
 

The small-scale structure of turbulence

Citation for published version (APA):
Herweijer, J. A. (1995). The small-scale structure of turbulence. [Phd Thesis 1 (Research TU/e / Graduation
TU/e), Chemical Engineering and Chemistry]. Technische Universiteit Eindhoven.
https://doi.org/10.6100/IR449432

DOI:
10.6100/IR449432

Document status and date:
Published: 01/01/1995

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://doi.org/10.6100/IR449432
https://doi.org/10.6100/IR449432
https://research.tue.nl/en/publications/64f3a425-109d-4515-ac2f-bc8fa7a6c7c9




The small-scale structure of turbulence 

J anine A. Herweijer 



CIP-GEGEVENS KONINKLIJKE BIBLIOTHEEK, DEN HAAG 

Herweijet, J anine Annette 

The small-scale structure of turbulence / Janine Annette 
Herweijer. - Eindhoven : Technische Universiteit Eindhoven 
Proefschrift Technische Universiteit Eindhoven. - Met lit. 
opg. 
ISBN 90-386-0137-9 
Trefw.: turbulentie. 

ii 



The small-scale structure of turbulence 

PROEFSCHRIFT 

ter verkrijging van de graad van doctor aan de 
Technische Universiteit Eindhoven, op gezag van 
de Rector Magnificus, prof.dr. J.H. van Lint, voor 
een commisie aangewezen door het College van 
Dekanen in het openbaar te verdedigen op 

dinsdag 12 december 1995 om 14.00 uur 

door 

J anine Annette Herweijer 

geboren te Brielle 

lll 



Dit proefschrift is goedgekeurd door de promotoren: 

prof.dr.ir. P.P.J.M. Schram 
en 
prof.dr.ir. F.T.M. Nieuwstadt 

Copromotor: dr.ir. W. van de Water 

This research was part of the research program of the "Stich
ting Fundamenteel Onderzoek der Materie (FOM)". 

IV 



voor Cox en Jilles 

V 



She spent a number of years at this project 
and now she knows how researchers behave. 

on Mountain Jan, de NITS (1987). 

Vl 



Contents 

1 Introduetion 

1.1 Outline 0 

2 Cascade models 

201 Kolmogorov 1941 

202 Log-normal model 0 

203 Fractal models 0 0 0 

20301 The iJ-model 

20302 The random iJ-model 

20303 The multifractal model 0 

20304 Mul tiscaling 0 

2.4 Dissipation-models 

20401 The p-model 0 

205 Summary •••• 0 • 

3 Data-handling, instrumentation and fiow-configurations 

301 Measuring Structure functions 0 0 

301.1 Longitudinal experiments 

301.2 Transverse experiments 0 0 

302 Anemometry 0 0 0 0 0 0 0 0 0 0 0 

30201 Constant-temperature anemometry 

30202 The calibration of hot-wires 

30203 Probes 0 0 0 0 0 0 0 0 0 0 

303 Signal analysis 0 0 0 0 0 0 0 0 0 0 

30301 Characteristic quantities 

30302 Differential nonlinearity 

3.4 Windtunnel configurationso 0 

3.401 Grid-turbulence 0 0 0 0 0 

3.402 Cylinder-turbulenceo 0 0 

3.403 Boundary-layer turbulence 
305 Jet configurations 0 0 0 0 0 0 0 0 0 

1 
5 

7 

8 

10 

11 
12 

15 

17 

18 

20 

22 

25 

27 
27 
28 

30 
33 

34 

36 

37 

39 

40 

42 

47 
47 
51 

52 
53 

Vll 



4 Real-time signai-processing 
4.1 The PhyDAS system 
4.2 Structurator . . . 

4.2.1 Requirements 
4.2.2 Hardware implementation 
4.2.3 Performance and characteristics 

4.3 Multi-channel Structurator . 
4.3.1 Requirements .. 
4.3.2 A serial design 
4.3.3 A parallel-serial design 
4.3.4 A serial-parallel design 
4.3.5 An implementation in embedded software 
4.3.6 A digital signal processor . 

4.4 Evaluation . 

5 Distribution functions 
5.1 Longitudinal & transverse distribution functions 
5.2 Multifractal models . . .... 

5.2.1 Conditional probability distribution functions 
5.2.2 The ,8-model . . 
5.2.3 Superposition of Gaussians . 
5.2.4 Stretched exponentials 

5.3 Condusion . 

6 Structure functions 
6.1 Statistica! convergence of moments 
6.2 Sealing exponents . . . . 

6.2.1 Improving statistica! convergence 
6.2.2 The intermittency parameter 

6.3 Finite scale effects . . 
6.3.1 Extended self-similarity 
6.3.2 Extended sealing 

6.4 Multiscaling of structure functions . 
6.5 Condusion . . . . . . 

7 Negative dimensions of the dissipation field 

Vlll 

7.1 Random Cantor-sets with fixed scales 
7.1.1 No correlation . 
7.1.2 Complete correlation 
7 .1. 3 Fini te correla ti on 

7.2 Measuring multipliers . 
7.2.1 Experimental results 

7.3 Evaluation . 

57 
58 
59 
59 
60 
62 
63 
64 
65 
66 
68 
69 
70 
71 

73 
74 
76 
76 
78 
80 
81 
85 

86 
86 
90 
94 
97 
98 
98 

100 
101 
104 

106 
108 
109 
111 
113 
116 
118 
123 



8 Condusion 125 

A Experiments 127 

B The Kármán-Howarth relation 130 
B.1 The second-order correlation tensor in an isotropie field 130 
B.2 The third-order correlation tensor in an isotropie field . 132 
B.3 The Kármán-Howarth relation . . . . . . . . . . . . . . 133 
B.4 A result of the Kármán-Howarth relation for structure functions 135 

C Intermediate correlations and recurrence relations 137 
C.1 Correlation structure . . . . . . . . . 137 
C.2 Recurrence relation for partition sum 139 

D Beaufort's scale 142 

Notation 143 

Abbreviations 149 

References 150 

Summary 155 

Samenvatting 156 

Nawoord 157 

Curriculum vitae 158 

Publications 159 

IX 



CHAPTER 1 

Introduetion 

Turbulence is a phenomenon we encounter every day, when we walk on the beach 
with, for example, a 6 beaufort (about 12m/s) wind in our face, when we watch 
the dance performance of our kite high up in the air, when we look, more or 
less irritated, at the cigarette smoke of the person next to us, and even when 
we fl.ush the toilet. Also in many industrial processes turbulence is a common 
phenomenon. However, in spite of its familiar appearance and research for many 
years, there is still no good description of turbulence. There is not even a good 
definition, and researchers try to describe it in one sentence: "Turbulence is the 
disordered behavior of fl.uid inspace and time." But what is disordered behavior? 

15 

10 

0 0.01 0.02 
t (s) 

Figure 1.1: Velocity fiuctua
tions as a function of time, 
measured in turbulence gene
raled with a grid. 

If we look up turbulence in the McGraw-Hill Encyclopedia of Science and 
Technology we find: "Turbulence: motion of fiuids in which the local veloeities 
and pressures fiuctuate irregularly: Most fiows observed in nature such as rivers 
and wind are turbulent. . . . . . The essential characteristic of turbulent flow is that 
the fiuctuations are random. . .... " The random fl.uctuations of the wind outside 
are refl.ected by the irregular (random) dance of our kite up in the air. We can 
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not precisely predict when and what its next move will be. Figure 1.1 shows the 
random velocity fluctuations of a turbulent flow. 

The few text books, Tennekes (1972) and Lesieur (1993) start with an enume
ration of features that a flow has to satisfy in order to be classified as turbulent. 
So, a turbulent flow is or exhibits: 

• Irregularity or randomness: the turbulent flow is unpredictable. 
• Diffusivity, which causes rapid mixing and increased rates of momentum, 
heat and mass transfer. 
• High Reynolds number: turbulent flows always occur at high Reynolds num
bers. 
• Three-dimensional vorticity fluctuations: turbulence is rotational and three
dimensional. 
• Dissipation: turbulent flows are always dissipative. 
• Continuum: turbulence is a continuous phenomenon. 
• Flows: turbulence is a feature of fluid fiows and not of fluids. 

Customary, turbulent flows are classified in termsof the Reynolds number, which 
is a dimensionless characteristic parameter of the flow. If the Reynolds number 
is not too large the flow will be laminar, i.e. the variations in the flow are 
predictabie in both space and time. As the Reynolds number increases, the flow 
becomes unstable, and at some large enough value of the Reynolds number it 
becomes fully turbulent. 

The main difficulty in solving the turbulence problem is the random (nonli
near) behavior of the turbulent flow in many degrees of freedom. For incompressi
ble flow, the fundamental dynamica! equations are the Navier-Stokes equations. 
This is a system of coupled partial differential equations and must be supple
mented by initial and boundary conditions. The development of a statistica! 
theory for turbulent fluctuations from the Navier-Stokes equations is always fa
eed with the closure-problem. This means that one has a set of n- 1 equations 
with at least n unknown variables in it. Numerous attempts have been made to 
realize closures, as in Computational Fluid Dynamics the one-equation models, 
the two-equation models (e.g. the mixing length modeland the k-E model) and the 
second-order closure models. Moreover, since computers have become powerful 
enough to simulate some flows of (engineering) interest, there exist some models 
for some specific flows. However, these models are not universal. 

Hence, turbulence is often referred to as the unsolved problem of classical 
physics and is often the item of discussions at conferences. Lesieur divides the 
scientists involved with turbulence into two groups with opposing points of view: 
The first group, the statistica[ and oldest one, tries to model the flow in averaged 
quantities. This group follows Kolmogorov and believes in the phenomenology 
of cascades and (strongly) denies the possibility of any coherence or order in 
turbulence. The secoud group believes in the coherence among chaos and consi-
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ders turbulence from a purely deterministic point of view by studying either the 
behavior of dynamica! systems or the stability of flows in various situations. 

In case of cascade modeling, Richardson was the first who put forward some 
ideas on the theory of fully developed turbulence. He assumed a hierarchy of 
turbulent disturbances on different scales. 'Eddies' of a certain scale would be 
the result of the instability of larger 'eddies' at a larger scale. In his scenario, 
Richardson assumed a cascade process of eddies breaking down. In this cascade 
process there is a transmission of energy of the flow motion of smaller and smaller 
eddies down to the smallest scale, where the fragmentation process is stopped by 
dissipation. Richardson (1922) expressed this idea in the following rhyme, based 
on Jonathan Swift's fleas sonnet 1 , 

Big whorls have little whorls; 
Which feed on their velocity; 
And little whorls have lesser whorls; 
And so on to viscosity 
(In the molecular sense). 

Kolmogorov further developed and formulated the ideas of Richardson in his 
papers in 1941. He assumed an inertial range in which energy was transported 
from large eddies to smaller eddies. This range of scales is bounded from above 
by the size of the eddies at which energy is injected and from below by the size of 
the eddies where flow kinetic energy is dissipated to heat. Kolmogorov assumed a 
uniform energy distribution over all eddies. Sirree then many researchers proposed 
ideas and models to describe the statistica! (cascade) behavior of fully developed 
turbulence. Landau was the first to point out the preserree of intermittency which 
leads to a contradiction with the Kolmogorov theory of 1941. Landau stated 
that the statistica! laws of small eddies have to depend not only on the mean 
energy dissipation but also on the fluctuations of this energy. In 1962 Kolmogorov 
and Oboukhov derived the so called log-normal model. They assumed that the 
logarithm of the energy distribution in the inertial range, was Gaussian. 

Many measurements were contradicting these assumptions and in 1964 Novi
kov & Stewart proposed a model called absolute curdling. In this model it was 
assumed that the energy of an eddy is distributed over curds of smaller eddies. 
In 1974 Mandelbrot came with an expansion on the model, his weighted curdling 
model, where it was assumed that a weighted amount of the energy of a large 
( mother) eddy is distributed over the curds of smaller ( daughter) eddies. The 
absolute curdling model was reformulated by Frisch, stressing its dynamica! and 
fractal aspects, as the ,8-model. In this model the daughter eddies occupy a 

1 So, nat'ralists observe, a fiea - Hath smaller fieas that on him prey; - And these have 
smaller yet to bi te 'em, - And sa praeeed ad infinitum. The complete poems by Jonathan Swift, 
ed. Pat Rogers, Penguin books (1983). 
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constant fraction (3 of its mother's space. The multifractal model (random (3-
model) was also introduced by Frisch and Parisi in 1983, as a variation on the 
weighted curdling model and a possible interpretation of the inertial range. Now 
it was assumed that a random fraction (3 of the mother eddy's space is occupied 
by its daughter eddies. 

In the last years many realizations, interpretations, and variants of the mul
tifractal model have been developed. In these models the structure function is a 
significant quantity. It is the equivalent of the correlation function of fluctuating 
velocities in two different spatial points. Structure functions can be measured 
and their scaling behavior appears to be useful to compare the predictions of 
these different models with experimental results. Measurements have shown that 
the scaling exponents of the structure function depends on the order of the struc
ture function in a nonlinear way. The multifractal model seems to give a good 
description of the turbulence cascade. However, a confrontation of the multi
fractal model with experiments requires the measurement of high-order structure 
functions, and the statistical accuracy is a major problem. 

(a) 

(b) 

(c) 

Figure 1.2: Turbulent flows in three dif-
. ferent configurations. (a) Grid- turbu

lence, taken from Hinze ( 1987) and 
reprinted by permission of McGraw
Hill. (b) Jet-turbulence taken from Le
sieur {1993 ), reprinted by permission 
of Kluwer Academic Publishers. (c) 
Cylinder-turbulence, also taken from 
Hinze {1987). 

The prime goal of this research project is the understanding of the small-scale 
structure of turbulence. Therefore, structure functions and the connected velocity 
difference distribution functions are experimentally investigated and compared 
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with predictions of theoretica! cascade models. The velocity fluctuations are 
measured in fully developed isotropie turbulence. In the experiments of this 
research project, turbulence was generated in a laboratory using several objects 
whose preserree seeded the initiallaminar flow with large-scale fluctuations. Far 
enough behind such an obstruction the flow should be independent of the initial 
conditions and its behavior should become universal. Figure 1.2 shows turbulence 
visualized by smoke behind a grid, a jet, and a cylinder. The pictures show 
that after a while the structures in the flows are random. For fully developed 
turbulence, independent of the boundary conditions, the structures in the flows 
should be statistically the same. 

Constant Temperature Anemometry (CTA) is used to measure the velocity 
fluctuations and special attention is paid to real-time signai-processing to achieve 
results with high statistica! accuracy. 

1.1 Outline 

The thesis starts with a chapter Cascade models about the most important sta
tistica! models based on the cascade assumption. Starting from Kolmogorov's 
K41-theory, I will introduce the log-normal model, the ,8-model of Frisch and 
Parisi, and finally I will arrive at the multifractal model. In these models the 
structure function and its sealing exponents are stressed and throughout the 
whole thesis these quantities will play a key role. Furthermore the multifractal 
model for the dissipation range is explained. This model is related to the models 
of the inertial range via Kolmogorov's first refined similarity hypothesis. 

Chapter 3, lnstrumentation and fiow-configurations, is devoted to the descrip
tion of the data-handling procedures. It describes what quantities are measured 
and with what equipment. It describes the calibration techniques, the analysis 
of the spectra, the used detectors, and the constant temperature anemometers, 
including the consequences of the discretization of signals and calibration. In 
this chapter also the flow-configurations of the different turbulent flows (grid, jet, 
cylinder and boundary-layer turbulence) are described. 

In the next chapter, Real-time signal-processing, the used computer system is 
described as well as the digital device that was especially developed for the tur
bulence problem. Using this device, high-order (longitudinal) structure functions 
could be measured in real-time, with a high statistica! accuracy. Furthermore, 
this chapter proposes novel designs for measuring transverse structure functions 
in real-time. 

After the description of the theory and the experimental environments the 
experimental results will be treated in Chapter 5, Distribution functions, and 
Chapter 6, Structure functions. The velocity difference distribution functions for 
longitudinal and transverse velocity differences are investigated and compared 
with models for distribution functions. The convergence-problem of high-order 

5 



moments is studied via the distribution functions. The experimental results are 
compared with the theoretical ideas on normalization and multi-sealing of struc
ture functions. The measured sealing exponents of longitudinal and transverse 
structure functions are compared with the existing theoretical models. 

In Chapter 7, Negative dimensions ofthe dissipationfield, it is tried to explain 
the measured negative dimensions of the dissipation field using simple models that 
are variations on the binary cantor set. Cantor-like sets with different correlations 
are compared with a jet-turbulence measurement in an attempt to get a better 
understanding of the multifractal behavior of dissipation in turbulence. 

The thesis ends with some global conclusions for the small-scale structure 
of turbulence in Chapter 8. A table with the characteristic quantities of the 
described measurements is included in Appendix A. 
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CHAPTER 2 

Cascade models 

Since Kolmogorov introduced in 1941 his theory for isotropie turbulence many 
statistica! models have been developed, based on Richardson's ideas of energy 
cascade. In these models the energy dissipation per unit of mass per unit of time 
is an extremely important parameter, 

(2.1) 

where v is the kinematic viscosity, u; and u1 are velocity components and x; and 
x1 are components of the position vector. This parameter controls the energy 
transmission from large eddies, where the energy is injected, to small eddies 
where the energy is dissipated to heat by viscosity, Figure 2.1. In the case of 
homogeneaus and isotropie turbulence, on average 

(2.2) 

The size, A, of the largest possible eddy will be bounded from above by the size 
of the system. The size, TJ, of the smallest eddy, the cutoff scale, is determined 
by viscous dissipation. The range of scales rJ < < r < < A where no energy is 
injected and in which no viscous processes occur, is called the inertial range. For 
larger Reynolds numbers the cutoff scale is getting smaller and the inertial range 
is getting larger. 

In the following I will describe the most important models that have been de
veloped using this scenario of energy cascade; From Kolmogorov's first similarity 
hypothesis up to the multifractal model for the inertial range. The latter is, till 
now, the model that seems to describe the energy cascade in a satisfactorily and 
will be used as the key-model throughout this thesis. Finally, as an introdue
tion to the negative dimensions of the turbulent dissipation field, Chapter 7, the 
multifractal model for the dissipation range will be described. Kolmogorov's first 
refined similarity hypothesis ties the sealing parameters of the dissipation field 
to those of the inertial range velocity increments. 
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Figure 2.1: The energy cascade process following Richardson ideas. At eddies of 
size A energy is injected, then energy is transmitted to smaller and smaller eddies, 
until it is dissipated to heat at the smallest eddies of size TJ. 

2.1 Kolmogorov 1941 

Kolmogorov (1941) developed his theory for locally isotropie turbulence, using 
structure functions. Locally isotropie turbulence means that the probability dis
tribution of the relative velocity differences t:J.ü(T) = ü(x + T)- ü(x) is indepen
dent of ü(x), independent of time and invariant under translations, reflections 
and rotations, Monin & Yaglom (1975). Structure functions are correlations of 
two-point velocity differences. A structure function of order p is defined as 

(2.3) 

where the angular brackets denote an average over time. 
Implicitly assuming that the energy dissipation is uniformly distributed, Kol

mogorov formulated his famous similarity hypotheses: 
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First similarity hypothesis 
For locally isotropie turbulence the relative velocity distributions are unique
ly determined by the kinematic viscosity v and the average energy dissipa
tion, (E), per unit of time and per unit of mass, provided that all distances 
r = lf1 are small compared with macroscales, r < < A. 

Second similarity hypothesis 
When, in addition the distances r are large compared with the dissipation 



range, so when r is in the inertial range 7) < < r < < A, then the relative 
velocity distributions are uniquely determined by the quantity (E) and do 
not depend on v. 

A functional description for the moments of velocity differences and thus for 
the structure functions can be derived using dimensional analysis and the two 
similarity hypotheses and leads to 

(2.4) 

in which the CP are universal constants. For the third-order C3 (= -t) follows 
directly from the Navier-Stokes equations, Appendix B. It follows from Eq. (2.4) 
that the structure functions have sealing behavior 

(2.5) 

where (p is called the sealing exponent and where the sign "' is used for propor
tionality. For the Kolmogorov theory (K41) (p = ~-

The definitions of the characteristic quantities, the Kolmogorov length scale, 
the scale at which the dissipation starts in the energy cascade, 

(2.6) 

and of the Kolmogorov velocity scale, 

1 

vx=(v(E))4, (2.7) 

are such that the Reynolds number with reference to this length and velocity is 
unity, 

Vx7) = 1. (2.8) 
V 

As for the structure functions, a description for the energy of the turbulent 
fiuctuations per unit of mass of fiuid in scales r can be derived from the hypotheses 
and by dimensional analysis, 

2 

Errv((E)r)ä. (2.9) 

Via the Fourier transfarm of Eq. (2.9), which results in the speetral density cp(k) 
of the energy, the famous minus five-third law for the power spectrum, shown in 
Figure 2.2, is obtained, 

E(k) rv k2c/J(k) 

(2.10) 
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Figure 2.2: A measured 
energy spectrum, showing the 
minus five-third law for the 
inertial range. 

Shortly after Kolmogorov published his two similarity hypotheses, Landau pointed 
out (see Landau & Lifshitz (1989)) that the K41-theory could not be right, be
cause it did not take into account intermittency. By intermittency he meant 
that turbulence is not uniformly distributed in space; there are regions with less 
intense and regions with more intense turbulence. 

In the log-normal model Kolmogorov (1962) and Oboukhov (1962) tried to 
reconcile Kolmogorov's original theory with intermittency. They suggested that 
the logarithm of the local spatial averaged dissipation rate En 

Er(x) = ~ J E(x + S)ds, 
47fT 

(2.11) 
IISII:Sr 

has a normal distribution, for r < < A. They assumed further that the varianee 
of the quantity ln Er, for large Reynolds number was given by 

2 A 
ar= A+ J.L ln-, 

T 
(2.12) 

where ar = ([ln(Er/ (E) )F), J.L is a universa! constant and A is a constant which 
depends on macroscale statistics. Kolmogorov reformulated his first similarity 
hypothesis in terms of the refined similarity hypothesis and added a third one, 
which made the above mentioned assumption about the statistics of the local 
spatial averaged energy dissipation rate Er. 

First refined similarity hypothesis 
If the distances r are small compared with macroscales then, for locally 
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isotropie turbulence the relative velocity distributions are uniquely deter
mined by the kinematic viscosity v, by the local spatial averaged energy 
dissipation, Er, per unit of time and per unit of mass at scale r and by the 
scale r. 

Second similarity hypothesis ( unchanged) 
For scales r large compared to the dissipation-range scales and small campa
red with the macroscales, the relative velocity distributions are independent 
on v and only depend on (E) (=(Er)). 

Third hypothesis 
The local spatial averaged energy dissipation per unit of mass per unit of 
time, Er, has a log-normal distribution. 

As in the K41-model, dimensional analysis and the (refined) hypotheses lead to 
a description for the structure functions 

(2.13) 

Using that Er has a log-normal distri bution for r < < A, that the moments of the 
log-normal distributed variabie can be expressed as, 

(2.14) 

and that by homogeneity (Er)= (E), Eq. (2.13) can be rewritten as 

(2.15) 

From Eq. (2.15) it follows that for the log-normal model the sealing exponent of 
the structure function is 

p 1 
(p = 3 + 181LP(3 - p). (2.16) 

The universal constant fL is determined by the size of the fluctuations of Er and 
therefore also frequently called the intermittency parameter. In the description 
for the sealing exponent in Eq. (2.16), (p has a parabalie form, with a maximum 
for p = ~ + l. Currently accepted values of fL are fL ~ 0.2, in which case the 
maximum of (P would be reached at p ~ 11. It appears, however, that this is an 
experimentally accessible value of p, and that this prediction does not agree with 
experimental results. 

2.3 Fractal models 

Because the deviations of K41-model and the log-normal from measurements are 
associated to the description of intermittency in these models, intermittency must 
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be a crucial ingredient of a sealing description of fully developed turbulence. Frac
tal models are an attempt to capture intermittency in a geometrie frameworlc 
The key idea is that self-similar cascades do not need to be space filling. Such a 
process is characterized by a fractal dimension, even by a continuons dirneusion 
function. Before introducing the most general multifractal model, I will illus
trate the key ingredients of such a description by discussing more simple cascade 
processes. Such processes are a special case of a multifractal description. 

For now it is my aim to arrive at a theory for the velocity increments b.u(r), 
where r is taken in the inertial range. Another class of cascade models can be 
written down for the dissipation field. Both models are connected through Kol
mogorov's refined similarity hypothesis. This conneetion leads to identification 
of the respective sealing functions in Section 2.4. 

2.3.1 The ,8-model 

Trying to describe the energy fluctuations in a different way than the log-normal 
model, Frisch et al. (1978) introduced the ,8-model, although an early version of 
the ,8-model was already given by Novikov & Stewart (1964). Frisch et al. started 

A 

Figure 2.3: The energy distribution fora binary cascade in the K41-theory. At 
each level of the cascade the energy of the mother eddies is uniformly distributed 
over the daughter eddies. 

with adopting the K41-picture. In turbulence, energy is injected into eddies of 
size A and cascaded down through intermediate scales r to the dissipation scale 
TJ. They assumed that the cascade process could be represented by discrete series 
of length scales and they considered, without loss of generality, the cascade to be 
binary, 

rn=2-nA, n=0,1,2, ..... (2.17) 

If the eddies of any generation are space filling and the kinetic energy of turbulent 
fluctuations per unit mass of fluid, in scales approximately equal torn, is En, the 
root-mean-square velocity difference across a distance r n can be defined by Vn 

where 
(2.18) 
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It should be noted that, with this definition, the characteristic velocity Vn will 
be closely related to the velocity increment at scale r n of the structure functions. 
The eddy turnover time can be defined as 

(2.19) 

In the case of a space filling cascade (K41-theory), all the energy in scale rn will 
end in scale r n+l· The energy transfer ra te per unit mass and per unit time, from 
n-eddies to ( n + 1 )-eddies is given by 

En V~ 
En rv- rv -. 

in rn 
(2.20) 

For stationary turbulence, conservation of energy then implies that in the inertial 
range, the energy transfer rate is equal to the mean dissipation rate 

En= (E). (2.21) 

At this point, Frisch et al. note that (E) can be interpreted equally well as the 
rate of energy injection, as a rate of energy transfer or as the energy dissipation 
rate. They argue that from the point of view of inertial-range dynamics, the 
second definition is the most relevant. Combining Eq. (2.20) and (2.21) yields 

(2.22) 

which leads with Eq. (2.18) to an expression for the energy in scale rn, 

(2.23) 

This is nothing else but a discrete version of Kolmogorov's K41-theory, Eq. (2.9). 

A 

Figure 2.4: The energy cascade in the (3-model. At each level of the cascade the 
daughter eddies are a factor of two smaller than the mother eddies, but the total 
space they occupy is a (constant) fraction of the space that is occupied by the 
mother eddies. 
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The p-model assumes that the small eddies become less and less space filling. 
At each step of the cascade process an eddy of scale r n is assumed to cause N 
eddies of scale r n+l, irrespective of the value of n. N can be smaller than 23

. If 
the largest eddies are space filling, after n generations only a fraction 

N 
( (.1-- < 1) 
fJ- 23 - ' (2.24) 

of space will be occupied by active turbulence. Furthermore, Frisch et al. assumed 
that ( n + 1 )-eddies are positionally correlated with n-eddies by embedding or 
attachment. It is rather simple now to work out how the p-model modifles the 
K41-picture. The same argumentscan be used, however, restricted to the active 
volume of fluid for each generation n. 

Denote again by Vn a typical velocity difference over a distance r n in an active 
region. The kinetic energy per unit mass on scales r n is now defined by 

(2.25) 

' The factor Pn emerges because averages must now be computed over a fraction 
of occupied space. The characteristic dynamical time for transfer of energy in de 
cascade is still given by the turnover time. The generation of an ( n + 1 )-eddy 
arises from the internal dynamics of the n-eddy in which it is embedded. The 
ra te of energy transfer from n-eddies to ( n + 1 )-eddies in the inertial-range can 
be expressed exactly as with the K41-picture. 

(2.26) 

With _ (rn)3-D 
Pn- A (2.27) 

and Eq. (2.25) this leads to 

(2.28) 

and 

(2.29) 

It appears that all the intermittency corrections to the K41-picture have been 
expressed in terms of the self similarity dimension D. D is identified as a fractal 
dimension, it expresses how the number of active eddies scales with A and is 
related to the number of offspring, 

(2.30) 
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From Eq. (2.28) and GP(r n) = (Jnv~, it follows that the sealing exponent for the 
(3-model can be described by 

(p = (~- 1) D + 3- ~P· (2.31) 

The dissipation scale rd now differs from the Kolmogorov scale 77 = ((E) /v3)-!. 
Equating the turnover time, 

1 ~ (r ) ~(3-D) 
t rv (E)-3 T 3 __:.::. 

n n A , (2.32) 

with the viscous diffusion time r?,jv gives for the dissipation scale, 

(2.33) 

The Fourier transfarm of Eq. (2.29) gives the relation between the correction to 
the -~exponent of the K41-model and the fractal dimension D. This relation was 
first derived by Mandelbrat (1976) using the absolute curdling model of Novikov 
& Stewart. 

2.3.2 The random ,6-model 

In the ;)-model it was assumed that at each scale r n+l a constant fraction at 
scale r n was filled with turbulence. The result is a correction of Kolmogorov's 
prediction for (p = ~· However, Eq. (2.31) prediets a linear dependenee of (pon 
p, this does not agree with experiments where a nonlinear sealing function (p is 
found, (see Figure 2.9). In other words the rate of energy transfer is notconstant 
but fluctuates. In the random (3-model, introduced by Benzi et al. (1984) and 
an extension of the (3-model, it is tried to deal with these fluctuations and the 
fraction p is random for each scale, Figure 2.5. 

Following the formulation of Paladin & Vulpiani (1987) the scale at levelnis 
2-n, where, without loss of generality, a base 2 is taken for the cascade. At level 
n there are 2n (23n in 3 dimensions) scales. The origin of a scale can be denoted 
by a binary number of n bits. 

Taking into account that the energy dissipation rate for mother and daughter 
eddies is constant and that at scale r n a fraction Pn of the volume is covered by 
active turbulence yields 

3 3 
vn - (.1 vn+l 
-- fJn+l--· 
r n r n+l 

(2.34) 

Iterating this equation with a particular history of random p's [;J1, ... , Pn] gives, 

(2.35) 
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A 

Figure 2.5: The energy cascade in the random /3-model. Here at each level the 
daughter eddies occupy a random fraction of the space that is occupied by the 
mother eddies. 

Notice, again, that the fraction of volume occupied by an eddy generated by 
n 

[;31 , ... , f3n] is IJ /3;. The structure function can be written as an average over 
i=1 

different realizations of the string /31 , ... f3n 

Gp( r n) rv rJ J IT /3;1 -~ P(/31, ... , f3n) d;3;. 
i=1 

(2.36) 

If the different steps of fragmentation are uncorrelated then the joint probability 
n 

distribution function factorizes, P(/31, ... , f3n) = I1 P(/3;) and 
i=1 

(2.37) 

where in the last step r n = 2-n is used and where the angular brackets ( .. ) denote 
an average over the distribution P(/3). From Eq. (2.37) it follows that the sealing 
exponent for the random /3-model can be written as, 

(2.38) 

This will in general be a nonlinear function of p, however, it provides information 
about the probability distribution for /3. Benzi et al. (1984) assumed that eddies 
are either space filling or organized in vortex sheets. In a binary cascade the 
process of space filling eddies has /3 = 1 and that of velocity sheets has ;3 = t. 
For the distribution functions P(/3) then follows 

P(/3) = x6(f3- o.5) + (1- x)6(f3- 1). (2.39) 

Benziet al. found that in this one-parameter model the choice x = ~ fitted rather 
well data that were at that time available. 
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2.3.3 The multifractal model 

The ,8-model and random ,8-model are examples of simple multiplicative processes 
and attempts to describe the multifractal behavior of turbulence. Frisch & Parisi 
(1985) introduced the multifractal model as a more general description for fully 
developed turbulence: Consicier the Navier Stokes equations, 

dû __, n__, 
-+u· vu 
dt 

\7. û 

nP n2__, -V-+ Vv U, 
p 

0, (2.40) 

plus boundary- and initial conditions. Here is p the pressure and p the density. 
In the limit of varrishing viscosity the Na vier Stokes equations are invariant under 
the following set of rescaling transformations for the space r, time t and velocity 
u variables, 

r -+ lr, 

u -+ zhu 
' 

(2.41) 

t -+ zl-ht 
' 

with h an arbitrary similarity exponent and l the rescaling parameter. Kolmo
gorov's assumption of a constant rate of energy dissipation per unit mass singles 
out the value h = t· 

The key idea of the multifractal model is the assumption of a whole range 
of singularity strengths h. (As h < 1, the sealing behavior b.u(r) rv rh is in 
facta singularity of the gradient b.u(r)/r). These singularities are organized in 
nested fractal sets. The probability toencounter in three dimensions a singularity 
strength h scales as r 3-D(h), where D(h) is the fractal dimension of thesetof 
singularities with strength h. Therefore the structure function can be written as 
an integral over h. 

(2.42) 

In the limit r-+ 0 only the minimum of the exponent hp + 3- D(h) contributes 
significantly to the integral. For continuous functions D( h), the minimum follows 
from D'(h) =pand from the convexity requirement of D(h) (D"(h) < 0). This 
connects the dimension D( h) of the set of exponents h with the sealing exponent 
(p via the Legendre transform, 

(p=ph+3-D(h), 

D'(h) = p. 
(2.43) 

The cascade models discussed before correspond to special cases of this general 
multifractal model of Frisch & Parisi; The K41-theory with uniform energy dis
tribution, thus with D(h) = 3, has h = t· For the log-normal model the rescaling 
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transformation Er ~ [3h-lEr, derived from Eq. (2.41), yields 

1ln (0..) 1 
h = _ éA + _ 

3ln(x) 3· (2.44) 

The relation between the intermittency parameter and the dirneusion D(h) can 
be derived by expanding D(h) around its maximum up to second order 

(2.45) 

then substitute Eq. (2.44) into this equation and put the whole in the expression 
for distribution function of Er· Using the assumption that the distribution func
tion of ln Er is a Gaussian and that O"; = p, ln ~, one obtains for the intermittency 
parameter 

tL = -9 [D"(hmax)f1
. (2.46) 

In case of the ,6-model with only one singularity strength and D(h) = D, it 
follows that 

h=D-2_ 
3 

In the random ,6-model (p depends on h fora given p, 

(2.47) 

(2.48) 

If the multifractal model is the correct model to describe the cascade process in 
fully developed turbulence it will be difficult to validate the model with accurate 
measurements. Measuring high-order structure functions as a test for a possible 
inconsistency of the multifractal model is difficult because of the convergence 
problem. However, it seems that the multifractal model is suitable and it has, 
therefore, been used as the central model throughout this research project. 

2.3.4 Multiscaling 

Multiscaling is a feature of almost any multifractal model, (Frisch & Vergassola 
(1991), Jensen et al. (1991), Wu et al. (1990)). By multiscaling is meant the 
phenomenon that multifractal measures have a lower bound on their sealing range 
that depends on the moment. In other words, this cutoff scale is dependent on 
the singularity strength at hand. Multiscaling is an interesting effect, because it 
constitutes an entirely independent check of the specific multifractal model. 

For turbulence, the viscous cutoff scale of the inertial range depends on the 
sealing exponent (singularity) h. The mechanism is that stronger singularities 
can hold out longer before they are smoothed by viscosity. In other words, the 
influence of viscosity on stronger singularities starts to act at smaller scales than 
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it does on weaker singularities. Because structure functions of increasing order p 
probe the singularities of increasing strength, one expects the sealing behavior of 
G P ( T) extends to smaller T as p increases. 

Frisch & Vergassola (1991) formulated a more or less general approach for the 
cutoff scale of the multifractal model. Using the rescaling transformations of Eq. 
(2.41) and equating the turnover time, T/Vn to the viscous diffusion time T 2 jv 
yields 

1 
(2.49) 

' V 

where VA and A are respectively an external velocity scale and an externallength 
scale that serve to properly dirneusion the sealing relation. Eq. (2.49) can be 
rewritten to 

V 
(2.50) 

The right-hand side of the latter equation is a Reynolds number. Using that the 
Reynolds number depends on the ratio of the large external scale, A, and the 
smallest internal scale, Tv; Tv/A= Re-~, (Landau & Lifshitz (1989)), implies for 
the smallest scale at a given singularity h, 

4 

. =A (Tv) 3(h+l) 
Tmm,h A · (2.51) 

On the other handthereis a maximum singularity strength surviving at a given 
scale T 

4log !..!é 

hmax,r = 3 log ~ - 1. (2.52) 

Fr om Eq. ( 2. 51) i t follows tha t T min is smallest if h is smallest. The exact manner 
in which singularities are smoothed and the exact manner in which the sealing 
more and more extends to viscous scales as p increases is a still unresolved ques
tion. 

As explained in the previous section the link between the world of singularities 
and structure functions is provided by the integral of Eq. (2.42). The sealing 
exponent (p and the singularity strength h with its dirneusion D( h) are connected 
via the Legendre transform. Figure 2.6 shows the multiscaling phenomenon for 
Gp(T) calculated from D(h), for p = 2, 4 and 8. 

Notice that Tmin =Tv (= 77), if in Eq. (2.51) h = ~' in accordance with the 
K41-theory. Note further that substitution of Eq. (2.47) in Eq. (2.51) identifies 
the dissipation scale of Eq (2.33), for the p-model and it follows that Tmin :S Tv· 

It should be noticed that the multiscaling effect is dependent on the Reynolds 
number. The right-hand side of Eq. (2.52) involves the log of Re 

log Re 
hmax r = -

1
-r- - 1. 

, ogA 
(2.53) 
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0.1 

This can be rewritten to 

Figure 2.6: Structure func
tions calculated from D( h) 
for p = 2, 4 and 8, using Eq. 
(2.42). The results show the 
multiscaling hypothesis. 

r min r V 3(h+!) __ !_+ !!_ 

( )

_4 -1 

-- = - = Re h+! 4. (2.54) 
Tv A 

It appears that the Reynolds number dependenee is very weak; if h = i the 
dependenee varrishes and the dependenee is strongest at the strongest singularity. 
It will appear that the strongest singularity that can be found in longitudinal 
experiments has hmin = 0.16. In this case, 

Tmin = Re-0.11. 
Tv 

(2.55) 

So, for laboratory experiments, where the internal Reynolds number (Re;..) ranges 
from Re;.. = 300 to 800, it will be difficult to show this Reynolds dependence. 

2.4 Dissipation-models 

The cascade models discussed so far treat inertial range velocity increments as 
characteristic quantities to model the multifractal behavior of turbulence. In the 
dissipation models that are discussed in this section, the partition sum of the 
tot al energy dissipation in a scale T, is used as the main quantity. 

Define the total energy dissipation in a box of size Td, where d is the space 
dimension, as 

Er,d = j s(x + s)dds. (2.56) 
S:'ÓT 
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Assume that the total energy dissipation has a multifractal behavior. Then the 
multifractal description of the dissipation field follows from the partition sum 

(2.57) 

where the sum is taken over all elements of the partition (Hentschel & Procaccia 
(1983) and Halsey et al. (1986)). In the limit r ----r 0 the requirement that Z 
is finite singles out a function Tq· Further, suppose that Er locally scales with 
r<>+d-1, and that the singularity o: occurs a number of times rd-l-f(a) in a d

dimensional section. In one dimension the familiar singular behavior Er ,..._, r<> 

occurs. According to the addition property of dimensions, Mandelbrat (1982), 
the conesponding d-dimensional exponent becomes o: + d - 1. The same rule 
applies to the f(o:) dimension. The partition sum can now be approximated by 
an integration over o: 

(2.58) 

For very small r the integral is dominated by the value o:, for which ( o: + d -
1 )q + d- 1 - f ( o:) is smallest. With f' ( êi) = q and f" ( êi) < 0 the sealing function 
Tq defines a dimension 

Tq = (q- 1)Dq = (êi + d- 1)q + d- 1- j(êi), 
(2.59) 

f'(êi) = q. 

This is just the Legendre transfarm like in Eq. (2.43). The quantity Dq defines the 
so-called generalized dimension (Halsey et al. ( 1986)). Rewriting the expression 
for Tq in Eq. (2.59) to an expression for f(êi) and then differentiating with respect 
to q gives for êi, 

êi = dTq - d + 1. 
dq 

(2.60) 

Let us now consider the relation between inertial range velocity increments 
and the dissipation field by summarizing the sealing functions for both. 

inertial range 
t.u(r) 

h 
D(h) 

(p=ph+3-D(h) 
D'(h) = p 

~ dissipation range 
Er,d 

o:+d-1 
f(o:) 

Tq = (êi + d- 1)q + d- 1- j(êi) 
J'(êi) = q 

Notice that the dissipation field allows negative moments q, whereas negative 
moments of velocity increments are not defined. 
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It is possible to relate the sealing functions of the velocity increments to those 
of the dissipation field using Kolmogorov's refined similarity hypothesis. The 
validity of this hypothesis has been experimentally verified by Stolovitzky et al. 
(1992) and Thoroddsen & van Atta (1992). The consequence of this hypothesis 
is that the following equality holds 

(2.61) 

where cr is the dissipation averaged over a d-dimensional volume with linear size 
r, cr = Err-d. Using the relations of the above scheme then leads to the following 
relations 

(p = T~ + J ( 1 - d), 

ph+ 3- D(h) = Jêt + d- 1- j(ët), 

D'(h) = p; f'(ët) = ~-

2.4.1 The p-model 

(2.62) 

A realization for the multifractal dissipation model can be found in a multiplier 
model for the energy dissipation field. Suppose a cascade process in which each 
eddy of size r subdivides into beddies of size ~' but such that the energy in the 
mother eddy is distributed unequally over daughter eddies. The i-th daughter 
eddy (1 ::; i ::; b) will receive a fraction mi of the energy of its parent eddy. 
Conservation of energy implies that m1 + m 2 + .... +mb = 1. The energy Er 
transmitted to scale r, traeed up to the largest scale A is then related to the 
energy EA at ancestor A according to 

(2.63) 

with r = ~. Note, that now the space dimension d = 1. It appears that the 
energy at scale r can be written as a product of multipliers mi and the q-th 
moment can be written as, 

n 
t:q = t:q II mq 

r A " (2.64) 
i=l 

The generalized dimension Dq can now be defined according to 

( r) (q-l)Dq 
"'"""" t:q = t:q -Lr A A · 

Combining Eq. (2.64) and Eq. (2.65) and using that ~ 
expression for D q, 
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(2.65) 

b-n we obtain an 

(2.66) 



--------------- --------------- r=11 

Figure 2.7: The dissipation cascade in a simple two-scale dissipation-model. 

In which also the assumption has been made that the multipliers mi at different 
stages are uncorrelated. The singularity a and its fractal dirneusion f(o:) can be 
calculated Legendre transforming Dq· 

The p-model, introduced by Meneveau & Sreenivasan (1987) is a very simple 
example of the above described multiplier approach for the multifractal behavior 
of the energy dissipation in turbulence. Meneveau & Sreenivasan supposed a 
two-scale cantor set in which each eddy of size r breaks down into 2 equal eddies 
of size ~. They assumed a binomial distri bution for one parameter m (in their 
notation p, from which the name p-model arises), 

(2.67) 

At each cascade step a fraction m1 of the energy is given to one of the 2 new 
eddies and a fraction m2 = 1 - m1 is given to the other one. This process is 
repeated with fixed m1 over and over, until the eddies of order TJ are reached (see 

Figure 2.7). After n stages ( ~ ) eddies have an energy 

(2.68) 

And for the partition sum of this simple one-parameter model it follows that 

(2.69) 

(2.70) 
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Figure 2.8: (a) The generali
zed dimension D q and ( b) the 
corTesponding f(o:)-curve of 
the p-model, calculated with 
m1 = 0.7 andm2 = 1-ml = 
0.3. 

Now, in analogy with the general multiplier model, an expression for Dq can be 
derived, 

(2.71) 

in which X = 2-n has been used. Again o: and f(o:) follow from Dq via the 
Legendre transform. In Figure 2.8 Dq and the f(o:)-curve are shown calculated 
with m 1 = 0.7. Taking then the limit for q----+ ±oo results in, 

(2.72) 

(2.73) 
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Substituting Eq. (2.71) into Eq. (2.60) yields 

mfln m1 + (1- ml)q ln(1- ml) 
a=------~~--~~--~--~ 

ln2(mi + (1- ml)q) ' 
(2.74) 

and 
f(a) = (1- q)Dq + aq. (2.75) 

2.5 Summary 

In this chapter we have seen an evolution of attempts to describe fully develo
ped turbulence. We have seen models for the inertial range and models for the 
dissipation field, which are related to each other by Kolmogorov's first refined 
similarity hypothesis. 

4 

2 

10 20 
p 

Figure 2.9: The sealing ex
ponent of the cascade models 
with some measured values. 
Full line: the K41- theory, 
dashed curve: log-normal 
model, dashed-dotted line: /3-
model, dotted line: the ran
dom f3 model. Crosses: me
asurements of Anselmet et al. 
( 1984), ei rel es: our own grid 
and jet measurements 

It has been pointed out that the sealingexponentsof the inertial range velocity 
increments are characteristic for the different models. In Figure 2.9 the sealing 
exponents of the inertial range models are shown: (p = ~ for the K-41 theory, 
(p = ~ + fgJLP(3- p) with JL = 0.2 for the log-normal model, the /3-model with 
f3 = ~ and the realization of Benzi et al. (1984) for the random /3-model ( with 
f3 = ~ or f3 = 1 and x = t). Also shown are measured sealing exponents by 
Anselmet et al. (1984) up to the order 14, and by myself up to the order 20. 

Figure 2.9 illustrates that the random f3 realization of Benzi et al. fits the 
experimental data rather well, up to the order 12 for Anselmet's data and up to 
order 14 for our data. It appears that, if there exist a realization of the multifrac
tal model which properly describes fully developed turbulence, statistically very 
accurate measurements are needed to validate the model. Deviations only show 
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up for (very) high-order sealing exponents which are difficult to measure because 
of the convergence problem. 

In relation to the inertial range sealing exponents the data requirements to 
determine sealing exponents of the dissipation field seem to be quite modest. 
The key-point is that the partition sum of dissipation can be averaged over many 
different realizations of the fractal process. In Chapter 7 this will be treated in 
more detail. 
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CHAPTER 3 

Data-handling, instrumentation and 
flow-configurations 

This chapter is devoted to the global description of the experiments. First, it is 
described how longitudinal and transverse structure functions can be measured. 
Next, the used instrumentation, the detectors, their calibration and the infl.uence 
of differential nonlinearity on our measurements are discussed. 

The experiments have been dorre in several different fl.ow-configurations. The 
experimental setups for the different configurations: grid, boundary-layer, cylin
der, and jet generated turbulence are described, including the flow characteristics 
and the used probes. The characteristic quantities of the most important mea
surements are listed in Appendix A, Table A.l. 

3.1 Measuring Structure functions 

The structure function of order p can be calculated as the integral over the proba
bility distribution function (PDF) of velocity differences ~u(r) = u(x+r)- u(x) 
that are measured a distance r apart 

Gp(r) = ((~u(r))P) = j P(~u)(~u)Pd(~u). (3.1) 

Therefore, in real-time measurements it suffices to accuroulate the PDFs of the 
velocity differences fora range of distauces and to compute Gp(r) later on. As 
is shown in Figure 3.1, if there exists a sealing range for the structure functions, 
the sealing exponent (p in this range can be calculated from 

dlog(Gp(r)) =( 
dlog r p· 

(3.2) 

The various kinematic configurations for measuring longitudinal and transverse 
structure functions are sketched in Figure 3.2. 

The correlation function can be expressed in the second-order structure func
tion. Whereas for a real-time measurement of the correlation function it may 
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Figure 3.1: Measured third
order structure function, 
G3 (r). This function shows 
a clear sealing behavior over 
a range 35ry ;:5 r ;:5 900ry 
in which the slope ( 3 ~ 1. 
This range defines the iner
tial range. 

still be feasible to actually perform multiplications such as u(x)u(x + r), this 
is no longer possible for structure functions of arbitrary order p, and the route 
via storage of the distribution functions P(b.u) is unavoidable. This is what is 
clone in the real-time measurement of structure functions described in Chapter 
4. Moreover, for turbulence research these PDFs constitute an important body 
of information that is not completely captured in the sealing behavior of the 
moments of the structure functions. 

3.1.1 Longitudinal experiments 

The longitudinal structure function of order p is thus defined as the pth moment 
of the longitudinal velocity difference over a distance r. Figure 3.2 shows that for 
longitudinal structure functions the component of the velocity is in the direction 
of the difference vector ris measured. 

In almost all relevant turbulent flows, the turbulent velocity fluctuations u 
are a small fraction of the mean flow velocity U. A stationary velocity probe in 
a turbulent flow, therefore, registers a signal whose time dependenee is mainly 
caused by the spatial fluctuations of the turbulent velocity field that is swept 
across the probe by the mean flow. This situation is the subject of Taylor's 
frozen turbulence hypothesis, 

[) [) 
-=-U-. ot ox (3.3) 

This hypothesis implies that temporal differences can be interpreted as spatial 
differences through r =TU (Figure 3.2a). 

The Taylor hypothesis has been extensively investigated by e.g. Lumley 
(1965), Wijngaard & Clifford (1977), and Antonia et al. (1980). Lumley (1965) 
and Wijngaard & Clifford (1977) investigated the effect of the Taylor hypothesis 
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Figure 3.2: The longitudinal velocity components uL(x), uL(x + r) are defined 
as the veloeities in de direction of the distance vector r, whereas the transverse 
velocity components ur(x), ur(x + r) are defined as the veloeities perpendicular 
to the distance vector r. (a) The longitudinal veloeities are in the direction of the 
mean flow. (b) The transverse veloeities are in the direction of the mean flow. 

on spectra and found that the magnitude of the spectra is overestimated when 
using the Taylor hypothesis. The high-frequencies are affected most and the in
ertial subrange frequencies are affected relatively little. Antonia et al. (1980) 
stuclied the influence of the hypothesis on the moments of the velocity differen
ces. It appeared that the normalized momentsof the spatial derivatives are larger 
than those inferred from Taylor's hypothesis, the increase being more significant 
for the odd-order moments than for the even-order moments. 

Hence, a straightforward recipe for which flows the Taylor hypothesis is ap
plicable can not be given. A frequently used guideline is the ratio between the 
standard deviation of the velocity and the mean velocity. Forau/U < 0.3 the use 
of Taylor's hypothesis is permitted. If Taylor's hypothesis is applicable, longitu
dinal structure functions can be computed from a time series of velocity readings 
u( t) using the velocity differences, 

u( x+ r, t + T)- u(x, t + T) 

u( x, t)- u(x, t + T) 
-~u(T), 

in which T ( = r jU) is in practice equal to multiples of the sample time. 

(3.4) 

For the longitudinal measurements described in this thesis, a single velocity 
probewas used. This hot-wire was connected toa DISA 55M10 anemometer. The 
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signal was adapted to the input voltage range of an Analog to Digital Converter 
(ADC) by subtracting the mean voltage and amplifying the resulting fiuctuati
ons. This signal was sent via an anti-aliasing filter to the ADC. The digitized 
signal was then transmitted to the Structurator. This is a digital device that has 
been especially designed for the real-time measurement of longitudinal structure 
functions. The design of this device will be described in more detail in Chapter 4. 

The Structurator converts the 12-bits voltage-wordtoa 12-bits velocity-word 
using an integer calibration table. For 32 different exponentially distributed 
time delays the velocity differences are calculated in real-time and the velocity 
difference distribution functions for each time delay are created and updated. 
From these distribution functions the structure functions can be calculated using 
Eq. 3.1. 

3.1.2 Transverse experiments 

Transverse or lateral structure functions are calculated from transverse velocity 
differences. The transverse velocity component is perpendicular to the direc
tion of the distance vector r over which the velocity difference is calculated 
(Figure 3.2). 

Measuring transverse structure functions is more complicated than measuring 
longitudinal structure functions. For longitudinal structure functions Taylor's fro
zen turbulence hypothesis can be used and only a one-wire probe is needed. For 
transverse structure functions, however, either an X-wire probe in combination 
with Taylor's hypothesis should be used to measure the lateral velocity incre
ments or an array of detectors perpendicular to the mean flow. In the transverse 
measurements that are described in this thesis, an array of probes was chosen. In 
such a configuration there is no need to invoke Taylor's hypothesis. For isotro
pie and homogeneons turbulence the second-order transverse structure function, 
Gf(r), is related to thesecond-order longitudinal structure function, Gf{r), as 

GT( ) = GL( ) r:._ dGf(r) zr zr+ d . 2 r 
(3.5) 

The degree to which Eq. (3.5) is satisfied for measured GI{r) and Gf(r), the
refore, indicates the validity of Taylor's hypothesis and the isotropy and homo
geneity of the turbulent fiuctuations. Eq. (3.5) can be derived analogous to Eq. 
(B.9) for the second-order longitudinal and transverse correlation functions. 

In a multi-wire setup the calibration of the probes becomes very important. 
Contrary to single-probe measurements, calibration errorscan lead to large errors 
in measured distribution functions of 6.u. This can be appreciated by considering 
the following argument: Assume the true veloeities of two different probes to be 
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Figure 3.3: The rake with eight hot-wire probes, used in the transverse measure
ments. (a) Photograph of the rake. (b) Schematic view of the positions of the 
probes. 
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u1 and u2 , whereas the wires measure u~ and u~, where 

u~= a1u1 + b1, 

u; = azUz + bz. 

For small calibration errors a linear dependenee is adequate and we have 

b.u' a1u1- azUz + b1- bz 

a(b.u + bu2 + c) 

(3.6) 

(3.7) 

where a= a1 , b = 1- azla1 and c = (b1 - b2)/a1. In single-wire measurements 
a1 = a 2 and b1 = bz. So, b = 0 and c = 0 and b.u is only scaled with a. For 
structure functions in a log-log plot this leads to a shift along the horizontal axis 
(that is scaled with the Kolmogorov scale TJ) and a shift along the vertical axis. 
The sealing of the structure function and the associated exponent, however, re
main unaffected. This is in contrast with multi-wire experiments where the probe 
calibration drift in general implies that a1 i- a2 and b1 i- b2 . As a consequence, 
the measured b.u is not simply a rescaled b.u, but explicitly depends on u2 ( or 
u1) and measured probability distribution functions become asymmetrie. In the 
transverse experiments described in Chapter 6, the offset c was corrected for, but 
correction for a nonzero b is very difficult. 

In summary, this discussion illustrates the sensitivity of transverse measu
rement to relative calibration drifts. In this respect the constant c gauges a 
first-order effect, a relative drift of the working point on the calibration curve, 
and the constant b gauges a second-order effect, a change of the relative slope. 

The probes were positioned in a holder, that is shown in Figure 3.3. In 
the initial experiments five probes were positioned in the holder such that their 
mutual distances were in the expected inertial range and as close as possible to an 
exponentially increasing function. In later experiments three probes were added 
to make the rake symmetrie. In this way the probes ( except for the outer two) saw 
almost the same environment and nine of the twenty-eight inter-probe distances 
appeared twice, which gave us an extra statistical check on the experiment. 

Home-made anemometers have been used, each anemometer having its own 
offset subtraction, amplification, and anti-aliasing filter to adapt the signal to 
the range of the ADC. The PhyDAS PARSAM has been chosen to digitize the 
five to eight probe-signals synchronously. The Structurator, used for the reai
time signai-processing in the longitudinal case and described in more detail in 
Chapter 4, could not be completely used. In contrast to the longitudinal case, 
the calibration of the hot-wire signals and the computation of velocity differences 
now had to be done in software. An assembler program has been written to 
keep the data handling as fast as possible. The distribution functions from which 
the structure functions can be calculated, were updated using a multi-channel 
analyzer (MCA). Using this software setup an effective throughput of about SkHz 
was reached for eight probes. In Chapter 4 also ideas on real-time data-handling 
in transverse experiments will be treated. 
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3.2 Anemometry 

Our basic interest is in the measurement of velocity fluctuations in air-flow. The 
hot-wire anemometer has been successfully used for many years to measure tur
bulent fluctuations, because it can handle these fast fluctuations with ease. In its 
simplest form, a hot-wire consists of a small metallic wire, usually of platinum 
or tungsten, which is heated by an electric current that flows through it. If the 
wireis cooled by air flowing around it, its electrical resistance is reduced and this 
rednetion in resistance can be related to the air velocity. 

A recent and comprehensive overview of hot-wire anemometry is given in the 
book by Bruun (1995). Briefly, the operating principle can be understood as 
follows: Assume that the wire has initially the same temperature T1 as the air 
and that it has an electrical resistance R1. Suppose that the wire is heated to a 
temperature Tw, the resulting resistance Rw will then be given by 

(3.8) 

where er is the temperature coeffi.cient of the wire. If a current I flows in the 
wire, heat is generated at a rate ! 2 Rw. The heat is transferred from the wire 
to the fluid at a rate chS(Tw - T1 ), where eh is the heat transfer coeffi.cient and 
S is the surface area of the wire. For thermal equilibrium the two rates can be 
equated and, using Eq. (3.8) for the temperature difference, we get 

chS(Tw- TJ) 
chS(Rw- Rf) 

crRJ 
(3.9) 

If conductive end losses can be ignored and the cooling process is entirely due 
to the component U 1_ of the air velocity that is perpendicular to the wire, it is 
convenient (Hinze (1987), McComb (1990), Bruun (1995)), to write 

J2Rw l 

Rw - Rf = A+ BUl' (3.10) 

where A and B are measured to be independent of the air velocity. Eq. (3.10) 
is often referred to as King's Law. Of course a hot-wire has finite length and 
the conductive end losses must be taken into account. Therefore in, practice 
the precise relation between I(Rw) and U1_ is determined in a static calibration 
procedure that uses a laminar flow with known ul_. 

When a hot-wire is used for measuring turbulence fluctuations, it is to first 
order only sensitive to the components u in the direction of the mean flow. The 
situation is illustrated in Figure 3.4, where it is assumed that the wire is aligned 
along the z-axis. Now, suppose that only the components perpendicular to the 
hot-wire affect its cooling. This means that the z-component w does not contri
bute to the cooling of the wire. Thus, when the x-component u is the turbulent 
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velocity component in the direction of the main flow U and v is the lateral tur
bulent velocity component perpendicular to the wire in the y-direction, we can 
write 

1 

ul_ =[(u+ u) 2 + v 2
]

2
. (3.11) 

A series expansion gives 

(3.12) 

Thus to first order in small quantities 

ul_ =u +u. (3.13) 

For measuring turbulent veloeities two different methods can be applied: constant
current arremarnetry and constant temperature anemometry. The first methad is 
the oldest. Here the electric current I is kept constant and the temperature of 
the wire (and hence its electric resistance) changes due to the fluctuating cooling 
caused by the fluctuating velocity. In the secoud case, the electrical resistance 

plan view side view 

L x 

tw 
c__ __ U_+-~ [ I probe 

(a) (b) 

Figure 3.4: Hot-wire configuration to measure the streamwise turbulent fiuctuati
ons in a unidirectional mean flow U. (a) planview. (b) sideview. 

of the wire and so its temperature is kept constant. Now, it is the electric cur
rent that fluctuates due to the air-velocity fluctuations. The common methad of 
measuring the resistance change of the hot-wireis to build the probe into an arm 
of a Wheatstone-bridge. 

3.2.1 Constant-temperature anemometry 

In this project Constant-Temperature Arremarnetry (CTA) was used to measure 
velocity fluctuations. Both a DISA 55M10 anemometer and home-made ane
mometers have been used. The latter can be controlled by the PhyDAS-system 
and have been designed in the turbulence group especially for multiple detector 
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measurements. Trines & Niessen (1994) designed, built, and implemented the 
anemometers and the system has been described by van Galen (1994). 

In Figure 3.5 the electrical circuit of anemometer is schematically shown. The 
Wheatstone-bridge consists of two fixed resistors R1 and R., the probe (hot-wire 
or hot-film) resistance Rw and a variable resistor Rv. 

The resistance of the wire has a positive temperature coefficient and therefore 
it will increase when the wire is heated by an electric current. When the probe 
is cooled through an airflow the feedback amplifier controls the current through 
the probe and therefore its (constant) temperature and resistance. The values of 
the resistors R1, Rs, and Rv determine the resistance of the probe for which the 
bridge is in equilibrium. The working temperature (resistance) of the hot-wireis 
determined by 

Rs Rv 
(3.14) 

A higher working temperature gives a better sensitivity of the anemometer. The 
set temperature (Rw = 1.65R1) is compromise between sensitivity and mechanical 
stability. The voltage Vout is a measure of the velocity u of the flow. 

[> 

0 .. 7 

0 . .4095 

Figure 3.5: Schematic overview of an anemometer. It shows the Wheatstone 
bridge with a wire, Rw, two fixed resistors, R1 and R81 and a variabie resistor Rv. 
The latter consists of a J.LDA C in parallel with a fixed resistor RP. The constant 
resistance of the wire is controlled by the feedback amplifier. The programmabie 
offset is carried in a DA C and is foliowed by a 3-bits amplifier and a (Bessel) 
filter. The voltage Vout is a measure of the flow velocity. 

In the home-made anemometers, Rv consists of a 12-bits Digital to Analog 
converter (J.LDAC, a digitally programmable resistor) parallel to a resistance Rp. 
The operational resistance of the hot-wire depends on the resistance of the J.LDAC. 
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When the bridge is in equilibrium, the hot-wire resistance is defined by 

RlRs(Rp 4~5 + RDAC) ( ) 
Rw = 3.15 

RpRDAC ' 

in which RDAC is the minimal resistance of the J1DAC specified by the manufac
turer and Nis the number (0 < N ::; 4095) that can be written to the J1DAC to 
specify its resistance as RpDAC = RDAc4095jN. 

Changing the resistors RP and Rs chances the range of the resistances of the 
pro bes, 

Rw,max = Rw min Rp + RDAC (3.16) 
, RDAC 

This makes it possible to use the anemometer with wires (2D ::; Rw ::; 14D) but 
also with hot-films (30D ::; Rw ::; 60D). 

The anemometers have each their own programmabie offset voltage, program
mabie amplifier and anti-aliasing filter. The offset voltage is carried out in a 
Digital to Analog Converter (DAC) which has a range of 0 .. 10V and a resolu
tion of 2.5mV (12-bits). The programmabie amplifier is a3-bit device, so the 
amplification can be set to 2n+l, with 0 ::; n ::; 7. 

A linear phase (Bessel) filter is used as anti-aliasing filter. This type of filter 
is a compromise between optimal high-frequency cutoff sharpness and minimal 
signal distortion (constant time delay). The filter is carried out as a resistor 
programmabie filter. The resistors are placed on a socket, so the cutoff frequency 
can be modified easily by exchanging the socket. 

3.2.2 The calibration of hot-wires 

The output voltage (Vout) of the anemometer is a function of the air velocity 
U+ u. As the relation between the velocity and the voltage can not be calculated 
on a theoretica! basis, the wires are usually calibrated in a laminar flow. 

In our experiments the wires have been calibrated before each measurement, 
using portable automated calibration equipment, (van Galen (1994)). The static 
calibration of the detectors including their filters, amplifiers, ADCs, etc was dorre 
in-situ. In this way, the probes were not moved after the calibration and possible 
deviations of the instrumentation were included in the calibration. 

A calibration nozzle was used to generate a known laminar flow perpendicular 
to the wire. The output voltage of the anemometer was measured over a range 
of air-velocities. The measured calibration functions U 1_ (V) were parameterized 
using a fourth-order polynomial 

2 3 4 Ul_(V)=c0 +c1V+c2V +c3V +c4V, (3.17) 

36 



15 
~ 

rn 
-........ 
__§_ 

.2' 10 . ." 
'-' 
~ 
"" ~ 

5 

2.2 2.4 
Voltage (V) 

2.6 

Figure 3.6: Typical calibra-
tion curve: The dots repre-
sent measured voltages as a 
function of the air velocity. 
The fullline is a fourth-order 
polynomial fit. 

with c0 .. c4 the fit parameters. This polynomial was used to generate the calibra
tion tables that were needed in our real-time data processing. Figure 3.6 shows a 
measured and fitted calibration curve. The difference between the measured data 
and the calibration polynomial is less than 0.06m/s. The order of the polynomial 
is small enough to control the fl.uctuations in the derivative. The polynomial is 
therefore a reliable and accurate representation of the calibration. The hot-wires 
were calibrated over a velocity range of 0.5- 30mjs. 

It must be emphasized that a calibration procedure under static conditions 
can only be relevant for fl.uctuating U 1. if the response of the anemometer does 
not depend on frequencies in the range that is relevant for turbulence. We will 
briefl.y return to this issue in the next subsection. 

3.2.3 Probes 

Probes (hot-wires) with different constructions have been used. The probes used 
in the longitudinal measurement and are shown schematically in Figure 3.7a. 
They have lümm long prongs, which are separated by 3mm. Platinum-tungsten 
wire with a 2.5fLm diameter has been used and the effective lengthof the detector 
was 0.2mm. Also probes with an effective length of 0.8mm have been used. The 
prongs were positioned in an aerodynamic rounded head that was adapted to a 
6mm diameter pipe. The probes could be positioned in a holder at the front end 
of a long pipe that was pointed into the flow. These probes have been mostly 
used in the one-wire experiments in combination with the DISA-anemometer. 

Figure 3.7 also shows the probes that have been especially developed for the 
transverse measurements. Because blocking effects due to the rake of probes 
were anticipated, the projected area of the probes was reduced by reducing the 
diameter of the tubes in which the prongs are fixed from 6mm to 3mm. There 
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Figure 3. 7: Schematic views of the hot-wire pro bes. (a) The probes used in longi
tudinal measurements. (b) The stender probes used in the transverse experiments. 

was no rounded head and again the prongs were 10mm long. Also these probes 
could be positioned in the holder. 

Finally, first attempts have been made to develop so-called microprobes. 
These probes should allow very small distances (:::::: 0.2mm) in the transverse 
experiments. However, so far these probes were not stabie enough to obtain 
reliable data. 

The effective length lp of the detectors is an important parameter. If this 
length is too small in relation to the diameter d of the wire, the heat loss to tlie 
prongs might affect the dynamic behavior of the wire. A frequently used rule of 
thumb is that the ratio lp/d should be larger than 200 (Hinze (1987), Bradshaw 
(1971)). In this case it is assumed that the ends of the wire are at a constant 
temperature. However, the temperature of the ends of the wire fiuctuates. The 
ratio of the heat lost from the wire by convection to that lost by conduction to the 
prongs changes under dynamic conditions and the temperature distribution along 
the wire changes. The latter is, of course, subject to the restrietion that the mean 
wire temperature is constant. This restrietion is imposed by the CTA circuitry. 
The frequency dependenee of the heat lost to the prongs implies that the static 
calibration might not be completely representative for the dynamic behavior of 
the detector. Bremhorst & Gilmore (1976) have studied the dynamic behavior 
of probes with lp/ d 2 200 and came tot the condusion that the infiuence of the 
prongs is insignificant for those wires. 

In our measurements we used wires with lp = 0.2mm and d = 2.5f1m, which 
results in a ratio of lp/d = 80. The size lp= 0.2mm was chosen to be of the order 
of the Kolmogorov length scale TJ, to minimize averaging effects. This implies 
that the above sketched dynamic effects may become important. However, a 
smaller diameter d < 2.5f1m for the wire is physically difficult to make (van de 
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Berg (1992)). 
The dynamica! response of the wire has been experimentally investigated using 

the square-wave test. The used CTAs with wires of platinum-tungsten having an 
effective length of lp = 0.2mm and a diameter of 2.5p,m had a response time of 
about 14p,s. This means that a maximum sample frequency of about 70kHz can 
be used. 

Finally, all probes were made by Rob van de Berg at the 'Centrale Technische 
Dienst (CTD)' of the Eindhoven University of Technology. He also has repaired 
the probes when their wires were broken. 

3.3 Signal analysis 

In all measurements described in this thesis considerable time has been spent on 
the pureness of the signals. Before each measurement the spectrum of each signal 
was inspected for spikes. Only when there were no spikes in the spectra, an expe
riment was allowed to be clone. Sourees of spikes have been found in, for example, 
a badly screened monitor (18kHz), blowers in the measurement system (multiples 
of 50Hz), and badly separated grounds of the analog and digital devices. Same
times the spikes disappeared after 17.00 hours, when almost everyone else had 
left the building and switched off their equipment. For the wire experiments also 
the orientation of the prongs relative to the mean flow appeared to be important. 
U sage of high internal damping material (Nimonic) for the prongs of the pro bes, 
suppressed mechanica! resonances. 
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Figure 3.8: Energy spectrum 
of a velocity signal measured 
in jet-turbulence and grid
turbulence . 

Figure 3.8 shows a spectrum of a turbulent jet flow and a spectrum measured 
in grid turbulence. No spikes are seen and the signal-noise ratio for both spectra 
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is rather well for a 12-bits ADC, for which the signal-noise ratio at least should 
be 

(212) 
SNR = 20log10 -

2
- = 66.2dB. (3.18) 

Figure 3.8 also shows that a sample frequency of 20kHz suffices for grid turbu
lence, no higher frequencies can be measured. However, jet turbulence involves 
substantially higher frequencies. 

3.3.1 Characteristic quantities 

The characteristic quantities of the flow have been calculated before each me
asurement, from a relatively short longitudinal time series; the mean velocity 

U, 
U= (u(t))t, (3.19) 

the root-mean-square velocity O"u, 

(3.20) 

and the mean energy dissipation (E), in accordance with Eq. (2.2), 

(3.21) 

From these quantities the Kolmogorov length rJ 

(3.22) 

the internat length scate À ( = the Taylor micro scale) 

(3.23) 

and the internat Reynotds number Re>. based on the Taylor micro scale, 

(3.24) 

has been calculated. It appears that the error in the (time) derivative of the 
velocity is significant. Since the characteristic quantities of the flow (E), rJ, À 

and Re>. are calculated using this derivative, this derivative was averaged over 
enough samples so that its standard deviation was less than 3%. Because (E) is a 
dissipation quantity, we need a least two measured points in the dissipation range. 
The latter argument is taken into account when defining the sample frequency. 
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The integmllength scale A (which is equivalent to the externallength scale), 
is the integral over the correlation function, 

00 

A= j p(r)dr. (3.25) 
0 

The correlation function can be expressed in the second-order structure function, 

p(r) = 1 _ G2(r). 
20"~ 

(3.26) 

Figure 3.9 shows the correlation function, derived from thesecond-order structure 
function. In our measurements we sample not fast enough to accurately measure 
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Figure 3.9: The longitudinal 
correlation function p L ( r) of 
turbulent veloeities can be 
computed from the second-or
der structure function using 
Eq. {3.26). The dashed curve 
indicates the parabola of Eq. 
{3.31) that defines Taylor's 
mieraseale À. 
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PL(r) near r = 0, where it must be parabalie due to stationarity. Further we 
sample not far enough for PL(r) to have decayed. However, for the longitudinal 
measurement PL(r) shows an exponential behavior, PL(r) ,....., e-x and we can 
extrapolate the measured p L ( r) and derive a good approximation for the integral 
length scale AL using Eq. (3.25). It should be noticed that other researchers 
define the longitudinal integrallength scale as the distance r where PL(r) = 1/e, 
(McComb (1990)). 

The transverse integrallength scale is more diffi.cult to calculate, because small 
distauces are physically diffi.cult to realize and in our experimental setup r ranges 
from 6 to 80mm. Using the relation between the second-order longitudinal and 
transverse correlation functions for fully developed isotropie turbulence, derived 
in Appendix B, we have 

r dpL(r) 
Pr(r) = PL(r) + 2~' (3.27) 
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from which follows that 

(3.28) 

Incidentally, from our grid-turbulence measurements, the transverse integrallength 
scale and the longitudinal integral length scale have been found to be Ar = 
0.049m and AL = 0.097m, respectively. It thus appears that the measured longi
tudinal and transverse integrallength scales are consistent with Eq. 3.28. 

The Taylor mieraseale gauges the correlation lengthof turbulent fiuctuations. 
This can be seen by expanding the correlation function for small r, 

(3.29) 

and by realizing that 

(3.30) 

so that 
r2 

p(r) = 1- 2À2. (3.31) 

This parabalie function is shown in Figure 3.9. 

3.3.2 Differential nonlinearity 

The main interest of this research project is sufReient statistkal accuracy of the 
velocity difference PDFs. Therefore, a point of concern is the differential non
linearity in the process of converting analog voltages to digital velocities. To 
demonstrate the dramatic effect that differential nonlinearity may have on sta
tistica! quantities, a measured probability distribution function of veloeities is 
shown in Figure 3.10. The distribution function shows large spikes that cannot 
be ascribed to an insufficiently long integration time. The main purpose of this 
section is to discuss the effect of differential nonlinearity on the precise measure
ment of structure functions. 

In the data-handling two sourees of nonlinearity are present. The first is the 
differential nonlinearity of the ADC. The second souree is the nonlinear integer 
transformation of digital voltages to digital velocities. As the ADC nonlinearity 
is by far outweighed by the nonlinearity caused by the voltage to velocity trans
formation, the latter is concentrated on and its effect on the accuracy of the 
experiment will be calculated. 

The transformation is determined by a calibration procedure that precedes 
each experiment and expresses the relation between voltages v and veloeities u 
as a fourth order polynomial u = f(v) (cf Section 3.2.2). This polynomial is 
used to generate a look-up table that maps 12-bits voltages to 12-bits velocities. 
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Figure 3.10: Velocity dis
tribution function, measured 
in boundary layer turbulence, 
using a discretized velocity 
calibration table. 

As Figure 3.11 shows, this calibration is clearly nonlinear and the effect is that 
different voltages representing different veloeities are mapped on the sameinteger 
velocity value whereas other integer velocity values do not correspond to any 
binary voltage. As a consequence, a measured PDF of veloeities will show spikes 
at the velocity values that correspond to two integer voltages and clips at the 
skipped velocity values. 
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Figure 3.11: Typical calibra
tion curve; the velocity i is 
a function of the voltage j. 
The numbers i and j are ex
pressed as 12-bits integers. 
The dashed line is a linear fit 
with unit slope, it emphasizes 
the nonlinearity of the cali
bration . 

Sirree the calibration differential nonlinearity causes perturbations of measu
red velocity PDFs that have the same order of magnitude as the original PDF 
at the specific integer velocities, clearly, this effect is much more important than 
that of the ADC differential nonlinearity. However, it is not the velocity PDF 
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itself that interests us, but rather the velocity difference PDF. The question ari
ses, how to quantify the effect of the calibration differential nonlinearity on the 
velocity difference PDFs, because at first sight one would expect that this effect 
imposes a fundamental restrietion on the accuracy of the measurement. 

A well known cure of ADC differential nonlinearity in repeated measurements 
of the same signal is the sliding scale principle. The principle is that before 
digitization of the signal a random voltage is added. This voltage corresponds to 
a known (random) binary number. This number is subtracted from the digitized 
result, giving the digitized voltage of interest Cottini et al. (1963). Obviously, 
for this principle to work properly, the random offset voltage and the actual 
voltage of interest must be uncorrelated. In this respect, the random turbulent 
velocity u (= u(t) or u(x)) acts in much the same way as the random offset of 
the sliding scale principle, in the sense that it provides an offset to the value of 
~u(= u1- u2 = u(t)- u(t + T) = u(x + r)- u(x)). Therefore, the effect of the 
calibration differential nonlinearity on the PDFs of ~u is smallest if u and ~u 
are least correlated, that is when u1 and u 2 are most correlated. Conversely, the 
differential nonlinearity effect will be largest when u and ~u are most correlated, 
that is when u1 and u 2 are least correlated, 

For large scales in turbulence, where the veloeities u1 and u2 are uncorrelated 
we can write for the velocity difference distribution, 

(3.32) 

and the effect of the calibration differential nonlinearity can be computed exactly. 
Assume that we have integer voltages j E [0, N] and integer veloeities i E 

[0, N], where log2 (N + 1) is the number of bits in the discretization. The nonlinear 
integer velocity calibration is defined by i= [f(j)], where [] denotes the nearest 
integer. For the discretized velocity distribution we can now write 

P( i) ~ L P(f(j) )J'(j), (3.33) 
j,[/(j)J=i 

where f'(j) is the derivative of the calibration function at voltage j. This ex
pression is an approximation in that we have neglected small corrections due to 
terms invalving higher-order derivatives. The error in measured velocity PDFs is 
given by 

e(i) = P(i)- P(i). (3.34) 

The numbers e( i) express the effect on the velocity PDF of the differential nonli
nearity due to the nonlinear calibration function. They add up to a small number 
that is proportional to the second derivatives that were neglected in Eq. (3.33). 
Figure 3.12 shows the velocity PDF P(i) in case of a Gaussian velocity distri
bution. When the velocity readings are uncorrelated, the numbers e( i) suffice to 
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calculate the effect of differential nonlinearity on the PDF of discretized velocity 
differences: k = [~u] 

Pd(k) = L P(i)P(i + k) + L e(i){P(i + k) + P(i- k)} 

+ 8~l::e2 (i) + l::e(i)e(j)8~-i, 
if-j 

(3.35) 

where second-order derivatives are again neglected and 8~ are Kronecker deltas. 
The first term at the right hand side of Eq. (3.35) is the unperturbed PDF of 
the velocity differences ~u, the remaining terms are the effect of the differential 
nonlinearity. Apart from a series of peaks at discrete ~u, almost all the error 
is piled up at ~u = 0. Figure 3.13a shows a distribution function that was 
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Figure 3.12: The velocity dis
tribution ju netion F( i) ac
cording to Eq. (3.33} com
puted for a Gaussian velocity 
distribution function. 

experimentally determined from a turbulent signal. The two velocity readings 
u(t) and u(t + T) were taken far apart, well outside the correlation length. The 
time delay in the experimental PDF corresponds to the last data point of Figure 
3.9, where the correlation between u(t) and u(t + T) has dropped toabout 0.2. 

Figure 3.13b shows the noise of the measured PDF that was determined by 
subtracting the smoothly varying part in Figure 3.13a. Finally, Figure 3.13c 
shows the deterministic noise caused by the calibration nonlinearity. It was 
computed from the last three terms at the right hand side of Eq. (3.35) using 
numbers e( i) that were determined from a Gaussian velocity PDF whose center 
(U = 10.60m/s) and width (ITu = 0.767m/s) equaled the mean and standard 
deviation of the experimental velocity signal, respectively. 

In a measured distribution function the height of the spike at f:lu = 0 is 
determined by the effect of differential nonlinearity. The noise at values of f:lu of- 0 
is partly due to statistica! noise and partly due to differential nonlinearity. If 
the statistica! noise at f:lu of- 0 has dropped to the level of the deterministic 
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Figure 3.13: (a) The mea
sured velocity difference dis
tribution function after tak
ing 109 samples. Shown is 
the range around ~u = 0. 
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noise in Figure 3.13a that 
was determined by subtract
ing the smoothly varying part 
of the PDF. ( c) Analytically 
computed noise due to the ve
locity calibration differential 
nonlinearity. 



differential nonlinearity noise in the simulation of the experiment, we have reached 
a limitation of the Structurator. From Figure 3.13b (the measured noise) and 
Figure 3.13c ( the calculated deterministic noise) we may conclude that this has 
occurred at roughly 109 velocity samples. The statistica! noise in the experimental 
PDF is now so small that we start to see the effect of the differential nonlinearity. 

As argued at the beginning of this section, the effect of calibration differential 
nonlinearity will become smaller at smaller time delays T, that is as u(t) and 
u( t + T) become more correlated. From calculations of the velocity difference 
PDF for normally distributed velocities, it appeared that for smaller time delays 
the spike at D..u = 0 grows at the expense of the magnitude of the deterministic 
noise at other values of D..u. In this sense, our analytica! estimate would provide 
a true upper bound. Figure 3.13a shows the PDF of velocity differences near 
its maximum, where the effect of differential nonlinearity is largest. Because the 
effect is proportional to the PDF itself, it becomes completely insignificant in 
the tails of the PDF, since in an experimentally determined PDF the tails suffer 
most from statistica! noise. As we are primarily interested in structure functions 
of high order that are determined by the tails of the PDF, we conclude that 
differential nonlinearity is unimportant. Apparently, turbulence provides enough 
randomness to very effectively smooth out the effects of differential nonlinearity 
in all but perhaps the lowest order structure functions. 

3.4 Windtunnel configurations. 

As argued, in this thesis measurements are shown which are done in several tur
bulent laboratory flows. Many of these measurements were done in the large 
windtunnel of the University situated in the building 'Warmte en Stroming' (Fi
gure 3.14). This tunnel is aso-called closed windtunnel and can generate a flow 
with a maximum speed of 25m/s. It has an experiment section of 8m length with 
a 0.7 x 0.9m2 cross-section. This cross-section could be reduced to 0.7 x 0.5m2 

with help of a false floor. In this tunnel we have generated grid, cylinder and 
boundary-layer turbulence. The experimental setups will be described in the 
following subsections. 

3.4.1 Grid-turbulence 

Grid-turbulence is generated by a grid in the flow. Since there is no continuing 
souree of turbulent energy, the turbulence decays slowly with the distance down
stream. Far enough behind the grid the flow is statistically homogeneaus and 
isotropie and the turbulence is independent of the way it was generated, Brads
haw (1971). 

The turbulent flow behind grids with different solidity (that is: ratio of open to 
blocked area), at several distances has been investigated in detail by Gomte-Bellot 
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Figure 3.14: The Windtunnel at the Eindhoven University of Technology. (a) 
Photograph. (b) Schematic view: 1} experiment section, 2} blower, 3} contraction, 
4) lamellae, 5) ftowdirection. 
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& Corrsin (1966), Comte-Bellot & Corrsin (1971), Champagne et al. (1970), Van 
Atta & Chen (1968) and Mohamed & La Rue (1990). They found that the 
flow should be fully developed and thus independent of the initial conditions 
for x/ M > 40, where M is the mesh si ze of the grid. Comte-Bellot & Corrsin 
(1966) and Van Atta & Chen (1968) measured the ratio (ul) /(u}) as a measure 
of the anisotropy of the turbulent flow. Using a grid with a solidity of 34% 
it was found that at distances 39 < x/ M < 55 the ratio (u l) / (u}) varied 
from 1.05 to 1.10. Mohamed & La Rue (1990) used the skewness factor, S = 

3 

( (duf dx )3
) / ( (duf dx )2

) 2 , as a parameter for isotropy and found that the skewness 
factor approaches a constant value, depending on Re>. for distances xj M > 25. 
Finally, Champagne et al. (1970) have investigated grid-turbulence with mean 
shear. 

Not many researchers, however, have studied structure functions and their 
sealing behavior in grid-turbulence. Camussi et al. (1994) have measured lon
gitudinal and transverse structure functions, using an X-wire in low Reynolds 
number turbulence (Re>. = 37, 48, 82). Baudet et al. (1993) have dorre some 
grid-turbulence measurements with Re>. ranging from 100 up to 500. The me
asurements from Baudet et al. (1993) are cited in Benzi et al. (1993a) and Benzi 
et al. (1993b). More details about the flowsof Camussi et al. (1994) and Baudet 
et al. (1993) can be found in Table A.2. 

The grid-turbulence measurements that are described in this thesis have 
been dorre in the windtunnel mentioned above. Measurements for longitudinal 
structure-functions where dorre both in the large and the small cross-section. For 
both sections a grid was available, consisting of a planar mesh with square rods. 
The grids had a mesh size M = 0.1m and 36% solidity. Transverse structure 
functions have been measured only in the large cross-section of the tunnel. The 
probes were usually situated at a bout x/ M = 30 behind the grid. 

In grid-turbulence, the situation of isotropie turbulence is most closely approa
ched at the centerline of the grid. However, in an attempt to find a campromise 
between isotropy and the value of Re>. the probes have been placed away from the 
grid centerline. Figure 3.15 shows the third-order structure function G3 (r / Tf) / vk_ 
normalized by the Kolmogorov velocity VK. This structure function obeys aresult 
of the Navier-Stokes equations, Eq. (B.34), derived in Appendix B, 

G3(I-) 4r 
_'7_- -- (3.36) 

vk_ 5 TJ 

This result is also shown in Figure 3.15. Satisfaction of Eq. (3.36) over an ap
preciable range of r-values is poorest at the grid-centerline and improves as we 
move away from the centerline towards the boundary. The offset of G3 ( r / TJ) / vk_ 
in the log-log graph differs from 4/5, this discrepancy is due to the non-isotropy 
of the flow. 

The behavior of G3 (r) as a function of the height of the detector above the 
boundary is obviously caused by the fact that grid-turbulence is decaying. Only 
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in situations where the large scales are maintained in an average shear there will 
be a fairly sized interval where G3 ( r) is linear. Optimizing the flow conditions 
such that an evident sealing behavior of G3 (r) was obtained, appeared to be the 
same as maximizing the Reynolds number ReÀ. In Figure 3.15 ReÀ ranges from 
190 at the grid centerline via 260 to 530 at 0.07m above the wall. 

r/'f/ 

Figure 3.15: Normalized 
third-order structure func
tions G3 (rjry)/v"k. Dots con
nected with lines: measured 
in grid-turbulence (1) at the 
grid centerline, (2) at 0.17m 
above the walt (3) at 0.07m 
above the walt. Dashed line: 
Eq. (3.36}. 

Further, for homogeneaus and isotropie turbulence there exists the relation of 
Eq. (3.5) for the second-order transverse structure function and the second-order 
longitudinal structure function. This relation is valid for all r (for which the 
velocity fluctuations are isotropic). For r restricted to the inertial range, where 
we have Ghr) "'r'P, Eq. (3.5) simplifies to 

G§ = (1 + (2 )G~. (3.37) 
2 

Figure 3.16 shows the transverse and longitudinal second-order structure func
tions, measured at lücm from the wall. Using both Eq. (3.5) and Eq. (3.37) 
Gf(r) has been computed from the measured Gf(r). The range of distances of 
the measured G~(r), 30ry ~ r ~ 300ry, is approximately the inertial range. It 
can be seen that both Eqs. (3.5) and (3.37) are satisfied within the (statistical) 
experimental error of G§, which verifies isotropy and the applicability of Taylor's 
frozen flow hypothesis. The found degree of isotropy so close to the wall may look 
surprising, however it is corraborated by the fair reproduetion of the "4/5" -law 
that is demonstrated in Figure 3.15. 

Incidentally, in the efforts to generate grid-turbulence with a higher Reynolds 
number (ReÀ > 500) and a better sealing range also some experiments have been 
done with strips adjusted to the top and the bottorn of the grid, in order to locally 
reduce the grid's transparency. In this way a mean shear should occurs near the 
walls. However, the isotropy of these flows appeared to be more problematic. 
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10 
r/TJ 

3.4.2 Cylinder-turbulence. 

Figure 3.16: Comparison of 
the second-order longitudi
nal and transverse structure 
functions. Full line: measu
red (Gr) 112

; Dots: measured 
(Gf) 112 ; Dashed line (Gf) 112 

computed from measured Gr 
using Eq. {3.5); Dotted line 
( Gf) 112 computed from Gr in 
the inertial range. 

An other way of generating turbulence in a windtunnel is replacing the grid by 
a cylinder. The wake behind an axisymmetric body becomes turbulent after 
some time. The turbulent flow behind a cylinder has been investigated by e.g. 
Townsend (1948), Uberoi & Freymuth (1969) and Champagne (1978). They 
found that the flow should be independent of the initial conditions at a distance 
xjD > 90, where Dis the diameter ofthe cylinder. Townsend (1948) investigated 
the isotropy behind the cylinder for xj D > 200. Uberoi & Freymuth (1969) found 
that at the center of the wake cru/Umax = 0.1, which is independent of xj D for 
x j D > 100. It appears that most results available for cylinder turbulence are 
for large distauces behind the cylinder and for small Reynolds number (Re>. = 
90, 100). 

Meneveau & Sreenivasan (1991) and Thoroddsen & van Atta (1992) have me
asured the small-scale structure of turbulence in cylinder turbulence at distauces 
xj D = 90 and xj D = 58 respectively. And also Baudet et al. (1993) have 
collected data in cylinder generated turbulence, which are again used by Benzi 
et al. (1993a) and Benzi et al. (1993b). The characteristic quantities of their 
measurements are summarized in Table A.2. 

To generate cylinder turbulence, we used a cylinder with a ll.Ocm diameter 
at the beginning of the experiment section of the large windtunnel. Figure 3.17 
shows the third-order structure function measured at xj D = 60 behind the cy
linder, it is seen that the sealing range is very poor. We have also tried slightly 
different configurations, from which the experiment mentioned above was the 
best. The probe has been situated at the centerline of the tunnel, away from this 
centerline and at distauces xj D = 30 up to xj D = 60 behind the cylinder. In 
spite of all efforts no appreciable sealing range was found. We, therefore, have 
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chosen to cancel the cylinder experiments. 

3.4.3 Boundary-layer turbulence 

Figure 3.17: The third-order 

structure Ju netion G 3 ( r) I vJ< 
(full line) as a function of 
r I 17 measured in cylinder tur
bulence. Dashed line the 415 
law. 

Boundary-layer turbulence is a laboratory turbulent flow that has also received 
considerable attention. Understanding the turbulent boundary layer is important 
because it is the part of the flow where friction with material body originates. 
Clearly, presence of the wall makes the flow non-isotropie and non-homogeneous. 
A question is, therefore, the applicability of sealing concepts. On the other hand 
one could argue that the influence of the particular flow configuration disappears 
at scales that are small enough. 

The boundary layer is divided in two regions (McComb (1990)); an inner 
layer, for which 0 < y < 0.2ó(x) and an outer layer with 0.2ó(x) < y < ó(x). 
Here is y the distance from the boundary and ó (x) the boundary layer thickness, 
which is defined by the height where U= 0.99U0 fora given x and U0 is the main 
flow velocity. The inner layer is divided in three regions: the viscous sublayer 
(u+ rv y+), a buffer layer and the log-layer (u+ rv ln y+). u+ and y+ are 
dimensionless variables (McComb (1990), Kundu (1990)). 

For now, our interest is in the outer part of the boundary layer. Mestayer 
(1982) and Meneveau & Sreenivasan (1991) have stuclied also this part of the 
turbulent laboratory boundary layer. Furthermore, Meneveau & Sreenivasan 
(1991) investigated atmospheric turbulence, which was also done by many other 
researchers, e.g. Antonia et al. (1982a). The atmospheric measurements of Mene
veau & Sreenivasan have been stuclied in more detail by Stolovitzky et al. (1992), 
Stolovitzky & Sreenivasan (1993) and Stolovitzky et al. (1993). Saddoughi & 
Veeravalli (1994) have investigated transverse and longitudinal structure func
tions in order to study the isotropy of boundary layer turbulence. 
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The boundary layer turbulence measurements, described in this thesis, have 
been done in the recirculating windtunnel. The boundary-layer was generated 
by a saw toothed strip at the beginning of the experiment section. The velocity 
fluctuations were measured at about 4m behind the strip at a height of 1.0 to 
5.0cm from the wall, using hot-wires. From the empirical formula (Roberson & 
Crowe (1975)), 

4 
xs 

o(x) = 0.039-1' 
us 

0 

(3.38) 

the boundary layer thickness was calculated to be o ~ 0.07m for x = 4m and a 
main flow velocity U0 = 15mjs. 

As it is questionable whether sealing concepts may be applied to boundary 
layer turbulence we repeated the experiments of Stolovitzky et al. (1993) at 
various locations in the boundary layer. The probewas positioned at 2.0m behind 
the tripping wire at heights y = 7.5mm and y = 23mm and mean velocity 
U= 12.0mjs. 

3.5 Jet configurations 

Jet-turbulence is caused by the effiux of jet in still air and has been the subject 
of many experimental investigations. From the edges of the orifice of the jet 
a free shear layer fans out. Close behind the orifice the layer has zero width 
and increases with increasing distance from the orifice. At a distance x = Xe the 
shear layers coincide and cover the entire jet; this is schematically shown in Figure 
3.18. The velocity at the axis stays constant up to the distance x = Xe and 

X=O 

Figure 3.18: Schematic view of the effiux of a ;et. By the edges of the nozzle a 
shear layer is generated. At x = Xe these layers coincide a cover the whole jet. 
Far enough behind the jet the flow is independent of the initial conditions. 

then decreases with the distance. At the jet-axis the flow is almost isotropie since 
there is no production of turbulence and the turbulence is only due to transport 
by the mean and turbulent motion. Far enough behind the jet, x > Xe, the flow 
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Figure 3.19: Experimental setup of the jet experiments. (a) Photograph. (b) 
Schematic view. 
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does not depend on the initial conditions anymore and there exists a dynamical 
balance; the flow is self-preserving (Townsend (1948) and Hinze (1987)). 

Jet flows have been stuclied extensively; e.g. Wygnanski & Fiedler (1969), 
Antonia et al. (1986) and Panchapakesan & Lumley (1993)) have investigated 
the characteristic behavior from several different jet-flows. Antonia et al. (1982a), 
Anselmet et al. (1984), Castaing et al. (1990) and Chabaud et al. (1994), have 
measured (high -order) structure functions and veloei ty difference distri bu ti ons 
fundions in these turbulent flows. It should be mentioned that Chabaud et 
al. did their jet measurements using a cryogenic helium gas. The characteristic 
quantities of the flows of the latter group are summarized in Table A.2, including 
the charaderistic quantities of our own measurements. 

20 

10 

........-: 0 
-50 0 

y (mm) 
50 

Figure 3.20: Velocity profile 
of the jet measured 3mm out
side the nozzle. 

For the described jet-turbulence measurements a small open windtunnel in 
the laboratory has been adapted. A 1m long 250mm diameter, PVC-pipe was 
attached to the front end of the tunnel (see Figure 3.19). A PVC-nozzle, with a 
120mm outflow diameter was attached via a flange to the PVC-pipe. In the PVC
pipe small PVC-pipes with a 16mm diameter were used for flow rectification. The 
inside of the nozzle entrance with a diameter (Di = 238mm) was smoothly joined 
to the nozzle exit with a diameter (D = 120mm), using a third-order polynomial 
contour. The turbulent flow from a similar nozzle was extensively stuclied by 
Hussain & Ramjee (1976). 

To define the initial conditions of the jet, the flow charaderistics have been 
measured. The outflow profile, measured 3mm outside the nozzle, shown in 
Figure 3.20, appeared to be a perfect top-hat. The shear layer width B has been 
calculated, 

B = (Yo 95 - Yo.w), (3.39) 

where y0 _95 is the transverse location where U /Umax = 0.95. It was found that 
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the self-preserving regions, generated by the edges of the nozzle eoincided at 
xj D = Xe/ D = 7. The virtual origin x0 of the nozzle was ealculated to lay at 
x = -30mm. The eharacteristies are very similar to those found by Hussain & 
Ramjee (1976), and it ean be eoncluded that our jet flow is very similar to theirs. 

The jet-flow was blown into a 108 x 108 x 566em3 spaee and the probe was 
positioned at x = 20D up to x = 30D from the nozzle. Using a laser the probe 
was positioned exaetly on the nozzle eenterline. 

The strueture funetions measured in jet-turbulenee shows a clear sealing range 
of 30 :S r/TJ :S 900. The third-order strueture funetion, shown in Figure 3.21 has 
a sealing exponent (p = 1.03. The isotropy expressed by Eq. (3.36), is remarkably 
good for jet turbulenee. 

Finally, it should be mentioned that the ratio au/U is highest for jet turbu
lenee. Wygnanski & Fiedler (1969) found from their jet experiments that for 
xj D > 40, au/U = 0.29. In our experiments au/U approximates the value 0.3 
and of all the flows eonsidered in this thesis the applieation of Taylor's hypothesis 
is most questionable. 
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Figure 3.21: The third-order 
structure function normali
zed on vk, measured in jet
turbulence. Full line with 
dots: G3 (r)jvk, dashed line 
the 4/5 line. 



CHAPTER 4 

Real-time signai-processing 

The prime goal of this research project is the understanding of the small-scale 
structure of turbulence. As was mentioned in Chapter 2, since the pioneering 
work of Kolmogorov (i.e., since 1941) this problem bas been cast in terms of 
structure functions. The structure function, therefore, plays a key-role in this 
project. However, (very) high-order structure functions appear to be difficult to 
measure and long time series are needed to get statistically accurate measure
ments. One way of measuring structure functions is to store measured veloeities 
on disk. In this case, the length of the time series is limited by the disk capac
ity. Afterwards, velocity differences for a range of distances can be calculated, 
from which distribution functions can be generated and, finally, structure func
tions can be calculated. At the start of the project, the off-line calculation of 
the structure functions for 107 samplestook about 24 hours on a micro-VAX II, 
which was at that time (1991) the fastest available workstations in the group. 
As a consequence, the results were only available one day after the experiment, 
which preelucled a direct interaction between result and measurement. 

Both the necessity of a higher accuracy, which can be achieved by collecting a 
much larger number of samples, and the desire of a more immediate interaction 
with the experiment prompted the idea of real-time signal-processing. However, 
real-time updates of structure functions using a general purpose computer are 
not directly possible. The idea came up to build a special digital device for the 
turbulence problem that allows real-time measurement of structure functions. 

The design and construction of special-purpose hardware, however, requires 
time and labor, and a careful evaluation of the return of these efforts is needed. 
First, the problem needs to be of lasting interest. Second, the algorithm or 
metbod of measurement should be well understood, so once the hardware is 
constructed, no major hardware modifications need to be made (Hilhorst et al. 
(1984)). Because the above described situation seemed to satisfy these two re
quirements, it was decided to design hardware that would be dedicated to (lon
gitudinal) structure functions, the Structurator. 

In this chapter, first a brief description of the PhyDAS system is given, the 
data-acquisition system for which the Structurator has been built. Next, the 
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Structurator, built for longitudinal measurements in real-time, is described. In 
principle, the Structurator auto-correlates one (time) signal for different time de
lays. However, the Structurator can not be used for transverse measurements, 
because transverse structure functions are measured with several probes. There
fore, in Section 4.3 some considerations are given a bout a ( flexible) multi-channel 
structurator. Such a device has to allow a real-time measurement of transverse 
structure functions and should mutually correlate all the probe signals at the 
same time. 

4.1 The PhyDAS system 

The PhyDAS system is used for all the measurements described in this thesis. 
This is a system developed by the group Measurement and Computer Science 
and the support group Labaratory Automation at the Physics Department of 
the Eindhoven University of Technology. The system is especially developed 
to control experiments and for real-time data-acquisition. It is controlled by a 
VME-Motorola M68030 microprocessor and a dedicated bus structure (PhyBUS) 
that can accommodate a variety of instrumentation modules. It has it's own 
interactive Pascal-like system-language EPEP (Eindhoven Program Editor and 
Processor). The advantage of this language is that it supports interactive testing 
and cantrolling of the measurements. 

probe 

PhyDAS system 

Figure 4.1: Schematic overview of the PhyDAS configuration for measuring struc
ture functions. The system depicted here consists of five PhyB US interfaces: 
CTA, ADC, PARSAM, AG, and MCA. The latter two are conneeled with each 
other via the PhyPAD. The system is connected via an LDN to a workstation. 

The system is rather flexible, because numerous interfaces (modules) for 
real-time data-acquisition are available. Common Analog-Digital Converters 
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(ADC), controlling interfaces for stepper motors, and a Parallel Sampling Unit 
(PARSAM) have been used. The latter interface is a unit, that allows parallel (si
multaneous) sampling of the input voltages on 16 channels. It has two interleaved 
memories. The parallel sampled data are first stored in one of these memories. 
When this memory is full, the device automatically writes the incoming samples 
to the second memory and the first memory can be read. When the second mem
ory is full, the device swaps back to fill the first memory and the second memory 
can be read, and so on. In this way uninterrupted sampling is guaranteed. 

Further, a Multi-Channel Analyzer (MCA) has been used, in combination 
with an Address Generator (AG). The latter two modules are connected by a 
point to point data path, the PhyPAD, and together form the Structurator. 
The gathered data and results can be transmitted via a Local-Data-Net to a 
workstation or a PC, where they can be further analyzed. Figure 4.1 shows the 
used configuration of the PhyDAS system. 

The PhyDAS system is a system that is continuously in progress and in de
velopment. So, one always has to be alert on bugs and other faults. However, 
because of the continuing development, there are almost no limits, except for the 
development time, to any wishes of the users. 

4.2 Structurator 

The Structurator is a digital device that enables the computation of (longitudi
nal) structure functions of arbitrary order from a line measurement in real-time. 
The device allows for evaluation of structure functions of one 12-bits time signal 
through the accumulation of probability distribution functions (PDFs) of dis
cretized velocity differences. Since the second-order structure function is equiv
alent to the correlation function, the device can also be used to measure highly 
accurate auto-correlation functions. 

4.2.1 Requirements 

As was already mentioned in Chapter 3, it in principle suffices to measure dis
tribution functions of velocity differences and afterwards generate the structure 
functions. The Structurator, therefore, forms distribution functions of (longitu
dinal) velocity differences tlu( T) measured a time T (conform the Taylor's hy
pothesis in Section 3.1.1) apart. Because the interest is in sealing properties of 
the structure function, the time delays T need to be spaeed exponentially. The 
expected dynamica! range of the sealing behavior is such that the ratio of the 
largest to the smallest time delay is at most a factor of 103 . The required delay 
times T = nT" in units of the sample time T8 , are stored in a look-up table in the 
Structurator. The velocity differences are generated using a long (1024 positions) 
12-bits wide circular buffer. The result of a difference calculation of two 12-bits 
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velocity values is a 13-bits word. Each 13-bits velocity difference at a certain 
delay r corresponds to an address of a fast static memory. Each time a certain 
difference at that delay occurs, the contents of the memory at that address are 
incremented. 

The generation of addresses is specific for turbulence measurements; the in
crementing operation, however, is identical to that of a multi-channel analyzer. 
It, therefore, seemed natural to implement a specialized address generator (AG) 
as front end of a multi-channel analyzer (MCA) with a large memory (up to 4 
Mbytes). These two modules together form the actual Structurator. 

The Structurator has been designed for the environment provided by the 
PhyDAS system. The programmingenvironment of the PhyDAS system is used 
for hardware diagnostics, for generating and loading look-up tables, for controlling 
the real experiment, and for transmitting measured PDFs to an on-line micro
VAX (or, later on, an ALPHA-workstation). The use of standardized hard- and 
software modules of the PhyDAS system has greatly facilitated the development 
of the Structurator. 

4.2.2 Hardware implementation 

The function of the Structurator is to convert a sequence of measured voltages 
to PDFs of velocity differences in real-time. Conversion of anemometer voltages 
to 12-bits wordsis dorre either using the MCA-ADC or using a separate PhyDAS 
ADC module and writing the result of the conversion into the MCA diagnostic 
register. In each case the result is sent via a first in first out buffer (FIFO) on 
the MCA-board over the PhyPAD to the AG. Sirree the output voltage of the 
anemometer is not linearly related to the velocity, the 12-bits word representing 
the voltage of the anemometer is transformed to a 12-bits word representing 
the velocity. For this nonlinear transformation a calibration table is used, that 
is implemented in a 212 x 12-bits RAM. The 12-bits voltage word serves as an 
address and the corrected 12-bits velocity word is contained in the conesponding 
memory location. 

To support a large range of different time delays r, 1024 successive velocity 
samples are kept in a circular buffer, see Figure 4.2, that is implemented in a 
210 x 12-bits RAM on the address generator board. The first 1024 samples of 
each experiment are stored directly in this buffer as an initialization (Figure 4.3). 
For the following samples the velocity difference is calculated for 32 or 64 different 
time delays, with a possible sealing range of: 

(4.1) 

where n is an integer, n = 1..1024, related to the addresses (0 .. 1023) of the 
circular buffer. The various values for the time delay can be freely chosen using 
an offset table that is implemented in a 26 x 10-bits RAM. This offset table 
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Figure 4.2: Schematic view of the Address Generator part of the Structumtor. 
The new data-word is calibrated and the differences with the addressed words in 
the circular buffer are calculated in the arithmetic unit. Afterwards the data
word is inverted and written to the circular buffer. The result of a difference 
calculation, concatenated to the index of the difference, is sent as an address to 
the MCA. The circular buffer is addressed, via an offset-table, relative to a base 
address pointing to the last written data-word (Figure 4. 3). 

contains 32 or 64 numbers between 0 and 1023 that are the offsets a for the 
circular buffer. The offset table is walked through by a 6-bits offset counter. The 
contents of a 10-bits down counter act as a base address that points to the last 
stored velocity value in the circular buffer. After 32 (64) differences between the 
current velocity and velocity values in the buffer have been computed, this down 
counter is decremented and the oldest velocity value is overwritten by the current 
velocity (Figure 4.3). 

The time delays for which velocity differences are calculated are selected by 
adding the contents a of the offset table to the current base address of the circular 
buffer (i.e., the contents of the 10-bits down counter). The resulting address 
points to the velocity value with time delay (a+ 1 )Ts in the buffer. The difference 
of this value with the current velocity value is calculated in the arithmetic unit. 

To reduce the number of hardware components, the inverted veloeities are 
stored in the circular buffer. Hence, for the arithmetic unit only an adder is 
needed to effectively subtract the stored veloeities from the non-inverted current 
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Figure 4.3: Schematic view of the circular buffer of the Address Generator. The 
differences are calculated between the new data-word {M1025) and the inverted 
words in the circular buffer, addressed by the base address + offset a {M3 ). Aft er 
all {32) differences are calculated, the base address is decremented and the inverse 
of the new data-word (M1025) is written to the circular buffer. 

velocity, yielding one's complement numbers. 
The result of this addition is a 13-bits word, which is concatenated with the 

6-bits contents of the offset counter that iudexes the time delay of the velocity 
difference and thus iudexes the appropriate distribution function. This 19-bits 
word forms an address. This address is transported via the PhyPAD to the 
memory on the MCA-board, where the contents of the corresponding memory 
location are incremented. At the end of a measurement, the memory of the MCA 
contains the 32 (64) probability distribution functions corresponding to 32 (64) 
time delays T as 32 (64) groups of 8192 32-bits words. These PDFs can be read 
and used for further calculation of the structure functions. 

4.2.3 Performance and characteristics 

The design consists of TTL-logic. A single velocity difference calculation, Phy
PAD transport and incrementing the associated PDF takes about l.5f.LS. This 
implies a maximum sample rate of 20kHz for the simultaneous update of PDFs 
at 32 time delays. The sample rate in our current design is limited by the time 
it takes to send a single data item over the PhyPAD between the AG and the 
MCA and the time to increment the corresponding memory location in the MCA, 
together about 600ns. For wind tunnel experiments a sampling rate of 20kHz ap
pears to suffice; it approximately equals the fastest time scale of the turbulent 
flow. For jet experiments higher sample rates may be desirable, in which case the 
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Structurator can be also used in an off-line mode. However, as in that case data 
acquisition and processing can no longer be done simultaneously, the efficiency is 
reduced by at least a factor of two. 

In order to compare the data throughput of the Structurator to that of a 
structurator program running on a general purpose computer, simulations were 
performed on a Silicon Graphics R4000 computer, which was a state of the art 
workstation at the time this test was done. Uniformly distributed uncorrelated 
random veloeities were assumed, which is a worst case. In the simulation a single 
update of 32 velocity difference PDFs took 29p,s on average. A single update 
of 64 velocity difference PDFs took 137 p,s on average. Clearly, the throughput 
of a Structurator implemented as a program running on a general purpose com
puter is limited by its memory bandwidth and its memory cache efficiency. The 
condusion is that at 64 time delays our Structurator is faster than a general pur
pose workstation. It should be emphasized that the quoted simulation numbers 
are average numbers. Because real-time response is not guaranteed on a gen
eral purpose computer, a software structurator should have to be supplemented 
with a large FIFO buffer, connected between the ADC and the general purpose 
computer. 

4.3 Multi-channel Structurator 

In experiments involving structure functions measured with several probes, trans
verse measurements for instance, the differences are calculated between the differ
ent probe-signals. Therefore, a number of ( eight) time-signals is sampled in par
allel and the Structurator cannot be used anymore. In the setup that is used up 
till now, each velocity-probe has its own computer controlled anemometer. The 
parallel samplingunit ofthe PhyDAS system (the PARSAM) samples the signals 
of 8 anemometers synchronously. Each time a (1/2 Mbytes) PARSAM-memory 
is full, it is read. Meanwhile, the calibration of the signals and the difference 
calculations are done on-line in a program written in assembler. In analogy to 
the Structurator setup, the result of a difference calculation is sent as an address 
to the MCA, where the conesponding memory contents are incremented. The 
MCA has been especially adapted for this purpose. (The maintenance register, 
normally used for maintenance procedures and only 16 bits wide, has been ex
panded to 19 bits.) In this way only the adapted MCA-part of the Structurator 
is used for a fast update of the distribution functions. Because of the on-line 
calibrations and difference calculations in software, a throughput of only 5kHz 
can be reached for eight probes. 

Taylor's hypothesis is not used in multiple probe measurements and hence 
gaps in the time series are not vital. However, transverse measurements are 
becoming more important, higher /longer measurements are desirable, and there
fore a higher effective throughput is needed. As in the one-channel setup, the 
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Structurator, also for multi-channel experiments it becomes desirable to generate 
distribution functions in real-time and one may consider to develop also a special 
digital device for the multi-channel setup. 

In the following subsections I will propose some ideas to realize real-time 
data processing for the multiple probe setup. I will describe and compare sug
gestions about TTL-implementations, embedded-software implementations, and 
implementations carried out in software. 

4.3.1 Requirements 

A special device for multi-channel experiments first needs to speed up the cali
bration and the difference calculations, because those are the bottlenecks in the 
present assembler routine. However, just implementing the difference calculations 
straightforwardly in hardware may not be flexible enough. One should balance 
the pro's and cons of building in some flexibilities. For instance, one has to de
cide whether a multi-channel device should be flexible in the number of probes, 
i.e, whether it should be possible to change the number of detectors from, for 
example, five to eight probes without having to change the hardware rigorously. 
Another issue is whether a multi-channel device should be flexible in the num
ber and/or combinations of the difference calculations. Of course, a new device 
should be fast, cheap and easy (which means also quick) to develop. 

Several strategiesexist to build a multi-channel digital device. The calibration 
and difference calculations can be implemented in aserial algorithm, in a parallel 
algorithm, or in a combination of these two. The algorithm can be completely 
implemented in standard digital elements or it can be (partly) programmed as 
( embedded) software. The kind of algorithm forms the basis of the possible 
performance, it defines in how many cycles the desired differences between a set 
of probe signals can be calculated. The choice of implementation only may speed 
up these cycles. 

Suppose we have n probes for which we want to calculate all relevant mutual 
differences. When we just sequentially calculate all possible combinations, n 2 

arithmetic operations are needed for each set of signals. It is obvious, that only 
n( n - 1) /2 calculations correspond to different, non-zero physical distances r. 
On the other hand, all the (relevant) calculations can be done in parallel and 
only one cycle of n(n- 1)/2 arithmetic operations is needed. The upper and 
lower boundaries of the number of cycles (Ne) are thus n 2 and 1. A sequential 
algorithm is slowest but most flexible; adding a detector in the experiment only 
means expanding the number of arithmetic operations. A parallel algorithm is 
the fastest option, but obviously not the most flexible. The choice of an optima[ 
algorithm is, however, not the only requirement of a design. It also has to fit in 
the required environment. 

As already explained, each arithmetic operation results in an address that 
points to a memory-location of a certain PDF-memory. The contents of the ad-
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dress memory location need to be incremented. This means that the contents 
need to be read, incremented by one, and written back. It has been calculated 
that one memory increment with state-of-the-art logic costs about 100ns. This 
implies that the upper bound for the performance of any algorithm implemen
tation is defined by 10/ NcMHz, the number of independent PDF memories is 
inversely proportional to the number of cycles. 

4.3.2 A serial design 

An easy and conservative way to genera te (fast) data handling in real-time for 
multiple probe experiments is to implement the calibration and difference calcu
lation in hardware and use the design of the Structurator. The calibrations and 
the difference calculations are dorre sequentially, whereas the whole algorithm is 
implemented in digital elements. 

In such a setup again a PARSAM can be used to sample the data syn
chronously. A (full) memory is read, and the data are sent sequentially in groups 
conesponding to the number of channels (max. 16). For convenience let us sup
pose that we have 8 probes and thus use 8 channels of the PARSAM. Similar to 
the Structurator setup, the data is sent via a FIFO to an AG-board. A schematic 
view of the AG-board for this design is given in Figure 4.4. Each 12-bits signai
word is concatenated to a 4-bits channel/detector number. This is an option of 
the PARSAM, and herree it doesnothave to be implemented in additional hard
ware. These 16-bits words are sent one by one to a 16 x 4096 x 12-bits calibration 
memory, in which each probehasits own calibration table. 

The 8 calibrated data words are sent to two buffers, one common buffer and 
one inverted buffer, both addressed by the channel number of the signal-word. 
After the 8 velocity-words have been written to the buffers, the differences can 
be calculated. 

Now, the buffers are addressed by a difference table, in analogy to the offset
tabie of the Structurator. The table consists of 8-bits words. These 8 bits specify 
the combinations of the probes for which the differences have to be calculated. 
Four bits address the common buffer and 4 bits address the inverted buffer. The 
addressed words from the buffers are added in the arithmetic unit and the result 
is concatenated to the difference-number, which is equal to the contents of the 
counter addressing the difference-table. The results of the difference calculations 
are sent as addresses via the PhyPAD to the MCA, where the conesponding 
memory-locations are incremented. 

In this setup only the AG-part of the Structurator needs to be renewed; all 
other instrumentation is already available, tested, and used, which can be a great 
advantage. The design allows a maximum number of 16 probes and, because of 
the difference-table, any difference combination can be made. In a setup with n 
pro bes, n( n-1) /2 cycles are needed to calculate the n( n-1) /2 relevant differences 
for each set of probe signals. Herree this is the optimal sequentia! algorithm. 
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Figure 4.4: Schematic view of the serial and conservative design based on the 
Structurator. The 8 signal-words are sequentially calibrated and written to the 
data buffer and to the inverted data buffer. The two 4-bits addresses in each 8-
bits word of the difference-table address the buffers for the difference calculations. 
The results of the difference calculations are concatenated to the corresponding 
difference indices and sent to the MCA. 

By implementing the two buffers twice (like interleaved memories), a con
tinuons data flow can be generated. For 8 channels (28 differences per sample 
time) the throughput will be as fast as that of the Structurator for one probe 
(32 differences per set of signals). However, if the memory containing the distri
bution functions is implemented as a local memory, a large gain in performance 
can be achieved using state of the art electranies (10 x 106/28 ~ 350kHz for 8 
anemometers, assuming that difference calculations and memory increments can 
be done in parallel). 

4.3.3 A parallel-serial design 

Another option is a parallel-serial algorithm, which is a derivative of the parallel 
algorithm in which all calculations are done in one cycle. Here, the calibration 
of the n signals as well as n difference calculations are done in parallel. The 
setup preferably should be a modular one when implemented in digital elements. 
Each anemometer is followed by its own ADC-unit which is followed by its own 
Structurator-like unit. In Figure 4.5 a sequence of 8 parallel units is shown. 
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Figure 4.5: Schematic overview of the parallel-serial design for 8 units. Each unit 
has its own calibration unit, difference calculation unit, and PDF-memory. The 
calibrated data-word is kept at the corresponding unit (buf) and sent in inverted 
farm (inv. buf and out. buf) to the right-neighbor unit. The difference is calculated 
between the data-word in the unit and the left-neighbor inverted data-word and the 
result is sent as an address to the PDF-memory. Next the lejt-neighbor inverted 
data-word is sent further to the right-neighbor via out. buf. Th is procedure is 
repeated jour times. The dashed box includes the part of the design that may be 
implemented as embedded software, Bubseetion 4.3.5. 

A Structurator-unit consistsof a FIFO foliowed by a calibration memory. The 
calibrated data is kept at the unit itself ( buf) and is sent inverted (via inv. bu/) 
to the next neighboring unit. The difference is calculated between the calibrated 
data and the received inverted data-word ( inv. buf or out. bu/) from the previous 
neighboring unit. The result is sent as an address to a distribution function 
memory, again concatenated to the difference number. Meanwhile, the inverted 
data-word is sent (via out.bu/) further to the next neighboring unit (following the 
thick lines in Figure 4.5). The units are controlled by a control-board. 

For eight channels all possible differences are calculated after four difference
calculation-cycles. In Table 4.1 the combinations calculated at each unit are 
shown. After a measurement each unit has generated four PDFs. From these 
32 PDFs, 4 PDFs are double. If we expand this algorithm to n probes we need 
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n parallel units. For even n, n/2 cycles of n parallel arithmetic operations are 
needed. The number of double calculations is Nd = n 2 /2- n(n- 1)/2 = n/2. 
However, for odd n, (n + 1)/2 cycles of n parallel operations are needed and 
Nd = n(n + 1)/2- n(n- 1)/2 = n. An even number of units thus results in a 
more economical algorithm. 

This modular setup is, however, not so fiexible as it seems to be. Adding a 
probe in the experimental setup implies adding a unit, which implies that the 
control-board has to revise its cycles. Apart from this, the more units are used, 
the more double difference calculations are generated, which is not so economie. 
The communication/timing between two units, implemented on different boards, 
may cause some problems and delays. 

unitO unitl unit2 unit3 unit4 unitS unit6 unit7 
0-7 1-0 2-1 3-2 4-3 5-4 6-5 7-6 
0-6 1-7 2-0 3-1 4-2 5-3 6-4 7-5 
0-5 1-6 2-7 3-0 4-1 5-2 6-3 7-4 
0-4 1-5 2-6 3-7 4-0 5-1 6-2 7-3 

Table 4.1: Calculated differences per unit based on the parallel-serial design (the 
modular suggestion) for 8 units. After 4 cycles all the 28 differences are calculated 
plus 4 doubles. 

4.3.4 A serial-parallel design 

A design of a special device for a multi-channel setup can also be aserial-parallel 
implementation. Let us assume again that the experimental setup consists of 8 
probes. For each block the eight 12-bits voltage-words are calibrated sequentially 
to 12-bits velocity-words. Next, the twenty-eight possible differences need to 
be calculated. Using features as pipe-lining and parallelism, these twenty-eight 
difference calculations can be done in seven cycles. Figure 4.6 show a schematic 
view of this design. In Figure 4.6a the inverse of the first data-word (DO) has 
already been clocked in a register when the second velocity word (Dl from the 
second detector) arrives. The difference between Dl and DO (Dl+ DO, one's 
complement result) is calculated. Next, the inverse of Dl is stored in a register. In 
Figure 4.6b the third data word (D2) is clocked in and the differences D2 +DO 
and D2 + Dl are calculated. This continues up to the last data word of the 
eight detectors (D7). Figure 4.6c shows the calculation of the last 7 (of the 28) 
differences D7 +DO, D7 +Dl, ... , D7 + D6. After these calculations have been 
performed the wholc procedure is repeated for the next data-block, and so on. 

The results of the additions are, as usual, sent as addresses to a distribution 
function memory. Each seventh cycle, a maximum of seven in parallel generated 
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Figure 4.6: Schematic overview of theserial-parallel design. (a) The inverse of 
first calibrated data-word is already clocked in (DO) and the second data word 
arrives. The difference Dl+ DO is calculated. (b) The third data-word (D2) 
arrives and is added to the data-words DO and Dl. (c) The last (8th) data-word 
D7 is clocked in and the last 7 differences are calculated. 

results is obtained, which may cause some complications if one PDF memory is 
used. However, if the PDF memory is be divided in for example 7 banks, then 
per cycle the PDFs can be updated in parallel. 

Again making an extension to n pro bes, n( n- 1) /2 differences are calculated, 
without any doubles, in n cycles: one cycle for the negation of DO and n - 1 
cycles of 1 to n - 1 parallel additions. 

4.3.5 An implementation in embedded software 

A slightly different approach is to implement the algorithm in a Logic-Cell-Array 
(LCA, AT&T) or in an Erasable Programmable Logic Device (EPLD, Altera) as 
firmware. The signals, which are sampled synchronously, are calibrated in parallel 
or sequentially, depending on the chosen strategy, and the difference calculation 
is implemented in a programmable logic device. 

The performance of some of the above described designs that may be achieved 
when implemented with such devices is investigated. In the following implemen
tations again an experimental setup with eight anemometers was assumed. The 
algorithm of the serial-parallel design, described in Section 4.3.4, has been imple-
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cycle difference combinations 
0 0 
1 1-0 
2 2-0 2-1 
3 3-0 3-1 3-2 
4 4-0 4-1 4-2 4-3 
5 5-0 5-1 5-2 5-3 5-4 
6 6-0 6-1 6-2 6-3 6-4 6-5 
7 7-0 7-1 7-2 7-3 7-4 7-5 7-6 

Table 4.2: Calculated differences per cycle with a serial-parallel design. In 7 
cycles all differences are calculated. The extra cycle {0) is needed to get the first 
data-word 

mented fora Field Programmable Gate Array (FPGA, AT&T), an upgrade of an 
LCA. It can be shown that for the standard FPGA each cycle costs about 140ns 
(Ensing (1995)), which means that for the difference calculations a throughput 
of about 1MHz can be reached. 

The same algorithm has also been programmed for a Flexible Logic Element 
MatriX (FLEX, Altera), an upgrade of an EPLD. (Altera argues that it has the 
advances of both FPGAs and EPLDs). From simulations it appeared that with 
the FLEX one cycle of theserial-parallel algorithm costs 100ns, which thus results 
in a 1.4MHz performance. 

Furthermore, the algorithm of the parallel-serial design, described in Section 
4.3.3 and indicated in Figure 4.5 by the dashed box, has been programmed in the 
FLEX. Simulations predict a throughput of 1.5MHz for an eight detector setup. 

Finally, it should be mentioned that the achieved performances are exclusive 
the update of the PDF memories. One memory increment costs about 100ns, 
and hence the memory increment will not be the bottleneck, if using 8 memory 
banks for the parallel-serial design and 7 for the serial-parallel design. 

4.3.6 A digital signal processor 

Besides all the suggestions for special purpose hardware and embedded software, 
one may consider a combination of special purpose equipment and general purpose 
equipment, like for example a Digital Signal Processor (DSP, Texas Instruments). 
Projects are running to integrate DSP-modules in the PhyDAS system and DSP
boards for PCs are already commercially available. To evaluate the performance 
of a state-of-the-art DSP some simulations with the DSP-simulator (sim40) of 
Texas Instruments have been clone. 

The Structurator was already implemented in the C-language. As a try-out 

70 



the performance of this straightforward implementation was tested using the 
DSP-simulator. It appeared that one cycle of 32 velocity difference calculations 
and 32 memory increments takes about 1750 DSP clock-cycles. For a 40MHz 
DSP this results in a real-time data acquisition with a sample frequency of al
most 23kHz. Furthermore, also the serial Structurator-like multi-channel design 
described in Section 4.3.2 was implemented in the C-language and run with the 
DSP-simulator. One cycle of 28 velocity difference calculations and 28 memory 
increments took about 1400 DSP clock-cycles, which corresponds to a real-time 
throughput of about 28kHz. 

Although the performance of the above described simulation of the Structura
tor is better than that of the real Structurator, the performance gain is small. 
In this respect one should note that the simulations were done with a compiled 
C-program, however, the efficiency of the compiler for this kind of application is 
not known. When implementing the Structurator ( or multi-channel structura
tor) directly in assembler-code for the DSP and at the same time optimizing 
the pipeline and parallel procedures, a throughput of 120kHz can be reached 
(Kopinga ( 1995)). 

It should be mentioned that both implementations, in the C-language and 
in assembler-code, incorporate, apart from the difference calculations, also the 
calibration and the PDF memory increments. In the simulations no attention 
has been paid to the data-input procedure itself. It was assumed that the data 
came in via one constant memory address. For the single probe setup this is 
probably the address register of a built-in ADC, but the data-input for a multi
channel implementation might be quite different. 

4.4 Evaluation 

The original implementation of the Structurator in specialized hardware now 
seems somewhat old-fashioned, but has been a very useful device for the project 
described in this thesis. It allows a real-time data throughput of 20kHz, which 
was good enough for grid-turbulence measurements, although for jet-turbulence 
a higher throughput became desirable. In our experiments up till now, the Struc
turator has been used in the so-called off-line mode, when a sample frequency 
larger than 20kHz was needed. In this off-line mode the data is gathered in 
blocks. A time-series sampled with a frequency higher than 20kHz is stored in 
the PhyDAS memory and next the data is sent at a rate of 20kHz to the Struc
turator. After the whole time-series is sent to the Structurator a new time-series 
can be sampled. The resulting PDFs are a superposition of the PDFs per time 
series. This procedure reduced the effective performance by almost a factor of two 
and the idea raised to design a new Structurator with state-of-the-art electronics. 
Because also multi-wire measurements become important, it seemed useful to in
vestigate the possibilities of combining a new Structurator with a multi-channel 
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design. 
Let us first evaluate the possible TTL-implementations for a multi-channel 

design. Clearly, there are lots of possibilities to handle the data in real-time. 
However, it is also clear and commonly known that the requirements: fast, cheap, 
flexible, and easy to develop don't correlate very well. The suggested serial 
salution may be the easiest, because it is based on a former design and is rather 
flexible, but it will not be much faster than 20kHz for eight probes. However, 
when the PDF memory is implemented on-board using state-of-the-art logic, 
then a large gain in throughput can be reached. The suggested parallel-serial 
and modular suggestion is rather progressive and has the shortest algorithrn, 
but is not so flexible. In my opinion, the multi-probe experiments are not yet 
well enough established to build such a specialized modular setup. The serial
parallel design lies between the serial and parallel-serial design, when regarding 
the design, the algorithm performance, flexibility, and so on. 

The LCA/EPLD-solution for the multi-wire setup is more flexible, irrespective 
of which algorithm is implemented. It is more or less programmable, can be tested 
for a great deal by simulations, and will be fast. One can even think of a design 
in which both the one- and the multi-probe setup are implemented. In this case, 
the LCAs or the EPLDs are reprogrammed for the desired setup and each setup 
has its ( own) necessary elements on the board. A disadvantage of the use of 
LCAs might be that these circuits are based on the RAM-principle and hence 
interface-logic needs to be implemented to be able to load the LCA-program. 
On the other hand, EPLD/FLEX-chips basedon erasable ROMscan be chosen, 
which can simply be exchanged. 

At first sight, a DSP seems not to be a fast alternative if simply a compiled 
C-program is used. However, when programming directly in assembler-code a 
large gain in throughput is achieved. Furthermore, the DSP is developing rather 
quickly and 80MHz DSPs are already available. This, of course, does not mean 
that throughput of 46kHz can be reached, because the memories willnot be twice 
as fast. An advantage of a DSP would be that both the Structurator and the 
multi-channel set up can be implemented (in C- or assembler-language) as one 
(special) device. 

Finally, we have only considered the implementation of the algorithm, since it 
seems that memory updatescan be made fast enough. However, getting the data 
at the device might be difficult, especially for a DSP in a PC. If one decides to 
implement a new Structurator and/or a multi-channel Structurator, one should 
carefully consider the requirements and their physical relevance, in combination 
of course with the available budget and teehuical support. 
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CHAPTER 5 

Distribution functions 

Research on small-scale structures of turbulence is, as argued in previous chapters, 
traditionally done via the sealing behavior of structure functions. The structure 
function of order p is the pth-order moment of the distri bution functions of veloc
ity differences. Interesting physics may be detected at large p, but the statistica! 
accuracy of high-order moments is a problem. Therefore, it may be advantageous 
to study directly the probability distribution function of velocity differences and 
compare it with the intermittency models for distribution functions. This avoids 
the problems associated with determining high-order moments and investigation 
of the probability distri bution functions (PDFs) might give us a better under
standing of the turbulence problem. Furthermore, the PDFs may provide a sen
sitive test for the consistency of the models that are used to describe the sealing 
behavior of structure functions. Finally, knowledge about the PDF may help in 
assessing the statistica! accuracy of the high-order structure functions that are 
computed from them. 
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Figure 5.1: Transverse dis
tribution functions for r /rJ = 
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In Figure 5.1 distribution functions P(6.u) are shown for velocity differences 
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6 u( r) measured at small, intermedia te and large scales r. For each se ale the 
distribution function is normalized by its standard deviation of the velocity dif
ference, O"f:l.u· At small scales F(flu) has wide, almost exponential tails. At large 
scales F(flu) tends toa Gaussian. 

In this chapter measured transverse and longitudinal probability distribution 
functions are compared and they are related to the multifractal models for the 
probability distribution functions of velocity differences. Finally, the adequacy 
of a simple functional parameterization of the tails of the PDF through stretched 
exponentials is tested. All PDFs shown in this chapter will be normalized such 
that I F(s)ds = 1, I F(s)sds = 0 and I F(s)s2ds = 1. 

5.1 Longitudinal & transverse distribution functions 

Because of the different kinematic orientation, the shape of the longitudinal and 
the transverse distribution functions is slightly different. The measured longi
tudinal distribution functions are asymmetrie. They have their maximum at a 
value flu > 0. This asymmetry is a key phenomenon in turbulence; it is related 
to the cascade of energy from large to small scales and is called skewness. A nec
essary consequence of this is that ((6u) 3 ) < 0, and all the odd-order moments 
are negative. Because at the same time the trivial requirement (flu) = 0 has to 
be satisfied, the maximum of the PDF shifts to positive values of flu. On the 
other hand, transverse distribution functions are symmetrie and all odd-order 
moments are zero. Of course, this is a trivial requirement for transverse PDFs, 
but its actual verification in an experiment is an indication of the quality of the 
experiment. 
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Figure 5.2: Comparison of 
the longitudinal and trans
verse probability distribution 
Junelions at r / T) ;::::::; 50. 
Full line FL(flu), dashed 
line: FT ( tJ. u), dotted line: 
FT( -!J.u); The difference be
tween FT(!J.u) and FT( -!J.u) 
is hard to distinguish. 

The probability distribution functions FL(!J.u) and FT(!J.u) of longitudinal 
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and transverse velocity increments, respectively, are compared in Figure 5.2. The 
figure shows PL(t:lu), Pr(t:lu) and Pr( -èlu) for r /rJ ~ 50 which is at the begin
ning of the inertial range. It is seen that the negative velocity tail of PL(t::,.u) 
coincides with that of the (symmetrical) Pr(t::,.u). The positive velocity tail of 
PL(t::,.u) falls below that of Pr(t::,.u). This coincidence of the negative longitudi
nal and transverse tails appeared to be true for all measured transverse scales 
(10 :Sr /rJ :S 350). From Figure 5.2 it appears further that the transverse distri
bution function is perfectly symmetrie, Pr(t:lu) = Pr( -t::,.u). For the transverse 
results analyzed in this thesis the asymmetry of Pr ( t:l u) was found to be very 
small at all scales considered. 
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Figure 5.3: Measured trans
verse probability distribution 
ju netion for rIT/ = 10, which 
corresponds to the physical 
distance r = 3mm. At 
the probability level of 10-6 , 

t:lu = 10ar,tlu = 4.3 mjs. 

It is interesting to note that transverse velocity differences can be very large. 
Figure 5.3 shows the PDF (measured in grid-turbulence), for rlrJ = 10 which 
corresponds to a physical distance r = 3mm. At a probability level of 10-6 the 
velocity difference is approximately 10ar,tlu, where ar,tlu is the standard deviation 
of the transverse velocity difference. In actual physical units t::,.u is 4.3mls over 
only 3mm. This should be compared to the local mean velocity U= 13.8mls. 

Compared to the longitudinal velocity differences, where t::,.u =1.6mls at a 
probability level 10-6 for r /rJ = 10, the transverse differences are much larger. 
This ratio between longitudinal and transverse velocity differences could, how
ever, have been anticipated. As we saw from Figure 5.2, the negative tails of 
the normalized longitudinal and transverse PDF coincide. This means that at 
a certain probability level t::,.urlar,tlu = t::,.uLfaL,tlu· From Eq. (3.5) an~ the 
shape of Gf(r), it follows that the standard deviation of the transverse veloc
ity difference is larger than the standard deviation of the longitudinal velocity 
difference, because dGf(r)ldr > 0. The ratio between the transverse and longitu
dinal standard deviations, increases as the se ale decreases, because ~dGf( r) I dr 
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increases for decreasing r (see for example Figure 3.16). Therefore, we could 
have argued in advance, that the chance of measuring a large velocity difference 
over a small distance is larger for transverse measurements than for longitudinal 
measurements. 

5.2 Multifractal models 

Multifractal models, as described in Chapter 2, can also be used to derive ex
pressions for the distribution function of velocity differences. These models for 
distribution functions can be used as a sensitive test of the multifractal model. 
However, a sealing analysis of turbulent fiuctuations via distribution functions 
is not as straightforward as that via the structure functions. Extra assumptions 
regarding the form of the PDF are needed. For example at the largest scale A, the 
PDF PA(!:l.u) can be chosen Gaussian. Smaller-scale distributions follow through 
a self-similar cascade process, such that their width deercases as the scale r de
creases. At a given r, therefore, the resulting PDF is a sum of Gaussians. In 
case of the longitudinal distribution function it is possible to start with a skewed 
Gaussian-like distribution at the largest scale A. 

5.2.1 Conditional probability distribution functions 

A possible experimental verification of the above assumption that the PDFs can 
be described as a sum of Gaussians has been proposed by Gagne et al. (1994). 
They have investigated the PDFs conditioned on a given value of the energy 
dissipation rate Er· Gagne et al. (1994) define the average energy dissipation in 
scale r as 

c,(x, t) o-15v [~ T (~: r dx _ ( ~:(r) n (5.1) 

and they argue that ( t:..~(r)) 2 
takes into account the dissipation which occurs at 

the scale r itself. The importance of this term increases when r goes down to 
the Kolmogorov scale TJ. Practically Er is calculated from velocity data, that are 
sampled at discrete instauts i, as, 

Er= 15v {~ [t (Ui+j+l- Ui+j-1)2]- (Ui+n- Ui)2}' (5.2) 
n j=l 2/:l.x n!:l.x 

in which r = n!:l.x, in termsof the sample distance !:l.x = UT8 . 

So far, PDFs were measured using the Structurator. Because this instrument 
cannot be used for the measurement of conditional PDFs, those were computed 
from a stored time series of veloeities that were measured in jet-turbulence. 

Figure 5.4 shows the conventional unconditioned PDF and the conditional 
PDF for r /TJ = 40. The PDF is conditioned on an arbitrary chosen value Er· This 
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Figure 5.4: Probability distri
bution function for r /11 = 40. 
Outer wide curve: the global 
PDF P(t:J.u), with J = Jf:lu; 
inner, more Gaussian curve: 
conditional PDF PEr(!::J.u), 
with J = J f:lu[Er; dashed line: 
Gaussian fit. 

means practically an interval of values centered at the value Er with a constant 
width, which was chosen equal to (er) /6 = 7.1m2 /s3

. Following Gagne et al. 
(1994) we choose Er = (er) in our calculation. It appears that the conditional 
PDF is indeed Gaussian-like, which is consistent with Gagne et al. (1994). 

A Gaussian PDF is completely characterized by its standard deviation J !:lu[Er. 
In analogy with Kolmogorov's K41-theory Castaing et al. (1990) derived via 
dimensional analysis that the width of the conditional PDFs is related to Er as, 

1 

CYf:lu[Er rv (rcr)3. 

This relation was experimentally verified by Gagne et al. (1994). 

(5.3) 

The unconditional PDF is a superposition of conditioned PDFs with widths 
J !:lu[t:r that are weighted by the probability of encountering a given Er. The 
results of Figure 5.4 suggest that the unconditional PDF can be written as a sum 
of Gaussians. Models for PDFs, that are based on this assumption, are treated 
in the Subsections 5.2.2 and 5.2.3. Especially the model of Subsection 5.2.3 is 
inspired by the observations of this subsection. 

The definition of Er in Eq. (5.1) is particular. It appears that omission of the 
second term on the right hand side does no longer give Gaussian-like conditional 
PDFs of velocity differences. It should be realized that instantaneous dissipation
like quantities cannot be measured properly in one dimension. Perhaps én such 
as defined in Eq. (5.1), is closer to the 3-Dimensional quantity. 
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5.2.2 The ,6-model 

The random ,8-model as described inSection 2.3.2 is a multiplicative process with 
spacc-thinning coefficients. From this model the POF of 6u(rn) can he directly 
calcula ted (Benzi et al. ( 1991) and Kailnasna th et al. ( 1992)). Recalling Eq. 
(2.35) we can write 

(5.4) 

which expresses the velocity difference at scale r n in the large-scale velocity dif
ference 6uA. It must he realized that fluctuations of 6u(rn) are the result of 
two stochastic processes, one for 6uA and the other one for the random fractions 
,8;. As was argued in the previous section, the POF of 6u(rn) now involves a 
conditional distribution function, 

Prn (6u) = j P(6ul6uA, ,81, ... , ,8n)P(,8I, ... , ,8n),81 · · · ,8nPA(6u)d6u 

d,81 · · · d,8n 

j 15 ( 6u- 6uA (~) ~ * ,8;-~) PA(6u)d6u * ,8;P(,8;)d,8;. (5.5) 

If we now use Eq. (2.39) for P(,8;) and suppose that PA(6u) is a Gaussian we 
can write, 

where n = -[log2(rn/A)] has been used. The ,8-model assumes a discrete binary 
cascade and Eq. (5.6) contains a sum over n Gaussians that correspond to n 
cascade steps. 

Figure 5.5a shows the ,8-model of the distribution function at r/1] ~ 41 and 
r /11 = 515, i.e. at the low end and slightly above the high end of the inertial 
range. In comparison with the experiment in grid turbulence (experiment 5 in 
Table A.1), the integral length scale was taken A = 0.17m and (6uÄ) was set 
equal to unity. That is, also the calculated distribution function was normalized 
such that I P(s)ds = 1 and I P(s)s2ds = 1. The parameters of P(,8) were taken 
x= 0.125 and ,80 = ~' as Benzi et al. (1984) proposed. 

There are some aspectsof this ,8-model that are not physical. One point is that 
the ,8-model divides space into active and non-active regions. The consequence 
of this partition is that the normalization at scale r n of the right hand si de of Eq. 
(5.6) is not unity, 

j PrJ6u)d6u = ((1- x)+ ,8ox)t. (5.7) 
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Figure 5.5: Comparison of 
the random {3 -model with the 
experiments. (a) N ormalized 
probability distribution june
lions of velocity differences 
6u(r) at r/7J = 515 and 
r /77 = 41. Full lines: ex
periment in grid turbulence 
(experiment 5 in Table A.l). 
Dashed lines: prediction of 
the {3-model. (b) Sealing ex
ponents (p of the structure 
functions. Fullline: (p calcu
lated from the measurement; 
Dotted line; (p predieled by 
the {3-model. 

The distribution function PrJ6u) needs correction by assuming a delta peak at 
6u = 0, representing the quiescent regions of the flow. This is, of course not in 
agreement with the experimental results that show nothing special at 6u = 0. 
Furthermore, it should be mentioned that this {3-model is a discrete cascade 
(in steps of factors two). Therefore the (normalized) distribution functions of 
Eq. (5.5) only changes when r n changes by a factor two. However, the form 
of measured (normalized) PDFs appears to only weakly depend on r and the 
discreteness of Eq. 5.5 does not appear to be a restriction. 

Figure 5.5a clearly illustrates that there is significant disagreement between 
the {3-model and the experiment. This is in remarkable contrast to condusion that 
was reported by Kailnasnath et al. ( 1992). However, the statistica! spread in their 
measured PDF is of the order of the discrepancies of Figure 5.5a. This observation 
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emphasizes the need of adequate statistics in measured PDFs. Although the 
discrepancies of Figure 5.5a may seem small, they become crucially important in 
case of the high-order moments. Surprisingly the inconsistency between the PDFs 
calculated from the ;3-model and the experiment could not have been anticipated 
in view of the sealing exponents. The sealing exponents predicted by the ;3-model 
are compared to experimental results in Figure 5.5b. There is favorable agreement 
and it may be concluded that the predictions for probability distributions provide 
a more sensitive test for intermittency models. 

Using a Gaussian for PA(!::l.u) ignores the skewness of the PDF of longitudinal 
velocity differences. On the other hand, transverse PDFs are symmetrie and one 
might find this ;3-model for velocity difference PDFs more appropriate to describe 
the transverse PDFs. Therefore, the prediction of the ;3-model was also compared 
with measured transverse PDFs. It appears that this model is also inconsistent 
with the transverse measurements. Incidentally, we could have predicted the 
latter result from the comparison of the longitudinal and transverse PDFs, as 
the negative tail of the longitudinal PDF coincides with the negative tail of the 
symmetrie transverse PDF. In Figure 5.5 the discrepancies with the prediction 
of the ;3-model are largest for the negative tails. 

5.2.3 Superposition of Gaussians 

The ;3-model for the PDF of velocity differences, as described in the previous 
subsection, amounts to a discrete superposition of Gaussians. Following Castaing 
et al. (1990), Chabaud et al. (1994) proposed a model for Pr(!::l.u) that is a 
continuous superposition of rescaled large-scale PDFs and in which skewness can 
be incorporated via the large scale PDF PA(!::l.u)l, 

Pr(!::l.u) = j Ç(lnD")~PA (~u) dlnO", (5.8) 

This equation expresses that the distribution function Pr(!::l.u) is a superposition 
of Gaussians with width O" that are weighted by the distri bution function of widths 
Ç (ln O"). As will be explained below, this function itself can be taken Gaussian. 

Ç(ln O") = _1_exp {- (ln aY} 
l(2n)~ 2l2 

(5.9) 

The range of widths in the superposition is gauged by the parameter l. Clearly 
l increases with decreasing scale r. The relation with the findings of Subsection 

1 Castaing et al. (1990) incorporated the skewness with 

PA(t:..u)=Aexp{-(t:..u+B)
2 

[1+as l 
1
]} 

2C (1 + (t:..u + B)2)2 

in which they choose the skewness parameter as = 0.18 and A, B and C are normalization 
constants, such that J PA(s)ds = 1, J PA(s)sds = 0 and J h(s)s2 ds = 1. 
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5.2.1 is now clear. There, it was found experimentally that Pr(6.u) is a super
position of Gaussians whose width 0' 6.ukr depends on E:r as 0' 6.ulsr "" (rcr) ~, or 
ln0'6.ulsr ""lnr:r. According to the log-normal model, lncr and thus ln0'6.uiEr is 
distributed as a Gaussian. This is precisely Eq. (5.9) and one accordingly expects 
that l 2 ""ln r. 

In the multifractal model 0' is proportional to rh and Eq. (5.8) can be written 
as 

J (r)3-D(h) ( [r]-h) 
Pr(6.u) "" A PA 6.u A dh, (5.10) 

where r3-D(h) is the probability of finding a singularity strength h at scale r. The 
Gaussian distri bution of Eq. (5.8) is the ( quadratic) approximation of r3-D(h) 

near its maximum. Using Eq. (2.46) wethen have l2(r) = 9ln ü:) j D"(h). It is 

remarkable that Chabaud et al. (1994) found that l2 ""r-a, which is inconsistent 
with the sealing behavior of the structure functions. 

Figure 5.6 shows the fit of Eq. (5.8), proposed by Chabaud et al. (1994). For 
the longitudinal PDF, discrepancies are most evident for the negative velocity 
increments. Similar discrepancies are found for the transverse case (see Figure 
5.6b ). It should, however, be emphasized that for the transverse PDF only 2 x 107 

samples were taken and that longer time series are needed totest this model. The 
value of the width parameter l was determined in a least-squares procedure that 
is described in detail in the next section. 

5.2.4 Stretched exponentials 

A more conventional parameterization of the distributions functions, is the me
thod of stretched exponentials. This method has no direct physical interpretation. 
However, because the statistics of the large values of 6.u is a problem in the 
accurate measurement of high-order moments, stretched exponential fits might 
be useful to extrapolate the probability distribution functions towards large values 
of 6.u into the regions of inadequate statistics. 

The stretched-exponential model assumes that the tails of the distribution 
function of velocity differences may be written as 

(5.11) 

where A, "" and tp are fit parameters that are different for each scale r. This 
form is suggested by Figure 5.1 that shows that the tails of the PDF evolve from 
exponential at small scales, (l.fJ = 1), to Gaussian at large scales,(tp = 2). 

Kailnasnath et al. (1992) were among the first that suggested stretched ex
ponentials for the tails of the PDF of velocity differences. If the tails really can 
be expressed as stretched exponential, then the sealing behavior is included in 
the number of velocity samples that is large enough to determine the parameters 
A, "" and tp of the stretched exponential description. 
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0.1 probability distribution func-
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A PDF can be divided into three regions. A central region for which the PDF 
is nearly Gaussian and whose contribution is mainly to the low-order structure 
functions, and a left and a right tail, which show a stretched exponential behavior. 
Consiclering the longitudinal PDFs, we know that they are skewed. Because 
of this skewness the positive and negative tails are different, therefore we have 
determined the coefficients A, "' and cp from both tails separately. 

In Figure 5.7a the PDFs at r/TJ = 10 and r/TJ = 300 fora longitudinal ex
periment in grid-turbulence with 109 samples, are shown, and compared with 
stretched exponentials whose parameters were determined in a least-square pro
cedure. At first sight the fits are quite well. However, it is known that exponential 
fits are ill determined problems. The large fiuctuations in the tails of the PDF 
are refiected in the poor accuracy of the determination of the fit parameters. 
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Figure 5.7: Comparison of the tails of probability distribution junelions and their 
stretched exponential fits. (a) Longitudinal probability distribution function for 
r ITJ = 10 and 300. Full line: the measured PDFs in jet turbulence, dashed line: 
Exponential fits. ( b) Transverse probability distribution function for r I TJ = 50. 
Fullline: the transverse measured PDF in grid turbulence, dashed line: exponen
tial fit. ( c) x2 -test as function of r /TJ for 108

, 109 and 1.5 x 109 samples in a 
longitudinal measurement, full lines: negative tail, dashed Zin es: positive tail. ( d) 
x2 -test as ju netion of r I TJ for 2 x 107 samples in a transverse measurement, full 
lines: negative tail, dashed lines: positive tail. 
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For the determination of the parameters of a stretched exponential fit in a 
least-squares procedure, it is important to realize that the noise in measured 
PDFs is that of a Poisson process. Practically, a measured PDF probes the 
number of times N; that a velocity difference i::J.u; has occurred in an interval 
indexed by i. In our experiment the velocity range, (umax- Umin), is divided 
over the 212 values of the 12-bits ADC. This means that the index i points to an 
interval with width [(umax -Umin)/4095] ~ 4 x 10-3m/s. It can be demonstrated 
that the probability distribution function F(N;) behaves like a Poisson process 

(5.12) 

where jj = (N;) = N P(i::J.u;) is the mean value, in which Nis the total number of 
velocity samples. The standard deviation êf, is defined as the square root of the 
mean; êf = pJ = N~[P(i::J.u;)]L 

The accuracy of the exponential fits can now be investigated via a universal 
method, the x2-test, and using the fact that the fluctuations in the PDF P(i::J.u) 
are that of a Poisson-process. The quantity to minimize is, 

(5.13) 

where k is the number of points that contribute in the fit. The functional de
scription is adequate if the minimum of x2 is unity. 

Figure 5.7c shows x2 for three grid measurements, with 108 , 109 and 1.5 x 109 

samples, respectively. If the tails really behave like stretched exponentials it 
is expected that the fit becomes more accurate when more samples are taken, 
thus that x2 remains unity. It appears, however, that this is not true for the 
negative tails at small distances (r /ri < 100) and for the positive tails at almost 
all distances. We may thus conclude that in the limit of infinite accuracy the 
positive tails of the PDFs do not behave like a stretched exponential and that for 
only large-scale PDFs the negative tails behave as a stretched exponential. 

Furthermore, Figure 5.7b shows a transverse PDF for 2 x 107 samples to
.gether with a stretched exponential fit. Again the fit seems quite good. Figure 
5.7d shows the x2 as an indication for the accuracy of the fit of the transverse 
measurement. The accuracy of the fit also seems to be quite well, however we 
should keep in mind that only 2 x 107 samples were takenforthese measurements. 

In the next chapter we will compare structure functions and their sealing 
exponents, calculated from both the conventional PDFs and the PDFs fitted by 
stretched exponentials. 
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5.3 Condusion 

In this chapter several parameterizations for the distri bution functions of velocity 
differences have been shown. It has been demonstrated that the distribution func
tion can be a sensitive tool to validate the intermittency models. It appears that 
the multifractal models for probability distribution functions of velocity differ
ences perfarm poorly. The parameterization with stretched exponentials appears 
not to be the final salution for extrapolation of PDF -tails into statistically inac
curate regions. It seems that the tails have a more complicated shape than the 
stretched exponential fit predicts. However, it is expected that this parameteri
zation is still helpful in improving the statistica! accuracy. Finally, it is to early 
to say that all sealing information can be extracted from PDFs. 
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CHAPTER 6 

Structure functions 

Structure functions are the key quantities in the research of the behavior of smali
scale structure of turbulence. They probe the sealing properties of turbulence. As 
demonstrated in Figure 6.1 both longitudinal and transverse structure functions 
have anomalous sealing properties. The figure shows the sealing of (G{:) 11P and 
(G~) 11P for p = 2,10 and 14. In the case of the K41-theory, the slope of the 
lines in the log-log plot would be 1/3 for all p. Instead, the slope of the structure 
function decreases with increasing p, which clearly suggests anomalous sealing. 

The structure functions have sealing behavior with possibly universa! sealing 
exponents (p. The accurate measurement of these exponents for large values of 
p is the central issue of this chapter. The statistica! convergence of high-order 
(large p) structure functions is, however, a crucial point, because extremely rare 
events dominate the high-order structure functions. Therefore, first two manners 
to define the statistica! convergence of a structure function will be investigated: 
One is the calculation of the integration time, that is needed for the structure 
function to converge to its true value, and the other one is an expression that 
allows the calculation of the maximum order of the moment that can be calculated 
from a given number of samples. 

After we discussed the statistica! accuracy of our measurements, we calculate 
the sealing exponents (p from the structure functions. Several methods of nor
malizing structure functions will be studied. The sealing exponents are compared 
with the models and parameterizations treated in previous chapters and the inter
mittency parameter fL is calculated for the different turbulent fiows. Furthermore, 
the measured sealing behavior of structure functions in the inertial range and in 
the region that is infiuenced by viscosity is studied. Finally, the multiscaling 
hypothesis for multifractal models, as described in Chapter 2, is compared with 
experimental results. 

6.1 Statistica! convergence of moments 

The convergence of high-order moments is a problem. High-order structure func
tions are dominated by extremely rare events. Because of skewness the odd-
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Figure 6.1: Sealing of longi
tudinal and transverse struc
ture functions, measured in 
jet- and grid-turbulence, re
spectively. (a) (G;) 11P for 
p = 2, 10 and 14; lower, 
middle and upper curve re
spectively. The dashed line 
indicates the slope of the scal
mg range. ( b) ( GJ) lfp for 
p = 2, 10 and 14; lower, 
middle and upper curve re
spectively. Again, the dashed 
line indicates the slope of the 
sealing range. 

order longitudinal structure function should be negative. However, it appears 
in some (longitudinal) experiments that the high odd-order (p > 13) structure 
function a; ( r) has a positive sign, for isolated, randomly occurring separations 
r. These changes in sign are caused by very large velocity differences occurring 
only once, and suggest that such high-order moments are dominated by single 
events. Clearly, the integration time of the experiment is then not long enough 
for convergence of these moments 

In our transverse measurements the statistica! accuracy of GJ ( r) is reflected 
in the fluctuations of the sealing curve at a given value r /Ti that corresponds to 
different probe combinations. Remember that the rake with probes was symmet
rical and nine mutual distauces occurred twice. Figure 6.1 b demonstrates that 
the 14th-order moment displays large point-to-point fluctuations, indicating lack 
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of convergence. 
There are several ways to asses the statistica! accuracy of high-order structure 

functions. The first that will be discussed in this thesis follows from the corre
lation structure of these moments and is called the inlegration time. This is the 
time required for a structure function to reach a stabie value and this time in
creases as the order of moment increases. Tennekes (1972) proposed an estimate 
for the integration time. Suppose the structure function averaged over a time T 
is defined as, 

T 

((ilu)P) 7 = ~ j[ilu(t)]Pdt. (6.1) 
0 

Because the average is calculated over a finite time, it will fluctuate and the mean 
square error of it, can be estimated by, 

(i((~u)')7 - ((~u)')J') ~ G J y,(t)dt ~ J y,(t')dt') 
0 0 

2 ~) ](1-;)pp(T)dT, (6.2) 
0 

where yP(t) = [ilu(t)JP- ( (ilu )P), and where Pp( T) is the time-correlation function 
of Yp(t). If the timeT over which we average is much longer than the decay time 
of the correlation function, Eq. (6.2) may be simplified to 

where the integral time IP is defined as 

00 

f (([ilu(t)]P- ([ilu]P)) ([ilu(t- T)]P- ([ilu]P)))tdT 
0 

(([ilu]P- ([ilu]P) )2) 
(6.4) 

Clearly, it is the ratio of the integration time and the integral time T /IP that 
determines the error in the moment. Using this equation the accuracy of each 
structure function can be estimated for each scale r. Obviously, a calculation of 
the accuracy of the low-order moments also needs measured high-order moments. 
For p = 1, the integral time I 1 probes the time that is needed for the measured 
average velocity difference to converge to zero. The mean square error of the 
average velocity difference at scale r = t'U can now be calculated from 

2a2 joo 
([(ilu(t')) 7 ]

2
) = Tu [2p(T)- p(t'- T)- p(t' + T)]dT. (6.5) 

0 
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We have calculated the mean square error in Eq. (6.5) after suhstitution of Eq. 
(3.26), which expresses the correlation function in the second-order structure 
function. The result is shown in Figure 6.2 and is consistent with the result of 
Anselmet et al. (1984), the error increases with increasing scale. On the contrary, 
the error of high-order moments increases as the scale decreases. 

10 

Figure 6.2: The expected er
ror in the average velocity 
difjerence as a ju netion of the 
distance r. 

Another way of studying the convergence of high-order structure functions is 
to investigate the accuracy of the velocity difference distrihution function from 
which the structure functions are calculated. As already argued in chapter 5, 
for small velocity differences b..u(r), the distrihution function P(b..u) is close 
to Gaussian. For larger values of b..u the PDFs show a stretched exponential 
hehavior. 

Let us estimate the fluctuations in the structure function from the velocity 
difference PDF. If N is the total numher of measured velocity differences in 
P( b.. u), and if we use that the measurement of velocity differences b.. u is a Poisson 
process, the relative error, oGp(r), of the structure function can he calculated 
from the integrand, 

(6.6) 

If we further assume that the tails of the P(b..u) can he approximated hy stretched 
exponentials, the integrand of Gp(r) can for large values of p he approximated hy 

I = Ae-~<[llu]'P [b..u]P 
Gp ' 

(6.7) 

which has its maximum at 

(6.8) 
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And the integrand of the relative Poisson noise can accordingly be approximated 
by 

I _A --"-[~u]"'[A ]PN-l óGp- e 2 u u 2, (6.9) 

which has its maximum at 

~u,~ C~); (6.10) 

The maximum order Pmax of the moment that is still converged is then defined as 
the value of p where the integrand in Eq. (6.6) still has a well-defined maximum. 
For increasing order p this maximum is increasingly obliterated by noise. Wethen 
approximate Pmax by the requirement that the height of the maximum at 6u1 

equals the height of the maximum of the noise contri bution at 6u2• By equating 
of Eq. (6.7) and (6.9) after substitution of Eq. (6.8) and (6.10), respectively, the 
maximum order Pmax that can be calculated from a measurement with N samples, 
is given by 

1 
Pmax = 2'P log2 N, (6.11) 

The convergence of the structure function at small distances is most critica!. 
With 'P = 0.8 for r/11 ~ 6 Eq. (6.11) shows that for p = 20 weneed to measure 
almost eight hundred years with a sample frequency of 40kHz. In the experiments 
described in this thesis 108 to 1.5 x 109 samples were taken. So a conservative 
estimate of the maximum converged order is p ~ 12. Still, throughout this thesis 
sealing exponents up to order 20 are shown. First of all, in some experimental 
runs it has been possible to extract sealing exponents (p for p ;(; 12 in a significant 
way. Secondly, it will be shown that structure functions up to order 20 display 
unambiguous sealing behavior if they are computed from stretched exponential 
extrapolation of the tails of the PDFs. 

6.2 Sealing exponents 

Structure functions such as shown in Figure 6.3 have a clear sealing region that 
allows unambiguous determination of the sealing exponent. However, especially 
for laboratory fiows with moderate Reynolds numbers this is not always the 
case and measuring the exponents (p requires a normalization. A standard and 
straightforward procedure in the longitudinal analysis is to select in a log-log plot 
of G 3 ( r) the interval bounds such that a straight line is fitted to the log G3 ( r). In 
this interval the slope of G3 ( r) should have ( 3 = 1. The bounds of this interval 
are taken to be the bounds of the inertial range. In case that a clear sealing 
range exists such as in Figure 6.3 the inertial range is made to coincide with 
the sealing range. For example for Figure 6.3 the inertial range would be the 
interval r /17 E [35, 900]. In fact, this procedure is a normalization, either ( 3 = 1 
by construction, or (p can be divided by the measured ( 3 that is often not exactly 
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Figure 6.3: Measured third
order structure function 
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ling behavior, indicated by the 
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one, and again ( 3 = 1. Several other, more explicit ways of normalizing structure 
functions have in the past been attempted to improve their sealing behavior. One 
way is to divide structure functions of the order p by a low-order moment k, for 
example k = 3, 

L ( ) = Gp(r) 
P r Gk(r)' (6.12) 

Benzi et al. (1993a) proposed a normalization of structure functions in which 
Gp(r) is plottedas a function of Gk(r), using ras an independent parameter, 

(6.13) 

In all three instances, the value of the measured exponents (p is always rela
tive to the assumed sealing behavior of the third-order structure function G3 ( r). 
There are many experimental reasous for (small) deviations of (3 from unity, for 
example deviations from isotropy, homogeneity, or equilibrium of the flow. It is 
a question, however, whether these effects may be cured by normalization. 

The normalized structure function Lp(r) would be most appropriate if the 
structure functions of form, 

(6.14) 

whereas, the normalization Ip(r) is more appropriate if 

(6.15) 

The function f(r) probes the deviation from the ideal sealing behavior Gp(r) ~ 
r(p. The normalization lp is one for the derivative of the structure function. 
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While the form of Eq. (6.15) is iudeed strongly suggested by the data, it will be 
shown inSection 6.4 that the function J(r) essentially depends on p. 

The problem is that of all normalizations considered here, the implicit nor
malization lP(r) is least sensitive to the shape of Jp(r) and therefore, produces 
the best overall sealing. Let us define the residue of the structure function as 
that which remains if we subtract the slope of the fit for (p from the local slope 
of GP, Lp or lp in a log-log plot. For the three considered normalizations these 
residues are, respectively, 

R(Gl(ln r) (pf;, (6.16) 

R(Ll(ln r) (pf;- (d~, (6.17) 

R(Il(ln r) = 
(p J;- !~ 

(6.18) 
(k !~ + 1 ' 

where J; = dlnfp/dlnr. The function fp(r) is convex therefore R(I) is the 
smallest of the three residues. As a result one would be tempted to conclude 
from a plot in volving the implicit normalization lp that Jp( r) is the same for all 
p. Only in the case of very good statistica! accuracy one would reeover the p 

dependenee of JP(r). In Section 6.3 we will comeback to the normalization lp, 
but for now we adopt the simple procedure of fitting straight lines to GP(r) in a 
log-log plot. 

In Figure 6.4a the longitudinal sealing function (/: jp is shown. The exponents 
are calculated from a grid-measurement and a jet-measurement. Because the 
measurements had large enough Reynolds numbers and displayed an obvious 
sealing region the standard normalization procedure was used. The curves are 
normalized such that ( 3 = 1 ((p = (P/(3), where (Pis the measured value of the 
sealing exponent. The values of (f varied from 0.96 to 1.03. We have, however, 
not been able to find a cause for these small, but significant deviations from 1. 
The function (/: jp significantly deviates from Kolmogorov's prediction (p/P = 1/3 
and for small p (/: depends nonlinearly on p. 

The transverse sealing function (J is shown in Figure 6.4b for three different 
runs with each 2.5 x 107 samples per probe. Also for these curves the third-order 
([ (= ((! + ([)/2) is not precisely one (it is about 0.91). 

Figure 6.4a and 6.4b show the sealing exponents in a way that most clearly 
reveals the deviations from the K41-theory, that prediets (p/P = 1/3. Both 
longitudinal and transverse sealing functions probe anomalous sealing behavior as 
they significantly and strongly deviate from Kolmogorov's prediction. It appears 
that the transverse q; differs more strongly from the K41-theory. In the following 
paragraphs it will be argued that this difference can be understood on basis of 
the multifractal model. To this aim an expression for the asymptotic form of the 
sealing function (p will be derived. 
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Figure 6.4: The sealing ex
ponents of longitudinal and 
transverse structure func
tions. (a) Longitudinal seal
ing exponents. Full lines: 
measurements zn two dif
ferent flows, the numbers 
correspond to the numbers 
in Table A.1; Dashed-dotted 
line: K olmogorov 's predie

ti on (p/P = 1/3; Dotted line: 
(p -t 1/p+hmin, with hmin = 
0.16; Dashed line: prediction 
of She €3 Leveque {1994). 
( b) Transverse sealing expo
nents. Dots connected by full 
line: measured (J / p for three 
different runs. Dashed-dotted 
line: K olmogorov 's predic
tion (p/P = 1/3; Dotted 
line: large p behavior pre
dicted from the multifractal 
model (p -t 2 + ph'min with 
h'min = 0.06. The crosses de
note experimental results by 
Camussi et al. {1994). 

As argued in Chapter 2, in the multifractal model, the turbulence field is 
viewed as interwoven sets of singularities. Each of those sets is a fractal object 
such that the set with singularities of strength h has a fractal dirneusion D(h). 
Together, those sets form a multifractal. The probability of finding a singularity 
h is determined by the dirneusion of the set in which it lives. In Eq. (2.42) 
the largest p gives the strongest singularity, that is the smallest h, that lives 
in the set with the smallest accessible dirneusion D(h). The smallest accessible 
dirneusion depends on the way the measurement is done. For example, for a 
line-measurement it is impossible to find singularities that live on lines, as the 
intersections of lines in 3-dimensions form an empty set. 

Our longitudinal measurements with help of Taylor's hypothesis cut a line 
trough the turbulent field, and the smallest possible dirneusion D(h) is D(h) = 2. 
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Consequently for large p 

(6.19) 

with hmin given by the requirement D(hmin) = 2. This limiting behavior has been 
also indicated in Figure 6.4a, where hmin = 0.16 produced the best agreement 
with the data. In the transverse case, with a multi-probe setup, where an array 
of probes is oriented perpendicular to the mean flow, a plane is cut through the 
velocity field the smallest detectable dimension is D(h) = 1 and asymptotically 

(6.20) 

where D(h'min) = 1. 
From this point of view one might expect that the sealing exponents of the 

transverse structure functions are (slightly) different from the sealing exponents 
of longitudinal structure functions, certainly for high-order p. This expectation 
is corroborated by the results shown in Figure 6.4 

She & Leveque (1994) proposed an inertial range sealing law based on the 
hypothesis that the most singular fl.uid structures are filaments and on the as
sumption of a hierarchy of less singular structures. Their prediction, 

(6.21) 

is also shown in Figure 6.4a and is in remarkable agreement with our longitudinal 
measurements. It is surprisingly that from the asymptotic behavior of Eq. (6.21), 
(p/P rv 2/p + 0.11, it follows that the model of She & Leveque is a codimension 
2 model and should he strictly compared with transverse experiments only. 

6.2.1 Improving statistica! convergence 

In Chapter 5 we proposed a fit for the tails of the distribution functions by 
stretched exponentials. This parameterization was not proposed on physical 
grounds, but the idea of a stretched exponential fit was based on the shape 
of the tails. It is expected that the stretched exponential fit extends the statisti
cal accuracy of the PDF towards larger velocity differences, so that higher-order 
structure functions c:an he calculated. For it is the tail of distribution function 
that contributes more to the structure function as the order of the structure 
function inc:reases 

As explained in Chapter 5, a velocity difference PDF can he divided into 
three regions: A central region, ranging from -.6.u0 up to .6.u0 , that c:ontains 
the approximate Gaussian center of the PDF, a negative tail with .6.u < -.6.u0 

and a positive tail with .6.u > .6.u0 . The positive and negative tails of a PDF for 
a certain r are separately fitted. After defining the fit parameters A, "" and cp 
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Figure 6.5: The structure 
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; line with dots: 
calculated from the measured 
PDF; line with circles: cal
culated from PDF with the 
tails fitted by stretched expo
nentials. 

for both tails of the PDF, the contribution of each tail to the structure function 
Gp(r) can be calculated from 

(6.22) 

00 

where the incomplete Gamma function, r(a, s) = J ta-le-tdt, has been used. 
s 

Figure 6.5 shows a 17th-order structure function, as calculated directly from 
the measured PDF and as calculated from the fit with stretched exponentials. It 
appears that after the fit the fiuctuations in the curve are gone and that there 
is a clear sealing range. At small distances r the structure functions computed 
directly from the PDFs appear to be larger than those calculated using PDFs 
that are extrapolated with stretched exponentials. This can be explained by the 
Poisson character of the statistica! fiuctuations of the measured PDFs. Because a 
velocity difference can only occur a positive integer number of times, the number 
of rare events, i.e. the largest velocity differences in the tails of the PDF, is 
overestimated. This overestimate is most severe for small scales. 

Figure 6.6a shows the sealing exponents for a variety of turbulent fiows. The 
conesponding structure functions were computed directly from measured proba
bility distribution functions. The numbers coincide with the numbers of the flow 
configurations listed in Table A.l. As predicted by the convergence calculations, 
the sealing exponents are (almost) the same up to the order 10, 11. For higher 
orders fiuctuations due to the finite sample size are seen. 

In order to study the infiuence of statistical errors due to the finite sample 
size, the structure functions were recomputed using stretched exponential extrap
olations of the PDFs. The found sealing exponents are shown in Figure 6.6b and 
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Figure 6.6: Sealing exponents 
measured in a variety of tur-
bulent fiows; 1,2,3 and 5 
are grid-turbulence measure-
ments with different experi-
mental conditions, 4 and 6 
represent jet-turbulence mea-
surements with different flow 
conditions. The numbers 
correspond to the numbers in 
Table A.i. (a) (p directly 
calculated from the original 
structure functions. ( b) (p 
calculated from the structure 
functions which were calcu-
lated from the exponentially 
jitted distribution functions. 

appear to be larger, that is closer to the K41-theory, than those of Figure 6.6a. 
The differences between various experiments become smaller and the fluctuations 
in the sealing curves (pare reduced. The sealing curves, however, do not coincide, 
instead of what one might have expected, if the sealing exponents are universa! 
and the accuracy of the measurement is high enough. It is believed that this is 
due to the accuracy of the fit. It is well known that the determination of the 
parameters of an exponential model from measured data is a badly conditioned 
problem. Further, Figure 5. 7c shows that a stretched exponential model is not 
completely adequate for the tails of longitudinal probability distri bution function. 
This may also introduce errors in the sealing function (p. Therefore, it might well 
be that the tails of the PDFs have a more complicated shape than a stretched 
exponential. 

96 



6.2.2 The intermittency parameter 

The intermittency parameter J-L is the exponent in the inertial range power-law 
behavior of the autocorrelation function of the dissipation rate, 

(E(x)E(x+r)) rv (~r (6.23) 

For stationary statistics, the following relation can be derived, Monin & Yaglom 
(1975), 

(6.24) 

This equation prediets that the sealing exponent of the dissipation correlation 
is the same as that of the integrated dissipation Er· Using Kolmogorov's first 
refined similarity hypothesis that relates the statistica! properties of Er r to that 
of [b.u(r)p, it follows that the intermittency parameter, J-L, can be expressed in 
terms of the sixth-order sealing exponent (6 , 

(6.25) 

We have calculated the intermittency parameter using Eq. (6.25) The sealing 
exponent (6 was calculated by fitting a straight line to G6 (r) after the inertial 
range was defined by fitting a straight line with slope one to G3 (r). Table 6.1 

n 
shows the averaged results, ( ((p) = ~ E (i,p), for the third- and sixth-order sealing 

t 

exponents and the intermittency parameter, calculated from our measurements 
in grid, jet and boundary-layer turbulence. Because of the slight deviations of (3 

from unity, (p has been normalized on (3 = 1. It appears that the intermittency 

((3) ((6) (J-L) 
grid 0.94 ± 0.03 1.87 ± 0.06 0.13 
jet 1.01 ± 0.02 1.81 ± 0.02 0.19 
boundary-layer 1.04 ± 0.02 1.59 ± 0.03 0.41 

Table 6.1: The averaged third- and sixth order sealing exponent and the intermit
tency parameter calculated from in grid, jet and boundary-layer measurements. 

parameter differs for the different flows. Anselmet et al. (1984) found for jet 
measurements 1-L = 0.2, which is consistent with our jet measurements. However 
several values have been measured; Antonia et al. (1982b) compared estimates of 
1-L using different statistics of the velocity derivative and found 1-L = 0.24. They also 
cite values for 1-L in the range 0.15 c::: J-L c::: 0.5. However, if the sealing exponents 
are universa[ and 1-L is calculated from (6 then J-L should be constant. As already 
mentioned the sealing exponents (3 ranged from 0.96 to 1.03 for reasans we still 
cannot trace. 
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6.3 Finite scale effects 

Structure functions are affected by the fini te size of the system they are measured 
in. The sealing behavior of structure functions can be often recognized in a log
log plot of G3 (r). Figure 6.3 shows a third-order structure function G3 (r) that 
was measured in jet-turbulence. It illustrates that the sealing behavior of the 
structure function G3 ( r) extends down to length se ales r ~ 301]. For smaller 
distances, that are increasingly influenced by viscosity, G3 ( r) bends steeply down. 
At large scales, r ~ 9001], the finite size of the laboratory experiment is felt. 

The sealing range, however, is not always well defined. Especially at small 
Reynolds numbers, the inertial range is virtually absent and it becomes impossible 
to determine the sealing exponents from fitting straight lines in log-log plots of 
Gp(r ). There have been several attempts to extend sealing arguments toward 
distauces that are influenced by viscosity r /17 .:S 30. Two different approaches 
will be described here. One is based on an empirically found representation of 
structure functions that allows usage of the behavior of GP(r) into the viseaus 
range for determining sealing exponents. The other method described in this 
thesis is based on analytic continuation of sealing functions into regions where 
viscosity is important. 

6. 3.1 Extended self-similarity 

The idea of extended self-similarity was introduced by Benzi et al. (1993a) who 
discovered empirically that for structure functions the normalization lp of Sec
tion 6. 2 ( w he re G P is plotted as a function of, say G 3 ( r)), wor ks very well. It 
allowed usage of GP( r) at small scales in order to extract sealing exponents. As 
the apparent sealing range was thus extended, this phenomenon is called extended 
self-similarity. The success of this normalization implies that the following func
tional form of the structure function is most appropriate, 

(6.26) 

where f ( r) is independent of p. As will be shown in Section 6.4, this is only ap
proximately true. The function f ( r) has a slight but significant dependenee on p. 
The reasou that such p-dependence may be missed is that the used normalization 
lp is least sensitive for the shape of f ( r). 

Because Eq. 6.26 greatly restricts the possible functional form of structure 
functions, it may be used in conjunction with the relation between third- and 
secoud-order structure function, Eq. (B.33), in order to determine G3 (r) self
consistently. If we now define the function S(r) = r f(r) = IG3 (r) I, and substitute 
S(r) in Eq. (B.33) wethen get, 

- S(r) = -~ (E) r + 6vA2(2S('r)(2 - 1 dSd(r), 
5 r 

(6.27) 
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Figure 6.7: The third-order 
structure function. Dots: 
G3(r) from a jet measure
ment; full line: S ( r) calcu
lated from Eq. { 6. 27) 

where the parameters A2 and ( 2 are estimated from measurements and (t:) = 

~IG3 (r)l/r is calculated from the inertial range. However, it is readily seen that 
another point at small r is needed to completely determine the solution. This 
follows from the observation that (2 (~ 2/3), is close to one in which case the 
analytica! solution is, 

(6.28) 

and clearly the constant B can only be determined at small r. Given these 
constraints, it is still interesting to compare the measured G3 (r) to calculated 
S(r). 

Figure 6. 7 shows a third-order structure function measured in jet turbulence 
and S(r) calculated from Eq. (6.27) with (t:) = ~IG3 (r)l/r = 50.8m2 /s3

. From 
the experiment we calculated A2 = 2. 754 and ( 2 = 0. 733. If the initial r is chosen 
small enough, S(r) fits the data very well. 

Benzi et al. (1993a) presented similar results as a proof of extended self
similarity, however, the results only show that in our experiments with moderate 
Reynolds number h(r) ~ h(r). 

Incidentally Benzi et al. (1993a) used structure functions of the absolute 
value of velocity ditierences in their investigations and stated that they have 
experimentally verified that 

(6.29) 

It appears that our experimental results do not satisfy this proportionality. Figure 
6.8a shows (l6ul 3

) as a function of 1((6u)3 )1. At first sight, it seems that the 
proportionality of Eq. (6.29) holds, however, if we look in more detail to the 
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Figure 6.8: (a) The abso
lute value of the third-order 
structure function against the 
third-order structure function 
of the absolute value of the 
velocity differences. It ap
pears that the slope, indi
cated by the dashed line, is 
nat unity (1.027). (b) The 
third-order structure function 
G3(r) = (llluJ3) of abso
lute values of velocity differ
ences (upper curve) and the 
ordinary structure function 
G3(r) = l((llu)3)l (lower 
curve). The dashed lines are 
fits, their slopes are slightly 
(but significantly) different. 

slopes of the functions, as demonstrated in Figure 6.8b, it appears that the slopes 
of the two curves are slightly but significantly different (1.035 ± 0.005 and 
1.063 ± 0.005). 

6.3.2 Extended sealing 

Besides the described attempts of Benzi et al. (1993a) to parameterize the struc
ture function as GP(r) = [rfp(r)](p, where fp(r) models the deviations from ideal 
sealing behavior, Stolovitzky et al. (1993) have proposed an analytica! functional 
form of GP(r) that extends into the intermedia te viscous range. They extend 
workof Sirovich et al. (1994), whohave investigated the energy spectrum in the 
far dissipation range. Stolovitzky et al. (1993) proposed the following functional 
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descri ption for G P ( r), 

(6.30) 

where AP, EP and CP are parameters that can be determined from measured 
structure functions using a least squares procedure. For the large-scale behavior 
in the inertial range it can be seen from the right hand side of Eq (6.30) that 
(p = p - 2Cp. Figure 6.9 shows the fit from Eq. (6.30) for the third-order 

~ ..... 
CF) 

......... ..... 
_f 

~ 

~ ..... 
<:.!> 

104 

103 

102 

10 

0.1 

10-2 

10-3 
10 102 

r/TJ 
103 

Figure 6.9: The seventh-or
der structure function G7 ( r). 
Dots: measured in jet-tur
bulence; full line fit of Eq. 
(6.30} 

structure function. The quality of the fit is consistent with the fit of Stolovitzky 
et al. (1993). Similar results were found from measurements in the turbulent 
boundary layer and in grid turbulence. In all our measurements the parameter 
EP appears to depend much stronger on p (E2 ~ 4 x 10-3 ; E 1s ~ 2.5 x 10-2 ) than 
the results of Stolovitzky et al (E2 ~ 7.2 x 10-3; E 1s ~ 7.8 x 10-3 ). 

Using the parameterization of Eq. (6.30), we also calculated the sealing ex
ponents for our measurements. Figure 6.10 shows these calculated sealing expo
nents. All calculated third-order exponents lie significantly below unity. There
fore the exponents are normalized on (3 = 1. The results shown in Figure 6.10 
should be compared with those shown in Figure 6.6 and demonstrate that the 
parameterization of Eq. (6.30) does not imprave the estimate of the sealing ex
ponents. 

6.4 Multiscaling of structure functions 

As argued in Chapter 2 multiscaling is a property of any multifractal model. In 
turbulence the cutoff-scale is of the order of the Kolmogorov scale. However, as 
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Figure 6.10: Sealing expo
nent calculated from the pa
rameterization of Eq. {6.30) 
proposed by Stolovitzky et al. 
{1993) 

demonstrated in Figure 6.3, measurements show that viscosity is already impor
tant at scales that are 20 to 40 times the Kolmogorov length. For small distauces 
(r/TJ :5 30) that are increasingly infiuenced by viscosity, G3 (r) bends steeply 
down. This sealing behavior of the structure function at r ~ 30ry appears to have 
a universal dependenee on the order p, and may be interpreted as the consequence 
of multiscaling. 
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Figure 6.11: Residual junc
tion gP(r) for p = 4 ( dashed 
lines) and p = 8 (full-lines) 
measured in a variety of tur
bulent fiows. The numbers 
correspond to the fiows in Ta
ble A .1. Dotted lines: the 
predicted small-r behavior of 
gp(r) rv rPf(p-2/(z. 

Following the suggestion of Benzi et al. (1993a), we write the structure func-
tion as 

( 6.31) 

The residu al function JP ( r) gauges the deviation from i deal sealing behavior, 

102 



GP(r) :::::: r(v. As argued in Chapter 2, if there exists multiscaling this deviation 
in the intermediate viscous range will be smaller for larger moments p. It is 
suggested by the experiments, that the intermediate viscous scales are in the 
interval 7} ;S r ;S 307}. In order to highlight the p-dependence of JP ( r) we define 
the function gp(r) = fp(r)/ f 2(r). Roughly, the behavior of the function gp(r) for 
p > 2 will be as follows: 

(i) At very small scales, r ~ 7], the velocity field is smooth and GP(r) :::::: rP. 
Therefore, gp(r):::::: rP!(v- 2/(2

, has a positive exponent pj(p- 2/(2 > 0. 

( ii) In the intermedia te viscous range, 7} ;S r ;S 307], the multiscaling hypothesis 
prediets gP ( r) > 1. 

( iii) For inertial range scales, 307] ;S r ;S A, the (properly normalized) function 
gp( r) is unity because all sealing behavior has been captured in the exponent 
(p. 

Summarizing, for r decreasing from r ~ A, the function gp(r) is first constant, 
then increases and reaches a maximum at intermediate viscous scales, and de
creases again when r becomes 0(7J). According to the multiscaling hypothesis, 
the height of the maximum will be larger as the order p increases. 

Figure 6.11 shows the function gP( r) on a log-log scale for various experiments. 
It demonstrates the universality of the residual functions gp(r) for r:::::: 307]. The 
p-dependence of gp( r) is precisely as predicted by the multiscaling hypothesis. 
Because the convergence of high-order structure functions is poorest for smallest 
r, the effect only shows at adequate statistics. For the range of r-values of 
interest, r < r v, p = 12 is probably the largest dependable moment at 108 

sampled velocities. 
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Figure 6.12: The residual 
Ju netion gp( r) measured in 
a turbulent boundary layer. 
Dashed lines: measurement 
at 4.0m behind the tripping 
wire, y /8 = 0.21. Full 
lines: measurement at 2.0m 
downstream from the tripping 
wire, yj8 = 0.19 behind the 
saw toothed strip. Dotted 
lines: the predicted small-r 
behavior oj gp(r) rv rP/(v-2/(2. 
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The results of Figure 6.11 show that for grid- and jet-turbulence functions 
gP( r) are found that are consistent with the multiscaling hypothesis. However, 
Stolovitzky & Sreenivasan (1993) have reported experimental result that seem 
to contradiet our findings. They find residual functions gp(r) that are always 
negative. The experiments done by them concerned a turbulent boundary layer 
and it was decided to try to repeat their experiments. The experiments were 
done in a turbulent boundary layer at 2.0m downstream from a tripping wire 
(U = 8.9m/s, yj/5 = 0.19) and 4.0m downstream (U = 12.7m/s, yj/5 = 0.21). 
The characteristic quantities of the fiows are listed in Table A.l. The resulting 
residual functions are shown in Figure 6.12. At 2.0m, complete agreement with 
Stolovitzky & Sreenivasan (1993) was found. The measured residual functions 
gp(r) bend down and approximate the trivial sealing Gp(r) "'rP of the continu
ous velocity field at small scales. However, the experiments further downstream 
reproduced the residual functions gp(r) that were found in the grid- and jet
turbulence experiments. Clearly at a distance of 2.0m downstream, turbulence is 
not yet fully developed, homogeneaus and isotropie turbulence. 

6.5 Condusion 

In the past few years it has been contended that intermittency and the associated 
anomalous sealing of structure functions is an artifact due to the finite value of 
the Reynolds number, the finite size of laboratory experiments, the preserree of 
mean shear and inhomogeneity of the flow, and, last but not least, finite sample 
sizes, Grossmann et al. (1994). 

The results presented in this chapter leave no doubt that anomalous sealing is 
a genuine property of turbulence and does not depend (at least not strongly) on 
the details of the flow. Figure 6.4 is a central result of the research, it shows that 
very good agreement is reached between sealing functions (p that are measured 
in different conditions. 

The statistica! accuracy of structure functions has been estimated from dis
tributions functions directly. Such an estimate applies to the case of high-order 
moments. An estimate based on the correlation structure does not appear to be 
useful as it needs correlation functions of twice the current order. The statistica! 
accuracy was controlled in two ways: first by collection of very long time series 
of velocity readings, secondly by careful extrapolation of distribution functions. 

The results of this chapter also leave little doubt a bout to the appropriateness 
of the multifractal model to describe turbulent intermittency. In particular it has 
been shown that the form of structure functions in the intermedia te viscous range 
is in agreement with another prediction of the multifractal model: multiscaling. 

The results of transverse measurements show that the detected intermittency 
in this case is stronger. This can also be understood more intuitively if one as
sumes that the strongest events in tur bulence are strings (as is actually assumed 
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in the model of She & Leveque (1994)). It is much more probable to detect such 
events in planar cuts than in line cuts through the turbulent field. Such intersec
tions correspond to longitudinal and transverse measurements respectively. 

The sealing exponents have not been related to the Reynolds number, in 
order to check Reynolds number dependence. In our experiments the Reynolds 
number ranged only from 200 to 800. This range is too small to see any Reynolds 
dependencies. 

105 



CHAPTER 7 

Negative dimensions of the 
dissipation field 

The dissipation field of fully developed turbulence shows multifractal properties. 
In Chapter 2 it was supposed that the sealing behavior of the dissipation Er inside 
a volume element of linear size r can be expressed as Er ,...., ra. Th ere exists a 
whole range of sealing exponents a:, each of these being distributed in its own 
fractal set with fractal dimension f(o:). A long stretch of dissipation on a line 
that cuts through the turbulent dissipation field is then thought to contain many 
realizations of a fractal process. 

In contrast to the long time-series that are needed for the calculation of struc
ture functions is seems that the data required to cl etermine f (a:) is quite modest. 
However, although the determination of the exponents a: of the dissipation field 
may be clone from a few integrallength se ales, the resulting f (a:) fluctuates wildly 
from sample to sample (Chhabra & Sreenivasan (1992)). It appears that averag
ing the f (a:) determined from intervals stretching a few integral length scales is 
not a proper way of analyzing these fluctuations. 

As was shown in Section 2.4, the spectrum f(o:) of sealing exponents a: is 
determined through the partition sum of Eq. (2.57) 

~ El(r) 
Z(q,T,r)= i () , rT q 

(7.1) 

where the sum is over the dissipation elements i integrated over a covering of 
linear size r. In the limit of vanishing r the condition Z = 1 singles out the 
function T( q) that is related to f (a:) through the Legendre transformation. 

The key-point here is the order of performing averages and taking logarithms 
and therefore the parfition sum should be averaged over many different realiza
tions of a fractal process and nat the function T( q). The ensemble average of the 
part i ti on sum defines a new function T ( q) through 

(7.2) 
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where the angular brackets denote the ensemble average. This definition has 
the consequence that f(o:) may become negative. Negative dimensions are as
sociated with o:-values that occur less than once in a typical ensemble member. 
Chhabra & Sreenivasan (1991) pointed out that direct ways to determine f(o:) 
through the processing of histogram of local sealing exponents will have trouble 
when f(o:) < 0, because the chances of encountering the corresponding sealing 
exponents decrease when decreasing the scale r. As a salution to this problem 
Chhabra & Sreenivasan proposed to evaluate the averaged partition sum in Eq. 
(7.2) at a fixed scale using the method of multipliers. 

The use of multipliers to analyze self-similar facets of turbulence has received 
considerable attention in the turbulence literature (Van Atta & Yeh (1973), Van 
Atta & Yeh (1975) and Novikov (1990)). InSection 2.4.1 already a simple mul
tiplier model for the turbulence dissipation was shown. It was assumed that an 
eddy of size r = r 1 is divided into b eddies of length r /b = r 2 . It was further 
assumed that a fraction of the dissipation of the mother eddy was transmitted to 
each daughter eddy. The ratio (i.e. multiplier) of the integrated dissipation on 
the daughter eddy of size r 2 to that of the mother eddy of size r 1 is 

Ei,j(r2) 
mi,j = Eih)' (7.3) 

where the index i ( = 1.. .b) points to a particular daughter eddy and the index j 
points to a given mother eddy. It can be shown that if the dissipation has sealing 
behavior and if the multipliers m at different levels are uncorrelated, the function 
T(q) is independent of b. The partition sum of Eq (7.2) can be written as 

T(q) 
"' ( L_ Ei~j(r2)) r2 "' 

t,) 

L(mLEJ(rl)) 
i,j 

L (m{) L (EJ(rl)) 
J 

"' L (m{) r~(q)' (7.4) "' 

where the absence of correlation between multiplier mi,j and mother dissipation 
Ej factorizes the average product into the product of averages. Therefore, 

(7.5) 

According to Eq. (7.4), the sealing function T(q) can be computed at any number 
of partitions b and does not depend on the multiplier base b. On the other hand, 
if the multipliers of subsequent levels are correlated, the function Tb(q) will have 
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a b-dependence. Chhabra & Sreenivasan (1992) found experimentally that in 
turbulence with a high Reynolds number the function T(q) has a weak dependenee 
on the base b 

(7.6) 

Thus, the fractal set that is associated with turbulent dissipation seems to display 
only asymptotic invariance. 

In this chapter, which is based on an artiele by Jaap Molenaar, Janine Her
weijer and Willem van de Water, that has been published in Phys.Rev.E (1995), 
it is tried to give an understanding of the emergence of the log-corrections in Eq. 
(7.6), which is important for the analysis of turbulence experiments. Therefore 
analytically solvable generalizations of random Cantor-sets are discussed. The 
models contain a correlation parameter that displays correlations between sub
sequent refinement levels ( eddies). Further the method of deriving T( q) from 
measured distributions of multipliers is discussed and the theoretica! models are 
related to the results of an experiment. 

7.1 Random Cantor-sets with fixed scales 

Consicier the two-scale random Cantor-set and suppose that the scales are re
duced with the measures randomly redistributed. The measure is randomly re
distributed when the scale is reduced and the subintervals upon deseending the 
cascade are generated by successively halving the original interval. So at level i 
the fractal consists of 2i intervals of length 2-i, which together still cover the unit 
interval. While each interval at level i -1 is split up into two halves, the left halve 
inherits a fraction mi, and the right halve a fraction 1 -mi of the total measure 
of the original interval (conform the general introduetion of the multiplier model 
in Section 2.4.1). 

To proceed to refinement level n, an equal number of stochastic variables is 
needed, mi, i= 1, · · ·, n, that are drawn from a simultaneous probability distri
bution P(m1 , · · ·, mn)· The usage of the joint probability distribution function 
is emphasized because of the interest on correlations between successive mi and 
mi+l· Throughout this whole section the nonessential condition that m 1 is dis
tributed uniformly will be imposed. The partition sum of the random fractal 
built up this way is given by 

2n 

Z (q T) = 2nT(q) "'"""'pq · 
n ' L....t n,J' 

(7.7) 
j=l 

with Pn,j is the measure of the j-th interval at level n and it has the form 

(7.8) 
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where 7r; = m; or 1 - m;, i = 1, ... , n. The sequence of m; and 1 - m; in the 
product Eq. (7.8) is as the sequence of 0 and 1 in a binary expansion of the index 
j. The sealing function T n ( q) at level n follows from the con di ti on 

(7.9) 

or, 

(7.10) 

The averages (P~,i) are to be determined from the joint probability distri bution 

P( m 1 , · · ·, mn)· By a conspicuous choice of this distri bution the degree of correla
tion between subsequent m; and mi+l can be adjusted. The standard correlation 
function will be used to gauge the correlation strength 

(7.11) 

For the models that are considered, the correlation function behaves as 

. ·I _li-i1 l 
p(z,z)rve e , (7.12) 

where Ç is the correlation depth. In the following subsections three cases are 
considered: complete independenee of m; and m;+l, zero correlation depth (Ç = 
0) inSection 7.1.1; complete correlation, infinite correlation depth (Ç = oo) in 
Section 7.1.2; and finallyin Section 7.1.3 intermediate correlation depth (0 < Ç < 
oo). 

It should be noticed that a random redistribution of the measure is only one 
way of constructing Cantor-like random fractal sets. A complementary way is to 
endow two subintervals with exactly one half of the measure but to choose their 
length randomly. The analysis of these random length models have been done by 
Jensen et al. (1994). The results are very similar to those of the random measure 
models that will be described here. The condusion is that it is the correlation 
between the levels, rather than the detailed refinement process, that determines 
the gross structure of the sealing spectrum. 

7.1.1 No correlation 

Here the numbers m; are taken be completely independent. Then the simultane
ous probability distribution factorizes 

(7.13) 
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The distributions P(m;) are taken to be uniform on the unit interval for all i. The 
product P~,j =KI··· Ir~ involves factors m{ and (1- m;)q, which have identical 
expectation values 

1 

(mq) j mqdm 
0 

1 

q+1 
1 

j (1- m)qdm 
0 

((1- m)q), (7.14) 

where m denotes any of the m;'s. Using this symmetry result and Eq.(7.13) 
for each averaged memher (P~,j) of the partition sum the simple j-independent 
expression is obtained 

0 

~ 

..: -2 

-4 

0 

Therefore, 

2n ( 2 ) n 

~ \P~,j) = q + 1 

Figure 7.1: The sealing Junc
tion f ( o:) of a binary random 
multiplicative process without 
correlation between the suc
cessive refinement steps. 

(7.15) 

(7.16) 

Substitution of the latter equation into Eq. (7.10) yields, irrespective of the value 
of n, 

(7.17) 
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U sing the Legendre transform, the related spectrum f ( o:) of sealing exponents is 
given by 

1 
f(o:) = 1- o:+ -

1
-(1 +lno:+lnln2), 

n2 
(7.18) 

and w hich is drawn in Figure 7 .1. For o: l 0, f ( o:) "' log o:, w hile for o: -+ oo, 
f(o:) rv -o:. The spectrum is negative forsmalland large o: values and positive 
for intermediate values. Absence of correlation between successive refinement 
levels leads to absence of n-dependence of T( q) and f ( o:). A similar cascade, 
however, with discrete probabilities has been given in Mandelbrot (1990). 

7.1.2 Complete correlation 

In this case all the mi's are identical, m1 = m2 = ... = mn. At alllevels one and 
the same stochastic variabie m is used (just like in the p-model of Meneveau & 
Sreenivasan (1987)). The simultaneous probability distribution P(m1, · · ·, mn) 
degenerates toa univariate distribution P(m), for which again the uniform dis
tribution on the unit interval is taken. The partition sum in Eq. (7. 7) can be 
written as 

2n 

LP;,,j = [mq + (1- m)qt. 
j=1 

Ensemble averaging leads to the integral 

In(q) = ftP;,j\ 
\=1 I 

1 

j [mq + (1- m)qt dm. 
0 

(7.19) 

(7.20) 

Note that because 0 < m < 1 the obvious restrietion q > 0 applies. The behavior 
of the integral for large n follows from expanding the integrand [mq + (1 - m)q] 
around m = t· Let m = t(1 + t), then 

(7.21) 

with g(t) = (1 + t)q + (1- t)q. 
The cases q < 1 and q > 1 have to be distinguished. For q < 1 the function 

g has an (absolute) quadratic maximum g = 2 at t = 0. Because g is raised 
to a large power n, only a very small neighborhood of t = 0 contributes to the 
integral. Therefore, (g/2)n ~ [1 + q(q- 1W]n, and 

[q(1-q)]-1/2 

( 1) nq-1 
In(q) ~ 2 2n J [1 + q(q -l)er dt. (7.22) 

0 
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After the transformation t' = t / n 112 an approximation to an exponential function 
can be recognized in the integrand, and 

In(q):::::; 2n(1-q) 7r 
[ ] 

1/2 

nq(1- q) 
(7.23) 

The resulting sealing function is 

( ) 
1logz[q( 1~q)] log2 n 

Tn q = q- 1 - + --. 
n 2 2n 

(7.24) 

For q > 1 the function g has a maximum g = 2q at t = 1. Because g is raised to a 
large power, only a very small neighborhood of t = 1 contributes to the integral. 
Therefore, [g/(2q)]n:::::; [1- q(1- t)j2]n, and 

(
1)nq-1 1 

In(q):::::! 2 2qn J [1- q(1- t)/2tdt. (7.25) 
1-(2/q) 

After the transformation t' = 1- tjn again an approximation to an exponential 
function is recognized in the integrand, and 

4 
In(q):::::! -. 

nq 

The resulting sealing function is now 

Tn(q) = -~ + log2 q + log2 n. 
n n n 

Summarizing the expressionsin Eq. (7.24) and Eq (7.27) for Tn(q) 

q>1 

0 < q < 1 

with 

T(q) = lim Tn(q) = { O, 
1 n-+oo q- , 

q > 1 
0 < q < 1 

(7.26) 

(7.27) 

(7.28) 

(7.29) 

In the limit of infinite refinement, therefore, the function T(q) is no longer 
differentiable in the point q = 1 and exhibits a phase transition phenomenon 
( analog to phase transition of heated water from liquid to gas at 100 degrees 
Celsius). The campanion spectrum of sealing exponents 

f(cr) = minq{qcr- T(q)} = { ~,' 
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0<cr<1 
cr>1 

(7.30) 



is piecewise linear and always positive. At any finite n f n (a) can be found from 
the continuous Legendre transformation of Eq. (7.28). 

0<a<1 
(7.31) 

{ 

f(a) + ~ + nl~ 2 [1 + lnln2 + lna], 
fn(a) = 

f(a) + 2n~n 2 [1 + ln(2ln 2) + ln(a- 1) + ln 1r], a>1 

For finite n, therefore, the function fn(a) can take on negative values. The fn(a) 
spectrum is drawn in Figure 7.2 for several n values. The convergence of fn(a) 
to f(a) is 0(1/n) and thus slow. At finite resolution one might, therefore, be 
easily misled to conclude the presence of negative dimensions. These negative 
dimensions are merely finite-size artifacts. 

0 
a 

Figure 7.2: Sealing func
tions f n (a) of a binary ran
dom multiplicative process 
with complete correlation be
tween successive refinement 
steps. Solid lines; number 
of refinement steps rangmg 
from n = 2 to n = 16. 
Dashed line; asymptotic seal
ing function (n---+ oo). 

An important condusion from the present analysis is that for large n the 
function T n ( q) takes On the form 

1 log n 
Tn(q) = T(q) + -Kl(q) + - 2-K2(q). 

n n 
(7.32) 

The non-zero functions K 1(q) and K 2 (q) are the consequence of non-vanishing 
correlations between refinement levels. For the present case K 1 ( q) = log2 q - 1, 
and K 2(q) = 1 for q > 1. These functional farms that correspond to the case 
of complete correlation will be demonstrated to be maximal. In the case of only 
partial correlation, the conesponding functions are at a given value of q always 
smaller than the present functions. 

7 .1.3 Fini te correlation 

In this case, introduce a simultaneous probability distribution that will lead to 
an exponentially decaying correlation function. The essential idea is to make use 

113 



of the equality 

(7.33) 

with P(mn I m1, ... , mn_1) the conditional probability distribution of mn given 
the values of m1, ... , mn-l· Assume that each mi is only conditioned on the 
preceding mi-l· This Markovian condition can be expressed as 

(7.34) 

Applying Eq. (7.33) and Eq. (7.34) repeatedly yields 

(7.35) 

This form is extremely appropriate to calculate the ensemble-averaged partition 
sums 2:::7~ 1 (l/",1) in Eq. (7.10). This will be illustrated for one term in the 
summation in Eq. (7.10), namely the one corresponding to j = 1 

(7.36) 

lts average is given by 

1 1 

(P~, 1 ) = I dm1 mi P(m1) I dmz m~ P(mz I m1) · · · 
0 0 

1 

···I dmn m~ P(mn I mn-d· (7.37) 
0 

Simple recursion rules for the computation of ensemble-averaged partition sums 
result if the conditional probability P(mi I mi_l) is taken to be a piecewise 
constant function. To this aim the unit interval will be covered with a grid of 
points kjl, k = 0, ... , l that define intervals with length 1/l. The normalized 
conditional probability is then given in terms of this grid 

P(m· I m·_ ) = { l- 15, if mi a~d mi-l are in the same interval 
t t 

1 rv = -6- otherw1se 
I /-1' 

(7.38) 

forsome parameter 8 with 0:::; 8:::; l- 1. The function P(mi I mi_l) is sketched 
in Figure 7.3 for l = 64, mi-l = 20/64 and 8 = 32. 

At the first level the variabie m1 is selected according to a uniform distribution 
on [0, 1]. In the case 1 = 0, all m;, i= 2, ···,nare uniformly randomly chosen in 
the subinterval with index [lmi-d where the square brackets denote the integer 
part. In the case 1 > 0, the variabie mi has also a non-zero probability 1 to be 
outside the interval [lm;_1]. In Appendix C.l it is shown that the correlation 
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function for this model is 

1.0 

Figure 7.3: Conditionat prob
ability function P( mi I mi_ I) 
for a give mi-l· It leads to a 
cascade with an exponentially 
decaying correlation function 
of the multipliers at succes
sive refinement steps. Shown 
is the case l = 64, 8 = 32, 
where mi-l is in the interval 
[20/64, 21/64]. 

{ 

1, if i= 1 
p(1, i)= (1- 1..) e- <•~ 1 > if i > 1 

z2 , 
(7.39) 

where the correlation depth ~ = -1/ln(1- ')'). The correlation depth is zero 
for 'Y = 1 (i.e., 8 = l- 1) and is infinite for 'Y = 0 (8 = 0). The last case is 
equivalent to the completely correlated model of Subsection 7.1.2 in the limit 
l ---+ oo. Therefore this model displays a continuous transition between the case 
of completely dependent multipliers mi and the case of completely independent 
multipliers. In Appendix C.2 a recursion ruleis derived for the ensemble-averaged 
partition sum that can he readily carried out on a computer. 

Figure 7.4 compares the dimension spectrum f(o:) for the correlation depths 
~ = 3.413 ... and ~ = 1.413 ... (l = 64, 8:::::: 16, and l = 64, 8 = 32, respectively) 
with the conesponding spectra for the completely correlated case and the case 
of uncorrelated multipliers. The convergence of the correlated case is shown by 
overlaying the graphs with different n. Evidently, the f ( o:) functions of the corre
lated cases are intermediate between the extremesof uncorrelated and completely 
correlated multipliers. The negative dimensions are genuine and are nat due to 
finite size effects. 

For a fine cover of the unit interval (large l) and for 'Y = 0, the model of 
this section is the same as the model treated in Su bsection 7.1. 2. Therefore, it 
is expected that both models have the samelarge n behavior Eq. (7.32). It was 
found that this is in deed approximately true. The functions K 1 ( q) and K 2 ( q) are 
shown in Figure 7.5 for l = 64 and values of~ ranging from Ç = 16 to Ç = 2. 
They were computed by linearly solving for K 1 , K 2, and T from Tn(q) at three 
values of n. For Figure 7.5 we used n = 3, 4, and 5; larger values of n produced 
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a 

Figure 7.4: Sealing function 
of a binary cascade. Solid 
lines; The correlation depths 
are Ç = 1.413 and Ç = 

3.413 for 8 = 32 and 8 = 
16, respectively. The conver
genee with increasing number 
of cascade steps is demon
stmted by overlaying curves 
computed from n = 3, 4, 5 
and n = 4, 8, 16 for each 8. 
Dashed line; Ç --* oo (Figure 
7.2). Dotted line; Ç = 0 (Fig
ure 7.1). 

results that were only slightly different from those shown. At a given value of q, 
K 1(q) and K 2 (q) are seen to decrease with decreasing correlation depth Ç. It also 
appears that at a fixed value of q, the function K 1 ( q) approaches the maximally 
correlated case as Kl,f,->oo- K 1 (q) rv 1/Ç. 

7.2 Measuring multipliers 

Multipliers of turbulent dissipation at base b are measured by dividing intervals 
of length r 1 into b daughter intervals of length r2 = rdb and computing the 
histogram H(m) of the ratio's mi,j = Ei,j(rz)/Ej(r1), i= 1, ... , b. In the models 
discussed so far, the value of the base was restricted to powers of two, b = 2n. 
However as argued in the beginning of this chapter, the multipliers have sealing 
properties if the multiplier mi,j is not correlated with the dissipation Ej(ri) of 
its related mother eddy. And then the sealing function T(q) can be computed at 
any number of partitions b and does not depend on the base b of the multiplier 
distribution. 

From Eq. (7.5) it follows that the sealing function Tb(q) is defined in termsof 
the moments of the multiplier distribution function 

Tb(q) = -1- -
1
-log (/

1 

mq Pb(m)dm) 
log b 

0 

(7.40) 

The function T(q) is nothing else but the log of the Mellin transform M[Pb] of 
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Figure 7.5: Correction func
tions for cascades with in
termediate correlation. The 
correction functions are de
fined in the asymptotic farm 
of the sealing function as 
Tn(q) = T(q) + K1(q)jn + 
K 2(q) log(n)jn. The value of 
8 is 8 = 2, 4, 8, 16, 32, respec
tively. The correlation depth 
ranges from Ç = 1.4 for 8 = 
32 to Ç = 15 for 8 = 2. (a) 
the function K 1(q) that mul
tiplies the 1 j n term in the ex
pression for Tn(q). (b) K2(q) 
that multiplies the log(n)/n 
term. 

the distribution of multipliers Pb(m). This transform is defined as 

1 

M[P](s) = j P(m)m5
-

1dm, (7 .41) 
0 

therefore 

(7.42) 

Now consider a cascade with a division into b2 intervals. It can be interpreted 
as level 2 of a cascade with base b, but also as level 1 of a cascade with base b2

. 

Both views must lead to the same function T( q). The relation between the two 
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probability distribution functions Pb and Pb2 is given by 

(7.43) 

The Mellin transforms of the distribution functions in such a convolution are 
related as 

(7.44) 

Base-independenee of the sealing functions Tb(q), therefore, implies a special re
lation between the distribution functions conesponding to different values of the 
base. For the model without correlation in Section. 7.1.1, it can be shown that 
if P2(m) is uniform, 

P2n(m) = 2_( -ln mt. 
n! 

(7.45) 

On the other hand, for the completely correlated case of Section 7.1.2, the dis
tribution function at level n is determined by the singularities that result from 
mapping a uniform distribution of points on the unit interval through the func
tions mk(1- m)n-k, k = 1, ... , n. 

The sealing functions T( q) and the associated distri bution functions of mul
tipliers are two complementary descriptions of the sealing properties of the tur
bulent dissipation field. Because the sealing functions for increasing q are de
termined by the increasingly higher moments of the distribution functions, the 
statistica! accuracy of the distri bution functions determines the accuracy of T( q) 
at large q, or the accuracy of f(o:) at values of o: where it is most negative. 

If multipliers of the turbulent dissipation field at different bases b are corre
lated, the measured function Tb(q) will depend on the base b. It is demonstrated 
in Sec. 7.1.3 that for the binary (2n-based) cascades considered there, the large n 
behavior of Tn(q) is determined by terms proportional to 1/n and (log2 n)jn. In 
complete analogy the large b behavior of Tb(q) is expected to be approximately 
determined by terms proportional to 1/ log b and log(log b) j log b. For conve
nience here only the first term is retained in which case the function T( q) can be 
estimated from a measurement at two bases b1 and b2 , 

T(q) = Tb 1 (q)logbl-Tb2 (q)logb2 . 

log b1 - log b2 
(7.46) 

This expression will be used in the next subsection when analyzing the results of 
a turbulence experiment. 

7.2.1 Experimental results 

In order to test for the existence of log b corrections in the analysis of the sealing 
properties of the turbulent dissipation field, a laboratory turbulence experiment 
has been performed. 
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Let me first reeall the experiment; The turbulent flow emanated with a mean 
velocity of 30m/s from a jet, see also Section 3.5. The velocity fluctuations were 
measured at x ::::J 22D downstream where the mean velocity was 11.7m/s and the 
turbulent fluctuations had an root-mean-square size of 2.3m/s. Using a standard 
hot-wire probe with effective size 0.2mm a time-series of 5 x 107 velocity samples 
was registered and stored. The length of the time-series was a bout 4 x 105 integral 
scales A. The digitized 12-bits data were acquired with a 33kHz sampling rate and 
using an anti-aliasing filter at 16.5kHz. It was assumed that Taylor's hypothesis 
applied to the experiment and that the time signal from the stationary probe 
could be interpreted as a spatial signal on a line that cuts through the turbulent 
velocity field. 

~ 0.1 
"" t..:> 

Figure 7.6: Measur .. ed third
order structure function 
G3(r) as a function of r/rJ 
in jet turbu-lence. Dashed 
line; fit of G3 (r) ê:::: r(3 with 
( 3 = 1.03. The sealing range 
extends from r / rJ ::::J 30 to 
r /rJ :::::! 103 . The arrow points 
to the Taylor microscale. 

The Reynolds number in this experiment was modest, Re;., = 8 x 102
, as based 

on the Taylor microscale À. The dissipation length scale rJ = 8.7 x 10-5m, and 
À/rJ = 57. Although the Reynolds number was modest, the velocity increments 
of the turbulent fluctuations have a clear sealing region. This is demonstrated 
in Figure 7.6 that shows the third-order structure function G3 (r). The sealing 
region stretches from r /rJ ::::J 30 to r /rJ ::::J 800. 

The dissipation Eis the sum E = vL.l,j(8u;j8xj) 2 of which the longitudinal 
term 8ud 8x1 is calculated by time-differentiation of the measured signal. In case 
of isotropie turbulence, (E) = 15v ((8uif8x1 )

2
); as is customary, it is assumed 

that this relation holds also for the instantaneous quantities. The dissipation 
E(r) (= Er,l, conform Eq. (2.56) with d=1) in scale r has been calculated by 
integration of E over r. 

Figure 7. 7 shows distri bution functions of multipliers m that were measured 
by computing the ratio m = E(r/b)/E(r) for b = 2,3, ... ,9 and r/ry = 570. The 
histograms were accumulated by dividing the measured time-series into 2 x 105 
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1.0 

Figure 7.7: Measur·ed multi
plier distributions of turbu
lent dissipation in a jet flow. 
The multipliers m are m = 
E(r)/E(r/b) where r/TJ = 570 
and where the base b takes the 
value b = 2, 3, · · ·, 9, respec
tively. 

intervals of length r. The average correlation between the value of the multiplier 
at distance r and that at distance b x r with b = 2 is shown in Figure 7.8. The 
correlation function demonstrates the importance of the Taylor microscale (here 
>../TJ = 57) where it has a minimum. Multipliers of subsequent refinements at 
smaller distances r < À become increasingly correlated. It is expected, therefore, 
that the range over which the sealing function T(q) is r-independent is bounded 
from below by the Taylor microscale, rather than by the dissipation scale. There
fore, the sealing dynamica! range of multiplier distributions will be smaller than 
the sealing range of the velocity increments that is shown in Figure 7.6. A similar 
behavior is shown by the correlation between the multiplier m = E(rjb)/E(r), 
b = 2, and the mother-interval dissipation E(r). 
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Figure 7.8: Correlation be
tween multipliers at succes
sive refinement steps ( dashed 
line with dots) and between 
multipliers and mother in
terval dissipation (full line 
with dots) measured in a tur
bulent jet using refinements 
with base b = 2. The corre
lation functions show a mini
mum at about the Taylor mi
croscale (>..jry = 57 ). 



The correlation functions of Figure 7.8 were measured for the situation that 
the daughter interval was centered in the mother interval. It is well-known that 
the correlation depends on the relative location of both intervals (Van Atta & 
Yeh (1973)). This relative location is expressed in terms of the homogeneity 
parameter~ 

x- x' 
~ = _:......____::___ 

r(1- 1/b)' 
(7.47) 

where x and x' are the centers of the mother interval, here with length r and a 
daughter interval with length r jb, respectively. The value of~ ranges from -1/2 
to 1/2 with the centered daughter interval at ~ = 0. Figure 7.9 shows the ~
dependence of the ( m, E) correlation as a function of~ for a range of bases b. The 
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Figure 7.9: Dependenee of 
the correlation between multi
plier mi,j (= Ej(r)/Ei,j(rjb)) 
and mother dissipation E(r) 
on the relative position of 
the r j b daughter-interval at 
r /TJ = 570 and base a rang
ing from b = 2 to b = 9. 

correlation function is strongly inhomogeneous and shows a marked asymmetry. 
We believe that this asymmetry is significant; it perhaps points to deviations from 
Taylor's frozen turbulence hypothesis. Clearly, the inhomogeneous nature (i.e. 
~-dependence) of correlations and their scale ( r )-dependence is not accounted for 
in the described cascade models. 

Figure 7.10 also shows good agreement with the results of Chhabra & Sreeni
vasan (1991) that were obtained in the atmospheric boundary layer. The correc
tion function K(q) was obtained from measured Tb(q) at b = 2, 4. Figure 7.11 
shows the function K(q), and compares it to one obtained from sealing functions 
at b = 2, 8. The results suggest that the asymptotic self-similarity of turbulence 
is to good approximation described by Eq. (7.6). 

In the case of strict self-similarity in the inertial range, the sealing functions 
Tb(q) should not depend on the inertial-range scale r where they are measured. 
Probably because the Reynolds number is modest (Re>. = 8 x 102), a significant 
variation of Tb(q) with r is found. This is demonstrated in Figure 7.12 that 
shows the variation of f(a) that was computed from measured Tb(q) at b = 2 
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Figure 7.10: Measured mul
tiplier sealing functions of 
turbulent dissipation f (a) at 
scale r / 7) = 5 70 for bases 
ranging from b = 2 to b = 
9. The dissipation was mea
sured in a turbulent jet at a 
Reynolds number Re>-. = 8 x 
102 . (a) Without taking into 
account the asymptotic cor
rection function K(q). (b) 
Lines; with correction Junc
tion K ( q) computed from 
b = 2, 4. Dots; results 
from Chhabra EJ Sreenivasan 
{ 1991) that we re obtained in 
atmospheric turbulence. 

and r ranging from r/7) = 1150 to r/7] = 72. The r-dependence that we find 
agrees with results by Van Atta & Yeh (Van Atta & Yeh (1973) and Van Atta & 
Yeh (1975)) obtained in atmospheric boundary layer flows, but it disagrees with 
those of Chhabra & Sreenivasan (1991) that were also obtained in an atmospheric 
boundary layer but that show scale independent multiplier distributions. The 
results of Figure 7.10 were obtained for a value of r in the middle of the inertial 
range shown in Figure 7.6. The sealing range of multiplier experiments is smaller 
than the inertial range of structure functions as it is bounded from below by the 
Taylor microscale. Because the inertial range widens with increasing Reynolds 
number, it is expected that the scale-independence of T(q) is reached at much 
largervalues of Re>-.. The central experimental result is the approximate validity 
of Eq. (7.6) to describe the asymptotic self-similarity of multiplier distributions 
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Figure 7.11: Correction junc
tion K(q) defined in Ta(q) = 
T(q) + K(q)jlogb, measured 
in a turbulent jet fiow at 
r /rJ = 570 at b = 2, 4 (solid 
line) and b = 2, 8 ( dashed 
line). This function is used 
to correct for finite-size ef
fects in f (a) due to correla
tions between multipliers. 

of turbulent dissipation. It is demonstrated in Figure 7.10, that shows the sealing 
functions measured at r jr, = 570. 
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Figure 7.12: The scate-de
pendenee of f(a) that was 
measured in a turbulent jet 
experiment. The sealing 
function f (a) was deter
mined from multipliers at 
base b = 2 and scales r, r /7J 
= 1150, 580, and 72, respec
tively. 

Multifractals provide a rich framework to analyze turbulent fiuctuations of the 
dissipation field. Clearly, turbulence gives rise to random fractals, and one may 
expect fractal dimensions of proper long-time averages to become negative. The 
examples show that not all kinds of randomness give rise to negative dimensions 
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(or even a non-trivial dimension spectrum). Turbulent dissipation apparently is 
a process whose sealing properties are determined by random refinements. 

The interpretation of sealing in terms of ensemble averages raises questions 
about the way measured sealing functions converge with increasing refinement. 
A surprising relation has been found with a problem that has been noted long 
ago by Van Atta & Yeh who have pioneered the method of multipliers. 

Turbulent dissipation contains many realizations of a fractal process and the 
question of statistica! accuracy is as important as in the case of high-order struc
ture functions. It requires the accumulation of very long time series. Of course, 
the measurement of time series in a single point provides only very limited infor
mation about the turbulent flow field. 

The cascade models of this chapter are not explicitly designed to faithfully 
model turbulence. They are merely used to study the effect of correlations on 
sealing which might result in a better understanding of the turbulence cascade. 
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CHAPTER 8 

Conclusion 

In this thesis we have discussed several attempts to describe and to understand the 
(multifractal) behavior of turbulence. Numerous measurements have been related 
to the existing models. Models for distribution functions of velocity differences 
and for structure functions have been investigated. The sealing behavior in the 
inertial range and in the dissipation range have been studied. 

The use of the Structurator has enabled us to measure very long time series 
and to obtain experimental results with high statistical accuracy. The results are 
more accurate than those so far available. In order to continue this leading posi
tion, several routes have been indicated to imprave upon the real-time concept of 
the Structurator and to extend it to the processing of multi-sensor measurements. 

High-order structure functions are determined by the tails of the distribu
tion function of velocity differences. These tails may be represented by stretched 
exponentials and the measurement of high-order moments reduces to the deter
mination of the parameters of the stretched exponential. However, the stretched 
exponential is nothing but a convenient parameterization of the probability dis
tribution function. Other, physical, intermittency models for the probability 
distribution function have also been investigated. Unfortunately, these intermit
tency models do not perfarm satisfactorily. 

We have shown that it is difficult to generate fully developed homogeneaus 
and isotropie turbulence with high Reynolds number in the laboratory. It is per
haps interesting to precisely study the large-scale structure of the used turbulent 
flows. This may help in optimizing the Reynolds number and may elucidate the 
relation between the large-scale and the small-scale structure of turbulence at 
finite values of the Reynolds number. Furthermore, it might be interesting to do 
some atmospheric boundary layer measurements from the 200m tower in Cabauw, 
although such measurements ask for robust adaptation of the experiment system. 

Finally, the small-scale structure of turbulence shows a clear anomalous seal
ing behavior and multifractal models are useful in attempts to try to understand 
and describe the sealing behavior of turbulence. However, no universal model 
exists yet and turbulence still remains an unsolved problem. 
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APPENDIX A 

Experiments 

This appendix consists of two tables: Table A.1 summarizes the characteristic 
quantities of our experiments. The bold numbers (1, ... , 6) coincide with the 
numbers in Chapter 5 and 6. The experimental setups of these measurements 
in grid, cylinder, jet and boundary-layer turbulence are described in Chapter 3. 
Table A.2 lists the characteristic quantities of the turbulent flows investigated 
by other researchers. In a few instances, information on some characteristic 
quantities is lacking. 
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Grid- turbulence M = 10cm x/M U(m/s) O"u(m/s) 7J(mm) Re>. À(mm) AL(m) #samples U0 (m/s) 
1 Large experiment section 30 12.6 0.68 0.20 3.4 x 102 7.4 0.095 108 

2 Small experiment section 30 11.0 0.94 0.19 5.3 x 102 8.5 0.170 108 

3 Large experiment section 30 12.2 1.05 0.18 6.0 x 102 8.5 0.130 108 

5 With strips, large experiment section 30 10.4 0.80 0.20 4.5 x 102 8.4 0.170 108 

Transverse, large experiment section 30 11.5 0.64 0.21 3.0 x 102 7.8 0.091 2 x 107 

Jet-turbulence D = 12cm x/D 
4 22 12.5 2.27 0.09 8.1 x 10 5.3 0.075 108 30 
6 22 10.7 2.34 0.10 7.7x102 4.9 0.094 108 30 
Time series, ( Chapter 7) 22 11.7 2.30 0.08 8.0 x 102 4.4 0.082 5 x 107 30 
Cylinder turbulence D = llcm x/D 

60 14.0 0.88 0.18 5.4 x 10 7.2 0.140 107 

Turbulent Iabaratory boundary y/6 
x= 4.0m 0.21 12.7 1.05 0.12 2.8 x 102 4.0 0.044 10 15 
x= 2.0m 0.19 8.9 0.71 0.14 2.5 x 102 4.4 0.067 108 12 

0.56 10.2 0.86 0.17 2.7x102 5.7 0.059 108 12 

Table A.1: The characteristic quantities of the experiments that are described in this thesis. 



Grid- turbulence xjM U(m/s) O"u(m/s) 77(mm) Re>. À(mm) A(m) #samples U0 (m/s) 
Camussi et al. (1994) 60 0.18 48 2.92 3 x 10 

109 0.26 37 3.76 3 x 106 

Baudet et al. (1993) 100-500 106 < 10 
Jet- turbulence xjD 
Anselmet et al. (1984) D = 12cm 25 4.12 1.09 0.10 536 7.3 0.17 9.2 x 106 15.2 

30 7.21 1.89 0.11 786 6.2 9.2 x 106 31.8 
35 6.32 1.68 0.13 852 7.5 0.24 9.2 x 106 31.8 

Antonia et al. (1982a) D = 2.54cm 70 2.84 0.90 0.17 412 6.9 0.079 1.4 x 106 32.8 
90 1.97 0.64 0.23 379 8.0 0.104 1 x 106 32.8 
120 1.46 0.46 0.33 388 12.8 0.142 5 x 105 32.8 

D = 18cm 50 3.81 1.26 0.19 966 11.5 0.236 1.6 x 106 39.2 
Chabaud et al. (1994) D = 2mm 50 700 107 

Cylinder turbulence xjD 
Meneveau & Sreenivasan (1991) 90 7.2 0.26 0.26 50 2.8 0.042 5 x 106 

Thoroddsen & van Atta (1992) D = 8.89cm 58 16 0.20 553 106 

Baudet et al. (1993) D = 5 or 10cm 350 106 < 10 
Turbulent Labaratory boundary-layer yj8 
Meneveau & Sreenivasan (1991) 0.2 9.0 0.50 0.16 110 3.2 0.029 107 

Stolovitzky et al. (1993) 0.2 200 107 12.2 
A tmospheric turbulent boundary-layer h 
Meneveau & Sreenivasan (1991) 18 6.0 0.42 0.70 1500 53 170 3.6 x 105 

Antonia et al. (1982a) 7.92 1.44 0.47 7863 82 4 5 x 106 

Table A.2: The characteristic quantities of the turbulent fiows that are investigated by other researchers. 
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APPENDIX B 

The Kármán-Howarth relation 

The Kármán-Howarth relation was first deduced by Kármán & Howarth (1938) 
and gives an relation for the second- and third-order correlation function which 
can be reformulated to a relation between the second- and third-order structure 
function. Because this relation has been cited several times, this appendix is 
devoted to its derivation. Kármán and Howarth derived the relation for a homo
geneous, isotropie and incompressible fluid. 
The Navier-Stokes equations for an incompressible fluid are expressed by 

dû .... n.... nP n2 .... - + U · V U - V - + V V U, 
dt p 

V'. û 0. 

(B.1) 

(B.2) 

Because the flow is expected to be homogeneous, the velocity field is invariant for 
translations; (û(x)) = U. The claim that the flow is isotropie requires that the 
velocity field is invariant for rotations and reflections, which means (û(x)) = 0. 
The Kármán-Howarth relation describes the relation between the second- and 
third-order correlation function, therefore first the expressions for these tensors 
in an isotropie field are described. Then, from the descriptions the time derivative 
of the second-order longitudinal correlation functions is deduced (the Kármán
Howarth relation) and from this equation the relation between the second- and 
third-order structure functions is derived. 

B.l Thesecond-order correlation tensor in an isotropie field 

The second-order correlation tensor of the velocity field û(x) 
u3 (x)} is defined by, 

B;j(f') = (u;(x)uj(x + f')), (B.3) 

where u;(x) is a velocity component in point x and uj(x + f) is a velocity com
ponent in point x+ r. The longitudinal element B LL ( r) of the tensor' i.e. the 
correlation between the veloeities uL(x) and uL(x + r), which are parallel to the 
direction of the distance vector f, Figure B .1, is defined by 

BLL(r) = (uL(x)uL(x + r)). (B.4) 
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And the transverse, or lateral element, BTT(r) which describes the two-point 
correlation between the two veloeities uT(x) and uT(x + r) perpendicular to the 
distance vector is determined by 

BTT(r) = (uT(x )uT(x + r )) . (B.5) 

Because the mean value of the velocity should be identically to zero in isotropie 

Figure B.1: The longitudinal and transverse veloeities in relation to the direction 
of the distance vector r. 

turbulence, the second-order correlation tensor should be of the form 

(B.6) 

with Dij the Kronecker-delta; Dij = 0 for i i j and Dij = 1 for i = j. For an 
incompressible fl.uid it is obtained that, 

aB ·(r) 
tJ = 0. 

arj 
(B.7) 

Substitution of Eq. (B.6) yields 

(
aBLL(r) aBTT(r)) TiTj [B ( ) B ( )] Ti __ _;_.:_ - - + LL T - TT T -

arj ar] r2 r2 

Tj aBTT(r) 
+[BLL(r)- BTT(r)]--zDij + a Dij= 0. 

r rj 
(B.8) 

Using this continuity equation the functions BLL(r) and BTT(r) are related by 

r aBLL(r) 
BTT(r) = BLL(r) +- a . 

2 r 
(B.9) 

This latter relation shows that the tensor Bij (Eq. (B.6)) is completely deter
mined by a single scalar function of the argument r for homogeneaus and isotropie 
turbulence. 
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8.2 The third-order correlation tensor in an isotropie field 

The third-order two-point correlation tensor, again, of the velocity field û(x) = 
{ u1 (x), u2 (x), u3 (x)} is defined by, 

(B.10) 

with u;(x) and uk(x) velocity components in point x and uj(x + T) a velocity 
component in x + r. This tensor consists of 27 components. Taking various 
values of i and j, 6 different combinations can be generated from the product 
u;(x)uj(x). As a consequence the third-order tensor of Eq. (B.10) has only 
18 elements. Because of the condition of isotropy (invariance for refiections), it 
can be shown by refiection with respect to one of the coordinate planes that 13 
components of the tensor must be zero, 

( uî(x)u2(x + r)) 
( u~(x)u2(x + r)) 
( u~(x)u2(x + r)) 

(u1(x)u2(x)u1(x + r)) 
(u1(x)u2(x)u3(x + r)) 

(u2(x)u3(x)u1(x + r)) 

(u2(x)u3(x)u3(x + r)) 

(uî(x)u3(x+r)) =0 

(u~(x)u3 (x+r)) = 0 

( u~(x)u3(x + r)) = 0 

(u1(x)u3(x)u1(x + r)) = 0 

(u1(x)u3(x)u2(x + r)) = 0 

(u2(x)u3(x)u2(x + r)) = 0 

0. 

Consequently only the following 5 elements exist; 

(uî(x)ul(x+r)) 

(u~(x)u1 (x+r)) 

(u~(x)u 1 (x+r)) 
(u1(x)u2(x)u2(x + r)) 

(u1(x)u3(x)u3(x + r)) 

SLL,L 

Srr,L 

Srr,L 

SrL,T 

SrL,T· 

(B.ll) 

Then the third-order isotropie two-point correlation tensor can be written as 

(B.12) 

For an incompressible fiuid also the divergence of S;k,j(r) must vanish, 

as;k,j(r) = o. 
OTj 

(B.13) 
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Elaboration of this equation after substitution of Eq. (B.12) gives, 

S ( ) - (s ( ) asLL,L(r)) r;rkrj SLL,L(r);; rj ik . r - LL L r - r -- - U ik-
'
1 

' ar 2r3 2 r 

1 a ( 2 ( ) ( rk ri) +-- r SLLL r) bi-+ ok·- , 4r ar ' J r J r (B.14) 

whieh is the description of the third-order eorrelation tensor for a homogeneous, 
isotropie ineompressible fluid. Again, like with the seeond-order eorrelation ten
sor, this third-order tensor ean be expressed in terms of one single sealar S LL,L. 

B.3 The Kármán-Howarth relation 

Now, the question is how the two-point seeond-order eorrelation function will 
behave as a funetion of time for isotropie turbulenee in an ineompressible fluid. 
The time derivative of Bij(r, t) is defined by, 

a 
at (ui(x)uj(X + r)) 

/( ) auj(X + r)) I ·( ) aui(x)) 
\u, x at + \u] x + r at . (B.15) 

Using the equations of motion Eq. (B.1) for ui in point x and for ui in point 
x+ rand multiplying these equations respeetively by ui(x + r) and ui(x) gives, 

(
aui(x)) ui(x+r) ~ = - (uk Z::) x ui(x + r) 

~ (::Jx Uj(x+r) (B.16) 

+ v(~x~~::)xui(x+r) 
and 

(B.17) 

Taking x as the origin, so that rk = xk(x + r)- xk(x) then; 
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and 

Using these equations and substitution of Eq. (B.16) and Eq. (B.17) in Eq. 
(B.l5) reduces the time derivative of the second-order correlation tensor to, 

aB __ '1 

at 

(B.18) 

This result describes the relations between turbulent fl.uctuations. In isotropie 
turbulence it again follows from the condition of invariance under refiection, with 
respect to point x, that 

(B.19) 

The requirement of incompressibility makes that the correlations (pxuJ(x + r)) 
and (Px+ru;(x)) are both vanishing, as aresult the time derivative of Bij(r) can 
now be expressed as, 

Substitution of Eq. (B.9) in Eq. (B.6) deduces the following expression for Bij(r ), 

B(r) = -- r-r· + BLL(r) +- 8 1 aBLL(r) [ r aBLL(r)] 
'
1 2r ar ' 1 2 ar '1 . 

(B.20) 

From this follows 

aBLL(r) 
3BLL(r) + r ar 

1 a [ 3 ] 
2 - r BLL(r) . 
r ar 

(B.21) 

When designating S;,j as 

(B.22) 
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using Eq. (B.14) one can write 

S· '•' 
r [JZSLL,L + 7oSLL,L + 8SLL,L 

8r 2 or r 

1 [) ( 38SLL,L 2 ) 
r 2 OT T --a;:- + 4r S LL,L . (B.23) 

Substitution of the two latter equations in Eq. (B.20) gives, 

~ [_!_~ (r3 BLL(r))] = 
[)t r 2 or 

1 0 ( 3 [)S LL,L 2 ) 
r 2 OT T OT + 4r S LL,L 

18 2 8[18 3 ] + 2v r 2 or r or r2 or r BLL(r) . (B.24) 

Integration over r gives, 

oBLL(r) _ oSLL,L ~S ~~ (_!_~ 3B ( )) [) - [) + LL L + 2v !l 2 !l T LL T . 
t r r ' rur r ur 

(B.25) 

This results in the Kármán-Howarth relation 

oBLL(r) _ _!_~ ( 4S ( )) 2 _!_~ ( 4 8BLL(r)) 
!l - 4 !l r LL L r + V 4 !l r !l . 
ut r ur ' r ur ur 

(B.26) 

B.4 A result of the Kármán-Howarth relation for structure 
functions 

The second-order longitudinal structure function can be expressed in the second
order autocorrelation function and in the second-order longitudinal correlation 
function, 

Gf(r) ( (uL(x + r)- uL(x)) 2) 

2[BLL(O)- BLL(r)]. (B.27) 

For the third-order longitudinal structure function an analog equation can be 
derived, expressed in the longitudinal third-order correlation function, 

Gf(r) ( (uL(x + r)- uL(x)) 3
) 

6 (uL(x)uL(x)uL(x + r)) 
6SLL,L(r). 

For locally isotropie turbulence it counts that, 

8BLL(O, t) = ~!!__ ((uiui)) = -~ (E) 
at 3 dt 2 3 ' 

(B.28) 

(B.29) 
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and if r <<A, 

and 

aBLL(r) 2 
BLL(r) = BLL(O):::} a = -- (c) 

t 3 

aGf(r) = O. 
at 

In this case the Kármán-Howarth relation can be rewritten as 

(B.30) 

(B.31) 

(B.32) 

Multiplying this equation with r\ then integration over r and division by r 4 

(r # 0) gives for the third-order longitudinal structure function, expressed in the 
second-order structure function, 

L 4 aGf(r) 
G3 (r) = --(c)r+6v a , 

5 r 
(B.33) 

which gives for r >> 17 (thus in the inertial range), when the viscosity is negligible 
the exact expression for the third-otder longitudinal structure function, 
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4 
Gf(r) = -5 (c) r. (B.34) 



APPENDIX C 

Intermediate correlations and 
recurrence relations 

The model of Section 7.1.3 with piecewise constant conditional probabilities al
lows the analytical computation of correlation functions and the numerical com
putation of partition sums in terms of simple recursive formula's. In the first 
section of this appendix an expression for the intermediate correlation function 
is derived and a simple recursive form for the computation of the partition sum 
is shown in the section C.2. 

C .1 Correlation structure 

The intermediate correlation function p(i, i') in Eq. (7.11) is most appropriately 
evaluated in terms of a generating function Hn defined by 

1 1 

Hn(q1, ... , qn) = I mi1 dm1 I m~2 P(m2 I ml)dm2 · · · 
0 0 

1 

···I m~n P(mn I mn-1)dmn· (C.1) 
0 

From the symmetry between the mi's it follows for i = 2, ... , n 

(C.2) 

Similar symmetry arguments yield 

(C.3) 

Because the fractal is built up in a strictly recursive manner, p( i+j, i' +j) = p( i, i') 
for all positive integers j. Substitution of Eqs. (C.2) and (C.3) into Eq. (7.11) 
yields 

p(1, n) = 12Hn(1, 0 ... 0, 1)- 3. (C.4) 
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It, therefore, remains to calculate the factor 

(C.5) 

Reeall that the conditional probabilities P( mi I mi_1) of the piecewise con
stant model are defined as 

(C.6) 

where the Kronecker f5 is unity if mi and mi-l are in the same interval and zero 
elsewhere. For clarity first the correlation function for the trivial case 'Y = 0 will 
be derived. In this case m 1, ... , mn are all in the same interval. The integral over 
m 1 in Eq. (C.1) therefore reduces toa summation overalllintervals of the grid 

(C.7) 

where Ek = kjl. Using the relation 

l 1 I.: k2 = -t(2t2 + 3t + 1), 
k=l 6 

(C.8) 

it is obtained that 

(mlmn) = H2(1, 1) = ~ [ 1- (2~)2] . (C.9) 

Substituting Eq. (C.2), (C.3), and (C.9) into the definition Eq. (7.11) of the 
correlation function yields 

p(1, n) = { ~'- 1_ 
12 ' 

n=1 
n?:_2 

(C.10) 

The correlation function p(1, n) jumps from 1 to 1 - 1/l2 at n = 1 and the 
correlation length is infinite. 

For the more interesting case 'Y -::/= 0 it is easily seen that (mi) and (mn are 
again given by Eq. (C.2) and Eq. (C.3). The average (m1 mn) follows from Eq. 
(C.5), but reduction Eq. (C.8) no longer holds in this case. Careful evaluation 
of Hn(1, 0, ... , 0, 1) for increasing values of n reveals a recurrent structure. If 
defining a function 

c1 = { [ 1 - ( 2~)2] , 
the Hn can be expressed in terms of C1 
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H2(1, 1) 

H3(1, 0, 1) 

1 
4b + (1- 'Y)CL], 

1 4b + (1- 'Y)b + (1- "!)CL]}, 

(C.ll) 

(C.12) 

(C.13) 



and, in general, Hn+l is obtained from Hn by replacement of the factor C1 by 
the factor r + (1- r)C1• Substitution of the Hn obtained this way into the right 
hand side of Eq. (C.4) yields the correlation function for n > 1 

p(1,n) = (1- r)n-l (1- ~). 

This can be written in the more convenient form 

{ 
1, n = 1 

P( 1,n) = (1- b)exp ( _n~l), n > 1 

with the correlation depth Ç defined as 

ç =- 1 
ln(1- r) 

C.2 Recurrence relation for partition sum 

(C.14) 

(C.15) 

(C.16) 

To derive the recurrence relation for the partition sum, the procedure is shown 
first for the j = 1 term in Eq. (7.10) 

1 1 

(P~,l) = I mi P(m1)dm1 I m~ P(mz I m1)dmz · · · 
0 0 

1 

···I m~ P(mn I mn_I)dmn, (C.17) 
0 

other terms in Eq. (7.10) will have one or more mJ replaced by (1 - m;)q. Be
cause the first m1 is (unconditionally) drawn form a uniform distribution the 
integrations can be written as 

1 

(P~,l) =I mi Hn-I(mi, q)dm1. (C.18) 
0 

The function Hn_1(m1, q) does not depend on the value of m1 itself, but only 
on the interval containing m1, say [Eb Ek-I] with Ek = kjl. Therefore, write 
Hn-1(mi, q) = Hn-I(k, q). The integral in Eq. (C.18) then reduces toa summa-
ti on 

(C.19) 

•th t ( ) q+l q+l Wl k q =Ek -Ek-1· 
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It turns out that 'Hn_ 1(k, q) is a polynomial in tk(q) of degree n- 1 

1 n-1 

Hn-1(k, q) = ( )n-1 2: c~n-1)t~(q). 
q + 1 i=O 

(C.20) 

The coeffi.cients c~n) can be calculated recursively. For that purpose it is conve
nient to introduce the notations 

(1- "f), 
l 

2: tZ+l(q), 
k=1 

(C.21) 

(C.22) 

The number ,:Y is just the height of the spike in Figure 7.3 above the background 
probability T From this definition it follows that S0 (q) = 50 = 1. For later 
conveni~nce this term is consequently written down. Substitution of Eq. (C.20) 
into Eq(C.19) yields 

1 n-1 
/ q ) _ ( ) _ ""' (n-1) ( ) \Pn,l - 'Hn q - ( + 1)n L.t ei Si q . 

q z=O 

(C.23) 

The coeffi.cients c~n) at level n can be expressed in terms of those at level n - 1. 
To illustrate this, evaluate 'Hn(k, q) for n = 1, 2 and 3 

Let us abserve the following substitution rules. For n = 1 we have 

c61) = "(So ' cl1) = ,:Y, 
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(C.24) 

(C.25) 

(C.27) 



and for n > 1 

(n) 
co 

(n) 
C· t 

n-1 
""' (n-1)S( ) r L..t ct t q ' (C.28) 
i=O 

- (n-1) . - 1 1 r ci-1 ' z - ' ... 'n - . (C.29) 

The remaining task is now to compute the other terms in the partition sum 
that have one or more m{ replaced by (1- m;)q. It is a simple observation that 
these terms are automatically included by replacing tk(q) in the above expressions 
by 

(C.30) 

The sum Sn(q) is now taken over tk(q) with the obvious consequence that now 
So = 2. 
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APPENDIX D 

Beaufort's scale 

In this thesis veloeities are expressed in mjs, however in daily live km/h is used for 
speeds of cars and cyclists, and wind speeds are expressed in Beaufort. Because 
the there is no linear relation between the Beaufort units and m/s I have included 
Table D.1, which shows for each Beaufort value the conesponding meters per 
second and kilometers per hour. 

Beaufort mjs km/h 
0 0.0 - 0.2 0 - 1 
1 0.3 - 1.5 2 - 5 
2 1.6 - 3.3 6 - 11 
3 3.4 - 5.4 12 - 19 
4 5.5 - 7.9 20 - 28 
5 8.0 - 10.7 29 - 38 
6 10.8 - 13.8 39 - 49 
7 13.9 - 17.1 50 - 61 
8 17.2 - 20.7 62 - 74 
9 20.8 - 24.4 75 - 88 

10 24.5 - 28.4 89 - 102 
11 28.5 - 32.6 103 - 117 
12 > 32.6 > 117 

Table D.1: The meters per second and kilometers per hour for each Beaufort 
value. 
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Notation 

Symbol Description Units 

A Constant in various notations 
AP Fit parameter 
A Fit coefficient, Chapter 5 
a 1) Fit coefficient, constant in various notations 

2) Address offset, Chapter 4 
al, a2 (Fit) parameters 
B Constant 
Bp Fit parameter 
B Shear layer width m 
b 1) number of eddies, multiplier base 

2) Fit coefficient 
bl, b2 (Fit) parameter 
cp,c; Constants or fit parameter in various descriptions 

of p-order structure function 
Co, o o o, c4 Fit coefficients of calibration function 

eh Heat transfer coefficient kg/s3K 
er Temperature coefficient of the hot-wire K-1 

D 1) Self-similarity dimension 
2) Diameter of nozzle exit or cylinder m 

D; Input diameter of the nozzle m 
Dq The generalized dimension 
D(h) Fractal dimension of singularity strength h 
d 1) Dimension of the space in which Er,d is calculated 

2) Diameter of hot-wire m 
En Kinetic energy at scale r n m2js2 

Er Energy of turbulent fluctuations per unit mass in m2js2 

scale r 
E(k) Energy spectrum m3js2 

e() Error in PDF of veloeities 
F() Probability distribution of Poisson process, Chap-

ter 5 

Js Sample frequency 1/s 
f(o:) Fractal dimension of o: 
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Symbol 

JO 
f(r), fp(r) 

hmin 

hmax 

~max,r 
h 
I 
In 
lap 
lp() 

It5Gp 

J 
k 

K(q), K1(q), 
Kz(q) 

LP() 
l 

lp 
M 

M[](s) 

m,mi,mi,j 
N 

Description 

Calibration function 
Function that gauges the deviation from ideal 
sealing 
Derivative of JP, dlnfp/dlnr 
Structure function of order p 
cto longitudinal structure function 
G P () transverse structure function 
Substitution function, Chapter 7 
Residu al function JP ( r) / fz ( r) 
Singularity strength, similarity exponent 
Strongest possible singularity strength 
Value of h for which D(h) has its maximum 
Maximum singularity strength at a given scale r 

Value of h for which D'(h) =pand D"(h) < 0 
Electrical current 
Arbitrary integral, Chapter 7 
Integrand of Gp(r) 
Normalization function GP()/Gk() 
Integrand of bGP(r) 
1) Index 
2) Integer velocity, Section 3.3.2 
Integer voltage, Section 3.3.2 
1) Wavenumber 
2) Integer velocity difference, Section 3.3.2 
3) Index 
4) Number of points contributing in fit, Chapter 6 
Correction function 

Normalization function GP(Gk()) 
1) Rescaling parameter, Chapter 2 
2) Width of PDF of widths, Chapter 5 
3) Integer dummy parameter, Chapter 7 
Effective length of the hot-wire probe 
Mesh size of grid 

00 

Mellin transform, M[f](s) = J f(x)x 8
-

1dx 
0 

Multiplier, fraction of energy 
1) Tot al number of eddies 
2) Initialization number for tJDAC 
3) Total number of samples 

Units 

(m/s)F 
(m/s)P 
(m/s)F 

A 

(m/sY 
(mjsy-k 

(m/s)F 

m/s 
V 

1/m 
m/s 

(m/s)F 

m 
m 



Symbol 

n 

0 
P() 

P() 

p 

Pmax 

Pn,j 

q 

RvAc 
Rt 
Rp 

Rw,max 

R1 
R(G) R(L) 

' ' R(I) 

Re 
Re>-
r 

Description 

Number of cycles, Chapter 4 
Number of double calculations, Chapter 4 
Number of samples in interval with index i, Chap
ter 5 
1) Number of probes in Chapter 4 
2) Sealing index 
0-symbol of Landau 
Probability distribution function (PDF) 
PL() longitudinal PDF 
Pr() transverse PDF 
PA() velocity difference PDF for scale A 
Prn () velocity difference PDF for scale r n 

Pr() velocity difference PDF for scale r 
Pb() PDF of multipliers with base b, Chapter 7 
P( .. , .. , .. ) joint PDF 
P( .. 1 .. ) conditional PDF 
Probability distribution function of the velocity, 
Section 3.3.2 
1) Integer order 
2) Pressure in Navier-Stokes equations 
Maximum order p that can be calculated from a 
measurement with N samples 
Measure of the jth interval at level n 

Integer order 
Minimal resistance of JLDAC in anemometer-bridge 
Resistance of hot-wire at temperature T1 
Resistance parallel to JLDAC int anemometer
bridge 
Fixed resistance in anemometer-bridge 
Variabie resistance in anemometer bridge 
Resistance of hot-wire at temperature Tw 
Minimal resistance of hot-wire that can be mea
sured with the home-made anemometer 
Maximal resistance of hot-wire that can be mea
sured with the home-made anemometer 
Fixed resistance in anemometer-bridge 
Residual functions of Gp(), LP() and IP(), respec
tively 
Reynolds number 
Reynolds number based on Taylor's mieraseale À 

Distance between two points, size of eddy 

Units 

sjm 
sjm 
sjm 

V/A 
V/A 
V/A 

V/A 
V/A 
V/A 
V/A 

V/A 

V/A 

m 
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Symbol 

Tmin,h 

Tn 

Tv 

r 
s 
S() 
s 
s 

u 

u~, u~ 
UL 

ur 
u(x) 
V 

X i 

Description 

Size of dissipation scale 
Smallest possible scale at a given singularity h 
Size of scale n 
Smallest inertial scale 
Vector in 3-dimensional space 
Surface area of the hot-wire 
Substitution function for jG3() I 
Skewness factor 
Dummy variabie 
Dummy vector in 3-dimensional space 
Temperature of the air 
Temperature of the hot-wire 
Time interval 
Time 
Eddy turnover time at scale r n 

Mean velocity of the flow 
Main flow velocity 
Air velocity perpendicular to the hot-wire 
Dimensionless velocity 
Maximum value of U-profile 
Velocity m x-direction or longitudinal velocity 
fluctuation 
Velocity component in direction i 
Two different veloeities in the same direction, Sec
tion 3.1.2 
Measured turbulent velocities, Section 3.1.2 
Longitudinal velocity component 
Transverse velocity component 
Velocity vector at position x 
Calibration voltage of hot-wire 
Output voltage of the anemometer 
Lateral, transverse velocity fluctuation 
Kolmogorov velocity 
Root-mean-square velocity difference across dis
tanee rn 
External velocity scale 
Position coordinate in the direction of the flow 
Position vector 
Distance for which the shear layers of the jet coin
cide and cover the whole jet 
Component i of position vector 

Units 

K 
K 
s 
s 
s 

mjs 
mjs 
mjs 

m/s 
mjs 

mjs 
mjs 

mjs 
mjs 
mjs 
mjs 
V 
V 

mjs 
mjs 
mjs 

mjs 
m 

m 
m 

m 



Symbol 

y 

Yo.gs, Yo.1o 

Description 

Transverse direction (jet), distance from the wall 
(windtunnel) 
Dimensionless variabie 
Fluctuations on ÇP 
Transverse location where the ratio U /Umax equal 
0.95 or 0.10 

Z () Partition sum 

a Singularity strength 
êi Value of a for which f'(a) = q and f"(a) < 0 
amin Value of a for which q ---+ oo 
amax Value of a for which q ---+ -oo 
fJ Random fraction 
fln Random fraction occupied by active turbulence af

ter n generations 
fJo Random fraction used in expression for P(fJ) in {J

model 
00 

r() Gamma function r( a, s) = J ta-lrtdt 

' ó 

ó(x) 
óGP() 
T/ 
Er,d 
Er 
EA 

E:r 

tjJ(k) 

s 

Probability parameter, Chapter 7 
Kronecker-delta ó~ = ó(k - i) 
Boundary layer-thickness Table A.1 and A.2 
Boundary layer-thickness 
Relative noise of Gp(r) 
Kolmogorov scale, cutoff scale, smallest eddy 
Integrated energy dissipation in a box of size rd 

Integrated energy dissipation at scale r 
Integrated energy dissipation at the integrallength 
scale A 
Viscous dissipation rate 
Energy transfer ra te from n-eddies to ( n + 1 )-eddies 
Locally averaged dissipation rate, averaged over 
scale r 
Locally averaged dissipation rate, averaged over 
scale A 
An arbitrary value for E:r 

Speetral density of energy (Fourier transform of 
Er) 
Parameter in stretched exponential fit 

Units 

m 

(m/s)P 
m 

m 
m 

(m/s)P 
m 

m(2+d) /s3 
m3/s3 
m3/s3 
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Symbol Description Units 

x 1) Constant in expression for P ({3) of the random 
{3-model 
2) Center of interval 

x2 Chi-square test 
K, Parameter in stretched exponential fit 
A Integral length scale, macroscale, largest eddy m 

AL longitudinal integrallength scale m 
Ar transverse integrallength scale m 

À Taylor mieraseale m 

1-l Intermittency constant 

1-l Mean value of N; 
V Kinematic viscosity m2/s 
1r 3.141527 ... 
Jr· 
' 

Dummy variabie for multiplier 
p Density kg/m3 

p(r) Correlation function 
PL(r) longitudinal correlation function 
Pr ( r) transverse correlation function 

(J Standard deviation m/s 
CTr Varianee of ln Er m2/s3 

CT u Standard deviation of velocity u m/s 
a- Standard deviation of N; 

CTlJ.u Standard deviation of velocity difference f:lu m/s 
(J ll.ujEr Standard deviation of velocity difference f:lu(r) m/s 

conditioned on Er 

T Small period of time, time delay s 
Tq Sealing exponent 
Tb(q) Base-dependent sealing exponent 
Ts Sample time s 
{) Homogeneity parameter 
ç Correlation depth 
(p Sealing exponent of order p 

(j: longitudinal sealing exponent 
ÇJ transverse sealing exponent 
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A b breviations 

ADC 
AG 
CTA 
DAC 
DSP 
EPLD 
EPEP 
FIFO 
FLEX 
FPGA 
LCA 
LDN 
MCA 
PARSAM 
PC 
PDF 
RAM 
ROM 
SNR 

Analog to Digital Converter 
Address Generator 
Constant Temperature Anemometer 
Digital to Analog Converter 
Digital Signal Processor 
Erasable Programmabie Logic Device 
Eindhoven Program Editor and Processor 
First In First Out 
Flexible Logic Element MatriX 
Field Programmabie Gate Array 
Logic Cell Array 
Local Data Net 
Multi Channel Analyzer 
Parallel Sampling unit 
Personal Computer 
Probability Distribution Function 
Random Access Memory 
Read Only Memory 
Signal to N oise Ratio 
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Summary 

Turbulence may well be the last unsolved problem of classica! physics. There 
is still no theory of fully developed turbulence that is universally valid. Cas
cades of energy and momenturn are key concepts of turbulence and describe the 
generation of motion on small scales out of large-scale motion. A well-known 
phenomenological theory for the statistics of small-scale motion was formulated 
in 1941 by Kolmogorov, based on the idea of cascades. Only in recent years it 
has become clear that this theory needs essential corrections. 

In the research project described in this thesis, the prime goal was the un
derstanding of the small-scale structures in turbulence. The most important tool 
to quantify the small-scale structure is the structure function. It is equivalent to 
the correlation function of fluctuating veloeities in two different spatial points. 

The sealing behavior of the structure function and the connected distri bution 
functions of velocity differences are experimentally investigated and the results 
are related to existing theoretica! cascade models. A successful phenomenological 
description uses the mathematica! concept of fractals and the multifractal model 
for the inertial range appears to give a good description of the turbulence cascade. 
Furthermore, the multifractal behavior of the dissipation field is investigated 
using variauts of the two-scale Cantor-set. The negative fractal dimensions which 
may arise through ensemble-averaging of partition sums and the relevanee of 
(logarithmic) corrections are illustrated by the results of experiments. 

The turbulent wind veloeities are measured using constant temperature ane
mometry in several fully developed turbulent laboratory air-flows; grid turbu
lence, cylinder turbulence, boundary-layer turbulence and jet turbulence. The 
velocity differences are calculated from veloeities measured in the longitudinal 
direction and from velocity components measured in the transverse direction. 

Special attention has been paid to real-time signal-processing. Because of the 
importance of the structure function for fundamental turbulence research, a spe
cial digital device has been designed to measure this quantity in real-time. In 
this way a high statistica! accuracy was achieved and the gathered time-series are 
an order of magnitude longer than those from earlier experiments. 

155 



Samenvatting 

Turbulentie wordt vaak gezien als het laatste moeilijke en onopgeloste probleem 
van de klassieke fysica. Er bestaat namelijk nog geen universele theorie voor 
volledig ontwikkelde turbulentie. Energie cascades en momenten zijn sleutelbe
grippen in het vakgebied van turbulentie en beschrijven de generatie van klein
schalige bewegingen uit grootschalige bewegingen. In 1941 introduceerde Kol
mogorov een fenomenologische theorie voor de statistiek van kleinschalige bewe
gingen. Deze theorie was gebaseerd op het cascade idee. Sinds kort is het duidelijk 
dat er voor de theorie van Kolmogorov essentiële correcties nodig zijn. 

Het doel van het onderzoek dat in dit proefschrift wordt beschreven, was het 
(beter) begrijpen van de kleinschalige structuren in turbulentie. Een belangrijke 
grootheid om de kleinschalige structuren te kunnen kwalificeren is de structuur
functie. Dit is een equivalent van de correlatiefunctie van fluctuerende snelheden 
gemeten in twee verschillende punten in de ruimte. 

Het schalingsgedrag van de structuurfuncties en de gerelateerde verdelings
functies van snelheidsverschillen zijn experimenteel onderzocht en vergeleken met 
de bestaande theoretische cascade modellen. Een succesvolle fenomenologische 
beschrijving maakt gebruik van het wiskundige begrip fractals. Het multifrac
tale model voor de inertial range lijkt een goed beschrijving te geven van het 
turbulente cascade. Verder is het multifractale gedrag van het dissipatieveld 
onderzocht met behulp van verschillende interpretaties van de Cantor-set. De 
negatieve dimensies die voortkomen uit ensemblemiddeling van een partitiesom 
en de relevantie van log-correcties worden getoond aan de hand van experimenten. 

De turbulente windsnelheden zijn gemeten met behulp van constante tem
peratuur anemometrie. De experimenten zijn gedaan in verschillende volledig 
ontwikkelde turbulente luchtstromingen; roosterturbulentie, cilinderturbulentie, 
grenslaagturbulentie en jetturbulentie. De snelheidsverschillen zijn berekend uit 
snelheden gemeten in de longitudinale richting en uit snelheden gemeten in de 
transversale richting. 

Veel aandacht is besteed aan real-time signaalverwerking. Omdat de struc
tuurfunctie belangrijk is voor het fundamentele turbulentie onderzoek, is er een 
speciale computer module ontwikkeld die structuurfuncties in real-time kan meten. 
De verzamelde tijdreeksen zijn een order van grootte langer dan tot dus ver het 
geval was. Hierdoor zijn de meetresultaten van een hoge statistische nauwkeurig
heid. 
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1. Consmvatisnrn i::; ccn direct w~volg van slecht voorbercidc inuovaties. 

2. Het blijkt zf.er moeili.ik te ?.ijn om de ideaJe (laboratorium) turbnh"~r1tic 
te gt=mcrcrnn. 
• dit onderzock, Hoofdstuk 3. 

:l Het is overdukh>li_jk daL l\olmogorov's thcorie voor de schalingsPxpo
neutcn, (p = p/'J, voor hogc ordc p niet juist is. 
• <lit onderzoek, Hoofdstuk G. 

4. Wanneer ondcrzoekers <le experiment.de condities en d(~ karakte
riRtiekc waarden van hun experirnenten eenduidiger zoudeu opsd1rij
ven, clan zou he1. gcmakkelijker zijn hHn result.a.ten te vergclijhm en 
te t.oetsen. Daarentcgen wordt de universaliteit. van d0 thcorii~n en 
het volledig ontwikkcld zijn van eeu turbulentc st.roming, twijfdachtig 
wannccr de dimensics vm1 roost.N, cilinder of jet. van belang word en 
geacht. 

5. In het algemeen word1. in een proefschrift de rninst(~ aandacht 
geschonhm aan df~ <lingen die het lastip;.'lt waren en die (k meesLi~ 
tijd in beslag heblien genomcn. 

6. De z.uinige kcuv'l voor eAu bi-layer ontwerp pakt vaak veel duurdH 
uit dan wauuccr er voor fWn, in eerste instantie d11urdcr, multi-lay1~r 
ontwerp wordt gekozcn. 

7. Het it: altijd heel makkelijk orn lund- of software te vergui?:flll wamwer 
dezc in eeu omgeving of voor doelcinden wordt gebruikt waarvoor zij 
1'igenlijk uict ontwikkeld is. 

8. Als stayeren wordt 1.ocgestaau in de triathlom;port is de rnidddmatige 
ffrtser cf goerfr loper lil hot voordee] t.o.V. de _(JOC{fr j1:dscr {:f 'middd
matirjf:'. loper. 

9. Hct wettclijk voorw'lschrcven, op wetenschaµpclijk oudcrzOfik gcba
sccrde, rclrnnrnodcl ter bcpaliug van geluidhindcr wordt, tot op r;ckcre 
hoogte, door de crnatievc akoestisd1 advisenr gebruikt om geluidhin
dcr bepcrhmde maatregclen te ontlopen. 

10. Zolang fictsers in de lnfrnstrnduur en door ander wcggebruikcrs niet 
sericus warden gcnomen, kan men niet vcrwar:htcn <lat fict.sers de 
vcrkcernrcgcls sericus nemcn. 




