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Abstract 
In the last few decades, the circular economy, and therewith plastics recycling, has gained more and more 

attention. However, due to bad, unknown, quality of a blend of different plastics, materials are often 

downcycled. Being capable to predict the properties of a blend of (recycled) plastics will enhance the 

chance of finding a better fit for possible applications. In this study it is investigated whether it is possible 

to predict the rheological properties of post-consumer plastic packaging waste for rigid HDPE and PP. The 

approach of this theoretical study is to convert the commonly measured melt flow rates of virgin polymers 

to a molecular weight distribution, with the shear thinning viscosity curve as intermediate step, using the 

Cross equation and a branch-on-branch algorithm. Subsequently, the molecular weight distribution of the 

blend of recycled polymers can be determined and the melt flow rates of the blend can be predicted. With 

these melt flow rates, suitable applications for the blend of post-consumer plastic waste can be 

determined. The described method also allows for fast theoretical experiments on the behavior of melt 

flow rates, molecular weight distribution and viscosity curve of a blend of two polymers as function of the 

weight fraction. 
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Nomenclature 
 

Symbol Description Units 

𝜸  Shear strain −  

𝝉   Shear stress 𝑃𝑎/𝑚2  

�̇�  Shear rate 1/𝑠  

𝝈  Stress response 𝑃𝑎  

𝜼  Viscosity 𝑃𝑎 ∗ 𝑠  

𝚫𝒙  Displacement 𝑚  

𝒉  Distance between two plates 𝑚  

𝑭  Force 𝑃𝑎  

𝑨  Area 𝑚2  

𝒕  Time 𝑠  

𝝎  Frequency 1/𝑠  

𝑮′  Storage modulus 𝑃𝑎  

𝑮′′  Loss modulus 𝑃𝑎  

𝜼𝟎  Zero shear viscosity 𝑃𝑎 ∗ 𝑠  

𝝀  Parameter of the Cross equation 𝑠  

𝒎  Parameter of the Cross equation −  

𝑫  Diameter 𝑚  

𝑹  Radius 𝑚  

𝒓  Radial position 𝑚  

𝑳  Length 𝑚  

𝑷  Pressure 𝑃𝑎  

𝒈  Gravity constant 𝑚/𝑠2  
𝝆  Density 𝑘𝑔/𝑚3  
𝒍  Loading 𝑘𝑔  

𝑷𝑳  Pressure loss −  

𝑴𝑭𝑹  Melt flow rate 𝑔/10 𝑚𝑖𝑛  

𝑰𝟐  Melt flow rate measured at 2.16 kg 𝑔/10 𝑚𝑖𝑛  

𝑰𝟓  Melt flow rate measured at 5 kg 𝑔/10 𝑚𝑖𝑛  

𝑰𝟐𝟏  Melt flow rate measured at 21.6 kg 𝑔/10 𝑚𝑖𝑛  

𝑴𝒏  Number average molecular weight 𝑔/𝑚𝑜𝑙𝑒  

𝑴𝒘  Weight average molecular weight 𝑔/𝑚𝑜𝑙𝑒  

𝑴𝒛  Z-average molecular weight 𝑔/𝑚𝑜𝑙𝑒  

𝑴𝒎𝒐𝒏  Monomer mass 𝑔/𝑚𝑜𝑙𝑒  
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1 Introduction 
Ever since the 1940s, when the first industrial scale production of plastics took place, the production, 

consumption and plastic solid waste generation has drastically increased [1]. In the past half-century, the 

volume of production of plastics has grown more than twenty times (from 15 million tons in 1964 to 311 

million tons in 2014). It is expected that the usage of virgin plastics will double again over the next 20 

years [2].  

Packaging is the largest of all plastic applications, currently representing around 40% in the European 

Union [3]. Benefits from plastic packaging are the extended shelf life of food, leading to less food waste, 

and the reduced packaging weight, leading to lower fuel consumption for transportation [2]. However, 

important drawbacks of plastic packaging become more apparent every day. Plastic packaging is almost 

always for single-use applications. After use, a large percentage ends up in the stream of municipal solid 

waste, contributing a lot to the plastic soup [1]. Furthermore,  plastic production represents 6% of the 

global oil consumption, which is equivalent to the oil consumption of the global aviation sector. If the 

plastic production keeps growing like this, in 2050 there will be more plastic in the sea than fish and the 

plastics sector will account for 20% of the total oil consumption [2]. 

Due to the drawbacks of plastic production, there has been a lot of research into recycling the past few 

decades [1] [4]. A shift to a completely circular economy would reduce greenhouse-gas emissions up to 

70% [5]. With a packaging recycling system, up to half of the amount of energy needed for production of 

e.g. polyethylene (PE) liquid containers can be saved [6]. Recycling can be done at different levels; primary 

(re-extrusion), secondary (mechanical), tertiary (chemical) and quaternary (energy recovery) [1]. In this 

study, the focus will be on secondary recycling.  

In 2016, 16.7 million tons of plastic packaging was collected for recycling in Europe. 40.9% was used for 

recycling, the rest was burned for energy or used as landfill [7]. So one would say there is still a lot of room 

for improvement. However, according to the CPB Netherlands Bureau for Economic Policy Analysis, 

collecting more plastics would result in limited environmental gain. The main problem is the mediocre 

quality of the recycled material [8]. Because of this, the applications of the recycled products are most of 

the time lower-value [2]. Even after thoroughly sorting different types of polymers, still an inconsistent 

blend of polymers with different unknown molecular weight distributions remains. Measuring the 

composition and properties of this blend is too expensive, which is also one of the reasons why recycled 

plastics are not yet in commercial use. The cost/property balance is unfavorable [9]. New technological 

developments are required to improve the quality of recycled plastics and decrease the cost of recycling 

[8]. One of these new technologies could be predicting the composition of a recycled stream, as well as 

its rheological properties, thereby predicting the processability and possible applications of the blend. The 

purpose of this work is therefore to investigate if and how the structure and processability of post-

consumer plastic waste can be predicted without extensive experimentation.  
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2 Approach 
The approach for this study is first obtaining a deep knowledge of the rheological properties of virgin 

polymers used in rigid packaging applications. Then this knowledge can be applied to define blend 

compositions in various collection scenarios. In this work, the focus lies on rigid plastics, namely high 

density polyethylene (HDPE) and polypropylene (PP), used for packaging. It is assumed that the recycling 

process is well developed, so that the considered waste streams consist of only one type of polymer (only 

HDPE or only PP), and that the plastics in the recycled stream haven’t degraded, so still have the same 

properties as the virgin plastics.  

Polymer manufacturers commonly use melt flow rates to 

describe the properties of their products. It is a simple 

rheological test method to measure the ease of flow of 

polymer melts [10]. In a melt indexer (Figure 1), a material is 

pushed through a die and the melt flow rate is the amount of 

material that is pushed through the die in grams per 10 

minutes. This can be done with different loadings, creating 

different pressure differences. Melt flow rates give a 

reasonable indication of the processability of polymers.  

When blending multiple polymers with different melt flow 

rates, as also happens with post-consumer plastic waste, the 

following equation can be used to estimate the melt flow 

rates of the final product [11]: 

ln(𝑀𝐹𝑅𝑡𝑜𝑡) =  ∑ 𝑥𝑖 ∗ ln (𝑀𝐹𝑅𝑖)𝑛
𝑖=1   (1) 

Another equation that is commonly used to calculate the 

melt flow rates of a blend of different polymers is based on 

the relationship between the zero shear viscosity and the 

weight average molecular weight: 

𝑀𝐹𝑅𝑡𝑜𝑡

− 
1

3.4 = ∑ 𝑥𝑖 ∗ 𝑀𝐹𝑅
𝑖

− 
1

3.4𝑛
𝑖=1    (2) 

However, these are just empirical relationships and not always valid, e.g. for higher loading the melt flow 

rates don’t always correlate only with the zero shear viscosity. In order to properly calculate the blend 

properties of different polymers, the molecular weight distribution of all separate types of polymers needs 

to be known. If the number average molecular weight (𝑀𝑛), weight average molecular weight (𝑀𝑤) and 

z-average molecular weight (𝑀𝑧) of the separate polymers are known, the following equations can be 

used to calculate the 𝑀𝑛, 𝑀𝑤 and 𝑀𝑧 of the total blend: 

1

𝑀𝑛
= ∑

𝑤𝑖

𝑀𝑛,𝑖

𝑛
𝑖=1       (3) 

Figure 1: Schematic representation of a melt 
indexer. 
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𝑀𝑤 = ∑ 𝑤𝑖 ∗ 𝑀𝑤,𝑖
𝑛
𝑖=1     (4) 

𝑀𝑧 =
∑ 𝑤𝑖∗𝑀𝑧,𝑖∗𝑀𝑤,𝑖

𝑛
𝑖=1

∑ 𝑤𝑖∗𝑀𝑤,𝑖
𝑛
𝑖=1

    (5) 

The molecular weight distribution can be measured with gel permeation chromatography (GPC). 

However, this measurement is quite difficult and expensive. Furthermore, it is not possible when the 

polymer cannot dissolve. Because melt flow rates are much easier to measure, and most of the time 

already known for typical applications, the goal is to find a method that can convert a set of melt flow 

rates to a molecular weight distribution. Empirical correlations exist that relate a melt flow rate to the 

weight average molecular weight [12] [13] and the ratios of the melt flow rates and the width of the 

distribution [14]. However, no direct theoretical relationships between the number-average and z-

average molecular weights and the melt flow rates exist.  

An intermediate step for calculating the molecular weight distribution from the melt flow rates, is 

calculating the viscosity curve as function of the shear rate. Empirical correlations exist between the 

viscosity at zero shear and molecular weight [15]. However, they don’t correlate with the shear thinning 

part of the viscosity curve. Furthermore, with this new method it would be possible to predict both the 

viscosity curve and the molecular weight distribution from a set of three melt flow rates. 

In the following subsection some basic concepts of rheology will be explained. In the sections afterwards, 

the method for calculating the molecular weight distribution from a set of three melt flow rates will be 

explained. In Figure 2 a schematic overview is given of the approach all the different steps. For 

convenience, the starting point of the calculations will be the molecular weight distribution. The viscosity 

curve can be calculated from the molecular weight distribution by using a branch-on-branch algorithm 

(Figure 2, 1). Then the viscosity curve can be used to calculate a set of three melt flow rates with an exact 

method that is derived from the momentum equation (Figure 2, 3). To lower the calculation time and to 

make reverse calculation possible, fit equations will be built from both previous steps (Figure 2, 2 and 4). 

Subsequently, the two sets of fit equations can be combined to calculate the melt flow rates from the 

molecular weight distribution (Figure 2, 5). The final step will be the reverse calculation of calculating the 

molecular weight distribution from a set of three melt flow rates (Figure 2, 6).  

With the molecular weight distributions and weight fractions of all different polymers in a stream of 

plastics, the total molecular weight distribution can be calculated. With this total molecular weight 

distribution, the melt flow rates of the blend of polymers can be calculated, which is then a predictor for 

the processability and the possible applications. 
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Molecular 
weight 

distribution 
 

𝑀𝑤 
𝑀𝑤/𝑀𝑛 
𝑀𝑧/𝑀𝑤  

 

Melt flow 
rates 

 
 

𝐼2 
𝐼5 

𝐼21  
 

Viscosity 
curve (Cross 

equation) 
 

𝜂0 
𝜆 

𝑚  
 

Branch-on-branch algorithm 
 

Fit equations (1) 
 

𝜂0 = 𝑓(𝑀𝑤, 𝑀𝑤/𝑀𝑛 , 𝑀𝑧/𝑀𝑤) 
 

𝜆 = 𝑓(𝑀𝑤, 𝑀𝑤/𝑀𝑛 , 𝑀𝑧/𝑀𝑤) 
 

𝑚 = 𝑓(𝑀𝑤, 𝑀𝑤/𝑀𝑛 , 𝑀𝑧/𝑀𝑤) 
 

 

Exact method (momentum 
balance) 

Fit equations (2) 
 

𝐼2 = 𝑓(𝜂0, 𝜆, 𝑚) 
 

𝐼5 = 𝑓(𝜂0, 𝜆, 𝑚) 
 

𝐼21 = 𝑓(𝜂0, 𝜆, 𝑚) 
 

 

1  4 
 2  5 
 3  6 
  
Figure 2: Overview of the separate steps for calculating the molecular weight distribution from a set of three melt flow rates:  

1. The molecular weight distribution is converted to the viscosity curve using the branch-on-branch algorithm.  
2. To make the calculation of the viscosity curve from the molecular weight distribution, and especially the reverse calculation, 

faster, three fit equations are built from the branch-on-branch algorithm.  
3. The viscosity curve is converted to a set of three melt flow rates using an exact method derived from the momentum balance.  
4. To make the calculation of the melt flow rates from the viscosity curve, and especially the reverse calculation, faster, three fit 

equations are built from the exact method.  
5. All fit equations are connected to each other. First the viscosity curve is calculated from the molecular weight distribution 

with the first  three fit equations, then the melt flow rates are calculated from the viscosity curve with the next three fit 
equations.  

6. The calculations are performed backward in an iterative way. First the viscosity curve is calculated by solving the second set 
of fit equations iteratively with an initial set of melt flow rates, then the molecular weight distribution is calculated by solving 

the first set of fit equations iteratively with the parameters of the viscosity curve. 
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2.1 Rheology 
Rheology is the science of deformation and the flow 

of matter [16]. The deformation of a material is 

schematically depicted in Figure 3, where a material 

is ‘sandwiched’ between two plates. Basic concepts 

in rheology are the shear strain (the displacement 

divided by the distance between the two plates):  

𝛾 = ∆𝑥/ℎ   (6) 

The shear stress (the force divided by the area on 

which it is applied):  

𝜏 = 𝐹/𝐴   (7) 

And the shear rate (the velocity divided by the distance between the two plates):  

�̇� =
𝑑∆𝑥

𝑑𝑡

ℎ
=

𝑢

ℎ
   (8) 

The response of the material depends on its properties. For an ideal viscous liquid, the response is 

proportional to the strain rate, whereas for an ideal elastic material is the stress proportional to the 

applied strain. The focus in this study will be on polymer melts, which are viscoelastic materials. These 

materials exhibit a behavior between an elastic solid and a viscous liquid. The response of viscoelastic 

materials therefore consists of two components: 

𝜎(𝑡) = 𝐺′𝛾0 sin(𝜔𝑡) + 𝐺′′𝛾0cos (𝜔𝑡)  (8) 

In equation (8) is 𝜎 the stress response, 𝛾0 the magnitude of the step strain applied at 𝑡 = 0, 𝜔 the 

frequency per second and 𝑡 the time in seconds. 𝐺′ is the storage modulus, describing the elastic part of 

the behavior of the material. 𝐺′′ is the loss modulus, describing the viscous part of the behavior of the 

material [17].  

Figure 3: Schematic representation of the deformation of a 
material [17]. 
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2.2 Viscosity 

The resistance to shearing is represented by the viscosity [18]. The definition of viscosity, also known as 

Newton’s law of Viscosity, is the ratio of shear stress and shear rate:  

𝜂 =
𝜏

�̇�
   (9) 

If the viscosity is constant, thus independent of the shear 

rate, a fluid is called Newtonian. Polymers melts, 

however, are non-Newtonian fluids and have viscosities 

that decrease with increasing shear rate. This is called 

‘shear-thinning’, or pseudo-plastic, behavior. Newtonian 

and shear-thinning viscosity behavior are compared in 

Figure 4. 

An expression that is frequently used to describe this 

shear-thinning behavior is the power law, or Ostwald de 

Waele equation [19]: 

𝜏 = 𝐾�̇�𝑛   (10) 

where 𝐾 and 𝑛 are constants. This equation, however, only describes the viscosity at higher shear rate. It 

doesn’t describe the plateau on the left side of the viscosity curve.  

To include the plateau and the bend of the curve, the Newtonian expression can be combined with the 

power law expression. This leads to the Cross equation [20]: 

𝜂 =
𝜂0

1+(𝜆∗�̇�)𝑚   (11) 

where 𝜂0 is the zero shear viscosity, 𝜆 indicates where the curve starts to shift from Newtonian to power 

law behavior and 𝑚 is the slope of the power law section on a logarithmic scale. 

2.2 Experimental data 
For this study a set of experimental data of 32 different HDPE resins from the Dow Chemical Company 

was used. For each material, the 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤 were known, as well as three melt flow rates, 

𝐼2, 𝐼5 and 𝐼21, and the viscosity at shear rates of 0.1 and 100 s-1.  

Figure 4: Newtonian and shear-thinning viscosity 
behavior of a fluid [18]. 
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3 From molecular weight distribution to viscosity curve 
In this section it will be explained how the viscosity curve of a material can be calculated from the 

molecular weight distribution. First an approach using a branch-on-branch algorithm (BoB) [21] will be 

explained (section 2, Figure 2, 1). Because this is a time-consuming method, three fit equations will be 

built that give an approximation of BoB (section 2, Figure 2, 2). The fit equations can also be used for the 

backward calculation, so calculating the molecular weight distribution from the viscosity curve. The 

backward calculation is not possible with BoB, because solving BoB iteratively would be too time-

consuming. 

3.1 Branch-on-branch algorithm 
A BoB algorithm was used to calculate the viscosity curve from the molecular weight distribution (section 

2, Figure 2, 1). The linear rheology of the virgin polymers can be calculated with this algorithm, which is 

based on existing theoretical understanding of relaxation processes of polymers, tube theory, as well as 

some new concepts [21]. The molecular structure is linked to rheological properties by two parameters: 

the entanglement molar mass 𝑀𝑒 and a specific time scale. 

BoB requires an input file where several parameters are specified. It contains, among other things, 

monomer mass, number of monomers in one entangled segment, density, entanglement time and 

amount of polymers that will be blend. A complete overview of the input file can be found in the 

instructions for using BoB 2.3 [22].  

BoB can generate polymers by itself, but the user can also supply a polymer configuration file. BoB works 

on a segment level. A number of segments connected to each other forms a polymer. A segment can be 

connected to two other segments on both ends, left and right, at most. An example of how a polymer is 

represented is by considering an H-polymer (see Figure 5). The segments are numbered starting from 

zero. Now a connectivity matrix can be made. The first line represents the 0th segment and so on. If a 

segment doesn’t use a connection point, this is represented by a -1. This is the case for both connections 

on the left side of the 0th segment, so the first two entries will be -1. If a segment is connected to another 

segment, this is indicated with the number of the segment it’s connected to. The 0th segment is connected 

to segment 1 and 2 on the right side, resulting in 1 and 2 as third and fourth entry. For every segment a 

line can be filled in, resulting in the connectivity matrix shown in Table 1. 

 

Table 1: Connectivity matrix for an H-polymer. 

-1 -1 1 2 

-1 -1 0 2 

0 1 3 4 

2 4 -1 -1 

2 3 -1 -1 

 
Figure 5: Schematic image of an 

H-polymer. 
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For this study only linear polymers were considered. In BoB, linear polymers consist of two equal 

segments, shown in Figure 6. This means both segments are connected to each other on one side and 

have a free end on the other side, thus resulting in the connectivity matrix shown in Table 2. 

Table 2: Connectivity matrix for a linear polymer. 

-1 -1 1 -1 

0 -1 -1 -1 

 

This connectivity matrix can be used for writing a polymer configuration file that BoB can read. The first 

line of the file consists of the name of the polymer. The second line consists of the number of 

entanglements. The third line is the number of polymers. Then the number of segments for the first 

polymer is given. After this, the connectivity matrix of the polymer is given. After each line of the matrix, 

also the molar mass (in units if the entanglement mass) and the weight fraction of the segment needs to 

be given. An example of a configuration file for two equal linear polymers is: 

  LIN 

  40.0 

  2 

  2 

  -1 -1 1 -1 2.5 0.25 

  0 -1 -1 -1 5.5 0.25 

  2 

  -1 -1 1 -1 2.5 0.25 

  0 -2 -2 -2 5.5 0.25 

 

3.1.1 Generalized exponential distribution 

A generalized exponential (GEX) distribution was used to describe the molecular weight distribution, as 

can be seen in Figure 7. This distribution makes a distinction between  𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤 [23], whereas 

for a lognormal distribution 𝑀𝑤/𝑀𝑛 = 𝑀𝑧/𝑀𝑤. A wide class of monomodal distributions can be described 

with the GEX function [24]. The equation that is used to describe this distribution is [23][25]:  

 
𝑑𝑊

𝑑 𝑙𝑜𝑔(𝑀) 
=

𝑏

10 𝑙𝑜𝑔(𝑒)
∗ [

1

𝛤(
𝑎+1

𝑏
)
] ∗ (

𝑀

𝑀0
)

𝑎+1
∗ 𝑒

[−(
𝑀

𝑀0
)

𝑏
]
   (12)  

With the average molecular weights given as: 

𝑀𝑛 = 𝑀0

𝛤(
𝑎+1

𝑏
)

𝛤(
𝑎

𝑏
)

     (13) 

𝑀𝑤 = 𝑀0

𝛤(
𝑎+2

𝑏
)

𝛤(
𝑎+1

𝑏
)
    (14) 

𝑀𝑧 = 𝑀0

𝛤(
𝑎+3

𝑏
)

𝛤(
𝑎+2

𝑏
)
     (15) 

Figure 6: Schematic image of a linear polymer. 
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When 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤 are known, the 

three parameters 𝑎, 𝑏 and 𝑀0 can iteratively be 

calculated with MATLAB. With these parameters, 

the polymer configuration that is needed for the BoB 

calculations, was generated. For the calculation of a 

molecular weight distribution, 100 polymer chains 

were generated. The fraction of each polymer was 

calculated by dividing the probability by the sum of 

the probabilities of all polymers. The molar mass in 

units of the entanglement mass of each polymer was 

calculated as follows: 

𝑀𝑤,𝑐𝑜𝑛𝑓(𝑖) =
𝑀𝑤(𝑖)

𝑁𝑚𝑜𝑛∗𝑀𝑚𝑜𝑛∗𝑁𝑠𝑒𝑔
   (16) 

Here 𝑀𝑤,𝑖  is the molecular weight of polymer i in grams per mole, 𝑁𝑚𝑜𝑛 is the amount of monomers in 

an entanglement, 𝑀𝑚𝑜𝑛 is the monomer mass in grams per mole, 𝑁𝑠𝑒𝑔 is the amount of segments (for 

this study the amount of segments is always 2, because only linear polymers are being considered). The 

weight fraction of the polymer is calculated as follows: 

𝑤𝑐𝑜𝑛𝑓(𝑖) = 𝑤(𝑖)/𝑁𝑠𝑒𝑔     (17) 

Here w(i) is the weight fraction of polymer i.  

These calculations lead to a polymer configuration file that looks as follows: 

  LIN 

  5.230000e+01 

  100 

  2 

  -1 -1 1 -1 M_w(1)/(N_mon*M_mon*N_seg) w(1)/N_seg 

  0 -1 -1 -1 M_w(1)/(N_mon*M_mon*N_seg) w(1)/N_seg 

  2 

  -1 -1 1 -1 M_w(2)/(N_mon*M_mon*N_seg) w(2)/N_seg 

  0 -1 -1 -1 M_w(2)/(N_mon*M_mon*N_seg) w(2)/N_seg 

  …  …  …  …  … 

  …  …  …  …  … 

  etc. 

  …  …  …  …  … 

  …  …  …  …  … 

 

  

Figure 7: Generalized exponential molecular weight 
distribution with 𝑀𝑤 = 1𝑒5, 𝑀𝑤/𝑀𝑛 = 15 and 𝑀𝑧/𝑀𝑤 =  5 
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3.1.2 Complex viscosity 

With BoB, the storage and loss moduli as function of the frequency in rad/s of a polymer with a certain 

molecular weight distribution can be calculated, as can be seen in Figure 8a. These values were used to 

calculate the complex viscosity of the polymer:  

𝜂 = √(
𝐺′

𝜔

2

+
𝐺′′

𝜔

2

)    (18) 

The shear rate �̇� is equal to the frequency 𝜔.  

This curve can then be fitted to an expression that can describe the shear thinning behavior of the 

viscosity, such as a power law equation or the Cross equation, in MATLAB. Because the Cross equation 

gives a good approximation of the shear thinning curve, this equation was chosen for fitting the viscosity 

curve, as can be seen in Figure 8b. The Cross equation, however, cannot always describe the whole curve 

perfectly, with the error being either in the transition region from Newtonian to power law, or completely 

in the power law region.  

Because it was found that shear rates higher than 100 s-1 were very rare, the viscosity curve was only fitted 

until a shear rate of 100 s-1, eliminating almost all error in fitting. A logarithmic least squares method was 

used, because the shear thinning viscosity curve ranges over a logarithmic scale. With a linear method, 

the higher values would weigh much more than the lower values.  

3.1.3 Input parameters for BoB 
As already mentioned before, BoB requires an input file. This file was generated with MATLAB. An 

overview of the input parameters can be found in Table 3. The values for the mass of the monomer, 

density of the polymer melt and the temperature differ for HDPE and PP. HDPE melt flow rates are 

measured at 190oC (463K), PP melt flow rates at 230oC (503K). 

Figure 8: a) Loglog plot of the storage and loss moduli 𝐺′ and 𝐺′′ calculated by BoB as function of the frequency 𝜔 for 𝑀𝑤 =
1𝑒5, 𝑀𝑤/𝑀𝑛 = 10 and 𝑀𝑧/𝑀𝑤 =  3, b) loglog plot of the complex viscosity 𝜂∗ as function of the frequency 𝜔 with its fitted 

curve for 𝑀𝑤 = 1𝑒5, 𝑀𝑤/𝑀𝑛 = 10 and 𝑀𝑧/𝑀𝑤 =  3. 

a b 
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Table 3: Input parameters for BoB. 

Parameter Description Value for HDPE Value for PP Units 

𝑁𝑝𝑜𝑐 Maximum number of polymers 5e3 5e3 − 

𝑁𝑎𝑟  Maximum number of arms 5e4 5e4 − 

𝛼 Dilution exponent 1 1 − 

𝑎𝑠𝑠𝑢𝑚 Predetermined assumptions 1 1 − 

𝑀𝑚𝑜𝑛  Mass of the monomer (ethene) 28.0 42.0 𝑔/𝑚𝑜𝑙𝑒 

𝑁𝑚𝑜𝑛 Number of monomers in an entanglement length 62 62 − 

𝜌 Density of the polymer melt 763 739 𝑘𝑔/𝑚3 

𝜏𝑒 Entanglement time 3.2e-8 3.2e-8 𝑠 

𝑇 Temperature 463 503 𝐾 

𝑟𝑒𝑎𝑑 Read polymers from file 0 0 − 

 

The number of monomers per entanglement length and the entanglement time influence the height and 

shape of the viscosity curve. A higher number of monomers per entanglement length leads to a lower 

viscosity curve for the same molecular weight distribution. The overall shape of the curve stays the same. 

A higher entanglement time leads to a higher viscosity curve for the same molecular weight distribution. 

Furthermore, the relative difference between the viscosity at low shear rate and at high shear rate 

becomes higher, so the slope of the viscosity curve becomes steeper. 

Mw, Mw/Mn, Mz/Mw, η0.1 and η100 from the set of experimental data mentioned in section 2 were used to 

find the optimum values for those two parameters. The best fit for all different experimental data was 

found by running BoB for different combinations of Nmon and τe and then minimizing the addition of the 

absolute value of the difference between the logarithm of the value calculated by BoB and the 

experimental value for η0.1 and η100, for all the datasets: 

∑ (𝑎𝑏𝑠(log(𝜂0.1,𝐵𝑜𝐵) − log(𝜂0.1,𝑒𝑥𝑝)) + 𝑎𝑏𝑠(log(𝜂100,𝐵𝑜𝐵) − log(𝜂100,exp)))32
𝑖=1   (19) 

The values that were found are: 

Nmon = 62 

τe = 3.2e-8 
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These values led to the recalculated 𝜂0.1’s and 𝜂100’s shown in Figure 9. Unfortunately, no experimental 

data for optimizing 𝑁𝑚𝑜𝑛 and 𝜏𝑒 for PP was accessible, so it was assumed 𝑁𝑚𝑜𝑛 and 𝜏𝑒 were the same for 

PP as for HDPE. 

In conclusion, the Cross parameters of a viscosity curve, until a shear rate of 100 s-1, of a material with 

known 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤 can be found with a branch-on-branch algorithm, by calculating the 

viscosity curve from the storage and loss modulus and fitting this curve with the Cross equation.  

3.2 Fit equations (1) 
Because running BoB iteratively would take too much time if we want to do the calculation the other way 

around, three fit equations will be described in this section (section 2, Figure 2, 2). In order to find these 

fit equations, BoB was run for different combinations of 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤: 

1𝑒4 < 𝑀𝑤 < 1𝑒6  

2 < 𝑀𝑤/𝑀𝑛 < 42  

2 < 𝑀𝑧/𝑀𝑤 < 21  

For every combination, the Cross equation was fitted to the viscosity curve, calculated by BoB, and 

tabulated. Each parameter of the Cross equation will be handled separately in the next subsections. 

a b 

Figure 9: Calculated viscosities by BoB versus experimental viscosities at a)  �̇� = 0.1 𝑠−1 and b)  �̇� = 100 𝑠−1. 
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3.2.1 𝜂0  

The zero shear viscosity mainly depends on the weight average molecular weight as can be seen in Figure 

10a. However, 𝜂0 also slightly shifts with varying 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤. The dependency of 𝜂0 on 𝑀𝑧/𝑀𝑤 

is higher than the dependency on 𝑀𝑤/𝑀𝑛. For every combination of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤, 𝜂0 versus 𝑀𝑤 

was fitted with a power law function, of which an example is shown in Figure 10b: 

𝜂0 = 𝐶1 ∗ 𝑀𝑤
𝐶2    (20) 

This means that for every combination of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤, different values for 𝐶1 and 𝐶2 were 

found. These 𝐶1’s and 𝐶2’s were then fitted as function of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤: 

For 𝑛 = 1: 2  

𝐶𝑛 = 𝑝00,𝐶𝑛
+ 𝑝10,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
) + 𝑝01,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
) + 𝑝20,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
)

2
+ 𝑝11,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
) ∗

log (
𝑀𝑧

𝑀𝑤
) + 𝑝02,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
)

2
   (21) 

The values of the parameters and 3D-plots of the fitted equations for 𝐶1 and 𝐶2, for both HDPE and PP, 

can be found in Appendix B. When comparing the parameters of HDPE with the parameters of PP, it can 

be seen that the parameters are comparable. The exponent 𝐶2 has values between 3.455 and 3.485 for 

both HDPE and PP. This is consistent with the generally accepted relationship between 𝜂0 and 𝑀𝑤 and 

with previous research by Seavey and Bremner [13] [26]. 

a b 

Figure 10: a) 𝜂0 vs 𝑀𝑤 for different combinations of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤 for HDPE, b) 𝜂0 vs 𝑀𝑤 from BoB and its fitted curve for 
𝑀𝑤/𝑀𝑛 = 14 and 𝑀𝑧/𝑀𝑤 = 7 for HDPE. 
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3.2.2 𝜆  

For fitting of 𝜆, a similar approach as for 𝜂0 was used. To exclude the dependency of 𝜆 on the zero shear 

viscosity, 𝜆 was divided by 𝜂0. As can be seen from Figure 11a, 𝜆/𝜂0 shows much dependency on 𝑀𝑧/𝑀𝑤 

compared to 𝑀𝑤 and 𝑀𝑤/𝑀𝑛. The logarithm of 𝜆/𝜂0 versus the logarithm of 𝑀𝑤 was fitted with a fourth 

degree polynomial for every combination of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤, of which an example is shown in Figure 

11b:   

𝜆

𝜂0
= 10𝐶3∗log(𝑀𝑤)4+𝐶4∗log(𝑀𝑤)3+𝐶5∗log(𝑀𝑤)2+𝐶6∗log (𝑀𝑤)+𝐶7   (22) 

After this, 𝐶3−7 were fitted as function of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤: 

For 𝑛 = 3: 7  

𝐶𝑛 = 𝑝00,𝐶𝑛
+ 𝑝10,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
) + 𝑝01,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
) + 𝑝20,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
)

2
+ 𝑝11,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
) ∗

log (
𝑀𝑧

𝑀𝑤
) + 𝑝02,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
)

2
+ 𝑝21,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
)

2
∗ log (

𝑀𝑧

𝑀𝑤
) + 𝑝12,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
) ∗ log (

𝑀𝑧

𝑀𝑤
)

2
+

𝑝03,𝐶𝑛
∗ log (

𝑀𝑧

𝑀𝑤
)

3
   (23) 

The values of the parameters and 3D-plots of the fitted equations for 𝐶3−7 for both HDPE and PP can be 

found in Appendix B. When comparing the parameters of HDPE with the parameters of PP, it can be seen 

that the parameters for HDPE behave quite different from the parameters for PP. This can be explained 

by the fact that for PP the zero shear viscosity is lower than for HDPE for the same molecular weight 

distribution. The slope, defined by 𝑚 is the same for HDPE and PP, so this can lead to different behavior 

of 𝜆. 

a b 

Figure 11: 𝜆/𝜂0 vs 𝑀𝑤 for different combinations of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤 for HDPE, b) 𝜆/𝜂0 vs 𝑀𝑤 from BoB and its fitted curve 
for 𝑀𝑤/𝑀𝑛 = 14 and𝑀𝑧/𝑀𝑤 = 7 for HDPE. 
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3.2.3 𝑚  

For fitting of 𝑚, a similar approach as for 𝜂0 and 𝜆 was used. As can be seen from Figure 12a, 𝑚 seems to 

shift much when changing 𝑀𝑧/𝑀𝑤 and a little when changing 𝑀𝑤/𝑀𝑛. 𝑚 versus the logarithm of 𝑀𝑤 is 

fitted with a third degree polynomial, of which an example is shown in Figure 12b: 

𝑚 = 𝐶8 ∗ log(𝑀𝑤)3 + 𝐶9 ∗ log(𝑀𝑤)2 + 𝐶10 ∗ log (𝑀𝑤) + 𝐶11   (24)  

𝐶8 until 𝐶11 are fitted as function of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤: 

For 𝑛 = 8: 11  

𝐶𝑛 = 𝑝00,𝐶𝑛
+ 𝑝10,𝐶1

∗ log (
𝑀𝑤

𝑀𝑛
) + 𝑝01,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
) + 𝑝20,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
)

2
+ 𝑝11,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
) ∗

log (
𝑀𝑧

𝑀𝑤
) + 𝑝02,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
)

2
  (25) 

The values of the parameters and 3D-plots of the fitted equations for 𝐶8−11 for both HDPE and PP can be 

found in Appendix B.1. When comparing the parameters of HDPE with the parameters of PP, it can be 

seen that the parameters are comparable.  

  

a b 

Figure 12: 𝑚 vs 𝑀𝑤 for different combinations of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤 for HDPE, b) 𝑚 vs 𝑀𝑤 from BoB and its fitted curve for 
𝑀𝑤/𝑀𝑛 = 14 and 𝑀𝑧/𝑀𝑤 = 7 for HDPE. 
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3.3 Comparing BoB with fit equations (1) 
Three equations were found to calculate of the viscosity curve from the molecular weight distribution. 

Figure 13 shows how well the Cross parameters, calculated from a given set of 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤 

with these equations, compare with the method of fitting the viscosity curve calculated with the branch-

on-branch algorithm. The margin of error seems to be very small.  

 

 
 

 

 

  

a b 

a 

Figure 13: Comparison of the newly found equations to calculate the Cross parameters from the molecular weight distribution 
with fitting the Cross equation to the viscosity curve from the Branch-on-Branch algorithm, starting from a set of 𝑀𝑤, 𝑀𝑤/𝑀𝑛 

and 𝑀𝑧/𝑀𝑤 for HDPE  for a) 𝜂0, b) 𝜆 and c) 𝑚. 
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4 From viscosity curve to melt flow rate 
In this section, it will be explained how to calculate a melt flow rate, or melt index (𝐼) from a viscosity 

curve. First the exact approach will be explained, where a derivation of the momentum balance is used 

(section 2, Figure 2, 3). After this, fit equations will be derived that give an approximation of the exact 

method (section 2, Figure 2, 4). This will not only allow for faster calculation of a melt flow rate from the 

viscosity curve, but also for the calculation to be done the other way around, so calculating the viscosity 

curve from a set of three melt flow rates. Solving the exact method iteratively would be too time-

consuming. 

4.1 Exact method 
In this section the exact method, using a derivation of the momentum balance will be explained (section 

2, Figure 2, 3). First the pressure that is applied in the melt indexer is calculated from the loading. Then 

this pressure is used in either the power law equation or the Cross equation to calculate the corresponding 

melt flow rate. A schematic representation of a melt indexer can be found in section 1, Figure 1. The 

common dimensions of such an apparatus are given in Table 4. 

Table 4: Common dimensions of a melt indexer. 

Parameter Value 

𝑫𝒃𝒂𝒓𝒓𝒆𝒍 [𝒎] 9.55𝑒 − 3 
𝑫𝒅𝒊𝒆 [𝒎] 2.095𝑒 − 3 
𝑳 [𝒎] 8𝑒 − 3 

 

4.1.1 Pressure 
The loading of the melt indexer can be converted to pressure: 

∆𝑃 =
𝑙 𝑔

𝜋 𝑅𝑏𝑎𝑟𝑟𝑒𝑙
2      (26) 

Here 𝑙 is the mass of the loading in kg, 𝑔 is the gravity constant in m/s2 and 𝑅𝑏𝑎𝑟𝑟𝑒𝑙  is the radius of the 

barrel in m. To correct for the pressure that is lost because of the fluid that is pushed in the corners of the 

barrel instead of through the die, the equation is multiplied by one minus the pressure loss: 

∆𝑃 = (1 − 𝑃𝐿) ∗
𝑙 𝑔

𝜋 𝑅𝑏𝑎𝑟𝑟𝑒𝑙
2    (27) 

4.1.2 Shear stress  
From the momentum balance [27], see Appendix A.1 for the derivation, the shear stress and wall shear 

stress can be calculated as follows: 

τ(r) =
∆P 𝑟

2 L
     (28) 

𝜏𝑤𝑎𝑙𝑙 =
∆𝑃 𝑅𝑑𝑖𝑒

2 𝐿
     (29) 
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Here 𝑟 is the radial position in the tube, 𝑅𝑑𝑖𝑒 is the radius of the die in m and 𝐿 is the length of the die in 

m. Figure 14 shows the shear stress profiles inside the die for three different melt flow rates. 

 

 

 

 

 

 

 

 

 

4.1.3 Volumetric flow 

The volumetric flow can be calculated with the following equation: 

𝑄 = 2𝜋 ∫ 𝑣(𝑟)𝑟𝑑𝑟
𝑅

0
   (30) 

This can also be written as: 

𝑄 = 𝜋 (
𝑅

𝜏𝑤𝑎𝑙𝑙
)

3

∫ �̇�𝜏(𝑟)2𝑑𝜏(𝑟)
𝜏𝑤𝑎𝑙𝑙

0
  (31) 

The derivation of equation (31) can be found in Appendix A.2. 

The volumetric flow of a polymer can also be calculated from the melt flow rate: 

𝑄 =
𝑀𝐹𝑅

6𝑒5∗𝜌
     (32) 

Here MFR is the melt flow rate in g/10 min and ρ the density of the polymer melt in kg/m3. 

4.1.4 Power law equation 

As already discussed in section 2, an expression for describing the shear thinning behavior of a material is 

the power law equation. The shear rate depends on the radial position in the tube: 

𝜏(𝑟) = 𝐾�̇�(𝑟)𝑛     (33) 

 

 

Figure 14: Shear stress profile in the die for melt flow rates 
measured at 2.16, 5 and 21.6 kg. 
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This can be rewritten as: 

�̇�(𝑟) = (
𝜏(𝑟)

𝐾
)

1

𝑛
     (34) 

The volumetric flow, of which the derivation can be found in Appendix A.2, can then be written as follows: 

𝑄 =
𝜋

3+
1

𝑛

∗ 𝑅3 ∗ (
𝜏𝑤𝑎𝑙𝑙

𝐾
)

1

𝑛
    (35) 

Because 𝑄 can also be calculated with equation (32), 𝐾 and 𝑛 can iteratively be found if two different melt 

flow rates are known for one material.   

The velocity can be calculated as follows: 

𝑣 =
1

1

𝑛
+1

∗ (
𝑃

2𝐿𝐾
)

1

𝑛
∗ (𝑅

1

𝑛
+1 − 𝑟

1

𝑛
+1)  (36) 

The derivation for the velocity profile can be found in Appendix A.3. 

4.1.5 Cross equation 

A better fit to the shear thinning behavior of polymers than the power law equation is the Cross equation 

[20]: 

𝜂 =
𝜂0

1+(𝜆�̇�(𝑟))𝑚     (37) 

Viscosity is defined as the ratio between shear stress and shear rate. Combining this with equation (37), 

it follows that: 

𝜏(𝑟)

�̇�(𝑟)
=

𝜂0

1+(𝜆�̇�(𝑟))
𝑚    (38) 

At every point at the radius, the shear stress can be calculated. Therefore also the shear rate can iteratively 

be estimated at every point of the radius if the cross parameters are known. The shear rate profiles for 

three different melt flow rates can be found in Figure 15a. 

Because �̇� = −
𝑑𝑣

𝑑𝑟
, the velocity at every point of the radius can be calculated if the shear rate profile is 

known. At 𝑟 = 𝑅𝑑𝑖𝑒, the no-slip boundary condition holds and 𝑣(𝑅𝑑𝑖𝑒) = 0. The velocity at the other 

points can be calculated as follows: 

𝑣(𝑟 − 𝑑𝑟) = 𝑣(𝑟) − �̇�(𝑟 − 𝑑𝑟) ∗ 𝑑𝑟  (39) 
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An example of a velocity profile can be found in Figure 15b. With equations (30) and (32), the volumetric 

flow and the melt flow rate can be calculated.   

Thus, from the Cross equation a melt flow rate can be calculated, given a certain loading in the melt 

indexer (e.g. 2.16 kg). In this way, for every combination of parameters of the Cross equation, a set of 

three melt flow rates can be calculated.  

4.2 Fit equations (2) 
Part of this project is to also be able to do this calculation the other way around, so from melt flow rates 

to viscosity curve. However, it’s too time consuming to do this iteratively. That’s why it is investigated 

whether fit equations can be found to correlate the melt flow rates to the Cross equation (section 2, Figure 

2, 4). In order to find these fit equations, the melt flow rates at 2.16, 5 and 21.6 kg were calculated with 

the exact method for different combinations of the Cross parameters:  

1𝑒4 < 𝜂0 < 1𝑒6  

1𝑒 − 7 < 𝜆 < 1𝑒3  

0 < 𝑚 < 1  

The results were tabulated and the correlation between the parameters of the Cross equation and their 

corresponding melt flow rates was investigated. In Figure 16a the melt flow rate, measured with a loading 

of 2.16 kg, was plotted against 𝜆 on a loglog scale. The function that was used to approximate the exact 

method was a variation on the Cross equation: 

𝑀𝐹𝑅 =
1+(𝑥1∗𝜆)𝑥2

𝑥3
   (40) 

 

 

a b 

Figure 15: a) Shear rate profile and b) velocity profile in the die for melt flow rates measured at 2.16, 5 and 21.6 kg for 𝜂0 =
2𝑒5 𝑃𝑎 𝑠, 𝜆 = 10 𝑠 and 𝑚 = 0.6 



4 From viscosity curve to melt flow rate 

 

25 
 

 

When looking at Figure 16b, where the exact data is fitted with equation (40), it can be seen that 𝑥3 

ensures the plateau on the left side of the curve, 𝑥1 is a measure for when the curve starts to bend and 

the right part of the curve results from 𝑥2. Figure 17a shows that for higher 𝜂0, the melt flow rate 

decreases.  

 

When the values of the melt flow rates are multiplied with 𝜂0 and the values for 𝜆 are divided by 𝜂0, it 

can be seen from Figure 17b that all curves overlap. This means the relation between 𝜆 and the melt flow 

rate is dependent on 𝜂0 and lead to the following descriptions for 𝑥1 and 𝑥3: 

𝑥1 = 𝑋1/𝜂0    (41) 

𝑥3 = 𝑋3 ∗ 𝜂0    (42) 

a b 

Figure 17: Loglog plot of a) 𝐼2 against 𝜆 and b) 𝐼2 ∗ 𝜂0 against 𝜆/𝜂0 for varying  𝜂0. 𝜂0 becomes higher when shifting from red to 
blue. 𝑚 = 0.5. 

a b 

Figure 16: Loglog plot of a) 𝐼2 against 𝜆 and b) 𝐼2 against 𝜆 with its fitted curve. 𝜂0 = 1𝑒5, 𝑚 = 0.5.  
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To make the equation more general for different values of the loading and the pressure loss, the values 

of 𝑋1 and 𝑋3 were plotted on a logarithmic scale against the effective loading. Because the loading scales 

linearly with the applied pressure, the effective loading is calculated by multiplying the loading with one 

minus the pressure loss. As can be seen from Figure 

19a and b, 𝑋1 and 𝑋3 versus the effective loading 

both seem to behave like a power law function that 

can be fitted with the following two equations: 

𝑋1 = 𝐾𝑋1
∗ (1 − 𝑃𝐿) ∗ 𝑙  (43) 

𝑋3 =
𝐾𝑋3

(1−𝑃𝐿)∗𝑙
     (44)  

When taking a closer look at 𝐾𝑋1
, it can be seen from 

Figure 18 that this constant also depends on 𝑚. 𝐾𝑋1
 

can be approximated with a third degree 

polynomial, for 𝑚 between the boundaries of 0 and 

1: 

𝐾𝑋1
= 𝑝𝐾𝑋1 ,1 ∗ 𝑚3 + 𝑝𝐾𝑋1 ,2 ∗ 𝑚2 + 𝑝𝐾𝑋1 ,3 ∗ 𝑚 + 𝑝𝐾𝑋1 ,4  (45)  

 

 

 

 

a b 

Figure 19: a) Loglog plot of the mean of 𝑋1 against the mass of the loading of the melt indexer, b) loglog plot of 𝑋3 against the 
mass of the loading of the melt indexer. 

Figure 18: Dependence of  𝐾𝑋1
 on m. 
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As can be seen from Figure 20a, the slope of the curve increases with increasing 𝑚, leading to the 

exponential relationship between 𝑥2 and 𝑚 shown in Figure 20b:  

𝑥2 = 𝐾1 + 𝐾2 ∗ 𝑒𝐾3∗𝑚    (46)  

 

When combining equations (40) until (46), a final equation appears that approximates the exact method 

for calculating a melt flow rate from the Cross parameters: 

𝑀𝐹𝑅 =
1+((𝑝𝐾𝑋1

,1∗𝑚3+𝑝𝐾𝑋1
,2∗𝑚2+𝑝𝐾𝑋1

,3∗𝑚+𝑝𝐾𝑋1
,4)∗(1−𝑃𝐿)∗𝑙∗

𝜆

𝜂0
)

𝐾1+𝐾2∗𝑒𝐾3∗𝑚

𝐾𝑋3
(1−𝑃𝐿)∗𝑙

∗𝜂0

  (47) 

When taking three different loadings (e.g. 2.16 kg, 5 kg and 21.6 kg), three different equations that 

approximate the exact method of calculating melt flow rates from a viscosity curve arise. The values for 

the constant parameters in the equation can be found in appendix B.2. 

 

 

a b 

Figure 20: a) Loglog plot of 𝐼2 ∗ 𝜂0 against 𝜆/𝜂0 for varying 𝜂0 and 𝑚, b) linear plot of 𝑥2, from fitting the exact method for 
different values of m, against 𝑚 and a new fit through these points. 
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4.3 Comparing exact method with fit equations (2) 
To check if this equation approaches the exact solution, the melt flow rates for different sets of Cross 

parameters were calculated with both the exact approach and with the newly found equation, as can be 

seen Figure 21. It can be seen that for lower values of the melt flow rates, the exact method is approached 

well. For higher values of the melt flow rates, the deviation becomes larger, however the error is not 

significant. 

  

c 

a b 

Figure 21: Comparison of the newly found equation to calculate melt flow rates from the Cross parameters with the exact 
method for a) I2, b) I5 and c) I21. 
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5 From molecular weight distribution to melt flow rate 
In this section, it will be explained how the equations from the two sections before are being combined 

to be able to calculate melt flow rates from the molecular weight distribution (section 2, Figure 2, 5). To 

connect both parts, the pressure loss that occurs in the barrel of the melt indexer can be tuned. For this 

the set with experimental data mentioned in section 2 was used. First, the Cross parameters were 

calculated from the molecular weight distributions. Then the matching melt flow rates were used to 

optimize the pressure loss for each loading. It was found that the pressure loss didn’t have a clear 

dependence on the loading and the type of material, so a mean pressure loss of 0.3247 was used for 

further calculations. 

Figure 22 shows a comparison of calculated melt flow rates from molecular weight distributions with their 

experimentally measured melt flow. For lower loading, the error seems small (apart from some outliers). 

For higher loading the error is slightly larger, but still not very significant. 

a b 

c 

Figure 22: Comparison of calculated melt flow rates from 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤  with their experimental measurements for 
a) I2, b) I5 and c) I21. 
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6 From melt flow rate to molecular weight distribution 
In this section, it will be explained how the molecular weight distribution can be calculated from a set of 

melt flow rates (section 2, Figure 2, 6). First equation (48) is solved iteratively for the three parameters of 

the Cross equation if three different melt flow rates of a material are known (for example at 2.16, 5 and 

21.6 kg). In order to do this correctly in MATLAB, a good first good guess needs to be provided. An 

approximation for the zero shear viscosity is calculated with the Newtonian method for the lowest melt 

flow rate. An approximation for 𝑚 is calculated with the power law equation for the higher two melt flow 

rates. These approximations are used as first guesses for 𝜂0 and 𝑚. After this, equations (20), (22) and 

(24) are solved iteratively with the three Cross parameters to calculate 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤. 

Figure 23 shows a comparison of the calculated molecular weight distribution from a set of three melt 

flow rates with their experimental measurements. There’s still quite a large margin of error for calculating 

𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤. This should be kept in mind  when blending the materials, as this might not be very 

precise, leading to a possible error in that area.  

a b 

c 

Figure 23: Comparison of the calculated molecular weight distribution from a set of three melt flow rates with their 
experimental measurements for a) 𝑀𝑤, b) 𝑀𝑤/𝑀𝑛 and c) 𝑀𝑧/𝑀𝑤. 
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6.1 Ratios between 𝐼2, 𝐼5 and 𝐼21 

The ratios between 𝐼2, 𝐼5 and 𝐼21 are an indication of the shear thinning sensitivity of a material. A higher 

ratio means more shear thinning. The ratios cannot unlimitedly be varied. Because the pressure that is 

applied in a melt indexer scales linearly with the loading, the following limits for the ratios between 𝐼2, 𝐼5 

and 𝐼21 always apply for shear thinning materials: 

𝐼5

𝐼2
≥

5

2.16
= 2.3148  (48) 

𝐼21

𝐼5
≥

21.6

5
= 4.32  (49) 

𝐼21

𝐼2
≥

21.6

2.16
= 10   (50) 

If the ratios between the melt flow rates are equal to those values, this means no shear thinning behavior 

appears in the range between the lowest pressure and the highest pressure. This Newtonian behavior is 

only observed for monodisperse materials.  

Besides these trivial limits for the ratios, the ratios are not unlimited. They are also dependent on the 

values of 𝐼2 and 𝐼5. For higher 𝐼2, lower ratios are observed, as can be seen in Figure 24 where the ratios, 

calculated from a set of variations of the molecular weight distribution, are investigated. This is logical, 

because for higher melt flow rates, the viscosity itself is already lower than for low values of melt flow 

rates, so less shear thinning behavior appears. 

 

 

 

 

a b 

Figure 24: Ratios, calculated from a variation of sets of molecular weight distributions, between a) I5 and I2 versus I2 and b) I21 
and I5 versus I5 with their upper and lower boundaries. 



6 From melt flow rate to molecular weight distribution 

 

32 
 

To make solving the system of equations more robust, an upper and a lower boundary are set for the 

ratios between the melt flow rates: 

0.01 ≤  𝐼2 < 2.5 𝑈𝐵𝐼5/𝐼2
= 10𝑃𝑢𝑝,1,1 ∗ 𝐼2

𝑃𝑢𝑝,1,,2  (51) 

2.5 ≤  𝐼2 ≤ 50   𝑈𝐵𝐼5/𝐼2
= 4.7   (52) 

0.01 ≤ 𝐼2 ≤ 50  𝐿𝐵𝐼5/𝐼2
= 10𝑃𝑙𝑜𝑤,1,1 ∗ 𝐼2

𝑃𝑙𝑜𝑤,1,,2  (53) 

 

0.04 < 𝐼5 < 12  𝑈𝐵𝐼21/𝐼5
= 10𝑃𝑢𝑝,2,1 ∗ 𝐼5

𝑃𝑢𝑝,2,2  (54) 

12 < 𝐼5 < 200   𝑈𝐵𝐼21/𝐼5
= 15   (55) 

0.04 ≤ 200  𝐿𝐵𝐼21/𝐼5
= 10𝑃𝑙𝑜𝑤,2,1 ∗ 𝐼5

𝑃𝑙𝑜𝑤,2,2  (56) 

The values of the parameters 𝑃𝑥 can be found in Appendix B.3. 
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7 Scenarios 
In this section, it is explained how the previously described method is used to calculate the melt flow rates 

of blends of different materials. To predict the structure and processability of post-consumer rigid plastic 

waste, scenarios that predict the average composition in weight percentage of the plastic waste streams 

need to be determined.  

A matrix with the same amount of rows as the amount of different plastics is created, of which the first 

three columns consist of the melt flow rates measured at loadings of 2.16, 5 and 10 kg. The fourth column 

consists of the weight fraction. First 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤 are calculated separately for each plastic. 

After this, the total 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤 are determined, as already mentioned in section 2, with the 

following equations: 

1

𝑀𝑛
= ∑

𝑤𝑖

𝑀𝑛,𝑖

𝑛
𝑖=1      (57) 

𝑀𝑤 = ∑ 𝑤𝑖 ∗ 𝑀𝑤,𝑖
𝑛
𝑖=1    (58) 

𝑀𝑧 =
∑ 𝑤𝑖∗𝑀𝑧,𝑖∗𝑀𝑤,𝑖

𝑛
𝑖=1

∑ 𝑤𝑖∗𝑀𝑤,𝑖
𝑛
𝑖=1

   (59) 

These total 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤 can then be used to calculate the melt flow rates of the blend of 

different plastics. 

The first simple scenario for which the melt flow rates of the total blend are calculated is a mix of only 

two different materials. The advantage of blending only two plastics, is that the melt flow rate, molecular 

weight distribution and viscosity curve as function of weight fraction can be investigated.  

7.1 Melt flow rate vs weight fraction 
When blending two plastics together, as already mentioned earlier in the report, the following equations 

can be used to estimate the melt flow rates of the blend [11]: 

Formula 1: 

ln(𝑀𝐹𝑅) =  ∑ 𝑥𝑖 ∗ ln (𝑀𝐹𝑅𝑖)𝑛
𝑖=1   (60) 

Formula 2: 

𝑀𝐹𝑅𝑡𝑜𝑡

−
1

3.4 = ∑ 𝑥𝑖 ∗ 𝑀𝐹𝑅
𝑖

−
1

3.4𝑛
𝑖=1    (61) 
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To check whether the melt flow rates of a blend, calculated with the new method follow these equations, 

the melt flow rates were plotted as function of the weight fraction in which the two plastics are blended, 

as can be seen in Figure 25. The plastics that were blended had the same ratios between 𝐼2, 𝐼5 and 𝐼21. 

For low loading of 2.16 kg, the curve seems to behave more like Formula 2. This is what one would expect, 

because for lower loading the shear rate is also lower. This means for lower loading we’re in the left part 

of the viscosity curve, the Newtonian region. Here the zero shear viscosity is most important. Because the 

zero shear viscosity mainly depends on the weight average molecular weight, it is logical that the melt 

flow rate at lower loadings also mainly depends on the weight average molecular weight. Because the 

melt flow rate is inversely proportional to the zero shear viscosity, an exponential relationship between 

the melt flow rate and the weight fraction would be expected for lower loading. For high loading of 21.6, 

the curve shifts toward Formula 2. For higher loading the shear thinning part of the viscosity curve starts 

to play a role. Because a logarithmic relationship between 𝜆 and 𝑀𝑤 and 𝑚 and 𝑀𝑤 exists, it is also logical 

that a logarithmic relationship between the melt flow rate and the weight fraction exists. The curve for 

loading of 5 kg is in between both formulas.  

a b 

c 

Figure 25: Melt flow rate at weight is a) 2.16 kg, b) 5 kg and c) 21.6 kg, versus the weight fraction for a blend of two plastics. 
The new method is compared with two existing formulas. 
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The influence of several parameters, e.g. the weight average molecular weight or the zero shear viscosity 

of virgin polymers, on the shape of the curve of the melt flow rate as function of weight fraction can easily 

be investigated with the new method. In appendix C several examples of such experiments, where a 

standard polymer was blended with six varying other polymers, are given. In order to properly see the 

effect of different parameters, only one parameter was varied for each experiment. One thing that stands 

out when looking at these experiments is that the shape of the curve between melt flow rate and weight 

fraction starts to deviate more from equations (60) and (61) when the shear thinning part of the materials 

that are blended differ more. In other words, when 𝜆/𝜂0, 𝑚 or the ratios between the melt flow rates are 

very different for the two materials, the shape of the curve will not follow a logarithmic or exponential 

relationship. 

7.2 Virgin plastics 
Common rigid packaging applications of HDPE and PP are beverage bottles for juice, water and milk, or 

non-beverage bottles for household cleaners and dish and laundry detergents, containers for margarine, 

yogurt and takeout meals, or caps and closures. Typical values for different types of HDPE and PP rigid 

plastic packaging were based on the study of Shenoy et al. [28] and on melt flow rates found on websites 

of some of the major plastic producers [29] [30] [31] [32] [33] [34] [35] [36] [37]. An excel sheet was 

created where plastics together with their applications and melt flow rates were collected. When blending 

different plastics together, the excel sheet can be consulted for typical melt flow rates for certain 

applications. For some applications, only one or two melt flow rates could be found, because if the 

viscosity is too low, a melt flow rate at high loading is difficult to measure with a melt indexer. The same 

goes for measuring low-loading melt flow rates for materials with a very high viscosity. When values could 

not be found, they were estimated with a power law relationship, based on the trends of the ratios 

between the melt flow rates and the values of the melt flow rates that were found (see Figure 26): 

𝐼5

𝐼2
= 10𝑃1,1 ∗ 𝐼2

𝑃1,2   (62) 

𝐼21

𝐼5
= 10𝑃2,1 ∗ 𝐼5

𝑃2,2   (63) 

The values of the parameters of equations (62) and (63) can be found in Appendix B.4. In Figure 26 the 

data is also compared with the boundaries found earlier in section 6, and it can be seen that some values 

found on the websites are outside the boundaries. It should be kept in mind that when using the new 

method for these values, the solutions might not be reliable.  
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The applications were subdivided in three main categories for which the ranges of melt flow rates can be 

found in Table 5. This table, together with the excel sheet can be consulted when looking for possible 

applications of a blend.  

 

Table 5: Typical ranges of melt flow rates for different categories of applications and their processing methods. 

  HDPE PP 

Application Processing Method 𝐼2 [𝒈/𝟏𝟎 𝒎𝒊𝒏] 
𝐼5 [𝒈/𝟏𝟎 𝒎𝒊𝒏] 
𝐼21 [𝒈/𝟏𝟎 𝒎𝒊𝒏] 

𝐼2 [𝒈/𝟏𝟎 𝒎𝒊𝒏] 
𝐼5 [𝒈/𝟏𝟎 𝒎𝒊𝒏] 
𝐼21 [𝒈/𝟏𝟎 𝒎𝒊𝒏] 

Hollow bodies (i.e., bottle) Extrusion blow molding 0.16-0.82 
0.89-3 
19-42 

0.24-1.4 
1-5 

19-61 

Toys, household articles, screw caps Extrusion blow molding,  
Compression Molding, 

Injection molding 

0.46-8 
3-21.5 
42-123 

1.4-6.7 
5-20 

61-169 

Mass-produced articles for 
household uses, non-deposit goods 

Injection molding 8.6-31 
25-80 

198-462 

10 
30 

227 

 

  

a b 

Figure 26: I5/I2 versus I2 and b) I21/I5 versus I5,  calculated from data from websites of the main HDPE producers, with the fitted 
power law curves. 
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7.3 Example 
A simple example of one of the applications of this newly developed method is comparing the plastic 
packaging waste of a typical family household (FHH) with that of a typical student household (SHH). It 
should be noted that the compositions are just an example and not based on any scientific research. One 
could imagine that students use less detergents and throw away more single-serve food containers than 
a family, leading to the simplified compositions of their waste streams shown in Figure 27. 

When calculating the sets of melt flow rates for both households, there is a slight difference, as can be 

seen in Table 6. The melt flow rates of student household are a little bit higher than the ones of the family 

household, resulting in a slightly lower viscosity for a student household (see Figure 28). The waste stream 

of the student household can be used for injection molding applications where higher flow is required. 

The waste stream of the family household can also be used for injection molding applications, but will 

have a slightly lower flow. 

 
 

 

Table 6: Results of blending materials in simplified waste 
streams of a student household compared to a family household. 

 𝑰𝟐[g/10 min] 𝑰𝟓[g/10 min] 𝑰𝟐𝟏[g/10 min] 

SHH 2.8 12.8 187 

FHH 1.9 8.7 126 

  

a b 

Figure 27: Simplified compositions of waste streams of a) a student household and b) a family household. 

Figure 28: Viscosity curve of the waste stream of a student 
household compared to a family household. 



8 Conclusion and discussion 

 

38 
 

8 Conclusion and discussion 
In conclusion, a method has been developed that predicts the melt flow rates of a mixture (blend) of 

plastics from its original constituents. This method can be used to more accurately predict the rheological 

properties of rigid post-consumer plastic waste and determine the most plausible applications. First, the 

molecular weight distribution, 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤, was connected to the viscosity curve, using the 

branch-on-branch model and the Cross equation. An approximation of this connection was done with a 

set of three fit equations. Then the correlation of the three parameters of the Cross equation, 𝜂0, 𝜆 and 

𝑚, with three melt flow rates, measured at different loadings, was determined with a derivation of the 

momentum equation. This correlation was approximated with a second set of fit equations. When starting 

with a set of three melt flow rates, the molecular weight distribution can be estimated by solving the six 

equations iteratively the other way around. 

This method can be used to estimate the viscosity curve and the molecular weight distribution from a set 

of three melt flow rates. With this molecular weight distribution, the total molecular weight distribution 

of a mixture (blend) can be calculated. This total molecular weight distribution can then be filled in into 

the six equations and the melt flow rates of the mixed material can be calculated. 

When doing this for a blend of two different materials, the influence of several parameters, such as the 

molecular weight distribution, on the behavior of the melt flow rates as function of the weight fraction 

can easily be investigated. It was shown that the new method gave behavior in between two existing 

formulas. 

In a post-consumer plastic waste stream, more than two different materials are present. If the weight 

fraction and melt flow rates of each category is known, the method developed in this study can predict 

the molecular weight distribution, viscosity curve and melt flow rates of the waste stream. With the melt 

flow rates, the processability, and thus applications, for the blend can be found. 
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9 Outlook 
Up to now experimental validation has been very limited and only used to tune some parameters in the 

developed method. For true validation of the method developed in this study, more experimental data is 

necessary. An example of a possible experiment is blending two materials with known melt flow rates  at 

different compositions and compare the melt flow rates as function of the weight fraction with the 

calculated curves with the new method. Furthermore, a mixture of several different materials with 

different known sets of melt flow rates can be mixed together and the final set of melt flow rates can be 

compared with the calculated one. 

The calculation of the molecular weight distribution is not very precise, especially for 𝑀𝑤/𝑀𝑛. Although 

𝑀𝑤/𝑀𝑛 has small influence on the melt flow rate compared to 𝑀𝑧/𝑀𝑤, a wrong estimation of 𝑀𝑤/𝑀𝑛 

might lead to small errors in blending the materials. For further research it would be recommended to 

look into other ways that can calculate the molecular weight distribution and especially 𝑀𝑤/𝑀𝑛 more 

precisely. 

More theoretical experiments can be done to investigate the influence of several parameters on the shape 

of the curve between melt flow rate and weight fraction for a blend of two materials. For this study, due 

to time constraints, only a limited amount of parameters were varied and interpreting of these 

experiments can be done more thoroughly. 

For this study, the values of some melt flow rates is sometimes estimated, because the real value is 

difficult to measure if the viscosity becomes too high or too low. It might be an idea to look into the 

possibilities to measure these materials with higher or lower viscosities.   

It was assumed that the plastic doesn’t degrade when it’s being used and still has the same properties as 

the virgin materials when it ends up in waste. However, in real life plastic does degrade. It should be 

investigated whether this degradation is substantial and how can be accounted for this.  

Research of M. T. Brouwer et al. [38] was based on determining the composition of post-consumer plastic 

waste streams in the Netherlands. However, their categories were not as specific as the categories that 

were used in this study, so the method developed in this study could not directly be used to predict the 

melt flow rates of the composition they determined. An idea would be to collaborate with each other and 

adjust the categories to one another, so that the molecular weight distribution, viscosity curve and melt 

flow rates can be calculated for their determined composition. This would predict the properties of the 

mean plastic waste streams of the Netherlands. The melt flow rates of the waste streams could also be 

measured for validation.  
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Appendix 

A.1 Derivation of the shear stress 
Starting from the momentum equation [27]: 

𝜌 (
𝜕𝑣𝑧

𝜕𝑡
+ 𝑣𝑟

𝜕𝑣𝑧

𝑑𝑟
+

𝑣𝜃

𝑟

𝜕𝑣𝑧

𝜕𝜃
+ 𝑣𝑧

𝜕𝑣𝑧

𝜕𝑧
) = −

𝜕𝑝

𝜕𝑧
− [

1

𝑟

𝜕

𝜕𝑟
(𝑟𝜏𝑟𝑧) +

1

𝑟

𝜕

𝜕𝜃
𝜏𝜃𝑧 +

𝜕

𝜕𝑧
𝜏𝑧𝑧] + 𝜌𝑔𝑧   (64) 

A steady state and a fully developed flow is assumed. Furthermore, only 𝜏𝑟𝑧 is assumed to be relevant. 

The pressure drop is assumed to be linear over the length of the die. Gravity can be ignored. This reduces 

equation (64) to: 

∆𝑃

𝐿
=

1

𝑟

𝜕

𝜕𝑟
(𝑟𝜏𝑟𝑧)  (65) 

Integration leads to: 

∆𝑃 𝑟2

2 𝐿
= 𝑟𝜏𝑟𝑧(𝑟) + 𝐶  (66) 

Because 𝜏𝑟𝑧(0) = 0, equation (66) becomes: 

𝜏𝑟𝑧(𝑟) =
∆𝑃 𝑟

2 𝐿
   (67) 

A.2 Derivation of the volumetric flow 
Starting from equation (30), the chain rule can be used to get: 

𝑄 = 𝜋𝑅2𝑣(𝑅) − 𝜋 ∫
𝑑𝑣(𝑟)

𝑑𝑟
𝑟2𝑑𝑟

𝑅

0
  (68) 

Using the no-slip boundary condition that 𝑣(𝑅) = 0, equation (68) becomes: 

𝑄 = −𝜋 ∫
𝑑𝑣(𝑟)

𝑑𝑟
𝑟2𝑑𝑟

𝑅

0
    (69) 

Because �̇� = −
𝑑𝑣

𝑑𝑟
 and 𝜏(𝑟) =

𝑟

𝑅
𝜏𝑤𝑎𝑙𝑙, equation (69) can also be written as: 

𝑄 = 𝜋 (
𝑅

𝜏𝑤𝑎𝑙𝑙
)

3

∫ �̇�𝜏(𝑟)2𝑑𝜏(𝑟)
𝜏𝑤𝑎𝑙𝑙

0
   (70) 

A.2.1 Derivation of the volumetric flow for a power law fluid 

Using that �̇� = (
𝜏(𝑟)

𝐾
)

1

𝑛
, equation (70) becomes: 

𝑄 = 𝜋 (
𝑅

𝜏𝑤𝑎𝑙𝑙
)

3
∗ (

1

𝐾
)

1

𝑛
∫ 𝜏(𝑟)2+

1

𝑛𝑑𝜏(𝑟)
𝜏𝑤𝑎𝑙𝑙

0
 (71) 

𝑄 =
𝜋

3+
1

𝑛

∗ (
𝑅

𝜏𝑤𝑎𝑙𝑙
)

3
∗ (

1

𝐾
)

1

𝑛
∗ 𝜏𝑤𝑎𝑙𝑙

3+
1

𝑛  (72) 
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𝑄 =
𝜋

3+
1

𝑛

∗ 𝑅3 ∗ (
𝜏𝑤𝑎𝑙𝑙

𝐾
)

1

𝑛
    (73) 

A.3 Derivation of the velocity profile for a power law fluid 

Because �̇� = −
𝑑𝑣

𝑑𝑟
, equation (34) can also be written as: 

𝑑𝑣

𝑑𝑟
= − (

𝜏(𝑟)

𝐾
)

1

𝑛
     (74) 

∫ 𝑑𝑣 = − ∫ (
𝜏(𝑟)

𝐾
)

1/𝑛
𝑑𝑟 + 𝐶   (75) 

Filling in equation (14) gives: 

∫ 𝑑𝑣 = − ∫ (
Δ𝑃𝑟

2𝐿𝐾
)

1/𝑛
𝑑𝑟 + 𝐶   (76) 

∫ 𝑑𝑣 = − (
Δ𝑃

2𝐿𝐾
)

1/𝑛

∫(𝑟)1/𝑛𝑑𝑟 + 𝐶  (77) 

𝑣 = −
1

1

𝑛
+1

∗ (
Δ𝑃

2𝐿𝐾
)

1

𝑛
∗ 𝑟

1

𝑛
+1 + 𝐶   (78) 

Using the no-slip boundary condition that 𝑣(𝑅) = 0, equation (78) becomes: 

𝑣 =
1

1

𝑛
+1

∗ (
Δ𝑃

2𝐿𝐾
)

1

𝑛
∗ (𝑅

1

𝑛
+1 − 𝑟

1

𝑛
+1)  (79) 
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B.1 Parameters MWD - Cross 

B.1.1 𝜂0   

𝜂0 = 𝐶1 ∗ 𝑀𝑤
𝐶2  

𝐶𝑛 = 𝑝00,𝐶𝑛
+ 𝑝10,𝐶1

∗ log (
𝑀𝑤

𝑀𝑛
) + 𝑝01,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
) + 𝑝20,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
)

2
+ 𝑝11,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
) ∗

log (
𝑀𝑧

𝑀𝑤
) + 𝑝02,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
)

2
  

 

Table 7: Parameters of C1 and C2 to describe 𝜂0 as function of 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤. 

Parameter Value HDPE Value PP 

𝒑𝟎𝟎,𝑪𝟏
 2.70e-14 5.24e-15 

𝒑𝟏𝟎,𝑪𝟏
 3.61e-15 1.41e-15 

𝒑𝟎𝟏,𝑪𝟏
 -2.28e-14 -4.95e-15 

𝒑𝟐𝟎,𝑪𝟏
 2.42e-16 -3.50e-16 

𝒑𝟏𝟏,𝑪𝟏
 -9.47e-15 -9.28e-16 

𝒑𝟎𝟐,𝑪𝟏
 4.03e-14 9.24e-15 

𝒑𝟎𝟎,𝑪𝟐
 3.44 3.44 

𝒑𝟏𝟎,𝑪𝟐
 0.00233 -0.00647 

𝒑𝟎𝟏,𝑪𝟐
 0.0728 0.0301 

𝒑𝟐𝟎,𝑪𝟐
 -0.00791 -0.00242 

𝒑𝟏𝟏,𝑪𝟐
 0.0482 0.0320 

𝒑𝟎𝟐,𝑪𝟐
 -0.0947 -0.0623 

 

 

 

a b 

Figure 29: 3D plots of parameters a) C1 and b) C2 of  𝜂0 versus 𝑀𝑤, as function of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤, with their fitted curve 
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B.1.2 𝜆  
𝜆

𝜂0
= 10𝐶3∗log(𝑀𝑤)4+𝐶4∗log(𝑀𝑤)3+𝐶5∗log(𝑀𝑤)2+𝐶6∗log (𝑀𝑤)+𝐶7  

𝐶𝑛 = 𝑝00,𝐶𝑛
+ 𝑝10,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
) + 𝑝01,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
) + 𝑝20,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
)

2
+ 𝑝11,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
) ∗

log (
𝑀𝑧

𝑀𝑤
) + 𝑝02,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
)

2
+ 𝑝21,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
)

2
∗ log (

𝑀𝑧

𝑀𝑤
) + 𝑝12,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
) ∗ log (

𝑀𝑧

𝑀𝑤
)

2
+

𝑝03,𝐶𝑛
∗ log (

𝑀𝑧

𝑀𝑤
)

3
  

 

Table 8: Parameters of C3 until C7 to describe 𝜆 as function of 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤. 

Parameter Value HDPE Value PP 

𝒑𝟎𝟎,𝑪𝟑
 0.377 1.26 

𝒑𝟏𝟎,𝑪𝟑
 0.592 -5.02 

𝒑𝟎𝟏,𝑪𝟑
 -1.45 1.49 

𝒑𝟐𝟎,𝑪𝟑
 -0.0604 1.64 

𝒑𝟏𝟏,𝑪𝟑
 -1.50 7.27 

𝒑𝟎𝟐,𝑪𝟑
 3.90 -3.39 

𝒑𝟐𝟏,𝑪𝟑
 0.0773 -1.86 

𝒑𝟏𝟐,𝑪𝟑
 0.924 -1.56 

𝒑𝟎𝟑,𝑪𝟑
 -2.56 0.59 

𝒑𝟎𝟎,𝑪𝟒
 -8.93 -27.0 

𝒑𝟏𝟎,𝑪𝟒
 -12.5 109 

𝒑𝟎𝟏,𝑪𝟒
 32.9 -38.5 

𝒑𝟐𝟎,𝑪𝟒
 1.31 -35.4 

𝒑𝟏𝟏,𝑪𝟒
 31.5 -160 

𝒑𝟎𝟐,𝑪𝟒
 -82.5 90.4 

𝒑𝟐𝟏,𝑪𝟒
 -1.66 40.7 

𝒑𝟏𝟐,𝑪𝟒
 -19.3 34.6 

𝒑𝟎𝟑,𝑪𝟒
 53.6 -22.3 

𝒑𝟎𝟎,𝑪𝟓
 79.0 217 

𝒑𝟏𝟎,𝑪𝟓
 99.2 -881 

𝒑𝟎𝟏,𝑪𝟓
 -281 358 

𝒑𝟐𝟎,𝑪𝟓
 -10.6 286 

𝒑𝟏𝟏,𝑪𝟓
 -245 1.31e3 

𝒑𝟎𝟐,𝑪𝟓
 655 -866 

𝒑𝟐𝟏,𝑪𝟓
 13.2 -334 

𝒑𝟏𝟐,𝑪𝟓
 150 -288 

𝒑𝟎𝟑,𝑪𝟓
 -420 257 

𝒑𝟎𝟎,𝑪𝟔
 -309 -775 

𝒑𝟏𝟎,𝑪𝟔
 -348 3.17e3 

𝒑𝟎𝟏,𝑪𝟔
 1.07e3 -1.43e3 

𝒑𝟐𝟎,𝑪𝟔
 38.5 -1.02e3 

𝒑𝟏𝟏,𝑪𝟔
 846 -4.79e3 
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𝒑𝟎𝟐,𝑪𝟔
 -2.32e3 3.57e3 

𝒑𝟐𝟏,𝑪𝟔
 -46.5 1.21e3 

𝒑𝟏𝟐,𝑪𝟔
 -518 1.06e3 

𝒑𝟎𝟑,𝑪𝟔
 1.46e3 -1.19e3 

𝒑𝟎𝟎,𝑪𝟕
 445 1.04e3 

𝒑𝟏𝟎,𝑪𝟕
 458 -4.25e3 

𝒑𝟎𝟏,𝑪𝟕
 -1.53e3 2.09e3 

𝒑𝟐𝟎,𝑪𝟕
 -52.5 1.37e3 

𝒑𝟏𝟏,𝑪𝟕
 -1.09e3 6.52e3 

𝒑𝟎𝟐,𝑪𝟕
 3.08e3 -5.37e3 

𝒑𝟐𝟏,𝑪𝟕
 61.8 -1.64e3 

𝒑𝟏𝟐,𝑪𝟕
 666 -1.45e3 

𝒑𝟎𝟑,𝑪𝟕
 -1.90 1.93e3 
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a b 

c d 

e 

Figure 30: 3D plots of parameters a) C3, b) C4, c) C5, d) C6  and e) C7 of 𝜆  versus 𝑀𝑤, as function of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤, with their 
fitted curve. 
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B.1.3 𝑚  

𝑚 = 𝐶8 ∗ log(𝑀𝑤)3 + 𝐶9 ∗ log(𝑀𝑤)2 + 𝐶10 ∗ log (𝑀𝑤) + 𝐶11  

𝑛 = 8: 11  

𝐶𝑛 = 𝑝00,𝐶𝑛
+ 𝑝10,𝐶1

∗ log (
𝑀𝑤

𝑀𝑛
) + 𝑝01,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
) + 𝑝20,𝐶𝑛

∗ 𝑙𝑜𝑔 (
𝑀𝑤

𝑀𝑛
)

2
+ 𝑝11,𝐶𝑛

∗ log (
𝑀𝑤

𝑀𝑛
) ∗

log (
𝑀𝑧

𝑀𝑤
) + 𝑝02,𝐶𝑛

∗ log (
𝑀𝑧

𝑀𝑤
)

2
  

 

Table 9: Parameters of C8 until C11 to describe 𝑚 as function of 𝑀𝑤, 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤. 

Parameter Value HDPE Value PP 

𝒑𝟎𝟎,𝑪𝟖
 -0.423 -0.520 

𝒑𝟏𝟎,𝑪𝟖
 -0.177 -0.0797 

𝒑𝟎𝟏,𝑪𝟖
 0.913 0.890 

𝒑𝟐𝟎,𝑪𝟖
 0.0789 0.0460 

𝒑𝟏𝟏,𝑪𝟖
 -0.0825 -0.118 

𝒑𝟎𝟐,𝑪𝟖
 -0.377 -0.273 

𝒑𝟎𝟎,𝑪𝟗
 7.31 8.81 

𝒑𝟏𝟎,𝑪𝟗
 2.90 1.45 

𝒑𝟎𝟏,𝑪𝟗
 -15.8 -15.4 

𝒑𝟐𝟎,𝑪𝟗
 -1.26 -0.775 

𝒑𝟏𝟏,𝑪𝟗
 1.22 1.76 

𝒑𝟎𝟐,𝑪𝟗
 6.81 5.04 

𝒑𝟎𝟎,𝑪𝟏𝟎
 -41.5 -49.8 

𝒑𝟏𝟎,𝑪𝟏𝟎
 -15.9 -8.90 

𝒑𝟎𝟏,𝑪𝟏𝟎
 91.2 89.0 

𝒑𝟐𝟎,𝑪𝟏𝟎
 6.79 4.40 

𝒑𝟏𝟏,𝑪𝟏𝟎
 -5.92 -8.63 

𝒑𝟎𝟐,𝑪𝟏𝟎
 -40.9 -30.9 

𝒑𝟎𝟎,𝑪𝟏𝟏
 78.9 94.4 

𝒑𝟏𝟎,𝑪𝟏𝟏
 29.4 18.4 

𝒑𝟎𝟏,𝑪𝟏𝟏
 -176 -173 

𝒑𝟐𝟎,𝑪𝟏𝟏
 -12.2 -8.46 

𝒑𝟏𝟏,𝑪𝟏𝟏
 9.57 14.0 

𝒑𝟎𝟐,𝑪𝟏𝟏
 81.7 63.4 
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a b 

c d 

Figure 31: 3D plots of parameters a) C8, b) C9, c) C10 and e) C11 of 𝑚  versus 𝑀𝑤, as function of 𝑀𝑤/𝑀𝑛 and 𝑀𝑧/𝑀𝑤, with their 
fitted curve. 
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B.2 Parameters Cross - MI 
 

𝑀𝐹𝑅(𝑃𝐿, 𝑙) =
1+((𝑝𝐾𝑋1

,1∗𝑚3+𝑝𝐾𝑋1
,2∗𝑚2+𝑝𝐾𝑋1

,3∗𝑚+𝑝𝐾𝑋1
,4)∗(1−𝑃𝐿)∗𝑙∗

𝜆

𝜂0
)

𝐾1+𝐾2∗𝑒𝐾3∗𝑚

𝐾𝑋3
(1−𝑃𝐿)∗𝑙

∗𝜂0

  

 

Table 10: Parameters to describe the melt flow rates as function of the Cross parameters, the pressure loss and the loading. 

Parameter Value 

𝑲𝟏 0.1240 

𝑲𝟐 0.0450 

𝑲𝟑 5.5559 

𝒑𝑲𝑿𝟏
,𝟏 8.8168e4 

𝒑𝑲𝑿𝟏
,𝟐 -1.1885e5 

𝒑𝑲𝑿𝟏
,𝟑 3.3571e4 

𝒑𝑲𝑿𝟏
,𝟒 1.2969e4 

𝑲𝑿𝟑
 2.7397e-4 
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B.3 Parameters boundaries ratios melt flow rates 
 

0.01 ≤  𝐼2 < 2.5 𝑈𝐵𝐼5/𝐼2
= 10𝑃𝑢𝑝,1,1 ∗ 𝐼2

𝑃𝑢𝑝,1,,2  

2.5 ≤  𝐼2 ≤ 50   𝑈𝐵𝐼5/𝐼2
= 4.7 

0.01 ≤ 𝐼2 ≤ 50  𝐿𝐵𝐼5/𝐼2
= 10𝑃𝑙𝑜𝑤,1,1 ∗ 𝐼2

𝑃𝑙𝑜𝑤,1,,2  

 

0.04 < 𝐼5 < 12  𝑈𝐵𝐼21/𝐼5
= 10𝑃𝑢𝑝,2,1 ∗ 𝐼5

𝑃𝑢𝑝,2,2  

12 < 𝐼5 < 200   𝑈𝐵𝐼21/𝐼5
= 15 

0.04 ≤ 200  𝐿𝐵𝐼21/𝐼5
= 10𝑃𝑙𝑜𝑤,2,1 ∗ 𝐼5

𝑃𝑙𝑜𝑤,2,2  

 

Table 11: Parameters of that describe the boundaries between which the ratios between I2, I5 and I21 can be  as function of I2 and 
I5. 

Parameter Value 

𝑷𝒖𝒑,𝟏,𝟏 0.70 

𝑷𝒖𝒑,𝟏,𝟐 -0.065 

𝑷𝒍𝒐𝒘,𝟏,𝟏 0.54 

𝑷𝒍𝒐𝒘,𝟏,𝟐 -0.052 

𝑷𝒖𝒑,𝟐,𝟏 1.32 

𝑷𝒖𝒑,𝟐,𝟐 -0.13 

𝑷𝒍𝒐𝒘,𝟐,𝟏 1.05 

𝑷𝒍𝒐𝒘,𝟐,𝟐 -0.10 
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B.4 Parameters relating 𝐼2, 𝐼5 and 𝐼21 to each other 
 

𝐼5

𝐼2
= 10𝑃1,1 ∗ 𝐼2

𝑃1,2   

𝐼21

𝐼5
= 10𝑃2,1 ∗ 𝐼5

𝑃2,2   

Parameter Value 

𝑷𝟏,𝟏 0.555 

𝑷𝟏,𝟐 -0.0968 

𝑷𝟐,𝟏 1.28 

𝑷𝟐,𝟐 -0.272 
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C.1 Experiments melt flow rate vs weight fraction 

C.1.1 Varying 𝑀𝑤 
 

Table 12: Properties of the polymers that were blended with the standard polymer for investigating the influence of 𝑀𝑤 on the 
melt flow rates.  

Set nr 𝑴𝒘 [g/mole] 𝑴𝒘/𝑴𝒏 [-] 𝑴𝒛/𝑴𝒘 [-] 

Standard 1e5 15 5 

1 3.16e4 15 5 

2 4.64e4 15 5 

3 6.81e4 15 5 

4 1.47e5 15 5 

5 2.15e5 15 5 

6 1.16e5 15 5 

 

  

Figure 32: Effects of varying 𝑀𝑤 on blend melt flow rates, molecular weight distribution and Cross parameters. 
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C.1.2 Varying 𝑀𝑤/𝑀𝑛 
 

Table 13: Properties of the polymers that were blended with the standard polymer for investigating the influence of 𝑀𝑤/𝑀𝑛 on 
the melt flow rates. 

Set nr 𝑴𝒘 [g/mole] 𝑴𝒘/𝑴𝒏 [-] 𝑴𝒛/𝑴𝒘 [-] 

Standard 1e5 15 5 

1 1e5 10 5 

2 1e5 12 5 

3 1e5 14 5 

4 1e5 16 5 

5 1e5 18 5 

6 1e5 20 5 

 

  

Figure 33: Effects of varying 𝑀𝑤/𝑀𝑛 on blend melt flow rates, molecular weight distribution and Cross parameters. 
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C.1.3 Varying 𝑀𝑧/𝑀𝑤 
 

Table 14: Properties of the polymers that were blended with the standard polymer for investigating the influence of 𝑀𝑧/𝑀𝑤 on 
the melt flow rates. 

Set nr 𝑴𝒘 [g/mole] 𝑴𝒘/𝑴𝒏 [-] 𝑴𝒛/𝑴𝒘 [-] 

Standard 1e5 15 5 

1 1e5 15 2 

2 1e5 15 4 

3 1e5 15 6 

4 1e5 15 8 

5 1e5 15 10 

6 1e5 15 12 

 

 

  

Figure 34: Effects of varying 𝑀𝑧/𝑀𝑤 on blend melt flow rates, molecular weight distribution and Cross parameters. 
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C.1.4 Varying 𝜂0 

 

Table 15: Properties of the polymers that were blended with the standard polymer for investigating the influence of the value of 
𝜂0 on the melt flow rates. 𝜆/𝜂0 and 𝑚 were kept constant. 

Set nr 𝜼𝟎 [Pa s] 𝝀 [s] 𝒎 [-] 𝝀/𝜼𝟎 

Standard 3e4 30 0.4 1e-3 

1 3e4 10 0.4 1e-3 

2 3e4 14.3 0.4 1e-3 

3 3e4 20.3 0.4 1e-3 

4 3e4 28.9 0.4 1e-3 

5 3e4 41.2 0.4 1e-3 

6 3e4 58.8 0.4 1e-3 

 

 

  

Figure 35: Effects of varying the value of  𝜂0 on blend melt flow rates, molecular weight distribution and Cross parameters. 
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C.1.5 Varying 𝜆/𝜂0 

 

Table 16: Properties of the polymers that were blended with the standard polymer for investigating the influence of the value of 
𝜆/𝜂0 on the melt flow rates. 𝜂0 and 𝑚 were kept constant. 

Set nr 𝜼𝟎 [Pa s] 𝝀 [s] 𝒎 [-] 𝝀/𝜼𝟎 

Standard 3e4 30 0.4 1e-3 

1 3e4 9 0.4 3e-4 

2 3e4 18 0.4 6e-4 

3 3e4 27 0.4 9e-4 

4 3e4 60 0.4 2e-3 

5 3e4 150 0.4 5e-3 

6 3e4 240 0.4 8e-3 

 

 

 

 

  

Figure 36: Effects of varying the value of  𝜆/𝜂0 on blend melt flow rates, molecular weight distribution and Cross parameters. 
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C.1.6 Varying 𝑚 

 

Table 17: Properties of the polymers that were blended with the standard polymer for investigating the influence of the value of 
𝑚 on the melt flow rates. 𝜂0 and 𝜆/𝜂0 were kept constant. 

Set nr 𝜼𝟎 [Pa s] 𝝀 [s] 𝒎 [-] 𝝀/𝜼𝟎 

Standard 3e4 30 0.4 1e-3 

1 3e4 30 0.37 1e-3 

2 3e4 30 0.38 1e-3 

3 3e4 30 0.39 1e-3 

4 3e4 30 0.41 1e-3 

5 3e4 30 0.42 1e-3 

6 3e4 30 0.43 1e-3 

 

 

 

 

Figure 37: Effects of varying the value of  𝑚 on blend melt flow rates, molecular weight distribution and Cross parameters. 
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C.1.7 Varying 𝐼2 
 

Table 18: Properties of the polymers that were blended with the standard polymer for investigating the influence of the value of 
𝐼2 on the melt flow rates. 

Set nr 𝑰𝟐 [g/10 min] 𝑰𝟓 [g/10 min] 𝑰𝟐𝟏 [g/10 min] 𝑰𝟓/𝑰𝟐 𝑰𝟐𝟏/𝑰𝟓 

Standard 1 3.6 41.4 3.6 11.5 

1 0.0631 0.22716 2.61234 3.6 11.5 

2 0.1585 0.5706 6.5619 3.6 11.5 

3 0.3981 1.43316 16.48134 3.6 11.5 

4 2.5119 9.04284 103.9927 3.6 11.5 

5 6.3096 22.71456 261.2174 3.6 11.5 

6 15.8489 57.05604 656.1445 3.6 11.5 

 

  

Figure 38: Effects of varying the value of 𝐼2 on blend melt flow rates, molecular weight distribution and Cross parameters. 
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C.1.8 Varying 𝐼5/𝐼2 
 

Table 19: Properties of the polymers that were blended with the standard polymer for investigating the influence of the value of 
𝐼5/𝐼2 on the melt flow rates. 

Set nr 𝑰𝟐 [g/10 min] 𝑰𝟓 [g/10 min] 𝑰𝟐𝟏 [g/10 min] 𝑰𝟓/𝑰𝟐 𝑰𝟐𝟏/𝑰𝟓 

Standard 1 3.6 41.4 3.6 11.5 

1 2.5119 6.78213 77.9945 2.7 11.5 

2 2.5119 7.28451 83.77187 2.9 11.5 

3 2.5119 7.78689 89.54924 3.1 11.5 

4 2.5119 8.28927 95.32661 3.3 11.5 

5 2.5119 8.79165 101.104 3.5 11.5 

6 2.5119 9.29403 106.8813 3.7 11.5 

 

  

Figure 39: Effects of varying the value of  𝐼5/𝐼2 on blend melt flow rates, molecular weight distribution and Cross parameters. 
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C.1.9 Varying 𝐼21/𝐼5 
 

Table 20: Properties of the polymers that were blended with the standard polymer for investigating the influence of the value of 
𝐼21/𝐼5 on the melt flow rates. 

Set nr 𝑰𝟐 [g/10 min] 𝑰𝟓 [g/10 min] 𝑰𝟐𝟏 [g/10 min] 𝑰𝟓/𝑰𝟐 𝑰𝟐𝟏/𝑰𝟓 

Standard 1 3.6 41.4 3.6 11.5 

1 2.5119 9.04284 90.4284 3.6 10 

2 2.5119 9.04284 97.66267 3.6 10.8 

3 2.5119 9.04284 104.8969 3.6 11.6 

4 2.5119 9.04284 112.1312 3.6 12.4 

5 2.5119 9.04284 119.3655 3.6 13.2 

6 2.5119 9.04284 126.5998 3.6 14 

 

 

 

  

Figure 40: Effects of varying the value of  𝐼21/𝐼5 on blend melt flow rates, molecular weight distribution and Cross parameters. 



 

 

 


