
 

A finite volume scheme for solving elliptic boundary value
problems on composite grids
Citation for published version (APA):
Anthonissen, M. J. H., Hof, van 't, B., & Reusken, A. A. (1998). A finite volume scheme for solving elliptic
boundary value problems on composite grids. (RANA : reports on applied and numerical analysis; Vol. 9804).
Technische Universiteit Eindhoven.

Document status and date:
Published: 01/01/1998

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/05223d42-977b-44c2-9089-39da39107290


A finite volume scheme for solving elliptic boundary value
problems on composite grids

Martijn Anthonissen∗, Bas van ’t Hof ∗, Arnold Reusken†

Abstract

We present a finite volume scheme for solving elliptic boundary value problems with solutions that
have one or a few small regions with high activity. The scheme results from combining the local
defect correction method (LDC), introduced in [13], with standard finite volume discretizations on
a global coarse and on local fine uniform grids. The iterative discretization method that is obtained
in this way yields a discrete approximation of the continuous solution on a composite grid.
For the LDC method in its standard form, the discrete conservation property, which is one of the
main attractive features of a finite volume method, is lost for the composite grid approximation.
For the modified LDC method we present here, discrete conservation holds for the composite grid
solution too.

Key words. elliptic problems, finite volume methods, local defect correction, composite grids

AMS subject classifications. 65N22, 65N50

Zusammenfassung

Ein Finite-Volume Schema zur Lösung elliptischer Randwertprobleme auf ‘composite grids’.
Wir betrachten die lokale Defektkorrekturmethode (LDC) wie sie in [13] eingeführt worden ist.
Wir kombinieren diese Methode mit einer standard Finite-Volumen Diskretisierung auf dem glo-
balen Grobgitter und den lokalen regelmäßigen Feingittern. Dies ergibt eine iterative Diskreti-
sierungsmethode zur Lösung von Erhaltungsgleichungen vom elliptischen Typus. Mit dieser Me-
thode erhält man eine diskrete Approximation der kontinuierlichen Lösung auf einem ‘composi-
te grid’. Bei der LDC-Methode in ihrer ursprünglichen Form geht die Erhaltung der Erhaltungs-
größen, die eine der wesentlichen Eigenschaften des Finite-Volumen Schemas darstellt, bei der
Approximation auf den ‘composite grids’ verloren. Das Hauptanliegen dieser Arbeit ist eine modi-
fizierte LDC-Methode, bei der Erhaltungsgrößen auch in der diskreten Lösung auf den ‘composite
grids’ erhalten werden.

1 Introduction

Many boundary value problems produce solutions that have highly localized properties. In this paper
we consider elliptic boundary value problems with solutions that have one or a few small regions with
high activity.
We study a finite volume discretization method based on a combination of standard finite volume dis-
cretizations on several uniform grids with different grid sizes that cover different parts of the domain.
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At least one grid should cover the entire domain; the meshsize of this global coarse grid is chosen in
agreement with the relatively smooth behavior of the solution outside the high activity regions. Apart
from this global coarse grid, one or several local grids are used which are also uniform. Each of these
local grids covers only a (small) part of the domain and contains a high activity region. The meshsizes
of the local grids are chosen in agreement with the behavior of the solution in the corresponding high
activity region. In this way, every part of the domain can be covered by a (locally) uniform grid with a
meshsize that is in agreement with the behavior of the continuous solution in that part of the domain.
This refinement strategy is known as local uniform grid refinement. The solution is approximated on
the composite grid, which is the union of the uniform subgrids. Note that such composite grids are
highly structured and hence very simple data structures can be used.

In [13], Hackbusch introduced the local defect correction method (LDC) for approximating the con-
tinuous solution of elliptic boundary value problems on a composite grid. In this method, which is
an iterative process, a basic global discretization is improved by local discretizations defined in the
subdomains. This update of the coarse grid solution is achieved by putting a defect correction term
in the right hand side of the coarse grid problem. At each iteration step, the process yields a discrete
approximation of the continuous solution on the composite grid. The discrete problem that is actually
being solved is an implicit result of the iterative process. Therefore, the LDC method is both an itera-
tive discretization and solution method. An analysis of the LDC technique in combination with finite
difference discretizations is presented in [7–9].

In this paper, we consider the integral formulation of a stationary conservation law of elliptic type, and
combine the LDC technique with standard finite volume discretizations of this law on the global coarse
and local fine grids. In the LDC method as in [7–9, 13], the discrete conservation property, which is
one of the main attractive features of a finite volume method, does not hold for the composite grid
approximation. Here, we present a modified LDC method, which is based on a special form of the
defect correction term used in the right hand side of the coarse grid problem. Due to this finite vol-
ume adapted defect correction term, the conservation property is preserved in the discretization on the
composite grid.

As we will prove, the conservation property on the composite grid holds for the limit LDC discretiza-
tion, i.e. for the number of LDC iterations tending to infinity. In practice, however, for efficiency rea-
sons one applies only one or two LDC iterations. In numerical experiments we observe that, due to
the very high convergence rate of the LDC iteration (cf. [7–9, 13]), the result after one or two LDC
iterations is in general still satisfactory (with respect to conservation).

Attractive features of the finite volume based LDC method presented here are:

• the method yields a discretization on locally refined grids;

• a discrete conservation property holds for the limit LDC discretization;

• the method is simple: it only uses standard finite volume discretizations on uniform (global
coarse and local fine) grids.

Discretization methods on composite grids have been discussed by other authors too. McCormick
presents the finite volume element (FVE) method, which is used in the fast adaptive composite grid

2



(FAC) method (cf. [18–20]). Ewing et al. [5, 6] give an analysis of a finite volume based local refine-
ment technique with composite grids. In both approaches, an explicit discretization scheme for the
composite grid is proposed, in which special difference stars near the composite grid interfaces are
used. The resulting discrete system is then solved by an iterative method (e.g. FAC) which may take
advantage of the composite grid structure. This is a crucial difference with the LDC method, which
combines standard discretizations on uniform grids only and does not use an a priori given composite
grid discretization.

This paper is organized as follows. In Section 2, we formulate a stationary conservation law of elliptic
type, and discuss a standard vertex-centered finite volume technique for discretizing this law on a uni-
form grid. In Section 3, we briefly recall the concept of composite grids, and derive the finite volume
based LDC method. For the resulting composite grid discretization, we prove a discrete conservation
property. In Section 4, we show results of a few numerical experiments. Since finite volume methods
are very suitable for solving interface problems, we apply the finite volume based LDC method to such
a problem. We also consider a simple one-dimensional problem where global conservation is crucial,
and show that the LDC method in its old form yields poor results, whereas the modified LDC method
yields satisfactory results.

2 Problem formulation and finite volume discretization on a uniform
grid

We consider a stationary conservation law for a quantity ϕ in the domain � = (0, 1) × (0, 1) with
Dirichlet boundary conditions ϕ = ψ on ∂�. For the description of this conservation law we first in-
troduce some notation. By V ⊂ � we denote a generic Lipschitz subdomain of �. The outward unit
normal vector to ∂V is denoted by n. We assume given functions � = �(x, y) ≥ �min > 0 (diffusion
coefficient), v = (v1(x, y), v2(x, y))T (mass flux), and s = s(x, y) (source term). Introducing the flux
vector

fϕ = ( f, g)T = vϕ − �∇ϕ, (1)

the problem we consider can be represented in integral formulation as: determine ϕ ∈ H1
ψ(�) such

that ∮
∂V

fϕ · n dγ =
∫

V
s d�, for all V . (2)

Related formulations of this problem are the weak (or variational) formulation: determine ϕ ∈ H1
ψ(�)

such that∫
�

(�∇ϕ − vϕ) · ∇ξ d� =
∫

�

s ξ d�, for all ξ ∈ H1
0 (�), (3)

and the strong (or differential) formulation: determine ϕ ∈ C2(�) ∩ C(�̄) such that{ ∇ · (vϕ − �∇ϕ) = s, in �,
ϕ = ψ, on ∂�.

(4)

Here we used standard notation for the Sobolev spaces H1
ψ(�), H1

0 (�). If the functions �, v, and s
satisfy certain smoothness conditions, then all three formulations are equivalent. If these smoothness
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conditions are not satisfied then in general the formulations (2) and (3) still apply, whereas the problem
in (4) is either not well-defined or does not have a solution. This occurs, for example, if one considers
so-called interface problems, in which the diffusion coefficient � is discontinuous across a certain curve
in �.
In this paper we consider a finite volume discretization technique for computing a numerical approx-
imation of the conserved quantity ϕ. Usually such finite volume techniques are based on the integral
formulation (2) [16, 17]. However, finite volume discretizations may also be derived by applying a
suitable Petrov-Galerkin finite element discretization to the weak formulation (3) [2, 4, 14]. In this pa-
per we start from a standard finite volume method based on (2). For ease of presentation, we use a
vertex-centered method, and restrict ourselves to uniform grids. The technique we present, however,
has a straightforward generalization to cell-centered methods and to so-called structured boundary con-
forming grids (cf. [22]) or, more generally, to logically rectangular grids (cf. Remarks 6 and 8).

For the formulation of the finite volume discretization we first introduce some notation.
We use a meshsize parameter H = 1/(N + 1), N ∈ IN . We use grid points (xi, y j) := (iH, jH),
(xi+1/2, y j) := ((i + 1/2)H, jH), (xi, y j+1/2) := (iH, ( j + 1/2)H), i, j ∈ IN . In a vertex-centered
approach one first introduces a computational grid:

�̄H := {(xi, y j)} ∩ �̄, ∂�̄H := �̄H ∩ ∂�, �H := �̄H \ ∂�̄H.

The solution of the continuous problem will be approximated in (x, y) ∈�̄H . Given the computational
grid we choose control volumes Vij around each grid point in �H:

Vij := (xi−1/2, xi+1/2) × (y j−1/2, y j+1/2). (5)

The midpoints of the interfaces of these volumes form a dual grid on which we will define discrete
fluxes:

V H := ({(xi+1/2, y j)} ∪ {(xi, y j+1/2)}
) ∩ �.

The spaces of grid functions on �H , �̄H , V H are denoted by G(�H), G(�̄H), G(V H), respectively.
For grid functions we use boldface notation. For FH ∈ G(�H), we use the notation FH = (FH

ij )1≤i, j≤N

with FH
ij := FH(xi, y j). We use a similar notation for elements in G(�̄H), G(V H).

We introduce, for FH ∈ G(V H), central difference operators ∇H
x , ∇H

y : G(V H) → G(�H ) by

(∇H
x FH )i j := FH

i+1/2, j − FH
i−1/2, j, (∇H

y FH )i j := FH
i, j+1/2 − FH

i, j−1/2.

We define the continuous flux F(ϕ) ∈ G(VH) as follows (cf. (1)):

Fi+1/2, j :=
∫ y j+1/2

y j−1/2

f (xi+1/2, η) dη, 0 ≤ i ≤ N, 1 ≤ j ≤ N, (6)

Fi, j+1/2 :=
∫ xi+1/2

xi−1/2

g(ξ, y j+1/2) dξ, 1 ≤ i ≤ N, 0 ≤ j ≤ N. (7)

Finally, we define S ∈ G(�H) by

Sij :=
∫

Vij

s d�. (8)
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Applying the conservation law in (2) with V = Vij yields:(∇H
x F(ϕ)

)
i j +

(∇H
y F(ϕ)

)
i j

= Sij. (9)

In finite volume discretization the continuous fluxes in (6) and (7), which depend on the continuous
solution ϕ, are approximated using a finite difference scheme. For � ∈ G(�̄H ), we introduce a discrete
flux grid function FH(�) ∈ G(V H). Here we use a general setting and we will not be very specific about
the particular finite difference scheme that is used. We only assume that the difference scheme FH(�)

is local and linear in �, i.e.:

FH
i+1/2, j(�) =

∑
k=0,1, m=−1,0,1

αi+k, j+m ξi+k, j+m, 0 ≤ i ≤ N, 1 ≤ j ≤ N,

with given coefficients αi j ∈ IR, and likewise for FH
i, j+1/2, 1 ≤ i ≤ N , 0 ≤ j ≤ N .

In practice, the integral in (8) is approximated by a quadrature rule. The resulting approximation of S
is denoted by SH .

Example 1 If we apply the midpoint rule to approximate the integrals in (6), (7), (8), and use central
differences to approximate the fluxes at midpoints of volume faces, we obtain for FH(�) and SH:

FH
i+1/2, j = f H

i+1/2, j H, 0 ≤ i ≤ N, 1 ≤ j ≤ N,

FH
i, j+1/2 = gH

i, j+1/2 H, 1 ≤ i ≤ N, 0 ≤ j ≤ N,

SH
ij = s(xi, y j) H2, 1 ≤ i, j ≤ N,

where

f H
i+1/2, j = v1(xi+1/2, y j)

ξi j + ξi+1, j

2
− �(xi+1/2, y j)

ξi+1, j − ξi j

H
,

gH
i, j+1/2 = v2(xi, y j+1/2)

ξi j + ξi, j+1

2
− �(xi, y j+1/2)

ξi, j+1 − ξi j

H
.

In the above, � ∈ G(�̄H ), FH(�) ∈ G(V H), and SH ∈ G(�H ).

If in (9) we replace the continuous fluxes F by approximate fluxes FH and Sij by SH
ij , we obtain a finite

volume discretization which can be represented as:⎧⎪⎪⎨
⎪⎪⎩

find �H ∈ G(�̄H) such that:

∇H
x FH(�H ) + ∇H

y FH(�H ) = SH,

�H = ψ on ∂�̄H.

(10)

This discretization yields N2 equations for the N2 unknown values of �H on �H . The method intro-
duced above is just a standard finite volume method on a uniform grid, which can be found in many
textbooks. The presentation, however, is adapted to the generalization to composite grids, which is
treated below.

3 An iterative finite volume discretization on composite grids

In this section, we will present a finite volume method for solving the given boundary value problem
on a composite grid. In Section 3.1, we explain how composite grids are formed by combining two
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or more uniform grids with different meshsizes. In Section 3.2, we adapt the general Local Defect
Correction (LDC) method from [13] to a finite volume setting. The key point here is that the definition
of a suitable defect correction is based on discretization error estimates for the numerical fluxes. The
LDC method is an iterative method, hence we obtain an iterative finite volume discretization method.
In Section 3.3, we derive a few properties of this discretization method. In particular it is shown that
a conservation property on composite grids holds.

3.1 Composite grids

In this section we explain the concept of composite grids. Such composite grids can be found in e.g.
[1, 3, 5, 10–12, 18].
The grids we consider result from a uniform basis grid with meshsize H, cf. Section 2, that is extended
with a region of local uniform refinement.
For this local refinement we introduce a subdomain �l of �, which is such that it contains the part(s)
of � in which relatively high resolution is needed, whereas in � \ �l significantly less resolution suf-
fices. In Section 4, an example of an interface problem is given, where it is a priori clear that in a (small)
part of the domain � a much higher resolution is required than in the remaining part. Further examples
can be found in [7, 9, 13].

The uniform basis grid, denoted by �H , is called the global coarse grid. For the definition of a region
of local refinement, we introduce a neighborhood Wij for each grid point (xi, y j) ∈ �H by

Wij := (xi−1, xi+1) × (y j−1, y j+1). (11)

We assume that �l is chosen such that it is a union of neighborhoods Wij:

(xi, y j) ∈ �H ∩ �l ⇐⇒ Wij ⊂ �l. (12)

Note that Vij ⊂ Wij, so that Wij ⊂ �l =⇒ Vij ⊂ �l. Also, �l is not a union of control volumes Vij.
In �l we apply, as in �, a vertex-centered finite volume method, i.e., we first introduce a uniform com-
putational grid with meshsize h < H. This grid, which is denoted by �h

l , is called the local fine grid.
To make sure that grid points in �H

l := �H ∩ �l are grid points of �h
l , and that boundaries of control

volumes in the local fine grid coincide with boundaries of control volumes in the global coarse grid, we
assume the refinement factor σ := H/h to be an odd integer. We emphasize that a refinement factor
σ  1 is allowed, i.e., we can use a global coarse grid and a local fine grid with different resolution
properties. In Figure 1, an example of a composite grid is shown (cf. also Section 4).
We will describe a method for calculating approximations of ϕ at all grid points of a composite grid,
which uses discretizations of the partial differential equation (conservation law) on the global coarse
grid and one or more local fine grids only. In the implementation one can take advantage of the fact
that these grids are uniform. For example, data structures are relatively simple and certain iterative
methods which make use of structured grids (e.g. line methods) are applicable.
To facilitate the description of the algorithm below, we introduce some additional notation. The inter-
face between the global coarse grid and the local fine grid will be denoted by � := ∂�l \ ∂�. We will
call the set of coarse grid points on this boundary �H , so �H := �∩�H . Note that �H does not contain
any grid points of �h

l . We use the notation �H
c := �H \ (�H

l ∪ �H ). Composite grids are denoted by
�H,h := �H ∪ �h

l , �̄H,h := �̄H ∪ �h
l .
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Figure 1: A composite, global coarse and local fine grid; H = 1/6, N = 5, and the refinement factor σ

equals 3. Grid points, control volumes, and flux integrals are denoted by little circles, large squares,
and arrows, respectively. The shaded region is �l; the points of �H are marked by filled circles.

3.2 A Local Defect Correction finite volume discretization

For the construction of a suitable finite volume discretization on composite grids we use the Local De-
fect Correction (LDC) method. This method was introduced, in a general setting, in [13], and analyzed
in the special case of finite difference discretizations in [8, 9]. The LDC method is related to the FAC
method presented in [18, 19], which is also based on discretization on composite grids. The relation
between these two methods is elaborated in [7, 8].

Now let us turn to the derivation of an LDC method adapted to finite volume discretization. In this
method we first compute an initial approximation �H

0 on the global coarse grid using the standard fi-
nite volume discretization of Section 2, i.e., �H

0 is the solution of the discrete problem (10).
Next, we formulate a boundary value problem on the local domain �l, using the initial coarse grid
approximation to define artificial Dirichlet boundary conditions on the interface �. To determine these
artificial boundary conditions, we use an interpolation operator p : �H → �; obvious choices for p are
the linear and the quadratic interpolation operator. Due to the fact that �l is, by construction, a union
of sets Wij as in (11), a linear interpolation p : �H → � can be defined straightforwardly. If a point x
on a vertical (horizontal) part of � has (at least) three neighboring points in �H which lie on a vertical
(horizontal) line, a quadratic interpolation at x can be defined in a natural way. For the case of finite
differences these two interpolation operators have been analyzed in [9]. There it is shown that if one
uses quadratic interpolation an “optimal” (as explained in [9]) discretization error bound is obtained.
However, in general the linear interpolation yields satisfactory results, too. In Section 4.1, we use linear
interpolation for points x neighboring corners of � and quadratic interpolation elsewhere.
At ∂�l ∩ ∂� we use the given Dirichlet boundary conditions.
We are thus led to an analogon of problem (2) on the subdomain �l with artificial boundary conditions
on the interface �. We discretize this problem on the uniform local grid �h

l using the method described
in Section 2. We use a notation in which local fine grid quantities are denoted by a subscript l and a
superscript h, e.g.: �h

l (computational grid on �l), Vh
l (dual grid on �l), G(Vh

l ) (grid functions on Vh
l )

and, for � ∈ G(�̄h
l ), Fh

l (�) ∈ G(Vh
l ) (discrete flux on Vh

l ). These quantities related to �l are defined
in exactly the same way as their analogons in Section 2 which are related to �.
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Using this notation the discrete local fine grid problem can be formulated as:⎧⎪⎪⎨
⎪⎪⎩

find �h
l ∈ G(�̄h

l ) such that:

∇h
xF

h
l (�

h
l ) + ∇h

yF
h
l (�

h
l ) = Sh

l ,

�h
l = ψ on ∂�̄h

l ∩ ∂�, �h
l = p(�H

0

∣∣
�H ) on �h.

(13)

The discrete solutions �H
0 and �h

l yield an approximation of ϕ at all points of the composite grid. We
denote this composite grid approximation by�H,h

0 , and take the newest values in grid points belonging
to both the coarse grid and the fine grid, viz.

�H,h
0 :=

{
�h

l , on �h
l ,

�H
0 , on �̄H \ �H

l .
(14)

We now derive the third step in the algorithm, in which we use the (more accurate) approximation found
on the local fine grid to update the coarse grid approximation.

Substitution of the continuous solution ϕ in (10) yields a defect

dH := ∇H
x FH(ϕ

∣∣
�̄H ) + ∇H

y FH(ϕ
∣∣
�̄H ) − SH . (15)

Clearly, a reasonable estimate for this dH ∈ G(�H) can be used as a correction term in the right hand
side of the system in (10) and may then yield an improved approximation for ϕ on the coarse grid.
Combination of (9) and (15) yields:

dH = ∇H
x (FH(ϕ

∣∣
�̄H ) − F(ϕ)) + ∇H

y (FH(ϕ
∣∣
�̄H ) − F(ϕ)) − (SH − S). (16)

This expression for the coarse grid defect is used to derive an approximation for dH by estimating the
flux discretization error FH(ϕ

∣∣
�̄H ) − F(ϕ) and the source term discretization error SH − S.

We consider (xi, y j) ∈ �H
l . From (12) we obtain Vij ⊂ �l, and hence, three different approximations

for the east flux Fi+1/2, j(ϕ) of this control volume are available:

1. the coarse grid approximation of the flux integral, FH
i+1/2, j(�

H
0 ),

2. a sum of fine grid approximations of flux integrals,

Fsum
l,i+1/2, j(�

h
l ) :=

(σ−1)/2∑
k=−(σ−1)/2

Fh
l,i+1/2, j+k(�

h
l ), (17)

3. a coarse grid approximation of the flux integral based on the most recently calculated approxi-
mation for ϕ, i.e.,

FH
i+1/2, j(�

H,h
0

∣∣
�̄H ). (18)

The same holds for the other fluxes: Fi−1/2, j(ϕ), Fi, j+1/2(ϕ), Fi, j−1/2(ϕ). Of these three approxima-
tions, the second one is considered to be the most accurate. We now define a coarse grid flux vector
which uses information from the local fine grid solution, too: FH,h(�H,h

0 ) ∈ G(V H) is defined by:

FH,h(�H,h
0 ) :=

{
Fsum

l (�h
l ), on V H ∩ �l (as in (17)),

FH(�H,h
0

∣∣
�̄H ), elsewhere (as in (18)).

(19)
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We use this flux vector to give the following estimate:

FH(ϕ
∣∣
�̄H ) − F(ϕ)

.= FH(�H,h
0

∣∣
�̄H ) − FH,h(�H,h

0 ). (20)

Based on these considerations we introduce a flux discretization error estimate dHF ∈ G(V H) defined
by

dH
F (�H,h

0 ) := FH(�H,h
0

∣∣
�̄H ) − FH,h(�H,h

0 ). (21)

For estimating the term SH − S in (16) we introduce Ssum
l ∈ G(�H

l ):

Ssum
l (xi, y j) :=

(σ−1)/2∑
k=−(σ−1)/2

(σ−1)/2∑
m=−(σ−1)/2

Sh
l (xi + kh, y j + mh). (22)

An obvious estimate for SH − S is given by dH
S ∈ G(�H) with

dH
S (xi, y j) :=

{
SH(xi, y j) − Ssum

l (xi, y j), if (xi, y j) ∈ �H
l ,

0, if (xi, y j) /∈ �H
l .

(23)

Using (21)–(23) to estimate dH in (16) we find

dH .= ∇H
x dH

F (�H,h
0 ) + ∇H

y dH
F (�H,h

0 ) − dH
S , (24)

and putting this estimate in the right hand side of the system in (10), we are led to the following updated
coarse grid problem⎧⎪⎪⎨

⎪⎪⎩
find �H

1 ∈ G(�̄H) such that:

∇H
x FH(�H

1 ) + ∇H
y FH(�H

1 ) = SH + ∇H
x dH

F (�H,h
0 ) + ∇H

y dH
F (�H,h

0 ) − dH
S ,

�H
1 = ψ on ∂�̄H.

(25)

Based on (25), we introduce the following notation for �H,h
0 ∈ G(�̄H,h):

SH(�H,h
0 ) := SH + ∇H

x dH
F (�H,h

0 ) + ∇H
y dH

F (�H,h
0 ) − dH

S . (26)

The computation of SH(�H,h
0 ) can be simplified, using the results in the following lemma.

Lemma 2 For SH(�H,h
0 ) as in (26), we have:

SH
ij (�

H,h
0 ) =

{ (∇H
x FH(�H,h

0

∣∣
�̄H ) + ∇H

y FH(�H,h
0

∣∣
�̄H )

)
i j

, for (xi, y j) ∈ �H
l ,

SH
ij , for (xi, y j) ∈ �H

c .
(27)

Proof Consider a grid point (xi, y j) ∈ �H
l . Adding the fine grid equations in (13) for all fine grid

points in the coarse grid control volume Vij yields the following conservation property over this control
volume:(∇H

x Fsum
l (�h

l ) + ∇H
y Fsum

l (�h
l )

)
i j

= Ssum
l (xi, y j).

9



Using the notation in (19), (21), (23) now yields for (xi, y j) ∈ �H
l :(

SH(�H,h
0 )

)
i j

= SH
ij +

(
∇H

x dH
F (�H,h

0 ) + ∇H
y dH

F (�H,h
0 )

)
i j

− (
SH

ij − Ssum
l (xi, y j)

)
= (∇H

x FH(�H,h
0

∣∣
�̄H ) + ∇H

y FH(�H,h
0

∣∣
�̄H )

)
i j

+

Ssum
l (xi, y j) − (∇H

x Fsum
l (�h

l ) + ∇H
y Fsum

l (�h
l )

)
i j

= (∇H
x FH(�H,h

0

∣∣
�̄H ) + ∇H

y FH(�H,h
0

∣∣
�̄H )

)
i j
,

which proves the first part of (27).
From the definitions in (19) and (21) we obtain that dH

F (�H,h
0 ) equals zero on VH ∩ (� \ �l ), and

hence the difference operators ∇H
x and ∇H

y applied to this grid function yield zero on �H
c . This gives

the second part of (27).

Note that the term Ssum
l can be avoided in the computation of SH(�H,h

0 ) and that the sum of fine grid
fluxes, i.e. Fsum

l (�h
l ) as in (19), has to be computed on faces of control volumes Vij with (xi, y j) ∈ �H

only.

After solving the problem in (25) we can repeat the same procedure, i.e., define artificial boundary
conditions on �, solve the local fine grid problem, etc. This results in the following Local Defect Cor-
rection iterative method.

LDC algorithm

Initialization:
Solve the basic coarse grid problem (10).
Solve the local fine grid problem (13).
Define the composite grid approximation �H,h

0 as in (14).

Iteration, i = 1, 2, . . . :
Compute an updated right hand side SH(�H,h

i−1 ) as in (26).
Solve the global coarse grid problem⎧⎪⎪⎨

⎪⎪⎩
find �H

i ∈ G(�̄H) such that:

∇H
x FH(�H

i ) + ∇H
y FH(�H

i ) = SH(�H,h
i−1 ),

�H
i = ψ on ∂�̄H.

(28)

Solve the local fine grid problem⎧⎪⎪⎨
⎪⎪⎩

find �h
l,i ∈ G(�̄h

l ) such that:

∇h
xF

h
l (�

h
l,i) + ∇h

yF
h
l (�

h
l,i) = Sh

l ,

�h
l,i = ψ on ∂�̄h

l ∩ ∂�, �h
l,i = p(�H

i

∣∣
�H ) on �h.

(29)

Define the composite grid approximation

�H,h
i :=

{
�h

l,i, on �h
l ,

�H
i , on �̄H \ �H

l .
(30)

10



This is the general LDC method as presented in [13], but now adapted to a setting with finite volume
discretization. In particular, the form of the correction term SH(�H,h

i−1 ) as in (26) is new. Here, the cor-
rection term is chosen such that in the limit (i → ∞) the resulting composite grid discretization is still
conservative; this is discussed in Section 3.3. In Section 4.2, we will show that for certain problems the
standard choice for the correction term (as used in [8, 9, 13]) may yield a poor discretization, because
the discretization is not conservative on the composite grid, whereas with the finite volume adapted
correction term presented here the results are satisfactory.

3.3 Properties of the LDC method

The LDC algorithm that is described in Section 3.2 is an iterative process, which implicitly gives a
discretization of the partial differential equation (conservation law) on a composite grid. In this section,
we discuss a few properties of this discretization. Throughout this section, we will assume that the LDC
iteration converges. Numerical experiments (cf. also Section 4) and theoretical results in [7, 8, 13]
support this assumption. A sufficient condition for the iterative process to be convergent is

�H
i → �H

∗ (i → ∞), (31)

because this implies �H
i

∣∣
�H → �H∗

∣∣
�H (i → ∞), and therefore �h

l,i → �h
l,∗ (i → ∞). From these

two limit solutions �H∗ ∈ G(�̄H ) and�h
l,∗ ∈ G(�̄h

l ), we define a composite grid approximation �H,h∗ ∈
G(�̄H,h) as in (30).

In Lemma 3 below, it is shown that the coarse grid solution �H∗ and the local fine grid solution �h
l,∗

coincide in �H
l .

Lemma 3 Assume that the system in (33) below, which results from the finite volume discretization of
Section 2 (cf. (10)) applied to the conservation law on the domain �l , has a unique solution. Then the
limit solution (�H∗ ,�h

l,∗) of the LDC iteration satisfies

�H∗
∣∣
�H

l
= �h

l,∗
∣∣
�H

l
. (32)

Proof From (27) and (28) we obtain, for (xi, y j) ∈ �H
l :(∇H

x FH(�H
∗ ) + ∇H

y FH(�H
∗ )

)
i j

= (∇H
x FH(�H,h∗

∣∣
�̄H ) + ∇H

y FH(�H,h∗
∣∣
�̄H )

)
i j
.

Note that �H,h∗ (xi, y j) = �H∗ (xi, y j) for (xi, y j) ∈ �H and �H,h∗ (xi, y j) = �h
l,∗(xi, y j) for (xi, y j) ∈

�H
l . Hence, v = �H∗ − �H,h∗

∣∣
�̄H

l
∈ G(�̄H

l ) satisfies

{ ∇H
x FH(v) + ∇H

y FH(v) = 0 on �H
l ,

v = 0 on ∂�̄H
l .

(33)

From the assumption it follows that this system has only the zero solution, hence v = 0 on �H
l , which

is equivalent to (32).

We will now discuss the conservation property which holds for the limit solution�H,h∗ on the composite
grid. Note that summation of the conservation laws for individual control volumes Vij, cf. (9), leads

11



to a conservation law on the union of these control volumes. This property holds, because fluxes over
internal faces cancel. Consider, e.g., control volumes Vij, Vi+1, j with (xi, y j) ∈ �H , (xi+1, y j) ∈ �H .
We have∮

∂Vij

fϕ · n dγ +
∮

∂Vi+1, j

fϕ · n dγ =
∮

∂(Vij∪Vi+1, j )

fϕ · n dγ, (34)

which implies, that summation of the conservation laws on Vij and Vi+1, j leads to (2) with V = Vij ∪
Vi+1, j.
The finite volume discretization on a uniform grid as described in Section 2 satisfies the discrete equiv-
alent of (34) as is easily seen by adding the discrete conservation laws in (10). This implies that discrete
conservation holds for any subdomain of � which can be covered with control volumes Vij. A similar
result holds for the limit solution �H,h∗ on the composite grid. To show this we prove the following
theorem.

Theorem 4 Under the assumption of Lemma 3, the limit solution �H,h∗ ∈ G(�̄H,h) satisfies the fol-
lowing system of discrete conservation laws:

∇H
x FH,h(�H,h

∗ ) + ∇H
y FH,h(�H,h

∗ ) = SH,h, (35)

with FH,h(�H,h∗ ) defined as in (19) and SH,h ∈ G(�H) defined by

SH,h(xi, y j) :=
{

Ssum
l (xi, y j), if (xi, y j) ∈ �H

l ,

SH(xi, y j), if (xi, y j) ∈ �H ∪ �H
c .

Proof Using (26), (28), we find

∇H
x FH(�H

∗ ) + ∇H
y FH(�H

∗ )

= SH(�H,h
∗ ) = SH + ∇H

x dH
F (�H,h

∗ ) + ∇H
y dH

F (�H,h
∗ ) − dH

S . (36)

For dH
F (�H,h∗ ), we have, using (21) and Lemma 3

dH
F (�H,h

∗ ) = FH(�H,h∗
∣∣
�̄H ) − FH,h(�H,h

∗ ) = FH(�H
∗ ) − FH,h(�H,h

∗ ). (37)

Substitution of (37) in (36) yields

∇H
x FH,h(�H,h

∗ ) + ∇H
y FH,h(�H,h

∗ ) = SH − dH
S = SH,h,

which proves the theorem.

Using Theorem 4, it is easily verified, that the discretization given by the LDC algorithm as described
in Section 3.2 satisfies a discrete equivalent of (34), too. Therefore, discrete conservation holds for any
subdomain of � which can be covered with control volumes Vij.

Remark 5 For (xi, y j) ∈ �H
l , the conservation laws in (35) reduce to(∇H

x Fsum
l (�h

l,∗) + ∇H
y Fsum

l (�h
l,∗)

)
i j

= Ssum
l (xi, y j). (38)

This is the same conservation property one would obtain by adding the conservation laws that hold on
the σ2 fine grid control volumes that partition Vij, cf. (29).

12



Figure 2: The discretization on the composite grid given by the LDC algorithm with the standard choice
for the correction term (left figure) and with the finite volume adapted correction term (right figure).

For (xi, y j) ∈ �H
c , the components of (35) reduce to(∇H

x FH(�H
∗ ) + ∇H

y FH(�H
∗ )

)
i j

= SH(xi, y j),

which corresponds to the conservation laws of the finite volume discretization on a uniform grid from
Section 2, cf. (10).
For (xi, y j) ∈ �H , the limit discretization of the finite volume adapted LDC algorithm is such, that the
discrete influx into Vij out of a control volume Vkm, (xk, ym) ∈ �H

l , matches the total discrete outflux
from Vkm into Vij. This is illustrated in Figure 2.
If we would use the standard choice for the correction term in the LDC algorithm, the limit discretiza-
tion would be the same on all control volumes Vij with (xi, y j) ∈ �H

l ∪�H
c = �H \�H . The discretiza-

tion would be different, however, on control volumes Vij with (xi, y j) ∈ �H; these volumes would be
treated in the same way as volumes Vij with (xi, y j) ∈ �H

c .
The difference between the discretizations given by the two LDC algorithms is clearified in Figure 2;
its consequences are shown in Section 4.2.

Remark 6 In Section 3.2, a vertex-centered finite volume method has been used for both the dis-
cretization on the global coarse grid and on the local fine grid.
If we would use a cell-centered method on the global coarse grid, we can cover all of � with control
volumes, which yields global discrete conservation. This approach has been followed in the examples
of Section 4. Note that, as a consequence, boundary conditions for the local fine grid problem have to
be treated as in a vertex-centered method (the artificial boundary conditions) or as in a cell-centered
method (the natural boundary conditions). This is illustrated in the left part of Figure 3.
It is also possible to apply a cell-centered finite volume method in �l by choosing the refinement fac-
tor σ = H/h to be an even integer. See the right part of Figure 3. As before, a refined coarse grid control
volume is the union of fine grid control volumes, so that we can define a source term discretization er-
ror estimate in a straightforward way. However, the points in �H

l := �H ∩�l are no longer grid points

13



x=0 x=1x=1/2 x=0 x=1x=1/2

Figure 3: One-dimensional composite, global coarse and local fine grids on (0, 1) when a cell-centered
method is used on the global coarse grid, and when the refinement factor σ is odd (left figure) and even
(right figure).

of �h
l , so that we need to introduce a restriction R : G(�h

l ) → G(�H
l ) to define flux term discretization

error estimates.

Remark 7 The system of discrete conservation laws in Theorem 4 holds for the fully converged com-
posite grid solution �H,h∗ . However, in practice, often one or two LDC iterations will suffice to obtain a
satisfactory approximation of ϕ on �H,h due to the high rate of convergence of the method. Typically,
one has an error reduction by a factor 10 up to 1000 in each iteration step (cf. the results in Section 4
and in [8, 13]).

Remark 8 The method presented in this section has a straightforward generalization to logically rect-
angular grids. Also, for the method to be applicable to three-dimensional problems, only minor mod-
ifications are needed.

4 Numerical experiments

4.1 A two-dimensional interface problem

We consider a two-dimensional interface problem. We choose the mass flux v equal to zero, and take a
diffusion coefficient � that is discontinuous across a curve in � = (0, 1)× (0, 1) and has a small value
in part of the domain, viz.

�(x, y) :=
{

δ, for (x, y) ∈ Uε,
1, for (x, y) ∈ � \ Uε,

where 0 < δ � 1, Uε := (1/2 − ε, 1/2 + ε) × (1/2 − ε, 1/2 + ε), 0 < ε < 1/2. The boundary con-
ditions ψ and right hand side s are chosen such that the solution to the continuous problem is known
and has a high activity region in Uε. If we define the auxiliary function a : IR → IR by

a(x) := exp
(−(x − 1/2)2) − exp(−ε2),

and set

ψ(x, y) := a(x) a(y), (x, y) ∈ ∂�,

s(x, y) := −a′′(x) a(y) − a(x) a′′(y), (x, y) ∈ �,

we have the following expression for the solution ϕ of the continuous problem:

ϕ(x, y) =
{

δ−1 a(x) a(y), for (x, y) ∈ Uε,
a(x) a(y), for (x, y) ∈ � \ Uε.

14



Figure 4: Source term (left figure) and exact solution (right figure) of the two-dimensional interface
problem.

Note that ψ and s depend on ε but not on δ. In the experiment below, we take δ = 10−8, ε = 2/81. The
source term s and the exact solution ϕ with these values of δ and ε are shown in Figure 4.
Because of the different resolutions needed to represent ϕ in Uε and in � \ Uε, discretization of the
boundary value problem for ϕ on a uniform grid is undesirable. Indeed, if we would use a uniform
grid with a large meshsize, we would miss the influence of the small value of � in Uε on the solution ϕ,
whereas using a small meshsize would result in a large number of grid points, particularly in � \ Uε,
which is by far the largest part of the domain and where high resolution is not needed.
For this reason, we will use the LDC method with the finite volume adapted correction term as de-
scribed in Section 3.2 to discretize the boundary value problem for ϕ on a composite grid. We take
�l := (1/2 − 1/27, 1/2 + 1/27) × (1/2 − 1/27, 1/2 + 1/27). For the global coarse grid, meshsizes
H = 1/33, H = 1/34, and H = 1/35 have been used; the refinement factor σ has been chosen equal
to σ = 3, σ = 32, and σ = 33. In this model problem, the location of the physical interface (∂Uε) is
such that for H = 1/3k, k ≥ 3, and σ = 3m, m ≥ 1, this interface is on grid lines in �h

l . Therefore, a
simple central difference flux approximation scheme, as in Example 1, can be used (see [21] for a more
detailed discussion of this topic). In a setting where this favorable interface-grid alignment does not
hold, other, more advanced, finite volume discretization schemes should be used. The LDC method,
however, remains the same.
Since the main topic of this paper is to study the performance of the LDC (outer) iteration, the lin-
ear systems arising in the LDC algorithm have been solved to high accuracy using CG iteration with
incomplete Cholesky factorization as a preconditioner. We emphasize, however, that the properties
shown below still hold if we use low, but “reasonable”, accuracy in the inner iterations.
The numerical results of the LDC method are presented in Table 1. Listed are the number of unknowns
in the computation performed and the discretization error in the approximation,∥∥ϕ

∣∣
�H −�H

∗
∥∥

2
/N,

where N is such that N2 is the number of grid points in �H . Note that diagonal elements in the ta-
ble correspond to uniform grids. From Table 1, we conclude that the LDC algorithm can reduce the
discretization error on the global coarse grid (meshsize H) to an error that is of the same order of mag-
nitude as the error on a global uniform grid with meshsize h, using considerably less grid points than
a computation on a global uniform grid with meshsize h would require. This is, e.g., illustrated by the
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H = 1/33 H = 1/34 H = 1/35

Unknowns Error Unknowns Error Unknowns Error
h = 1/33 729 1.7 · 10+0

h = 1/34 778 1.1 · 10−4 6561 7.4 · 10−5

h = 1/35 1090 1.6 · 10−5 6922 8.3 · 10−6 59049 8.3 · 10−6

h = 1/36 3754 1.2 · 10−5 9586 1.5 · 10−6 62074 9.3 · 10−7

Table 1: Numerical results for the two-dimensional interface problem computed using the LDC al-
gorithm with finite volume adapted correction term on a composite grid. The global coarse grid has
meshsize H; the local fine grid has meshsize h.

computation on the composite grid with meshsizes H = 1/34, h = 1/35, which uses only 6922 grid
points to find an approximation with the same error as a computation on a uniform grid with mesh-
size H = 1/35, which involves 59049 unknowns. Note that even the error in the result on the com-
posite grid with H = 1/33, h = 1/35, which has only 1090 grid points, is already of the same order of
magnitude.
Finally, we remark that the uniform grid with meshsize H = 1/33 completely misses the high activity
region Uε, causing a very large discretization error. This error is reduced by a factor of order 104 by
refining the high activity zone with a factor σ of only 3 (introducing just 49 new grid points).
The excellent rate of convergence of the LDC method is illustrated by the fact that the results in Table 1
are already found after just one LDC correction step. In other words, a table listing the discretization
error ∥∥ϕ

∣∣
�H −�H

1

∥∥
2
/N,

would be the same as Table 1.
If in this experiment, we use the standard correction term as in [13] instead of the new correction
term SH(�H,h

i−1 ) as in (26), we obtain similar results. This is not surprising, since the conservation prop-
erty is crucial across the physical interface ∂Uε, but of minor importance across the artificial interface �.
Hence, using a finite volume discretization for the local fine grid problem is of major importance, but
using the new correction term, which yields conservation across �, is of minor importance.

4.2 A one-dimensional time dependent convection-diffusion problem

To illustrate the advantage of the finite volume adapted LDC algorithm over the algorithm with the stan-
dard choice for the correction term as in [8, 9, 13], we consider a time dependent convection-diffusion
problem, which is a simple model for the behavior of water held inside a basin by two levies. In this
example, global discrete conservation of the method is the key feature.
We choose the following values for the parameters in the problem. The diffusion coefficient � equals
unity in � = (0, 1). The mass flux is time dependent

v(x, t) := 10 + 25 sin(20 t), x ∈ �̄, t ≥ 0.

There is no production or consumption in the domain, hence s(x) := 0, x ∈ �. This leads to the fol-
lowing partial differential equation for ϕ in �:

∂ϕ

∂t
+ ∂

∂x

(
fϕ

) = 0, fϕ := vϕ − ∂ϕ

∂x
,
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Figure 5: Approximations of ϕ computed using the LDC algorithm with the finite volume adapted
correction term for a value of t such that ϕ(0, t) reaches its maximum value (dotted curve) and for a
value of t such that ϕ(1, t) reaches its maximum value (solid curve).

which expresses the tendency of the water level ϕ to follow the wind v, and to level out. We choose
flux boundary conditions, viz.

fϕ(0, t) = 0, fϕ(1, t) = 0,

which model the two levies that prevent the water from flowing in or out of the basin. The initial condi-
tion is ϕ(x, 0) = 1. Integration of the partial differential equation over � yields the global conservation
law

∂

∂t

∫ 1

0
ϕ(x, t) dx = 0. (39)

We first applied the Euler Backward method for the time discretization. In each Euler step, a continuous
two-point boundary value problem has to be solved. This is done using an LDC method. Because of
boundary layer effects, the water level varies most in the outer parts of the spatial domain, i.e., in (0, δ)

and in (1 − δ, 1), see Figure 5. For this reason we will use a composite grid for space discretization.
The composite grid used consists of a global coarse grid with meshsize H = 1/20 in � and two local
fine grids, both with meshsize h = 1/100, in �l,1 := (0, 1/8) and in �l,2 := (7/8, 1). We present
results for both the LDC method with the standard choice for the correction term and the LDC method
with the finite volume adapted correction term.
The results are shown in Figure 6. Clearly, the LDC method with the standard choice for the correc-
tion term leads to an unrealistic and decreasing water level through “numerical evaporation”. The LDC
method with the finite volume adapted correction term satisfies a discrete equivalent of the global con-
servation law (39), and preserves the water level.
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