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1 Verantwoording 

Dit rapport is de schriftelijke neerslag van het project 'Het interactief ontwerpen van de vorm 
van de conus in beeldbuizen'. Het project is uitgevoerd door het Instituut Wiskundige Dienst
verlening Eindhoven (IWDE) van de Faculteit Wiskunde en Informatica van de Technische 
lY niversiteit Eindhoven in opdracht van de groep Philips Components. 

Als projectmanager bij de TUE fungeerde Prof. dr. A.M. Cohen; het project is verder 
uitgevoerd door Dr. H. Sterk en Dr. J. Molenaar. Sterk heeft zich voornamelijk beziggehouden 
met de modellering, de vraagstelling, de krommingsaspecten en de verslaglegging; Molenaar 
met het dikteprofiel (Secties 6 en 7.2), en met de begeleiding van het onderzoek naar een 
praktisch antwerp. 

Van de kant van Philips zijn lr. L.H.G. Mulders (projectmanager Philips), P. Daamen en 
Ir. G.C. van den Berg de vaste gesprekspartners geweest. Daarnaast zijn in diverse stadia 
gesprekken met Ir. W. van der Linden (Philips NatLab), Dr. H. ter Morsche (TUE), en Prof. 
dr. J. Boersma (TUE) nuttig geweest. 
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2 Introduction 

The purpose of these notes is to describe the mathematics involved in the construction of 
cone bodies with positive curvature, and of their thickness profile. In Section 3 we derive the 
relations between the various geometrical quantities involved in describing a cone body; this 
section is based on elementary geometry. Section 4 reviews the relevant background material 
from differential geometry on curvature, and proceeds to focus on the total or Gaussian 
curvature in the case of a cone body. In Section 5 we indicate a process that leads to cone 
bodies with positive curvature. Section 6 discusses the thickness profile. Finally, in Section 7, 
we formulate our conclusions and describe the design. Some of the routines from the computer 
algebra package Maple that were used are described in the appendix. 

Sections 4, 5 and 6 require a solid background in mathematics. 

3 The cross sections of a cone body 

In this section we introduce the terminology used in describing a cone body. Because of 
symmetry it suffices to consider one quarter of a cone body, in particular the northeastern 
quarter when viewed from the rear, as drawn in Figure 1. 

Figure 1: Part of a cone body 

3.1 Cross sections: overview of parameters 

We choose cartesian coordinates z, x, y as follows. The direction from front end to rear end of 
a cone body is taken along the z-axis. We will view a cone body as a series of cross sections 
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Figure 2: The 5 parameters f(z), g(z), x1(z), YI(z), rad(z) in a cross section 

at levels z, where z ranges from z 0 (front end) to z = 1 (rear end). At each level the 
cross section is then described in a copy of the x, y-plane. In view of symmetry we restrict 
attention to the part of the cone body in the positive octant: z, x, y 2:: 0. 

Each cross section (say at level z) consists of three arcs in the following way (see Figure 
2). Fix a point on the positive y-axis at distance S f(z) from the origin and a point 
on the positive x-axis at distance L = g( z) from the origin. Furthermore, choose a circle 
with center I = (x1(z), YI(z)) and radius rad(z); this circle will be called corner circle. If 
f(z) > YI(z) + rad(z), then for a suitable center on the (not necessarily positive) y-axis, the 
circle r n with this center and through the point ( z, 0, J( z)) is tangent to the corner circle at 
a point Q(z) and contains the corner circle in its interior; similarly, if g(z) > x1(z) + rad(z), 
then for suitable center on the (not necessarily positive) x-axis, the circle r e with this center 
and through (z, g(z), 0) is tangent to the corner circle at a point P(z) and contains the corner 
circle. 

The cross section at level z consists of the following three arcs: the arc of r n from 
(z, 0, f(z)) to Q(z), the arc of the corner circle from Q(z) to P(z) and the arc of the cir
cle fe from P(z) to (z,g(z),O). (Of course, we want Q(z) to be on the left of P(z); such 
conditions will be dealt with later.) 
Thus, each cross section involves 5 parameters (all depending on z): 

• The height S f(z), the width L = g(z). The graph of f(z) describes the so-called 
northern rafter and the graph of g( z) describes the eastern rafter. 

• The corner circle with radius rad(z) and center I= (x1(z), YI(z)). 

Other quantities, like the radius rn(z) of r nand the radius re(z) of fe, depend on these input 
parameters. The precise form of the dependence of the most relevant ones in terms of f, g, 
XI, Yh rad will be given below; derivations are given in Section 3.2. 

• In terms of the five basic parameters, the expression for the radius rn(z) of the circle 
passing through (z,O,f(z)) and with center on they-axis is 

rn(z) = (f(z)- YI(z)) 2 + x1(z)2 rad(z)2 
2(f(z)- YI(z)- rad(z)) 
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Figure 3: The geometry of a cross section 

For our purposes it turns out to be useful to rewrite this as 

1 XJ(z) 2 

2(/(z)- YI(z) + rad(z)) + 2(/(z)- YI(z) rad(z)). 

• Similarly, the expression for r e( z) is 

re(z) = (g(z) x1(z))2 + YI(z)2 rad(z)2 

2(g(z) x1(z)- rad(z)) 

or 

(1) 

1 YI(z) 2 

re(z) = 2(g(z)- XJ(z) + rad(z)) + 2(g(z)- XJ(z)- rad(z)) (2) 

• The point Q( z) where the northern circle and the corner circle touch is 

rad(z) 
Q(z) = (x1(z), YI(z)) + ( ) d( ) (x1(z), rn(z) f(z) + YI(z)). rn z ra z 

The x~coordinate of Q is 

rad(z) XJ(z)rn(z) 
xr(z) + ( ) x1(z) = ( ) )" rn z - rad(z) rn z - rad(z 
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• The point P(z) where the eastern circle and the corner circle meet is 

P(z) 
rad(z) 

(xi(z),YI(z)) + ( ) d( )(re(z)- g(z) + XJ(z),YI(z)). 
1'e z - ra z 

Its x-coordinate is 

(
. ) rad(z)(re(z)- g(z) + XJ(z)) 

X] Z + . 
re(z)- rad(z) 

• Let Cn(z) be the center of the circle Tn. The angle an(z) between the radius Cn(z)
(z, 0, f(z)) and the radius Cn(z)- Q(z) is equal to 

an(z) = arcsin(x!(z)/(rn(z) rad(z))). 

• Let C e( z) be the center of the circle r e. The angle ae ( z) between the radius C e( z) 
(z,g(z),O) and the radius Ce(z)- P(z) is equal to 

a6 (z) = arcsin(yi(z)/(re(z) rad(z))). 

Some of these expressions involve conditions. 

• f(z)- YI(z) > rad(z) (we are assuming f(z) > YI(z) anyway; in case f(z) YI(z) = 
rad(z), the circle has in fact degenerated into a straight line). 

• SI > rad(z): Sis outside the corner circle (see Figure 2). 

The corresponding conditions for the eastern side are: 

• g(z)- XJ(z) > rad(z). 

• LI > rad( z): L is outside the corner circle (see Figure 2 ). 

The relative positions of the points Q and P also lead to a condition. Since the point Q 
should be on the left of P, this leads to the condition 

rad rad 
---dXI < d(re- g +XI), or (re- rn)XJ < (rn- rad)(re- g). 
rn ra re- ra 

3.2 Some relations between the variables 

In this section we derive the relations between the various parameters mentioned in the 
previous section. We often suppress the dependence on z. 

At P, the tangents to the corner circle and the circle r e coincide, so the radius r e of the circle 
r e passes through I. 

To determine the radius re(z), we apply the Pythagorean Theorem- see Figure 4-
to the triangle Ce- (z,xi,O) I: 

This leads to 
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Figure 4: Computing the radius re(z) 

(z,O,f(z)) 

Q(z) I rad(z) 

0 ~ 
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Figure 5: Computing the radius rn(z) 

so that 
(g xr)2 + y]- rad2 g2 + xJ + YJ 2gxr- rad2 

re= - ----~--~----~---
2(g- x 1 - rad) 2(g rad) 

A similar computation in the triangle Cn - I- ( z, 0, YI) (see Figure 5) yields: 
(rn- rad? = (rn- f + Yr? + xJ. 

Solving for rn leads to 

The angles an and ae satisfy 

(!- YI) 2 + xJ- rad2 

2(!- YI - rad) 

X[ 
sin( an) 

rn- rad' 
. ( ) YI s1n ae = d' re- ra 

The x-coordinate Q x of Q is equal to 

Qx=xi+rad·sin(an)=xJ+rad· XJ d' 
rn- ra 

where an is the angle between the radii (z,O,j(z))- Cn and Q(z)- Cn. Similarly for the 
other coordinates and for the point P. 
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A summary of the geometrical ingredients is given in the following table. 

function I description/formula 

z 
independent 
functions 
f(z) 
g(z) 
xr(z) 
YI(z) 
rad(z) 
dependent 
functions 

coordinate measuring distance to front end 

northern rafter 
eastern rafter 
x-coordinate of center of corner circle 
y-coordinate of center of corner circle 
radius of corner circle 

radius of northern circle: r (z) (f(z)-yJ(z))"+xJ(z}"-rad(z)"" 
n 2(f(z)-YI(z)-rad(z)) 

radius of eastern circle: r (z) = (g(z)-xr(z))
2

+Yr(z)
2 

-rad(z)
2 

e 2(g(z)-x1 (z)-rad(z)) 
angle between the radius (z, 0, f(z))- Cn of the northern circle 
and the radius Q(z)- Cn: 
an(z) arcsin(xr(z)/(rn(z) rad(z))) 
angle between the radius Ce- (z,g(z), 0) 
and the radius P(z)- Ce: 
ae(z) = arcsin(yi(z)/(re(z) rad(z))) 
x-coordinate of Q(z)· Q (z) = xi(z)~n(z) 

• x rn(z)-rad(z) 
x-coordinate of P(z)· p (z) XJ(z) + rad(z)(re(z)-g(z)+xi(z)) 

• x re(z)-rad(z) 

4 Curvature and slice-wise surfaces of revolution 

This section starts with a summary of the relevant theoretical background on curvature of 
surfaces and then concentrates on slice-wise surfaces of revolution; these are the surfaces used 
to construct cone bodies. For more details on curvature in general, see [1]. 

4.1 Curvature: general background 

In this section we sketch some background material on curvature of surfaces in R 3 • 

Let S be an oriented and sufficiently differentiable surface in R 3 and let p be a point 
on S. At p the tangents to the surface make np the tangent plane TpS. The unit normal 
vector to this tangent plane is denoted np. It is an element of the 2-dimensional sphere 
S2 = {(x1, x2, x3) E R3 I xi+ x~ + x~ = 1}. The tangent plane to this sphere at np is parallel 
to the plane TpS, so can be identified with it. Therefore, the derivative at p of the normal 
map n : S -t 5 2 , given by x 1-7 nx, is a linear map 

from a 2-dimensional plane to itself. The determinant of this map is the (Gaussian or total) 
curvature of the surface S at p. This notion of curvature corresponds to the intuitive notion 
of curvature in the sense that, e.g., at each point of a sphere of radius r the curvature is 
1/r2 • The two eigenvalues of the linear map dnp (or their negatives; this is a matter of 
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convention) are the principal curvatures at the point p: the maximal and minimal so-called 
normal curvature of a curve passing through p. Their product equals the Gaussian curvature. 

Starting with a (local) parametric representation 

(u,v) 1-+ x(u,v) = (x(u,v),y(u,v),z(u,v)) 

of the surface in R 3 , the computation of the curvature comes down to the following. 

• Compute the coefficients E, F and G of the so-called first fundamental form 

E = (xu,xu), 
F (xu,xv), 
G :::: (xv, Xv)· 

Here, Xu means partial differentiation with respect to u; the brackets ( ) denote 
the standard inner product. The first fundamental form describes the inner product on 
the tangent space induced from the ambient space R 3 . 

• Compute the coefficients L, M, N of the second fundamental form 

L (n,Xuu), 
M :::: (n,Xuv), 
N = (n,Xvv), 

where n is the unit normal vector to the surface: 

Here, X denotes the exterior product. 

• The Gaussian curvature ]( is given by the formula 

LN-M2 
K-i - -E::-G--F::-2::-. 

• The principal curvatures are the solutions of the characteristic equation of the map dn: 

(EG F 2 )x2
- (EN+ GL 2FM)x + LN- M 2 = 0. 

We remark that if the orientation is changed, the sign of n changes and therefore the 
sign of the coefficient in front of x changes. Consequently, the signs of the principal 
curvatures change. 

In the special case where the surface is described as the graph of a map 

f : (R2 :> )U---+ R, 

i.e., if the surface is given in the form x = (x, y, f(x, y)), then the expression for the curvature 
is given by 

&
2 

{ ~ _ ( rP 1)2 
]( - &x &y 'l:JX8y 

- C1 + cMrl + cU)2? · 
Note that, in general, the Gaussian curvature cannot be computed from the curvature of two 
(arbitrary) cross sections without further assumptions. 
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4.2 Slice-wise surfaces of revolution 

In this subsection we focus on parametric descriptions of the northern, eastern and corner 
parts of a cone body; their descriptions are very similar. In agreement with the first section 
we label the coordinates as z, x, y. 

First we deal with the northern part. Suppose f: [0, 1]-+ R, z ~-+ y = f(z) describes the 
intersection of the cone body with the z, y-plane ('spant'), i.e., the northern rafter as function 
of z. For each value of z a radius rn(z) is given (for a cone body this radius is determined by 
the remaining geometric ingredients; for the discussion here, this dependence plays no role). 
Then part of the cross section at level z is given by the arc with center Cn = (z, 0, f(z) -rn(z)) 
and radius rn(z). To specify a point Ron this arc we use the parameter z and the parameter 
v that measures the angle between the vertical and the radius connecting the center Cn and 
R. The resulting parametric description of the surface is as follows: 

( z, v) ~-+ (z, 0, f( z) rn( z)) + (0, rn(z) sin( v ), rn(z) cos( v )) 
(z, rn(z) sin( v ), f(z) rn(z) + rn(z) cos( v )). 

Here, the parameter z runs from 0 to 1 and, for given z, the angle v runs from 0 to an(z), 
where the angle an(z) determines the place where northern and corner part meet (see Section 
3.2). 

The eastern surface is parametrized in a similar way. If g( z) describes a rafter in the 
z, x-plane with radius re(z), then for each z we draw a circle with center (z, g(z)- re(z), 0) 
and radius re(z). This leads to the following parametric description of the corresponding 
surface: 

( z, v) ~-+ ( z, g( z) - r e( z ), 0) + ( 0, r e( z) cos( v ), r e( z) sin( v)) 
(z,g(z) re(z) + re(z)cos(v),re(z)sin(v)). 

Again, z E [0, 1] and, for each z, the angle v runs from 0 to ae(z), 
Finally, there are the (parts of the) corner circles. Suppose these are given by the varying 

centers and radii (z,xi(z),YI(z)) and rad(z), respectively. The union of these corner circles 
is then parametrized as 

(z, 'V) ~-+ ( z, x1( z ), YI( z )) + (0, rad( z) cos( v ), rad(z) sin( v)) 
= (z, x r( z) + rad( z) cos( v ), Yr( z) + rad( z) sin( v )). 

Here z E [0, 1 J and for each value of z, the parameter v runs from ae( z) to 1r /2- an( z) We call 
surfaces like the ones described above slice-wise surfaces of revolution (with respect to a given 
direction): the intersections of the surface with planes perpendicular to a given direction are 
(parts of) circles. 

4.3 Differentiability of the cone body 

In this subsection we sketch that, under mild conditions, a cone body is a differentiable 
surface. 

Suppose that f(z) (rafter) and r(z) (radius) describe part of a conebody as in the previous 
subsection (4.2). If f(z) and r(z) are differentiable and if r(z) > 0 for all z, then the two 
partial derivatives of the parametrization are independent for all z, v and so the northern part 
of the cone body is a differentiable surface. Likewise for the two other parts of the surface. 
Suppose that at each z-level the three circles fit as desired, i.e., the conditions of section 3.1 
are satisfied. In this case, the surface can be viewed both as the graph of a function of ( x ~ z) 
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and as the graph of a function of (y, z). Recall that the point of intersection of a northern 
circle and a corner circle is called Q, the point of intersection of the corner circle and the 
eastern circle is called P. If the points P(z) and Q(z), viewed as functions of z, depend 
differentiably on z, then the three surfaces glue together to form a differentiable surface. To 
see this, let x0 = ( xo, Yo, zo) be a point in the intersection of the northern surface N and the 
corner surface C. The tangent plane Tx0 N to the north surface N is spanned by the derivative 
8Qj8z and the tangent at Xo to the circle N n {z = zo}, whereas the tangent plane Tx0 C is 
spanned by lJQ /8 z and the tangent at x0 to the circle C n { z = z0 }. Since the two circles 
mentioned have the same tangents at x0 , the tangent planes coincide. Similar statements 
hold for the overlap of the corner surface and the eastern surface. 

Although the various parts glue together to form a differentiable surface under the given 
conditions, in the second derivatives there is a jump at the curves of intersection of the 
northern and corner part, and of the corner and eastern part. This jump is inherent to the 
construction of cone bodies since the construction makes use of arcs with different radii. 

4.4 Curvature of slice-wise surfaces of revolution 

The parametric descriptions of the northern and eastern parts of our surface are of the form 
(up to a change in the order of the coordinates) 

x(z, v) = (z, r(z) sin v, f(z) r(z) + r(z) cosv), 

where f describes a rafter (like the northern or eastern rafter), and r describes the varying 
radius (like rn or re)· This description is the starting point for our curvature computations. 
Note that the parametrization uses parameters z, v; these parameters play the role of the 
parameters u, v in Section 4.1. In Figure 6 a typical northern part is drawn. The computations 
that follow hold for the northern and eastern parts. 

To compute the curvature we need the derivatives of x with respect to z and v (in the 
expressions below, sand care short for sin and cos, respectively): 

Xz = (1, r's, f'- r' + r'c), Xv = (0, rc, -rs). 

From this we compute E = (xz,Xz) = 1 + (r')2 + (!'- r')2 + 2r'c(f' r'), G = (xv,xv) = r2 

and F = (xz, xv) = (r' f')rs, so that the discriminant of the first fundamental form equals 

EG- F 2 = (1 + (r'? + (J' r')2 + 2r'c(f1 r'))r2 - (r'- J')2r2s2 

= r 2 + r2(r')Z + (J'- r')Z(r2 - r 2 s2
) + 2r'cr2(J'- r') 

= r2(1 + (r') 2 + (J'- r'?c2 + 2r'c(J'- r')) 
r 2(1 + ( r' + c(f' - r') )2

). 

The normal direction to the surface is given by 

e1 ez e3 

Xz X Xv :::: 1 r' s f' - r' + r' c ( -rr'- rc(f' r'), rs, rc). 
0 rc -rs 

The square of the norm equals r 2(1 + (r' + c(f'- r'))Z) (this is in fact equal to EG- F 2 ), so 
that the normal vector is 

n = 
1 

(-r'- c(f'- r') s c) 
v(1 + (r' + c(f'- r'))2 ' ' • 
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Figure 6: Northern part cone body as slice-wise surface of revolution 

To compute the discriminant LN - M 2 of the second fundamental form, we need the 
second derivatives 

Xzz = (0, r"s, !" - r" + r"c), (0 1 1 
) Xzv = , r c, -r s , 

As L (xzz 1 n), M = (xzv, n), N (xvv, n), we get 

L = ..!_( r11 + c(f" r") ), lvl = 0, N v 

Xvv = (0, -rs, -rc). 

-r 

where Vis short for v'(1 + (r1 + c(f1
- r1))2. Therefore, the total curvature J( is given by 

LN- M 2 -(r11 + c(f"- r")) 
K= - . 

EG- F 2 r(1 + (r1 + c(f1
- r'))2)2 

(3) 

The sign of the curvature K is determined by the numerator 

-r"(z) + cosv(r"(z)- J"(z)) r11(z)(cosv -1)- f"(z)cosv. (4) 

So, if !" < 0 and r11 < 0 the total curvature is positive (for 0 :::; v :::; 1r /2, say). By 
substituting v = 0, we find that f"( z) < 0 for all z is a necessary (but not necessarily 
sufficient) condition for the curvature to be positive. 

The corner part of the surface is of a slightly different type. The centers of the corner circles 
are denoted by (z, x1(z), YI(z)) and the variation of the radius is given by r(z). Then 

x(z, v) = (z, xr(z) + r(z) cosv, YI(z) + r(z) sin v) 
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is a parametric representation of the surface. From 

(1 J I I I ) Xz = , X I + r c, YI + r S , Xv = (0, -rs, rc) 

we compute 

E = (xz,xz) = 1 + (x~ + r1c)2 + (y~ + r's? 1 + (x~)2 + (y~)2 + (r')2 + 2x~r1c+ 2y~r's, 
G = (xv,xv) r2

, 

F (xz,xv) = (x~ + r'c)( -rs) + (y~ + r's)rc = r(y~c- x~s) 

and 

EG- F 2 = r2(1 + (x~)2 + (yf)2 + (r')2 + 2xjr1c + 2yjr's) r2(y~c- x~s)2 

= r 2(1 + (xjc) 2 + (yjs )2 + (r')2 + 2x[r1c + 2yjr1 s + 2scx[y~ ). 

The normal direction to the surface is given by the exterior product 

e1 e2 e3 

Xz X Xv = 1 xj + r'c yj + r1s = (r(cxj + syj + r'), -rc, -rs). 
0 -rs rc 

We remark that the square of the length of this vector equals EG- F 2 • 

We also need the vectors 

Xzz (O,xJ+r"c,y1+r"s), Xzv (0,-r's,r'c), Xvv=(O,-rc,-rs). 

Using L = (xzz, n), M = (xzv, n), N = (xvv 1 n), we obtain 

LJEG- F 2 ) = (xJ + r"c)( -rc) + (yJ + r11s)( -rs) -r(x'fc + y'Js + r"), 
M JEG- F 2 ) = ( -r's)( -rc) + (r'c)( -rs) 0, 
NJEG-F2 ) =(rc)2 +(rs)2 =r2 • 

The discriminant of the second fundamental form is therefore 

-r3(x" c + y" s + r") LN- M2 = I I 
EG F 2 • 

Finally, the total Gaussian curvature J( is given by 

LN-M2 

K = EG- F 2 

-(x'fc + y'fs + r") 
r( ( cxj + syj + r')2 + 1 )2 · 

The sign of the curvature J( is determined by the numerator 

-x'f(z) cosv y'f(z) sin v- r11(z). 

(5) 

(6) 

So if x'f(z) < 0, y'f(z) < 0 and r"(z) < 0, then for 0 s; v s; Tr/2 the total curvature is positive. 
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5 Controlling the curvature 

5.1 Simplifying the radii rn andre 

Formula ( 4) for the numerator of the curvature on the northern side, 

r~(z)(cos(v)- 1) /"(z)cos(v), 

shows that, in order to guarantee positive curvature, we need to control the second derivatives 
of the function f describing the northern rafter, and the function rn describing the varying 
radius; likewise for the functions describing the eastern rafter g and the corresponding radius 
r e. In this section we obtain this grip by selecting a suitable class of functions and by imposing 
suitable conditions. 

Starting point for the approach in this section are expressions ( 1) and ( 2) for the radii r n 

andre: 

rn(z) = !(J(z)- YI(z) + rad(z)) + 2(J(z)-~~t:~~rad(z))' 
1'e(z) !(g(z)- Xf(z) + rad(z)) + 2(g(z)-;~~:~~rad(z))· 

(7) 

The idea is to make rn andre polynomial of degree at most 2; for this purpose we require that 
f(z)- YI(z) rad(z) divides x1(z), that g(z)- x1(z)- rad(z) divides YI(z), and we impose 
the relevant degree conditions. This way the second derivatives r~ and r: become constants 
so that their contribution to the curvature is under control. We start by assuming relations 
of the form 

XI = a(j- YI- rad), 
YI = (3(g- X[ rad), 

with a and (3 constants. Then (7) reduces to: 

Tn = !U- YI + rad) + !a2(j- YI - rad), 
re = !(g- Xf + rad) + !f32(g- XI- rad). 

From (8) we obtain the following expressions for XI and YI= 

Xf = l-~(3(af- a(3g + a((3- 1)rad), 
YI l-~f3((3g a(3j + (3(a 1)rad), 

which are valid for a(3 f= 1. 
Then we substitute these solutions for XJ and YI in the expressions for rn and re. 

computation for rn yields (a similar computation holds for re): 

rn = !(1 + a 2)f + !(1- a 2)rad- !(1 + a2 )YI 
= !(1 + o:2)j + !(1- o:2)rad- !i2:~~((3g- o:(3f + f3(a- 1)rad) 

= !(1 + a 2)(1 + 1~~(3)!- !(1 + o:2)1!a(39 + (!(1- a 2
)- !i!~~f3(a -1))rad. 

This leads to the following expressions for rn andre, both linear in j, g and rad: 
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(1 + a?)j3g + (1- a)(1 +a+ j3- aj3)rad] (10) 

and 

In matrix form: 

aj3) ) ( f ) 
af3) r~d . 

In particular, XJ, YI, rn, re are all expressed in terms of j, g and rad, so that the latter three 
functions are basic to this approach. 

Next we turn to a suitable description of J, g and rad. For J, g and rad we take piecewise 
defined polynomials of degree 3: fix a point p E (0, 1); each of the functions j, g and rad 
is given by a degree 3 polynomial on [O,p] and by a degree 3 polynomial on [p, 1}, subject 
to various continuity conditions. The choice of the point p E (0, 1) represents a degree of 
freedom. For example, f is represented by: 

if X~ p 

Z )
3 if X 2:: p 

This way, the three functions J, g and rad involve 3 x 8 = 24 coefficients, and the point 
p, where the interval is split for all three functions, as a degree of freedom. 

All these coefficients are subject to various conditions. The coefficients a and j3 follow 
immediately from the boundary conditions at 0; the point p remains a degree of freedom. 

The remaining conditions on the 24 coefficients are: 

• Boundary conditions: f(O), f'(O), !(1), !'(1) and similarly for g (8 conditions). 

• Continuity conditions for J, g and rad (9 conditions). 

• Degree conditions: the degree 3 terms of rn and re should be 0, so this leads to 4 
equations (two for each of the intervals [0, p] and [p, l]). 

• Boundary conditions for rad: rad(O), rad'(O), rad{l) (3 conditions). 

In total 24 equations. 

Remark. There is some room to vary the conditions. For example, the continuity conditions 
on the second derivatives are not really necessary; there are already discontinuities in the 
second derivatives at the points where the northern part and the corner part meet, as well as 
where the eastern part and the corner part meet. 

Remark. Of course, given a set of basic functions we still have to make some preliminary 
checks, like checks on the geometry (does everything fit with these data?), and checks on 
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the second derivatives of the rafters (are they negative?), before turning to the differential 
geometric properties. 

Next we describe the equations that have to be solved explicitly. The values f(O), f'(O) 0 
(for simplicity), f(1), f'(1), g(O), g'(O) = 0, g(1), g'(1), rad(O), rad'(O) 0, rad(1) are input 
data, so do not occur in the system of equations (these data fix 11 of the coefficients). The 
first step is to determine a and (J, see (8): 

a = XJ(O)f(f(O)- YI(O)- rad(O)), 
fJ YI(O)f(g(O) x1(0)- rad(O)). 

The remaining coefficients in the various polynomials to be determined are: 

• for f: Cf3, Cf4, Cf7, Cfgj 

The continuity conditions (continuity at p off, f', f") for f lead to the equations 

Cfl- CJ3P2 + Cf4P3 

-2cf3P + 3cf4P2 

-2Cf3 + 6cf4P 

or, in matrix form: 

(1 P? 
-2(1- p) 

2 

= Cj5 + CJ6(1- p) Cf7(1- p)2 + Cjs(1- p)3
, 

= -cf6 + 2cJ7(1- p)- 3cJs(1- P?, 

-2Cf7 + 6Cjs(1- p), 

3(1 p)2 Cf4 = -Cj6 
-(1- p)3 ) ( Cf

3 
) ( Cf5- Cfl + Cj6(1 

-6(1- p) Cf7 0 
Cfs 

Similar equations hold for g (coefficients are labelled c91 , .•• , c98). The equations for rad 
involve one more variable, the coefficient rad' ( 1). The equations in this case are: 

In matrix form: 

-(1- p) 
1 
0 

= Cr5 + Cr6 (1 P)- Cr7(1- p)2 + Crs(1- P?, 

= -Cr6 + 2cr7(1- p) 3crs(1- p)2
, 

= -2Cr7 + 6crs(1- p), 

(1 p)2 
-2(1- p) 

2 

-(1- p)3 ) 
3(1- p)2 

-6(1- p) 

Then there are the 4 degree conditions; they involve the constants a and (J and the coefficients 
c f4, c94, Cr4, c js, c9s, Crs· For rn we obtain the 2 equations (where we leave out the factor 
2- 2a(J) 

(1 + a 2 )cf4- (1 + a 2 )(Jc94 + (1- a)(1 +a+ (J- a(J)cr4 = 0, 
(1 + a 2)cf8 (1 + a 2 )(Jc9s + (1- a)(1 +a+ (J- a{J)crs = 0, 
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and for r e we obtain 

-(1 + {P)acf4 + (1 + fj2 )cg4 + (1 
-(1 + fj2 )acf8 + (1 + {32 )c9s + (1 

fj)(1 +a+ fj- afj)cr4 0, 
{3)(1 +a + fj a{3)cr8 = 0. 

The full 13 X 13 coefficient matrix A for the system of equations is then 
-p2 p3 (1- p)2 -(1- p)3 0 0 0 
-2p 3p2 -2(1 - p) 3(1- p)2 0 0 0 
-2 6p 2 -6(1-p) 0 0 0 
0 0 0 0 -p2 p3 (I - p)2 
0 0 0 0 -2p 3p2 -2(1- p) 
0 0 0 0 -2 6p 2 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 1 + "'2 0 0 0 -(1 + a 2)13 0 
0 0 0 1 + a 2 0 0 0 
0 -(1 + {32 )a 0 0 0 1 + !32 0 
0 0 0 -(1 + 132)a 0 0 0 

0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 

-(1- p)3 0 0 0 0 0 
3(1 - p)2 0 0 0 0 0 
-6(1- p) 0 0 0 0 0 

0 -p2 p3 -(1 - p) (1- p)2 -(1 p)3 
0 -2p 3p2 1 -2(1 p) 3(1 - p)2 

0 -2 6p 0 2 -6(1 - p) 
0 0 (1-a)(1+ a+ !3 a/3) 0 0 0 

-(1 + a 2),6 0 0 0 0 (1 a)(l +a+ ,6 all) 
0 0 ( 1 ;9}(1 +a+ ,6- ail} 0 0 0 

1 + ;92 0 0 0 0 (1 - ,6)(1 +a + ,e a,6) 

The riht-hand side of the system Ax = b is 
- t 
b = (cJs- c11 + CJ6(1- p), -cf6,0,cgs- c91 + cg6(1- p), -c96,0,crs- cri,O,O,O,O,O,O). 

We have left out a factor 2(1 - afj) from the last 4 equations (rows). Figure 7 shows the 
two pieces that make up the northern rafter where p = 1/3; it is produced by solving a system 
like the above. In a similar way the graph of the northern radius rn(z) was produced; it is 
represented in Figure 8. 

As mentioned before, the system represents a choice in the sense that one may alter the 
conditions; so apart from solving a system like the above, one may proceed as follows. 

• Drop conditions and insert other ones. For example, if we drop the continuity condition 
on f", and instead insert the condition that the user is allowed to specify f(p ), then the 
generic rank of the coefficient matrix turns out to be 13. In terms of the matrix, it means 
that the third row is replaced by the row ( -p2 ,p3, 0, ... , 0) and that the corresponding 
entry in the vector B is replaced by h- c11 where h = f(p) is chosen by the user. For 
instance, the routine 

maakfgrad (p = 0.3, f(p) = 210/140, f(O) = 224/140, /(1) 90/140,-!'(1) = 2.3, 
g(O) = 286/140,g(1) 90/140, -g'(1) = 3.5, 
Crl 24/140, Crs = 90/140, XJ(O) = 260/140, YI(O) = 195/140) 

leads to a reasonable cone body (the data are based on approximate original Philips 
data). A Taylor expansion near 0 confirms that, for example, rn has degree 2 (deviations 
are due to numerical computations): 

rn(z) = 1!g9 
- 47.73036439 z2 + 0.00000023380 z3 + 0.000000014 z4 

+0.00000000015585850 z5 + 0 (z6 ). 

If we also do something similar for g, then the (generic) rank of the matrix drops to 12. 
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Figure 7: A northern rafter 

• One can also relax one of the degree conditions to gain more flexibility, but this means 
that checking the curvature needs more attention on the corresponding part. This 
relaxation is done in the final algorithm (Section 7.1) in order to give the designer the 
possibility to choose both f(p) and g(p) at a point pin the interval (0, 1). 

Figure 9 is a typical picture produced by following the line of thought indicated above. It 
is the graph of the total curvature of the northern surface (for certain input values) between 
z = 0 and z 0.35. 

5.2 Analysis of the various expressions 

In the previous section we expressed xr, yr, rn, rein terms of j, g and rad: 

xr = 1 _
1e<(J(aj af3g+a(/3-1)rad), 

YI = 1_
1at3({3g- af3f + f3(a- 1)rad), 

Tn = 2-~a13 [(1 + a2)f- (1 + a2){3g + (1 a)(1 +a+ /3- a/3)rad], 
re 2-~a13 [(1 + /3 2)g- {1 + f3 2 )af + (1- /3)(1 +a+ /3 af3)rad]. 

We first analyse the 2 constants, a and /3, appearing in the expressions. For reasonable 
beginning situations, 

a xr(0)/(1(0)- Yr(O)- rad(O)) > 1, /3 = Yr(O)/(g(O) xr(O)- rad(O)) > 1, 

so that 1 - a/3 < 0. In fact, in practical situations, the values of a and /3 are substantially 
greater than 1, just look at the pictures in Section 3.2. 

Next we turn to the expressions for rn andre. We regroup the terms in two ways in order to 
better visualise the dominant term (assuming that a and f3 are substantially greater than 1 ): 
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Figure 8: Example of a northern rafter rn(z) 

(2- 2o:f3)rn == (1 + o:2)(J- f3g) + (1- o:)(1 + o: + f3- o:f3)rad 
o:2f3( -g + rad) +···(lower order terms w.r.t. o:, !3), 

(and similarly for re)· Given that 1- o:f3 < 0, that f" < 0, g" < 0, and that o:, f3 > 1, 
negativity of r~ should come from the term 

1 2 • 
2o:f3- 2. (1 + 0: )f3g, 

likewise, negativity of r~ should come from the term 

1 2 
2o:f3 - 2 . ( 1 + f3 )o: f. 

If we scale in such a way that the depth of the cone body equals 1, then, in practice, the 
values of rad are in the order of magnitude of several tenths, whereas rn and re range from 
several tens to tenths, so that the terms involving rad in the expressions for rn andre do not 
pose any problem: the values of rad" are expected to be several orders of magnitude smaller 
than those of r~ and r~. Furthermore, in practice the functions f and g will roughly run 
through values of the same order of magnitude, with similar behaviour, so that indeed the 
term (l2~~~~9 will dominate in the expression for rn; similarly for the term (l2~

2

2~1 in the 
expression for r e. 

This means that the rule of thumb is: choose reasonable boundary values and try to 
make f and g somewhat similar. 

Similar considerations hold for the expressions for XJ and YI· 
The numerators for the curvature, r~(z)(cos(v) -1)- f"(z)cos(v) for the northern part, 

-xJ( z) cos v- yJ(z) sin v - rad"(z) for the corner part, and r~( z )(cos( v) 1) - g 11(z) cos( v) 
for the eastern part show the role of the various double derivatives. 
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Figure 9: Curvature on the northern side 

6 Design of the thickness profile 

In this section we point out the design of the thickness profile of the cone body such that the 
following conditions are satisfied. 

a) The thickness is prescribed at 15 points. Five of these points are situated on the edge 
of cone and screen ("plakrand"), five on the rear edge of the cone, and five in between. 

b) The thickness profile is symmetric if reflected in the horizontal plane, containing the 
eastern rafter, and the vertical plane, containing the northern rafter. 

c) The slope of the profile (normal to the screen) is prescribed at the five points on the 
edge of cone and screen. 

d) The inner wall of the cone is a monotonously decreasing function of z (i.e., the cone is 
"lossend"). 

For convenience, we use cylindrical coordinates to represent points on the cone. A point P 
on the cone is then denoted as P = (zp, vp, rp)· Here, zp is its projection on the z-axis, Vp the 
angle with the vertical, and rp the distance to the z-axis, see Figure 10. 

Using the cylindrical coordinates the positions of the points mentioned under a) are ap
propriately indicated as follows. We map the cone on a cylinder of unit radius around the 
z-axis. The 15 points then correspond to the 5 triples ( Ai, Bi, Ci), i = 1, ... , 5 as indicated in 
Figure 11. 

The points (Ai, Bi, Ci) on the cylinder are obtained from the corresponding points (Ai, Bi, Ci) 
on the cone simply by setting their radial coordinates equal to one. Note that, for fixed i, the 
points (Ai, Bi, Ci) are on the intersection line of the plane through the z-axis and at angle 
Vi with the vertical, and the cone body. The points Ai are on the intersection line of the 
cone body and the screen. The points Ci are on the circle which forms the rear edge of the 
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z 

Figure 10: CylindricaJ coordinates ( zp, vp, rp) of an arbitrary point p on the cone 

z 

----- z=l 

Figure 11: Positions of the triples ( Ai, Bi, Ci) on the cylinder 
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Figure 12: Schematic overview 

cone body. The triples ( Ai, Bi, Ci) are indicated in Figure 12, where the cone is drawn in a 
symbolical way. 

Note that the triple (A1 ,B1,CI) with v1 = 0 is situated on the northern rafter, while the 
triple (As, Bs, Cs) with v5 = ~ lies on the eastern rafter. The point Bi is situated between 

and ci for i = 1, ... '5. Its z-coordinate is indicated as 

17i with 0 < 17i < 1 , while ZA; = 0 and = 1 . 

The idea is to first construct the thickness profile t( z, v) on the cylinder, and then to map the 
result onto the cone. First, we construct thickness profiles ti( z) along the lines ( Ai, Bi, Ci), 
i 1, ... , 5. See Figure 13. 
The profile ti( z) must attain the prescribed values at z = 0 (point Ai), z = 17i (point Bi), and 
z 1 (point Ci)· In addition, the slope at z 0 is prescribed. As a convenient representation 
for ti(z) we choose: 

ti(z) aie-(b,z
2
+c;z) + di. 

The coefficients ai, bi, Ci, and di are determined from the prescribed conditions: 

ti(O) 
ti( 17i) 
ti(l) 
tHO) 

In these equations, the left-hand sides are prescribed values. This set of nonlinear equations 
can be solved in several ways. We propose the following convenient approach. Note that 
ai > 0. First we express bi, Ci, and di in terms of ai using the first, third and fourth equation: 

di ti(O)- ai, 
Ci -ti(O)/ai, 
bi = -ci + ln ai -ln(ti(l)- di) 

t'(O' = ia• J + ln ai -ln(ti(1)- ti(O) + ai)· 
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Figure 13: Thickness profile along AiBiCi 
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Figure 14: The interpolating function a( v) 

z 

Substitution of these expressions into the equation for ti('fJi) yields an equation for ai, which 
can be easily solved, e.g., by using Newton-Raphson's method with initial value 0 < £ ~ 1, 
or by using the Regula Falsi (with initial interval[£, N], 0 < £ ~ 1 and N ~ 1). 

Having solved for the coefficients ( ai, bi, Ci, di), the thickness profiles ti(z) are known. The 
thickness profile t( z, v) on the full cone is then obtained from interpolating these coefficients. 
This is done as follows. We show the procedure for ai only, since for bi, Ci, and di exactly 
the same method applies. The ai values have already been calculated for Vi, i = 1, ... , 5 (see 
Figure 14). 

We construct a function a( v) which passes through the known values at v = Vi, i = 1, ... , 5 
(the crosses in Figure 14 ). Moreover, we require that the slope of a( v) vanishes for v = 0 
(northern rafter) and for v = 1r /2 (eastern rafter). The latter conditions assure that the 
final thickness profile t( z, v) is smooth across rafters. For the representation of a( v) we may 
use several convenient approaches. Here we sketch the application of a straightforward one, 
namely by representing a( v) by a polynomial of degree six: 

27 



Note that this representation is not necessarily the most convenient one. Practice will guide 
the final choice. Since the slope of a( v) vanishes for v == 0, it follows that 0:1 = 0. The other 
coefficients o:o, O:z, ... ,as follow from the following linear conditions: 

ao == a(O) == ao 
a1 a( v1) == ao + azv'f + ... + a6vr 
az == a( v2) ao + o:2vi + ... + o:6v~ 
a3 == a(v3) = ao + azv~ + ... + a6v~ 
a4 a( v4) == ao + azvl + ... + a6v~ 
as =a(~)= ao + o:2(~f + ... + a6(~t 
0 a' ( ~) = 2az ( ~) + 3o:3 ( ~) 

2 

+ 4o:4 ( ~) 
3 
+ 5o:5 ( ~) 

4 

+ 6o:6 ( ~) 
5 

The values ao, ... , a5 at the left-hand sides are known. 
In a similar way the coefficients in the representations of b( v ), c( v ), and d( v) are deter

mined: 
b( v) f3o + !31 v + ... + f36v6, 
c(v) /o + /l'V + ... + /6V

6
, 

d(v) 8o + 81v + ... + 86 v6
• 

The complete thickness profile is then given by 

t(z,v) == a(v)e-(b(v)z2+c(v)z) + d(v). 

This profile is mapped onto the inner side of the cone body: to a point P == (zp, vp, rp) on the 
cone body the thickness t(zp, vp) is attached. At P the unit normal vector np is calculated. 
This is easily done because an analytical expression for the outer side of the cone body is 
available. Next, the value oft(zp, vp) is set off along np yielding a corresponding point P at 
the inner side of the cone. In formula: 

In this approach it is assumed, for reasons of mathematical tractibility, that the thickness, 
prescribed at the points (Ai, Bi, Ci), is measured orthogonal to the outer side of the cone 
body. However, the thickness data are measured orthogonal to the inner side of the cone. 
Because of this difference, small discrepancies might be found between the data and the 
thickness profile at the 15 points. To correct for this one could apply the following procedure. 
Calculate in the cone body, designed by using the algorithm outlined above, the thickness at 
the points (Ai,Bi,Ci) orthogonal to the inner side of the cone. Because analytical expressions 
are available for both the inner and the outer sides of the cone, this calculation can easily be 
performed numerically. Also calculate at these points the normal vectors, both of the inner 
and the outer side of the cone. 

From these data it is simple to calculate at each of the 15 points the cosine of the angle 
between the normal vectors of inner and outer sides. This information directly follows from 
the inner product of the two normal vectors. Next, we correct the input data by multiplying 
the given thickness at one of the input points by the cosine of the angle calculated at that 
point. After that, the design of the thickness profile is repeated using the corrected input 
data. The resulting thickness profile will probably satisfy the original thickness requirements 
within acceptable accuracy. If this is not the case the correction procedure is applied again. 
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Finally, it has to be checked that the inner wall of the cone is monotonously decreasing 
as a function of z. In practice, it will be sufficient to check this along the curves through 
the triples (Ai, Bi, Ci), i 1, ... , 5. If for some value of i this condition is not fulfilled the 
prescribed thickness at Bi has to be adjusted, after which the construction has to be repeated. 

7 Conclusions and design 

These notes started with an analysis of the geometry and differential geometry of a cone body, 
and led to a construction of cone bodies with positive curvature. 

From the formulas for the curvature of a cone body we extracted the terms that influence 
the (sign of the) curvature on the northern part (f and rn) and on the eastern part (g andre) 
most significantly. Unfortunately, two of these terms, rn and re cannot be controlled directly 
since they depend on the input parameters through a nontrivial rational expression (see the 
expressions 7). 

An analysis of these expressions for rn andre led us to impose a condition on the functions 
that occur in the expressions so that the resulting radii rn and re behave in the desired way. 

It then remains to specify a convenient class of functions to which the various functions 
should belong. We fixed a class of (piecewise defined) polynomials splines - that allows 
for rafters satisfying certain curvature conditions. Control over rn and re, relevant for our 
purposes, was obtained by bounding the degree of the various polynomials in a suitable way. 

If the rafters satisfy certain differential conditions and if there are no geometrical obstruc
tions, then the cone bodies produced have positive curvature throughout. 

In our mathematical treatment we have tried to keep the number of variables rather small, 
but fine tuning and straightforward extension of the idea is possible in various ways: 

• One-dimensional splines assume a subdivision of an interval. The number of subintervals 
can be increased at the cost of larger systems of equations to be solved, but with the 
advantage of introducing more flexibility in the construction of the rafters. This way 
of fine tuning is compatible with the special form of the functions rn and fe needed in 
order to control the curvature. 

• The bound on the degree of the polynomials can be relaxed. Again, this introduces more 
equations, gives more flexibility, but also involves more checks on the correct behaviour 
of rn andre. 

• The coefficients a and (3 can be replaced by nonconstant functions; this leads to more 
equations and, in particular, to more involved checks on the behaviour of Tn and re. 

For the purpose of implementation, we present summaries of the relevant algo
rithms in Subsections 7.1 and 7.2. 

7.1 Design of the cone body 

We use cartesian coordinates z, x, y, where z represents the direction from front end (z = 0) 
to back end (z 1). For reasons of symmetry, the z-axis is assumed to pass through the 
centers of the front end and of the back end. Figure 15 represents a cross section of the cone 
body at level z (and for x, y ~ 0), including the points and lines relevant for the computations. 
The dependence on z is sometimes suppressed: Ce = Ce(z), 0 O(z) etc. The point with 
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Figure 15: The geometry of a cross section 

coordinates z, x 0, y = 0, i.e., the intersection of the z-axis with the plane at a fixed z-level 
is indicated by 0. The cross section of the surface of the cone body in the positive quadrant 
consists of three arcs: the northern arc that connects (z,O, f(z)) and Q(z) (the corresponding 
circle has center Cn(z)), the corner arc that connects Q(z) and P(z) (part ofthe corner circle 
with center (z,xi(z),yr(z))), and the eastern arc that connects P(z) and (z,g(z),O) (part of 
the circle with center Ce(z)). 

Here is a list of the main notations for this section. In describing an algorithm it turns 
out that at some points it is more convenient to use notations that differ from the ones in the 
previous sections. 

• z indicates the distance to the front end of the cone body; z ranges from 0 (the front 
end) to 1 (the rear end). 

• The northern rafter: f(z); the eastern rafter: g(z). In 3-dimensional space the northern 
rafter is described by the points (z,O,j(z)). In 3-dimensional space the eastern rafter 
is described by the points (z,g(z),O). 

• The x-coordinate of the center of the corner circle: x 1( z ); the y-coordinate of the center 
of the corner drcle: YI( z ); the radius of the corner circle: r( z ). So the centers of the 
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various corner circles are given by (z, x1(z), YI(z)) for z E [0, 1). 

• The radius of the northern circle: Rn(z); the radius of the eastern circle: Re(z) (these 
were called r n and r e in the main text). 

In practice, the actual design consists of the following steps. 

Input: f(O), f'(O), /(1), f'(1), g(O), g'(O), g(1), g'(l), r(O), r(1), r'(O), XJ(O), YI(O). 

Designer's choice: A point p E [0, 1] of the z-axis, the heights f(p), g(p) of the northern 
and eastern rafters, respectively; see Figure 16, where two possibilities for f( z) are sketched, 
depending on a choice of the value at p. 

Output (after some (differential) geometric conditions are found to be satisfied and necessary 
modifications are being made): a cone body with positive total curvature. 

/ f(z) 

y 

z=O p z=l 

Figure 16: Adjusting the rafter f( z) by varying f(p) 

1) Compute the constants a and (3 from the data describing the boundary of the cone 
body; these are indicators for the behaviour of the radii Rn and Re. 

a XJ(0)/(!(0)- YI(O)- r(O)), 
(3 = YI(O)j(g(O)- x1(0) r(O)). 

2) Compute the coefficients of the polynomials describing the two rafters f(z) and g(z), 
and the radius r( z) of the corner circle; they are given as piecewise defined polynomials 
of degree 3: 

{ 
fi(z) = Cjl- CJ2Z- CJ3Z

2 + Cj4Z
3 if Z ~ p 

f(z) = h(z) = Cf5 + CJ6(1- z)- CJ7(1- z)2 + CJs(l- z)3 if z;::: p 

and 

if z ~ p 
z)3 if z 2: p 
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and 

Eleven of these twenty four coefficients follow directly from the input data: Cfl f(O), 
Cj2 = - f'(O), Cjs = j(1), Cj6 = - f'(1), Cgl g(O), Cg2 -g'(O), Cg5 = g(1), Cg6 
-g'(1), Crl = r(O), Crs r(1), Cr2 = -r'(O). 

The remaining thirteen coefficients are found by solving a system of linear equations: 

Cjt- CJ2P- CJ3P2 + CJ4P3 

-c f2 - 2c J3P + 3c f4P2 

2+ 3 c9 1 - C9zP c9aP c94P 
-c9 z - 2c93P + 3c94p2 

- 2c93 + 6c94p 
2 3 Crt - CrzP - Cr3P + Cr4P 

-Crz - 2cr3P + 3cr4P2 

- 2cr3 + 6cr4P 
(1 + a2 )cJ4 (1 + a2Wc94 

(1 + a 2 )cJs (1 + a 2 )j3c9s 
-(1 + f3 2 )ac14 + (1 + j3 2 )c94 
Cjl CJzP- Cf3P

2 + Cf4P3 

Cgl- Cgzp- Cg3P2 + Cg4P3 

Cf5 + CJ6(1 p)- Cf7(1- p)2 + CJ8 (1 p)3 

= -Cj6 + 2CJ7(1- p)- 3Cjs(1- p)Z 
= Cg5 + c9s(1- p)- Cg7(1- p)Z + c98(1- p)3 

= -c9s + 2c9r(1- p) 3c98(1 p)2 

= -2c9r + 6c9s(1 p) 
Crs + Crs(1- p)- Crr(1- P? + Crs(1 p)3 

= -Cr6 + 2crr(1- p)- 3crs(1- p)2 

-2Cr7 + 6crs(1- p) (12) 
+(1- a)(1 +a+ (3 a(3)cr4 = 0 
+(1 a)(1 +a+ (3- af3)crs 0 
+(1- (3)(1 +a+ f3- a(3)cr4 0 

f(p) 
g(p) 

Method advised for solving these equations: Least Squares approach and Singular 
Value Decomposition (SVD). 

Figure 17 shows a northern rafter produced in this way. The graph is made up of two 
polynomials that are tangent to one another at p = 1/3; the one that passes through 
1.6 describes the rafter on [0, 1/3], the other one describes the rafter on the interval 
[1/3, 1]. 

3) Check the first differential geometrical conditions on the rafters: f'(z):::; 0, f"(z):::; 0, 
g'(z) :::; 0 and g"(z) :::; 0 for all z. Again, this is best done visually by inspecting plots 
of J(z) and g(z), and numerically by evaluation at many values. If the conditions are 
not satisfied, change the designer's choice in the directions suggested by the plots. 

4) From the coefficients a and (3, and the functions f(z), g(z) and r(z), build the functions 
XI(z), YI(z), Rn(z) and Re(z) (see 9, 10, 11 in Section 5): 

x1(z) 
YI(z) 

Rn(z) 
Re(z) 

= 1_
1o:f3(af(z)- a(Jg(z) + a(f3- 1)r(z)), 

= 1_
1o:f3(j3g(z)- a(Jf(z) + (J(a- 1)r(z)), 

2_L,13 [(1 + a 2)f(z)- (1 + a2)j3g(z) + (1 a)(l +a+ (3 a(J)r(z)], 

2-~o:/3[(1 + (32)g(z)- (1 + (32)af(z) + (1- /3)(1 +a+ f3- af3)r(z)]. 

Since f, g and r are given by different expressions on the intervals [0, p] and [p, 1], 
respectively, the same holds for the four functions x1(z), YI(z), Rn(z) and Re(z): on 
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1.' 

1.4 

1.2 

0.8 

0.6 

0.4 

{) 0.2 0.4 0.6 0:.11 

Figure 17: Two branches making up a rafter 

the interval [0, p] use the definitions of f, g and r valid for that interval, and likewise 
for the interval [p, 1]. 

Once these functions have been computed, they can be represented graphically. For 
example, Figure 18 shows the graph of a northern radius Rn( z) produced in such a way 
(the two branches, on (O,p] and [p, 1], are so similar that they coincide in the picture). 

5) Check the geometrical conditions for the existence of a cone body with the given spec
ifications: 

- The inequality f(z) > YI(z) + r(z) holds for every value of z E [0, 1]; 

The inequality g(z) > x1(z) + r(z) holds for every value of z E [0, 1]; 

- The point Q is to the left of the point P: 

(Re(z) Rn(z))xi(z) < (Rn(z) r(z))(Re(z)- g(z) 

for all z E [0, 1]. 

These checks can be done visually by plotting and/or by calculating values at many 
intermediate points. If one of the conditions fails, change the designer's choice. 

6) Compute the total curvature on the various parts of the cone body and represent them 
graphically. The variation of the curvature is usually very mild (this is a consequence 
of the design); it is therefore easy to detect from the picture what to change in the 
designer's choice if the curvature is not satisfactory from the designer's point of view. 
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0 "' 
0.4 0.6 

Figure 18: Example of a northern radius 

As usual, in the following expressions a single prime (as in R~(z)) denotes the first 
derivative and a double prime (as in f"(z)) denotes the second derivative. 

- The total (or Gaussian) curvature on the northern part is given (as a function of 
z and v; see next step for the meaning of v and the bounds for v) by: 

.' -(R"(z) + cos(v)(f"(z)- R"(z))) J...(zv)- n n 
n ' - Rn(z)(l + (R~(z) +cos( v)(J'(z)- R~(z)))2)2 • 

- On the eastern part the total curvature is given by: 

, -(R~(z) + cos(v)(g"(z)- R~(z))) 
Ee(z,v) = Re(z)(l + (R~(z) + cos(v)(g'(z)- R~(z)))2 ) 2 ' 

and on the corner part by: 

Kc z,v = -(x[(z)cos(v)+Y'l(z)sin(v)+r"(z)) . 
( ) r(z)((cos(v)x](z) + sin(v)y[(z) + r1(z))2 + 1)2 

Figure 19 shows the curvature of part of a northern surface, as function of z and x. 

7) To plot or generate coordinates of points on the surface, compute parametric represen
tations for the northern part (xn(z,v)), eastern part (xe(z,v)) and corner part (xc) of 
the surface, i.e., each point on the surface of the cone body is given in terms of two 
parameters z and v by its z, x and y coordinates. The parameter z has the usual 
meaning: the distance from the front end. The parameter v represents a geometrically 
relevant angle in each of the three cases. 
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Figure 19: Example of the curvature on the northern side 

- Northern part: 

Xn(z, v) (z, Rn(z) sin v, f(z)- Rn(z) + Rn(z) cosv ), 

with z E [0, 1 J and angle v bounded by 

0::; v::; an(z) arcsin(xi(z)/(Rn(z)- r(z))). 

The angle v is the angle between the vertical and the radius of the northern circle 
connecting the center Cn(z) and the point on the surface. The parameters z 
and v on the one hand, and the cartesian coordinates z and x are connected via 
x = Rn( z) sin( v ). For fixed z, the coordinate x runs from 0 to ~:t:~~;f;J. This is 
useful if plots in terms of z and x are needed. 

- The eastern part: 

Xe( z, v) = ( z, g(z)- Re(z) + Re( z) cos( v ), Re( z) sin( v )), 

with z E [0, 1] and angle v bounded by 

0::; v::; ae(z) = arcsin(yJ/(Re(z)- r(z))). 

The angle v is the angle between the horizontal and the radius of the eastern circle 
connecting Ce(z) and the point on the surface. 
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Figure 20: The geometric meaning of v 

- The corner part 

Xc( z, v) = ( z, x 1( z) + r( z) cos( v ), YI( z) + r( z) sin( v) ), 

with z E [0, 1] and angle v bounded by 

arcsin(yi/(Re(z) r(z))) s; v s; 1r /2- arcsin(xi(z)/(Rn(z)- r(z))). 

Here v denotes the angle between the horizontal and the radius of the corner circle 
connecting the center and the point on the arc. 

The best impression of the cone body designed this way is of course obtained by plotting 
these expressions. 

7.2 Design of the thickness profile 

In this section we use cylindrical coordinates. The axis of the cylinder is the same as the 
z-axis used in Section 7.1. The z = 0 plane is at the screen and the z = 1 plane is at the 
rear end of the cone body. An arbitrary point P has coordinates P = (zp, vp, rp) with Zp its 
z-coordinate, rp its distance to the z-axis and vp the angle with the vertical, as indicated in 
Figure 10. 

INPUT: Prescribed values for the thickness, measured orthogonal to the inner surface of the 
cone body, at 15 points on the outer surface of the cone body. These points are specified as 
triples (Ai, Bi, Ci), i = 1, 2, ... , 5, with each triple lying in a plane through the z-axis. If 
these triples are mapped on a cylinder of unit radius, the resulting positions are as drawn in 
Figure 11. Triple i 1 lies on the northern rafter, triple i = 5 on the eastern rafter. The 
points Ai lie on the 'plakrand', the points Cion the rear edge of the cone body. At the points 
Ai the designer may prescribe the slope of the thickness profile measured orthogonal to the 
'plakrand'. 

Designer's choice: The designer has considerable freedom in choosing the positions of the 
15 points. The angles v2 and v4 in Figure 11 can be freely chosen. Furthermore, the positions 
of the points Bi between Ai and C i ( i 1, ... , 5) can be chosen freely. 
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OUTPUT: The algorithm yields a thickness profile which interpolates the prescribed values 
and has the symmetry of the cone body as a whole. 

The algorithm for the design of the thickness profile is as follows: 

1) Let t A., t B;, tc; be the prescribed thicknesses at the triples ( Ai, Bi, Ci ). Let tA_; be 
the tangent of the prescribed angle at Ai between the inner and the outer surface of 
the profile to be constructed. Let 'TJi be the relative position of Bi between Ai and Ci 
( 'TJi = 0, then Bi = Ai, and 'TJi 1, then Bi = Ci)· Solve for i = 1, ... , 5 the system of 
(non -linear) equations 

ai + di = tA; 

aiexp( -(birJt + Ci'TJi)) + di = tB; 

aiexp( -(bi + ci)) + di = tc; 
-aiCi tA.; 

An efficient procedure to solve the system is outlined in Section 6. The resulting values 
are (ai,bi,Ci,di), i = 1, ... ,5. 

2) Next, we construct functions a(v), b(v), c(v) and d(v) such that they attain the values 
calculated under 1, so a( vi) = ai, b( vi) = bi, c( vi) = Ci, and d( Vi) = di, i = 1, ... , 5. 
Furthermore, we impose the conditions that these functions have vanishing slopes at 
v = Vo = 0 and v = vs = 1r /2. 

The most straightforward procedure for the interpolation is as follows. Represent a( v ), 
b( v ), c( v ), d( v) as polynomials of degree six and determine the coefficients such that all 
conditions are satisfied. So we write 

a( v) = o:o + o:2v2 + · · · + o:sv6
, 

b( v) = f3o + f3zv 2 + · · · + f3sv6
, 

c(v) 'Yo+ [zv2 + · · · + [sv6, 
d( v) = oo + o2v2 + · · · + o6 v6

• 

Since the slope of a( v ), b( v ), c( v ), d( v) vanishes at v = 0, we have 0:1 = f3t = /I 61 0. 

The coefficients o:o, 0:2, ... , o:6 follow from solving the following set of linear equations: 

~ =~ 

O:o + 0:2Vt + '' · + O:sVr = a1 

o:o + o:zv~ + · · · + o:sv~ = az 
o:o + o:2v~ + · · · + o:sv~ = a3 
o:o + o:2vl + · · · + o:6vf = a4 

o:o + o:z(7r/2? + · · · + o:s(7r/2)6 =as 
2o:z(n'/2) + 3o:3( 1r /2)2 + 4o:4( 1r /3? + 5o:s( 1r /4)4 + 6o:6( 1r /2)5 0 

This set of equations can be solved with the same procedure as used to solve the linear 
equations in Section 7.1. The functions b(v), c(v), d(v) are constructed just like a(v). 
The complete thickness profile is then given by 

t(z,v) a(v)e-(b(v)z2+c(v)z) + d(v). 
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3) To each point P (zp, vp, rp) a thickness t(zp, vp) is attached at the inner side of the 
cone body designed in Section 7.1 and orthogonal to it. The calculation of the normal 
vector to the outer side of the cone body is easy because analytical expressions are 
available (see item 7 in Section 7.1). 

4) Calculate the thicknesses at the 15 points mentioned under 1, measuring orthogonal to 
the inner side of the designed cone body. In general, the measured values will deviate 
from the values tAil tB,, tc, prescribed by the designer. Denote the eventually measured 
thicknesses by t A;, l B;, lc;, respectively. To correct the thickness profile, repeat the 
procedure starting at point 1, but using adjusted input values, namely instead of iA;, 

t B;, tc, the values 

The resulting corrected thickness profile will probably satisfy the original thickness 
conditions within acceptable tolerances. If the designer is still not yet content, he may 
choose to apply a next iteration. 

5) Finally, present the thickness profile graphically, e.g., by plotting sections of the cone 
body (inner and outer surface) with planes through the z-axis, and with v =constant. 
From these plots it can immediately be detected whether the inner surface is a decreasing 
function of z, i.e., whether the cone body is 'lossend'. If this is somewhere not the case, 
the designer has to adjust the input values and to restart the design procedure. 

Appendix: Maple computations 

During the project we made extensive use of the computer algebra system Maple [2]. Here 
follows a description of the most important routines that were written for our purposes. 

The basic ingredients for a tube are five functions. 

• maakspant(p,f1,f2,f5,f6,g1,g2,g5,g6,r1,r2,r5,f0,g0,xi0,yi0) produces a list 
containing two sublists: the first (resp. second) sublist contains the five basic functions 
for the interval [O,p] (resp. [p, 1]), i.e., the northern rafter, the eastern rafter, the xy
coordinates of the centers of the corner circles and the radius of the corner circles, all 
as functions of z. The meaning of the various parameters is as follows: 

p: a point in the interval (0,1). 

/1 /(0), /2 - /'(0), /5 = /(1), /6 - /'(1), where f(z) is the northern 
rafter. 

- g1 = g(O), g2 -g'(O), g5 = g(1), g6 -g'(1), where g(z) is the eastern rafter. 

- rl = rad(O), r2 = -rad'(O), r5 = rad(1), where rad(z) is the radius of the corner 
circle. 

/0 = f(p), gO= g(p). 

xiO and yiO are the coordinates of the corner circle at z 0. 

The construction is based on Section 5.1. 
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• noordstraalhoek{lijst) computes from a list of 5 basic functions the northern rafter 
f(z), the northern radius rn and the northern angle o::n(z). 

• ooststraalhoek{lijst) similar to noordstraalhoek(lijst). 

• gridnor{i,j ,nz,nv ,northangle) computes a pair of points which may serve as input 
for the parametric description of the northern surface. The parameter northangle, which 
measures the angle between the vertical and the radius where the northern surface and 
the eastern surface meet, is split into nv equal parts. The z-axis is divided into nz 
equal parts. Fori and j the pair ifnz and northangle(i/nz) * j fnv is generated. 

• Similar constructions for the east and corner grids: grideast {i, j ,nz ,nw, east angle) 
and gridcorner(i,j,nz,nc,northangle,eastangle). 

• For curvature computations we use gauskrom(S, u, w, uO, wO) that takes as input: a 
parametric description of the surface (the curvature of which we need), the 2 variables 
in this parametric description, the 2 specific parameter values for which the curva
ture is computed. It outputs the total or Gaussian curvature. If, for example, we 
need the curvature of the northern surface north(z, u) at a grid point, then we use 
gauskrom(north{z,u),z,u,gridnor{i,j,nz,nv,northangle)). 

For a parametrized slicewise surface of revolution determined by the input f (describing a 
rafter) and r (describing the radius) we use: 

kurv(f ,r) computes the Gaussian curvature (as a function) of the surface. 

The routine kurvhoek(:xm,ym,r) computes the Gaussian curvature for the corner piece of a 
cone body. Input is: xm and ym are the coordinates of the corner circle; r is the radius of 
the corner circle (all are functions). 

• doorsnedefunctie {lij st, doorsnee) draws the intersection of a cone body with the 
plane z =doorsnee. It takes its data from a list of functions describing the rafters, 
the midpoints of the corner circles and their radii. Figure 21 shows a cross section at 
z = 0.6. It is an example of a visual test. 

Figure 21: A cross section at z = 0.6 
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• tekenfunctie(lijst,nz,nv,nw,nc) draws the cone body corresponding to a list of 
functions describing the north and east rafters, the centers of the corner circles and the 
radii of the corner circles. Here is the picture output by 
tekenfunctie(lijst,10,10,10,10): 

• deeltekenfunctie(lijst,beginz,eindz,nz,nv ,nw ,nc) draws part of a tube from a 
list of functions describing the north and east rafters, the centers of the corner circles 
and the radii of the corner circles. Only the part between the z-values beginz/nz (front 
side) and eindz/nz is drawn. The following is a picture output by 
deeltekenfunctie(lijst,6,12,16,10,10,10): 

let's make tubes better 

• tekentweefunctie(lijst,p,beginz,eindz,nz,nv,nw,nc) is similar to the command 
deeltekenfunctie. The list lijst consists of two sublists; the first (resp. second) 
sublist contains the five basic functions for the interval [0, p] ( resp. (p, 1 ]). 

• plotkromnoord (list, begin, eind) takes a list of the 5 basic functions and draws the 
(total) curvature of the northern surface between the z-values begin and eind. 

• plotkromoost (list, begin, eind) is similar, but draws the curvature over the eastern 
side. 

• plotkromcorner(list, begin, eind) similar to the above, but draws the curvature over 
the corner part. 
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