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Abstract 

 

Keywords: slender RC-column; design moment including second-order effect; nominal 

stiffness; physical and geometrically nonlinear analysis; smeared cracking. 

 

 

A column is considered to be slender if its cross-sectional dimensions are small compared 

with its length. The degree of slenderness or slenderness ratio (λ) is defined in Eurocode 2 art. 

(5.8.3.2) as a function of the effective length (l0) and the radius of gyration (i) of a rectangular 

uncracked concrete section. Slender structures with optimized cross-section are elegant 

aesthetically, reduce the dead weight of the structure and allow for efficient use of floor plans 

with possibilities for more higher and open space.  However, the insufficiency in the knowledge 

of the real resistance to buckling, total design moment including second-order effects, bending 

stiffness and time-dependent behaviour of slender reinforced concrete columns still often leads 

to an exaggeration of the cross-section and therefore limit the design possibilities and new 

developments. 

 

Slender structures, in which second-order effect cannot be ignored, are analyzed for 

practical designs with Simplified Methods according to Eurocode 2 “Design of concrete 

structures”. One of such methods is the Nominal Stiffness Method NEN-EN 1992-1-1 art. 

(5.8.7). However, the research results provided by Hageman showed that the method of 

Nominal Stiffness is not adequate and therefore it is overruled in the Dutch National Annex by 

the standard NEN6720. The calculated total bending moment including second-order effect 

may result in an overestimation of the failure load and therefore form an unsafe structure.  

 

Within this report, detailed analytical research of the five Simplified Methods is performed 

in order to gain a deeper knowledge of the design models, relevant parameters and their 

backgrounds.  The differences between the methods are presented considering different 

structural cases. The extensive overview of the results and differences between the methods 

provide insight into the behaviour of the design models and the significance of the parameters 

in a bigger structural domain. In addition, the results provide a solid starting point for the 

nonlinear finite element analysis and allow engineers to validate the outcomes. The magnitude 

of the underestimations is then research by means of nonlinear finite element analysis, 

incorporating both physical and geometric nonlinearity. The cracking of reinforced concrete is 

simulated using the principle of smeared cracking. 

 

The results showed significant deviations between the analytical results and the nonlinear 

analysis performed in DIANA. It has been shown for multiple structural cases that the Dutch 

National Annex Method overestimates the bending stiffness of a slender column whether 

Nominal Stiffness method (eq.5.22) showed safe but conservative results. The developed finite 

element model is suited for the analysis of pure bending problems and a combination of a 

normal force and bending. The provided Python-scripts allow the researcher for an easy 

adjustment of the parameters in order to study more cases in the future. Together with the 

additional research it would be possible to improve the current methods for the revision of 

Eurocode 2. 
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 Introduction 

Along with new improvements in the 

quality of reinforced concrete and 

manufacturing techniques, new 

possibilities in the design of concrete 

structures have appeared in recent years.  

Architects and engineers have embraced 

these advances in concrete technology by 

implementing among others more slender 

reinforced concrete structures in their 

designs.[1] Slender structures with 

optimized cross-section are elegant 

aesthetically, reduce the dead weight of the 

structure and allow for efficient use of floor 

plans with possibilities for more higher and 

open space. Some great examples are the 

Lufthansa Aviation Center in Frankfurt and 

The Crystal Palace Sports Centre in 

London.  However,   the insufficiency in the 

knowledge of the real resistance to 

buckling, bending stiffness and time-

dependent behaviour of (very) slender 

reinforced concrete columns still often 

leads to an exaggeration of the cross-

section and therefore limit the above design 

possibilities and new developments.  

 Slender columns 

In most structural members, the strength 

is not affected by the time-dependent 

material effects of concrete. However, in 

some cases, the deformations caused by 

creep and shrinkage can lead to an increase 

in the loads on the structure and 

consequently a reduction in the capacity of 

the element. A slender column under 

sustained eccentric compression is such an 

element. Other examples include shallow 

concrete arches and domes.  

In general, slender columns are prone to 

large lateral deflections and time-dependent 

increases in curvature due to creep. The 

capacity of the member decreases due to the 

occurrence of the relatively big second-

order effect and cracking of the element. 

The gradual increase in the second-order 

moment with time, as a result of creep, 

additionally reduces the factor of safety and 

structural instability may occur considering 

these type of columns. As a result of these 

phenomena, the load-carrying capacity of 

slender columns may be significantly less 

compared to stocky columns with the same 

cross-section.  

In order to design slender reinforced 

concrete columns for the ultimate limit state 

(ULS), the design process should include an 

accurate assessment of the (creep) 

deformation to ensure an adequate factor of 

safety.[2] In addition, the importance of 

time-dependent effect like creep grows with 

the presence of second-order effects. 

Neglecting second-order effects and 

underestimating deformations may result 

therefore in an overestimation of the failure 

load.  A detailed nonlinear finite element 

analysis, incorporating both physical and 

geometric nonlinearity, is essential to 

determine the magnitude of this 

overestimation.[3]  The effect of different 

nonlinearities could be than researched in 

Figure 1: Lufthansa Aviation Center, Frankfurt 
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order to provide a safe design of slender 

reinforced concrete structures. 

 Analysis methods 

A detailed analysis of non-linear second-

order effect is possible by the use of finite 

element models to prevent overestimation 

of the failure load as mentioned in the 

previous paragraph. However, it is not often 

used in practice due to its limited suitability 

for the analysis of entire structures, time-

consuming process and high computational 

costs. The modern design codes propose 

therefore an alternative called Simplified 

Methods which can be performed in a 

shorter time frame. Within Eurocode 2 

“Design of concrete structures” there are 

two types of Simplified Methods 

accounting for geometric and physical 

nonlinearities in slender structures: a) 

Nominal Stiffness Method, NEN-EN 1992-

1-1 art. (5.8.7) and b) Nominal Curvature 

Method, NEN-EN 1992-1-1 art. (5.8.8), 

which are based on physical models and 

nonlinear analysis.[4]  

Optimal design is obtained when 

designing for instability. Stability failure of 

slender compression members limits the 

maximum carrying capacity of the member.  

The moment at the occurrence of instability 

is smaller than the sectional moment 

capacity based on material failure. The 

sectional moment capacity (MRd) is 

relatively simple to determine. However, it 

is more difficult to determine the maximum 

moment at stability failure and to design for 

this moment. For this reason, the code 

introduced fictitious stiffness or nominal 

stiffness values which indirectly allow 

design for member instability to be carried 

out by designing for material failure. It is 

accomplished by using a lower fictitious 

stiffness to estimate second-order effects. 

As a result, second-order moments are 

overestimated just enough to justify that the 

design for the maximum total moment is 

done at material failure (MEd = MRd).[5] 

It is not practicable to develop such 

methods empirically on the basis of the 

tests, like shear. The number of variables 

involved, their range of variation and their 

influence is such that they cannot easily be 

covered within the test series of realistic 

proportions. Accurate and reliable methods 

are therefore used for calibration of 

Simplified Methods.[6]  

The research results provided by 

consultancy Hageman showed that the 

method of Nominal Stiffness is in some 

cases not adequate. Therefore it is overruled 

in the Dutch National Annex NEN-EN-

1992-1-1+ C2/NB art. (5.8.5) by the KLE-

method, originally described in NEN6720. 

In addition, it has been found that cracking 

effects have a significant influence on the 

second-order effect. In the paragraph 

“Second-order ” the cycle of increasing 

bending moments and deformation is 

discussed. Since the stiffness of the column 

will generally not be constant but depend on 

the applied load, it is complex to compute 

the final bending moment (MEd). Therefore, 

the nonlinear analysis is required using 

numerical models.[7]  

The most accurate method is the 

“General method”. The method is in detail 

described in NEN-EN-1992-1-1 art. (5.8.6) 

and is based on non-linear analysis, 

including both geometric –and material 

nonlinearity (second-order effects, cracking 

effects, creep, material behaviour in 

compression and tension).  The effect of 

creep can be taken into account using 

simplified or fundamental approach. Using 

fundamental approach a more refined 

model of creep may be used where also the 

favourable effect of cracking could be taken 

into account e.g. by using a descending 

branch of the stress-strain curve in tension, 

or by modifying the stress-strain curve of 

the reinforcement.[8,9] However, in the 

engineering field, it is common to neglect 

all contributions from concrete in tension. 

In that way, the results are always more or 

less on the “safe side”. 

Detailed non-linear analysis of slender 

reinforced columns including significant 

parameters and analysis of specialized 

alternative approaches may provide finally 

new insights into the behaviour of slender 
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structures. Using this information, the 

simplified method of Nominal Stiffness 

could be improved for the revision of 

Eurocode 2 in the future.   

 Research goal 

It is the ambition to optimise the current 

Nominal Stiffness Method described in 

NEN-EN 1992-1-1 art. (5.8.7.1). The goal 

within the graduation project is to perform 

a detailed analytical analysis of current 

Simplified Methods described in NEN-EN 

1992-1-1 and validate those by means of a 

parametric study using nonlinear finite 

element analysis, also referred as the 

General Method in NEN-EN-1992-1-1 art. 

(5.8.6). In addition, new modelling 

parameters will be added to the numerical 

model analysis to extend current knowledge 

on the slender structure behaviour.  

 

The main research question is: 

 

What effects does including the interaction 

of geometric and material nonlinearities 

into the General Method have on the 

accuracy of the current Nominal Stiffness 

Method according to Eurocode 2 (2004) 

considering slender reinforced concrete 

columns? 

 Structure of the report 

The structure of the report may be 

divided into three main parts: a) structural 

behaviour of reinforced concrete, b) the 

analytical research and c) the numerical 

research.  

Structural behaviour of reinforced 

concrete (chapter 2) –  various nonlinear 

properties are generally explained. 

The analytical research (chapter 3 - 4)  – 

in chapter 3, the focus is on the Simplified 

Methods according to Eurocode 2 and their 

background theories. The parameter study 

results and the applied analytical models 

are described in chapter 4. 

The numerical research (chapter 5,6-7) – 

in chapter 5 and 6, is all about the finite 

element analysis which resulted in the final 

DIANA-model of the slender column. The 

final model and the numerical results are 

presented in the last chapter. The provided 

tables and graphs show clear differences 

between the analytical and the numerical 

results which are used to draw the final 

conclusions.  
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 Structural behaviour of 

reinforced concrete 

 Introduction 

The non-linear analysis is a procedure 

for calculation of action effects, using an 

adequate non-linear behaviour for materials 

and of the structure e.g. cracking, second-

order effect. The process is developed by 

computer-aided calculations, by verifying 

equilibrium and compatibility at every load 

increase. [8,10] 

The non-linear material behaviour of 

reinforced concrete structure leads to a 

faster deformations increase than the 

increase of the applied load. Also, after 

unloading the structure, the initial state will 

not be reached compared to linear 

calculations. The common calculation 

assumptions are: a) concrete has no tensile 

capacity; b) compression and elongation of 

the fibres is proportional to the neutral axis 

distance; c) the relationship between 

stresses and strains is defined in σ-ε-

diagrams; d) contribution of concrete to 

tensile capacity may be included for the 

determination of the stiffness [11]  

 Eurocode 2, NEN-EN-1992-1-1 art. 

(5.8), considers members and structures in 

which the structural behaviour is 

significantly influenced by second-order 

effects.  These effects result in additional 

action effects caused by structural 

deformation. The structural members could 

be for example columns, walls, piles, arches  

and shells. For such elements, the second-

order moments are significant if it is more 

than 10% of the corresponding first-order 

moment. The equilibrium and resistance are 

verified in the deformed state taking into 

account the relevant effects of cracking, 

non-linear material properties and creep. 

Article 5.7.(5) recommends for slender 

structures, in which second-order effect 

cannot be ignored, to use the “General 

Design Method” given in art. (5.8.6). In 

addition, simplified criteria for isolated 

columns are given in art. (5.8.3) “Simplified 

criteria for second-order effects”. [8] 

 Physical non-linearity 

 Non-linear elastic behaviour  

The typical non-linear material 

behaviour of concrete in compression is 

schematically shown in Figure 2. Both 

stress-strain relationship diagrams consist 

of two parts having the differences in the 

applied strains (εc3, εcu3 or εc2, εcu2), design 

stress (fcd) and whether a linear or parabolic 

first part is applied. The specifications of 

these diagrams are described in NEN-EN-

1992-1-1 art. (3.1.7) and Table 3.1. 

Due to the internal relationship 

described by these diagrams, the bending 

moment (M) and curvature (κ) are therefore 

also non-linear, see Figure 3. The curve 

shows a decreasing slope with increasing 

bending moment which is due to the 

combination of both cracking and the non-

linear behaviour of concrete loaded in 

compression.  

The non-linearity of the internal M-κ 

relationship also leads to a limit point where 

stability can just be reached. Values of the 

first-order moment (M0Ed) which are 

smaller than that moment (MEd) are 

therefore stable and bigger values result in 

unstable situation respectively. From the 

figure, it also can be concluded that stability 

does depend on the order of magnitude of 

the first-order bending moment in case of 

non-linear elastic material behaviour.[7]   

In the next paragraph, the analytical 

methods for the analysis of the structural 

behaviour of a reinforced concrete section 

loaded in compression with uniaxial 

bending are introduced. Resulting diagrams 

are essential to properly understand the 

structural behaviour of the critical-section 

under various loading combinations and to 

be able to predict the curvatures.  

 



7K45M0 – Master Thesis – P.R. Kuzin                                                                                         2019 

Eindhoven University of Technology (TU/e),  The Netherlands                                                                5 

a) 

b) 

 
Figure 2: a) Bi-linear and b) Parabola-rectangle stress-

strain relationship of concrete loaded in compression.[8]  

 
Figure 3: Stability and instability in case of non-linear 

elastic materials behaviour.[7]  

 Axial load and uniaxial bending 

Structural behaviour of columns loaded 

in compression with uniaxial bending is 

characterized by means of so-called M-N 

interaction diagram and M-N-κ diagram. 

The M-N interaction diagram describes the 

various ultimate combinations of normal 

force (N) and bending moment (M) that are 

possible in a column where the amount of 

reinforcement should be known in advance. 

For any of these combinations, the M-N-κ 

diagram can be derived. It describes the 

curvature and bending stiffness of a 

reinforced concrete section with an 

increasing moment if the normal force is 

known.[7]  

In order to determine the bending 

stiffness of a reinforced concrete structure, 

loaded in axial compression and uniaxial 

bending, knowledge of structural behaviour 

under various loading phases is needed. A 

concrete column with a constant cross-

section and continuous reinforcement does 

not have a constant bending stiffness due to 

variation of the moment. For example, 

bending stiffness of an uncracked concrete 

section is different than of a cracked 

section. [8,12] 

This non-linear behaviour is typical for 

concrete structures. The non-linearity is 

caused by the cracking of the concrete 

section stressed in tension, the yield of 

reinforcement and the non-linear behaviour 

of concrete stressed in compression with 

strains greater than (εc2, εc3). Resulting M-

N-κ diagrams are valid for the analyses of 

the ultimate limit state e.g. second-order 

and the diagrams can be used to analyze the 

deformations in the serviceability state 

respectively. The impact of creep can be 

taken into account by using different stress-

strain diagrams for concrete. The shape of 

the diagram and thus bending stiffness (EI) 

depend to a large extent on the concrete 

class, the relative normal force (n) and the 

amount of reinforcement, see Figure 4. The 

figure shows that after cracking moment 

(Mcr) the reinforcement is  able to yield 

(My) and the concrete in compression is  
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Figure 4: Typical M-N-k diagram of a reinforced concrete 

section.[7]  

close to εc3-strain. Thereafter, it is followed 

by the ultimate moment resistance in the 

ultimate limit state (MRd). This desirable 

ductile behavior is true for relatively low 

normal forces n = 0,1 - 0,2. Furthermore, 

columns with relative low normal force 

become sensitive for second-order effects 

when the moment is close to My due to a 

fast decrease in stiffness after yield of the 

reinforcement loaded in tension. This effect 

is very important when considering the 

stability of reinforced concrete structures. 

According to Euler theory, the 

magnification factor increases fast with a 

decreasing stiffness caused by the plastic 

curvature.  

Higher values of relative normal force 

increase the depth of the compression zone 

and limit therefore the strain of 

reinforcement in the tensile zone. As a 

result, the columns become less ductile and 

can fail without significant warning i.e. 

brittle failure. Further increase of axial load 

can even lead to an extreme case where the 

crack moment (Mcr) is directly followed by 

the ultimate bending moment MRd. Then 

only small bending moments can be applied 

to the column. The column is in this 

situation very sensitive for small changes in 

eccentricities. 

Hence, reinforced concrete structures 

are sensitive to second-order effects due to 

plastic curvature. The magnitude of this 

curvature increases with relatively low 

normal forces and/or relatively low amount 

of reinforcement. [7]  

 Effective Young's modulus 

In paragraph 2.2.2, the stiffness (EI) of a 

reinforced cross-section is determined by 

means of a M-N-κ diagram. This analytical 

analyzes method can be simplified to a 

large extent by numerical analyses.  

Second, a more important reason to use a 

numerical approach is varying column 

stiffness over its length which depends on 

the order of magnitude of the bending 

moment. Each cross-section in a column 

will have a different stiffness if the bending 

moment is not constant. As a result, a 

physical nonlinear analysis of the concrete 

structure is required. 

For general structural design, the 

numerical nonlinear analysis method is too 

complex and time-consuming. Therefore, 

many reinforced concrete columns have 

been analyzed systematically by means of 

M-N-κ diagram in the past. At a certain and 

well-defined load (MRd) the stiffness (EIRd) 

is defined. This fictitious or nominal 

stiffness can be used in the analysis of the 

load-bearing capacity, including second-

order analysis. At lower loads, similar 

analyses are performed taking into account 

the long-term creep behaviour of concrete.  

Eurocode 2, NEN-EN 1992-1-1,  

describes the nominal stiffness of 

reinforced concrete structures in art. ( 

5.8.7.2). However, results of the method are 

considered to be not adequate and are 

overruled in the Dutch National Annex by 

the KLE-method derived from NEN6720. 

These methods will be treated in more 

detail in chapter 3. 

 Second-order effect 

When a braced column or a wall is 

subjected at both ends to a normal force and 

first-order bending moment (M0Ed) the 

structure will laterally deform (w0), see 

Figure 5. The application of normal force to 

the column in a deformed state causes an 
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additional moment Madd = NEd w0. 

Consequently, the column deformation 

increases due to this additional moment 

which again results in a bigger bending 

moment and deformation. In a good design, 

an equilibrium of this process will be 

reached eventually. The final deformation 

is then equal to w2. Therefore, the total 

design moment (MEd) is expressed as a sum 

of the first-order moment and total 

additional moment, also called second-

order moment [12]: 

 

Ed 0Ed Ed 2M M N w= +      (0.1) 

 

 
Figure 5: Principal behaviour of a column in a braced 

structure.   

Second-order effects may be neglected 

when they are smaller than 10% of the first-

order moment.  

 

V,BB

Ed 0Ed

V,Ed

Nn
M M     subs.  n

n 1 N

n
1,1    with  n 11

n 1

= =
−

 
−

  

 

In order to determine if n > 11, the buckling 

load NV, BB must be calculated first. This 

requires information about the bending 

stiffness of the member (EI) and the 

effective length (l0). Unfortunately, the 

stiffness depends on the load and buckling 

length is known for a series of standard 

situations only, see paragraph 2.3.2. [7]  

 Slenderness criteria 

The significance of the second-order 

effects could also be determined by an 

alternative simplified approach described in 

the art. 5.8.3 (1). The simplified slenderness 

criterion method defines a slenderness limit 

value (λlim). Therefore, the second-order 

effects may be ignored if the member 

slenderness is smaller than a certain limit 

value. The benefit of this approach is that 

the buckling of the column is not directly 

considered as described in paragraph 2.3. 

Eurocode recommends to calculate the 

slenderness limit value according to the 

following equation: 

 

lim

20 A B C

n

  
 =      (0.2) 

 

The parameters in the equation are 

dependent on effective creep ratio (ϕef), 

mechanical reinforcement ratio (ω), the 

total area of longitudinal reinforcement 

(As), the relative normal force (n) and the 

first-order moment ratio (rm). Assuming the 

recommended basic values of A = 0,7, B = 

1,1 and C = 0,7 slenderness must satisfy 

therefore the following criteria: 

 

lim

10,8

n
   =      (0.3) 

2

116
n 


       (0.4) 

 

The equation shows, that the limit value 

decreases when relative normal force 

increases. Furthermore, this equation can be 

used to determine at which relative normal 

force no second-order calculation is 

required when the slenderness (λ) of the 

column is known[12]. The equation (0.3) is 

rewritten to the equation (0.4). 

The slenderness criterion for columns 

subjected to biaxial bending may be 

checked separately for each direction.  

Dependent on the result, second-order 

effects may be: a) ignored or taken into 

account in both directions, b) considered in 

one direction. [8]  
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 Slenderness and effective length 

The slenderness ratio (λ) is defined in 

Eurocode 2 art. (5.8.3.2) as a function of the  

effective length (l0) and the radius of 

gyration (i) of a rectangular uncracked 

concrete section. 
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Figure 6[8], five examples of columns with 

theoretical infinite stiff boundary 

conditions are shown. For each boundary 

condition (a-e), the effective length (l0) is 

given as a ratio of the system length (l). 

Buckling modes  (f -g) correspond to 

boundary conditions with a certain 

rotational stiffness. Including rotational 

stiffness at the ends of the column results in 

bigger effective length (l0) compared to 

infinite stiff boundary conditions. Higher 

effective length values result in lower 

buckling load. [8] 

 Time-dependent deformation 

In the design of concrete structures, the 

two main design objectives are safety and 

serviceability. The capacity of the 

structures must be high enough and 

sufficiently ductile to resist possible 

extreme loads during its lifespan.  On the 

other hand, serviceability of a structure 

must be satisfactory under the day-to-day 

service loads without deforming, cracking 

or vibrating excessively. Structural 

behaviour at the serviceability state is most 

affected by cracking of the tensile concrete, 

tension stiffening, and the time-dependent 

deformations caused by creep and 

shrinkage of the concrete. [2]  

 

 

“The prediction of the final deformation of 

a concrete structure, and the final extent 

and width of cracks are perhaps the most 

uncertain and least well-understood aspect 

of the structural design.” [2] 

 

 

 

 

 

 

 
             a)                      b)                       c)                               d)                     e)                        f)                        g) 

Figure 6: Buckling modes and corresponding effective length for isolated member. From left to right: a) l0=l, b) l0=2l, c) 

l0=0,7l,  with theoretical infinite stiff boundary conditions and  d) l0=0,5l, e) l0=l   f) 0,5l< l0 < l   g) l0 > 2l. with a certain 

rotational stiffness. [8]  
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The long-term behaviour of the structure 

depends primarily on the deformational 

characteristics of the concrete, including its 

creep and shrinkage characteristics. This 

behaviour is highly variable, depending on 

the mix proportions, types of cement and 

aggregates, the local environment and the 

load history. Due to the long-term 

complexity, the effects of concrete creep 

and shrinkage on structural behaviour are 

treated superficially.  

Effects of creep and shrinkage on 

structural behaviour have been actively 

researched for over the past 100 years. 

However, much valuable information and 

many new developed analytical procedures 

are not in general known or used by the 

profession. Civil and structural engineers 

often consider this behaviour using 

simplified code-oriented procedures for 

deflection and crack control. Consequently, 

failure to recognize and quantify the non-

linear effects of cracking, creep and 

shrinkage, is a common cause of 

serviceability failure. [2]   

The response of a concrete specimen 

subjected to load is both immediate and 

time-dependent.  The deformation of the 

concrete structure under sustained load 

increases with time which may result in 

deformation many times greater compared 

to the initial value. Accurate and reliable 

predictions of instantaneous and time-

dependent deformation of the concrete 

structures are therefore necessary to satisfy 

the serviceability design criteria.  

The gradual development of strain with 

time is caused only by creep and shrinkage 

considering a case where the temperature 

and stress remain constant. Creep strain is 

produced by sustained stress, while 

shrinkage is independent of stress. Increase 

in deformation and curvature, losses of 

prestress and redistribution of stresses and 

internal actions are the consequences of 

these inelastic and time-dependent 

strains.[2] Finally, the principle difference 

between creep and shrinkage is that creep 

influences the stiffness of the element and 

shrinkage not.  

 Concrete strain components 

The total concrete strain ε(t) at any time 

in an uncracked, uniaxial-loaded specimen 

consists of several components that include 

the instantaneous elastic strain εe (t), creep 

strain εcr (t), shrinkage strain εsh (t) and 

temperature strain εT (t). However, it is 

usual to express the concrete strain at a 

constant temperature when calculating the 

in-service behaviour of concrete. 

Therefore, the equation consists of three 

time-dependent strain variables. It is 

assumed that all components are 

independent and maybe calculated 

separately and combined to obtain the total 

strain. 

The effect of concrete strain components 

under sustained load is presented in  Figure 

7. The graph starts immediately after the 

concrete sets or at the end of moist curing 

at time τd. At this point, shrinkage strain 

begins to develop and continue to increase 

at a decreasing rate. A sudden jump in the 

strain diagram occurs due to the application 

of a constant sustained compressive stress 

(σc0) at the time (τ0). As a result, the second 

strain component of the total concrete strain 

occurred. This is followed by an additional 

gradual increase in strain due to creep. The 

accurate prediction of each of these strain 

components at the critical location is 

required to predict the time-dependent 

behaviour of a concrete member. Therefore, 

knowledge of the stress history and 

accurate data of material properties is 

necessary. [2]  

 
Figure 7: Concrete strain components under sustained 

load.[2] 
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 Typical concrete strain magnitudes  

In typical serviceability situations, it is 

important from the beginning to firmly 

establish the significance of each of the 

concrete strain components and their order 

of magnitude. For comparison between the 

order of magnitude of each of the strain 

components, it is assumed that: a) sustained 

compressive stress (σc0) at the time (τ0) 

equals 40 per cent of the characteristic 

compressive strength of concrete. At 

relatively low-stress levels, the 

instantaneous strain (εe) is considered to be 

elastic; b) the elastic modulus (Ec) is taken 

as constant in time. Therefore, the total 

strain of a specimen which is held at 

constant temperature can be expressed with 

an approximation for time infinity or 

several years: 

( ) ( ) ( ) ( )

( )

e cr sh

400 1000 600 2000

  =   +   +  

   − − − = − 
     (0.6)  

The equation shows typical values of the 

creep and shrinkage magnitudes. The 

magnitude of the final strain is about five 

times the magnitude of the instantaneous 

elastic strain. Even not extreme cases of 

creep and shrinkage show that time effects 

should not be neglected when calculating 

the deformation of concrete structures. 

They must be included in a rational and 

systematic way. [2]  

 Creep components 

For a good understanding of the physical 

nature of creep and describing its 

characteristics, creep strain is often 

subdivided into several components. The 

creep strain produced by the compressive 

stress history is shown in Figure 9. As 

mentioned in paragraph 0, creep increases 

at a decreasing rate after application of 

sustained stress.  When this stress is 

removed, a gradual reduction occurs with 

time as shown. However, a sudden change 

in the total strain at the time (τ1) occurs 

when the instantaneous strain is eliminated.  

Furthermore, the figure below shows that a 

portion of the creep strain is  

 
Figure 8: Effect of age at first loading on creep strains.[2] 

 

 

Figure 9: Creep components.[2] 

recoverable -εcr.d (τ1) referenced as I, while 

the larger portion is permanent εcr.f (τ1), see 

II.[2]  

The cause of delayed elasticity (εcr.d) is 

thought to be due to the elastic aggregate 

acting on the viscous cement paste after the 

applied sustained stress is removed. The 

magnitude of the recoverable creep is in the  

order of 40-50 per cent of the elastic strain 

and between 10-20 per cent of the total 

creep.  Rüsch et al. [13] suggest that the 

shape of the delayed elastic strain curve is 

independent of the age or dimensions of the 

specimen and is unaffected by the 

composition of the concrete.  

The majority of creep strain is 

permanent and is often referred to as flow, 

εcr.f (t). This component is further 

subdivided into rapid initial flow εcr.fi (t)  
and the remaining flow. The rapid initial 

flow occurs in the first 24 hours after 

loading and highly depends on the age at 

first loading. The younger concrete is when 

first loaded, the higher εcr.fi (t). The 

remaining flow that occurs after the first 

day under load is dependent on the relative 

humidity and develops gradually with time. 

It may be divided into a basic flow 
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component εcr.fb (t) and a drying flow 

component εcr.fd (t). The basic flow depends 

on the composition of the concrete matrix 

i.e. aggregate, type, size and quantity, 

concrete strength etc., and the age of 

concrete at the time of loading. The drying 

flow is the additional irrecoverable creep 

that occurs when the specimen is loaded in 

a drying environment and depends on the 

moisture content and gradient, the shape 

and shape of the specimen. In structural 

analysis, consideration of the recoverable 

and irrecoverable components of creep is 

appropriate and necessary if the concrete is 

subjected to time-varying stress history. [2]  

 Effect of ageing 

All sub-components of creep are 

affected to some extent by the degree of 

hydration, i.e. the age of the concrete at the 

time of first loading (τ). Figure 8, shows the 

effect of age at first loading on the creep–

time curves of identical specimens first 

loaded at ages τ0, τ1 and τ2. The prediction 

of creep strain becomes therefore even 

more complex including this time-

hardening or ageing of concrete under time-

varying stress histories. [2]  

 Simplified creep approach 

In previous paragraphs, the complex 

time-dependent behaviour of creep is 

discussed. To overcome these challenges, 

Eurocode provides a simplified approach 

which describes different effects of creep 

by one single parameter.  This enables 

engineers to include these time-dependent 

effects in the analysis of the structures 

where its importance grows with the 

presence of second-order effects. 

Consequently, the underestimation of 

deformations and an overestimation of the 

failure load due to creep can be prevented.  

Creep in concrete is referred to as a 

gradual increase in strain with time in a 

member subjected to prolonged stress.  The 

creep strain is much larger than the elastic 

strain on loading. Furthermore, it has an 

immediate elastic recovery and a slower 

recovery in the strain if the specimen is 

unloaded. Both amounts of recovery are 

much less than original strains under load.  

The main factors affecting creep strain 

are the concrete mix and strength, the type 

of aggregate, curing conditions, ambient 

relative humidity, the magnitude and 

duration of sustained loading and the age of 

concrete at which load is first applied. 

Eurocode 2, art. (3.1.4(2)) specifies a 

condition of maximum compression stress 

of 45% at the time of loading. If satisfied, 

long-term creep strain is calculated from 

the creep coefficient ϕ(∞,t0) by the 

equation [14]:  

 

( ) ( )cr 0 0

c

, t , t
E


  =                                  (0.7) 

 

Creep has the effect of increasing the 

deflection and consequently decreasing the 

ultimate load capacity of the column. 

However, one and the same creep 

deflection can be given by different 

combinations of long-term axial load and 

first-order bending moment. This may be 

either small axial force and large bending 

moment, or vice versa, also depending on 

slenderness. In addition to the above 

parameters, the effect of different 

combinations of sustained axial load, first-

order moment and slenderness, and the 

effect creep fundamental parameters e.g. 

relative humidity, size of the cross-section, 

concrete composition, the age of concrete at 

loading, stress levels etc, then the 

calibration task becomes overwhelming. 

However, different effects of creep can be 

described by one single parameter the 

effective creep ratio. This ratio gives the 

combined effect of the basis creep 

coefficient and the relative effect of long-

term load. [6]  

 Effective creep ratio 

Non-linear analysis of second-order 

effect according to Eurocode 2 includes the 

effect of creep considering both general 

conditions for creep and the duration of 

different loads. Same as in “Slenderness 

criteria” the effective creep ratio (ϕef) is 
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used to simplify the calculation. In this 

case, the load duration is simplified which, 

used together with the design load, gives a 

creep deformation corresponding to the 

quasi-permanent load: 

 

0Eqp

ef ( ,t0)

0Ed

M

M
 =                      (0.8) 

 

The effective creep ratio is a product of the 

final creep coefficient according to art. 

(3.1.4) and the ratio of the first-order 

bending moment in quasi-permanent load 

combination (SLS)a and the first-order 

moment in design load combination (ULS). 

The quasi-permanent load combination 

represents the sustained load and is applied 

in the calculations of creep in cases where 

significant second-order effects are 

significant.  

A more accurate way to determine 

effective creep ratio (ϕef) is to use the total 

bending moments ME0qp and MEd. 

However, this method requires iteration and 

verification of stability under quasi-

permanent load with ϕef = ϕ(∞,t0). For both 

methods, the effect of creep may be 

ignored, i.e. ϕef = 0, if the following 

conditions are met:  
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                              (0.9) 

 

 
Figure 10: Extended stress-strain curve to take into 

account creep.[6] 

                                                 
a Limit state design requires the structure to satisfy two principal criteria: the ultimate limit state (ULS) and the 

serviceability limit state (SLS). - Limit state design [Internet]. En.wikipedia.org. 2017 [cited 6 October 2017]. 

Available from: https://en.wikipedia.org/wiki/Limit_state_design 

In situations where ME0qp / MEd varies, the 

ratio may be calculated with a maximum 

moment or a representative mean value. [8]  

 Connection with physical reality 

The physical model used as a basis for 

the calibration of simplified methods, 

leading to what is called the “General 

Method” in Eurocode 2, is based on the 

assumptions in paragraph 2.4.5. These 

assumptions, however, do not reflect the 

fundamental creep behaviour of concrete. 

This will be explained below considering 

creep coefficient and the concrete stress 

changes with time.  

The creep coefficient as a material 

property is defined for relatively low 

stresses within the elastic range. Current 

simplification of the creep is applied to the 

whole stress-strain curve, up to and beyond 

the peak stress. This extension has no 

connection with physical reality. A kind of 

creep nonlinearity at high stresses is 

introduced after application of the creep 

coefficient to the nonlinear stress-strain 

curve. However, it is uncertain whether this 

reflects the nonlinearity of creep in a correct 

way.  

Creep causes concrete stresses to vary 

with time, partly because deflections 

increase in a slender column, partly because 

stresses are transferred from concrete to 

reinforcement with creep and shrinkage. 

The concrete stress may either increase or 

decrease in different parts of the cross-

section. Since the “real” creep function 

depends on the time when stress is applied, 

the same stress change at a certain time will 

give different results when applied at some 

other time. Using the simplified method of 

the extended stress-strain curve, based on 

the final value of the creep coefficient for 

the stresses applied at the start of loading, 

cannot consider these changes with time. 

Using a single parameter to describe the 

complex effects of different combinations 

and relative levels of long-term axial load 
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and bending moment becomes highly 

questionable considering the assumptions 

above.  On the other hand, Eurocode 

method is not meant to have an exact 

physical interpretation. It is only a 

simplified and practical way to take into 

account creep. According to Westerberg [6], 

its relevance in connection with the general 

method should only be judged from the 

results it gives, in comparison with more 

complex calculations called the 

fundamental approach. [6]  

 Non-linearity of creep 

According to the research “Time-

dependent effects in the analysis and design 

of slender  concrete compression members” 

by Westerberg [6], sustained load in a 

normal design situation, thus corresponding 

to the quasi-permanent load combination, 

cannot exceed a certain percentage of the 

design value of the ultimate load i.e. 74% 

with load factors according to Eurocode. 

Hence,  the stress under sustained load will 

not exceed the same percentage of the 

design strength, equal to 50% of the 

characteristic strength and 40% of the mean 

strength. Therefore, it is concluded that 

stresses on a level that would cause strength 

reduction and significant non-linear creep 

will not play any significant role in normal 

design situations. Behaviour under very 

high stresses is considered to be interesting 

from a theoretical point of view but of 

limited interest from a practical point of 

view. [6]  

 Effect of shrinkage 

The total shrinkage strain is divided into 

two parts, the drying shrinkage strain and 

the autogenous shrinkage strain. Drying 

shrinkage strain occurs during drying and 

hardening of concrete. This process 

develops slowly due to the migration of 

water and is irreversible. On the other hand, 

wetting of concrete results in expansion of 

the member. The second part of the 

shrinkage strain, the autogenous shrinkage, 

occurs during the hardening of concrete and 

develops quite fast during the early days 

after casting of concrete. The most 

important factors influencing shrinkage are 

the aggregate type and content. Shrinkage 

decreases with increasing size of 

aggregate.[14]   

Shrinkage is seldom or never discussed 

as a factor of importance for the load 

capacity of slender columns.  The slender 

compressive members are seldom 

restrained in such a way that it could give 

any effect of shrinkage on the member as a 

whole. In case these restraints are present, 

it would rather be a favourable effect since 

it would reduce the axial force.  On the 

other hand, shrinkage does have an effect 

on the internal stress distribution, which 

consequently might have an effect on 

deflections and therefore on the ultimate 

capacity of the member. Comparable to the 

effect of creep, shrinkage causes a transfer 

of compression from concrete to 

reinforcement, but independent of stress. 

This stress distribution can be both 

favourable and unfavourable, depending on 

the concrete, reinforcement compressive 

stresses and crack etc. [6]  

 Effect of strength increase  

As discussed in the previous paragraphs, 

time-dependent effects like creep and 

shrinkage become important when the 

second-order effects are significant. 

Deflections due to creep and some extend 

shrinkage reach their maximum at the end 

of the member's service, which is therefore 

considered as the critical design condition. 

However, at the time of maximum 

deflection also the material strength has 

reached its maximum. It is therefore no 

longer self-evident that the most critical 

design condition is always to be found at 

the end of the service life. In principle, it 

may occur at any time within service live 

where lower values of deflection and 

material strength are present.  

Without taking strength increase into 

account and assuming that the most critical 

design situation is at the end of the service 

life, two design conditions are combined 

which cannot exist at the same time i.e. 
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concrete strength at the beginning of the 

service life and deformations at the end of 

it. [6]  

 Effect of tension-stiffening  

Concrete performs well in compression 

and relatively bad in tension. A reinforced 

concrete member in flexure develops cracks 

on the tension face when the tensile strength 

is reached. An example of a crack pattern is 

given in Figure 11: 

 

 
 
Figure 11: Stress distributions at the steel level in a 

cracked reinforced concrete member: a) Elevation; b) 

Stress in tensile reinforcement; c) Tensile stress in 

concrete at steel level. [2] 

Cracking in a reinforced concrete member 

may cause a significant increase in 

deflection as a result of decreasing bending 

stiffness at the cracked section. However, 

the tensile capacity of concrete is lost only 

at the position of cracks. Between cracks, 

concrete is still capable of resisting tensile 

stress due to the bond between the steel and 

concrete and due to the shearing action of 

curvature.  Therefore, the intact concrete 

continues to contribute to the overall 

stiffness of the structure. This is known as a 

tension-stiffening effect. [14,15] Neglecting 

of tension-stiffening may consequently 

result in overestimation of deflection by a 

large proportion. The behaviour and 

prediction of this effect are however rather 

complex: 

 

“Cracking and tension-stiffening are 

considered to be among the most complex 

phenomena in the theory of reinforced 

concrete (RC)” [16] 

 

Due to the complexity of the matter, 

universal tension-stiffening models have 

not yet been proposed. Depending on the 

aims and complexity of a particular 

problem the engineers choose a suited 

approach. [16]  

 Proposed tension-stiffening models  

The proposed tension-stiffening models 

vary from simple to very refined models of 

a great degree of complexity. To predict the 

cracking and deformations of RC in tension 

many theoretical models have been 

proposed. In general, these models may be 

divided into three main categories: a) 

average stress-average strain: relatively 

simple approaches which are extensively 

used in numerical analyses, based on the 

smeared crack model. This category can be 

further subdivided in concrete-related 

tension-stiffening model and reinforcement 

related tension-stiffening model; b) bond 

stress transfer in the interface zone of 

concrete and reinforcement and fracture 

mechanics: modelling of the bond between 

concrete and reinforcement steel based on 

stress-slip law. The cracking behaviour 

prediction is based on fracture mechanics; 

c) analytical-empirical: approaches based 

on test data. These simplified models are 

broadly presented in the design codes.[17] 

For nonlinear finite element analysis of 

reinforced concrete structures, models that 

modify the constitutive equation of steel or 

concrete after cracking have been proposed. 

Some models that modify the steel 

constitutive equation  are described by 

Gilbert and Warner [18], Choi and Cheung 
[19] and the CEB manual design model [20] 

and those that modify the concrete 

constitutive equation by: Scanlon and 

Murray [21], Lin and Scordelis [22], Collins 

and Vecchio [23], Stevens et.al.[24], 

Balakrishnan and Murray [25], Massicotte 

et.al [26]. The more complex models, also 

known as “microscopic models”, are based 

on the bond-slip mechanism and other 

localized phenomena: Floegl and Mang [27], 

Gupta and Maestrini [28], Wu et.al [29], 
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Russo and Romano [30] , Choi and Cheung 
[31] and Kwak  and Song [32]. These complex 

models are not usually applied to full-scale 

problems due to dependency on a series of 

parameters that are difficult to obtain, 

requiring specific experiments for each 

particular member. The models that modify 

the constitutive equation of concrete, taking 

tension-stiffening effect in an average way, 

are in general more widely used. These 

“macroscopic” models are based on the 

modification of the descending branch of 

the tensile stress-strain curve of concrete. 

Macroscopic models are easier to 

implement compared to microscopic 

models and can be easily applied to analyze 

full-scale structures. [33]   

Fracture mechanics approach – models 

cracks in concrete using fracture mechanics 

principles.  The energy required to form a 

complete crack is defined as (GF). The size 

dependence in the nonlinear theory of 

fracture mechanics is illustrated in a simple 

and dimensionless way by Hillerborg et al. 
[34] by the concept of a characteristic length 

(lch) as a unique material property. [16] 

 

F c
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The characteristic length is an index for 

brittleness depending on the fracture energy 

(GF), the elastic modulus (Es) and tensile 

strength of concrete (fct). Large values of 

characteristic length (lch) represent ductile 

material and brittle ones are represented by 

small values respectively. The relatively 

simple fictitious crack model by Hillerborg 

et al. [34] is suitable for the fracture process 

zone (FPZ)b which may be viewed as a 

specialization of other more general 

approaches. Broberg [35] proposed to 

describe the fracture process zone by 

decomposing it into cells. The resulting 

model is very similar to the smeared crack 

approach and to the crack band approach of 

                                                 
b The fracture process zone (FPZ) - a bridging zone between cracked region and uncracked region where the micro 

cracks merge together and become a single structure to give continuity to the already existing crack. Concrete 

fracture analysis. (2018). Retrieved from https://en.wikipedia.org/wiki/Concrete_fracture_analysis. 

Bažant and Planas [36]. The crack band 

model is commonly used in industry and 

commercial FE codes: DIANA by Rots [37] 

and ATENA by Cervenka et. al.[38] 

Concrete related tension-stiffening 

model – is based on the smeared crack 

model, i.e. cracks are smeared out in a 

continuous fashion and the cracked 

concrete is assumed to remain a continuum 
[17], is extensively used in numerical 

analyses. The “real” structural behaviour of 

a RC member is idealized assuming a 

uniform tension-stiffening relationship 

over the whole tension area of concrete.  

The smeared crack model has proven to be 

more flexible and more computationally 

effective compared to discrete crack model 

since no topological constraints exist. A 

stress-strain tension-stiffening relationship 

can be derived from test data of RC flexural 

members according to proposed model by 

Kaklauskas and Ghaboussi [39] which is 

discussed in more detail in Kaklauskas et al. 
[40] Compared to the most stress-strain 

constitutive models for cracked concrete in 

tension the  proposed numerical procedure 

eliminates shrinkage effect when moment-

curvature relationships or the stress-strain 

laws of cracked concrete are calculated. 

The required steps are illustrated in Figure 

14 and some results of this research in 

Figure 15 show that the shrinkage effect 

occurring prior to the short-term loadings 

has a substantial effect on the deformations 

and therefore should not be neglected in 

constitutive modelling requiring high 

accuracy. The gained tension-stiffening 

relationships can be consequently used to 

derive tension-stiffening models for the FE 

analysis as shown in Figure 16.[16] 

In addition to the latter models, a novel 

numerical tension-stiffening model by 

Renata and Henriette [33]  that modifies the 

tensile constitutive equation of concrete is 

proposed taking as a basis the CEB [20]. An 

explicit formulation for the concrete stress-

strain curve makes it well suited for 
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implementation into a finite element code. 

A continuous stress-strain curve is obtained 

for the concrete in the post-cracking range 

providing numerical stability in nonlinear 

finite element analysis of R/C members. 

The tension-stiffening model uses an 

exponential decay curve to describe the 

post-cracking range of tensile stress-strain 

curve of concrete until yielding of 

reinforcement takes place.  
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The model is based on the CEB manual 

design model [20] to derive the exponential 

decay parameter (α) as a function of 

reinforcement ratio (ρ) and the steel-to-

concrete modular ratio (n = Es / Ec). In the 

equation (0.11), fct is the concrete tensile 

strength and εcr is the corresponding strain.   

The best fit curve for the expression of the 

exponential decay parameter is achieved 

with a third-degree polynomial (COR = 

0.996): 

 

( ) ( ) ( )
2 3
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This model can be extended to the RC 

beams under bending by applying the 

effective area concept. The concept 

corresponds to the tensile zone in the 

member section which can be calculated 

according to CEB-FIB MC1990 or in the 

new version CEB-FIB MC2010 [41]:  
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In the equation (0.12) the h represents the 

nominal depth of the beam, d is the 

effective depth and x is the neutral axis 

depth.  

The proposed model of Renata and 

Henriette [33] is compared to some refined 

models such as those of Gupta and 

Maestrini [28], Kwak and Song [32] and  CEB 
[20], see Figure 12. In the figures, we see a 

fairly good agreement with the other 

models.  Furthermore, the model is 

compared to a simplified model commonly 

employed in the finite element analysis of 

RC members by Collins and Vecchio [23], 

see Figure 13. The figure shows that the 

simplified model is not able to consider the 

effect of different reinforcement ratios on 

tension-stiffening.  Which is a disadvantage 

compared to the proposed model. In 

addition, the many conducted parametric 

studies showed that among all properties, 

the reinforcement ratio is the one that has 

the greatest influence on the tension-

stiffening effect. Parameters affecting 

tension stiffening will be discussed in 

paragraph 2.7.3. Therefore, the model 

Renata and Henriette [33] combine an 

accuracy comparable to more refined 

models with ease of implementation as 

other simplified models. [33]  

 
Figure 12: Comparison of different tension-stiffening 

model with  nρ = 0,4 [33] 

 
Figure 13: Comparison of proposed tension-stiffening 

model with the model of Collins and Vecchio nρ = 0,2 - 

0,6 [33]  
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Figure 14: Deriving free-of-shrinkage moment-curvature and tension-stiffening relationships.[16] 

 
Figure 15: Moment-curvature diagrams with eliminated shrinkage effect computed at different depths of the beam with two 

extreme lines placed along the top and bottom reinforcement.[16] 

 
Figure 16: Tension-stiffening models for the FE analysis.[16] 
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Figure 17: Stages of load-deformation behaviour of tension member (a) and formation of secondary cracks (b).[42] 

Reinforcement related tension-stiffening 

model - is based on the smeared crack 

model like the concrete-related tension-

stiffening model. Within this approach, the 

tension-stiffening is modelled by the stress-

strain relationship of the tension 

reinforcement. The stresses corresponding 

to the average strain of the steel together 

with the additional stresses due to tension-

stiffening form thereby total stress in the 

tension reinforcement.[16] Using the 

principle of inverse technique formulated 

by Salys et al. [42] steel-related stress-strain 

tension-stiffening relation from test data of 

RC flexural members can be derived. In 

Figure 17, a typical load-strain curve of RC 

members subjected to tension is illustrated. 

The curve is divided into three regions: a) 

elastic behaviour of the member up to the 

start of cracking; b) behaviour from the first 

primary crack to the final cracking point; c) 

region from the final cracking point to the 

yielding of the reinforcement. The 

increasing concrete tensile stress prior to 

cracking is represented by the grey area. 

Hence, after reaching the tensile strength of 

concrete at the weakest section, cracking 

occurs. Up to the final crack, it can be seen 

that the contribution of concrete steadily 

decreases until the stable crack pattern has 

been reached at the final cracking point. 

After that point, the contribution of a 

concrete continuous to decrease due to the 

bond-slip causing cover controlled cracks 

developing between the primary cracks and 

a gradual breaking down of the bond. 

However, tension-stiffening relationships 

obtained from the tension tests of RC 

members do not necessarily assure accurate 

results for the analysis of bending elements. 

The inverse technique is therefore applied 

to derive stress-strain relationships of 

concrete material for a given moment-

curvature diagrams. [42]  

As already mentioned, a universal 

tension-stiffening model has not yet been 

computed and different approaches are 

being used depending on the aims and 

complexity of the problem. [16] 

 Design code methods 

In this paragraph, a brief overview of the 

deflection calculation techniques for short-

term loading according to Eurocode 2 and 

ACI 318 is introduced.  

Eurocode 2 – a reinforced concrete 

member in flexure is divided into two 

regions: a) uncracked region (I) and b) 

cracked region (II). Within region (I) both 

concrete and reinforcing steel are assumed 

to behave elastically, while in the region 

(II) the reinforcing steel carries all the 

tensile force after cracking. The average 

curvature is expressed as: 

 

( ) I II1 = −   +                    (0.13) 

 

In the equation (0.13), the κI is a curvature 

for the uncracked region and κII for the 

cracked region respectively. Tension-

stiffening at a section is included by a 

distribution factor (ξ). Consequently, the 

value equals ξ = 0 for an uncracked  section: 
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2

sr

s

1
 

 = − 
 

   (0.14) 

 

Within the equation above a factor (β) takes 

into account the influence of duration of the 

loading or repeated loading on the average 

strain. For a single short-term loading the 

factor equals to β =1,0 and in case of a 

sustained loading or repeating loading the 

factor of β = 0,5 is applied.  The stress in 

the tensile reinforcement calculated on the 

bases of an uncracked section equals to (σs)  

and on the bases of a cracked section to 

(σsr).  The ratio σs/ σsr can be replaced by 

Mcr/M for flexure or Ncr/N for pure tension. 

Furthermore, the curvatures in uncracked 

and cracked regions may be obtained by: 

 

I II

I II

M M
 or 

EI EI
 =  =   (0.15) 

 

Due to deviation of the material properties, 

the environmental effects, the influence of 

loading stages or restrained conditions at 

the support the actual deformations may 

deviate significantly. Nevertheless, for 

practical purposes, a rough estimate of 

displacements will often be sufficient.[17] 

American Code (ACI 318) – simply 

supported beams are analyzed using the 

theory of Branson. This approach uses the 

effective moment of inertia (Ie) and is 

considered to be sufficiently accurate to 

control deflections in reinforced and 

prestressed concrete members. The 

equation for the effective moment of inertia 

Ie for short-term deflections equals to: 

 
3 3

cr cr
e g cr g

a a

M M
I I 1 I I

M M

    
= +  −     

     

 (0.16) 

 

In the equation (0.16), (Mcr) is cracking 

moment, Ma is service load moment at the 

stage for which deflections are being 

considered, Ig is the gross moment of inertia 

of section and Icr is the moment of inertia of 

cracked transformed section. The cracking 

moment (Mcr) is calculated by the following 

equation:  

r g

cr

t

f I
M

y
=                          (0.17) 

 

Here the distance from the neutral axis to 

the tension face of the beam equals (yt) and 

(fr) corresponds to concrete tensile 

strength.[17]  

 Parameters affecting tension-

stiffening in reinforced concrete 

Several factors affect tension-stiffening 

effect in reinforced concrete such as: a) 

member dimensions; b) reinforcement ratio 

and bond; c) rebar diameters; d) the 

materials elastic modulus and c) strength. 

Tension-stiffening  effect occurs until the 

yielding of the longitudinal reinforcement 

and it tends to increase as the reinforcement 

ratio of the member decreases. [33]  The 

influence of these parameters is research by 

Kaklauskas and Šimkus [43] by performing 

a flexural tests, i.e. four-point loading 

system, on reinforced concrete beams.  The 

specimens had a constant width of 200 mm 

and the depth varied between 200-500mm. 

Furthermore, the reinforcement ratio (ρ)  

and diameters (ø)  varied between ρ = 0,45-

1,95% and ø = 16-25. Tension-stiffening 

effect appeared to be more pronounced for 

beams with smaller reinforcement ratio and 

diameter compared to beams having larger 

reinforcement and diameter. The influence 

of the two parameters is unfortunately not 

separated, because each beam had three 

reinforcement bars in the tensile zone.  

Higher reinforcement ratio, on the other 

hand, go together with higher shrinkage 

stresses which reduce tension-stiffening 

effect.  Shrinkage stresses tend also to 

increase in the members with smaller cross-

section area i.e. lesser depth. [43] 

In addition, the magnitude of tension-

stiffening is dependent on adhesion 

between reinforcement and concrete 

between the cracks. Long-term or frequent 

loading decrease the adhesion properties 

and therefore the contribution of tension-

stiffening to the total tensile capacity of a 

structural member. [11]  
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 Summary 

In the first two chapters, the introduction 

is made to slender structures with the focus 

on the reinforced concrete columns loaded 

by an eccentrical sustained axial load which 

initially results in a first-order bending 

moment. Slender structures with optimized 

cross-section are elegant aesthetically, 

reduce the dead weight of the structure and 

allow for efficient use of floor plan with 

possibilities for more higher and open 

space. Slender structures have however 

more complex and unique structural 

behaviour compared to stocky structures 

due to increased sensitivity to time-

dependent parameters like a creep in 

combination with other geometrical and 

physical nonlinearities which must be taken 

into account. Consequently, a detailed 

nonlinear analysis of these effects requires 

the use of complex finite element models to 

prevent overestimation of the failure load. 

The non-linear analysis is a procedure for 

calculation of action effects, using an 

adequate non-linear behaviour for materials 

and of the structure characterized by the 

nonlinear material behaviour, effects of 

cracking, creep, shrinkage and second-

order effects.   

Slender reinforced concrete structures 

are sensitive for second-order effects due to 

plastic curvature. By means of M-N-κ 

diagrams, it is shown that the magnitude of 

this curvature increases with relatively low 

normal forces and/or relatively low amount 

of reinforcement. Since the stiffness of the 

column will generally not be constant but 

depend on the load, it is complex to 

compute the final bending moment (MEd). 

Therefore, the nonlinear analysis is 

performed using numerical models. 

Second-order effects, also called “P-delta” 

effects, are influenced by several nonlinear 

factors, such as cracking of sections, the 

viscosity of the material, creep, slenderness 

ratios and imperfections. In addition, the 

importance of time-dependent effect like 

creep grows with the presence of second-

order effects. Neglecting second-order 

effects and underestimating deformations 

may in some cases result in an 

overestimation of the failure load.  In case 

the second-order effects are less than 10% 

of the corresponding first-order moment or 

if the member slenderness is smaller than a 

certain limit value (λlim) than it is 

considered as not significant and it can be 

neglected. 

For slender structures, in which second-

order effect cannot be ignored, are analyzed 

for practical design with simplified 

methods according to Eurocode 2. The 

simplified methods are calibrated against 

accurate calculations based on nonlinear 

analysis or also called the general method.  

The method is in detail described in NEN-

EN-1992-1-1 art. (5.8.6) and is based on 

non-linear analysis, including both 

geometric – and material nonlinearity. One 

of the simplified methods is the Nominal 

Stiffness Method. However, results of the 

method are considered to be not adequate 

and are overruled in the Dutch National 

Annex, by the standard NEN6720. 

In the next chapter,  the Simplified 

Methods listed in paragraph 1.2 and given 

in Eurocode 2 and the Dutch National 

Annex NEN-EN-1992-1-1 + C2/NB art. 

(5.8.5) will be in detail analyzed and 

compared with each other in order to gain a 

deeper knowledge of the design models, 

relevant parameters and its backgrounds.  

Together with available research and test 

results, a conclusion will be made about the 

significance of different parameters on the 

load capacity and nominal bending stiffness 

of slender reinforced concrete columns.  

Significant parameters will be included in 

the research of Nominal Stiffness Method 

and further investigated in chapter 4. A big 

structural domain will be analyzed to 

provide insight into its behaviour with 

respect to different parameter combinations 

and compared to other simplified design 

models. Finally,  the analytical results will 

be linked to the nonlinear finite element 

analysis results in order to improve 

Nominal Stiffness Method theory in the 

revision of Eurocode 2 in the near future.  
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 Nominal stiffness according to 

Simplified Methods 

 Introduction 

A detailed analysis of non-linear second-

order effect requires the use of complex 

models that are less suitable for the analysis 

of entire structures. The modern design 

codes propose therefore Simplified 

Methods for the analysis of second-order 

effects in structural elements. These 

methods can be divided into two categories: 

a) nominal stiffness of the elements (EC2, 

ACI 318) and b) nominal curvature (EC2) 

which are based on physical models and 

nonlinear analysis. [4]  

It is not practicable to develop such 

methods empirically on the basis of the 

tests, like shear. The number of variables 

involved, their range of variation and their 

influence is such that they cannot be 

covered within the test series of realistic 

proportions as mentioned by Westerberg [6]. 

Accurate and reliable methods are therefore 

used for calibration of Simplified Methods. 
[6]  

 Nominal stiffness 

Optimal design is obtained when 

designing for instability. Stability failure of 

slender compression members limits the 

maximum carrying capacity of the member.  

The moment at the occurrence of instability 

is smaller than the sectional moment 

capacity i.e. material failure. The sectional 

moment capacity (MRd) is relatively simple 

to determine. However, it is more difficult 

to determine the maximum moment at 

stability failure and to design for this 

moment. For this reason, the code 

introduced fictitious stiffness values which 

indirectly allow design for member 

instability to be carried out by designing for 

material failure. It is accomplished by using 

a lower fictitious stiffness to estimate 

second-order effects. As a result, second-

order moments are overestimated just 

enough to justify that the design for the 

maximum total moment is done at material 

failure (MEd = MRd), [5] see Figure 18.  

According to NEN-EN-1992-1-1 art. 

(5.8.7.1), nominal stiffness should be used 

in a second-order analysis based on 

stiffness. The effects of cracking, material 

non-linearity and creep on the overall 

behaviour should be taken into account. 

The nominal stiffness of slender 

compression members with arbitrary cross-

section may be estimated  as the sum of 

separate contributions from concrete and 

reinforcement using the model given 

below: [8] 

 

c cd c s s sEI K E I K E I= +                 (0.18) 

 

In this model, the total stiffness (EI) 

depends on bending stiffness of concrete 

(EcdIc) with a reduction factor for the effect 

of cracking, creep and slenderness (Kc) and 

bending stiffness part of steel reinforcement 

(EsIs) with a factor for the contribution of 

reinforcement (Ks). There are two methods 

in order to calculate these factors: a) general 

method, NEN-EN-1992-1-1 art. 5.8.7.2(2) 

and b) simplified method, NEN-EN-1992-

1-1 art. 5.8.7.2(3) valid for relative high 

reinforcement ratios only. The differences 

between the methods are whether the 

contribution of the reinforcement is taken 

into account and how accurate the concrete 

part is calculated. The factors according to 

the general method are:[8]  
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The factors according to the simplified  

Nominal Stiffness Method are: 
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The total design moment, including second-

order moment, is expressed according to a 

moment magnification method in NEN-

EN-1992-1-1 art. 5.8.7.3(1): 
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=
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The maximum first-order moment 

(M0Rd) for different axial forces (N), 

slenderness ratios (λ) and reinforcement 

ratios (ρ) can be determined using the 

General Method, see paragraph 3.4. With 

the stiffness method, the maximum first-

order moment can be expressed by the 

equation (0.22). The second-order moments 

are overestimated just enough to justify that 

the design moment for the maximum total 

moment is carried at material failure. 

Hence: [5] 
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              (0.22) 

 

Nominal stiffness approach can be 

illustrated in Figure 18. The figure shows 

the non-linear curve of the resisting internal 

moment vs. curvature in the critical section.  

The point (S) illustrates the limitation of the 

maximum carrying capacity of a slender 

compression member due to stability 

failure. The moment at the occurrence of 

instability is smaller than a moment at 

material failure (MRd). Eurocode introduced 

nominal stiffness values which indirectly 

allow design for the member instability to 

be carried out at material failure (MEd = 

MRd). Furthermore, the maximum first-

order moment causing instability is termed 

as first-order moment capacity (M0Rd). [5] 

 

 
Figure 18: Definition of alternative simplified methods.[5] 

 Nominal curvature  

In case of a braced structure, the second-

order effect can also be calculated by means 

of the method of nominal curvature. The 

method determines an additional second-

order moment caused by an additional 

eccentricity: [7,11] 

 

( )
Ed 0Ed i 2

Ed Ed 0 i 2

M M M M

M N e e e

= + +

= + +
              (0.23) 

 

Bending moment in the ultimate limit state 

(ULS) equals the sum of the first-order 

moment (M0Ed) including imperfections 

(Mi) and nominal second-order moment 

(M2). Halfway the column length the 

second-order moment is defined as: [7]  
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                (0.24) 

 

From the equation, (0.24) it can be 

concluded that the second-order 

eccentricity reaches its maximum value 

when yielding of the reinforcement just 

occurs. This a totally different approach 
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compared to the Nominal Stiffness Method 

described in paragraph 3.2.  By substituting 

the expression for the curvature (κ) gives: 
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                          (0.25) 

 

The parameter (c0) is a constant value 

depending on the deformation shape. The 

factor equals c0 = 8 for a constant bending 

moment distribution over the column 

length, c0 = 9 for parabolic, c0 = π2 for 

sinusoidal and c0 = 12 for a triangle shape. 
[7]  

In NEN-EN-1992-1-1 art. (5.8.8.3), the 

curvature  for members with constant 

symmetrical cross-sections and 

reinforcement is written as: [8] 
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              (0.26) 

 

The curvature (κ) equals to a product of two 

correction factors (Kr) and (Kϕ). The first 

factor, depending on the relative value of 

axial load (n) and balanced value of relative 

normal force (nbal). The second factor, 

depend on concrete class, slenderness and 

effective creep coefficient. Higher axial 

force results therefore in a smaller increase 

of member deformation.   

 General method  

The most accurate of the methods 

described in previous paragraphs is the 

“General method”. The method is in detail 

described in the NEN-EN-1992-1-1 art. 

(5.8.6) and is based on non-linear analysis, 

including both geometric –and material 

nonlinearity (second-order effects).  The 

effect of creep is taken into account by 

multiplying all strain values in the concrete 

stress-strain diagram according to art. 

5.8.6(3) with a factor (1+ϕef). A more 

refined model of creep may be used where 

also the favourable effect of cracking could 

be taken into account e.g. by using a 

descending branch of the stress-strain curve 

in tension, or by modifying the stress-strain 

curve of the reinforcement. [8,9] However, it 

is common to neglect all contributions from 

concrete in tension. In that way, the results 

are always more or less on the “safe side”. 

In the paragraph “Second-order ” the 

cycle of increasing bending moments and 

deformation is discussed. Since the 

stiffness of the column will generally not be 

constant but depend on the load, it is 

complex to compute the final bending 

moment (MEd). Therefore, nonlinear 

analysis is performed using numerical 

models. [7] The general method is suitable 

for any type of cross-section, any variation 

of the section, axial load and first-order 

moment, any boundary conditions, any 

stress-strain relations, uniaxial or biaxial 

bending etc. The method is based on the 

following assumptions: a) linear strain 

distribution; b) equal strains in 

reinforcement and concrete at the same 

distance from the neutral line; c) stress-

strain relationships for concrete and 

steel.[10] Related to the time-dependent 

properties of concrete, the following 

additional assumptions have been made to 

calibrate the simplified methods: d) the 

effect of concrete creep has been taken into 

account by extending the concrete stress-

strain curve. This factor includes effective 

creep ratio, based on the final value of the 

creep coefficient and reduced with regard to 

the relative effect of long-term load in a 
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load combination; e) the shrinkage of 

concrete has been neglected; f) the strength 

increase of concrete with time has been 

neglected. The assumptions (d-f) have 

usually been taken for granted and are 

seldom discussed or mentioned at all. [6]  

Such analysis must model material non-

linearity and account for creep and 

imperfections. Consequently, modelling 

requires a high computational cost. For this 

reason, the entire buildings are fairly 

analyzed using this method. However, this 

method represents a very powerful tool for 

the evaluation of local effects in isolated 

members. The internal forces have been 

calculated by an elastic second-order 

analysis of the entire structure. Therefore, it 

is possible to obtain very accurate results by 

considering the effective moment 

distribution along an element. [4]  

 Interaction curves 

The ultimate capacity of slender 

reinforced concrete columns as a function 

of slenderness (λ = l0/i) and first-order 

moment (M0Ed)  can be analyzed by means 

of interaction curves, Figure 19. The curve 

shows the maximum first-order moment 

that can be applied in combination with an 

axial load (NEd). A safe load combination 

should always result in a value below this 

interaction curve with a unity check smaller 

or equal to one:  

 

0Ed Ed

Rd Rd

M N
1

M N
+                                  (0.27)  

 

The total moment (Mtot), i.e. second-

order moment (MEd), is shown as a function 

of the normal force (NEd) for a given first-

order eccentricity (e0 = M0Ed / NEd) by 

means of thin lines. The value of total 

moment (Mtot) increases compared to the 

first-order moment (M0Ed) with increasing 

slenderness ratio as shown in Figure 20. 

The capacity is to some extent influenced 

by the distribution of the first-order 

moment along the column length and self-

evident things like the shape of cross-

section, amount and geometry of 

reinforcement and material parameters. 

Dependent on the first-order bending 

moment a constant or triangular bending 

moment distribution should be considered 

together with the other parameters. [9]  

The effect of creep can be easily 

illustrated in the interaction diagram using 

a single parameter (ϕef), based on the 

simplified approach with an extended 

stress-strain curve.  When the fundamental 

approach to creep is used, this method 

becomes unfortunately invalid since there is 

no such unique parameter for the creep 

effect as the effective creep ratio (ϕef). [6] 

 

 
Figure 19: Illustration of instability failure at low strains, 

independent of section capacity.[6] 

 
Figure 20: Interaction curves for columns of different 

slenderness, calculated with the general method. 

Rectangular cross-section. All curves are based on ω=0,2 

and ϕef = 0. First-order moment is constant, caused by 

equal eccentricities.[6] 
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Table 1: Fictive elastic modulus according to the Dutch National Annex (rectangular cross-section, symmetrical reinf.). [44] 

 

 Fictive elastic modulus  

In paragraph 1.2, the issue with the 

Nominal Stiffness Method has been 

introduced. The method is often not 

adequate and therefore it is overruled in the 

Dutch National Annex NEN-EN-1992-1-

1+ C2/NB art. (5.8.5) by the KLE-method, 

originally described in NEN6720. Instead 

of the Nominal Stiffness Method, the 

bending stiffness value (EI) must be 

determined from the ratio between 0,8 

times the largest value of (MEd) in the 

element and the corresponding curvature. 

This curvature must be derived from a M-

N-κ-diagram which is calculated according 

to assumptions described in art. 6.1 (2)P. As 

an alternative for the latter method, it is 

allowed to derive the bending stiffness (EI) 

of a rectangular section by means of a 

fictive elastic modulus EI = EfI, see  Table 

1 and Figure 22. [44]  

The quasi-linear elasticity theory, in 

Dutch referenced as KLE-method, enables 

to perform a linear elastic calculation based 

on the M-N-κ-diagrams of non-linear 

elastic theory, see Figure 21. In NEN 6720 

art. (7.2.3), the bending stiffness is 

determined as a safe average between 

ultimate limit state -and serviceability limit 

state moment. The value of fictive stiffness 

(Ef) can be calculated using equations in 

Table 1 for different concrete classes, the 

value of relative normal force (αn) and 

reinforcement ratio (ρ): [45]  
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c Unsymmetrically reinforced rectangular cross section. 

 

For the purpose of an accurate 

estimation of the bending stiffness 

considering tension stiffening effect, the 

reinforcement ratio should be not smaller 

than 0,005 ,  see NEN 6720 art. (7.2.3). [45]  

 

 
Figure 21: M-N-κ-diagram of non-linear elastic theory 

corrected for the crack moment (Mcr).[45] 

 

 
Figure 22: Fictive elastic modulus according to the Dutch 

National Annex equations for several concrete classes: 

C12/15 up to C90/105 and reinforcement ratio ρ = 1%.  

Ef  (MPa) 

Strength  

class 

Uniaxial bending with an axial force  Uniaxial bending without 

normal force
c
 αn  ≤ 0,45 0,45 < αn ≤ 0,9 

C20/25 ( ) 3

n1,60 420 14,0 160 10 3600+ + −        ( ) ( ) 3

n10,0 510 1 0,5 10+  −    ( ) 32,50 550 10 3600+     

C40/50 ( ) 3

n2,35 445 26,5 235 10 5350+ + −        ( ) ( ) 3

n18,3 491 1 0,5 10+  −    ( ) 33,25 700 10 5350+     

C80/95 ( ) 3

n3,10 470 46,5 170 10 6400+ + −        ( ) ( ) 3

n31,1 480 1 0,5 10+  −    ( ) 33,70 790 10 6400+     
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 Comparison of simplified methods  

As a sequel to the presentation of 

nominal stiffness held at the 5th TG6 

meeting in Madrid by prof.ir. Simon Wijte, 

new research results concerning this 

method are provided by consultancy ir. J.G. 

Hageman B.V. located in Rijswijk, the 

Netherlands (Dossier 8088). In this 

document, starting points for the material 

and structural properties, used in both 

physical and geometrical non-linear 

calculations are given to gain an 

understanding of the values for the nominal 

stiffness described in EN 1992-1-1 (2004). 

In addition, different approaches with 

regard to the tensile capacity of concrete are 

considered. Three situations are analyzed: 

a) the stress-strain relation including tensile 

strength and tension-stiffening behaviour 

proposed by Fiels and Bischoff; b) the 

stress-strain relation including tensile 

strength but without tension stiffening; c) 

the stress-strain relation including without 

any tensile resistance. The ultimate moment 

resistance (MRd) is determined ignoring the 

tensile strength according to art. (6.1) and 

the calculations are performed with stress-

strain relations based on design values, so-

called option Bd in N48-document.  

The research considered columns with a 

concrete class C20/25, rectangular cross-

section, symmetrical reinforcement B500, 

pinned boundary conditions and uniform 

first-order moment over its length.  The 

slenderness’s considered are λ = 35 and λ = 

70 with the system lengths (l0) 3,03  and 

6,06 m. A constant area of 300 x 300 mm2 

and mechanical reinforcement ratio ω = 0,1 

(ρ = 0,003) were assumed. The effect of 

creep is taken into account using the 

simplified approach of the extended stress-

strain curve with a factor (1+ϕef). However, 

the calculations are performed with 

effective creep ratio equal to ϕef = 0. Hence, 

the effect of creep is not considered in these 

calculations.  

 

                                                 
d Option B - the safety format with regard to material aspects in which design value of E-modulus equals Ecd = 

Ecm / γcE with γcE = 1,2 < γc = 1,5 and compressive strength fcd, by Bo Westerberg (2004). 

Table 2: Comparison of stiffness equations with an 

increasing tensile capacity of the cross-section with λ= 

35. Where [-] no tensile strength; [+] concrete tensile 

strength; [++] concrete tensile strength and tension 

stiffening. 

Slenderness λ = 35 

Stiffness [-] [+] [++] 

EInom B 1,1% 9,3% 

EI5.22 -21,2% -22,0% -30,4% 

EIKLE 19,4% 18,2% 9,3% 

 

Table 3: Comparison of stiffness equations with an 

increasing tensile capacity of the cross-section with λ= 70. 

Slenderness λ = 70 

Stiffness [-] [+] [++] 

EInom B 0,8% 1,5% 

EI5.22 -16,6% -17,2% -17,8% 

EIKLE 3,0% 2,2% 1,5% 

 

Optimal design is obtained when 

designing for instability.  This principle has 

been used to calculate the nominal bending 

stiffness (EInom), see the tables above. This 

bending stiffness, based on the buckling 

load of the column without any tensile 

strength, forms the base value (B) for the 

comparison of the two simplified methods.  

In both tables, EInom – value increases with 

an increasing tensile capacity of the 

member. For the member with λ = 35, the 

buckling load and consequently the 

nominal stiffness increases maximum with 

9,3% when considering both the tensile 

strength and tension-stiffening of the 

member. For higher slenderness λ = 70, the 

increase of 1,5%  is substantially smaller. 

Furthermore, the tables show that Eurocode 

2 equation 5.22 results in conservative 

values of bending stiffness. In Table 2, 

deviation increases with increasing tensile 

capacity up to a maximum value of -30,4%. 

On the other hand, KLE-method provides 

stiffness’s higher than the base value EInom. 

In contrast with equation 5.22, the method 

becomes more accurate with increasing 

tensile capacity of the member. For more 

slender members the deviation is only 1,5% 

compared to 9,3% with λ = 35.   
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 Fundamental parameter studies 

Second-order effects in slender 

reinforced concrete compression members 

are analyzed for practical design with 

simplified methods according to Eurocode 

2. These are characterized by the use of an 

extended stress-strain curve and ignoring 

shrinkage and strength increase. Hence, the 

final value of the creep coefficient is all that 

needed in that case. The simplified methods 

are calibrated against accurate calculations 

based on nonlinear analysis or also called 

the general method.  

The applied simplifications and its 

significance have been examined and 

reported in “Time-dependent effects in the 

analysis and design of slender concrete 

compression members” by Bo Westerberg 
[6]. In this research, time-dependent 

properties are taken into account in a more 

fundamental way based on a step-by-step 

calculation. In a more fundamental 

approach, a complete creep function is 

used, to take into account the fact that 

stresses vary with time. This variation is 

both due to the transfer of stress from 

concrete to reinforcement and due to 

increasing second-order moment. 

Furthermore, the effect of shrinkage and 

strength increase is included. The 

comparisons are made in a design 

perspective, where a discussion of the 

safety format in the non-linear analysis is 

included. The literature on creep is very 

extensive. However, in the research of 

Westerberg, only mathematical models of 

creep, shrinkage and strength increase 

according to Eurocode 2 have been used. 

The study does not include analysis of the 

specialized creep literature with alternative 

time-dependent models. [6] 

Parameter studies in uniaxial and bi-

axial bending are performed using general 

methods based on the non-linear analysis. 

The time-dependent behaviour of concrete 

is taken in different ways: a) simplified 

approach; b) fundamental approach 

(accurate calculation). The main conclusion 

                                                 
e The figures are based on the partial safety factors used in the Eurocodes. 

concerning the simplified approach to creep 

is that its accuracy is sufficient for practical 

purposes, such as the calibration of methods 

for practical design.  In some cases, a 

simplified approach to creep showed 

deviations on the unsafe side in comparison 

with results from a fundamental 

calculation. However, the results become in 

most cases safe when the strength increase 

is taken into account in calculations using 

the fundamental approach. The remaining 

“unsafe cases” can be considered outside 

the range of practical interest with regard to 

the relative magnitude of the long-term load 

i.e. 74% of the ultimate load and higher. 

The possible reduction of the concrete 

strength due to high sustained stresses need 

therefore not to be taken into account in the 

design. This results from the classification 

of the long-term load as a serviceability 

limit state load and from the normal load 

factors used in the ultimate state. Hence, the 

relative stress level under long-term load 

will not exceed 74% of the design strength, 

50% of the characteristic strength and 40% 

of the mean strengthe. The relative stress 

level for slender columns under long-term 

load will be further reduced due to the 

slenderness. According to Westerberg, the 

deviations are mainly due to the use of one 

single parameter (the effective creep ratio) 

for a definition of the relative effect of creep 

in load combinations.  

The general approach results were also 

compared to the test results. The 

comparison leads to the following 

conclusions: a) strength reduction with 

regard to high sustained stresses need not be 

taken into account; b) the non-linearity of 

creep given by non-linearity of the stress-

strain curve is sufficient. It is found that 

more non-linearity of creep has no effect at 

all on the calculated ultimate load after a 

period of sustained loading; c) The material 

models given in Eurocode 2 are realistic. 

Using these models in the non-linear 

analysis of slender columns give on the 

whole a good agreement with test results. [6] 
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Hence, concerning the available 

research results on this topic the design 

value of the second-order moment (MEd) it 

can be stated that it is depended on seven 

main parameters:  the cross-section 

geometry of the column (RC), slenderness 

value (λ), applied concrete class (C) i.e. 

low, normal or high strength concrete, 

reinforcement ratio (ρ), relative normal 

force (n), relative bending moment (μ) and 

finally a time-dependent parameter, 

effective creep coefficient (φef). Besides the 

direct relationship between the parameters 

and the design value of the second-order 

moment, the relationship between the 

parameters is also of interest in order to 

understand the behaviour of the applied 

theory in a bigger structural domain. The 

extended analytical research on the 

differences between the simplified methods 

concerning its dependency on the above 

parameters is described in chapter 4.  

 Conclusion  

In this chapter, several simplified 

methods according to Eurocode 2 are 

described and compared with each other 

based on the available research results on 

this topic. The research results provided by 

Hageman showed that the method of 

Nominal Stiffness is not adequate and 

therefore is overruled in the Dutch National 

Annex by the standard NEN6720. It has 

been found that considering the tension-

stiffening effect, which occurs during the 

cracking of a reinforced concrete section, 

can have a significant influence on the 

calculated deformations and consequently a 

second-order effect.  

Parameter studies based on simplified 

and fundamental analysis approach 

researched the applied simplifications 

within Eurocode 2 “Simplified methods” 

and its significance in the report “Time-

dependent effects in the analysis and design 

of slender concrete compression members” 

by Westerberg [6].  The parameters 

introduced in paragraphs 2.4-2.7 were 

examined. The comparison led to the 

following conclusions: a) strength 

reduction with regard to high sustained 

stresses need not be taken into account; b) 

the non-linearity of creep given by non-

linearity of the stress-strain curve is 

sufficient; c) The material models given in 

Eurocode 2  are realistic. It is concluded 

that using these models in the non-linear 

analysis of slender columns give on the 

whole a good agreement with test results. [6] 

However, in the research of Westerberg, 

only mathematical models of creep, 

shrinkage and strength increase according 

to Eurocode 2 have been used. The study 

does not include analysis of the specialized 

creep literature with alternative time-

dependent models. [6]  

Concerning the available research 

results on this topic the design value of the 

second-order moment (MEd) it can be stated 

that it is depended on seven main 

parameters:  the cross-section geometry of 

the column (RC), slenderness value (λ), 

applied concrete class (C) i.e. low, normal 

or high strength concrete, reinforcement 

ratio (ρ), relative normal force (n), relative 

bending moment (μ) and finally a time-

dependent parameter, effective creep 

coefficient (φef). Besides the direct 

relationship between the parameters and the 

design value of the second-order moment, 

the relationship between the parameters is 

also of interest in order to understand the 

behaviour of the applied theory in a bigger 

structural domain. In addition, based on the 

given research conclusions, significant 

parameters like tension-stiffening and 

reinforcement slippage will be included in 

the research of Nominal Stiffness Method 

and further investigated to improve the 

results.  

Detailed analytical and nonlinear FE- 

analysis of slender reinforced columns 

including these parameters may provide 

finally new insights into the behaviour of 

the structure. Using this information, the 

simplified method of Nominal Stiffness 

may be improved for the revision of 

Eurocode 2 in the future.  See the analytical 

research steps and results in chapter  4.
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 Analytical research 

 Aim 

The aim of the analytical research is to 

perform a detailed analysis of the current 

Simplified Methods described in NEN-EN 

1992-1-1 in order to gain a deeper 

knowledge of the design models, relevant 

parameters and their backgrounds.  The 

differences between the methods shall be 

presented considering different structural 

cases. As a result, an extensive overview of 

the results and differences between the 

methods will provide insight into the 

behaviour of the design models and the 

significance of the parameters in a bigger 

structural domain. In addition, the results 

will provide a solid starting point for the 

nonlinear finite element analysis and allow 

engineers to validate the outcomes.  

 Research method 

The analytical research considers the 

methods given in Eurocode 2, which are 

described in chapter 3. An overview of the 

methods is given in  Figure 23, where in 

total three methods are provided: a Nominal 

Curvature Method (NCM) according to eq. 

5.31 and two within the Nominal Stiffness 

Method (NSM) eq. 5.22 and eq. 5.26. As 

described in paragraph 3.5, the 

determination of the bending stiffness in the 

Nominal Stiffness Method is overruled by 

the Dutch National Annex which is based 

on the KLE-method. This method also 

offers two approaches as shown in the 

figure below. One approach is based on 

specific equations while the other requires 

values from the M-N-κ-diagram. Including 

these additional methods results in a total of 

five methods which can be applied for the 

structural second-order analysis with 

geometrical and physical nonlinearities.  

To define  the differences between these 

methods in a big structural domain the 

research steps are defined as follows: a) 

study all the five methods and the required 

parameters separately; b) perform a hand 

calculation for several cases per method 

and report the steps; c) make a numerical 

Excel model in order to perform a 

parametric study; d) validate the models by 

means of hand calculation; e) perform 

parametric research and make a data file in 

order to study the effects of different 

parameters on the final results;  f) analyze 

the data and draw conclusions.  

Finally, the results and conclusions from 

the analytical research will be used together 

with the test results to define the research 

steps in the nonlinear Finite Element 

analysis.  

 
Eurocode 2: Design of concrete structures 

NEN-EN 1992-1-1

Nominal Stiffness Method 

NEN-EN 1992-1-1 (5.8.7)
Nominal Curvature Method

NEN-EN 1992-1-1 (5.8.8) 

Simplified Methods

NEN-EN 1992-1-1 (5.8.5)
KLE-method 

NEN6720 (7.2.3)

Dutch National Annex

NEN-EN 1992-1-1+C2/NB (5.8.5)

EI5.22 EI5.26

MNΚ -
diagram

EfIEI5.31

Design moment (MEd) incl. second-order effect

Analysis of the equivalent model

EIKLE

 
 
Figure 23: Determination of the bending stiffness (EI) and the design moment (MEd) according to the design codes.
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 Numerical parameter study 

 Introduction 

To prevent over-estimation of the failure 

load, column deformations must be 

calculated accurately considering different 

combinations of structural, time-dependent 

and cracking parameters. To be able to 

study the influence of these parameters on 

the total design moment (MEd) including the 

second-order moment (M2) in a bigger 

structural domain, numerical models are 

required to perform the analysis efficiently.  

 Research parameters 

The design moment (MEd) is depended 

on several main parameters, see the 

overview in Figure 24. The figure shows a 

dependency on the cross-section geometry 

of the column (RC), slenderness value (λ), 

applied concrete class (C) i.e. low, normal 

or high strength concrete, reinforcement 

ratio (ρ), relative normal force (n), relative 

bending moment (μ) and finally a time-

dependent parameter, effective creep 

coefficient (φef). Besides the direct 

relationship between these parameters and 

the design moment including second-order 

effect, the relationship between the 

parameters is also of interest in order to 

understand the behaviour in a bigger 

structural domain.  In addition, based on the 

given research conclusions, behaviour like 

tension-stiffening will be included in the 

research of Nominal Stiffness Method and 

further investigated to improve the results. 

The diagram in Figure 24 applies to all 

the methods shown in Figure 23. The 

approach of the parametric study is 

discussed in the next paragraph.  

 Parametric study approach 

In the technical report “Design Methods 

for Slender Concrete Columns”[9] the 

calibration of the Simplified Methods i.e. 

Nominal Stiffness and Curvature is 

discussed. The parameters that were finally 

chosen and their range are shown in Table 

4. In the report, the results are based on the 

partial safety factors according to the 

Swedish code.[9] Based on this technical 

report,  comparable research parameters 

have been selected for the current research 

and the range of each parameter has been 

specified in Table 5.  

 

MEd

λ 

C

n

μ

φ 

ρ 

 

Figure 24: Dependency on the design moment (MEd) on 

different parameter types. 

Table 4: Amount of variations per variable. (Partial safety 

factors according to Swedish Code)[9] 

RC C λ φeff ρ e/h 

1 4 4 3 3 14 

 
Table 5: Amount of variations per variable for the current 

research (Partial safety factors according to Eurocode 2) 

RC C λ φeff ρ eRd e0 

1 3 5 4 4 6 4 

 

In Table 5, the ultimate eccentricity of the 

axial load (eRd = MRd/NRd) is considered at 

some key values of the compression height 

(x) for a reinforced concrete cross-section. 

Connecting these points (a-f) with linear 

lines results in a M-N-interaction curve as 

illustrated in  Figure 25 and discussed in 

paragraph 2.2.2. The M-N interaction 

diagram describes the various ultimate 

combinations of normal force (N) and 

bending moment (M) that can be resisted by 

a critical cross-section where the amount of 

reinforcement (ρ) should be known in 

advance. Thus, all values on and outside the 

interaction curve (shaded area) result in 

failure of the critical cross-section.  
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The key values of compression height 

(x) resulting in points (a-f) are defined as 

follows: 

Point a – the cross-section is loaded in pure 

compression without any eccentricity 

whereby top and bottom reinforcement are 

yielding. The distance between the neutral 

line and the most compressed fibre may be 

many times bigger than the cross-section 

height (x >> h);  

Point b – the neutral axis is at a distance (h) 

from the most compressed fibre (x = h);  

Point c - a further decrease of the 

compression zone leads to the position of 

the tensile reinforcement, also called the 

effective height (x = d);  

Point d – at this stage of the compression 

zone, yielding of compression 

reinforcement occurs (at distance ‘a’ from 

the edge).  This might occur both in the 

compression failure range (CFR) if x > xbal 

or tension failure range (TFR) if x < xbal 

dependent on the compression zone: 

 

( )
cu2

r

cu2 yd

a
x x

 
= =

 − 
   (0.29) 

 

Point e - a value of the compression zone 

which results in so-called “Balanced 

Failure”. At this point, the moment 

resistance (MRd) will be the largest, 

whereby failure occurs with the yielding of 

the tension reinforcement and crushing of 

the concrete at the same instant. Hence, the 

compression height must equal to: 

 

bal
yd

cu2

d
x x

1

= =


+


   (0.30) 

The above equation requires the input of the 

effective height (d), yielding strain of the 

reinforcement (εyd) and the ultimate strain 

of concrete in compression (εcu2). If a bi-

linear stress-strain relationship is 

considered than the ultimate strain  (εcu3) 

must be applied. It must be noted that these 

values are not constant, but depend on the 

concrete class (C).  

Point f – calculated with compression zone 

being at the same level as the compression 

 
Figure 25: M-N-interaction diagram principle for the 

parametric study with CFR – compression failure range, 

BF- balanced failure and TFR – Tension failure range. 

 
Figure 26: Derivation of the first-order moment curves 

based on the limit points a-f. From left to right: M0Ed = 

0,2MRd, 0,5MRd, 0,8MRd and MRd. 

reinforcement (x = a ). This may result in a 

positive or negative value of the normal 

force (NEd). However, using linear 

interpolation a point on the horizontal axis 

is considered where NEd = 0 i.e. pure 

bending. 

The advantage of this method is that the 

parametric study can be performed 

considering specific loading steps on the 

critical cross-section within a slender 

column.  As can be seen in Figure 26, the 

first-order moments that are applied on the 

column in order to analyze the second-order 

effect are also based on these key points in 
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the M-N-interaction diagram i.e. 0.8MRd, 

0,5MRd and 0,2MRd. As a result, the total 

amount of individual cases equals the 

product of all the parameters: 1∙3∙5∙4∙4∙4∙6 

= 5760 cases/method based on Table 5 and  

1∙4∙4∙3∙3∙14 = 2016 cases/method based on 

Table 4. Within this parametric study, three 

out of five methods are considered: a) 

Nominal Curvature (general approach); b) 

Nominal Stiffness (general approach) and 

c) Dutch National Annex approach based 

on the equations. Hence, in total there are 

6048 cases according to Table 4 and 17280 

cases according to Table 5 respectively.   To 

solve this amount of cases within a practical 

timeframe and ensure the accuracy of the 

calculation steps a numerical model has 

been made using the method of VBA-script 

(Visual Basic for Applications).  

 Parameter domain 

In the previous paragraph, it has been 

shown that the numerical approach is 

required in order to perform the parametric 

study on the Simplified Methods efficiently 

and within a practical time frame. In this 

paragraph, the choice of the values given in 

Table 5 is substantiated.  Furthermore, the 

selection is linked to the available test 

specifications and results given in Table 6. 

Cross-section and slenderness – the 

performed tests in  Table 6 on the slender 

columns show that the applied cross-

sections deviate between 80-240 mm with 

slenderness’s of 34,6 - 115,5.  According to 

paragraph 2.4.6, the effect of creep may be 

ignored if the slenderness is smaller than λ 

≤ 75 and load eccentricity is bigger than the 

cross-section height. With respect to the 

research question, the time-dependent creep 

parameter must be considered. Hence, the 

applied slenderness values are chosen to be 

bigger than λ > 75.  Taking into account 

these aspects, the cross-section with h × w 

= 200 × 150 mm has been selected and 

practical column lengths equal to 4500, 

5000, 5500 and 6000 mm. The buckling or 

effective length is assumed to be equal to 

the column length. Consequently, the 

slenderness increase from 77,9 – 103,9 

which is definition is described in 

paragraph 2.3.1. In addition to the above, 

one lower slenderness (Lsys = 3500; λ = 

60,6) will be included to research the effect 

of creep. As a result, five out of seven test 

results from Table 6 may be used for the 

purpose of FEA validation. 

Effective creep coefficient –  four values 

have been selected based on the study 

performed in “Comments on EI-values in 

the moment-magnifier procedure of  

EC2”[5] and the technical report “Design 

Methods for Slender Concrete Columns”[9]. 

A case with no creep effect (φeff = 0) is used 

as a reference case. The results are 

compared to increasing values of the 

effective creep coefficients (φeff = 1, 2, 3) in 

order to analyze its effect on the capacity of 

the column. The magnitude of these creep 

coefficients in practical engineering cases 

will be discussed in paragraph 4.5.4. 

Reinforcement ratio - the performed 

tests in Table 6 on the slender columns 

shows the reinforcement ratio from 1,00% 

up to  4,52% > 4% . The parametric values 

are therefore set to ρ = 1, 2, 3, 4%. 

Relative normal force and bending 

moment - the eccentricity (e = M/N) is 

expressed as a function of the maximum 

axial force and bending capacity of the 

critical cross-section (NRd and MRd). Using 

this expression, the parametric study can be 

performed considering a specific position 

of the neutral axis. The position of the 

neutral axis is set to five positions (b, c, d, 

e) within a reinforced cross-section in order 

to calculate the M-N-interaction diagram. 

The failure modes are described in 

paragraph 4.5.3. The relative values of the 

normal force (n) and bending moment (μ) 

could be determined as follows: 
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Table 6: Test specifications of slender reinforced concrete columns.[46–52] 

Researcher Year 

Specimen 

length  

Specimen 

cross-section 

Specimen 

slenderness 

Load 

eccentricity 

Concrete 

 strength 

Long. 

reinfor. ratio 

Lsys RC λ e fck ρ 

[mm] [mm] [-] [mm] [Mpa] [%] 

J.K.  Kim    

J.K. Yang 
1993[46] 

1440 

2400 
80 × 80 

62,4 

103,9 
24 

62 

86 

1,98 

3,95 

C. Claeson  

K. Gylltoff 
1998[47] 

2400 

3000 

4000 

120 × 120 

200 × 200 
41,6-115,5 20 

50 

120 

3,14 

2,01 

O. Germain  

B. Espion 
2005[48] 

3780 

4380 
180 × 180 

72,7 

84,3 
2-20 90 1,40 

L. Galano  

A. Vignoli 
2008[49] 2000 100 × 100 69,3 7-25 40-100 

2,01 

4,52 

H. A. Kottb 

N. El-Shafey 

A. A. Torkey 

2014[50] 
1500 

2250 
150 × 150 

34,6 

52,0 
15-30 75 2,00-3,02 

B. Vladimír 

F. Ľudovít 

K. Peter 

K. Veronika 

2015[51] 3800 240 × 150 54,8 40 

45 

70 

100 

1,71 

E. H. Zahran  2016[52] 2000 
100 × 100 

200 × 100 

69,3 

34,6 
25 19* 1,00 

Concrete strength represents the cylindrical value at 28 days of curing.    
*Lightweight concrete       

 Numerical models 

 Introduction 

Structural behaviour of a slender 

reinforced concrete column is dependent on 

different parameters and its mutual 

combinations as described in paragraph 4.3.  

To predict the structural behaviour of the 

column, four sub-models have been made. 

Results from these sub-models are 

consequently connected to the final VBA-

script (Visual Basic for Applications) to be 

able to perform the parametric study on the 

Simplified Methods. The developed 

models, their backgrounds, assumptions 

and applicability are discussed in the next 

paragraphs.  

 MNκ - diagrams 

Structural behaviour of columns loaded 

in compression with uniaxial bending is 

characterized by means of so-called M-N 

interaction diagram and M-N-κ diagram. A 

M-N-κ diagram describes the curvature and 

stiffness of the critical cross-section of a 

reinforced concrete column with an 

increasing moment till failure of the section 

if the normal force is known.[7] Non-linear 

material aspects of concrete in compression 

are described in paragraph 2.2.   

The presence of a normal force has an 

important effect on the structure. The 

compression force causes a prestress of the 

column which consequently increases the 

ultimate bearing capacity of the column. 

The typical points of discontinuity in the 

diagram are: a) crack moment, b) moment 

where (εc) is reached, c) yield moment, d) 

ultimate moment. The sequence of these 

points is however not fixed. Dependent on 

different parameters, yielding of the 

reinforcement may occur before yielding of 

the concrete i.e. moment where (εc) is 

reached or the section may even directly 

collapse after the occurrence of the first 

crack.  Another possible case where both 

tensile and compression reinforcement 



7K45M0 – Master Thesis – P.R. Kuzin                                                                                         2019 

Eindhoven University of Technology (TU/e),  The Netherlands                                                                36 

loaded in tension may occur if the neutral 

line is very close to the most compressed 

surface. In order to construct a M-N-κ 

diagram, internal equilibrium equation ( 

∑H = 0 ) and the resisting moment are 

expressed as a function of the neutral line 

position (x) using nonlinear material 

models according to bi-linear and the 

parabola-rectangle stress-strain relationship 

of concrete loaded in compression, see eq. 

(0.33) - (0.35).  Till a crack moment (Mr), 

horizontal equilibrium equation considers 

the contribution of concrete in compression 

(shaded area), concrete in tension (area 

below the neutral line), the contribution of 

the reinforcement and the applied normal 

force, see Figure 28. Beyond the crack 

moment, the tensile capacity of concrete 

has been neglected. Hence, the cracked part 

of the cross-section no longer contributes to 

the equilibrium equation. When the neutral 

line position is known, the internal strains, 

curvature, bending stiffness, stresses and 

the maximum moment resistance can be 

computed. For the purpose of this research, 

a case where the section fails due to the 

normal force only is not considered. 

The complexity of the internal 

equilibrium equations requires a numerical 

solution method in order to solve for (x). 

Therefore, a solver is incorporated into the 

M-N-κ model. Plotting the function of (x) 

often results in the diagram as shown in 

Figure 27. The figure shows one solution 

for x = 0 where the intersection value on the 

x-axis represents the corresponding 

compression height of the section. 

However, two intersection points on the x-

axis may also occur in the positive domain 

or one in negative and one in positive. In 

that case, the model should in all-time 

choose the minimum positive solution for 

(x). 

A M-N-κ diagram is a  useful tool for the 

analysis of reinforced concrete structures 

loaded in compression and bending. It 

provides a good understanding 

 
 
Figure 27: Solving internal equilibrium equation M = 0  

to determine the  compression zone (x). The limit value is 

equal to the cross-section height h =200 mm. The solution 

is found at the intersection with the horizontal axis where 

M = 0. 

of the nonlinear bending behaviour of 

the section under a specific normal load and 

the influence of the parameters on the 

curvature and stiffness of the critical cross-

section.  Furthermore, its results are used in 

this research for the analysis of the ductility 

of the column, the contribution of the 

tension-stiffening effect and it is connected 

to another model to research in an iterative 

way the second-order deflection of the 

column. The deflection of the column is 

computed considering a variable bending 

stiffness with or without cracking effect i.e. 

tension stiffening. In contrast to the 

commonly used approach where the 

bending stiffness is considered as constant, 

this approach and its results approximate 

the FE-analysis much more accurate. 

Furthermore, the M-N-κ diagram is 

required for the KLE-analysis as described 

in paragraph 3.5 and 4.2.  

The detailed elaboration of the  M-N-κ 

diagram equations with an extended 

explanation of each step is given in Annex 

A.  The iterative model for the second-order 

deflection analysis is introduced in 

paragraph 4.4.4. 
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Figure 28: Strain and stress distribution in a section according to the bi-linear σ-ε-relation at the moment of the first crack 

and (h-x) ≥ a. 

 
Figure 29: Strain and stress distribution in a  section according to the parabola  σ-ε-relation at the moment of the first crack 

and (h-x) ≥ a. 

Internal equilibrium of the cross-section. Internal forces opposed to the normal load (NEd) are 

assumed as negative and forces in the same direction as positive: 

 

c s,comp s c,tens EdH 0 : N N N N N 0= + − − − =            (0.33) 

 

Internal equilibrium and the resisting moment according to the bi-linear stress-strain 

relationship: 

 

( )
( )

2

c,tens c

s,comp c,tens s s c,tens s c,tens c Ed

bx E x a h x a 1
H 0 : A E A E h x b E N 0

2 h x h x h x 2

  − − −   
= +   −    − −   − =   

− − −   
  

( )r c s,comp s c,tens

1 1 1 1 1 1
M N h x N h a N h a N h h x

2 3 2 2 2 3

       
= − + − + − + − −       

       
         (0.34) 

 

Internal equilibrium and the resisting moment according to the parabola-rectangle stress-strain 

relationship: 

 

( )
( )

2

c,tens c

s,comp c,tens s s c,tens s c,tens c Ed

2bx E x a h x a 2
H 0 : A E A E h x b E N 0

3 h x h x h x 3

  − − −   
= +   −    − −   − =   

− − −   
  

( )r c s,comp s c,tens

1 3 1 1 1 3
M N h x N h a N h a N h h x

2 8 2 2 2 8

       
= − + − + − + − −       

       
         (0.35) 
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 M-N-interaction diagram 

The M-N-interaction diagram describes 

the various ultimate combinations of 

normal force (N) and bending moment (M) 

that can be resisted by a critical cross-

section where the amount of reinforcement 

should be known in advance. For any of 

these combinations, the M-N-κ diagram can 

be derived as described in paragraph 

4.4.2.[7]  M-N-interaction diagram provides 

also information about the failure type i.e. 

compression failure, tension failure or 

balanced failure of the column.  Same as the 

M-N-κ diagram, stress-strain relations for 

the design of cross-sections is based on 

Eurocode 2, NEN-EN-1992-1-1 art. 

3.1.7(1) i.e. rectangular-parabolic stress 

block. The rectangular-parabolic stress 

block is associated with the design for the 

ultimate limit state and represents the 

distribution at failure where the 

compressive strains are within the plastic 

range.  
(0.36) 

Rectangular-parabolic stress block - to 

construct the M-N-interaction diagram 

based on the rectangular-parabolic stress 

block as shown in Figure 30, the stress 

resultant (Fc) and the lever arm (z) must be 

adjusted compared to equivalent 

rectangular stress block.  The adjustments 

are applied by the factors (k1) and (k2). [53] 

The mean concrete stress is determined 

according to k1 -factor. This factor depends 

on the design value of the concrete strength 

(fcd), the height of the compression zone (x), 

the strain at reaching the maximum strength 

(εc2) and the ultimate strain (εcu2) according 

to Table 3.1 in NEN-EN 1992-1-1: 

 

 c2
1 cd

cu2

k f 1
3

 
= − 

 
   (0.37) 

  

The depth of the centroid in a parabolic 

stress block equals (k2x), see the equation 

(0.38) and Figure 30: 

2

c2
cd 2

cu2

2

1

1
f

2 12
k 1

k

 
− 

 = −   (0.38) 

 

A M-N interaction diagram provides an 

overview of all ultimate combinations of 

normal force (N) and bending moment (M).  

In combination with a M-N-κ diagram, an 

even more complete overview of the  

 

 
 
Figure 30: Rectangular-parabolic stress block with the 

illustration of a centroid at the distance (k2x) from the top 

edge. 

structural nonlinear behaviour of a 

reinforced concrete section loaded in 

compression and bending is achieved. Its 

results are connected to another numerical 

model to research in an iterative way the 

second-order deflection of the column. The 

deflection of the column is computed 

considering a variable bending stiffness 

with or without cracking effect i.e. tension 

stiffening. In contrast to the commonly used 

approach where the bending stiffness is 

considered as constant, this approach and 

its results approximate the FE-analysis 

much more accurate. Furthermore, as 

described in paragraph 4.3.2, the parametric 

study can be performed using specific 

loading steps of the critical cross-section in 

a M-N-interaction diagram 

The detailed elaboration of the  M-N 

interaction diagram equations with an 

extended explanation of each step for an 

equivalent rectangular and rectangular-

parabolic stress block is given in Annex B.  
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 Second-order deflection  

The approach to research nonlinear 

structural behaviour of the critical section 

in the ultimate limit state (ULS), loaded 

simultaneously in compression and 

bending, is described in 4.4.2  - 4.4.3. In this 

paragraph, the analysis of the second-order 

deflection of the column is performed. The 

second-order deflection is determined by 

means a common in the engineering field 

method based on a continuous system with 

constant bending stiffness.  However, to be 

able to validate the FEA-result more 

accurate and refined method has been 

applied. The method is based on a  discrete 

column system where variable bending 

stiffness properties from M-N-κ diagram 

are incorporated.  

A continuous system with a constant 

bending stiffness - the second-order 

deflection (w2) of a continuous system with 

a constant bending stiffness (EI) can be 

determined by increasing the first-order 

deflection (w0) by the so-called 

magnification method based on the factor 

(n). The magnification factor is related to 

the ratio of a buckling load (Fcr) and an axial 

design load (NEd): 

 
2

cr
cr 2

cr Ed

FEI
F n

l F


= → =    (0.39) 

 

The initial deflection in the middle of the 

column (w0), due to the constant first-order 

bending moment, is determined by means 

of the unit-load method. The general 

equation for the method is given in the 

equation (0.40). Variables with an overline 

represent the unit values of the point load 

and the bending moment: 

 

M M
F w dx

EI

−
−

 =     (0.40) 

 

In this case, the bending stiffness (EI) and 

the first-order bending moment (M0ed) are 

constant. Hence, the equation requires only 

an expression for the unit value of the 

bending moment, see the equation (0.41). 

This can be found by applying a unit-load 

at the location of the unknown deflection 

and expressing the unit value of the bending 

moment as a function of (x) for two 

domains. In this case, the unknown 

deflection is the middle of the column as 

shown in Figure 31.  
 

M
F w M dx

EI

− −

 =      (0.41) 

( )

( )

1 LM x for 0 x
22

1 L LM x for x L
22 2

−

−

=  

= − +  

  

 

Solving the integral gives an expression of 

the deflection: 
 

2

0

ML
w

8EI
=     (0.42) 

 

The design moment (MEd) including 

second-order effect could consequently be 

calculated by multiplying the design value 

of the axial load with the increased first-

order deflection: 

 

Ed 0 Ed 2M M N w= +    (0.43) 

 

This is a relatively fast and simple 

method to determine the total design 

moment in order to design the critical-cross 

-section. However, using a constant 

bending stiffness is not realistic knowing 

that a reinforced concrete section, loaded in 

compression and bending, behaves highly 

nonlinear. A more realistic approach would 

be the application of variable bending 

stiffness with increasing bending moment 

as described by the M-N-κ diagram. In 

addition, integration of the M-N-κ diagram 

would allow researching the contribution of 

the tension-stiffening on the total 

deflection. Its significance will be 

questioned. 
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                                a) Real moments                                            b) Unit-load moments 

Figure 31: Mechanical schemes to derive an expression for the real and unit value of the bending moment: a) real bending 

moment line, b) bending moment due to the unit-load in the middle of the column. 

 

A discrete system with a variable 

bending stiffness - the second-order 

deflection (w2) and the second-order 

bending moment (M2) will be determined 

including the nonlinear bending behaviour 

of a reinforced concrete section. Compared 

to the method of a continues system, this 

method allows to include the properties of a 

MNκ – diagram. In this way, the second-

order deflection is approximated in a more 

realistic fashion where cracking of the 

concrete, tension-stiffening effect, stuik 

(failure in compression), yielding of 

reinforcement and finally, failure of the 

section may be incorporated. 

  The first step is to translate the 

continuous system into discrete elements, 

see Figure 32. The continuum column 

element is divided into several segments (i) 

with a finite element size (∆x). Expressing 

the number of segments as a ratio of the 

column system length (L) gives a factor 

(αseg) which represents the fineness of the 

discretization. 

 

seg

L
x

i

x L

 =

 = 

     (0.44) 

 

The smaller the factor (αseg), the better the 

approximation to a continuous system will 

be. Theoretically, the amount of the 

segments could be increased to the infinity 

in order to reduce the error compared to the 

continues system: 

 

( )seg
i i

1
lim i lim

i→ →

 
 =   

 
  (0.45) 

 

However, the bigger amount of nodes might 

at some point not have any significant effect 

on the final results and more nodes will 

only result in a bigger model. A schematical 

representation of a deflection of both 

systems is illustrated in  Figure 33.   

To determine the final deflection of the 

column i.e. second-order deflection, the 

following steps should be performed: a) 

define the MNκ – diagram based on the 

parabolic-rectangular stress-strain diagram; 

b) determine the initial deflection line based 

on the initial curvature at the support; c) 

determine the increase of the bending 

moment due to the initial deflection; d) 

determine the new deflection line based on 

the increased bending moments; e) repeat 

the iterations till the increase of the 

deflection line is negligibly small.  
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Mechanical schemes of a discretized column 

 

 
Figure 32: Transforming a continuous system to a discrete model. 

 

 
 

 

 

 
 

 

Figure 33: Discretization scheme and error 

compared to a continuous system sin (x). 
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The main calculation steps are described 

by means of general expressions in order to 

perform the calculations independent on the 

total node number. The deflection of each 

node is calculated in three steps. First, the 

initial curvature (κ0 ) is determined by 

dividing the first-order moment by the 

corresponding bending stiffness. Followed 

with computing the rotation (φ0)  at the 

support by multiplying the curvature by the 

segment length (∆x). Finally, knowing the 

rotation, the node deflection can be 

calculated. However, due to the vertical 

boundary condition, the deflection equals 

(δ0) to zero, see equation (0.46) : 

 

0
0

0

0 0

0

M

EI

x

0

 =

 =  

 =

 (0.46) 

 

Having calculated the initial curvature, 

rotation and translation values at the 

support allow determining the translation of 

the other nodes using a general expressing 

according to the equation (0.47): 

 

i
i

i

i i 1 i 1

i i 1 i 1

M

EI

x

x

− −

− −

 =

 =  +

 =  + 

   (0.47) 

 

After computing all the node displacements 

(δi), the resulting deflection line represents 

a deflection curve of a column with one 

support as shown in Figure 34. In order to 

get a correct deflection line representing a  

column with two end supports an additional 

linear deflection line must be created 

between the two end nodes. Using these 

two lines, the end node displacement can be 

set to zero like the first node and the other 

nodes will have a translation as a function 

of the linear displacement.  

The linear node displacement (δi,lin) as a 

function of the maximum node 

displacement (δi) and the total amount of 

applied nodes (∑i) is calculated with the eq. 

In other words, the angle has been  

 
Figure 34: Initial node displacement including linear 

deflection function. 

 
 
Figure 35: Node deflection line per iteration with αseg = 

0,025 

multiplied with the horizontal component in 

order to get a vertical displacement: 

 
( )i

i,lin

max
i

i


 = 


    (0.48) 

 

Having the coordinates of both nodal 

displacement, a correct node displacement 

corresponding to a column with two end 

supports (wi) can be determined, eq. (0.49) 

and Figure 35: 

 

( )i i,lin iw = −  −     (0.49) 

After computing the correct initial 

deflection line, the first iteration can be 

performed. The moment per node is 

increased due to the initial deflection. For 

the second iteration, the moment is further 

increased with the product of the axial force 

(NEd) and the increase of the node 

deflection (∆wi). The corresponding 

bending stiffness to this increased moment 

is selected from the MNκ – diagram. In 

general, the curvature can be determined by 

the following equation: 

δi δi,lin 
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a) with tension-stiffening 

b) without tension-stiffening 

 

i Ed i

i

i

M N w

EI

+ 
 =   (0.50) 

 

The first deflection line in Figure 35,  

represents the initial deflection which with 

each iteration increases until the final 

deflection curve i.e. the second-order 

deflection has been reached. In that case, a 

further increase in deflection is no longer 

significant.  

The influence of favourable tension-

stiffening effect on the final deflection is 

still unknown. Its significance is tested for 

the purpose of the FE-analysis.  An adjusted  

MNκ – diagram has been applied to exclude 

tension-stiffening effects as illustrated in 

Figure 36. The modified MNκ-diagram 

shows that after reaching the crack moment 

(Mcr) no further moment increase occurs 

until the stiffness of the next point (EIst) is 

reached. This point may however also 

represent yielding of reinforcement (My) or 

failure of the critical section (Mu). The 

interval with the constant bending moment 

(Mcr) is determined by expressing the 

curvature as a function of bending moment 

and stiffness. Using this relationship, the 

curvature (κx) can be determined: 

 

cr
x

st

x cr

M

EI
 =

 =  − 

   (0.51) 

 

The deflection of the column is computed 

considering a variable bending stiffness 

with or without cracking effect i.e. tension 

stiffening. In contrast to the commonly used 

considered as constant, this approach and 

its results approximate the FE-analysis 

much more accurate. 

 

The detailed elaboration of the second-

order deflection methods with an extended 

explanation of each step is given in Annex 

E. 

 
 

 

 
Figure 36: Modified MNκ - diagram to exclude tension-

stiffening effect. 
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 Effective creep coefficient 

In paragraph 2.4 “Time-dependent 

deformation” the complexity and 

challenges of creep have been discussed. To 

overcome these challenges, Eurocode 2 

provides a simplified approach which 

describes different effects of creep by one 

single parameter i.e. effective creep 

coefficient (φeff).  This enables engineers to 

include these time-dependent effects in the 

analysis of the structures where its 

importance grows with the presence of 

second-order effects. Consequently, the 

underestimation of deformations and an 

overestimation of the failure load can be 

prevented. To get a good understanding of 

the creep model described in Eurocode 2, 

NEN-EN-1992-1-1 art. 2.3.2.2, art. 3.1.4 

and Annex B.1, a numerical model has been 

made. This model accurately calculates the 

final creep coefficient ( φ(∞, t0) ) and also a 

creep value at an arbitrary time for linear 

and nonlinear creep cases. Therefore, the 

development of creep with time and the 

influence of different parameters can be 

easily analyzed and compared. Eurocode an 

alternative to this approach where a quick 

estimation of the final creep coefficient 

under normal environmental conditions can 

be determined using the graph method.  

The graph method - is applicable to 

environmental conditions where the 

temperature equals T = 20°C and the 

relative humidity  RH = 50% or 80%. The 

effect of elevated or lower temperatures and 

the effect of different humidity ’s on the 

creep coefficient cannot be determined 

using this method. In addition, the 

compressive stress of concrete at an age of 

concrete at loading (t0)  must not exceed the 

value of 0.45fck(t0) i.e. linear creep 

approach. In case the applied concrete 

stress σc exceeds the limit value a nonlinear 

creep approached should be applied 

according to art. 3.1.4 (4).  To understand 

and to be able to explain the magnitudes of 

the final creep values, which could be the 

result of different parameters, a numerical 

model is made to perform a parametric 

study including both linear and nonlinear 

cases.  

Annex B.1. – the method allows 

determination of the final creep coefficient 

at an arbitrary time considering the effect 

of: a) member size; b) concrete strength; c) 

cement type; d) concrete age at loading; e) 

linear and nonlinear stress levels; f) relative 

humidity; g) temperature effects. The way 

these effects are incorporated into the 

calculation is discussed in the steps below. 

The notional creep coefficient φ(t,t0) for 

some arbitrary time (t) and age of concrete 

at loading (t0) can be calculated from: 

 

( ) ( )0 0 c 0t, t t, t =     (0.52) 

 

The final notional creep coefficient at time 

t = ∞  is equal to φ0 = φ(∞,t0) and is 

estimated from:  

 

( ) ( ) ( )0 0 RH cm 0, t f t =   =     (0.53) 

 

The effect of relative humidity on the 

notional creep coefficient is included with a 

factor φRH. Dependent on the mean concrete 

strength, equation (0.54) or (0.55) should be 

applied.  

 

RH
3

0

RH
1

1001
0,1 h

−

 = +


  

 (0.54) 
 

RH 1 2
3

0

RH
1

1001
0,1 h

 
− 

 = +   
 

 

   (0.55) 

 

The effect of the concrete strength on the 

notional creep coefficient is included with 

the factor β(fcm), which is a function of the 

mean compressive stress of concrete at 28 

days (fcm).  

 

( )cm

cm

16.8
f

f
 =     (0.56) 

 

cm ckf f 8 at t 28 days= +    (0.57) 
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The effect of concrete age at loading on the 

notional creep coefficient is included with 

the factor β(t0). The age at loading t0 is 

adjusted according to the equation (0.62): 

 

( )
( )

0 0,20

0

1
t

0,1 t
 =

+
   (0.58) 

 

The development of creep with time after 

loading is described by the βc(t,t0) 

coefficient and is substituted into eq.(0.52): 

 

( )
( )

( )

0,3

0

c 0

H 0

t t
t, t

t t

 −
 =  

 + − 
   (0.59) 

 

The coefficient depending on the relative 

humidity (RH) and the notional member 

size (h0) is estimated from: 

 

c
0

2A
h

u
=     (0.60) 

 

( )
18

H 01,5 1 0,012 RH h 250 1500  =  +   + 
 

 

( )
18

H 0 3 31,5 1 0,012 RH h 250 1500  =  +   +   
 

 

 

The influence of the concrete strength is 

considered with the following coefficients: 

 
0,7

1

cm

0,2

2

cm

0,5

3

cm

35

f

35

f

35

f

 
 =  

 

 
 =  

 

 
 =  

 

   (0.61) 

 

The effect of cement type on the creep 

coefficient of concrete may be taken into 

account by modifying the loading age t0 in 

expression eq. (0.58) according to the 

following expression: 

 

0 0,T 1,2

0,T

9
t t 1 0,5

2 t



 
=  +   + 

  (0.62) 

 

The effect of elevated or reduced 

temperatures within the range of 0-80°C on 

the maturity of concrete is taken into 

account by adjusting the concrete age 

according to the following expression: 

 

( )( )i

n
4000 273 T t 13,65

T i

i 1

t e t
− +  −  

=

=    (0.63) 

 

With a constant temperature, the equation 

can be rewritten as: 

 
 ( )4000 273 T 13,65

0,T 0t e t
− + −

=    (0.64) 

  

The equation can be also expressed as a unit 

value for t0 = 1. In this way, an arbitrary 

value of t0,T can be calculated at a specific 

constant temperature by multiplying it by 

the unit value. 

When the compressive stress of concrete 

at an age t0 exceeds the value of 0.45fck(t0) 

then creep non-linearity should be 

considered:  

 

( )

c c,lim

ck,lim ck 0

f

f 0,45f t

 

=
   (0.65)

  

( ) ( )

( )

ck 0 cm 0 0

ck 0 ck 0

f t f t 8 for 3 t 28 days

f t f for t 28 days

= −  

= 
  

 

The non-linear notional creep coefficient 

should be obtained as follows : 

 

( ) ( ) ( )( )

( )

k 0 0

c

cm 0

, t , t exp 1,5 k 0,45

k
f t





  =   −


=

 (0.66) 

 

The final creep deformation of concrete at 

time t = ∞ for a constant compressive stress 

σc applied at the concrete age t0 is given by: 

 

( ) ( )
( )

c
cc 0 0

c 0

, t , t
E t

 
  =     

 
  

 

The tangent modulus is taken as: 

 

( ) ( )c 0 cm 0E t 1,05E t=    (0.67) 
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Variation of the elasticity modulus with 

time is estimated by : 

( )
( )

0,3

cm 0

cm 0 cm

cm

f t
E t E

f

 
=  
 

  (0.68) 

 

The mean compressive strength of concrete 

at an age (t) is estimated below: 

  

( ) ( )cm 0 cc 0 cmf t t f=      (0.69) 

 

The coefficient which depends on the age 

of the concrete (t0) is calculated below. To 

include the temperature effect, the 

temperature adjusted concrete age t0,T at 

loading is substituted for t: 

 

( )

1
2

cc 0,T

0,T

28
t exp s 1

t

      =  −         

  (0.70) 

 

The effective creep ratio (φeff ) is a 

product of the final creep coefficient and 

the ratio of the first-order bending moment 

in quasi-permanent load combination 

(SLS)f and the first-order moment in design 

load combination (ULS). The quasi-

permanent load combination represents the 

sustained load and is applied in the 

calculations of creep in cases where 

significant second-order effects are 

significant.  

 

0Eqp

eff ( ,t0)

0Ed

M

M
 =       (0.71) 

 

A more accurate way to determine effective 

creep ratio (ϕef) is to use the total bending 

moments ME0qp and MEd. However, this 

method requires iteration and verification 

of stability under quasi-permanent load 

with ϕeff = ϕ(∞,t0) as described in chapter 

2.4. 

The detailed elaboration of the final 

creep coefficient with an extended 

                                                 
f Limit state design requires the structure to satisfy two principal criteria: the ultimate limit state (ULS) and the 

serviceability limit state (SLS). - Limit state design [Internet]. En.wikipedia.org. 2017 [cited 6 October 2017]. 

Available from: https://en.wikipedia.org/wiki/Limit_state_design 

explanation of each step is given in Annex 

C.  The results are presented in 4.5.4.  
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  Results 

 Slenderness 

The decrease of slenderness (λ) as a 

function of the cross-section height and the 

buckling length of the column are shown in 

Figure 37 - Figure 39.  

As discussed in paragraph 2.4.6, 

according to Eurocode 2 the creep effect 

should be considered if the slenderness λ > 

75. Dependent on the system length of the 

column and its boundary conditions, the 

creep condition is reached at different 

cross-section heights of the column. For 

example, a pinned column with a system 

length equal to 3500 mm needs to have a h 

< 160 mm in order to satisfy the creep 

condition. If the column length is increased 

to 6000 mm than the maximum height is 

equal to 275 mm. Choosing for a clamped 

boundary condition result in a buckling 

length Lcr = 2L. The maximum heights are 

then equal to 320 mm and 550 mm 

respectively. Hence, creep becomes 

nonsignificant with h> hmax.  

 MNκ – diagram 

Nonlinear bending behaviour of the 

column and thereby the nominal stiffness 

(EId) depend to a large extent on the 

concrete class, the relative normal force (n) 

and the amount of reinforcement (ρ). The 

influence of these parameters is 

demonstrated by means of the results in 

Figure 41and Figure 42.  

The MNκ-diagrams are computed for 

the cross-section equal to h × w: 200 × 150 

mm with a symmetrical reinforcement 

(As,comp = As,tens). The lowest value of the 

reinforcement ratio is  set to ρ = 0,7% > ρmin 

= 0,2 % with four longitudinal bars 4Ø8.  

The highest reinforcement ratio equals ρ = 

2,7% < ρmax = 4,0% with four longitudinal 

bars 4Ø16. Bigger diameters of 

reinforcement bars would not satisfy the 

criterium of the minimum distance between 

the bars and/or the maximum reinforcement 

ratio. The reinforcement cover c = 30 mm 

and the stirrup diameter Ø10 are kept 

constant throughout the calculations.  

 
Figure 37: Slenderness of a rectangular column with a 

roller and a clamped support. 

 
Figure 38: Slenderness of a rectangular pinned column. 

 
Figure 39: Slenderness of a rectangular clamped column. 
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The MNκ-diagrams are calculated for 

six concrete classes C20/25 - C60/75 and 

two different values of the relative normal 

force: a) n = 0,1 and b) n = [0,9Nbal] / NRd. 

The latter relative normal force is based on 

the minimum value of a normal force at 

which the maximum bending moment 

(MRd) can be found in the MN-diagram i.e. 

at the peak of the diagram. As discussed in 

paragraph 4.3.3, these values are in the 

domain of the tension failure range (TFR) 

where yielding of compression 

reinforcement will not occur. Furthermore, 

for each case, two stress-strain relationships 

given in Eurocode 2, NEN-EN 1992-1-

1:2004 art. 3.1.7(1-2), are applied in order 

to research the significance of the 

differences between the bi-linear - and 

parabola-rectangular stress-strain 

diagrams. 

In case of a low relative normal force (n 

= 0,1) the diagrams are in general 

characterized by a crack moment (Mcr), 

yield of the reinforcement in the tensile 

zone (My), moment at the peak stress (Mc,pl) 

and the moment capacity in the ultimate 

limit state (MRd). Nevertheless, yielding of 

the tensile reinforcement may occur after 

reaching the peak stress (fcd). This has been 

found for all cases based on the bi-linear 

stress-strain diagram with high 

reinforcement ratio and only for concrete 

class C20/25 with low reinforcement ratio. 

A parabola-rectangular stress-strain 

diagram show Mc,pl prior to My from 

C20/25 to C55/65 with also a high 

reinforcement ratio. Thereafter, the strain 

on the tension side is sufficient to let the 

reinforcement yield prior to reaching the 

peak stress of the concrete. For C20/25 to 

60/75 with low reinforcement ratio,  My is 

always followed by Mc,pl. Finally, when a 

normal force is close to Nbal / NRd the 

yielding of tensile reinforcement occurs 

after reaching the peak stress of concrete for 

all considered cases. 

The diagrams in Figure 41 show that 

columns with moments close to My will be 

sensitive for second-order effects due to a 

fast increase in curvature after yield of the 

reinforcement loaded in tension (M > My). 

This is due to the plastic curvature which is 

defined as: κ = κRd - κy. This behaviour is of 

utmost importance with respect to the 

stability of reinforced concrete structures. 

Decreasing bending stiffness results in a 

fast increase of magnification factor used to 

calculate the design value of the bending 

moment including second-order effects, 

described in paragraph 2.3 and 3.2.[7]  

 In general, the following can be stated 

about the effect of the parameters on the 

structural behaviour of the structure: 

Relative normal force – increasing 

compressive force results in higher 

compression stress and therefore a larger 

compression zone. Consequently, the value 

of the bending moment for the yield of 

reinforcement loaded in compression 

decreases and also the strain of the tensile 

reinforcement reduces. The compression 

zone may be such that no yielding of tensile 

reinforcement will occur. In that case, the 

column will fail without significant 

warning.  

Reinforcement ratio – higher 

reinforcement ratio increases the ultimate 

moment resistance (MRd) and bending 

stiffness (EId). However, the structure may 

become less ductile due to decreasing 

plastic curvature. For that reason, Eurocode 

2 provides rules for the maximum 

reinforcement ratio (ρmax). 

Ductility – the effect of plastic curvature 

increases with relatively low normal force 

and/or a relatively low amount of 

reinforcement.  

Stress-strain diagrams – the parabola -

rectangular stress-strain diagrams result in 

a slightly higher curvature compared to bi-

linear variant while the corresponding 

moments show little differences. However, 

the sequence of the loading steps may be 

different e.g. yielding prior/after reaching 

the concrete peak stress.  

Nominal bending stiffness (EId) – the 

stiffness of a reinforced concrete column 

decreases fast if reinforcement yields. 

Tension stiffening – a contribution of 

uncracked concrete to the bending stiffness 
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is represented by a tensile capacity area, see 

Figure 41- Figure 42. The tension – 

stiffening area shows the contribution of 

concrete located between the cracks which 

partially unloads the reinforcement, leading 

to a stiffening effect.  The average bending 

stiffness of the column can be presented by 

a linear line between Mcr - point and My -

point. This is a simplified representation of 

the real behaviour. [12]  

 MN-interaction diagram 

The influence of concrete class, 

reinforcement ratio and the applied stress-

strain diagrams on the ultimate 

combinations of a normal force and a 

bending moment is demonstrated by means 

of the diagrams in Figure 40. The MN – 

interaction diagrams are computed for the 

cross-section equal to the one described in 

paragraph 4.5.2.  

The diagrams show that the ultimate 

normal force and bending moment are 

significantly increased with higher concrete 

class and reinforcement ratio. The 

difference between the results of applied 

stress-strain diagrams is small. However, 

when considering high strength concrete 

the deviation will become bigger. The 

rectangular stress block according to 

Eurocode 2, NEN-EN 1992-1-1:2004 art. 

3.1.7(3) forms always the upper boundary. 

The peak of the MN-diagrams is this case at 

normal force equal to Nbal resulting in nbal = 

0,30 – 0,34 for C20/25 with ρmin and nbal = 

0,15 – 0,23 with ρmax. Consequently, the 

peak defines the transition between the 

tension failure range (TFR) and 

compression failure range (CFR).  

 
Figure 40: MN-interaction diagram for a rectangular 

reinforced concrete section with (RC) – rectangular 

stress block and (Par) – parabola-rectangular stress 

block.  
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Figure 41:  MNκ – diagram according to bi-linear and parabola-rectangular stress-strain diagram. 

Tension-stiffening area 

Tensile capacity area 
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Figure 42: MNκ – diagram according to bi-linear and parabola-rectangular stress-strain diagram.
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 Effective creep coefficient 

Final creep coefficient φ(∞,t0) is 

analyzed for different concrete classes, age 

of concrete at the moment of loading (t0),  

average air temperature (T) and ambient 

humidity (RH). The results are presented in  

Figure 43 and Figure 44. For detailed 

calculation steps see Annex C.  

Concrete class – an increase of the 

concrete strength results in lower values of 

the final creep coefficient for all 

temperatures and relative humidities. For 

example, for T = 20°C, RH = 50% and t0 = 

28 we see a reduction of 55% from C20/25 

to C60/75. 

Age of concrete at the moment of loading 

– loading a concrete structure prior to 28 

days of curing results in higher final creep 

values. Higher curing time is therefore 

favourable for the reduction of the final 

creep. When comparing a structure loaded 

at t0 = 10 or t0 = 40 with T = 20°C, RH = 

50% the graph shows a reduction of 11 % 

for C20/25 and 23% for C60/65. A 

nonlinear creep case may occur when 

concrete has not developed sufficient 

strength to satisfy the condition for the 

linear creep of σc ≤ 0,45fck(t0).  

Average temperature - higher air 

temperatures decrease the final creep value 

and lower temperatures increase it. 

Increasing curing air temperature from 

10°C to 30°C results in a 16% lower creep 

coefficient for C20/25  and C60/65 loaded 

at t0 = 28 with RH = 50%.  

Ambient humidity - higher ambient 

humidity decreases the final creep value 

and vice versa. Increasing air humidity 

from 50% to 80% results in 32% lower 

creep coefficient for C20/25  and 25% for 

C60/65 loaded at t0 = 28 with T = 20°C. 

Linear creep - linear creep is 

independent of the load when the concrete 

stress is lower than σc ≤ 0,45fck(t0). 

Creep nonlinearity -  higher concrete 

stress results in higher creep values if σc > 

0,45fck(t0) according to NEN-EN 1992-1-1 

art. 3.1.4(4). 

 

 

 

 
 
Figure 43: Creep coefficient  
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Figure 44:Development of creep coefficient. 
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 Nominal Curvature Method 

The design value of the bending moment 

including second-order effects (MEd) is 

analyzed for the cross-section 200 × 150 

mm with different slenderness ratios (λ), 

concrete classes (C), effective creep (φef), 

reinforcement ratios (ρ) and a variation of 

the applied normal force (NEd) and the first-

order bending moment (M0Ed).  A few 

examples are presented in Figure 45 - 

Figure 50. For other graphs and 

corresponding tables see Annex F.  

As described in paragraph 3.3, the 

second-order moment according to the 

Nominal Curvature Method is based on the 

additional eccentricity (e2). The method 

includes the effect of creep by means of a 

Kφ - factor. The equation below shows that 

this factor is only relevant when it is bigger 

than one. Therefore, this factor must be a 

positive value.  

 

ef

ck

K 1 1,0

f
0,35

200 150

 = +  

 
 = + − 

 

  (0.72) 

 

The factor (β) as a function of a slenderness 

ratio and a characteristic concrete strength 

is shown in Figure 45. The graph shows that 

with increasing slenderness ratio (λ = 61 - 

104) a higher characteristic concrete 

strength (fck) is required for a positive value 

of β - factor. The lowest slenderness ratio (λ 

= 61) for example, results in positive values 

even for low concrete strength fck  ≥ 20 

N/mm2. In case of a high slenderness ratio 

(λ = 104), the second-order eccentricity will 

be increased by the creep effect only if  fck  

≥ 70 N/mm2. 

In Figure 47 - Figure 50, the design 

moment is plotted together with a 

corresponding  MN – interaction diagram. 

The capacity of the structure is sufficient if 

the design values of the bending moment 

are below the MN-interaction line and not 

safe if it is above respectively. In the tables, 

safe values are presented as green and 

unsafe as red. Another way of showing the 

capacity 

 
Figure 45: Beta factor as a function of slenderness ratio 

(λ) and a concrete strength (fck). 

 

 
Figure 46: C20/25 – design moment (MEd) as a function of 

relative normal force and slenderness (λ) with 

reinforcement ratio ρ =1, 4% and effective creep φeff = 0 

based on Nominal Curvature Method. 
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Figure 47: C20/25 – Nominal Curvature Method (NCM) 

 
Figure 48: C20/25 – Nominal Curvature Method (NCM) 
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Figure 49: C20/25 – Nominal Curvature Method (NCM) 

 
Figure 50: C20/25 – Nominal Curvature Method (NCM) 
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of the critical cross-section is by means of 

relative values (NEd/ NRd and MEd/MRd) as 

shown in Figure 46. By applying a constant 

first-order moment (M0Ed) with varying 

normal force (NEd) the total design moment 

including second-order effects grows with 

higher values of the normal force. The 

magnitude of this increase is dependent to a 

large extent on the slenderness ratio of the 

column. In case of the highest slenderness 

ratio with a high relative normal force, it 

can be seen that the design values of the 

moment (MEd) may increase till 15 times 

the first-order moment and 10 times at a 

lower relative normal force of n ≈ 0,4. 

Therefore, only low normal forces n < 0,20 

should be applied in this case in order to 

satisfy the condition of MEd/MRd ≤ 1.  

The results of the performed parametric 

study show the effect of different 

parameters. However, this method is not 

considering the buckling load of the 

columns. In this way, the column with a 

high slenderness ratio may fail before 

reaching the maximum cross-section 

capacity. Nominal Stiffness Method, on the 

other hand, does consider the stability of the 

column. The results are discussed in the 

next paragraph. 

 Nominal Stiffness Method 

The design value of the bending moment 

including second-order effects (MEd) is 

analyzed for the cross-section 200 × 150 

mm with different slenderness ratios (λ), 

concrete classes (C), effective creep (φef), 

reinforcement ratios (ρ) and a variation of 

the applied normal force (NEd) and the first-

order bending moment (M0Ed). A view 

examples are presented in Figure 55- 

Figure 58 For other graphs and 

corresponding tables see Annex F.  

As described in paragraph 3.2, the 

second-order moment according to the 

Nominal Stiffness Method is based on the 

bending stiffness value of concrete and the 

reinforcement. The contribution of concrete 

to the nominal bending stiffness depends on 

several variables which are described by a 

Kc – factor: 

 
Figure 51: Limit of the k2 -factor. 

 
Figure 52: Maximum value of Kc - factor as a function of 

concrete strength (fck) and effective creep (φef).  
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The results of these variables are given in 

Figure 51 - Figure 52.  The results show that 

the maximum value of Kc = 0,42 is reached 

at the highest concrete strength C90/105 

with fck = 90 N/mm2 and no creep effect φef 

= 0. Considering relatively low values of 

the effect of creep results already in a large 

reduction of the Kc - factors. For C90/105 

with φef = 1 result in Kc = 0,21 which is -

50%. Thus, the maximum contribution of 

the concrete to the nominal bending 

stiffness is 0,45EcdIc or 0,21EcdIc 

respectively. Reinforcement contribution is 

in all cases equal to Ks =1.  

Based on the calculated nominal 

bending stiffness the corresponding 

buckling force can be computed using the 

Euler buckling equation. This value is then 

used to calculate the total design moment 

(MEd) as described in paragraph 3.2. The 

increase in this design moment due to creep 

is shown in Figure 53. In general, it can be 

seen that the increase of the relative 

bending moment (∆μ = ∆MEd/MRd) 

increases rapidly with the increasing 

relative normal force (n), large first-order 

moment (M0Ed = 0,8MRd) and low 

reinforcement ratio (ρ = 1%). Decreasing 

the first-order moment to (M0ed = 0,5MRd)   

and increasing the reinforcement ratio to (ρ 

= 2%) results in lower ∆μ-values as shown 

by the red line.  This increase only, might in 

some case be bigger than the cross-sections 

capacity (MRd). A more slender column 

with λ = 78 is more sensitive to the creep 

effect. The relative moment (∆μ) increases 

rapidly even at low values of relative 

normal force (n). The rapid increase in (∆μ) 

indicates that the applied normal force is 

smaller but close to the buckling value. The 

ratio (NB/NEd > 1) approaches one.  

Consequently, dividing by a small value 

results in a big magnification factor of the 

first-order moment (M0Ed): 
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Figure 53: Increase of the relative design moment (∆μ) 

due to creep including second-order effect.  
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When the normal force is bigger than the 

buckling load (NEd > NB) the magnification 

factor and therefore the design moment 

becomes negative. Thus, the column is 

unstable.  

The parametric study showed also cases 

where buckling of the column occurred due 

to the creep effect having a low 

reinforcement ratio. However, a stable 

system was reached again by applying a 

higher reinforcement ratio.       The cross-

section with higher concrete strength may 

show different behaviour. The results are 

given in tables and corresponding graphs in 

Annex F. 

 Fictive elastic modulus 

The third method analyzed in the 

parametric study is based on the functions 

given in  Dutch National Annex NEN-EN 

1992-1-1+C2:2011/NB:2016 table NB-1. 

The cross-section variables and the 

variation of the applied loads is equal to the 

mythology as described in paragraph 

4.5.5Fout! Verwijzingsbron niet 

gevonden. and 4.5.6. The graphs and 

corresponding tables are given in Annex F.  

Like the Nominal Stiffness Method, the 

Dutch National Annex method calculates a 

bending stiffness which is used to calculate 

the buckling load and the design moment of 

the column. The bending stiffness is 

calculated by a modified elasticity modulus 

which is dependent on the relative normal 

force (n), concrete class and reinforcement 

ratio (ρ).  Compared to the Nominal 

Stiffness Method, the effect of slenderness 

(λ) is not considered. As a result, a short 

column with a cross-section equal to the 

long column i.e. slender column, would 

lead to the same fictive elastic modulus and 

therefore bending stiffness (EfI). 

Nevertheless, there will be a difference in 

the buckling load and the final design 

moment, since the buckling length of both 

columns is different and so the 

magnification will be larger. 

In general, fictive elasticity modulus 

results in higher bending stiffness values 

compared to  Nominal Stiffness Method.  

 Conclusion 

An overview of the results and 

differences between the methods is 

provided in Annex F in the form of tables 

and graphs. In the tables, the design 

moment (MEd) is given for a wide range of 

column parameters using different bending 

stiffness theories. By means of these values, 

it is possible to calculate the nominal 

bending stiffness (EInom) and buckling load 

(NB) respectively.  

The relationship between MEd and EInom 

is presented by means of a flow chart in 

Figure 54. Depended on the used theory for 

the determination of the design moment 

(MEd)  the chart provides two starting points 

presented by the dark-grey blocks. Nominal 

Curvature Method (NMC) provides the 

design moment as input while the other 

three methods give nominal bending 

stiffness as input.   The chart shows that an 

increase in the design moment results in a 

decrease in the nominal stiffness or vice 

versa. Lower bending stiffness gives a 

lower buckling load (NB) which may 

decrease infinitely to a constant normal 

force  (NEd), but never be equal to it. In that 

way, the structure is considered to be stable.  

The decrease of the stability indicator 

(NB/NEd) results in an increase in the 

bending moment magnification factor. 

Therefore, the first-order moment including 

imperfections will give a higher value of the 

design moment (MEd). When starting from 

the known design moment, the moment 

ratio (MEd/M0Ed) increases with a constant 

first-order moment including 

imperfections. Consequently, the normal 

force magnification factor and nominal 

bending stiffness decrease. Outside the grey 

block, the key parameters of different 

theories are considered. In this way, a 

change of a key parameter within a theory 

may be directly linked to the increase or 

decrease of the design moment, nominal 

stiffness or buckling load without an actual 

calculation.  

In Table 7, the values of the design 

moment and bending moment are compared 

for a slenderness λ = 61 and λ = 104 with 
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varying reinforcement ratio and load 

combinations.  The lowest nominal 

stiffness can be found using the Nominal 

Curvature Method (NCM) followed by 

Nominal Stiffness Method (NSM) and 

Dutch National Annex method (DNA) with 

the highest value. The flowchart shows 

increasing design moment with decreasing 

nominal stiffness which is confirmed by the 

results in the tables. The lowest EInom 

values of NCM have therefore the highest 

MEd values. The buckling load is also the 

lowest as expected according to the 

flowchart. Hence, the Dutch National 

Annex method with the lowest values of the 

design moment is the most economic 

design theory, since it results in a higher 

buckling load and allowable relative normal 

force.  

In the next chapter, the bending stiffness 

of a slender column will be determined 

based on the Nonlinear Finite Element 

analysis. The results will be compared with 

the analytical study in order to optimize the 

current Nominal Stiffness Method.  
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Figure 54: Design moment (MEd) ↔ Nominal stiffness (EInom) flow chart. 



7K45M0 – Master Thesis – P.R. Kuzin                                                                                         2019 

Eindhoven University of Technology (TU/e),  The Netherlands                                                                62 

Table 7: Comparison of the design moment and nominal bending stiffness with MEd < MRd , C20/25 

 

Slenderness λ = 61, first-order moment excl. imperfection M0Ed = 0,2MRd, effective creep φef  = 0    

n NEd M0Ed M0Ed+∆Mi MEd EI5.31 MEd EI5.22 MEd EfI

[-] [kN] [kNm] [kNm] [kNm] [Nmm
2
] [kNm] [Nmm

2
] [kNm] [Nmm

2
]

0.00 0.0 1.9 1.9 1.9 - 1.9 - 1.9 -

0.27 145.4 3.2 4.0 11.0 3.103E+11 6.8 5.051E+11 5.3 9.198E+11

0.42 224.8 3.0 4.3 13.2 4.476E+11 8.1 6.780E+11 6.1 1.106E+12

0.60 316.4 2.5 4.3 - - 11.7 6.780E+11 7.5 1.060E+12

0.78 412.6 1.5 4.0 - - - - - -

1.00 530.4 0.0 3.1 - - - - - -

0.00 0.0 5.6 5.6 5.6 - 5.6 - 5.6 -

0.09 83.4 6.4 6.9 11.0 3.181E+11 8.2 7.943E+11 7.4 1.909E+12

0.45 413.8 5.2 7.6 21.2 8.663E+11 15.8 1.096E+12 10.4 2.181E+12

0.55 504.1 4.4 7.4 21.0 1.044E+12 19.5 1.096E+12 11.0 2.209E+12

0.75 689.2 2.7 6.7 - - - - - -

1.00 921.8 0.0 5.4 - - - - - -

Slenderness λ = 61, first-order moment excl. imperfection M0Ed = 0,5MRd, effective creep φef  = 0    

n NEd M0Ed M0Ed+∆Mi MEd EI5.31 MEd EI5.22 MEd EfI

[-] [kN] [kNm] [kNm] [kNm] [Nmm
2
] [kNm] [Nmm

2
] [kNm] [Nmm

2
]

0.00 0.0 4.7 4.7 4.7 - 4.7 - 4.7 -

0.27 145.4 8.0 8.8 - - 14.9 5.051E+11 11.5 9.198E+11

0.42 224.8 7.6 8.9 - - - - 12.6 1.106E+12

0.00 0.0 14.0 14.0 14.0 - 14.0 - 14.0 -

0.09 83.4 16.0 16.5 20.6 6.173E+11 19.6 7.943E+11 17.7 1.909E+12

0.45 413.8 12.9 15.3 - - - - 21.1 2.181E+12

0.55 504.1 11.1 14.1 - - - - 20.9 2.240E+12

Slenderness λ = 104, first-order moment excl. imperfection M0Ed = 0,2MRd, effective creep φef  = 0    

n NEd M0Ed M0Ed+∆Mi MEd EI5.31 MEd EI5.22 MEd EfI

[-] [kN] [kNm] [kNm] [kNm] [Nmm
2
] [kNm] [Nmm

2
] [kNm] [Nmm

2
]

0.00 0.0 1.9 1.9 1.9 - 1.9 - 1.9 -

0.27 145.4 3.2 4.7 - - - - 12.5 9.198E+11

0.00 0.0 5.6 5.6 5.6 - 5.6 - 5.6 -

0.09 83.4 6.4 7.3 19.3 5.297E+11 11.6 9.251E+11 8.9 1.909E+12

Slenderness λ = 104, first-order moment excl. imperfection M0Ed = 0,5MRd, effective creep φef  = 0    

n NEd M0Ed M0Ed+∆Mi MEd EI5.31 MEd EI5.22 MEd EfI

[-] [kN] [kNm] [kNm] [kNm] [Nmm
2
] [kNm] [Nmm

2
] [kNm] [Nmm

2
]

0.00 0.0 4.7 4.7 4.7 - 4.7 - 4.7 -

0.27 145.4 8.0 9.4 - - - - - -

0.00 0.0 14.0 14.0 14.0 - 14.0 - 14.0 -

0.09 83.4 16.0 16.9 29.0 8.289E+11 27.1 9.251E+11 20.8 1.909E+12

Load combination NCM

ρ = 1%

ρ = 4%

ρ = 1%

ρ = 4%
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forcement 
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forcement 
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Figure 55: C20/25 – Nominal Stiffness Method (NSM). 

 
 
Figure 56: C20/25 – Nominal Stiffness Method (NSM). 
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Figure 57: C20/25 – Nominal Stiffness Method (NSM). 

 
 

Figure 58: C20/25 – Nominal Stiffness Method (NSM). 
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 Finite Element Analysis (FEA) 

 Introduction 

The finite element method is a numerical 

procedure for analyzing structures and 

continua which usually are too complicated 

to be solved satisfactorily by classical 

analytical methods. In general, the finite 

element method models a structure as an 

assemblage of small elements. Each 

element is of simple quadrangular or 

triangular geometry and therefore is much 

easier to analyze than the actual continue 

structure. A complicated solution is 

approximated in that way by a model 

consisting of piecewise-continuous simple 

solutions. Consequently, the behaviour of 

individual elements in a finite element 

analysis is of great importance. A few good 

elements may produce better results than 

many poorer elements.[54] However, the 

choice of a proper element type is only one 

of many challenges within a nonlinear 

analysis method which often are 

emphasized in related literature:  

 

“The establishment of an appropriate 

mathematical model for the analysis of an 

engineering problem is to a large degree 

based on sufficient understanding of the 

problem under consideration and a 

reasonable knowledge of the finite element 

procedures available for the solution. This 

observation is particularly applicable in 

nonlinear analysis because the appropriate 

nonlinear kinematic formulations, material 

models, and solution strategies need to be 

selected.” [55] 

 

In contrast to linear elastic analysis 

methods, nonlinear analysis has not one 

unique solution procedure which is suitable 

for solving all nonlinear problems. Hence, 

an appropriate solution procedure must be 

selected. A pore model definition or when 

the solution procedures are not properly 

chosen, convergence issues may arise. 

Also, a case when the iterative solution 

method is unable to find a solution for the 

nonlinear problem may cause convergence 

problems. In general, the steps below are 

recommended in order to design  a 

qualitative and efficient finite element 

model: 

Reality to mechanical model 

(Idealization) – this is the first step of a 

structural engineer where the real structure 

is translated to a simplified mechanical 

model to be able to perform analytical 

calculations. It should be decided what 

features of the real structure are important 

and which details can be considered as 

unnecessary. Furthermore, choices 

concerning, the theory describing the 

behaviour of the structure (beam or plate 

theory), load types, support types and the 

material behaviour must be made. 

Mechanical model to Finite Element 

Model (Discretization) – the second step is 

to discretizes the structure in some small 

elements with a proper description of its 

boundary conditions, applied loads and the 

material properties. The main steps can be 

divided as: a) geometrical modelling (1D, 

2D or 3D); b) type of finite element ( beam 

or membrane); c) constitutive modelling ( 

linear or nonlinear stress-strain 

relationships); d) loading method 

(displacement or force control); e) 

boundary conditions (applied on vertices, 

edges or surfaces); f) mesh type 

(rectangular or triangular and linear or 

quadratic interpolation scheme). 

Finite Element Model to the solution – 

the final step includes the choice of a 

solution procedure. The accuracy of the 

results is dependent on the applied loading 

steps, the maximal amount of iterations, 

integration scheme, the fineness of the 

mesh and convergence criteria.  

Considering the above steps with its own 

sub-questions  shows that the final finite 

element results are dependent on many 

different parameters. The choice of the 

most important parameters is described and 

substantiated in the next paragraphs. Step-

by-step the made choices will lead to the 

final model which results will be used for 

the comparison with the analytical results 

according to Eurocode 2.
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Table 8: Comparison of linear and nonlinear problems [56] 

Feature Linear problems Nonlinear problems 

 

Load-displacement 

relationship 

 

Displacements are assumed to be 

linearly dependent on the applied 

loads. 

 

The load-displacement relationships 

are usually nonlinear. 

Stress-strain 

relationship 

A linear relationship is assumed 

between stress and strain. 

In problems involving material 

nonlinearity, the stress-strain 

relationship is a nonlinear function 

of stress, strain, and/or time. 

Magnitude of 

displacement 

Changes in geometry due to 

displacements are assumed to be 

small and hence ignored.  

Displacements may not be small, 

hence an updated reference state 

may be needed. 

Material properties Linear elastic material properties 

are usually easy to obtain. 

Nonlinear material properties are 

difficult to obtain and may require 

additional experimental testing. 

Units Units of material properties and 

applied loads have to be consistent 

and can be scaled. 

Units of material properties and 

applied loads are very important and 

cannot be scaled. 

Reversibility The behaviour of the structure is 

completely reversible upon removal 

of the external loads. 

Upon removal of the external loads, 

the final state may be different from 

the initial state. 

Superposition Solutions for various load cases can 

be linearly superimposed. 

Solutions from several load cases 

cannot be superimposed. 

Loading sequence Loading sequence is not important 

and the final state is unaffected by 

the load history. 

The behaviour of the structure may 

depend on the load history, hence 

the load may have to be applied 

sequentially. 

Iterations and 

increments 

The load is applied in one go with 

no iterations. 

The load is often divided into small 

increments with iterations performed 

to ensure that equilibrium is satisfied 

at every load increment. 

Computation time Computation time is relatively small 

in comparison to nonlinear 

problems. 

Owing to the many solution steps 

required for load incrementation and 

iterations, the computational time is 

high. Particularly if a high degree of 

accuracy is sought. 

 

Robustness of 

solutions 

A solution can easily be obtained 

with no interaction from the user. 

In difficult nonlinear problems, the 

FE code may fail to converge 

without some interaction from the 

user. 

The initial state of 

stress/strain 

The initial state of the stress and/or 

strain is unimportant. 

The initial state of stress and/or 

strain is usually required for material 

nonlinearity problems.  
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 Column geometry  

A three-dimensional (3D) problem can 

in many applications be approximated with 

a simpler two-dimensional (2D) model 

having only a x-y-plane. The following 

assumptions about the stress and thickness 

in the z-direction are made:  

Plane stress – the stress in the z-

direction is neglected (σzz = 0). This theory 

is useful for relatively thin elements, as 

shown in Figure 59. 

Plane strain – is used to define very 

thick geometries in z-direction in 

comparison to the other two directions. The 

strain across the thickness is neglected (εzz 

= 0), but the stress there is nonzero (σzz ≠ 0), 

see Figure 59. [56] 

 
 
Figure 59: Two-dimensional plane stress and plane strain 

problems.[56] 

For the purpose of this research, the plane 

stress theory will be applied, because the 

thickness of a slender column is much 

smaller compared to other dimensions. In 

addition, a 2D-geometry also enables to 

research cracking effects. 

 FE – elements 

DIANA FEA has an extensive element 

library suitable to model concrete 

structures, including both continuum and 

structural elements. The available element 

families are: a) truss elements; b) beam 

elements; c) plane-stress elements; d) plain-

strain elements; e) axisymmetric elements; 

f) plate bending elements; g) flat shell 

elements; h) curved shell elements; i) solid 

elements; j) interface elements; k) 

composed elements; l) reinforcements and 

other elements for structural analysis. [57] 

 Quadrilateral elements 

An element with correct geometrical 

type with valid assumptions, as described in 

paragraph 5.2, must be chosen. In general, 

isoparametric quadratic elements 

(Q8MEM) are suitable for most problems. 

Due to the absence of complex column 

geometry e.g. curved surface, the triangle 

element (CT12M) becomes in this case 

unnecessary. [56] 

 The quadrilateral elements are 

presented by DIANA FEA as shown in 

Figure 60 - Figure 61. The eight-node 

quadrilateral Isoparametric plane stress 

element is based on quadratic interpolation 

and Gauss integration. The polynomial for 

the displacements (ux) and (uy) is expressed 

as:  

 

i 0 1 2 3

2 2 2 2

4 5 6 7

u ( , ) a a a a

a a a a                

  = + + + + +

 +  +  + 
  (0.73) 

 

Considering strains based on the equation 

above we see that the strain (εxx) varies 

linearly in the x-direction and quadratically 

in the y-direction. Consequently, the strain 

(εyy) varies linearly in the y-direction and 

quadratically in the x-direction. [57] 

 

 
 
Figure 60: Triangle 3-node (T6MEM, linear) and 8-node 

elements (CT12M, quadratic). [57] 

 
 
Figure 61: Quadrilateral 4-node (Q8MEM, linear) and 8-

node elements (CQ16M, quadratic). [57] 
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 Reinforcement elements 

To model steel reinforcement in 

concrete DIANA provides the so-called 

embedded reinforcement element, see 

Figure 62. The reinforcement can be 

embedded in all plane-stress elements and 

it does not allow relative slip. Plane-stress 

elements are automatically checked for the 

embedding of the reinforcements.  The 

requirement is that the reinforcing bar 

intersects one or two element edges, but 

none of them more than once. As a result of 

an embedded reinforcement bar, more 

stiffness is added to the finite element 

model. The main characteristics of 

embedded reinforcement are: a) embedded 

in a structural mother element. The mother 

element stiffness and weight do not 

decrease. Also, the embedded 

reinforcement does not contribute to the 

weight (mass) of the element; b) the 

embedded reinforcements do not have 

degrees of freedom on their own; c) the 

strains are computed from the displacement 

field of the mother elements. A perfect 

bond between the reinforcement and the 

surrounding material applies.  

 

 
 

Figure 62: Embedded reinforcement bar and grid in a 

plane-stress element, where: a) element node; b)location 

point and c)integration point. [57] 

A great advantage of these reinforcing 

elements is that it enables the user to 

generate the finite element mesh without 

anticipating on the location of 

reinforcements. As can be seen in the figure 

above, also an embedded reinforcement 

grid is provided within the finite element 

package. [57,58] 

 Bond-slip reinforcements 

Bond-slip of a steel reinforcement bar in 

the concrete continuum can be simulated by 

means of slipping reinforcements concept 

defined in DIANA. This type of element is 

only available for lines in the following 

continuum elements: a) 2D plane-stress 

elements; b) 3D curved shell elements and 

c) 3D solid elements. Similar to the 

embedded reinforcement the location of the 

slip reinforcement is independent of the 

mesh of the continuum elements. In 

contrast to embedded reinforcement, slip 

reinforcements particles have their own 

displacement degrees of freedom and 

therefore relative movement is possible. 

These particles can be defined as a truss 

element or a beam element, see Figure 63 -

Figure 64. 

 

 
Figure 63: Truss elements, characteristics [57] 

 

 
Figure 64: Beam elements, characteristics [57] 

 

A truss element assumes uniaxial stress in 

the line and no shear and bending is 

considered which is similar to the 

embedded reinforcements. A beam element 

type, on the other hand, does include shear 

and bending. [59] DIANA offers three 

classes of beam elements: a) Class-I: based 

on Bernoulli theory. Suitable for linear and 

geometric nonlinear analysis. Physical 

nonlinear analysis is limited. Shear 

deformation could be included according to 

Timoshenko theory; b) Class-II: based on 

Bernoulli theory. Suitable for linear, 

geometric and physic nonlinear analysis. 

Shear deformation cannot be included; c) 

a. 

b. 

c. 
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Class-III: based on Mindlin - Reissner 

theory. Suitable for linear, geometric and 

physic nonlinear analysis. Shear 

deformation is considered. The 

displacement interpolation of Class-III 

beams is compatible with the continuum 

elements which makes it very suitable for 

connection to those type of elements. [57] 

In case of large reinforcement diameters 

or bars passing heavily cracked concrete 

zones a beam element may be a good 

option. [59] 

 Composed elements 

Composed type of elements is used in 

post-processing of analysis results. By 

means of this element type, the local forces 

and bending moments in as cross-section of 

the model can be calculated with reference 

to this line.  Internal forces are integrated 

over the cross-section plane normal to the 

reference line. Types of regular elements 

and embedded reinforcements within the 

radius (t) contribute to the cross-section 

forces and bending moments in a composed 

line element. 

 

Figure 65: Composed line, characteristics [57] 

 

Figure 66: Curved composed line, characteristics [57] 

The composed line does not influence 

the behaviour of the finite element model 

because the composed elements do not have 

mechanical properties like stiffness or mass 

by their own. [57]  

 Structural interface elements 

For the analysis of discrete cracking, 

bond-slip along reinforcement, friction 

between surfaces, joints in rock, masonry 

etc. requires a structural interface element. 

The interface behaviour in terms of a 

relation between the normal and shear 

tractions and the normal and shear relative 

displacements across the interface could be 

then described. Two-dimensional line 

interface elements can be modelled 

between truss elements, beam elements or 

edges of two-dimensional elements.  With 

these elements, the interface surface and 

directions are evaluated automatically from 

the geometry of the element itself. 

 
Figure 67: Interface element (CL20I), characteristics [57] 

 

An example of a structural interface is 

shown in  Figure 67. The CL20I element is 

an interface element between two lines in a 

two-dimensional configuration. The 

element is based on fourth-order 

interpolation. [57] 

 Constitutive models 

Constitutive models or material models 

specify the stress-strain relationship that is 

assumed for the materials in the structure.  

Often these models are a simplified 

representation of the true material 

behaviour.[60] In solid mechanics, nonlinear 

problems are grouped into three main types: 

material, geometric and boundary 

nonlinearities. The relevance of these 

groups considering this project is discussed 

in the next paragraphs.  

 Concrete in compression 

Material nonlinearity or also called 

physical nonlinearity is characterized by a 

nonlinear stress-strain relationship of the 

material. DIANA offers thirteen nonlinear 
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curves describing unreinforced concrete 

behaviour in compression. The curve 

according to Eurocode 2 EN 1992-1-1 is 

chosen for the analysis due to the fact that 

the result will be compared to analytical 

calculations which are based on this code. 

Figure 68 shows two curves according to 

the code, where curve (b) is a modified 

version of the curve (a) i.e. taking effect of 

creep into account as described in 

paragraph 2.4.5 “Simplified creep 

approach”. 

 

 
 

Figure 68: Eurocode 2 EN 1992-1-1 compression curve 

(a) without creep and curve (b) with creep effect.  

The stress-strain relation for nonlinear 

structural analysis is given in EN 1992-1-1 

art. (3.1.5). It can be seen that the 

relationship is based on the mean values of 

strength (fcm) and elastic modulus (Ecm):[8] 
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In DIANA this relationship is presented in 

a slightly different form as shown in the 

next equation. However, similar results are 

gained: [57] 
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Confinement effect - confinement of 

concrete results in a modification of the 

effective stress-strain relationship. As a 

result, higher strength and higher critical 

strains are achieved.  This effect occurs in 

columns subjected to a uniaxial load while 

having transverse reinforcement e.g. 

stirrups or helical springs. Therefore the 

load perpendicular to the longitudinal 

reinforcement is the cause of this 

favourable effect.  

Lateral cracking effects – the concrete 

compressive strength is reduced in cracked 

concrete as a result of large tensile strains 

perpendicular to the principal compressive 

direction. The relation for reduction due to 

lateral cracking is could be included in the 

model by using the model of Vecchio & 

Collins. The DIANA default value of the 

lower bound of the reduction curve should 

be set to βcr = 0,4 instead of βcr = 0,6 as 

recommended in fib Model Code 2010.  

 

 
Figure 69: Vecchio & Collins reduction factor due to 

lateral cracking [57] 
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 Concrete in tension 

It has been shown that neglecting of 

tension-stiffening may result in 

overestimation of deflection by a large 

proportion. The behaviour and prediction of 

this effect are however rather complex as 

described in paragraph 2.7 “Effect of 

tension-stiffening”. To be able to research 

this effect, the post-crack behaviour of 

unreinforced concrete i.e. tension-softening 

must be analysed first.   

According to the Rijkswaterstaat 

Technical Document “Guidelines for 

Nonlinear Finite Element Analysis of 

Concrete Structures”[60] an exponential 

softening diagram is preferred like Hordijk 

relationship or the exponential softening 

diagram, see Figure 71. These types of 

diagrams will result in more localized 

cracks and consequently will avoid large 

areas of diffuse cracking. The area under 

the softening curve i.e. post-crack domain 

should be equal to the fracture energy (GF)  

divided by the equivalent length (heq). The 

crack is considered to be ‘fully open’ after 

complete softening as indicated in the red 

area in Figure 71. The blue area represents 

uncracked regions and yellow area the 

intermediate state of the crack propagation. 

The Hordijk softening curve is given by the 

equation below which is a function of the 

maximum mean tensile strength (fctm), 

strain at the crack moment (εcr = fctm/Ecm) 

and the ultimate strain parameter (εu).[60] 
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It becomes clear that the key parameter in 

constitutive models that describes a stress-

strain relationship of concrete in tension-

softening is the (GF/heq) – ratio. The effect 

of these parameters is therefore explored in 

more detail. 

 

 
 

Figure 70: Illustration of crack propagation in a 

continuous structure with a fully open crack width equal 

to wult. (mm) [61] 

 
Figure 71: Predefined Hordijk tension-softening curve 

for stiffness adaptation analysis. [61] 

 

Equivalent length (crack bandwidth) – is 

a finite element discretization parameter. 

Since the introduction of the crack band 

approach the smeared crack approach 

enabled the method to be used not only for 

large areas of distributed or smeared cracks 

but also for detailed analysis of individual 

crack localizations. The fracture energy 

(GF) is consumed over an equivalent length 

(heq) also referred to as a characteristic 

length or crack bandwidth. As a result of the 

incorporation of (heq) in the constitutive 

relation, a stress-strain softening curve 

could be computed from the stress-

separation softening curve. This method is 

considered to be the first successful attempt 

that has brought fracture mechanics and 

continuum mechanics together.[61] 

In the FE-analysis an automatic 

procedure for determining the equivalent 

length should be used. In that way, the mesh  

dependency could be reduced.[60] Since the 

fracture energy and the tensile strength of 

concrete are material properties, the 

ultimate strain would change with the  
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Figure 72: Ultimate strain as a function of crack 

bandwidth. 

Table 9: Mesh dependency of crack band method. 

a = b heq GF/heq εu,MC2010 

[mm] [mm] [N/mm2] [‰] 

1,0 1,0 0,14654 214,5 

2,5 2,5 0,05861 85,8 

5,0 5,0 0,02931 42,9 

12,5 12,5 0,01172 17,2 

25,0 25,0 0,00586 8,6 

50,0 50,0 0,00293 4,3 

100,0 100,0 0,00147 2,1 

 

varying mesh size. This effect is shown in 

Figure 72 and Table 9. The figure shows a 

strong relationship between crack 

bandwidth and ultimate strain, where high 

values of ultimate strain are achieved with 

small values of the crack bandwidth and 

vice versa.  

DIANA offers three methods to 

determine the crack bandwidth heq : a) Rots' 

element based method; b) Govindjee's 

projection method and c) Direct input. Rots 

made the crack bandwidth dependent on the 

size, the shape and the interpolation 

function of the used finite element. For 

linear two-dimensional elements, this is 

according heq-equation, for higher-order 

two-dimensional elements eq.  with (A) is 

the total area of the element. [57] 

 
Figure 73: Examples of equivalent length based on 

element dimensions and crack direction[60] 

eqh 2A h 2  = =  

eqh A h = =   

 

However, this method will not be accurate 

in case of distorted elements with a high 

aspect-ratio. In those cases, the other two 

methods would provide more accurate 

results.  

 Reinforcement steel 

The constitutive model for longitudinal 

reinforcement steel and stirrups is defined 

according to NEN-EN-1992-1-1 art. 3.2.7. 

The bi-linear stress-strain relationship 

consists of an elastic part and a hardening 

part (inclined top branch). The steel 

hardening starts at the yield strain (εym) and 

continues until the ultimate strain (εum). The 

hardening elasticity modulus equals 

therefore to (Eum =∆f / ∆ε). Furthermore, it 

is assumed that reinforcement steel behaves 

the same in tension and compression. 

Hence, the diagram in Figure 74 should be 

applied.   

 

 
Figure 74: Stress-strain diagrams for reinforcing steel 
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 Geometric nonlinearity 

This type of nonlinearity occurs when 

the changes in a geometry due to its 

displacements under load are taken into 

account. The equilibrium equations are 

based on the deformed shape of the 

structure, whereas in linear analysis the 

equilibrium equations are always based on 

the original shape. Geometric nonlinearity 

does not always mean large displacements. 

Large and small displacements, strains or 

rotations are possible. Furthermore, large 

displacements are not always associated 

with large strains.  

Small-strains and small rotations may 

represent the deformation of shallow shells, 

arches subjected to the lateral loading and 

elastic buckling of structs. A typical 

example of small strains with large 

rotations is the displacement of a fishing 

rod under the weight of a heavy fish. [56] 

Small displacements with large strains can 

show up of example in the vicinity of a 

crack tip. Locally the strains can be very 

large. On the other hand, a case with large 

displacements and small strains is possible 

in thin-walled flexible structures.[57] 

Large displacements, rotations and 

strains and also changes in the loading and 

boundary conditions may be involved in 

more complex geometric nonlinearity as the 

structure deforms. [56] 

 

 

 
 

Figure 75: Geometric nonlinearity with large translation 

( δ > t  ). [57] 

 
 
Figure 76: Geometric nonlinearity with large 

rotations.[57] 

 Geometrically nonlinear analysis 

Diana offers two types of geometrically 

nonlinear analysis: a) Total Lagrange and 

b) an Updated Lagrange description. 

  Total Lagrange – recommended in case 

of large rotations and displacements. Strain 

and stress measures are defined with 

reference to the undeformed geometry. 

The Updated Lagrange -  is favourable 

in case of large plastic deformations. Uses 

an updated reference geometry. In Finite 

Element Analysis, it is usual to take the last 

known equilibrium state at the end of the 

previous analysis step.  

It should be noted that although large 

displacements, rotations and strain are 

described correctly, still a constitutive 

relation appropriate for geometric 

nonlinearities is essential. [57] 

 Iterative procedures 

 Newton-Raphson iterative method 

This method is an effective numerical 

method of finding the solution of nonlinear 

equations. The method starts with a guess 

of a trial solution followed by improving 

the initial guess by using the slope of the 

load-displacement curve. The nonlinear 

curve is approximated by a series of 

suitable tanges as shown in Figure 77. 

Iterations are performed until the exact 

solution is found. Consequently, the 

solution is dependent on the specified 

degree of accuracy or tolerance of the 

analysis. [56]  Since the stiffness relation is 

evaluated every iteration, the prediction is 

based on the last known or predicted the 
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situation, even if this is not an equilibrium 

state. [57] 

The Newton-Raphson method can be 

successfully applied if the following two 

conditions are met: a) the initial guess is 

near the exact solution and b) the slope of 

the nonlinear load-displacement curve does 

not change its sign. Not meeting this 

condition may result in nonconvergence of 

the solution. [56]  

 

 
 
Figure 77: Schematic representation of the Newton-

Raphson method.  [56] 

An example where both conditions are not 

met is shown in the figure below. The 

nonlinear curve changes its slope and the 

first guess far from the exact solution. 

Therefore, more sophisticated methods are 

required for such problems. [56] 

 

 
 
Figure 78: Possible nonconvergence of the Newton -

Raphson method.  [56] 

A disadvantage of the (regular) Newton -

Raphson method is that the stiffness matrix 

has to be set up at every iteration. So, this 

method usually needs only a few iterations, 

but every iteration is relatively time-

consuming. [57] 

 Modified Newton-Raphson method 

This method is always based on a 

converged equilibrium state since this 

method only evaluates the stiffness relation 

at the start of the increment. Compared to 

the Newton-Raphson method the modified 

version converges slower to equilibrium. 

The modified Newton-Raphson method 

usually needs more iterations, but it is not 

necessary to set up a new stiffness matrix 

for every iteration. This makes every 

iteration fasted than in Regular Newton-

Raphson. [57] 

 
 
Figure 79: Modified Newton Raphson method – slope 

(stiffness) kept constant during load increment. [56] 

 Quasi-Newton method (Secant 

method) 

To achieves a better approximation of 

the solution the Quasi-Newton method uses 

during the increment the information of 

previous solution vectors and out - of 

balance force vectors. In contrast to the 

Newton – Raphson method, this method 

does not set up a completely new stiffness 

matrix every iteration. [57] 

 Incremental procedures 

The incremental – iterative solution 

procedure consists of two parts: a) the 

iteration part is discussed in paragraph 5.6, 

in this paragraph the increment part is 

treated.  

 Load and displacement control 

In Figure 80,  two load-displacement 

curves are shown which are approximated 

by two different incrementation procedures. 

The method of load-control does not work 

in case (a), because the load must decrease 

in order to satisfy the equilibrium. In such 

problems, displacement control may be 

used. The second curve shows a case  (b) 

whereby the displacement control fails due 

to required decreasing displacement. 
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Figure 80: Limitations of force and load control method. 
[62] 

Displacement control offers a great 

advantage over load control, providing 

better-conditioned tangent stiffness matrix 

and the capability of passing limit points 

where load control fails. However, the 

method is usually restricted to structures 

with one point load only and fails to trace 

snap-back behaviours. To overcome these 

drawbacks, load control with arc-length is 

of choice. [55] 

 Arc- length control 

Arc-length control may be the solution 

for the load incrementation when load 

control or displacement control cannot be 

applied. The different arc-length method 

can be formulated: a) spherical path arc-

length method, b) updated the normal plane 

arc-length method. [55] The arc-length 

method adapt the loading during iterations 

in one load step. This method is suitable for 

combination with nodal or element loads or 

non-zero displacements. However, they 

cannot be applied in the same load set.[57] 

The main advantage of the arc-length 

method over the displacement method is the 

capability of passing snap-back behaviour 

as shown in Figure 80 (c). Other 

equilibrium path types could be analyzed 

using displacement control method.  

 

 Boundary conditions 

The real columns tested in a laboratory 

may have a test set-up comparable to Figure 

81. The figure represents the detail of the 

hinged set-up at the bottom of the column. 

A similar hinge may be provided at the top 

edge. The column is loaded by an axial load 

with an eccentricity (e). Consequently, this 

eccentricity results in a bending moment 

(M = N∙e). To prevent high peak stresses 

due to load application it is common to use 

a steel loading plate on top and bottom edge 

of the concrete column. However, the real 

eccentricity and the bending moment are 

dependent on the stress distribution on the 

concrete edge which is dependent on the 

spread of the point load in the plate.  

 In this paragraph, the real boundary 

condition is translated into numerical ones 

with respect to the theory of the Nominal 

Stiffness Theory. 

 

 
 

Figure 81: Sectional  elevation showing column,  end 

cap, hinge and plate disposed  on the bottom  plate of the 

test machine [48] 
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 Symmetry lines 

To reduce the computational time and 

required memory capacity it is favourable 

to simulate more efficiently by means of 

symmetry planes. This can be implemented 

using displacement boundary conditions. A 

general rule for symmetry displacement 

condition is that: a) the displacement vector 

component perpendicular to the plane is 

zero and b) the rotational vector 

components parallel to the plane are zero.  

A schematic representation of this principle 

is shown in Figure 82. The geometry is 

reduced to one-fourth of the total model by 

cutting the geometry along the x and y-axis. 

It is possible since there won’t be any 

displacement normal to the line of 

symmetry.  Along the symmetry line, 

support  in a certain direction should be 

attached.  

The displacement load could be applied 

to the BD - line by adding support in the x-

direction. In this way, these displacements 

are no longer degrees of freedoms 

(d.o.f.s.’s).  

 
Figure 82: Symmetry boundary conditions. [63] 

 Pure bending moment 

In contrast to the problem discussed in 

paragraph 5.8.1, bending of the geometry 

would require an antisymmetric line in the 

x-direction, see  

Figure 83.  This principle is not used within 

this research to be able to show the full 

crack pattern of the columns tension side 

and to be able to use symmetric and  

 
 

Figure 83: Applying symmetry or antisymmetry boundary 

conditions [64] 

 
 

Figure 84: cook 

nonsymmetric reinforcement areas. Hence, 

only one symmetry line perpendicular to 

the columns length is applied, see Figure 

85. The quality of these FE-models (A-E) 

concerning the bending behaviour of 

slender reinforced concrete columns is 

discussed for displacement and load 

control. 

Method A – this method looks similar to 

the commonly used experimental set-up. 

The column is loaded by means of 

displacement control (∆) with a certain 

eccentricity to the centerline of the column. 

The displacement load is applied on a steel 

loading plate which could be directly 

connected to the concrete elements or by an 

interface element. The advantage of the 

method is its simplicity in load application. 

This method requires only one node for the 

displacement load and one support in the 

same direction. Despite the visual 

similarities with reality, this method has 

some substantial disadvantages. The top 

edge of the column suffers from contraction 

strain in the corners due to lateral 

deformations. This effect may be reduced 

with an interface element, but the required 

properties are seldom specified by codes. In 

addition, poorly described interface 

elements might be the cause of the 

convergence failure. The second 

disadvantage is the combined effect of the 

normal force and the bending moment. 

Individual contribution is unknown and the 

real eccentricity is dependent on the load 
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distribution within the steel loading plate 

and consequently the stress diagram on the 

top edge of the concrete. Finally, due to the 

deformation of the steel plate and type of 

load, it is impossible to keep the top edge of 

the concrete linear according to the bending 

theory as shown in Figure 84. 

Method B – bending of the column is 

achieved by applying rotation load to the 

class III beam element connected to the top 

edge of the column.  The rotation about z-

axis i.e. in-plane required fixed rotation 

support in the same direction. The 

advantage of this method is the presence of 

rotational degrees of freedom allowing for 

direct output of the increasing rotation and 

the bending moment. The normal force 

could be applied separately on the top edge 

to study the individual load effects. The 

disadvantages are again the contraction 

strains in the corners and the ability to keep 

the top edge of the column linear during the 

increasing rotation. In order to keep the top 

edge of the column straight the bending 

stiffness of the beam should be very high. 

The axial stiffness of the beam, on the other 

hand, should be very low to reduce the 

contraction strains. It turned out that when 

the contraction strains were optimized the 

displacement of the top edge deteriorates.  

Method C –  bending of the column is 

achieved by means of a linear displacement 

function f(x). This function is applied to a 

beam element (class III) connected to the 

columns top edge.  The contraction strain is 

no longer an issue because the cross-section 

of the beam is made very small. The 

function of the beam is to give the output of 

the rotation in the centre of the top edge 

only. The disadvantages of the previous 

methods are in this way solved, however, 

the geometric nonlinearity of the case 

showed another challenge. Due to big 

displacement along the symmetry line of 

the column a normal force was generated. 

This effect is a consequence of the 

displacement contains at both ends of the 

column. Due to the second-order effect, a 

constant bending moment along the column 

length cannot be reached. Furthermore, the 

application of a normal force on the top 

edge of the column is not possible due to the 

vertical boundary conditions. These 

challenges are solved in method D. 

Method D – the latter method showed 

issues with the bottom boundary conditions 

due to the geometric nonlinearity. The 

vertical boundary condition is therefore 

replaced by a linear constraint i.e. tying. In 

this way, the vertical translation of the 

symmetry edge is possible whereby the 

nodes are coupled. This is a more realistic 

approximation of the reality since the 

boundary conditions in a laboratory test set-

up are not infinite stiff. The possibility of 

small vertical translation at the bottom 

made it possible to simulate a constant 

bending moment along the column length 

even with big top edge rotation. The 

column can be therefore loaded in pure 

bending without unfavourable second-

order effects as a result of a generated 

normal force. A constant normal force load 

can be applied separately for the purpose of 

the analysis. Since the normal force is 

constant, it may be applied at the symmetry 

edge of the column. Hence, the model 

offers possibilities of pure bending analysis 

and a separate application of a normal force 

to research the second-order effects.   

Method E – the method of force control 

is not suited for this research, because it is 

hard to keep the top edge linear and the 

calculation stops when after the first crack 

in the concrete. The only advantage is that 

the top edge is not restraint compared to the 

displacement control methods C and D. 

Hence, geometric nonlinearity with 

generated normal force may not become an 

issue.  
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Figure 85: Analysis of boundary conditions to simulate the pure bending of the column and the second-order effects. 
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 Isoparametric quadrilateral 

The direct stiffness method, also known 

as the matrix stiffness method is in 

particular suited for the computer-

automated analysis of complex structures. 

Member forces and displacements in a 

structure are computed using a matrix 

method that describes the member's 

stiffness relations. The direct stiffness 

method is the most common 

implementation in the finite element 

method (FEM).[65] In this paragraph, the 

element equations are discussed for an 

arbitrary quadrangular element with linear 

edges. Dependent on the choice of the 

constitutive equation, the element can be 

used to analyze the plane stress or plane 

strain problems.[66]  

To generate elements that are 

nonrectangular and/or have curved sides 

require the isoparametric formulation. 

These shapes are used in grading a mesh 

from coarse to fine, in modelling arbitrary 

shapes, and in modelling curved 

boundaries. The isoparametric family 

includes elements for a plane, plate, shell 

and solid problems.  A natural coordinate 

system (ξ,η) must be applied in formulating 

the isoparametric elements. However, it 

must be differentiated with respect to 

(global)  cartesian coordinates x, y and z.  

The relationship between the coordinate 

systems is described by the so-called 

Jacobian transformations matrix [J].[54] In 

Figure 86, a finite element from a 

discretized structure has been selected. The 

element is divided within a xy-plane, 

whereby x and y are the global cartesian 

coordinates. For this element, the element 

stiffness matrix [K] must be derived. Each 

node considers a vertical (v) and a 

horizontal (u) displacements which are used 

as degrees of freedom. Having two degrees 

of freedom per node (u,v) results therefore 

in an element stiffness matrix of 8x8.  These 

displacements are defined in the global x 

and y directions. The parent element is 

described in a natural coordinate system 

(ξ,η), see Figure 87.[66] 

The nodal displacements in vertical (v) and 

horizontal direction (u) are calculated using 

the following matrix: 

 

 

   

1 2 3 4

1 2 3 4

T

1 1 2 2 3 3 4 4

N 0 N 0 N 0 N 0u
u

0 N 0 N 0 N 0 Nv

u u v u v u v u v

  
=   

   

=

 

 

If we have the shape functions (Ni) of all 

four nodes of the parent element, we can 

write an equation to interpolate the 

displacements. With these shape functions, 

an expression for isoparametric mapping 

can be written in order to define the 

relationship between the (global) 

coordinates (x,y) and the natural 

coordinates (ξ,η). The shape functions 

corresponding to the four-node parent 

element are: [54,67–69] 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 3

2 4

1 1
N 1 1 N 1 1

4 4

1 1
N 1 1 N 1 1

4 4

= −  − = +  + 

= +  − = −  + 

 

 

The strains (εx , εy , γxy ) can be computed 

by calculating the first derivative of the 

displacement. In a two dimensional system 

a partial derivative must be applied as 

shown in the matrix below: [54,67–69] 

 

x

y

xy

u
0

x x

u v
0

vy y

u v

y x y x

   
  

    
       

 = =                    
+            

 

 

The unknowns derivatives with respect to 

the horizontal displacement field (u) and 

the vertical displacement field (v) are, 

therefore: 

 
4 4

i i
i i

i 1 i 1

4 4
i i

i i

i 1 i 1

N Nu v
u v

x x x x

N Nu v
u v

y y y y

= =

= =

  
= =

   

  
= =
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Figure 86: A discretized structure within a finite element analysis and a single finite element with its degrees of freedom. 

 

 

 

Figure 87: (a) Four-node plane isoparametric element in xy-space. (b) Plane isoparametric element in ξη-space.[3] 

 
 

 
1 1

T T

1 1

dxdy J d d

K t [B] [E][B] dxdy t [B] [E][B] J d d
− −

=  

=      
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The strains can be written in a matrix format 

as shown in the equation above. [67,68] To get 

the derivatives of the shape functions with 

respect to the cartesian coordinate system 

the Jacobian matrix [J] must be computed. 
[54,67,68] 

 

 

i i i

ii i

N x y N N

x x
J

NN x y N

y x

         
                = =     

         
             

 

 

Hence, 

 

 

( ) ( )

( ) ( )

4 4
i i

i i

i 1 i 1

4 4
i i

i i

i 1 i 1

N , N ,
x y

J 0
N , N ,

x y

= =

= =

      
 

  = 
      
 

  

 

 
 

 

Consequently, the determinant |J| of the 

Jacobian matrix can be calculated.  

 

11 22 12 21

x y y x
J J J J J 0

   
= − = − 

   
 

 

The partial derivatives of the shape 

functions with respect to (global) cartesian 

coordinate system x and y are then: [67–69] 

 

 

ii

1

i i

NN

x
J

N N

y

−

  
      

=   
    
      

 

 

Each matrix component (Bij) in [B] is 

determined using the inverse of the 

Jacobian matrix [J]-1. 

 

i

1

ij

i

N

B J
N

−

 
 
 =
 
  

 

 

The expression for the element stiffness 

matrix [K] with constant thickness is 

modified with the Jacobian theory: [54,66–69] 

 

     

         

T

V

T T

y x
A

K B E [B]dV

K t B E [B]dA t B E [B]dxdy

=

= 



  
 

 

 
1 1

T T

1 1

dxdy J d d

K t [B] [E][B] dxdy t [B] [E][B] J d d
− −

=  

=      
 

Jacobian is a scaling factor which makes it 

possible to calculate a surface dxdy form 

the surface dξdη. In general, the numerator 

and denominator of the inverse of the 

Jacobian matrix and the strain-

displacement matrix have the factors ξ and 

η. For that reason, the isoparametric 

element cannot be integrated analytically 

but only in a numerical way. In special 

cases where the element has a rectangular 

shape or parallelogram shape, the Jacobian 

is constant which allows the element 

stiffness matrix to be integrated 

analytically. 

 Gaussian quadrature 

Evaluating an integral numerically 

rather than analytically is referred to as 

Quadrature rule. The rule approximates the 

definite integral of a function, usually stated 

as a weighted sum of function values at 
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specific points within the domain of 

integration. There are many quadrature 

rules, however, only Gaussian quadrature 

rule, as it is most appropriate for the 

elements in this annex, are discussed. The 

quadrature rule yield an exact result for 

polynomials of degree 2n-1 or less by a 

suitable choice of the points xi and weights 

wi for i = 1,…, n. [70] 

 

( ) ( )
1 n

i i

i 11

f x dx w f x
=−

=  

 

Gaussian quadrature as above will only 

produce correct results if the function f(x) 

is well approximated by a polynomial 

function within the range [-1, 1].[70] 

Application of this rule enables the 

derivation of the element stiffness matrix 

[K]. Multidimensional Gauss rules, called 

Gaussian product rules, are formed by 

application of one-dimensional Gauss rules. 

In two dimensions, integration with respect 

to ξ and then with respect to η.[54] 

 

  ( ) ( ) ( )
m n

T

i j i i i i i i

i 1 i 1

K h w w [B , ] [E][B , ] J ,
= =

        

 

A two by two integration is generally 

considered adequate for the element 

considered. Gaus points (ξi,ηi) and 

weighting functions (wi, wj) are 

therefore:[54,67,69]  

( )ij i i

i j

1 1
K , ,

3 3

w w 1

 
  =   

 

= =

   

The total element stiffness matrix consists 

in this particular case of four submatrices 

as a function as of (ξi,ηi). The weighting 

functions (wi , wj) are equal to one.  

global 11 12 21 22K K K K K= + + +  

When the stiffness matrix of the element 

(structure) is determined, the forces due to 

arbitrary nodal displacements can be 

calculated. Vice versa, the unknown 

displacements can be calculated when the 

loads are known. In that case, the inverse of 

the element stiffness matrix is used as 

shown in the equation below: [54,66] 

    F K u=  

     
1

u K F
−

=  

It can be seen that the strain needs to be 

multiplied by a constitutive equation i.e. 

elasticity matrix, to calculate the stresses. 

Dependent on the choice of the constitutive 

equation, the element can be used to 

analyze the plane stress or plane strain 

problems. [66] 

    B d =  

        E E B d =  =  

 Two-dimensional elasticity 

A two-dimensional theory of elasticity 

may treat many problems in elasticity 

satisfactory. In this plane analysis, there are 

two general types of problems involved: a) 

plane stress and b) plane strain. These two 

types are defined by applying certain 

restrictions and assumptions on the stress 

and displacement fields. [71] 

 
Figure 88: The two-dimensional state of stress [72] 

The two-dimensional state of stress is 

illustrated in Figure 88, in which the normal 

stresses are σx and σy and the shear stresses 

τxy and τyx. The principal stresses ( 
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maximum and minimum normal stresses) in 

the two-dimensional plane equal to:[71] 

 
2

x y x y 2

1 xy max

2

x y x y 2

2 xy min

2 2

2 2

 +   − 
 = + +  =  

 

 +   − 
 = − +  =  

 

 

 

Plane stress - a state of stress in which 

the normal stress σz and the shear stresses 

τxz, τyz  are assumed to be zero. Plane stress 

analysis includes problems such as plates 

with holes, fillets or other thin elements that 

are loaded in their plane resulting in local 

stress concentrations. However, it does not 

mean that the strain in the z-axis is zero εz = 

0.  

 

z xz yz 0 =  =  =  

 

Therefore the shear strains are, 

 

xz yz 0 =  =  

 

The stress-strain matrix or constitutive 

matrix is given below, where E is the 

modulus of elasticity and ν is the Poisson’s 

ratio.[71] 

 
2

1 0
E

E 1 0
1

1
0 0

2

 
 
 

=  − 
 − 
 
 

 

 

Plane strain - a state of strain in which 

the normal strain εz and the shear strains γxz, 

γyz  are assumed to be zero. The plane strain 

theory is suited for elements (structures) in 

which the dimension of the structure in one 

direction, for example, z-direction, is very 

large compared with dimensions of the 

structure in other two directions i.e. x and 

y-coordinate axes. The applied forces act in 

x-y plane and due to the large dimensions, 

there is no variation in z-direction i.e. the 

loads are uniformly distributed and act 

perpendicular to it.  Plane strain analysis 

includes problems such as dams, tunnels or 

other thick elements. However, it does not 

mean that the strain in the z-axis is zero σz 

= 0.  

 

z xz yz 0 =  =  =  

 

Therefore, the shear stresses are: 

 

xz yz 0 =  =  

 

The stress-strain matrix or constitutive 

matrix is given, where E is the modulus of 

elasticity and ν is the Poisson’s ratio. [71] 

 

 
( ) ( )

1 0
E

E 1 0
1 1 2

1 2
0 0

2

 
 −  
 

=  −  +  − 
 − 
 
 

 

See Annex G for a detailed elaboration. 
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 Finite Element Analysis – crack 

models  

 Introduction 

Fracture is an important mode of failure 

in both plain and reinforced concrete 

structures. In this chapter, the two dominant 

numerical techniques to simulate cracking 

in concrete and similar materials are 

discussed: smeared cracking and discrete 

cracking.  

 

“Tensile failure in matrix-aggregate 

composites like concrete involves 

progressive micro-cracking, tortuous 

debonding and other processes of internal 

damage. These softening processes 

eventually coalesce into a geometrical 

discontinuity that separates the material. 

Such a discontinuity is called a crack” 

 

 
Figure 89: Non-linear fracture mechanics.[73] 

In general, the latter method represents the 

crack phenomenon the most closely. The 

crack is modelled by means of an interface 

element that separates two solids elements 

i.e. displacement-discontinuity. However, 

it is computationally more convenient to 

apply a smeared crack approach, since the 

discrete crack concept does not fit the 

nature of the finite element displacement 

method.  A smeared crack concept, on the  

other hand, assumes a cracked solid to be a 

continuum and permits a description in 

terms of stress-strain relations. [74] 

The details of both methods are 

discussed in the next paragraphs. 

 Discrete crack concept 

The nonlinear material properties are 

located in the interface element. In the past, 

it was common to model cracks at 

predefined locations of potential cracking 

by the separation between element edges. 

However, the approach suffers from two 

main drawbacks: a) a continuous change in 

nodal connectivity, which does not fit the 

nature of the finite element displacement 

method and b) the crack is constrained to 

follow a predefined crack path along the 

element edges. The selection of an 

appropriate type of interface element 

lumped or continuous, and the value of the 

initial stiffness (dummy stiffness) should be 

researched carefully. [74] It is recommended 

to take the normal interface stiffness 1000x 

the equivalent stiffness of the beam:[75] 

 

n

1000E
k

L
=   

 

Or the equivalent stiffness of a 

neighbouring continuum element:[75] 

 

n

1000E
k

l
=  

 

In shear the following value may be used: 

 

n

1000G 1000E
k

L L
=   

 

The interface will virtually remain closed in 

the elastic domain of the analysis.[75] When 

a condition of crack initiation is violated the 

element stiffness is changed and a 

constitutive model for discrete cracks is 

mobilized. The model links the tractions tcr 

across the crack to the relative 

displacements ucr across the crack via Ccr 

which represents phenomena like tension-

softening and aggregate interlock: 
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Figure 90: Location of an  interface element [75] 

 
 

Figure 91: Fracture crack separation modes [76] 

cr cr crt C u =   

 

The relative displacement vector consists of 

a mode I opening component and a mode II 

sliding component, Figure 91. [74] 

 Smeared crack concept 

Fracture of concrete can be modelled 

following two approaches, decomposed 

strain concept and the total strain concept. 

The first concept is based on a strain 

decomposition into an elastic part (∆εel) and 

an inelastic part (∆εcr) i.e. crack strain. The 

sum of both parts forms the total strain: ∆ε 

= ∆εel + ∆εcr. Within the second concept, the 

stress is calculated as a function of the total 

strain. Both concepts are highly dependent 

upon the modelling of the shear stress-

strain relation due to the behaviour of the 

embedded constitutive models. This has 

resulted in three categories of smeared 

                                                 
g The shear retention factor (β) - the shear stiffness is usually reduced due to the cracking of the material. [57] 

crack concept: a) fixed, multi-directional 

fixed and c) rotating. [77] 

Fixed - the orientation of the crack is 

fixed during the entire process.  The method 

is characterised by misalignment of 

principle directions and crack direction. 

Shear stiffness for each crack is dependent 

upon the shear retention factor g (β). [74,77]  

Fixed multi-directional – forms an 

intermediate option of the two approaches 

which significance is obvious in conditions 

of biaxial or triaxial. Two or three 

orthogonal cracks are then expected which 

behaviour could be monitored separately 

keeping a record of memory. 

 

∆εcr = ∆ε1
cr + ∆ε2

cr + ∆ε3
cr … 

 

 
 

Figure 92: Multi-directional fixed crack model [57] 

This option is particularly relevant to the 

axisymmetric and plane-strain analysis.  

Numerous points may be cracked 

longitudinally as well as transversely. The 

tension-shear problem gives the conditions 

for a second important field of application 

which is typical of fracture propagation 

problems. The fracture starts in tension 

(mode I) followed by tension-shear (mixed 

mode). After crack formation, this 

behaviour implies a rotation of the principal 

stress axes. Consequently, a discrepancy 

between the axes of principal stress and the 

fixed crack axes increases. Formation of 

subsequent cracks is controlled via a certain 

threshold angle. A new crack is initiated 

when the angle of the inclination between 

the existing crack(s) and the current 

direction of principal stress exceeds the 

value of a threshold angle. In this way, a 
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system of non-orthogonal cracks is 

achieved. [74,77]  

The main focus of this model lies in how 

the cracks initiate and rotate simultaneously 

with the stresses. Furthermore, the model 

can be specified as a combination of tension 

cut-off, tension softening and shear 

retention.[78] Cracking cannot be combined 

with orthotropic material.[57] 

Rotating smeared cracking (co-axial) – 

allows the orientation of the crack to co-

rotate with the axes of principal strain. The 

stress-strain relationships are evaluated in 

the principal directions of the strain vector. 

The rotating concept assumes the crack 

orientation to change continuously.   The 

smeared crack model is based on 

continuum elements whereby the ∆u is 

divided over the element, see Figure 93.  

 

 
 

Figure 93: Smeared - tensile stress vs. crack strain 

diagram; Discrete – tensile stress vs. crack opening 

displacement diagram. The diagrams are defined by the 

strength limit, the area under the diagram and by the 

shape of the diagram. [79] 

A cracked solid being simulated as a 

continuum is attractive not only because it 

preserves the topology of the original finite 

element mesh, but also because it does not 

have restrictions for the crack plane 

orientation. Also, smeared cracking allows 

the application of symmetry conditions 

which may significantly reduce the 

computational time.   

The fundamental difference between the 

three variants lies in the orientation of the 

crack. As discussed, it could be kept 

constant (fixed single), updated in a 

stepwise manner following a threshold 

angle (fixed multi-directional) or updated 

continuously (rotating). Permanent 

memory of the damage orientation is 

preserved within the fixed crack concept, 

whereas the rotating crack cannot be re-

activated during a subsequent stage of the 

loading process. This property has 

consequences in the case of the 

nonproportional loading process. The 

second difference is related to the 

possibility of incorporating shear effects 

from e.g. aggregate interlock models. Since 

these models also refer to a fixed crack 

plane, the fixed crack concept fits its nature 

well. It may be an advantage, however, the 

use of any crack shear relation for fixed 

cracks also complicates the analysis due to 

an often uncontrollable rotation of the 

principal stress axes, which quit to coincide 

with the axes of principle stain. The rotating 

concept, on the other hand, accommodates 

a unique shear term that enforces coaxially 

between principal stress and strain. The 

advantage is the introduced simplicity, but 

it does abandon the possibility of 

incorporating different crack shear models 

since the crack always occurs in a principal 

direction (mode I). Rotating crack concepts 

are stimulated due to the arbitrariness in 

shear rotation factors for fixed cracks and 

the complexities involved in fixed 

multidirectional cracks. Furthermore, fixed 

cracks tended to behave too stiff for the 

majority of studies where the rotating 

cracks showed realistic predictions. [37] 

 Tension-shear fracture problems 

In general, the fracture will propagate 

through the mesh in a zig-zag manner. This 

misalignment involves local mode II shear 

effects even if the overall fracture is of the 

mode I tension-type. Consequently, the 

principal stresses in the cracked elements 

will rotate. Examination of various crack 

concepts should be therefore performed.   

The test-setup as presented in Figure 94 

and Figure 95, shows that all smeared crack 

results are too stiff in the post-peak regime. 

Only the rotating smeared cracks  
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Figure 94: Finite element idealization of a notched beam.  

The fracture propagates in mode I from the notch towards 

the upper-right corner.  The mesh consists of four-node 

quadrilaterals. [74] 

 
 
Figure 95: Response of different smeared crack models. 
[74] 

and the fixed smeared cracks with a shear 

retention factor (β ≈ 0) are capable of 

producing a limit point with a softening 

branch. The research showed also that the 

fixed crack concept suffers less from 

directional bias that the rotating crack 

concept. [74] The mesh-induced directional 

bias is independent of the adopted 

constitutive framework. This phenomenon 

means that the numerical results depend on 

the structure and orientation of the FE 

discretization. The strain localization bands 

prefer to propagate along continuous mesh 

lines rather than propagating across them in 

a zig-zag manner. Two main reason can be 

distinguished from the literature: a) the 

continuum description of strain 

localizations, b) the discretization 

procedure. The latter view, explain the 

underlying reason for mesh-induced 

directional bias from deficiencies in the 

spatial discretization of the differential 

equations rather than in the differential 

equations themselves. In fact, well-aligned 

meshes produce good results. The 

orientation of the mesh lines coincides with 

the expected orientation of the localization 

band.  [61] 

 Stress-locking 

As discussed in paragraph 6.3.1, the two 

best possible smeared crack results are 

significantly stiffer compared to the 

discrete concept. The principle stresses of 

the methods are shown in Figure 100 and 

Figure 101. 

For fixed cracks with relatively low 

shear retention factor β = 0,05 the principal 

tensile stresses in the vicinity of the 

localization refuse to decrease. At the 

locations where the stress should drop to 

zero the plot shows locked-in stresses. 

Hence, an over stiff response is found as 

shown in the graphs. For higher values of β 

or the variable β resulted in very severe 

stress-locking. Fixed cracks with β ≈ 0 and 

coaxial rotating cracks are not free from 

stress-locking either. At places where the 

fracture zig-zags through the mesh the 

locking was observed. This effect is a 

fundamental consequence of finite element 

displacement continuity in smeared 

softening approaches. In Figure 96, a 

certain element 1 is subjected to tensile 

straining due to inclined crack at element 2. 

A correct softening of element two results 

therefore in stress increase in element 1 

which is still in the elastic domain. The 

stress at element one will either exceed the 

tensile strength and also start softening or it 

will not. Softening of the element is 

undesirable because it discourages 

localization. On the other hand, increasing 

stress in the elastic domain results in stress-

lock.   

 
Figure 96: Strain of inclined crack at element 2 induces 

locked0in-stress at element 1.[74] 
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The discrete method shows undisrupted 

stress plot where at both sides of the 

separation stress reduces to zero. This is in 

agreement with physical fracture 

process.[74] 

The stress-locking is considered to be 

serious because: a) in problems where 

multiple localizations occur e.g. reinforced 

beam, stress-locking overstiffens already in 

the pre-peak domain; b) mesh refinement 

does not remove stress-locking; and c) it 

occurs with different types of elements such 

as three-node, six-node and eight-node 

elements.  

Hence, the solution must be sought in 

improvements of the finite element 

approximation. The elements can be for 

example interactively aligned with the lines 

of the fracture.[74] 

 Mode I fracture unreinforced 

concrete 

The experimental and numerical load-

deflection curves of the experiment below 

are compared in Figure 103 and Figure 105.  

 

 

 
 
Figure 97: Data and finite element mesh for notched 

unreinforced beam in mode I fracture. [74] 

In general, it can be stated that the 

numerical solution for such type of fracture 

problem is extremely sensitive to the input 

of the basis softening properties i.e. the 

shape of the softening branch and the value 

of fracture energy (Gf). The maximum load 

and the post-peak response of the beam are 

simulated with low shear retention factor of  

 
 

Figure 98: Fracture localization for smeared cracks with 

β ≈ 0. [74] 

 

 
 

Figure 99: Fracture localization for rotating smeared 

cracks (coaxial). [74] 

 

 
 

Figure 100: Principal tensile stress: a) severe stress 

locking for fixed smeared cracks with  β = 0,05, b) stress 

locking for fixed smeared cracks with β ≈ 0.  [74] 

 

 

 
 

Figure 101: Principal tensile stress: a )stress locking for 

rotating smeared cracks, b) correct stress relief at either 

side of the discrete crack. [74] 
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0,001. The influence of shear might seem 

odd in this case, however, when plotting the 

cracks at the Gauss-points (3x3) it can be 

observed that only at the centre of the crack 

band contain purely vertical mode I crack. 

Inclined cracks are found off-centre points 

along which shear strains are being 

produced. Therefore, to avoid energy 

consumption in crack shear a very low 

value of β - factor is required. [74] 

 Discrete crack corrector analysis 

The smeared crack concept shows three 

major consequences in finite element 

approximation of softening and separation: 

a) directional bias, b) spurious kinematic 

modes, c) stress-locking and d) 

determination of the crack width. These 

phenomena show up especially in cases 

where the fracture zig-zags through the 

mesh.  The problem of directional bias may 

be solved by using very fine meshes in case 

of quadrilaterals and cross-diagonal 

patterns in case of triangles. The solution 

for the latter two problems is still under 

development. It is therefore suggested to 

use a combination of the crack methods. 

The smeared approach, coaxial rotating or 

the fixed variant with almost-zero shear 

retention, may be used as a qualitative 

predictor of the localization where after a 

corrector analysis is made on mesh with a 

predefined crack by means of the discrete 

crack method. The coaxial rotating concept 

is preferred since it leads to proper 

stress/strain rotations and generally shows 

faster convergence than fixed cracks with 

negligible shear retention. [37,74] 

In the research of [73], crack concepts have 

been applied for several cases. The first-

example was a plain concrete beam 

subjected to shear. The accuracy of the 

discrete crack model in predicting the 

correct failure crack path is demonstrated. 

Both models, discrete and smeared concept, 

calculated correct pre-peak and peak 

behaviour of the beam. The second  

 
 

Figure 102: Typical crack pattern for a mode I problem. 

Off-centre Gauss-points have non-vertical cracks.[74] 

 
 
Figure 103: Load-deflection response for the notched 

beam in mode I fracture. [74] 

 

 
 
Figure 104: Effect of shear retention factor on load-

deflection response to notched beam in mode I fracture. A 

low value is required to achieve a correct post-peak 

response. [74] 

 

 
 
Figure 105: A strength criterion ( without softening) 

yields in objective results with respect to mesh 

refinements. An energy criterion (with softening) is 

essential to achieve objectivity. [74] 
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case, relatively complex problem, was a 

reinforced concrete wall subjected to shear 

load at its top. This case involved the 

concrete cracking, crushing and 

reinforcement yielding showed the 

superiority of the smeared crack model.  A 

typical problem from the engineering 

practice can be solved by a discrete crack 

model only with an extensive effort. The 

last example combined the strong points of 

both approaches. The smeared crack model 

is used to model the distributed cracking 

and concrete crushing, while the discrete 

cracks are applied in areas where a major 

crack is expected on the basis of 

engineering judgment. It is recommended 

for cases when pure smeared crack models 

fail to localise properly and the modelling 

of the failure localisation is an important 

feature for the overall structural response. 

Based on the research and experience of the 

authors, the following recommendations 

are summarised in Table 10.  [73] 

 
Table 10: Selection of crack concepts. [73] 

Crack path 
Plain  

concrete 

Reinforced 

concrete 

Known  
Discrete or 

smeared 
Smeared 

Unknown  
Discrete or 

smeared 

Smeared or 

combined 
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 Numerical research 

 Diana input 

Overview of the general DIANA-input 

regarding finite element properties, 

constitutive modelling and mechanical 

material parameters are given in Figure 

112. The parameters are based on the 

performed literature study and several 

official documents. Some key documents 

are listed below: 

 

▪ Rijkswaterstaat Technical 

Document (RTD) “Guidelines for 

Nonlinear Finite Element Analysis 

of Concrete Structures” [60] 

▪ Rijkswaterstaat Technical 

Document (RTD) “Validation of the 

Guidelines for Nonlinear Finite 

Element Analysis of Concrete 

Structures, Part: Reinforced beams” 

▪ Eurocode 2: Design of concrete 

structures – Part 1-1: General rules 

and rules for buildings [8] 

▪ fib bulletin 65 “Model Code 2010, 

Volume 1” [80] 

▪ fib bulletin 66 “Model Code 2010, 

Volume 2” [41] 

▪ DIANA FEA “Reinforced concrete 

beam under static load: simulation 

of an experimental test”  

▪ DIANA FEA “Geometric 

Nonlinear Analysis of a Cantilever” 

 

All the input details with explanation are 

provided in the Python-scripts given in 

Annex H. The scripts allow easy adjustment 

of the model parameters for the purpose of 

the parametric study and show the 

performed steps within DIANA.   

 Validation on the element level 

Compressive and tensile behaviour of a 

plain and reinforced concrete is tested on an 

element level. The main focus is on the 

tensile behaviour of the plain concrete 

where the fracture localization may 

introduce some convergence issues or may 

provide non-realistic results. In addition, 

the mesh sensitivity is tested with respect to 

the fracture energy (GF) and the crack 

bandwidth (l). 

 Compressive behaviour 

Constitutive model for concrete in 

compression chosen in paragraph 5.4.1, is 

validated using a cubic specimen with 

dimensions b x h x t = 100 x 100 x 100 mm. 

Concrete class C40/50 is applied with the 

design value of concrete compressive 

strength equal to fcd = 26,7 N/mm2 and 

elasticity modulus Ec = 29350 N/mm2. The 

results are presented in Figure 106, Figure 

107 and Table 11.  

 

 
Figure 106: Load-displacement curve of an uniaxial 

compression test, unreinforced concrete; [1] = one 

element and [400] = elements. 

 
Figure 107: Stress-strain curve of an uniaxial 

compression test, unreinforced concrete. 
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Table 11: Constitutive model validation. 

Parameters Input Output 

Ec 29350 MPa 26661 MPa 

0,4fcd 10,7 MPa 10,7 MPa 

fcd 26,7 MPa 26,6 MPa 

ε (0,4fcd) 0,363 ‰ 0,399 ‰ 

εc1 1,937 ‰ 1,898 ‰ 

εcu1 3,500 ‰ 3,494 ‰ 

 

The load-displacement and stress-strain 

curve show the expected parabolic shape 

according to Eurocode 2. Some key values 

are compared in the table above. A good 

agreement is found between the input and 

the output values. Small deviations can be 

explained with the applied load-steps. 

Smaller load steps result in more accurate 

output results, however, the calculation 

time may be increased significantly. The 

constitutive model is also tested on mesh 

sensitivity. The model showed no 

significant changes when comparing a 

specimen with one element and 400 

elements. This is favourable since the fewer 

elements are applied the faster the 

calculation will be performed. 

In Figure 108, a steel reinforcement bar 

(embedded) is added with a diameter of 12 

mm. The maximum load is increased from 

266 kN to 315 kN. The difference of 49 kN 

is equal to yielding force of the bar which 

also forms the lower bound of the cross-

section capacity if no steel hardening is 

applied.   

 
Figure 108: Load-displacement curve of a uniaxial 

compression test, reinforced concrete. 

According to the Hooks law, the strain of 

concrete must be equal to the strain of steel 

when no slip is applied. Hence, the axial 

stiffness is the sum of both materials:  

 

Ed

c c s s

N l
l

EA

EA E A E A

 =

= +

  

 Tensile behaviour 

Constitutive model for concrete in 

tension chosen in paragraph 5.4.2, is 

validated using a cubic specimen with 

dimensions b x h x t = 100 x 100 x 100 mm. 

Concrete class C40/50 is applied with the 

mean value of concrete tensile strength 

equal to fctm = 3,5 N/mm2 and elasticity 

modulus Ec = 29350 N/mm2. The results are 

presented in Figure 109 and Table 12 - 

Table 13.  

The following Total Strain Based Crack 

Models (TSBCM) are compared: 

 

▪ [1] Linear tension-softening and 

rotating crack orientation; 

▪ [2] Hordijk tension-softening and 

rotating crack orientation; 

▪ [2.1] Hordijk tension-softening with  

Poisson’s ratio reduction and 

rotating crack orientation; 

▪ [3] Hordijk tension- softening and 

fixed crack orientation. The shear 

retention factor equals to β = 0,001; 

▪ [4] Eurocode 2 tension- softening; 

▪ [5] Hordijk tension- softening and 

rotating crack orientation. Fracture 

energy according to Model Code 

1990; 

▪ [6] Hordijk tension- softening and 

rotating crack orientation. Fracture 

energy according to Bazant; 

 

The DIANA-output is validated in the 

elastic domain and tension-softening 

domain, which starts after exceeding 

the tensile concrete stress. The 

analytical tension-softening is analyzed 

in Table 12 - Table 13. 
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Figure 109:  Validation of the tension-softening curve 

with [x] = amount of elements. 

 

 

 

Overview of the applied Total Strain Based 

Crack Models (TSBCM) is given on the 

previous page, numbers [1] to [6]. The 

corresponding models equal to the first 

number in the legends. The second number 

is the amount of elements used. Hence, 2[1] 

stands for Hordijk tension-softening and 

rotating crack orientation with one finite 

element.  
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Table 12: Ultimate strain as a function of fracture energy, crack bandwidth and concrete tensile strength. 

Element size heq GF/heq ∆εu εtot 

[mm] [mm] [N/mm2] [ ‰ ] [ ‰ ] 
100 100,0 0,00147 2,145 2,265 

25 25,0 0,00586 8,580 8,700 

12,5 12,5 0,01172 17,159 17,279 

5 5,0 0,02931 42,898 43,018 

 
Table 13: Decrease of the concrete tensile strength and crack width  development (wt) according to Hordijk theory.  

Step ∆εu,i σ (ε) ε wt 

[-] [ ‰ ] [N/mm2] [ ‰ ] [mm] 

0,00 0,000 3,51 0,120 0,012 

1,00 0,107 2,49 0,227 0,023 

2,00 0,214 1,80 0,334 0,033 

3,00 0,322 1,35 0,442 0,044 

4,00 0,429 1,06 0,549 0,055 

5,00 0,536 0,88 0,656 0,066 

6,00 0,643 0,75 0,763 0,076 

7,00 0,751 0,66 0,871 0,087 

8,00 0,858 0,59 0,978 0,098 

9,00 0,965 0,52 1,085 0,109 

10,00 1,072 0,47 1,192 0,119 

11,00 1,180 0,41 1,300 0,130 

12,00 1,287 0,36 1,407 0,141 

13,00 1,394 0,31 1,514 0,151 

14,00 1,501 0,26 1,621 0,162 

15,00 1,609 0,22 1,729 0,173 

16,00 1,716 0,18 1,836 0,184 

17,0  1,823  0,15 1.943 0,194 

18,00 1,930 0,12 2,050 0,205 

19,00 2,038 0,09 2,158 0,216 

20,00 2,145 0,07 2,265 0,226 

 

Hordijk tension-softening curve: 

 

( ) ( ) ( )
3

3cr cr cr F
ctm u

u u u eq ctm

G
f 1 3 exp 6,93 1 3 exp 6,93       with     5,136

h f

      
  =  +   −  − + −  =   

       

 

 
Validation of the area below the tension-softening curve: 

 

( )
2,265

6 5 4 3 2F

eq 0,120

F

G
0,3406x 3,2185x 12,446x 25,18x 28,235x 17,264x 5,2166 dx

h

G 0,154N / mm

= − + − + − +

=

  

 

Crack-width: 

 

t t eqw L h= =  
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The linear softening (1) may be used as a 

first indication of the ultimate strain (εu). 

Followed by the more accurate model (2) 

and (2a), which results showed a good 

agreement with the analytical results in 

both elastic and tension-softening range. 

The fixed crack approach of the model (3) 

with a small shear retention factor (β) 

showed stiffer tension-softening of the 

material with a higher ultimate strain (εu). 

Stiffer behaviour of such crack models is 

discussed in chapter 6. The final two 

tension-softening models with lower 

fracture energy, show that the results are 

very sensitive to the change of this 

parameter in case of an unreinforced 

section. It is therefore recommended to 

include several fracture energy values, 

according to the official documents or test 

data, to show the influence on the final 

results.  

The mesh refinement showed on the 

other hand not a strong deviation between 

the coarse and a fine mesh. This is achieved 

with an introduction of a material 

imperfection within the mesh to trigger the 

localization of the macro crack. When 

several unreinforced finite elements are 

loaded by homogenous tensile stress, the 

micro-cracks will appear in all element 

rows, but around the peak, the crack 

formation will localize in one row of 

elements while other rows will be unloaded. 

Same as in the reality when performing a 

lab test: the macro-crack shall be localized 

in the weakest section ( there are always 

inhomogeneities, imperfections), which 

unloads the rest. Hence, by applying a 

material imperfection within the mesh i.e. 

slightly lower tensile strength and fracture 

energy, the localization will occur at that 

weak section. Otherwise, all finite elements 

will crack at once resulting in a strong mesh 

dependency as presented in Figure 110. An 

alternative may be modelling of a notch. 

The disadvantage of this method is however 

that the original mesh must be changed and 

more attention should be spent on the mesh 

refinement around the notch.  

 

 
Figure 110: Direct tension test of unreinforced finite 

elements with mesh refinement [x] = amount of elements. 

 Pure bending 

A combination of compression and 

tension constitutive models is validated in 

the pure bending test. The slender column 

is modelled having a rectangular cross-

section 200x100 mm, length l = 5000 mm 

and slenderness λ = 87. The concrete class 

C40/50 is selected with the reinforcement 

ratio of ρ = 1% and effective height d = 150 

mm. The 2D-model is analysed on the 

capability and quality of producing a 

constant moment along the length of the 

column and keeping it constant through the 

whole simulation i.e. large displacements 

should not introduce second-order effect if 

no normal force is applied. The results are 

presented in Figure 118 and Figure 119. 

The description of the FE-model is given in 

5.8.2.  

The curvature and bending moment are 

compared with the analytical M-κ-diagram  

considering linear and parabolic stress-

strain diagram of concrete in compression 

according to Eurocode 2, see Table 14 and 

Table 15. After occurring of the first crack, 

the overall behaviour of the DIANA-model 

is somewhat stiffer compared to analytical 

1D-beam theory. When performing a 2D-

model analysis higher column stiffness is 

mainly the consequence of: a) presence of 

cracked and uncracked sections, b) tension-

softening of a cracked element according to 

Hordijk, c) stress-locking. 
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Cracked and uncracked sections -  

analytical bending theory considers a 

critical cross-section of the column only. 

After reaching the crack moment, the 

tensile force is fully transferred by the 

longitudinal tensile reinforcement and 

contribution of concrete in tension is 

neglected. In reality, all cross-section along 

the length of the column work together and 

the concrete keeps contributing to the 

column capacity after exceeding the tensile 

stress. Hence, the presence of both cracked 

and uncracked section results in a stiffer 

column behaviour. 

Tension-softening – an element keeps 

contributing to the column capacity after 

exceeding the tensile stress according to 

Hordijk softening properties. The effect of 

fracture energy has been tested by setting it 

to GF =100 N/mm according to Bazant tests 

and GF = 147 N/mm according to Model 

Code 2010. Both methods showed little 

differences in the converged domain of the 

graph i.e. till the strong drop due to local 

yielding of the compressing reinforcement. 

In the third simulation, a material 

imperfection has been introduced close to 

horizontal symmetry line of the model. 

Thereby a reduced concrete tensile strength 

of fctd =1,15 N/mm2  and GF = 100 N/mm2 

are applied. The surrounding elements were 

according to MC2010 with fctd = 1,64 

N/mm2  and GF = 147 N/mm2. The reduced 

tensile strength is calculated from the ratio 

of the fracture energies (100/147 ≈ 0,7). 

Adding a material imperfection showed a 

smother graph with results between the first 

two simulations.  

Stress-locking - purely vertical mode I 

cracks and inclined cracks are found along 

which shear strains are being produced. 

However, this effect is very low since the 

mesh is well aligned with the crack 

direction. This phenomenon is in detail 

described in paragraph 6.3. 

Finally, it is achieved to keep the 

bending moment (Mz) constant along the 

column length through the whole 

simulation. 

 Conclusion 

Performed compression, tension and 

pure bending tests correspond well with the 

analytical results i.e. beam theory. The 

deviations between the 1D and 2D models 

are in line with the true behaviour of the 

column and could be substantiated. The 

model is therefore suited for the final 

analysis whereby a normal force will be 

applied to study the second-order effects 

and nominal stiffness of the structure.  

  

Figure 111: Pure bending simulation with a local material 

imperfection (red mesh)  at the moment of tensile 

reinforcement yielding: a) FE-model, b) vertical 

displacement (DtY), c) bending moment (Mz) and d) crack 

strains (Eknn). 

a) b) c) d) 



7K45M0 – Master Thesis – P.R. Kuzin                                                                                         2019 

Eindhoven University of Technology (TU/e),  The Netherlands                                                                98 

 
Figure 112: DIANA input 
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Figure 113 

 
Figure 114 

 
Figure 115:  
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Figure 116: 

 
Figure 117:  
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Figure 118: Moment curvature diagrams  

 
Figure 119: Moment curvature diagrams 
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Table 14: M-κ – diagram of rectangular reinforced concrete column (200 x 150 mm, C40/50, NEd ≈ 0 N , ρ = 1,0 %). Based 

on the bi-linear stress-strain relationship of concrete in compression according to Eurocode 2. 

Loading steps Compression zone Curvature Moment resistance Bending stiffness 

 x  κ M EI 

  [mm] [10-3 m-1] [kNm] [kNm2] 

Crack moment 100.0 1.07 1.8 1706 

Yield moment 50.8 20.85 8.9 427 

Stuik moment 37.7 46.48 9.6 207 

Ultimate moment 33.6 104.31 10.4 100 

 
 

Table 15: M-κ – diagram of rectangular reinforced concrete column (200 x 150 mm, C40/50, NEd ≈ 0 N, ρ = 1,0 %). Based on 

the parabola stress-strain relationship of concrete in compression according to Eurocode 2. 

Loading steps Compression zone Curvature Moment resistance Bending stiffness 

 x  κ M EI 

  [mm] [10-3 m-1] [kNm] [kNm2] 

Crack moment 97.6 0.68 2.2 3294 

Yield moment 40.7 19.00 9.2 484 

Stuik moment 32.8 61.03 10.0 164 

Ultimate moment 32.1 109.02 10.5 97 

H(x) 3.2E+00 xu < a 33.6 mm

y 13.0 mm

Strain Stress Normal force

εcu3 3.50 ‰ σc = fcd 26.67 Mpa Nc 101 kN

εs',comp < εsy 1.18 ‰ σs',comp 236.36 Mpa Ns',comp -35 kN

εs  ≥  εsy 12.68 ‰ σs 435.00 Mpa Ns -65 kN

εc,tens 0.00 ‰ σc,tens 0.00 Mpa Nc,tens 0 kN

NEd,comp 0 kN

Horizontal equilibrium check: ∑H 0 kN

Moment Mrd 10.4 kNm

Curvature κrd 1.0E-01 m
-1

Bending stiffness (EI)rd 1.0E+02 kNm
2

solving for x gives

H(x) 1.2E+00 xu < a 32.1 mm

y 13.6 mm

Strain Stress Normal force

εcu2 3.50 ‰ σc = fcd 26.67 Mpa Nc 107 kN

εs',comp < εsy 1.39 ‰ σs',comp 278.70 Mpa Ns',comp -42 kN

εs  ≥  εsy 13.41 ‰ σs = fyd 435.00 Mpa Ns -65 kN

εc,tens 0.00 ‰ σc,tens 0.00 Mpa Nc,tens 0 kN

NEd,comp 0 kN

Horizontal equilibrium check: ∑H 0 kN

Moment Mrd 10.5 kNm

Curvature κrd 1.1E-01 m
-1

Bending stiffness (EI)rd 9.7E+01 kNm
2

solving for x gives
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Table 16: DIANA moment-curvature results of the first 20 load-steps out of 333. 

Load-step Load-factor Displacement Rotation Curvature Curvature Bending moment

LS LF DtX ϕ κD EYYtens EYYcomp κP Mtop Iterations TRUE / FALSE

[-] [-] [mm] [rad] [10
-3

 m
-1

] [-] [-] [10
-3

 m
-1

] [kNm] [-] [-]

0 0.0 0.00 0.000E+00 0.000 0.000E+00 0.000E+00 0.000 0.00 - -

1 1.0 1.25 1.000E-03 0.400 4.004E-05 -3.935E-05 0.397 1.27 1 True

2 2.0 2.50 2.000E-03 0.800 8.194E-05 -7.684E-05 0.794 2.34 2 True

3 3.0 3.75 3.000E-03 1.200 1.308E-04 -1.074E-04 1.191 2.91 3 True

4 3.3 4.06 3.250E-03 1.300 1.437E-04 -1.143E-04 1.290 3.02 3 True

5 3.5 4.38 3.500E-03 1.400 1.568E-04 -1.210E-04 1.389 3.11 3 True

6 3.8 4.69 3.750E-03 1.500 1.701E-04 -1.276E-04 1.488 3.21 3 True

7 4.0 5.00 4.000E-03 1.600 1.836E-04 -1.340E-04 1.588 3.29 3 True

8 4.3 5.31 4.250E-03 1.700 1.972E-04 -1.402E-04 1.687 3.37 3 True

9 4.5 5.63 4.500E-03 1.800 2.109E-04 -1.463E-04 1.786 3.44 3 True

10 4.8 5.94 4.750E-03 1.900 2.247E-04 -1.524E-04 1.885 3.52 3 True

11 5.0 6.25 5.000E-03 2.000 2.388E-04 -1.581E-04 1.985 3.58 3 True

12 5.3 6.57 5.250E-03 2.100 2.529E-04 -1.639E-04 2.084 3.65 3 True

13 5.5 6.88 5.500E-03 2.200 2.670E-04 -1.696E-04 2.183 3.71 3 True

14 5.8 7.19 5.750E-03 2.300 2.812E-04 -1.753E-04 2.282 3.77 3 True

15 6.0 7.51 6.000E-03 2.400 2.955E-04 -1.808E-04 2.381 3.83 3 True

16 6.3 7.82 6.250E-03 2.500 3.099E-04 -1.863E-04 2.481 3.89 3 True

17 6.5 8.13 6.500E-03 2.600 3.244E-04 -1.916E-04 2.580 3.94 3 True

18 6.8 8.45 6.750E-03 2.700 3.389E-04 -1.969E-04 2.679 4.00 3 True

19 7.0 8.76 7.000E-03 2.800 3.534E-04 -2.022E-04 2.778 4.05 3 True

20 7.3 9.07 7.250E-03 2.900 3.680E-04 -2.076E-04 2.878 4.11 3 True

Average strains Convergence

 
 

Table 17: Python loop calculating average tension strain for each loading step. 

 

Method 1 - curvature derived from the rotation of the columns top edge 
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Where, 

 
ρ - radius of curvature 

dx - length of the element at the neutral axis 

dθ - rotation of the columns top edge 

LN.A. - column length at the neutral axis 

 

Method 2 – average curvature derived from the element strains using Python script 

 

The average strain value per element (126 elements/side) is calculated using only the edge 

nodes (251 nodes/side) on the tension/compression side for every load-step. Then, the average 

of all elements on the tension/compression side of the column is calculated. An example of the 

Python loop is given in the table below. The complete Python script is given in Annex H. 
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x y
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Where, 

 

|x| - average tensile strain per load-step 

|y| - average compression strain per load-step 

h - cross-section heigh
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 Finite Element Models 

The nominal stiffness of a slender 

reinforced concrete column (λ = 87) has 

been studied considering three concrete 

classes C20/25, C40/45 and C7085. Within 

each strength class, the parameters are 

effective creep ratio (φef), the normal force 

(NEd) which is linked to a specific position 

of the neutral line (xi), the first-order 

moment (M0Ed) and the longitudinal 

reinforcement ratio (ρ). The reinforcement 

cover (c) is set as a constant, resulting in 

different values of the effective depth (d) as 

the reinforcement diameter changes. In 

addition, the effect of stirrups has been 

studied since they are always present in a 

typical concrete column. However, the 

results are only used to show the influence 

of these elements on the structural 

behaviour of the column and no further 

conclusions are drawn.  

The final DIANA - model is shown in 

Figure 120 (a). Using the principle of 

symmetry lines, the calculation time is 

reduced by modelling only half of the 

column. The top edge of the column is 

supported horizontally and vertically. The      

latter support is required to rotate the top 

edge linearly by means of the displacement 

control method. At the position of the 

symmetry line, a node tying is applied 

which is necessary to prevent additional 

normal forces in the cross-section as a 

consequence of geometry nonlinearity. 

Finally, the normal force is applied in the 

middle of the column, because the top edge 

nodes are already restraint vertically. Using 

this technique, makes this model suited 

both for pure bending simulations and a 

combination of normal force and bending 

moment. The details of the finite element 

model are discussed in chapter 5.   

 

 

Figure 120: Final Finite Element Model in DIANA: a) geometry of the slender column and its components, b) normal force 

along the length of the column, c) total bending moment along the length of the column, d) Total Strains (EYY), e) Cauchy 

Total Stresses (SYY), f) Crack Strains (Eknn), g) Reinforcement Cauchy Total Stresses (SYY) and h) Column displacement 

(TDtX). 

a) b) c) d) e) f) g) h) 

Symmetry line 

M0Ed 

MEd 

NEd 

NEd 
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Typical FEA-results are shown in Figure 

120 (b-h).  The figure shows a constant 

normal force along column length and 

increasing total bending moment (MEd)  

including second-order effects with the 

maximum value in the middle of the 

column i.e. the symmetry line. The total 

strains (EYY) are visualised in d and with 

the corresponding stress (SYY) given in (e).  

The distribution of the strains and stresses 

across the section height is presented at 

every quarter of the column by means of 

probe curves. Looking at the compression 

and tensile strains, it is clear that curvature 

(κ) is the smallest at the top of the column 

and the biggest in the middle. This is in 

accordance with the total bending moment 

distribution. Consequently, the increasing 

compressive strains result in clear parabola 

shaped stress figure as prescribed in the 

material properties according to Eurocode 

2. The next picture (f), shows the crack 

strains (Eknn) which are calculated 

according to the rotating smeared cracking 

method as described in chapter 6. The 

biggest crack strains are found at the 

position of the largest tensile strains. In this 

particular case, the tensile reinforcement 

reached stress higher than the yielding 

stress (fyd) according to the hardening 

properties described in Eurocode 2.  

In order to calculate the nominal 

stiffness of the column the maximum total 

bending moment MEd. This bending 

moment is found in all cases in the middle 

of the column. Nevertheless, the value of 

the bending moment has been determined 

one element row above the midline to 

ensure that possible discontinuities at the 

support do not influence the results. By 

means of a composed line (in orange), the 

moment at the mid node of the element 

could be directly stored in a data file per 

each load step. To present the MNκ-relation 

at this level the total strains (EYY) are 

computed in nodes 1510 and 1523 which 

are then used to calculate the corresponding 

curvature. A Python loop is scripted to 

performed the calculation of the curvature 

at every load-step of the simulation and to 

store the results in a data file. Having the 

results for the curvature and the bending 

moment MNκ-diagram could be made, see 

an example in Figure 121. This diagram has 

been validated by means of two analytical 

models: a) MNκ-diagram based on bi-linear 

stress-strain relation and b) MNκ-diagram 

based on parabola-rectangle stress-strain 

relation. In general, a good agreement has 

been found between the methods.  

The nominal stiffness results are 

presented in Table 18. Where the stiffness 

(EInom) is based on the equation  given 

paragraph 3.2. 

The comparison of the values is 

discussed in the next paragraph. The 

complete numerical research results with 

the details are given in Annex H and the 

background theory of the analytical models 

in Annex A-E.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 121: The element and node id’s in the middle of the column.   
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Figure 122: MNκ-diagram 

 

Table 18: Nominal stiffness results according to FE-analysis and  Eurocode 2 theories. 
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Curvature κ [10-3 m-1]

M-N-κ diagram 

(NEd = 300 kN ; ρ = 1 % ; φef = 0)

NEd=300kN 
ρ=1%

NEd=300kN 
ρ=1% with 
stirrups

Bi-linear

Parabola-

rectangle

C20/25

Slenderness λ =  87 ( 200 × 150 mm, l = 5000 mm)

φef xi ρ NEd M0Ed MEd MRd NB EInom

[-] [mm] [%] [kN] [kNm] [kNm] [kNm] [kN] [kNm
2
]

1.00 100 7.3 15.0 14.4 226 573

4.00 100 19.7 28.8 32.0 298 756

1.00 145 5.5 15.3 16.0 240 607

4.00 83 21.3 29.1 32.0 286 724

1.00 225 2.7 15.0 15.3 284 720

4.00 414 1.0 25.1 25.9 435 1102

1.00 316 0.03 12.3 12.7 317 803

4.00 504 -2.0 21.8 22.5 453 1147

φef xi ρ EI5.22 EI5.26 EI5.31 EfI EIKLE,lin EIKLE,par

[-] [mm] [%] [kNm
2
] [kNm

2
] [kNm

2
] [kNm

2
] [kNm

2
] [kNm

2
]

1.00 499 743 514 814 496 535

4.00 924 727 892 1922 888 916

1.00 642 743 584 919 523 563

4.00 871 727 893 1908 879 907

1.00 678 743 748 1106 679 702

4.00 1096 727 1257 2181 1415 1043

1.00 678 743 948 1060 - -

4.00 - - - - - -

< xbal

xbal

xr

d

0

0

< xbal

xbal

xr

d

DIANA 

Analytical 
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C40/50

Slenderness λ =  87 ( 200 × 150 mm, l = 5000 mm)

φef xi ρ NEd M0Ed MEd MRd NB EInom

[-] [mm] [%] [kN] [kNm] [kNm] [kNm] [kN] [kNm
2
]

1.00 100 10.2 15.3 16.6 296 750

4.00 100 18.3 23.0 35.9 228 577

1.00 300 6.4 24.6 25.4 424 1074

4.00 233 18.3 37.8 41.3 461 1168

1.00 417 3.4 24.5 25.1 498 1261

4.00 627 0.7 34.5 35.7 643 1628

1.00 568 -1.4 20.8 21.7 525 1330

4.00 747 -2.5 30.5 31.8 680 1721

φef xi ρ EI5.22 EI5.26 EI5.31 EfI EIKLE,lin EIKLE,par

[-] [mm] [%] [kNm
2
] [kNm

2
] [kNm

2
] [kNm

2
] [kNm

2
] [kNm

2
]

1.00 444 867 607 939 659 738

4.00 870 848 847 2144 1148 1218

1.00 967 867 1045 1459 969 1124

4.00 1214 848 1218 2316 1190 1250

1.00 1000 867 1319 1762 1212 1453

4.00 1411 848 1854 2894 2172 1495

1.00 - - - - - -

4.00 - - - - - -

0

0

< xbal

xbal

xr

d

< xbal

xbal

xr

d

C70/85

Slenderness λ =  87 ( 200 × 150 mm, l = 5000 mm)

φef xi ρ NEd M0Ed MEd MRd NB EInom

[-] [mm] [%] [kN] [kNm] [kNm] [kNm] [kN] [kNm
2
]

1.00 100 11.2 14.7 18.7 286 725

4.00 100 30.0 39.9 39.7 481 1218

1.00 347 10.3 33.4 32.8 542 1373

4.00 228 26.0 45.9 45.9 595 1507

1.00 - - - - - -

4.00 - - - - - -

1.00 738 4.0 36.1 38.3 845 2141

4.00 873 5.1 44.1 46.8 1006 2547

φef xi ρ EI5.22 EI5.26 EI5.31 EfI EIKLE,lin EIKLE,par

[-] [mm] [%] [kNm
2
] [kNm

2
] [kNm

2
] [kNm

2
] [kNm

2
] [kNm

2
]

1.00 414 1016 641 1040 736 260

4.00 840 994 1211 2370 1354 866

1.00 986 1016 1301 1682 1348 915

4.00 1133 994 1444 2601 1492 1521

1.00 - - - - - -

4.00 - - - - - -

1.00 1449 1016 2270 2497 2375 2147

4.00 1850 994 2712 3655 3152 2481

d

< xbal

xbal

d

xr

0

< xbal

xbal

xr

0
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 Results 

The analytical and nonlinear results are 

compared in the graphs on the next page. 

The graphs show the deviation in per cent 

where the positive values represent values 

bigger than the nominal stiffness based on 

the nonlinear analysis and negative values 

are smaller respectively. Hence, the values 

having a positive deviation are 

overestimating the ‘true’ nominal stiffness 

and negative values are considered as safe 

or conservative in case of big negative 

values. The total design bending moment 

including second-order effects (MEd) is 

consequently underestimated for positive 

values. The buckling load calculated with 

an overestimated nominal stiffness may 

lead to an unsafe situation since the true 

buckling load of the slender column may be 

significantly lower.  

 The results of the slender column with a 

low concrete class C20/25 and 

reinforcement ratio show that the theory of 

fictive elastic modulus (Ef) overestimates 

the nominal stiffness in all cases with a 

maximum deviation of 53,5%. The nominal 

stiffness according to general nominal 

stiffness equation 5.22 show, on the other 

hand, safe results with a maximum 

deviation of -15,5%. The simplified 

nominal stiffness eq. 5.26, provides more 

accurate results with higher compression 

zone. The nominal curvature method eq. 

5.31, is in good agreement for most cases. 

Unsafe values are only found at the xi = d. 

The final two methods, based on the 

analytical MNκ-diagram, are in all cases 

safe with relatively little deviation to the 

nonlinear results. 

Increasing the reinforcement ratio to 4% 

leads to an even higher overestimation of 

the nominal stiffness applying the fictive 

elastic modulus with values up to 163,6%. 

Other methods show in contrast to ρ = 1% 

almost in all cases unsafe values with 

relatively big positive deviations. The 

maximum overestimation is equal to 

28,4%. When the strength class of concrete 

is increased it is observed that the 

overestimation of the theory of fictive 

elastic modulus (Ef) decreases. The other 

methods result in more conservative values 

though.  

In addition, a slender column with an 

effective creep ratio (φef = 2) is research. 

The results showed a higher nominal 

stiffness compared to other considered 

theories, see legend below: 

  

Legend: 

 

• xi – compression zone height. 

• EI(nom) – nominal stiffness based 

on the nonlinear analysis in 

DIANA; 

• EI(5.22) – nominal stiffness 

according to the general method in 

Eurocode 2, equation 5.22;  

• EI(5.26) – nominal stiffness 

according to the simplified method 

in Eurocode 2, equation 5.26;  

• EI(5.31) – nominal stiffness 

according to the nominal curvature 

method in Eurocode 2, equation 

5.26;  

• E(f)I- nominal stiffness based on the 

fictive elastic modulus according to 

the Dutch National  Annex; 

• EI(KLE,lin) – nominal stiffness 

based on a MNκ-diagram with the 

bi-linear stress-strain relation;  

• EI(KLE,par) – nominal stiffness 

based on a MNκ-diagram with the 

parabola-rectangle stress-strain 

relation; 

 

The collected data from the analytical 

and numerical research is used to draw 

some general conclusions on different parts 

of this topic and some specific conclusions 

regarding the research question of this 

thesis. For the purpose of future research, 

some recommendation will be given at the 

end of this report.  
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Table 19: Nominal stiffness deviation in percent compared to FE-analysis. 

xi EI(5.22) EI(5.26) EI(5.31) E(f)I EI(KLE,lin) EI(KLE,par) 

< xbal -12.9 29.7 -10.3 42.1 -13.4 -6.6 

xbal 5.8 22.5 -3.7 51.5 -13.8 -7.2 

xr -5.9 3.1 3.8 53.5 -5.7 -2.5 

d -15.5 -7.4 18.1 32.1 - - 
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Table 20: Nominal stiffness deviation in percent compared to FE-analysis. 

xi EI(5.22) EI(5.26) EI(5.31) E(f)I EI(KLE,lin) EI(KLE,par) 

< xbal 22.3 -3.8 18.0 154.3 17.5 21.2 

xbal 20.3 0.4 23.4 163.6 21.4 25.3 

xr -0.5 -34.0 14.1 97.9 28.4 -5.4 

d - - - - - - 
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Table 21: Nominal stiffness deviation in percent compared to FE-analysis. 

x EI(5.22) EI(5.26) EI(5.31) E(f)I EI(KLE,lin) EI(KLE,par) 

< xbal -40.8 15.6 -19.1 25.2 -12.1 -1.6 

xbal -10.0 -19.3 -2.7 35.8 -9.8 4.6 

xr -20.7 -31.3 4.6 39.7 -3.9 15.2 

d - - - - - - 
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Table 22: Nominal stiffness deviation in percent compared to FE-analysis. 

x EI(5.22) EI(5.26) EI(5.31) E(f)I EI(KLE,lin) EI(KLE,par) 

< xbal 50.9 47.1 46.9 271.8 99.1 111.2 

xbal 4.0 -27.4 4.3 98.3 1.9 7.1 

xr -13.3 -47.9 13.9 77.8 33.4 -8.2 

d - - - - - - 
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Table 23: Nominal stiffness deviation in percent compared to FE-analysis. 

x EI(5.22) EI(5.26) EI(5.31) E(f)I EI(KLE,lin) EI(KLE,par) 

< xbal -42.9 40.1 -11.6 43.4 1.5 -64.1 

xbal -28.2 -26.0 -5.3 22.5 -1.8 -33.4 

d -32.3 -52.6 6.0 16.6 10.9 0.3 
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Table 24: Nominal stiffness deviation in percent compared to FE-analysis. 

x EI(5.22) EI(5.26) EI(5.31) E(f)I EI(KLE,lin) EI(KLE,par) 

< xbal -31.0 -18.4 -0.6 94.6 11.2 -28.9 

xbal -24.8 -34.0 -4.2 72.6 -1.0 1.0 

d -27.4 -61.0 6.5 43.5 23.7 -2.6 
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 Conclusion 

The answer to the main research question 

is: 

 

The nonlinear finite element analysis 

including physical and geometrical 

nonlinearity showed, for this specific 

slender column design, in general 

significantly higher nominal stiffness 

values compared to the Simplified Method 

equation 5.22.  Accurate results have been 

found for several cases, however, in 

general, the Simplified Method should be 

optimized to reduce the deviations between 

the numerical results and to make it more 

economical. More numerical research and 

test results are therefore required to 

increase the accuracy of the conclusions.  

 Analytical research 

The parameter study of Simplified 

Methods resulted in the flowchart which 

shows the relationship between the methods 

and its main parameters, see Figure 123. In 

the tables given in Annex F, the magnitude 

of the total design moment including 

second-order effect and differences 

between the methods can be found for a 

large number of cases.  The flowchart 

shows increasing design moment with 

decreasing nominal stiffness. Therefore, the 

most economical method is the method 

with the highest nominal stiffness and 

lowest total design moment. The sequence 

of the less economic to the most economic 

method is not constant but is dependent on 

the applied variables as can be seen in the 

tables. Concerning the Nominal Stiffness 

Method (eq.5.22), the following sub-

conclusions are made: 

 

• The rapid increase in total design 

moment indicates that the applied 

normal force is smaller but close to 

the buckling value. The ratio 

(NB/NEd > 1) approaches one, 

resulting in a big magnification 

factor of the first-order moment 

(M0Ed). 

• The parametric study showed cases 

where buckling of the column 

occurred due to the creep effect. A 

stable system could be reached 

again by applying, for example, a 

higher reinforcement ratio.   

• The contribution of concrete to the 

nominal bending stiffness depends 

on several variables which are 

described by a Kc – factor. The 

maximum value of this factor is 

limited in Eurocode 2, whereby the 

effect of relative normal force and 

slenderness is set to (ηλ) / 170 = 0,2.  

In that case, the maximum value of 

Kc - factor depends only on the 

concrete strength and the effective 

creep ratio. 

 Numerical research 

The Simplified Methods are validated 

for several cases by means of nonlinear 

analysis in DIANA FEA. Looking at the 

deviations between the results it can be 

concluded that the Nominal Stiffness 

method (eq.5.22) is a safe method when 

determining the design moment for the 

slender reinforced concrete column. 

However, the method provides in some 

cases rather conservative results with a 

deviation up to -42,9% for a high strength 

concrete class and -40,8% for normal 

concrete strength, see Table 25. The 

Nominal Stiffness based on the 

recommended Dutch National Annex is 

concluded not to be safe for this particular 

column design. The method overestimates 

the failure load in most cases with a 

deviation up to 163,6% for normal concrete 

strength and up to 94,6% for high strength 

concrete, see Table 25. These big 

deviations are found to be due to the fact 

that the given equations in the Dutch 

National Annex are based on d/h = 0,9 

while in this research it is equal to d/h = 

0,75.  
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Table 25: EI (5.22) - minimum and maximum deviation 

compared to the nonlinear analysis in DIANA FEA. 

 ρ = 1% ρ = 4% 

C20/25 -15,5 5,8 -0,5 22,3 

C40/50 -40,8 -10 -13,3 50,9 

C70/85 -42,9 28,2 -31 -24,8 

 
Table 26: E(f)I - minimum and maximum deviation 

compared to the nonlinear analysis in DIANA FEA. 

 ρ = 1% ρ = 4% 

C20/25 32,1 53,8 97,9 163,6 

C40/50 25,2 39,7 77,8 271,8 

C70/85 16,6 43,4 43,5 94,6 

 

The equation 5.31 provide in general 

accurate results. From this, we may 

conclude that the stiffness based on the 

deflection at yielding of the longitudinal 

reinforcement is a good starting point for 

the analysis of second-order effects. 

Furthermore, also the KLE-method gives 

good results for the stiffness of the column. 

A slender column with an effective creep 

ratio (φef = 2) showed a higher nominal 

stiffness compared to simplified theories. 

The methods are considered safe, however, 

the results are quite conservative. 

The final finite element model in 

DIANA FEA is suited for pure bending 

problems and a combination of normal 

force and first-order bending moment to 

study the second-order effects. Using the 

provided scripts allows the researcher to 

easily adjust the variables and to simulate  

more cases in order to increase the database 

of slender reinforced concrete columns. 

 Recommendations 

For the purpose of future research the 

following recommendations are given: 

 

• Extent the numerical research with 

more slenderness ratios, concrete 

grades,  reinforcement ratios and 

different shapes of the column. 

• Research the effect of double 

bending. 

• The accuracy of the model may be 

increased by adding the bonding 

properties to the reinforcement;  

• Compare the smeared crack results 

with a discrete crack model. 

Smeared cracking may be used as a 

predictor of the crack positions. 

• Perform some test results in the lab 

to validate the numerical model; 
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Figure 123: Design moment (MEd) ↔ Nominal stiffness (EInom) flow chart.
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