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Abstract—Results from two practical and fast methods to
estimate systems’ Maximum Loading Point (MLP) using Phasor
Measurement Units (PMUs) are used in this paper as initial
values for a robust and very efficient method that takes advantage
of the geometric characteristics of the maximum loading hyper-
plane and uses the load flow with step size optimization (LFSSO)
technique to estimate the system’s proximity to the MLP. Both
initializing methods are based on estimated Thévenin Equivalents
(TEs) as seen from load buses using only local measurements.
On the other hand, the latter method is based on successive
load flow calculations of multiple operating points until the MLP
is reached within a certain threshold defined by the user. The
performance of the complete method (combination between the
initializing methods and the LFSSO based method) was tested for
some IEEE test systems and for a realistic Brazilian transmission
system with more than 4,500 buses.

Index Terms—Power system voltage stability, voltage stability
margin, phasor measurement units, cubic spline extrapolation,
step size optimization.

I. INTRODUCTION

Continuity of power supply has always been a crucial
aspect, mainly because of the increasing dependence of society
on electricity, so considerable efforts have been made to
maintain a secure and stable operation [1]. Voltage instability
is one of the main causes of unplanned electricity outages [2]
and is usually attributed to load increases in already highly
loaded systems, system contingencies or to poor local reactive
compensation [3]. It is well known that voltage collapse occurs
when the system’s operating point approaches the MLP, thus a
fast and simple index frequently used to estimate how far the
current operational point is to the MLP is the Voltage Stability
Margin (VSM). This concept has been widely used in stability
analyses [4]–[10]. Voltage stability is basically a dynamic
problem, however some studies indicate that whether for the
slow dynamics of some power equipments, or for poorly
known load model dynamics, it can be regarded as a static
problem with acceptable accuracy and little computational
effort [3], [11].

Several methods have been proposed to determine the MLP,
based on load flows [6], [7], on system’s Jacobian matrix
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[12]–[14], and more recently on synchronized measurements
[5], [10], [15]. Methods in [7] and [8] showed excellent
performance, but need an initial estimate of the MLP either
in the feasible region, where there is an operating point for
the system, or in the infeasible region for which operation is
not possible. This paper proposes the use of the method in [8]
along with two proposed methods based on [5] to estimate the
VSM. The latter methods showed also good performance and
will be used to take advantage of their simplicity and compu-
tational efficiency, since they are independent from network’s
model and based on local measurements only. Nevertheless,
they presented some drawbacks especially under light load
scenarios and under certain operational conditions, such as
significant system variations between samples, errors in the
estimation of the TE, among others. Thus, the aim of this paper
is to show and compare the performance of an efficient method
that uses the results from two simple PMU-based methods as
initializing values for a more robust method based on LFSSO
[8] to determine the VSM.

II. INITIALIZING METHODS

Assuming that there are PMUs installed at all load buses, or
at the most important ones, both proposed initializing methods
use synchronized measurements to provide a first estimate of
the system’s MLP using the TE as seen from every measured
bus. Only two consecutive or very close samples of different
operating points are needed to determine the parameters of the
TE, as stated in [4], [5], [9], leading to

Z̃thi (k) =
Ṽi(k − 1)− Ṽi(k)

Ĩi(k)− Ĩi(k − 1)
, and (1)

Ẽthi (k) =
Ṽi(k − 1)Ĩi(k)− Ṽi(k)Ĩi(k − 1)

Ĩi(k)− Ĩi(k − 1)
, (2)

where k is the current sample, and Ṽi and Ĩi are the voltage and
current phasors measured on bus i. The method in [5] is based
on finding the load’s impedance magnitude for three different
operating points and using the Cubic Spline Extrapolation
CSE [16] to estimate the loading for which it becomes
numerically identical to the estimated Thévenin impedance
|Z̃Li (k)| = |Z̃thi (k)|. This procedure is illustrated in Fig. 1
for bus i, where P̂maxi is the estimated MLP using the CSE,
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Pi(k) is the current measured active power, and P bci the base
case active power.

Fig. 1. Maximum loading point with the CSE in bus i, (Source: [5]).

A. Proposed Initializing method 1

It is expected that when both load and generation are
uniformly scaled, the voltage instability occurs at the weakest
load bus first, that is, the bus that defines the MLP. Therefore,
the first initializing method takes into account only one bus,
namely the weakest one i, determined by

P̂Mi = min
{
P̂maxj − Pj(k)

}
, for j = 1, 2, . . . , n , (3)

where n is the number of monitored buses. Once the weakest
bus i is known, it is possible to analytically estimate the MLP
by

0 = V 4
i + V 2

i

[
2
(
rthi P̂

max
i + xthi Q̂

max
i

)
− Ethi

2
]

+

+
(
rthi Q̂

max
i − xthi P̂maxi

)2
+
(
rthi P̂

max
i − xthi Q̂maxi

)2 (4)

where Q̂maxi = P̂maxi

(
Pi(k)
Qi(k)

)
(assuming constant power

factor). Eq. (4) can be written as ax4 + bx2 + c = 0. P̂maxi

can be then computed by assuming b2 − 4ac = 0, and then
the initial value can be calculated as

ρini1 =

(
P̂maxi

Pi(k)

)
Pi(k)

P bci
=

(
P̂maxi

Pi(k)

)
λi , (5)

B. Proposed initializing method 2

Using the estimated TE of every monitored bus, considering
Pi(k) and solving (4) for every monitored bus, the MLP
of each equivalent circuit can be found without using the
CSE. Then, the most representative buses are identified by
computing

ai =
Pi(k)

P̂maxi

, and wi =
ai∑n
k=1 ak

i = 1, 2, ..., n . (6)

Then, the load buses are sorted in descending order of wi,
and finally the initial value is computed by

ρini2 =
λi
j

j∑
i=1

P̂maxi

Pi(k)
, (7)

where the summation includes the first j buses for which∑j
i=1 wi ≥ γ, and γ is a predefined threshold.
Note that while the initializing method 1 takes only one bus

to compute the initial value of ρ, the second one takes a certain
number of buses that represent the behavior of the network.
This difference can be seen in Fig. 2 for the IEEE 118-bus
test system. For initializing method 1, bus 40 was found to be
the weakest bus for nine of the 24 hour periods, whereas bus
41 was the chosen one for the remaining 15 periods. As for
initializing method 2, bus 20, for instance, was selected in all
24 periods. The same happened with other buses, as 42, 43,
and so on.

Fig. 2. Critical buses according to proposed initializing methods.

III. MAXIMUM LOADING POINT USING LOAD FLOW WITH
STEP SIZE OPTIMIZATION

Depending on the system’s characteristics, conventional
load flow methods may present convergence problems or even
diverge, in spite of being on a feasible operating point. Several
approaches have been proposed in order to overcome this kind
of ill-conditioning problems. Moreover, it is expected that a
load flow method be able to provide additional information
on the iterative process so that the voltage stability analysis
method can take advantage of it. It is the case of the method
proposed in [17], where the step size optimization factor (µ)
tends to one for feasible operating points and to zero for
infeasible ones, indicating whether they are within or out of
the boundary surface Σ. In general terms, it is based on a
conventional Newton-Raphson power flow, with a system of
nonlinear equations g(x, ρ), where x is the vector of system
state variables (V,θ) and ρ the load scale factor used to modify
the generation and load. The state variables at the rth iteration
are

x(r+1) = x(r) + µ(r)∆x(r). (8)

Assuming an initial point in the infeasible region(
ρ0 > ρmlp

)
, LFSSO converges to the point MLP0 on the

feasibility boundary, as shown in Fig. 3.
According to [6], unit eigenvector (~w), normal to the bound-

ary Σ at MLP, is computed and identified in Fig. 3 as MLP0.
Then, a perpendicular plane, which is at the same time tangent
to MLP0 that intersects with the load increase direction, ~S
is computed. The intersection point determines the updated



Fig. 3. Process to obtain the MLP using the LFSSO (Source [8]).

loading factor
(
ρ1
)

and the load curtailment | ~∆Scl| that must
be performed. Therefore, the loading factor correction ∆ρ can
be calculated as

∆ρ = | ~∆Scl|/|~S| = ( ~∆S · ~w)/(~S · ~w) , (9)

where ~∆S is the power difference between MLP0 and the
power value with ρ = ρ0 in this case, and ~w can be calculated
from (10) knowing that ∇xg(xmlp) is the Jacobian matrix of
g evaluated at MLP0.

∇xg(xmlp)
T ~w = 0 . (10)

This procedure must be performed until the actal MLP is
reached using the updated values of MLPr and ρr for later
iterations. The method in [8] also includes an acceptable error
±x% in the computation of the MLP, that is, the operator is
willing to accept an error of ±x% in the computed voltage
stability margin. This acceptable error results in an ideally
acceptable margin within a fixed width. However, the limit
parameters of this margin (ζi and ζs) are not rigid, since it
would require the previous knowledge of the system’s MLP.
Instead, they change in every iteration and are a function of
α as shown in Fig. 4 and explained in [7]. Parameter α can
be calculated as

α = (1 + x/100)/(1− x/100) . (11)

Fig. 4. Mobile acceptable margin representation.

The MLP, identified as ρ̂mlp, can be calculated as detailed
below.

1) Set counter i = 0. Set ρi.
2) Run LFSSOP for ρi. If µ→ 0 go to 3). Else, ρtemp = ρi

and go to 5).
3) Obtain ρtemp = ρi −∆ρ. If ρtemp > 1 go to 4). Else,

ρtemp = 1 and go to 4).
4) Run LFSSOP for ρtemp. If µ > 0 continue. Else, 6).
5) Run LFSSOP for ρi+1 = αρtemp. If µ→ 0 then

ρ̂mlp =
(
ρtemp + ρi+1

)
/2, then End. Else, ρi+1 =(

ρi + ρi+1
)
/2, do i = i+ 1 then go to 2).

6) Run LFSSOP for ρi+1 = α/ρtemp. If µ > 0 ρ̂mlp =(
ρtemp + ρi+1

)
/2 then End. Else, i = i + 1 and go to

3).

IV. PROPOSED METHOD

The proposed method uses the excellent features of the
proposed initializing methods as initializing values (ρ0) of the
robust LFSSO based method to estimate the MLP. Hence, the
VSM is calculated as

VSM = ρ̂mlp ·

(
n∑
i=1

P bci

)
/

(
n∑
i=1

Pi(k)

)
, (12)

If all loading factors (λi) are the same, then VSM =
ρ̂mlp /λ. Finally, the flowchart corresponding to the proposed
method is shown in Fig. 5.

Fig. 5. Proposed method flowchart.

V. SIMULATION RESULTS

A. Finding the Maximum Loading Point

The proposed method (considering either one of the initial-
izing methods) was tested for the IEEE 14, 57 and 118-bus test
systems, and for a realistic Brazilian transmission system with
a total of 4,526 buses, 499 PV buses with 65.191 GW of total
generation, and a base load of 65.078 GW and 21.494 GVAr.
All generators and loads were modified by a scale factor (λi)
in periods of one hour in order to simulate a daily load curve,
deliberately driving each system relatively near to its MLP.
Random values were added to the daily load curve for every



load and generator and for every sample, so a more realistic
scenario was obtained. The value of γ for the initializing
methods was set at 0.5, the acceptable error x = ±2%, and the
tolerance for the LFSSO and for the optimal multiplier was
set to 0.01 pu. Generator reactive power limits were enforced.

The initializing methods showed to be more accurate under
heavier load scenarios, basically because they estimate the
critical point based only on local measurements and perform
an extrapolation (CSE) which is more precise when the current
operating point is closer to the critical point, as seen in Fig. 6,
where the estimated VSMs for the IEEE 118-bus test system
are shown.

Fig. 6. IEEE 118-bus – VSM using the initializing methods.

In [7] it was shown that the LFSSO based method obtained
the MLP after several load flow runs independently of the
value chosen for ρ0, and whether this initial point is in the
feasible or infeasible region. However, the number of iterations
showed to be related with that initial value. Since results were
taken for 24 hours, the average of the initializing values (ρ01
and ρ02) and of the obtained MLP (ρ̂mlp) are shown only.
The average values of the total number of LFSSO performed
using the proposed methods are shown in Table I. These are
compared with those after choosing an arbitrary value in the
infeasible region (ρ0r = 10).

Both initializing methods provide values within or out of
the feasibility boundary, which confirms the robustness of the
proposed method. Note that the number of LFSSO to find the
MLP is dependent on the initial point, showing a decrease
in the number of calculations when values closer to the MLP
were used. However, this behavior is not the same in all cases,
as it could be seen in the case of the 14-bus system, where the
opposite situation occurs. It should be noted that the average
value of the MLP found using ρ0 = 10 for the BR 4,526-
bus system does not fit into the acceptance error margin of
2%, considering that the mean of the obtained solutions was
ρ̂mlp = 1.2795 and the mean error 3.89%, which suggests
that several samples may had exceeded the acceptable error
margin.

The iterative process of finding the MLP for the 118-bus test
system is shown in Fig. 7. It was obtained using the system’s
initializing values in Table I. For the sake of clarity, it is worth
mentioning that the number of load flow calculations do not

TABLE I
MLP USING DIFFERENT INITIALIZING VALUES

System
ρ a ρini

1 ρini
2 ρ0r

IEEE 14-bus
1.7830

ρ0 1.7768 1.6811 10

ρ̂mlp 1.7897 1.7849 1.7486

# LFSSO. 4 3 7

IEEE 57-bus
1.6170

ρ0 1.7331 1.7063 10

ρ̂mlp 1.6201 1.6258 1.6145

# LFSSO. 6 3 11

IEEE 118-bus
2.1446

ρ0 1.8571 1.9465 10

ρ̂mlp 2.1348 2.1326 2.1021

# LFSSO. 5 4 13

BR 4,526-bus
1.3390

ρ0 1.2817 1.3143 10

ρ̂mlp 1.3302 1.3283 1.2795

# LFSSO. 5 4 8

aLoading factor obtained for the base case with successive load flows.

match exactly with the ones of Table I since, as explained
before, only average values were shown. Nevertheless, it is
a good example of how the method responds to different
initial values and the effect of using the proposed initializing
methods. It is clear that the method becomes significantly more
efficient if the initial values are closer to the actual MLP.

Fig. 7. IEEE 118-bus – MLP process with different initial loading factors.

B. Finding the Voltage Stability Margin

The same test systems with the same simulation character-
istics were used here. Once the MLP has been found using
the initializing methods, it is straightforward to calculate the
VSM using (12), again for a period of 24 hours in intervals
of one hour. The VSM of the BR 4,526-bus system during
a day is shown in Fig. 8. The margins obtained using the
initializing methods can be compared with those using the
proposed methods and the reference, which was obtained after
running successive power flows.

The initializing methods provide good first estimates of
the VSM, however, as discussed before, they may present
higher errors, basically depending on the system’s current



Fig. 8. BR 4,526-bus system – VSM using different methods.

conditions and on the estimated TE. When the initializing
methods are used as initial values for the LFSSO based
method, the estimated VSM gets closer to the reference value.
In fact, the average values of the VSM obtained using only
the initializing methods and using the proposed methods, as
well as the average of the errors on the estimated VSMs with
respect to the reference is shown in Table II for all tested
systems.

TABLE II
VSM USING DIFFERENT CALCULATION METHODS

System
VSM a Initia.1 Initia.2 I1+LFSSO I2+LFSSO

IEEE 14-bus
1.3756

VSM 1.2990 1.2919 1.3768 1.3701
ε% 13.7 9.7 2.10 2.31

IEEE 57-bus
1.2368

VSM 1.2465 1.2463 1.2440 1.2388
ε% 19.6 9.4 2.47 2.02

IEEE 118-bus
1.2291

VSM 1.0456 1.1132 1.2340 1.2312
ε% 11.6 4.6 3.01 3.13

BR 4526-bus
1.3595

VSM 1.1165 1.2709 1.3233 1.3314
ε% 12.5 9.3 3.1 2.5

aVoltage stability margin obtained with successive load flows (mean value).

The errors resulting from the proposed method showed
to be reduced if compared with those obtained when only
the initializing methods are used to estimate the VSM. It
is an intuitive result, since the LFSSO based method had
previously shown outstanding results. Nevertheless, it must
be highlighted that these results where obtained with fewer
number of LFSSO calculations, considering that the initial
value of ρ was previously estimated.

VI. CONCLUSIONS

A robust and efficient method to compute the system’s
proximity to the instability point using synchronized measure-
ments was proposed. It should be noticed that it could also
be used using information from SCADA systems, however
measurements would need to be processed by an state estima-
tor first. The method keeps the main attributes of the PMU

based initializing methods, such as their efficiency, simplicity
and also takes advantage of the robust characteristics of the
method based on the LFSSO that allows both infeasible and
feasible initial values and enables the use of an acceptable
margin of error for the final MLP. Exhaustive simulations with
realistic and test power systems were carried out displaying
good behavior in general, since the number of LFSSO needed
to estimate the MLP was significantly reduced when compared
with arbitrarily chosen initializing values, showing its robust-
ness and efficiency.
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