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SUMMARY. 

The development of line output transfarmers for TV with 
emphasis on the desired frequency properties is commonly based 
on experiments. This werking method is expensi ve, because i t 
takes much time and requires many test models. It would be 
useful, if the transformer, perhaps with the associated 
electranies, could be calculated by a simulation program for 
electrical networks. A transfarmer description is needed then, 
for example in the form of an equivalent-circuit diagram, and 
further a simple method to translate the geometry of the 
windings, and the width of an airgap -important design 
parameters- into quantities within that description. 

This report treats this inductive behaviour of the 
transformer. It appears there can be made a clear equivalent
circuit diagram, which can easily be extended, when the number 
of windings is increased. Th is circuit diagram may be used, 
even when the windings have a certain thickness. The 
description is allowed, under the condition that eddy currents 
can be neglected. The quantities within the equivalent-circuit 
diagram are the numbers of turns, the magnetic resistances, 
and the coupling factors, for the different windings. 

Further, a simple method is given, which translates the 
geometry of the windings and the width of the air gap into 
quantities within the equivalent-circuit diagram. The core is 
a well known part of the transformer, which is described by a 
number of parameters. In several si tuations inaccuracies can 
appear, in particular if a winding is placed in the 
neighbourhood of an air gap. Therefore, the transfarmer can 
not be developed completely by this method; test models are 
still needed. Yet this method enables us to approximate the 
effect of a change in the geometry of windings or the width of 
air gaps. 
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SAMENVATTING. 

Het ontwikkelen van lijntransformatoren gebeurt grotendeels 
proefondervindelijk. Deze werkwij ze is duur, omdat er veel 
tijd en meetmodellen mee gemoeid zijn. Het is daarom gewenst 
de transformator, eventueel met omringende electronica, met 
behulp van een netwerk-simulatie-programma te kunnen 
simuleren. Er is dan een beschrijvingsmetbode nodig, 
bijvoorbeeld in de vorm van een vervangingsschema, en verder 
een eenvoudige methode om geometrie van de wikkelingen, en 
dikte van een luchtspleet -belangrijke variabelen bij het 
ontwikkelen- te vertalen in grootheden binnen die 
beschrijving. 

Dit verslag gaat in op het inductieve gedrag van de 
transformator. Het blijkt, dat hiervoor een overzichtelijk en 
gemakkelijk uitbreidbaar vervangingsschema te maken is, ook 
als de wikkelingen een bepaalde dikte hebben. Voorwaarde is 
dan wel, dat wervelstromen mogen worden verwaarloosd. De 
grootheden binnen het vervangingsschema zijn aantallen 
windingen, magnetische weerstanden en koppelfactoren. 

Verder wordt een eenvoudige vertaling van geometrie van 
wikkelingen en dikte van luchtspleten naar grootheden in het 
vervangingsschema gegeven. De kern is hierbij een vaststaand 
gegeven, beschreven door enkele parameters. In verschillende 
situaties kunnen onnauwkeurigheden optreden, met name als een 
wikkeling dicht bij een luchtspleet ligt. Met deze methode zal 
een lijntransfermater daarom niet volledig uitontwikkeld 
kunnen worden, en er blijven nog wel meetmodellen nodig. Wel 
kan men hiermee op eenvoudige wijze nagaan, wat het effect is 
van bijvoorbeeld het verleggen van een wikkeling, of het 
veranderen van een luchtspleet. 



15 

0. INTRODUCTION. 

The line output transformer is an important component in TV 
receivers. Its primary function is to generate the high 
voltage for accelerating the emitted electrens in the picture 
tube. The high voltage for colour picture tubes is in the 
range 20 kV to 30 kV (ref. 1: pp. 13.181-13.183), dependent on 
the picture tube used. Another high voltage, generated by the 
transformer, is used to focus the electron beam in the picture 
tube. This focus voltage is in the range 3 kV to 12 kV (ref. 
1: pp. 13.181-13.183). Further, the transformer often gives 
auxiliary voltages, for other purposes (ref. 2: sectien 
5.2.2). 

The transformer is 
usually combined wi th 
the horizontal 
deflection circuit; 
the high voltage can 
then be derived from 
the voltage pulse, 
which occurs across 
the deflection coil 
during the flyback 
time. In figure 0.1, 
a simplified 
representation is 
given for the 

T 

horizontal deflection 
circuit (ref. 3: pp. 
L13-L14). The 
deflection coil is Figure 0 .1. Simplified representation 
represented by Ly, of the horizontal deflection circuit. 
and Lp is the coil, 
which will be replaced the line output transformer in the 
actual circuit. For the case that the s-correction capacitor 
C8 (ref. 3: pp. L6-L7) may be considered as a short circuit 
for AC, we show the voltage across, and current through the 
deflection coil in figure 0.2 (ref. 4: sectien 6.3.1). Herein,w 0 

is the angular resonance frequency of the re sonant circuit, 
formed by the parallel circuit of Ly, Lp and CF: 

1 

The saw tooth current Iy through Ly generates the magnetic 
field for the horizontal deflection of the electron beam. 
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The flyback pulse occurring across Ly and Lp is used to obtain 
the required high voltage. We provide Lp wi th a secondary 
winding, thus forming a transfarmer (figure 0.3). Choosing a 

ns certain transformation ratio we obtain a high voltage 
nP 

pulse, which is ns times higher then the flyback pulse. 
np 

Rectifier D2 then generates the required DC high voltage. 

In figure 0. 3, only one 
secondary is drawn. However 1 

the actual line output 
transfarmer contains aften 
more secondary windings, all 111 

.. 
"' 

HIGH 
VOLTAGE 

having their own rectifying collector 
diode (ref. 1: pp. 13. 184- T ---..., 
13.185; ref. 5). The total 
high voltage is then obtained 
by taking all these secondary 
windings and diodes in 
series, as shown in figure 
0.4. 

The line output transfarmer 
is a very complex component, 
and i ts development requires 
much care. one of the 
difficulties is 1 that the 
transfarmer is interacting 
wi th several different parts 
wi thin the TV receiver. Th is 
means, that aften 
contradictory demands are 
made upon the transformer. 

I~!" 

+ lU 
u~ll 0 

11 

Figure o. 4. Line-output 
transfarmer with 4 secondary 
windings, all having their own 
rectifying diode. 

Another problem concerns the high voltages. All parts of the 
transformer, carrying a high voltage, must be well insulated, 
for the sake of safety and reliability. Further, the 
transfarmer causes of ten streng magnetic ( stray) f ields and 
electrical fields 1 which could 1 for instance 1 disturb the 
surrounding electronic circuits. These unwanted fields have to 
be reduced as much as possible. 

The above-mentioned problems are some of the specific 
difficulties, concerning the line output transformer. However, 
in this thesis we concentrate only on its frequency behaviour, 
which is important for the transfarmer performance. This 
behaviour is strongly influenced by the resonance frequencies 
of the system. The number of resonance frequencies, and also 
their values, are mainly determined by the inductive and the 
capacitive system. 
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The system is described wi th 
the network matrices Àn and 
Cn• The total network 
description in the j6> -domain 
is then: 

(An - 6>2 Cn) U = j6> I 

The vector U gives the 
voltages on every node, and 
the vector contains the 
currents entering the system 
at all nodes (see also the 
glossary, p. 201). 

Suppose, the transfarmer is 
driven as given in figure 
0.5. In order to find the 
resonance frequencies, we 
only need the AC circuit 
diagram. The s-correction 
capaai tor C8 , connected in 
series with the deflection 
coil Ly, and further the 
picture tube capaai tance CL, 

are supposed to be large. The 
driving transistor T with the 
flyback diode D1 , and the 
rectifier diode Da are 
represented by the switches 
81 and 8a respectively (figure 

TRANS- D2 

.------IFORMER 

Figure 0.5. 
circuit for 
transformer. 

Simple 
the line 

r--------------, 
sl 

I I 
I TRANS- I 
I I 

I J_ FORMER I 
I I 
I 

~Ly 
I 

1cF= ~ I 
I I 
I T I 
I I .. _________ ____ ... 

drive 
output 

s2 ·-

Ln,Cn 

Figure 0.6. 
diagram, derived 
0.5. 

0.6). 

AC circuit 
from figure 

Three different situations can occur, all having their own 
resonance frequencies: 

Si tuation I: S 1 and Sa open, this is during the flyback 
time, when the rectifier diode does not conduct. 

situation II: S 1 open, Sa closed, this is also during the 
flyback time; now the rectifier diode is conducting. 

Situation III: S1 closed, Sa open, this is during the scan 
time. 

The resonance frequencies for the different situations can be 
found as follows. For a system, of which a node i is short
circuited to the o-volt level, the resonance frequencies are 
those values of 6> ( CJ>;I:0), for which the following determinant 
is zero: 
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In this formula I is the unity matrix, and Iii is a matrix, 
. th .th .th 1 . hav1.ng a 1 on e ~ row, ~ co umn, wh1.le all other 

elements are o. The preceding equation seems to have terms of 
different dimensions, however, this problem disappears when 
the matrix equation is being worked out. More theory about 
resonant frequencies, derived for a circuit, described by its 
netwerk matrix, is given in sectien 3.5.1. 

The resonance frequencies are important for two reasens. The 
first concerns the internal resistance, which determines how 
much the high voltage output decreases, if a load current is 
flowing (ref. 6, 7, 8). This is undesirable, since the picture 
size becomes dependent on the load current. We try to keep 
this voltage drop as low as possible. This is realized, by 
giving the high-voltage pulse a certain shape in the unloaded 
situation. This shape is determined by the frequencies, 
present in the high-voltage pulse. These frequencies are given 
by the resonance frequencies in situation I. 

Further, undesirable ringing can occur during the scan time. 
If this ringing couples into the video signa! inadvertently, 
vertical regions with alternating brightness (ref. 4: sectien 
8. 2-8.3; ref. 9) can become visible in the picture. These 
frequencies, the so-called fj-frequencies, are gi ven by the 
resonance frequencies of si tuation III. This problem is also 
discussed in sectien 3.5. 

The aim of the development with respect to both before
mentioned problems, is to optimise the system, by positioning 
the different resonance frequencies correctly. This is usually 
done empirically: a test model is made, and is analysed by 
measurements. In genera!, this first transfarmer will not have 
the desired properties. Next, i t is estimated, which changes 
are needed, and a new test model is made. This is also 
measured, etcetera. This werking method is repeated, until the 
transfarmer has the desired behaviour. 

This approach is followed for two reasens. Firstly, a good 
equivalent-circuit diagram for transfermers with more windings 
is lacking. This would enable us to predict the behaviour of 
the system with the help of a simulation program for 
electrical networks. Up till now, most calculations are done 
on the basis of the equivalent-circuit diagram for a 
transfarmer with two windings (ref. 3, 4, 6, 8, 9). The line 
output transfarmer is however too complex for this equivalent
circuit diagram, because it often contains more windings, 
which are imperfectly coupled to each other. Further, i t is 
often necessary, that windings are divided into partial 
windings in the description. In the li terature descriptions 
can be found for transfermers with more than two windings. A 
well known example is the inductance matrix. A linear 
transfarmer can be captured in this matrix for the greater 
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part, however, it presents the transfarmer as a black box: it 
does not give any physical insight in what happens inside the 
transformer. For someone, who uses the transfarmer as a 
component for an electrical circuit, the inductance matrix is 
a useful description to work with. However 1 a transfarmer 
designer needs a transfarmer description 1 which offers much 
more physical insight. He attempts to reach the wisbed 
inductance matrix by pos i tioning the windings in the right 
manner around the core, and by choosing the right numbers of 
turns. 

In the literature (ref. 10) attempts in this direction often 
result in equivalent-circuit diagrams containing several 
leakage inductances, which should correspond to the leakage 
fluxes between the windings. However 1 the equivalent-circuit 
diagrams cannot be extended at will 1 and the link to the 
physical reality is not very streng. Sametimes the derivation 
is even based on incorrect starting points (ref. 10, see 
sectien 1.2.2). Further, negative inductances can occur. 
Sametimes this is just a mathematica! artifact; sametimes an 
explanation for such a negative inductance can be given (ref. 
11; sec ti on 1. 2. 2) . A neg a ti ve inductance does not upset the 
energy balance, as claimed in reference 12 we have to 
consider the energy for the entire equivalent circuit. 
However, a negative inductance might cause a problem, because 
it is not accepted by every circuit simulator (ref. 13). 

In order to find a general 
equivalent-circuit diagram, 
its derivation is often done 
more and more on the basis of 
the mathematica! transfarmer 
description. This leads to 
very complex equivalent
circuit diagrams, giving no 
physical insight (ref. 10; 
ref. 14, chapter XXVII; ref. 
15). An example of an 
equivalent-circuit diagram, 
which is derived from the 
inductance matrix is given in 
f i gure o. 7 • This diagram 
describes the transfarmer 
with three windings 
perfectly, however, it is not 
very practical because of its 
complexity. Further, negative 
inductances are inevitable. 

PORT 2 

Figure 0. 7. Equivalent-circuit 
diagram of a transfarmer with 
three windings. The terms l .. 
are the elements of tné 
inverted inductance matrix. 

Secondly, the translation from the geometry of the windings to 
the quanti ties wi thin the equivalent-circuit diagram is not 
directly clear. This means 1 that if we give each winding a 
certain shape, and a pos i ti on wi thin the winding space, we 
cannot predict for instanee the magnetic resistances or the 
coupling factors. 
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The changes, made in the test models, consist for the greater 
part of modifications of the windings, in terms of the number 
of turns, the dimensions, and the position within the winding 
space. Further, the width of air gaps is of ten a subj eet of 
experiments. 

This werking methad requires much time 1 and besides 1 many 
expensive test models have to be made. 

In this thesis the inductive system of the transfarmer is 
treated. First, we search for a general equivalent-circuit 
diagram for a transfarmer with an arbitrary number of 
windings, which are imperfectly coupled to each other. 
Replacing the three-dimensional system by an equivalent 
circuit diagram always implies a loss of information. To limit 
this loss of information a more complicated equivalent diagram 
can be used. An acceptable campromise should be found between 
the completeness of the equivalent-circuit diagram on one 
hand, and its workability on theether hand (ref. 16, 17). The 
equivalent-circuit diagram should be clear, and should allow 
extension. In addition, we try to bring it as much as possible 
into agreement with the field-line picture. The quantities 
within the equivalent-circuit diagram are related to the 
numbers of turns, the magnetic resistances, and the coupling 
factors. In the first approach, the equivalent-circuit diagram 
is based on very thin windings; later on, it is shown, that it 
also may be used, when the windings have a certain thickness. 

Further, a simple methad is searched for, to obtain the 
transfarmer parameters as a function of the dimensions, the 
position within the winding space, and the number of turns of 
the windings. Besides, we wish to know the influence of the 
width of an air gap on the inductive system. This would enable 
us to translate modifications on the transfarmer into 
parameter changes within the equivalent-circuit diagram. A 
condition is then, that the properties of the magnetic system 
are very well known. 

In chapter 1 we search for a useful, clear description of a 
transfarmer wi th an arbitrary number of windings, which are 
imperfectly coupled to each ether. This description can be a 
system matrix ar an equivalent-circuit diagram, and it is 
derived as much as possible on the basis of the field-line 
picture. This is done, to enclose into the description much 
information, about the distribution of the magnetic flux in 
space. The windings are still very thin, sa that it is clear 
from the field-line picture how much flux a winding generates, 
ar encloses from ether sources. 

Chapter 2 treats the difficulties, which arise if windings 
have a certain thickness. The question is now: is it possible 
to fit a transfarmer with such windings into the description 
of chapter l? First we pay attention to windings, consisting 
of a number of turns, situated at different places. The turns 
are still very thin. Next, we give the turns a certain 
thickness as well, and examine, whether the corresponding 
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transformer quantities can be derived. In that case these 
windings can be entered in the description of chapter 1. This 
is under the condition, that the frequency is low enough, so 
that the influence of eddy currents may be neglected. When 
eddy currents play an important role, the transformer 
description turns out to be much more complicated: we can set 
up equivalent-circuit diagrams containing several RL-ladder 
networks. These ladder networks have to be extended further 
with increasing frequency. 

In chapter 3 a practical method is gi ven to calculate the 
transformer parameters, starting from the number of turns, the 
geometry, and the position of the windings within a well-known 
magnatie system. Further, we look for a method to describe a 
complex magnetic system wi th the smallest possible number of 
parameters. It is examined, what the best way is to obtain 
these parameters: calculation or maasurement. Further, the 
influence of an air gap, added to the magnatie system is 
determined. Finally an example of a transformer is treated 
numerically, in order to obtain an impression of the accuracy 
of this method. 
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1. DESCRIPTION OF A TRANSPORMER WITH VERY THIN WINDINGS. 

In this chapter we try to come to a clear description of a 
transfarmer with an arbitrary number of windings. These 
windings are assumed to he very thin, which means in the first 
place, that the separate turns are very close together, and in 
the secend place, that these turns themsel ves are very thin 
(for the definition of windings and turns: see the glossary p. 
199}. 

Suppose that the turns have a 
certain mutual distance, which is 
the case in the example of figure 
1.1. This winding consists of 4 
turns. We can distinguish in this 
figure field lines going around 
one single turn, but a lso field 
lines going through all turns. It 
is nat easy to point out directly 
the flux that is generated by the 
winding. 

A similar problem occurs, when a 
flux from an external souree 
enters the winding ( figure 1. 2). 
Same field 1 ines go through one 
turn, but nat through another. So 
the question in this case is: 
what is the effective incoming 
flux 1 which is enclosed by the 
winding? 

If the wires themselves would nat 
he very thin, then i t was nat 
directly clear to what extent a 
flux in the metal of the wire 
would contribute to the generated 
or incoming flux. Further 1 eddy 

Figure 1.1. A winding of 4 
turns generatas flux. 

Figure 1.2. A flux from an 
external souree enters the 
winding of 4 turns. 

cross section 
of a turn 

flux as 

currents could arise in the flux from an 
metal , induced by time varying external souree 

I 
I 
'--. eddy 

current 
flux. This flux can he generated '---:-.------------------~ . . . . F1.gure 1. 3. A current loop 
by a drl. Vl.ng current l.n the Wl.re in the me tal of a turn. 
itself, but it can also come from 
an external source. In the first 
case we talk about skin effect, in the secend case about 
proximity effect. In figure 1.3, for instance, a flux from an 
external souree goes through the wire of a certain winding. 
The resul ting eddy currents cause a flux, oppas i te to this 
incoming flux, which makes it very difficult to determine the 
effective incoming flux through the winding. 
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In order to avoid the above-mentioned problems, the windings 
are supposed to be very thin in this chapter. It is clear 
then 1 what the generated or incoming flux is of a winding. 
Further, the influence of eddy currents is negligible. On the 
other hand the windings should not be infinitely thin, which 
is somatimes assumed in the literature (ref. 18: section 
3 .1. 2; ref. 19: section VII. 2). In that case the generated 
flux goes to infinity. 

some of the problems 1 which arise when the turns of a winding 
are not very close together, or when the wires have a certain 
thickness, are treated in chapter 2 , in the sections 2 • 1, 2. 2 
and 2.3 in order of increasing complexity. 

Dissipation and capacitive coupling between conductors are not 
considered. Further we consider the transfarmer as a linear 
system. 

With these starting-points, we look for a way to describe the 
transfarmer, in the form of a matrix equation as well as an 
equivalent-circuit diagram. Particularly for the derivation of 
the equivalent-circuit diagram the field-line pictures are 
used. These field-line pictures are simple drawings in which 
the windings as well as the field lines can be recognized. 

Î'. 

First a primary-secondary transfarmer is discussed in section 
1.1 1 and af ter that 1 in section 1. 2 1 the general case of a 
transfarmer with N windings. 

1.1. PRIMARY-SECONDARY TRANSFORMER. 

In this section we consider a 
transformer, of which the two 
windings are very thin again. 
This means 1 that the 
thickness of the wire is 
small in relation to the 
other dimensions of the 
windings, as well as the 
distance between the 
windings. The flux through 
the windings is therefore 
directly recognisable in the 
field-line picture of figure 
1.4. 

n 1 tums n 2 turns 

Figure 1.4. Transfarmer with 
two windings with n1 and n 2 turns respectively. 

First we look for a mathematica! description in the form of a 
matrix equation. In this the transfarmer parameters, which can 
be seen at the terminals of the transformer, are given. Next, 
we der i ve the equivalent-circuit diagram by translating the 
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various flux tubes from the field-line picture into equivalent 
components. Two approaches are foliowed to obtain the 
equivalent-circuit diagram for the magnatie circuit. First, in 
sectien 1.1.2, the fluxes are divided in partial fluxes with 
given properties. Then, these partial fluxes are represented 
in separate imaginary flux tubes. Secondly, in sectien 1.1.3, 
this division is not used, and the equivalent-circuit diagram 
for the magnatie circuit is directly built up on the basis of 
the flux tubes, which are distinguishable in the field-line 
picture. This description contains information about how much 
flux flows through these flux tubes. Sectien 1.1.4 gives two 
examples, in which the equivalent-circuit diagrams for the 
magnatie circuit are derived in both ways. Finally, in sectien 
1.1.5 the equivalent-circuit diagram is assemblad in the first 
above-mentioned way. 

1.1.1. SYSTEM MATRIX OF THE TRANSFORMER. 

The system matrix of the transfarmer gives the relation 
between voltages and currents that we find at its terminals. 
Using this description, we are unaware of what happens in the 
transfarmer, but we have sufficient information to calculate 
the behaviour of a netwerk that contains the transfarmer. We 
shall now first derive the system matrix of the primary
secondary transformer. 

Let the primary winding wi th n 1 

turns be driven by a current 
souree I 1 • This winding ean also 
be represented by a winding of 
one single turn, driven by a 
eurrent souree F1 =n1 I 1 • The 
relation between this current and 
the eerrasponding generated flux 
~ F

1 
is determined by the 

dimensions of the winding, the 
pos i ti on of the winding in the 
magnatie system, and also by the 
properties of that magnatie 
system. This relation is given by 
the magnatie resistance Rm1 of 
the winding: 

Figure 1. 5. A very thin, 
eurrent-driven winding 
generatas flux. 

A part k12 ~F1 of the primary generated flux ~F1 enters the 
secondary, of which the nodes are left open (figure 1.6). The 
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factor k12 is called the 
coupling factor from the 
primary (winding 1) to 
the secondary (winding 
2). The flux k12 <PF

1 
is 

Fl= nlll 
called the coupling flux 
from winding 1 to 2 (ref. 
20: pp. 113-114). The 
secondary considers this 
flux as positive, if it 
has the same direction as 
the flux, which the Figure 1.6. Flux, caused by the 
secondary generatee first winding, goes through the 
i tself , in case of a second. 
positive driving current. 
In this thesis, we use 
this convention instead of the well-known 'dot convention' 
(ref. 21: section 5. 3; ref. 22: sectien 1.10; ref. 12). Our 
'sign convention' means that a negative coupling factor should 
be introduced in the case that the corresponding coupling flux 
is negative. 

Further, a coupling factor may exceed unity, in contradietien 
to what is stated by some authors (ref. 14: p.448; ref. 20: 
p.113). An interesting example with such a coupling factor is 
given in ref. 11. 

When the secondary is dri ven by a current souree I 2 1 then i t 
still remains an open winding. The primary generated flux 1 

that enters winding 2 is still k1a <b F
1

• Now, also the secondary 
itself generatee a flux. If this winding is also represented 
by one single turn, the driving current becomes Fa =11.z.Ia. The 
relation between this current, and the resulting flux <PF

2 
is 

again given by a magnetic resistance: 

A part of the secondary 
generated flux <tF

2 
enters 

the primary winding, 
namely ka1 <PF

2 
(figure 

1. 7 ) . Herein is k 21 the 
coupling factor from the 
secondary {winding 2) to 
the primary (winding 1). 
This coupling flux ka1 fl>F

2 

does not change wi th the 
current I 1 ; this is 
because of the fact, that 
winding 1 is also 
current-driven, and for 

Fa = .R.lna (b F
2 

Figure 1. 7. Flux, caused by the 
second winding, goes through the 
first. 



that reason 
winding. 

an open 

For the total f 1 uxes <1> 1 

and <1> 2 , going through 
winding 1 and 2, we can 
write (figure 1.8): 

~1 = CIJF
1 

+ k21 ()F
2 

1 

k12 <l>F 
1 
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2 

In terms of the voltages Figure 1. 8. Both windings genera te 
and currents, that can be flux. 
seen at the transfarmer 
terminals, this set of equations can be changed into: 

ul. = 

u2. = 

Rewritten: 

jw 
nf 

It jw k21 -- + 
Rml. 

jw k12 
n2nJ. 

IJ. + jw 
Rml 

U1 = jw L11 I 1 + jw L12 I 2 

U2 = jw L21 I 1 + jw L22 I 2 

This can be put into a matrix equation: 

We can write: 

, or alternatively: 

L N ·IC~' • Rm-1 · N 

nln2 
I2 

~ 

ni 
I2 

~ 

(1.1) 

We call L the system matrix of the transfarmer. The self
inductances L11 and L22 have two equal indices, in order to 
determine the position in terms of row and column number. In 
general, only one index is used, which means, that L11 =L11 

L22 = L 2 , etcetera. 

Since L12 =L21 (ref. 23: pp. 4-6), the following relation 
between the coupling factors and magnatie resistances can be 
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derived: 

(1.2) 

In this report these coupling factors are important parameters 
for the transfarmer description. They should not be confused 
with the so-called coupling coefficient k, which is defined as 
(ref. 19: p. 133; ref. 25: section 10.9): 

k = M 

where M=L12 =.L;a1 • This definition implies that the coupling 
coefficient is in the range -l~k~l. 

The following relation between the coupling factors and the 
coupling coefficient can be derived: 

k = ±,jkl2k2l 

The plus or minus in this equation depends on whether the 
mutual inductance M is pos i ti ve or neg a ti ve respecti vely. In 
the literature, the coupling coefficient J.s somatimes 
incorrectly restricted to positive values (ref. 14; ref. 19; 
ref. 25). 

1.1.2. EQUIVALENT-CIRCUIT DIAGRAM OF THE MAGNETIC CIRCUIT. 

In this sectien we set up an equivalent-circuit diagram for 
the magnetic circuit of a primary-secondary transformer, based 
on how the two windings are coupled to each ether. In this 
description it is important how much flux is generated by a 
winding, and how much of that flux enters the other. In the 
literature a magnetic system is often derived on the basis of 
a specific construction of the care (ref. 26; ref. 27), 
however, our approach will be more genera!. 

In figure 1.9.a the primary with n 1 turns is driven by a 
current souree I 1 • The relation between the amount of ampere
turns F1 =n1 I 1 and the generated flux flip. is given by the 

1 

magnatie resistance ~: 

This is translated into the circuit diagram of f i gure 1. 9. b. 
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Note, that this describes a magnatie circuit, where the 
magnatie flux is the 'circulating quantity'. 

suppose a flux <be from an external souree enters the primary 
winding (figure 1.10.a), then the relation between the amount 
of ampere-turns and the generated flux still remains Rm1 • The 
total flux through the winding however is increased with <be• 
In figure 1.10.b this extra flux is presented as a 'flux
source'. 

Figure 1. 9. a. The primary 
generatas flux. 

Figure 1.10.a. 
sees a flux 
external source. 

The primary 
from an 

+ 

<l>F 
1 

Rm1 

Figure 1. 9. b. Translation 
of figure 1.9.a into an 
equivalent circuit diagram. 

Figure 1.10.b. 
Presentation of the 
incoming flux in an 
equivalent circuit diagram. 

In general the flux generated by a winding, and the incoming 
flux overlap in space. In figure 1.11.a. however, these fluxes 
are drawn in separate flux tubes. The generated flux will be 
indicated from now on by a hatched cross section. The 
translation is given in figure 1.11.b. 
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Figure 1.11.a. The generated flux and 
the incoming flux through the primary, 
drawn in separate flux tubes. 

~F+~e 
1 

+ 

Figure l.ll.b. 
1.11.a into 
diagram. 

Translation of figure 
an equivalent circuit 



Now, the secondary is 
considered as well, but 
the current source, 
connected to it, is still 
set to zero (figure 
1.12). The part k12 ~F ~ 
coming from the primary 
reaches the secondary, 
and a part (1-k12) ~ F~ 

passes outside it. The 
first was already 
indicated as coupling 
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l 2 

flux, the second is 
called from now on the 
leakage flux from the 
primary (winding 1) with 
respect to the secondary 
(winding 2). 

Figure 1. 12. Distinction between 
coupling flux and leakage flux. 

By this, we have made a 
distinction between two 
separate flux tubes, 
which have their own 
magnetic resistance. In 
figure 1.13 this flux 
tubes are drawn in an 
abstract way. 1 2 

In the equivalent-circuit Figure 1.13 · Schematic 
diagram of the magnetic presentation of the flux tubes of 
circuit (figure 1.14) two figure 1.12. 
magnetic resistances can 
be seen: one for the leakage flux, and the other for the 
coupling flux. The values of these magnetic resistances are 

; and Rmk 1 respectively. The flux souree k 12 F1 represents 
1- 12 12 Rml 

the coupling flux from primary to secondary. 

~ 
1 - k]2 k:12 

Fl:~ 9 9 D k12 
RmlFl _Fz=O 

Figure 1.14. Translation of figure 1.13 into 
an equivalent-circuit diagram of the magnetic 
circuit. 
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A similar reasoning can 
be foliowed for the 
secondary ( f i gure 1 . 15 ) . 
Now, the primary current 
souree is set to zero, 
and the generated flux 
~F2 is divided into 
coupling flux k 21 ~ F2 

and 
leakage flux (1-k21)~F2 
from secondary to 
primary. The schematic 
representation of the 
flux tubes is given in 
figure 1.16. 

The corresponding 
equivalent-circuit 
diagram of the magnatie 
circuit is given in 
figure 1.17. 

: k21 0 Fl =O_ : • Rm2F2 

Figure 1.15. Distinction between 
coupling flux and leakage flux on 
the secondary side. 

1 2 

Figure 1.16. Schematic 
representation of the flux tubes of 
figure 1.15. 

Rm2 Rmz 
kzt 1-k21 

~ 9 p:., 
Figure 1.17. Translation from figure 1.16 into 
an equivalent-circuit diagram of the magnatie 
circuit. 



When both windings are 
current driven, the 
resulting field line 
picture may look like 
figure 1.18. The 
difficulty with this 
drawing is, that the flux 
tubes coming from both 
windings will overlap in 
space. In this figure, we 
are not able to point out 
the flux tube, carrying 
for example the primary 
leakage flux. It is 
clearer to draw the flux 
tubes separately. This is 
done in figure 1.19. 

Translation of the flux 
tubes into magnetic 
resistances and flux
sourees will result in 
the equivalent-circuit 
diagram of figure 1.20. 

~ Rm 1 
I - kt2 kt2 

Figure 1.18. Field 
when both windings 
driven. 

line 
are 

2 
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picture 
current 

Figure 1.19. Schematic 
representation of the coupling 
fluxes and leakage fluxes, when 
both windings are current driven. 

Rm2 Rm2 

k21 I - kzt 

Fl~ 9 9 •+_knl' Rm2 2 !~,'1 ~· 9 9 p\ 
Figure 1.20. Translation from figure 1.19 into an 
equivalent circuit diagram of the magnetic circuit. 
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We already know from 
equation 1.2 that 
~ Rm2 -- = --, which means, 
kla kal 

that the flux tubes, 
going through bath 
windings, have the same 
magnatie resistance. 
Therefore we could draw 
only one flux tube for 
the coupling fluxes 
k12 cl> F

1 
and k21 cl> F

2 
( f i gure 

1.21). This flux tube has 
a magnatie resistance 

~ Rm:a 
= 

k12 k21 

as well. we call the flux 

kl2 k21 
--F.l + F. 
Rml Rm2 2 

through this flux tube 
the common flux. The 
resulting equivalent
circuit diagram of the 
magnatie circuit is given 
in figure 1. 22 (ref. 25: 
section 10.4; ref. 28: p. 
35). 

Figure 1.21. Schematic 
representation of the flux tubes, 
as in figure 1.19. Now, the 
coupling f1uxes are gathered in one 
flux tube. 

Rm 2 
1- k21 

Figure 1.22. Equivalent-circuit 
diagram of the magnatie circuit 
derived from figure 1.21. 

1.1.3. EQUIVALENT-CIRCUIT DIAGRAM OF THE MAGNETIC CIRCUIT, 
DIRECTLY DERIVED FROM THE FIELD-LINE PICTURE. 

In the preceding section an equivalent-circuit diagram of the 
magnatie circuit was der i ved on the basis of the distinction 
between coupling fluxes and leakage fluxes. In order to obtain 
the equivalent-circuit diagram of the magnatie circuit, flux 
tubes were translated into magnatie resistances and flux 
sources. In figure 1.21, three schematic flux tubes could be 
seen: two for the leakage fluxes, and one for the common flux. 
In figure 1.4, presenting the field line picture in the case, 
that bath windings are current driven, similar flux tubes can 
be observed: one closing around the primary only, one closing 
around the secondary only, and one going through bath primary 



and secondary. we call 
the fluxes flowing 
through these flux tubes 
respectively: the proper 
flux of the primary cf1 pl 1 

the proper flux of the 
secondary cf1 P2 , and the 
shared flux of bath 
windings cf1 812 • We can 
attribute a magnetic 
resistance RmP1 , RmP2 , and 
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Figure 1.23. Equivalent-circuit 
diagram of the magnetic circuit, 
based on the proper fluxes and the 
shared flux. 

Rm812 respecti vely to these flux tubes 1 which leads to the 
equivalent-circuit diagram of the magnetic circuit gi ven in 
figure 1.23. 

The question is now: do these flux tubes correspond with those 
in figure 1.21, which led to the equivalent-circuit diagram of 
the magnetic circuit in the preceding section? We shall see 
from the examples in the next section, that this may be true 
in special cases, but that in general the answer is negative 
(ref. 27: pp. 17-18; ref. 29: pp. 4-8; ref. 30: pp. 330-331). 
Feynman gives a clear example for electrical fields, that the 
composite field-line picture can become very complicated, even 
when the separate field-line pictures of the separate sourees 
are simple (ref. 31: sectien 4.8). The shape of the flux tubes 

Fl in figure 1. 4 is generally dependent on the ratio ex=-. The 
F2 

magnetic resistances of the flux tubes are then dependent onex 
as well. It will become clear, that the equivalent circuits, 
derived in this manner, are nat very practical. 

1.1.4. EXAMPLES. 

For two simple examples of transfarmers we shall derive the 
equivalent-circuit diagram of the magnetic circuit. In the 
first example the shape of the three flux tubes in the field 
line picture is fixed. For that reason the equivalent-circuit 
diagram of the magnetic circuit can be derived directly from 
the field line picture. The flux tubes in the secend example 
have a shape, that varies with the factor ex. For this 
transfarmer, the equivalent-circuit diagram of the magnetic 
circuit is assembled first on the basis of coupling fluxes and 
common flux, and then with the help of proper fluxes and 
shared flux. 
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1.1.4.1. COAXIAL TRANSFORMER. 

Consider a transfarmer, of which 
each 'winding' consists of two 
cylinders of infinite length 
( figure 1. 24) . In the inner 
cylinder with radius r 1 the 
current flows downwards, in the 
outer with radius I 0 upwards. 
These currents are uniformly 
distributed over the 
circumference of the cylinders. 
Nota, that the magnatie field 
lines between the cylinders are 
circles. We consider a part of 
length 1 of the system. The 
generated flux is then: 

Cl>,= ..l!.!.!ln( rol 
· 21t r 1 

The oorrasponding magnatie 
resistance is then: 

21t ' 
Rm= -----

~lln( ;;) 
The transfarmer has two windings 
of this type (primary: winding 1, 
secondary: winding 2 ) , which are 
placed as drawn in f i gure 1. 25. 
Let r 11 and r 10 be the inner and 
the outer radius of the primary 
respectively, while similar 
dimensions for the secondary are 
given by r 21 and I 20 • 

Figure 1. 24. 
of infinite 
winding of 
transformer. 

Two cylinders 
length form a 

the coaxial 

Figure 1.25. 
transfarmer 
windings. 

Coaxial 
with two 

The magnatie resistance of both windings and the coupling 
factors between them can simply be derived: 
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~ 
2it 

Rm2 
2ït 

= = 

p.lln( r:to) p.lln( r2o) 
r:ti I2i 

k12 ~ k21 ~ = 
. . 

1n( r:to) ln( I2o) 
r11 I ai 

It is clear that for this transformer the proper flux is the 
same as the leakage flux of that winding, and that the shared 
flux equals the common flux: 

~ = p.I:tl ln( r:to) = 
pl 2 11: r 

2o 

~p2 = p.I21 ln( r:ti) 
211: r2i 

= 

The corresponding magnetic resistances are given by: 

= 

= 

2it 
= 

This results in the equivalent-circuit diagram of the magnetic 
circuit given in figure 1.26, which can be seen as a 
derivative of both figure 1.22 and figure 1.23. For this 
example it makes no difference whether we start the derivation 
with coupling fluxes and leakage fluxes, or with shared flux 
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and proper fluxes. The 
reason for this is that 
the shape 1 and therefore 
also the magnetic 
resistance of the flux 
tubes remain constant. 

Rm1 
1-k12 

Rm1 Rm2 
kl2 = kZl = Rmsl2 

Rmvl Rm2 Rm 
l-k21 = p2 

In the next example the 
flux tubes have a 
magnetic resistance which 
now depends on the 
relation between the Figure 1.26. Equivalent-circuit 
driving currents. This diagram ot the magnetic circuit. 
will have consequences 
for the equivalent-circuit diagram of the magnetic circuit 
that follows from the field line picture. 

1.1.4.2. TWIN-CABLE TRANSFORMER. 

A winding of the presented 
transfarmer consists of two 
straight parallel wires of 
inf in i te length, each wi th a 
radius r 0 (figure 1.27). In 
one wire the current flows 
upwards, in the other 
downwards. The distance 2a 
between the wires is: 

2a > r 0 

Again, a part of length 1 is 
considered. The generated 
flux is approximately: 

<I> = .J!Q ln( 2a) 
1t Io 

top view 

2a-1------o 
------0 

Figure 1. 27. Two parallel 
wires form a winding of the 
transfarmer of example 2. 

The flux through the wires is neglected. The magnetic 
resistance is, in the same approximation: 

Rm = ___ 1t __ _ 

~1 ln( ~=) 

The transfarmer consists of two of these 'twin cable' 
windings, facing each other at a distance 2b. We suppose that: 



2b > r 0 

When the primary and secondary driving 
currents are applied, a field-line 
picture might arise that looks like 
figure 1.28. 
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The magnetic resistance of the primary 
and secondary along the length 1, and the 
coupling factors respectively are 
approximately: 

2a---~Lx-

1t = Rm1 ::: Rmz 
~1 ln( ~:) 

Figure 1.28. A 

ln~ 1+ ;:] 

possible field line 
picture of the 
transformer. 

k12 = k21 = 

ln( ~:) 

With these quantities, 
the equivalent-circuit 
diagram of the magnetic 
circuit of figure 1.29 
can be derived. 

Taking the flux tubes of 
the field-line picture 
(figure 1.28) as the 
point of departure, we 
see a different result. 
For each of the three 
flux tubes we can 
determine the magnetic 
resistance, which results 
in the equivalent-circuit 
diagram of figure 1.30. 
For the magnetic 
resistances in this 
figure we can write: 

Rm 1 _ Rmz 

kl2 - k21 

F
1 
~.-----9....--------ICJI-------..9----.~ F

2 

Rm 

1- k12 

Rm 2 
1 kzl 

Figure 1.29. Equivalent-circuit 
diagram of the magnetic circuit, 
based on leakage and common flux. 

Figure 1.30. Equivalent-circuit 
diagram of the magnetic circuit, 
directly derived from the field
line picture. 
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Rms12 («) = 27& 1 + « 
fll _l_n_(:--<x-k +_b_)_2_+_{_y_k_+_a_)_2-:-)-+_«_l_n-:(-(x_k ___ b_)_2_+_(_y_+_a_)_2_) 

(xk+b)2+(yk-a)2 (xk-b)2+(yk-a)2 

1 

1+« 

~2 ( «) = -__""".-___;,;«;..__ __ _ 
« +k2~ 1 + « 

R.mz Rms12 ( « ) 

xk and yk are the co-ordinates of the point of intersectien in 
the upper separatrix: 

1-« xk = b--
1+« 

Fa These magnetic resistances turn out to be dependent on « =-, 
Fl 

for this factor affects the shape of the flux tubes in the 
field-line picture. In figure 1. 31 the upper separatrix is 
drawn for several va lues of « , in the case that a= 2b. In 
figure 1.31.a to 1.31.h three flux tubes are visible. The 
shared flux proves to be zero, if « is in the range: 

For the given relation between a and b this becomes: 

-3-~ < -3+~ 
2 < « 2 

This is true for the figures 1.31.j to 1.31.m. The shared flux 
just disappears in figure 1.31.i, for which « has the value 

a: = -3+~ 
2 

1:$ -0.382 
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Figure 1.31.a. a=1 Figure 1.31.b. a=0.5 

--------

Figure 1.31.c. a=0.2 Figure 1.31.d. a=O.l 

Figure 1.31.e. a=O Figure 1.31.f. a=-0.1 

Figure 1.31.g. a=-0.2 Figure 1.31.h. a=-0.35 
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Figure 1.31.i. a=-0.382 Figure 1.3l.j. a=-0.4 

I 

----
( ., 

\ 
Figure 1.31.k. a=-0.5 Figure 1.31.1. a=-0.95 

Figure 1.31.m. a=-1 
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1.1.5. EQUIVALENT-CIRCUIT DIAGRAM. 

Until now only the 
equivalent-circuit 
diagram of the magnetic 
circuit was treated. Now, 
we shall search for an 
equivalent-circuit 
diagram, in which 
voltages and currents are 
the main quantities. In 
the literature this is 
sometimes derived from 
the magnetic circuit 
(ref. 32; ref. 33). 
However, we try to f ind 
the equivalent-circuit 
diagram on the basis of 
the fluxes, which we 
encounter in the 
transformer. In the 
preceding sectien there 

-
kztlf>Fz 

~ (1-kzt)lf>F
2 

2 

Figure 1. 32. Two windings with 
schematic representation of the 
coupling fluxes and the leakage 
fluxes. 

were two methods to derive a circuit diagram. The first was 
based on coupling and leakage flux, the secend on proper and 
shared flux. In the last method we directly looked at the 
field-line picture. The disadvantage of this is, that the 
shape, and therefore the magnetic resistance of a flux tube 
depends on the relation between the driving currents. This is 
not practical, because in the case of time-varying currents, 
the components in the equivalent-circuit diagram will be time
dependent as well. So we prefer the derivation of the 
equivalent-circuit diagram on the basis of coupling and 
leakage flux (figure 1.32). 

First we consider each winding as if it consists of only one 
turn. For instanee, the primary of n1 turns is dri ven by a 
current souree I 1 • When the winding is considered as a single 
turn, then the current through this turn is F1 =n1I 1 • The 

voltage that we see, when we travel along the loop once is__!_ 
n1 

times the terminal voltage U1 , so this becomes 

corresponding set of equations is: 

u1 = jU>-1- (n1I1) + j<U Rmkz1 (n2I2) 
111 lèn71 2 

The 
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We can change over to the system with windings, consisting of 
one turn, by adding an ideal transfarmer at bath ports. These 
transfarmers reprasent the number of turns of the windings 
(figure 1.33). 

2 

Figure 1. 3 3. Conversion to windings of one 
turn, by adding ideal transformers. 

Further, the flux that is 
generated in a loop can be 
represented by an inductor that 
is introduced into that loop 
(figure 1.34). 

Finally, an incoming flux, a flux 
not generated by the loop, can be 
represented as a voltage souree 
with voltage jcuw (figure 1.35). 

I 
tl>=Rm 

1 
Rm 

__..,. __..,. I 

Figure 1. 34. Translation 
from a generated flux into 
an inductor. 

I 

Figure 1. 35. Translation 
from an incoming flux into 
a voltage source. 

In this way all the flux tubes of figure 1.33 are replaced by 
inductors and voltage sourees respecti vely. This resul ts in 
the equivalent-circuit diagram of figure 1.36. 
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Figure 1. 36. Transfarmer of figure 1. 32, of 
which all flux tubes are converted into 
inductors and voltage sources. 
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k12 k21 Again, the self-inductances -- and are equal, and can 
~ Rm2 

be combined into one component. This means, that the coupling 
fluxes flow in a single flux tube with a magnatie resistance 

Rm1 = Rm2 ( f i gure 1. 3 7) . The resul t is the equivalent-circuit 
k12 k21 

diagram of figure 1.38. 

1 2 

Figure 1.37. As figure 1.33; now, the coupling 
fluxes flow through the same flux tube. 

1 2 

Figure 1.38. Equivalent-circuit diagram, 
derived from figure 1.37. 
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In figure 1.39 this is drawn in a more simple manner. 

~<12 k;u ~ 
Rm1 = Rm2 

Rm2 

~~:JII( ' )11( - )11<=:~2 
Dj!l I: l I 'D2 

Figure 1. 39. The same circuit diagram as in 
figure 1.38, reflected in simpler form. 

Finally the i deal transfermers are combined into one. The 
result is given in figure 1.40. This equivalent-circuit 
diagram is often used (ref. 34: section 1.9). 

Figure 1.40. The same circuit diagram as in 
figure 1. 39; now the ideal transfermers are 
combined into one. 

In the next section, we use the same approach to der i ve 
equivalent-circuit diagrams for transfermers with more than 
two windings. 
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1.2. TRANSPORMER WITH AN ARBITRARY NUMBER OF WINDINGS. 

In this section, we search for a description of a transfarmer 
wi th an ar bi trary number of N windings. The starting points 
are still, that the windings are very thin, and that eddy 
currents in the copper of the wires can be neglected. First, 
the system matrix is derived. After that, we look for the 
equivalent-circuit diagram of a transfarmer wi th three 
windings. This is done, to find out, whether it is meaningful 
to consider overlaps between the several coupling flux tubes. 
Finally, we try to der i ve a clear equivalent-circuit diagram 
of the N-windings transformer. 

1.2.1. SYSTEM MATRIX. 

we have seen earlier, 
that a system matrix 
related two vectors, 
which contained one 
type of quantity 
each. This matrix is 
a systematical 
description of the 
transformer, and can 
easily be extended. 

We have two 
alternatives for the 
transfarmer system 
matrix: the 
inductance matrix and 

Figure 1. 41. Transfarmer 
current driven windings. 

with N 

the inverted inductance matrix. A discussion about these two 
manners of description can be found in the li terature (ref. 
14: chapter XXVII) . A choice will be made on the basis of 
which alternative turns out to be most flexible one. 

We suppose every winding inside the magnetic system is current 
driven (figure 1.41). So each winding has open terminals, and 
has for that reason no influence on the magnetic system. We 
can freely add or remove windings, without updating the data 
that describe the magnetic system. 

The flux through a winding i becomes: 

n n. n 
"" k .-1

- I +-~- I k N I ':l' i = 1~ 1 + • • • • i+ • • • • + Ni-- N 
Rm1 Rmi RmN 

N n. 
= L kji_J_ Ij 

j=1 Rmj 

and the induced voltage: 
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The transformer can be captured in the following matrix 
equation: 

, which can be rewritten: 

For the several parts of these matrix equations we write: 

u1 

U:a 

u = 

UN 

N 

1 

I 

nl 0 0 

0 n:a 0 

o 0 ... nN 

I1 

I :a 

IN 

Rm1 0 

0 Rm:a 

0 0 

0 

0 

The matrix L is again called the system matrix of the 
transformer. For a given element of L we can write: 

= 



Of course, it would 
be possible to 
conneet voltage 
sourees to the nodes 
of every winding 
(figure 1.42). Then, 
the current flowing 
through a winding aan 
be expressed by the 
several driving 
voltages: 
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Figure 1.42. Transfarmer with N 
voltage driven windings. 

In a matrix equation this becomes: 

I = (joo) -l À u 

The matrix À is the inverse of L. So for every element of À 
we can write: 

À.. = ( -1) U+i> Aii 
~J A 

In this A is the determinant of L, and A i i is the determinant 
of the matrix formed, when the jtn row and the ith column of 
L are omitted (ref. 35: sectien 4.3-4.4). 

The disadvantage of this description is, that we cannot easily 
change the ini ti al tJ:ilmber of N windings. If we would remave 
for instanee tffhe N winding, then it is not sufficient to 
delete the N row and column of the matrix À • Reducing the 
matrix in this way means that the voltage UN is made zero: the 
Nth winding is then a short-circui ted winding, which is not 
removed at all! 

A similar problem arises, when we would add a (N+1) th winding: 
On the future position of this winding, we should first put a 
short-circui ted winding of the same dimensions. As a resul t, 
the elements of the matrix À are changed. 

This is, because the addi ti on of a short-circui ted winding 
changes the magnetic resistances and coupling factors of the 
other windings. This is demonstrated for the example of a 
simple transfarmer wi th two windings P and S, to which a 
short-circuited windingKis added (figure 1.43). 

Suppose that P en S see a magnetic resistance Rmp and Rm8 

respectively in case K is still open, and that the coupling 



50 

factors are then given by 
kps and k 8 p. Further, we 

introduce similar coupling Ip!{) 
factors to and from the open 
winding K. For instanee, k PK 

is the coupling factor from 
P to K, that is left open. 
Then, the short circui ting of K P 

{) will cause new magnetic 
resistances Rm~ and Rm~: 

Rm~ = 

K 
Figure 1.43. Primary-secondary 
transfarmer 1 to which a short
circuited winding is added. 

Rm~ = (1.4) 

The new coupling factors between P and S become: 

k l -PS -
kps-kPKkKS 
1-kpxkKP 

I ksp = 
ksP-ksxkKP 
1-ksxkKS 

(1.5) 

So the matrix Ä describes, j ust as L does, the transfarmer. 
However, the L matrix gives us more freedom to add or remave 
windings. For that reason we only use this system matrix. 

1.2.2. EQUIVALENT-CIRCUIT DIAGRAM OF A TRANSFORMER WITH 3 
WINDINGS. 

The ultimate aim is to get a 
clear equivalent-circuit 
diagram of a transfarmer with 
an arbitrary number of 
windings. It would be useful 
if this diagram would help 
us, to find the fluxes in the 
several flux tubes of the 
field line picture. However 1 

we have seen already, that an 
equivalent-circuit diagram, 
directly derived from the 
field line picture, contains 
components that are dependent 

Figure 1.44. Transfarmer with 
three windings. 
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on the dri ving currents. For that reason the starting point 
for the description of the primary-secondary transfarmer of 
sectien 1. 1. 5 was the use of the coupled and the leakage 
fluxes. Again, this procedure will be followed. However, 
because of the fact, that we now talk about transfermers with 
more than two windings, the different coupling flux tubes can 
have an overlap. In this sectien we shall examine if it is 
necessary to consider this in the description. This will be 
done fora transfarmer with three windings (figure 1.44). 

First, only winding 1 is driven by a current souree I 1 , by 
which a flux ~~ is generated. We can distinguish several flux 
tubes, namely the coupling flux from 1 to 2: k12 ~F1 , and that 
from 1 to 3: k13 ~~- Further, we see a flux tube, formed by the 
overlap of these. This flux tube contains flux that flows from 
1 through both 2 and 3. With this, we associate a new coupling 
factor k1 2 , 3 • The corresponding flux is then k1 2 , 3 ~F1 • The flux 
that passes outside winding 2 and 3, is (1-k12 -k13 +k1 2 , 3 ) ~F1 • 

The flux tubes of figure 1. 45 are redrawn schematically in 
figure 1.46. 

Figure 1.45. Winding 1 of the 3-port transfarmer generates 
flux. 
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Figure 1.46. Schematic representation of the flux tubes of 
figure 1.45. 

This is converted to the equivalent-circuit diagram of figure 
1.47. 

1- kl2- k13+ kl 2,3 

Rm1 

Rm 1 

Rml 

Figure 1.47. Translation from figure 1.46 into an 
equivalent-circuit diagram. 
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When every winding of the transfarmer is current dri ven, we 
can distinguish 12 flux tubes. In every loop of the 
equivalent-circuit diagram 4 inductors will arise, and also 4 
driven voltage sourees (figure 1.48). In this diagram some 
subscripts carry a bar. This is done, to indicate in a simple 
way that the oorrasponding flux tube passes outside a winding. 

jtuk12.3!f)F
1 

-+ -

jw k3 Ï,2 4>F
3 

i wkz t,3 <llF
2 

Figure 1. 48. The total equivalent-circuit diagram of the 
3-port transformer, in which the overlaps between the 
coupling fluxes are considered. 

For the primary-secondary transfarmer in section 1. 1 we were 
able to put the coupling fluxes together into one flux tube. 
This was possible, because the magnatie resistances of the 
coupling flux tubes were the same. Is this allowed again in 
this case? Suppose for instance, that we wish to combine the 
fluxes going exclusively through winding 1 and 2 into one flux 

tube. In general, the magnatie resistances Rm1 and 
k12 kl 2,3 

k21 -k2 1,3, 
corresponding wi th both flux tubes, are not the 

same. The corresponding inductors and dri ven voltage sourees 
of figure 1.48 cannot be combined, as we did for the primary
secondary transfarmer. In the li terature somatimes incorrect 
statements are made, which imply the equality of the 
reluctances of the above mentioned flux tubes (ref. 10). 

Yet, the equivalent-circuit diagram of figure 1.48 can be 
simplified. In the preceding we have introduced the new 
coupling factors k1 2 , 3 , k 2 1 , 3 and k 3 1 , 2 , because an overlap can 
exist between the coupling fluxes. For the actual transfarmer 
description these coupling factors are of no importance: we 
only need to know how much flux is generated at one winding, 
and how much of that flux enters another, irrespective of 
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whether it goes through a third winding. 

Suppose 1 that we want to eliminate the overlap 1 that exists 
between k12 ~Fl and k13 ~Fl. In figure 1.49 both coupling flux 
tubes are represented separately, next to each ether. 

By this 1 we make the generated flux k1 2 , 3 ~F1 too big. We 
compensate this by subtracting this value from the flux that 
passes outside loop 2 and 3. The amount of flux through every 
winding is correct again 1 but the description of the actual 
situation is not accurate any more. For instance 1 from figure 
1.49 the flux that passes outside winding 2 and 3 seems to be 
(1-k12 -k13)~Fl 1 which is not true in reality. It can easily be 
seen that this flux, for k12 +k13 > 1 even can become negative. 
This is of course unrealistic for the actual flux that passes 
outside winding 2 and 3. 

kl 2,3 lf>F1 + kl 2,3 lf>Fl 

= (l-k12-kl3)1f>Fl 

Figure 1.49. The coupling flux tubes are placed apart from 
each ether. 

When all three windings are driven by a current source, we can 
schematically draw the several flux tubes (figure 1.50). 
Conversion of the flux tubes into components gives the 
equivalent-circuit diagram of figure 1.51. 
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Figure 1.50. Transfarmer with three current driven 
windings. The overlap between the coupling flux tubes has 
been eliminated. 

Figure 1.51. 
figure 1.50. 

Equivalent-circuit diagram, derived from 
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Again, the flux tubes going two by two through the same loops 
have the same magnatie resistance, because: 

Rmx = Rmy 
kxy kyx 

For that reason both flux tubes may be replaced by one with 
the same magnatie resistance, through which both coupling 
fluxes kxyWFx and kyxWFy flow. The result is given in figure 
1.52. 

Figure 1.52. As figure 1.50, however, the coupling fluxes 
are put two by two together into one flux tube. 

Translating the flux tubes into components for the equivalent
circuit diagram results in figure 1.53. This is redrawn in a 
more elegant way in figure 1.54. The sequence of components in 
the loops differs for both diagrams; this does not change the 
essence of the description. This equivalent-circuit diagram 
shows some resemblance with the diagram presented in raferenee 
36 and 37, however, the last one does not fully correspond 
with the matrix equation in section 1.2.1. 

So the coupling factors, presenting the overlap between 
coupling flux tubes are eliminated now. Yet, the 3-port 
transfarmer can be described with the diagram of figure 1.54, 
but i t cannot tell us how much for instanee the coupling 
f 1 uxes k12 f11 p

1 
and k 13 f11 p

1 
over lap. Further, negati ve inductances 

can occur, which we also often see in the literature (ref. 15; 
ref. 16), however, the preceding derivation 



Figure 1. 53. 
figure 1.52. 

Equivalent-circuit diagram, derived from 

!.lC.----. 
IIC 
1:1 1--- ------- ----, 

IIC 
1:1 --.., 

Figure 1.54. The same equivalent-circuit diagram as in 
figure 1. 53. The sequence of the components in the 
loops may differ for bath figures. 

57 
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shows clearly what the reasen is of these negative values. In 
the next sectien 1.2.3 we look for a equivalent-circuit 
diagram of a N-port transfarmer 1 for which N is an arbitrary 
number of windings. 

1.2.3. EQUIVALENT-CIRCUIT DIAGRAM OF A TRANSFORMER WITH N 
WINDINGS. 

In this sectien we search for an equivalent-circuit diagram of 
a transfarmer with an arbitrary number of N windings. For the 
3-port transfarmer, we have seen already, that the coupling 
flux tubes can have an overlap. To describe this, extra 
coupling factors were needed. When the transfarmer has more 
then 3 windings, the number of ways for the coupling flux 
tubes to overlap, increases very strongly. considering, that 
these extra coupling factors are not really needed for the 
actual transfarmer description 1 we decide to make the 
equivalent-circuit diagram on the basis of non-overlapping 
coupling flux tubes. In figure 1.55 these flux tubes are drawn 
schematically for a certain winding with ni turns. 

Figure 1.55. A winding i of the N-port transfarmer with 
non-overlapping coupling flux tubes. 
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The flux in here that seems to pass outside every other 
winding is determined to: 

t kij l <Ppj 
J=l 

j+i 

This is not the actual flux, which, going from winding i, 
passes outside every other winding! 

Further, the 
winding j: 

.th 1 
~ oop sees 

k·· <Pp ]~ j 

coupling flux from a certain 

k]Ï = Fj 
Rmj 

The total incoming flux for the winding i is then: 

N - LN kji ~ k. . 'Pp - - FJ. 
~ ]~ . Rm 
j=l :J j=l j 

The flux tubes of figure 1.55 can be replaced by inductors and 
voltage sourees in loop i, which gives the diagram of figure 
1.56. 

Figure 1.56. 
figure 1.55. 

k·. 
Rm. --=..!1_ 

1 -----. Rm -.. i 

·,, 
\ 
'•kiN 
Rm. 

1 

Equivalent-circuit diagram derived from 
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Again, flux tubes with the same magnetic resistance are 
combined into one. This causes a common self-inductance in the 
equivalent-circuit diagram. Just for the windings i and j, 
this diagram is drawn in figure 1.57. 

links to other 
loops 

+ 

Figure 1.57. Equivalent-circuit diagram for the windings i 
and j. The conneetion between both windings is formed by a 
common self-inductance. 

working out for example a 5-windings transformer gi ves the 
result of figure 1.58. It can be easily seen, that this 
diagram can also be obtained by systematically extending 
figure 1.54. In a same way equivalent-circuit diagrams can be 
made when the transformer possesses possibly even more 
windings. The case N=2 results of course in the diagram in 
figure 1.39. 

Another clear diagram can be achieved by taking figure 1.56 as 
a starting point. This gives in the case N=5 the equivalent
circuit diagram of figure 1.59. The driving terms of the 
voltage sourees can be simplified when we refer to the 
voltages over the several inductors. This results in the 
diagram of figure 1.60. 

The equivalent-circuit diagrams of the figures 1.58, 1.59 and 
1.60 are clear and can easily be extended. However they give 
no more information than the matrices N, K and RID that are 
the building blocks of the system matrix L (section 1.2.1). We 
can only see now, how much flux is generated by a winding, and 
how much incoming flux flows through it. How the flux moves 
through space cannot be retrieved any more. So, it cannot be 
said, what the field line picture looks like, or to what 
extent the coupling flux tubes overlap. 



l-t41-k4~-k43-l4s 

Hm4 
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Figure 1. 58. Equivalent-circuit diagram of the 5-port 
transformer, derived from figure 1.57. 
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-1 
Rms 

Figure 1. 59. Equivalent-circuit diagram of the 5-port 
transformer, derived from figure 1.56. 
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0 rcf2 

+o- ~ +o- +o- +o-
u;~~)~ -kl2ureft -1 k.32°rer3 k42Uref4 "s2Uref5 Rm2 

n2 : 1 
0 m3 

+o- +o- ~ +o- +o-
u:!)~ -k13Urcfl k23uref2 -1 

k43°ref4 ks3 °ref5 Rm3 

n3 : 1 

+ ~ref4., + -· 

u~Î) 
n 4 : 1 

0 ref5 

+o- +o- +o- +o- ~ 
u;Î)II~ -k15urefl k2}Jref2 k35Urcr3 k4suref4 -1 

Rm5 

n5 : 1 

Figure 1.60. As figure 1.59, however, the driving terros of 
the voltage sourees are now referred to the voltages over 
the coils. 
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2. TRANSPORMER WINDINGS WITH CERTAIN DIMENSIONS. 

Until now, we discussed transfermers with very thin windings. 
This starting point had two advantages for the simplici ty of 
the description. Firstly, i t was clear, what the flux was, 
going through a winding, and secondly, there was no need to 
question how eddy currents in the roetal of the wires would 
modify the generated or incoming fluxes through the windings. 
However, now we want to describe a transfarmer wi th windings 
of certain dimensions as well. Wi th certain dimensions is 
meant in the first place, that the various turns of a winding 
can be rel a ti vely far apart. Further, the wire of which the 
windings are built up may have a thickness, that can not be 
neglected. 

In genera!, the difficulty is then, that a flux may exist in 
the spaces, occupied by the windings. Rogowski mentioned 
already the problem, that in this case, the different fluxes 
could not be recognised directly (ref. 38), and therefore he 
represented these fluxes in imaginary flux tubes, which did 
not overlap the winding space. In this chapter, we follow a 
similar method: for windings wi th a certain thickness, we 
determine the generated and incoming fluxes. These fluxes may 
be represented in imaginary flux tubes outside the winding 
spaces. Also in the transfarmer description of chapter 1 we 
used such imaginary flux tubes. This means, that this 
description may be used, if real expressions can be found for 
the generated and incoming fluxes. 

In sectien 2.1 windings are treated of which the turns are at 
a certain mutual distance. We pay attention to the flux, that 
such a winding generates, and further to the effective 
incoming flux that goes through it. We derive self-inductances 
and mutual inductances of, respectively between windings, and 
further expressions for their effective magnetic resistances 
and coupling factors. 

In sectien 2.2 the wires have a certain thickness. The 
difficulty now is that we do not know to what extent flux 
through the roetal of the wire contributes to the effecti ve 
flux through the winding. Definitions are given for the 
generated flux respectively the incoming flux, and also again 
for self-inductance and mutual inductance. Further, equations 
are derived for the magnetic resistances and coupling factors. 
These transfarmer parameters are valid for such low 
frequencies, that eddy currents can be neglected. For some 
examples of transformers, which contain conductors with a 
certain thickness, these parameters are derived. 

Finally, in sectien 2.3, the driving frequency is chosen 
higher, so that eddy currents become important. For some 
examples, already treated in sectien 2.2, the influence of the 
eddy currents on generated and incoming flux is calculated. 



66 

2.1. WINDINGS WITH TURNS AT A CERTAIN MUTUAL DISTANCE. 

In this sectien an expression is gi ven for the flux, that 
passes through a winding, of which the turns may be at 
different locations. So 1 the turns do not need to be very 
close together, as in chapter 1. The turns themsel ves are 
still supposed to be very thin, because then, the flux inside 
the wires can be neglected. Further, eddy currents are not 
considered. 

Strictly speaking, a winding 
consists of a single 
continuous wire (figure 2.1). 
So we can understand the 
winding as one single contour 
that encloses a certain 
surface. Through this 
surface 1 a flux flows, that 
can be di vided in generated 
and incoming f 1 ux. To 
describe the winding it would I 
be sufficient to use the 
theory of chapter 1, where 
every winding was a very thin 
loop. 

The enclosed surface has a 
complex form, particularly 
when the winding has more 
layers of turns. Therefore 
the situation will be 
represented in a more simple Figure 2 .1. A winding wire 
way by defining basic turns. encloses a certain surface. 
The original complex surface 
is then divided in parts, 
each enclosed by these basic turns. For every basic turn we 
need to know the magnetic resistance, and for every couple of 
basic turns the coupling factors. Taking this as a starting 
point, we derive the transfarmer parameters. 

2.1.1. DIVISION OF WINDINGS IN VERY THIN BASIC TURNS. 

The surface, surrounded by the wire of the winding can have a 
complex shape ( figure 2.1) . It would be much better, if we 
presented the winding as a series conneetion of basic turns 1 

which enclose a simple surface each. The transfarmer 
parameters (magnetic resistances, coupling factors, self
inductances and mutual inductances) can then be der i ved from 
the magnetic resistances of, and the coupling factors between 



the basic turns. 

In f i gure 2 . 2 a winding of 
four turns is given, and next 
to it the presentation of it 
in basic turns. Every basic 
turn has its starting and 
ending point close together, 
so that i t can be understood 
as an independent winding. It 
is clear, that the 
approximation by basic turns 
will be better, when the 
starting and ending point of 
the original turns are more 
closely together. Further, 
the flux, that goes through 
the surface, enclosed by the 
connecting wires, is not 
considered. 

Call Aw the surface, enclosed 
by the entire winding wire, 
and ~ w the total f 1 ux, going 
through this surface. This 

I g 
Po 

Figure 2.2. 
turns to basic 

1 
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I 

p 

Translation from 
turns. 

q,. 
I 

flux is also the sum of all Figure 2. 3. Approximation of a 
fluxes, through the separate t b b · t 
turns. Suppose, a surface 

urn y a as1c urn. 

A ei , that forms a part of Aw, 
is associated with a turn i (figure 2.3). Let ~ti be the flux 
through Aei. We may not say, that this is the flux through 
turn i, because the starting and ending point of this turn do 
not coincide, as they should for a closed contour. However, it 
can be approximated by the flux through the corresponding 
basic turn, ~i· The condition is then, that in the conversion 
from turn i to the basic turn a negligibly small error is 
made, and that both are at the same position in the magnetic 
system. If the model with basic turns is a good approximation 
for the winding with the original turns, then the total flux 
through Aw can be approximated by the sum of the fluxes 
through the basic turns: 

(2.1) 

The summation is done over all basic turns of the winding. In 
the next section, approximations are derived for the generated 
and incoming fluxes of windings, for which the division into 
basic turns is the starting point. 
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2.1.2. GENERATED AND INCOMING FLUX. 

We shall now der i ve approximatiens fer the generated and the 
inceming flux of windings, of which the turns are at some 
distance frem each ether. The starting point for this is, that 
the windings may be represented as a series conneetion of 
basic turns. Knowing these fluxes, we can der i ve expresslons 
for the several transfarmer parameters, such as self
inductances, mutual inductances, magnetic resistances and 
coupling factors. 

The transfarmer windings are represented as sets of basic 
turns. Suppose 1 that there are al tagether N of these basic 
turns in the magnatie system. Through a certain basic turn j 
we see a flow of flux: 

};

N k .. 
- ~ J I - -- i 

1 Rmi 

Again, k 1 J is the coupling factor frem basic turn i to j 1 and 
Rm1 is the magnetic resistance of basic turn i. 

Suppose, a winding P0 is built up of np turns 1 which are 
approximated by np basic turns of a winding P (figure 2.2). 
The N-nP remaining turns reprasent the turns of the ether 
windings within the magnatie system. The flux ~P 1 going 

0 

threugh the surface Ap , enclosed by the entire winding wire of 
0 

P0 , is appreximated by ~P' which is the sum of the fluxes 
through the np basic turns ( equation 2 .1) • For this flux we 
can write: 

N 
kij 

~Po :;:$ 4'>p = :E tbj = ~ :E I i 
j i=l Rmi 

over over 
np np 

Through every turn of the winding P 0 the same current I P 

flows, just as threugh the corresponding basic turns. This is 
true, if there is no current less as a result of, fer 
instance, capacitive coupling. We divide ~P as fellows: 

tb Po 
:;:$ tbp = Ip :E ~ 

ki j 
+ E ~ 

ki j 
I i 

:J Rmi :J Rmi (2.2) 
over over OV9I over 

Dp np np N-np 

The first term of the right-hand side represents the flux ~gP' 

that is generated by the nP basic turns themsel ves, and the 
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second term gives the flux ~eP from the remaining basic turns 
(N-np in number) . Therefore, the first summatien (second ~
symbol) of this second term is over all N basic turns, except 
the np turns of P. For these two fluxes we write: 

~gP = Ip L L 
j i (2.3) 

over over 

~eP = ~ 
J 

over 
np 

We now model the winding P, 
which was a series conneetion 
of nP basic turns, as a 
winding with np turns, which 
are very close tagether, and 
perfectly coupled. This 
winding is from now on called 
P1 , and it can be described 
by the theory of chapter 1 . 
The translation is gi ven in 
figure 2. 4. The winding wire 
of P and P 1 encloses the same 
flux, however, P1 has its 
generated flux inside only 
one flux tube, going through 
all turns. The incoming flux 
flows through such a flux 
tube as well. For P, there 
might be more different flux 
tubes, going through a part 
of the np turns. When a flux 
tube with a flux ~ goes 
through n of the nP turns of 
winding P ( figure 2. 5. a), 
then this contributes n~ to 
the flux ~P through the total 
loop of all turns. To make 
winding P1 equivalent, i ts 
total wire wi th nP turns 
should enclose the same flux 
n ~ . However, the flux tube, 
which we see in the right 
part of figure 2. 5. a, passes 
np times through a surface, 
enclosed by the winding wire 
of P1 • This means, that we 

np np 

~ 
ki j 

I i 
~ Rmi 

over 
N-np 

p 

Figure 2. 4. Translation of a 
winding P with basic turns to a 
winding P' having the turns 
very close together. 

Figure 2.5.a. A flux tube in P 
has a corresponding f 1 ux tube 
in P'. 

Figure 2.5.b. Translation of 
the winding P' wi th nP. turns 
very close together, to the 
turn P''. 
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see a flux __E_<f> inside this flux tube. 
np 

Next, we reprasent the winding P1 as a winding pH, consisting 
of only one turn, driven by a current souree Fp=npip (figure 
2.5.b). This translation we discussed aarlier in chapter 1 for 
the very thin windings. The flux, enclosed by the turn of pH 

is then __E_<f> as well. This is true for every possible flux 
np 

tube in the left part of figure 2.5.a, which means, that the 

flux lllp" enclosed by P 11 , is _.!__ times the flux <f>p: 
np 

<I> pil 
<l>p 1 E <~>j = = 
np np j 

over 
np 

I this is: 

<I> pil 
1 

~ E kij 1 

~ ~ .!5u = Ip- + Rm Ii np i Rmi np 1 
over over over over 
np np np N-np 

so the flux through pn, defined by this, is the average of the 
fluxes of all basic turns of winding P. The first term of the 
right part gives the flux, generated by P11 itself: 

tb gpll 
<I) gP 1 E I: kij = = Ip-
np np j ~ Rm1 (2.4) 

over over 
np np 

and the second term gi ves the flux that enters P 11 from the 
remaining basic turns: 

<f> eP11 
<f> eP 1 

~ E kij 
Il = = 

np np i Rmi (2.5) 
over over 
np N-np 

With the help of these equations, we shall derive the 
transfarmer parameters in the next sections. 
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2.1.2. SELF-INDUCTANCES AND MUTUAL INDUCTANCES. 

Knowing the generated and incoming f1uxes, we can derive 
expressions for the self inductances and mutual inductances 
of, respectively between several windings. The generated flux 
of the winding P was (equation 2.3): 

fl>gp Ip E ~ 
kij 

j Rmi 
over over 
np np 

The self-inductance of P then follows: 

Lpp = q,gP 
= E ~ 

kij 

Ip j Rmi (2.6) 
over over 

np np 

, which is also an approximation for the self inductance Lp P 
0 0 

of the original winding P0 , so: 

Suppose, that among the remaining basic turns 1 there are n 0 
basic turns, forming a winding Q, which is an approximation 
for a winding Q0 • Through these turns a current I 0 is driven. 
An approximation for the flux q,P , enclosed by the winding 

0 

wire of P 0 , was given by equation 2.2. The second term of the 
right-hand side represented the flux through P, generated by 
the N-nP basic turns, not belonging to P. This term we 
separate into two parts: the first gives the flux that is 
generated by Q, and the second gi ves the flux, generated by 
the N-nP-n0 remaining basic turns. We can write: 

c»p "" c»p = Ip I: I: kij 
+ Ia I: I: kij 

+ ~ I: kij 
I i 

0 Rmi Rmi Rmi J ~ J -l. .z 
over ove.r over OV9:C over OV9I 

np np np no np N-np-n0 

The flux through P caused by the driving current I 0 is then: 

q,QP E ~ 
k .. 

= IQ __!:;!__ 

j Rmi 
over over 

np no 

So the mutual inductance Lp0 is: 
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LPO = (()OP = :E ~ 
kij 

Io j Rmi (2.7) 
over over 
np no 

, which is at the same time an approximation for Lp 0 , so: 
0 0 

Of course, Lp0 must be the same as L 0p, which can be shown as 
fellows: 

Lpo = :E ~ 
kij = E :E kij 

= ~ ~ 
kj i = LoP 

Rmi Rmi Rmj j ~ j 
over over over over over over 
np no no np no np 

Herein, we used equation 1.2. 

2.1.3. MAGNETIC RESISTANCES AND COUPLING FACTORS. 

The effective magnetic resistance of the winding P, and 
further the coupling factor from P to Q can be simply derived 
from the equations for the generated and incoming fluxes. The 
magnetic resistance of P is gi ven by the ratio of the total 
magnetomotive force Fp=npip to the generated flux (()uP", which 
we see in the flux tube through pH: 

Rmp 
npip 1 = = 
(()pil 1 E E 

kij 

n; Rmi (2.8) 
J ~ 

over over 
np np 

In order to obtain the coupling factor from P to Q, we look 
how much of the flux, generated in pH, goes through a winding 
Q11 • This winding Q 11 is defined in a similar way as P 11 • The 
generated flux from P 11 was (equation 2.4): 

(() gplf = 
over over 

np np 

The part of this flux, which goes through Q11 is given by: 



<I> P" o" 
1 :E no j 

over 

no 

The coupling factor kpo is then: 

1 

no 

kpo = <I> pilo" 
<I> gpll 1 

flp 

These formulas, derived for the set 
an approximation for the magnetic 
coupling factor kp ,.., of the original 

o wo 
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~ 
kij 
Rmi 

over 
np 

~ ~ Rmi 
over over 

(2.9) 

Rmi 
over over 
np np 

of basic turns, also give 
resistance Rmp and the 

0 

windings P 0 and Q o : 

These parameters can be used in an equivalent-circuit diagram 
for transfarmers with very thin windings, which we already 
encountered in section 1.2.3. 

2.2. CURRENT CARRYING CONDUCTORS WITH A CERTAIN 
THICKNESS. 

until now, we only discussed very thin winding wires. The flux 
going through such a wire could be defined very well, because 
of the fact, that the surface, over which the B-field was 
integrated, had a distinct boundary. Even when the winding had 
very thin turns, si tuated nat very close tagether, the flux 
through a winding could be well def ined. Also in this case, 
the surface enclosed by the winding wire, had a distinct 
boundary. 

Now we want to describe windings wi th turns of a certain 
thickness, and wi th that some problems ar i se. First there is 
the question, how big the flux is, generated by such a turn. 
Same flux flows through the metal of the wire, and it is nat 
clear yet to what extent this flux contributes to the total 
generated flux. In the second place, there is a similar 
problem for this turn, when flux arrives from an external 
source. A part of this flux flows through the metal of the 
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wire, and we can not say at once, how much this part 
contributes to the total 1ncoming flux. Finally, eddy currents 
arise, causing flux as well. How is the influence of these on 
the generated or incoming flux? 

In this section we treat the flux, that is generated by a turn 
with a certain thickness, and the incoming flux, that enters 
that turn from the outside world. If we can find these 
generated and incoming fluxes, we can derive magnetic 
resistances and coupling factors, which can be used in the 
equivalent-circuit diagrams of section 1.2.3. This means that 
these equivalent-circuit diagrams (with adapted parameters) 
are still valid for transfarmers with conductors having a 
fin i te thickness. However, the frequency should be so low, 
that the current distribution is not yet modified by eddy 
currents. The effect of eddy currents is discussed in 2.3. 

2.2.1. GENERATED FLUX. 

In this section, we search 
for the flux that is 
generated by a turn with a 
certain thickness. Suppose, 
we drive the turn of figure 
2. 6 by a current souree. We 
see then flux inside the 
metal of the turn, and a lso 
flux outside it. The last 
will give no problems: it 
contributes entirely to the 
generated flux. It is more 
difficult to find out to what Figure 
extent the flux inside the certain 
wire contributes to the flux. 
generated flux. 

2.6. Turn with a 
thickness generates 

Another problem is, that eddy currents are induced, causing 
flux as well. How this flux flows through the system, and how 
strong it is, is dependent on the driving frequency. We shall 
look for the flux, generated by the driving current, and not 
yet influenced by the eddy currents. 
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Inside the wire we can write for the quantities J, B and E: 

VxB = ~ J (1) 

VxE -jüJ B (2) 

aE (3) 

In equation 1 the displacement currents are neglected. The 
turn is driven by a current source, just as in chapter 1. It 
is not sufficient to say now, that this current is I 0 ; we have 
to specify the driving current density J 0 inside the wire as 
well. Obviously, the integral of this J 0 over a cross sectien 
Dof the wire must yield the total driving current I 0 : 

This driving cur~ent density cause~ in the system, directly or 
indirectly, a B-field and an E-field, and further eddy 
currents. However, there is no quanti ty, that influences J 0 , 

since it is chosen as a starting point. The choice for J 0 will 
be discussed later on. 

To illustrate, how the 
different quantities 
inf 1 uence each other, we 
introduce a 'cause and 
effect' diagram. If a 
quanti ty 1 causes a quanti ty 
2, then this is presented as 
in figure 2.7. 

In this manner, we could draw 
a 'cause and effect' diagram 
for the equations 1, 2 and 3, 
as given in figure 2.8 (ref. 
34: sectien 5.1). In 
principle, this is sufficient 
to calculate the current and 
fields inside the wire; 

Figure 2.7. A quantity 
causes a quantity 2. 

however, we still lack an 3 

1 

independent driving quantity. B _ Figu~e 2. 8. Quanti ties J, 
J, for instanee' causes a B- and E, dri ving each other. 
field, ~ut is itself modified 
by the E-field. If we define 
a driving current density J 0 , then this influences other 
quantities, but does notdepend on these quantities itself. 
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So J 0 will end up in the 'cause and 
effect' diagram as given in figure 2.9: 
it has only arrows pointing away from it. 

The total current density J is nat an 
independent quantity, because it contains 
the eddy current density as well. This 
eddy current density is presented by Jw. 
It is caused by other quantities; it is a 
reaction to the enforced driving current. 
Further, J w circulates in the roetal of 
the wire, and has therefore na 
contribution to the total current through 
the turn, so: 

JJ Jw·CJA = 0 
D 

Figure 2.9. 
J as a driving 
q8antity. 

Again, D is a cross sectien of the wire. The distribution of 
the eddy current can change wi th the dri ving frequency c..> , 
causing a change in the total flux in the wire toa. 

In our definition of generated flux, we confine ourselves to 
the flux, that is directly dependent on the driving current 
density, and nat on eddy currents. This means, that we neglect 
the effect of Jw on the B-field. Therefore, the total current 
density J is divided into a driving current density J 0 and an 
eddy current density Jw, sa: 

(4) 

What is a sensible choice for J 0 ? We want an expression for 
the generated flux, in which the influence of eddy currents 
may be neglected. For that reason, we take the situation for 
very low dri ving frequency ( c..>- o ) as a starting point. The 
equations 1, 2 and 3 change into: 

VxEw-o = 0 

Figure 2.10 gives the 

Figure 2.10. 'Cause 
effect' diagram for ~ ~ o. 

corresponding 'cause and effect' diagram. 

and 



Figure 2.11. 
The turn is 
divided into 
thin current 
tubes. 

Figure 
current 

2.12. 
tube, 

current source. 

One 
driven 
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single 
by its 

our choice is to make the distribution of the driving current 
density J 0 identical to Jw-o• In accordance with this choice, 
we di vide the wire into thin current tubes, which all have 
their own driving current souree lli0 • We first assume, that 
the current tubes are insulated from each other. All driving 
current sourees are located in a cross sectien D of the wire, 
forming tagether the total driving current I 0 (figure 2.11). 

In figure 2.12 one current tube is considered. For the current 
of the corresponding souree we can write: 

constant 

The vector r points from an crigin to the current sourees 
within the cross sectien D. 

The driving current density J 0 directly causes a B-field and 
an E-field: 
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(5) 

(6) 

Note, that with our choice of J 0 the following equation should 
nat be applied to E0 : 

VxE0 = -jeu B0 

Because of the choice of J 0 , the fields E0 and Eu.-o have the 
same farm as well, and therefore E0 represents a conservative 
field: 

VxE0 = 0 

Yet B0 may be a time_ dependent field, which will cause an 
additional, induction E-field. We find this E-field at the 
cross sectien D where it contributes to the terminal voltages 
of the current sourees. The terminal voltage of a certain 
current source, given by the vector r, will become: 

uk(Ï) = J E0 ·ai + jeu J J B0 ·QA 
1<r> A(rl 

In this formula, l(r) represents the loop of the current tube, 
and A(r) is the surface, enclosed by it. For the first part of 
the right-hand side we may write: 

J E0 ·ai 
1 er> 

in which ll. G0 is the conductance of the current tube. This is 
the same for every ether current tube, so we may write: 

I1I0 = 11G0 
J E0 ·ai 

1 <r> 
= 

G0 is the conductance, and R0 is the resistance of the total 
wire for cu ... 0 • The terminal voltage of the considered current 
souree is now: 

uk(r) = I 0R0 + jeu J J B0 ·QA 

A<r> 



79 

Herein, J J B 0 ·aA is the flux enclosed by the ring shaped 
A(Ï) 

current tube. For each different current tube this gives a 
different value, so we can not yet point out the generated 
flux. 

Next, we remove the insulation between the current tubes. 
These tubes then must have the same terminal voltage uk. Now, 
a part of the flux enclosed by a current tube will contribute 
to this terminal voltage, and another part will correspond to 
a field E~ in the metal of the turn: 

(7) 

Also, an additional eddy current density Jw arises, causing a 
B-field: 

( 8) 

The total B-field will be then: 

B = B 0 + Bw (9) 

Again, this Bw causes a 'remaining' E-field: 

VxEwr = - jw Bw (10) 

The E-field, caused by the total B-field is then: 

+ EWI (11) 

So we may write: 

VxEw -jU> (Bo + Bw) ~ 

VxEw = -jw B 

The eddy current density Jw is proportional to the field Ew: 

(12) 

Finally, the total E-field follows from: 

E = (13) 

The corresponding 'cause and effect' diagram is given in 
figure 2.13. Putting together the equations 4 to 13 will 
result, of course, in the original formulas 1, 2 and 3. 
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12 

Figure 2.13. 'Cause and effect' diagram with a 
current density as a driving quantity. 

In our definition of generated flux the eddy current density 
is not considered. This is allowed when the driving frequency 
Ul is so 1ow, that Jw may be neglected wi th respect to the 
driving current density J 0 • The distribution of the current in 
the wire will be approximately the same as in the case of the 
insulated current tubes, mentioned before. 

For every current souree in cross sectien D we have the same 
terminal voltage: 

Uk = f E·al + j(J) f f B·ëlÄ (2.10) 
1 Cr> Mi> 

When the eddy currents are negligible, we may say, that: 

J ~ Jo 

B ~ Bo 

E = Eo+Ew z Eo+Ewl 

So we are only interested in a part of the complete 'cause and 
effect' diagram. We look at the quantities, given in figure 
2.14. 



Figure 2.14. 'Cause and effect' diagram for 
low driving frequency. 

Uk = f (Eo+Ewl.)·Cll + jU> ffBo·aA 
l<r> A<rJ 

- Uk = I 0R + f Ew1 ·Cll + jU> f f B0 ·GA. 
l(rl A<r> 
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This terminal voltage is equal for all current sourees in D, 
so the above equation is independent of the vector r. 

Let us first look at the field E~. We may write: 

JJEw1 ·CfS = o 
D' 

In this equation D1 is an arbitrary cross sectien of the turn. 
If this integral were not zero, then the total current through 
the wire would not be I 0 • This means, that the integral of E~ 
around a current tube, averaged over all N current tubes, is 
zero as well: 
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l:.:E 
N N 

I Ew1. ·ëii = 0 
1(Ï) 

(2.11) 

The summatien extends over all N defined current tubes. We 
remember, that all terminal voltages of the current tubes are 
equal to uk. Their average, also equal to uk, is given by: 

With equation 2.11 this gives: 

uk = IoRo + jeu ~ L J I Bo ·QA 
N A(Ï) 

The generated flux «>go is then: 

~go = ~ L JJEo·aA 
N A(Ï) 

(2.12) 

So ~go is the average of the fluxes enclosed by the separate 
current tubes. We have seen this befare in section 2.1, where 
the very thin turns were connected in series. We may also 
understand the wire as a series conneetion of all defined 
current tubes, thus forming a winding P of section 2. 1. 2. 
Doing the translations of figure 2.5.a and 2.5.b results again 
in a one-turn winding pH. The flux through this pH is also the 
average of the fluxes through the separate current tubes (see 
equation 2. 4) , and is therefore equal to 4> go, gi ven in 
equation 2.12. Assuming that Ewr is negligibly small with 
respect to Ew1., this average flux 4>~ is enclosed by a current 
tube b, for which we may write: 

JEw/ài = 0 (2.13) 
lb 

This means, that the generated flux 4> go is visible in the 
field-line picture as the flux, enclosed by this current tube 
b, and further, that this flux goes through a surface with a 
distinct boundary. 
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We now consider the limiting case of the above expression for 
~~~ by taking the current tubes very thin. When the integral 
is taken over the driving current, we may subdivide I 0 : 

1 di0 = 

So the generated flux is given by: 

~!70 = ; J J J Ba ·(iA di0 

o Io A(r) 
(2.14) 

It is also possible to take the integral over the cross 
sectien D. In that case, we have: 

J 0 Cr> ·as (r) = di0 

1 and therefore: 

<l'1go = ; J J ( J J B0 ·àA) J 0 (r) ·OS(r) 
0 D A(Ï) 

(2.15) 

When J 0 is distributed uniformly over D1 this can be 
simplified yet: 

<1) go = ~ f f f f B 0 • aA dS 
D A(rl 

(2.16) 

The self-inductance of the turn can now be calculated, by 
dividing the generated flux by the driving current: 

(2.17) 

In sectien 2. 2. 3 several examples are treated, for which the 
self-inductance is calculated in this way. However 1 first we 
shall search for the flux that a turn of certain thickness 
gets from the outside world. 
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2.2.2. INCOMING FLUX. 

In this sectien we derive an expression for the incoming flux 
of external crigin that is enclosed by a turn with a certain 
thickness. We do this in a similar way as in sectien 2. 2 .1, 
where we looked for the generated flux. Again, the turn is 
driven by a current source. 

We are only interestad in this 
incoming flux, so we set the 
driving current of the turn to 
zero. This may result in the 
field line picture of figure 
2.15. There is flux, passing the 
turn at the outside, and also 
flux, going through it. These 
fluxes give no problem in the 
definition of the incoming flux. 
Again the difficulty is given by 
the flux, that flows through the 
metal of the wire. It is not 
clear, in how far this flux 
contributes to the total incoming 
flux. 

In this case, eddy currents arise 
too, causing an extra flux. This 
flux will be neglected in the 
definition of the incoming flux. 

_...,. 
flux from 
an extemal 
souree 

Figure 2 .15. A flux from 
an external souree goes 
through a turn with a 
certain thickness. 

we can calculate all quantities, 
equations: 

using the following 

VxB (1) 

VxE -jw B (2) 

oE (3) 

However, we want to select a driving quantity. For this, the 
B-field is chosen, since the system is activated by an 
incoming flux from an external source. We call this driving 
quantity B0 • This field B0 is caused by a current density 
outside the considered turn, so: 

VxB0 = 0 

ins i de the me tal of this turn. We take the di vision of the 
turn into current tubes from sectien 2.2.1 as a starting point 
(figure 2.11). Initially, these current tubes are supposed to 
be insulated from each other. The terminal voltage of a 
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certain current tube is now: 

uk (r) = j(J) J J Bo ·aA. 
Atï'> 

Again, A (r) is the surface, enclosed by the current tube 
(figure 2.12). This voltage differs for every current tube. 
However, when the insulation between the current tubes is 
removed, all terminal voltages uk must be equal. Again, a part 
of the flux enclosed by the current tube contributes to Uk, 

and another part gives a field E~ in the metal of the turn: 

VxEw1 = -jw B0 (14) 

Of course, an eddy current density is induced, and this is 
at the same time the total current densi ty, because of the 
fact that the driving current souree is set to zero: 

J=J w (15) 

Jw causes a field Bw: 

VxBw = p.. (16) 

The total B-field is then: 

B = B 0 + (17) 

This Bw causes an E-field: 

VxEwr = -jw Bw (18) 

The E-field, caused by the total B-field is then: 

Ew = Ewl + (19) 

So we may write: 

VxEw = -jw B 

Further, from we obtain the eddy current density: 

Jw = 0' Ew (20) 

Finally, the total E-field is given by Ew: 

(21) 

The oorrasponding 'cause and effect' diagram is given in 
figure 2.16. 
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21 

18 

20 

Figure 2.16. 
turn, that 
flux. 

'Cause and effect' diagram of the 
encloses an externally generated 

Again, the influence of eddy 
currents is not considered. 
This is allowed when the 
dri ving frequency is that 
low, that the eddy currents 
may be neglected. The 
simplified 'cause and effect' 
diagram is given in figure 
2.17. 

The terminal voltage is now 
for every current tube the 
same: 

Uk = f E.",1 ·ai + jfiJ f f B0 ·CIA 
l(Ë) A(Ï) 

, so this is again 
independent of r. 

We may write for every cross 
section D 1 of the turn: 

Figure 2.17. 'Cause and 
effect' diagram for low driving 
frequency. 
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f JEwl ·CIS 0 
v' 

If this was nat true, there would flow a current through the 
wire. This is nat possible, because we set the driving current 
souree to zero. Again, the integral of Ew1 around a current 
tube, averaged over for all N current tubes, gives zero: 

J:.E 
N N 

f Ewl·(fl = 0 
l<r> 

(2.18) 

The summatien extends over all N defined current tubes. The 
average of all terminal voltages uk gives uk again: 

Uk= ~L(J Ew1 ·ill + jcuJJB0 ·dA) 
N l<r> A<r> 

= ~L J Ew1 ·ill + jcu~EJJBo·dA 
N l(r) N A(r) 

With equation 2.18 this gives: 

Uk = jeu~ L JJB0 ·dA 
N A(r) 

The effective incoming flux ~eo is then: 

cf) eo = ~ L J J B0 • dA 
N A(r) 

(2.19) 

So ~eo is the average of the fluxes through the separate 
current tubes. This is comparable with equation 2.5 of section 
2.1.1. In this expression we saw, that the incoming flux 
through the one-turn winding P11 was the average of the 
incoming fluxes through the separate turns of the winding P. 
If we understand the series conneetion of all current tubes as 
a winding P, then the flux through the corresponding winding 
P 11 equals ~ eo • 

This flux becomes visible in the field-line picture as the 
flux enclosed by a current tube b, for which we can write: 
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Again, Ew is neglected with respect to E~. The fact, that the 
current tube b may be chosen very thin means, that the 
incoming flux 4> 90 also goes through a surface with a distinct 
boundary. 

We now consider the limiting case of the above expression for 
4> 901 by taking the current tubes very thin. When the integral 
is taken over the driving current, we get: 

1 di0 = 

So the effective incoming flux is given by: 

<beo = ;
0 
J JJ Bo •QÄ di0 

Io A(I) 
(2.20) 

Again, i t is possible to take the integral over the cross 
section D. Then, we say: 

J 0 (r) ·QS(r) = di0 

, so: 

<beo = i J J ( J J Bo ·QÄ) J 0 (r) ·OS(r) 
0 D AfÏ) 

(2.21) 

When the driving current density J 0 is 
over D, this can be simplified yet: 

<beo = ~ JJ JJBa·aA 
D A('Ï) 

distributed uniformly 

dS (2.22) 

In the next section these formulas will be used to calculate 
the incoming flux, the mutual inductance and the coupling 
factors for different examples, in which turns of a certain 
thickness occur. 
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2.2.3. EXAMPLES. 

In this sectien 
conductors with 
transformer. The 
calculated, and 
inductances. 

some examples will be treated, in which 
a certain thickness form the turns of a 
generated fluxes and incoming fluxes are 
further the self-inductances and mutual 

2.2.3.1. TURN, CONSISTING OF TWO VERY THIN PARALLEL 
LOOPS. 

We first calculate a very simple 
example: a turn, that consists of 
two very thin parallel loops 
(figure 2.18). The loops 1 and 2 
see a magnetic resistance Rm1 and 
~ respecti vely, the coupling 
factors are given by k12 and k21 , 

and the ohmic resistances we 
reprasent by R1 and R2 • 

Figure 2.18. Turn, 
consisting of two parallel 
loops. 
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Strictly speaking, there are 
three loops: loop 1, loop 2, and 
the short circuited loop, formed 
by loop 1 and 2 tagether (figure 
2.19). Because of the fact, that 
the last one is short circuited, 
the circulating 'eddy currents' 
will flow here. First we 
calculate the generated flux, and 
after that the effective incoming 
flux. 

2.2.3.1.1. GENERATED FLUX. 

The system is driven by a current 
I 0 , di viding i tself over the 
loops as follows (figure 2.20). 

In order to find the generated 
flux •got we divide the turn into 
different current tubes, all 
carrying the same driving current 
!J. I 0 • Because of the fact, that 
the driving current I 0 is not 
equally divided over bath loops, 
these loops contain a different 

Figure 2 .19. Imaginary 
short circuited loop. 

Figure 2. 20. Di vision of 
the driving current over 
both loops, for low 
frequencies. 

number of current tubes. Suppose, that loop 1 and 2 haven1 

and ~ current tubes respectively (figure 2.21). All current 
tubes, forming tagether one loop, are perfectly coupled. The 
relation between n1 and n2 is given by the resistances of bath 
loops: 



(2.23) 

(2.24) 

, and therefore: 

= (2.25) 

For the generated flux we use the formula 
2.12: 

In this formula, Ai is the surface, enclosed 
by a current tube inside loop i. Again, Nis 
the total number of current tubes, so 
N=n1 +n2 • The flux through a current tube in 
loop 1 is: 
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Figure 2.21. 
Division of 
both loops into 
current tubes. 

+ n k21) ll.I 
2 Rm 0 

2 

, and the flux through a current tube in the secend loop will 
be: 

The total generated flux 

4>go 
1 

[ L (n 1 = nl+n2 i 1 Rm1 
over 

n1 

so 

~gO 
1 

(n; 
1 = 

nl +n2 Rm1 

= ( n k12 
1 Rm 

1 

is then: 

+ n k21) ll.I 
2 Rm 0 

2 
+ ~ (n1 

k12 
+ n, ~)ai,] Rm1 

over 

~ 

n2 n1 
k21 k12 

+ ni _1_) ll.I + + n1 nz 
Rm2 Rml Rm 0 2 
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With the equations 2.23 and 2.24 this gives: 

t}gO = 

For the self-inductance L 0 we find then: 

This result can be checked, by 
calculating L 0 in another way. 
Suppose the three loops are 
current driven (figure 2.22). 

For the terminal voltages we can 
write then: 

Figure 2.22. 
loops of the 
current driven. 

. 1 I 
J~ Rm.. 01 + + j~( 1;!:2 )rw 

j~( 1 ;!:1 )rw 
+ J·~ __ 1_2 + __ 2_1 I + R I 

( 
1-k 1-k ) 

Rm.. ~ w l 01 

The total driving current is: 

Io = Io1 + Io2 

(2.26) 

All three 
system are 

The 'eddy current' can be calculated now, by taking Uw=O: 
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(2.27) 

The individual currents through loop 1 and loop 2 will be: 

= 

1-k 
je..> 12 + R 

Rm1 1 

Putting the equation 2. 27 for Iw in the system of equations 
gives us the terminal voltage of the turn consisting of both 
parallel loops: 

u 

, with: 

The impedance, that we see at the terminals is then: 

. 1 1 ( . ) 2 1 - k12k21 
1 + JU> + + JU> 

Rl Rml R2Rm2 Rl~Rml ~ z = 

For low values of U> this can be approximated by: 

z 

The resulting ohmic resistance and the self-inductance are 
therefore: 
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we have already found this self-inductance in equation 2.26! 

2.2.3.1.2. INCOMING FLUX. 

We shall determine the flux, that originates from the outside 
world, and that enters the turn of the two parallel loops. 
Suppose, somewhere in space is a winding t, that generatea a 
flux ~e· The coupling factors from this winding to the loops 1 
and 2 are given by ke1 and ke2 • The loops are divided into n1 

and n2 current tubes respect i vely, in the same way as we did 
before. The effective incoming flux is now {formula 2.19): 

1 
~eo = N 

For a current tube in loop 1 we may write: 

JJ Bo ·ëlA = ktl~t 
Al 

, and for a current tube in loop 2: 

JJ Bo ·ëlA = kez~t: 
~ 

The total incoming flux is then: 

~eo = 
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With equation 2.25 this changes into: 

(2.28) 

From this the coupling factor from the winding t to the turn 
of two loops can be derived: 

= 

We check this, by calculating the 
terminal voltage of the turn as a 
result of the incoming flux. For 
the situation of figure 2. 23 we 
see the following induced 
terminal voltages: 

u el = jcuktl<J)t + jcu 

Figure 2. 23. A flux from 
an external souree goes 
through the turn of two 
parallel loops. 

1 
Iw + R1Iw 

Rml 

ue2 jcukt24> t 
. 1-k21 

]CU R.mz Iw R2Iw = 

Again, we find the 'eddy current', by taking Uw=O: 
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Note that when Uw= 0, the two voltages U8~ and U82 must be 
equal. This induced voltage U for the total turn is then: 

The effective incoming flux is then: 

f>e = 

For low frequencies this will be: 

R2kt1 + Rlkt2 4> eO = 4> t; --=__:..:=-------:--;;;;........;= 
Rl + ~ 

, which we found already in equation 2.28. 

2.2.3.2. PARALLEL PLATES WITH A CERTAIN THICKNESS. 

We send a current in the pos i ti ve and negati ve z-direction 
through two parallel plates of a certain thickness. The plates 
extend to infinity in the y- and z-direction, but we consider 
only sections with a height h and a length 1 (figure 2.24). We 
look for the generated flux, and for the corresponding self
inductance L 0 • 

The current will divide itself uniformly over a cross section 
D for very low frequencies ( U> .... O). For that reason, we take 
the driving current density J 0 equal everywhere in the metal. 
For the generated flux, we can use equation 2.16: 

4> gO = ~ f f f f B0 • aA dS 
D A(r) 



h 

-a-b -a+b 0 a-b a+b 

z 

Figure 2.24. Parallel plates, through which a 
current is driven. 

The B0 -field, caused by the driving current density is: 

B0 = B0 ny 

Bo = (x+a+b) iJ.J0 I -a-b < x < -a+b 

Ba = 2b iJ.J0 -a+b <x< a-b 

Bo = ( -x+a+b) p.J0 I a-b <x< a+b 

The generated flux is then: 

<l) gO = 
1 ff JJ B ·a.A dS 
D 0 

D A(Ï) 

h a+b 1 x 
1 f J ff B0 (x1) d.x1dz d.xdy = 

2bh o a-h o -x 

:::: 

1 SO: 

<t> go = (a 

97 
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The oorrasponding self-inductance is: 

_ (a- ;b)21 
Lo - IJ. h 

(2.29) 

We can come to a similar result, from a complete calculation 
of the fields and the current density. The following equations 
are used: 

VxB :;; p. J (1) 

VxE: :;; -jeu B (2) 

J oE (3) 

For the left conductor (-a-b<x<-a+b) we can derive the 
different quantities: 

, with 

:;; 

l+j (a+b+x) - l+j (a+b+x) 

(l+j) 0 _1 2b Jo e-r + e 6 

ö lgj2b - 1 jj2b 
e - e 

(2.30) 

, with 
l+j (a+b+x} - 1ij (a+b+x) 

e 6 e 

, with 
l+j (a+b+x) -l:fl (a+b+x) 

e 6 + e :;; 

lij 2b - lij 2b 
e - e 
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For the right conductor ( a-b<x<a+b) we have similar 
relations, which can simply be found, because the symmetry of 
the system: 

, with 
(2.31) 

, with 

, with 

Finally, the B-field between the conductors is: 

B = B ny 

, with 
(2.32) 

In the preceding equations, a is the skin depth: 

a = ~ w!a 
Now we determine wi th the help of a volt meter the terminal 
voltage in the way, gi ve.n in figure 2. 25. The total contour 
integral depends on the E-fields at the locations -a+b and 
a-b: 

So the measured voltage is: 

u = EL ( -a+b) 1 - ER (a-b) 1 + joo 4t ext 
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h 

-a-b -a+b 

I 
I ..,, 

~1"" ...... 
...... 1·. •·· •. \-+-+_ ...... '® 

0 

•u 
I 
I 

a-b a+b 

__ ..... 
,.., I 

", ... 
I 
I 
I 
I 
I 
I 

;L. 
z 

Figure 2.25. Maasurement of the terminal 
voltage over a length 1. Note, that the 
conductors are shorted at the far side. 

4>ext is the flux between the plates. With the help of the 
equations 2.30, 2.31 and 2.32 we find for U: 

u = + jc.>4 (a-b) b1~-LJ0 

For low values of c.> this can be approximated by: 

2 + ( l;j 2b)2 

U = ( 1 + j) o-1 4bl Jo ------l. __ ___;:...._ __ 
ö (2 + ~( 1;j 2bf) 1;j 2b 

In terms of the driving current I 0 this becomes: 

ab
1h Io + jw 4p.b1 I + jc.> 2ll (a-b) 1 I 

3h 0 h 0 

The impedance for low values of w is then: 

z = u = 1 + j c.> 4 1J.b1 + j c.> 2 IJ (a-b) 1 
I 0 abh 3h h 

, with 
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Ra 
1 

= 
a bh 

La int = 
4j.Lbl 

3h 

Laext 
21J. (a-b) 1 

h 

The total self-inductance La becomes: 

, which is in agreement wi th the resul t we found befare in 
equation 2.29. 

2.2.3.3. COAXIAL TRANSFORMER. 

In this sectien the coaxial transfarmer of sectien 1.1.4.1 is 
treated again. However, the cylinders have a certain thickness 
now (figure 2.26). 

Counted from the inside to the outsidfia. the 1st ~d the 3rd 
cylinder form the primary P, and the 2 and the 4 form the 
secondary s. We want to know the primary and secondary self
inductance, as well as the mutual inductance. 

2.2.3.3.1. SELF-INDUCTANCES. 

In order to determine the self-inductance of a winding, we 
need to know the generated flux. We may assume that the 
dri ving current I Po is uniformly distributed over a cross 
sectien, and therefore, we can use equation 2 .16 of sectien 
2.2.1 for the generated flux. For instance, the generated flux 
of the primary becomes: 
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fb po = ; J f f f Bp0 • OÄ dS 
D A('Ï) 

A{I) is the area enclosed by a 
current tube; the secend integral 
over the cross sectien of the 
winding integrates over all 
current tubes. For the Bp0 -field 
we can simply derive: 

1 

Figure 

I I 
lil 

I I I I IJ 
rPio...-, '•• 
rsu ~ :: 

I I I I 

rSiO 111 "1 I 
I I I 

rPoil 11 
•: 

I 
rPooi• •, 
r ... ... 

Soi1 1 

rsoo 

2.26. Coaxial 
transformer. 

Bpo (I) = 0 IPii<I 

( 2 ) Bpo (I) 
Ipii 

I Pii<I<I Pio = 
21t(I;10 -I;ii) I--x 

, 

Bpo (I) :::: 
J.l.I PO 

IPio<I<IPo1 
21ti 

I 

Bpo {I) 
J.l.I PO 

( I!oo -I) I Po1<I<I Poo 
21t(I~0-I;oi) 

I 

Bpo (r) = 0 rPoo<r 
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The flux Wpo is separated into three parts: 

Wpo = Wpo int i + Wpo ext + Wpo int o 

Here in W Po int i and W Po int 0 are the 
inner and the outer cylinder of 
term cllpo ext is the generated flux 
calculate these fluxes separately. 

generated fluxes within the 
P respecti vely. The middle 
between both cylinders. We 

From equation 2.16, we can derive an expression for c»Pointi: 

2'1t Ipjo 1 Ipio 

4) PO int i = f f J J Bp0 (I 1
) di 1 dz Ididcl> 

0 Ipii o r 

Dpi is the cross sectien of the inner cylinder of P. Werking 
out this formula gives us: 

l!'Ipo [1 2 

( 
2
2I!;;

2
• }n( r Pio)] WPOinti 

2Ipii 
+ are 2 2 

Ipio-rPii Ip:ro IP:r:r 

Next W PO ext is calculated: 

1 IPoi 

W = J J Bp0 (I) didz PO ext 
0 Ipio 

1 SQ: 

fl_) PO BXt = 1 J.&.Ipo ln( I Poi) 
21t I Pio 

Finally, Wp0 int 0 is: 

2'1t Ipoo 1 I 

<l>po int a = f f J J Bp0 (I 1
) di 1dz rdid<l> 

0 IPoi 0 IPoi 

DPo is the cross sectien of the outer cylinder of P. Werking 
out this equation results in: 

WPO int o 

2 
2Ipoo 

2 2 
Ipaa-IPoi 
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Then the self-inductances, corresponding with the separate 
fluxes are: 

Lpo. t;. = ~[1 
~n ~ 8'Jt 

Lpo . t; = -.:!J!. [-1 ~n o 8'Jt 

2 2 
Ipio-IPii 

= ~ln( IPoi) 
2'Jt I Pio 

2 
2Ip00 

2 2 
Ipoo-IPoi 

The total self-inductance is now: 

Lpo = Lpo int i + Lpo ext + Lpo int o 

In the special case, that I~1 ~o, the preceding equations can 
be used to determine the self-induction of a coaxial cable of 
length 1. This self-inductance is often calculated on the 
basis of 'partially linked flux' (ref. 30: pp. 288-289; ref. 
39: section 8.4), which gives the same result. When the shield 
of the coaxial cable is very thin with respect to its radius, 
the internal self-inductance Lpainto is approximately (ref. 40: 
pp. 135-141): 

d = IPoo-IPoi <I = IPoi 

Further, the internal self-inductance H of a straight wire 
8'Jt 

of a length 1 is often derived in the literature (ref. 40: pp. 
135-141; ref. 41: section 3.6). The equation for LPointi will 
also give this value, again for r~1 ~o. 
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In a similar way, the secondary self-inductance is found. The 
result is: 

Lso int i = 

Lso int o 

~[1 
81t 

2 
2rsii 

2 2 
Isio-Isii 

Lso ext = ~ln( rsoi) 
21t I Sio 

~[-1 81t 

2 
2rsoo 

2 2 
Isoo-Isoi 

The total secondary self-inductance is: 

Lso = Lso int i + Lso ext + Lso int o 

2.2.3.3.2. MUTUAL INDUCTANCE. 

The mutual inductance M of the coaxial transfarmer is 
determined now. Suppose, we drive the primary wi th a current 
Ipo• We find M by calculating the flux «>Pso 1 that enters the 
secondary. This flux is separated into «>Pso int, that flows 
wi thin the inner cylinder of S, and «> Pso ext, that flows between 
the cylinders of the secondary: 

«> PSO = «> PSO int + «> PSO ext 

We may write: 

211' Isio 1 Isio 

J J J J Bp0 (r
1
) dr 1 dz rdrd<l> 

0 Isii 0 r 
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D81 is the cross sectien of the inner cylinder of S. Werking 
out this equation gives: 

<DPSO int = 

Next, <Dpso ext is calculated: 

1 rPOo 

Wpso ext = J J Bpo(I) drdz 
0 rsio 

, so 

WPSO ext: = + + 21n( r Poi. )] 
Isi.o 

The total flux, that enters S, is then: 

W PSO = W PSO int + <D PSO ext: 

= lil 
21t 

The mutual inductance is: 

= ~[-21t 

+ 2 r;oo 2 ln( r P~) 
IPoo-IPoi Ipo~ 

M = 

+ 

+ ln( r~i)] 
Is~o 

+ ln( rP~i)] 
Is~o 

This equation is also found, when we drive the secondary 
a current I 80 , and calculate the resulting flux f1spo 

with 
that 

enters the primary. 



2.2.3.4. TANGENTlAL TRANSFORMER. 

The last example is a tangential 
transformer, which consists of two 
concentrio cylinders of infinite length. 
All currents flow in the ~-direction, as 
given in figure 2. 27. For this system, 
which is considered over a length 1, we 
want to know the primary and secondary 
self-inductance, and further the mutual 
inductance. 

2.2.3.4.1. SELF-INDUCTANCES. 

For very low frequencies a current will 
be distributed in a certain, non-uniform, 
way over the cross section of a cylinder. 
The driving current Ip0 of the primary is 
supposed to have this distribution as 
well. We find for this: 

1 r ln( rPo) 
I pi 

(2.33) 

This gives a B-field 
which shows up in two 

Bpo (r) = 

in the z-direction, 
regions: 

J1Ipo 

1 

t I 
rPit-Il 

t I I 
rPot-1 

I 
Igjl-1 

I 

Figure 2.27. 
Tangen ti al 

transformer. 
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We di vide the primary cylinder into thin-walled cylindrical 
current tubes. A current tube is given by a radius r, and a 
thickness dr ( figure 2. 28) • Through every current tube the 
same driving current should flow, and therefore, the different 
current tubes should have a different thickness. 
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The generated flux is given by (equation 
2.15): 

<~'po = Jp0 (r) ·ë!S(r) 

We separate this flux into a flux inside, and 
a flux outside the metal of the primary 
cylinder: 

4>po = 4>po int + 4>po ext 

The calculation of the flux outside the metal 
of P is very simple: there is a homogeneaus 
B-field through a surface 1t r~.:l , so: 

4>po ext 
IJ. I PO 1Cip2. 

1 ~ 

Figure 2.28. 
A current tube 
in the primary 

cylinder. 

The flux inside the metal of the primary is calculated by: 

4>po int = Il J J ( J J Bpo ·ëlli) Jp0 (r) ·ë!S(r) 
PO D Aim:<r) 

I SO: 

When this equation is worked out, we obtain the following 
result: 

- 1 - ln( I Po) 
I pi 

The self-inductance, corresponding with the total generated 
flux, is then: 

4>po 
2 ( ~:r- 1 

Lpo 
1Cj.Lipi 

- 1 = = 
I po 

1 ln( I po) 2ln( Ipo) 
I pi I pi 
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For the internal and the external self-inductance we can 
write: 

Lpo int = = 

Lpo ext = 

l~r -l 

2ln(rPo) 
I Pi 

= 

( 
Ip0 ) -1- ln --
rPi 

In a similar way the secondary self-inductance can be found. 
The result is: 

= Lso int: + Lso ext; = 
2 

'n IJ. I Si 

1 ln( Iso) 
I si 

(~r -1 

2ln( Iso) 
I si 

- 1 

The internal and the external self-inductance respectively 
will be: 

Lso int = 
1 ln( Iso) 

I si 
2ln( Iso) 

I si 

- 1 - ln( Iso) 
I si 
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2.2.3.4.2. MUTUAL INDUCTANCE. 

In order to determine the mutual inductance M 1 we calculate 
the part of the flux, generated in S, that enters P. From 
equation 2.21 we know: 

tilspo = -}- J J ( JJ Bsa·dA) Jp0 (I) ·as(r) 
PO D A(Ï) 

The primary is si tuated in a homogeneaus B-f ield 1 caused by 
the driving current Iso in the secondary: 

f.Liso 
= -1-

The formula for the incoming flux is: 

(f}SPO = Jp0 (r) drdz 

When this is worked out, we arrive at the following result: 

fllspo = 

The mutual inductance Mpso is then: 

(~)' -1 

2ln( rPo) 
rPi 

pxrt; (~)' - 1 

2ln( Ipo) 
I pi 

This result can easily be checked, when we drive the primary 
with a current, and calculate the resulting flux that enters 
the secondary. Now we do not need the method of section 2.2.2, 
because there is no flux in the metal of the secondary 
cylinder. The desired flux is now: 

21t IPo 

tbpso = J J Bp0 r 1dr 1dcl> 
0 0 



Werking out the integral gives: 

G)PSO = 

The mutual inductance Mspo is then: 

(~)' -1 

2ln( rPo) 
rPi 

r~r -1 

2ln( rPo) 
rPi 

, which is in agreement with the preceding result: 

Mo = Mspo = Mpso 

111 
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2.3. INFLUENCE OF EDDY CURRENTS. 

In the previous sections, the frequency was chosen low enough, 
to j ustify that eddy currents could be neglected. In this 
sectien, a lso the inf 1 uence of the eddy currents is 
considered. 

In genera!, the ca1culations on eddy currents can become very 
complicated, even when the considered system is rel a ti vely 
simple. In raferenee 42 graphical illustrations are given to 
make the eddy current effects more understandable. In this 
sectien we also try to obtain more insight in this matter, 
however, this is done by extending the cause and effect 
diagram, introduced in section 2.2.1. 

The starting point is a magnetic system wi th a number of 
windings, of which two are considered: P and S. Eddy currents 
may occur, because the winding wire has a certain thickness. 
In sectien 2.3.1 the generated flux of P is determined, and in 
sectien 2. 3. 2 the flux through S, that was generated in P. 
Finally, in 2.3.3, some examples are treated. 

2.3.1. GENERATED FLUX. 

In this section, we calculate the generated flux of the 
winding P. Therefore, we look at the fields and current 
densities resulting from the driving current Ipo• A cause and 
effect diagram can be made, in a similar way, as we did in 
figure 2.13. However, now we describe the 'eddy quantities' in 
iterative steps (figure 2.29). 

These 'eddy quantities' show up in all metal parts within the 
magnetic system. For the several parts of the cause and effect 
diagram of figure 2.29 we may write: 



JPO = oE po (1) 

VxBpo = p.Jpo (2) 

VxEPw1 = -j<»Bpo ( 3 ) 

JPwi = oEPwi (4) 

VxBPwi = p.JPwi (5) 

VxEPwU+l) = - jwBPwi ( 6) 

The total 1 eddy quant i ties 1 , 

as we saw them in the cause 
and effect diagram of figure 
2.13, are: 
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6 

- ....... --., 
6 I 

Figure 2. 29. cause and effect 
diagram with the quantities, 
which are the result of the 
primary driving current. 

LEPwi 
i=1 

(2.34) 

The total current density, and the total fields are given by: 

Bpo + 

In the formula for the terminal voltage (equation 2.10), used 
in section 2.2.1, we take the 1 eddy quantities' into account 
as well. We can write: 
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For a certain cross section D1 of the winding wire we know 
that: 

This means also that: 

f E·al = o w 
lp(r) 

The terminal voltage becomes: 

uk = IpoRpo + j(J} ~ L ff ( Bpo + BPw) • ä'A 
P Np Ap(E) 

Herein, Rp0 is the resistance for (J} .... Q. The generated flux is: 

When we assume the current tubes corresponding with Jp0 to be 
very thin, we may write the integral farm of this formula: 

•p<(U> = __!._ ff ( JJ ( + BPW) • ëiA J Jp0 (r) • as(r) 
Ipo Dp Ap(E) (2.35) 

This flux can be separated into two parts. The first is the 
flux, which is generated at very low frequencies (see section 
2.2.1): 

.PO = __!__ JJ ( JJ Bpo • ä'A) Jp0 (r) • QS(r) 
Ipo Dp Ap(r) 

(2.36) 

The second is the flux, that arises as a result of the 'eddy 
quantities': 

èl>Pw((J}) = -j=- J J ( J J BPw • ä'A) JPo (r) • <IS(r) 
PO Dp Ap(Ï) 
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In the cause and effect diagram, BPw was separated in 
(equation 2.34): 

BPw = L BPwi 
1=1 

Also, the f 1 ux ~ Pw (U)) is now di vided into parts: 

, with 

= 

.. 
~Pw(w) = L ~Pwi ((A)) 

i=1 

ff ( ff BPwi · dÄ l Jp0 (r) • OS(i) 
Dp Ap(Ï) 

(2.37) 

Stepping downwards through the cause and effect diagram, the 
'eddy quantities' contain more and more multiplication factors 
jw. Therefore, an arbitrary term BPw1 can be written as: 

BPwi = (jw) i bPwi 

The flux <I>Pw(cu) can then be separated into a real part and a 
imaginary part: 

q,Pw(cu) =} JJ(JJt(jcu) 1 bPw1 ·<1Ä]Jp0 (r)·as(i) 
PO Dp Ap(Ï) .z=1 

For the real part and the imaginary part we can write: 

q,PwR(cu) = -
1 

JJ ( JJ L BPwi · dÄ J Jp0 (i) · OS(r) 
I PO Dp Ap(Ï) even i 

1 1 
JJ ( JJ L. BPwi • dÄ) Jp0 (r) • OS(i) 
Dp Ap(Ï) odd.z 

= ---
j Ipo 

Now, the terminal voltage can be written as follows: 

uk= IpoRpo + jwq,PO + j(J)q,PwR(w) - wq,Pwi(cu) 
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In sectien 2.2.1 the self inductance for low frequencies was 
derived: 

Lpo = 

The other terms in the formula for the terminal voltage give 
additional self-inductance and resistance terms: 

= 

E .,Pwi <6)> 
= j 6) ..::o=dd=-=-1 ___ _ 

I po 

These can be separated as fellows: 

LPw(6)) = L LPw! (6)) 
even i 

,with: 

The terminal voltage becomes: 

Uk = Ipo ( Rpo + Rpw(ü>) + j6)(Lpo + LPw(6))) ) 

The impedance at the terminal of P is then: 

Zp(ü>) = Rpo + RPw(6)) + j6)(Lpo + LPw(ü>)) 

+ j(J)(Lpo + L LPw! ((J))) ( 2. 38) 
even i 

In the examples of sectien 2.3.3 this impedance is calculated. 



2.3.2. INCOMING FLUX. 

Now, we determine the 
incoming flux of the winding 
S. Just as in the cause and 
effect diagram of figure 2.16 
we start with a field Ba· We 
suppose, that only winding P 
is current driven. Therefore, 
we may write: 

Ba Bpo 

The cause and effect diagram 
is given in figure 2. 30. For 
the terminal voltage of S we 
can write: 
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6 

4 

-.---., 
6 I 

Figure 2.30. Cause and effect 
diagram, used to de termine the 
coupling flux from P to s. 

If: 

E·ëii = o Pw 

then the terminal voltage becomes: 

uk = j<U ~ L J J Bp • Qli 
s Ns As{Ï) 

The effective flux, that goes through s is: 

~PS ~ L ff . aA 
s Ns As(rl 
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Aqain, the current tubes of S are assumed to be very thin. 
This means for the incominq flux: 

f>ps = + J I ( J J Bp ·CIA) J 80 (r) • ëlS(r) 
so Ds As<r> 

This flux is separated into a flux f>Pso that would be enclosed 
at low frequencies, and a flux <t>Psw(<a>) , that is caused by the 
'eddy quantities': 

(2.39) 

Accordinq to the di vision of Bpr" qi ven in equation 2. 34, we 
separate the flux <t>Psw(<a>) into parts: 

... 

with: 

(2.40) 

Further, the flux <t>Psw<<a>) can be divided into a real and an 
imaqinary part: 

with: 

<t>PSwR(<a>) = + J I ( J J L. BPwi ·CIA) Jso (I) ·~(I) 
so Ds Asfr) even~ 

(t) PSWI ( (a) ) = 
1 1 
j Iso 

J J [ J J L. BPwi ·CIA) J 80 (I) · ëlS(I) 
Ds As<r> odd~ 

The terminal voltage is: 

Uk = j (a) (t) PSO + j (a) (t) PSWR ( (a) ) + j (a) (t) PSWI ((a)) 

, or alternatively: 



with: 

= 

~PSwR ((A)) 

I po 

~ PSwi ((A)) -(A) _::.=:..::..._ __ 

I po 

= even i 

L ~Pswi ((A)) 
= j (A) ....:o:..::dc::.d-=i'------

Ipo 

The last two equations are separated into: 

with: 

MsPw ((A)) = L MsPwi ((A)) 
even i 

RsPw ((A)) = L RsPwi ((A)) 

MsPwi ((A)) = 

oddi 

~ PSwi ((A)) 

I po 

For the transfer impedance between P and S we may write: 

Zsp(cu) = RsPw((A)) + jcu(Mspo + MsPw(cu)) 

L RsPwi ((A)) 
oddi 

+ j(A) (Mspo + L. MsPwi (CU)) 
even~ 
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We see that the impedances ( section 2. 3. 1) and the transfer 
impedances ( this section) are not purely reacti ve, and, in 
addition, they are now frequency dependent. This means, that 
an equivalent-circuit diagram of chapter 1 can not be used for 
transfarmers in which eddy currents occur. In the following 
examples suggestions are made for equivalent-circuit diagrams 
tor transfarmers with eddy currents. 
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2.3.3. EXAMPLES. 

In this section we discuss two examples, in which the 1 eddy 
quantities 1 have an important influence on the generated or 
incoming flux. The first example concerns the two parallel 
plates, which we saw aarlier in section 2.2.3.2. The generated 
flux, and further the oorrasponding impedance are calculated. 

The second example is the tangential transfarmer of section 
2.2.3.4. Again the generated flux is calculated, but also the 
effecti ve incoming flux for each winding. The impedances of 
the windings are derived, and further their transfer 
impedances. 

For bath examples the calculations are based on only the first 
'eddy quantities' in the cause and effect diagram. This means, 
that these calculations are only approximations, which are 
valid up to a certain frequency. When a better approximation 
is needed for higher frequencies, more 'eddy quantities 1 in 
the cause and effect diagram should be derived. 

2.3.3.1. PARALLEL PLATES. 

Again we consider the example of the parallel plates of 
section 2.2.3.2 (figure 2.24). We calculated already the 
generated flux and the oorrasponding self-inductance for low 
frequencies. Now, we shall calculate these parameters for 
higher frequencies, at which the 1 eddy quanti ties' beoome 
important. 

We consider the different quant i ties of the cause and effect 
diagram only for the left conductor. The current densities and 
the fields can easily be found because of the symmetry of the 
system. We start in the cause and effect diagram with the 
homogeneously divided current density J 0 • While stepping 
through the diagram, we calculate the different quanti ties 
which we encounter, up to B~. The result is for -a-b<x<-a+b: 
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Further, for the field B0 between the plates (-a+b<x<a-b} we 
may write: 

This list of equations for the 'eddy quantities' can be 
extended at will, however, we shall approximate the generated 
flux and the impedance with the help of the preceding formulas 
on1y. For the generated flux we use equation 2.35: 

~(<a>) = ; J J ( J J ( B 0 + Bw) • àA) J 0 (r) · ëi.S(r) 
O D A(r) 

We assume, that the frequency is so low, that we can make the 
following approximation: 



122 

The generated flux is then approximated by: 

~ (c..>) :z ~o + ~wl (c..>) + ~w2(c..>) 

with: 

~0 = ~0 JJ ( JJ B0 • aA) J 0 (r) · QS(r) 
D A(I) 

~ w2 ( c..>) = ~ f f ( f f Bw2 • aA ) J 0 ( r) • QS ( r) 
0 D A(I) 

Calculating these fluxes results in: 

~o = J1I0 
2
; (a- ~ b) 

~w2 

In order to obtain the impedance, we write down the terminal 
voltage: 

This is approximated by: 

Uk :z IoRo + jc..>~o + jc..>~wl + jc..>~w2 

Finally, for the impedance we find: 

Z(c..>) :z Ro + Rwl (c..>) + jc..>(Lo + Lw2(c..>)) 

with: 



These terms correspond to an 
equivalent-circuit diagram 
wi th a series conneetion of 
frequency dependent elements. 
As an alternative one could 
gi ve a ladder network of 
frequency independent 
elements. This can be derived 
by a continued fraction 
representation of the total 
impedance Z(U>) (ref. 43: pp. 
129-130). The LR-ladder 
network in figure 2. 31 
represents the eddy current 
effects in the metal. The 
first four elements have been 
calculated; they are given 
without derivation: 

Ro 
1 = ahb 

Lo = 2 'hl (a-~ b) 

Rl = 
l(a-~bt 

4 ahb3 

Ll = ~~ 
(a ~ b)(5a-4b) 

7 h b 

= 1 
a bh 
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Figure 2.31. Equivalent-circuit 
diagram of the parallel plates. 
Only four elements of the LR
ladder network are given. 

The eddy current effect is described better, when more 
elements are added to the ladder network, however, the 
expressions for the higher order elements beoome more and more 
complicated. Also in the literature, we find examples of 
equivalent-circuit diagrams with LR-networks for the eddy 
currents in a transfarmer (ref. 44). 
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2.3.3.2. TANGENTIAL TRANSFORMER. 

Again, we discuss the tangential transfarmer of section 
2. 2. 3. 4 ( figure 2. 27) 1 but now the influence of the 'edgy 
quanti ties' is considered as well. The currents and the E
fields are still in the t-direction 1 while the B-fields are in 
the z-direction. The generated and incoming fluxes are 
determined 1 and further the impedance and transfer impedance 
of the windinga are calculated. 

First, we drive only the inner winding P wi th a current I po, 
which is distributed according to equation 2. 3 3 • The f irst 
steps through the cause and effect diagram of figure 2.29 give 
the following B-fields: 

, O<r<rp1 

= 

Bwl 

For values of r outside the given ranges, these fields are 
zero. Further 1 rp and r 8 are given by: 

Ip = 

In figure 2.32.a the above B-fields are given for certain 
dimensions of the cylinders. 
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The flux, which is generated by P is approximated by a series, 
where the terms are the fluxes corresponding to the series 
Bpo' BPwl and BPw2: 

The different parts of the right-hand si de are gi ven by the 
equations 2.36 and 2.37: 

= 

c)) Pwl = 

c)) Pw2 = 

1 IPo 2lt I 

J J J J Bpo r 1dr 1d4> Jp0 drdz 
0 Ipi 0 0 

1 Ipo 2lt I 

J J J J BPw1 r 1dr 1d4,> Jp0 drdz 
0 Ipi 0 0 

1 I Po 2lt I 

J J J J BPw2 r 1dr 1d4> Jp0 drdz 
0 Ipi 0 0 

Werking out these formulas results in: 

~Pwl (c.>) 

A series 
with the 

with: 

Rpo = 

6 l 4( 2 2) 5 2 4 l( 2 2) 4 Ip -lGrp 5rp0 +2lrpi + Bipipi + S Ip0 -Ipi I pi 

r;0-r~i 

approximation for the impedance of P can 
help of equation 2.38: 

z p ( w ) ~ R PO + R Pwl ( w ) + j w ( L PO + L Pw2 ( w ) ) 

21t 

1 ln( rPo) 
rPi 

be derived 
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RPwt (6>) 

2 2 
l.I.~ Ip-Ipi 

1 ln( rPo) 
I pi 

For the outer winding S the same calculation is followed. When 
only S is driven by a current souree I 80 , we see the following 
B-fields: 

Iso 
1.1.-1 

1 O<r<r91 

Bswl = -j6>f.t2 0 Iso ( 2r;1n( _I_) -(r2 -r;i)) 
41 Ipi 

j6>f.t20 

- (r;0 -r2) 

Bswl 

1 Ip1<I<Ip0 

• Isi<r<rao 

Bsw2 -(j6>)2 ~.t 3o2 !~((r 2 +2r;- ! r;0 - ! r;1)r;ln( r:J -(! r 2+r;- ~ r;1)(r2-r;1)) 

1 r,1<r<Ip0 

ln( Iso) 
I si 
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Again, when r is outside the given ranges, these fields are 
zero. For r si< r < r so the f ields Bsw~ and Bswz are described wi th 
similar equations as we saw for the fields B~~ and B~2 in the 
metal of the primary. However, because of the fact, that the 
secondary cylinder encloses the primary, certain B 8 w1 - and 
B8~-fields are caused in the metal of the primary. This gives 
us the additional terms for the range r~<r<r~. The B-fields, 
caused by the secondary dri ving current, are gi ven for a 
special case in figures 2.32.b. 

The flux, generated by S becomes, wri tten as a truncated 
series: 

~s :::: ~so + ~sw~ + ~sw2 

The different terms in this equation are calculated, using the 
formulas 2.36 and 2.37. The result is: 

~so = 

+ 

6 1 4( 2 2) 5 2 4 1( 2 2) 4 1ti Is--Is 5Iso+21Isi +-Isisi+- Iso-Isi Isi 
•(o)IL20~ 16 8 8 

] r 1 2 2 
Is0 -Isi 

+ 

(je.>) 2 113 0 2 1tiso x 
21 

8 1 6( 2 2) 1 4( 4 2 2 4) 23 2 6 1 ( 2 2) 6 Is- Sis 5Is0 +13Isi + 432Is 46Is0 +181Is0 Isi+451Isi ----;::pjisisi- 24 Is0 -Isi I si 

I;0 -I;i 

For the impedance of S we write: 

Zs(w) :::: Rso + Rsw~(w) + jw(Lso + Lswz(W)) 
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For the separate terms in this equation we can write: 

= 0 -1 __ 2"-1t-----,-

1 ln( Iso) 
Is1 

c.>"p30 a__2!_ 
21 

11 1 6( 2 2 } 1 4( 4 2 2 4 ) 23 2 6 1 ( 2 2 ) 6 x Is-ais 5Is0 +13Isi +43"2I8 46I80+181Isoisi+451Isi - 12Isisi- 24 I 80-Is1 r 81 

r;0 -I;i 

Further we can calculate the effective flux through S which is 
generated by P: 

4l PS ~ 4l PSO + 4l PSwl + 4l PSW2 

The separate terms are given by the equations 2.39 and 2.40: 

<llpso = 

<llPSWl = 

<llPSw2 = 

1 Iso 2:n: r 

J J J J Bp0 r 1dr 1d4> J 80 drdz 
o r 91 o o 

1 Iso 2:n: I 

J J J J BPw1 r 1dr 1d4> J 80 drdz 
o rs1 o o 

1 Iso 2:n: r 

J J J J BPw2 r 1dr 1dcf> J 80 drdz 
0 IsJ. 0 o 



Werking out these equations gives: 

'lt;IPO 2 
4>pso = 11-1-rp 

"'-- -- (j'-')2 n3~2 ""
4
I
1
PO (rp6 1 r 4(llr 2 +l9r 2

) + 
1 r 2(l9r 4 +"6r2 r 2 +73r 4

) 
1 6

) "'Taw• ~ r v Î6 P !'o Pi 144 P Po "* Po PJ. Pi - UipJ. 
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These fluxes correspond with the first terms of the transfer 
impedance: 

with: 

Driving the secondary, and calculating the flux through the 
primary, will give the same result. 

Ag a in 1 an equivalent-circuit diagram can be set up. This is 
then based on the circuit diagram of figure 1. 36 ( or figure 
1. 56 for transfarmers wi th an arbi trary number of windings) 1 

however, the inductors are now replaced by LR-ladder networks 
(figure 2.33). 
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Figure 2.32.a. The first B-fields in 
the cause and effect diagram as a 
function of the radius r, in the case 
of a primary driving current. 

The geometrie quantities are: 
rp1 = 1 mm 
Ip0 = 4 mm 
r 81 = 5 mm 
r 80 = 8 mm 

Further, we give: 
Ip0 = 1 A 
f = 1 kHz 
l.I. 
0 

This gives the following skin depth: 

ö = ~ 2 
f;$ 2.1 mm 

<a>IJ.O 

In this chapter, all calculations 
were done in the j<a>-domain. However, 
the representation of the B-f ield in 
the time domain might be: 

BPR cos ( c.> t) - BPI sin (<a> t) 

with: 

BPR = 

Bpo 

Ollli4567191D 

r (mm) 

j-le-6 T 
! ! 
i i 

" i=~J=!=~~:=r~F 
or-~+-+-~~~-+-+~~ 
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Figure 2.32.b. As figure 2.32.a, 
however, now the secondary is driven 
by a current I 80 of 1 ampere. 

The representation of the B-field in 
the time domain is: 

B 8R cos ( û> t) - B 8 z sin ( û> t) 

with: 

BsR = 
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Zsp(W) 

Up; +-Up;! 
.....----ll...---1-

Figure 2. 3 3 . Equivalent-circuit diagram of the tangent i al 
transfarmer with eddy currents. Although the values of the 
ladder elements can be der i ved analytically, they are not 
given: the expressions are extremely complicated. 
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3. ACTUAL TRANSPORMER CALCULATIONS. 

In the previous chapters we set up equivalent-circuit diagrams 
for transformers, and we discussed to what extent these 
descriptions were valid. However, we did net gi ve any methad 
to determine the values of the parameters within the 
equivalent-circuit diagram, such as coupling factors and 
magnetic resistances. In this chapter we shall search for a 
methad to derive the parameters of an actual transformer. 
Starting-point is then, that the properties of the magnetic 
system are well known. The pos i ti on of the windings may be 
freely chosen in a certain winding space. The aim is, to 
calculate the transfarmer parameters as a function of the 
dimensions, the position and the number of turns of the 
windings. 

we have to know the magnetic system in detail, which means, 
that there must be a way to describe it properly. In sectien 
3. 1 the winding space ins i de the magnetic system is di vided 
into little partial spaces to which we assign magnetic 
resistances and coupling factors. It is often difficult to 
calculate these data, because the magnetic system soon becomes 
very complex. A salution could be to measure the desired data. 

In sectien 3.2 a possible measuring metbod to determine 
magnetic resistances and coupling factors is gi ven. Sectien 
3. 3 presents a method, to estimate the data for a magnetic 
system, to which an air gap is added, so that i t is net 
necessary to do the measurements all over again. 

Two practical examples will be discussed in sectien 3.4. 
First, we consider a ferrite red. Several partial spaces are 
chosen, and we attempt to calculate the corresponding coupling 
factors. With this example we hope to illustrate the 
difficulties which arise with such calculations. In the secend 
place, we consider a ferrite core of a more complex ferm, for 
which the magnetic data are acquired by measurements. Further, 
we add an air gap to both systems, and der i ve the 
corresponding magnetic resistances and coupling factors. 
Finally, we assemble certain windings, of which we calculate 
the transfarmer parameters. 

Final1y, in sectien 3.5, the methad is used to calculate and 
optimise a line-output transfarmer wi th respect to an 
undesired phenomenon, inherent to such transformers: ~-ringing 
(see also the introduction). 
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3.1. DIVISION OF THE WINDING SPACE INTO PARTIAL SPACES. 

we want to calculate the transfarmer parameters, as a function 
of the dimensions, the pos i ti on, and the number of turns of 
the windings. This calculation is based on the magnetic data, 
belonging to test windinga located at several positions inside 
the magnetic system. By the position of a test winding is 
meant the space, occupied by it. The winding has within this 
space, which we call from now on partial space, a certain 
magnetic resistance and certain coupling factors to windinga 
in other partial spaces. We shall ascribe these maqnetic data 
not so much to the winding, as to its partlal space. In that 
case there has to be an agreement, how the dri ving currents 
flow through the partial spaces. We assume, that these 
currents are uniformly distributed within the cross section of 
each partial space. 

The total winding space of the 
maqnetic system is di vided into 
partial spaces (fiqure 3.1), and 
to every partial space we ascribe 
maqnetic resistances and coupling 
factors to other partial spaces. 
The partial spaces go around the 
co re in a certain manner, gi ven 
by the form of the turns. If the 
turns are for instanee circles 
around the core leg, then this is 
also the shape of the partial 
spaces. The maqnetic data are 
supposed to be independent of the 
windinga that we place into the 
maqnetic system. The condition is 
then, that all these windinga are 
open; a short-circuited winding 
influences the magnetic system, 
as we saw already in section 
1.2.1. For the same reason, eddy 

Fiqure 3.1. 
the winding 
partial spaces. 

winding 
space 

Division of 
space into 

currents have to be negligibly small; we suppose, that the 
transfarmer is made in such a way, that current loops in the 
metal do not noticeably influence the transfarmer parameters. 

We can define windinga in the maqnetic system (fiqure 3.2). 
The division of the winding space into partial spaces 
determines also the division of the windinga into partial 
windinga. Every partial winding is gi ven the magnetic data 
from the corresponding partial space. The transfarmer 
parameters can be calculated with the equations 2.5 and 2.6 of 
section 2.1, since we know the magnetic resistances and 
coupling factors of all partial windings. When the position or 
dimeneion of a winding changes, this can be easily taken into 
account in these formulas. 

When we calculate the transfarmer parameters this way, we need 



the magnetic data of all partial 
spaces. How can we obtain these? 
In the first place, we could 
calculate these. This is in most 
cases nat very simple, because 
the magnetic system of a 
transfarmer is aften very 
complex. Another possibility is 
to measure the desired data. When 
we define many partial spaces, 
then the number of measurements 
increases strongly. Further in 
this chapter, it will appear, 
that in the case of N test 
windings at least 

2 
N(N+l) 

measurements are needed. If we 
want to describe the magnetic 
system accurately, and for that 
reason define many partial 
spaces, i t soon becomes 
impossible, to obtain the 
magnetic data for every partial 
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Figure 3.2. Windings 
inside the winding space 
are divided into partial 
windings,according to the 
partial spaces. 

space. To escape from this, we measure only a few test 
windings. The magnetic data for the in between partial spaces 
can then be approximated by interpolation. For places where we 
expect that the magnetic quanti ties vary more strongly wi th 
the position, we choose more test windings as well. Of course, 
the calculations become less accurate, when we omit 
measurements. 

Another cause for inaccuracy can 
be the fact 1 that windings may 
nat fill some partial spaces 
completely. Figure 3. 3 gi ves the 
cross sectien of a winding. There 
are partial spaces, which are nat 
fully occupied by the winding. 
The inaccuracy arises, because of 
the fact, that in the calculation 
the partial spaces are assumed to 
be uniformly filled with turns, 
which is nat the case in reality. 

The magnetic data for the several 
partial spaces could be 
determined by measurements. For 
that reason, a possible methad is 
given in the next sectien to 
measure magnetic resistances and 
coupling factors. 

Figure 3. 3. Winding that 
can nat be composed of an 
integer number of partial 
spaces. 
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3.2. MEASURING METHOD FOR MAGNETIC RESISTANCES AND 
COUPLING FACTORS. 

In the previous section we introduced partial spaces inside 
the magnatie system, to which we ascribed magnatie resistances 
and coupling factors. If the system is complex to such a 
degree, that calculations become too difficult, it is perhaps 
more simple to fill the magnatie system with test windings. 
The desired magnetic data can then be obtained by measurement. 
In this section a possible measuring methad is presented for 
the magnatie resistances and coupling factors of these test 
windings. 

3.2.1. MAGNETIC RESISTANCE. 

The magnatie resistance Rmx, seen by a test winding x, can 
simply be derived from the self-inductance Lx: 

n2 
Rm = x 

x Lx 

The number of turns of winding x is given by nx. 

3.2.2. COUPLING FACTOR. 

We take the 
equivalent circuit
diagram of figure 3.4 
as a starting point 
(ref. 16: section 
1 • 9 ) , to come to an 
equation for the 
coupling factor from 
a winding x to a 
winding y. 

We introduce 
self-inductance 

the 

Ly, x short • This is the 

Figure 3.4. Transfarmer 
circuit-diagram, concerning 
ports x and y. 

PORT 
y 

equivalent 
the two 

self-inductance of winding y when x is short-circuited. We can 
write: 
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From equation 1.2 we know, that: 

An equation for the coup1ing factor can now be derived: 

k = nx 
xy n 

y 

So we need, apart from the ordinary self-inductances, the so
called short circuit self-inductances as well. 

To measure this self
inductance, it is 
important to choose 
t h e c o r r e c t 
frequency. This can 
be understood, when 
the wire resistances 
Rx and Ry are added 
to the equivalent 
circuit-diagram 
{figure 3.5). When 
winding x is short 
circuited, the 
impedance seen at port 

( - t) L 
kxy kyx y 

Figure 3. 5. As figure 3. 4; now the 
wire resistances are added as well. 

y is: 

1 + jw 

We have to do the measurement at such a high frequency, that 
Zy,x short can be approximated by: 

L L 
(jw)2

_!!. __x (1-kxykyx) 

On the other hand, we may not take the frequency too high, 
because capacitive coupling inside the transfarmer will become 
of influence as well. In the Bode-diagram this aften shows up 
as resonances at higher frequencies. 
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3.2.3. NUMBER OF MEASUREMENTS. 

For the maasurement on a magnetic system with N test windings 
we need N measurements to determine all self-inductances. 
Besides that, N(N-1) measurements have to be done for the 
short circuit self-inductances. This gives a total number of 
N2 measurements. This can yet be reduced, if we consider, that 
the coupling factors between a port x and a port y are related 
as follows (equation 1.2): 

k Rmy k 
yx=Rm xy 

x 

In this way we reduce the number of measurements for the 
coupling factors by a factor two. The total number of 
measurements is then ~ N(N+1) • 

We aften can omit measurements in view of symmetry. This will 
be discussed in a practical example in section 3.2.4. 

3.3. INFLUENCE OF AN AIR GAP ON A MAGNETIC SYSTEM. 

We saw in the previous section, that the number of 
measurements on a magnetic system to obtain the magnetic 
resistances and coupling factors can become very large. This 
is not an insurmountable problem, if the magnetic system is no 
langer being modified. 

If a change in the magnetic system takes place, all 
measurements should be done again, which once more requires 
labour and time. A modification in the magnetic system, which 
is aften made, is a change of the air gap. In this section we 
try to derive the data for the magnetic system with an added 
or changed air gap from the original measuring results. 

We assume that the original magnetic system contains a core, 
consisting of material with a high permeability (figure 3.6), 
and that the according magnetic data are well-known. We now 
want to calculate the data for the same magnetic system, to 
which an air gap is added (figure 3.7). 



Figure 3. 6. Winding space 
round a core of high 
permeability. 
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Figure 3.7. As figure 3.6; 
however, an air gap is 
added to the core now. 

The addition of the air gap is in fact the same as taking out 
a disk of territe from the core (see figure 3.6 and 3.7). 

ei reular 
currents 

Figure 3. 8. Current loops 
inside the ferrite. 

Figure 3.9. In the case of 
uniformly distributed flux, 
the current loops can be 
represented by a surface 
current. 

Through this disk a certain flux flows, that is generated by 
windings ins i de the winding space. Ins i de the ferri te we can 
then introduce many current loops (figure 3.8). 

Suppose, that we would compensate every current loop wi thin 
the disk of ferrite, then it is, as if this disk lost its 
ferromagnetic properties, and acts as an air gap. 

From now on, we assume that the flux through the disk of 
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ferri te 1 and through the air gap, is uniformly distributed 
over the cross sectien of the care. In figure 3.9 1 all current 
loops inside the disk of ferri te then campensa te each ether, 
and a current appears only on the surface (ref. 25: sectien 
6. 5). 

Call this current Ia. We can then write for the B-field in the 
disk of ferrite: 

The thickness of the disk 
through the disk is then: 

is gi ven by ö • The flux 1 flowing 

A is the cross-sectional area of the disk of ferrite, and Rm6 
is the magnetic resistance of the air gap: 

We can compensate the 
current Ia, if we 
introduce a surface 
current -Ia. With 
this current the air 
gap can be simulated. 
The magnetic system 
with an air gap 
(figure 3.7) is by 
approximation equal 
to the magnetic 
system without that 
air gap, but on that 
position a certain 
winding a (figure 
3.10). If this 
winding carries the 
compensating current, 
we can write for the 
required driving 
ampere-turns Fa: 

F = -I = -Rm .. ~ a a u a 

We shall now see, 
what the influence is 
of the air gap on the 

ö 
Rma = -

J.LoA 

Figure 3.10. As figure 3. 7; however, 
the air gap is now simulated by an 
additional winding. 

magnetic resistances and coupling factors 
partial spaces. 

belonging to the 



3.3.1. MAGNETIC RESISTANCES. 

we first calculate 
the effect on the 
magnetic resistance 
Rmx of a certain test 
winding x, if an air 
gap is added to the 
magnetic system. The 
original situation is 
given in figure 3.11. 
The flux, that is 
generated by winding 
x is: 

A part kxac'f)F of this 
x 

flux arrives at the 
position a, where the 
air gap will be 
introduced. When the 

x 

, • m 
....--~- k xa 'J! F 

x 
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air gap is fitted in Figure 3 .11. Winding x around a core 
the magnetic system 

the without an air gap. (figure 3.12), 
winding x sees a 
magnetic resistance Rm;. The generated flux is then: 

F * x 

Rm * x 

A part k;a c'fJF * from this flux reaches the air gap. 
x 

Again, we replace the air gap by a winding a ( figure 3 .13). 
The compensating current becomes: 

Fa = - kxa* c'f)F * Rm6 
x 

For the fluxes through the windings x and a we can write the 
following system of equations: 

c'f) * = 
Fx 

+ k Fa = 
Fx 

Fx Rmx axRm Rm * a x 

kxa *c'f)F * = k Fx + 
Fa = Fa 

--
x xa Rm Rma Rma x 
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-~~ x 

® 
x 

I I e «> * 
I I xa Fx 

Figure 3.12. As figure 3.11, but now 
with an air gap. 

® 
x 

a 

Figure 3.13. As figure 3.12; however, 
the air gap is now represented by a 
winding a. 
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With these equations we arrive at an expression for the 
magnetic resistance Rm;: 

1 

1 -

So this is the magnetic resistance, seen by a winding x, when 
an air gap is added to the magnetic system. 

3.3.2. COUPLING FACTORS. 

In a manner, simi1ar to the der i vation of Rm;, we now der i ve 

an expression for the coupling factor k~ from a winding x to 
a winding y. Again, the magnetic system contains an air gap. 

The situation, 
without air gap, is 
given in figure 3.14. 
For the fluxes 
through these 
windings we know 
that: 

q)x = q)Fx + kyxq)Fy 

, with 

~F = 
x 

«!lp = 
y 

The air gap in the 

F x 
0 

.____... <I) F + kyx q, F ____...<I) F. + kxy<l> F 
r--------x _______ Y~------~y~ x 

® 
x ® 

y 

~kxa<PF + kya<PF 
. . x y 

care changes 
fluxes through 
windings into: 

the Figure 3.14. Two windings around a 
the care without air gap. 
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.ffi.* * n..* n..* * n..• 
·---+ ~F + kyx~F ---+~F. + kxy~F 

~------x ______ ~Y~------~y~ x 

® 
x ® 

y 

I I k"' "'"' "' n..• :ll xa'JI'px+kya~py 
L-..------------....1 

Figure 3.15. As figure 3.14; however, 
now the air gap has been added. 

I ... .. I 

® 
x 

a 

® 
y 

Figure 3 .16. As figure 3 .15; the air 
gap is now presented by the winding a. 
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Again, the air gap is replaced by a winding a (figure 3.16). 
The compensating current becomes then: 

Fa = - Rmó (kxa"' tJ> Fx* + kya"' tJ> F/) 

For the fluxes through the several windings we write the 
following system of equations: 

+ k * 4> * yx Fy 

""" k""' +k4> + 4> =k*""'*+k*""'* Wa = xa'l'Fx ya Fy Fa xa 'l'Fx ya 'l'Fy 

We want to determine the coupling factor k~. 
only winding x is current-driven, so Fy=O. 

equations changes into: 

, and the compensating current is then: 

Fa = - Rma kxa* ti>F * 
x 

For that reasen 
The system of 

Wi th the help of these formulas an expression for k~ can be 
derived: 

k * :::; xy 

kxy (1 + ~) - kxakay 

( 1 + ::) - kxakax 

This equation gives the coupling factor from winding x to y, 
in the case that there is an air gap in the core, expressed in 
the parameters for the core without air gap. 
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3.4. PRACTICAL EXAMPLES. 

In this sectien we discuss two examples of magnetic systems, 
in which a certain winding space is defined. We try to 
determine the magnetic resistances and coupling factors of and 
between the partial spaces. First, a very long ferrite rad is 
treated in sectien 3.4.1. In this example, we try to calculate 
the coupling factors between the defined partial spaces. 

Further, we look, how these coupling factors change, when an 
air gap is added to the ferrite rad. This example is perhaps 
nat of practical value, but it is worked out, to give us an 
impression, how difficult such calculations can be, and how 
accurate the results are. 

The secend example concerns a closed ferrite care of a much 
more complex shape then the ferrite rad. Calculation of the 
magnetic data beoomes then toa difficult. The magnetic 
resistances and coupling factors are now obtained by 
measurement. Again, an air gap is put into the care, and its 
influence on the magnetic data is determined. We put windings 
of certain dimensions on certain pos i ti ons into the winding 
space, for which we calculate the corresponding transfarmer 
parameters. Finally, these resul ts are compared wi th 
measurements on a transformer. 

3.4.1. VERY LONG FERRITE ROD. 

In this sectien we want to derive 
the magnetic data for the partial 
spaces, that are situated in 
winding spaces around a ferrite 
rad. This rad has a round cross 
sectien, and the turns and a lso 
the partial spaces are therefore 
supposed to be rings around the 
care. We take as a starting 
point, that future windings will 
be adjacent, which is a lso the 
case for the turns. For that 
reason, the partial spaces are 

• • • • • • • • • • 
_ill~----------

• • • • • • • • • • 
Fiqure 3.17. Ferrite rad, 
with a winding space, 
consisting of adjacent 
partial spaces. 

situated next to each ether as well, thus forming the winding 
space (figure 3.17). 

First, we discuss the original ferrite rad without air gap in 
sectien 3. 4 .1.1. We attempt to calculate the coupling factor 
between two arbitrary partial spaces. The magnetic resistances 
are supposed to be equal for every partial space. This can 
simply be obtained by a maasurement on a single partial space. 
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Next, in sectien 3.4.1.2, an air gap is added to the ferrite 
rad. The magnatie resistances and coupling factors are derived 
for the magnetic system thus obtained. 

The calculated coupling factors are compared with measurements 
on a ferrite rod, of which the partial spaces are alternately 
occupied by test windings (the hatched partial spaces in 
figure 3.17) and separating ridges on the coil farmer. 

3.4.1.1. FERRITE ROD WITHOUT AIR GAP. 

We attempt to find an expression for the coupling 
between two arbitrary partial spaces by calculation. It 
difficult, to find an exact formula; we shall search 
good approximation. 

We take the si tuation of 
figure 3.18 as a starting 
point. In here, the 
ferrite rad is drawn, 
with a winding around it. 
A f irst approximation is 
made, by presenting a 
round cross section, 
while the cross sectien 

0 

factor 
is too 
for a 

of the partial spaces in 
figure 3 .17 were square. 
The ends of the ferrite 
rad are supposed to be 
very far from the defined 
winding space. 

Figure 3 .18. 
winding. 

Ferrite rod with a 

For the form of the 
generated H-field we take 
figure 3.19 as a starting 
point. In this figure one 
single field line is 
drawn. The ferrite has a 
very high J.l.r. So the 
field line will leave the 
magnatie material more or 
less perpendicularly. In 
the figure the H-field is 
perpendicular to the rod 
for rk<r<rw. So here we 
assume a radial field. 
Next, we suppose that for 
r>rw the field line farms 
a semi-circle, with the 
winding as centre. These 

... 
; 

--- -e.::(Y_- ---~Hw(z) 
III 

Figure 3.19. 
representation of 
field line. 

I 

Simplified 
an arbitrary 
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si tuations are indicated wi th I and II; the corresponding 
fields with HI and Hu· Finally, there is the part of the 
field line, that goes through the red. This will be called 
Hui· 

Let Hw(z) be the field at the point <rw,z>, then we can write 
for the field outside the ferrite: 

= Hw(z) 
I 

Iw 
HW ( z) -----=.:--"---=-

Iw + z sinP 
= 

we know that: 

We do net consider the contribution of 
integral, since the llr of the ferri te 
integral is separated into two pieces: 

f HI·QI + f Hu·QI = F 
I II 

1 SO: 

This gives: 
F 

HIII 
is 

to the contour 
very high. The 

F 

I w (2 ln( ~ w) + j I diJ ) 
k 0 ___!! + sinP 

z 
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This can be worked out (ref. 23: p. 53): 

F 

2rw [ ln( rw) + z r~ -arctaJ z lll 
rk Jr;-z2 2 l Jr;-z2 

1 if O<z<rw. 

1 if z>rw. 

Now we can find an expression for 
the leakage flux ~1 between two 
windings (figure 3.20). 

The flux in the current driven 
winding is not considered. We 
agree, that the flux that flows 
between the edge of this winding 
and the centre of the other 
winding contributes to the 
leakage flux. This results in: 

z 

~1 (z) = 2nrw J !la Hw(z 1) dz 1 

Id 

The generated flux is: 
~ = F 

F 
Rm 

The coupling factor between the two 

k ( z) = 1 -

' so: 

F 

<I> l (z) 

0 ÎÎÎÎÎÎÎÎ 0 

----+----+-----
0 z 

® ~~~~~~~~0 
Figure 3. 20. The leakage 
flux between two windings. 

windings 

~1 

~F 

is then: 

In general, we have to split the integrand in this equation 
into two formulas: 
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2r."H."(z1
} 

F 
= 

, for the range a< z< r.". 

= 

, for the range z>r.". 

1 

z ~ - arcta z 
I ( i I ll Jr!-z 12 2 Jr!-z 12 

1 

We calculate the integral numerically, and check this with the 
help of measurements. The measuring object contains a ferrite 
rod with a length of 0.2 m, and a radius of rk~5 mm. The coil 
former carries 22 windings of 150 turns, which have a radius 
of r."~6.5 mm. The copper filled cross sectien of the windings 
is approximately 1x1 mm2 . In the der i vation of the coupling 
factor a round cross section with a radius Ia was used. We 
choose ra=0.56 mm, which means that the round cross section is 
1 mm2 as well. For the given dimensions, the calculation and 
the measurements are compared. The resul t is gi ven in the 
graphs of figure 3.21. 
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k 1 x 

0.4 ............................................................................................................................................................................................... . 

0.2 ............................................................................................................................................................................................... . 

0~--~----~--~----~--~----~----~--~----._--~~ 

1 3 5 7 9 11 13 15 17 19 21 
x 

-- measured ~ calculated rd•0.56 

Figure 3. 21. The measured and calculated coupling factor 
from test winding 1 to the other numbered (x) test 
windings. 

3.4.1.2. FERRITE ROD WITH AIR GAP. 

D D D 
We now add an air gap to 
the magnetic system. The 
magnetic data were 
already known for the 
case without air gap. 
With the help of the 
formulas from section 3.3 
we can f ind the magnetic 
resistances and coupling 
factors for the new 
situation (figure 3.22). 

D D D 

1 

Figure 3.22. 
that gap. For the winding a , 

represents the air gap, 

a J 

Perrite rod with 

we take the winding, that is situated closest at the 

air 

z-



152 

location, where the air gap will come. The radial position can 
cause a deviation, because this winding should be directly on 
the surface of the core, which is not the case now. 

For the magnatie resistance of a partial space i we can write: 

Rm(z1 ) * = Rm ----1
--

k(za-zi) 2 
1 -

1 + Rm 
Rma 

The coupling factor from partial space i to j becomes: 

k(z8 -z1 ) k(zj-za) 
k(zJ-zi) - --~~~~~-~ 

1 + Rm 

1 + Rm 
Rma 

Rma 

The magnatie resistance of the windings in the system with the 
air gap is dependent on the z-posi ti on, while the original 
magnatie resistance Rm was a constant. Further 1 the original 
coupling factor k(z) was a function of one variable; only the 
di stance between the windings was important. However 1 the 
converted coupling factor is a function of two variables: now 
the positions of both windings with respect to the air gap are 
important. 

In the measuring object, an air gap with a thickness 3~1 mm is 

added underneath the 16 th winding. Therefore we choose this 
winding in the system wi th the full ferri te rod to simulate 
the air gap. With the preceding formulas, we convert the data 
of the original magnatie system. We call the calculated data 
and the measured data of the ferrite rod without air gap, I 

. . . * and II respect1vely. The convers1on leads to the data f1les I 
* . . * and II , wh1ch are compared w1th the measurements III of the 

ferrite rod with the air gap (figure 3.23). In figure 3.24 the 
magnatie resistances and coupling factors are given for 
several situations. 



calculated data 
original 

ferrite rod 
I 

measured data 
original 

ferrite rod 
II 

I 
* .,,. lcompared in I .,,. * 

figure 3.21. 

calculated data 
ferrite rod + 

air gap 
I* 

calculated data 
ferrite rod + 

air gap 

measured data 
ferrite rod + 

air gap 
II* 

I I 
compared in 

figure 
3.24.b,d,f,hj. 

compared in 
figure 

3.24.a,c,e,g,i. 

III* 

Figure 3. 23. Schematic representation of the 
calculated and measured data. The conversion 
to, and the data sets for the si tuation wi th 
the air gap are indicated by an asterisk. 
Further, we can see which data sets are 
compared to each ether. 

153 
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Rm*x 
calculation based on calculated data 

*1e6 
20~------------------------------------------. 

5 ························································································································································ 

OL---~--~--~--~--~--~--~--~----L---~ 

1 3 5 7 9 11 13 15 17 19 21 

x 

- measured -1- calculated 

Figure 3. 24. a. Magnetic resistances of the 
* test windings; camparisen of data I and data 

* III . 

Rm*x 
calculation based on measured data 

*1e6 
20~----------------------------------------~ 

15 ............................................................................................................ ········································· 

10 

5 ........................................................................................................................................................ . 

OL---~--~--~---L---L--~--~----L---~--~ 

1 3 5 7 9 11 13 15 17 19 21 
x 

- measured -+- calculated 

Figure 3. 24 .b. 

test windings: 
* III . 

Magnetic resistances of the 
. * compar1son of data II and data 



k* 1 x 
calculation based on calculated data 

0 '----~--'------'--

1 3 5 7 9 11 

x 
13 15 

measured -+- calculated 

17 19 21 

Figure 3.24.c. Coupling factor from test 
winding 1 to the other ones; comparison of data 
* * I and data III . 

k* 1 x 
calculation based on measured data 
1~----------~------------~ 

0.6 

0.4 

1 3 5 7 9 11 

x 
13 15 

- measured -llf- calculated 

17 19 21 

Figure 3.24.d. coupling factor from test 
winding 1 to the other ones; comparison of data 

* * II and data III . 
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k* 8 x 
calculation based on calculated data 

OA ·····----·················································'~--"""Fi~ 

OJI .................................. . 

6 "' 9 11 13 16 1"1 J$ 21 

"' 

Figure 3. 24 .e. As figure 
3.24.c, however, this is 
the coupling factor from 
test winding 8. 

k* 12 x 
calculation based on calculated data 

o~~~--~~--~~~--~ 

1 3 u ts ts n to 21 

x 

Figure 3.24.g. As figure 
3.24.c, however, this is 
the coupling factor from 
test winding 12. 

k* 16 x 
calculation based on calculated data 

6 7 9 u 13 15 17 19 21 

x 

Figure 3. 24. i. As figure 
3.24.c, however, this is 
the coupling factor from 
test winding 16. 

k* 8 x 
calculation based on measured data 

0.2 ••··········•···•••••••··••••••••••••······••••••••···•··•••••·········•••••••••••••••• 

0~~~--~~--~-L--L-~~--~ 

1 s 5 u 13 J5 17 19 21 

x 

Figure 3. 24. f. As figure 
3.24.d, however, this is 
the coupling factor from 
test winding 8. 

k* 12 x 
calculation based on measured data 

0.2 ...................................................................................... . 

S $ ? 9 ll IS 15 17 UJ 2:1 

x 

Figure 3.24.h. As figure 
3.24.d, however, this is 
the coupling factor from 
test winding 12. 

k* 16 x 
calculation based on measured data 

0.8 ...................... . 

0.8 .• • .. .............................................................. .. 

0.2 ................................... ·····•·•··••••••••••·•··••••••••· 

oL-~~--~~--~-L--L-~~--~ 

1 S 5 7 9 t1 !S 15 17 !~ 21 

x 

--m~ ~ ealeule.ted 

Figure 3.24.j. As figure 
3.24.d, however, this is 
the coupling factor from 
test winding 16. 



3.4.2. CLOSED FERRITE CORE. 

In this sectien we search for a 
calculation metbod for the 
transfarmer parameters, when the 
magnetic system of the 
transfarmer is more complex than 
the territe rod. In tigure 3.25 a 
sketch of the magnatie system 
wi th the winding space is gi ven. 
Just as before, we need the 
magnetic data of the partial 
spaces. This time however, we 
shall obtain these by Figure 3. 25. 
measurement. territe care with a 

space, which is 
In section 3. 4. 2.1 the original into 9 by 41 
system is discussed: this spaces. 
particular example already 
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Closed 
winding 
divided 
part i al 

contains an air gap of 415 ~m in the inner care leg. Next, in 
sectien 3.4.2.2, this air gap is increased to 800 ~m, and the 
eerrasponding magnatie data are derived. Finally, we choose in 
sectien 3.4.2.3 inside the winding space saveral windings, and 
calculate the transfarmer parameters. 

3.4.2.1. MAGNETIC DATA OF THE ORIGINAL SYSTEM. 

As stated before, the 
magnetic resistances 
and coupling factors 
will now be measured. 
It is of course 
impossible to do 
measurements tor 
every partial space, 
that is drawn in 
tigure 3.25. First of 

9 15 19 21 23 27 33 41 

all, the measuring Figure 3. 26. Pos i ti on of the test 
model would be very windings inside the winding space. 
complex, and 
difficult to 
manufacture, and secondly, the number of measurements would be 
excessively large. In our measuring model, a limited number, 
in this case 27, of test windings were realised in certain 
partial spaces (figure 3.26). We try by means of interpolation 
to reeover the magnetic data for the empty partial spaces. 

In tigure 3. 26 we see, that the number of test windings is 
larger in the neighbourhood of the air gap. This is done, 
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because we expect a larger spatial variation of the magnetic 
parameters near the air gap. 

The interpolation of the magnetic 
parameters will be done as 
follows. For the magnetic 
resistance of an unmeasured 
partial space i, we take the 
surrounding partial spaces, which 
are well-known, as raferences 
(figure 3.27). 

The partial spaces are gi ven by 
their row and column number. The 
magnetic resistance of the 
unknown partial space is supposed 
to be: 

row 
number 

04 
1 

Ri 0 

RiO 111 Bll2 

KiO Ki Kil 

column 
number 

Figure 3.27. Unknown 
partial space i, among 
measured partial spaces. 

The factors fi 1 to fi 4 are, if we use a linear interpolation:. 

fi2 = 
RH-Ri Ki-Kio 

RH-Rio Kil-Kio 

fi3 = Re Rio Kil-Ki 

Ril-Rio Kil-Kio 

fi4 = RcR1o KcK1o 

Ril-Rio Kil-Kio 



For the coupling factors between 
two unmeasured partial spaces a 
similar procedure is used (figure 
3.28). The coupling factor from a 
unknown partial space i to j is 
defined as: 

The factors fj 1 to fj 4 are: 

Rjl 

Rj 

Rjo 

Rn m3 

Ri Di 

W4 

Rio 111 m~z 
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113 114 

Dj 
EH fill2 

KiOKi Kil K·o K· K·1 J J J 

Figure 
part i al 
among 
spaces. 

K1-K10 
Kit-Kjo 

K11 -K1 
Kil-Kjo 

KrKio 
Kjz-Kjo 

3.28. 
spaces i 
measured 

Unknown 
and j, 
part i al 
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We cannot use this formula 1 if 
the partial spaces i and j are 
located in the same rectangle of 
measured partial spaces (figure 
3.29). It is clear, that the 
coupling between i and j bacomes 
very good, when they are close to 
each ether. However, the previous 
formula will net give accurate 
results. In this case it is 
better to concentrata on how the 
coupling factor deviates from 
unity. We use for this situation 
the following approximation: 

Ru m3 
Rj 

Ri Di 

RiO 111 

KiO Ki 

Figure 3.29. 
3 • 28 , however I 
spaces i and j 
same rectangle 
partial spaces. 

Dj 

K· J 

As figure 
the partial 
are in the 

of measured 

The factors cxR and cxK give an approximation for the increase 
of the coupling factor from i to j, when the distance between 
i and j is increased by ene single row (for cxR) or one single 
column (for cxK). 

( Ki-Kio 1 - k( {Rio• Kil), (Ril' Kil)) KiCK i 1 k ( (Rio• K1o> , (Ril' Kio) ) ) 
a,R =- + 

Ki1-Kio Ril-Rio Ki1-Kio Ril-Rio 

if Rj> R1 , 

( KrKJ.o 1- k( (Ri1 ,Kîl), (Rio•Ki1 )) 
+ 

Kil-Ki 1 - k( (Ril' Kio> , {Rio• Kio) ) ) 
a.R = - Kil-Kio Ril-Rio Kil-Kio R11-Rio 

if Ri <R1 , and further: 

( R·-R·o 1 - k ( (R10 , Ki 0 ) , (Rio• Kil) ) Ri1-Ri 1 - k( (Ri1 ,Ki0), (R11 ,K.i.:~.))) a. = - ~ ~ + 
K Ril-Rio Ki.1-Kio Ril-Rio Ki1-Kio 

if Kj>Ki I 

( RrRJ.o 1 k ( {Rio• K11) , (Rio' K.io) ) RiCRi 1 - k( (Ri1,Ki:~.>, (Ril'Kio>)) "'x=- + 
Ril-Rio K11-Kio Ril-Rio Kil-Kio 

if K1 <K1 • 

By means of the preceding interpolation formulas, the magnatie 
data of the unmeasured partial spaces are estimated. This is 
done on the basis of the measurements on the 27 test windings, 
shown in figure 3.26. In sectien 3.2.3, we have already seen, 
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that the number of measurements is .:!:.N (N+l) • This means 378 
2 

measurements; still a respectable number. 

However, if the system has a 
plane of symmetry through the 
air gap, as given in tigure 
3 . 3 0 , we can reduce the 
number of measurements. 

We suppose, that the magnetic 
resistances of the 
symmetrical test windings i 
and i 1 are equal . Further, 
the coupling factor from i to 
j is assumed to be same to 
those from i 1 to j 1 • Ag a in, 
j and j 1 are symmetrical. In 
this way, the total number of 
measurements can be reduced 
to 216. Some of the measuring 

Di 

axis of 
symmetry 

I 
Dj I 

air gap 

Dj' 

Figure 3. 30. The 
system has a plane of 
through the air gap. 

results are given in the form of graphs. 

Di' 

magnetic 
symmetry 

Figure 3.3l.a gives the magnetic resistance of the test 
windings on the first row of the winding space. Figure 3.3l.b 
represents the coupling factor from test winding ( R1 , K15 ) to 
the other test windings on the first row. 

•1e6 

Rm(Ri,Ki) 
Ri=1 

2.---------------------------------------------. 

1.2 ------------------------------------------ -------------------------------------------------------------------------------------------------------------

6 11 16 21 

Ki 
26 

~ 415 um measured 

31 36 41 

Figure 3.3l.a. Mg~netic resistance of the test 
windings on the 1 row. 



162 

0.86 

K (Ri,Ki Rj,Kj) 
Ri•1 , Ki•15 , Rj•1 

0.8 '-----'-----'-------'-----1.----'----'---L-------' 

1 6 11 16 21 

Kj 
26 

- 416 um meaeured 

31 36 41 

Figure 3.31.b. ~.pupling f~y,_tor of the test 
winding on the 1 row, 11;t column, to the 
other test windings on the 1 row. 

In section 3 • 4. 2. 3 certain more realistic windings are put 
into the magnatie system. We calculate the corresponding 
transfarmer parameters on the basis of the measured data. The 
results are compared with the measurements, which are directly 
done on a transfarmer with such windings. 

In the next section 3.4.2.2 we calculate the magnatie data of 
the system, when the air gap length is increased. 

3.4.2.2. MAGNETIC DATA OF THE SYSTEM WITH AN AIR GAP. 

The magnatie system of the previous section is 
discussed, with the same division of the winding 
However, the original air gap of 415 J.i.m in the care 
increased to 800 J.i.m. We can also say then, that an air 
385 J.i.m is added. The according magnatie resistance is: 

Rma = _a_ :::s 1. 35·106 

lloA 

again 
space. 
is now 
gap of 

For those partial spaces in which test windings are present 
(see figure 3.26) we calculate with the help of the formulas 
in section 3. 3 the magnet ie data for the system wi th the 
increased air gap. Therefore, we need a winding in the 
original system, which can simulate the added air gap. This 



163 

winding has to be introduced at the pos i ti on, where the air 
gap is made, and should be located on the surface of the core. 
In the magnetic system with the test windings in it, we do not 
have such a winding, but instead, we take the test winding, 
closest to the gap: the winding, given by the 1st row and the 
21th column. The new obtained data is checked by the measuring 
resu1ts of a magnetic system with an air gap of 800 ~m. 

Figure 3.32.a gives the magnetic resistances of the test 
windings on the 1 st row for the original system wi th an air 
gap of 415 ~m (measured), and for the system with the air gap 
of 800 ~m (calculated and measured). There are minor 
differences between calculation and maasurement for test 
windings in the neighbourhood of the air gap. 

•1e6 

Rm(Ri,Ki) 
Ri•1 

4r--------------------------------------------. 
3.5 

2 ....................................................................................................................................................... . 

1~--~----~----~----~----~----~----~--~ 

1 6 11 16 21 

Ki 
26 31 36 

- 416 um maaaured -+- 800 um calculated -*- 800 um meaaured 

41 

Figure 3.32.a. Magnetic resistances of the 
test windings on the 1st row. 

In figure 3. 32 .b the coupling factors of the test winding on 
the 1st row, 15th column to the other windings on the 1st row 
are given. Again, there is a difference between calculation 
and me as urement, in the case that these windings are located 
in the neighbourhood of the air gap. This is also the case, 
when the flux generating winding is very close to the air gap. 
In figure 3. 32 .c the coupling factors of the test winding 
closest to the air gap to windings on the 5th row are given. 
Now the graphs for the calculated and measured coupling factor 
differ quite a lot. 
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0.7 

0.6 

K (Ri,Ki Rj,Kj) 
Ri•1 , Ki•15 , Rj•1 

0.6~--~----~-----L-----L----~----~----~--~ 

1 8 11 16 21 

Kj 
28 S1 se 41 

- 416 um maaaured -+- 800 um caloulated -!11- 800 um maaaured 

Figure 3.32.b. Coupling 
winding on the 1 st row, 
other ones on the lst row. 

factor of the test 
15th column, to the 

K(Ri,Ki Rj,Kj) 
Ri•1 , Ki•21 , Rj•5 

1.---------------------------------------------. 

0.9 f-······················································································································································· 

0.8 ....................................................................................................................................................... . 

0.7r······················································································································································· 

0.8 

0.6~--~----~-----L-----L----~----~----L---~ 

1 6 11 16 21 

Kj 
28 S1 se 41 

- 416 um meaaured -+- 800 um oaloulated -!11- 800 um meaaured 

Figure 3. 32 .c. Coupling 
winding on the 1 st row, 

other ones on the 5th row. 

factor of the test 
21 th column, to the 
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There are several reasons, which could explain the differences 
between calculation and measurement. In the first place, the 
winding, that simulates the air gap, is not very close to the 
surface of the core. That is the reason, that in figure 3.32.c 
the graph for the magnetic system with a 415 ~m air gap, and 
the calculated graph for the magnetic system with a 800 ~m air 
gap coincide. Further, the methad to calculate the magnetic 
data for a magnetic system wi th an air gap, is an 
approximation (see sectien 3.3). There is also the fact, that 
the addi tion of an air gap causes misalignment of the core 
halves. This is not taken into account in the calculations. 

It will depend on the application of the transformer, whether 
the described inaccuracies are acceptable or not. When a 
higher degree of accuracy is des i red, i t could be advisable, 
to make a model wi th the added air gap, and measure, rather 
than calculate the needed magnetic data. 

3.4.2.3. TRANSPORMER WITH 5 WINDINGS. 

As a more realistic example, we now define five windings in 
the winding space, and calculate the transfarmer parameters 
for the transformer, thus formed. The position of these 
windings is given in figure 3.33. The four windings closest tR 
the core are numbered 1 to 4 from left to right. The 5 
winding is a very thin layer of turns. The numbers of turns 
are: n~=52; n 2 =93; n3 =93; n4 =62; n5 =550. 

9 15 19 23 27 33 41 

Figure 3. 33 Five windings are defined in the 
winding space. 
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We see, that none of the windinga can be built up with entire 
partial spaces only. We approximate the transfarmer by 
reprasenting it as drawn in figure 3.34. 

Figure 3.34. Approximation of the position of 
the five windings. 

In this figure, the windinga have been rounded off to entire 
partial spaces. First, we approximate with the help of the 
interpolation formulas of sectien 3.4.2.1 the magnatie data of 
the unknown partial spaces. Then we calculate the transfarmer 
parameters, using the equations of sectien 2 .1. We do this 
based on the measured data, for the care wi th an air gap of 
415 !Jm and 800 !Jm respectively. Finally, the calculation is 
done, starting with the calculated data for the care with an 
800 !Jm air gap. We verify the calculations by oomparing them 
to the measured results. 

First, the results for the transfarmer with the 415 !Jm air gap 
are given. The first column contains the results of the 
calculation based on measured data, and the secend column 
gives the measured results, directly obtained from the 5-port 
transformer. 



SELF INDUCTANCES (mH): 

CALCULATION ON THE 
BASIS OF MEASURED DATA 

1.79 
5.32 
5.27 
2.52 
176 

MUTUAL INDUCTANCES (mH): 

L12 

L13 

L14 

L1s 

L2l 
L23 

L24 

L2s 
L31 

L32 

L34 

L3s 

L41 

L42 

L43 

L4s 

Lsl 

Ls2 

Ls3 

Ls4 

CALCULATION ON THE 
BASIS OF MEASURED DATA 

2.93 
2.66 
1.78 
16.4 
2.92 
4.77 
3.18 
29.3 
2.66 
4.77 
3.45 
29.2 
1.78 
3.18 
3.45 
19.6 
16.4 
29.3 
29.2 
19.6 

MAGNETIC RESISTANCES ( (~H)-1 ): 

CALCULATION ON THE 
BASIS OF MEASURED DATA 

1.51 
1.63 
1.64 
1.52 
1.72 

MEASURED 

l. 79 
5.38 
5.29 
2.52 
179 

MEASURED 

2.97 
2.70 
1.81 
16.8 
2.96 
4.85 
3.23 
29.9 
2.70 
4.85 
3.48 
29.6 
1.81 
3.23 
3.49 
19.9 
16.8 
29.9 
29.6 
19.9 

MEASURED 

1.51 
1.61 
1.63 
1.53 
1.69 

167 



168 

COUPLING FACTORS: 

CALCULATION ON THE MEASURED 
BASIS OF MEASURED DATA 

k12 0.915 0.925 
k13 0.834 0.844 
k14 0.837 0.848 
k15 0.871 0.886 
k21 0.984 0.988 
k23 0.898 0.902 
k24 0.897 0.902 
kas 0.932 0.939 

k31 0.904 0.914 
k32 0.906 0.917 
k34 0.983 0.989 
k35 0.939 0.947 
k41 0.842 0.856 
k42 0.840 0.856 
k43 0.912 0.920 
k45 0.877 0.891 
k51 0.989 0.992 
ksa 0.985 0.987 
k53 0.983 0.979 
k54 0.989 0.987 

For the transfarmer with the 800 f..l.m air gap corresponding 
tables are shown. The first column gives the calculation 
results on the basis of measured data. The secend column is 
the result of a similar calculation, however, now the magnetic 
data are calculated from the data, helenging to the measuring 
model with the 415 f.J.m air gap. The last column contains the 
measured results, obtained from the 5-port transformer. 

SELF INDUCTANCES (mH): 

CALCULATION ON THE 
BASIS OF: 

MEASURED CALCULATED 
DATA DATA 
1.18 1.19 
3.37 3.36 
3.32 
1.66 
108 

3.30 
1.67 
108 

MEASURED 

1.22 
3.52 
3.45 
1.71 
114 



MUTUAL INDUCTANCES (mH): 

Lz1 
La3 
L24 
L2s 

L31 

Ln 

L34 
L35 

L41 

L42 
L43 
L45 

CALCULATION ON THE 
BASIS OF: 

MEASURED CALCULATED 
DATA DATA 
1.84 1.84 
1.58 1.58 
1.06 
10.1 
1.84 
2.83 
1.89 
17.9 
1.58 
2.83 
2.16 
17.8 
1.06 
1.89 
2.16 
12.0 
10.1 
17.9 
17.8 
12.0 

1.07 
10.0 
1.84 
2.81 
1.89 
17.8 
1.58 
2.81 
2.16 
17.7 
1.07 
1.89 
2.16 
12.0 
10.0 
17.8 
17.7 
12.0 

MAGNETIC RESTSTANCES ( (~H)-1 ): 

CALCULATION ON THE 
BASIS OF: 

MEASURED CALCULATED 
DATA DATA 
2.30 2.28 
2.56 2.57 
2.60 
2.32 
2.79 

2.62 
2.30 
2.82 

MEASURED 

1.93 
1.68 
1.13 
10.7 
1.93 
3.00 
2.01 
18.9 
1.68 
3.00 
2.26 
18.7 
1.13 
2.01 
2.26 
12.7 
10.7 
18.9 
18.7 
12.7 

MEASURED 

2.22 
2.46 
2.51 
2.25 
2.65 

169 
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COUPLING FACTORS: 

CALCULATION ON THE 
BASIS OF: 

MEASURED CALCULATED 
DATA DATA 

k12 0.873 0.868 

k13 0.750 0.745 

k14 0.755 0.754 

kls 0.808 Oo801 

k21 0.977 0.982 

k23 Oo839 Oo837 

k24 0.839 0.843 

kas 0.896 0.894 

k31 0.850 Oo855 

k32 0.852 0.851 

k34 0.976 0.981 

k35 0.905 0.904 

k41 0.762 0.762 

k42 0.759 0.754 

k43 0.867 0.862 

k45 0.816 0.809 

k51 0.983 0.988 

k52 0.976 0.976 

k53 0.971 0.971 

ks4 0.983 0.988 

MEASURED 

0.885 
0.769 
0.778 
0.827 
0.981 
0.853 
0.856 
0.906 
0.870 
0.870 
0.982 
0.917 
0.789 
0.783 
0.881 
0.835 
0.991 
0.979 
0.971 
0.987 

The parameters in the preceding tables can be used in a system 
matrix (section 1.2.1.), or in the equivalent-circuit diagrams 
of figure 1.58. 1.59 or 1.60o By this, the inductive system of 
the transfarmer is captured in a linear description, which may 
be the input of a computer program for electrical circuits. As 
long as the transfarmer does not change, this input remains 
constant. However, when a winding is added or removed, the 
system matrix, or the equivalent-circuit diagram should be 
extended or reduced o When one or more windings are shifted 
within the winding space, only the parameters have to be 
recalculated. 

In order to determine the frequency properties of the line
output transformer, we demand a more accurate calculation; in 
particular the accuracy of the coupling factors gi ven above 
will not suffice for these transformers. This means, that we 
need an improved interpolation methad with respect to the 
formulas presented in sectien 3.4.2.1. 

Further, all internal capacitances should be considered. Just 
as for the inductive system, the capacitive system could be 
represented in a system matrix, or in an equivalent-circuit 
diagram o Combining the inducti ve system and the capaci ti ve 
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system results in the resonances, which we discussed in 
chapter 0. By shifting the windings within the winding space, 
we can tune these resonances at the desired frequencies. The 
new parameters of the inductive system can be determined with 
the metbod of section 3 . 2 . 4. However, the capaci ti ve system 
will also be subject to changes, for which we should make a 
separate calculation. 

In the next section, we concentra te on some of the resonant 
frequencies of a special line-output transformer. For the 
calculation of the inductive system an improved interpolation 
metbod is used, and further a short introduetion is given, how 
the capacitive system could be set up. 
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3. 5. STUDY OF THE RINGING BEHAVIOUR OF A LINE
OUTPUT TRANSFORMER. 

In the introduetion we already stated that the frequency 
properties of the line-output transfarmer ware very important 
for i ts performance. A single aspect concerning the resonant 
frequencies is discuseed in this section: p-ringing. By this, 
we maan the oscillations in the secondary voltage, and in the 
primary current, which occur during the scan time. These 
oscillations are undesirable, because they may beoome visible 
in the picture as vertical regions of different brightness. A 
line-output transfarmer which is often susceptible for this p
ringing is the slot transfarmer. An example of this 
transfarmer is given in figure 3.35. 

1710 
LJU 

SECONDARY 

SECTION 1 SECTION 2 SECTION 3 

PRIMARY 
SECTION 1 SECTION 2 

·····.·.·.·.·! I···· .. ' •• ' •• ' ••. ' . ' . . . . . . • • • • • ' ' •.. ~.. • . • • . • • . • ·J 

Figure 3.35. Cross section of a slot transformer. The 
primary and the secondary are pos i tioned symmetrically to 
the air gap. 

This transfarmer contains a 
number of secondary sections (in 
this case 3), each having its own 
rectifying diode (figure 3.36). 
Each section is built up of a 
number of slots (in this case 4 

PRIMARY 

SECTION 2 

SECTION 1 

SECONDARY 

SÏON3 
SÏON2 
SECfiON 1 

for every section). As an example 
of the metbod presented in 
section 3.2.4, we shall determine 
the resonant frequencies of the 
slot transfarmer according to the 
cross section of figure 3.35, but 
first, we try to find out by what 
p-ringing is caused, and why it 
often occurs for slot 
transfarmers. Finally, we search 

Figure 3. 36. Schematic 
representation of the slot 
transfarmer of figure 3.35. 

for an optimal slot transfarmer, for which 
properly damped. Again, this optimalisation 
metbod of section 3.2.4. 

the p-ringing is 
is done wi th the 
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3.5.1. ~-RESONANT FREQUENCIES. 

In the cross sectien of figure 3.35 of a slot transformer, the 
primary and the secondary are subdivided. For the given 
example, we could start with two partial primary windings, and 
three partial secondary windings. This means, that we are 
ta1king about a transfarmer model wi th f i ve windings, which 
have a certain magnatie and capacitive coupling. 

The question is now: how many ~-resonant frequencies can be 
found, and can we derive expressions for them? We already 
know, that ~-ringing occurs during the scan time, sa this is 
during the period that the driving transistor is short 
circuited. In ether words, the ~-frequencies are given by the 

poles of the transfer function Uo, in which P is the primary 
Up 

node connected to the collector of the driving transistor, and 
Q is an arbitrary node (P*Q). 

In order to answer the questions 
above, we first consider a 
certain circuit, which is 
described by i ts netwerk matrix 
Ya (figure 3.37): 

I = Ya U 

The vector U contains the 
voltages at the nodes with 
respect to the zero volt level; 
in the vector we encounter the 
currents, which are going into 
the circuit. 

Uz,Iz 

Figure 3.37. A circuit with 
N+1 nodes, described by the 
netwerk matrix Y . 

n 

In f i gure 3 • 3 8 the port P is dri ven by a current souree I P. 

For the transfer impedance from port P to Q we can write: 

(3.1) 
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In this expression, Yn PO is 
obtained from Y.a , when in this 
matrix the row P and the column 
Q are omitted. A special case of 
the given transfer impedance is 
the impedance at port P: 

= 
det Yn PP 

det Yn 
(3.2) 

Up,lp 
p 

E~· lp 

J I 
-

Yn uo 
Q --= 

0 

I 
From the equations 3. 1 
the following transfer 
can be derived: 

Figure 3. 38. A dri ving 
and 3 • 2 current at port P causes a 
function voltage at port Q. 

(3.3) 

In order to find the resonances of the system, we suppose, 
that it can be considered as a synthesis of an inductive 
system and a capacitive system. For the matrix Y.a we can write 
then: 

Y. = ~Ä + jooC = 
ll j {}.) ll ll 

The inducti ve system is described by the matrix "-a, and i t 
contains elements, derived from the inverted inductance 
matrix. The matrix c.~~ describes the capacitive system. 

Now 1 the ,8-frequencies can be found from those solutions Wp , 

for which 

(3.4) 

From the equation 3. 2 and 3. 3 , we see that the 1'-frequencies 
are not only determined by the poles of the transfer function 
~ . ~ - , but also by the zeros of the 1.mpedance - • 
UP Ip 

Further, we see from equation 3. 4 that the number of 1'
frequencies equals the number of windings minus 1. This is 
true in case the inductive system consists of only the 
transfarmer 1 while the windings are not perfectly coupled. 
Further the capaai ti ve system should be connected to every 
node of the inductive system. For a practical transfarmer 
these conditions are fulfilled, sa that in general the 
statement about the number of 1'-frequencies will be true. In 
the next sections the inductive and capacitive system will be 
discussed separately. 
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3.5.2. THE INDUCTIVE SYSTEM. 

In order to find the resonant frequencies of the slot 
transfarmer, we need to know the inductive system. We fellow 
the method of sectien 3.2.4 to obtain the self-inductances and 
mutual inductances of the windings. However, the interpolation 
method, presented in sectien 3.2.4 will not be accurate enough 
to calculate the resonant frequencies properly. For that 
reason, the interpolation method has been improved. 

In the first place, a more accurate coupling factor between 
two adjacent partial spaces in the winding space is derived in 
the following calculation. As a starting point of this 
calculation 1 we assume two windings 1 occupying two adjacent 
partial spaces. For the sake of simplicity, the wire is 
supposed to be round. Another simplification is made by 
stretching the turns into straight wires of length 2~rw, which 
arepartsof two wires of infinite length (figure 3.39). 

2 adjacent 
partial spaces 

cent re ------
line 

2 adjacent 
turns 

-lt.~ 
rw 

--------

~ 2 adjacent 
wires 

1 2 

Figure 3. 39. The coupling factors between two 
adjacent partial spaces is approximated by the 
coupling between two parallel wires. 

One of the wires is driven by a current I 0 , and we suppose, 
that the magnetic field in the neighbourhood of the wires is 
not influenced by the presence of the core. Further, eddy 
currents are supposed to be negligibly small. The desired 
coupling factor could be derived by the theory given in 
sectien 6. 4 of reference 21, however, we use equation 2. 22. 
For the leakage flux we find then: 

~ 1 = llo I r • [ ! + ln ( 3 ) ! [x ln( ~) arccos( x~;3 ) dx] 
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The coupling factor from partial space 1 to partial space 2 
then yields: 

Je,, = 1 - Rm, ~, r.(! + ln(3) ! [x ln( !) azcco~ x::') dx] 
This formula can be simp1ified as we could show by solving the 
integra1 numerically: 

k12 = 1 - Rm1 1-Lo r w ( ! + ln ( 2) ) 

It is interesting to investigate over what surface the vacuum 
B-field has to be integrated to obtain the same leakage flux. 
It appears that the leakage flux within the wire is found when 
the integration runs from ~ {2 r to r; the external leakage 
flux can be found by an integration from r to 2r. This means 
that the integration extends to the centre of the second wire. 
One might expect this instincti vely, and this assumption is 
also made in the literature (Stevenson, Elgerd) 1 however, it 
appears to be exactly correct. 

A second impravement concerns the interpolation method to 
obtain the coupling factor between two partial spaces, which 
are not in the same rectangl.e of measured partial spaces. The 
expressions in sectien 3. 4. 2. 1 were already very long. The 
interpolation used for the slot transfarmer is even more 
complex: it would lead too far to write down the entire 
formulas. The above mentioned calculations are done by a 
computer program, which was specially developed for line
output transfermers. The input for this program is in the 
first place the data of the measuring coils, which 
characterise the magnetic system used. Further, it asks for 
the air gaps, and f inally 1 i t requests the pos i ti ons, the 
dimensions and the numbers of turns of the windinga. The 
output of the computer program is among others the inductance 
matrix. 

An accurate cross section of the slot transfarmer to be 
calculated is given in figure 3.40. The position of the 
windinga is shown in relation to the winding space, which was 
already defined in section 3.4.2.1. The core has two air gaps: 
one of 425~m in the inner core leg, and one of 430~m in the 
outer core leg. The schematic cross section, which is used as 
input for the calculation is given in figure 3.41. 
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Figure 3. 40. Cross section of the s~t transfarmer. The 
cross section of a unit space is lxl mm • 

Figure 3. 41. 
transformer. 

Schematic cross section of the slot 

3.5.3. THE CAPACITIVE SYSTEM. 

In addition to the inductive system, we need to know the 
capacitive system to find the resonant frequencies of the 
transfarmer. Al though the capaci ti ve system is not discussed 
in this thesis, we shall mention briefly some aspects about 
capacitances in a transformer. There are many conductors 
between which a capacitive coupling may be expected : between 
windings, between a winding and the core, between turns of a 
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winding, between windings and 
conductors in the neiqhbourhood 
of the transfarmer (ref. 
Transfarmers for el. circ.). 
Further, capacitances of internal 
components, such as the 
rectifyinq diodes, or external 
components, such as the flyback 
capacitor, should be considered. 

A difficulty of the capacitive 
system is the fact, that it does 
not use the same nodes, which we 
already defined for the inductive 
system. we illustrate this with 
the example of a transfarmer with 
two layer windings, which are 
capacitively coupled by a 

Fiqure 3. 42. 
distributed 
between two 
windinqs. 

A uniformly 
capacitance 
layers of 

uniformly distributed capaci tance C1 ( f i gure 3 • 4 2) • When the 
turns of each winding are nat perfectly coupled, it is 
impossible to find an equivalent-circuit diagram in which the 
capacitive system is connected to the same nodes as we defined 
for the inductive system. However, the equivalent-circuit 
diagram is possible if the turns of each winding are perfectly 
coupled. In that case, we can apply the transformation, qiven 
in fiqure 3.43. 

-k(l-k)C 

11 i 1 ki 1-k .. 
Tc -,- --,--

(1-k)C kC 

Figure 3.43. Transformation of a local 
capaci tance c to the nodes of the coil. The 
windinqs in this coil should be perfectly 
coupled. 

For the layer windings of figure 3. 42 the result of this 
transformation is qiven in figure 3.44. This circuit enables 
us for instanee to der i ve in a simple, consistent way the 
self-capacitances of different combinations of layer windinqs; 
in the literature these combinations are often approached 
separately (ref. soft ferrites Snelling; ref. Equivalent 
capacitances of transfarmer windings). 
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-cl 
6 

Figure 3. 44. Equivalent 
capacitive circuit 
corresponding with the 
uniformly distributed 
capacitance of figure 3.42. 

For our slot transformer, we 
consider the following 
capacitances. First, there is the 
capaai tance between the core and 
the primary winding (figure 
3.45). The capacitance between 
the primary and a secondary 
section (figure 3.46) is split up 
into two parts: a part which is 
uniformly distributed between 
both windings, and a part which 
can be found between the outer 
slots of the secondary section 
and the primary winding. Further, 
we have the capaci tances between 
the different slots, and the self 
capacitances per slot (figure 
3. 4 7) . Finally, the capaai tances 
of the rectifying diodes are 
considered. 

The transformation, presented in 
figure 3.43, is systematically 

PRIMARY SECTION 

Figure 3. 45. Capaci tance 
between a primary section 
and the core. 

SECONDARY SECTION 

_L[]~[Jl 
,did T ... T ... I 

PRIMARY SECTION 

Figure 3.46. Capacitance 
between a primary and a 
secondary section. 

applied to all capacitances, which initially do not arrive at 
the nodes, given by the inductive system. The number of 
capacitances in the equivalent-circuit diagram increases very 
rapidly, so that i t will lead too far to gi ve the entire 
resulting equivalent-circuit diagram. The values of the 
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capacitances mentioned above were 
for the greater part calculated 
or estimated, but some 
measurements were done as well. 

3.5.4. CALCULATIONS 
TRANSFORMER. 

In this section, some 
calculations and 
measurements are done 
on the slot 
transfarmer of figure 
3.40. We conneet this 
transfarmer (A) to a 
simple driving 
circuit according to 
figure 3.48. We 
search for those 
transfer functions, 
in which the P
frequencies show up. 
we saw already in 
sectien 3.5.1, that 
we could consider 
therefore the 
impedance at node P 
or the transfer 

f u n ct ion Uo 
Up 

AND 

+IJs 

SECONDARY SECTION 
Figure 3. 4 7. 
between, 
capacitances 
windings. 

MEASUREMENTS ON 

Capacitances 
and self
of the slot 

THE SLOT 

PRIMARY SECONDARY 

p SECTIT 
SRCTION l 

I 

Figure 3.48. Simple drive circuit for 
the slot transfarmer (A). Some 
important components are: Ly=1. 5mH, 
CF=13nF, c8=470nF, CL=1.5nF. 

Especially the last one is interesting in the case that Q is 
the node of a secondary sectien, where a high voltage pul se 
may be found. In the neighbourhood of the secondary windings 
strong E-fields can be expected. If a lot of p-ringing is 
present herein, there is a real chance, that the nearby 
electranies in the TV receiver are disturbed. 

• Uo • • The transfer funct~on - w~ll not change ~f the external 
Up 

components at the primary side, such as the flyback capacitor 



and the deflection 
yoke 1 are removed. 
This means 1 that if 
we consider the 
transfarmer only 
(figure 3.49), that 
we still deal with 
the same transfer 

tunetion Uo In the 
Up 

step from figure 3.48 
to 3.49 the capacitorCL 
is supposed to act as 
a short circuit for 
AC. Al though removing 
the primary driving 
circuit has a strong 
effect on the 
impedance at node P 1 

the zero locations of 
this impedance are 
not influenced. This 
means 1 that wi th 
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PRIMARY ISECONDAR y 

SECfiON 211 
llsEcAoN 3 

I p 
I 

IISECTION 2 

SFl"Trll I 
IISECJ(ON 1 

I 
I 

Figure 3. 49. As figure 3. 48 1 however, 
now the surrounding components are 
removed. This circuit is used to obtain 
the primary impedance of the 
transformer. 

respect to the p-frequencies 1 we only have to consider the 
transformer, as it is presented in figure 3.49. The impedance 
at node P in this case is from now on called the primary 

impedance 
up 

of the transformer. 
Ip 

First, we calculate some of the transfer functions on the 
basis of the inductive and capacitive system, which we 
discussed in sectien 3.5.2 and 3.5.3 respectively. Figure 3.50 

shows the primary impedance I I 
p 

and figure 3. 51 gives a 

transfer function Uo 1 in which U0 is the voltage across the 
Up 

first secondary section. 

Next 1 we measure the primary impedance 1 which resul ts in the 
plot of figure 3. 52. Camparing the graphs of the calculated 
and measured impedance, we may conclude that the accuracy of 
the calculation is sufficient 1 in particular for the p
frequencies 1 in which we are interested. The measurement of 

the transfer tunetion Uo is very difficult: the measuring 
Up 

probe introduces such a capacitive load to the transfarmer 1 

that the frequency properties change dramatically. 

Another measurement concerns the high voltage pulse. This is 
measured by a probe 1 placed at a fixed position with respect 
to the transformer, which is driven according to figure 3.48. 
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Figure 3.50. Primary impedance of the slot transfarmer (A), 
calculated from the inductive and capacitive system. Three 
~-frequencies occur: ~1=222.2kHz, ~2=345.0kHz, ~3=381.1kHz. 
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Figure 3.51. Transfer function from the primary voltage to 
the voltage of the first secondary section. The poles 
correspond with the ~-frequencies of the primary impedance. 
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Figure 3.52. Measured primary impedance 
transfarmer (A). The three most important 
are: ~1=226.5kHz, ~2=342.8kHz, ~3=381.2kHz. 

of the slot 
~-frequencies 

HP 5195T DlGlTIZING OSCI~~OSCOPE 

HANNEL I RECORD I 1 ADC 
1 l9.&S09E-G {a)/dtv 1 Zoom 1024 1 Paaltton I 
1 3.48E+0 (V)/dlv ; Center 0E+0 

rrt, 4 Nav 1994, 09•58:49 

Figure 3.53. Measured voltage obtained from the probe, 
which is positioned nearby the transformer (A). 
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HP 5185T DIGITIZING OSCILLOSCOPE Thu, 10 Nov 1994, 1Ba35a38 

I Paaltion I 

Figure 3. 54. Measured voltage obtained from the measuring 
coil around the transfarmer housing (A). 

This maasurement is not very accurate: the capacitive coupling 
between the secondary winding and the probe is very weak; 
further, the probe is coupled with many more nodes at the same 
time. However, this maasurement gi ves a good impression how 
much #-ringing is present in the signal. In figure 3. 53 the 
result is given for the no load situation. 

Finally, a similar maasurement is done, however, now we 
measure the voltage across a coil of one turn, which is placed 
around the housing of the transfarmer at a position where a 
maximum of #-ringing can be seen. The results for the unloaded 
transfarmer is given in figure 3.54. 

In the measured signals of the figures 3.53 and 3.54 a strong 
ringing effect during the scan time can be observed. This 
ringing is a mixture of the #-frequencies, which we also saw 
in the measured impedance of figure 3.52. In the next section, 
we attempt to optimise our slot transfarmer wi tb respect to 
this undesired #-ringing. 
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3.5.5. OPTIMALISATION OF THE P-RINGING BEHAVIOUR OF THE 
SLOT TRANSFORMER. 

In the previous 
sectien we saw that 
the high voltage 
signals at the 
secondary sections 
contained a lot of p
ringing. We could use 

the transfer function 
Up 

as an indication to 
what extent p-
frequencies are 
present in these 
signals. The transfer 
function of figure 
3.51 shows three 
sharp peaks between 
200kHz and 400kHz. 

A salution, by which 
p-ringing can be 
reduced, is the 
addition of a damping 
circuit. Although 
this damping circuit 
is realised in a 
slightly different 
manner in practica, 
we use here a simple 
LRC-resonant circuit, 
which is connected in 
the drive circuit as 
given in figure 3.55. 
This circuit is then 
tuned to the secend 
p-frequency. 
Calculating the 

PRIMARY 

damping 
circuit 

p 

SECONDARY 

Figure 3.55. The same drive circuit as 
in figure 3.48, however, now a damping 
circuit has been added. 

PRIMARY 

damping 
circuit 

p 

SECONDARY 

Up 
impedance 

Ip of the Figure 3. 56. Circuit by which the 

damped transfarmer 
(figure 3.56} results 
in figure 3.57. 

pr1mary impedance of the damped 
transfarmer can be measured. 

Further, the addition of the damping circuit changes the 
transfer function of figure 3.51 into that in figure 3.58. In 
the calculated graphs of the damped transfarmer the quali ty 
factor of the resonant peaks corresponding to the secend p
frequency are strongly decreased. However, particularly in the 
transfer function, two streng p-resonances remain present. 
Therefore, we expect that the voltages at the secondary 
sectien still contain a lot of ringing. Again, we measure the 
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the primary impedance, and further the voltage across the coil 
around the transfarmer housing. The results are presented in 
the figures 3.59 and 3.60. Although the ringing behaviour is 
improved wi th respect to the undamped si tuation, there is 
still a large amount of p-ringing left in the signal, due to 
the resonant peaks p1 and p 3 • 
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Figure 3.57. Calculated primary impedance (A), as in figure 
3.51, however, now the LRC damping circuit is added. 
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Figure 3.58. The same transfer function as in figure 3.51, 
but now with the added damping circuit. 
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Figure 3.59. Measured primary impedance of the damped slot 
transfarmer (A) • 

HP SIBST DIGITIZING OSCILLOSCOPE Thu, 10 Nov 1994, 10:41!09 

HANNEL 1 RECOR I 1 ADC 
1 19.66B8E-6 (s)/d!v 1 Zoom 1024 Posltlon I 
1 3.40E+0 (V)/dlv 1 Center BE+0 

Figure 3. 60. Measured voltage across the measuring coil 
around the damped transfarmer (A). 
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A salution could be, to add two more damping circuits, which 
are tuned at the first and the third P-frequency, but in this 
sectien we try to reach our goal by an alternative approach: 
pole-zera cancellation (ref. 17) • By manipulating the 
positions of the secondary sections we try to let the 
remaining poles of the transfer function of figure 3.58 
coincide with zeros. The trial and error methad was followed: 
according to the resul ts of the previous simulations, new 
positions for the secondary sectien were chosen. In this 
i ter a ti ve process, i t was the tenth transfarmer model, which 
looked very promising. The simplified cross sectien is given 
in figure 3.61. In the calculated result for the primary 
impedance only one p-frequency is visible ( figure 3. 62); in 
the calculated transfer function of figure 3.63 the first and 
the third peak are reduced very strongly. 

1 9 15 19 23 27 33 41 
9HH~+++++rrrHHHH~++++rrHHHH~~++++~ 

Figure 3.61. Simplified cross sectien of the optimised 
transfarmer B. 
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Figure 3.62. Calculated prirnary irnpedance of the first 
optirnised transforrner. 
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Figure 3.63. The sarne transfer function as in figure 3.51, 
however now for the optirnised transfarmer B. 
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Figure 3.64. Cross sectien of the practical realisation of 
the optimised transfarmer B. 

Next, we construct the transfarmer (B) on the basis of the 
simplified cross sectien of figure 3.61. The practical design 
is given by the cross sectien of figure 3. 64. Measuring this 
transfarmer yields the graphs given in the figures 3.65 and 
3.67. We see, that the optimal situation is nat quite reached. 
In the measured impedance plot ( figure 3. 65) the first p
frequency is barely visible. The voltage across the measuring 
coil (figure 3.66) still shows this /3-frequency. Yet, if we 
campare this resul t wi th the maasurement presentas in f i gure 
3. 54 of the original transfarmer, we see that the ringing 
behaviour has been improved. 

When the simuiatien model of the transfarmer (B) is combined 
with the damping circuit of figure 3.55, the primary impedance 
and the voltage transfer function from the primary to the 
first secondary sectien can be calculated. The results are 
given in the figures 3.67 and 3.68. The actual measurements on 
the optimised transfarmer (B) are presented in the figures 
3.69 and 3.70. Again, the frequency p1 can still be observed 
in the last two figures. 
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Figure 3. 65. Measured primary impedance of the optimised 
transfarmer (B). 

HP 51BST DIGITIZING OSCILLOSCOPE 
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Thu, 10 Nov 1994, 10:41'hS9 

Figure 3. 66. Voltage across the measuring coil around the 
damped transfarmer (B). 
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Figure 3.67. Primary impedance of the optimised transfarmer 
B with the damping circuit. 
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Figure 3. 68. The same transfer function of the optimised 
transfarmer B as in figure 3.66, after the addition of the 
damping circuit. 
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Figure 3.69. Measured primary impedance of the damped 
transfarmer (B). 

HP St85T DlGITIZING OSCILLOSCOPE Thw, 10 Nov 1994, 10o52t5B 

HANNEL I RECORD I ; ADC 
: 19.880BE-6 (sl/d!v ; Zoom 1024 Posltion 1 
1 3.40E+0 (V)/div 1 Center 0E+0 

Figure 3. 70. Measured voltage across the measuring coil 
around the damped transfarmer (B). 
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Finally 1 the last optimalisation steps were done wi th the 
classica! trial and error method: we made and measured real 
transfermers until the optimum was reached. It appeared, that 
the computer program's recommendation about the distance 
between the secondary sections was acceptable 1 however 1 the 
secondary coil fermer as a whole had to be shifted slightly 
(appr. 1 mm). This transfarmer (C) was analysed, which led to 
the graphs in the figures 3.71 and 3.72. Now, only the secend 
~-frequency is visible in the impedance plot. The measurements 
on the transfarmer (C) with damping give the figures 3.73 and 
3.74. 

we see that the ringing behaviour has improved once more with 
respect to the transformer ( B) , which was constructed 
according to the recommendation of the computer. This means 
that in this case the final ringing-less transfarmer can not 
be based on the computer program alone; we still need some 
practical test models. However, the computer calculations 
indicate the direction towards the optima! transfarmer quite 
well. 

Until now, only the voltages across the measuring coils were 
presented for the unloaded transformer. The reasen for this is 
that the ~-ringing is most visible in pictures of low 
brightness. However, we also maasure the ringing of the 
transfermers, which supply a high output current ( I L = 1 . 5 mA) • 

It is remarkable that transfarmer c produces even more ringing 
than transfarmer A, for the given measuring coils (figure 3.75 
and 3. 76). Obviausly, the ~-ringing behaviour of the 
transfarmer C is not completely optimised. 

Although ~-ringing is not so important at higher load 
currents, one could decide to imprave the transfarmer further. 
A salution could be to bring the ~-frequencies more closely 
together, so that they all might be dampad by the damping 
circuit. Further, the starting conditions for the ~-ringing at 
the beginning of the scan time could be optimised. Again, a 
trial and error procedure could be started in which the metbod 
of sectien 3.2.4 is used. 
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Figure 3. 71. Measured primary impedance of the optimised 
transfarmer (C). 
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Figure 3. 7 2. Measured voltage across the measuring coil 
around the optimised transfarmer (C). 
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Figure 3.73. Measured primary impedance of the damped 
transfarmer (C). 
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Figure 3. 7 4. Measured voltage across the measuring coil 
around the damped transfarmer (C). 
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Thu, 10 Nov 1994, 10143125 

Figure 3.75. Voltage across the measuring coil around the 
damped transformer (A), fora load current IL=1.5 mA. 
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Figure 3.76. Voltage across the measuring coil around the 
damped transformer (C), fora load current IL=1.5 mA. 
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CONCLUSIONS 

A clear equivalent-circuit diagram can be constructed for 
transfarmers wi th more than two windings, such as the line
output transfarmer. This diagram can be easily extended to 
accommodate more additional windings (section 1.2). 

This equivalent-circuit diagram is based on the field-line 
pictures, which appear, when only one winding at the same time 
is energised. The total field-line picture leads to 
unnecessarily complicated equivalent-circuit diagrams (section 
1.1.3 and 1.1.4). 

The total field-line picture is very useful for transformers, 
in which the geometry for the various types of field lines is 
fixed. An example of such a transfarmers is the coaxial 
transfarmer of sectien 1.1. 4 .1; the total f ield-line picture 
leads to a useful equivalent-circuit diagram. 

The equivalent-circuit diagrams of sectien 1.2.3 are nat only 
useful for transfarmers with very thin windings, but also for 
transfarmers containing windings with a finite thickness. This 
is under the condition that the frequency remains so low, that 
eddy currents are negligibly small (section 2.1 and 2.2). 

To find the correct value for the magnetic flux within a 
conductor, which should be used to der i ve 'internal' 
inductances and mutual inductances, the description of sectien 
2.2 with very thin current tubes should be used. This analysis 
leads to clear answers, since the flux enclosed by each thin 
current tube is well defined. 

The occurrence of appreciable eddy currents requires a much 
more complicated equivalent-circuit diagram; the eddy current 
effects can be described by a relatively small number of 
frequency dependent elements, or by LR-ladder networks wi th 
many more, but frequency independent elements (section 2.3). 

The winding space method, presented in sectien 3.1 translates 
in a simple manner the geometry of the transfarmer into 
parameter values in the equivalent-circuit diagram. 

When an air gap is added to the care of a transfarmer, the 
magnetic resistances and coupling factors of the various 
windings in the transfarmer change. These changes can be quite 
well calculated, when we replace the air gap by a winding 
which carries a current, compensating the magnetisation of 
that small part of the care (section 3.3). 

The accuracy of the winding-space methad of sectien 3 . 1 is 
sufficient to make a reliable predietien of the resonant 
frequencies of the line-output transformer. This methad 
reduces strongly the number of test transfarmers that had to 
be made for the older trial and error developing method. For 
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the example in section 3.5, the slot line-output transformer, 
ten iterative steps were done with the computer, while only 
four test transfarmers were needed to reach the optima! 
situation with respecttop-ringing (section 3.5). 
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GLOSSARY. 

Conductors in the magnetic system: 
wire: 

turn: 

in this report is meant the insulated winding wire. 

a wire going around the core or the coil former 
once. 

partial winding: 
a part of a winding, which accupies a partial space. 
The magnetic properties, corresponding to the 
partial space, are ascribed to the partial winding. 

winding unit: 
collection of turns, which we take tagether for 
certain reasons in the transfarmer description. 

winding: 
collection of all turns between two nodes. 

Coupling coefficient: 
the coupling coefficient k of two windings 1 and 2 is 
given by: 

k= 

L1 and L 2 are the self-inductances of the windings, andM 
is the mutual inductance. 

Coupling factor: 
the coupling factor k12 from a winding 1 to a winding 2 is 
the ratio of the coupling flux from winding 1 to winding 
2, to the generated flux of winding 1. The relation 
between the coupling factors k12 and k;n and the coupling 
coefficient k is given by: 

k = ±Jk12k.2.1 
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Flux: 
In this report, several kinds of flux are distinguished, 
which are given in the following list. For every item, we 
refer to the oorreeponding figure(s) in the report. 

common flux: 

coupling flux: 

incoming flux: 

generated flux: 

leakage flux: 

proper flux: 

shared flux: 

the common flux of two windinga is the sum 
of the two oorreeponding coupling fluxes 
(figure 1.21). 

the coupling flux from a winding 1 to a 
winding 2 is the part of the flux, 
generated in winding 1, which enters 
winding 2 (figure 1.6 and 1.7). 

the incoming flux is the flux through a 
winding, generated by other windinga 
(figure 1.10). 

the generated flux of a winding is the 
flux that arises as a consequence of the 
driving current through that winding 
(figure 1.5 and 1.9). 

the leakage flux of a winding 1 with 
respect to a winding 2 is the part of the 
flux, generated in winding 1, which passes 
outside winding 2 {figure 1.12 and 1.15). 

the proper flux of a winding 
of those flux tubes, which 
around that winding (section 
figure 1.4). 

is the flux 
close only 
1.1.3 and 

the shared flux of two windinga is the 
flux, going through the flux tube, which 
closes around both windings (section 1.1.3 
and figure 1.4). 

Inductor: 
in this report is meant an independent component in the 
equivalent-circuit diagram, having a self-inductance. 
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Matrix: 
netwerk matrix: 

the netwerk matrix describes an 
electrical netwerk, in which 
several nodes are defined. The 
matrix gives the relation between a 
vector U and a vector I. The 
vector U contains the voltages of 
all nodes with respect to the zero 
voltage level, and contains the 
enter the netwerk at all nodes (see 
figure). 

system matrix: 
the system matrix describes an 
electrical system, which is 
connected with the outside world by 
means of several ports. Every port 
consists of two nodes: a plus and a 
minus node. Between every pair of 
nodes a voltage exists, and 

0 volt 

currents, which 
the accompanying 

+ uit Ii port system 
i - ~ 

further, there is a current entering the system at 
the plus node, and leaving it at the minus node (see 
the accompanying figure). This quantities are 
grouped into the veetors U and • The system matrix 
gives the relation between these two vectors. When a 
system is pass i ve, the according system matrix is 
symmetrical around the matrix diagonal. 

Instead of voltages and currents, a system matrix 
could also give a relation between other quantities. 
For instance, a system matrix of an inductive system 
corresponds wi th a vector I and 'W 1 in which 
currents and fluxes respectively can be found. 

Magnetic resistance: 
For the definition of the magnetic resistance, we take a 
winding of n turns, driven by a current I, as a starting 
point. The generated flux, enclosed by the total winding 
wire, is ~. Now we represent the winding as a colleetien 
of n turns, going around a core, from which no flux can 

escape. This means, that through this core, a flux~ 
n 

flows. In this report, the ratio of the total 
electromotive force to the flux through the imaginary 
core is called the magnetic resistance of the winding: 

ni n 2 I R :;;; = 
m _!_~ (j} 

n 

This definition enables us to use the same value Rm, 
independent of the number of turns of a winding. 
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