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Summary

Interface Decohesion Modelling in FFT-based
Spectral Solvers: Application to Prior Austen-
ite Grain Boundaries

This dissertation contributes towards the extension of FFT-based spectral solver
for interface damage modelling. The lack of sharp interfaces rules out the us-
age of surface based dissipation models in spectral solvers. This is dealt with
by treating the interface as an interphase, combined with well-known nonlocal
regularisation techniques—a gradient damage model and an integral nonlocal
model. The definition of the interphase introduces a lengthscale associated with
the dimension perpendicular to the interface. This lengthscale is proposed as
the numerical parameter controlling the fracture energy associated with the in-
terface damage. The regularisation techniques and associated lengthscales are
used as a means to ensure that the dissipation is insensitive to the interphase
thickness.
To account for the normal and tangential modes of damage, strain component
like scalar parameters are defined. Their evolution is governed by rate equations.
The rate forms contain a critical stress, critical strain and a time scale parameter
controlling the static and kinetic contribution to the fracture energy. The scaling
of the constitutive model parameters to obtain dissipation that is independent
of the interphase thickness is discussed.
Analysis on a one-dimensional bar with evolving damage is performed. This
simple study provides a comparison between the gradient damage and integral
nonlocal damage model in terms of their numerical efficiency and ability to ap-
proximate the fracture energy. An extension to the two-dimensional case with
a propagating crack also suggests saturation towards a fracture energy value
during the incremental crack growth. Application to damage in volume ele-
ments with a cluster of grains is also discussed. Motivated by the application
of this model for prior austenite grain boundaries (PAGBs), damage precursors
along them are studied using anisotropic elasto-plasticity. The crystallography
associated with the martensite variants, defined by the theoretical orientation re-
lationships, is studied. The occurrence of stress concentrations along the PAGB
is related to the orientation of the martensite variants and their local neigh-
bourhood. Special orientation combinations and their mechanical responses are
identified. Damage simulations on straight PAGB interface is performed and
the result is discussed in the light of non-uniform fracture properties which may
impact the overall ductility.
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Chapter 1

Introduction

1.1 Industrial relevance and materials research

Industrial innovation plays a key role in the evolution of our society. The suc-
cess of industrial advancement relies significantly on the development of new
materials that suit a diversity of applications. In addition, safety requirements,
fuel efficiency, miniaturisation etc. are necessitating the development of better
materials. The environmental regulations put further constraints. The example
of relevance to this dissertation comes from the automotive industry, which is
also driven by similar objectives. Lighter and thus fuel efficient cars require
improved materials; steels in particular. Advanced high strength steels which
lend ductility for component forming while maintaining the strength required
to meet safety standards, are required. Although most of the engineering and
material designs incorporate a safety factor with respect to the failure regime,
the scientific and technological community needs an in-depth understanding of
the precursors to this failure regime in order to extend the already existing tech-
nological limits. Achieving such objectives requires research into the mechanics
and the material science of the concerned material system.

1.2 Polycrystals, interfaces and interface decohe-
sion

Materials research is a scientific discipline of immense breadth, encompass-
ing components of sizes of the order of a meter to the level of atoms i.e.
nanometre/sub-nanometre regimes. In this thesis, focus is put on metals, in
particular, DP-steel and its component phases (ferrite and martensite). The
lengthscales of interest in this study lie in micrometer regime, at which the
regions of interest are typically single/poly-crystals.
Polycrystals are cluster of single crystals, each having a unique crystallographic
orientation. Within polycrystals, broadly two distinct regions can be identified:
the bulk and the interfaces (phase boundaries and grain boundaries). The mi-
cromechanical response of the bulk is governed by the underlying anisotropic
elasticity and slip system orientation. Material models allowing to describe such
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Figure 1.1: Damage in dual-phase steels. Left: Overall response of various
grades of steel with a visible softening regime (reproduced from the project
proposal of this research). Right: The underlying microscopic origins, the voids,
typically understood as the cause for softening in the overall response (Courtesy:
TATA Steel).

Figure 1.2: Interesting phenomena occurring at the interfaces.
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responses with sufficient accuracy exist. Figure 1.2 depicts some interesting phe-
nomena that occur at interfaces of polycrystalline steel microstructures. The
mechanics of interfaces is much more complex than the bulk due to the hetero-
geneity surrounding them. The heterogeneity may be a result of different phases
(phase boundaries) or crystalline orientations (grain boundaries). In some cases,
interfaces may have their own local crystal structures, contributing significantly
to the overall response. Also contributing to the heterogeneity at interfaces are
the retained phases or residual stresses. The stress concentration or strain accu-
mulation arising as a result of these factors can cause damage nucleation. The
voids and cracks thus nucleated may interact with the surrounding microstruc-
ture and can form fracture surfaces leading to a loss of load bearing capacity of
the microstructure. This makes the role of interfaces important to understand.
Irrespective of inter or intragranular fracture, the damage modelling approaches
can be classified in two classes: cohesive zones and continuum damage mechan-
ics.

1.3 Material failure, interfaces and modelling ap-
proaches

Assuming an atomic debonding based description, material failure can be viewed
as the creation of two smooth surfaces. Griffith’s work (Griffith, 1921), is among
the earliest developing a theoretical understanding of the failure of solids. Hav-
ing identified Gc as a material property, typically referred to as fracture tough-
ness, an energetic condition for crack initiation based on the fracture energy
release rate was given. As a limitation, the theoretical model could not predict
crack propagation paths. Barenblatt (Barenblatt, 1959) and Dugdale (Dugdale,
1960) extended this idea to cohesive debonding, which incorporates an addi-
tional variable representing the crack opening displacement. This additional
variable was used to construct the cohesive energy function. For more details,
please see (Del Piero, 2013).
One of the earliest numerical implementations of cohesive fracture using cohe-
sive zones in a finite element code was made by Needleman and co-workers. A
comprehensive overview on cohesive zone modelling is available in (Needleman,
2014). For a more detailed discussion, the reader is referred to the references
therein. Such an approach was successful in predicting both, the initiation and
propagation of cracks. A disadvantage associated with this approach is the
need for a complicated computational procedure to keep track of the (refined)
nodes around the crack tip. Moreover, the implementation uses a matrix based
approach, that is usually not scalable. The second disadvantage, as already
addressed within the cohesive zones community, with the cohesive band ap-
proach (Remmers et al., 2013), is the lack of a full three-dimensional state of
stress within the cohesive surfaces.
A versatile alternative to the cohesive zone approach is the continuum damage
mechanics (CDM). (Lemaitre, 2012) provides a good overview of the subject
and the reader is referred to the source. This field initiated after the seminal
works (Kachanov, 1958), (Rabotnov, 1968) and (Lemaitre, 1971). The method
relies on definition of internal state variable(s) to represent the homogenised
state of material integrity. Depending on the problem considered, this inter-
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nal variables can be coupled to elasticity or plasticity. For example, by the
degradation of the elastic modulus for brittle or quasi-brittle damage and the
degradation of the yield surface for ductile damage.
It was realised that the classical local approach to fracture is mesh sensitive,
for example as discussed in (Forest and Lorentz, 2004). This mesh-sensitivity
was attributed to the change of the mathematical character of the set of dif-
ferential equations describing the boundary value problem, (Peerlings et al.,
1996a). Regularisation approaches based on integral nonlocal models (Bažant
and Pijaudier-Cabot (1988); Bažant and Jirásek (2002)) and gradient damage
models (Peerlings et al. (1996a); de Borst et al. (1994); Geers (2004)) were sug-
gested to restore the mathematical character. All such approaches introduce
some extent of nonlocality governed by a lengthscale parameter. This length-
scale parameter may take a physical meaning from the underlying microscopic
distribution of microcracks, micro-voids etc., which eventually is represented in a
homogenised sense by the damage/integrity variable. Both the above mentioned
techniques have been used to model damage in bulk, for example (Shanthraj
et al., 2016, 2017), interface (Nguyen et al., 2016) or both (Clayton and Knap,
2015; Nguyen et al., 2017) of the microstructure.

1.4 FFT-based spectral solver and interfaces

Over the years, both the above mentioned approaches have improved and found
application in the computational description of various failure phenomena. Most
of these computational developments have been made using finite element tech-
nology. In recent years, FFT-based spectral solvers have emerged as promising
alternatives (Michel et al., 2001; Lebensohn et al., 2012; Eisenlohr et al., 2013;
Shanthraj et al., 2015). The interpolatory properties (Boyd, 2001; Zeman et al.,
2017) of the Fourier shape functions ease the implementation (de Geus et al.,
2017; Roters et al., 2019). Since a lot of experimental techniques (EBSD,CT-
scans) provide material data in a regular grid format, the FFT approach is
suitable for microstructural studies of polycrystals. The periodicity of Fourier
shape functions makes them apt for polycrystalline studies (Wang et al., 2014;
Tasan et al., 2015; Diehl et al., 2016) where a representative volume element
of a comparatively large microstructure is generally considered along with peri-
odic boundary conditions. Other advantages include low memory requirements
for solving boundary value problems and high speed solution procedures in-
volving parallelised FFTs. The low memory requirement due to the matrix-free
formulation is particularly attractive for two-field problems (Boeff et al., 2015;
Kochmann et al., 2016b; Vidyasagar et al., 2017) and multifield problems (Shan-
thraj et al., 2018). Owing to these advantages, FFT-based solvers are becoming
prominent in the micromechanics community. The objective of this thesis is to
explore the possibility of extending interface damage modelling to FFT solvers.
One major disadvantage of FFT-based solvers is the Gibbs phenomenon which
relates to the oscillations due to the approximation of nonsmooth solutions.
This problem accentuates while dealing with problems involving heterogenous
material properties. This is typically the situation at the interfaces between
different phases (phase boundaries) or even within a single phase (grain bound-
aries). The lack of a straight representation of interfaces (due to the grid based
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discretisation) is another deficiency that needs to be addressed.

Figure 1.3: Irregular representation of straight interfaces in grid based discreti-
sations. Each circle represents a grid point. Regions of different colour represent
different grains.

With the major advantages and disadvantages being described, the objective of
this thesis is to:

• explore the possibilities and limitations of methodologies for interface
damage modelling in FFT solvers,

• address and resolve the problems thus arising,

• compare the possible modelling approaches and identify the most appro-
priate one,

• apply the developed approach to a problem relevant in the interface me-
chanics of a DP-steel.

1.5 Outline of the thesis

After this overview, Chapter 2 presents an implementation of gradient damage
model to interface decohesion modelling in FFT solvers. The scaling properties
of the model for one-dimensional crack and a straight propagating crack in two-
dimensions are studied in detail. Chapter 3 identifies the two possible interface
modelling approaches in FFT and provides a comparative analysis of them in
a one- dimensional setting. Chapter 4 presents a crystal elasto-plasticity based
analysis of a specific type of interface, the prior austenite grain boundaries,
and discusses their damage susceptibility on mechanistic and crystallographic
grounds. Chapter 5 reiterates on the challenges associated with interface mod-
elling in FFT solvers. An adapted integral based damage approach for interface
decohesion is presented. As an example application, the methodology is also
applied to the prior austenite grain boundary problem introduced in Chapter 4.
Chapter 6 concludes the research work with a summary, reflection and outlook
on the research done.
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Chapter 2

An FFT-based spectral solver
for interface decohesion
modelling using a gradient
damage approach1

Abstract

This work presents a fast Fourier transform (FFT) based method that can be
used to model interface decohesion. The inability of an FFT solver to deal
with sharp interfaces discards the use of conventional cohesive zones to model
the interfacial mechanical behaviour within this framework. This limitation is
overcome by approximating sharp interfaces (e.g. grain/phase boundaries) with
an interphase. Within the interphase, the plastic constitutive behaviour is in-
herited from the respective adjacent grains. The anisotropic kinematics of the
fracture/decohesion process is modelled using a damage deformation gradient
that is constructed by mapping the opening strains (in normal and tangential
modes) to the associated projection tensors. The degradation (damage) of the
interfacial opening resistances is modelled via a dimensionless nonlocal damage
variable that prevents localisation of damage within the interphase. This nonlo-
cal variable results from the solution of a gradient damage based regularisation
equation within the interphase subdomain. The damage field is constrained to
the interphase region by applying a relatively large penalisation on the dam-
age gradients within the interphase. The extent of nonlocality ensures that
the damage is largely uniform in the direction perpendicular to the interphase,
thus making its thickness the theoretical lengthscale for dissipation. To achieve
model predictions that are objective with respect to the interphase thickness,
scaling relations of the model parameters are proposed. The numerical perfor-
mance is shown for a uniform opening case and then for a propagating crack.
Finally, an application to an artificial polycrystal is shown.

1This chapter is based on: Sharma, L., Peerlings, R. H. J., Shanthraj, P., Roters, F., and
Geers, M. G. D. An FFT-based spectral solver for interface decohesion modelling using a
gradient damage approach. (In preparation).
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2.1 Introduction

The industrial requirement of high strength and tough materials necessitates a
clear understanding of these properties in relation to the role of the underly-
ing microstructure. Computational tools that link microstructures with their
macroscopic response are of great importance for the multiscale modelling of ma-
terials (Geers and Yvonnet, 2016; Roters et al., 2010, 2019). During the last two
decades, the fast Fourier transform (FFT)-based spectral method has emerged
as a useful tool to serve this purpose. The method was originally introduced
to study the homogenised response of composites (Moulinec and Suquet, 1998).
(Lebensohn et al., 2012) extended the algorithm to incorporate viscoplasticity
to study polycrystalline microstructures at small strains. An extension to finite
strain crystal plasticity was presented in (Eisenlohr et al., 2013). Several modi-
fied formulations (Michel et al., 2001; Willot, 2015, and references therein) and
improved solution schemes (Brisard and Dormieux, 2010; Zeman et al., 2010;
Shanthraj et al., 2015, and references therein) have been developed to deal with
the high stiffness contrast in volume elements (VEs). The method is specially
suited to perform micromechanical simulations on experimentally acquired im-
ages. An FFT-based crystal plasticity solver was used by (Wang et al., 2014)
to understand the shear banding in pure magnesium. (de Geus et al., 2017)
and (Tasan et al., 2014b) used it to explore the stress-strain partitioning in
DP-steels.
Multifield problems take direct benefit of the computational efficiency offered by
the FFT-based solvers. The matrix-free solution scheme in particular lends the
advantage of scalability. Recent works on coupling of the mechanical equilibrium
problem with damage or thermal fields (Boeff et al., 2015; Shanthraj et al.,
2018) or martensitic phase transformation fields (Kochmann et al., 2016b) are
examples of the increasing popularity of the FFT solver for micromechanical
problems. A necessary extension of these FFT-based damage modelling works
is the interface decohesion. The challenges associated with it and more generally
with modelling of any other interfacial phenomena, need to be addressed.
The modelling of crack propagation is generally done by using either the cohe-
sive zone (CZ) technique or the continuum damage method. The former requires
the use of interface elements to model the displacement discontinuity across the
surfaces representative of the crack faces. The evolution of this discontinuity
is governed by a traction-separation law (TSL). For an overview of cohesive
surface modelling, please see (Needleman, 2014) and the references therein. CZ
approaches are typically finite element (FE) based. It is not clear how such
interface elements, providing displacement discontinuity, can be embedded in
FFT solvers. The continuum damage approaches that approximate the stress
relaxation across the separating surfaces by degradation of a material volume
have been successful in FE context, for example (Shanthraj et al., 2017), and
also FFT context (Boeff et al., 2015; Shanthraj et al., 2018), without being
specific to inter/intragranular fracture. The volumetric approximation allows
for a conventional constitutive law for the softening behaviour. This approach
also has the advantage that a complete three-dimensional state of stress is avail-
able. Stress triaxiality within the damage process zone can influence the crack
evolution by in-plane stretching, crack splitting etc. Motivated by this phe-
nomenon, (Remmers et al., 2013) contributed towards extending the classical
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cohesive zone approach by incorporating in-plane strain components in the for-
mulation. This also necessitated the definition of a finite thickness region to
normalise the related jump components.
Motivated by the use of cohesive zones for grain boundary sliding and separation
in nanocrystalline FCC metals (Wei and Anand, 2004), analysis of TSL param-
eters influencing polycrystalline interfacial crack paths (Shabir et al., 2011),
it is worthwhile to explore methods such that FFT solvers can also be used
for similar studies. This research contribution introduces a method to include
traction-separation like behaviour for the interfaces in FFT solvers. Though a
strongly simplified setting is considered, this contribution discusses the possible
shortcomings and ways to address them.
The volumetric approach is exploited by a priori identifying the grid points near
the non-resolvable (due to grid discretisation) interfaces, as interphase (Fig-
ure 2.1). Anisotropic separation kinematics can then be employed within these

Ω
BΩ

Interfaces as
InterphaseI

~nI

ΩI

Figure 2.1: Schematic of a polycrystal (top) encompassing the domain Ω and
the periodic boundaries represented as BΩ. The interfaces of the polycrystal
are represented by I with unit normals ~nI . These interfaces are approximated
by the interphase ΩI with the edges BΩI .

interphases to reflect the decohesion activity of arbitrarily oriented interfaces to
loading. (Aslan et al., 2011) incorporated this anisotropy in a small strain set-
ting to model crystallographic fracture in Nickel–based super alloys. Subsequent
works (Maresca et al., 2016; Shanthraj et al., 2017) extended it to a finite strain
setting. The former applied it to model the damage initiation at lath martensite
boundaries using a viscous regularisation model while the latter modelled the
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crystallographic cleavage using a phase field damage formulation. This interface
as interphase approximation introduces a lengthscale (the interphase thickness,
l), the role of which needs to be understood. Within the interphase, the aim is
to have multiple Fourier points, such that for arbitrarily oriented interface the
discretization artefacts are minimized .

Separation

T
ra

ct
io

n

G

Strain

T
ra

ct
io

n

gRelated by a
lengthscale

Figure 2.2: The quantity relating the classical traction separation law and the
stress-strain based constitutive law is a lengthscale parameter (for example, the
interphase thickness l).

It is well known that the continuum damage method must involve some sort
of nonlocality to restore the well-posedness and mesh objectivity of the gov-
erning equations in the localisation regime. Therefore, a strongly nonlocal reg-
ularisation technique needs to be used. In a broad sense, this regularisation
can be achieved using two approaches—the gradient based differential equation
approach (Peerlings et al., 1996b; Geers, 2004) and an integral equation ap-
proach (Bažant and Pijaudier-Cabot, 1988). In this contribution, the former is
explored.
The organisation of the chapter is as follows. After this introduction motivat-
ing the work, the theory (Section 2.2) of the constitutive model (Section 2.2.1)
with some parametric studies to understand the homogeneous response of the
model (Section 2.2.2) and the field problem (Section 2.2.3) are discussed. The
numerical implementation is outlined subsequently in Section 2.3. The theo-
retical scaling of the damage parameter in order to obtain an interphase thick-
ness insensitive work of damage dissipation is discussed in a 1D setting (Sec-
tion 2.4.1). The scaling is then numerical assessed on the 1D bar (Section 2.4.2),
with particular emphasis on the influence of the interphase subdomain bound-
ary condition and the defect on the damage dissipation energy. A similar study
is then performed on a more complex problem, i.e. crack propagation (Sec-
tion 2.4.3). Finally, in Section 2.4.4, a polycrystalline application of this model
to a cluster of grains is presented to show the potential of the FFT-based mod-
elling for interface decohesion, followed by conclusion in Section 2.5.
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2.2 Theory

The governing formulation consisting of the constitutive and kinematics for-
mulations (Section 2.2.1), its response (Section 2.2.2) and the field formula-
tion (Section 2.2.3) of the model are presented in this section.

2.2.1 Constitutive formulation and kinematics

The constitutive formulation consists of the elastic, plastic and damage mod-
els and their corresponding contribution to the kinematics. Exploiting the
anisotropic damage models within a crystal plasticity framework (Shanthraj
et al., 2017), the current work on interfaces is also modelled in DAMASK (Roters
et al., 2019). Defining Fp, FI and Fe as the deformation gradients successively
mapping a vector in reference configuration to plastic intermediate configura-
tion, plastic intermediate configuration to damage intermediate configuration
and damage intermediate configuration to current configuration, respectively, a
multiplicative split

F “ Fe ¨ FI ¨ Fp (2.1)

is used, where F is the total deformation gradient.

Elasticity

The elasticity is based on the classical Hooke’s law. A Green-Lagrange strain
measure Ee in the unloaded (damage) configuration Ωd is defined in the same
sense as (Kalidindi et al., 1992), as

Ee “ 1

2

`

FT
e ¨ Fe ´ I

˘

, (2.2)

where Fe is the elastic deformation gradient and I is the identity tensor. Using
the elastic stiffness tensor 4C, the elastic constitutive relation, yielding the
second Piola-Kirchhoff stress SI in damage configuration reads,

SI “ 4C : Ee. (2.3)

Equivalent definitions can be described in the plastic configuration after apply-
ing appropriate pull back operations.

Plasticity

To account for the plastic anisotropy, a plastic slip variable γα is defined for each
slip system α. Following the rate dependent description, for example described
in (Peirce et al., 1983; Roters et al., 2010), the evolution of γα is given as

9γα “ 9γ0
ˆ |τα|

gα

˙
1
m

signpταq, (2.4)

where 9γ0 is the reference shear rate, m is the rate sensitivity, τα is the resolved
shear stress on the slip system with direction ~dα and normal ~nα, obtained by
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projecting the Mandel stress Mp on the projection tensor ~dα b~nα as τα “ Mp :

p~dα b ~nαq. The critical resolved shear stress gα is transient and evolves as a
function of the plastic slip according to

9gα “ h0 hαβ | 9γβ |
ˆ

1 ´ gα
g8

˙a

sign
ˆ

1 ´ gα
g8

˙

, (2.5)

where h0 is a hardening constant and g0 and g8 are the initial and saturation
values of the critical resolved shear stress, respectively. hαβ is the hardening
matrix whose diagonal entries, i.e. for α “ β, contribute to self-hardening and
the off-diagonal entries (α ‰ β) provide cross-hardening. a is the hardening
exponent. The scalar contributions from each of the slip systems contribute to
the rate of the plastic deformation gradient Fp through

9Fp “ Lp ¨ Fp, (2.6)

where Lp is defined as,

Lp “ 9γαp~dα b ~nαq. (2.7)

Damage

Interfaces are prone to damage due to the heterogeneity imparted by differ-
ences in crystalline orientations (grain boundaries) or different phases (phase
boundaries). Moreover, they are preferable sites for impurities to segregate and
weaken them. On these accounts, upon loading, the interfaces may start to
initiate damage by micro-void nucleation. During the loading processes these
voids may grow, thus accommodating the applied deformation. This strain ac-
commodation can be decomposed in a normal and a shear part. To represent
them, scalar variables, namely the normal opening damage strain δn and the
shear damage strain δs, are defined. The equations for their evolution are given
as,

9δn “ 9δn0

B |tn|
tn0

φq
nl

´ 1

F2

sign ptnq (2.8)

for normal mode and

9δs “ 9δs0

B |ts|
ts0φ

q
nl

´ 1

F2

sign ptsq (2.9)

for shear mode. They are respectively driven by the normal (tn) and shear (ts)
components of the resolved traction vector (MI ¨~nI) in the direction normal to
the interface plane (~nI) and parallel to the plane (~dI), respectively. The vector
~dI is the normalised direction of the shear stress obtained after subtracting the
normal component from the interface resolved traction vector. tn0

and ts0 are
the critical stresses of the interfaces in normal and shear modes respectively. The
term within the Macaulay brackets, 〈p.q〉 “ pp.q`|p.q|q{2, represents the damage
limit surface. In order to model the softening behaviour, the critical stresses are
reduced by φq

nl as the individual opening strains (normal and shear) evolve. φnl

is a nonlocal damage field (or synonymously, a material integrity field) obtained
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from regularisation of φl. A value of φnl “ 1 represents an undamaged material
point which drops towards 0 as the opening strains evolve. The softening coeffi-
cient q controls the softening slope. 9δn0

and 9δs0 are the rate constants scaling the
Macaulay confined term in Equations (2.8) and (2.9), and allow to model the
rate dependent traction-separation behaviour, stemming from the underlying
micro-mechanical activity like the micro-void growth, coalescence etc.
The dependence of the local measure of damage on the normal and shear opening
strain calculated from Equations (2.8) and (2.9), respectively, is defined using
a history variable δH as

φl “ min

ˆ

1,
δHi ´ δH
δHf

´ δHi

˙

, (2.10)

where δHi and δHf
are related to the opening strains (normal and shear com-

bined) at which the stress-softening initiates (i.e φl starts to drop from 1) and
reaches complete failure, respectively. The evolution of the history variable at
a material point is defined as

9δH “ă 9δn ą `| 9δs|, (2.11)

with the initial condition δH “ 0. The Macaulay brackets on 9δn enforce that φl

does not evolve when the normal opening strain decreases. The absolute value
on 9δs, implies that the formulation does not distinguish the role of positive and
negative shear in sliding mode on degradation. It is noted that this model does
not consider a full cyclic loading.
The contribution of these openings to the interface damage part of the total
deformation gradient, is obtained using

9FI “ LI ¨ FI , (2.12)

where LI consists of the normal and shear opening strain rates multiplied with
their respective projection tensors as,

LI “ 9δn p~nI b ~nIq ` 9δs
´

~dI b ~nI
¯

. (2.13)

2.2.2 Response of the constitutive model

The response of the constitutive model is analysed next to understand how
it works in conjunction with plasticity. Depending on the orientation of the
abutting crystals, their misorientation and the damage parameters, the overall
softening response of a material point in interphase may be preceded by sig-
nificant, little or no plasticity. Figure 2.3 depicts the different responses that
the material points within the interphase region may give. Depending on the
interaction between plasticity and damage, the total dissipation within the in-
terphase can be calculated. Since the interphase zone inherits the plasticity of
its surrounding crystals, the dissipation within this zone also occurs through
plastic deformation. It is noted that the zone of plastic dissipation in not con-
fined, unlike the damage model. In this work, the analysis is restricted to the
damage dissipation.
Another characteristic property of the model is its rate dependency, the extent
of which at a straining material point, let’s say at a uniaxial tensile strain rate
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Figure 2.3: Example of the elastic-plastic-damage responses in terms of tensile
stress-strain curves. Depending on the local material/model parameters, load-
ing etc., the material point can give different stress-strain responses, involving
significant (blue), little (green) or no plasticity (red) at all.

9ε “ 9ε11, can be controlled by the model parameter 9δn0 . Figure 2.4 shows the
stress-strain response for different values of the reference opening strain rate
9δn0

, with E as the Young’s modulus. For non-zero loading rates, smaller val-
ues of 9δn0

, entail a (viscous) overstress surpassing the critical stress defined in
the constitutive model. The peak stress always overshoots the rate-independent
solution, which is approximated for larger values of 9δn0 in Equation (2.8). At
final failure, all the responses converge. Hence, the model can sufficiently ap-
proximate the rate independent limit, and also highly rate dependent material
behaviour, if needed. Similar discussion also applies to the shear opening strain
evolution described in Equation (2.9). The other important damage constitu-
tive model parameter is the degradation function, φq

nl. Figure 2.5 shows that
the exponent q controls the initial and final softening slope. Higher values give
a steep softening at initiation and a gradual slope towards final failure. In the
context of ductile damage, the degradation function controls the microscopic
void growth and coalescence.

2.2.3 Field problem

At the boundary value problem level, the problem consists in finding two pri-
mary unknown fields, the total deformation gradient field F and the nonlocal
damage field φnl, in the reference configuration Ω. F(X) is retrieved as the
solution of the quasi-static mechanical equilibrium equation

~∇0 ¨ PpF, φnlq “ ~0, (2.14)

where P is the first Piola–Krichhoff stress tensor, which is a nonlinear function
of the field variables—F and φnl—that are not known a priori. The FFT-based
spectral implementation enforces periodic boundary conditions on the solution
variable, i.e. the field of F satisfies, F` “ F´, across the domain boundaries
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Figure 2.4: Effect of the reference opening strain rate parameter on the over-
stressed overall response. The figure on the right shows the zoom on the soft-
ening initiation stage.
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BΩ approaching from either side (represented here by ` and ´). The tractions
across the boundaries are anti-periodic, implying, P ¨ ~N |´ “ ´P ¨ ~N |`, where
~N are the normals to the domain boundaries.
The second unknown field, the nonlocal damage φnl, is obtained from the fol-
lowing regularisation equation

~∇0 ¨
´

D ¨ ~∇0φnl

¯

` φl ´ φnl “ 0, (2.15)

where, φl is the local damage variable as defined in Equation (2.10) while φnl is
its regularized counterpart. The extent of regularisation is governed by the reg-
ularisation tensor D. The fields φnl and φl concern interface damage and hence
ideally should only exist in sub-domain ΩI . Accordingly, the Equation (2.15)
should also be solved in ΩI only, with the flux-free condition

~nI ¨ D ¨ ~∇0φnl “ 0 (2.16)

at the edges BΩI of the interphase with normal ~nI . However, in FFT-based
spectral solvers, the interpolatary shape functions encompass the entire domain
Ω. Hence, a numerical approximation of Equation (2.15) can not be solved only
in the subdomain ΩI . Under this restriction, a method to approximate the
boundary condition Equation (2.16) is proposed. This is done by adopting a
non-uniform regularisation tensor D, defined as

D “ λ2I, (2.17)

with a piecewise constant λ, having a value λin inside the interphase ΩI and
a value λout Ñ 0, outside it i.e. ΩzΩI . Accordingly, defining Din and Dout

using Equation (2.17), the boundary condition at the edges of the interphase
become

~nI ¨ Din ¨ ~∇0φnl “ ~nI ¨ Dout ¨ ~∇0φnl, (2.18)

which in the limit λin{λout Ñ 8, approximates Equation (2.16).
Equation (2.14) and Equation (2.15) are coupled non-linearly through Equa-
tions (2.1), (2.8), (2.9), (2.12) and (2.13).

2.3 Numerical implementation

The numerical implementation of Equation (2.14) is discussed in (Shanthraj
et al., 2015), while in this work the implementation of Equation (2.15) using an
FFT-based spectral method is discussed. Similar to the idea of introducing a
homogeneous reference media for the mechanical problem, an average diffusion
tensor D̄ is introduced. Splitting the regularisation tensor D into its homoge-
neous (average) and inhomogeneous part as,

D “ D̄ ` D̃ (2.19)

allows transforming Equation (2.15) into,

∇0 ¨ D̄ ¨ ∇0φnl ` ∇0 ¨ D̃ ¨ ∇0φnl ` φl ´ φnl “ 0. (2.20)
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The above equation contains differential operators that are nonlocal. The
Fourier transform provides an easy way to calculate them, as the nonlocal dif-
ferential operations become local in Fourier space. Defining the Fourier trans-
form and its inverse as F and F´1, they operate on a function f as Ff “ f̂
and its Fourier transform as F´1f̂ “ f , respectively. Defining the property,
F pf 1q “ 2πι~ζf̂ “ ι~kf̂ , where ζ represents the frequency vector, f 1 the gradient
of f and ι as pure unitary imaginary number. Applying the Fourier transform
on Equation (2.20),

ι~k ¨ D̄ ¨ ι~kφ̂nl ` ι~k ¨ F
´

D̃ ¨ F´1
´

ι~kφ̂nl

¯¯

` φ̂l ´ φ̂nl “ 0 (2.21)

is obtained. The inhomogeneity of D̃ makes the Fourier transform of the second
term on the left hand side more involved than that of the remaining terms. It is
simplified by first taking the derivative in Fourier space and then transforming
the result back to real space to point-wise multiply the obtained vector field
with the inhomogeneous field, D̃. Rearranging the terms and taking the inverse
Fourier transform, the fixed point form,

φnl “ F´1

¨

˝

ι~k ¨ F
´

D̃ ¨ F´1
´

ι~kφ̂nl

¯¯

` φ̂l

1 ´ ι~k ¨ D̄ ¨ ι~k

˛

‚ (2.22)

is obtained. A solution tnφnl at time tn is required. Starting with an initial
guess at the first iteration tnφi“0

nl “ tn´1φnl the solution tnφnl can be found by
solving the roots of the resulting residual,

Rdam “ tnφi
nl ´ F´1

¨

˝

ι~k ¨ F
´

D̃ ¨ F´1
´

ι~k tn φ̂i´1
nl

¯¯

` tn φ̂i´1
l

1 ´ ι~k ¨ D̄ ¨ ι~k

˛

‚ (2.23)

using a Jacobian-free Newton-Kryolov scheme (Knoll and Keyes, 2004) as imple-
mented in the PETSc library (Balay et al., 2016). The solution of the coupled
system, Equation (2.23) and the discretised form of Equation (2.14), is obtained
using a staggered scheme, similar to (Shanthraj et al., 2016, 2017).

2.4 Results and discussion

This section assesses the proposed interphase based interface decohesion model.
The energy dissipated by the damage model, represented by G is used to examine
the model behaviour.

2.4.1 A theoretical scaling of work of dissipation

A theoretical relationship between the damage dissipation energy and the inter-
phase thickness is sought. A bar of length L with a sharp interface at X “ 0 is
considered in Figure 2.6, loaded in pure tension monotonically. Considering this
one-dimensional case, the resolved normal opening stress tn is also the overall
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Figure 2.6: 1D bar schematic depicting the approximation of a sharp interface
by an interphase of finite thickness. An arbitrary and a limiting approximation
of the opening displacement and corresponding strain are shown.

stress σ. This allows rewriting Equation (2.8) as

tn “
¨

˝

˜

9δn
9δn0

¸1{2
` 1

˛

‚tn0φ
q
nl. (2.24)

In order to compare Equation (2.24) to a cohesive zone like traction-separation
law, a link to displacements needs to be made. Integrating the opening strain
distribution δn and its rate 9δn along the thickness direction of the interphase
X “ r´l{2, l{2s gives a normal displacement separation ∆n and its rate 9∆n

which only approach the total displacement and displacement rate, respectively
at the completion of softening. Depending upon the material properties or de-
fects, the distribution of both δn and 9δn can be heterogeneous along X. ∆n and
9∆n can be calculated by integrating them through the thickness, respectively.

Motivated by the fracture energy trick (de Borst et al., 1994), where damage
element properties were scaled, a limiting case, such that both δn and 9δn are
uniformly distributed (i.e. no localisation, φnl “ φl) is considered. Neglecting
elastic deformation within the interphase, Equation (2.24) can be written as

tn “ tn0

ˆ

δHf
´ ∆n{l

δHf
´ δHi

˙q
¨

˝

˜

9∆n{l
9δn0

¸1{2
` 1

˛

‚. (2.25)

For Equation (2.25) to be invariant of the interphase thickness, the conditions

δHi
l “ ∆ni

, (2.26)

δHf
l “ ∆nf

(2.27)
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and

9δn0
l “ 9∆n0

(2.28)

must be satisfied. ∆ni and ∆nf
are defined as initial and final critical opening

displacement at which damage initiates and final failure is attained. 9∆n0 can be
regarded as the displacement rate constant. A similar derivation can be made
for the shear traction-separation law. At final failure all the energy stored in
the bar will be dissipated through the interphase. Thus, the area under the
traction separation law obtained by scaling the material parameter as given
in Equations (2.26) to (2.28) will be independent of interphase thickness l.

2.4.2 Numerical analysis: 1D

Assuming isotropic elasticity and uniform bulk properties i.e., E1 “ E2 “
1011Pa and ν1 “ ν2 “ 0, numerical experiments are performed on the 1D bar
(Figure 2.6), by applying a pure tensile overall loading at the rate 9̄F11 “ 10´5 s´1

with σc “ 10´5E. The sharp interface is approximated by an interphase region
of different thicknesses, l “ t0.01L, 0.02L, 0.04Lu. Two different cases, where
the bar is discretised with a Fourier grid of 1000 ˆ 1 ˆ 1 and 2000 ˆ 1 ˆ 1, are
considered to evaluate the effect of the discretisation. Within the interphase,
the regularisation lengthscale λin “ l is applied, while λout is set such that
λout “ 0.01λin is maintained. Following the parameter scaling Equations (2.26)
to (2.28), ∆ni

{L “ 0, ∆nf
{L “ 5 ˆ 10´5 and 9∆n0

{L “ 1s´1 are consid-
ered. The result of this scaling in terms of overall tensile response, true stress -
true strain component σ11 ´ ε11, is shown in Figure 2.7. Ideally, the responses
should match perfectly but some deviations can be clearly observed. These de-
viations decrease for the finer discretisation, Figure 2.7b. Better convergence
with a larger interphase thickness is also observed. Thinner interphases reveal
somewhat less softening due to the larger influence of damage outside the inter-
phase. This influence becomes smaller for finer discretisation, Figure 2.8b. The
curve l{L “ 0.01 for both resolutions also reveals a less smooth softening. This
could be attributed to the large value of 9δn0

, leading to rapid growth of opening
strain rates, as depicted in Figure 2.10. Although the damage field seems to
be uniformly regularised, the opening strain δn in Figure 2.9 and opening strain
rates 9δn in Figure 2.10, are still localised. There is a considerable gradient in
the interphase region for local field variables.
The fracture energy is then calculated by integrating

ş

σ 9δn dt over the time of
deformation depicted in Figure 2.7. Figure 2.11 shows the plot for different
l{L combinations. The ideal scaling would be a horizontal line, which is only
approximated in the numerical simulations. An improved scaling behaviour is
observed at higher resolutions.
In the simulations presented in preceding discussion, the properties within the
interphase region were uniform. The heterogeneity in the resulting damage and
strain fields is arising due to the approximation made in the boundary condi-
tion Equation (2.18) at the interphase edges. For more realistic interphases,
the constituting crystals may have different mechanical properties. This may
induce asymmetry in the resulting damage and strain fields within the inter-
phase. In order to examine this, the interphase simulations with l{L “ 0.04
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Figure 2.7: Overall response for interphases with no defect.
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Figure 2.8: Distribution of the nonlocal damage φnl at three different overall
deformation levels ε̄11 “ t2.5, 3.5, 4.5uσc{c11.
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Figure 2.9: Distribution of opening strains at three different overall deformation
levels ε̄11 “ t2.5, 3.5, 4.5uσc{c11.
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Figure 2.11: Performance of scaling and regularisation, i.e. dependence of dam-
age dissipation energy on the interphase thickness l{L. G0 is the static compo-
nent of the dissipation energy used in the model.

are reconsidered. A small defect spanning a thickness 0.2l from the left edge
is placed. In this defect zone the critical stress is slightly reduced such that
the critical stress becomes 0.995tn0

. The overall response and the local fields
are depicted in Figure 2.12. Different regularisations λin “ t1.0l, 1.5l, 2.0lu are
applied. Localisation is clearly visible in these results, which reduces for larger
values of λin, Figure 2.12b. Although the damage fields are regularised signif-
icantly, the opening strain rates Figure 2.12c, are localised. The effect of this
is also visible in the overall response Figure 2.12a and accordingly the influence
on the fracture energy can also be expected. To reduce this influence of defect,
stronger nonlocal regularisation can be explored.
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rate distribution.
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2.4.3 Numerical analysis: 2D crack propagation

The response of the cohesive parameter scaling in a one-dimensional setting is
now extended to a more complex two-dimensional setting. Instead of examin-
ing damage evolution in a region with predefined dimensions approximating a
sharp crack surface, analysis is now performed for propagating crack surfaces.
The moving crack surfaces are approximated by a volume with smooth moving
boundaries in the propagation direction, parallel to interface. Such a process
zone is also associated with the classical cohesive zone model, where its size
depends on the fracture parameters. For a given loading and a fixed specimen
dimensions and fracture properties, the overall peak stress can be determined.
There is no ambiguity on the crack energy release rate in the propagation regime
since the crack is modelled as physically interpreted, i.e., as a surface. In the
nonlocal continuum damage based approaches, the process zone size is controlled
by the additional regularisation parameter λ which affects the dissipation. In-
troducing a damage dissipative mechanism in an interphase region with prede-
fined finite thickness l, necessitates a clearer understanding of the relationship
between l and G. As the interphase thickness dimension is purely numerically
motivated, the model’s response in the propagation regime should be insensitive
to it.
For this purpose, a volume element of size LX ˆ LY resolved by a grid of
111 ˆ 101 points as depicted in Figure 2.13 is used. Since nucleation of a
heterogeneous crack is required before the damage dissipation energy release
rate is calculated, a stress concentrator is introduced in the left part of the
specimen. Due to the fact that the FFT method can only deal with a regular
grid and overall domains, this stress concentrator is modelled by a relatively
very compliant phase. This phase also provides shielding of the periodicity

LX

LY “ LlLY0

LX0
LX1

LX2

Figure 2.13: Volume element used to study the crack propagation with the
interphase model. For a fixed LX{LY “ 1.099, LX0

, LX1
, LX2

and LY0
are set

equal to 0.09LX , 0.081LX , 0.027LX and 0.069, respectively. Different values for
the interphase thickness are considered, i.e. l “ t3L{101, 5L{101, 7L{101u.

related stress fields across X “ 0, LX . The interface emanating from the notch
is approximated by an interphase of thickness l. Different values of l considered,
i.e. l{L “ t3{101, 5{101, 7{101u, within exactly the same geometry. The model

23



0 0.2 0.4 0.6 0.8
0

0.2

0.4

0.6

Overall strain, ε̄22c11{σc

O
ve

ra
ll

st
re

ss
,σ̄

2
2
{σ

c

Elastic
l{L

3{101
5{101
7{101

(a) Considering scaling of the static con-
tribution in Equation (2.25), i.e. us-
ing Equations (2.26) and (2.27) only.

0 0.2 0.4 0.6 0.8
0

0.2

0.4

0.6

Overall strain, ε̄22c11{σc

O
ve

ra
ll

st
re

ss
,σ̄

2
2
{σ

c

Elastic
l{L

3{101
5{101
7{101

(b) Considering scaling of the static and
kinetic contribution in Equation (2.25),
i.e. using Equations (2.26) to (2.28).

Figure 2.14: The overall stress-strain response for different interphase thick-
nesses.

parameters for the simulation are given in Table 2.1. For simplicity, the material
is initially elastic and damage is the only available dissipative mechanism allowed
to be active. A tensile loading rate such that 9̄F11 “ 10´3s´1 is applied upto an
overall true strain of ε̄22 “ 0.818σc{c11 in vertical direction.
The overall response in terms of loading direction component of true stress and
true strain (σ̄22 ´ ε̄22), is depicted in Figure 2.14. For different interphase thick-
nesses, the notch geometry remains the same, thus the stress prior to damage
initiation is not affected. Since the opening criterion is stress based, the damage
evolution (indicated by the start of deviation from the elastic response in Fig-
ure 2.14) at the notch tip starts at the same moment. For a thicker interphase,
peak load is somewhat higher. This observation is in contradiction with the 1D
result, where thinner interphases showed more stress owing to a larger rate ac-
tivity. This can be attributed to the nonlocal effect, i.e. the averaging of stresses
from a bigger zone with comparatively lower stresses. For a larger process zone,
the critical damage is attained at a larger overall deformation. After elastic
loading all three cases show a quasi-brittle softening branch with a steep slope
that starts at similar overall deformation levels. The slope becomes steeper for
thicker interphases. This can be attributed to lower opening strain rates thus
lower overstress. On the same account, a larger strain to failure is also observed
for thinner interphases. The peak stress values 0.56tn0

´ 0.59tn0
at an overall

strain value of approximately ε̄22 “ 0.7σc{c11. This insensitivity of peak stress
is a good measure to assess the interface as interphase approach in comparison
to cohesive zones where the interfaces are sharp. Simulations without scaling of
the kinetic contribution Equation (2.28), show lack of correlation in terms of the
final failure strain. Focus is next put on the incremental damage dissipation as
the crack grows, which allows to quantitatively scrutinize the scaling response
of the model considered and also the nonlocal continuum damage approach for
fracture in general. The damage dissipation energy release as the function of the
incremental crack growth ∆a, requires a definition for a as the crack length. In
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the present model, where the process zone is significant, a unique definition of
the crack length does not exist. A crack zone consists of material points which
have lost their integrity. Similar to (Mazars and Pijaudier-Cabot, 1996) where
an equivalence between damage and sharp fracture phenomenon was sought, a
definition is therefore proposed for the crack length a as

a “
ş

ΩI
p1 ´ φnlq dΩI

l lZ
. (2.29)

lZ is the size of the interphase in the out-of-plane direction. Figure 2.15 shows
the evolution of the crack length a as a function of time. Very small values of
a can already be identified before the peak load, in particular for the thinnest
interphase which grows more steadily. The thicker interphases eventually start
to grow faster and traverse the entire length of the interphase much quicker.
Having defined a and moving on to the quantity of interest, the normalised
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Figure 2.15: Evolution of the crack length with overall strain.

(with respect to the rate independent component) damage dissipation energy
release rate G with respect to crack length a, is plotted as a function of the
crack length in Figure 2.16. Ideally, the curves for all three cases should be
identical in a fully developed crack regime. This is not exactly the case but
still a remarkable similarity for thicker cracks is observed. In Figure 2.16a,
the thinnest interphase crack shows only a slightly higher amount of damage
dissipation per unit crack growth. The results accounting for the scaling of the
kinetic part also (Figure 2.16b), indicate that this deviation is largely due to the
viscous contribution to the cohesive law Equation (2.25). Moreover, the curves
in Figure 2.16b seem to saturate and cluster around a value that is related to
the inherent fracture property G imparted by the model parameters.

2.4.4 Polycrystal example

The one-dimensional study in Section 2.4.2 showed that the accuracy in the cal-
culated work of dissipation improves as the resolution increases. In spite of the
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Figure 2.16: Dissipation per unit propagated crack length in the stable growth
regime. G0 is the static component of the dissipation energy used in the model.

Parameter Symbol Unit Value

Elastic constant c11 GPa 100.0

Elastic constant c12 GPa 60.0

Reference normal opening strain rate 9δn0 s´1 10.0

Initial normal opening strength tn0
MPa 100

Final damage opening δHi
0

Final damage opening δHf
0.015

Degradation exponent q 2

Table 2.1: Material and model parameters for the scaling study of a propagating
crack. The compliant elastic phase has c11 “ 1000 Pa and c12 “ 600 Pa.
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matrix-free advantage provided by the FFT method, the regular and equispaced
grid is a matter of concern in obtaining high resolution results in regions of in-
terest. Using any other grid entails loss of efficiency. Under these restrictions
and having quantified the order of error associated, in this section the capability
of the proposed model to simulate polycrystalline interface decohesion at small
resolution is shown.
Consider a four grain crystalline cluster as shown in Figure 2.17 with differ-
ent orientations (Table 2.2) and ferrite phase crystal plasticity parameters (Ta-
ble 2.3) such that low angle grain boundaries are obtained. The compliant phase
follows isotropic elastic response with the elastic constants (c11 “ 108 Pa and
c12 “ 100Pa). Due to this interruption of periodicity, effectively the grain count
equal to six should be considered. The interphase approximating the interface
has a thickness l “ 0.081LX . A predominantly horizontal loading (in terms of

Figure 2.17: Grain cluster volume element used for the polycrystalline simula-
tion.

average deformation gradient rate 9̄F and average Piola-Kirchhoff stress P̄) is
applied, as given in Equation (2.30).

9̄F “

¨

˚

˚

˚

˝

10´3 ˚ 0

0 ˚ 0

0 0 0

˛

‹

‹

‹

‚

s´1; P̄ “

¨

˚

˚

˚

˝

˚ 0 ˚
˚ 0 ˚
˚ ˚ ˚

˛

‹

‹

‹

‚

Pa. (2.30)

Grain ID ϕ1 poq ϕ poq ϕ2 poq
1 5 0 0

2 0 0 0

3 0 5 0

4 10 0 0

Table 2.2: Orientations of the grains of the volume element shown in Figure 2.17
in terms of their Bunge-Euler triplets (ϕ1, ϕ, ϕ2).
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Parameter Ferrite

Elastic constant, c11 233 GPa

Elastic constant, c12 135 GPa

Elastic constant, c44 118 GPa

Initial slip resistance, g0 (~nα P t110u and ~dα Pă 111 ą) 95 MPa

Initial slip resistance, g0 (~nα P t211u and ~dα Pă 111 ą) 97 MPa

Saturation slip resistance, g8 (~nα P t110u and ~dα Pă 111 ą) 222 MPa

Saturation slip resistance, g8 (~nα P t211u and ~dα Pă 111 ą) 412 MPa

Hardening constant, h0 1 GPa

Self-hardening constant, hαβ (α “ β) self-hardening 1

Cross-hardening constant, hαβ (α ‰ β) cross-hardening 1.4

Reference shear rate, 9γ0 10´3s´1

Rate sensitivity exponent, m 0.05

Hardening exponent, a 2.25

Table 2.3: Phenomenological crystal plasticity material parameters for fer-
rite (Tasan et al., 2014a).

Parameter Value

Normal opening rate constant, 9δn0
100 s´1

Shear opening rate constant, 9δs0 100 s´1

Opening critical stress, tn0 340 MPa

Sliding critical stress, ts0 340 MPa

Opening failure strain, δfn 0.0045

Sliding failure strain, δfs 0.0045

Interphase thickness, l{LX 0.081

Regularisation lengthscale, λ{LX 0.02

Regularisation lengthscale, λin{λout 100

Volume element aspect ratio, LX{LY 1

FFT grid resolution, NX ˆ NY ˆ 1 50 ˆ 50 ˆ 1

Table 2.4: Damage and regularisation parameter values used in the polycrystal
simulation, Section 2.4.4.
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The overall response (Figure 2.18), depicts an elasto-plastic response followed by
softening. As the crack propagates, stress decrease is visible in Figure 2.18 with
comparatively slower drops corresponding to when the crack traverses more
inclined (with respect to the loading) interfaces. The sharp stress drop is a
result of brittle parameters chosen for this simulation. The damage field is
shown in Figure 2.19. Due to large resolved stresses, crack nucleates along an
interface between grain 1 and grain 4. The damage on this interface (between
grain 1 and grain 4) is predominantly in normal opening mode. The crack then
propagates on to a less inclined interface (between grain 1 and grain 2) wherein
the damage evolves in both modes. Similar behaviour is observed upon further
propagation along interfaces between grain 3 and grain 2, and grain 3 and grain
1. This example demonstrates the capability of the model to simulate crack
branching at the triple junctions without any additional criterion with interface
damage confined significantly within the interphase region.
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Figure 2.18: Overall loading response in terms of 11 component of true stress
and true strain.

2.5 Conclusions

In this contribution, a method has been proposed that enables FFT-based simu-
lations of interface decohesion using a volume-based material degradation model.
As a localisation limiter, a gradient damage approach within the interfacial (in-
terphase) subdomain was adopted. An approximate method to solve the gradi-
ent damage differential equation within this subdomain was presented.
The effectiveness of the approach is tested in a one-dimensional setting with
evolving damage in an interphase. The significantly confined damage activity
within the interphase allows applicability of a theoretical approach to damage
model parameter scaling. The scaling allows to exploit the interphase thickness
as a purely numerical parameter.
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Figure 2.19: Damage distribution in the polycrystalline simulation.

The dissipation was found not to be very sensitive to the thickness parameter
even in the more complex setting of a straight propagating crack. Interestingly,
the peak stress in the overall response also showed a similar insensitivity. The
response of the model is therefore comparable with the more established FE-
based methodology for interfaces, i.e. the cohesive zones. The application of
the model to a grain cluster with inclined interfaces, shows that the model can
work in synergy with other mechanisms like plasticity.
Some challenges still remain. For example, strong inhomogeneities within the
interphase may require a larger regularisation. This would further assess the
effectiveness of lengthscale contrast trick, i.e. λin ąą λout such that λout Ñ 0.
The requirements to confine the interfacial damage inside the interphase and
the related scaling, may need a large contrast of the lengthscales in the gradient
damage equation, thereby making its numerical solution more difficult even
with flexible iterative schemes. Other regularisation schemes may therefore be
explored and compared as well.
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Chapter 3

FFT-based interface
decohesion modelling by a
nonlocal interphase: a
comparison of approaches2

Abstract

In this contribution, two nonlocal approaches to incorporate interface damage
in fast Fourier transform (FFT) based spectral methods are analysed. In FFT-
based methods, the discretisation is generally non-conforming to the interfaces
and hence interface elements cannot be used. This limitation is remedied using
the interfacial band concept, i.e., an interphase region of a finite thickness is
used to approximate sharp interface. Mesh dependency due to localisation in
the softening interphase is avoided by applying established regularisation strate-
gies, gradient based nonlocal damage or integral based nonlocal averaging, which
render the interphase nonlocal. Application of these regularisation techniques
within the interphase sub-domain in a one-dimensional FFT framework is ex-
plored. The effectiveness of both approaches in terms of capturing the fracture
energy, computational aspects and ease of implementation are evaluated. The
integral model is found to give more regularised solutions and thus a better
approximation of the fracture energy.

3.1 Introduction

Polycrystalline materials at a microscopic level show heterogeneous deformation
patterns. This heterogeneity arises from the contrasting mechanical properties
of different phases and differences in lattice orientations between different grains.

2This chapter is based on: Sharma, L., Peerlings, R. H. J., Shanthraj, P., Roters, F., and
Geers, M. G. D. (2018). FFT-based interface decohesion modelling by a nonlocal interphase.
Advanced Modeling and Simulation in Engineering Sciences, 5(1):7.
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FFT-based spectral solvers are used for simulation of such mechanical responses.
They were originally introduced to model the mechanical behaviour of compos-
ite microstructures (Moulinec and Suquet, 1998). Since then it has emerged
as a promising tool for modelling the micromechanical response of polycrys-
talline materials (Lebensohn et al., 2012; Eisenlohr et al., 2013). A comparison
of different FFT formulations and solution approaches in a crystal plasticity
constitutive framework (Roters et al., 2010) was presented in (Shanthraj et al.,
2015). Recently, an FEM perspective on an FFT-based spectral formulation
for small strain non-linear material behaviour was given in (Zeman et al., 2017)
and its extension to a finite strain setting was presented in (de Geus et al.,
2017). Alongside such improvements, significant effort has gone into making
the method suitable for various applications. The computational efficiency of
FFT methods makes them attractive to solve multi-field problems, for e.g. a
nonlocal crystal plasticity formulation (Lebensohn and Needleman, 2016), fer-
roelectric switching (Vidyasagar et al., 2017), etc.
Polycrystalline microstructures show a combination of intergranular and intra-
granular damage. Gradient based nonlocal damage simulations in a polycrys-
talline material were performed using an FFT approach in (Boeff et al., 2015)
without differentiating between bulk damage and interface decohesion. Inter-
faces like phase boundaries and grain boundaries are particularly susceptible to
damage initiation and propagation. For example, damage nucleation in dual
phase steels has been attributed to interface decohesion at ferrite-martensite
phase boundaries and martensite cracking along prior austenite grain bound-
aries (Archie et al., 2017). In this chapter, the focus is on the computational
treatment of interface decohesion and its interaction with the (undamaged) bulk
behaviour in FFT solvers.
In finite element (FE) based solution schemes, such problems are generally tack-
led using cohesive zones (Xu and Needleman, 1993; Remmers et al., 2013), please
see Figure 3.1 (a1, a2, a3). Interfaces are identified a priori and interface elements
are introduced at these physical locations. This is possible since the FE discreti-
sation is made to conform to the sharp interfaces. The opening behaviour of
these interface elements is governed by a traction-separation law (TSL) that is
assigned to them. FFT-based spectral methods, however, rely on a regular grid
and a method to include sub-dimensional (e.g. planar in 3D) elements cannot
be used. Composite pixel based approaches, for example (Merkert et al., 2014),
which make use of the interface normal to assign homogenised mechanical prop-
erties to grid points near the interfaces, are a step in that direction. But at this
point it is not clear how they will perform in situations of damaging interfaces
that are inclined or curved. The high mechanical contrast combined with inher-
ent pixelation effects of FFT may cause stresses to be relayed across damaging
interfaces, which is undesirable for the modelling of cracks. This limitation
is dealt with using the idea of an interphase (volumetric) region, as depicted
in Figure 3.1 (b1, b2, b3). The material points in the vicinity of the sharp inter-
face are identified and furnished with a damage constitutive behaviour (soften-
ing) and corresponding kinematics—in addition to the elasto-plastic properties
attributed to them as a part of the respective grains they belong to. We aim
to have multiple points across the thickness of the interphase. It is expected
that, this will reduce the pixelation effects and ensure that the two crack faces
are fully decoupled. This approach allows capturing the interfacial mechanics

32



Gc gc

δ

σ

ε

σ

(a1)

(a2)

(a3)

(b1)

(b2)

(b3)(b3)

Figure 3.1: Methodology for modelling a polycrystalline interface in finite ele-
ment method (a1, a2, a3) and FFT-based solvers (b1, b2, b3). Figure (a1) shows
a polycrystal with interface elements embedded at sharp boundaries. Figure
(a2) depicts an interface conformal finite element mesh with cohesive zones that
open during loading according to the traction (σ) - separation (δ) law shown
in Figure (a3) with characteristic fracture energy Gc. Figure (b1) shows the
same polycrystal with interfacial bands representing the sharp interfaces. An
example constitutive behaviour for the material points (within the volumetric
interphase) assigned dissipation density gc is shown in Figure (b3).

33



and still benefits from the computational (memory and speed) and implementa-
tion related advantages of FFT-based methods. Such an approach to represent
interfaces as interphases has been used previously in the literature. (Fu et al.,
2004) used it to assign different material behaviour (than the bulk) to grain
boundary regions. Their approach was physically motivated and directed to-
wards understanding metal plasticity in the nanocrystalline regime. (Clayton
and Knap, 2015) used this approach within a finite element implementation of
phase field damage to understand the competition between intergranular and
intragranular damage.
In volumetric dissipation based models, one specifies a dissipation density and
an internal lengthscale to the model—which for the present case is the inter-
phase thickness, l. The total dissipation resulting from the volumetric dam-
age process must equal the dissipation of the sharp interface (or cohesive zone
model). Accordingly, the dissipation density has to scale inversely with the
interphase thickness. A straightforward inversely proportional relationship re-
sults if the entire interphase damages uniformly. This is not guaranteed in a
conventional local softening model due to localisation and lacking objectivity
with respect to the grid spacing. Various regularisation strategies have been
used in the literature to remedy this. They can broadly be classified into two
categories—gradient damage based regularisation (de Borst et al., 1994; Peer-
lings et al., 1996b; Geers, 2004; Shanthraj et al., 2017; Moës et al., 2014) and
integral based averaging (Bažant and Pijaudier-Cabot, 1988).
The objective of this contribution is to extend the work done in Chapter 2, by
analysing the applicability of these two regularisation approaches in an FFT
method, to model the softening interphases. The effectiveness of the two ap-
proaches for the idealized case of one-dimensional (1D) bar with a single inter-
phase is compared. The constitutive response of the underlying (bulk) material
is assumed to be linear elastic. This simple case allows us to systematically
study the effect that the nonlocality has on the damage evolution—with em-
phasis on the desired objectivity of the predicted fracture energy with respect to
the interphase thickness. The organisation of this chapter is as follows. In Sec-
tion 3.2 the 1D problem considered in this study is stated and the constitutive
model and kinematics are described. Next, the gradient damage and integral
averaging approaches are discussed in Section 3.3 and Section 3.4, respectively.
In Section 3.5, results of both the approaches are discussed. A conclusion and
outlook is presented in Section 3.6.

3.2 Problem statement

Consider a 1D bar of length L as shown in Figure 3.2. Let us assume a sharp
interface at the centre (x “ 0) of the bar. To capture the response of this in-
terface using an FFT-based spectral scheme, the sharp interface is substituted
by a volumetric interphase of thickness l spanning the region from x1 “ ´l{2
to x2 “ l{2. The elastic properties are taken to be homogeneous, with Young’s
modulus defined as E. To model the kinematics of decohesion, a damage strain
field, εd pxq, is introduced for x P ΩI where ΩI “ px1, x2q is the sub-domain
representing the interphase region in the total domain Ω “ p´L{2, L{2q. Since
only the interphase region accommodates the damage strain, the damage con-
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Figure 3.2: 1D bar with an interphase (bottom) representation of a central sharp
interface (top).

stitutive model is only used in ΩI . In ΩI , the damage strain is superimposed
on the elastic strain εe (which exists on the entire domain Ω) as

ε “ εe ` εd. (3.1)

A local damage field φl pxq for x P ΩI , is introduced. This field represents
the material integrity. It is initialised to unity, representing a perfectly bonded
state. When the damage evolves it drops towards zero, thereby reducing the
capacity of a material point to transmit stresses. A damage constitutive model
exploiting only the local field φl is ill-posed and provides non-physical results due
to a pathological tendency of deformation localisation (Bažant and Pijaudier-
Cabot, 1988). Therefore, a nonlocal counterpart field, φnl, is defined also for
x P ΩI .
The bar is subjected to an overall monotonic uniaxial tensile loading at a con-
stant rate 9̄ε. This loading rate is related to the local strain rate field as

9̄ε “ 1

L

ż ` L
2

´ L
2

9ε dx. (3.2)

The stress at equilibrium has to satisfy

B σ

B x
“ 0. (3.3)

3.2.1 Constitutive model

The constitutive model relating the stress and the elastic strain for all material
points at x P Ω reads

σ “ Eεe. (3.4)

The evolution law for εd is taken as

9εd “ 9εd0
B |σ|
σcφnl

2 ´ 1

F2

signpσq, (3.5)
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where σcφnl
2 is the effective opening resistance, with σc the critical stress of

the model. 9εd0 is the reference opening rate. The Macaulay brackets, defined
as 〈¨〉 “ p¨ ` |¨|q {2, make sure that the damage strain does not evolve until σ
reaches the initial critical stress σc. The nonlocal damage φnl, in Equation (3.5)
is obtained by appropriately regularizing the local damage field φl defined as

φl “ 1 ´ εd
εf

. (3.6)

The critical damage strain εf governs the softening slope. It is noted that the
rate dependent form depicted in Equation (3.5) is motivated from the sub-scale
mechanics (micro-void formation, plasticity etc.).

3.2.2 Analytical solution for the rate-independent case

Since the applied loading is monotonic tension, one can rewrite Equation (3.5)
beyond the damage threshold as

σ “ σc φnl
2

˜

1 `
ˆ

9εd
9εd0

˙
1
2

¸

. (3.7)

In order to retrieve an analytical solution, a special case is considered. It is as-
sumed that the nonlocal field coincides with the local field, which is furthermore
assumed to be uniform within the interphase. In this case, also using Equa-
tion (3.6),

σ “ σc

ˆ

1 ´ εd
εf

˙2
˜

1 `
ˆ

9εd
9εd0

˙
1
2

¸

(3.8)

is obtained. In the rate-independent limit, i.e. 9εd ăă 9εd0, Equation (3.8) yields,

σ “ σc

ˆ

1 ´ εd
εf

˙2

. (3.9)

Due to the equilibrium condition in this 1D setting, a spatially constant stress
field results. The average strain ε̄ for any instant after the damage has initiated
can be obtained by inverting Equation (3.9) to give εd as a function of σ and
integrating the elastic and damage contributions to the strain field,

ε̄ “ 1

L

˜

ż L

0

εe dx `
ż x2

x1

εd dx

¸

“ σ

E
`

˜

1 ´
ˆ

σ

σc

˙
1
2

¸

εf
l

L
. (3.10)

Thus, the overall stress-strain response for this rate-independent uniform dam-
age case can be written in piecewise form as,

ε̄ “
$

&

%

σ
E , if ε̄ ď σc

E

σ
E `

ˆ

1 ´
´

σ
σc

¯
1
2

˙

εf
l
L , otherwise.

(3.11)

The dissipation per unit volume due to the damage process can be computed
analytically as,

gc “
ż εf

0

σ dεd “ σc

ż εf

0

ˆ

1 ´ εd
εf

˙2

dεd “ 1

3
σcεf , (3.12)
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where use has been made of Equation (3.9).
Relating the dissipation throughout the interphase volume to the expected in-
terfacial dissipation Gc,

gc l “ Gc (3.13)

is obtained. Accordingly, the product of the damage constitutive parameters
σc and εf should depend inversely on the interphase thickness. This equality,
together with Equation (3.12), indicates how the strain to failure needs to be
scaled with respect to the interphase thickness l, in order to recover the strength
and dissipation of a cohesive zone in rate-independent limit, for arbitrary l:

εf “ 3Gc

σc l
. (3.14)

3.3 Gradient based nonlocal damage

In the differential form of nonlocality, the nonlocal damage field is determined as
the solution of a differential equation. Here, the classical gradient based damage
equation is considered to retrieve the nonlocal counterpart of φl, which reads in
one-dimension:

B
B x

ˆ

λ2pxq B
B x

φnl

˙

` φl ´ φnl “ 0, (3.15)

where λpxq is the nonlocal lengthscale. In principle, the damage variables φnl

and φl are meaningful only for x P ΩI , and therefore Equation (3.15) for the
nonlocal field φnl should be solved on the sub-domain ΩI only, with flux free
boundary conditions (also referred as interface condition) at BΩI , i.e.

λ2 Bφnl

B x
“ 0 on x P BΩI , (3.16)

where BΩI “ tx1, x2u. Since FFT solvers are based on global and periodic shape
functions with a regular discretisation grid, the problem has to be solved on the
full domain instead, still respecting Equation (3.16) at least approximately. This
may be achieved by extending Equation (3.15) to the entire domain Ω, but with
a piecewise constant λ, equal to the desired value λin inside the interphase and
a much smaller value λout outside the interphase. In that case, the interface
condition at the edges of the interphase reads:

ˆ

λ2 Bφnl

B x

˙
∣∣∣∣
x´

“
ˆ

λ2 Bφnl

B x

˙
∣∣∣∣
x`

forx P BΩI , (3.17)

which corresponds with Equation (3.15). In the limit of λin{λout Ñ 8 this con-
dition enforces Equation (3.16). In practice, a finite, but large, contrast λin{λout

is used and Equation (3.16), the flux free boundary condition, is satisfied only
approximately.
Phase field approaches also provide a differential equation based continuum
solution for evolution of damage. In principle, a phase field model based on a
Ginzburg-Landau approach can be used as well, for example (Shanthraj et al.,
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2016, 2017). The resulting governing equations are similar to models based
on the micromorphic approach, with an evolving lengthscale, for example (Poh
and Sun, 2017). In fact, these approaches were introduced to avoid spurious
spreading of the damage field (far away from the nucleation point), which was
achieved using a linear phase field potential in the former and a decreasing
lengthscale in the latter.
In the present approach, based on the classical gradient based damage, the issue
of compact support of damage field is dealt by using the lengthscale contrast
to restrict the damage field to the interphase region. In order to recover phys-
ically meaningful results, which are objective with respect to the thickness of
the interphase, the interphase needs to damage uniformly, even when they are
not extremely thin. From this perspective, the classical gradient damage model
provides better regularisation characteristics than the phase field approaches. If
a phase field approach would be considered instead, models based on quadratic
or double-well potential would suit better for the good regularisation character-
istics needed in current application.
The numerical solution of the boundary value problem requires solving Equa-
tion (3.3) and Equation (3.15) simultaneously. Note that these equations are
coupled through the constitutive Equation (3.5). Both differential equations are
discretised using the FFT scheme. The coupled system of equations is solved
using a staggered iterative scheme as detailed in an FEM context in (Shan-
thraj et al., 2017). The discretisation and residual evaluation of the mechanical
equilibrium differential equation is well documented in (Shanthraj et al., 2015).
Here, only the residual formulation of the damage Equation (3.15) is outlined.
In order to avoid taking the Fourier transform of the lengthscale field, the non-
linear residual is constructed by utilizing the fixed-point concept. Starting by
splitting λ2pxq into a homogeneous and a fluctuation field as

λ2pxq “ λ̄2 ` λ̃2pxq. (3.18)

Substituting Equation (3.18) in Equation (3.15) and taking the Fourier trans-
form (F),

Fφnl ´ λ̄2F
ˆB2φnl

B x2

˙

“ Fφl ` F
ˆ B

B x

ˆ

λ̃2 B
B x

φnl

˙˙

(3.19)

is obtained, that can also be written as,

Fφnl ´ λ̄2F
ˆB2φnl

B x2

˙

“ Fφl ` F
ˆ B

B x

ˆ

λ̃2F´1F
ˆ B

B x
φnl

˙˙˙

. (3.20)

Now using the property of the Fourier transform applied to differential operators,
i.e, FpBn f{B xnq “ pι kqnf̂ , where k is the wave number, the above equation
can be rewritten as

φ̂nl ´ λ̄2pι kq2φ̂nl “ φ̂l ` pι kqF
´

λ̃2F´1
´

pι kqφ̂nl

¯¯

. (3.21)

After some rearrangements and taking the inverse Fourier transform (F´1), Equa-
tion (3.21) is rewritten in residual form as

Rd “ φnl ´ F´1

¨

˝

φ̂l ` pι kqF
´

λ̃2F´1
´

pι kqφ̂nl

¯¯

1 ´ λ̄2pι kq2

˛

‚“ 0. (3.22)
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Initialising φnl ” 1, Equation (3.22) is solved using the matrix-free Newton
solver available in the PETSc library (Balay et al., 2016). The frequencies used
in the discrete Fourier transforms in this work correspond to the modifications
presented in (Willot, 2015).

3.4 Integral based nonlocal damage

For the integral based nonlocal damage approach (Bažant and Pijaudier-Cabot,
1988; Peerlings et al., 2001), a weighted moving average is used to calculate the
nonlocal field φnl from the local damage φl,

φnl pxq “
ş

ΩI
Ψ py;xq φl pyq dΩ

ş

ΩI
Ψ py;xq dΩ

, (3.23)

where y is the position of the infinitesimal volume dΩ P ΩI . The weighting
function Ψ py;xq that is commonly used is the Gaussian distribution, which
reads

Ψ py;xq “ exp

„´py ´ xq2
2λ2



, (3.24)

where x is the position vector of the point at which the distribution is centred
and λ is the characteristic length, which determines the distance along which Ψ
decays to zero. The denominator in Equation (3.23) normalizes the weighting
function, which ensures that for a homogeneous φlpxq, the nonlocal field φnl

calculated using Equation (3.23) coincides with its local counterpart.
In the numerical setting, Equation (3.23) is approximated by a cell averaging
method, which can be written as

φnli “
ř

j φljΨpp∆xpj ´ iqq2q
ř

j Ψpp∆xpj ´ iqq2q , (3.25)

where i and j represent material points in the interphase sub-domain and ∆x
is the grid spacing. Equation (3.25) can be implemented by looping over all the
points in ΩI . A more efficient way is to store the normalised weights in Equa-
tion (3.25) in a matrix and implement the convolution via a matrix-vector prod-
uct.

3.5 Results and discussion

In this section, the results of two numerical studies are presented and discussed.
The first is on the effect of the lengthscale contrast method for the gradient dam-
age model. Next, this method is compared with the integral averaging model.
The comparison is made based on their performance in providing a delocalised
damage field and thus giving a numerically calculated fracture energy Gn

c in
close agreement with two ideal solutions: the rate-independent analytical solu-
tion derived above (denoted by ‘Rate indep.’) and a rate-dependent uniform
damage strain solution denoted by ‘Rate dep.’. The latter is easy to obtain in

39



a 1D numerical setting as it only requires running simulations of the underly-
ing local damage model (φnl “ φl) without imperfection. Given the piecewise
uniform nature of this problem, the numerical solution for its calculation does
not show localisation and thus does not need any regularisation.

3.5.1 Model parameters used

The numerical studies are performed on the 1D bar of Figure 3.2, discretised
by 1000 uniformly spaced Fourier grid points. Young’s modulus of the material
is E “ 100GPa and a critical stress σc “ 1MPa is used in all the simulations
performed. The elastic properties throughout the bar are assumed to be same.
The bar is loaded at an average strain rate 9̄ε “ 10´5s´1 for 5 seconds in time
steps of ∆t “ 0.01 s. Since the considered properties are uniform, a small
imperfection is introduced by means of a 1% reduction of the critical stress σc

for the grid points in the interval x P p´l{20, l{20q within the interphase, in
order to trigger localisation.

3.5.2 Effect of lengthscale contrast in the gradient based
model

In this part, the performance of enforcing the interface condition (Equation (3.16))
by the lengthscale contrast method is assessed systematically. For this study,
apart from the parameters described above, an interphase thickness of l “ 0.05L,
reference strain rate 9εd0 “ 0.1 s´1 and the final damage strain εf “ 0.001 were
used. The nonlocal lengthscale used inside the interphase is λin “ l while out-
side it, the value λout was varied to investigate the influence of the contrast
(λin{λout).
Figure 3.3 depicts the distribution of nonlocal damage φnl inside the interphase
and the region outside it, to which it has spread significantly. Due to symmetry,
only half of the interphase (and its surroundings) is shown. The profiles are
plotted for the cases pλin{λoutq2 “ 101, 102, 103, 104. The nonlocal damage
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Figure 3.3: Nonlocal damage profiles for various lengthscale pλin{λoutq2 contrast
at an instant when global stress σ has dropped to 0.007σc.
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variable field extends more than 1.5 times the interphase thickness into the bulk
region on either side of the interphase for pλin{λoutq2 “ 101. This is due to the
poor approximation of Equation (3.16) by Equation (3.17) with this value of
lengthscale contrast. However, this extension of the interphase damage into the
bulk drops systematically for higher contrasts. The maximum contrast that the
numerical solver for the damage equation could handle was (λin{λoutq2 “ 104.
For this contrast, it is observed that the zone of spread of interphase damage
into the bulk has reduced to less than 0.2l.
Figure 3.3 also shows that for high contrast ratios, the non-uniformity of φnl

caused by the imperfection decreases and the damage profile becomes increas-
ingly uniform inside the interphase. Consistent with Equation (3.17), the slope
of φnl at the two inner edges of the interphase tends to zero as the lengthscale
contrast is increased. For the lower ratios, the interaction with the undamaged
region next to the interphase results in a slower evolution of φnl near the edge
of the interphase compared to its centre.
The effect of this slowing down is observable in the averaged stress-strain re-
sponse (Figure 3.4). As a result of it, the initial softening slope is less steep.
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Figure 3.4: Effect of the interface condition at the edges of the interphase on
the overall stress-strain response.

This in turn results in an over-prediction of the amount of dissipation during the
damage process as compared with that for the cases with a sufficient contrast,
i.e. pλin{λoutq2 “ 103 ´ 104.
Figure 3.5 (left) shows the calculated fracture energy Gn

c relative to the one
predicted by Equation (3.13). Remember that Gc was derived for the rate-
independent limit. Hence, the rate-dependent, computed Gn

c is expected to
approach Gc, but not necessarily to asymptote to it. A much closer approx-
imation of the rate dependent ideal solution (dashed curve) can be expected,
as it captures the additional dissipation due to rate effects. Indeed, the ratio
Gn
c {Gc drops to less than 1.1 for the highest lengthscale contrast applied. This

higher accuracy however entails significantly more iterations (Figure 3.5 (right))
required to solve Equation (3.22): this number goes up by a factor of 10 as the
contrast is increased from pλin{λoutq2 “ 101 to 104. This is essentially due to the
d

`

λ2d{dx˘{dx structure of Equation (3.15), which brings first order gradients
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Figure 3.5: The reduction of fracture energy error (left) and increase in linear
iterations (right) as a function of lengthscale contrast.

of φnl into the damage Equation (3.15).

3.5.3 Comparison of gradient and integral nonlocal dam-
age models

The analysis in Section 3.2.2 showed that for a uniform damage strain distribu-
tion in the rate-independent limit, choosing εf according to Equation (3.14), a
constant fracture energy can be obtained, irrespective of the interphase thick-
ness l. In this section, the same hypothesis is tested but in a numerical setting,
where localisation is triggered by the presence of an imperfection (as discussed
above). This is a test of the effectiveness of the two types of nonlocality in
regularizing the damage (and damage strain rates) and thus facilitating the use
of simple scaling Equation (3.14) for the interphase.
Different interphase thicknesses (l{L “ 0.010, 0.015, 0.020, 0.025, 0.030) are stud-
ied. 9εd0 “ 1.0 s´1 and εf “ 5x10´5 L{l in combination with the parameters
in Section 3.5.1 are used. For both models, three different values of the nonlo-
cal lengthscale are used: λ{l “ 0.5, 1.0, and 1.5, where for the gradient damage
based approach λin “ λ and λout is varied such that a constant lengthscale
contrast pλin{λoutq2 “ 104 is obtained.
Figures 3.6 and 3.7 show the damage profiles obtained towards the end of the
damage process for the gradient and integral model, respectively. The dam-
age distribution obtained for the gradient damage model, shown in Figure 3.6,
is increasingly uniform inside the interphase as the lengthscale λ is increased,
for all the interphase thicknesses l. However, a slight gradient remains even for
λ{l “ 1.5. This is due to the imperfect insulation of the interphase damage from
the surrounding (undamaged) bulk, as discussed in Section 3.5.2. The integral
nonlocal model, in Figure 3.7, shows a nearly constant damage inside the inter-
phase for λ{l ě 1.0—again for all l{L. For the smallest lengthscale considered,
λ{l “ 0.5, some of the non-uniformity introduced by the imperfection remains.
A more discriminating result is the damage strain rate 9εd, which is shown in Fig-
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ures 3.8 and 3.9—again towards the end of the damage process and for the
gradient and integral approach respectively. Here a significant amount of non-
uniformity is observed in all cases, demonstrating that the damage strain does
localise late in the damage evolution process, triggered by the imperfection.
The effect is however significantly milder for the integral model (Figure 3.9)
compared with the gradient model (Figure 3.8). Particularly for the integral
model it is also milder for the larger values of λ{l and l{L considered, indicating
that the nonlocal averaging is more effective for a large nonlocal lengthscale λ.
In the gradient model a significant degree of localisation remains, even for the
largest λ considered, i.e λ{l “ 1.5.
To show the effect of the non-uniformity of φnl and 9εd as discussed above on the
computed overall response of the bar, Figures 3.10 and 3.11 report the stress σ in
the bar versus the applied average strain ε̄ for all cases considered. Also shown
(in black) is the underlying rate-independent response as given (analytically)
by Equation (3.11). For both types of nonlocality, and for all l{L shown, the
computed stress-average strain responses for l{L “ 1.0 and 1.5 practically coin-
cide. They furthermore deviate only slightly from the analytical solution. This
shows that for these values of the nonlocal lengthscale both regularisation ap-
proaches are effective in rendering the global response objective with respect to
the interphase thickness, despite the non-uniformity observed in φnl (Figures 3.6
and 3.7) and, particularly, the damage strain rate (Figures 3.8 and 3.9). The
smallest value of λ, λ “ 0.5 l, clearly is insufficient, as the softening responses
computed for it are systematically steeper than for larger values (and than the
analytical solution).
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Figure 3.6: Nonlocal damage φnl distribution at ε̄E{σc “ 4 of the gradient
damage model for different interphase thicknesses and nonlocal lengthscales.

For a more quantitative assessment of the objectivity of the computed response
with respect to the interphase thickness adopted, the variation in the calculated
fracture energy Gn

c , normalised by the ideal input fracture energy Gc, is shown for
the gradient damage method and the integral averaging method in Figure 3.12.
In the rate-independent limit, one would like to observe this ratio to be constant
at unity. Given the fact that the numerical model is rate-dependent, however,
a slight deviation should be anticipated—which ideally would be constant. To
illustrate the effect of the rate dependence, numerical solutions for the rate
dependent case with piecewise constant damage are included in both diagrams
as black dashed curves. Note that these are slightly above Gn

c {Gc “ 1 and show
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Figure 3.7: Nonlocal damage φnl distribution at ε̄E{σc “ 4 of the integral av-
eraging damage model for different interphase thicknesses and nonlocal length-
scales.
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Figure 3.8: Normalised damage opening rates distribution at ε̄E{σc “ 4 of
the gradient damage model for different interphase thicknesses and nonlocal
lengthscales.
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Figure 3.10: The overall stress-strain response of the gradient damage model
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Figure 3.11: The overall stress-strain response of the integral averaging model
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a downward trend, which is due to the fact that post-peak the strain rate in the
interphase varies with its thickness.
The fracture energy computed by the gradient damage approach show a dis-
crepancy with both reference values (i.e. rate-independent and rate-dependent)
on the order of 10%. For λ{l “ 0.5, the fracture energy is under-estimated,
whereas the larger values of λ result in an over-estimation. In each of these
cases, the deviation furthermore varies with l{L. The integral nonlocal model
performs much better. For λ{l “ 0.5, which it is already observed to be too
small to obtain a uniform damage in Figure 3.7, it under-estimates Gc by up to
10% (Figure 3.12). But for λ{l ě 1.0, it over-estimates Gc by ď 5%, in a way
which is consistent with the rate-dependent reference solution: the difference
between the regularised solutions for λ{l “ 1.0 and 1.5 and the piecewise con-
stant reference solution is less than 1%. For practical purposes, this is more than
satisfactory and the slight trend with l{L, due to the rate-sensitivity, should also
pose no problem.
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Gn c
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c

Gradient damage model

λ/l 0.5 1.0 1.5 Rate dep.

0.01 0.02 0.03

l/L

Integral model

Figure 3.12: Performance of the fracture energy calculation Gn
c {Gc for different

interphase thicknesses and nonlocal lengthscales.

3.6 Conclusion and outlook

In this contribution, the issue of nonlocality associated with a method to in-
corporate interface decohesion at polycrystalline interfaces approximated by an
FFT-based spectral method was discussed. Interfaces were approximated as
interphases. The softening nature of decohesion required the use of nonlocality
within the interphase domain. The applicability and performance of integral
and gradient damage based nonlocal averaging methods have been discussed.
For the gradient damage approach, it was found that the mechanical response
and dissipation depends on the accuracy with which the flux boundary condition
at the edges of the interphase domain can be enforced. In order to restrict the
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damage to the interphase only, a flux free condition at the interphase boundaries
was used. Since FFT solvers do not allow solving an equation on an irregular
domain, in the gradient approach, a contrast in the nonlocal lengthscale was
used to approximate the flux free boundary condition at the interphase edges.
The error in the fracture energy reduces upon increasing this lengthscale con-
trast. However, a high contrast renders the gradient based approach highly
heterogeneous and entails numerical problems.
The implementation of the integral approach on the other hand was straightfor-
ward and effective. It only requires storage of the nonlocal weights in a matrix
that can be optimized using sparse storage. Regularisation lengthscale values
equal to or greater than the interphase thickness were found to give accurate
predictions for the fracture energy, largely independent of the (arbitrary) in-
terphase thickness l. The slight (ď 1%) variation which remains is due to the
fact that the scaling of εf according to Equation (3.14) does not take into ac-
count the strain rate sensitivity of the damage model. From the current study
it is clear that integral approach offers more advantage from the computational
efficiency point of view. The same advantages are expected to carry over in mul-
tidimensional cases on periodic microstructures. Nevertheless, this still remains
to be tested.
It is emphasized that, although it enables a rigorous and transparent compari-
son, the 1D problem considered here may not reveal all complexities that could
be encountered in two or three-dimensions. For instance, care should be taken
that the nonlocality introduced to homogenise the damage across the interphase
thickness does not affect the propagation of damage along it in an unrealistic
manner. One possible way to avoid this is by introducing anisotropy in the non-
local averaging. In the gradient damage approach this can be achieved by having
a tensorial form for the nonlocal lengthscale, while for the integral approach an
orientation dependent averaging kernel can be used. Modelling decohesion of
polycrystalline interfaces will require a proper treatment of triple junctions to
avoid the issue of non-unique interface normals. Furthermore, a method to cou-
ple interface damage with the bulk damage in voxel based models (Nguyen et al.,
2016) can also be explored to model more complex crack patterns—kinking and
branching of cracks into the bulk. These issues are currently under investigation
and will comprise future works.
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Chapter 4

Microstructural influences on
fracture at prior austenite
grain boundaries in
dual-phase steels3

Abstract

Dual phase (DP) steels provide good strength and ductility properties. Never-
theless, their forming capability is limited due to the damage characteristics of
their constituting microstructural phases and interfaces. In this work, a specific
type of interface is analysed, i.e. the prior austenite grain boundaries (PAGBs).
In the literature, prior austenite grain boundary fracture has been reported
as an important damage mechanism of DP-steels. The influence of the mor-
phology of phase boundaries near the PAGB and the role of the martensitic
substructure in the vicinity of a PAGB on damage initiation is analysed. The
experimentally observed preferred sites of crack nucleation along the PAGB are
assessed and clarified. A finite strain rate dependent crystal plasticity model
accounting for anisotropic elasto-plasticity of martensite (and also ferrite) is ap-
plied to an idealized volume element approximating a typical small-scale PAGB
microstructure. The boundary value problem is solved using a fast Fourier trans-
form (FFT) based spectral solver. The role of crystallography and geometrical
features within the volume element are studied using simulations. Results are
discussed considering possibly dominant regimes of elasticity and plasticity.

3This chapter is based on: Sharma, L., Peerlings, R. H. J., Roters, F., and Geers, M. G.
D. . Microstructural influences on fracture at prior austenite grain boundaries in dual-phase
steels. (In preparation).
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4.1 Introduction

The combination of martensite and ferrite phases in the right proportion lends
dual phase (DP) steels an adequate balance between high strength and duc-
tility. At the same time, these phases—due to the contrast in their microme-
chanical responses—lead to microstructurally heterogeneous stress and strain
fields. Recent computational studies on dual phase steels have focused on ex-
ploring the causes of strain partitioning among ferrite and martensite, for exam-
ple (Tasan et al., 2014a). Martensite itself has been a topic of research address-
ing its complex micromechanical behaviour. One reason of the complexity is the
martensitic internal structure which can have a detailed hierarchy, as frequently
reported in the experimental literature. (Morito et al., 2003) and (Kitahara
et al., 2006) studied the crystallographic relationship between these hierarchical
features. (Morito et al., 2003) also reports the dependence of relative feature
sizes on the carbon content, or more generally their chemistry, which is an-
other important aspect of steels. The crystallography of martensite is related to
the prior austenite grain orientation and has been quantified using specific ori-
entation relationships, Kurdjumov-Sachs (KS) (Kurdjumov and Sachs, 1930),
Nishiyama-Wassermann (NW) (Nishiyama, 1934), etc. The fineness of these
crystallographic components entails a high concentration of interfaces in the
microstructure. Motivated by the possible relevance of size effects in the fine
microstructure of tempered martensite, a size dependent crystal plasticity model
was used in (Boeff et al., 2014) to explore the effect of martensite block width and
misorientation across the blocks. Identification of the microstructural features
at such small scales (« nm ´ µm) has been difficult, whereby (Bhadeshia and
Edmonds, 1979) identified the existence of interphases like retained-austenite.
The presence of such phases has allowed to explain the small-scale ductile be-
haviour of martensite, see (Mine et al., 2013). (Maresca et al., 2014) used a
laminate rule of mixture (lath martensite and austenite) in a local crystal plas-
ticity setting to illustrate its significant effect on the micromechanical response
despite its low volume fraction.
Recent experimental work (Archie et al., 2017) has identified the prior austen-
ite grain boundaries (PAGBs) within the martensite islands as preferable sites
for damage nucleation. This has been attributed to a combination of sharp
curvature of the phase boundaries near their intersection with the PAGBs and
embrittlement of the PAGBs due to chemical segregation, see (Archie et al.,
2017) and references therein. Interestingly, some PAGBs have been reported
to damage away from the phase boundaries. In first part of this contribution,
we seek to understand the possible reasons for the preferential crack nucleation
along PAGBs.
A subsequent work (Archie and Zaefferer, 2018), attempts to correlate the dam-
age at PAGBs with the orientation relationship of the martensite crystals nu-
cleating in adjacent prior austenite grains. Motivated by the compatibility of
transformation strains of the martensite crystals, a “double KS” orientation re-
lationship was suggested for damage resistant PAGB segments. In a previous
work, (Ueda et al., 2001), the compatibility is discussed as a mismatch in trans-
formation strains, which is being referred to as transmission of shape strain.
This suggestion seems related to the ideas of coherent transformation. (Morris
et al., 2003; Guo et al., 2004) discussed the role of coherency of transformation
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related orientations relationships in providing martensitic interfaces that have
low misalignment of certain (active) slip systems and similarly of the cleavage
systems. In the second part of the present work, we make use of the knowledge
of the eigen strains associated with the transformation process. This allows to
explore the role of coherency of transformation strains, to gain further insight
into the crystallography that makes prior austenite grain boundaries more (or
less) damage resistant.
To this effect, an idealisation of a small region containing a PAGB intersecting
a martensite-ferrite phase boundary is considered. The complexity of the sub-
structure is reduced by assuming uniquely identified regions of martensite vari-
ants in the two prior austenite grains. In particular, a “critical” microstructure
is seeked, which allows higher PAGB stresses away from the phase boundaries.
A fast Fourier transform (FFT) based spectral solver is used for the solution of
the micromechanical boundary value problem. The stress distribution is anal-
ysed by comparing it with possible heterogeneous fracture property fields, where
the heterogeneity may be related to the local orientation of martensite variants,
their piecewise misorientation and possibly also chemical segregation.
The remainder of this chapter is as follows. In Section 4.2, the crystal plastic-
ity model and the austenite-martensite orientation relationship are discussed.
In Section 4.3, results of the simulations are presented and analysed. We close
this chapter with a brief summary and conclusion in Section 4.4.

4.2 Material model and crystallography

Here, the material model used to describe the micromechanical response of
martensite and ferrite is discussed first. The crystallography (specific to marten-
site crystals) used in the material model and the transformation strain analysis
is discussed next.

4.2.1 Material model

The individual micromechanical responses of martensite and ferrite are anisotropic.
Their deformation kinematics as discussed in this work follows a finite strain
description. The total deformation gradient F is decomposed multiplicatively as
F “ Fe ¨Fp, where Fe and Fp are the elastic and plastic deformation gradients.
The elasticity of the ferrite and martensite, which are both body centred cubic
(BCC) lattice phases, is governed by the elasticity constants c11, c12 and c44,
that are used to construct the stiffness tensor 4C. The stress is calculated using
the generalized Hooke’s law for elasticity:

S “ 4C : Ee, (4.1)

where S is the work conjugate of the Green-Lagrange strain, Ee “ pFT
e ¨Fe´Iq{2.

Fp is calculated using 9Fp “ Lp ¨Fp, where Lp is composed by mapping the slip
rates 9γα on individual slip-systems α as, Lp “ 9γα ~dα b ~nα. ~dα and ~nα are the
normalised slip direction and glide plane normal of slip system α, respectively.
The slip γα on each slip system α is calculated using the phenomenological
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power law based rate form as,

9γα “ 9γ0
ˆ |τα|

gα

˙
1
m

sign pταq , (4.2)

where τα is the driving stress resolved on the slip system α. This driving stress
works against an evolving slip resistance gα. 9γ0 is a constant and m is referred
to as the rate sensitivity exponent. The evolution of gα from the initial value
g0 is given by the hardening rule as,

9gα “ | 9γβ |h0hαβ

ˇ

ˇ

ˇ

ˇ

1 ´ gα
g8

ˇ

ˇ

ˇ

ˇ

a

sign

ˆ

1 ´ gα
g8

˙

, (4.3)

where h0 is a hardening constant, a is hardening exponent and hαβ is the slip
system hardening interaction matrix. The subscript α refers to the slip system
under consideration and β to all the other systems. g8 refers to the saturation
value of the flow stress.

Parameter Ferrite Martensite

Elastic constant, c11 233 GPa 417 GPa

Elastic constant, c12 135 GPa 242 GPa

Elastic constant, c44 118 GPa 211 GPa

Initial slip resistance , g0 (~nα P t110u and ~dα Pă 111 ą) 95 MPa 405 MPa

Initial slip resistance, g0 (~nα P t211u and ~dα Pă 111 ą) 97 MPa 456 MPa

Saturation slip resistance, g8 (~nα P t110u and ~dα Pă 111 ą) 222 MPa 872 MPa

Saturation slip resistance, g8 (~nα P t211u and ~dα Pă 111 ą) 412 MPa 971 MPa

Hardening constant, h0 1 GPa 563 GPa

Self-hardening constant, hαβ (α “ β) self-hardening 1 1

Cross-hardening constant, hαβ (α ‰ β) cross-hardening 1.4 1.4

Reference shear rate, 9γ0 10´3s´1 10´3s´1

Rate sensitivity exponent, m 0.05 0.05

Hardening exponent, a 2.25 2.25

Table 4.1: Phenomenological crystal plasticity model parameters for martensite
and ferrite (Tasan et al., 2014a).

Both, the primary and secondary slip systems of the BCC lattice are considered.
The elasto-plasticity model is implemented in DAMASK and more details can
be found in (Roters et al., 2010, 2019). For such models, the values of the
constituting model parameters depend on the exact chemical composition of
the material (for example, the carbon content), the scale of observation, loading
rate, etc. Accordingly, the values reported and used in the literature may differ
significantly. The precise identification of these parameters is not the purpose of
this study. Since a unique validation with the experiments is not pursued (and
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is not possible with the limited information available), the parameters reported
in (Tasan et al., 2014a) are adopted and are listed in Table 4.1.
As a measure of the effective plastic activity at a material point, the total shear
can be defined as T “ ş

Σ| 9γα| dt, that is the accumulation of plastic slip on all
the slip systems. The stress and strain distributions in the forthcoming analysis
are shown in terms of the Cauchy stress component σ11 and logarithmic strain
ε11 components, respectively.

4.2.2 Orientation relationships in martensite

Body centred cubic (BCC)/body centred tetragonal (BCT) martensite is formed
as a transformation product from parent face centred cubic (FCC) austenite.
During this process a specific relationship emerges between the parent and the
product lattice. This special relationship implies parallelism between certain
planes (and directions) of the parent and product lattices. Some early experi-
mental works tried to identify this relationship. The work of (Kurdjumov and
Sachs, 1930) quantified it in the form of Kurdjumov-Sachs (KS) orientation
relationships (ORs), while the result of independent works (Nishiyama, 1934)
and (Wassermann, 1935) is referred to as the Nishiyama-Wassermann (NW)
relationship. The experimental observations thereafter report the presence of
either of the above mentioned two ORs and sometimes even others. Here, the
KS orientation relationship, wherein the 24 different martensite variants follow
cubic symmetry, is assumed. (Koumatos and Muehlemann, 2017) presented a
clear way of relating these different martensite variants. Defining the first KS
variant KS1 having parallelism of p111q ‖ p011q of a cube oriented (0o,0o,0o)
prior austenite, the other variants can be calculated by the application of the
rotation operators P P P24 as given in Table A.1. P24 is the set of all rotations
that maps a cube onto itself. The other KS variants can be written as,

OKSi
“ Pi ¨ OKS1

¨ PT
i for i in {1,2,3,...,24}. (4.4)

Figure 4.1 depicts the symmetrical pattern of t100u poles, as also observed
in (Kitahara et al., 2006; Koumatos and Muehlemann, 2017). For a differently
oriented austenite grain, defined by orientation matrix A, the orientation matrix
of the ith KS variant reads

OKSi
“ Pi ¨ A ¨ OKS1

¨ AT ¨ PT
i (4.5)

“ Pi ¨ A ¨ OKS1
¨ pPi ¨ AqT . (4.6)

Motivated by the understanding that the Bain mechanism (Bain and Dunkirk,
1924) leads to the transformation of austenite to martensite, (Koumatos and
Muehlemann, 2017) provides a method to obtain the orientation relationship
from transformation strains and vice versa. This procedure is rather straight-
forward but not well documented in the literature. A lack of a consistent defini-
tion of the transformation strains could be a reason. In this work, the following
definition of the transformation strain,

Ti “ Ri ¨ Bv (4.7)

is followed. Bv is the Bain strain associated with the particular variant with
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t100u pole figures of Kurdjumov-Sachs Orientations

of martensite variants

r100s

r010s

Figure 4.1: Pole projection of the normals of the {100} family of planes according
to KS OR.

Figure 4.2: Schematic representation of the Bain strain and the related rotation
deforming a cube of FCC. The application of Bv p“ B3q (grey to blue) applies a
compression along the Z axis and expansion in the X´Y plane. The subsequent
rotation Ri (blue to red) is necessary to restore the habit plane as unrotated
and the in-plane direction unchanged.
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v P 1, 2, 3 referring to the three possible Bain strains with a different compression
axis. For a particular i there exists a unique v and the grouping of the variants
thus sorted constitutes Bain groups (1, 2 and 3). For example, B3 has the form,

B3 “

¨

˚

˚

˚

˝

?
2aBCC{BCT

aFCC
0 0

0
?
2aBCC{BCT

aFCC
0

0 0
cBCC{BCT

aFCC

˛

‹

‹

‹

‚

, (4.8)

with aBCC{BCT, cBCC{BCT and aFCC the lattice parameters of the respective
lattices. For a BCC lattice cBCC “ aBCC otherwise cBCT ă aBCT . Ri is the
rotation assuring that a particular FCC plane and in-plane direction remain
unrotated after application of Ti. The variant-wise transformation strain for
the variants of an austenite crystal with orientation matrix A, is given by

Ti “ Pi ¨ A ¨ T1 ¨ pPi ¨ AqT , (4.9)

where T1 is the deformation gradient tensor corresponding to one of the variants
(of a cube oriented prior austenite grain), denoted as i “ 1, and Pi “ I for i “ 1

4.3 Results and discussion

4.3.1 Microstructural volume element and loading condi-
tions

Figure 4.3: Schematic of the microstructure volume element used in the sim-
ulations. It consists of ferrite region of single orientation. The martensite
band region that transforms from the two prior austenites. The aspect ratio
of LX{LY “ 1 is considered. The origin is at the centre and the values of
l1 “ 0.15LY and l2 “ 0.1LY are considered.

Computational tools that can simulate the mechanics of complex DP-steel mi-
crostructures exist. In order to develop a clear understanding, in this contribu-
tion the study is restricted to a small region of interest as shown in Figure 4.3.
The ferrite-martensite phase boundary has a curvature κ at the point of in-
tersection with the PAGB. The size of the simulation geometry is denoted by
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LX ˆ LY . A columnar grain assumption is made in the out-of-plane direction.
It consists of a ferritic region and a martensitic band that emanates from two
prior austenite grains separated by the PAGB C1C2 “ 0.5LY . The grains within
martensite regions are assumed to have simplified rectilinear shape around the
PAGB. The martensite grain orientations are related to the orientation of the
prior austenite from which they emanate. Choosing these orientations in fur-
ther analysis allows to obtain a substructure with tunable complexity. Since
martensite is the major focus of this study, no grain structure within ferrite is
considered, i.e. the ferrite region has a single orientation.

Figure 4.4: Schematic of the grain structure within martensite band that em-
anate from the underlying (prior) austenite. The martensite variant to which the
austenite transforms needs to be identified based on the criticality requirement
mentioned earlier. The values of OO1 “ OO2 “ 0.06LY , OO3 “ OO4 “ 0.15LY

and OC1 “ OC2 “ 0.25LY are used.

The boundary value problem for the mechanical equilibrium of the volume ele-
ment is solved using an FFT-based spectral solver, which entails periodic bound-
ary condition on the solution field variables of the problem. The resolution of
the Fourier grid used is NX ˆNY “ 300ˆ300. The loading condition defined in
terms of overall rate of deformation gradient p 9̄Fq and the overall Piola-Kirchhoff
stress pP̄q is

9̄F “

¨

˚

˚

˚

˝

10´3 ˚ 0

0 ˚ 0

0 0 0

˛

‹

‹

‹

‚

s´1 ; P̄ “

¨

˚

˚

˚

˝

˚ 0 ˚
˚ 0 ˚
˚ ˚ ˚

˛

‹

‹

‹

‚

Pa. (4.10)

Equation (4.10) implies an applied deformation in X-direction, free contraction
in Y-direction and a plane strain assumption. The ˚ refers to an unconstrained
deformation/ unprescribed stress component.
Before analysing the micromechanical response of the volume element (Fig-
ure 4.3), single crystal responses and the effect of phase boundary curvature
on individual martensite variants is investigated. These auxiliary studies can
help in finding crystals which can be used to render the microstructure “critical”.
The former helps in finding mechanically contrasting crystals which when placed
nearby each other in Figure 4.4, may lead to stress concentrations upon loading.
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The latter helps in selecting crystals which when placed near the curved phase
boundaries lead to comparatively low stresses.

4.3.2 Single crystal variant responses to identify hard-soft
variants

In order to consider only “critical” volume elements the crystallographic orien-
tation of martensite variants and ferrite that lead to such situation are needed.
In order to achieve that, qualitative input on the hardening behaviour of the
martensite variants and ferrite crystals is required. Due to the special orienta-
tion relationship (Section 4.2.2) between the martensite and the prior austenite
grains, it is important to choose the orientation of the latter first. The orien-
tation of the prior austenite grains adjacent to the PAGB may depend on the
processing conditions. In order to keep the analysis generic, two prior austenite
orientations—referred to as A1 and A2—are arbitrarily chosen and considered
for further analysis. Both orientations align the FCC habit planes p111q with
to the prior austenite grain boundary, but they have a twist misorientation be-
tween them. The Euler orientation triplets corresponding to them are given
in Table 4.2. Corresponding to each prior austenite orientation there are 24

Prior austenite ϕ1 poq ϕ poq ϕ2 poq
A1 -153.4 114.1 140.8

A2 -135.0 90.0 144.7

Table 4.2: The Euler angles corresponding to the prior austenite orientations
considered.

KS-OR related martensite variant orientations, giving rise to numerous possible
combinations that can be used to assign the grain orientations in the marten-
sitic substructure. Identifying the martensite variants of each prior austenite as
elastically and plastically hard or soft, in the primary loading direction, allows
to achieve the “critical” substructure without considering all mathematically
possible combinations. Since anisotropic crystals are being dealt with, which
have directional micromechanical response, stress-strain measures need to be
defined, on the basis of which they can be rendered hard or soft. For the elastic
regime, the slope of σ11 as a function of ε11 or the directional stiffness Erhkls
is used. For analysis in the plastic regime, the assessment of hard/soft variants
is even more difficult because of the large non-linearity triggered by different
model parameters. The hardening parameters, the orientation of active slip
systems and the mutual interaction complicate such an analysis. Such an iden-
tification may even be transient. Nevertheless, two flow stress values can be
used to assess hardness; the von Mises measure of Cauchy stress at low plastic
strain T “ 0.001 and the same at a comparatively high plastic strain T “ 0.05.
Simulations are performed on martensitic single crystals with the orientation
of the variants related to the two different prior austenite grains. The loading
condition, Equation (4.10), used here is the same as the one that is intended to
be used in the simulation of the full volume element shown in Figure 4.3.
Figure 4.5 shows the directional stress-strain responses in the different regimes
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(a) σ11 as a function of ε11 for variants of A1(left) and A2 (right).
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(b) σMises as a function of total shear T near plastic yield points for variants of A1(left)
and A2 (right).
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(c) σMises as a function of total shear T for variants of A1(left) and A2 (right).

Figure 4.5: Directional micromechanical responses of homogeneous single crys-
tals with the orientation of martensitic variants related to prior austenite grain
A1 (left) and A2 (right) by Equation (4.6) and subjected to the loading given
in Equation (4.10).
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as discussed above. It is noted here that only the results of the first six variants,
corresponding to the FCC habit planes p111q and p1̄1̄1̄q, are depicted. Due to
symmetry, the directional response of the other 18 variants coincides with that
of one of the first 6 variants, thus giving only six or less unique curves in terms
of above mentioned stress-strain measures.
The variants of both prior austenites show a significant scatter. Thus, choosing
hard-soft variants from them may provide significant micromechanical contrast
in the sub-structural arrangement. Figure 4.5a shows that the scatter in the
directional elastic response of the variants from different prior austenite is differ-
ent. For prior austenite A1, the scatter between the directional micromechanical
responses of the variants is a little higher than for A2. Figure 4.5b shows the
yield response of different variants. It correlates well with the elastic behaviour
shown in Figure 4.5a. At significantly higher plastic strain, Figure 4.5c, some
deviations in the trend arise due to differences in hardening behaviour.
The result of this analysis is given in Table 4.3, where the hard and soft vari-
ants, for different strain regimes are listed. Similarly, a ferrite single crystal

Prior austenite Elastic regime σMises|T u0.001 σMises|T u0.05

hard soft hard soft hard soft

A1 V3 V5 V3 V5 V4 V5

A2 V3 V6 V3 V6 V4 V6

Table 4.3: Identification of variants with hard response (maximum stress) and
soft response (minimum stress) in three different loading regimes; elastic, onset
of plasticity and significant plasticity for the loading considered.

Fp450,0o,0oq with orientation given by the Euler triplet set p450, 0o, 0oq is identi-
fied as directionally hard whereas Fp00,0o,0oq is identified as soft. Their elasto-
plastic responses are shown in Figure 4.6.
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Figure 4.6: Overall stress-strain response of a single crystal of ferrite. Direc-
tionally hard (blue, Fp450,0o,0oqq and a soft (red, Fp00,0o,0oqq oriented ferrite.

Note that these single crystal responses only give a qualitative impression of the
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hardness. The response of these variants in actual microstructural calculations
may significantly change due to microstructural features—phase boundary cur-
vature and martensite sub-structure near the PAGB (triple junction, distance
between triple junctions, active slip-systems etc.).

4.3.3 Influence of phase boundary curvature

The curved phase boundaries, although are not a “notch”, but due to geometry
and mechanically contrasting phases may cause stress concentrations. At the
intersection of the curved phase boundaries with the PAGB, the major factors
affecting the stress-strain behaviour are the curvature κ, the martensite variants
adjacent to the tip and the surrounding ferrite. In this section, the analysis is
restricted to the earlier identified hard and soft variants resulting from prior
austenite A1, see Table 4.3. The effect of phase boundary curvature is analysed
using the volume element shown in Figure 4.3 with different phase boundary
curvatures: κ1 “ 20l1µm

´1, κ2 “ 3κ1 and κ3 “ 10κ1, where l1 is given in µm.
The zoomed-in section of these volume elements is depicted in Figure 4.7. The
sub-structure is not populated yet, rather one single orientation (hard or soft)
for both the ferrite and martensite region is used. This also implies there is no
PAGB or can be considered “pseudo” PAGB with zero misorientation.
In total four combinations are investigated: hard martensite – soft ferrite, hard
martensite – hard ferrite, soft martensite – soft ferrite and soft martensite – hard
ferrite. Stress and strains ahead of the phase boundary along the path X “
´LX{2NX (closest resolved grid points parallel to “pseudo” PAGB at X “ 0)
are analysed at two different instants: when the martensite is in the elastic
regime (F̄11 “ 1.00125) and when the martensite has yielded (F̄11 “ 1.00875).

Figure 4.7: Phase boundaries with different curvature κ1 “ 20l1µm
´1, κ2 “ 3κ1

and κ3 “ 10κ1. Martensite phase in red, ferrite is in blue and the white line
depicts the location where the PAGB would have been if martensite variants of
different prior austenite grains were considered.

The stress σ11 and total shear T distribution profiles for all these cases are
shown in Figures 4.8 and 4.9. For the low overall deformation, F̄11 “ 1.00125,
when martensite responds elastically, the peak stress, which is higher for the
harder martensite variant, is close to the tip. Having a softer ferrite near the
phase boundary, amplifies the peak stresses significantly. Once the region ahead
of the curved phase boundary yields (Figure 4.9), for example at an overall de-
formation of F̄11 “ 1.00875, the stress maximum shifts further away. The decay
of stress seems characteristic of the phase boundary curvature, implying a sharp
drop for sharp curvatures. At low overall deformation, i.e. F̄11 “ 1.00125, the
maximum stress in the martensite ahead of the curvature does not relate lin-
early with the curvature of the phase boundary. It is comparable for κ2 and κ3

in case of F00,0o,0o , and almost coincides when the adjacent ferrite is F450,0o,0o .
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In fact, κ2 overcomes κ3 (with sharper curvature) in maximum stress when sur-
rounded by soft ferrite F00,0o,0o in Figure 4.8a. In order to verify whether this
is related to the local crystallography or crystallographic differences, a com-
parison (Figures 4.8c and 4.9c) is made with a reference simulation using an
isotropic plasticity model parameter (Table 4.4), which shows a similar trend at
F̄11 “ 1.00125, where the profiles for κ2 and κ3 almost coincide. For deforma-
tion in the plastic regime of martensite at F̄11 “ 1.00875, the ambiguity of the
relation with the phase boundary curvature vanishes and a systematic trend of
higher stress for sharper curvature is observed, which may be related to the size
of the yield zone ahead of the curved tip.

Parameter Ferrite Martensite

Elastic constant, c11 286 GPa 510 GPa

Elastic constant, c12 121 GPa 216 GPa

Initial shear resistance, g0 95.5 MPa 431 MPa

Saturation slip resistance, g8 317 MPa 922 MPa

Hardening constant, h0 1 GPa 563 GPa

Reference shear rate, 9γ0 10´3s´1 10´3s´1

Rate sensitivity exponent, m 0.05 0.05

Hardening exponent, a 2.25 2.25

Taylor factor, M 2.4 2.33

Table 4.4: Taylor factor (M) adapted isotropic plasticity material parameters
for ferrite and martensite.

In all the cases, the ferrite deforms significantly more than martensite. This
is particularly the case when it is more confined, i.e for higher curvatures κ.
This simple comparison highlights the importance of local crystallinity near
the curved phase boundary and its possible interplay with the phase boundary
morphology (curvature).

4.3.4 Influence of martensite sub-structure

After gaining some clarity on the response of individual crystals (martensite vari-
ants and ferrite) and around curved phase boundaries, focus is next put on the
other microstructural characteristics. The knowledge of the micromechanical
response of the hard-soft martensite variants allows to assign variant orienta-
tions to the grains in Figure 4.4 such that a “critical” configuration is obtained.
The sub-structure typically consists of triple and even higher order junctions.
Triple junctions with surrounding grains of high incompatibility—caused by high
micromechanical contrast or mismatch in active slip planes/directions—are pre-
ferred regions for stress concentrations. At triple junctions, the orientation of
the intersecting interfaces and the hardness of the surrounding variants can be
important factors governing stress concentrations. The distance between triple
junctions can also influence the stress field in between them.

61



´0.4 ´0.2 0 0.2 0.4

0

2 ¨ 10´2

4 ¨ 10´2

6 ¨ 10´2

8 ¨ 10´2

0.1

0.12

0.14

Y {LY

A
cc

um
ul

at
ed

Sh
ea

r

F̄11 “ 1.00875- iso

1

2 “ 31

3 “ 101

0.2 0.22 0.24 0.26

0.5

1.0

1.5
¨109

Y {LY

σ
1
1

[P
a]

0.2 0.22 0.24 0.26

2.0

4.0

6.0
¨109

Y {LY

σ
1
1

[P
a]

(a) Hard martensite variant with hard ferrite (blue) and soft ferrite (orange)
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(b) Soft martensite variant with hard ferrite (blue) and soft ferrite (orange)
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(c) Isotropic martensite and isotropic ferrite across the phase boundary

Figure 4.8: σ11 distribution profiles (along X “ ´LX{2NX , ahead of the curved
phase boundary at p0, 0.25LY q and extending into the ferrite zone) profiles for
different martensite variant-ferrite combinations at two different overall defor-
mation levels, F̄11 “ 1.00125 (left column) and F̄11 “ 1.00875 (right column).
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(a) Hard martensite variant with hard ferrite (blue) and soft ferrite (orange)
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(b) Soft martensite variant with hard ferrite (blue) and soft ferrite (orange)
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(c) Isotropic martensite and isotropic ferrite across the phase boundary

Figure 4.9: Total shear distribution profiles (along X “ ´LX{2NX , ahead of the
curved phase boundary at p0, 0.25LY q and extending into the ferrite zone) pro-
files for different martensite variant-ferrite combinations at two different overall
deformation levels, F̄11 “ 1.00125 (left column) and F̄11 “ 1.00875 (right col-
umn).
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The knowledge of hard-soft martensite variants, Table 4.3, can now be used
to create junctions that have high mechanical contrast. The curvature of the
phase boundary used is κ “ κ2. Since the “critical” configuration requires to
avoid high stresses at the phase boundary, the grains (1, 4, 5 and 8) near them
should be assigned the orientations of the softer variants corresponding to the re-
spective prior austenite grain. Grains 3 and 6 are assigned a hard variant, while
grains 2 and 7 are assigned the soft variant of the corresponding prior austenite
based on Table 4.3, providing four contrasting triple junctions along the PAGB.
The ferrite orientation F45o,0o,0o is considered, as it was found to reduce stress
concentrations at the curved phase boundaries in Section 4.3.3. Two different
realisation of the martensite band Figure 4.4 are considered: OO1{OO2 “ 1
(hard bridging martensites across O1O2) and OO1{OO2 “ ´1 (soft bridging
martensites across O1O2) . Positive and negative values for O1O2 refer to sit-
uations when the bridging martensite variants are both hard and both soft,
respectively.
In the first set of sub-structure simulations, the prior austenite orientations A1

and A2 are considered for the two grains. Figure 4.10 shows the distribution of
σ11 component of Cauchy stress and total accumulated shear T , in the volume
element. The curved phase boundaries and the triple junctions are clearly the
regions of intensive stress or strain activity. The amount of plastic activity
in ferrite is expectedly larger than in martensite. Since the region near the
PAGB is the focus of this work, stress σ11 and strain (total shear T ) profiles
along a parallel line close to it (X “ ´LX{2NX) are plotted in Figure 4.11
at two different deformation levels F̄11 “ 1.00125 (left column) and F̄11 “
1.00875 (right column). The decay of stress from the phase boundary curvature
tip is similar for all the cases. The stress levels fluctuate significantly at the
junctions. In the regime of martensite responding elastically, i.e. at F̄11 “
1.00125, the stress around the triple junction (O3, O4) is almost as high or
higher than at the curved phase boundaries. This is the situation that can lead
to stress concentration away from the phase boundaries if the critical stress for
damage initiation is at a similar level. The regions around the triple junctions
(O1, O2) show a sharp dip in the stresses. This is attributed to the anisotropy
of the surrounding crystals deforming to accommodate the incompatibility at
these triple junctions. The level of stress between O1O2 seems to be governed by
the directional hardness of the bridging martensite crystals. Once the plasticity
in martensite initiates, stresses at the phase boundary become higher. This is
attributed to the modest amount of hardening at the triple junctions along the
PAGB. Even at a low plastic strain of „ 0.006 along the PAGB, the transition
of higher stress to the curved phase boundary occurs. This transition stage is
highly dependent on the local crystallography (misalignment of the active slip
systems, etc.).
One can conclude that “critical” martensitic sub-structures can be obtained
given a combination of variants providing the required mechanical contrast and
crystallography are present in the neighbourhood. This situation can also be
achieved even when the misorientation of the prior austenite grains is low or
even zero as shown in Figure 4.12. Whether such sub-structures are plausible as
a product of transformation processes is difficult to answer and is the subject of
transformation modelling. Knowledge of transformation strains, Equation (4.9),
can still be used to get some insights on their inter-compatibility and is discussed
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(a) Stress σ11.

(b) Total shear.

Figure 4.10: σ11 and total shear distribution for the volume element with PAGB
separating by prior austenite A1 and A2 at two different overall deformation
levels, F̄11 “ 1.00125 (left column) and F̄11 “ 1.00875 (right column).
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(a) Distribution of σ11. Red and green curves represent resulting profiles for hard and
soft martensite variants between O1O2, respectively.
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(b) Distribution of total shear. Red and green curves represent resulting profiles for
hard and soft martensite variants between O1O2, respectively.

Figure 4.11: σ11 and total shear T distribution along path X “ ´LX{2NX

close to PAGB (separating the prior austenite A1 and A2) at two different
overall deformation levels, F̄11 “ 1.00125 (left column) and F̄11 “ 1.00875
(right column).
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(a) Distribution of σ11. Red and green curves represent results for hard and soft
martensite variants between O1O2, respectively.
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(b) Distribution of total shear T . Red and green curves represent results for hard and
soft martensite variants between O1O2, respectively.

Figure 4.12: σ11 and total shear T distribution along path X “ ´LX{2NX

close to zero misorientation PAGB (separating prior austenite A1 and A1) at
two different overall deformation levels, F̄11 “ 1.00125 (left column) and F̄11 “
1.00875 (right column).

4.3.5 Transformation strains and residual stresses

The previous section assessed the risk for PAGB damage based on the microme-
chanical response only, given a crystallographic arrangement of martensite vari-
ants in a simplified volume element, Figure 4.3. A crystallography based expla-
nation for experimentally observed stress driven decohesion at different locations
along a PAGB was supported. Variant arrangements resulting in less frequently
observed decohesion locations, i.e. away from the curved phase boundaries
(bounded by martensite phase only), could easily be created. Existence of such
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sub-structures in real microstructures is subject to the transformation process
(nucleation location, kinetics, transformation-sequencing etc.).
Transformation modelling can take these aspects into account. For example,
phase field based modelling of such transformation processes, (Kundin et al.,
2011; Kochmann et al., 2016a) is inherently capable of capturing the ener-
getic principle associated with nucleation and growth of martensite variants.
The competing kinetics can also be captured using gradient flow models of the
Ginzburg-Landau type. Most of the modelling tools are, however, not fully
developed for the problem at hand and do not account for all possible nucleat-
ing variants corresponding to an orientation relation scheme, with the exception
of (Ma and Hartmaier, 2015). Within this restriction, the knowledge of transfor-
mation strains associated with individual variants can still be used to extend the
understanding gained in the previous section. Two further conditions which may
support cracking along the PAGB, away from notch like stress concentrators at
its intersection with the phase boundaries, are proposed. Both situations relate
to the accommodation of transformation strains in the surrounding material.

Strain incompatibility

The transformation (lattice) strains corresponding to different martensite vari-
ants can be strongly anisotropic, see Equation (4.6). The Bain strain Bv , Bain
strain-related rotation Ri, austenite orientation A and the symmetry group
rotations Pi, all contribute to this anisotropy. The transformation strains of
variants around the PAGB and their mismatch will have to be accommodated
by the surrounding material. Nucleating variants tend to minimize this incom-
patibility, which is also supported by energy minimization principles. Due to the
lack of an appropriate model of this type, a theoretical analysis on compatibility
of the transformation strains, that relies on the definition of an incompatibility
measure for PAGB transformation strains, is presented. Considering a PAGB
segment with an interface normal nPAGB , composed of two abutting variants
and given the jump in their transformation strain, JTK, across the interface, the
incompatibility can be quantified using the definition,

X “ }JTK ¨ pI ´ nPAGB b nPAGBq}. (4.11)

The transformation of martensite can initiate either from the interfaces or from
inclusions (particles in the bulk of the austenite). In the inclusion case, the
presence of a variant at the PAGB is a consequence of the nucleation sequence
away from the concerned PAGB. This does not necessarily allow the PAGB
segments to be compatible by variant selection as they may have nucleated
at other locations of compatibility and grown towards the PAGB considered.
Based on earlier work, (Ueda et al., 2001), where the habit planes aligned with
the PAGB normal were suggested to be favourable, the investigation is narrowed
by only considering transformation of such prior austenite grains. A relationship
between the prior austenite grain boundary character and the transformation
strain compatibility across nPAGB is sought. Departing from prior austenite
orientations that align a habit plane p111q with the PAGB, various other orien-
tations can be obtained by rotating the crystal about the X axis, giving twist
misorientation, or about Z (where Z is out of the plane direction), giving tilt
misorientation.
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Figures 4.13 and 4.14 show the incompatibility between variants originating from
different prior austenite orientations, for a twist misoriented and tilt misoriented
PAGB respectively. The horizontal and vertical axes showing the variant num-
bers of prior austenite 1 and prior austenite 2, respectively. The variant numbers
are ordered according to the Bain group, i.e. the 8 variants each of group C first,
followed by group B and then group A. The colour of each voxel represents the in-
compatibility between the respective variants according to Equation (4.11). The
set of lattice parameters of pure iron (aFCC “ 0.36313 nm, aBCC “ 0.28974 nm)
based on (Morito et al., 2003) are used. For a PAGB with zero misorienta-
tion, Figures 4.13a and 4.14a, a fully compatible interface is only obtained for
identical variants on either side. Combinations resulting in minimum incompat-
ibility X “ 0 are obtained after each 120o twist, Figures 4.13c and 4.13e, which
is related to the in-plane direction symmetry. In Figures 4.13c and 4.13e it can
be seen that the compatible variants do not necessarily lie within the same Bain
group. It is important to note here that the cleavage planes from the same group
have low misorientation (Guo et al., 2004). So, if the PAGB were to become
weaker on account of cleavage planes aligning with the PAGB, the selection of
variants from different groups can enhance the strength. Or, at least render
it stronger than when both variants were from the same group with their low
misoriented cleavage planes aligned with the PAGB. On the other hand, the tilt
misoriented PAGBs do not show as good compatibility as the twist misoriented
ones. In fact no combination of X “ 0 is observed.
The situation may be even more complex at the triple junctions along the PAGB.
The incompatibilities may or may not be accommodated at the PAGBs. Typ-
ically, the incompatibilities can be accommodated by plastic straining of the
parent austenite grain. This may leave significant amounts of dislocations at
the boundaries which may affect their local hardening behaviour. The residual
stresses thus left may remain in the material after processing, which can be
detrimental to the strength of the PAGB. If not accommodated, they may even
leave regions of retained FCC phase which can actually increase the toughness
of the PAGB by virtue of being softer.

Tension-compression residual stresses

Another interesting aspect of the transformation strain is the tension and com-
pression along different axes. Such transformation strains can leave residual
stresses of tensile or compressive nature depending on the orientation of the
Bain axis and the constraints induced from the surrounding. It is well possible
that compressive stresses near the phase boundaries suppress the damage ini-
tiation. In order to demonstrate this phenomenon, a simulation on a volume
element as depicted in Figure 4.15 is performed. Figure 4.15 has same over-
all dimensions as Figure 4.3. In a first step, transformation strains as given
in Table 4.5 are assigned to different regions. The transformation is assumed
to take place in a fully martensitic elastic media. During this transformation a
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(a) Twist 0o (b) Twist 60o (c) Twist 120o

(d) Twist 180o (e) Twist 240o (f) Twist 300o

Figure 4.13: Transformation strain incompatibility for PAGBs with twist mis-
orientation. The variant groups are ordered according to the Bain groups and
in the order C first, then the variants of B and A (last), Table A.2

Region Transformation strain

Ferrite I

Martensite (Y ă 0)

¨

˚

˚

˚

˝

1.125 0.060 0.060

´0.074 1.111 0.134

´0.074 ´0.194 0.783

˛

‹

‹

‹

‚

Martensite (Y ą 0)

¨

˚

˚

˚

˝

0.783 0.074 0.194

´0.060 1.125 0.060

´0.134 ´0.074 1.111

˛

‹

‹

‹

‚

Table 4.5: The transformation strain values applied to the grains in Figure 4.15.
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(a) Tilt 0o (b) Tilt 60o (c) Tilt 120o

(d) Tilt 180o (e) Tilt 240o (f) Tilt 300o

Figure 4.14: Transformation strain incompatibility for PAGBs with tilt misori-
entation. The variant groups are ordered according to the Bain groups and in
the order C first, then the variants of B and A (last), Table A.2

Figure 4.15: The volume element used for application of transformation
strains, Table 4.5. κ “ κ2 is used.
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boundary constraint as given by

F̄ “

¨

˚

˚

˚

˝

˚ ˚ ˚
0 ˚ ˚
0 0 ˚

˛

‹

‹

‹

‚

; P̄ “

¨

˚

˚

˚

˝

0 0 0

˚ 0 0

˚ ˚ 0

˛

‹

‹

‹

‚

Pa (4.12)

is enforced. The martensite accommodating the transformation strains is also
constrained by the surrounding ferrite. This process gives rise to residual
stresses. Stress component σ11 along X “ LX{100 is plotted in Figure 4.16.
From this state, a loading is applied to achieve the final overall deformation
state defined by

F̄ “

¨

˚

˚

˚

˝

1.01 ˚ 0

0 ˚ 0

0 0 1

˛

‹

‹

‹

‚

; P̄ “

¨

˚

˚

˚

˝

˚ 0 ˚
˚ 0 ˚
˚ ˚ ˚

˛

‹

‹

‹

‚

Pa, (4.13)

within 10 seconds. σ11 at the end of this continued loading is also plotted

´0.5 ´0.3 ´0.1 0.1 0.3 0.5

´0.1

0.0

0.1

0.2

Y {LY

σ
1
1
{5
10

G
P
a

Transformation end

Continued loading (F̄11 “ 1.01 at 9̄F “ 0.001 s´1)

Figure 4.16: σ11 profile along the path X “ LX{100. Normalisation is done by
the elastic constant c11. κ “ κ2 is used.

in Figure 4.16. It can be seen that the initially compressed region loads up
slower as compared to the rest and thus may achieve a critical stress only at
higher overall strain level.

4.4 Conclusion

This contribution focused on understanding the phenomenon of martensite crack-
ing in dual-phase steels. The study was particularly motivated by–a less frequent
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but rather intriguing phenomenon–the observation of PAGB crack nucleation
away from the phase boundary. The role of possible mechanistic features that
can lead to such behaviour has been delineated. The anisotropic elasticity re-
lated to the martensite crystal structure triggers stress heterogeneities and con-
centrations. For a fixed phase boundary curvature, there exist prior austenite
orientations which provide sufficiently high contrasting variants (either elasti-
cally, plastically or both) to provide a comparable decohesion stress σ11 away
from the phase boundary even for relatively simple configurations. This possibil-
ity exists irrespective of the misorientation between the adjacent prior austenite
grains. Even small amounts of plasticity (of the order of 1%) near the PAGB
alter the stress concentration location near the phase boundaries.
The second part of the study focussed on the possible role of transformation
strains and their mismatch in causing residual stresses along PAGBs. Com-
binations of variants with a small mismatch were identified for given sets of
two prior austenite grains. For prior austenite grains with their habit plane
parallel to the PAGB, the twist misoriented PAGBs reveal more compatible
variants as compared to the tilt misoriented PAGBs. A simplified simulation
with tensile-compressive residual stresses was shown to delay the development
of tensile stresses (which may lead to decohesion) in regions with compressive
residual stresses.
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Chapter 5

Integral nonlocal approach to
model interface decohesion in
FFT solvers4

Abstract

Increasing popularity of FFT-based spectral solvers demands exploration into
extension of their functionalities, for example, interface modelling. This research
contribution discusses the challenges associated with modelling interfaces (de-
cohesion in particular) in FFT-based spectral solvers. The lack of an interface
elements based solution within the FFT framework necessitates to incorporate
the cohesive fracture concept through the classical ideas of continuum damage
mechanics. The directionality of the crack opening is implemented using crystal
plasticity like anisotropic kinematics. An integral nonlocal continuum damage
type approach is used to obtain delocalised deformation, enabling scaling of co-
hesive parameters leading to insensitive work of damage dissipation. Challenges
arising in implementation of the kinematics and nonlocal regularisation within
interphases and triple junctions, in context of the regular grid FFT discretisation
are addressed. Scaling properties of the underlying damage model are discussed
in a simplified one-dimensional setting. The resulting model is then applied to
polycrystalline volume element containing triple junctions. Motivated by ex-
perimental observations of interface decohesion, a second application to a prior
austenite grain boundary with prescribed fracture properties is discussed.

5.1 Introduction

Fast Fourier Transform (FFT) based boundary value problem solvers are be-
coming increasingly prominent in the mechanics community. In particular, mi-
cromechanical studies which take material data input from experiments (EBSD,
tomography, CT scan and other grid-based characterisation techniques) are

4This chapter is based on: Sharma, L., Peerlings, R. H. J., Roters, F., and Geers, M. G. D.
. Integral nonlocal approach to model interface decohesion in FFT solvers. (In preparation).
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suitable to analyse with these solvers, for example (Lebensohn et al., 2012;
Wang et al., 2014). They have provided significant improvement in scientific
and engineering understanding of stress-strain partitioning in dual phase (DP)
steels ((Tasan et al., 2014b) and references therein). The periodic shape func-
tions of FFT solvers make them particularly suited to homogenisation proce-
dures of representative volume elements where periodicity is the most natural
assumption. The interpolatary properties provided by Fourier shape functions
ease the computational implementation. The computational requirements for
storage are significantly reduced due to the matrix-free solution scheme. This
is a significant advantage over classical finite element (FE) approaches which
typically require assembly of stiffness matrices which scale with the square of
the problem size. The storage allocation and assembly time for large systems
is thus avoided. Using optimized FFT routines in the solution process further
reduces calculation times. These computational advantages have convinced the
micromechanics community in exploiting FFT-based spectral solvers for multi-
field problems.
First introduced as boundary value problem solvers for metal-matrix compos-
ite volume elements (Moulinec and Suquet, 1998), a finite strain extension was
provided in (Eisenlohr et al., 2013). The role of auxillary/reference media in
constructing the residual (of the discretised boundary value problem) using the
fixed point iterative scheme and the solution methods for finding the roots of
that residual was clarified in (Shanthraj et al., 2015). This article also compares
several alternative schemes in terms of convergence characteristics and solution
quality. Combination of discretisation artefacts and Gibbs phenomena for highly
oscillating coefficients degrade the solution quality. Several improvements, like
filters for removing high frequency components or convolution operators, for
example, (Willot, 2015) seem to improve the quality of results obtained. Pro-
jection based formulations like (Zeman et al., 2017; de Geus et al., 2017) that
do not rely on reference media and use the material tangent in the solution
procedure may provide further insights.
Microstructures of industrially relevant metals typically involve a complex mor-
phology with a high fraction of interfaces. For nanocrystalline microstructures
with ultra small grains (Æ100 nm), the density of mobile bulk dislocations might
be so small that the interfaces have to play a dominant role in accommodat-
ing the applied deformation. In martensitic steels, certain interfaces have been
found to be glissile leading to unexpected plasticity of martensite, for example
by sliding, see (Morsdorf et al., 2016; Du et al., 2016). Apart from accom-
modation by sliding, decohesion can be another dominant deformation mode
under particular loading conditions. (Archie et al., 2016) identified cleavage
along prior austenite grain boundaries as an important deformation mechanism
for crack nucleation in martensitic regions. The dominance of such phenomena
in industrially relevant metals makes it important to understand and unravel
these mechanisms. Since FFT-based solvers are becoming a popular choice for
micromechanical calculations of such materials, it is natural to extend such
modelling frameworks to incorporate interface mechanics. To model decohe-
sion/damage/fracture, there are two well-known approaches prevalent in the
mechanics community, surface-based cohesive zone modelling (Needleman, 1990)
and the volume-based approaches like continuum damage mechanics (Kachanov,
1958; Rabotnov, 1968; Lemaitre, 1971, 2012)
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Cohesive zone modelling treats decohesion as a separation between surfaces,
with a traction-separation law (TSL) governing the debonding process. Several
other interesting phenomena, like the grain boundary structure, dislocation pile-
up, etc., at or in the vicinity of interfaces affect their elasto-plastic behaviour.
They may significantly affect the interface mechanics (sliding or opening) which
render the interface mechanics complex. For decohesion processes that involve
significant material activity (for example plasticity), the mathematical descrip-
tion (traction components as function of separation components) of the TSL
curve only account for this in a homogenised sense. Starting with the ideal
plastic form given in (Dugdale, 1960), several improvements like the asymptotic
form (Tvergaard, 1989) and a combination of the two (Tvergaard and Hutchin-
son, 1992) have been given. (Needleman, 2014) also discusses a linear softening
form. The cohesive zone approach relies on zero-thickness interface elements
which are placed a priori at the interfacial locations. Other related approaches
like the partition of unity method for fracture modelling, rely on local enhance-
ments of the shape functions. Except for recent developments (Remmers et al.,
2013), cohesive zone approaches can not account for in-plane stresses which may
be important for example in problems involving crack splitting. Following the
success of FFT solvers for other microstructural studies, it is only natural to
extend their capabilities for interface modelling. The lack of a sharp interface
representation and global shape functions rules out the zero-thickness cohesive
element type formulation. Given the intrinsic continuity requirement in FFT,
damage mechanics provides a valuable alternative.
Surface-based interface fracture phenomenon can be approximated by volumet-
ric damage modelling of the interface (for e.g. grain boundary), represented as
interphase. Given a microstructural volume element, such interphases can be
identified a priori by the grid points in the immediate neighbourhood of sharp
interfaces, as illustrated in Figure 5.1. The sharp interfaces can be considered
as the perpendicular bisectors of the lines joining the generator points of the
Voronoi algorithm or can also have an analytical description. The sub-regions
of the interfaces inherit the elasto-plastic constitutive behaviour of the parent
microstructural phase. In addition, an interfacial debonding behaviour can be
assigned to them. The volumetric representation naturally introduces a thick-
ness to the interphase, as shown in Figure 5.1. Since interphase regions are
approximating the interfaces, their thickness should be considered a numeri-
cal parameter. Such an approach for interface debonding has been discussed
in (Chaboche et al., 2001) for finite element modelling and in (Sharma et al.,
2018) for a one-dimensional FFT implementation.
The identification of an interphase region helps in formulating a theoretical
bound, i.e a uniform damage distribution along the thickness. In computa-
tions, it is not easy to obtain such a uniform and unique damage distribution.
Numerical simulations based on local dissipation techniques are typically mesh
sensitive, predicting non-objective crack paths and overall responses (Forest and
Lorentz, 2004). This sensitivity is related to ill-conditioning of the system of
equations describing the boundary value problem (Peerlings et al., 1996b). Non-
local regularisation techniques based on either the integral approaches (Bažant
and Jirásek, 2002) or the gradient-based approaches (see (Peerlings et al., 1996b;
Geers, 2004; Shanthraj et al., 2017, 2016) and references therein) have been suc-
cessful in obtaining delocalised solutions. While applying these techniques to
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Figure 5.1: Schematic identifying sharp interfaces as interphases of uniform
thickness l. The boundary interphase consists of two adjacent microstructural
sub-volumes (grains of same or different phase). Similarly, the triple junction
(point in 2D) can be identified by three microstructural sub-volumes.

microstructural problems, one typically encounters additional complexity at the
triple junctions. By means of the interphase discretisation, this can be allayed
but the issue of nonlocality needs to be addressed in any case.
The composition of this paper is as follows. After this introduction, the the-
oretical details are presented in Section 5.2. The theory section discusses the
kinematics of the interfaces as interphase regions accounting for the triple junc-
tions Section 5.2.1. The regularisation approach within the interphase domain
and the associated scaling theory are discussed in Section 5.2.2 and Section 5.2.3,
respectively. The results section discusses the scaling behaviour in a 1D setting
in Section 5.3.1 before a polycrystalline crack propagation example is presented
in Section 5.3.2. An application of the model to prior austenite grain boundary
damage is finally presented in Section 5.3.3.

5.2 Theory and implementation

The boundary value problem (BVP) to solve in this work consists in obtaining a
deformation gradient field Fp ~Xq such that the corresponding stress field Pp ~Xq
obtained is in equilibrium. The field F is obtained by solution of the mechanical
equilibrium problem,

~∇ ¨ PpFq “ ~0. (5.1)

The divergence free condition is applied on the first Piola-Kirchhoff stress (P),
as the equation is solved in the reference configuration. Thus, the divergence
operator ~∇¨ is also defined in the reference configuration.

78



5.2.1 Kinematics

In continuum damage mechanics based approaches, the softening response is
typically modelled by stiffness degradation (Peerlings et al., 1996b; Shanthraj
et al., 2016) leading to accommodation by elastic strain or by evolution of eigen
strains (Menzel et al., 2002; Aslan et al., 2011; Shanthraj et al., 2017). Following
the latter approach and motivated with extending a modular framework of ma-
terial modelling (Roters et al., 2019) to incorporate interface modelling, a finite
strain multiplicative split for deformation kinematics is used. The multiplicative
split of F for interface damage modelling reads

F “ Fe ¨ FI ¨ Fp, (5.2)

with Fe,FI and Fp representing bulk elastic, interfacial and bulk plastic con-
tributions to the total deformation gradients, respectively. The kinematic flow
rules connecting the deformation gradients to their velocities are written as,

9FI “ LI ¨ FI (5.3)

and

9Fp “ Lp ¨ Fp, (5.4)

where 9FI and 9Fp correspond the corresponding partial time derivatives. Lp is
the plastic velocity gradient tensor which is typically constructed by projecting
the constitutive slip activity 9γα on the respective slip-systems tensor ~dαb~nα with
~dα and ~nα representing the slip direction and normal respectively for slip-system
α. The quantity total shear,

ş

Σ| 9γα| dt, represents the sum of accumulated
plastic slip on all the slip systems. LI is discussed next.
Interface opening and sliding typically constitute the interface kinematics, as
incorporated in cohesive zone approaches. The pointwise opening and sliding
displacements can be defined as ∆n and ∆s, respectively. Since, in this inter-
phase based approach for FFT solvers, formulations are restricted to strain like
variables, suitable normalised quantities need to be defined as well. To describe
the separation strains, scalar variables for normal opening δn and interface plane
sliding δs can be introduced such that their integrals,

ş

δn dΩ̃ and
ş

δs dΩ̃ pro-
vide ∆n and ∆s, respectively. Considering the view that the domain Ω̃ is purely
auxiliary, facilitating the interfaces as interphases approximation, it can attain
a value between the finite volume associated with the grid point to the entire
interphase domain represented by ΩI , with the former being strongly mesh sen-
sitive and the latter being difficult to justify locally. A reasonable assumption
may depend on the location of the material point of interest which is discussed
later.
Having defined δn and δs for the kinematics, their respective constitutive evo-
lution is defined analogous to traction-separation laws. Their growth rate is
considered to be driven by the resolved traction on the interface BBI with the
unit normal ~nI . For normal separation, the evolution equation

9δn “ 9δn0

〈 |tn|
tn0 f

´ 1

〉2
tn

|tn| (5.5)
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is driven by the normal component of the resolved traction tn “ MI : p~nI b
~nIq. MI is the Mandel stress which is work conjugate to the interface damage
(decohesion) velocity gradient. tn0

is the critical strength for damage initiation
of the softening process. f is a degradation function controlling the softening
behaviour during normal separation. The value of f drops monotonically from
unity towards zero as decohesion develops. 9δn0 scales the term containing the
Macaulay brackets, defined as 〈¨〉 “ p¨ ` | ¨ |q {2. The square exponent over the
brackets smooths the yield surface defined by the confined expression. The
evolution of sliding related strains is given, in a similar way as,

9δs “ 9δs0

〈 |ts|
ts0 f

´ 1

〉2
ts

|ts| , (5.6)

with analogous meaning of parameters as in opening separation mode. ts is
defined as MI : p~dI b ~nIq where ~dI is the effective direction of sliding in the
interface plane. ~dI is obtained by normalising the vector MI ¨ ~nI ´ tn ~nI .
The velocity of the deformation gradient related to the decohesion can then be
written as,

LI “ 9δnp~nI b ~nIq ` 9δsp~dI b ~nIq. (5.7)

For the interphase regions away form the triple junctions, there is no ambiguity
as to which interface normal needs to be used. Exactly at the triple junction,
there is no unique interface normal but all three corresponding to the constitut-
ing interfaces are plausible. For such sharp/discrete triple junctions, (Gurtin and
Anand, 2008) provided constraint relationship for the displacement jump com-
ponents corresponding to constituting interfaces. In continuum approach fol-
lowed for interface as interphase approximation, this ambiguity can be resolved
purely on the basis of geometry that identifies interfaces as interphases, Fig-
ure 5.2.

5.2.2 History variable, softening and regularisation

In the interface kinematics described above, the softening results from the degra-
dation of the model parameters tn0

and ts0 . The degradation function f intro-
duced in Equations (5.5) and (5.6), provide nonlinear softening characteristics
to the model. There is no unique way of constructing these functions. It is es-
sential though to decide on the arguments for these functions, which usually are
either normal separation, sliding separation or both. This choice also decides the
constitutive coupling between the two modes. One necessary condition is to en-
sure that they start from a value of unity at zero separations and monotonically
decrease towards zero as the separation increases. The experimental charac-
terisation of the mode coupling is complicated anyway. Hence, the degradation
function with the normal and sliding mode contributions fn and fs, respectively
as,

f “ fn fs (5.8)
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I23

Figure 5.2: The identification of grid points with the triple junction. Consider
a grid point at the position vector ~X within the interphase region. The position
vectors of the nearest seed points s1, s2 and s3 are ~s1, ~s2 and ~s3, respectively.
~s1 being the Voronoi generator point of the grain in which ~X lies. For each such
grid point, two distance values, dX12 “ ||~nI12

¨ p ~X ´~s1q| ´ |~nI12
¨ p ~X ´~s2q|| and

dX13 “ ||~nI13
¨ p ~X ´ ~s1q| ´ |~nI13

¨ p ~X ´ ~s3q|| can be computed as the distance
of ~X from the sharp interfaces with normals ~nI12

and ~nI13
, respectively. If the

distance dX12 ď dX13, then the interphase grid point ~X is assigned the interface
normal ~nI12

, otherwise ~nI13
.

is adopted. Both modes are imparted similar nonlinear softening. Flexibility,
by allowing different final failure strains δfn and δfs is provided as

fn “
˜

1 ´ δ̃nH

δfn

¸2

(5.9)

and

fs “
˜

1 ´ δ̃sH
δfs

¸2

(5.10)

for degradation in different modes. Both δfn and δfs are related to the separa-
tion displacements at the loss of cohesive strength in opening and sliding modes.
δ̃nH

and δ̃sH are the nonlocal counterparts of the history fields of δnH
and δsH ,

respectively. The evolution of these history fields is defined as,

9δnH
“

〈
9δn
〉

(5.11)

and

9δsH “ | 9δs|, (5.12)

81



with the initial condition δnH
“ δsH “ 0. The history field parameters are

introduced to maintain monotonicity as done in gradient damage based mod-
elling (Peerlings et al., 1996b; Geers, 2004) and more recently in phase field
modelling (Miehe et al., 2010). Since the softening in the model occurs through
the degradation parameter, it directly governs the damage. Closure of normal
separation, i.e the decrease in δn happens without any degradation, hence the
Macaulay brackets in Equation (5.11). While the damage is accumulated in
positive and negative shear, Equation (5.12).
The nonlocal field variable used for regularising are motivated by the discussion
on localisation in the introduction. The nonlocal history fields are calculated
by convolution of their respective local counterparts using the averaging kernel
function Ψp ~X; ~Y q as,

δ̃nH
p ~Xq “

ş

Ω̃
Ψp ~X; ~Y qδnH

p~Y q
ş

Ω̃
Ψp ~X; ~Y q (5.13)

and likewise

δ̃sH p ~Xq “
ş

Ω̃
Ψp ~X; ~Y qδsH p~Y q
ş

Ω̃
Ψp ~X; ~Y q . (5.14)

The domain of the integral (influencing neighbourhood domain) needs to be
defined a priori. This is different, as compared to, when using a differential
equation based approaches for nonlocality, for example in the gradient dam-
age approach, wherein the equation is typically solved over the entire domain
of the problem. The weight of the domain outside the interphase region can
be controlled by the damage gradient penalty term (lengthscale). In (Sharma
et al., 2018), where a comparable and efficient alternative to the gradient ap-
proach (Chapter 2) was presented, the integral domain could be defined easily,
as the implementation was one-dimensional. In the current work, where two-
dimensional microstructures with inclined interfaces and triple junctions are
considered, defining such a domain requires further considerations. The domain
should be large enough to encompass the entire thickness of the interphase and
must be larger than the minimum resolvable distance in the interface parallel
direction. At the same time, this domain size should not be so large that it
spans distant triple junctions, direct interaction of which do not make physical
sense. This is also important from a numerical perspective, as the sparsity of the
integral may be lost otherwise. Near triple junctions, the local measures at ~X
and ~Y may correspond to kinematic quantities belonging to different interfaces.
Such a nonlocal coupling between different interface damage modes is difficult to
justify from physics or kinematics based arguments. Other approaches defining
a single parameter for representing local damage, for example (Shanthraj et al.,
2017) also suffer from similar problems. Considering the phenomenology of the
constitutive models considered in this work, this coupling can be considered
purely numerical in nature.
The use of regularised parameters in the constitutive equations related to soft-
ening is expected to reduce the mesh sensitivity. In literature, typically an
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isotropic averaging kernel,

Ψiso “ exp

¨

˝´
˜

}~R}?
2λ

¸2
˛

‚ (5.15)

is used, where ~R “ ~Y ´ ~X is the distance vector from the local point ~X to the
nonlocal point ~Y while calculating Ψp ~X; ~Y q. The extent of the influence zone
depends on the domain of the integral and λ controls the magnitude of the kernel
in the nonlocal averaging. In the interfaces as interphases approach followed in
this work, the thickness of the interphase is a numerical parameter. Hence,
regularisation in the direction perpendicular and parallel to the interfaces can
be different. In order to provide this flexibility, the kernel function has to take
an anisotropic form,

Ψaniso “ ΨK ¨ Ψ‖ (5.16)

“ exp

¨

˝´
˜

~R ¨ ~nI?
2λK

¸2
˛

‚¨ exp
¨

˝´
˜

}~R ´ p~R ¨ ~nIq~nI}?
2λ‖

¸2
˛

‚, (5.17)

where λK and λ‖ are the regularisation lengthscales in the directions perpendic-
ular and parallel to the sharp/discrete interface. A distinction should be made
when ~Y lies in the different interphase region (Figure 5.3), i.e. the region which
has an interface normal associated with it that is different from the normal at
~X. An anisotropic averaging is not plausible in that situation. Therefore, the
following definition for the averaging kernel is used, i.e.

Ψ “
#

Ψaniso if,~nI |~Y “ ~nI | ~X
Ψiso otherwise.

(5.18)

The regularisation lengthscale parameters also need to be quantified. In the

~eX

~eY

~eZ I12

I13
I23

~X

~Y “ ~Ya
~Y “ ~Yb

Figure 5.3: Considering Ψp ~X; ~Y q. In the schematic, ~X and ~Ya belong to the
interphase of the interface I12 while ~Yb belongs to I13. Therefore, Ψp ~X; ~Yaq “
Ψaniso and Ψp ~X; ~Ybq “ Ψiso.
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perpendicular direction, any value of λK that provides uniformity of the dam-
age field through the thickness is adequate. The one-dimensional analysis made
in (Sharma et al., 2018) demonstrated that a significant amount of uniformity
can be obtained if λK ě l. Decoupling of the regularisations in interface perpen-
dicular and parallel directions is also supported through the fact that regulari-
sation in the parallel direction essentially influences the crack growth. It should
be ensured that the averaging kernel value drops sufficiently at the boundaries
of the integral domain Ω̃.

5.2.3 Work of dissipation and scaling of the cohesive strain
parameter

As mentioned in the preceding sections, unless there is a compelling physical
argument, the interphase thickness l should be considered a numerical param-
eter. Thus, the energy dissipated during the complete separation process must
be independent of the thickness l, or in a computational assessment should not
be too sensitive to the interphase thickness. Following (Sharma et al., 2018),
for a rate independent setting or for an infinitesimal loading rate, the fracture
energy density can be written as,

gcn “ tn0
δfn
3

(5.19)

for the normal separation mode and

gcs “ ts0δfs
3

(5.20)

for the sliding mode. Knowing the state of each point within the interphase,
the total energy dissipated can be calculated by integration over the interphase
thickness. The one-dimensional study presented in (Sharma et al., 2018) showed
that simulations with scaled cohesive parameters, obtained for a uniform damage
profile across the width, provide calculated fracture energies that are almost
insensitive to the interphase thickness. The same approximation is used here
for two-dimensional study, for both normal and sliding strains, giving

∆n “ δn l, (5.21)
∆s “ δs l (5.22)

to maintain the linear scaling of the fracture energy with l. Similarly for the
separation and sliding rates,

9∆n “ 9δn l, (5.23)
9∆s “ 9δs l. (5.24)

Note that the fracture model dissipates as the damage openings described in Equa-
tions (5.5) and (5.6) evolve. These formulations allow to incorporate rate effects
involved in cracking. When employing the model to describe brittle/quasi-
brittle fracture, these effects can be kept minimal. In such cases, the vis-
cous contribution can be seen as purely numerically motivated, see for exam-
ple (Chaboche et al., 2001) but in current model, the numerical stabilisation
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is also attainable by the nonlocal regularisation. In other cases, where the de-
cohesion is ductile in nature, the rate parameters may reflect the activity of
the physical mechanisms, for example, micro-void growth and coalescence. The
parameters to scale under this consideration are δfn, δfs, 9δn0 and , 9δs0 following
the relationship with the interphase thickness as,

δfn l “ ∆n,c (5.25)
δfs l “ ∆s,c (5.26)
9δn0 l “ 9∆n0 (5.27)
9δs0 l “ 9∆s0. (5.28)

∆n,c and ∆s,c can be compared to critical crack tip opening displacements, when
making an analogy to cohesive zone modelling. 9∆n0 and 9∆s0 can be considered
as constants related to the opening displacement rates.
In order to ensure the uniformity of damage, justifying Equations (5.22) and (5.24),
a large level of regularisation is required in the thickness direction. The limit
λK Ñ 8 refers to a uniform weight function.

5.2.4 Solution procedure

The complete boundry value problem in this work constitute a multi-field prob-
lem requiring F, δ̃nH

and δ̃sH as solution fields. The field of F is obtained through
the solution of the mechanical equilibrium problem, Equation (5.1), solution of
which requires the field of P, calculated from a given initial guess field of F
which is then partitioned into the elastic, plastic and interfacial part. The stress
calculation algorithm involves the determining the interface FI and plastic Fp
deformation gradients, that are calculated using the kinematic flow rules, Equa-
tions (5.3) and (5.4). Knowing the interfacial and plastic deformation compo-
nents of F, the elastic component can be recovered using Equation (5.2). Con-
sidering the large number of internal variables involved in multi-field coupled
crystal plasticity problems, a modular algorithmic approach is followed which
necessitates a staggered solution strategy for the stress integration algorithm.
Within this approach, the internal variables are calculated using the fixed point
algorithm. For more details, the reader is referred to (Roters et al., 2019). On
thus resulting stress field, the divergence free condition needs to be applied. The
first Piola-Kirchhoff stress (P) is used, as the equilibrium is solved in the refer-
ence configuration. This is a standard choice for the FFT solvers. In DAMASK,
the Lippmann Schwinger equation governing the divergence free condition, is lin-
earised using the fixed point formulation. The roots of thus resulting residual
are solved using the NGMRES algorithm (implemented in PETSc (Balay et al.,
2016)) which has been shown to be optimum for such problems in (Shanthraj
et al., 2015).
The other two solution fields are obtained by computation of the integrals given
in equations Equations (5.13) and (5.14). In an efficient numerical implementa-
tion such convolutions are written in matrix-vector multiplication format as,

δ̃nH
“ ΨδnH

(5.29)

δ̃sH “ ΨδsH , (5.30)
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where, δ̃nH
, δ̃sH and δnH

,δsH are vectorial representations of the nonlocal and
local history fields related to the decohesion strains. The size of each of them is
NI ˆ1. Ψ is the matrix of the normalised nonlocal/convolution weights of max-
imum size NI ˆNI . Since the maximum size of NI ˆNI is non-scalable, besides
each grid point within the interphase region does not need to be influenced by
every other point in the interphase, a sparse representation of Ψ is implemented
using the compressed row format. Construction of this sparse matrix requires
the knowledge of the maximum number of non zero entries per row which can
be estimated using the number of grid points within Ω̃.
A staggered approach is followed to solve this three field (F, δ̃nH

, δ̃sH ) problem.
To avoid convergence problems as f approaches zero, a minimum value for it is
prescribed f ě f0. In the simulations presented in this work f0 ď 0.15 is used.
This value was found to provide significant softening as will be evident from the
results in next section.

5.3 Results and discussion

5.3.1 Uniformity of micromechanical fields in the presence
of a defect

In this first set of results, the nonlocal approach is assessed in terms of deforma-
tion localisation. For this purpose, consider a 1D bar (Figure 5.4) of length L
spanning the space X P r´L{2, L{2s with a sharp interface in the middle, X “ 0.
The interphase approximation of this sharp interface has a thickness l, and spans
X P r´l{2, l{2s. Similar to the analysis presented in (Sharma et al., 2018), the

0´ l
2

l
2´L

2
L
2

X

Discrete Interface (X=0)

Interphase

Figure 5.4: Schematic representing the 1D bar of length L with the interphase
region of length l.

Young’s modulus E is considered uniform throughout the bar. Elasticity fol-
lowed by damage are the only mechanisms considered for this analysis. In a
more complex example, in Section 5.3.2, heterogeneity due to different mechan-
ical properties across the sharp interface shall be introduced. The simplification
made here allows to systematically analyse the regularisation properties of the
model. A strong (but controlled) localising defect (defined by the defect inten-
sity parameter df ) is placed a priori to induce localisation. The df parameter is
used to modulate the damage model parameters such that deformation localises
in the centre of the interphase and not the outer edges. The bar is loaded with
the average deformation gradient rate 9̄F11 “ 10´5s´1 Considering tn0

“ 10´5E
and δfn “ 5tn0{E as the damage parameters, their value is modulated to tmod

n0
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and δmod
fn , respectively. A defect function,

Df “ 1 ´ df
2

` 2|X| df
l

(5.31)

is used for this purpose as,

tmod
n0

“ Df tn0 (5.32)

and

δmod
fn “ δfn

Df
. (5.33)

For no defect, the parameter df “ 0. An exemplary modulating function is
shown in Figure 5.5. The idea of modulating both tn0

and δfn in this particular
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Figure 5.5: A defect function (Equation (5.31)) plot for df “ 0.4.

manner is to leave the fracture energy density unaffected when the defects is
introduced.
Interphase thicknesses l P t0.01L, 0.02L, 0.04Lu are considered. The regularisa-
tion lengthscale λK “ 5l is used. 9δn0{ 9̄F11 “ 105 is considered for l{L “ 0.01
and varied according to Equation (5.28) for other values of l. Figure 5.6 (left)
shows the overall response (in terms of overall true stress and strain components,
σ̄11 ´ ε̄11) of the bar for different values of l, for the case without the defect,
df “ 0, which serves as a reference. For each value of l, the simulations are
performed at resolutions of 1000 and 2000 grid points. The work of dissipation
calculated from the numerical results of these simulations show a maximum rel-
ative difference of the order of 10´4. It is clear from this result that the scaling
works as expected, leading to a work of dissipation that is independent of l and
also mesh independent.
To assess the influence of the defect, a strong localising defect of df “ 0.05
that perturbs the uniformity of the separation strains is introduced in the bar
with l{L “ 0.04. Figure 5.6 (right) reveals that the same regularisation values
λK “ 5l provide an overall response that is practically identical to the case
with no defect. The dissipation values obtained for two different resolutions
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Figure 5.6: Left: The overall responses of 1D bar (without defect) for different
l{L. Right: Overall responses, only for l{L “ 0.04, for different defects (df )
inside the interphase region.

are within 10´5 relative difference. Compared to the defect free simulations,
the fractional difference is less than 10´2, which is satisfactory for numerical
purposes. The distribution of the separation and separation rate field, depicted
in Figure 5.7, shows a significant deviation from uniformity. The evolution
profiles follow the same trend as the underlying defect distribution. Though
non-uniform, an important observation is that the damage activity does not
switch off in any part of the interphase.
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Figure 5.7: Evolution of separation (left) and separation rates (right) for df P
t0, 0.05u.
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5.3.2 Polycrystalline example

To assess the applicability of the decohesion model for polycrystals, a simulation
on the volume element shown in Figure 5.8 is performed. The volume element
represents an artificial microstructure obtained by Voronoi tessellation. It con-
sists of four distinctly identified grain orientation regions, numbered 1,2,3 and
4. These grains are characterised with a phenomenological crystal plasticity
model using ferrite parameters as listed in Table 4.1. Heterogeneities within
the volume element are naturally present through the different orientations of
each grain. These orientations are listed in Table 5.1. The orientation of these
crystalline grains is chosen such that only low misorientation (ď 10o) grain
boundaries are obtained. In order to approximate stress-free conditions at the
top and bottom faces and thereby avoiding the periodic stress field of the crack
patterns across the horizontal edges, a compliant phase is added at top and
bottom, (Figure 5.8(left)). The elastic modulus of this phase is 100MPa and
the Poisson’s ratio 0, which renders this phase approximately three orders of
magnitude softer than the ferrite grains. The volume element is discretised by
a grid of 100 ˆ 100 points. Since the exact position of the interfaces is known,
the interphase zone ( Figure 5.1) of thickness l is defined by the corresponding
distance functions to each discrete interface. The triple junction regions, defined
by a radius l{2 from each triple junction point, are also identified. Within the
interphase zone the damage model parameters for normal and shear opening
as listed in Table 5.2 are used. This parameter set reflects a brittle softening
response followed by the elastic and plastic response.

Figure 5.8: Volume element with a cluster of 4 grains marked by regions of
different colours. The volume element is padded at top and bottom with a
compliant material to render these faces stress free. The middle figure shows
the interphase region in red. The rightmost image shows the identified triple
junction zones.

The volume element is loaded in horizontal direction with mixed boundary con-
ditions, consisting of an overall deformation gradient rate with accompanying
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Prior austenite ϕ1 poq ϕ poq ϕ2 poq
1 5 0 0

2 0 0 0

3 0 5 0

4 10 0 0

Table 5.1: Orientations of the grains of the volume element shown in Figure 5.8
in terms of their Bunge-Euler triplets.

overall Piola-Kirchhoff stress given as,

9̄F “

¨

˚

˚

˚

˝

10´3 ˚ 0

0 ˚ 0

0 0 0

˛

‹

‹

‹

‚
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˚

˚

˝

˚ 0 ˚
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˛

‹

‹

‹

‚

Pa. (5.34)

The ‘*’ denotes a component that is unconstrained.

Parameter Value

Opening rate constant, 9δn0 1s´1

Sliding rate constant, 9δs0 1s´1

Opening critical stress, tn0
344 MPa

Sliding critical stress, ts0 344 MPa

Opening failure strain, δfn 0.01

Sliding failure strain, δfs 0.01

Interphase thickness, l{LX 0.081

Interface regularisation parameter, λK{LX 1.0

Interface regularisation parameter, λ‖{LX 0.04

Triple junction Regularisation parameter, λ{LX 0.04

Volume element aspect ratio, LX{LY 1

FFT grid resolution, NX ˆ NY ˆ 1 100 ˆ 100 ˆ 1

Table 5.2: Damage parameter values as used in the polycrystal simulations.

The overall stress-strain response in terms of tensile components is shown in Fig-
ure 5.9. The softening regime concerns only a small range of overall strain,
hence a zoomed view of the stress drop is also shown. Contour plots of dam-
age and stress field are presented in Figure 5.10. The effective damage distri-
bution (Figures 5.10a to 5.10d), composed of opening in normal mode, (Fig-
ures 5.10e to 5.10h), and sliding mode (Figures 5.10i to 5.10l), along the inter-
phase at different stages of overall loading are depicted. The decrease of the
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Figure 5.9: Left: Overall stress-strain response in terms of overall true stress
and strain components, σ̄11 ´ ε̄11. Right: Zoom on the softening branch.

σ11 component of the Cauchy stress as a result of the damage is also depicted
in Figures 5.10m to 5.10p . Typically, triple or higher-order junctions are the re-
gions where damage initiates. Triple junctions may have a lower strength owing
to the presence of free volume, larger concentration of micro-voids or chemical
segregation. Since such effects are not incorporated, the limited heterogeneity
due to low angle misoriented interfaces and uniform damage properties does not
trigger these stress concentrations. Instead, damage starts to initiate along the
interphase that is aligned almost perpendicular with respect to the loading. The
normal opening mode is triggered and as this damage accumulates, the stress
field around it adapts to the presence of damage. This leads to the damage
in the triple junction region, wherein, the damage accumulates in both modes.
Triple junctions are the locations where the crack needs to branch onto another
interface. In the present approach, this transition is driven by the stress fields
in the vicinity of the crack tip. Given the modest heterogeneity, the damage
field branches upon reaching the triple junction zone. After branching, the in-
terphase region with the highest stress damages further. This interphase region
is more horizontally inclined than the first part of the crack and hence experi-
ences damage in both normal and shear mode. The growth of damage on this
interphase is comparatively slow, which is clear from relatively slow softening
in part of the stress response in Figure 5.9. After traversing this interphase,
the crack moves onto a more vertical interphase where the crack propagates
comparatively faster and slows down again when continuing onto an inclined in-
terphase. During the softening stage, the total shear distribution (Figure 5.11)
does not change significantly, indicating a brittle damage.

5.3.3 Prior austenite grain boundary damage

The purpose of this section is to demonstrate the application of the developed
methodology to an industrially relevant problem i.e. the strength and ductility
of steels. The interface chosen for this study represent a prior austenite grain
boundary (PAGB). Recent experimental work (Archie et al., 2017) identified
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(a) F̄11 “ 1.05534 (b) F̄11 “ 1.05543 (c) F̄11 “ 1.05550 (d) F̄11 “ 1.05554

Effective damage, f

(e) F̄11 “ 1.05534 (f) F̄11 “ 1.05543 (g) F̄11 “ 1.05550 (h) F̄11 “ 1.05554

Degradation normal mode, fn

(i) F̄11 “ 1.05534 (j) F̄11 “ 1.05543 (k) F̄11 “ 1.05550 (l) F̄11 “ 1.05554

Degradation in sliding mode„ fs

(m) F̄11 “ 1.05534 (n) F̄11 “ 1.05543 (o) F̄11 “ 1.05550 (p) F̄11 “ 1.05554

Cauchy stress, σ11 [Pa]

Figure 5.10: Polycrystal simulation results. Damage (f, fn, fs) and stress com-
ponent σ11 at different deformation levels.
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(a) F̄11 “ 1.05534 (b) F̄11 “ 1.05554

Figure 5.11: Total shear distribution towards the start and end of softening in
polycrystal simulations.

PAGB damage to be a dominant damage mechanism with increasing overall
strain. Chapter 4 discusses a mechanistic explanation for damage initiation
along the PAGB by correlating the mechanically contrasting behaviour of indi-
vidual crystals across the PAGB. Here, that study is extended by incorporat-
ing a damage mechanism along the PAGB. The subject of this investigation is
whether the crack actually nucleates away from the phase boundaries (at both
ends of the PAGB) which are naturally locations of high stress concentrations,
and if the crack grows further.

Figure 5.12: The volume element used for the PAGB damage simulation. The
aspect ratio of LX{LY “ 1 is considered. The origin is at the centre and
the values of l1 “ 0.15LY and l2 “ 0.1LY are considered. The dashed lines
represent the phase boundaries between ferrite (grain 1) and martensite band
(grains {2,3,4,5,6,7,8,9}).

Similar to Section 4.3.1, the volume element used is Figure 5.12. It consists
of a martensitic band and a ferritic region. The martensitic band consists of
two prior austenite grains regions, separated by the PAGB. Within each prior
austenite, regions of unique crystallographic orientations are identified, i.e. the
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Grain ID ϕ1 poq ϕ poq ϕ2 poq
1 (Ferrite) 45 0 0

2,10 (Hard) -24.20 10.52 85.80

3,6,8 (Soft) -90.87 61.66 100.92

4,5 (Hard) -65.80 10.53 44.20

7,9,11 (Soft) -108.87 23.20 115.03

Table 5.3: Orientation of grains of the volume element shown in Figure 5.12 in
terms of their Bunge-Euler triplets. Hard and soft imply their identification in
terms of directional micromechanical response.

so-called martensitic variants. The martensite variant orientations follow the
Kurdjumov-Sachs (KS) orientation relationship (for more details the reader is
referred to (Koumatos and Muehlemann, 2017) and Chapter 4) relative to the
respective prior austenite orientations. Also following the latter work, the ori-
entations are identified as being directionally hard or soft providing mechanical
contrast across the PAGB that may cause damage initiation along the PAGB.
The orientations in terms of Bunge-Euler triplets is given in Table 5.3. The fer-
rite region has a single orientation, with Euler triplet p45o, 0o, 0oq, which gives a
comparatively hard directional response–although softer than that of martensite
variants.
The crystal plasticity model parameters are given in Table 4.1. Chapter 4
numerically demonstrated that within the elastic regime of martensite, the sub-
structure arrangements with sufficiently contrasting grains can lead to stresses
that are high enough to initiate damage initiation. Therefore, a critical stress
in separation mode tn0

“ 448 MPa is chosen. The damage model related pa-
rameters are listed in Table 5.4. The tangential critical stress value is simply
chosen as tn0

“ ts0 “ 448 MPa. A brittle PAGB is assumed and thus in normal
mode a failure strain of δfn “ 0.05 is assumed. For the sliding mode, a larger
value of δfs “ 0.5 is taken. This choice of parameters is uniform throughout the
PAGB. The sharp PAGB interface is approximated by an interphase of thick-
ness l “ 0.02LX . A comparatively low regularisation value λ‖ parallel to PAGB
is used to get a brittle crack. The volume element discretised by a 200ˆ200ˆ1
grid is loaded according to Equation (5.34) for 3 seconds. The resulting overall
stress-strain response in terms of the tensile stress is shown in Figure 5.13. Re-
gions of stress concentration along the PAGB can be observed in Figure 5.14a.
The damage opening initiates at an overall deformation level of F̄11 “ 1.001.
The martensitic regions are in the elastic regime at this stage. These openings
reach a critical level causing a local stress decrease around F̄11 “ 1.00199, also
shown in Figure 5.14b. The PAGB crack grows further until an overall defor-
mation level F̄11 “ 1.00205 is achieved, (Figure 5.14c), at which point one of
its tips reaches the phase boundary (where the PAGB terminates). The other
tip of the crack grows at a comparatively slow rate and eventually gets arrested
within the martensite zone, Figure 5.14d, after which not much softening is
observed. Due to the combined effect of the residual stiffness of the PAGB and
the loading of the ferritic phase the overall stress increases again Figure 5.13.
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Parameter Value

Opening rate constant, 9δn0
1s´1

Sliding rate constant, 9δs0 1s´1

Opening critical stress, tn0
448 MPa

Sliding critical stress, ts0 448 MPa

Opening failure strain, δfn 0.05

Sliding failure strain, δfs 0.5

Volume element aspect ratio, LX{LY 1

FFT grid resolution, NX ˆ NY ˆ 1 200 ˆ 200 ˆ 1

Interphase thickness, l{LX 0.02

Interfaces regularisation parameter, λK{LX 1

Interfaces regularisation parameter, λ‖{LX l{16

Table 5.4: Damage parameters used in the prior austenite grain boundary sim-
ulation.
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Figure 5.13: Overall response (in terms of overall true stress and strain compo-
nents, σ̄11 ´ ε̄11) of the volume element in with PAGB decohesion.
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While ferrite deforms significantly by plastic shear („ 0.1 ´ 0.2) in the region
near the phase boundary, martensite shows only localised plasticity around the
triple junctions (of the order of „ 0.05). The majority of the martensitic regions
respond elastically Figure 5.15.
From this analysis, it is understood that the stress concentration caused by the
anisotropy of martensite variants is not strong. Hence, unless the PAGB regions
away from the phase boundaries are relatively weaker (embrittled), the stress
peaks (leading to decohesion) can shift close to phase boundaries. This indicates
that the role of transformation strain mismatch and residual stresses may be
important in obtaining a martensite bounded crack along the PAGB.

σ11 [Pa]

(a) F̄11 “ 1.00050

σ11 [Pa]

(b) F̄11 “ 1.00199 (c) F̄11 “ 1.00205 (d) F̄11 “ 1.00270

Figure 5.14: Tensile component of the Cauchy stress, σ11, at different stages of
the applied deformation.

5.4 Conclusion

For many industrially relevant materials, interface modelling has been a sub-
ject of intense research for decades. There exist many successful finite element
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Figure 5.15: Total shear distribution at F̄11 “ 1.00270.

based implementations, while Fourier solver based implementations had been
missing. In line with Chapter 2 and a previous work (Sharma et al., 2018),
improvements of FFT-based interface modelling towards polycrystalline grain
clusters are presented.
Anisotropic regularisation, i.e different lengthscales in interface perpendicular
and parallel direction, allows accurate scaling of the work of separation. Neces-
sitated by the geometry of the interphase that approximates the interface, the
method adapts the regularisation parameters near triple junctions. The strongly
nonlocal coupling of the adapted integral approach and the anisotropic inter-
face kinematics allow to model crack nucleation and propagation in a cluster of
grains. This work addresses nonlocality at the triple junctions as well. Higher
order junctions and three-dimensional microstructures may require further con-
sideration.
As a prospective tool for modelling industrially relevant PAGB fracture, the
decohesion model is exploited. The crack development along a PAGB is simu-
lated. Potential crack nucleation at different locations is discussed based on the
fracture toughness magnitude and heterogeneity along the PAGB.
The applicability of the Fourier based approach in modelling interface cracks,
even at low resolution, can be attributed to the adapted nonlocal damage theory
in combination with the usage of recently improved FFT convolution operators
for the mechanical problem and the robust numerical solution of the same, in
DAMASK.
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Chapter 6

Conclusion
Regular grid based discretisation in FFT solvers does not allow for an exact rep-
resentation of arbitrarily oriented interfaces. A satisfactory approximation in
the grid based FFT discretisation depends on the extent of the used resolution.
Recent developments in FFT formulations and solution schemes have promised
an improved solution quality without resorting to excessively fine resolutions.
These improvements, combined with inherent advantages like the storage re-
quirements and speed, lend them amenable for multi-field and multi-physics
problems. Damage mechanics is one such problem where an additional field
variable is required to represent the damage/integrity of the material. Recent
contributions have presented such applications using gradient damage theory
or phase field theory, without specifically focussing on the interfaces. This dis-
sertation has explored the possibility of interface damage modelling using FFT
solvers.
The grid discretisation can not resolve sharp interfaces exactly, however, the grid
(material) points in the vicinity of unresolved sharp interfaces can be identified
a priori, as interphase. This identification introduces a lengthscale in the form of
an interphase thickness, l. Classical ideas of continuum damage mechanics can
then be used to approximate interface decohesion by using constitutive mod-
els that adequately describe the anisotropic softening and kinematics. In this
dissertation, the applicability of this approach is assessed. The significance of
the lengthscale l is emphasized. The damage dissipation by the material points
across the thickness approximates the fracture process of separation of sharp
interfacial surfaces. A correct approximation requires insensitivity of damage
dissipation with respect to the interphase thickness. This necessitates scaling
of the damage model parameters (as a function of l) describing the cohesive
behaviour, akin to the fracture energy trick. Based on a theoretical assumption
that the damage is uniform across the interphase thickness, a scaling relation
is obtained. A computational realisation of this assumption requires the use
of regularisation approaches due to the well-known localisation phenomenon of
softening problems.
Implementation of a gradient damage approach and an integral averaging based
approach, within the regular FFT discretisation, are discussed in this disser-
tation. Chapter 2 discusses the approach to effectively solve a gradient dam-
age equation within the interphase subdomain, such that the damage evolution
within is not influenced significantly by the domain outside it. The method
involves large contrast in regularisation lengthscales λ across the interphase,
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such that λ Ñ 0 outside the interphase. This approach was analysed in a
one-dimensional setup with evolving interphase damage and a two-dimensional
interphase propagating crack. Remarkably, the peak stress was not very sensi-
tive to the interphase thickness. This approach when assessed in terms of the
insensitivity of the damage dissipation to l, showed only satisfactory results due
to the weak approximation of the damage-flux-free boundary condition at the
interphase edges. Nevertheless, a polycrystalline example demonstrated the ap-
plicability of the model in presence of other deformation mechanisms like crystal
plasticity. To address the shortcoming, a comparative one-dimensional analysis
between a gradient damage and an integral averaging approach was performed
in Chapter 3. The integral approach performed better on two accounts: rela-
tively easier implementation and insensitivity of the damage dissipation energy.
Motivated by extending the applicability of the developed methodology, a prob-
lem relevant in the mechanics of dual-phase steels, i.e prior austenite grain
boundary (PAGB) damage, is discussed in Chapter 4. In this chapter, the anal-
ysis is restricted to finding the crystallographic and geometrical factors that
may cause PAGB to damage. The study identifies the curved phase bound-
aries, separating hard martensite and soft ferrite, as a typical damage site. The
heterogeneity arising due to the anisotropy of the martensite crystals around
PAGB, leads to stresses away from curved phase boundaries which larger in
magnitude. This is proposed as a plausible mechanistic (and crystallographic)
explanation for the relatively less frequent damage sites along the PAGB, i.e.
away from the curved phase boundaries. Chapter 5 presents the application
of the integral averaging based damage model to this problem preceded by a
one-dimensional analysis and a polycrystalline application as in Chapter 2.
The major objectives set-out for this research, as noted in (Section 1.4) are
achieved. The interphase approach with scaled damage parameters, provides
a cohesive zone like formulation with a rather low resolution to approximate
interfaces. Two broadly classified regularisation approaches were implemented
and compared. As a prospective interface damage methodology that can work
in synergy with crystal plasticity, the developed methodology was applied to
PAGB damage.
As follow-up studies, better numerical solution schemes can be explored for
the gradient damage approach when using large contrast in lengthscales. Re-
cent developments in iterative solvers, suitable for matrix-free problems, can
be explored for this problem. Multigrid approaches may provide a solution to
this problem. A comparison between the two regularisation approaches can
be made on a bigger polycrystalline problem, in two or even three-dimensions.
Crack path and computational efficiency can serves as a measure for compari-
son. The methodology of representing surface phenomenon by a volume based
approximation can be applied to other interface problems as well. They can be
assessed along similar lines like uniformity of local/non-local fields, accuracy,
etc. The methodology can be applied to other material systems, like bainite,
intermetallics etc. Such extensions may require suitably adapted constitutive
laws.
Application of the developed methodology to more complex problems (within
one, two and three-dimensional setup) may reveal more shortcomings. Address-
ing them may further strengthen the methodology, as has been the case for
continuum damage mechanics theory in general, during last few decades.
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Appendix A

Martensite variant
crystallography

P1 “ I P7 “ R̂p90o, r01̄0sq P13 “ R̂p180o, r101sq P19 “ R̂p90o, r010sq
P2 “ R̂p180o, r101̄sq P8 “ R̂p180o, r100sq P14 “ R̂p180o, r010sq P20 “ R̂p180o, r001sq
P3 “ R̂p120o, r101sq P9 “ R̂p180o, r011sq P15 “ R̂p90o, r100sq P21 “ R̂p90o, r1̄00sq
P4 “ R̂p180o, r011̄sq P10 “ R̂p120o, r1̄11̄sq P16 “ R̂p120o, r1̄1̄0sq P22 “ R̂p120o, r11̄1̄sq
P5 “ R̂p´120o, r111sq P11 “ R̂p90o, r011sq P17 “ R̂p90o, r001̄sq P23 “ R̂p180o, r1̄1̄0sq
P6 “ R̂p180o, r11̄0sq P12 “ R̂p120o, r111̄sq P18 “ R̂p120o, r1̄11sq P24 “ R̂p120o, r11̄1sq

Table A.1: The rotation operators P P P24 which map a cube onto itself.
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Variant Parallel planes Parallel directions Bain Group

fcc bcc fcc bcc

1 p111q p011q r101̄s r111̄s C

2 p1̄1̄1̄q p1̄1̄0q r101̄s r11̄1̄s A

3 p111q p101q r1̄10s r1̄11s A

4 p1̄1̄1̄q p01̄1̄q r1̄10s r1̄11̄s B

5 p111q p110q r01̄1s r11̄1s B

6 p1̄1̄1̄q p1̄01̄q r01̄1s r1̄1̄1s C

7 p1̄11q p1̄10q r101s r111s A

8 p11̄1̄q p01̄1̄q r101s r11̄1s C

9 p1̄11q p011q r1̄1̄0s r1̄1̄1s B

10 p11̄1̄q p101̄q r1̄1̄0s r1̄1̄1̄s A

11 p1̄11q p1̄01q r011̄s r1̄11̄s C

12 p11̄1̄q p11̄0q r011̄s r111̄s B

13 p11̄1q p11̄0q r1̄01s r1̄1̄1s A

14 p1̄11̄q p011̄q r1̄01s r1̄11s C

15 p11̄1q p01̄1q r110s r111s B

16 p1̄11̄q p1̄01̄q r110s r111̄s A

17 p11̄1q p101q r01̄1̄s r11̄1̄s C

18 p1̄11̄q p1̄10q r01̄1̄s r1̄1̄1̄s B

19 p111̄q p110q r1̄01̄s r1̄11̄s A

20 p1̄1̄1q p01̄1q r1̄01̄s r1̄1̄1̄s C

21 p111̄q p011̄q r11̄0s r11̄1̄s B

22 p1̄1̄1q p1̄01q r11̄0s r11̄1s A

23 p111̄q p101̄q r011s r111s C

24 p1̄1̄1q p1̄1̄0q r011s r1̄11s B

Table A.2: The combination of parallel plane normals and parallel in-plane di-
rections in between fcc and bcc lattices corresponding to the theoretical obtained
KS orientation relationships.
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