assumed to point into fluid 
"2". 

Most of the existing numerical methods for multi-phase flows fall into one of the follow
ing three categories: those which use a fixed grid, those which allow the grid to deform in 
time so that it remains surface intrinsic, and those which use a fixed grid to represent the flow 
field and a separate moving grid to represent the interface. In the first category an additional 
variabie is used to identify the interface and examples are the marker and cell (MAC) method 
(Harlow and Welch, 1965) and the volume offluid (VOF) method by Hirt and Nichols (1981). 
The most difficult task within these approaches is to accurately define the interface and to im
pose the interface condition (7.1). This difficulty can he alleviated by using a continuurn 
suiface force (CSF) metbod proposed by Brackbill et al. (1992). When the CSF model is 
used, the interface condition (7 .1) is put in the momenturn equations rather than heing im
posed explicitly at the interface. A combination of the VOF metbod and the CSF model bas 
been used by a number of authors to simulate multi-phase phenomena. An advantage of this 
combination is the possibility to model complex topological changes. A different approach, 
also within the first category, is based on the idea that the interface bas a non-zero thickness 
(i.e., it is diffuse), and uses gradient theories for the interfacebasedon thermodynamic prin
ciples. See for example Chella and Viiials (1996), Versehoeren {1999}, and Andersonet al. 
( 1998) and references therein for an overview of these methods and their application. 

For methods in the second category, imposing the interface condition (7.1) is easy com
pared with the first, because the interface always coincides with boundaries of mesh elements. 
However, this approach requires frequent updating of the computational mesh, which can he 
a complex and time-consuming procedure. For smal1 deformations a fixed mesh topology 
can he kept and only updating of the nodal points is required. Por larger deformations the 
mesh is distorted such that re-meshing of the full flow domain is necessary. This model also 
encounters severe difficulties with complex topological changes. 
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The third approach is based on a combination of mixed and moving grids. Unverdi and 
Tryggvason (1992b) explicitly tracked the interface, which is kept at a constant thickness at 
the order of the mesh element size of the flow domain. Convection equations are used to 
update the density and viscosity, and some specific treatment to the front avoids oscillations 
at the interface. 

The model introduced in this chapter falls into the third category and differs from the 
metbod of Unverdi and 'fryggvason (1992b) in the way surface tension forces are incor
porated. In their computations they included the surface tension from the curvature of the 
interface using equation {7.4). In this thesis surface tension is included using its definition 
(Batchelor, 1967) directly: across any line drawn on the interface a force of magnitude a 
per unit length is exerted in a direction normal to the line and tangential to the interface. In 
this chapter an extension of the numerical techniques presented in chapter 3 is developed to 
include dissimilar fluids, and to incorporate surface tension forces. As will become clear, 
this technique is especial1y suited for situations with a large increase of interfacial area un
der the influence of surface tension forces. Results for two- and three-dimensional flows are 
presented and discussed. 

7.2 Computational techniques 

7.2.1 Velocity field computation 

In this section a computational metbod for flow of two dissimilar (immiscible) Newtonian 
fluids including surface tension forcesis described. The model is such that it can be easily 
generalised for non-Newtonian mixtures of multiple fluids. For this system the conservalion 
equations of mass and momenturn are written as 

au 
p(at+u·Vu) = -Vp+V·2YJ(X,t)D+Fs 

V · u = 0, (7 .5) 

where F s denotes the surface tension forces per unit volume. The equations above are scaled 
using a characteristic velocity U, length scale L, and time a>: 

u* ujU x* xjL t* = a>t p* pjpU2, (7.6) 

and surface ten si on is scaled as F; = F sI Jo, resulting, after dropping the stars, in 

ou I JoL 
Stat+ u· Vu = - Vp + Re V· 2YJ(X, t)D + pUZ Fs (7.7) 

V · u = 0. (7 .8) 

The dimensionless Reynolds and Strouhal numbers 

UL Lw 
Re= p-, St= - (7.9) 

1] u 
are then defined accordingly. The capillary number can now be defined as the ratio of viscous 
forces versus surface tension forces, 

ljRe U17 
Ca = lJi!. = --2 , 

2 JoL 
pU 

(7.10) 
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and also following from (7 .2) /o = a 1 L 2, where a is the surface tension coefficient. Equation 
(7.8) canthen be formulated as 

au 
St- +u· 'Vu = 

Öt 

1 1 
-'Vp+ -V· 21](X, t)D + -R C Fs 

Re e a 
V ·U = 0, 

(7.11) 

(7.12) 

In equation (7 .5) the viscosity is a function of space and time, and requires updating 
each time step. It will be described below how the surface tension forces are computed and 
included as a volume force function. Within this model two meshes are used; one which is 
fixed and used for the discretization of the fluid domain, and another one which is allowed 
to deform and which is used to track the fluid interfaces. The projection scheme used in this 
model is similar to that for the generalised Newtonian fluid discretization discussed in the 
previous chapter. Applying the second-order backward differences scheme to equation (7 .5) 
gives 

3un+1- 4ün + Ün-l 
St -----::----

2/lt 
= -'Vpn+l + _l_V. 21]n+l D + _1_Fn+l 

Re un+l Re Ca s ' 

'V. un+l = 0, (7.13) 

I 
where Dun+l = 2('Vu11+1 + ('Vun+J)T). 

The projection scheme now proceeds as follows: 

• A predietor u~ +I for the velocity at level n + 1 is calculated using the pressure at level 
n as a predietor for the pressure at level n + I: 

and imposing the velocity boundary conditions of level n + 1. The viscosity IJ;+ 1 is 
predicted by the extrapolation, T/;+1 = 2'f}n 'f}n-1. 

• By subtracting (7.14) from (7.13) and applying the divergence operator to both sides 
ofthe result, an equation for cf+1 = pn+l - p11 is obtained. It reads: 

(7.15) 

A homogeneons Neumann boundary condition is a consistent choice for a boundary 
condition of (7.15). 

• Finally, the velocity and pressure correctors at level n + 1 are calculated according to: 

n+l n+J 2/ltVqn+l 
u =uP - 3St ' (7.16) 
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For spatial discretization again a speetral element metbod is used and, similar to chapter 6, a 
Poisson equation for the pressure update and a coupled system for the velocity components 
is constructed. A finite element preconditiooer in combination with the conjugate gradient 
iterative solver is applied to obtain a salution of these equations. For the last coupled system 
the preconditiooer is constructed using a constant viscosity. This allows for the construction 
of three single preconditiooer matrices, one for each velocity component, which are stored 
as a Choleski decomposition. As a result the memory requirements are the same as for 
the Newtonian model for a single fluid. The increase in computing time compared to the 
Newtonian system is approximately 150%. 

Finite element discretization B 

oB 

......... ---- ... 
~-

Sub-elementsof SJ1 

Figure 7.1: Graphical representation of the algorithm to construct a viscosity function. The fractions of 
B in the sub-elements of S!l are used to weight the viscosity. 

To simulate mixing of two different Newtonian fluids one needs to construct a viscosity 
function each time step. A straightforward technique to create this viscosity function is to 
determine whether or not a grid point (xo, yo, zo) is inside the polygon descrihing the inter
face (Galaktionov et al., 1999). The following simple algorithm can be used for this purpose. 
First, an auxiliary point (x*, y*, z*) is chosen, which is known to be located outside the sur
face, and is connected by a straight line with the point (xo, yo, zo). Then, the intersections of 
this line with a surface are found and counted. If the total number of intersections is even, the 
point (xo, yo, zo) is outside the closed surface. If the total number of intersections is odd, it 
is inside. 

A more elegant approach to account for the different fluids is explained in tigure 7 .I 
for a two-dimensional flow problem. The extension to the full three-dimensional case is 
straightforward. The flow domain SJ is subdivided in a number of sub-dornains S!t such that 

L 

n = I:S!l (7.17) 
l=l 

and the dispersed phase is represented by B and its boundary is denoted by a B. Note that 
for example in a finite element computation the sub-dornains represent the elements, and 
in our computations the sub-dornains represent the fini te elements which are constructed by 
connecting the speetral element nodes (see chapter 3). For each fini te element S!t the area of 
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the intersection with the polygon a B is detennined and used to construct a viscosity function. 
If this intersection exists, Rz n B # 0, then the fractions of this intersection are weighted to 
the nodal points by subdividing the elements R1 in four or eight (2D or 30, respectively) 
sub-elements. The fractions of B in the sub-elements of R1 are then used to weight the 
viscosity. Compared to the point-wise construction of the viscosity, a viscosity distribution is 
now constructed which is continuons across the fluid interface. 

Figure 7.2: Components of the force, applied by surface tension to the selected rectangular volume of 
the fluid. Thick black lines denote the interface a B. The arrows show the direction of the 
force (tangential to the interface). For designations see text. 

The technique described above to construct a viscosity function can also be used to con
struct a "colour" function c(x). If x E B then the characteristic function c(x) gets the value 
1; if x ~ B then the function c(x) gets the value 0. If a similar weighting is applied as for 
the viscosity function, c will have a smooth transition over the interface oB. As discussed 
in Brackbill et al. (1992), this colour function can be used to construct the surface tension 
volume forces F s, defined as 

a 
Fs= IIVciiVc(V·Vc). (7.18) 

Since Vc is only non-zero in the transition region, the surface volume force also is non
zero only in the transition region. The computation of Fs via equation (7.18) is elegant, but 
also introduces some numerical problems. First, surface tension F s is here defined through 
a higher-order derivative, and within the speetral element Galerkin weighted residual tech
nique, only first-order derivatives are valid. Second, even if the speetral element discretziation 

is modified such that V · V c can be constructed via a valid approach, the term ll ~ c ll causes 

difficulties when IIVcll ~ 0. Brackbill et al. (1992) proposesome numerical techniques to 
bypass these difficu1ties. Here, a different model is used to incorporate surface tension forces. 
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The explicit description, via front tracking, of the shape of the interface between the 
two phases is used to account for surface tension in a "classica!" way. Surface tension is 
essentially defined as a force acting on any infinitesimal piece of the contour, selected at 
the interface, where the interface is treated as infinitely thin. The direction of the force is 
tangential to the interface and normal to the contour within the interface on which it acts, 
while the linear density of this force is given by the surface tension coefficient. Note that 
the pressure difference created by the curved interface (see equation (7.3)) is the result of 
misalignment of sucb forces acting on neighbouring elements of the interface. 

Inasharp interface model, the surface tensionvolume forces Fs acts as a delta function 
over the interface. Here, this delta function is approximated using piecewise linear functions. 
The finite element grid, which is constructed by connecting the speetral nodes, is used for 
the discretization. Surface tension forces are computed via a coiiocation approach, and cou
pled with the speetral element Galerkin weighted residual technique. A thorough numerical 
analysis should resolve the influence of the coupling of the piecewise linear functions to ap
proximate the delta function with the high-order Galerkin technique. It is expected that the 
speetral accuracy is locally lost. 

To compute the net surface tension force acting on the finite elements Rt the following 
procedure is used: 

• All the intersections p; ofthe interface oB with the boundary ofthe sub--domain oRt 
are detected. 

• For every intersection point Pi the local outer normal ni to the sub-domain boundary 
oRt and the local tangent t; to the interface oB are determined. 

• For every point p; E Rt the surface tension force f; applied to the sub-domain Rt is 
prescribed such that 

/; =±at such that /; · n; > 0, (7.19) 

where a is the surface tension coefficient. 

• The total surface tension force action on the sub-domain Rt is defined as the vector 
sum 

(7.20) 

The specific force (per unit volume) Fi is found by dividing the surface tensionforce Ft 
by the volume of the sub-domain Rt. In case of a numerical scheme which requires that 
the force is prescribed at norlal or collocation points, the force Fi is redistributed to these 
points betonging to the sub-domain Rt, and as a result the souree term F s for equation (7 .8) 
is constructed. 
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7.3 Results 

The numerical scheme presented in this cbapter, including the strategies to include fluids with 
different viscosities and surface tension forces, is applied tosome prototypical flows. In tigure 
7.3 a square lid-driven cavity with two different initia! fluid contigurations is depicted. These 
two prototypical contigurations are considered, and the effect of viscosity ratio, and sUrface 
tension on the stretching and deformation of the interface between two viscous immiscible 
fluids in Stokes flow is investigated. Results are primarily presented in the form of plots of 
interface increase (also denoted as Jength stretch, see Chakravarthy and Ottino (1996)) versus 
time. The length ofthe interface between the two fluids at timet is denoted as /1, while the 
initiallength of the interface is detined as lo. The length stretch is then detined as 11 I lo. The 
two fluids are referred by means of subscripts "1" and "2" and the viscosity ratio is denoted 
as A= 1JII'12· Here '71 is the viscosity offluid "1" and 112 denotes the viscosity offluid "2". 
The contiguration with the round blobof one fluid surrounded by another fluid (figure 7.3) 
is tirst used to demonstrate the influence of different viscosity ratios, and later the influence 
of surface tension forces (using equal viscosities) is studied. In Chakravarthy and Ottino 
(1996) also the layered configuration, as shown in figure 7 .3, is used to study the influence 
of viscosity ratios on length stretch. They were in partienlar interested in the difference of 
stretching between A and 11 A. The influence of interfacial tension was neglected intheir 
study. The layered contiguration is bere used to investigate this influence of interfacial forces 
on length stretch. 

Fluid 2 

Fluid 1 

Figure 7.3: Mixing in a square cavity. The top wall moves to the right and two different configurations 
are involved in this study. On the the left the round blob case, and on the right the layered 
case are depicted. 

In the second part of this section, it is shown that the model can be used to study drop 
deformation in simpte flows. Examples of drop deformation are given for dropiets with a 
viscosity different from that of the matrix fluid, where surface tension forces are negligible. 
Results are compared with the analytica! model of Wetzei and Thcker (1999). Droplet defor
mation including surface tension forcescan also be modelled and some results are presented. 
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7.3.1 Adveetion of dissimilar fluids in two-dimensional flow 

Mixing of two fluids in a lid-driven cavity assuming negligible surface tension 

A speetral element mesh consisring of 12 x 12 elements, each of sixth polynomial order, is 
used for spatial discretization of the square lid-driven cavity depicted in tigure 7.3. Viscos
ity dominaled flows with constant density are considered and the typical Reynolds number 
(Re = pU Llr,) in cases of interest is very small, so that acceleration effects are negligible. 
An initial blob is placed in the centre of the cavity with radius R = 0.25L where L is the 
width of the cavity, consisring of 100 grid points. The refinement criteria for the adaptive 
front tracking approach, as presenled in chapter 3, are hmax = 0.1L, hc,max = !hmax• and 
the curvature angle CX.max is set the 140 degrees. The integration error toleranee is set to I o-6 . 

To keep track of the history of the deformation of the blob, the previous 20 velocity tields 
and grid points of the blob are kept during tracking. Retinement is performed on the oldest 
time-level, see section 3.4. 

Results for tive viscosity ratios are presented in tigure 7.4. The left column shows advee
tion results at non-dimensionalized times 25, 50, and 75 fora blob with a tive times lower 
viscosity compared to the bulk (A = 115). The second column on the Ieft shows the re
sults for A = ! . The rniddle column shows the adveetion of a blob with a equal viscosity 
compared to the bulk (A= 1), and the fourth column shows a blob with a two times higher 
viscosity compared the bulk (A = 2). In the column on the right the adveetion results fora 
blob with a five times higher viscosity compared the bulk are presented (A = 5). 

The length stretch versus non-dimensionalized time is graphically represented in tigure 
7.5. The area conservalion is extremely good and stays within 0.005 % error, indicating a 
proper tracking. For the tive blobs a linear increase of interfacial area l1 I lo is observed, and 
the case A = 0.2 leads to the highest increase. The situation A = 5 generates less interface 
than the reference problem A = 1. An interesting phenomenon is the presence of oscillations 
in the 11 I lo curves. As stretching occurs, the blob also rotates within the cavity. Each time 
the blob completes a rotation, a small fold is created which causes the oscillation to appear 
in the ltf lo curves. In Chakravarthy and Ottino ( 1996), the influence of the initial position 
on the amount of stretching was studied. For blobs which are placed slightly off centre, an 
increase in stretching is observed. They also studied the influence of different aspect ratios 
of the cavity on stretching of the interface, and showed that an increase of the cavity aspect 
ratio results in a decrease of interface stretching. 

Surface tension acting on an arbitrary shaped droplet 

One of the standard examples to validate a numerical code for incorporating surface tension 
forcesis the deformation of a non-eireular or non-spherical droplet Figure 7.6 showshow 
surface tension forces act on an arbitrary shaped two-dimensional droplet (the droplet rep
resents the Polymer Processing Society logo). The initial droplet possesses sharp corners, 
which usually generates difficulties for numerical methods. The coarse grain description of 
surface tension as discussed above experiences no difficulties from these singularities. 

Two intermediate results, the pictures in the middle, show that the surface forces fust act 
on the sharp corners, which are quickly rounded. Finally, a circular equilibrium shape results 
from the surface tension forces. The initia] interfacial area is 6.579, and for the circular shape 
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A=0.2 A =0.5 A= 1.0 A=2.0 A =5.0 
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Figure 7.4: Adveetion results at times tl = 25, t2 = 50, and t3 = 75 for the initial blobas shown in 
tigure 7.3, for five different viscosity ratios. The difference in interfacial area generation is 
apparentforthese flows. 

equals 3.007. The initia! area of the blob equals 0.71 12, where the final circular shape has 
an area equal to 0.7102. After that the kinetic energy reaches a maximum, due to the high 
curvature ofthe drop, the energy oscillates with a decreasing amplitude, and finally decays to 
zero. Brackbill et al. (1992) reports on a similar computation where an initially square drop 
is considered. In their computations, using the combined CSF-VOF-model, the equilibrium 
shape is recovered, but the interface continues to oscillate around this shape. The kinetic 
energy continues to oscillate and does not decay zero even after long times. The numerical 
dissipation in the VOF treatment provides the driving forceforthese oscillations. 

Surface tension between layered fluids 

In Chella and Vinals ( 1996), interface stretching during mixing of two fluids is investigated, 
using a mesoscopic description of the fluids. Their results are used bere as a reference. For 
the layered case, as shown in tigure 7.3, two fluids with equal viscosity and density are 
considered. Chella and Vinals (1996) used a special boundary condition for the moving lid 
to circumvent problems associated with the discontinuities in the velocity at the corners near 
the moving plate. For the cavity with width L they applied the function 

u(x) = Uox2(1- (xfL))2 (7.21) 

as boundary condition, which is also chosen in this section. The parameters L and Uo are 
both chosen equal to 1. In chapter 6, this boundary condition has been considered in the com-
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time 

Figure 7.5: Increase in interfacial tension fortheblobs as initially shown in figure 7.3 for five different 
viscosity ratios. 

putation of viscoelastic flow in the two~dimensiona1 lid-driven cavity, but it was found that 
the change of chaotic adveetion due the change in boundary condition was significant. De~ 
spite these reservations with respect to equation (7.21), it is used bere to allow a comparison 
of the diffuse interface results of Chella and Vinals ( 1996) with the sharp interface technique 
presented bere. 

The algorithm described in the previous section is used to follow the evolution of the 
active interface. A speetral element mesh consisting of 16 x 16 elements, each of sixth 
polynomial order, is used for spatial discretization of the square lid~driven cavity depicted in 
tigure 7.3. The time-step used for integration is l:it = 0.005. At t = 0 the steady velocity and 
pressure fields are imposed, corresponding to the boundary condition for the lid as defined in 
equation 7.21. 

The evolution of the interface at various times is depicted in tigure 7.7 for two different 
capillary numbers, Ca = 0.1 and Ca = 1, bere defined as Ca = TJUo/a. Chella and Viiials 

0 
Figure 7.6: Surface tension is acting on a complex shaped droplet (PPS logo). Despite of the compli

cated geometrical shape, surface tension forces deform the blob towards a circular shape. 
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Figure 7.7: Top row corresponds to the case Ca = 1, where the bottorn row depiets Ca = 0.1. The 
figures show the evolution of the interface at various times. 

( 1996) used a slightly different detinition of the capillary number related to the length scale 
of the diffuse interface. The characteristic velocity Uo is set equal to l. The tigure clearly 
shows that, fora lower capillary number, the stretching of the interface is considerably lower. 
Moreover, if the second fluid (bottom layer) reaches the centre of the cavity, the capillary 
forces are larger than the viscous forces and a circular shape of the interface is enforced. 
These results show good qualitive agreement with the results obtained by the diffuse interface 
technique of Chella and Viiials ( 1996). The stretching of the interface is lower for Ca = 0.1 
than for Ca = 1, which is again less than fora passive interface deformation negleering 
surface tension. 

Surface tension between two tluids for a round blob 

Figure 7.8 shows the increase of interfacial area versus time for an initially circular blob 
in a lid-driven square cavity, as presented in tigure 7.3, for various capillary numbers. The 
capillary numbers Ca are scaled with respect to the radius ofthe initia! blob. The fluids have 
equal viscosity, and therefore the effects presented in tigure 7.8 are only due to interfacial 
forces. For four different capillary numbers (Ca = 0.5, l, 2, 5) a blob with diameter d = 
!L, where L is the width of the cavity, is tracked for 5000 time steps. For Ca = 2 and 
Ca = 5 the effect of surface tension is only minor, and the viseaus forces are large enough to 
allow stretching of the blob. For the two lower values of Ca, the interfacial forces are large 
enough to retard stretching of the blob. For Ca = 1 the blob initially stretches, and has a 
maximum increase of interfacial area of approximately 20%. However, the viscous forces are 
not strong enough to stretch the blob further, and surface tension forces try to rnaintaio the 
initial (circular) shape of the blob. The plot on the bottorn in tigure 7.8 shows the increase 
of interfacial area of the blob for Ca = 0.5 for a Jonger time. After an initial increase, the 
interfacial area decreases again, and the blob appears to remain stationary. Figure 7.9 shows 
the adveetion of the blob for Ca = 0.5 at different time levels, and it is clear how the blob 
stretches near the moving top wall. Aftera few rotations ofthe fluid in the cavity, the location 
of the blob appears to be stationary in the cavity. Although the blob remains at a tixed position 
in the cavity, it still rotates as a result of the constantly moving lid. 
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Figure 7.8: Increase of interfacial area versus time for four blobs placed in the square cavity wîth a 
steadily moving lid. The bottorn plot shows the result for Ca = 0.5 for 16,000 time steps. 



98 7. Analysis of multi-component mixing 

IQ~ 
,~''-I iCJ 

1 

'-------'-----------'I I'---------''------'----~ 
Figure 7.9: For the flow where Ca = 0.5, the deformation of the blobis shown (row-wise). Initially 

the blob is slightly stretched and is advected through the cavity. The maximum increase in 
interfacial area increases is 10%, see tigure 7.8. Aftera few rotations the blob reaches a 
stationary form and only rotates (second row, last column). 

7.3.2 Droplet de formation 

To understand how the structure in inhomogeneous fluids evolve during flow, many experi- , 
mental and theoretica! studies have reported on the deformation and breakup of small dropiets 
suspended in simpte flows. These studies included effects such as interfacial tension, unequal 
viscosities, and fluid elasticity. Stone's review on this topic mentions the most important re
sults. Although this subject was not a main objective of this thesis, the models presented in 
this work can be applied to study droplet deformation. For example, transient effect in fully 
three-dimensional flows can be studied, or droplet relaxation after the flow is stopped. 

Recently, a numerical model has been proposed by Christini et al. ( 1998), who performed 
fully three-dimensional calculations of droplet deformation and found excellent agreement 
with experimental data. They used an adaptive mesh refinement technique, sirnilar to the one 
presented in chapter 3, to study complex shapes approaching breakup. Wetzei and Tucker 
(1999) introduced the droplet shape tensor and developed the mathematica} tools to treat sin
gle dropiets without interfacia1 ten si on in general three-dimensional flows. Results presented 
in that work are used bere to validate our model. 

To demonstrate ( or validate) that the model presented in this chapter can be used to study 
droplet deformation, deformation in two different regimes is examined. In the first regime, 
interfacial forces are assumed to be negligible, but unequal viscosities of the drop and the 
matrix fluid are perrnitted. Here, there is no relaxation or breakup, and the drop rnain
tains an ellipsoidal shape. In the second regime, significant interfacial tension is allowed. 
The droplet deformation is influenced by the capi1lary forces, and the drop can breakup into 
smaller droplets. 

Droplet deformation for Ca » 1 

In simple shear the deformation of an initially spherical droplet is studied for different vis
cosity ratios A, i.e., A = 0.1, I, and 10. The results are presented by comparing the axis 
ratios frorn our model with the theory of Wetzei and Tucker (1999). ForA .:::; 3 the droplet 
stretches indefinitely, and in cases where A :;:: 5 the droplet tumbles. The theory of Wetzei 
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and Tucker (1999) prediets that, in the absence of interfaciaJ tension, an initially sphericaJ 
droplet of suftkient high viscosity ratio will turnbie indefinitely. If surface tension forces are 
present in the system then the tumbling will be damped, and a stationary droplet shape can 
bereached. 

First, a viscosity ratio A = 10 is considered neglecting interfacial tension, and the caJ
culations are continued toa maximum strain of 15. The domain between the two moving 
plates is discretized into 24 x 8 x 8 spectra] elements of fourth order in each direction. The 
initiaJly spherical blob with radius R is placed in the centre of the domain, and R = 0.2 x H, 
where H is the height between the two plates. The refinement criteria, for the adaptive front 
tracking approach, as presented in section 3.4, are hmax = 0.05R, hc,max = !hmax• and the 
curvature angle amax is set the 40 degrees. The inlegration error toleranee is set to 1 o-5, and 
to keep track of the history of the deformation of the blob, the previous five velocity fields 
and grid points of the blob are stored during tracking. Refinement, as the blob stretches, is 
performed on the oldest time-level, see section 3.4. 

The computations for A = 10 using the model presented in this chapter show that the 
blob turn bles, and the orientation angle of the droplet major axis is given in figure 7.1 0. The 
results of Wetzei and Tucker (1999) are added as a reference, and it is observed that the 
model presented in this chapter shows a reasonable equivalence. The scaled width of the 
blob, denoted as bj R simi1ar to Wetzei and Tucker, as a function of the strain is stuclied and 
the results are given in figure 7.1 0. 
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Figure 7.10: The figure on the left show the width of the drop for different viscosity ratios and as 
function of strain. The figure on the right displays the drop angle for the case A = l 0. 
The solid lines are results by Wetzei and Tucker (1999), and the circles denotes the present 
solution. 

For a viscosity ratio A = 1 the droplet width is constant during stretching, where for a 
viscosity ratio A = 0.1, and again neglecting interfaciaJ tension, the drop stretches infinitely, 
and the drop increases in width as it stretches. SimHar effects have been seen experimentally 
in viscoelastic flows, and were attributed to normal stress differences (Levitt and Macosko, 
1996). These result show that droplet wirlening can also occur in purely Newtonian systems, 
even without interfaciaJ tension, and that the droplet experiences three-dimensional deforrna
tion. These results were aJso reported and discussed in Wetzei and Tucker (1999), and they 
found that for A < 1 the drop widens. 
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Droplet deformation for Ca < 10 

Interfacial tension forces cannot be neglected if the capillary number is small enough, and 
solutions of the full three-dimensional problem including surface tension are required. Com
pared to the previous section, now the surface tension forces are computed each time step. 
An extension of the technique, discussed in the first part of this chapter fora two-dimensional 
system, to the full three-dimensional problem is straightforward. The main difference is that 
bere intersections ofthree-dimensional objects, described by polyhedrons, are required at two 
instances: first, to construct a viscosity function, and second, to compute the surface tension 
forces by determining the intersections between the interfaces and the finite elements. In the 
current programmingmodel this is accomplished at once, and no substantial additional costs 
result from including surface tension forces. In general however, computations including sur
face tension forces are more time consuming, because of the time-step restrietion constrained 
by these forces. 

One example is given where surface tension is included, where the deformation of a 
droplet is studied under shear. During stretching it is observed that the blob loses its ellip
soidal shape, and appears like an "S". This is exactly the droplet shape as observed in other 
studies, see Stone (1994) and references therein. 

Figure 7.11: Droplet deformation for Ca = 1; the drop looses its ellipsoidal shape as aresult from the 
surface tension forces and a S-like shape is formed. 

7.4 Discussion 

As opposed to the case of single-phase mixing, the stretching and deformation of interfaces 
between two fluids is a more difficult problem to model, even in a prototypical system like a 
cavity flow. The non-periodic nature of the flow and the assembly of parameters and initia! 
conditions make results hard to generalize. Computations usually require more CPU time 
and system resources. 

A model is presented to study multi-component mixing flows, allowing unequal viscosi
ties and surface tension forces. This model is an extension of the schemes used in the previous 
chapters, and uses a fixed grid to compute the velocity field, and a variabie adaptive grid to 
track the interfaces. The model interprets surface tension as a continuous, three-dimensional 
effect across an interface, rather than as a boundary condition on the interface. The model 
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is general and can be straightforwardly extended to different geometries, or to include fluids 
of different rheology. In this chapter only results in simpte domains concerning Newtonian 
fluids are presented. 

The results roughly cover two parts. In the first part, mixing of two immiscible fluids 
in a two-dimensional cavity flow was considered. Two configurations were studied; the first 
consists of two layers of dissimHar fluids in a lid-driven cavity. The second deals with a 
round blob placed in the centre of the lid-driven cavity. In the second part some examples of 
drop deformation in shear flow were give, demonstrating that the model can be used for this 
purpose. 

For both configurations in the first part, the influence of surface tension forces on the 
generation of interfacial area was studied. It is observed that surface tension forces tend 
to inhibit the generation of interfacial area. The lower the capillary number the lower the 
increase in interfacial area. For the round blob case, fora capillary number of Ca = 0.5, 
the viscous forces are not large enough to stretch the interface. The blob is modified by the 
flow, and eventually reaches a steady shape, where the blob merely rotates. For the round 
blob the effect of different viscosity ratios was also considered. For viscosity ratios less than 
one, so where the blob has a lower viscosity than the matrix fluid, the blob generates more 
interface compared to the equal viscosity system. For viscosity ratios larger than one the 
opposite is true: the blobs stretches less easily, and for large enough ratios the blob acts like 
a solid obstacle. The studies performed for the two-dimensional cavity flow with the layered 
or round blob contiguration can be easily extended to three dimensions. However, the motion 
remains quasi-two-dimensional, and the effects resulting from a viscosity ratio different to 
one are similar to the two-dimensional case. 

Finally, a three-dimensional application of the model is presented where droplet defor
mation in simple shear is considered. For Ca » I, surface tension forces are neg1igible, 
results were compared with the analytica! model of Wetzei and Tucker (1999). For three 
different viscosity ratios, A = 10, 1, and 0.1, the width of blobas a function of strain is 
compared with results obtained by Wetzei and Tucker (1999). In all cases a good equivalence 
was observed. Furthermore, the deformation of a single drop under shear is presented where 
Ca = 1. Here, the initia} eJlipsoidal shape of the drop is destroyed and a S-like shape is 
observed. 
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8. CONCLUDING REMARKS 

In the previous chapters, a set of cornputational tools have been described which are applied 
to prototype mixing flow problerns. The tools and rnethods developed are general, but were 
applied to sirnple geornetries to allow for an easy interpretation and cornparison of results. 
Velocity fields were obtained nurnerically as a salution of the Navier-Stokes equation by 
using a continuons projection scherne, allowing a straightforward decoupling of velocity and 
pressure. This approach reforrnulates the original systern of equations into several new (and 
simpler) problerns. The theory of saddle-point problerns is then no longer applicable; as 
a consequence, the degree of approxirnation for pressure can be taken equal to the degree 
of approxirnation for the velocity, asthereis noneed to satisfy any Brezzi-Babuska con
dition. A high-order speetral element Galerkin weighted residual technique was applied for 
spatial discretization and provides accurate results and optima) irnplernentation the projection 
scherne. A finite element preconditioning technique in combination with a conjugate gradient 
solver bas been developed to solve the set of equations resulting frorn the speetral element 
discretizations. 

Once the velocity field is known, the study of mixing flow problerns cornrnences. To 
investigate two- and three-dirnensional mixing of irnrniscible incornpressible fluid, the evo
lution of the interface between the two tluids, as it stretches and folds in space, needs to be 
elucidated. The adaptive nature of the front tracking model makes it suitable and efficient 
for complex flows. Initial stages of chaotic mixing in three-dirnensional flow were analysed 
using this model. Parallelisation of the model, using a PVM rnaster-siave configuration, is 
used to reduce the cornputational time. 

Based on these cornputational tools, several prototype mixing flows have been analysed. 
One of the rnain goals of this thesis was to extend the current research and study three
dirnensional mixing flows. The cavity flow was studied where mixing was induced by a time
perioctic motion of cavity walls. For two mixing protocols (sequences descrihing the wall 
rnovernents) periadie points were located. It was shown that for three-dirnensional creeping 
flow, the perioctic pointscan forrn Jin es, and that the nature of the points on the line can change 
along the line frorn hyperbolic to e1liptic and vice versa. Moreover, the rheological properties 
of the fluids is shown to be an important parameter in the mixing process: although often 
Newtonian fluids are considered, shear-thinning or elastic effects can rnodify mixing charac
teristics considerably. For the mixing problerns considered in this thesis, it was observed that 
shear-thinning decreases the rate and extent of mixing. This is confirrned by other studies in 
the literature. Naturally, also counter-exarnples can be constructed where mixing rnight be 
better for shear-thinning fluids than for Newtonian fluids. Two exarnples corne to rnind. The 
first is for the "classica]" two-dirnensional cavity flow with time-periadie motion of the upper 
and lower walt. For sufficient high dirnensionless displacernents D, islands will he present. 
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If D is increased or decreased the islands can disappear. Shear-thinning can result in similar 
effects as a reduction of D, and may lead to the vanishing of islands. As a result, mixing 
quality can increase, contrary to common belief. Flows with obstacles serve as a a second ex
ample, for example the journat bearing flow, or the cavity flow with a (stationary or rotating) 
cylinder. In this case a change in rheological propertiescan lead a change of topology of the 
kinematics. Without any doubt, this might lead to the transition of elliptic periadie points to 
hyperbalie periadie points, or even the "birth" of new hyperbolic points. Despite of these two 
examples, shear-thinning effects generally result in a decrease of mixing. Elastic effects are 
more difficult to analyse, and some examples in the literature are given where they can lead to 
an increase or decrease of the rate of chaotic mixing. For the two-dimensional time-periadie 
cavity flow, as studied in this thesis, the effects are minor for the levels of elasticity studied. 

Another topic, studied in this thesis, which bas received not much attention in the liter
ature, is the influence of moderate stationary and unstationary inertia forces on the mixing 
of ftuids. A prototype flow, a cavity flow with an oscillating lid velocity, was investigated. 
It was shown that even for intrinsic more difficult flow problems a fundamental analysis of 
the mixing flow is achievable. The inertia forces can lead to stretching and folding of fluid 
elements, the route to effective fluid mixing. The amplitude and the frequency of the oscilla
tions are shown to be important parameters, but in a wide range of these parameters chaotic 
mixing is possible. In genera], it is expected that a superposition of an oscillating lid velocity 
on a steady motion willlead to an increase of the mixing ability of the flow. The ex tent of this 
increase depends on the parameters. The computational tools which have been developed to 
analyse these non-quasi-static flows are general. The flow geometry can be easily madified, 
or the Newtonian fluid can be replaced by a non-Newtonian fluid. As long as a time-periadie 
flow is induced by the time-periodie boundary conditions, the characteristics of mixing can 
be studied. First- and higher-order periadie pointscan be detected, even though the flows 
exhibit no evident symmetry. Moreover, chaotic adveetion of fluid elements can be studied, 
or Poincaré maps cao be constructed. A similar study as for the other prototype mixing flows 
can be perforrned. An extension to three-dimensions is only limited by the computational 
power available. 

The last class of mixing problems which is described in this thesis considers the mixing 
of two immiscible Newtonian incompressible fluids including surface tension effects. Since 
the velocity field is dependent of the morphology of the fluid interfaces, no general tools like 
those applied earlier can be used, and the computations become expensive, even for two
dimensional flow problems. A periadie point analysis is less obvious, since it is unlikely that 
the flow will be time-periadic. Application of a Poincaré map is also less evident. Despite 
these difficulties it is possible to prediet what the influences of different components on the 
mixing process can be. To this end, mixing of two components in the two-dimensionallid
driven cavity flow was studied. The numerical scheme is extended such that multiple fluid 
components can be included. The viscosity function was created using the position of the 
interface, described by the front tracking method. Surface tension forces were included using 
Batchelor's definition directly, stating that across any Iine drawn on the interface a force of 
magnitude a per unit length is exerted in a direction normal to the line and tangenrial to the 
interface. The front tracking metbod was used to obtain the direction of these farces. The 
computational scheme was used to study the influence of different viscosities and surface 
tension forces. For large viscosity ratios A, defined as the viscosity of the disperse fluid 
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over the viscosity of the matrix fluid, it is observed that fluid elements are stretched less 
compared to the equal viscosity flow problem. For A < 1 the fluid is strongly stretched, and 
more interfacial area is generated than in the A = 1 case. If surface tension forces are of 
importance, they tend to decrease the stretching of fluid elements. 

Although it was no goal of this thesis to study drop deformation, the methods have proved 
to be useful for this purpose. In particular for complex mixing systems where no rnathemati
cal roodels are available, and the full three-dimensional flow problem needs to be solved, the 
present model appears to be appropriate. The speetral element metbod allows for deformed 
geometries, and the iterative solvers remain efficient. One of the main advantages of the use 
of the adaptive front tracking approach is that large deformations are allowed. Even if fluid 
elements are stretched severely, they remain well-described by the model. The main disad
vantage of the present model is that topological changes Iike breakup and coalescence are not 
included. Fluids with different rheological properties on the other hand can be included in the 
method. Moreover, the principal decoupling of solving the conservation equations and track
ing fluid interfaces opens possibilities to combine the present model with other techniques. 
An example is the coupling of the current code with a diffuse interface modellike applied in 
Versehoeren (1999). Such a model can be used, for example, to study breakup and coales
cence. Another coupling that would be very attractive is to use mortar elements for the spatial 
discretization (Bernardi et al., 1990). Then an adaptive local mesh refinement technique for 
the flow domain can be easily combined with the adaptive front tracking technique for the 
interface. As a result, large-scale three-dimensional flow problems can be solved, and a large 
number of nodal points can be dynamically placed in the neighbourhood of the (moving) 
interface. 

As discussed earlier, the computational methods introduced in this thesis are general and 
can be easily combined with other models. More complex mixers like extruders, see tigure 
1.1, can be modelled with the current computational techniques. Besides a study of the 
velocity field, deformation of material fluid volumes can be analysed. The flow which is 
essentially spatial-periodic can be examined, similar as done for the prototype time-periodic 
cavity flows. Poincaré maps can be constructed, or periodic points can be detected. Future 
research, using the current models, should provide a better onderstanding of mixing in spatial
periodic flows. 

The present techniques can be used to developed new methods in mixing modelling. Af
ter a few periods of flow, either for a time-periodic or a spatial-periodic system, it becomes 
impossible to track the material fluid volumes because of computational restrictions. Instead 
of tracking volumes in periodic flows also maps can be constructed. These can be used for 
much Jonger times than the most sophisticated tracking model, since only fluid concentrates 
are mapped. An example of this technique was already presented in thesis for shear-thinning 
fluids. However, the construction of the mapping matrix is essentially basedon the track
ing roodels described in this thesis. Without the current parallelisation of the front tracking 
model, the construction of the mapping matrix would require several weeks of CPU time. In 
a way, parallelisation not only fastens the code, but also opens possibilities for new research 
areas. 

Another next challenging step, is to have a complete simulation of mixing, and com
bine both the macroscale and the microscale analyses in a single calculation. The tools for 
the macroscale analysis are provided in this thesis; techniques for the microstructural ap-
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proach of modelling are recently developed by Wetzei and Tucker (1999), who introduced 
microstructural state variables like the area tensor and the droplet shape tensor that can repre
sent complex microstructures, including size, shape, and orientation, in a mathematica} com
pact and efficient way. They introduce evolution equations forthese variables that capture the 
essential physics of flow-induced changes in microstructure. To have a successful coupling 
of macroscale and the microscale, information has to be transfered between the macroscopie 
and microscopie scales. Initially, fluid elements are well represented by the macroscopie vari
ables, but as the fluid is stretched, the striations will be elongated to a thickness less than the 
macroscopie grid size, at which time it must contribute to the local rnicrostructural measure. 
Future efforts will have to provide this coupling. 
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SAMENVATTING 

Mengen en roeren vormen belangrijke processen zowel in onze natuur als in de industrie. 
Ondanks de enorme interesse voor het mengproces binnen vele wetenschappelijke discipli
nes, is er tot op heden nog geen algemene theorie ontwikkeld die het mengproces volledig 
beschrijft. De analyse van de diverse mengprocesses, om inzicht te krijgen in hun efficiëntie, 
wordt per geval apart uitgevoerd. Recente ontwikkelingen op het gebied van mengen, met 
name door Aref, Ottino en hun medewerkers, hebben geleid tot een koppeling tussen mengen 
van viskeuze vloeistoffen en het chaotisch gedrag van een dynamisch systeem. Ze vonden dat 
complexe mengstructuren gevormd kunnen worden ondanks dat de stroming vrij eenvoudig, 
maar wel tijd periodiek was. 

In dit proefschrift zijn een aantal numerieke modellen ontwikkeld die gebruikt zijn om 
een aantal prototype mengproblemen te bestuderen. De methoden en modellen zijn algemeen 
in de zin dat ze toegepast kunnen worden op complexe geometrieën. Om de resultaten goed 
te kunnen interpreteren en vergelijken zijn hier mengprocessen bestudeerd binnen eenvou
dige geometrieën. In het algemeen zijn er geen analytische oplossingen beschikbaar voor het 
snelheidsveld en moet er gebruik worden gemaakt van numerieke technieken, waarbij oplos
singen van de Navier-Stokes vergelijkingen gezocht worden. Hiertoe is een druk-correctie 
schema gebruikt voor de tijdsintegratie en een spectraal elementen methode voor de plaats 
discretizatie, hetgeen leidt tot nauwkeurige oplossingen. Verder is er een adaptieve methode 
ontwikkeld om sterk vervormende vloeistofelementen te kunnen volgen. Gebruik makend 
van paraHele technieken is het mogelijk om drie-dimensionale, grote vervormingen te simu
leren. Deze combinatie van efficiënte methoden vormt de basis voor de analyse technieken 
die toegepast zijn op de mengsimulaties. 

Een van de meest opmerkelijke fundamentele resultaten is gevonden bij de analyse van 
een drie-dimensionale tijd-periodieke caviteits stroming. De periodiciteit van de stroming 
kan resulteren in een verzameling periodieke punten die op een lijn liggen. De structuur 
van de periodieke lijn kan vrij complex zijn en het gedrag van de punten op de lijn kan 
veranderen lopend over de lijn. Verder kan het reologisch gedrag van de mengvloeistof een 
grote invloed hebben op het mengproces. Kleine veranderingen in shear-thinning gedrag 
wijzigen de structuur van de periodieke lijnen en de classificatie van de periodieke punten op 
deze lijn. Dit kan leiden tot volJedig andere mengpatronen en in het algemeen leidt de schuif
spannings afhankelijke viscositeit tot een afname in de mengkwaliteit Elastische effecten van 
de vloeistof blijken, althans voor de gevallen beschouwd in dit proefschrift, weinig effect te 
hebben op het menggedrag. Als de elastische effecten invloedrijker worden is te verwachten 
dat het mengproces wel meer beïnvloed wordt. 

Tijdens de analyse van mengen van minder sterk viskeuze vloeistoffen, kunnen traag
heirlskrachten een grote rol gaan spelen en wordt een analyse aanmerkelijk moeilijker. Het 
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mengproces in een vierkante caviteit, waar een pulserende wandbeweging gesuperponeerd 
is op een constante wandbeweging, is bestudeerd. Ondanks het niet-lineair gedrag van het 
systeem zijn algemene technieken ontwikkeld om zulke mengprocessen te onderzoeken. De 
resultaten laten zien dat het oscillerend gedrag van de wandbeweging kan leiden tot een cha
otische deformatie van vloeistof elementen. Een exponentiële toename van interface opper
vlakte kan het resultaat zijn. De frequentie van de oscillaties beïnvloed in grote mate het 
chaotisch menggedrag. Als het Strouhal getal ongeveer 5 is, blijkt het mengproces efficiënt 
te zijn. VoorStrouhal getallen van de orde 1 of 10 is de invloed van de oscillaties te miniem 
en blijkt de menging niet verbeterd te zijn. Hierbij is verondersteld dat de ampltitude van de 
oscillaties van de zelfde orde is als de stationaire wandbeweging. 

De modellering van het mengproces van twee verschillende, niet mengbare, vloeistof
fen, waarbij de vloeistoffen verschillende viskositeiten kunnen hebben en ook oppervlakte 
spanning een rol kan spelen, is aanmerkelijk moeilijker. Het model dat ontwikkeld is in dit 
proefschrift is een uitbreiding van de eerder gebruikte technieken en interpreteert oppervlakte 
spanning als een continu drie-dimensionaal effect over de interface. Dit in tegenstelling tot 
sommige andere modellen waarbij oppervlakte spanning als een randvoorwaarde op het in
terface meegenomen wordt. De modellen zijn weer algemeen en kunnen toegepast worden op 
complexe geometrieën. Uitbreidingen, om verschillende vloeistoffen met andere reologische 
eigenschappen te modelleren, zijn mogelijk. Ondanks de moeilijkheid om algemene conclu
sies te geven over het het mengproces van twee verschillende, niet mengbare, vloeistoffen kan 
verondersteld worden dat een aantal resultaten algemeen zijn. Voor een caviteitsstroming zijn 
twee verschillende intiële condities beschouwd. Gezien is dat voor viskositeîts ratio's kleiner 
dan één, dus waar de blob een lagere viskositeit heeft, meer interface gegenereerd wordt dan 
voor de situatie met gelijke viskositeiten. Als de viskositeits ratio groter is dan één wordt juist 
minder interface gevormd. De invloed van oppervlakte spanning leidt, als de intiële stadia 
van mengen beschouwd worden, tot een reductie van de snelheid van het mengproces. Als 
het capilair getal kleiner dan één is, is het zelfs mogelijk dat de blob slechts in kleine mate 
vervormt en er geen toename van interface oppervlakte is. 
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Stellingen 

Behorende bij het proefschrift 

Computational Analysis of Distributive Mixing 

1. Periodiciteit in een drie-dimensionale stroming kan resulteren in een verzame
ling periodieke punten die een lijn vormen. In het algemeen is de structuur van 
deze periodieke lijn complex en verandert de aard van de punten langs de lijn. 

• Dit proefschrift. Hoofdstuk 4. 

2. Nauwkeurige interpolatie is een resultaat van nauwkeurige approximatie en ac
curate kwadratuurregels. 

• Maday, Y. and Patera, A.T. (1989). Speetral element methods for the 
incompressible Navier-Stokes equations. In A. Noor, editor, State-of 
the-Art surveys on computational mechanics. ASME, New York. 

• Dit proefschrift, Hoofdstuk 3. 

3. Niet-adaptieve technieken die gewoonlijk worden gebruikt om bij de analyse 
van chaotisch mengen interfaces te volgen, leiden tot de conclusie dat op den 
duur slechts een lineaire toename van interfacelengte gerealiseerd wordt. Deze 
verkeerde conclusie is inherent aan de intrinsieke moeilijkheid interfaces te 
volgen. 

• Dit proefschrift, Hoofdstuk 5. 

4. In tegenstelling tot wat oppervlakkige intuïtie doet vermoeden bevorderen ei
landen rond elliptische periodieke punten het mengproces. Deze fungeren als 
obstakels en dragen sterk bij aan het rek- en vouwgedrag van de omringende 
vloeistofelementen. De eilanden dienen dan klein of verwijderbaar te zijn. 

• Dit proefschrift, Hoofdstuk 5. 

5. Analyse van het primaire snelheidsveld van een mengproces is ontoereikend 
voor een correcte beschrijving van het menggedrag. Dientengevolge is mo
dificatie van de randvoorwaarde teneinde de simulatie te vereenvoudigen niet 
raadzaam. 

• Dit proefschrift, Hoofdstukken 6 en 7. 



6. De efficiëntie van dynamische mengers wordt in het algemeen negatief beïnvloed 
door een van Newtons afwijkende reologie. Toevoeging van meer energie aan 
het mengproces in dit geval leidt vaak helemaal niet tot een beter gemengd 
product. 

• Niederkom, T.C. and Ottino, J.M. (1994). Chaotic Mixing of Shear
Thinning Fluids. AIChE Journal, 40, 1782-1793. 

• Dit proefschrift, Hoofdstuk 6. 

7. Parallellisatie van numerieke codes kan onverwachts leiden tot de ontwikke
ling van nieuwe researchmethoden. Een uitgesproken voorbeeld hiervan is de 
"mapping-methode". 

8. De trial-and-error wijze waarop nieuwe numerieke modellen ontwikkeld wor
den om complexe viscoelastische vloeistofstromingen te simuleren, onderschrijft 
de stelling dat Fortran eenvoudiger is dan wiskunde. 

• Gresho, P.M. and Chan, S.T. (1990). On the theory of semi-implicit pro
jection methods for viscous incompressible flow and its implementation 
via a finite element metbod that also introduces a nearly consistent mass 
matrix. Part 2: Implementation. Int. J. Numer. Meth. Fluids 11, 621-
659. 

9. Eindconclusies van een parlementaire enqûetecommisie verliezen geloofwaar
digheid vanwege partijpolitieke belangen. 

10. Pamela is geen nicht. 

Patriek Anderson, 
Eindhoven, 7 juni 1999. 


