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1 Abstract

Quantum computation is a promising tool for future research on physics and chemistry. The current quantum
computers are in the noisy intermediate-scale (NISQ) era. It will take many years before universal quantum
computers will exist that can outperform current classical computers.

However, even in the NISQ-era quantum computers can be used in practice. One such application is the vari-
ational quantum eigensolver (VQE) algorithm. This algorithm tries to find the ground state of a quantum
mechanical system by trying to estimate the lowest eigenvalue of its Hamiltonian. Important ingredients in the
VQE algorithm are the method of entangling the qubits and the classical optimization algorithm. In this thesis
the VQE algorithm will be simulated for ground state energy estimations on small molecules (H2, LiH, H2O,
etc.). The influence of different entangling method and the classical optimization algorithms on the energy
estimations will be the focus of this research. Entangling methods based on a physical interaction of qubits
such as the Krawtchouk chain or Rydberg interaction were found to perform as well in the VQE algorithm as
textbook entanglers such as combinations of CNOT gates do.

Results show that analyzing the VQE problem is incredibly complex, where the optimization algorithm, the
method of entangling and the dimensionality of the search space all interact. In specific cases however, there is
some order in the chaos and one can recommend using an entangling method or optimization algorithm over
others. For instance for high dimensionality (many qubits and/or entanglement depth) the global DIRECT
algorithm outperforms the local SPSA algorithm. A characterization of entanglement methods based on a
scrambling measure was made, however, this yielded no useful results.

The amount of qubits used to describe the Hamiltonian of a system greatly influences the convergence speed
and efficiency of the VQE algorithm. Therefore, it is important to reduce the amount of qubits based on prior
knowledge or certain symmetries, whenever possible. In this thesis certain approaches to reduce the amount
of qubits are introduced. The thesis includes a elaborate proof on a reduction scheme for qubits based on Z2

symmetries in the Hamiltonian. This scheme enables simplifications of certain VQE problems. For instance,
the Hamiltonian for H2 is reduced from two qubits to one qubit and the Hamiltonian for LiH is reduced from
six qubits to five.
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2 Introduction

Classical computers operate by manipulating a large number of transistors. Transistors are small devices which
can be switched on and off, corresponding to the bit values 1 and 0 respectively. According to Moore’s Law the
number of transistors per area is doubled every two years. This is achieved by continuously scaling down the
transistors. However, at the current scales of several nanometers, quantum mechanical effects start to become
increasingly noticeable. On this scale the physical limit of the transistor is reached and computation results
become unreliable.

Another problem in modern computing is finding solutions to non-deterministic polynomial (NP-hard) problems.
For these problems no solution methods that can be applied in polynomial time exist on classical computers.
Finding solutions to these problems requires a lot of computing power when the problem scales upwards. Ex-
amples of these problems in physics are the 3D Ising model, Hubbard models and Hartree-Fock approximation
[1], all of which are quantum mechanical models.

In a paper published in 1982, Nobel laureate Richard Feynmann argued that to tackle both of these quantum
mechanical related problems, the scientific community would have to resort to computers based on quantum
mechanical principles. Based on this idea the quantum computer was born. These computers would be dif-
ferent from classical computers in the deepest fundamentals. The bits would become quantum bits (qubits)
which could attain states describing superpositions of ones and zeroes. With this new unlocked abilities many
problems can theoretically be solved much faster than on a classical computer.

As of today, no universal quantum computer exists. However, simple quantum registers, optimized for spe-
cific problems, are present in many research labs. It is uncertain whether a quantum computer will ever be
able to fully outperform a classical computers on all fronts. However, one of the most important problems, the
cracking of the encryption algorithm RSA has been shown to become increasingly easier on a quantum com-
puter using Shor’s algorithm. The number of states that can be probed grows exponentially with the amount
of qubits. A system with full control over merely ten qubits is potentially as powerful as a classical computer
with 210 bits. The current state-of-the-art systems are said to be noisy intermediate-scale quantum computers
(NISQ). These computers have in the order of 101 qubits and errors often occur in in gate implementations.
Nevertheless, these computers can be useful tools for exploring many-body quantum physics [2].

The variational quantum eigensolver (VQE) algorithm was first proposed in a paper by Peruzzo and McClean
in 2014 [3]. It is designed to be ran on quantum computers in the NISQ-era. The algorithm is hybrid, meaning
that parts of it are ran on a quantum computer while the rest is done on a classical computer. The VQE
algorithm aims to determine the ground state of a certain molecule by exploiting the variational principal, see
section 3.1.2. The VQE algorithm has shown proof of concept for small molecules. The convergence of the VQE
can be largely improved by using better entanglement methods and prior knowledge on the quantum chemical
nature of the molecules [4].
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3 Theory for varational quantum eigensolver (VQE)

3.1 Variational quantum eigensolver (VQE)

3.1.1 Variational principle

The variational principle in quantum mechanics states that the expectation of an observable Q on a quantum
wave function |ψ〉 will always be greater than the lowest eigenvalue of Q. Thus

〈Q〉|ψ〉 =
〈ψ|Q|ψ〉
〈ψ|ψ〉

≥ Eg, (1)

where Eg is the lowest eigenvalue of Q. When the observable Q is a Hamiltonian H of a certain system
one can estimate the ground state energy of that system with the variational principle. By initializing a cer-

tain state |ψ〉 with parameters it is possible to minimize the energy E|ψ〉 = 〈ψ|H|ψ〉
〈ψ|ψ〉 by optimizing the parameters.

So far, no efficient classical algorithm has been found to solve this problem. For more than two qubits, this
problem has been proven to be quantum Merlin Arthur (QMA)-complete [5]. This means that physical systems
might have quantum mechanical Hamiltonians that are efficiently solved on quantum computers, while being
hard to solve on classical computers [4].

If a quantum system is described by m qubits it is possible to represent the state of each qubit on a Bloch
sphere, see figure 1, where the state parameters are the azimuthal angle θ and the polar angle φ. Together, all
parameters of the m Bloch spheres describe the state of the system and the energy can be optimized by rotating
the states on the Bloch spheres (for the moment neglecting entanglement of the single qubit states).

The Bloch sphere parametrization and the variational principle are exploited in the Variational Quantum
Eigensolver (VQE).

Figure 1: the Bloch-sphere representation of the state of a qubit |ψ〉 is described by the azimuthal angle θ and
the polar (phase) angle φ. Source: [6].

3.1.2 VQE algorithm

The VQE algorithm exploits the variational principle and aims to find a set of parameters such that the energy
of a quantum system is minimized. Several researches have shown proof of concept of the VQE algorithm on
quantum computing systems based on different qubits such as trapped-ions [7] , transmons [4] and photonics
[8]. Architectures for VQE have been developed for systems based on Majorana fermions [9].

The advantage of VQE over classical computation methods is that trial states can be prepared which are
not feasible/efficient on classical computers, so called entangled states. An entangled state can not be expressed
as the product of the individual qubit states. The qubits in these states are inherently linked and can no
longer be described individually. Some ground states might be entangled such that the they could not even be
described efficiently on classical computers.
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The VQE algorithm can be described in five steps [10]:

1. The Hamiltonian of the quantum system is transformed into a sum of Pauli operators. This is achieved
by a fermionic transform such as the Jordan-Wigner transformation (see section 3.4) or the Bravy-Kitaev
transformation [11]. By doing so one effectively maps the electrons of a molecule to the qubits in the
quantum computer;

2. a quantum circuit prepares a trial state based on a set of parameters ~θ. It does so by applying single
qubit rotations and entanglement operators in successive order. In order to find the ground state it is
important that all of the states are accessible by these rotations and entanglement operators. The amount
of entanglement operations performed is defined as the depth of the system. If necessary the depth of
the circuit can be extended to gain more access to the search space. This will all be explained in greater
detail in section 5.1;

3. the expectation value of energy of the prepared trial state is measured using the quantum computer,
see section 5.1. A classical computer performs the arithmetic on these measurements to calculate the
estimated energy of the trial state;

4. the classical computer takes the energy evaluations and produces the next set of parameters for the new
trial state according to a classical optimization algorithm, see section 7;

5. this process repeats itself until a certain halting criterion is satisfied. Often this will be a certain error
or a number of iteration steps. In chemistry, chemical accuracy is defined to be at an error below 0.043
eV=0.00158 Hartree [12]. This threshold is often used as a halting criterion.

The VQE algorithm can not only be used for molecular energy optimization problems but also to solve other NP-
hard problems more efficiently. By creating adapted Hamiltonians, the infamous travelling salesman problem
and the coloring problem have been tackled using the VQE algorithm [13].
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3.2 Hartree-Fock Method

The electronic configuration of a molecule is characterized by its spin-orbitals. Spin-orbitals are a generalization
of atomic orbitals and are one-electron wave functions spanning over the entire molecule. A spin-orbital ξ consists
of a spatial part φ and a spin part S and is defined as ξ = φS. S can be either one of the function α(ω) or
β(ω). These functions are the spatial equivalent of the up and down spins | ↑〉 and | ↓〉. α and β satisfy the
orthogonalization relation ∫

S∗i (ω)Sj(ω)dω = δij , Si, Sj ∈ {α, β}. (2)

If only Coulumbic and kinetic contributions are considered, the Hamiltonian of the molecule can be written in
first quantization form Ĥ1. The Hamiltonian Ĥ1 of a molecule can be written as [14]

Ĥ1 = T̂n + T̂e + V̂ne + V̂ee + V̂nn = −
∑
i

∇2
Ri

2Mi
−
∑
i

∇2
ri

2
−
∑
i,j

Zi
|Ri − rj |

+
∑
i,j>i

1

|ri − rj |
+
∑
i,j>i

ZiZj
|Ri −Rj |

, (3)

where T̂n and T̂e are the operators of the nuclear and electronic kinetic energy respectively. V̂ne, V̂ee and
V̂nn are the potential energy operators of the nuclei-electron, electron-electron and nuclei-nuclei interactions
respectively. Furthermore, Ri and Zi are the position and charge of nucleus i. ri is the position of electron i.
In VQE, the Hamiltonian is described in Hartree units1.

For Hamiltonians used in VQE the Born-Oppenheimer approximation is often applied. This approximation
states that the wave function of the entire molecule Ψmol can be split in an electronic and nuclear part such
that Ψmol = ΨelecΨnuc [15]. In practice the nuclei are treated as stationary point particles since the mass
of protons and neutrons highly exceeds that of the electrons. As a consequence, the operator T̂n = 0. The
Hamiltonian Ĥ1 under the Born-Oppenheimer approximation becomes

Ĥ1 = −
∑
i

∇2
ri

2
−
∑
i,j

Zi
|Ri − rj |

+
∑
i,j>i

1

|ri − rj |
+
∑
i,j>i

ZiZj
|Ri −Rj |

. (4)

Note that the nuclei-nuclei interaction potential V̂nn reduces to a constant. One can project the problem onto
a finite set of orthogonal spin-orbital modes φ1, ...φn. The construction of these modes φi(~r) is explained in
section 3.3. Taking into account the anti-symmetry relations for fermions imposed by the annihilation and
creation operators a†i and ai, the Hamiltonian can be written in second-quantization form as [16]

Ĥ2 = V̂nn +
∑
p,q

hpqa
†
paq +

1

2

∑
p,q,r,s

hpqrsa
†
pa
†
qaras. (5)

The annihilation and creation operators a†p and ap work on local spin-orbital mode p and induce the fermionic
algebra defined by the anti-commutation relations

∀i, j : {ai, aj} = 0, {a†i , a
†
j} = 0, {a,ia

†
j} = δi,j . (6)

The molecular integrals hpq and hpqrs are referred to as the one-electron and two-electron integrals and are
given by

hpq =

∫
S∗p(ω)Sq(ω)dω

∫
R3

φ∗p(~r)

(
∇2
~r

2
−
∑
i

Zi

| ~Ri − ~r|

)
φq(~r)d~r, (7)

hpqrs =

∫ ∫
S∗p(ω1)Ss(ω1)S∗q (ω2)Sr(ω2)dω1dω2

∫
R3

∫
R3

φ∗p(~r1)φ∗q(~r2)φr(~r2)φs(~r1)

|~r1 − ~r2|
d~r1d~r2, (8)

where the spin integrals are done as described in equation (2).

1Hartree units are also known as atomic units where the reduced constant of Plank ~, the electron mass me, the elementary
charge e and Coulumbs constant ke = 1/4πε0 are equal to unity. In this system the Bohr radius a0 = 4πε0~2/mee2 is also equal
to unity. Hartree units are often used in molecular level calculations
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3.3 Molecular orbitals & quantum chemistry

In order to put the second-quantization Hamiltonian to use it is necessary to know the set of orthogonal spatial
wave functions φ1, ..., φn. The Hartree-Fock method assumes one-electron molecular spatial wave functions to
be a linear combination of atomic orbitals (LCAO). Such a wave function φi would be of the form

φi =
∑
j

cjχj , (9)

where cj is a complex number and χj is a spatial wave function describing an atomic orbital (e.g. 1S, 2Px,
etc.). These coefficients follow from the Hartree-Fock method and are based on the energies belonging to each
combination of orbitals, for details see [15]. The χj are approximations of the exact orbitals, in order to achieve
more efficient computation. The exact orbitals are fitted to a set of functions called a basis set. Dozens of
Gaussian or Slater type basis sets have been published in the literature [17]. Often families of basis sets consist
of members with increasing accuracy but lower efficiency. One of those families oftentimes used in Hartree-Fock
calculation is the Slater type orbital of n Guassians (STO-nG) family. The STO-nG basis set describes each
atomic orbital as a linear combination of n Gaussian functions [18]. For the rest of this thesis the STO-3G basis
set will be used where the approximations of spatial wavefunctions χSTO−3G are of the form

χSTO−3G(r) = β1φ1 + β2φ2 + β3φ3 = β1

(
2α1

π

)
e−α1r

2

+ β2

(
2α2

π

)
e−α2r

2

+ β3

(
2α3

π

)
e−α3r

2

, (10)

where r is the distance from the center of the nucleus. The values for αi, βi are tabulated in literature and
are in this thesis taken from Python library PyQuante [19]. Now the accuracy of the approximation would
increase with the number of orbitals considered, however, this would be at high cost of efficiency. Therefore,
higher orbitals (e.g. F and G orbitals), which are mostly unoccupied are often neglected.

It is often the case that there will be spatial-orbitals which have a relatively low energy so that they will always
be occupied. Assume atom k has one such one-electron molecular orbital P . In this case two electrons can be
fixed in P , reducing the amount of orbitals to consider by one. This method is used in restricted open-shell
Hartree Fock (ROHF) calculations [20]. In ROHF theory, Koopmans theorem states that the energies of these
fixed electrons are equal to the ionization energies εP1

and εP2
[21][20]. These fixed electrons are relatively close

to the nucleus when compared to the electrons in the outer orbitals. For this reason, it is plausible to consider
the nucleus as a point particle with charge Zk − 2. The new second quantization Hamiltonian becomes

Ĥ2 = V̂nn +
∑
p,q

hpqa
†
paq +

1

2

∑
p,q,r,s

hpqrsa
†
pa
†
qaras

=
∑
i,j>i

(Zi − 2δik)(Zj − 2δjk)

|Ri −Rj |
− εP1 − εP2 +

∑
p,q

hpqa
†
paq +

1

2

∑
p,q,r,s

hpqrsa
†
pa
†
qaras.

(11)

Now p, q, r, s no longer run over the filled orbital P . From equation (11) it is seen that the nuclear repulsion
energies are only corrected by a constant and thus are easily corrected. The two electron integrals hpqrs remain
given by equation (8). The one-electron integrals do change and are given by

hpq =

∫
S∗p(ω)Sq(ω)dω

∫
R3

φ∗p(~r)

(
∇2
~r

2
−
∑
i

Zi − 2δik

| ~Ri − ~r|

)
φq(~r)d~r, (12)

Consider the molecular orbitals of a LiH molecule which is aligned in the x-direction. The 1S orbital for
hydrogen and the 1S, 2S and 2Px orbitals for lithium are low enough in energy to be considered in the LCAO
construction. All other atomic orbitals are ignored. Hartree-Fock calculation in the STO-3G basis gives the
orbitals as depicted in figure 2.
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Figure 2: probability density plots of molecular one-electron orbitals of LiH with an interatomic distance of
1.415 Å. Energies of the orbitals range from lowest in the top left to highest in the bottom right.

Based on the coefficients cj and the energy of a certain orbital one can deduce the characteristics of the orbital.
For instance, the top left orbital in figure 2 has the lowest energy and has a coefficient of ≈ 1 at the 1S orbital of
lithium. This state corresponds to the filled 1S orbital of lithium which means it will almost always be doubly
occupied. Therefore, two of the electrons can be fixed in this state. According to Koopmans Theorem the
electron energies are equal to the ionization energies and thus have to be added as constant to the Hamiltonian.
Furthermore, the lithium nucleus should now be treated as one with charge 3 − 2 = 1, changing the nuclear
repulsion and one-electron integrals according to equations (11) and (12). The bottom left orbital has an energy
much higher than the others and therefore will almost never be occupied. This orbital will not be taken into
account in the second quantization calculation. This saves computation time and power.

With the known spatial wave functions φ1, ..., φn the calculation of the one-electron and two-electron integrals
is a matter of computation. In this thesis this is done using the quantum computation library OpenFermion
[22], see appendix D.

VQE problems with small molecules such as H2 and LiH will most likely converge quickly to the Hamilto-
nians minimal energies regardless of the initial prepared state. However, for bigger molecules, one might use the
VQE algorithm to improve an already well chosen initial state, the ansatz. Such a choice for the ansatz could
be the Hartree-Fock state in which the lowest orbitals are considered filled. By considering single and double
excitations of the molecular orbitals one can improve this initial guess. This is the idea behind the universal
coupled cluster (UCC) method, see [23].
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3.4 Jordan-Wigner transform

Qubits are distinguishable entities, while electrons are fermions which are indistinguishable. In order to use
qubits for fermion models, a mapping has to be made from the fermion creation and annihilation operators to
the spin operators for qubits. This has to be done in such as way that operators obey the canonical commutation
relations for fermions [24], see equation (6).

The Jordan-Wigner transformation maps the creation and annihilation operators to combinations of Pauli
matrices. The transformation is defined as [24]

aj = I⊗j−1 ⊗ σ+ ⊗ Z⊗N−j , (13)

a†j = I⊗j−1 ⊗ σ− ⊗ Z⊗N−j , (14)

where N is the number of qubits. The σ± operators are defined as

σ± =
X ± iY

2
. (15)

The I,X, Y and Z operators are the standard Pauli matrices and are defined as

I =

(
1 0
0 1

)
, X =

(
0 1
1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0
0 −1

)
. (16)

It can be shown that the transformed operators aj and a†j obey the canonical commutation relations for fermions,
see equation (6).

Other transformations such as the Bravyi-Kitaev transformation are commonly used in VQE research. This
transformation is more efficient than Jordan-Wigner when the number of qubits approaches a power of two.
However, the implementation of this transformation is considerably more complex and non-intuitive than the
Jordan-Wigner transformation. For this reason the Jordan-Wigner transformation will be used throughout this
thesis.

3.5 Occupation/spin qubit reduction

In the Hartree-Fock method the second quantization Hamiltonian Ĥ2 was defined in equation (5). This Hamil-
tonian was transformed to a qubit Hamiltonian using the local Jordan-Wigner transform. Since this transform
is local the electron configuration of a certain qubit state can be identified. The number of required qubits
for a calculation is the key factor determining the required effort for calculation on both physical systems and
in simulations. It is therefore desirable to reduce the number of qubits (for instance by symmetries) where
possible. More complex problems (e.g. large molecules) will require more qubits as can be seen in figure 3.

Figure 3: the number of qubits necessary for simulation of certain molecules. The first three are based on
empirical values while the latter two are estimates. Source: [25].

Some states in the second-quantized Hamiltonian of a molecule will describe an incorrect number of electrons
(e.g. for LiH the state |101100〉 would describe three electrons while only two electrons are analyzed for the
problem). For this purpose a projector operator Πm

elecN on the states describing N electrons is defined as

Πm
elecN =

∏
j 6=N

j=0,...,m

Nstate − j
N − j

, (17)
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where Nstate is the operator returning the state it operators on multiplied by the number of electrons
described by the state. Nstate is given by

Nstate = JW (
∑
j

a†jaj), (18)

where JW (Q) is the Jordan-Wigner transform of an operator Q. The projector Πm
elecN maps a state to itself

if it has the right number of electrons and to the zero state otherwise. In most VQE problems the spin of the
desired configuration is prescribed and thus states with the wrong spin number have to be filtered out as well.
For this purpose another projector operator Πm

spinS is defined as

Πm
spinS =

∏
j 6=S

j=0,...,m

|Nstate↑ −Nstate↓| − j
S − j

, (19)

where Nstate↑ and Nstate↓ are the operators that count the amount of spin up and down described by a state
and thus are defined as

Nstate↑ = JW

∑
j

a†jajδSj↑

 , Nstate↓ = JW

∑
j

a†jajδSj↓

 . (20)

Note that here the spins can align such that any number between −S and S can be reached. The projector
Πm
spinS projects onto the states with the right amount of spins up and down. The operators Πm

elecN and Πm
spinS

are unitary projections and transform an old Hamiltonian H into a new filtered Hamiltonian H̃ as

H̃ = Πm
elecNΠm

spinSHΠm
spinS

†Πm
elecN

†. (21)

Applying the projector operators Πm
elecN and Πm

spinS will often leave the Hamiltonian acting trivially on many
states, so that the matrix representation will have columns and rows consisting of only zeros. Because of this,
the number of qubits necessary to describe the system can possibly be reduced. By simply removing trivial
rows and columns the Hamiltonian will decrease in dimension and thus may be described by less qubits. By
doing so, the locality of the qubit states will be broken but the eigenvalues of the operator will remain equal
to the previous eigenvalues. On the other hand, one can try to find a rotation operator R such that RĤ2 acts
trivially on the last states. The last few qubits can be removed while preserving locality through the rotation.

There are other ways to reduce the amount of qubits in a VQE problem without losing information and preserv-
ing locality. A scheme for the reduction of the number of qubits is presented in the next section. This scheme
will preserve locality.
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4 Z2 symmetry qubit reduction scheme

This section proposes a scheme to reduce the number of qubits used in quantum eigenvalue evaluations of
Hamiltonian operators. The reductions are based on Z2 symmetries in the Hamiltonian and will substantially
lower computation power and time if these symmetries are present. The paper starts with some definitions and
lemmas after which the scheme is explained.

Definition 4.1. The Pauli matrices I,X, Y and Z are given by

I =

(
1 0
0 1

)
, X =

(
0 1
1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0
0 −1

)
. (22)

Definition 4.2. m-fold Single Qubit Operator

σρr = I...I︸︷︷︸
r−1

ρ I...I︸︷︷︸
m−r

, r ∈ 1, ...,m, ρ ∈ {X,Y, Z} (23)

These m-fold single qubit operator work on a m-qubit state but only change the state of one of the qubits. For
notation purposes the single qubit operators X,Y and Z are sometimes denoted as σX , σY and σZ respectively.

Definition 4.3. m-fold single Pauli operator space Pm

Pm = ±{I, σX , σY , σZ}⊗m. (24)

Pm forms a group under operator multiplication since the Pauli operators P1 form a group. Every element in
this group is its own inverse. Note that since the Pauli matrices are a complete set for the Hilbert space of
complex 2× 2 matrices, Pm is a complete set for the Hilbert space of complex 2m × 2m matrices. This implies
that any m-qubit Hamiltonian H can be written as a linear combination of m-fold Pauli operators

H =
∑
k

hkσ
k, σk ∈ Pm hj = 〈H,σk〉 =

∑
i,j

HT
ijσ

k
ij = tr(H†σk). (25)

This is a finite dimensional Fourier decomposition with the Frobenius inner product on matrix representations
of the operators.

Definition 4.4. Symmetry Group
A symmetry group S of a group G is an abelian subgroup of G such that −I 6∈ S.

Definition 4.5. Center and Centralizer
Let G be a group and. The center Z(G) of G is the set of elements commuting with every element of G.

Z(G) = {z ∈ G | zg = gz ∀g ∈ G}. (26)

The centralizer CG(A) of A ⊆ G is the set of all elements in G which commute with every element of A.

CG(A) = {g ∈ G | ag = ga ∀a ∈ A}. (27)

The main purpose of the qubit reduction scheme is to transform a m-qubit Hamiltonian in such a way that
the Pauli operators in the decomposition will all have either I or X as the last r factors (e.g. YXXZIX and
ZXYZXX). If the r-th term of every Pauli operator in the decomposition is I or X then [H,σxr ] = 0, so the
Hamiltonian H and σxr commute and thus share common eigenvectors. One can therefore replace the r-th
factors of the operators with the eigenvalues ±1 and thus taper off a qubit [26]. First some lemmas are proven
in order to help prove the scheme.
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Lemma 1. Symmetry group commuting with 2m × 2m Hamiltonian
Let S ⊆ Pm be a symmetry group. S commutes with a 2m× 2m Hamiltonian H =

∑
k hkσk if S commutes with

every Pauli operator in the decomposition of H. Thus, if for every σk in the Hamiltonian decomposition holds
∀s ∈ S : sσk = σks.

Proof. sH = s
∑
k hkσk =

∑
k hksσk =

∑
k hkσks = Hs

Lemma 2. Redefinition of generators
Let S be an abelian group with generators S = 〈τ1, τ2, ..., τr〉 and let i, j ∈ {1, ....r} with i 6= j. Then S =
〈τ1, τ2, ..., τi, ..., τj , ..., τk〉 = 〈τ1, τ2, ..., τi, ..., τj−1, τiτj , τj+1, ..., τk〉

Proof. Let i, j ∈ {1, ....r} with i 6= j. If τi, τj ∈ S then τiτj ∈ S. Therefore, 〈τ1, τ2, ..., τi, ..., τj−1, τiτj , τj+1, ..., τk〉 ⊆
〈τ1, τ2, ..., τi, ..., τj , ..., τk〉. Now if τiτj τi ∈ S then τiτiτj = τj ∈ S. Therefore 〈τ1, τ2, ..., τi, ..., τj , ..., τk〉 ⊆
〈τ1, τ2, ..., τi, ..., τj−1, τiτj , τj+1, ..., τk〉.

Lemma 3. Commutation of product
Let A,B1, B2 and B3 be operators such that A commutes with B1 and anti-commutes with B2 and B3. Then
B1B2 and B2B1 anti-commute with A. B2B3 and B3B2 commute with A.

Proof. AB1B2 = B1AB2 = −B1B2A and AB2B1 = −B2AB1 = −B2B1A. So indeed B1B2 and B2B1 anti-
commute with A. Furthermore, AB2B3 = −B2AB3 = B2B3A and AB3B2 = −B3AB2 = B3B2A. So indeed
B2B3 and B3B2 anti-commute with A.

12



An important result of stabilizer theory is that a symmetry group commuting with a m-qubit Hamiltonian will
at most require m generators. This is a key fact in the reduction scheme (the exact proof of this is given by
Fujii [27]). A proof sketch would take the following form. Each symmetry group commuting with a m-qubit
Hamiltonian is a symmetry group of Pm. Each symmetry group generator projects a m-qubit basis state onto
one of its eigenvalues ±1. Therefore, each of the generators divides the Hilbert space of m-qubits into two sub-
spaces. The generators share a common set of eigenvectors as they all commute. The generators thus partition
the m-qubit space into 2#generators subspaces. Since there are only 2m states, #generators ≤ m.

Now the algorithm for the qubit reduction is given below. The first goal is to find a symmetry group S
with as many generators as possible, which commutes with H. First off, every Pauli operator σj ∈ Pm will be
encoded as a binary row-vector (ax|az) of length 2m as follows

σ(ax|az) = σ(ax1, ..., axm|az1, ..., azm) =

m∏
i=1

(σxi )axi(σzi )azi , (28)

where axi, azi ∈ {0, 1}. Using the standard dot product · on m-dimensional vectors in Z2, the following
commutation relation holds

σ(ax|az)σ(bx|bz) = (−1)ax·bz+az·bxσ(bx|bz)σ(ax|az). (29)

Following this, a vector product × is defined on the vector space of binary vectors of length 2m as

a× b := ax · bz + az · bx. (30)

This vector product is symmetrical and linear in both a and b. However, it is not positive definite and thus not
an inner product. By evaluating this vector product it can easily be determined if the corresponding operators
will commute or anti-commute, see equation (29).

The set of r Pauli operators σ1, ...σk appearing in the decomposition of H can be represented by vectors
(a1
x|a1

z), ..., (a
k
x|akz) which can in turn be represented in a k × 2m matrix G as

G =


· · · a1

x · · · · · · a1
z · · ·

· · · a2
x · · · · · · a2

z · · ·
...

...
· · · arx · · · · · · arz · · ·

 (31)

Now if a Pauli operator σ(bx|bz) were to commute with every term in H it must be that G× (bx|bz) = 0, where
the vector product ×, defined in equation (30), is taken for every row in G. From the theory of stabilizer codes
the concept of a parity check matrix E is borrowed [28]. This matrix E is defined as

E =


· · · a1

z · · · · · · a1
x · · ·

· · · a2
z · · · · · · a2

x · · ·
...

...
· · · arz · · · · · · arx · · ·


Note that EGT = 0. Now if the operator σ(bx|bz) were to be part of the symmetry group S then (bx|bz) ∈ ker(E).
Next a basis for ker(E) can be constructed. Let dim(ker(E)) = d. These basis vectors b1, ..., bd give rise to
Pauli operators σ1, ..., σd. However, it is not guaranteed that these Pauli operators mutually commute and thus
will form a set of generators for a symmetry group S. Commutation can be enforced by applying the algorithm
below to obtain a set of new vectors g1, ..., gr ∈ span(b1, ..., bd) with r ≤ d. The operators corresponding to
these vectors will be linearly independent and commuting. Hence

∀i, j ∈ {1, ..., r} : gi × gj = 0. (32)

The algorithm for finding maximal abelian subgroups [29] is described as follows

1. Define G = 〈σ(b1), ...σ(bd)〉.

2. Now compute the center C of G and set A := C. Since A is abelian A ⊆ CG(A).

3. If CG(A) = A then A is a maximal abelian subgroup of G. Else, take an arbitrary a ∈ CG(A)\A. Define
A := 〈A ∪ {a}〉 and repeat step 3.

This procedure must halt as G is finitely generated and A keeps growing while still A ⊆ G holds.
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It is known that there are maximally m generators in S [27]. Thus S = 〈τ1, τ2, ...τr〉 where r ≤ m.

Definition 4.6. Generator transform
Let i ∈ 1, ..., r and τi a generator of a symmetry group S = 〈τ1, ..., τr〉. Let τi anti-commute with a single qubit

operator σρj , where j ∈ 1, ...m and ρ ∈ {X,Y, Z}. Define new operators τ̃k as

τ̃k =

{
τk if k = i ∨ τkσρj = σρj τk

τiτk else
. (33)

These new operators are linearly independent, mutually commuting and generate S according to lemma 2.
Furthermore, these new generators were transformed in such a way that τ̃i anti-commutes with σρj while all
other τ̃k commute with σρj according to lemma 3.

For each n ≤ r the qubit reduction scheme requires a triple {An, Bn, Vn} with An = {q(i)|i = 1, ..., n i 6=
j → q(i) 6= q(j)} a set of qubit-indices, Bn = {ρ(i)|i = 1, ..., n ρ(i) ∈ {X,Z}} a set of labels and Vn =
{νi|i = 1, ..., r, νi = τα1

1 ...ταr
r , αj ∈ {0, 1}} a set of generators of S. This triple {An, Bn, Vn} should satisfy

the predicate

Π({An, Bn, Vn}) : ∀i ∈ {1, ..., n} ∀j ∈ {1, ..., r} σ
ρ(i)
q(i)νj = (−1)δi,jνjσ

ρ(i)
q(i) (34)

Lemma 4. Assume that Π({An, Bn, Vn}) is satisfied. Let τn+1 = P1P2...Pm where Pi ∈ {I,X, Y, Z}. There
exists a j ∈ 1, ...,m such that j 6∈ An and Pj 6= I.

Proof. Proof by contradiction. Assume that ∀i 6∈ An : Pi = I. Define the subgroup Snl < Pm for l ≤ n as

Snl ({An, Bn, Vn}) = {σ = P1P2...Pm| j 6∈ An ⇒ Pj = I, ∀i ∈ {1, ..., l} στi = τiσ, ∀w ∈ {1, ..., n} σσρ(w)
q(w) = σ

ρ(w)
q(w)σ}

(35)
Snl is a subgroup of Pm as for every l ≤ n it is true that I⊗m ∈ Sl and if σa, σb ∈ Snl then σaσb ∈ Snl (the
inverses are of course trivially satisfied as every element is its own inverse). One can see that τn+1 ∈ Snn by
construction. From the condition ∀w ∈ {1, ..., n} σσ

pq(w)

q(w) = σ
pq(w)

q(w) σ it follows that |Sn0 | = 2n, as in every

position in An only two operators out of {I,X, Y, Z} are allowed. It is easy to see that Snl+1 is a subgroup of
Snl . Lagrange’s theorem gives

|Snl |/|Snl+1| = |Snl /Snl+1| ∈ N. (36)

Note now that σ
ρ(l+1)
q(l+1) is in Snl but not in Snl+1, since it must anti commute with τl+1. So, |Snl |/|Snl+1| ≥ 2. Then

|Sn0 |/|Snn | ≥ 2n. Therefore, |Sn| = 1 and thus Sn = I, the only group with one element. But by construction it
was known that τn+1 ∈ Snn . Since I can not be a generator a contradiction is reached. Therefore, there must
indeed exist a j ∈ 1, ...,m such that j 6∈ An and Pj 6= I.

Theorem 5. Let S = 〈τ1, τ2, ...τr〉 be a symmetry group. For every n ≤ r there exists a triple {An, Bn, Vn}
such that Π({An, Bn, Vn}) is satisfied.

Proof. The proof is given by induction over n

Base case n = 1: consider τ1 = P1 ⊗ P2 ⊗ ... ⊗ Pm = P1P2...Pm where Pi ∈ {I,X, Y, Z}. Since τ1 is a
generator there must be a Pj 6= I. The first qubit index is chosen as q(1) = j thus A1 = {j}. The first label
ρ(1) is chosen as

ρ(1) =

{
X if Pj ∈ {Y, Z}
Z if Pj = X

. (37)

Thus, B1 = {ρ(1)}. The generator transform from definition 4.6 can now be applied to the original generators
of S to yield new generators τ̃1, ..., τ̃r which form V1. For ease of argumentation the new generators τ̃1, ..., τ̃r
are renamed to τ1, ..., τr. Lemmas 2 and 3 now show that Π({A1, B1, V1}) is satisfied.

Induction cases 2 ≤ n+ 1 ≤ r.
From lemma 4 there exists a j ∈ 1, ...m such that j 6∈ An and Pj 6= I. One can then choose q(n+ 1) = j and

ρ(n+ 1) =

{
X if Pj ∈ {Y, Z}
Z if Pj = X

. (38)

The generator transform of definition 4.6 can be applied to the generators in Vn to yield new generators τ̃1, ..., τ̃r.
These generators form Vn+1. For ease of argumentation the new generators τ̃1, ..., τ̃r are renamed to τ1, ..., τr.
Π({An+1, Bn+1, Vn+1}) is now satisfied.

The existence and construction of a triple {Ar, Br, Vr} such that Π({Ar, Br, Vr}) is satisfied has been proven.
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Using the found triple {Ar, Br, Vr} one can define the operators Ui for i = 1, ...r, according to

Ui =

{
1
2 (σzq(i) + τi)(σ

z
q(i) + σxq(i)) if ρ(i) = Z

1√
2
(σxq(i) + τi) if ρ(i) = X

. (39)

Below certain properties of the defined operators Ui are shown. Since Pauli matrices are Hermitian and unitary

σ
ρ(i)
q(i)
† = σ

ρ(i)
q(i) , τ †i = τi and σ

ρ(i)
q(i)
†σ
ρ(i)
q(i) = τ †i τi = 1. Now for ρ(i) = Z

U†i Ui =
1

4
(σzq(i) + σxq(i))(σ

z
q(i) + τi)(σ

z
q(i) + τi)(σ

z
q(i) + σxq(i))

=
1

4
(σzq(i) + σxq(i))(σ

z
q(i)σ

z
q(i) + τiσ

z
q(i) + σzq(i)τi + τiτi)(σ

z
q(i) + σxq(i))

=
1

4
(σzq(i) + σxq(i))(2 + τiσ

z
q(i) − τiσ

z
q(i))(σ

z
q(i) + σxq(i))

=
1

2
(σzq(i) + σxq(i))(σ

z
q(i) + σxq(i))

=
1

2
(σzq(i)σ

z
q(i) + σzq(i)σ

x
q(i) + σxq(i)σ

z
q(i) + σxq(i)σ

x
q(i))

=
1

2
(2 + σzq(i)σ

x
q(i) − σ

z
q(i)σ

x) = 1.

For ρ(i) = X

U†i Ui =
1

2
(σzq(i) + τi)(σ

z
q(i) + τi)

=
1

2
(σzq(i)σ

z
q(i) + τiσ

z
q(i) + σzq(i)τi + τiτi)

=
1

2
(2 + τiσ

z
q(i) − τiσ

z
q(i)) = 1.

So U†i Ui = 1 and thus Ui is unitary. Furthermore, for ρ(i) = Z

Uiσ
x
q(i)U

†
i =

1

4
(σzq(i) + τi)(σ

z
q(i) + σxq(i))σ

x
q(i)(σ

z
q(i) + σxq(i))(σ

z
q(i) + τi)

=
1

4
(σzq(i) + τi)(σ

z
q(i)σ

x
q(i)σ

z
q(i) + σzq(i)σ

x
q(i) + σxq(i) + σxq(i)σ

x
q(i)σ

z
q(i) + σxq(i)σ

x
q(i)σ

x
q(i))(σ

z
q(i) + τi)

=
1

4
(σzq(i) + τi)(−σzq(i)σ

z
q(i)σ

x
q(i) + 2σzq(i) + σxq(i))(σ

z
q(i) + τi)

=
1

2
(σzq(i) + τi)σ

z
q(i)(σ

z
q(i) + τi)

=
1

2
(σzq(i)σ

z
q(i)σ

z
q(i) + σzq(i)σ

z
q(i)τi + τiσ

z
q(i)σ

z
q(i) + τiσ

z
q(i)τi)

=
1

2
(σzq(i) + 2τi − σzq(i)) = τi.

For ρ(i) = X

Uiσ
x
q(i)U

†
i =

1

2
(σxq(i) + τi)σ

x
q(i)(σ

x
q(i) + τi)

=
1

2
(σxq(i)σ

x
q(i)σ

x
q(i) + σxq(i)σ

x
q(i)τi + τiσ

x
q(i)σ

x
q(i) + τiσ

x
q(i)τi)

=
1

2
(σxq(i) + 2τi − σxq(i)) = τi

Thus Uiσ
x
q(i)U

†
i = τi. Now for the situation of j 6= i. For ρ(i) = Z

Uiσ
x
q(j)U

†
i =

1

4
(σzq(i) + τi)(σ

z
q(i) + σxq(i))σ

x
q(j)(σ

z
q(i) + σxq(i))(σ

z
q(i) + τi)

= σxq(j)
1

4
(σzq(i) + τi)(σ

z
q(i) + σxq(i))(σ

z
q(i) + σxq(i))(σ

z
q(i) + τi) = σxq(j)

For ρ(i) = X

Uiσ
x
q(j)U

†
i =

1

2
(σxq(i) + τi)σ

x
q(j)(σ

x
q(i) + τi) =

= σxq(j)
1

2
(σxq(i) + τi)(σ

x
q(i) + τi) = σxq(j)

For j 6= i it follows that Uiσ
x
q(j)U

†
i = σxq(j).
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Thus, the following relations hold

U†i Ui = 1, Uiσ
x
q(i)U

†
i = τi, Uiσ

x
q(j)U

†
i = σxq(j) for j 6= i. (40)

This allows for the definition of the unitary operator U = U1U2...UrW , where W is a permutation operator
swapping qubits i and q(i). As a combination of unitary operators U is also unitary. The following relation
follows from equation (40)

Uσxi U
† = τi. (41)

Knowing this, the transformed Hamiltonian H ′ can be defined as

H ′ = U†HU =
∑
k

hkU
†σkU. (42)

Define ηk = U†σkU . Since ∀i, j ∈ {1, ..., r} [σi, τj ] = 0 it must be that ∀i, j ∈ {1, ..., r} [ηi, σxj ] = 0. Therefore,
H ′ commutes with the last r qubits and thus shares eigenvectors with σxm−(r−1), ...σ

x
m. The last r qubits can

thus be replaced by the X-gate eigenvalues ±1.
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5 Quantum measurement

5.1 Measurement scheme

As mentioned in section 4 any m-qubit Hamiltonian H can decomposed in m-fold Pauli matrices

H =
∑
k

hkσ
k, σk ∈ Pm hj = 〈H,σk〉 =

∑
i,j

HT
ijσ

k
ij = tr(H†σk). (43)

Any rotation of a single qubit can be written as

R(α, β, γ, δ) = eiαZβXγZδ, (44)

where α, β, γ, δ ∈ [0, 2π]. The operators Xφ and Zφ denote a rotation of an angle φ around the given axis.
The matrix representations of the Xφ, Yφ and Zφ rotations are given by

Xφ = cos(φ/2)I + sin(φ/2)X =

(
cos(φ/2) sin(φ/2)
sin(φ/2) cos(φ/2)

)
, (45)

Yφ = cos(φ/2)I − isin(φ/2)Y =

(
cos(φ/2) −sin(φ/2)
sin(φ/2) cos(φ/2)

)
, (46)

Zφ = cos(φ/2)I + sin(φ/2)Z =

(
cos(φ/2) + sin(φ/2) 0

0 cos(φ/2)− sin(φ/2)

)
. (47)

In order to initialize a trial state the individual qubits have to be put in a requested state using rotations
and entanglement operations. The depth d of a state preparation is defined as the number of entanglement
operations done in the entire state preparation. Each state on the Bloch sphere of a single qubit can be reached
with a ZXZ-rotation. Such a rotation on a qubit q at a depth i can be written as

Uq,i(~θ) = Zθq,i1
Xθq,i2

Zθq,i3
. (48)

In order to reach the trial state described by the parameter vector ~θ the ansatz state |ψinit〉 is rotated and
entangled. The entanglement operator is Uent. There is a lot of freedom in the choice of the entanglement
operator Uent as will be explored in section 6. The prepared trial state after all rotations and entanglements
will be

|Ψ(~θ)〉 =

m∏
q=1

Uq,d(~θ)× Uent ×
m∏
q=1

Uq,d−1(~θ)× Uent × ...×
m∏
q=1

Uq,0(~θ)|ψinit〉. (49)

The parameter vector ~θ is thus an element of the search space [0, 2π]dim, where the dimension dim is given by

dim = (3d+ 2)m (50)

In total 3d + 3 rotations would be done for every qubit. However, in this thesis the ansatz will always be the
vacuum state. The first Z−rotation can therefore be omitted yielding equation (50).
For small molecules where the VQE algorithm converges fast the ansatz does not influence the calculation a
lot. In this case the ansatz will often be chosen as the vacuum state |ψinit〉 = |00...0〉. In other, more complex,
problems one might want to start off with a certain ansatz and see if the VQE algorithm is able to improve
upon this. The Hartree-Fock state2 is often used as an ansatz for complex molecules.

2The Hartree-Fock state is the wave function in which the lowest orbitals are considered filled. This is often a good first guess
for a state with a low energy. By considering single and double excitations of the molecular orbitals one can improve this initial
guess. The Hartree-Fock state always take the form |11...100...0〉.
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Figure 4: schematic circuit diagram of the VQE algorithm on four qubits. The qubits are rotated by the
gates Ui,j after which they are entangled by the operator Uent. There is a lot of freedom in the choice of the
entanglement operator Uent as will be explored in section 6. This process repeats itself d (the depth) times. The
prepared trial state is applied to the Hamiltonian after which measurements are done to determine the energy
〈H〉|ψ〉. A classical computer applies an optimization algorithm to determine new rotational angles for a new
trial state. Source: [30].

Now that the trial state is prepared the expectation of the Hamiltonian can be measured on a quantum computer
by

〈H〉~θ = 〈Ψ(~θ)|H|Ψ(~θ)〉 =
∑
k

hk〈Ψ(~θ)|σk|Ψ(~θ)〉 =
∑
k

hk〈Ψ(~θ)|P k1 P k2 ...P km|Ψ(~θ)〉. (51)

In reality these expectations will require sufficient measurements. In simulation the expectations require a
simple inner product of matrices and vectors. The quantum computer is set for measurement in the Z direction
of all qubits. The trial state should be transformed in order to fit the measurement in the direction prescribed
by all σk. This can easily be done by rotating the trial state |Ψ(~θ)〉. For instance if 〈Y 〉 has to be measured
on qubit i then a rotation of an angle π/2 has to be done in the X direction. Let σ = P1P2...Pm. The total
rotation operator becomes

Rσk |Ψ(~θ)〉 = R1(π/2)R2(π/2)...Rm(π/2)|Ψ(~θ)〉, (52)

where

Ri =


I if Pi ∈ {I, Z}
X if Pi = Y

Y if Pi = X

. (53)

Let the rotated trial state vector Rσk |Ψ(~θ)〉 be equal to

Rσk |Ψ(~θ)〉 = αk00...0|00...0〉+ αk00...1|00...1〉+ ...+ αk11...1|11...1〉, (54)

where αl1l2...lm ∈ C. All m-qubit states, even entangled ones, can be expressed in this form. After the
rotation the states |0〉 and |1〉 can be identified with the eigenvalues -1 and 1 respectively on the operators
X,Y and Z. The eigenvalue (±1) of a vector |l1l2...lm〉 where li ∈ {0, 1} will depend on the number of ones on
positions where the operator was either X,Y or Z. To calculate the eigenvalue the operator Qσ is introduced.
Let σ = P1P2...Pm then

Qσ|l1l2...lm〉 = (−1)
∑

i pi |l1l2...lm〉, (55)

where

pi =

{
1 if Pi ∈ {X,Y, Z}
0 if Pi = I

. (56)

The vectors |l1l2...lm〉, where li ∈ {0, 1}, are thus all eigenvectors of Qσ. Because of the orthonormality of the
vectors |l1l2...lm〉, where li ∈ {0, 1}, equation (51) can be written as

〈H〉~θ = 〈Ψ(~θ)|H|Ψ(~θ)〉 =
∑
k

hk〈Rσk(Ψ(~θ))|Qσk |Rσk(Ψ(~θ))〉 =
∑
k

hk
∑

l1,l2,...,lm
∈{0,1}

|αkl1l2...lm |
2〈l1l2...lk|Qσk |l1l2...lk〉.

(57)
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5.2 Algorithm verification

In this section the VQE algorithm as implemented in the MATLAB library, see appendix D, will be verified.
This will be done by replicating some of the results found in the paper by Kandala [4]. Furthermore, the lowest
energy eigenvalue for H2O will be analyzed to see the VQE algorithm in action for two parameter optimization,
the angle between the hydrogen atoms and the hydrogen-oxygen bond length.

In figure 5 the H2 minimal energies are plotted against the interatomic distance. The curve in Kandala (left)
overlaps with the self simulated curve (right). This shows correct implementation of the algorithm.

(a)

(b)

Figure 5: comparison between the H2 curves in the research by Kandala [4] (red simulations, black experimen-
tal)(a) and the VQE simulations done for this research (b), both at entanglement depth 1 with SPSA. The
curves overlap almost completely.

For further verification the same analysis was done for the LiH minimal energy curves. In figure 6 the LiH
minimal energies are plotted against the interatomic distance. The curve in Kandala (a) overlaps with the
self simulated curve (b). This again shows that the algorithm is implemented correctly. The Kandala paper
describes the bump in the curve as a consequence of low entanglement depth. However, if the depth is increased
in the simulations, this bump does not disappear. Therefore, the bump is more likely due to an approximation
in the Hartree-Fock method instead of low entanglement depth. The energies of the simulations are a fraction
lower than those of Kandala. This is a constant shift and is also likely due to a certain approximation in the
Hartree-Fock method.
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(a)
(b)

Figure 6: comparison between the (a) LiH curves in the research by Kandala [4] (green simulations, black
experimental) and (b) the VQE simulations done for this research, both at entanglement depth 1 with SPSA.
The curves show a lot of overlap.

Another verification is done for H2O which has two optimization parameters, the bond length between the
oxygen and hydrogen atoms and the angle between the two hydrogen atoms. The minimal energy surface can
be seen in figure 7. The minimal energy is found for a bond length of 1.0±0.1 Å and angle of 100±10◦. These
values fit the values of 0.9584 Å and 104.45◦ from literature [31]. The energies of the fixed electrons in the
oxygen atoms are not taken into account in the calculations of figure 7. However, by Koopmans theorem these
are constant and thus the energy surface would be shifted downwards in full, retaining its form.

Figure 7: energy surface of H2O approximated by the VQE algorithm, entanglement depth 2 with SPSA. The
two parameters bond length and angle between the hydrogen atoms are plotted against the energy of that
configuration. The minimal energy occurs for a bond length of 1.0±0.1 Å and angle of 100±10◦ which fit the
values of 0.9584 Å and 104.45◦ from literature [31].

From all of these results it can be confirmed that the VQE algorithm as implemented in the MATLAB library,
see appendix D, functions properly. In the rest of this thesis, if the configuration of a molecule is not given in
a VQE calculation, the problem has been ran for many configurations and the outcomes are averaged.
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6 Multi-qubit entanglement

6.1 CNOT combination gates

An important ingredient of the VQE algorithm is the entanglement operator Uent. By entangling the qubits more
possible quantum states become accessible for energy evaluation. Several multi-qubit entanglement schemes have
been proposed in the literature to construct the operator Uent. In this section certain multi-qubit entanglement
methods will be compared and analysed. In all of the VQE simulations in this section the SPSA algorithm will
be used which will be explained in section 7.

The controlled-NOT (CNOT) gate is the textbook example of an entangling gate and takes the form

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 . (58)

The gate acts on a state describing two qubits. The gate switches the second qubit if and only if the first qubit
is in the |1〉 state. For this reason the first qubit is called the control qubit and the second qubit is called the
target qubit. Obvious choices for multi-qubit entanglement involve combinations of such CNOT gates. A way
to entangle many qubits is by applying CNOT gates in a chain. The first qubit targets the second, the second
the third, etc.. In order to entangle m qubits, m-1 CNOT gates are required. The quantum circuit diagram3 is
shown in figure 8.

|q1〉

|q2〉

|q3〉

|q4〉

Figure 8: quantum circuit diagram of the CNOT chain method for four qubits using three CNOT gates.

A very similar method to entangle many qubits is by applying a CNOT gate to every pair of qubits. Here
m(m−1)

2 CNOT gates are required to entangle m qubits. The quantum circuit diagram is shown in figure 9.

|q1〉

|q2〉

|q3〉

|q4〉

Figure 9: quantum circuit diagram of the CNOT pairs method for four qubits using six CNOT gates.

The Hadamard gate H (not to be confused with the Hamiltonian) is a π/2 rotation in the (x+ z)/
√

2-direction
and takes the form

H =
1√
2

(
1 1
1 −1

)
. (59)

It is well known that the CNOT gate together with the Hadamard gate and all phase gates is a universal set
of operators. This means that all multi-qubit operators can be decomposed into a sequence of the operators in
this set. Unfortunately, this decomposition can be become quite extensive (for instance the decomposition of
the 3-qubit Tofolli gate requires nine single qubit gates and six CNOT gates [32]). As in the NISQ-era errors
can occur at every gate operation, a more direct implementation of multi-qubit gates is preferred. One way
of doing so is by utilizing physical interactions of the system of qubits. Some physical systems have inherent
entanglement operations such that creating multi-qubit entanglement becomes a matter of manipulating the
system. Some examples of these systems are analyzed in the subsequent sections.

3All quantum circuit diagrams were made using the LATEX package tikz.
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6.2 Rydberg systems

A promising technique for quantum computing utilizes an array of Rydberg atoms. The Rydberg system bears
a lot of resemblance to the ionic system, the best developed quantum computing system to date. Rydberg
atoms are heavy atoms with one high energy electron. These electrons can be excited to two hyperfine states
|0〉 and |1〉 by photons of a specific wavelength. The states |0〉 and |1〉 represent the qubit states. A first laser,
emitting photons, can perform Raman transitions between the states |0〉 and |1〉. A second laser can perform
excitation from |1〉 to a higher energy state |r〉, see figure 10 a).

In 1999, Jaksch et al. [33] proposed the concept of the Rydberg blockade (also known as the dipole blockade)
for entangling atom pairs at distances of greater than 1 micron. In Rydberg atoms the interaction approaches
the resonant dipole-dipole limit. For two Rubidium atoms separated by 10µm the interaction energy is about
100MHz. This is much higher than the magnetic dipole-dipole or the second-order dipole-dipole interaction.
This high interaction energy causes the energy level of the state |r〉 of atom 2 to shift upwards when atom 1
is in its own |r〉 state. When this happens, atom 2 can no longer be excited to its |r〉 state and is said to be
blocked. The basic entanglement operation of this system is the controlled phase gate Cz. The control atom
is given a π-pulse allowing |0〉 → |0〉 and |1〉 → −i|r〉 transitions. The target qubit is given a 2π-pulse which
allows a transition from |1〉 → −|1〉 only if the control qubit was not in state |r〉. The target qubit is given
another π-pulse allowing the transitions |0〉 → |0〉 and |r〉 → −i|1〉. The evolution is shown in the table below
and in figure 10 b). Experimental demonstration of the controlled phase shift in the Rydberg system was done
by Isenhower et al. (2010) [34]. The controlled phase gate Cz can be sandwiched between two Hadamard gates,
resulting in a CNOT gate [35].

The controlled phase gate Cz is given by

Cz =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (60)

Table 1: the evolution of the 2-qubit states throughout the Rydberg blockade

Input π-pulsectrl 2π-pulsetar π-pulsectrl
|00〉 |00〉 |00〉 |00〉
|01〉 |01〉 −|01〉 −|01〉
|10〉 −i|r0〉 −i|r0〉 −|10〉
|11〉 −i|r1〉 −i|r1〉 −|11〉
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(a)
(b)

Figure 10: interaction of two ultra-cold Rydberg atoms: (a) two hyperfine levels |0〉 and |1〉 can be excited
by laser pulses. A laser pulse with the right wavelength and phase can induce an excitation |1〉 → |r〉. The
Rydberg interaction Vrr shifts the energy level of |r〉 of the other atom, blocking a second excitation. (b) (left)
The control qubit is in state |0〉 so that both π-pulses do not alter its state. The target qubit is in the |1〉 with
the Rydberg state |r〉 not shifted. A 2π-laser pulse can then give a phase shift of -1 to the target qubit. The
total state evolution is |01〉 → −|01〉. (right) The control qubit is in state |1〉 and is excited to the Rydberg
state |r〉 by a π-pulse, picking up a phase of −i. The Rydberg interaction blocks the target qubit from being
excited. Therefore, the target qubit is unable to pick up a phase shift. A last laser pulse relaxes the control
qubit back to state |1〉, picking up another phase of −i. The total state evolution is |11〉 → −|11〉. Source: [35].

The Rydberg interaction is not only valid for two Rydberg atoms but can be extended to an array of Rydberg
atoms. This long range interaction gives the possibility of implementing specific multi-qubit quantum gates
efficiently. The blockade as described in the 2-qubit case gives the inspiration for the CkNOT and CNOT k

gates in which k qubits control one target qubit and one qubit controls k target qubits respectively. The
C2NOT gate corresponds to the Tofolli gate and would thus be a much more efficient implementation than its
decomposition in single qubit gates and CNOT gates. The quantum circuit diagrams of these gates are shown
in figure 11.

C3NOT=

|q1〉

|q2〉

|q3〉

|q4〉

CNOT 3=

|q1〉

|q2〉

|q3〉

|q4〉

Figure 11: (left) the quantum circuit diagram for the C3NOT gate on four qubits. The last three qubits are
controlled by the first. (right) The quantum circuit diagram for the CNOT 3 gate on four qubits. The first
three qubits control the last.

Because of the long range interaction, atoms which are not neighbouring can block each other. By exciting the
atoms at the right time a chain of phase gates can be constructed. This chain would lead to an entanglement
method much like the CNOT chain method described earlier. With the application of Hadamard gates the
CNOT chain can be created as shown in figure 12 (phases are ignored).

In a realistic situation the phase retrieved from the laser pulse will not exactly be equal to a multiple of π.
Instead each state will receive a certain phase φ|i,j〉. The controlled phase gate Cz takes the form

Cz =


eiφ|00〉 0 0 0

0 eiφ|01〉 0 0
0 0 eiφ|10〉 0
0 0 0 eiφ|11〉

 . (61)
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|q1〉

|q2〉

|q3〉

|q4〉

=

|q1〉
Cz

|q2〉 H H
Cz

|q3〉 H H
Cz

|q4〉 H H

Figure 12: quantum circuit diagram for the construction of a CNOT chain from the Rydberg interaction Cz
gates on four qubits. Phases are ignored in the construction.

Note that the original Cz gate is retrieved when (φ|00〉, φ|01〉, φ|10〉, φ|11〉) = (0, π, π, π). By supplying a distri-
bution to the values of φ|i,j〉 the influence on phase error on the VQE algorithm can be determined. The φ|i,j〉
are taken as normally distributed random variables with respective means (0, π, π, π) and standard deviation
σ. The results for different standard deviations on the CNOT-chain can be seen in figure 13. From this figure
it can be seen that even for small standard deviations on the laser pulse the convergence will be much worse.
For standard deviations larger than 0.3 radians the VQE approximation no longer converges as the trial state
preparation becomes too unreliable.
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0.00 0.05 0.10 0.15 0.20 0.25 0.30
0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Er
ro

r (
H

ar
tre

e)

Standard Deviation

(b)

Figure 13: a) error versus iteration number, b) error at iteration 2 · 103 versus standard deviation, both figures
show results from a simulation of LiH at depth 2 with the SPSA algorithm. Entanglement is created by the
Rydberg blockade where the phases are normally distributed with respective means (0, π, π, π) and standard
deviation σ.

Creating a controlled Rydberg blockade on a certain atom is not straightforward. The system would be simpler
if the Rydberg blockade would only have to be created on one of the qubits instead of possibly all. To research
these implications, simulations were done where the blockade was only done on a subset of the qubits. This is
equivalent to applying the Rydberg blockade on the first few qubits while leaving the rest untouched. In figure
14 one can see the energy error versus iteration plots of the phasechain and CNOT chain entangling methods
for which only a few qubits are part of the chain.

Figure 14 shows that for the CNOT chain the error decreases when the chain involves more qubits. For the
phasechain however, the exact opposite is true. From this information it can be concluded that although it
would be easier to design an entangling method with only one Rydberg blockade, it would also be less effective.
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(a) (b)

Figure 14: a) error versus iteration number for VQE simulation LiH at depth 3. Shown are the CNOT chain
and phasechain entangling methods with chain depths of one and five. As a reference, the Krawtchouk chain
and CNOT pairs entangling methods are included in the plot as well. b) Zoomed-in version of a). From
these figures it can be concluded that the CNOT chain becomes worse with increasing chain depth while the
phasechain becomes better with increasing chain depth. Intermediate chain depths are not shown but give
results in between the curves of 1 and 5 chain depth for both entangling methods.

6.3 Krawtchouk chain

The Krawtchouk chain is an entangling method based on the physical Hamiltonian of a Rydberg system which
can be described as an interacting spin chain. Such a spin chain could consist of trapped ions or ultra-cold
Rydberg atoms [36]. The coupling of m spins (qubits) is described by a Hamiltonian of the form

H =

m∑
j=1

αj(t)σ
X
j + βj(t)σ

Y
j + γj(t)σ

Z
j +

m−1∑
j=1

Jj(t)

2
(σXj σ

X
j+1 + σYj σ

Y
j+1), (62)

where αi, βi, γi and Ji are real time-dependent functions over which control is assumed [37]. The specific
choice

JKj (t) = −J
2

√
j(m− j), αKj (t) = βKj (t) = γKj (t) = 0, (63)

gives rise to the Krawthcouk chain Hamiltonian Hk

HK = −J
4

N−1∑
j=1

√
j(m− j)(σXj σXj+1 + σYj σ

Y
j+1). (64)

Applying Hk for a time t = π
J mirrors the left and right side of the chain multiplied by a phase factor (for

instance |01101〉 → |10110〉), see figure 15. This gate is dubbed iPHASEm. Another interesting property is
applying the chain for a pulse t = π

J to the product state |+〉
⊗
m. This produces a complete graph state which

is equivalent to the GHZ state [37]. The GHZ state is a maximally entangled state, showing the entanglement
power of the Krawtchouk chain.

iPHASE6 =

|q1〉

e−iHkrawπ/J

|q2〉
|q3〉
|q4〉
|q5〉
|q6〉

Figure 15: quantum circuit diagram for the iPHASE6 gate based on the Krawtchouk chain entangling method
for six qubits.
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The Krawtchouk chain is an important method to construct other multi-qubit gates. Several researches have
confirmed that the Krawtchouk Hamiltonian gate can be transformed, using only few one and two qubit rota-
tions, to yield some gates with interseting properties [37][38]. Two examples of these are the iSWAP2 gate and
the CkNOT gate, see figure 16.

iSWAP2=

|q1〉

|q2〉

|q3〉

|q4〉

|q5〉
iSWAP2

|q6〉

= iPHASE6
X X

H X X H

|0〉 |0〉

, CkNOT=

|q1〉

|q2〉

|q3〉

|q4〉

|q5〉

|q6〉

Figure 16: (left) the quantum circuit diagram for the iSWAP2 gate for six qubits together with how it would
be constructed from the iPHASE6 gate retrieved from the Krawtchouk Hamiltonian. (right) The quantum
circuit diagram of the CkNOT gate for six qubits.

The iSWAP2 gate swaps the last two qubits and multiplies each state by a phase i. This swapping is controlled
by the first m-2 qubits. The decomposition in the Krawtchouk Hamiltonian and some one and two qubits gates
can be seen on the right. The CkNOT gate is a controlled not gate where the first m-1 qubits are the control
qubits while the last qubit is the target qubit.

One can compare the effectiveness of the Krawtchouk chain based entanglement methods by running VQE
problems utilizing these entanglement methods. In figure 17 this is done for a LiH molecule at depth 3. It can
be seen that the Krawtchouk chain itself is a pretty bad entanglement method as its convergence is very slow.
Its transformations, iSWAP2 and CkNOT , however converge better than the CNOT chain entangling method.
This appears to generally be the case in many VQE problems. Reasons for this behaviour will be researched
later on in section 7.4.

Figure 17: error versus iteration plot for the Krawtchouk chain based entangling method compared to the
CNOT chain. The VQE problem describes a LiH molecule at depth 3.
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7 Algorithms

The preparation of the trial state requires three rotations per qubit at each layer of depth, as explained in
section 5.1. The vector state space of rotations is therefore equal to a hypercube with lengths 2π with dimension
dim = (3d+2)m, where d is the depth of the circuit and m is the number of qubits. For more complex molecules
than H2 this space can become quite extensive. Therefore, it is important to have a good optimization algorithm
to search this space for the rotation that minimizes the molecules energy.

7.1 SPSA gradient descent

The simultaneous perturbation stochastic approach (SPSA) gradient descent algorithm samples two points in
a search space and approximates the gradient using the energies of these two points. A step is taken in the
direction opposite of the gradient in order to, conceivably, reach a lower energy value.

At first an initial trial state |Ψ(~θ0)〉 with parameter vector ~θ0 ∈ [0, 2π]⊗dim is chosen. At every iteration
step a small perturbation is done from the parameter vector towards a random direction to obtain two new pa-
rameter vectors ~θk,±=θk+ck ~∆k. Here ~∆k is a dim-dimensional random vector that is generated by a sufficiently

random generator and ck is a yet to be defined constant. In this paper ~δk is determined by the Rademacher
distribution where every vector entry has a probability of 1/2 of being either 1 or -1.

The gradient ~gk is estimated by

~gk =
〈Ψ( ~θk,+)|H|Ψ( ~θk,+)〉 − 〈Ψ( ~θk,−)|H|Ψ( ~θk,−)〉

2~ck
~∆k. (65)

To decrease the energy of the trial state at iteration k a step against the gradient direction is taken such that

~θk+1 = ~θk − ak~gk, (66)

where ak is a weight factor dependent on the iteration step. The factors ak and ck are given by

ak =
a

kA
, (67)

ck =
c

kΓ
. (68)

The constants A and Γ are best chosen to be 0.602 and 0.101 respectively to guarantee the smoothest gradient
descent. Furthermore, the constant c is chosen to be 0.01 [39]. The constant a is dependent on the gradient
around the inital position and is defined according to

a =
2π

5

c〈
|〈Ψ(~θ1,+)|H|Ψ(~θ1,+)〉 − 〈Ψ(~θ1,−)|H|Ψ(~θ1,−)〉|

〉
~∆1

, (69)

where 〈...〉~∆1
is the expectation value over the distribution of ~∆1. In this way the average slope around the

initialization vector is calculated in order to calibrate the optimization process. In practice this expectation
value is approximated using Monte-Carlo methods.

The run time of the SPSA algorithm is shown in figure 18 a). From this figure it is seen that the estimated
energy follows a downwards trend but fluctuates still. This is logical as every iteration takes a step through the
search space based on an estimated gradient. This gradient might not correspond to the actual gradient and
the new energy might end up at a higher level. The run time of the SPSA gradient descend is linear with the
number of iterations as in each iteration the exact same procedure is followed. This can be seen in figure 18 b).
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(a) (b)

Figure 18: (a) an example of the convergence rate of the SPSA algorithm for a LiH molecule at entanglement
depth 3. (b) The run time of the SPSA algorithm per iteration.

7.2 DIRECT algorithm

The dividing rectangles (DIRECT) algorithm takes a different optimization approach than the SPSA gradient
descent. The DIRECT algorithm optimizes a function value on a dim-dimensional hypercube. The hypercube
gets partitioned into smaller hypercubes at each iteration step and the function value is assessed in the center
of such a hypercube. Certain criteria will then determine which of the smaller hypercubes are ’optimal’ and will
be partitioned in the next iteration. The DIRECT algorithm will be shown to converge to the global minimum
as long as the optimized function is Lipschitz continuous in the neighbourhood of this minimum, see appendix
B for proof.

The DIRECT algorithm tries to find the global minimum of a Lipschitz continuous function f : [0, 2π]dim → R
defined on a convex hypercube [0, 2π]dim. A Lipschitz continuous function is one for which the following relation
holds

∃K > 0 ∀~x1, ~x2 ∈ [0, 2π]dim : ||f(~x2)− f(~x1)|| ≤ K||~x2 − ~x1||. (70)

It can be proven that this holds for a Hamiltonian evaluation where f(~x) = 〈~x|H|~x〉. The proof is given in
appendix A.

Let Sk be the set of hypercubes that the original hypercube was divided in after k iterations. Each of these
hypercubes skj ∈ Sk has a center ckj and a dimension dk,maxj , the length of its largest side. dk,ij will be the
length of its side in direction i. In the DIRECT algorithm optimal hypercubes will be be partitioned in the
next iteration. A hypercube is considered optimal if there exists a K̃ > 0 such that

f(ckj )− K̃dk,maxj ≤ f(cki )− K̃dk,maxi ∀skj ∈ Sk, (71)

f(ckj )− K̃dk,maxj ≤ fkmin − ε|fkmin|, (72)

where fkmin = min{f(ckj )|skj ∈ Sk} An optimal hypercube skj with center ckj will be partitioned into smaller
hypercubes. For a subdivision first a set of new sample points in the hypercube is defined as

Ak+1
j = {ckj } ∪ {ckj +

1

3
dk,maxj ei | i : dk,ij = dk,maxj }, (73)

where ei is the unit vector in dimension i. So partitions are only done in the direction where the hypercube
has the largest length. Since hypercubes can not overlap the order of partitioning the different dimensions
matters. The first division will be done in the direction of the sample point with the lowest function value.
The second division with the second lowest function value, etc., see figure 19. This way the hypercube with
the lowest function value will become the largest of the partition. Larger hypercubes are more likely to satisfy
equation (71) and thus be partitioned again in the next iteration. The partitioning will result in a new set of
hypercubes Sk+1 which can be tested for optimality. The center of an optimal hypercube Sk will again be the
center of a hypercube in Sk+1. The set of centers for which the energy is tested thus grows at each iterations
step.
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Figure 19: iteration step of the DIRECT algorithm for a three dimensional hypercube. Divisions are only done
along the dimensions with the greatest dimension. Source: [40].

Figure 20: the number of optimal hypercubes per iteration together with the minimal energy at that iteration.
Data for a H2 molecule at interatomic distance 0.72 Bohr radii and depth 3.

Assume there are N optimal hyper cubes at the start of an iteration. Then somewhere between 3N and 3Nn
hypercubes will have to be tested for optimality, where n is the dimension of the hypercube. These new hyper-
cubes are more likely these hyper cubes are to satisfy equation 71 than the hypercubes they were created from.
The amount of optimal hyper cubes is thus likely to increase per iteration. However, at certain iterations the
hypercube with the minimal function value will have not been divided for some iterations so that its dmax be-
comes relatively large. At this point optimal hypercubes are not likely to satisfy equation 71 and the amount of
optimal hypercubes will decrease. The amount of optimal hypercubes is thus expected to spike. This behaviour
is confirmed by figure 20. From this figure one can also deduce that a large increase in optimal hypercubes does
not necessarily imply a decrease in minimal function value. This is logical as every hypercube will eventually
be redivided. If a hypercube where the functions values are high is partitioned it probably does not yield a new
minimal function value.

From figure 21 a) it is seen that the minimal energy is non-increasing. From the equations 71 and 72 it is not
necessarily true that the hypercube with the lowest energy fmin will be optimal. However, as long as ε is chosen
very small, this will almost always be the case. In this thesis ε is chosen as 10−6. The minimal energy will
thus almost never increase at the next iteration. The energy estimate can stabilize over certain iterations if no
hypercubes are found with lower energy values. From figure 21 b) one can see that the run time per iteration
fluctuates heavily but follows an exponential trend.
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(a) (b)

Figure 21: (a) an example of the convergence rate of the DIRECT algorithm for a LiH molecule at entanglement
depth 3. (b) The run time of the DIRECT algorithm per iteration.

7.3 Comparison of SPSA and DIRECT

The SPSA and DIRECT algorithms take a different approach to finding the minimal energy in the search space
of rotations. Therefore, it is expected that under certain conditions one of the algorithms will outperform the
other. An algorithm is said to outperform the other at a certain VQE problem if it reaches a lower energy state
in the same amount of computing time. In this section characteristics of VQE problems will be identified which
will indicate which algorithm will outperform the other.

The SPSA algorithm takes a local approach to the optimization process. The main advantage of a local
approach is speed. Only two energy estimations have to be done at each iteration before continuing to the
next iteration. The main problem with this method is that the algorithm is not guaranteed to find the global
minimum. Under certain conditions (the main influence being the starting point) the SPSA algorithm will get
stuck in a local minimum and never find the global minimum.

Besides a local search one might also opt for a global search of the search space, where the entire search
space is sampled as dense as possible. One approach to a global strategy would be to partition the search
space in equally sized hyper cubes and sample each centre point. By doing so, one is guaranteed to get as close
to the actual energy minimum as desired. However, when the search space is high dimensional and certain
precision is required, this will require an enormous number of samples. Moreover, the algorithm will sample a
huge part of the search space which is not viable to have a minimum, making the algorithm extremely inefficient.

The DIRECT algorithms circumvents the problems of a total global optimization by identifying sections of
the search space which are not expected to contain a minimum. The algorithm will not iterate on these areas
at the next iteration but save them for a later iteration. The search thus becomes a mixture between a local
and global search which always converges to the global minimum.

In order to compare the two algorithms each of them is ran on a certain VQE problem for a limited amount
of time. During this time the algorithms can perform a certain number of iterations and reach an estimation
for the minimal energy. The errors in these energies are compared. The VQE problems can be characterized
in terms of the required qubits, the depth and the dimensionality. In this section two entanglement methods
CNOT pairs and Krawtchouk chain are applied to see if the entanglement method has any influence. In figure
22 the results of this analysis can be seen. From these results one can conclude that the number of qubits is
not a good indicator on which algorithm to use.

For high entanglement depths it can be seen that the DIRECT algorithm outperforms the SPSA algorithm
when the CNOT pair entanglement is applied. However, when the Krawtchouk chain is applied, the exact
opposite result is found. The most important indicator of which algorithm to use is the dimensionality of the
problem. For the CNOT pair entanglement method the lower dimensional cases have quicker convergence for
the SPSA algorithm. For high dimensional problems the DIRECT algorithm is preferred. For the Krawtchouk
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chain entanglement in high dimensions, the SPSA algorithm dominates. This is exactly the same as the case
for high depth. This is logical as depth and dimensionality are linked by equation (50).

It is remarkable that a different entanglement scheme changes the preference for a certain classical optimization
algorithm. The reason for this would have to do with the nature of the entangling methods and the optimization
algorithms. An explanation for this might be that certain entanglers scramble the search space, see figure 23.
In a fully scrambled search space a gradient no longer has any meaning. For this reason the SPSA algorithm
might perform worse compared to the DIRECT algorithm and thus a local search become expensive in terms of
computing power. This might be the reason that in high dimensions for the CNOT pair entangling method a
global search is more rewarding than a local search. For the Krawtchouk method it would be exactly the other
way around.
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Figure 22: error in the minimal energy for several VQE problems with different number of qubits, depth and
dimensionality, optimized with the SPSA and DIRECT algorithms. (left) Entangled with the CNOT pairs
method, (right) entangled with the Krawtchouk chain. The grey areas indicate that there is no dominance of a
single algorithm in that area.
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(a) (b) (c)

Figure 23: the search space in a) can be mapped onto itself in different ways. A method like in b) maps locally,
ensuring that states stay close together. A mapping as in c) scrambles up the entire search space.

7.4 Entangling method scrambling measure

The hypothesis that a global search performs better than a local search in a VQE problem where a scrambling
entanglement method is used, has to be tested. In order to test this hypothesis a way has to be devised to
characterise the amount of scrambling that an entangling method does to the search space. For this purpose
a distance function between the m-qubit states has to be devised. In a more mathematical sense, let X be
the space of m-qubit states. A distance function d : X ×X → R has to be found. The most obvious distance
function is the one induced by the inner product on X

dip(x, y) =
√
〈ψx − ψy|ψx − ψy〉. (74)

Several other distance functions have been devised from the literature. For instance the trace distance [41]. Let
x = |ψx〉, y = |ψy〉 ∈ X and let ρx = |ψx〉〈ψx|, ρy = |ψy〉〈ψy| be the respective density operators. The trace
distance dtr distance is given by

dtr(x, y) = Tr

(√
(ρx − ρy)2

)
, (75)

where the square root is taken as the operator square root. This square root exists as (ρx − ρy)2 is a
positive-definite operator. The trace distance takes on value between 0 and 2. A very similar distance function
is the Hilbert-Schmidt distance dhs [41] given by

dhs(x, y) =
√
Tr((ρx − ρy)2). (76)

These distance functions all take the relative phases of two states into account. However, for the VQE algorithm
states with different phases will yield the same result. A more suited metric would compare the measuring
outcomes of two m-qubit states. The fact that the relative phases are ignored results in a pseudometric instead
of a metric. For the purposes of testing the hypothesis, a pseudometric is satisfactory. The suggested distance
function dprob is defined as

dprob(x, y) :
def
=

√√√√ m∑
q=1

[P(M(xq) = 1)− P(M(yq) = 1)]
2
. (77)

The proof that this is indeed a pseudometric is given in appendix C. A characterization of the mapping distance
of an entanglement gate could be the average of the distance between a point in X and its image. Let G : X → X
be an entanglement gate. Then

〈d(G)〉 =
1

|X|

∫
X

d(x,Gx)dx. (78)

These integrals are hard to do analytically but can be approximated with a Monte Carlo simulation based on
the law of large numbers.

It could be the case that an entanglement operator has a large distance measure but maps states close to
each other to the same location in a prescribed way instead of scrambling the entire search space. For instance
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a gate could give certain states a phase, causing a large distance between states and their images, but no scram-
bling. In order to measure this, the average displacement vector ~d is calculated and the maximal entry max~d
is used for the gate characterization. This is only done over states with a positive real and imaginary part as
states with negative parts would cancel the positive ones by linearity of the operator.

max~d = max

[
1

n

n∑
i=1

(~xi −G~xi)

]
, {x1, x2, ..., xn} ⊆ X. (79)

Table 2: the entanglers described in section 6 together with the distance measures and errors for the SPSA
and DIRECT algorithms. All calculations done for LiH at depth 2, for 104 iterations SPSA and 20 iterations
DIRECT.

Entangler dprob dhs max~d Error SPSA (Hartree) Error DIRECT (Hartree)

Identity 0 0 0 0.01 0.28

CNOT pairs 0.1878 1.3041 4.6·10−4 0.027 0.016

CNOT chain 0.1877 1.3029 3.5·10−4 0.012 0.35

Krawtchouk chain 0.18 1.6623 0.15 0.048 0.57

Phasechain 1.4987 1.978 0.22 0.01 0.61

ISWAP 0.016 0.2269 2.1·10−4 0.013 0.335

CkNOT 0.1353 0.9618 3.7·10−4 0.017 0.152

From table 2 one can see that entanglers such as CNOT pairs and CNOT chain scramble the search space as
they have large distances and low average displacement. On the other hand, the physical entanglers such as
Krawtchouk chain and phasechain shift more than they entangle. Especially pairs and Krawtchouk chain are
good for comparison as these entanglement methods have close distance functions but totally different average
displacement. Figure 24 plots some of the data in table 2. This figure shows that certain entanglers, such as
CkNOT , perform almost the same regardless of whether SPSA or DIRECT is used. The performance of other
entanglers such as the CNOT pairs, CNOT chain and phasechain are really influenced by which algorithm is used.

There is certain evidence supporting the hypothesis that scrambling entanglers will perform worse in SPSA.
For instance the phasechain and the identity do not have high scrambling abilities and perform way better
with SPSA than with DIRECT. CNOT pairs scrambles the search space and performs worse in SPSA than in
DIRECT. On the other hand, there are entanglers that show evidence against this hypothesis. For instance
iSWAP and CNOT chain both scramble the search space, but perform better with SPSA than with DIRECT.
Overall, there is no real trend to be found.
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Figure 24: data from table 2. (a) Error with SPSA versus distance plot for the different entanglement methods
methods. (b) Error with DIRECT versus distance plot for the different entanglement methods methods.
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8 Conclusion

The VQE algorithm has proven to be a versatile tool for energy estimation. A quantum computer that could
properly run the VQE algorithm for useful research is still far away. However, the fact that the algorithm
is robust to quantum measurement errors enables VQE to be tested on current day systems. In this thesis
simulations of the VQE algorithm have been performed and analysed on small molecules, such as H2 and LiH.

One of the focuses of this thesis was to reduce the number of qubits necessary to describe a VQE problem. A
first method for reducing the number of qubits is by neglecting certain states. For instance, states describing
the wrong number of electrons or spin can be neglected, reducing the scope of the problem. This will, however,
cause the system to lose information on the Hamiltonian. Another method to reduce the number of qubits is by
exploiting Z2 symmetries in the Hamiltonian. The proposed qubit reduction scheme proofs that Z2 symmetries
can be used to reduce the number of qubits in a Hamiltonian evaluation system. It extends the work in the
paper of Bravyi, Gambetta, Mezzacapo and Temme [26] and is based on the theory of stabilizer codes.

Another focus of this thesis was optimizing the way the VQE algorithm is implemented given a certain molecular
problem. Two of the key ingredients in optimizing VQE are the entangling method and the classical optimiza-
tion algorithms. Many simulations were done on VQE problems with different combinations of optimization
algorithms and entangling methods. From these results it can be concluded that the entangling method and
optimization algorithm interact in a complex manner. It is hard to pinpoint exactly which entangling method
or algorithm would be best given a certain problem but some guidelines can be outlined. For instance, if the
search space has a high dimension a global search will be more effective than a local search.

A good starting point for analyzing entangling methods is by treating combinations of CNOT gates, the most
obvious two-qubit entanglement gate. The CNOT chain method chains together neighbouring qubits while
the CNOT pairs method entangles every pair of qubits. Running VQE problems with these gives entangling
methods provides reference material for more easily (physical) implementable gates. One of those methods is
the Krawtchouk chain which is based on a chain of spins (such as ions or Rydberg atoms). Another is the Ryd-
berg chain which exploits the blockade effect between interacting Rydberg atoms. The Krawtchouk chain gave
slow convergence on almost all VQE problems when compared to the CNOT chain. However, small (physically
feasible) alterations to the entangling method did give fast convergence. The Rydberg interaction resulted in an
entangling method dubbed phasechain. The phasechain method gave a convergence speed that was comparable
to that of the CNOT chain method.

The entangling methods are hard to characterize. Certain entanglers do however seem to be better than
others in almost all analyzed problems. For instance, the CNOT chain methods seem to always be a good
option while the Krawtchouk chain often gives slow convergence. The reason for this must have something to
do with the way an entangling method opens up the search space of possible state rotations. The CNOT chain
likely maps states to all sort of entangled states while the Krawtchouk chain might purely project onto a small
subset of entangled states. It was hypothesized that a local search would give slow convergence if the entangling
method scrambles the search space. A measure was defined to characterize the manner in which an entangling
method scrambles the search space. Convergence errors were compared to this scrambling measure, however,
in the way this was currently implemented there is no reason to confirm the hypothesis.
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9 Future outlook

In this thesis VQE problems describing small molecules were analyzed. This is fine for research, however, the
applications of VQE lie in describing more complex problems. Because of limitations of computing power and
time it was chosen not to explore these complex problems. It would however be extremely interesting to see if
the entangling methods and optimization algorithms behave differently in these more complex problems. One
reason why different behaviour is expected is that the ground states of larger molecules are more likely to be
entangled. The ground state for H2 is not entangled and therefore applying an entangling method only reveals a
part of the search space that is useless. For bigger molecules an entangling method will be absolutely necessary
to reach the desired ground state.

This thesis had a focus on the entangling methods and classical optimization algorithms. However, there are
some areas of the VQE algorithm which were left unexplored. In this thesis the VQE problem has mostly been
used to find the ground state starting from a random ansatz. For VQE problems analyzing larger molecules,
the ansatz becomes increasingly more important. In these cases the VQE can be used to improve the ansatz. A
problem that might occur here is that the ansatz is adequate and a local minimum is reached instead of the global.

Another interesting point of research is the rotational method. In this thesis only the ZXZ-rotational method
was used to initialize a trial state for measurement. However, many other methods exist which are better suited
for certain types of problems. For instance, universal coupled cluster (UCC) is better suited for improving a
certain ansatz than the ZXZ-rotational method would be. An interesting point of research could be to see if
the ZXZ-rotational method could be improved by applying interacting depths similar to a neural network.
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A Appendix: proof Lipschitz continuity of Hamiltonian evaluation

Theorem 6. Let H be a 2m×2m Hamiltonian operator. The function f(~x) = 〈Ψ(~x)|H|Ψ(~x)〉, where ~x describes
a rotation of an ansatz |φ〉, is Lipschitz continuous.

Proof.

||f( ~x2)− f( ~x1)|| = ||〈Ψ( ~x2)|H|Ψ( ~x2)〉 − 〈Ψ( ~x1)|H|Ψ( ~x1)〉||
= ||〈Ψ( ~x2)|H|Ψ( ~x2)〉 − 〈Ψ( ~x2)|H|Ψ( ~x1)〉+ 〈Ψ( ~x2)|H|Ψ( ~x1)〉 − 〈Ψ( ~x1)|H|Ψ( ~x1)〉||
= ||〈Ψ( ~x2)|H|Ψ( ~x2)−Ψ( ~x1)〉+ 〈Ψ( ~x2)−Ψ( ~x1)|H|Ψ( ~x1)〉||
≤ ||〈Ψ( ~x2)|H|Ψ( ~x2)−Ψ( ~x1)〉||+ ||〈Ψ( ~x2)−Ψ( ~x1)|H|Ψ( ~x1)〉||
≤ ||Ψ( ~x2)|| · ||H|| · ||Ψ( ~x2)−Ψ( ~x1)||+ ||Ψ( ~x1)|| · ||H|| · ||Ψ( ~x2)−Ψ( ~x1)||
= 2||H|| · ||Ψ( ~x2)−Ψ( ~x1)||.

(80)

Now the trial state |Ψ(~x)〉 is generated by rotations on the ansatz |φ〉, so |Ψ(~x)〉 = R(~x)|φ〉. All of the rotation
matrices as defined in equations (45), (46) and (47) have elements which are continuously differentiable. Since
the product of continuously differentiable functions is still continuously differentiable, it is true that R(~x) can
be written as

R(~x) =


f1,1(~x) f1,2(~x) · · · f1,2m(~x)
f2,1(~x) f2,2(~x) · · · f2,2m(~x)

...
...

. . .
...

f2m,1(~x) f2m,2(~x) · · · f2m,2m(~x)

 , (81)

where fi,j(~x) are all continuously differentiable functions. Since all continuously differentiable functions are
Lipschitz continuous

∀i, j ∃ai,j > 0 : ||fi,j( ~x2)− fi,j( ~x1)|| ≤ ai,j || ~x2 − ~x1||. (82)

Then it is true that

||Ψ( ~x2)−Ψ( ~x1)|| = ||R( ~x2)|00...0〉 −R( ~x1)|00...0〉|| ≤ ||R( ~x2)−R( ~x1)||

=

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣


f1,1( ~x2) f1,2( ~x2) · · · f1,2m( ~x2)
f2,1( ~x2) f2,2( ~x2) · · · f2,2m( ~x2)

...
...

. . .
...

f2m,1( ~x2) f2m,2( ~x2) · · · f2m,2m( ~x2)

−

f1,1( ~x1) f1,2( ~x1) · · · f1,2m( ~x1)
f2,1( ~x1) f2,2( ~x1) · · · f2,2m( ~x1)

...
...

. . .
...

f2m,1( ~x1) f2m,2( ~x1) · · · f2m,2m( ~x1)


∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
≤

2m∑
i=1

2m∑
j=1

||fi,j( ~x2)− fi,j( ~x1)|| ≤
2m∑
i=1

2m∑
j=1

ai,j || ~x2 − ~x1|| ≤ K|| ~x2 − ~x1||,

(83)

where K =
∑2m

i=1

∑2m

j=1 ai,j ∈ R+. Thus ||f( ~x2) − f( ~x1)|| ≤ 2 · ||H|| · K · ||~x2 − ~x1|| and thus f is Lipschitz
continuous.

B Appendix: proof convergence DIRECT

Theorem 7. DIRECT samples a dense subset of the search space [0, 2π]dim

Proof. Let [0, 2π]dim be the dim-dimensional search space. Let Pk be the set of center points of all sampled
hyper cubes after k iterations. Proof is needed for ∀~x ∈ [0, 2π]dim ∀r > 0∃j ∈ N : dist(~x, Pj) < r.

Let ~x ∈ [0, 2π]d, r > 0. At each iteration ~x must be in one of the hypercubes as the union of all hyper-
cubes is the entire search space D. A sequence of hypercubes sk containing ~x can be created, where si ⊆ sj if
i ≥ j. The hypercubes with the largest maximal length in a certain dimension will always satisfy the criteria in
equations (71) and (72). Therefore, these hypercubes will always be divided and three new smaller hypercubes
will be created. Since there are only finitely many hypercubes the maximal lengths in the sequence sk must
decrease after a certain iteration. One can then choose a subsequence skl of sk such that dmaxskl

= 2π · 3−l. Now

the distance from the center ckl ∈ Pk of hypercube skl to ~x can not be more than 2π · 3−l. Take the limit for l
to infinity to get the desired result.
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C Appendix: proof pseudometric

Theorem 8. Let X be the m-qubit state space. Furthermore, let P(M(xq) = 1) be the probability that a
measurement on qubit q of a state x ∈ X yields a 1. The function d : X ×X → R defined by

d(x, y) =

√√√√ m∑
q=1

[P(M(xq) = 1)− P(M(yq) = 1)]
2

(84)

defines a pseudometric on X.

Proof. The metric is trivially positive, real and finite: 0 ≤ d(x, y) < ∞. The metric trivially satisfies the
symmetry condition d(x, y) = d(y, x) and the zero condition d(x, x) = 0. Lastly for the triangle inequality let
x, y, z ∈ X. Then

d(x, y)2 =

m∑
q=1

[P(M(xq) = 1)− P(M(yq) = 1)]
2

≤
m∑
q=1

[P(M(xq) = 1)− P(M(zq) = 1)]
2

+ [P(M(zq) = 1)− P(M(yq) = 1)]
2

≤
m∑
q=1

[P(M(xq) = 1)− P(M(zq) = 1)]
2

+

m∑
q=1

[P(M(zq) = 1)− P(M(yq) = 1)]
2

= d(x, z)2 + d(z, y)2.

(85)

For a state x = c00..00|00..00〉 + c00..01|00..01〉 + ... + c11...11|11..11〉 ∈ X, with ca1...am ∈ C, the probability
P(M(xq) = 1) is calculated as

P(M(xq) = 1) =
∑
a1=0,1

∑
a2=0,1

...
∑

am=0,1

|ca1a2...am |2δaq,1 (86)

Note that by this definition it is obvious that d is a pseudometric instead of a metric. For example, for m = 2,
the states x = |01〉 and y = i|01〉 have d(x, y) = 0. The pseudometric was chosen as such because only
the measurement outcomes influence the VQE algorithm. Phases do not contribute to a change in energy
evaluation.
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D Manual MATLAB VQE library

This manual will serve as a guide through the MATLAB VQE library that has developed itself over the course
of this project. The library contains useful functions, programs and examples which can be used in future, VQE
related projects. Installation guides for the used programs can be found in sections D.4 and D.5.

D.1 Python/OpenFermion

The VQE library can be used for many VQE related problems and plots. In order to solve a VQE problem
the coefficients for the second quantized method have to be acquired. These coefficients require hard integrals,
see equations (7) and (8). Python library OpenFermion can perform these integrals numerically. OpenFermion
requires Python3 or higher in order to function. Furthermore, the PSI4, numpy and scipio libraries are required.
Atomic units are implemented in OpenFermion. For parallel computation the package Numba is required.

Before any calculations can be done some functions have to be imported from the installed libraries.

1 from openfermion . hami l ton ians import MolecularData
2 from openfermionps i4 import run ps i 4
3 import numpy as np
4 from sc ipy . i o import savemat

In order to initialize a molecule in OpenFermion the geometry, orbital approximation basis, multiplicity and
charge have to be specified. The geometry is specified by the type of atom and its position in Bohr radii. The
functions MolecularData() and run_psi4() will initialize the molecule. The optional inputs for run_psi4()

are improvements on Hartee-Fock theory (such as self-consistent field theory and Møller–Plesset perturbation
theory) and are set to true for more accurate results

1 geometry = [ [ ’ Li ’ , [ 0 , 0 , 0 ] ] , [ ’H ’ , [ 0 , 0 , 0 . 4 9 ] ] ] #s p e c i f y geometry in Bohr r a d i i
2 b a s i s = ’ sto−3g ’
3 m u l t i p l i c i t y = 1
4 charge = 0
5 Lihmolecule = MolecularData ( geometry , bas i s , m u l t i p l i c i t y , charge )
6 Lihmolecule = run ps i 4 ( Lihmolecule , run mp2=True , r u n c i s d=True , run ccsd=True , r u n f c i=True )

Now that the molecule is defined, its orbitals and energies can be calculated. The command
Lihmolecule.canonical_orbitals() will output the canonical one-electron molecular orbitals as a linear
combination of single atom orbitals as approximated by the set of basis functions. This output will be a matrix
of which the columns represent a single molecular orbital. These orbitals can be analyzed in order to see which
will likely be fully occupied, which might be occupied and which will most likely be unoccupied. Specifying
this in further calculations greatly reduces complexity, computation time and the number of qubits necessary
to describe the system. Occupied orbitals can be specified using occupied_indices() and active orbitals by
active_indices(). The core, one-electron and two-electron integrals can be calculated using

1 core cons tant , o n e e l e c t r o n i n t e g r a l s , t w o e l e c t r o n i n t e g r a l s =
2 Lihmolecule . g e t a c t i v e s p a c e i n t e g r a l s ( o c c u p i e d i n d i c e s =[0 ] , a c t i v e i n d i c e s =[1 , 2 , 3 ] )

OpenFermion does not specify spin as the Hartree-Fock energies are spin independent. This will have to be
specified in the program itself.

1 hee = np . z e r o s ( ( 8 , 8) ) #one−e l e c t r o n i n t e g r a l s
2 heeee = np . z e r o s ( ( 8 , 8 , 8 , 8) ) #two−e l e c t r o n i n t e g r a l s
3 s t a t e s = np . array ( [ 0 , 0 , 1 , 1 , 2 , 2 ] ) #s p e c i f y i n g the o r b i t a l s
4 sp in s = np . array ( [ 0 , 1 , 0 , 1 , 0 , 1 ] ) #s p e c i f y i n g the sp ins , important that t h i s i s done up−

down−up−down as t h i s i s what the MATLAB l i b r a r y expect s
5

6 f o r i in range (0 , 6) : #s i x one−e l e c t r o n molecu lar o r b i t a l s ( sp in m u l t i p l i c t y =2)
7 f o r j in range (0 , 6) :
8 i f s p in s [ i ] == sp in s [ j ] :
9 hee [ i , j ] = o n e e l e c t r o n i n t e g r a l s [ s t a t e s [ i ] , s t a t e s [ j ] ]

10

11 f o r p in range (6 ) :
12 f o r q in range (6 ) :
13 f o r r in range (6 ) :
14 f o r s in range (6 ) :
15 i f s p in s [ q ] == sp in s [ r ] and sp in s [ p ] == sp in s [ s ] :
16 heeee [ p , q , r , s ] = t w o e l e c t r o n i n t e g r a l s [ s t a t e s [ p ] , s t a t e s [ q ] , s t a t e s [ r ] ,

s t a t e s [ s ] ]

The integrals can be saved in a .mat file for use in MATLAB.

1 savemat ( ’ /mnt/c/path/ core ’ + s t r ( round (m ∗ 0 . 49 , 4) ) + ’ . mat ’ , mdict={ ’ a r r ’ : c o r e con s t an t })
2 savemat ( ’ /mnt/c/path/hee ’+s t r ( round (m∗0 . 49 , 4 ) )+’ . mat ’ , mdict={ ’ a r r ’ : hee })
3 savemat ( ’ /mnt/c/path/ heeee ’ + s t r ( round (m ∗ 0 . 49 , 4) ) + ’ . mat ’ , mdict={ ’ a r r ’ : heeee })
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D.2 MATLAB

Before starting to use the library it is important that all subfolders have been added to the current working
path. Every VQE calculation tries to estimate the lowest eigenvalue of a certain Hamiltonian. The function
that initializes a Hamiltonian is initializematrix(). This function can be called with the input being a cell
containing the folder paths of the core, one-electron integrals, two-electron integrals, the number of spins and
the number of electrons. Note that the paths do have to be added to the working directory. For faster com-
putation one might use parallel computing. Note that global variables will not operate correctly under parallel
computation.

For a few simple molecules the core, one-electron and two-electron integrals are preinstalled in the library.
For H2 at intermolecular distances which are multiples of 0.049, LiH at distances which are multiples of 0.09,
BeH2 at multiple distances of 0.29 and H2O at multiple distances of 0.091 and multiple angles of 20◦. The
first three molecules have predefined 0 spin and 2 electrons. H2O has 0 spin and 6 electrons. These predefined
Hamiltonians can also be called with initializematrix() by specifying the distance and the molecule.

1 %I n i t i a l i z e s a prede f i n ed Hamiltonian : LIH f o r in t e ra tomic d i s t ance 0 .27
2 HLIH29=i n i t i a l i z e m a t r i x ( 0 . 2 7 , ’LIH ’ ) ;
3 %I n i t a l i z e s a Hamiltonian o f BEH2 with 0 sp in and 2 e l e c t r o n s . Note
4 %that the path does had to be added to the working d i r e c t o r y .
5 HBEH249=i n i t i a l i z e m a t r i x ({ ’ b eh2ene rg i e s / core0 . 5 8 . mat ’ , . . .
6 ’ b eh2ene rg i e s / hee0 . 5 8 . mat ’ , ’ beh2ene rg i e s / heeee0 . 5 8 . mat ’ , 2 , 0} ) ;

A qubit reduction schemed is implemented in the library in order to reduce the complexity of the problem,
without losing any information on the problem. The scheme is described in section 4. The Hamiltonian can
be transformed to a form with only I or X operators on the last r qubits with the function Htransform().
Htransform() tries to do this for the largest possible value for r. The value of r can be checked with the
expans() function which shows the Pauli decomposition of a matrix. The function replacexs() can reduce
the matrix by replacing the last I and X operators by the X-gate eigenvalues. In the case of LiH the VQE
problem can be brought from a six qubit problem to a five qubit problem, without any loss of information.

1 H=i n i t i a l i z e m a t r i x ( 0 . 3 6 , ’LIH ’ ) ;
2 H=Htransform (H) ; %Transformed Hamiltonian with only I or X Paul i terms on the l a s t qub i t s
3 expans (H) %Shows the Paul i decomposit ion o f the Hamiltonian ;
4 H=r e p l a c e x s (H, 1 ) ; %r e p l a c e s l a s t I and X terms by e i g e n v a l u e s reduc ing the number o f qub i t s

Another important ingredient in the VQE algorithm is the entanglement operator. This can be defined using
the function entanglerselect(). This function has two inputs, the first specifying the gate and the second
specifying the number of qubits. There are several entangling gates predefined in the library. These have to be
input as a cell with several optional inputs such as entanglement depth and uncertainty. Another option for the
input is to have the first input be the matrix to be used as the entanglement operator.

1 cno tpa i r s 5=e n t a n g l e r s e l e c t ( ’ p a i r s ’ , 5 ) ; %pa i rw i s e cnot on 5 qub i t s
2 cnotchain46=e n t a n g l e r s e l e c t ({ ’ chain ’ , 4} , 6 ) ; %cnot chain with chaindepth 4 on 6 qub i t s
3 krawtchouk48pi=e n t a n g l e r s e l e c t ({ ’ krawtchouk ’ ,4 , p i } , 8 ) ; %krawtchouk chain with chaindepth 4 and

phase p i on 8 qub i t s
4 i d e n t i t y 8=e n t a n g l e r s e l e c t ( eye (8 ) ,8 ) ; %i d e n t i t y operator on 8 qub i t s

To actually do a VQE measurement the function qmeasure() has to be used. A VQE measurement is specified
by the Hamiltonian, entanglement depth, entanglement operator, the classical optimization algorithm, and
the halting criteria. These are exactly the inputs for qmeasure(). The choices for the classical optimization
algorithm are ’SPSA’,’DIRECT’ or ’DIRECT2’. For the halting method one can specify the number of iterations
’iteration’, the maximal error ’error’ or a convergence criteria ’steps’. In the case of ’iteration’ the halting
parameter specifies the number of iterations, for ’error’ the maximal error (in Hartree) and for ’steps’ the
number of steps after which to halt if the energy has not decreased in these steps. Note that in case of the
’error’ halting method, the minimal eigenvalue of the matrix will have to be calculated which might require
some time. Some examples for qmeasure() on a LiH molecule at interatomic distance 0.36 are indicated below.

1 H=i n i t i a l i z e m a t r i x ( ( 0 . 3 6 ) , ’LIH ’ ) ; %I n i t i a l i z e s the Hamiltonian f o r LIH at in t e ra tomic d i s t ance
0 .36

2 [ q ene rg i e s , t imes ]=qmeasure (H, 2 ,{ ’ chain ’ } , ’SPSA ’ , ’ s t ep s ’ , 5) ;
3 [ q ene rg i e s , t imes ]=qmeasure (H, 3 ,{ ’ krawtchouk ’ ,4 , p i } , ’DIRECT ’ , ’ i t e r a t i o n ’ , 5000) ;
4 [ q ene rg i e s , t imes ]=qmeasure (H, 1 ,{ ’ phasechain ’ ,3} , ’DIRECT ’ , ’ e r r o r ’ , 0 . 0 2 ) ;

Another important ingredient in the VQE algorithm is the the ansatz. This is set to the vacuum state by
default. The ansatz can be changed using the function setinitialstate(). After executing this function the
command prompt will ask for the ansatz. Sometimes the best initial guess is based on previous calculations.
This ansatz can be carried over by switching on ’feed forward’. From equation (49) one can see that the trial
state can either be prepared from the ansatz or via rotations. Either the rotation or the ansatz can be fed
forward by calling the functions setfeedforwardstate() and setfeedforwardrotation() respectively.
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The energy of the a trial state can be calculated by letting the Hamiltonian act on that state or by letting
it act on the Hamiltonian’s Pauli decomposition. The last method is the manner in which a quantum computer
would implement energy evaluation. The first method is however much faster in simulation. For realistic simula-
tions one might use the decomposition method while for fast energy evaluations the Hamiltonian multiplication
might be better. In order to switch between evaluation methods the function setenergyeval() can be called.

There are several ways to prepare a trial state for energy evaluation. In this thesis only the ZXZ-rotational
method was explored, see equation (49). However, other methods are possible. For instance the universal
coupled clustered method (UCC). This method starts off with a state describing electrons in the orbitals with
lowest energies, the Hartree-Fock state. UCC evolves this states with a parametrized excitation matrix with
single and double excitations. The energy evaluation will update the parameters of this matrix using a classical
algorithm, similar to the ZXZ-rotation method. The UCC method for state preparation is included in the
MATLAB library. It can be turned on using the flag setrotationmethod(). When doing so the program will
ask for the occupied and active indices (with an orbital index corresponding to a certain qubit). Furthermore,
the exact number of qubits for the problem will be asked.

1 >> se t rotat ionmethod ( )
2 Rotationmethod UCC
3 What are the occupied i n d i c e s ? F i l l in array form [ . . . ] [ 1 , 2 ]
4 What are the a c t i v e i n d i c e s ? F i l l in array form [ . . . ] [ 3 , 4 , 5 , 6 ]
5 Amount o f qub i t s ? 6
6 Inc lude double e x c i t a t i o n s ? 1 no , 2 yes . 2
7 The i n i t i a l s t a t e i s now the Hartree−Fock s t a t e

Errors in gate implementations can be simulated using the VQE library. So far only bitflip and phaseflip errors
can be simulated in preparing the trial state. These errors can be set using the seterrors() function. This
function will ask for the error probabilities. Simulations will have the errors implemented. One can also directly
set the errors by inputting them as arguments in the function.

1 s e t e r r o s ( 0 . 1 , 0 . 2 ) ;
2 >>p=0.1 b i t f l i p s
3 >>p=0.2 p h a s e f l i p s

As a last example certain distance measures for entanglement gates have been included in the library. These
can be calculated with the function distancecalc() which takes as input a gate, number of iterations and the
specified measure and outputs the distance measure.

1 gate=e n t a n g l e r s e l e c t ({ ’ krawtchouk ’ ,4 , p i } , 6 ) ;
2 d i s t a n c e c a l c ( gate ,10000 , ’ t r a c e s q r t ’ )
3 d i s t a n c e c a l c ( gate ,10000 , ’ prob ’ )

In the VQE library several example programs are included which will further guide the user in understanding
the library.

If any questions about or suggestions for the library arise, please do not hesitate to contact.
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D.3 Overview of important functions

• distancecalc(gate,iter,’measure’): takes as input an entanglement operator, a number of iterations
and a string describing the distance measure. So far the choices for the distance measure are ’tracesqrt’,
’sqrttrace’, ’prob’, ’diagonal’ and ’innerproduct’. An iteration number of ≈ 105 is recommended.

• entanglerselect(): constructs the entanglement operator for the VQE calculations

– entanglerselect(matrix): in this form the function returns its argument, the matrix which will
be used as entanglement operator

– entanglerselect({’method’,chaindepth,parameter},#qubits): in this form the function re-
turns a predefined entanglement operator. The first argument is a string specifying the entangling
method. As of now the input choices here are ’chain’, ’pairs’, ’krawtchouk’, ’identity’, ’cknot’,
’cnotk’, ’phasechain’, ’iswap’ and ’firstlast’. ’krawtchouk’, ’phasechain’ and ’chain’ can have an extra
argument, the chain depth, specifying how many qubits are in the chain. ’krawtchouk’ has an extra
parameter specifying the evolution time. ’phasechain’ has an extra parameter specifying the standard
deviation in the phases.

• exactmeasure(matrix): returns the lowest eigenvalue of a matrix. Used to test convergence and perfor-
mance of the VQE in cases of small molecules.

• expans(matrix): returns the Pauli decomposition of an input matrix. A list of coefficients and Pauli
matrix terms is returned.

• Htransform(matrix): transforms the Hamiltonian with the last few qubits only having I or X in the
Pauli decomposition. It tries to do this for as many qubits as possible. Used for qubit reduction.

• initializematrix(): initializes a Hamiltonian for the VQE calculations.

– initializematrix({’path’,’path’,’path’,#spin,#electrons}):
this way a Hamiltonian can be constructed with non-preinstalled integrals. The first three inputs of
the cell are strings specifying the folder path of the core, one-electron and two-electron integrals re-
spectively, e.g. ’integrals/BEH2/core0.05.mat’. The last two inputs of the cell are integers specifying
the maximum difference between number of up and down spins and the number of electrons.

– initializematrix(distance, (angle), ’molecule’):
this way a predefined Hamiltonian is constructed. The first input is the interatomic distance, the
second input is a string of the molecule name. ’H2’, ’LIH’, ’BEH2’ and ’H2O’ are implemented as of
yet. For ’H2O’ the angle between the hydrogen atoms also has to be specified.

• qmeasure(Hamiltonian,depth,entangler,algorithm,halting method, convergence parameter): the
function that approximates the lowest eigenvalue of a Hamiltonian using quantum measurements. The
depth gives the number of entanglement operations done. The entangling method is input in the same way
as in entanglerselect(). The algorithm is the classical optimization algorithm and has input choices
’SPSA’, ’DIRECT’ and ’DIRECT2’. In ’DIRECT2’ not all dimensions with the largest length are parti-
tioned, but one is picked at random. The halting method determines when the simulation stops and has
the options ’iterations’, ’steps’ and ’error’. The convergence parameter specifies the number of iterations,
steps until the energy remains unchanged or the minimal energy respectively.

• replacexs(matrix, qubits): replaces the last qubits of the transformed form Hamiltonian made by
Htransform() by its eigenvalues to reduce the number of qubits. The second argument is an integer
specifying the number of qubits that have to be replaced.

• setfeedforwardrotation(): switches feed forwarding of the initial rotation on or off.

• setenergyeval(): switches the energy evaluation to the realistic or fast way.

• seterrors(p1,p2): allows the user to define bit- and phaseflip error rates. Errors are only implemented
in the trial state preparation. The first input is for the bitflip error, the second for the phaseflip error. If
no input is given a prompt will show, asking for the errors.

• setfeedforwardstate(): switches feed forwarding of the initial state on or off

• setinitialstate(): allows the user to define his/her own ansatz for the VQE algorithm. Specifying the
ansatz is done via prompt.

• setrotationmethod(): switches the rotational method for state preparation between ZXZ-rotational
method and the UCC-rotational method. A prompt will come up asking for more details when UCC is
switched on.
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D.4 OpenFermion installation on Ubuntu WSL

This section explains how to install and do calculations with OpenFermion using an Ubuntu Windows Subsystem
for Linux (WSL) starting from scratch. First of all the WSL needs to be installed. This can be done from the
Windows store. A good option is the Ubuntu WSL by Canonical Group Limited. Open Ubuntu and make an
account. The installation will take a while. After installation it is easiest to control the root user type by typing

1 sudo −s

In order to install Python 3.6 and its package installer Pip run the commands

1 sudo apt−get update
2 sudo apt−get i n s t a l l python3 . 6
3 sudo apt i n s t a l l python3−pip

Pip can be used to install OpenFermion and Numba by running

1 python3 . 6 −m pip i n s t a l l −−user openfermion
2 python3 . 6 −m pip i n s t a l l −−user numba

Psi4 can not be downloaded using pip and needs to be installed using

1 c u r l ” http :// v e r g i l . chemistry . gatech . edu/ ps icode−download/ Psi4conda −1.3.1−py36−WindowsWSL−
x86 64 . sh” −o Psi4conda −1.3.1−py36−WindowsWSL−x86 64 . sh −−keepa l ive−time 2

2 bash Psi4conda −1.3.1−py36−WindowsWSL−x86 64 . sh −b −p $HOME/ psi4conda
3 apt i n s t a l l p s i 4

Now all of the necessary packages have been installed. In order to place a program into the WSL one has to
copy the python files to a folder path

1 C:\ Users \ s165827 \AppData\Local \Packages\CanonicalGroupLimited . UbuntuonWindows 79rhkp1fndgsc\
Loca lState \ r o o t f s \home\ user

The program can now be ran in Ubuntu using a command alike

1 python3 ExampleLIHintegra l sca lc . py

D.5 Using the workstations

A workstation is a computer with many cores which can be used for fast parallel computation. In order to
use the workstations an account needs to be created by the stations operator. To transfer files a file transfer
protocol (FTP) program is needed. A good choice would be WinSCP. Create a new session and fill in ”elek-
tron.phys.tue.nl” or ”faddeev.phys.tue.nl” as host name, 22 for the port number and a username and password.
Files can now be transferred from the users computer to the workstation.

In order to operate the workstation a secure shell (SSH) program is needed. A good choice would be Putty.
One can create sessions with the same host names and ports mentioned above. This opens a screen where the
workstation can be operated from. For electron it is easiest to work in bash by typing

1 exec bash

Faddeev already starts in bash after initialization. Working in bash allows for copy/paste using the ctrl hotkeys.
To open MATLAB 2017a type

1 / usr / t u e l o c a l /matlab−2017a/ bin /matlab −nodesktop −nosp lash

MATLAB files can be executed by typing the filename. Any saved outputs will be put in the workstations
folder and can be transferred back to the users computer using the FTP.
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