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On the integrability of nonlinear partial
differential equations
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We investigate the integrability of Nonlinear Partial Differential Equations~NP-
DEs!. The concepts are developed by first discussing the integrability of the KdV
equation. We proceed by generalizing the ideas introduced for the KdV equation to
other NPDEs. The method is based upon a linearization principle that can be
applied on nonlinearities that have a polynomial form. The method is further illus-
trated by finding solutions of the nonlinear Schro¨dinger equation and the vector
nonlinear Schro¨dinger equation, which play an important role in optical fiber com-
munication. Finally, it is shown that the method can also be generalized to higher
dimensions. ©1999 American Institute of Physics.@S0022-2488~99!01904-0#

I. INTRODUCTION

The conditions under which Nonlinear Partial Differential Equations~NPDEs! can be solved
are even in one dimension not well understood.1 Roughly speaking, the majority of the integrab
systems can be classified in three main groups. In the first of these groups are those equati
can be reduced to a quadrature through the existence of an adequate number of integ
motion. In the second class are those equations that can be mapped into a linear sys
applying a number of transformations~hereafter to be calledC integrable2!. The last group con-
sists of differential equations that can be solved by Inverse Scattering Transformations~IST!. In
the following, we will call equations that can be solved by inverse scattering methods ‘‘S inte-
grable.’’ The discovery of the IST has led to considerable progress in understanding the to
integrability, since this technique made it possible to investigate the integrability of large cl
of NPDEs systematically.3

Another important consideration is that most of the work on the integrability of NPDEs
been carried out in one space dimension only. Although the inverse problem of the Schro¨dinger
equation can be generalized to three dimensions, the method is far too complicated to
higher-dimensional NPDEs. An alternative is the]̄ approach, which is also successfully gener
ized toN dimensions~see, for instance, the book by Ablowitz and Clarkson3!. Nevertheless, for
both these methods the existence of the obtained solutions is difficult to prove. The concepC
integrability, however, has the potential to be generalized to dimensions higher than one.
paper, we will demonstrate a simple method based upon linearization principles that enable
compute solutions of large classes of NPDEs by solving a linear algebraic recursion relatio
The result suggests that the method can be generalized to higher-dimensional NPDEs.

In this paper we aim to find integrable differential equations that can be solved by linea
tion. The basic idea of the method goes back to Stokes,4 and is used several times to obta
solutions of nonlinear evolution equations.5–9 We will apply the method in a slightly differen
form to find conditions on the integrability of nonlinear evolution equations. Since it is not c
what integrability exactly means, we use in this paper the heuristic definition that a NPD
integrable if given a sufficiently general initial condition, we can find analytic expressions the
evolution of the solution. For NPDEs that can be solved by inverse scattering technique

a!Electronic mail: H.J.S.Dorren@ele.tue.nl
19660022-2488/99/40(4)/1966/11/$15.00 © 1999 American Institute of Physics
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notion is equivalent with the existence ofN-soliton solutions, since it is implicitly assumed that t
obtained solution can be expanded on a Fourier basis.8 It is shown that the condition of expansio
in a Fourier can be replaced by an arbitrary other infinite set of basis functions.

We present the following results. First, we derive a simple method to test NPDEs w
polynomial type of nonlinearity in the presence ofN-soliton solutions. Necessary conditions th
indicate whether a NPDE hasN-soliton solutions includes that the nonlinearity can be expande
the same basis functions as the linear part, and second that the dispersion relationship as
with the linearized problem can be solved. The method is demonstrated by first discussi
integrability of the KdV equation in Sec. II. In Sec. III, the concepts derived for the KdV equa
are generalized to discuss the integrability of more general NPDEs. Finally, in Sec. IV, the r
are applied to investigate the integrability of the coupled nonlinear Schro¨dinger equation. More-
over, it is indicated that the method can also be used to obtain solutions to higher-dimen
NPDEs. The paper is concluded with a discussion.

II. THE INTEGRABILITY OF THE KdV EQUATION

In order to illustrate the machinery developed throughout this paper, we first discus
integrability of the KdV equation as an example. The integrability of the KdV equation
well-studied problem.3 This makes the KdV equation an ideal object to test the validity of ne
developed ideas with respect to the integrability of NPDEs. We will introduce our methods o
integrability of NPDEs by discussing the existence ofN-soliton solutions for the KdV equation
which is given by

ut1uxxx56uxu. ~1!

We try to find solutions of Eq.~1! by substitution of the following Fourier series:

u~x,t !5 (
n51

`

Anein~kx2vt !. ~2!

If we substitute the solutionu(x,t) into Eq. ~2!, we obtain

(
n51

`

~nv1k3n3!Anein~kx2vt !526k(
n51

`

(
l 51

n21

lAlAn2 le
in~kx2vt !. ~3!

We can now determine the coefficientsAn by deriving a recursion relationship. This can b
achieved by comparing the exponential functions in Eq.~3!. If we compare all the terms for which
n51, we find

~v1k3!A1ei ~kx2vt !50. ~4!

For a nonzeroA1 , we find that Eq.~4! is satisfied if

v52k3. ~5!

If we put n52 in Eq. ~3!, we can determineA2 by solving the following relationship:

~2v18k3!A2e2i ~kx2vt !526kA1A1e2i ~kx2vt !. ~6!

If we use the dispersion relationship~5!, we find thatA2 is given by

A252
A1

2

k2 . ~7!
 2010 to 131.155.100.2. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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By repeating this procedure, we can compute all the expansion coefficientsAn of the solutions
u(x,t). In general, all the coefficientsAn can be computed by solving the following linear alg
braic problem:

L ~n!~k!An5R~n!~k!. ~8!

The operatorsL (n)(k) andRn(k) in Eq. ~8! are given by

L ~n!~k!5n@n221#k3, R~n!~k!526k(
l 51

n21

lAlAn2 l . ~9!

If we compute all the coefficientsAn by using Eq.~9!, we then obtain the Fourier expansion
u(x,t), for which the first terms are given by

u~x,t !5A1ei ~kx2vt !2
A1

2

k2 e2i ~kx2vt !1
3A1

3

4k4 e23i ~kx2vt !1¯ . ~10!

If we substitutek52ib andA154 db into Eq. ~10!, we find

u~x,t !54 db e22~bx24b3t !116d2e24~bx24b3t !1
24d3

b
e26~bx24b3t !1¯ . ~11!

By carrying out the summation in Eq.~11!, we can formulate this equation more compactly:

u~x,t !5
8 db e22~bx24b3t !

S 11
d

b
e22~bx24b3t !D 2 . ~12!

Hence, if we put

b5
1

2
Ac, x052

1

Ac
logS 2

d

b D , d,0, ~13!

we can simplify Eq.~12! one step further to

u~x,t !52
c

2
sech2H 1

2
Ac~x2ct1x0!J . ~14!

Equation~14! describes the well-known KdV soliton.
What did we learn from this simple exercise? At first, the KdV equation has solutions be

of the special structure of the nonlinearity. If we substitute the special solution~2! in the nonlinear
part of the KdV equation, we find that we can expand the nonlinearity in the same basis fun
as the linear part:

6uxu5 (
n51

`

Dnein~kx2vt !; Dn526k(
l 51

n21

lAlAn2 l . ~15!

This guarantees that we can find an iteration relationship for the expansion coefficientsAn . As we
will see later, we do not have to restrict to a Fourier expansion of the solution only. In princ
this method works for any set of basis functions as long as we can expand the nonlinearity
same basis functions as the linear part. In the following, we will show that the structure o
nonlinearity of the KdV equation enables us to construct the Fourier expansion of theN soliton of
 2010 to 131.155.100.2. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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the KdV equation. In order to systematically solve these solutions it is illustrative to discuss
the two-soliton solutions, which are assumed to have the following series expansion:

u~x,t !5 (
m1 ,m251

`

C~m1 ,m2!ei ~m1k1z11m2k2z2! H z15x2
v~k1!

k1
,

z25x2
v~k2!

k2
.

~16!

If we substitute Eq.~16! into the KdV equation~1!, we obtain the following result:

(
m1 ,m251

`

L ~m1 ,m2!~k1 ,k2!C~m1 ,m2!ei ~m1k1z11m2k2z2!

526 (
m1 ,m251

`

(
h1 ,h251

m121,m221

M ~h1 ,h2!~k1 ,k2!C~m12h1 ,m22h2!C~h1 ,h2!ei ~m1k1z11m2k2z2!,

~17!

where

L ~n1 ,n2!~k1 ,k2!5(
i 51

2

ni@ni
221#ki

3, M ~n1 ,n2!~k1 ,k2!5(
i 51

2

niki . ~18!

We solve Eq.~17! by comparing equal exponential powers on both sides. This can be don
defining a parameterG5m11m2 and subsequently comparing the powers forG51,2,3,... . We
first discuss the case in whichG51 in which only the coefficientsC(1,0) andC(0,1) contribute:

@v11k1
3#C~1,0!eik1z11@v21k2

3#C~0,1!eik2z250. ~19!

If we put C(1,0)5A1 andC(0,1)5A2 , we find that the following linear dispersion relationshi
must be valid:

v~k1!52k1
3 and v~k2!52k2

3. ~20!

Once the linear dispersion relationships are determined and if the coefficientsC(1,0) andC(0,1)
have taken their valuesA1 andA2 , we can compute all the other coefficientsC(m,h) by applying
the following linear recursion relation:

L ~m1 ,m2!~k1 ,k2!C~m1 ,m2!5R~m1 ,m2!~k1 ,k2!, ~21!

where

R~m1 ,m2!~k1 ,k2!526 (
h1 ,h251

m121,m221

M ~h1 ,h2!~k1 ,k2!C~m12h1 ,m22h2!C~h1 ,h2!. ~22!

Equation~21! has a similar structure as Eq.~8!. In principle, Eq.~21! provides an efficient tool to
compute all the coefficientsC(m,h). We can generalize this result to theN-soliton case by
assuming that the solutionu(x,t) takes the following form:

u~x,t !5 (
m1¯mN51

`

C~m1¯mN! i ~m1k1z11¯1mNkNzN! 5
z15x2

v~k1!

k1

]

zN5x2
v~kN!

kN
.

~23!
 2010 to 131.155.100.2. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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We can determine the nonzero coefficientsC(m1¯mN) by substituting Eq.~23! into the KdV
equation~1!:

(
m1¯mN51

`

L ~m1¯mN!~k1¯kN!C~m1¯mN!ei ~m1k1z11¯1mNkNzN!

526 (
m1¯mN51

`

(
h1¯hN51

m121¯mN21

M ~h1¯hN!~k1¯kN!C~m12h1¯mN2hN!C~h1¯hN!

3ei ~m1k1z11¯1mNkNzN!, ~24!

where

L ~n1¯nN!~k1¯kN!5(
i 51

N

ni@ni
221#ki

3; M ~n1¯nN!~k1¯kN!5(
i 51

N

niki . ~25!

If we use that v(ki)52ki
3, (i P1¯N) and A15C(1,0,0,...,0),A25C(0,1,0,...,0),...,AN

5C(0,...,0,1), we find that the expansion coefficients of theN-soliton solution for the KdV
equation can be computed by solving the following linear relationship:

L ~m1¯mN!~k1¯kN!C~m1¯mN!5R~m1¯mN!~k1¯kN!, ~26!

where

R~m1¯mN!~k1¯kN!526 (
h1¯hN51

m121¯mN21

M ~h1¯hN!~k1¯kN!C~m12h1¯mN2hN!C~h1¯hN!.

~27!

From the exercise performed in this section, we can conclude that general solutions of th
equation can be obtained by solving Eqs.~26!. This implies that the KdV equation can be tran
formed into a simple linear algebraic equation in the coefficient space. We can conclude th
KdV equation hasN-soliton solutions because the following two conditions are satisfied.

~i! The structure of the nonlinearity of the kdV equation guarantees that the equatio
solutions of the form~23!. This result implies that the coefficientsR(m1¯mN)(k1¯kN) exist.

~ii ! L (n1¯nN)(k1¯kN) is not equal to zero ifk1¯kNÞ0 andn1¯nNÞ0. This implies that
L (n1¯nN)(k1¯kN) has an inverse.

In the following section we will show that a similar condition must hold for other NPDEs
the following section it is shown that the concepts derived for the KdV equation can be ge
ized to large classes of NPDEs. The results obtained in this section are derived by assum
the solution of the KdV equation can be expanded in Fourier basis functions. In the follo
section, it will be shown that similar principles apply for other basis functions.

III. GENERALIZATIONS

In this section we will present more general results with respect to the integrability of
linear evolution equations. This will be done by generalizing the results obtained for the
equation. In this section, we focus on NPDEs of the following type:

L@u~x,t !#5Q@u~x,t !#. ~28!

In Eq. ~28!, the functionu(x,t) is an M-component vector function having entriesui(x,t). The
operatorL@•# is assumed to take the following form:
 2010 to 131.155.100.2. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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L@u~x,t !#5F i I
]

]t
1 (

n51

K

A~n!
]n

]xnGu~x,t !. ~29!

The matricesA(n) in Eq. ~29! areM3M matrices andI is the identity matrix. As concluded from
the previous section, integrability puts strong constraints on the nonlinearity represented
operatorQ. As a necessary condition for the integrability we require that if a solution of Eq.~28!
has the following form:

u~x,t !5 (
m1¯mN51

`

C~m1¯mN!expF i (
r 51

N

(
s51

M

m rkrszrsG ; zrs5x2
v~krs!

t
, ~30!

then the operatorQ must satisfy the following property:

Q@u~x,t !#5 (
m1¯mN51

`

R~m1¯mN!expF i (
r 51

N

(
s51

M

m rkrszrsG , ~31!

where C(m1¯mN) and R(m1¯mN) are M-dimensional vector functions. Similarly as for th
KdV equation, the vector functionR(m1¯mN) is specified by the nonlinearity. In other words, w
require that given a solution of the form~30!, the nonlinear operatorQ@u(x,t)# can be expanded
in the same set of basis functions asL@u(x,t)#. In the previous section, we have shown that t
nonlinearity of the KdV equation satisfies this condition. In general, large classes of non
operators will have the property~31! and among them we are especially interested in the subc
P̂, which plays an important role in nonlinear optics:

P̂@u~x,t !#5PNS u,
]u

]x
,
]u

]t
,...,

]pu

]xq]tp2qD , ~32!

wherePN are polynomials of orderN. If we let act the linear operatorL onto the solution~30!, we
obtain the following relationship:

L@u~x,t !#5S I (
r 51

N

(
s51

M

m rv~krs!1 (
n51

K

A~n!F i (
r 51

N

(
s51

M

m rkrsGnD u~x,t !. ~33!

From this result, we can identify a matrixL (m1¯mN)(ki j ), which is given by

L ~m1¯mN!~ki j !5I (
r 51

N

(
s51

M

m rv~krs!1 (
n51

K

A~n!F i (
r 51

N

(
s51

M

m rkrsGn

. ~34!

This result implies that the coefficientsC(m1¯mN) that determine the solution~30! can be
determined by solving

L ~m1¯mN!~ki j !C~m1¯mN!5R~m1¯mN!. ~35!

The coefficientsC~1,0,0,...,0!,C~0,1,0,...,0!,...,C~0,...,0,1! are determined by the initial condition
In principle, we expand the solutionu(x,t) in an arbitrary set of basis functions. Suppose

an example a functionû(x,t) that can be expanded in the set of basis functionsf (n)(x,tuk,v):

û~x,t !5 (
n51

`

anf ~n!~x,tuk,v!. ~36!

We define the setS as the basis function:

S5$ f ~1!~x,tuk,v!, f ~2!~x,tuk,v!, f ~3!~x,tuk,v!,...%, ~37!
 2010 to 131.155.100.2. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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which have the following properties:

I: if f ~n!~x,tuk,v!PS⇒ ]

]t
f ~n!~x,tuk,v!5ân~k,v! f ~m!~x,tuk,v! ~ f ~m!~x,t !PS!,

II: if f ~n!~x,tuk,v!PS⇒ ]

]x
f ~n!~x,tuk,v!5b̂n~k,v! f ~m!~x,tuk,v! ~ f ~m!~x,t !PS!,

III: if f ~n!~x,t !PS and f ~m!~x,t !PS⇒ f ~n!~x,t !• f ~m!~x,t !PS. ~38!

The properties I and II guarantee thatL@ û(x,t)# can be expanded in basis function
f (n)(x,tuk,v):

L@ û~x,t !#5 (
n51

`

L̂ ~n!anf ~n!~x,tuk,v!, ~39!

where the precise structure of the operatorL̂ (n) is determined by the linear differential operatorL.
Property III in Eq.~38! guarantees nonlinearities of the typeP̂ can be expanded in the same ba
functionsf (n)(x,tuk,v). If the nonlinearity represented by the operatorP̂ can also be expanded i
the same basis functionsf (n)(x,tuk,v):

Q@ û~x,t !#5 (
n51

`

R̂nf ~n!~x,t !, ~40!

then, we can compute the expansion coefficientsan by solving the relationship

an5@ L̂ ~n!#21R̂n , ~41!

wherea1 is determined by the initial condition. Of course, we can generalize this result furth
replacing Eq.~30! by

u~x,t !5 (
m1¯mN51

`

Ĉ~m1¯mN!)
i 51

N

)
j 51

M

f ~ i !~x,tuk̂i j ,v̂ i j !. ~42!

The structure of the solutions proposed in Eq.~42! is, in fact, a generalization of Eq.~30!. If we
replacef ( i )(x,tuk̂i j ,v̂ i j ) by exp@imikijzij#, the form~30! is retained. Following a similar approac
as in the case of Fourier basis functions, we find that if the conditions~38! hold for the solution
~42!, the linear part of the differential equation acts on the solution~42! like

L@u~x,t !#5S i I(
i 51

N

(
j 51

M

v̂ i j 1 (
n51

K

A~n!F(
i 51

N

(
j 51

M

k̂i j GnD u~x,t !, ~43!

where it is assumed that ] t f
( i )(x,tuk̂i j ,v̂ i j )5v̂ i j f

( i )(x,tuk̂i j ,v̂ i j ) and
]xf ( i )(x,t)5 k̂i j f

( i )(x,tuk̂i j ,v̂ i j ). This relationship enables us to identify an operatorL̂ ( i j )

3(v̂ i j ,k̂i j ) according to

L̂ ~ i j !~ v̂ i j ,k̂i j !5S i I(
i 51

N

(
j 51

M

v̂ i j 1 (
n51

K

A~n!F(
i 51

N

(
j 51

M

k̂i j GnD . ~44!

If we, moreover, assume that the operatorQ is of the classP̂ so that

Q@u~x,t !#5 (
m1¯mN51

`

R̂~m1¯mN!)
i 51

N

)
j 51

M

f ~ i !~x,tuk̂i j ,v̂ i j !, ~45!
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then the expansion coefficients are determined by the following linear iteration series:

L̂ ~ i j !~ v̂ i j ,k̂i j !Ĉ~m1¯mN!5R̂~m1¯mN!. ~46!

From this result, we can conclude that we can transform Eq.~28! into Eq. ~46!. We can conclude
that a NPDE of the form of Eq.~28! is integrable if the following two conditions are satisfied.

~i! The nonlinearity must have such a structure that it can be expanded in the same
functions as the linear part. In other words, the nonlinearity must guarantee that Eq.~45! is
satisfied.

~ii ! The inverse matrixL̂ ( i j )(v̂ i j ,k̂i j ) must exist.
From this result we can conclude that provided a solution~30! exists, the integrability of the

NPDE is completely determined by the linear part of the evolution equation. These are al
conditions that guarantee the integrability of Eq.~28!. In the following section, we apply thes
concepts to examine the integrability of some NPDEs.

IV. EXAMPLES

In this section, we will apply the machinery developed in the previous sections to inves
the integrability of various NPDEs. As a first example, we consider the nonlinear Schro¨dinger
equation:

i ] tu5]xxu12uu* u. ~47!

If we substitute

u~x,t !5eiaxei ~a22b2!teif (
n51

`

Ane2n~bx22abt!, ~48!

into Eq. ~47!, we obtain

(
n51

`

@~12n2!b2#Ane2n~bx22abt!52(
n51

`

(
l 51

n22

(
m51

n2 l 21

AlAmAn2m2 le
2n~bx22abt!. ~49!

It can be verified that forn51 the linear dispersion relationshipv52k2 (k5a1bi) is satisfied.
Since both the left-hand side and the right-hand side can be expanded in the same Fouri
functions, we can determine the expansion coefficients by the following recursion relations

L ~n!~k!An5R~n!; k5a1bi, ~50!

where

L ~n!5@12n2#b2; R~n!52(
l 51

n22

(
m51

n2 l 21

AlAmAn2m2 l . ~51!

If we assume thatA15A, then by computing all the coefficientsAn , and carrying out the sum
mation, similarly as in Eq.~11!, we obtain the NLS soliton:

u~x,t !5Aeiaxei ~a22b2!teifej0 sech~bx22abt1j0!, j052
1

2
logS A2

4b2D . ~52!

Similarly as for the KdV equation, the two-soliton solution of the nonlinear Schro¨dinger equation
can be computed by considering solutions:
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u~x,t !5ei ~a11a2!xei ~a1
2
1a2

2
2b1

2
2b2

2
!teif (

n,m51

`

C~n,m!e2n~@b11b2#x22@a1b11a2b2#t !. ~53!

By generalizing this procedure, as presented in Sec. III, theN-soliton solution of the nonlinea
Schrödinger equation can be computed.

As a second example we consider the coupled nonlinear Schro¨dinger equation:

iu1t5u1xx1~ uu1u21uu2u2!u150,
~54!

iu2t5u2xx1~ uu2u21uu1u2!u250.

If we make the following substitution for the solutionu(x,t)5@u1(x,t),u2(x,t)#T:

u~x,t !5eiaxei ~a22b2!t (
n51

`

Ane2n~bx22abt!, A~n!5~A1
~n! ,A2

~n!!T, ~55!

into Eq.~54!, it can be verified that both the left-hand side and the right-hand side of Eq.~54! can
be expanded in the same basis functions. This is due to the fact that bothu1(x,t) andu2(x,t) have
the same dispersion relationv(k)52k2. As a result, we can determine the expansion coefficie
A(n) by solving the following recursion relation:

L ~n!~k!A~n!5R~n!, k5a1bi, ~56!

where

L ~n!5I @12n2#b2; R~n!5 (
l 51

n22

(
m51

n2 l 21 S A1
~ l !A1

~m!A1
~n2m2 l !1A2

~ l !A2
~m!A1

~n2m2 l !

A1
~ l !A1

~m!A2
~n2m2 l !1A2

~ l !A2
~m!A2

~n2m2 l !D . ~57!

As a last example, we consider the three-dimensional nonlinear Schro¨dinger equation:

i ] tu5 (
n51

3

]xn

2 u12uu* u. ~58!

If we substitute

u~x,t !5eia–xei ~a–a2b–b!teif (
n51

`

Ane2n~b–x22a–bt !, ~59!

into Eq. ~47!, we obtain

(
n51

`

@~12n2!b–b#Ane2n~b–x22a–bt !52(
n51

`

(
l 51

n22

(
m51

n2 l 21

AlAmAn2m2 le
2n~b–x22a–bt !. ~60!

In Eq. ~59! and Eq.~60!, it is used thatx5(x1 ,x2 ,x3)T, a5(a1 ,a2 ,a3)T, andb5(b1 ,b2 ,b3)T. It
can be verified that forn51 the linear dispersion relationshipv252k–k(k5a1bi ) is satisfied.
Since both the left-hand side and the right-hand side can be expanded in the same Fouri
functions, we can determine the expansion coefficients by the following recursion relations

L ~n!~k!An5R~n!; k5a1bi , ~61!

where
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L ~n!~k!5@12n2#b–b; R~n!52(
l 51

n22

(
m51

n2 l 21

AlAmAn2m2 l . ~62!

Similarly as in the one-dimensional case, explicit solutions of the three-dimensional non
Schrödinger equation can be obtained by carrying out the summation of the expansion coeffi
The discussion can be made more general by using other expansion functions, similarly as
~53!.

V. DISCUSSION AND CONCLUSIONS

We have presented a method to investigate the integrability for NPDEs having a polyn
type of nonlinearity. It has to be remarked that we have assumed throughout this pape
integrability is equivalent with the existence ofN solitons. It is shown that two conditions play a
important role. The first condition is that the nonlinearity can be expanded in the same
functions as the linear part. The second condition is that the linearized part of the NPD
nontrivial solutions. The method is presented by investigating the integrability of the KdV e
tion as an example. In Sec. III the method is first generalized for NPDEs having solutions th
be expanded in an infinite set of Fourier basis functions. Later on, it is shown that we do no
to restrict ourselves to Fourier basis functions only. Moreover, it is likely that the method
works for nonpolynomial types of nonlinearity, at least if the nonlinearity can be expande
polynomial form. The paper is concluded by applying the method on the nonlinear Schro¨dinger
equation, the coupled nonlinear Schro¨dinger equation, and a three-dimensional example. I
shown that we can derive special solutions of the three-dimensional nonlinear Schro¨dinger equa-
tion.

There is an interesting link between the work carried out in this paper and Hirota’s meth5,9

in which it is shown for the KdV equation that by applying the transformation

u52~ logF !xx , ~63!

the solutionF can be written as

F~x,t !5detuM u, ~64!

where theN3N matrix M has the entries

Mi j ~x,t !5d i j 1
2~Pi Pj !

1/2

Pi1Pj
e~1/2!~j i1j j !; j i5Pix2Pi

3t2j i
0, ~65!

andPi andj i
0 are arbitrary constants. The result presented above was obtained by assumi

the solutionF(x,t) can be expanded in a similar series that formed the starting point in this p

F~x,t !511F ~1!~x,t !1F ~2!~x,t !1¯ . ~66!

The major difference between the method presented in this paper and Hirota’s method is t
latter succeeded to formulate solutions of the KdV equation by using a finite number of func
F (N)(x,t), whereas our method needs an infinite number of basis functions. It is also interes
mention that the solutions obtained by Hirota have a similar structure as inverse scattering
tions for rational reflection coefficients as obtained by Sabatier.10 Moreover, in Ref. 11 it is shown
for the KdV equation that Fourier expansion of the inverse scattering solutions as deriv
Sabatier is equal to the series~11!. The solutions derived in this paper can therefore be rega
as a Fourier expansion of Hirota’s solution.
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