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Abstract

In parameterized complexity, a kernel is the result of a kernelization algorithm. Such an
algorithm reduces an input of a parameterized problem to an equivalent instance whose size is
bounded by a function of a parameter that is part of the input. Smaller kernels are more useful
in practice, therefore a large part of kernelization research is concerned with achieving linear or
polynomial size kernels. Vertex deletion problems are often investigated in the parameterized
setting. We wonder whether we can delete a small number of vertices such that the resulting
graph satisfies a certain property. We investigate the vertex deletion problem parameterized
by the size of a minimum vertex cover of the input graph. We extend the work by Fomin et
al. [10] with positive and negative results. We give polynomial kernels for Perfect Deletion,
Asteroidal Triple-free Deletion, Wheel-free Deletion among others. We show that
both the vertex and edge deletion variant of the Almost Wheel-free Deletion problem
do not admit a polynomial kernel unless coNP ⊆ NP/poly.
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Chapter 1

Introduction

Background In the field of algorithms, complexity theory allows us to reason about the
computational complexity and asymptotic running time of algorithms. Typically this reason-
ing is done in terms of the number of input elements or, in the case of graph problems, the
number of vertices and edges in a graph. For the class of NP-hard problems, although not
proven, it is suspected that no polynomial time algorithms exist that solves any of them. In
parameterized complexity theory, the complexity analysis is done not only in the size of the
input, but also in terms of another complexity measure related to the input. This complexity
measure is called the parameter. For graph problems, typical parameters are the size of a
solution, the treewidth of the graph or the minimal vertex cover size. The latter two are often
called structural parameterizations. A parameterized problem is said to be fixed-parameter
tractable (FPT), if an instance x with parameter k can be solved in f(k) · |x|O(1) time for
some arbitrary computable function f . A kernelization is a polynomial time algorithm that
can be used to preprocess inputs of parameterized problems. It reduces an instance (x, k) of
a parameterized problem to an instance (x′, k′) that has an equivalent yes/no answer such
that |x′| and k′ are bounded by f(k) for some computable function f . If f is a polynomial
function, the parameterized problem is said to admit a polynomial kernel. Polynomial kernels
are highly sought after, as they allow any problem instance to be reduced to a relatively small
instance.

In graph modification problems, we wonder whether we can make a small number of
changes to an input graph such that it satisfies a certain property. Possible modifications are
vertex deletions, edge deletions and edge additions. An example of a graph property is that
no vertex can have degree greater than k. In this thesis we investigate the following vertex
deletion problem.

F-Deletion Parameter: |X|
Input: A graph G, a vertex cover X of G and an integer k.
Question: Does there exist a set S ⊆ V (G) of size at most k such that G−S is a member
of hereditary graph class F?

A graph class F is said to be hereditary if it is closed under taking induced subgraphs, that
is, closed under vertex deletion. In a practical setting, graph modification problems could be
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CHAPTER 1. INTRODUCTION

used to do error correction on graphs that are supposed to have a certain property. Since
the number of errors in such graphs is expected to be small, a natural parameter for the F-
Deletion problem is the size of the solution k. When this parameter does not easily lead to
an FPT algorithm or a polynomial kernel, investigation of the same problem parameterized
by other structural parameters of the graph such as treewidth or the size of the vertex cover
can lead to new insights and techniques. For a graph G with vertex cover X, the graph
G − X does not contain any edges. Therefore for most graph classes the size of the vertex
cover |X| is an upper bound on the smallest solution size k. In that sense, the F-Deletion
problem parameterized by vertex cover size should become easier to solve, that is, the existence
of an FPT algorithm or a polynomial kernel is more likely. Each hereditary graph class F
is characterized by a (possibly infinite) set of vertex minimal forbidden induced subgraphs
C(F). The F-Deletion problem is therefore equivalent to C(F)-free Deletion, which
requires that the resulting graph G − S does not contain a graph from C(F) as induced
subgraph. Well known hereditary graph classes are independent sets, chordal graphs and
cographs with forbidden induced subgraphs {K2}, {Ck | k ≥ 4} and {P4} respectively. Note
that Independent Set Deletion is equivalent to the question of whether G contains a
vertex cover of size at most k. A simple example of a graph class that is not hereditary is the
set of graphs that have an independent set of size at least k. Vertex deletion does not preserve
containment in this graph class.

Lewis and Yannakakis [16] show that the unparameterized version of the F-Deletion
problem is NP-hard for nontrivial graph classes that are hereditary on induced subgraphs. A
graph class is nontrivial if it contains infinitely many graphs, and infinitely many graphs are
not contained in it. If containment of G in F can be checked in polynomial time, then the
corresponding vertex deletion problem is NP-complete. For a set of graphs Π that satisfy a
certain graph property, in the Π-free Deletion problem we delete to a graph that does not
have an induced subgraph isomorphic to a graph in Π. Fomin et al. [10] have investigated
characteristics of Π-free Deletion problems that admit a polynomial kernel parameterized
by the minimum vertex cover size. Their framework poses three conditions on the graph
property Π that the resulting graph should not satisfy. These conditions are sufficient to reach
a polynomial kernel for Π-free Deletion parameterized by vertex cover size. Examples of
graph properties that fit in their framework are for instance ‘having a chordless cycle of length
at least 4’ or ‘having an odd cycle’. This results in polynomial kernels for the corresponding Π-
free Deletion problems Chordal Deletion and Odd Cycle Transversal respectively.
Interval Deletion does not fit the framework, however Agrawal et al. [2] show that it admits
a polynomial kernel parameterized by solution size.

Problem statement In this thesis we investigate hereditary graph classes for which the
corresponding F-Deletion problem admits a polynomial kernel parameterized by the vertex
cover size of the input graph. Fomin et al. [10] mention Perfect Deletion as open problem
that does not fit their framework. We wonder whether other graph classes exist that also do
not fit their framework, but do admit a polynomial kernel. On the other hand we attempt to
identify graph classes for which no polynomial kernel exists for the corresponding F-Deletion
problem.
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CHAPTER 1. INTRODUCTION

Results We give a polynomial kernel for the F-Deletion problem for various graph classes.
All kernels in this thesis as well as those achieved using the framework by Fomin et al. [10]
have the following flavor. Consider an instance (G,X, k) F-Deletion problem, mark a set
of vertices M ⊆ V (G) \ X whose size is polynomial in |X| that together with X forms a
polynomial kernel. Obviously the set of marked vertices M is the key in these kernels. The
framework by Fomin et al. [10] uses one way of computing such a set M . As our first results,
we show that Strongly Chordal Deletion and Meyniel Deletion fit in this framework.
The forbidden subgraph characterization of strongly chordal graphs contains suns, and since
Sun-free Deletion does not fit the framework as discussed later this is an interesting result.
Similarly, the forbidden subgraph characterization of Meyniel graphs contains odd holes similar
to perfect graphs. Since Perfect Deletion does not fit the framework, it is surprising that
Meyniel Deletion does.

We define a new way of marking a set of vertices M inspired by the polynomial kernel for
Interval Deletion given by Agrawal et al. [2]. The idea is to assign a vector to each vertex
u ∈ V (G) \ X that characterizes the neighborhood of u. One important detail that makes
this work is that all neighbors of u are in X, since X is a vertex cover. Next we compute a
basis of the multiset of created vectors and mark a corresponding vertex for every vector in
the basis. Then we remove the basis from the multiset and iterate. Using this technique, we
give a polynomial kernel for Perfect Deletion and Asteroidal Triple-free Deletion,
also known as AT-free Deletion. The latter is relevant since a graph is an interval graph
if and only if it is chordal and AT-free. An asteroidal triple consists of three vertices, where
each pair is connected by a path that does not intersect the neighborhood of the third vertex.

As our last positive results we give polynomial compressions from Wheel-free Deletion
and 2-Even-hole-free Deletion to an annotated version of their respective problems.
These kernels exploit the fact that using certain forbidden induced subgraphs, we can bound
the number of vertices in G − X that have a specific type of neighborhood. For example
when C4 is part of the set of forbidden induced subgraphs, we can bound the number of non-
simplicial vertices in G−X. A vertex is non-simplicial if its neighborhood does not induce a
clique.

Besides these kernels, we give a few lower bounds. Assuming that coNP * NP/poly, we
show that both Almost Wheel-free Vertex Deletion and Almost Wheel-free Edge
Deletion parameterized by vertex cover size do not admit polynomial kernels. We elaborate
on this assumption a little in the preliminaries. Furthermore we show that a variant of the AT-
free Deletion problem, namely Annotated Subset AT-free Deletion with Clique
Modulator, parameterized by the modulator size does not admit a polynomial kernel under
the same assumption. A clique modulator X is related to a vertex cover as parameter, since
G−X induces a clique instead of an independent set.

Finally we show that Sun-free Deletion, Permutation Deletion and
(co-)Comparability Deletion do not fit in the kernelization framework of Fomin et al. [10].
It might be possible to extend our new marking scheme to achieve polynomial kernels for these
problems, we state these as open problems.
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CHAPTER 1. INTRODUCTION

Related work Even though the vertex cover is generally not small compared to the size of
the input graph, it is not always the case that a polynomial kernel parameterized by vertex
cover number exists. This was shown by Bodlaender et al. [3]. They showed that for instance
the k-Clique problem that asks whether a graph contains a clique of k vertices, does not
admit a polynomial kernel parameterized by the vertex cover size, unless coNP ⊆ NP/poly.

A survey of some hereditary graph classes is given in [4, Chapter 7]. Besides Interval
Deletion, Fomin et al. [10] mention Perfect Deletion as an open problem that does not
fit their kernelization framework. A graph is perfect if for every induced subgraph H, the
chromatic number of H is equal to the size of the largest clique of H. Conjectured by Berge in
1961 and proven in the beginning of this century by Chudnovsky et al. [7], the strong perfect
graph theorem states that a graph is perfect if and only if it is Berge. The forbidden induced
subgraphs of Berge graphs (and hence of perfect graphs) are C2k+1 and C2k+1 for k ≥ 2, that
is, induced cycles and their edge complements of odd length at least 5. Since Berge graphs can
be recognized in polynomial time [6], the Perfect Deletion problem is NP-complete as it is
hereditary and nontrivial. Heggernes et al. [12] show that Perfect Deletion parameterized
by solution size is W [2]-hard, therefore no FPT algorithm exists for this parameterized problem
unless W [2] = FPT. We elaborate a bit on these complexity classes in the preliminaries. As
already mentioned, we give a polynomial kernel for Wheel-free Deletion. A wheel Wn for
n ≥ 3 consists of an induced cycle Cn with an additional universal vertex that is adjacent to
every vertex of the induced cycle. Lokshtanov [17] shows that this problem parameterized by
the solution size is W[2]-hard.

For hereditary graph classes, the F-Deletion problem parameterized by the solution size
where the set of forbidden induced subgraphs C(F) is finite always admits a polynomial kernel.
It can be modeled as an instance of d-Hitting Set and a kernel can be achieved via the so
called sunflower lemma [1]. When edge addition and deletion are allowed modifications, the
graph modification problem becomes more difficult. An edge deletion or addition, also called
an edit, might create a new forbidden induced subgraph. Cai [5] shows that this problem
parameterized by the number of modifications is FPT for hereditary graph classes that are
characterized by a finite number of forbidden induced subgraphs. Kratsch and Wahlström [15]
give a single graph H for which the H-free Edge Deletion and H-free Edge Editing
problem do not admit a polynomial kernel parameterized by solution size. This again shows
that edge modifications are more difficult to handle.

Organization The remainder of this work is organized as follows. In Chapter 2 we give pre-
liminaries and definitions used throughout this work. In Chapter 3 we give positive polynomial
kernelization results for the F-Deletion problem for a number of different graph classes. In
Chapter 4 we give some lower bounds. In Chapter 5 we introduce a few graph classes for
which the existence of a polynomial kernel for the corresponding vertex deletion problem is
still open. Finally in Chapter 6 we give some concluding remarks.
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Chapter 2

Preliminaries

2.1 Notation

In this work, unless stated otherwise, we consider simple graphs that are unweighted and
undirected without self-loops. A graphG has vertex and edge sets V (G) and E(G) respectively.
An edge between vertices u, v ∈ V (G) is written as an unordered pair {u, v}. For a set of
vertices S ⊆ V (G), by G[S] we denote the graph induced by S. More formally, V (G[S]) = S
and E(G[S]) = {{u, v} ∈ S × S | {u, v} ∈ E(G)}. For v ∈ V (G) and S ⊆ V (G), by G − v
and G − S we mean the graphs G[V (G) \ {v}] and G[V (G) \ S] respectively. For e ∈ E(G)
and S ⊆ E(G), G − e and G − S are graphs such that V (G) = V (G − e) = V (G − S),
E(G − e) = E(G) \ {e} and E(G − S) = E(G) \ S. We denote the open neighborhood of
v ∈ V (G) by NG(v) = {u | {u, v} ∈ E(G)}. When clear from context, we sometimes omit
subscript G. The closed neighborhood is denoted as NG[v] = NG(v) ∪ {v}. For i ∈ N, we
denote the set {1, ..., i} by [i]. The graph Pn is a path on n ≥ 1 vertices. The graph Cn is an
induced cycle on n ≥ 3 vertices. When n ≥ 4, Cn is often called a hole. An n-fan for n ≥ 1
consists of a path Pn+1 together with a vertex that is adjacent to every vertex of the path.

2.2 Parameterized complexity

We give some definitions regarding parameterized complexity. In parameterized complexity
theory, complexity analysis is done on the size of the input as well as an additional parameter
related to the input.

Definition 2.2.1. A parameterized problem is a language Q ⊆ Σ∗ × N. Problem Q is said
to be fixed-parameter tractable (FPT) if there exists an algorithm that given an instance
(x, k) ∈ Σ∗×N correctly decides whether (x, k) ∈ Q in f(k) · |x|O(1) time for some computable
function f . Here k is called the parameter and Σ is a fixed, finite alphabet.

If an instance (x, k) is contained in parameterized problem Q, then we call it a yes-
instance. Otherwise we call it a no-instance. Throughout most of this thesis, we use the size
of a minimum vertex cover of the input graph as the parameter. Next we define a kernelization
algorithm, which preprocesses input instances of a parameterized problem.
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CHAPTER 2. PRELIMINARIES

Definition 2.2.2. Let Q be a parameterized problem. Given an instance (x, k) ∈ Σ∗ × N, a
kernelization outputs in time polynomial in |x|+ k an instance (x′, k′) (known as the kernel)
such that (x, k) ∈ Q if and only if (x′, k′) ∈ Q and such that |x′|, k′ ≤ f(k). Here f is an
arbitrary computable function, called the size of the kernel. If f is a polynomial function,
then we say that the kernel is polynomial.

It is known that a decidable parameterized problem admits a kernel if and only if it is
FPT. This makes a kernelization an alternative definition of fixed-parameter tractability. In
the definition of a kernelization, both input and output instances are associated with the same
parameterized problem. If input and output instances are associated with different problems,
we call the kernelization a compression instead.

Definition 2.2.3. A polynomial compression of a parameterized problem Q ⊆ Σ∗ ×N into a
language R ⊆ Σ∗ is an algorithm that takes as input an instance (x, k) ∈ Σ∗×N and produces
in time polynomial in |x|+ k a string y such that |y| ≤ p(k) for some polynomial p and y ∈ R
if and only if (x, k) ∈ Q.

Similar to NP-completeness theory for polynomial time computation, there exists a com-
plexity class W[1] that contains problems which are believed not to admit an FPT algorithm.
Although not proven, many researchers believe that FPT 6= W[1] similar to P 6= NP. The k-
Clique problem asks whether an input graph contains an induced subgraph of size at least k
that is a clique. The k-Clique problem parameterized by the solution size k is W[1]-complete,
which means that unless FPT = W[1], there does not exist an FPT algorithm for it. Besides
W[1], there exists a hierarchy of complexity classes W [k] for k ≥ 1, such that W [k] ⊆W [k+1].
A further introduction on parameterized intractability is given by Cygan et al. [8]. We do not
give W-hardness results in this thesis.

Apart from ruling out FPT algorithms, for problems which are known to be in FPT it
can be useful to rule out the existence of a polynomial kernel. Ruling out the existence of
a polynomial compression also rules out the existence of a polynomial kernel. We use this
fact to construct lower bound proofs. For these proofs we need one more ingredient, namely
polynomial parameter transformations.

Definition 2.2.4. Let P,Q ⊆ Σ∗ × N be two parameterized problems. An algorithm A is
called a polynomial parameter transformation (PPT) from P to Q if, given an instance (x, k)
of problem P , A produces in polynomial time an equivalent instance (x′, k′) of problem Q.
More formally, (x, k) ∈ P if and only if (x′, k′) ∈ Q such that k′ ≤ p(k) for some polynomial
function p.

Note that from the definition above we only require the size of the parameter in the trans-
formed instance to be bounded in some polynomial of the original parameter. The following
theorem combines this definition with polynomial compressions.

Theorem 2.2.5 (Theorem 19.2, [18]). Let P and Q be two parameterized problems such that
there exists a PPT from P to Q. If Q has a polynomial compression, then P also has a
polynomial compression.

6 Master Thesis



CHAPTER 2. PRELIMINARIES

By contraposition of the theorem above, if the starting problem P does not have a poly-
nomial compression, then Q also does not have a polynomial compression. This fact can be
used to rule out polynomial kernels for parameterized problems. The starting problem for our
lower bounds is CNF-SAT parameterized by the number of variables.

Theorem 2.2.6 (Theorem 18.3, [18]). CNF-SAT parameterized by the number of variables
n does not admit a polynomial compression unless coNP ⊆ NP/poly.

If coNP ⊆ NP/poly would be true, then the polynomial hierarchy would collapse to the
third level. This makes coNP * NP/poly a stronger assumption than P 6= NP, as this would
require a full polynomial hierarchy collapse to be false. Even though it is a stronger assump-
tion, many believe it to be true. Therefore ruling out a polynomial compression under this
assumption, and therefore a polynomial kernel, is still a meaningful result.

2.3 Kernelization framework

We state some of the results from the kernelization framework by Fomin et al. [10] that forms
the basis of this work. A graph property Π is a (possibly infinite) set of graphs that satisfy
this property.

Definition 2.3.1 (Definition 3, [10]). A graph property Π is characterized by cΠ ∈ N adja-
cencies if for all graphs G ∈ Π, for every vertex v ∈ V (G), there is a set D ⊆ V (G) \ {v}
of size at most cΠ such that all graphs G′ which are obtained from G by adding or removing
edges between v and vertices in V (G) \D, are also contained in Π.

As an example, the graph property ‘having a chordless cycle of length at least 4’ is charac-
terized by 3 adjacencies. The graph property ‘not being a interval graph’ is not characterized
by finite adjacencies. More examples are given by Fomin et al. [10].

A graph G is vertex-minimal with respect to Π if G ∈ Π and for all S ⊂ V (G) the graph
G[S] is not contained in Π. The Π-free Deletion problem is equivalent to the F-Deletion
problem where F is the set of graphs that are not contained in Π. The following framework
can be used to get polynomial kernels for the F-Deletion problem parameterized by vertex
cover.

Theorem 2.3.2 (Theorem 2, [10]). If Π is a graph property such that:

(i) Π is characterized by cΠ adjacencies,

(ii) every graph in Π contains at least one edge, and

(iii) there is a non-decreasing polynomial p : N → N such that all graphs G that are vertex-
minimal with respect to Π satisfy |V (G)| ≤ p(vc(G)),

then Π-free Deletion parameterized by the vertex cover size x admits a polynomial kernel
with O((x+ p(x))xcΠ) vertices.

Theorem 2.3.2 can be used to get a polynomial kernel for Chordal Deletion, but not
for Interval Deletion.

Master Thesis 7



Chapter 3

Kernels

In this chapter we give polynomial kernels for the F-Deletion problem parameterized by
vertex cover for various hereditary graph classes. In Section 3.1 and Section 3.2 we use The-
orem 2.3.2 to achieve kernelization results for Strongly Chordal Deletion and Meyniel
Deletion. In Section 3.3 and Section 3.4 we use techniques from linear algebra to achieve
kernelization results for Perfect Deletion and AT-free Deletion. Finally in Section 3.5
and Section 3.6 we give a polynomial kernel for the Annotated F-Deletion for the set of
even hole-free graphs and wheel-free graphs respectively.

3.1 Strongly Chordal Deletion

A sun Sn is a chordal graph on 2n vertices, where n ≥ 3, whose vertex set can be partitioned
into W = {w1, ..., wn} and U = {u1, ..., un} such that W is an independent set, G[U ] induces a
chordal graph and ui is adjacent to wj if and only if i = j or i = j+1 (mod n). A complete sun
is a sun where G[U ] induces a clique. An example of both is shown in Figure 3.1. Complete
suns are of interest for the Strongly Chordal Deletion problem. The following result
was shown by Farber [9].

w6

w1

w2 w3

w5

w4

u1

u2

u3

u6

u4

u5

w6

w1

w2 w3

w5

w4

u1

u2

u3

u6

u4

u5

Figure 3.1: A sun and a complete sun with n = 6.
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Theorem 3.1.1 (Theorem 4.1, [9]). A graph is strongly chordal if and only if it does not
contain as an induced subgraph a cycle of length at least 4 or a complete sun.

As we show later on in Section 5.1, Sun-free Deletion does not fit in the framework
of Fomin et al. [10]. Therefore the following result is surprising. We show that Strongly
Chordal Deletion fits in the framework of Fomin et al. [10].

Theorem 3.1.2. Let Π be the graph property of having a complete sun or a chordless cycle
of length at least 4 as induced subgraph. Π is characterized by 5 adjacencies.

Proof. Let G be a graph with a chordless cycle C of length at least 4 or a complete sun Sn
for some n ≥ 3, and let v be an arbitrary vertex. If v does not lie on C or Sn, then changing
the presence of edges incident on v preserves that G ∈ Π.

Suppose that v lies on C. Label the vertices of C in cyclic order by {v, v2, ..., vk} for some
k ≥ 4. Define D := {v2, v3, vk}, i.e., D contains the predecessor of v and its 2 successors.
Now let G′ be obtained from G by changing the adjacencies between v and V (G) \ D. We
prove that G′ belongs to Π. More specifically, we prove that G′ contains a chordless cycle of
length at least 4. Let i > 3 be the smallest integer such that v is adjacent to vi in G′. Since
v2, v3, vk ∈ D, this is well defined. It follows that (v, v2, v3, ..., vi) is a chordless cycle in G′.

Now suppose that v lies on Sn, then v is either part of the independent set W or the
clique U . Without loss of generality, we consider the cases v = w1 and v = u1. In the
case that v = w1, let D := {u1, u2, w2, u3, w3}. Let G′ be obtained from G by changing the
adjacencies between v and V (G) \D. We prove that G′ belongs to Π. If G′ does not contain
any edges between v and V (Sn) \D, then G′ obviously still contains the same complete sun
and hence belongs to Π. Otherwise, let i > 3 be the smallest index such that v is adjacent
to either ui or wi. If v is adjacent to ui (regardless of whether v is adjacent to wi), then
(D \ {u1}) ∪ {v, ui} ∪ (

⋃i−1
j=4{uj , wj}) induces a complete sun. If v is adjacent to wi, but not

to ui, then {v, u2, ui, wi} induces a C4. In both cases, G′ belongs to Π.

Finally consider the case that v = u1. Let D := {w1, u2, w2, un, wn}. Let G′ be obtained
from G by changing the adjacencies between v and V (G) \D. We prove that G′ belongs to Π.
If adjacencies in G′ between v and V (Sn) \D did not change, then G′ obviously still contains
the same complete sun and hence belongs to Π. Otherwise, let i ≥ 3 be the smallest index such
that v is no longer adjacent to ui or is adjacent to wi. As {un, wn} ⊆ D, we have i < n. If v
is adjacent to both ui and wi, then

⋃i
j=1{uj , wj} induces a complete sun. If v is not adjacent

to ui and not adjacent to wi, let i + 1 ≤ j ≤ n be the smallest integer such that adjacency
between v and uj is preserved. Since un ∈ D this is well defined. It follows that if there

does not exist a i+ 1 ≤ j′ < j such that v is adjacent to wj′ , then {v, uj} ∪ (
⋃j−1
`=i−1{u`, w`})

forms a complete sun. If such j′ does exist, then {v, u2, uj′ , wj′} induces a C4. Finally if v is
not adjacent to ui, but adjacent to wi, then {v, u2, ui, wi} induces a C4. In all cases, G′ still
belongs to Π.

Since the graph property ‘not having a complete sun or a chordless cycle of length at least
4’ is characterized by 5 adjacencies, we can use Theorem 2.3.2 to achieve a polynomial kernel
for Strongly Chordal Deletion.
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v

c1

v1 v2

c2

Figure 3.2: Odd hole (left) and odd building (right) on 5 vertices.

Theorem 3.1.3. Strongly Chordal Deletion parameterized by vertex cover admits a
polynomial kernel.

Proof. The smallest vertex cover of a complete sun Sn for some n ≥ 3 has size n, namely the
set U . As Sn contains 2n vertices, the number of vertices in Sn is bounded by a polynomial of
its smallest vertex cover size. The smallest vertex cover of an induced cycle Cn for some n ≥ 4
has size dn2 e. Again the number of vertices in Cn is bounded by a polynomial of its smallest
vertex cover size. Each complete sun and induced cycle of length at least 4 has at least one
edge. Since ‘not having a complete sun or a chordless cycle of length at least 4’ is characterized
by finite adjacencies by Theorem 3.1.2, by Theorem 2.3.2 it follows that Strongly Chordal
Deletion admits a polynomial kernel.

3.2 Meyniel Deletion

In this section we consider the Meyniel Deletion problem. A graph is Meyniel if and only
if it is (5,2)-odd-chordal, that is, every induced cycle of odd length greater or equal to 5 has
at least 2 chords. Other variants of (k, `)-chordal graphs are given in [4, Chapter 3]. Kratsch
et al. [14] give a forbidden subgraph characterization for Meyniel graphs. The forbidden
induced subgraphs are odd holes and odd buildings of size at least 5. An odd building is
an induced cycle of odd length with an additional chord that creates a triangle with three
consecutive vertices of the cycle. More formally, an odd building B has vertices V (B) =
{c1, v, c2, v1, ..., vn} where n ≥ 2 is even and has edges E(B) = {c1, c2}

⋃
i∈[n−1]{vi, vi+1} ∪

{{vn, c2}, {c2, v}, {v, c1}, {c1, v1}}. We refer to v by the top vertex of B. We refer to c1 and
c2 as the chord vertices of B. Finally we refer to vi for i ∈ [n] as the path vertices of B. An
example of an odd hole and an odd building are shown in Figure 3.2. A building on 5 vertices
is also known as a house. Since the forbidden subgraph characterization of perfect graphs
contains odd holes too, this is an interesting graph class to look at.

Lemma 3.2.1. Let G be a graph, P = {v1, ..., vn} where n ≥ 4 be an induced path on an
even number of vertices in G, and let y be a vertex not on P such that it is adjacent to both
endpoints of P and not to v2 or vn−1. Then G[V (P ) ∪ {y}] contains an odd hole or an odd
building on at least 5 vertices as induced subgraph.

Proof. We prove the claim by induction on n. In the case that n = 4 we have thatG[V (P )∪{y}]
induces an odd hole.

10 Master Thesis
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In the remaining case suppose the claim holds for 4 ≤ n′ < n, where n ≥ 6 and both n′ and
n are even. Let vj for 3 ≤ j ≤ n− 2 be the smallest index such that y is adjacent to vj . Note
that if such index does not exist, then G[V (P ) ∪ {y}] induces an odd hole. If j is even, then
G[{v1, ..., vj , y}] induces an odd hole on at least 5 vertices. Otherwise j is odd. If y is adjacent
to vj+1 as well, then G[{v1, ..., vj , vj+1, y}] induces an odd building on at least 5 vertices. If
however y is not adjacent to vj+1, then P ′ = G[{vj , ..., vn}] is an induced path of even length
on at least 4 vertices as y is adjacent to vn, j is odd and n is even. But then by the induction
hypothesis it follows that G[V (P ′) ∪ {y}] contains an odd hole or odd building.

Theorem 3.2.2. Let Π be the graph property of having an odd hole or odd building on at least
5 vertices. Π is characterized by 6 adjacencies.

Proof. Let G be a graph with an odd hole H or odd building B on at least 5 vertices and let
v ∈ V (G) be an arbitrary vertex. If v /∈ V (H) and v /∈ V (B), then changing the adjacencies
between v and vertices in V (G) \ {v} preserves that G ∈ Π.

Suppose that v lies on H. Label the vertices on H by {v, v2, ..., v2k+1} where k = |V (H)|−1
2 .

Define D := {v2, v3, v2k, v2k+1}, that is, D contains the 2 predecessors and 2 successors of v
in H. Let G′ be the graph obtained by arbitrarily changing the adjacencies between v and
V (G) \D. Since G′[{v2, ..., v2k+1}] induces a path on an even number of vertices such that v
is adjacent to both endpoints and not to the neighbors of the endpoints, by Lemma 3.2.1 it
follows that G′ contains an odd hole or odd building and hence G′ ∈ Π.

Suppose that v lies on odd building B with top vertex w, chord vertices c1 and c2 and
path vertices {v1, ..., v2k} where k = |V (B)|−3

2 . Without loss of generality, we consider the case
that v is path endpoint v1, v is path vertex vi for some 2 ≤ i ≤ 2k − 1, v is chord vertex c1

and v is the top vertex w.

In the case that v = v1, let D := {v2, w, c1, c2}. Let G′ be the graph obtained by arbitrarily
changing the adjacencies between v and V (G) \D. Let j be the largest index such that v is
adjacent to vj . Since v2 ∈ D, this is well defined. If j is even, then G′[{w, c1, c2, v, vj , ..., v2k}]
induces an odd building on at least 5 vertices. Otherwise, G′[{c1, v, vj , ..., v2k, c2}] induces an
odd hole on at least 5 vertices.

In the case that v = vi for some 2 ≤ i ≤ 2k − 1, let D := {w, vi−1, vi+1, c1, c2}. Let
G′ be the graph obtained by arbitrarily changing the adjacencies between v and V (G) \ D.
Let j be the smallest index such that v is adjacent to vj and let j′ be the largest index such
that v is adjacent to vj′ . Since vi−1, vi+1 ∈ D, these are well defined. If j′ − j is even, then
G′[{w, c1, c2, v1, ..., vj , v, vj′ , ..., v2k}] induces an odd building on at least 5 vertices. Otherwise,
G′[{c1, v1, ..., vj , v, vj′ , ..., v2k, c2}] induces an odd hole on at least 5 vertices.

In the case that v = c1, letD := {w, c2, v1, v2k}. LetG′ be the graph obtained by arbitrarily
changing the adjacencies between v and V (G) \D. Let j be the largest index such that v is
adjacent to vj . If j is odd, then G′[{w, v, c2, vj , ..., v2k}] induces an odd building on at least 5
vertices. If j is even, then G′[{v, vj , ..., v2k, c2}] induces an odd hole on at least 5 vertices.

In the final case v = w, let D := {c1, c2, v1, v2, v2k−1, v2k}. Let G′ be the graph obtained
by arbitrarily changing the adjacencies between v and V (G) \ D. If v is not adjacent to
vi ∈ V (G′) for all 2 < i < 2k−1, then G′[V (B)] induces an odd building on at least 5 vertices.
Otherwise, let j be the smallest index such that v is adjacent to vj and let j′ be the largest
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index such that v is adjacent to vj′ . If j is even, then G′[{v, c1, v1, ..., vj}] induces an odd
hole. If j′ is odd, then G′[{v, vj′ , ..., v2k, c2}] induces an odd hole. Otherwise j is odd and j′

is even. If v is adjacent to vj+1, then G′[{v, c1, v1, ..., vj , vj+1}] induces an odd building. If
v is adjacent to vj′−1, then G′[{v, vj′−1, vj′ , ..., v2k, c2}] induces an odd building. Otherwise,
G′[{vj , ..., vj′}] induces a path of even length where v is adjacent to both endpoints and not
to vj+1 or vj′−1. By Lemma 3.2.1 it follows that G′ contains an odd hole or odd building on
at least 5 vertices.

The next step is to show that the remaining two conditions from Theorem 2.3.2 apply in
order to arrive at a polynomial kernel for Meyniel Deletion.

Theorem 3.2.3. Meyniel Deletion parameterized by vertex cover admits a polynomial
kernel.

Proof. The smallest vertex cover of an induced cycle Cn of odd length has size dn2 e. The
smallest vertex cover of an odd building on n vertices has size 2 + n−3

2 . Hence the number of
vertices in the vertex minimal forbidden induced subgraphs are bounded by a polynomial of
their smallest vertex cover size. Furthermore, each graph that contains an odd hole or an odd
building has at least one edge. Since ‘not having an odd hole or odd building’ is characterized
by finite adjacencies by Theorem 3.2.2, by Theorem 2.3.2 it follows that Meyniel Deletion
admits a polynomial kernel.

3.3 Perfect Deletion

A graph is perfect if it does not contain C2k+1 or C2k+1 as an induced subgraph for k ≥ 2,
that is, no odd hole or its edge complement. We show that we cannot get a kernelization
result from Theorem 2.3.2.

Lemma 3.3.1. The following graph properties are not characterized by finite adjacencies:

• Π1: Having an odd hole.

• Π2: Not being a perfect graph.

Proof. Suppose that Π1 is characterized by c adjacencies for some constant c ∈ N, then for
every G ∈ Π1, for every v ∈ G we can identify a finite set D of size at most c such that all
graphs G′ obtained by adding or removing edges between v and vertices in V (G) \ D, are
also contained in Π1. Consider the graph G = C6(c+1)+1 ∈ Π1. Let {v1, ..., v6(c+1)+1} be some
cyclic order of the vertices of odd hole C6(c+1)+1. Consider vertex v1. Since Π1 is characterized
by finite adjacencies, there exists a set D of size at most c such that all graphs G′ obtained
by adding or removing edges between v and vertices in V (G) \ D, are also contained in Π1.
There exists a set of sequential vertices vi−1, vi and vi+1 that are not part of D. If these
would not exist, then D would need at least one vertex of every three adjacent vertices in
V (C6(c+1)+1) \ {v1}. But this would require |D| ≥ 6(c+1)

3 = 2(c + 1), which contradicts the
fact that Π1 is characterized by c adjacencies.
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Construct G′ in the following way. Initialize G′ := G. In the case that i is even, add edges
{v1, vi} and {v1, vi+1}. G′ contains even hole {v1, ..., vi} (or single edge {v1, v2}), triangle
{v1, vi, vi+1} and even hole {v1, vi+1, ..., v6(c+1)+1} (or single edge {v1, v6(c+1)+1}), hence G′

does not belong to Π1. In the case that i is odd, add edges {v1, vi−1} and {v1, vi}. G′

contains even hole {v1, ..., vi−1} (or single edge {v1, v2}), triangle {v1, vi−1, vi} and even hole
{v1, vi, ..., v6(c+1)+1} (or single edge {v1, v6(c+1)+1}), hence G′ does not belong to Π1. This
contradicts the existence of D, therefore Π1 is not characterized by finite adjacencies.

Now consider the graph property Π2 of not being a perfect graph. Obviously G =
C6(c+1)+1 ∈ Π2. We show that G′ does not belong to Π2, that is, we show that G′ does not con-

tain an odd anti-hole either. Suppose that G′ contains an odd anti-hole H = C2k+1 for some
k ≥ 2. Since G′ − v1 induces a path it follows that v1 ∈ V (H). Note that 3 ≤ degG′(v1) ≤ 4.
Therefore H = C5 or H = C7. Since C5 = C5 and G′ does not contain an odd hole, we have
H = C7. However for u ∈ V (G′) \ {v1}, degG′(u) ≤ 2. This contradicts the existence of H.
It follows that G′ does not contain an odd anti-hole and thus G′ /∈ Π2. Therefore Π2 is not
characterized by finite adjacencies.

Observation 3.3.2. Given Π, define Π = {G | G ∈ Π}. Then Π is characterized by finite
adjacencies if and only if Π is characterized by finite adjacencies.

From Observation 3.3.2 it automatically follows that the graph property of having an odd
anti-hole as induced subgraph is not characterized by finite adjacencies. In the next part we
give a polynomial kernel for Perfect Deletion parameterized by vertex cover. The idea
is as follows. We assign a vector to every vertex outside the vertex cover that captures its
neighborhood. Then we compute a basis of the multiset of vectors and mark a unique vertex
for each vector in the basis. We delete the computed basis from the multiset and iterate this
process a number of times. In the end, the vertex cover together with the marked vertices will
be our kernel. First we define the incidence vectors.

3.3.1 Incidence vectors

Consider a graph G and a set of vertices Z ⊆ V (G). Arbitrarily order the vertices and edges
in Z and E(G[Z]) by {v1, ..., v|Z|} and {e1, ..., e|E(G[Z])|} respectively. For u ∈ V (G) \ Z, we
associate the following binary vectors that capture the neighborhood of u.

• Vertex incidence: vinc(G,Z)(u) = (b1, ..., b|Z|), where for all i ∈ [|Z|], bi = 1 if and only if
vi ∈ NG(u).

• Edge incidence: einc(G,Z)(u) = (b1, ..., bE(G[Z])), where for all i ∈ [|E(G[Z])|], bi = 1 if
and only if u is adjacent to both endpoints of edge ei ∈ E(G[Z]).

We define inc(G,Z)(u) to be the concatenation of vinc(G,Z)(u) and einc(G,Z)(u) with an ad-

ditional 1 at the end. These incidence vectors are associated with the vector space Fd2 for
d = |Z|+|E(G[Z])|+1. For i ∈ [d], by inc(G,Z)(u)[i] we refer to entry i in the vector inc(G,Z)(u).
By definition we have inc(G,Z)(u)[d] = 1. For simplicity, for v ∈ Z, let inc(G,Z)(u)[v] be the vec-
tor entry of inc(G,Z)(u) corresponding to vertex v. Similarly for e ∈ E(G[Z]), let inc(G,Z)(u)[e]
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a b c d

v1 v2 v3 v4 v5

X inc(G,X)(v3) =



a : 0
b : 1
c : 1
d : 0

{a, b} : 0
{b, c} : 1
{c, d} : 0
{b, d} : 0

1


Figure 3.3: A graph G with vertex cover X = {a, b, c, d} (left) and the incidence vector
inc(G,X)(v3) (right).

be the vector entry of inc(G,Z)(u) corresponding to edge e. We say that a vertex sees an edge
if it is adjacent to both its endpoints. An example of these incidence vectors is shown in
Figure 3.3.

3.3.2 Replacing odd holes

Lemma 3.3.3. Let G be a graph, P = {v1, ..., vn} where n ≥ 4 is even be an induced path in
G, and let y be a vertex not on P such that it is adjacent to both endpoints of P and sees an
even number of edges of P . Then G[V (P ) ∪ {y}] contains an odd hole.

Proof. We prove the claim by induction on n. Consider the case that n = 4. If y would be
adjacent to one of v2 or v3, then y would see a single edge {v1, v2} or {v3, v4} respectively. If
y would be adjacent to both v2 and v3, then y would see all three edges of P . Since y sees an
even number of edges of P , it follows that y is only adjacent to v1 and v4. Then G[V (P )∪{y}]
induces an odd hole.

In the remaining case we assume that the claim holds for n′ < n, where n ≥ 6 and both n′

and n are even. Suppose that y sees both edges {v1, v2} and {vn−1, vn}, then P ′ = {v2, ..., vn−1}
is an induced path of even length such that y is adjacent to both of its endpoints and y sees
an even number edges in P ′. By the induction hypothesis G[V (P ′) ∪ {y}] contains an odd
hole, therefore G[V (P )∪{y}] contains an odd hole as well. If y does not see both {v1, v2} and
{vn−1, vn}, then assume without loss of generality that y does not see the last edge {vn−1, vn}.
Let vj for 1 ≤ j < n − 1 be the largest index such that y is adjacent to vj . If j is odd, then
G[{vj , ..., vn, y}] induces an odd hole. Otherwise P ′ = G[{v1, ..., vj}] is an induced path of
even length such that y is adjacent to both of its endpoints and y sees an even number of
edges in P ′, hence the induction hypothesis applies. In all cases we get that G[V (P ) ∪ {y}]
contains an odd hole.

The following theorem is the key of the kernelization result. It states that when the input
graph G contains an odd hole H with some vertex v ∈ V (H) outside the vertex cover and a
set of vertices Y such that the sum of the incidence vectors of vertices in Y over F2 is equal
to the incidence vector of v, then Y contains at least one vertex that can be used to create a
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new odd hole with H − v. Later on we show that such a set Y can be computed using linear
algebra techniques, since a basis automatically has the incidence vector equality requirement.

Theorem 3.3.4. Let G be a graph and let X ⊆ V (G) be a set of vertices, such that G contains
vertex v /∈ X and an odd hole H on vertex set V (H) = {v, p, p′, v1, ..., vn, q

′, q}. Let Y ⊆ V (G)
disjoint from V (H) and X such that all vertices of Y are adjacent to p and q and not to p′ or
q′, and such that inc(G,X)(v) =

∑
y∈Y inc(G,X)(y) over F2. Then G[(V (H)∪Y ) \ {v}] contains

an odd hole.

Proof. First note that |Y | ≥ 1 and odd, since inc(G,X)(v)[d] = 1 and inc(G,X)(y)[d] = 1 for
y ∈ Y . Consider the induced path P = {p, p′, v1, ..., vn, q

′, q}. Since H is an odd hole, n must
be an even number and hence |V (P )| ≥ 4 is even. Moreover for all y ∈ Y , y is adjacent to
both endpoints of P . Hence by Lemma 3.3.3, G[(H ∪ Y ) \ {v}] contains an odd hole if there
exists some y ∈ Y that sees an even number of edges of P .

Claim 3.3.4.1. There exists some y ∈ Y that sees an even number of edges of P .

Proof. Suppose for the sake of contradiction that every vertex in Y sees an odd number of
edges in P . Let Ey be the set of edges in P that are seen by y ∈ Y . Then

∑
y∈Y |Ey| is odd as

it is a sum of an odd number of odd numbers. Let Ye ⊆ Y be the set of vertices that see edge
e ∈ E(P ). In order to satisfy

∑
y∈Y inc(y)[e] mod 2 = inc(v)[e] = 0, for e ∈ E(P ), we require

|Ye| to be even. But then
∑

e∈P |Ye| =
∑

y∈Y |Ey| would also need to be an even number. This
contradicts the fact that

∑
y∈Y |Ey| is odd. Therefore there must exist some y ∈ Y that sees

an even number of edges in P .

This completes the proof.

3.3.3 Replacing odd anti-holes

In this section we consider a similar situation as in Section 3.3.2, but instead of replacing odd
holes we replace odd anti-holes. An anti-hole is the edge complement of a hole.

Theorem 3.3.5. Let G be a graph with vertex cover X of G, a vertex v /∈ X and an odd anti-
hole H = {v, p, p′, v1, ..., vn, q

′, q} such that its edge complement H = {v, p, p′, v1, ..., vn, q
′, q}

induces an odd hole. Let Y ⊆ V (G) disjoint from V (H) and X such that all vertices of Y are
adjacent to p′ and q′ and not to p or q, and such that inc(G,X)(v) =

∑
y∈Y inc(G,X)(y) over

F2. Then G[(V (H) ∪ Y ) \ {v}] contains an odd anti-hole.

Proof. Consider the complement graph G. In this graph, every vertex y ∈ Y is adjacent to
both p and q and not to p′ or q′. By Theorem 3.3.4 it follows that G[(V (H)∪Y )\{v}] contains
an odd hole. Therefore G[(V (H) ∪ Y ) \ {v}] contains an odd anti-hole.

3.3.4 Basis marking scheme

In this section we give a marking scheme BasisMarking, it can be found in Algorithm 1. Its
input consists of a graph G, a set of vertices W ⊆ V (G), sets Y, Z ⊆ W , a function δ that
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Algorithm 1 BasisMarking(G,W ,Y ,Z,δ : u ∈ V (G) \W → {0, 1}d,`)
1: c← (G,W, Y, Z, δ)
2: Ac ← {u ∈ V (G) \W | Y ⊆ NG(u), Z ∩NG(u) = ∅}
3: Vc ← {δ(u) | u ∈ Ac} (multiset)
4: V̂ 0

c ← ∅
5: for i = 1 to ` do
6: Compute basis Bi

c (with respect to Fd2) of the vector space spanned by Vc \ V̂ i−1
c

(multiset subtraction)
7: V̂ i

c ← V̂ i−1
c ∪Bi

c

8: For every occurrence of vector v ∈ V̂ `
c , arbitrarily choose a unique vertex u ∈ V (G) \W

such that δ(u) = v and denote it by uv.
9: Return Âc ← {uv | v ∈ V̂ `

c }

assigns a vector of dimension d to every vertex in V (G) \W , and an integer ` that specifies
how often the marking scheme should be iterated.

We directly refer to the result of BasisMarking(G,W ,Y ,Z,δ,`) using Â(G,W,Y,Z,δ,`). Fur-
thermore we refer to results of intermediate steps of the algorithm using the input subscript
as well. When it is clear from context, we omit some of the inputs.

3.3.5 Polynomial kernel

Let (G,X, k) be an instance of Perfect Deletion with vertex cover X ⊆ V (G), which asks
whether G has a vertex set of size at most k whose removal results in a graph without odd
holes or anti-holes. Denote MG =

⋃
Y,Z⊆X Â(G,X,Y,Z,inc(G,X),k+1) and

MG =
⋃
Y,Z⊆X Â(G,X,Y,Z,inc(G,X),k+1), where |Y | ≤ 2 and |Z| ≤ 2. In the remainder of this

section we omit X, as it plays the role of W in Algorithm 1 throughout the remainder of this
section. Furthermore we omit the number of bases k + 1 and the incidence vector definition
from the input as these follow from the context.

Lemma 3.3.6. MG and MG contain O((k + 1)|X|6) vertices.

Proof. In order to prove the lemma, it is sufficient to show that for all c, |Âc| = O((k+1)|X|2).
Observe that the number of entries in the vectors in Vc is d = |X|+ |E(G[X])|+ 1 = O(|X|2).
Hence every basis of Vc contains O(|X|2) vectors. We have |V̂ k+1

c | = O((k + 1)|X|2), as it is
the union of k + 1 bases of Vc. Furthermore since |V̂ k+1

c | = |Âc|, the lemma holds.

Lemma 3.3.7. Let H be an odd hole in graph G. Suppose that H contains a vertex v /∈ X ∪
MG, label the odd hole as H = {v, p, p′, v1, ..., vn, q

′, q}. Let Y = {p, q}∩X and Z = {p′, q′}∩X.
Let c = (G, Y, Z). Then for each i ∈ [k+1], there exists y ∈ Bi

c such that G[(V (H)\{v})∪{y}]
contains an odd hole.

Proof. Consider some i ∈ [k + 1]. Since v is adjacent to p and q and not to p′ or q′, it follows
that v ∈ Ac. Since v /∈MG, there exists an occurrence of inc(G,X)(v) that does not belong to
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V̂ k+1
c , which implies that there must exist an occurrence of inc(G,X)(v) in Vc \ V̂ i−1

c . Bi
c is a

basis for Vc \ V̂ i−1
c in F2. Therefore it contains a set of vectors v1, ..., vt for t ∈ N such that

v1 +v2 + ...+vt = inc(G,X)(v) over F2. Since each vector vj corresponds to a unique vertex uvj ,
this is equivalent to inc(G,X)(uv1)+ ...+inc(G,X)(uvt) = inc(G,X)(v). Furthermore by definition
each vertex uvj for j ∈ [t] is adjacent to both p and q and not to p′ or q′. Since H is an odd
hole, H ∩ {uv1 , ..., uvt} = ∅ as only v can be adjacent to both p and q and not to p′ or q′. But
then the set of vertices {uv1 , ..., uvt} satisfies the conditions of Theorem 3.3.4. Therefore there
exists some vertex uvj , for some j ∈ [t], such that G[(V (H) \ {v}) ∪ {uvj}] contains an odd
hole.

Lemma 3.3.8. Let G′ := G[X ∪MG]. Then for every set S ⊆ V (G) of size at most k, G−S
has an odd hole if and only if G′ − S has an odd hole.

Proof. (⇐) Suppose G′ − S contains an odd hole. Since G′ − S is an induced subgraph of
G− S it follows that G− S contains an odd hole as well.

(⇒) In the forward case we have that G − S contains an odd hole. Suppose for the sake
of contradiction that G′ − S does not contain an odd hole. Let H be an odd hole in G − S
with the minimum number of vertices outside X ∪MG. Since G′ = G[X ∪MG], it follows
that H contains some vertex v /∈ X ∪MG. By Lemma 3.3.7 it follows that MG contains a
subset Q of size k + 1 such that for each u ∈ Q, G[(V (H) \ {v}) ∪ {u}] contains an odd hole.
Since |S| ≤ k there exists some w ∈ Q such that w /∈ S. Let H ′ be the odd hole contained
in G[(V (H) \ {v}) ∪ {w}]. Since H ′ contains less vertices outside X ∪MG we arrived at a
contradiction and thus G′ − S contains an odd hole.

Lemma 3.3.9. Let G′ := G[X ∪MG]. Then for every set S ⊆ V (G) of size at most k, G−S
has an odd anti-hole if and only if G′ − S has an odd anti-hole.

Proof. (⇐) Suppose G′ − S contains an odd anti-hole. Since G′ − S is an induced subgraph
of G− S it follows that G− S contains an odd anti-hole as well.

(⇒) In the forward case we have that G − S contains an odd anti-hole. For the sake
of contradiction, suppose that G′ − S does not contain an odd anti-hole. Let H be an odd
anti-hole in G− S with the minimum number of vertices outside X ∪MG. Again H contains
some vertex v /∈ X ∪ MG. H induces an odd hole in G. By Lemma 3.3.7 with graph G
instead of G it follows that MG contains a subset Q of size k + 1 such that for each u ∈ Q,
G[(V (H) \ {v})∪ {u}] contains an odd hole. Since |S| ≤ k there exists some w ∈ Q such that
w /∈ S. Let H ′ be the odd hole contained in G[(V (H) \ {v}) ∪ {w}]. Since H ′ induces an odd
anti-hole in G and contains less vertices outside X ∪MG we arrived at a contradiction and
thus G′ − S contains an odd anti-hole.

Theorem 3.3.10. Let G′ := G[X ∪MG ∪MG]. Then for every set S ⊆ V (G) of size at most
k, G− S is perfect if and only if G′ − S is perfect.

Proof. (⇒) Suppose that G − S is perfect. Since G′ − S is an induced subgraph of G − S it
follows that G′ − S is perfect too.

(⇐) Suppose that G′ − S is perfect, then it contains no induced odd hole or odd anti-
hole. Moreover none of its induced subgraphs contain an induced odd hole or anti-hole. From
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Figure 3.4: Asteroidal witnesses

Lemma 3.3.8 and Lemma 3.3.9 it follows that G − S contains no induced odd hole or odd
anti-hole either. Hence G− S is perfect.

From the Theorem 3.3.10, Lemma 3.3.8 and Lemma 3.3.9 and the fact that the size of MG

and MG are polynomial in |X| by Lemma 3.3.6 we have the following result.

Corollary 3.3.10.1. Perfect Deletion, Odd Hole-free Deletion and Odd Anti-
Hole-free Deletion parameterized by the vertex cover number admit a polynomial kernel.

3.4 AT-free Deletion

An asteroidal triple (AT) consists of three vertices such that every pair is connected by a path
that avoids the neighborhood of the third. In his dissertation, Köhler [13] gives a forbidden
subgraph characterization of graphs without asteroidal triples. This forbidden subgraph char-
acterization consists of 15 small graphs on 6 or 7 vertices each, chordless cycles of length at
least 6, and three families called asteroidal witnesses. We define the latter graphs.

Definition 3.4.1. The different types of asteroidal witnesses (AWs) are constructed as follows.

• †z-AW: A graphG such that V (G) = {tl, tr, t, c}∪{b1, ..., bz}, where tl = b0 and tr = bz+1,
E(G) = {{t, c}} ∪ {{c, bi} | i ∈ [z]} ∪ {{bi−1, bi} | i ∈ [z + 1]}, and z ≥ 2.

• ‡z-AW: A graph G such that V (G) = {tl, tr, t, c1, c2} ∪ {b1, ..., bz}, where tl = b0 and
tr = bz+1, E(G) = {{t, c1}, {t, c2}, {c1, c2}} ∪ {{cj , bi} | i ∈ [z], j ∈ {1, 2}} ∪ {{bi−1, bi} |
i ∈ [z + 1]}, and z ≥ 1.

• �z-AW: A graph G such that V (G) = {tl, tr, t, c1, c2}∪{b1, ..., bz}, where tl = b0 and tr =
bz+1, E(G) = {{t, c1}, {t, c2}} ∪ {{cj , bi} | i ∈ [z], j ∈ {1, 2}} ∪ {{bi−1, bi} | i ∈ [z + 1]},
and z ≥ 1.

Here tl, tr and t are called terminal vertices. These three vertices are an asteroidal triple.
Vertices c, c1 and c2 are called center vertices. Finally bi for i ∈ [z] are called path vertices.
The asteroidal witness types are shown in Figure 3.4.
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We show that we cannot get a kernelization result for AT-free Deletion using The-
orem 2.3.2.

Theorem 3.4.2. Let Π be the graph property of having an asteroidal triple. Π is not charac-
terized by finite adjacencies.

Proof. Suppose for contradiction that Π is characterized by c adjacencies for some c ∈ N,
then for every G ∈ Π, for every v ∈ G we can identify a finite set D of size at most c such
that all graphs G′ obtained by adding or removing edges between v and vertices in V (G) \D,
are also contained in Π. Consider the graph G = †c+1-AW, with vertex and edge set as in
Definition 3.4.1. Since t, tl and tr are an asteroidal triple, G ∈ Π. Consider vertex t. There
exists a set D of size at most c such that all graphs G′ obtained by adding or removing edges
between t and vertices in V (G) \ D, are also contained in Π. There exists bi /∈ D for some
i ∈ [c+ 1]. Construct G′ by adding the edge {t, bi} for some bi /∈ D.

Claim 3.4.2.1. Vertex t can not be part of an asteroidal triple in G′.

Proof. Suppose there is an asteroidal triple in G′ that contains t and two other vertices u and
v. By definition no neighbor of t can be part of the triple, therefore the other two vertices
cannot be bi or c. Since V (G) \NG′ [t] consists of connected components {tl, b1, ..., bi−1} and
{bi+1, ..., bc+1, tr}, it follows that there is one such component that contains both u and v,
otherwise there could not be a path between u and v avoiding NG′ [t].

Without loss of generality, suppose that u and v are in {tl, b1, ..., bi−1}. In the case that
u = tl and v = bj for j ∈ [i− 1], then the path from u to t must pass through c, as it cannot
go to bi first as it would have to pass through v. But since v = bj is adjacent to c it follows
that u, v and t do not form a valid asteroidal triple. Now consider the case that u = bj and
v = bj′ for 1 ≤ j < j′ ≤ i. Again the path from u to t must pass through c, but since v = bj′

is adjacent to c it follows that u, v and t do not form a valid asteroidal triple. It follows that
t cannot be part of an asteroidal triple.

Claim 3.4.2.2. Vertex c can not be part of an asteroidal triple in G′.

Proof. Suppose there is an asteroidal triple in G′ that contains c and two other vertices. By
definition no neighbor of c can be part of the triple, therefore the other two vertices must be tl
and tr. However V (G) \NG[c] = {tl, tr}, therefore there can be no path of at least two edges
from tl to tr and hence c cannot be part of an asteroidal triple.

The graph G′ − {t, c} induces a path, hence no three vertices in G′ − {t, c} can form an
asteroidal triple in G′. From this fact and the two claims above, it follows that G′ does not
contain an asteroidal triple and hence G′ /∈ Π. Therefore Π cannot be characterized by finite
adjacencies.

We give a polynomial kernel for AT-free Deletion by marking a polynomial number
of vertices using two marking schemes. As mentioned before, the forbidden subgraph char-
acterization of AT-free graphs contain chordless cycles of length at least 6 and 15 different
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graphs on at most 7 vertices. We call the latter graphs simple asteroidal triples. We give a
marking scheme that marks a polynomial number of vertices outside the vertex cover based
on the framework of Fomin et al. [10, Algorithm 1].

Definition 3.4.3. Consider an instance (G,X, k) of F-Deletion. An `-marking on (G,X, k)
is constructed as follows. For two subsets Y, Z ⊆ X such that |Y |+|Z| ≤ `, denote AY,Z = {v ∈
V (G) \X | Y ⊆ NG(v), Z ∩NG(v) = ∅}. If |AY,Z | ≤ k+ 1, then define A′Y,Z = AY,Z , otherwise
let A′Y,Z be an arbitrarily chosen subset of size k+ 1 of AY,Z . Now let A′ =

⋃
Y,Z A

′
Y,Z , where

Y and Z range over all possible subsets Y,Z ⊆ X such that |Y |+ |Z| ≤ `. We say that A′ is
the result of the `-marking.

Observation 3.4.4. Let A′ be the result of an `-marking on an instance (G,X, k) of F-
Deletion. A′ contains O((k + 1)|X|`) vertices.

The second marking scheme we use is given in Algorithm 1. The approach is similar to the
kernelization of Perfect Deletion, however we redefine the notion of incidence vectors. Let
G be a graph with vertex cover X. Let us arbitrary order the vertices in X by {v1, ..., v|X|}.
We define the following vectors over F2 that capture the neighborhood of u ∈ V (G) \X. For
S, T ⊆ X such that |S| + |T | ≤ `, vector ninc`(u) has an entry such that ninc`(u)[S, T ] = 1
if and only if T ⊆ NG(u) and NG(u) ∩ S = ∅. We define inc`(u) to be the concatenation of
ninc`(u) with an additional one at the end. Let d be the dimension of inc`(u). Because of the
additional one, inc`(u)[d] = 1. For tuples S and T such that |S|+ |T | ≤ `, let inc`(u)[S, T ] be
the vector entry corresponding to ninc`(u)[S, T ]. For a subgraph H of G, define incH` (u) as the
vector inc`(u) where for S, T ⊆ X such that |S|+ |T | ≤ `, incH` (u)[S, T ] = 0 if inc`(u)[S, T ] = 0
or S * V (H) or T * V (H), and incH` (u)[S, T ] = 1 otherwise.

The next theorem is similar to Theorem 3.3.4 for Perfect Deletion. We give a replace-
ment argument starting from an asteroidal witness to a new asteroidal triple.

Theorem 3.4.5. Let G be a graph with vertex cover X, containing O = xz-AW for some
x ∈ {†, ‡, �} according to Definition 3.4.1 with t /∈ X. Let Y ⊆ V (G) disjoint from O and X
such that all vertices of Y are adjacent to the center vertices of O and not to tl or tr, and such
that incP4 (t) =

∑
y∈Y incP4 (y) over Fd2, where P = G[{tl, b1, ..., bz, tr}]. Moreover for distinct

y, y′ ∈ Y , incP4 (y) 6= incP4 (y′). Then G[(V (O) ∪ Y ) \ {t}] contains an asteroidal triple.

Proof. First note that since incP4 (t)[d] = 1 and incP4 (y)[d] = 1 for y ∈ Y , we have that |Y | is
odd. Let qy be the smallest index such that y is adjacent to bqy and let q′y be the largest index
such that y is adjacent to bq′y . Note that if there exists y ∈ Y for which qy and q′y are not
defined, then G[(V (O) ∪ {y}) \ {t}] induces an xz-AW which contains an asteroidal triple by
definition and therefore the statement holds. We consider two cases.

In the first case, suppose that for all i < j < k < l < m ∈ [z] and y ∈ Y , that
incP4 (y)[∅, {bi, bj , bl, bm}], incP4 (y)[{bj} ∩X, {bi, bl, bm}], incP4 (y)[{bl} ∩X, {bi, bj , bm}] and
incP4 (y)[{bj , bl}∩X, {bi, bm}] have value 0. Then each y ∈ Y has at most 4 neighbors in V (P ).
Furthermore it follows that bq′y − bqy ≤ 3 for y ∈ Y .

Claim 3.4.5.1. There exists y ∈ Y such that y is not adjacent to any bi for i ∈ [z].
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Figure 3.5: †z-AW with vertices y and y∗. Vertices bi, bk and bm are an asteroidal triple, as
indicated by the colored paths.

Proof. Suppose there exists y1 ∈ Y with NG(y1) ∩ V (P ) = Z such that |Z| = 4. Then
incP4 (y1)[∅, Z] = 1. But since each y2 ∈ Y has at most 4 neighbors in V (P ) and incP4 (t)[∅, Z] =
0, it follows that there exists y2 ∈ Y such that incP4 (y1) = incP4 (y2) which contradicts that
incP4 (y) is unique for y ∈ Y . Hence no y ∈ Y exists that has 4 neighbors in V (P ). From
identical arguments for |Z| equal to 3, 2 and 1 it follows that Y contains a single vertex not
adjacent to any bi for i ∈ [z].

From the claim above it follows that there exists y ∈ Y such that G[(V (O) ∪ {y}) \ {t}]
induces a xz-AW, which by definition includes an asteroidal triple.

In the second case let i < j < k < l < m ∈ [z] be indices such that i = qy and m = q′y for
some y ∈ Y that maximizes m− i > 3. Without loss of generality, suppose that y is adjacent
to both bj and bl. Then incP4 (y)[∅, {bi, bj , bl, bm}] = 1. But since incP4 (t)[∅, {bi, bj , bl, bm}] = 0,
there must exist y∗ ∈ Y such that incP4 (y∗)[∅, {bi, bj , bl, bm}] = 1. Since incP4 (y) 6= incP4 (y∗), it
follows that either y or y∗ is not adjacent to bo for some j < o < l. Without loss of generality
suppose y is not adjacent to bo. Then {bi, bo, bm} is an asteroidal triple. This last argument
is sketched in Figure 3.5.

3.4.1 Polynomial kernel

Let (G,X, k) be an instance of AT-free Deletion with vertex cover X ⊆ V (G). Let A′ be
the result of a 6-marking on (G,X, k) according to Definition 3.4.3. Let
M =

⋃
Y,Z⊆X Â(G,X,Y,Z,inc4,|X|+k+2) be the union of results from Algorithm 1, where |Y | ≤ 2

and |Z| ≤ 2. In the remainder we omit G, X, inc4 and the number of bases |X|+ k + 2 from
the subscript.
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Observation 3.4.6. M contains O((|X|+ k + 2)|X|8) vertices.

Proof. There are O(|X|4) choices for Y and Z. Each inc4(u) for u ∈ V (G) \ X contains
O(|X|4) entries, which bounds the size of each basis we take. Since we take |X|+ k+ 2 bases,
the observation follows.

Lemma 3.4.7. Let O be an xz-AW for some x ∈ {†, ‡, �} in graph G, such that t /∈ X ∪M .
Let Y be the center vertices and let Z = {tl, tr} ∩ X. Let q = (G, Y, Z). Then there exists
Q ⊆ M of size k + 1 such that for each u ∈ Q, G[(V (O) \ {t}) ∪ {u}] contains an asteroidal
triple.

Proof. Consider the bases Bi
q for i ∈ [|X| + k + 2]. For j ∈ [z − 2], bj+1 is adjacent to the

center vertices and not to tl or tr. Hence Bi
q might not be disjoint from O. However, since

P = G[{tl, b1, ..., bz, tr}] induces a path, at most |X| + 1 vertices of P are outside the vertex
cover. Since each basis is disjoint from the other bases, there exists k + 1 bases such that
Bi
q is disjoint from O. Without loss of generality, assume that for i ∈ [k + 1], that Bi

q is
disjoint from O. Consider some i ∈ [k + 1]. Since t is adjacent to the center vertices and
not to tl or tr, it follows that t ∈ Aq. Since t /∈ M , there exists an occurrence of inc4(t) that

does not belong to V̂
|X|+k+1
q , which implies that there must exist an occurrence of inc4(t) in

Vq \ V̂ i−1
q . Bi

q is a basis for Vq \ V̂ i−1
q in F2. Therefore it contains a set of vectors v1, ..., vs

for s ∈ N such that v1 + ... + vs = inc4(t). Since each vector vj corresponds to a unique
vertex uvj , this is equivalent to inc4(uv1) + ... + inc4(uvs) = inc4(t). Moreover we have that

incP4 (uv1) + ... + incP4 (uvs) = incP4 (t). Consider the set of vertices S = {uv1 , ..., uvs}. If there
are two vertices uv, uv′ ∈ S such that incP4 (uv) = incP4 (uv′), then remove uv and uv′ from S.
Repeat this until S does not contain duplicate incidence vectors. The resulting set S satisfies
the conditions of Theorem 3.4.5. Therefore there exists some vertex uvj ∈ S for some j ∈ [s]
such that G[(V (O) \ {t}) ∪ {uvj}] contains an asteroidal triple. Since this argument holds for
each i ∈ [k + 1] and bases are disjoint, the statement holds.

Theorem 3.4.8. AT-free Deletion parameterized by vertex cover size |X| admits a poly-
nomial kernel with O(|X|9) vertices.

Proof. Given an instance (G,X, k) of AT-free Deletion, construct the instance (G′, X, k)
where G′ := G[X ∪A′ ∪M ]. Since k ≤ |X|, by Observations 3.4.4 and 3.4.6 it follows that G′

contains O(|X|9) vertices. We show that (G,X, k) is a yes-instance if and only if (G′, X, k)
is a yes-instance.

(⇒) Suppose that (G,X, k) is a yes-instance. Let S ⊆ V (G) be a set of size at most
k such that G − S is AT-free. Since G′ is an induced subgraph of G, and due to the fact
that the graph class is hereditary, it follows that G′ − S is also AT-free. Hence (G′, X, k) is a
yes-instance.

(⇐) In the other direction, suppose that (G′, X, k) is a yes-instance. Let S ⊆ V (G′) be a
set of size at most k such that G′ − S is AT-free. We show that G− S is AT-free as well. For
the sake of contradiction, suppose that G − S is not AT-free. Let O be the vertex minimal
forbidden induced subgraph in G − S with the minimum number of vertices that are not
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contained in G′. There exists v ∈ V (O) such that v /∈ X ∪ A′ ∪M . We do a case distinction
on O and v.

Consider the case that O is a chordless cycle of length at least 6. Starting from v, label
the vertices of O in cyclic order by {v, v2, ..., v|V (O)|}. Note that v ∈ A{v2,v|V (O)|},{v3,v4,v5}∩X .

Since v /∈ A′, it follows that v /∈ Q = A′{v2,v|V (O)|},{v3,v4,v5}∩X and hence |Q| = k + 1. Take

some vertex u ∈ Q such that u /∈ S. Since |S| ≤ k such vertex exists. Let i be the largest
index such that u is adjacent to vi. Now O′ = G[{u, v2, ..., vi}] induces a chordless cycle on at
least 6 vertices that contains less vertices outside G′. We have reached a contradiction on the
existence of O.

Now consider the case that O is a small asteroidal triple. Since |V (O)| ≤ 7, as in the
previous step there exist a set Q containing k+ 1 vertices with the exact same adjacencies on
the 6 vertices in V (O) \ {v}. Again we reach a contradiction on the existence of O.

Finally consider the case that O is an xz-AW for x ∈ {†, ‡, �}. We show the case that O is
a †z-AW, the cases for O = ‡z-AW and O = �z-AW follow the same arguments. If z ≤ 3, then
we can handle O as a small asteroidal triple. So assume z > 4.

• If v is the top vertex t, then by Lemma 3.4.7 there exists a set Q ⊆M of size k+ 1 such
that for u ∈ Q, G[(V (O) \ {v}) ∪ {u}] contains an asteroidal triple. As |S| ≤ k, such u
also exists in G′ − S.

• If v is center vertex c, then we have v ∈ A{t,b1,b2},{tl,tr}∩X , but since v /∈ A′ it follows
that v /∈ Q = A′{t,b1,b2},{tl,tr}∩X . Therefore |Q| = k + 1. Take a vertex u ∈ Q such that

u /∈ S. If u is adjacent to bi for all i ∈ [z], then G[(V (O) \ {v}) ∪ {u}] induces a †z-AW
and we reach a contradiction on the existence of O. Otherwise, let i be the smallest
index such that u is not adjacent to bi. Since i > 2, it follows that G[{t, u, tl, b1, ..., bi}]
induces a †i-AW.

• In the case that v is a path endpoint, without loss of generality we assume that v = tl.
We have v ∈ A{b1},{bz ,c,t,tr}∩X , but v /∈ A′ and hence v /∈ Q = A′{b1},{bz ,c,t,tr}∩X . Take

u ∈ Q such that u /∈ S. Let i be the largest index such that u is adjacent to bi. Since
i < z, it follows that G[{t, c, u, bi, ..., bz, tr}] induces a †z−i+1-AW.

• Finally consider the case that v is a path vertex, we consider the case that v = b1 or
v = bz and the case that v = bi for some 1 < i < z. In the former case, without
loss of generality assume v = b1. We have v ∈ A{tl,b2,c},{t,tr}∩X , but v /∈ A′ and hence
v /∈ Q = A′{tl,b2,c},{t,tr}∩X . Consider a vertex u ∈ Q such that u /∈ S. Let j be the largest

index such that u is adjacent to bj . It follows that G[{t, c, tl, u, bj , ..., bz, tr} induces a
†z−j+2-AW. In the latter case, we have v ∈ A{bi−1,bi+1,c},{t,tl,tr}∩X , but v /∈ A′ and hence
v /∈ Q = A′{bi−1,bi+1,c},{t,tl,tr}∩X . Consider a vertex u ∈ Q such that u /∈ S. Let j be

the smallest index such that u is adjacent to bj and let j′ be the largest index such
that u is adjacent to bj′ . It follows that G[{t, c, tl, b1, ..., bj , u, b′j , ..., bz, tr}] induces a
†z−j′+j+2-AW.

In all cases we find an asteroidal triple with less vertices outside G′ than O, which contradicts
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that O contains the minimum number of vertices outside of G′. By contradiction it follows
that G− S does not contain an asteroidal triple and hence (G,X, k) is a yes-instance.

3.5 Even-hole-free Deletion

Consider the following problem which is defined for some ` ≥ 2.

`-Even-hole-free Deletion Parameter: |X|
Input: A graph G, a vertex cover X of G and an integer k.
Question: Does there exist a set S ⊆ V (G) of size at most k, such that G - S does not
contain an induced cycle of even length at least 2`?

This problem is also known as (2`, 1)-Even-Chordal Deletion. Since in Section 3.3 we
have seen how to deal with odd holes, it is interesting to see if we can do the same for even
holes. First we show that it does not fit in the framework of Fomin et al. [10].

Theorem 3.5.1. Let Π be the graph property of having an even hole of length at least 2` for
some ` ≥ 2. Π is not characterized by finite adjacencies.

Proof. Suppose that Π is characterized by c adjacencies for some constant c ∈ N. Consider
the graph G = C2`+2(c+2). Since 2` + 2(c + 2) ≥ 2` is even, it follows that G ∈ Π. Let
{v1, ..., v2`+2(c+2)} be some cyclic order of the vertices of the even hole. Consider the vertex
v1. Since Π is characterized by c adjacencies there exists a set D of size at most c such that
all graphs G′ obtained by adding or removing edges between v and vertices in V (G) \D, are

also contained in Π. Since 2`+2(c+2)
2 > c + 2, it follows that for some odd i ∈ [2` + 2(c + 2)],

i 6= 1, we have vi /∈ D.
Let G′ be the graph G with additional edge {v1, vi}. We show that G′ does not contain

an even hole of size at least 2`. Since both G′ − v1 and G′ − vi induce a path, if G′ con-
tains an even hole it must include both v1 and vi. However since both G[{v1, ..., vi}] and
G[{v1, vi, ..., v2`+2(c+2)}] induce a cycle on an odd number of vertices it follows that G′ does
not contain an even hole on at least 2` vertices. Hence G′ /∈ Π, which contradicts that Π is
characterized by finite adjacencies.

It turns out that using the exact same reasoning as in Section 3.3 does not work for 2-Even-
hole-free Deletion. We give a kernel for Annotated 2-Even-hole-free Deletion. To
this end, first we give a reduction rule that is stated in a general form.

3.5.1 Annotated (K2,c,...)-free Deletion

Consider the following problem.

Annotated F-Deletion Parameter: |X|
Input: A graph G, a vertex cover X of G, a set P of pairs of vertices from X, and an
integer k.
Question: Does there exist a set S ⊆ V (G) of size at most k, such that S contains at
least one element from each pair in P , and such that G− S belongs to F?
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Reduction Rule 3.5.2. Let F be a graph class with forbidden induced subgraph characteriz-
ation C(F) such that K2,c ∈ C(F) for some c ∈ N. Let (G,X,P, k) be an instance of the An-
notated F-Deletion problem. If X contains two vertices u and v such that {u, v} /∈ E(G)
with at least k + c common neighbors outside X, then add (u, v) to P and add edge {u, v} to
E(G).

Lemma 3.5.3. Reduction Rule 3.5.2 is safe.

Proof. Let F be a graph class with forbidden induced subgraphs C(F) such that K2,c ∈ C(F)
for some c ∈ N. Let (G,X,P, k) be an instance of the Annotated F-Deletion problem. Let
(G′, X, P ′, k) be the instance achieved after applying Reduction Rule 3.5.2. If S is a solution
for (G′, X, P ′, k), then S is also a solution for (G,X,P, k) as P ⊆ P ′ and either u or v is
contained in S and hence G− S and G′ − S are identical.

In the other direction, suppose S is a solution for (G,X,P, k). We show that S is a
solution for (G′, X, P ′, k). It is sufficient to show that S contains either u or v, as this would
also break every forbidden subgraph that the added edge could have created. For the sake of
contradiction, suppose that S contains neither u nor v. Since they have at least k+ c common
neighbors wi1 , ..., wik+c

and outside X and |S| ≤ k, it follows that G[{u, v, wi1 , ..., wik+c
} \ S]

contains an induced K2,c. This contradicts that S is a solution for (G,X,P, k). Hence S is a
solution for (G′, X, P ′, k).

Observation 3.5.4. Let F be a graph class with forbidden induced subgraphs C(F) such that
K2,c ∈ C(F) for some c ∈ N. Let (G,X,P, k) be an instance of Annotated F-Deletion
where Reduction Rule 3.5.2 is exhaustively applied. Let A∗ be the set of non-simplicial vertices
in V (G) \X. Then |A∗| ≤ (k + c− 1)|X2|.

We note that similar reduction rules can be defined for other groups of graph classes. For
graph classes that contain K1,3 as forbidden induced subgraph, also known as a claw, we can
bound the number of vertices with neighbors in X. For graph classes that contain K4 − e as
forbidden induced subgraph, also known as a diamond, we cam bound the number of vertices
whose neighborhood is not an independent set.

3.5.2 Annotated 2-Even-hole-free Deletion

We give a kernel for the Annotated 2-Even-hole-free Deletion problem. Since C4 =
K2,2 is a forbidden subgraph for this problem, we can apply Reduction Rule 3.5.2.

Theorem 3.5.5. The Annotated 2-Even-hole-free Deletion problem parameterized by
vertex cover admits a kernel with O(|X|3) vertices.

Proof. Let (G,X,P, k) be an instance of Annotated 2-Even-hole-free Deletion. Ex-
haustively apply Reduction Rule 3.5.2 to get instance (G′, X, P ′, k). Since Reduction Rule 3.5.2
is safe, it follows that (G,X,P, k) is a yes-instance if and only if (G′, X, P ′, k) is a yes-instance.
Let A∗ be the set of non-simplicial vertices in V (G′)\X. From Observation 3.5.4 it follows that
|A∗| ≤ (k + 1)|X|2. Consider the instance (G∗, X, P ′, k) where G∗ = G′[X ∪ A∗]. Obviously
G∗ has O(|X|3) vertices as k ≤ |X|. We show that (G′, X, P ′, k) is a yes-instance if and only
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if (G∗, X, P ′, k) is a yes-instance. Suppose that (G′, X, P ′, k) is a yes-instance with solution
S. Since G∗ is an induced subgraph of G′, it follows that S is a solution for (G∗, X, P ′, k) too.

In the other direction, suppose that (G∗, X, P ′, k) is a yes-instance with solution S. We
show that S is a solution for (G′, X, P ′, k). Suppose not, then G′ − S contains an even hole
H on at least 4 vertices. Since for v ∈ V (H), the neighborhood of v is not a clique it follows
that V (H) ⊆ X ∪ A∗. But then G∗ − S also contains H, which contradicts the fact that S
was a solution. Therefore (G′, X, P ′, k) is a yes-instance.

3.6 Wheel-free Deletion

In this section we consider the Wheel-free Deletion problem. A wheel Wn for n ≥ 3
consists of an induced cycle Cn with an additional center vertex c that is adjacent to every
vertex in Cn. We show that ‘having a wheel’ is not characterized by finite adjacencies.

Lemma 3.6.1. Let Π be the graph property of having a wheel Wn as an induced subgraph for
some n ≥ 3. Π is not characterized by finite adjacencies.

Proof. Suppose that Π is characterized by c adjacencies for some constant c ∈ N, then for
every G ∈ Π, for every v ∈ V (G) we can identify a finite set D of size at most c such that all
graphs G′ obtained by adding or removing edges between v and vertices in V (G) \D, are also
contained in Π. Without loss of generality, assume that c ≥ 3. Consider a graph G = Wc+1.
Obviously G ∈ Π. Let v be the center vertex of the wheel. Since the remembered set of
adjacencies D is of size at most c, there exists a vertex u ∈ Cc+1 such that u /∈ D. Let G′ be
the graph obtained from G by removing the edge {u, v}. By construction the largest clique in
G has size less than four as c ≥ 3, hence the largest clique in the subgraph G′ also has size
less than four. So G′ cannot contain a W3 = K4. If G′ contains a wheel, it is some Wk for
k ≥ 4 whose center vertex has degree at least 4. The only vertex with degree at least 4 is v,
but the neighborhood of v in G′ induces an acyclic graph. It follows that G′ does not contain
a wheel and therefore G′ is not contained in Π. Hence Π cannot be characterized by finite
adjacencies.

Consider the following annotated version of the problem.

Annotated Wheel-free Vertex Deletion Parameter: |X|
Input: A graph G, a vertex cover X of G, a set P of triples of vertices from X, and an
integer k.
Question: Does there exist a set S ⊆ V (G) of size at most k, such that S contains at
least one element from each triple in P , and such that G− S is wheel-free?

Reduction Rule 3.6.2. If X contains three vertices u, v and w that induce a K3 that have
k + 1 common neighbors outside of X, then add {u, v, w} to P .

Lemma 3.6.3. Reduction rule 3.6.2 is safe.

Proof. In order to prove correctness, it is sufficient to show that any solution contains one of
u, v or w. Suppose that a solution S does not contain any vertex of the triple. Since |S| ≤ k
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and u, v and w have k + 1 common neighbors there exists at least one such neighbor x in
G−S. But then {x, u, v, w} induces W3, which contradicts that S is a solution. It follows that
all solutions must contain at least one of u, v or w and hence the reduction rule is safe.

Observation 3.6.4. If (G,X,P, k) is an instance of Annotated Wheel-Free Vertex
Deletion to which Reduction Rule 3.6.2 is not applicable, then each K3 in X that is not in
P has at most k common neighbors.

Reduction Rule 3.6.5. If X contains three vertices u, v and w that induce a P3 that have
k + 2 common neighbors outside of X, then add {u, v, w} to P .

Lemma 3.6.6. Reduction rule 3.6.5 is safe.

Proof. In order to prove correctness, it is sufficient to show that any solution contains one of
u, v or w. Suppose that a solution S does not contain any vertex of the triple. Since |S| ≤ k
and u, v and w have k + 2 common neighbors there exist at least two such neighbors x and
y in G − S. But then {x, y, u, v, w} induces W4, which contradicts that S is a solution. It
follows that all solutions must contain at least one of u, v or w and hence the reduction rule
is safe.

Observation 3.6.7. If (G,X,P, k) is an instance of Annotated Wheel-Free Vertex
Deletion to which Reduction Rule 3.6.5 is not applicable, then each P3 in X that is not in
P has at most k + 1 common neighbors.

Theorem 3.6.8. Annotated Wheel-free Vertex Deletion parameterized by vertex
cover has a polynomial kernel with O(|X|4) vertices.

Proof. Given an instance (G,X,P, k), exhaustively apply Reduction Rules 3.6.2 and 3.6.5 to
obtain an instance (G,X,P ′, k). Let A ⊆ V (G) \X be the set of vertices such that for each
u ∈ A, NG(u) contains three vertices v1, v2 and v3 such that G[{v1, v2, v3}] induces a clique
and {v1, v2, v3} /∈ P ′. By Observation 3.6.4 |A| ≤ (k + 1)|X|3. Similarly let B ⊆ V (G) be the
set of vertices such that for each u ∈ B, NG(u) contains three vertices v1, v2 and v3 such that
G[{v1, v2, v3}] induces a path and {v1, v2, v3} /∈ P ′. By Observation 3.6.7 |B| ≤ (k + 1)|X|3.
Consider the instance (G∗, X, P ′, k), where G∗ = G[X ∪ A ∪ B]. The graph G∗ has O(|X|4)
vertices as k ≤ |X|. Furthermore P ′ contains at most |X|3. Since Reduction Rules 3.6.2
and 3.6.5 are safe, (G,X,P, k) is a yes-instance if and only if (G,X,P ′, k) is yes-instance.
Therefore the only thing left to show is that (G,X,P ′, k) is a yes-instance if and only if
(G∗, X, P ′, k) is a yes-instance.

(⇒) Suppose that (G,X,P ′, k) is a yes-instance with solution S. Since G∗ is an induced
subgraph of G it follows that G∗ − S is also wheel-free. It follows that S is also a solution for
the instance (G∗, X, P ′, k) which is therefore a yes-instance.

(⇐) Suppose that (G∗, X, P ′, k) is a yes-instance with solution S. We show that S is a
solution for the instance (G,X,P ′, k), that is, we show that G− S is wheel-free. Suppose for
contradiction that G − S contains a wheel. Let Wn be a wheel in G − S that minimizes the
number of vertices not in G∗.
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If n = 3 then V (Wn) = {v1, v2, v3, v4}. Since G[V (Wn)] induces a clique and X ⊆ V (G∗),
it follows that exactly one vertex in V (Wn) is not in G∗ as a vertex cover misses at most
one vertex of a clique. Without loss of generality assume v1 /∈ V (G∗). Since S is a solution
for (G∗, X, P ′, k), it follows that {v2, v3, v4} /∈ P ′. But since v2, v3 and v4 induce a K3, by
Observation 3.6.4 it follows that they have at most k common neighbors outside the vertex
cover, all of which are marked in the set A. Since v1 is not in G∗ and X ⊆ V (G∗), it follows
that v1 /∈ X and thus v1 ∈ A. But since A ⊆ V (G∗) this contradicts the existence of Wn.

If n ≥ 4, then Wn has a center vertex c and an induced cycle Cn = {v1, ..., vn}. Suppose
that c /∈ V (G∗). Then v1, v2 and v3 must be in V (G∗) as c is not in the vertex cover and
adjacent to all three of them. Moreover {v1, v2, v3} induces a P3. But then by Observation 3.6.7
it follows that they have at most k+1 common neighbors outside the vertex cover, all of which
are marked in the set B. This gives c ∈ B. By the definition of G∗ = G[X ∪A ∪B] it follows
that c ∈ V (G∗), which contradicts that c /∈ V (G∗). Finally suppose without loss of generality
that v1 /∈ V (G∗). Then vn, c and v2 must be in V (G∗) as v1 is not in the vertex cover and
adjacent to all three of them. Again {vn, c, v2} induces a P3 and from Observation 3.6.7 it
follows that v1 ∈ B. By the definition of G∗ = G[X ∪A∪B] it follows that v1 ∈ V (G∗), which
contradicts that v1 /∈ V (G∗).

It follows that no vertex of Wn is outside G∗. But then G∗ − S also contains a wheel,
which contradicts that S is a solution for (G∗, X, P ′, k). Therefore G − S is wheel-free and
hence (G,X,P ′, k) is a yes-instance.
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Lower Bounds

4.1 Almost Wheel-free Vertex Deletion

In this section we consider the graph class characterized by the set of forbidden induced
subgraphs {Wn | n = 3 ∨ n ≥ 5}. These are the graphs that are almost wheel-free, only
W4 might still be in the graph. We give a lower bound for Almost Wheel-free Vertex
Deletion using a polynomial parameter transformation from CNF-SAT parameterized by
the number of variables to the Almost Wheel-free Vertex Deletion problem.

Theorem 4.1.1. Almost Wheel-free Vertex Deletion parameterized by vertex cover
does not admit a polynomial compression unless coNP ⊆ NP/poly.

Proof. We give a polynomial parameter transformation (PPT) from the CNF-SAT problem
parameterized by the number of variables. Consider an instance φ of the CNF-SAT problem
with variables {x1, ..., xn} and clauses {C1, ..., Cm}. In the case that n ≤ 4, try all possible
truth assignments in constant time. If φ is satisfiable, return an empty graph with an empty
vertex cover, which is obviously almost-wheel free. If φ is not satisfiable, return G = W3 with
vertex cover X = V (G) and budget k = 0. The vertex cover is bounded by a polynomial
of n and no vertex can be deleted to make the graph almost wheel-free. In the remainder
we consider n ≥ 5. We construct an instance (G,X, k) of Almost Wheel-free Vertex
Deletion with vertex cover X and solution size k as follows.

1. Starting with an empty graph G, for i ∈ [n], add vertices vxi and v¬xi to G. Connect
them with an edge.

2. For i ∈ [n] add edges {vxi , vxi+1}, {vxi , v¬xi+1}, {v¬xi , vxi+1} and {v¬xi , v¬xi+1}. Here
i+ 1 = 1 if i = n.

3. For i ∈ [n], j ∈ [n+ 1], add vertices uji and wji . Add edges {uji , w
j
i }, {u

j
i , vxi}, {u

j
i , v¬xi},

{wji , vxi} and {wji , v¬xi}.

4. Finally consider clause Ci, i ∈ [m]. Add vertex ci to G. For every literal ` ∈ Ci, connect
ci to v`. Here we assume no clause contains both xq and ¬xq for q ∈ [n]. Such clauses are
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vx1

v¬x1
v¬x2

v¬x3
v¬x5

v¬x4

vx2

vx3

vx4

vx5

ci

uj
i

wj
i

Figure 4.1: Sketch of transformation for n = 5 variables. For simplicity the u and w vertices
are only partially drawn for x2. The clause vertex ci corresponds to the clause x1 ∨ ¬x2 ∨ x4.

trivially satisfied and can be removed in polynomial time without changing the problem.
For every variable xq, q ∈ [n], that does not correspond to a literal in Ci, connect ci to
both vxq and v¬xq .

This concludes the construction of G. Figure 4.1 shows a sketch of this construction for the
clause x1 ∨ ¬x2 ∨ x4. Assign the budget k = n.

Observation 4.1.2. Vertices added in steps 1-3 form a vertex cover of size 2n+ 2n(n+ 1) =
2n2 + 4n.

Let X be the vertices added in steps 1-3 above. Since |X| ≤ p(n) for some polynomial
p(·), all that is left to show is the equivalence between the original instance and the vertex
deletion problem (G,X, k). Let F be the set of almost wheel-free graphs. We show that there
is a set S ⊆ V (G) of size at most k such that G−S belongs to F if and only if the CNF-SAT
instance φ is satisfiable.

(⇒) Suppose (G,X, k) is a yes-instance with solution S of size at most k such that G−S
belongs to F .

Claim 4.1.2.1. For i ∈ [n], S contains exactly one of vxi and v¬xi.

Proof. Consider some i ∈ [n]. Suppose S contains neither vxi nor v¬xi . For j ∈ [n + 1], the
set of vertices {vxi , v¬xi , u

j
i , w

j
i } induce a W3. Since |S| ≤ k, it follows that G− S would still

contain a W3 which contradicts the choice of S. It follows that S contains at least one of vxi
and v¬xi . Since the budget k = n, S must contain exactly one of vxi and v¬xi .

Consider the following truth assignment δ : {x1, ..., xn} → {0, 1} such that δ(xi) = 1 if
vxi ∈ S, and δ(xi) = 0 if v¬xi ∈ S. This is well defined by the claim above.

Claim 4.1.2.2. δ satisfies φ.
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Proof. Suppose δ does not satisfy φ, then there exists some i ∈ [m] such that δ does not satisfy
clause Ci. Consider the set of vertices S′ = {v¬`p | v`p ∈ S, p ∈ [n], (`p = xp ∨ `p = ¬xp)}.
These are the vertices that correspond to the inverse of the truth assignment. The vertices
of S′ are contained in G− S and induce a cycle Cn. Since Ci is not satisfied, for each literal
l ∈ Ci we have vl ∈ S′. This means vertex ci is adjacent to vertex vl. Now for every variable
xp, p ∈ [n] without a literal in Ci, ci is adjacent to both vxp and v¬xp . It follows that ci is
adjacent to every vertex in S′, Hence S′ ∪ {ci} induces a wheel Wn. Since n ≥ 5, this wheel is
not of size 4 and hence forbidden, which contradicts the choice of S. It follows that δ satisfies
φ.

(⇐) In the other direction, assume that there exists a truth assignment δ : {x1, ..., xn} →
{0, 1} that satisfies φ. Let S = {v¬xi | δ(xi) = 0, i ∈ [n]}∪ {vxi | δ(xi) = 1, i ∈ [n]}. Obviously
|S| = n. We show that G−S belongs to F . Let S′ = {v¬xi | δ(xi) = 1, i ∈ [n]}∪{vxi | δ(xi) =
0, i ∈ [n]}, which are the vertices that correspond to the inverse of the truth assignment.
Again S′ forms an induced cycle. G − S is a graph consisting of S′ with an independent set
of clause vertices ci for i ∈ [m] adjacent to vertices in S′. Finally each vertex vi ∈ S′ is part
of n+ 1 edge disjoint triangles {vi, uji , w

j
i } for j ∈ [n+ 1]. Now that we know the structure of

G− S, we do a case distinction on vertex v ∈ V (G− S). We show that v cannot be a center
vertex of a wheel of size 3 or at least 5.

• Case v ∈ S′. Since S′ is an induced cycle, v has two neighbors in S′, say x and y, that
are not adjacent. Since the u and w vertices have degree 2 in G − S, they cannot be
used to create an induced cycle around v. Since clause vertices ci, for i ∈ [m], form an
independent set, they cannot appear adjacent in an induced cycle around v. Hence the
only wheel that could exist around v is {v, x, y, ci, cj} for some i, j ∈ [m] such that ci
and cj are adjacent to v, x and y, but this is W4 which is not forbidden.

• Case v = ci, for some i ∈ [m]. Since ci only has neighbors in S′, and S′ is an induced
cycle Cn, the only way ci can be a center vertex of an induced wheel is if it is adjacent
to every vertex in S′. Suppose that ci is adjacent to every vertex in S′, then no literal
in clause Ci is satisfied by δ, which contradicts the choice of δ. Therefore ci cannot be
a center vertex of a wheel.

• Case v = uji or v = wji for some i ∈ [n], j ∈ [n + 1]. Since v only has two neighbors, it
cannot be a center vertex of a wheel.

Since G − S does not contain a vertex that could be a center of some wheel Wp for p = 3 or
p ≥ 5, it follows that G− S must belong to F . Since we have shown correctness of the PPT,
the result follows from Theorem 2.2.5.
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4.2 Almost Wheel-free Edge Deletion

In this section we consider the following edge deletion problem.

Almost Wheel-free Edge Deletion Parameter: |X|
Input: A graph G, a vertex cover X of G and an integer k.
Question: Does there exist a set S ⊆ E(G) of size at most k such that G − S is almost
wheel-free?

A graph is almost wheel-free if it does not contain a graph from the set {Wn | n =
3 ∨ n ≥ 5} as induced subgraph. We give a polynomial parameter reduction from CNF-
SAT parameterized by the number of variables to Almost Wheel-free Edge Deletion
parameterized by vertex cover.

Theorem 4.2.1. Almost Wheel-free Edge Deletion parameterized by vertex cover does
not admit a polynomial compression unless coNP ⊆ NP/poly.

Proof. We give a polynomial parameter transformation (PPT) from the CNF-SAT problem
parameterized by the number of variables. Consider an instance φ to the CNF-SAT problem
with variables {x1, ..., xn} and clauses {C1, ..., Cm}. In the case that n ≤ 2, try all possible
truth assignments in constant time. If φ is satisfiable, return an empty graph with empty
vertex cover, which is obviously almost-wheel free. If φ is not satisfiable, return G = W3 with
vertex cover X = V (G) and budget k = 0. The vertex cover is bounded by a polynomial
of n and no vertex can be deleted to make the graph almost wheel-free. In the remainder
we consider n ≥ 3. We construct an instance (G,X, k) of Almost Wheel-Free Edge
Deletion with vertex cover X and solution size k as follows.

1. Starting with an empty graph G, for i ∈ [n], add vertices axi and bxi connected with
edge exi and vertices a¬xi and b¬xi connected with edge e¬xi to G.

2. For i ∈ [n] add edges {bxi , axi+1}, {bxi , a¬xi+1}, {b¬xi , axi+1} and {b¬xi , a¬xi+1}. Here
i+ 1 = 1 if i = n.

3. For i ∈ [n], j ∈ [n+ 1], add gadget vertices uji , v
j
i and wji . Add edges {uji , v

j
i }, {v

j
i , w

j
i },

{vji , axi}, {v
j
i , a¬xi}, {v

j
i , bxi}, {v

j
i , b¬xi}, {u

j
i , axi}, {u

j
i , a¬xi}, {w

j
i , bxi} and {wji , b¬xi}.

For all i ∈ [n] and j ∈ [n+ 1], these vertices induce a W6.

4. Finally consider clause Ci for i ∈ [m]. Add vertex ci to G. For every literal ` ∈ Ci,
connect ci to both a` and b`. Here we assume no clause contains both xq and ¬xq for
q ∈ [n]. Such clauses are trivially satisfied and can be removed in polynomial time
without changing the problem. For every variable xq, q ∈ [n], that does not correspond
to a literal in Ci, connect ci to axq , a¬xq , bxq and b¬xq .

This concludes the construction of G. Figure 4.2 shows a sketch of this construction for
the clause ¬x1 ∨ ¬x2 ∨ x4. Assign the budget k = n.

Observation 4.2.2. Vertices added in steps 1-3 form a vertex cover of size 4n+ 3n(n+ 1) =
3n2 + 7n.
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e¬x3
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Figure 4.2: Sketch of transformation for n = 5 variables. For simplicity the u, v and w vertices
are only partially drawn for x2 and the vertex labels a and b are only drawn for x1. The clause
vertex ci corresponds to the clause ¬x1 ∨ ¬x2 ∨ x4.
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Let X be the vertices added in steps 1-3 above. Since |X| ≤ p(n) for some polynomial p(·),
all that is left to show is the equivalence between the original instance and the edge deletion
problem (G,X, k). Let F be the set of almost wheel-free graphs. We show that there is a
set S ⊆ E(G) of size at most k such that G − S belongs to F if and only if the CNF-SAT
instance φ is satisfiable.

(⇒) Suppose (G,X, k) is a yes-instance with solution S of size at most k such that G−S
belongs to F .

Claim 4.2.2.1. For each i ∈ [n], S contains exactly one of exi and e¬xi.

Proof. Consider some i ∈ [n]. Suppose S contains neither exi nor e¬xi . For j ∈ [n + 1], the
set of vertices {axi , a¬xi , bxi , b¬xi , u

j
i , v

j
i , w

j
i } induce a W6. Since |S| ≤ k = n, it follows that

G − S would still contain a W6 which contradicts the choice of S. It follows that S contains
at least one of exi and e¬xi . Since the budget k = n, S must contain exactly one of exi and
e¬xi .

Consider the following truth assignment δ : {x1, ..., xn} → {0, 1} such that δ(xi) = 1 if
exi ∈ S, and δ(xi) = 0 if e¬xi ∈ S. This is well defined by the claim above.

Claim 4.2.2.2. δ satisfies φ.

Proof. Suppose δ does not satisfy φ, then there exists some i ∈ [m] such that δ does not satisfy
clause Ci. Consider the set of vertices S′ = {a¬xi , b¬xi | exi ∈ S, i ∈ [n]} ∪ {axi , bxi | e¬xi ∈
S, i ∈ [n]}. These are the vertices that correspond to the inverse of the truth assignment. The
vertices of S′ are contained in G− S and induce a cycle Cn. Since Ci is not satisfied, for each
literal ` ∈ Ci we have a`, b` ∈ S′. This means vertex ci is adjacent to a` and b`. Now for every
variable xp, p ∈ [n] without a literal in Ci, ci is adjacent to all of axp , a¬xp , bxp and b¬xp . It
follows that ci is adjacent to every vertex in S′, Hence S′ ∪ {ci} induces a wheel W2n. Since
|S′| = 2n and n ≥ 3, this wheel is not of size 4 and hence forbidden, which contradicts the
choice of S. It follows that δ satisfies φ.

(⇐) In the other direction, assume that there exists a truth assignment δ : {x1, ..., xn} →
{0, 1} that satisfies φ. Let S = {e¬xi | δ(xi) = 0, i ∈ [n]} ∪ {exi | δ(xi) = 1, i ∈ [n]}. Obviously
|S| = n. We show that G−S belongs to F . Let S′ = {e¬xi | δ(xi) = 1, i ∈ [n]}∪{exi | δ(xi) =
0, i ∈ [n]}, which are the edges that correspond to the inverse of the truth assignment. The
vertex set of G − S can be partitioned in the endpoints of edges in S′, endpoints of edges in
S, clause vertices ci for i ∈ [m], and gadget vertices ujp, v

j
p and wjp for j ∈ [n+ 1] and p ∈ [n].

The endpoints of edges in S′ induce a cycle Cn in G − S. Furthermore for i ∈ [n],
{bxi , b¬xi , axi+1 , a¬xi+1} induces a cycle C4. Here i + 1 = 1 if i = n. The neighborhood of
clause vertices ci for i ∈ [m] is contained in endpoints of edges in S′ and S. Finally for i ∈ [n]
and j ∈ [n + 1] the set of vertices {uji , v

j
i , w

j
i , a¬xi , axi , b¬xi , bxi} induces a 5-fan. This fully

describes all edges and vertices in G− S. Now that we know the structure of G− S, we do a
case distinction on vertex v ∈ V (G). We show that v cannot be a center vertex of a wheel of
size 3 or at least 5.
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• Case v = a`p (or b`p) for some e`p ∈ S′ where `p = xp or `p = ¬xp for some p ∈ p[n].
Vertex v is adjacent to bxp−1 , b¬xp−1 and b`p (or axp+1 , a¬xp+1 and a`p), which are pairwise
not adjacent. Here indices are taken modulo n.

If v would be a center vertex of some wheel, then every vertex on the induced cycle
needs to have at least two neighbors that are adjacent to v and it needs to be adjacent
to v itself. For j ∈ [n + 1], ujp (wjp) has a single neighbor that is adjacent to v, namely
vjp. Furthermore wjp (vjp) is not adjacent to v. Finally vjp has two neighbors adjacent to
v, namely ujp and b`p (wjp and a`p), however the former cannot be part of the induced

cycle as stated before, therefore vjp can also not be part of the induced cycle around v.
It follows that for j ∈ [n + 1], the vertices ujp, v

j
p and wjp cannot be used to create an

induced cycle around v.

Since clause vertices ci, for i ∈ [m], form an independent set, they cannot appear ad-
jacent in an induced cycle around v. Furthermore if ci is adjacent to a`p (b`p), then
it is also adjacent to b`p (q`p). Hence the only wheels that could exist around v are
{v, bxp−1 , b¬xp−1 , ci, cj}, {v, b`p , b¬xp−1 , ci, cj} or {v, bxp−1 , b`p , ci, cj}
({v, axp+1 , a¬xp+1 , ci, cj}, {v, a`p , a¬xp+1 , ci, cj} or {v, axp+1 , a`p , ci, cj}) for some i, j ∈ [m],
but these wheels are W4 which is not forbidden.

• Case v = a`p (or b`p) for some e`p ∈ S. This case is analogous to the previous one, except
that v not adjacent to b`p (a`p) as this edge was deleted. The only wheel that could exist
around v is {v, bxp−1 , b¬xp−1 , ci, cj} ( {v, axp+1 , a¬xp+1 , ci, cj}) for some i, j ∈ [m], but this
wheel is W4 which is not forbidden.

• Case v = ci, for some i ∈ [m]. The neighborhood of ciis contained in the endpoints of
edge sets S and S′. Let VS and VS′ be the endpoints edge sets S and S′ respectively.
G[VS′ ] induces a cycle, and for i ∈ [n], G[{axi , a¬xi , bxi−1 , b¬xi−1}] induces a cycles of
length 4. This fully describes all edges in G[VS ∪VS′ ]−S. Therefore the only way ci can
be a center vertex of an induced wheel of size unequal to 4 is if it is adjacent to every
vertex in VS′ . Suppose that ci is adjacent to every vertex in VS′ , then no literal in clause
Ci is satisfied by δ, which contradicts the choice of δ. Therefore ci cannot be a center
vertex of a wheel of size unequal to 4.

• Case v = uji (or wji ) for some i ∈ [n], j ∈ [n + 1]. Since v has only three neighbors axi ,

a¬xi and vji (bxi , b¬xi and vji ), but since the former two are not connected by an edge v
cannot be a center vertex of a wheel.

• Case v = vji for some i ∈ [n], j ∈ [n+ 1]. Vertex v is the center of a 5-fan (W6 with one
edge of the induced cycle deleted), it only has 6 neighbors which induce a P6. Therefore
its neighbors cannot induce a cycle and hence it cannot be a center vertex of a wheel.

Since G − S does not contain a vertex that could be a center of some wheel Wp for p = 3 or
p ≥ 5, it follows that G− S must belong to F . Since we have shown correctness of the PPT,
the result follows from Theorem 2.2.5.
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4.3 Annotated Subset AT-free Deletion with Clique Modu-
lator

In Section 3.4 we have seen that AT-free Deletion parameterized by vertex cover size
admits a polynomial kernel. In this section we show that a more restricted version of the
problem does not admit a polynomial compression and hence no polynomial kernel unless
coNP ⊆ NP/poly.

Annotated Subset AT-free Deletion with Modulator Parameter: |X|
Input: Graph G, a modulator X ⊆ V (G) such that G−X is a clique, an integer k, a set
P of pairs of vertices from X, and a set R ⊆ V (G).
Question: Is there a vertex set Y of size at most k, such that Y contains at least one
vertex of every pair in P , and such that in the graph G − Y there is no triple of vertices
from R that forms an asteroidal triple?

The clique modulator is related to the vertex cover as parameter with respect to the
complement graph. For perfect graphs, a graph G is perfect if and only if G is perfect.
Therefore Perfect Deletion parameterized by the clique modulator size does admit a
polynomial kernel.

Theorem 4.3.1. Annotated Subset AT-free Deletion with Modulator parameter-
ized by modulator size does not admit a polynomial compression unless coNP ⊆ NP/poly.

Proof. We give a polynomial parameter transformation (PPT) from CNF-SAT parameterized
by the number of variables. Consider an instance φ of CNF-SAT with variables x1, ..., xn and
clauses C1, ..., Cm. We construct an instance (G,X,P,R, k) of Annotated Subset AT-
free Deletion with Modulator as follows. We assume that each clause contains at least
2 literals, we can simply pre-process clauses that do not satisfy this assumption. In the case
that n = 1, try the two possible truth assignments in constant time. If φ is satisfiable, return
the trivial Yes-instance with R = ∅. If φ is not satisfiable then return an asteroidal triple with
R = V (G) and budget k = 0. In the remainder we consider n ≥ 2.

• For i ∈ [n], add vertices vxi and v¬xi . Add {vxi , v¬xi} to P .

• For i ∈ [n− 1], add edges {vxi , vxi+1}, {v¬xi , vxi+1}, {vxi , v¬xi+1} and {v¬xi , v¬xi+1}.

• Add u1 adjacent to vx1 . Add u0 adjacent to v¬x1 . Add w1 adjacent to vxn . Add w0

adjacent to v¬xn . Add u0, u1, w0 and w1 to R.

• For i ∈ [m]. Add vertices ci and ti connected by an edge. Add ti to R. For each literal
` in Ci, add the edges {ci, v`} and {ti, v¬`}. For j ∈ [n], if Ci contains neither vxj nor
v¬xj , then add edges {ci, vxj} and {ci, v¬xj}.

• For i 6= j ∈ [m], add edges {ci, cj}, {ci, tj}, {ti, cj} and {ti, tj}.

• Finally let X = {u0, u1, w0, w1} ∪
⋃
i∈[n]{vxi , v¬xi} and let k = n.
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This concludes the construction of (G,X,P,R, k). Consider the connected components in
G−X. It consists of a single clique containing all clause vertices ci and ti for i ∈ [m]. Since
|X| = 2n+4 ≤ p(n) for some polynomial p(·), all that is left to show is the equivalence between
the CNF-SAT instance and the vertex deletion instance (G,X,P,R, k). We show that there
is a set Y ⊆ V (G) of size at most k such that in G − Y no triple in R forms an asteroidal
triple if and only if φ is satisfiable.

Suppose (G,X,P,R, k) is a Yes-instance with solution Y of size at most k. Since k = n
and for i ∈ [n] we have {vxi , v¬xi} ∈ P , it follows that Y contains either vxi or v¬xi and no
other vertices from G. Consider the truth assignment δ : {x1, ..., xn} → {0, 1}. Let δ(xi) = 1
if vxi ∈ Y , and δ(xi) = 0 if v¬xi ∈ Y .

Claim 4.3.1.1. δ satisfies φ.

Proof. Suppose δ does not satisfy φ, then there exists some i ∈ [m] such that δ does not satisfy
clause Ci. Consider the set of vertices Y ′ = {v¬`j | v`j ∈ Y, j ∈ [n]}. These are the vertices
corresponding to the inverse of the truth assignment and are therefore still in G−Y . Since Ci
is not satisfied, for each literal ` in Ci, we have that ti is not adjacent to v`. Since Ci contains
at least 2 literals, ci is adjacent to at least two vertices in Y ′. But then {ti, uδ(x1), wδ(xn)} ⊆ R
is an asteroidal triple which contradicts that Y is a solution.

(⇐) In the other direction, assume that there exists a truth assignment δ : {x1, ..., xn} →
{0, 1} that satisfies φ. Let Y = {v¬xi | δ(xi) = 0, i ∈ [n]}∪{vxi | δ(xi) = 1, i ∈ [n]}. Obviously
|Y | = n. We show that no triple in R forms an asteroidal triple in G − Y . For the sake
of contradiction suppose that a triple in R forms an asteroidal triple in G − Y . First note
that uδ(x1) and wδ(xn) are isolated vertices in G− Y and hence cannot form asteroidal triples.
Since for i 6= j ∈ [m], ti is adjacent to tj , it follows that we can use at most one clause vertex
ti for some i ∈ [m] in an asteroidal triple. Therefore we only need to consider the triple
{u¬δ(x1), w¬δ(xn), ti} for some i ∈ [m]. Since clause Ci is satisfied, it follows that for some
literal ` in Ci we have v` ∈ Y . But then ti is adjacent to v¬` and thus all paths from u¬δ(x1) to
w¬δ(xn) go through the neighborhood of ti. It follows that no triple in R forms an asteroidal
triple in G− Y .

Since we have shown correctness of the PPT, the result follows from Theorem 2.2.5.
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Open Problems

In an effort to extend the kernelization framework of Fomin et al. [10], it is important to
classify graph classes that do not fit in their framework. This classification turns out to be
non-trivial for some graph classes. In this chapter we give a few graph classes which do not fit
in their framework, but for which the existence of a polynomial kernel for the corresponding
F-Deletion problem parameterized by vertex cover is not resolved in this work. Graphs
without even holes of length at least 6 or graphs without odd holes of length at least 7 are two
graph classes for which existence of a polynomial kernel for the corresponding F-Deletion
problem parameterized by vertex cover also remain open. These two graph classes are not
explicitly covered in this chapter.

5.1 Sun-free Deletion

Sun graphs were introduced in Section 3.1. The following result was shown by Farber [9].

Lemma 5.1.1 (Lemma 4.5, [9]). Let G be a sun. Then G has an induced subgraph which is
a complete sun.

In Section 3.1 we have seen that Strongly Chordal Deletion, that is, (C≥4,sun)-
free Deletion admits a polynomial kernel using Theorem 2.3.2. Here C≥4 is the set of
induced cycle of length at least 4. In this section we show that we cannot get a kernelization
result for sun-free Deletion using Theorem 2.3.2.

Theorem 5.1.2. Let Π be the graph property of having a sun. Π is not characterized by finite
adjacencies.

Proof. Suppose that Π is characterized by c adjacencies for some constant c ∈ N. Without
loss of generality, assume c ≥ 1. Consider the graph G = Sc+2, that is, a complete sun with an
independent set W = {w1, ..., wc+2} and clique U = {u1, ..., uc+2}. Consider w1 ∈ W . Since
c ≥ 1, G ∈ Π. Since Π is characterized by c adjacencies, there exists a set D of size at most
c such that all graphs G′ obtained by adding or removing edges between v and vertices in
V (G) \D, are also contained in Π. Since |D| ≤ c and |W | = c+ 2, there exists some i ∈ [c+ 2]
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such that i 6= 1 and wi /∈ D. Let G′ be the graph G with additional edge {w1, wi}. Suppose
that G′ contains a sun as induced subgraph. Then by Lemma 5.1.1 it follows that G′ contains
a complete sun. Let S′n for some n ≤ c+2 be the smallest complete sun in G′ with independent
sets W ′ and U ′. Clearly it cannot be the case that {w1, wi} ⊆ W ′ as they are connected by
an edge. We show that w1 /∈ U ′. Without loss of generality, consider the cases that i = 2
and that 2 < i < c + 2. In the former case, U ′ = {w1, u2, u1} or U ′ = {w1, u2, wi} as these
are the only cliques that w1 can be a part of. However since there does not exist a vertex in
V (G′) \ U ′ that is adjacent to u1 and w1 or to w1 and wi, it follows that we cannot construct
a complete sun where w1 is part of the clique. An identical argument can be made for wi not
being part of U ′. Since at most one of w1 and wi can be in W ′, it follows that S′n is contained
in either G′−w1 or G′−wi. But these graphs are equivalent to G−w1 and G−wi. Since G is
a vertex minimal forbidden induced subgraphs, this contradicts the existence of S′n. It follows
that G′ is sun-free and therefore G′ /∈ Π. This contradicts the fact that Π is characterized by
c adjacencies.

5.2 (Co-)Comparability Deletion and Permutation Deletion

A comparability graph is a graph that is transitively orientable, that is, one can assign direc-
tions to the edges such that if there exist an edge from a to b and from b to c, then there exists
an edge from a to c as well. The definition of asteroidal triple can be extended to an asteroidal
`-tuple for ` ≥ 3, which consists of ` independent vertices {y1, ..., y`} such that for i ∈ [`], the
pair {yi, yi+1} is connected by a path that avoids the neighborhood of the remaining ` − 2
vertices. Here yi+1 = y1 if i = `. Gallai [11] proved the following theorem.

Theorem 5.2.1 (Theorem 1.20, [11]). A graph G is transitively orientable if and only if G
does not contain an asteroidal (2n+ 1)-tuple for all n ≥ 1.

A permutation graph G is a graph that is comparability and co-comparability, that is,
both G and G are transitively orientable. We show that we cannot get kernelization results
for Comparability Deletion and Permutation Deletion using Theorem 2.3.2.

Theorem 5.2.2. The following graph properties are not characterized by finite adjacencies:

• Π1: Not being a comparability graph.

• Π2: Not being a permutation graph.

Proof. Suppose that Π1 is characterized by c adjacencies for some c ∈ N. Consider the graph
G = co-†2(c+1)+1-AW. Since G induces a †2(c+1)+1-AW with asteroidal triple {t, tl, tr}, it follows
that G ∈ Π1 by Theorem 5.2.1. Now consider the vertex t. Since Π1 is characterized by finite
adjacencies, there exists a set D of size at most c such that all graphs G′ obtained by adding
or removing edges between t and vertices in V (G)\D, are also contained in Π1. Since |D| ≤ c,
it follows that there exists bi /∈ D for some even i ∈ [2(c + 1) + 1]. Construct G′ from G by
removing the edge {t, bi}. We show that G′ is transitively orientable.

We orient the edges by creating a digraph F with V (F ) = V (G′) as follows. Instead of
edges, digraphs contain arcs (a, b) directed from a to b. For j, j′ ∈ [2(c + 1) + 1] such that
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j′− j > 1, add arc (bj , bj′) from bj to bj′ . For j < i, add arc (bj , t) from bj to t. For j > i, add
arc (t, bj) from t to bj . Finally every edge {tl, v} ∈ E(G′) add arc (tl, v) from tl to v and for
every edge {v, tr} ∈ E(G′) add arc (v, tr) from v to tr. F contains an arc for every edge in G′.

Claim 5.2.2.1. For every vertex v ∈ F , for each in-neighbor u and out-neighbor w, (u,w) ∈
E(F ).

Proof. Since tl and tr do not have in-neighbors and out-neighbors respectively, the claim
holds. Vertex c has a single in-neighbor tl and single out-neighbor tr, since {tl, tr} ∈ E(G′)
it follows that (tl, tr) ∈ E(F ). For each in-neighbor u and out-neighbor w of t, we have
that u and w are non-adjacent vertices on the edge complement of an induced path. It
follows that (u,w) ∈ E(F ). Finally consider in-neighbor u and out-neighbor w of bj for some
j ∈ [2(c + 1) + 1]. If j > i, then w = bj′ for some j′ > j + 1 or w = tr and u = t, u = tl
or u = bj′ for some j′ < j − 1. In all cases (u,w) ∈ E(F ). If j < i, then w = t, w = tr or
w = bj′ for some j′ > j + 1 and u = tl or u = bj′ for some j′ < j − 1. Again in all cases
(u,w) ∈ E(F ).

From the claim above we can conclude that G′ is an orientable graph and thus G′ /∈ Π1.
This contradicts the fact that Π1 is characterized by c adjacencies.

Now suppose that Π2 is characterized by c adjacencies. We have G ∈ Π2. Construct G′

as before. We show that G′ is a permutation graph. Since G′ is transitively orientable, all
that is left to show is that G

′
is transitvely orientable as well. G

′
consists of a path induced

by {tl, b1, ..., b2(c+1)+1, tr}, a pendant vertex t adjacent to c and a vertex c such that for each

j ∈ [2(c+1)+1], j 6= i, {c, bj} ∈ G
′
. We create a digraph F such that for each edge e ∈ E(G),

F contains an arc denoting the orientation of e. Add arc (tl, b1) and (b2(c+1)+1, tr). For even
j ∈ [2(c + 1)], add arc (bj , b, j + 1). For odd j ∈ [2c + 1], add arc (bj+1, bj). Add arc (c, t).
Finally for j 6= i ∈ [2(c+ 1) + 1], add arc (c, bj).

Claim 5.2.2.2. For every vertex v ∈ F , for each in-neighbor u and out-neighbor w, (u,w) ∈
E(F ).

Proof. Vertices c, tl, tr and bi do not have in-neighbors as i is even. Vertices t and bj for
odd j ∈ [2(c+ 1) + 1] do not have out-neighbors. For these vertices the claim trivially holds.
Finally for even j 6= i ∈ [2(c+ 1) + 1], bj has single in-neighbor c and out-neighbors bj−1 and
bj+1. Since 2(c+ 1) + 1 is odd, both arcs (c, bj−1) and (c, bj+1) are in F .

From the claim above we can conclude that G
′

is an orientable graph and thus G′ is a
permutation graph. It follows that G′ /∈ Π2. This contradicts the fact that Π2 is characterized
by c adjacencies.

From the duality in Observation 3.3.2, it follows that the graph property of not being a
co-comparability graph is not characterized by finite adjacencies.

40 Master Thesis



Chapter 6

Conclusion

Due to the polynomial kernel given by Agrawal et al. [2] for Interval Deletion, it became
clear that the framework given by Fomin et al. [10] does not include all graph classes for which
the corresponding F-Deletion problem parameterized by vertex cover admits a polynomial
kernel. In this work we identified perfect graphs, AT-free graphs, even hole free graphs and
wheel-free graphs as additional graphs which do not fit in the framework. For the first two,
we achieved a polynomial kernel by taking a number of bases from a multiset that contains
a vector for each vertex outside the vertex cover. These vectors capture the neighborhood of
these vertices. The use of such linear algebra techniques was used for the kernel for Interval
Deletion as well in a slightly different context. Other graph problems might benefit from
a similar approach in order to achieve kernelizations. For the latter two problems, we use
problem specific analysis to get a polynomial kernel. A logical next step would be to extend
the framework of Fomin et al. [10] such that it includes graphs for which the linear algebra
technique works as well as graphs which admit a kernelization using problem specific features.

Sun-free Deletion, Permutation Deletion and (co-)Comparability Deletion
remain as open problems. Furthermore, deleting even holes of size at least 6, or deleting odd
holes of size at least 7 are also interesting open problems that still needs to be investigated.
It might be possible to extend our linear algebra technique for these problems. In order to
fully extend the framework of Fomin et al. [10], it is important to look at graph classes for
which the corresponding F-Deletion problem does not admit a polynomial kernel. We give
almost wheel-free graphs as an example. Further investigation of such graph classes could give
a better understanding of the vertex deletion problems that do admit a polynomial kernel.
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