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Abstract

In this paper we derive expressions for the flame temperature and the mass burning
rate of a stretched stagnation flame with an infinitely thin reaction zone. Asymptotic
expansions for weak stretch are also given.

1 Problem formulation

In this paper we study a stretched, premixed stagnation flame. In order to keep the anal
ysis simple, we restrict the study to a flame with one-step chemistry and a single Lewis
number. Furthermore, we consider the limit case where the activation energy tends to
infinity. Consequently, the reaction rate reduces to a delta function.

The main objective of this paper is to analyze the effect of flame stretch on the flame
temperature Tb and the mass burning rate mb. We first introduce a mathematical model
of the 2D stagnation flame. Then in the next section, we compute the adiabatic flame
temperature n,o and the mass burning rate mb,O of a flat stretchless flame, which are
standard results. Subsequently, we derive algebraic relations for the flame temperature
Tb and the mass burning rate mb for a flat, stretched stagnation flame, in Section 3. We
also give asymptotic expansions in case of weak stretch.

Thus, consider a premixed stagnation flame in which a single species with mass fraction
Y is converted into products in a one-step reaction. We assume that physical quantities,
such as the diffusion coefficient pDy , the thermal conductivity A, the specific heat Cp and
the reaction enthalpy t6.H are constant, for reasons of simplicity.

We start from the following single-step reaction rate expression

n(Y,T) = -AYpexp(-E/RT), (1)

where p, T, A, E and R are, the mass density, temperature, frequency factor, activation
energy and the universal gas constant, respectively. Assuming the molar mass to be
constant, the mass density can easily be obtained from the ideal gas law

(2)
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In this paper, the subscripts 'u' and 'b' refer to the state in the unburnt and burnt gas
mixture, respectively. Introducing the normalized variables

the reaction rate changes to

PuTu (1) v (1 f3B )
n(v,B)=-A n exp -~ 1-f3B exp -~l-f3B'

(3)

(4)

In the above expression for n(v, B), the parameters 13 and 1/E are the dimensionless
reaction enthalpy and the dimensionless activation energy, respectively, and are given by

1 E
Rn' (5)

(6)

Obviously, the parameters 13 and E satisfy 0 < 13 < 1 and 0 < E <g:: 1. Note that ,8/E is the
Zeldovich number [10].

It is well known that the reaction layer thickness goes to zero if E ----t 00 [4, 2, 10] and that
the reaction rate effectively has the form of a delta function at the flame temperature Tb [2].
In the appendix we show that for E ----t 00 the reaction rate n(v, B) can be approximated
by

() ) dv ( . PuTu (1) E
2

n* v, B = -a(Tb dB 0+) 8(B), wIth a(n) = A- exp - - -.n E 132

Following Buckmaster [2], we herewith assume that a(n) remains constant. In the re
mainder of the paper, we will employ expression (6) instead of (1) for the reaction rate,
which makes the analysis more transparant.

The 2D stationary conservation equations governing a stagnation flame read [10, 11]

V·rn

V· (rnv) - f v V 2v

V· (rnB) - f OV2B

0,

n*(v,B),
n*(v,B), (7)

where the mass flux vector is given by rn = pv = (mx,my) and where f v = pDy and
f o = A/cp • These equations can be solved exactly for some stagnation flames, when the
delta function approximation n*(v, B) is used as source term.

2 Flat stretchless flame

Let us first consider the simple case of a perfectly flat stretchless flame with parallel
iso-contours of Band v. When the flow is directed along the x-axis, Eqs.(7) reduce to the
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following set of 1D equations

!1*(v, 0),

!1*(v, 0).

3

(8)

The solutions for v and 0 in the preheat zone (x < 0,0 > 0) are given by the exponential
functions

and consequently

v(x)

O(x)

(
m bOX)

1 - exp ---r:- '
(

m bOX)1- exp --'-
f o

(9)

1 - v = (1 - 0) Le , (10)

where Le is the Lewis number given by Le = fo/f v . To arrive at Eqs.(9) we imposed the
boundary conditions v = Vb = 0 = Ob = 0 at the position X = 0 of the flame front. Note
furthermore that the flame temperature n is equal to the adiabatic temperature Tb,o in
this 1D stretchless flame so that

(11)

The computation of the adiabatic mass burning rate mb,O is a standard procedure in this
case [4, 10]. After decoupling Eqs.(8) using Eq.(10), mb,O is simply found by equating the
derivative ~~ in the preheat zone (from Eq.(9) at x = 0-) to the one in the combustion
zone (from Eq.(8) without convective term at x = 0-):

0(0+)

m~,o = 2fe J !1~(v(O),O) dO = 2foa(n,0)~~(0+) = 2 Le f o a(n,o). (12)
0(0- )

Note that the familiar expression

1

_ (2LeAfopuTu) 2 Tb,o (1 )
mb,O - 1', 1', T EO exp - 2 '

b,O b,O - u EO
(13)

with EO = Rn,o/E is recovered when the expression for a(n) in Eq.(6) is substituted. The
mass burning rate might equally well be computed from the equation for the normalized
mass fraction v in Eqs.(8) and Eqs.(9). The result would be identical to Eq.(13).

3 Flat stretched stagnation flame

In this section we consider a flat flame in a diverging flow field. The flame has straight
iso-lines for v and 0 parallel to the y-axis. We assume that the reaction layer is located
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(14)

along the y-axis. Comparable studies of such flames can be found in the literature, such
as in [2,9, 11]. The stretch rate I< of the flow field is given by [5]

pI< = _ amx = amy.
Ox ay

Let us assume, for simplicity, that along the central axis (y = 0) pI< = mb a, with
mb = mx(O,O) and a > 0 a constant. It should be noted that on the central axis the
stretch rate is equal to the strain rate. It can be shown that the solutions of Eqs. (7)
depend on x only and that the flame remains identical to itself for arbitrary displacements
along the y-axis [11]. The effect of the flow on the flame reduces to the removal of heat
and mass along the flame front. Therefore, it is clear that the flame temperature n is not
equal to the adiabatic flame temperature n,o when Le # 1. Likewise, the mass burning
rate mb deviates from the stretchless mass burning rate mb,O'

In the following, we will study the combustion equations for this flame geometry on the
central axis y = O. With this diverging flow field we may write for Eqs.(7)

D*(v, B),

D*(v, B).

dv d2v
m x dx - f v dx 2

dB d2B
m x dx - f odx 2

The expressions for ~~ and ~~ in the preheat zone are given by

(15)

dV(x)
dx

dB (x)
dx

(
mb 1 2)-Cvexp f

v
(x- 2ax) ,

(
mb 1 2)-Co exp r;(x - 2ax ) , (16)

where the constants Cv , Co > 0 are found from the corresponding boundary conditions at
x --7 -00 and x = O. They can be written as

(17)

with J.l = mb/2af0 the dimensionless mass flux and where the function F(z) is defined by

F(z) = vIZ exp(z) erfc (vIZ), z > O.

The graph of F is shown in Fig. 1.

(18)
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Figure 1: The functions F(z), F1(p,), n(p,) and a(n).

(19)

Computing the derivative ~~ (0-) = -Co from the energy equation in the reaction zone
and thereby neglecting the convective term gives

0(0- )
2 2 J dv 2 dv

Co = f
o
a(n) dO (0+) 8(0) dO = f

o
a(n) dO (0+).

0(0+ )

Furthermore, using Eqs.(16), we may write

dv ( ) Cv

dO 0+ = Co'

and substituting this into Eq.(19) gives

3 2
Co = f

o
a(n) Cv .

(20)

(21)

Similarly, ~~ (0-) = -Cv can be computed from the v-equation in the reaction zone

v(O-) 2

C~ = ~v a(n) J ~~(O+) 8(0) dv = ~v a(n) g~, (22)
v(o+) 0

where we used that 8(0) = ~~ (0+)8(v) and Eq.(20). Evidently, Eq.(22) reduces to:

CJ = ~v a(n). (23)
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Note that Eqs.(21) and (23) both reduce to Eq.(12) when a = 0 is substituted into these
equations, so that Co = Ou mb,ojfo, Cv = mb,ojfv , Ou = 1 and Tb = Tb,o. However, as the
flame consumes a well defined amount of mass, Eqs.(21) and (23) should both be obeyed,
also for a i- 0, which means that

~: = Le. (24)

Resuming, we have six unkown variables Co, Cv , Ou, f-l (or equivalently mb), nand a(n).
These unkowns can be computed from Eqs.(17), (21) (23) and from the equations

and

()
ApuTu 3 . E

a Tb = (qEjRF Tb exp( - Rn)'

which can easily be derived from Eqs. (3), (5) and (6). From Eqs.
a relation between Ou and the dimensionless mass burning rate f-l

(25)

(26)

(17) and (24) we find

(27)

Substitution of Eq. (27) into Eq. (25) then gives an expression for Tb as a function of f-l,
VIZ.

(28)

Furthermore, using Eqs. (21) and (24), we obtain a fixed-point problem for 1-£ from the
expression for Cv in (17)

(29)

In order to compute FI(f-l), the coefficient a(n) has to be written as a function of f-l
by combining the Eqs. (26) and (28). Note that Eq. (29) is a fixed-point problem for
a single equation. The dimensionless mass flux f-l is thus the intersection of the linear
function of f-l on the left hand side of Eq. (29) and the monotonically increasing function
of f-l on the right hand side. Consequently, f-l can be computed using a simple fixed-point
iteration. Typical examples of FI (f-l) and n(f-l) as well as a(n) are also shown in Figure 1.

In the weak stretch limit, when a --+ 0 and f-l --+ 00, an explicit expression for the mass
burning rate mb can be derived. Note that for z --+ 00 the following asymptotic expansion
for F(z) holds [1]

1 ( 1 3 )F(z) r-v - 1- - + - - ....Vir 2z 4z2
(30)
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Substituting this asymptotic expansion for F(z) into Eq. (28) we can find a first order
approximation for the flame temperature

(
1 are 2 )n = n,o 1 + 130 (Le - 1) mb +O(a) , (31)

Subsequently, a first order approximation for the coefficient a(n) can be computed from
Eq. (26)

(
1 1 are 2 )a(n) = a(n,o) 1 + 130 (- +3)( -L - 1)- +O(a) ,

EO e mb

1

EO

E

Rn,o·
(32)

(33)

Finally, the mass burning rate mb can be computed from the fixed point problem in (29),
resulting in

mb = mb,O - artJ (1 + ~f3o (~ +3)(Le - 1)) +O(a2
).

2 EO

Equation (33) shows that mb differs from the stretchless mass burning rate mb,O due to
stretch and preferential diffusion.

A Appendix: reaction rate in the limit of infinite
activation energy

In this appendix we demonstrate that for E ~ 00, or alternatively for E 10, the reaction
rate D(v,B) in (4) can be approximated by D*(v,B) in (6). More precisely, we prove that

. 132 v(B) (1 f3B dv
lng~ 1 _ f3B exp - -; 1 _ 130) = dB (0+ )8(B), (34)

for all 13 E (0,1). In the following we fix 13. This limit holds, if for every test function
f E Gl[O, 1]

limll(E) = ddvB(O+)f(O),
dO

where the integral II (E) is defined by

132 rl v(B) 1 f3B
I l (E):= ~ Jo 1- 130 exp (-; 1- 130) f(B) dB.

Partial integration of II (E) together with v(O) = 0 gives

13 (113)I l (E) = --v(l)(l - f3)f(l) exp - - -- + lz( E),
E E1-f3

with 12(E) defined by

13 r 1 f3B
12(E):= ~ Jo 4>(B)exp (- -; 1- 130) dO

(35)

(36)

(37)

(38)
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and

4>(()) := (1 - f3()) ( ~~ (())f(()) +v(()) ~~ (()) ) - f3v(())f(())·

Since the first term in (37) vanishes for E 1 0, it is sufficient to prove that

For 0* E (0,1) and arbitrary E > 0, we can establish the following sequence of
(in- )equalities:

1 - 0* - exp ( - ~f30*) S; (1 - 130*) ( 1 - exp ( _ ~ f3()* )) =
EEl- 130*

13 i lJo
1 130 13 i lJo

1 f3()- exp ( - - ) d() S; - exp ( - - ) dO S;
E 0 E 1 - 130* E 0 E 1 - 130

13 i lJO
1 1 *- exp ( - - 130) dO = 1 - exp ( - -130 ).

E 0 E E

Splitting the integration interval for 12 ( E) in [0,0*] and [()*, 1], we find

13 11
, (1 130 )I12(E) - 4>(0) IS; - I rp(O) Iexp - - 130 d()+

E IJO E 1-

13 i lJo
1 130- I 4>(0) - 4>(0) I exp ( - - 130) dO+

E 0 E 1 -

I
13 (eo 1 130 I

I 4>(0) I 1 - ~ Jo exp ( - ~ 1 _ 130) dO ,

8

(39)

(40)

(41)

(42)

for all E > O. Let "7 > O. By continuity of 4> in () = 0+ there exists a ()* E (0, "7] such
that 14>(0) - 4>(0) 1< "7 for all 0 E [0,0*]. Using the inequalities in (41), we can derive the
following upper bounds

I12 ( E) - 4> (0) IS; II 4> 1100 Ii exp ( - ~ 130* ) + "7 + I 4> (0) I (0* + exp ( - ~ 130*) ), (43)
E E 1 - f3()* E

for all E > O. For E > 0 sufficiently small, this inequality reduces to

I12(E) - 4>(0) IS; 2"7(1+ 14>(0) I),

and consequently, we have proved (40) and thus (34).

(44)
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