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Abstract

In this thesis we investigate the dynamics of pedestrian crowds in a fundamental and
applied perspective. Envisioning a quantitative understanding we employ ad hoc large-
scale experimental measurements as well as analytic and numerical models. Moreover, we
analyze current regulations in matter of pedestrians structural actions (structural loads),
in view of the need of guaranteeing pedestrian safety in serviceable built environments.
This work comes in three complementary parts, in which we adopt distinct perspect-
ives and conceptually different tools, respectively from statistical physics, mathematical
modeling and structural engineering.

The statistical dynamics of individual pedestrians is the subject of the first part of
this thesis. Although individual trajectories may appear random, once we analyze them in
large ensembles we expect “preferred” behaviors to emerge. Thus, we envisage individual
paths as fluctuations around such established routes. To investigate this aspect, we
perform year-long 24/7 measurements of pedestrian trajectories in real-life conditions,
which we analyze statistically and via Langevin-like models. Two measurement locations
have been considered: a corridor-shaped landing in the Metaforum building at Eindhoven
University of Technology and the main walkway within Eindhoven Train Station. The
measurement technique we employ is based on overhead Microsoft Kinect™ 3D-range
sensors and on ad hoc tracking algorithms.

In the second part of the thesis, we zoom out from the perspective of individual
pedestrians and we look at crowds, adopting a genuine mathematical modeling point of
view. We establish a general background of crowd dynamics modeling, which includes
an introduction to the modeling framework by Cristiani, Piccoli and Tosin (CPT). This
framework is suitable to model systems governed by social interactions and stands on
a first order measure-valued evolution equation. Measures enable a unified treatment
of crowd flows at the microscopic (particle-like) and macroscopic (fluid-like) observation
scales. In a Wasserstein space context, we wonder when the microscopic and macroscopic
dynamics are consistent as the number of agents involved grows. In this comparison we
consider agents whose mass (in a measure sense) is independent on the size of the crowd.
Then, we focus on the modeling of crowds moving across footbridge-like (i.e. elongated)
geometries. In these simple scenarios we are able to give a reasonable form to the CPT
model components from phenomenological considerations and thus perform simulations.
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ii ABSTRACT

In the third part of the thesis, we consider crowd flows on footbridges in relation to
the way the safety of pedestrians is ensured by the current building practice. We address
crowd-footbridge systems in terms of featured uncertainties. We provide a review of the
literature giving a synthetic comparison of uncertainties involved. In general, beside the
uncertainties affecting the mechanical properties of the structure, the status of the crowd
is itself uncertain. Taking inspiration from wind engineering, we approach the crowd
dynamics through a distinction between the approaching traffic and the crossing traffic.
In the review, we consider how building regulations address the crowd load. On one hand,
no uncertainty, nor variability, is considered on the crowd state, therefore the roughest
possible model (constant load) is typically retained. On the other hand, we notice how
a large dissent is present in the prescribed load values, suggesting a possible inadequacy
in regulations. Finally, we propose a framework to deal with uncertainties related to the
crowd traffic, and specifically the crowd density.

Keywords: crowd dynamics; automatic pedestrian tracking; data analysis; Langevin models;
measure-valued equations; particle systems; pedestrian traffic on footbridges.

PACS 2010: 89.65.-s; 05.40.-a; 45.50.-j; 47.10.ab; 89.75.-k; 02.30.Cj; 02.30.Jr.

MSC 2010: 91D10; 91C99; 82C31; 60H10; 35F25; 35L65; 35Q70; 91D99; 90B20.
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Chapter 1

Introduction

1.1 Scope
In our everyday lives, beside being workers, travelers, or sportsmen, we are pedestrians. As
pedestrians, seeing ourselves moving alone is usually just a rare circumstance. Typically
we move in a crowd, surrounded by few or many other individuals. We walk under the
drive of our needs or desires; sometimes we wander, other times we are just dragged by
the flow of people.

Since decades, the dynamics of crowds of pedestrians has attracted the interest of the
scientific community. The unpredictability of pedestrian trajectories makes the dynamics
of crowds difficult to model, however, unarguable societal benefits derived by the under-
standing of these dynamics are a push for contemporary research. Safety is a primary
issue, especially for dense crowds. Major accidents occurred over the years in dense crowd
regimes, which would have been avoided by a real-time forecast of the dynamics sup-
ported by quantitative simulations. Conversely, when pedestrian density is low, personal
comfort is at stake. A deep understanding of pedestrian motion would allow for intelli-
gent environments featuring, for instance, efficient illumination systems and interactive
infrastructures.

Although individual trajectories may appear random, we expect the analysis of large
ensembles to reveal “preferred” behaviors. In other words, paths followed by individuals
are likely deviations from favored routes. Studying dynamics in statistical ensembles
is an established approach to address systems with random behavior. For pedestrians,
however, a complex technological problem arises: the experimental acquisition of enough
trajectories (hundreds of thousands or millions) to allow for a resolved statistical picture
of the dynamics. Available laboratory techniques for the measurement of individual paths
by tracking special clothes are clearly not at scale. Furthermore, laboratory setups may
influence the behavior of involved pedestrians, thus inducing a bias in the measurements.
A possible solution would be to perform an automatic and extensive pedestrian tracking in

1



2 CHAPTER 1. INTRODUCTION

real world conditions. However, to the best of our knowledge, no tool, up to now, is able to
track pedestrians so accurately to deliver time-resolved trajectories and, simultaneously,
it is sufficiently scalable to serve for a time span long enough to achieve “statistical
resolution”.
Hence, a statistical investigation of pedestrian motion poses several technical and scientific
challenges. Essentially, we ask:

(Q1) Can we achieve a quantitative understanding of individual pedestrian dynamics?

Walking crowds resemble fluid flows, especially at high pedestrian densities. Accepting
this analogy is a starting point to extend mathematical physics approaches to pedestrians.
As with fluid particles, we can address the dynamics from a microscopic perspective and
model pedestrians’ motion on an individual basis. Alternatively, we can consider the
pedestrian density and adopt a macroscopic perspective, reducing the complexity of our
description. While microscopic models are closer to the experimental point of view,
macroscopic models allow for efficient simulations. In fact, it is computationally cheaper
to address the evolution of many-particles systems in terms of the particle density. These
aspects trigger the second question driving our work:

(Q2) Can we mathematically describe crowds at different scales?

Guaranteeing pedestrian safety and ensuring serviceability of the built environment are top
priorities for science and engineering. Civil infrastructures are built respecting regulations
that ensure minimum structural requirements. Depending on the facility functions, these
regulations set dimensioning standards to enable structural responses as safe as possible
in case, among others, of fire, seismic hazards, and wind solicitations. When walking on
structures, pedestrians induce loads that must be balanced in safety. The assessment of
these loads is affected by large uncertainties as uncertain and random is the motion of
individuals. Thus, stochasticity effects in crowds may be relevant for a proper structural
design. This motivates a third question:

(Q3) What is the relevance of pedestrians stochasticity in built environment regulations?

Here, while addressing the three questions Q1-Q3, we adopt distinct points of view and
conceptually different tools, taken from different disciplines.

We will address Q1 via experiments and tools from statistical physics. We focus on the
dynamics of pedestrians in low density crowds, recording their trajectories in a selected
location at Eindhoven University of Technology. In this scenario, we run an extensive
experimental investigation based on a custom made, highly accurate, tracking system
built upon Microsoft Kinect™ 3D-range sensors [Mic11]. Differently from most of the
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studies in the field, we obtain time resolved trajectories in real life conditions with mon-
itored pedestrians unaware of being recorded. Furthermore, our data collection spans over
several months still maintaining sampling rate in the order of tens of milliseconds. This
enables novel statistical investigations of pedestrian dynamics. In particular, we address
two scenarios: pedestrians walking alone, or the avoidance dynamics when two individuals
walk in opposite directions. For both cases, we study “preferred behaviors” and related
“fluctuations”. Thus, we propose Langevin-like models able to reproduce our measure-
ments quantitatively, i.e. with statistical accuracy and including rare events. A highly
reliable automatic pedestrian tracking system working in real world conditions on a 24/7
basis comes as a by-product of this analysis.

We will address Q2 in a mathematical modeling setting employing measure-valued balance
equations. When we zoom out from the perspective of individual pedestrians (Q1) and
we look at crowds, we can adopt either a microscopic or a macroscopic perspective. In
both cases, we deal with a crowd mass, conserved over time, and moving under the action
of a “pedestrian flow”. Conserved mass distributions evolving in time can be addressed
in a unified framework in the mathematical context of abstract measures. We consider
specifically the measure-valued framework introduced in [PT11, CPT11]. In the setting
of Wasserstein spaces, we discuss the conditions for which microscopic and macroscopic
representations yield equivalent dynamics. Furthermore, in view of the scenarios we con-
sider within Q3, we employ a continuous crowd description to simulate pedestrian flows
over domains that have footbridge-like geometry.

We will address Q3 from the practical perspective of structural engineering and in the
specific context of footbridges. Q3 relates to the way the safety of crowds is ensured in
the current building practice. International regulations prescribe static distributed loads to
be taken as reference by architects and engineers. In the current footbridges regulations,
in opposition e.g. to the treatment of the wind effects on structures, no consideration is
given to the uncertainties or variabilities affecting the crowd dynamics. In fact, human-
induced loads are often prescribed as bare constants. Nevertheless, a large disagreement
among the values prescribed within each regulation is present. This may be an indirect
consequence of the mentioned uncertainty and may show an inadequacy in the current
codified approaches. In this perspective, we propose a framework to consider uncertainties
within the crowd traffic on footbridges.

In the next section we provide a synthetic description of the contents of this thesis on a
chapter basis.

1.2 Synopsis of the thesis
The thesis is organized into three main parts, each of which addresses mainly one of the
questions Q1-Q3. Each part begins with an introductory chapter to frame the adopted
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approach.

In Part I, considering question Q1, we address the dynamics of low density pedestrian
crowds in a statistical sense. To this aim we study the motion of pedestrians within a
landing in the Metaforum building at Eindhoven University of Technology, where individual
dynamics are in the low density crowd regime.

In chapter 2 we discuss the background of our analysis in terms of experiments and
modeling approach. We provide a review of established (semi-)automatic measurement
techniques, which relate to our contribution. Hence, we describe our experimental ap-
proach as well as a primer on the strategies that we adopt to manage and analyze the
large volume of data we collect.

Chapter 3 provides a phenomenological overview of the low density pedestrian dynam-
ics in the Metaforum landing. First, we consider standard descriptions based on average
quantities such as fundamental diagrams, possibly in dependence on the local flow. Then,
thanks to our large dataset, we explore the dynamics going beyond average values and
we consider the distributions of pedestrian positions and velocities.

Chapter 4 focuses on the dynamics of pedestrians crossing the landing alone, i.e.
undisturbed by peers. We expect simple dynamics, they are affected by stochastic fluctu-
ations due to the variability of individuals’ behavior as well as external factors. We propose
a quantitative Langevin-like model for these stochastic fluctuations that we compare with
the experimental data in terms of stationary velocity distributions and time correlation
functions.

Chapter 5 addresses the avoidance regime which establishes when two pedestrians walk
simultaneously in the landing and in opposite directions. In this regime, the statistical
features of pedestrian motion change from what exhibited by undisturbed pedestrians
(Chapter 4). We study the avoidance dynamics as a linear superposition of the undisturbed
motion and an interaction force. Employing our dataset, we estimate the average (social)
force field pedestrians perceive as they interact. We propose an additive interaction term
for the model in Chapter 4 to reproduce the modified statistics.

Chapter 6 discusses in brief our second measurement location, i.e. Eindhoven Train
Station. We chose this measurement location in order to address the dynamics of dense
crowds. In the chapter, we provide an overview on the data collected and the related
preliminary processing. Hence, we give an outlook.

In Part II, driven by Q2, we switch our perspective considering scenarios involving crowds
rather than individual pedestrians.

Chapter 7 provides a general background of crowd dynamics modeling, discussing the
phenomenological features that are typically retained in established crowd models. Fur-
thermore, we introduce the modeling framework by Cristiani, Piccoli and Tosin (CPT
framework) [PT11, CPT11] that we use in Chapters 8, 9 and 11. The CPT framework
provides a modeling environment to address the dynamics of crowds and of other sys-
tems ruled by social interactions. The framework stands on a first order measure-valued



1.2. SYNOPSIS OF THE THESIS 5

evolution equation and enables a unified treatment of crowd flows at the microscopic or
macroscopic scale.

Chapter 8 addresses a comparison of microscopic and macroscopic dynamics given via
the CPT framework. In a Wasserstein space context, we wonder when these two dynamics
are consistent as the number of agents involved grows. In this comparison we consider
agents whose mass (in a measure sense) is independent on the size of the crowd.

Chapter 9 focuses on the modeling of crowds moving across elongated geometries
resembling footbridges. We address pedestrians’ motion in a macroscopic perspective via
the CPT modeling framework, which prescribes the dynamics via a linear superposition
of components: a desired velocity and a social velocity. The former encodes the motion
of pedestrians when they walk alone. The latter, in turn, weights the crowd mass via
an interaction kernel assessing reactions to mutual presence. Footbridge-like geometries
are simple scenarios in which, from phenomenological considerations, we can give these
components a reasonable form and thus enable simulations.

In Part III, following Q3, we consider crowd flows on footbridges in relation with the
current building regulations.

Chapter 10 addresses crowd-footbridge systems in terms of featured uncertainties.
We provide a review of the literature giving a synthetic comparison of the uncertainties
involved. In general, beside the uncertainties affecting the mechanical properties of the
structure, the status of the crowd is uncertain itself. Taking inspiration from wind engin-
eering, we approach the crowd dynamics through a distinction between the approaching
traffic and the crossing traffic. Within the review, we consider how building regulations
address the crowd loads q ([kN/m2]). On one hand, no uncertainty, nor variability, is
considered on the crowd load, therefore the roughest possible model is retained consider-
ing q as a constant. On the other hand, we notice how a large dissent is present in the
prescribed values of q, which suggests a possible inadequacy in the regulations.

Chapter 11 rises from the point made in Chapter 10. In particular, we propose a
framework to deal with the uncertainties related to the crowd traffic on footbridges. The
framework is a composition of different modeling blocks. In view of Q2, it considers
approaching and crossing traffic at different scales, respectively macroscopic and micro-
scopic. The output is a probabilistic description of the spatial density of the crossing
crowd.

In Chapter 12 we summarize the results obtained in Parts I-III in view of the question
raised in Section 1.1, and we outlook possible future developments.

The three parts of the thesis are structured to be read independently, whereas cross-
references are present in case of similar concepts or discussions. In each part, we use
the terminology from three different fields, respectively statistical physics, mathematical
modeling and structural engineering. Hence, the notation we employ is consistent just
within each part.
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Dynamics of individual
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Chapter 2

Measuring pedestrian dynamics

A distinguishing feature of pedestrian crowds is their intrinsic stochasticity that, due to the
large variability of individual behaviors, is present even at low pedestrian densities. Such
individual stochasticity becomes even more important under densely crowded conditions as
it can be non-linearly magnified and thus lead to potentially dangerous collective behaviors.
Aiming at a quantitative understanding of crowd stochasticity, we consider the dynamics of
pedestrians by looking at large ensembles of fully-resolved pedestrian trajectories, obtained
via months- or even year-long, high-frequency, high-resolution, measurement campaigns.
We analyze the data acquired from a statistical point of view and we model the dynamics
by means of stochastic models formulated in terms of Langevin-like equations.

In this chapter we give a conceptual overview of the investigation strategy, we discuss
the data acquisition technique, the physical scenarios analyzed, as well as the modeling
approach.

2.1 Introduction
Understanding and modeling the flow of human crowds is a challenging problem, where
the behavior of individuals, with their subjective variability, influences and is influenced by
collective behaviors as well as by external stimuli (see, e.g. [CPT14, Hel01, HJ09, BD11,
Hug03]). To achieve an understanding of the dynamics from single individuals to entire
crowds, the comparison with high-quality experimental data is of paramount importance.
Dealing with high variability, high statistics measurements play a crucial role, as they
enable the identification and classification of average behaviors, fluctuations, and rare
events. Furthermore, it is common experience that complex systems display non-trivial
statistics, deviating from Gaussian distributions. This happens both in the case of living
systems, e.g. starling flocks [BCG+12, ACDC+14a], sheep herds [GPF+15] or swarming

The technique described in this introductory chapter is based on joint works with L. Bruno, A.
Muntean, F. Toschi and K. Vafayi [CMV15, CBMT14].

9
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midges [ACDC+14b], and non-living systems, such as small matter particles in turbulent
flows [TB09].

Despite the fact that pedestrian crowds are ubiquitous, the availability of high-quality,
high-statistics data is limited. This is probably due to the intrinsic technical difficulties
associated to the analysis of camera recordings, that are easily affected by lighting condi-
tions. This makes even more challenging the already ambitious task of accurately identi-
fying pedestrian positions in images. High quality data are thus often limited to brief
recording sessions held in laboratories. Because of the limited data volume collected, an
accurate characterization of the dynamics beyond the average is usually not possible. Fur-
thermore, the artificial laboratory condition (i.e. “non real-life”) are likely to introduce a
bias in the behavior of individuals and thus a bias in the measurements performed. Over-
coming these inconveniences is necessary if we want to go beyond the mean behaviors,
and explore and characterize the crowd stochasticity.

Our goal is to investigate the dynamics of pedestrian crowds via high-statistics and
high-quality experimental data in the form of pedestrians trajectories. To this aim, we
borrow techniques used to study the dynamics of turbulent flows (cf., e.g., [LTK05,
GLH+12]), and we combine them with the state of the art in terms of experimental
measurements of pedestrian dynamics (cf. Section 2.2). We perform novel and extens-
ive measurements of pedestrian trajectories in real-life conditions. Hence, we formulate
quantitative Langevin-like models (c.f., e.g., [RBE+12]) to interpret experimental data
and to model pedestrian dynamics.

This chapter serves as an overview of the approach and is structured as follows:
in Section 2.2 we discuss the state of the art in terms of experimental approaches for
pedestrian dynamics; in Section 2.3 we briefly introduce the mathematical modeling;
Section 2.4 describes the experimental locations that we considered; in Section 2.5 we
introduce the statistical approach to the data; in Section 2.6 we give a primer on the data
acquisition technology developed.

2.2 Experimental investigation of pedestrian dynamics
The collection of detailed field measurements of pedestrian motion grew significantly over
the last years fostered by different interests, both fundamental as well as technology-
related. Pedestrian crowds exhibit self-organizing properties which, for instance, yield
to the spontaneous formation of lanes in multi-directional pedestrian traffic (cf. re-
view [SKK+09]). This aspect has been studied in laboratory conditions [MGM+12] by
measuring pedestrians walking within a circular walkway, and by considering the stability
of such lanes under different density conditions. Recordings of pedestrian trajectories held
in laboratory conditions within a corridor have been studied also in [MHG+09]. In that
context, the authors investigate side preferences within mutual avoidance dynamics as
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well as interactions strength (in a sense better explained by the modeling framework in
Section 2.3). The dynamics of pedestrians moving and interacting in social groups is also
a matter of fundamental interest, and it is considered, e.g., in [ZIK14, ZBK14]. In these
works, the authors examine pedestrian trajectories collected experimentally in a walkway
inside a mall, focusing on groups of two and three people walking together. Hence, they
suggest an interaction potential to model the pedestrian discomfort when in a non optimal
position for interactions with the walking partner.

Experimental data are a requirement to calibrate and validate models in view of their
application. Crowd dynamics models come in many types. On one side of the complexity
spectrum we find synthetic descriptions such as fundamental diagrams, i.e. pedestrian
density-velocity relations to be expected in stationary flow conditions. On the other side,
detailed numerical models based on the analogy between pedestrians and particles (cf.
Section 2.3) are considered. In the works [SPS+09, ZKSS11, ZKSS12, ZS14], expressions
for the fundamental diagram in various flow conditions (unidirectional and bi-directional
flows. Intersecting flows at crossroads) are obtained. Calibration approaches for simulation
models are instead discussed, e.g., in [HBJW05, JHS07, SRMB14, CMV15].

These interests led to a progressive improvement of the techniques adopted to extract
automatically information on the pedestrian dynamics in a given location, possibly after
suitable pedestrian tracking operations. Video-based techniques have frequently been
considered, see, e.g., [HDB03, MGM+12, HBJW05]. Such techniques commonly require
that pedestrians participating to the experiments wear special clothing and/or the estab-
lishment of complex laboratory environments, as automatic recognition is eased. This is
especially true in case of high pedestrian densities where partial hidings/overlaps are a
possibility (see, e.g., [SPS+09, MHG+09, BS13]). Pedestrian tracking helped by wireless
sensors has also been attempted (see, e.g., [RWTH11]). At the cost of high measurement
noise, this approach has the advantage that it is insensitive to pedestrians density.

Recently, 3D-range sensors such as Microsoft Kinect™ [Mic11] have proven to be
reliable tools enabling detailed field measurements in real life conditions [BKIM13, SBR14].
Beside improvements in the detection accuracy due to the 3D-data, 3D-range sensors often
operate with non-visible light. This aspect enables pedestrian tracking in non-privacy
invasive manners (as no collection of ordinary photos is involved, cf. Figure 2.1). As a
matter of fact, these sensors open the doors to data collection in public spaces and to the
involvement of “unaware” pedestrians, in a privacy respectful manner. Modulo long-time
recordings, potentially limitless data can be collected and thus provide a valuable basis for
the characterization of crowd stochasticity (cf. Section 2.1). Large volumes of data enable
statistical approaches which are growing in popularity in the field of pedestrian dynamics.
A pioneering experimental study by Helbing et al. introduced the concept of crowd
turbulence after the analysis of the pedestrian flow, and related velocity distributions,
during the Makkah crowd disaster in 2006 [HJA07]. While Helbing et al. employed
standard video footage data, the aforementioned 3D-range sensors have been adopted e.g.
in [BKIM13, BZK14]. In these studies, considering a year-long measurement campaign,
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the authors analyzed pedestrian preferences in term of spatial positions, as well as relations
between the crowd kinematics and the time of the day. A statistical mechanics approach
is also central in the recent study [KSG14]. Via a large collection of human motion data
(again obtained by standard video data), the authors characterize an energy-like scalar to
show that pedestrians avoidance interactions are likely driven by projected collision time,
rather than mutual distance.

In our work, following an approach inspired by [SBR14, BKIM13], we employ 3D-range
sensors, specifically Microsoft Kinect™, to obtain high resolution pedestrian trajectories
over long periods of time. From such data we extract statistic features that we are able
to reproduce by means of appropriate stochastic models. Comments on our modifications
and extensions to the original approach [SBR14] are in Section 2.6 and, for what concerns
the analysis at large spatial scales, in Appendix A.

2.3 Langevin equations, Active Brownian evolution and
Social forces

Langevin equations are Newton-like, thus second-order, stochastic differential equations
that model the passive motion of particles in suspension in a fluid. In this condition,
particles display an erratic (Brownian) motion due to their subjection to the molecular
agitation of the fluid (cf., e.g. [CK12]). Over the years, generalizations of the force balance
in the original Langevin equation have been used to address more general stochastic
dynamics, in particular, systems owning to the so-called active matter. These are physical
and biological systems that show the ability to evolve gaining kinetic energy from the
environment and thus displaying self-propulsion (see review [RBE+12] and references
therein).

A key assumption in a Langevin-like modeling of active matter is the possibility of
representing the energy taken up by the system within a generalized (potentially non-
linear) friction term (activity term), allowing for a negative dissipation. In general, a
Langevin-like equation for an active particle in position Z and velocity W reads

dZ

dt
= W

dW

dt
= −∇WΦ(W )−∇ZΨ(Z) + η(t),

(2.1)

where Φ(W ) is a potential in the velocity space. Its negative gradient determines the
aforementioned activity term. In the case of the original Langevin equation endowed by a
linear Stokes friction, this potential is simply Φ(W ) = 1/2γW 2 for some positive friction
coefficient γ. Generalizing this expression, in the case of self-propelled particles having
a cruise speed, say W0, a suitable potential can be Φ(W ) = 1/2γ(W −W0)2. For a
one-dimensional motion this terms yields a friction for velocities higher than W0 and a
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propulsion in the opposite case (several other established expression of Φ are commented
in [RBE+12]). Ψ(Z) is a spatial potential which allows to introduce spatial confinements
or the effect of external force fields. Finally, η(t) is a stochastic forcing that models the in-
trinsic, often non-negligible, stochasticity usually exhibited by the active matter [RBE+12].
In other words, η(t) models external factors or possibly abstract decision processes. A
conventional, although non mandatory, choice is to adopt η(t) with independent compon-
ents and δ-correlated time dependence. Systems of active particles in coupled evolution
have also received large attention in the scientific community (e.g. to model the milling
behavior of schools of fish, see, e.g., [HH08]). Such systems are treated introducing linear
coupling terms (usually pair-wise) between several equations in the form (2.1).

Crowds of pedestrians are a system that often has been modeled in terms of coupled
Langevin-like equations [Hel01, SCN10]. One of the most used examples of this modeling
approach is probably the social force model. This model has been proposed by Helbing and
Mólnar in 1995 [HM95] (however, Newton-like approaches to address crowds appeared
no later than 1979 with the so-called magnetic force model [Oka79]) . The social force
model is currently employed in fundamental and applied studies, as well as in commercial
simulation software packages (cf. also references in Section 7.1.1).

In this context, the forces that appear in the Langevin-like equations of motion are
often interpreted as “motivations to act” [HM95]. Specifically, given a crowd of N
pedestrians, the dynamics of the i-th individual (1 ≤ i ≤ N), that at time t has position
Zi and velocity W i, satisfy

dZi

dt
= W i

dW i

dt
= Fvd(Zi,W i) + Fs(Zi; {Zj}j 6=i) + η(t),

for all i = 1, . . . , N , for t > 0,

(2.2)
where

• Fvd(Zi,W i) is the activity term in the aforementioned sense. It models a relaxation
toward a given desired velocity vd which is possibly space dependent. This term
typically reads as

Fvd(Zi,W i) = −W
i − vd(Zi)

τ
, (2.3)

τ being a characteristic relaxation time. In terms of a velocity potential, it holds

Φ(Z,W ) = 1
2τ |W

i − vd(Zi)|2,

where Φ(Z,W ) is thus a space-dependent quadratic potential well.

• Fs(Zi; {Zj}j 6=i) models perturbations to the desired velocity due to the presence
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of neighboring peers. Usually Fs is a linear superposition of pair-wise forces, i.e.

Fs(Zi; {Zj}j 6=i) =
N∑
j=1
j 6=i

H(Zj − Zi), (2.4)

for some interaction kernel H, usually yielding a mutual repulsion. Further depend-
encies on the agents velocities are often considered, e.g. to deal with anisotropic
interactions (as in [HM95], cf. also Section 7.1, for a more extended overview of the
expected phenomenological characteristics of the interaction dynamics pedestrian
crowds).

• η(t) is a random force that models external influences. It is chosen with the same
criterion as in (2.1).

These dynamics can be enriched via space potentials to model e.g. confinement or inter-
action with environmental elements.

In the following chapters, we use and generalize models in form (2.2) to replicate dy-
namics and fluctuations measured experimentally within the pedestrian motion. Repeated
trajectories recordings provide us with resolved distributions of pedestrians velocities and
positions. We employ these distributions as a portrait of the stochasticity characterizing
the behavior of pedestrians. They have a central role in our comparison with the modeled
dynamics, in fact, we aim target models able to reproduce the dynamics up to such dis-
tributions. In case of a dynamics like (2.2), the probability distribution that at a given
time t the system is in a certain state (z, w) is regulated by the so-called Fokker-Planck
equation (associated to (2.2)), cf. [Ris84]. As we compare with repeated trajectories, we
consider a stationary dynamics, which we thus compare with stationary solutions of the
Fokker-Plank equation (further details on this aspect are in Chapter 4).

2.4 Experimental setups
In our experiments we consider two scenarios characterized by different crowd traffic
behavior. We setup a first measurement site in a landing at Eindhoven University of
Technology during June 2013 (cf. Figure 2.2). This experimental setting allows us to
measure diluted crowd conditions, mostly pedestrians walking alone (i.e. undisturbed by
others) or in presence of few peers. On the technical side, this setup served also as a proof
of concept showing the feasibility of the approach. In June 2014 we built a second meas-
urement setup in Eindhoven Train Station monitoring a full chord of the main walkway
(refer to Figure 2.3). In this setting, measurements on all sorts of traffic conditions are
collected: very “diluted” dynamics are recorded at nights, when few people walk in the
station, and, extremely “dense” conditions are recorded during the day, especially at com-
muting times. Establishing this second measurement setup required us to solve several
technical problems, ranging from the synchronization of multiple cameras and computers,
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to the transfer of dozens of gigabytes of data from the station to the university per day,
to the development of processing algorithms capable of scaling in these conditions (cf.
Appendix A).

2.4.1 TU/e Metaforum landing measurement site (MF)

We chose as first measurement location a relatively highly trafficked corridor at Eindhoven
University of Technology. The corridor connects the canteen of the “Metaforum” building
to its dining area and it is crossed by approximately 2.200 pedestrians, mostly students,
every day. This location serves as a landing between two different levels of the building,
therefore it is U-shaped and has staircases at its endings (see Figure 2.2 for a geometric
sketch). We observe the dynamics within a limited observation window in the middle of
the straight part of the facility (cf. Figure 2.6).

The presence of the stairs induces a natural asymmetry between the two span-wise
walking actions. In particular, pedestrians going to the right are passing by the landing
while going from the zeroth to the first floor, thus they ascend the staircases at the
endings. The opposite holds for pedestrians going left. Even in such a common context
many different walking scenarios may occur. In the simplest case pedestrians walk alone.
When more than one person is present, either a co-flow or a counter-flow occurs. We refer
to a co-flowing case when all pedestrians walk in the same direction, to counter-flowing
case otherwise, i.e. when a bi-directional flow occurs.

This recording infrastructure, still installed while this thesis is been written, has been
actively used in the period June 2013 - October 2014. Although the recording infrastruc-
ture has been mostly kept recording, the final data retained refer to 109 working days
in the period October 2013 - October 2014 and include recordings from approximately
220.000 pedestrians.

2.4.2 Eindhoven Train Station measurement site

In June 2014 we built a second measurement infrastructure covering a portion of the main
walkway in Eindhoven Train Station. This walkway, approximately 9.5m wide and circa
50m long, connects the center of Eindhoven to two nodal parts of the city: the main bus
terminal and the Technical University. Along the span of the walkway there are multiple
staircases leading to the eight railway lines present. This walkway is crossed every day
by several tens of thousand of people in many different traffic conditions. Very dense
traffic occurs daily around 8.30AM, right after commuters’ trains from the north of the
Netherlands arrive. Later in the day and at nights the traffic is more diluted, with peaks
again between 5PM and 6PM when commuters leave the city. In a sense, this installation
collects data of many different experiments. As so, many different levels of pedestrian
density and walking phenomena are present (e.g., co-flows, counter-flows, encounters,
people kissing, runners, bikers and wheelchairs have been observed).
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30.09.2013   09:55:52.114

30.09.2013   09:55:52.776

30.09.2013   09:55:53.445

Figure 2.1: Three snapshots of a pedestrian walking undisturbed in the Metaforum land-
ing. The estimated position of the head is marked with a “plus sign” (+) and its trajectory
is reported (cf. method in Section 2.6.2). To provide a rough assessment of the orientation
(given here by the white segment), we estimate the ellipse providing the best bounding of
the shoulders. The orientation is given by the minor axis. The shoulder region estimate is
done consistently with step K6 in Section 2.6.2. Specifically, we take those samples within
each cluster having depth between the 10th and the 50th percentile (cf. Figure 2.5(c)).

We built a recording infrastructure constituted of four Kinect™ sensors having par-
tially overlapping views. The system covers a full chord (circa 9.5m) and a span of
approximately 2.5m at the northern ending of the walkway (see Figure 2.3). Effective
continuous recordings have been performed in the period November 2014 - March 2015.
The station experiment produced a raw data volume of 100GB per day. Interestingly, in
quantitative terms, the amount of trajectories recorded in the MF location for the entire
duration of the experiment is in the same range of the amount of trajectories recorded at
the station in just one day.

2.5 Trajectories ensembles and kinematics
In each measurement site, we acquire a set of time-sampled pedestrian trajectories T =
{γi}i. The generic trajectory γi of the i-th pedestrian reads

γi = {(xik, yik, tik) : 1 ≤ k ≤Mγi}, (2.5)

where Mγi is the amount of samples of the trajectory (therefore ti1 and tiMγi
are respect-

ively the first and the last time instants in which the pedestrian is recorded) and (xik, yik)
is the position of the head of the pedestrian at time instant tik.

Having in mind the high variability that characterizes the behavior of pedestrians, we
analyze the set T globally, in a statistical sense, aiming at isolating universal features.
Having a large dataset is thus paramount to distinguish and separate usual behaviors,
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Figure 2.2: Planar and axonometric view of the landing with sizing. Coordinate system
as referred to in the text is reported.

Figure 2.3: Our recording installation at the Eindhoven Station walkway. The four Kin-
ect™ sensors are visible at the top. The signal delivered by two of them is shown in the
computer screen (right bottom).

fluctuations, and rare events. Being the outcome of a continuous recording of real dy-
namics, the set T contains trajectories described by different classes of pedestrians. In
the Metaforum corridor, for instance, it is reasonable to assume that all pedestrians walk-
ing undisturbed in the same direction behave in a similar way (statistically), although
differently from pedestrians walking undisturbed in the other direction, or in a multiple
pedestrians scenarios. Therefore, beside considering global statistical properties, it is reas-
onable to select inside T homogeneous classes of trajectories (pedestrians), analyze them
separately, and compare the results class by class.

Globally, or class by class, we consider different kinematics observables, mainly: (mu-
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tual) positions (x, y), (relative) velocities (u, v), accelerations (ax, ay) and the occupancy
(or load, l) of the facility. Our main interest are the marginal, joint and conditioned stat-
istical distribution of the previous observables over the set T , or over its homogeneous
subsets.

For clarity, we indicate with capital letters the random variables associated to the
previous observables, i.e. U is the random variable associated to the velocity u. For
instance, let T ′ ( T be a homogeneous subset of T (e.g. the subset of trajectories
described by undisturbed pedestrians only), the empiric law of U satisfies

P[U ∈ [u0, u1]|T ′] =
ˆ
γ∈T1

P[U ∈ [u0, u1]|γ ∈ T ′, T ′] dP[γ ∈ T ′|T ′] for all u0 < u1 ∈ R.

(2.6)
The likelihood of observing a trajectory in the facility scales with its time length, i.e.
the number of samples, hence P[γ ∈ T ′|T ′] ∝ Mγ and, precisely P[γ ∈ T ′|T ′] =
Mγ/

∑
γ∈T1

Mγ . Hence, for a given trajectory γ, P[U ∈ [u0, u1]|γ ∈ T ′, T ′] is simply
percentage of velocity samples in the interval [u0, u1] along the trajectory, i.e., say,
M

[u0,u1]
γ /Mγ . Therefore, the empiric law in (2.6) reduces to

P[U ∈ [u0, u1]|T ′] =
∑
γ∈T ′M

[u0,u1]
γ∑

γ∈T ′Mγ
.

In more formal probability terms, we consider a discrete sample space Ω built of all the
samples within each trajectory in T and we endow with an homogeneous probability
distribution.

In this setting, we often consider expected values that we denote, e.g., via E[U |T ′],
possibly conditioned to the value of further observables. For instance we denote the
expected velocity at point (x, y) via E[U |X = x, Y = y, T ′]. Since such expected values
are computed from experimental measurements, the notation is actually a shorthand for

E[U | |X − x| < εx, |Y − y| < εy, T ′], (2.7)

for some small binning parameters εx > 0 and εy > 0. In other words, every time we
condition with respect to the value of an observable, say X = x, we always consider all
the measurements sufficiently close to x.

2.6 Technological primer
In this section we give a primer of the data acquisition technique and explain the algorithms
we employ as well as our approach to the data assimilation. The overview we provide here
details every element of a simple data acquisition setup composed of one camera (e.g.
the MF setup). We complement this section with Appendix A, where we discuss some
of the technical aspects involved in the acquisition of pedestrian data on larger spatial
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scales.

2.6.1 Recordings overview and Microsoft Kinect™

We measure real life pedestrians trajectories on the basis of the 3D data delivered by
overhead, vertically oriented, Microsoft Kinect™ devices [Mic11]. When measuring ped-
estrian trajectories, acquiring data from a top view is generally favorable. From a top
view, in fact, partial body exposure to the camera or mutual hiding are hardly present
(cf. e.g. [HJ09, BS13, LSZ09] for approaches based on vertically oriented overhead cam-
eras, and [BKIM13] for a discussion on non vertically oriented overhead cameras).

The Kinect™ device has been designed to enhance human-machine natural inter-
actions, i.e. interactions based on physical motion rather than on keyboards, mice, or
joysticks. The sensor currently is sold for use with Microsoft Windows™ computers or
Microsoft Xbox 360™ gaming consoles [HSXS13]. On side of a standard color camera,
the Kinect™ is equipped with a infrared structured-light sensor [SLAL11] and, via an
embedded system, it delivers an estimate of the depth map of the scene. The depth map
provides the distance between each filmed pixel and the camera plane1; streams of depth
maps constitute the actual raw data in our measurement procedure. The pedestrian de-
tection approach we employ relies on this heuristic idea: elements which are closest to the
sensors generate the local minima of the depth map. In “ideal” crowding conditions, these
minima are the pedestrian heads (cf. Figure 2.4). Using Kinect™ depth maps has further
side advantages related to the infrared illumination: (i) depth maps do not resent of the
lighting conditions (at least in indoor conditions or in shady outdoors); (ii) depth-maps
are privacy-respectful as individuals are not recognizable.

The depth map encodes a distance field and admits two equivalent representations:
(i) a scalar field f = f(z), satisfying

f(z) := distance(element in z, camera plane), (2.8)

where z = (x, y) is a position on the horizontal plane. The Kinect™ conveniently encloses
this information in a gray-scale image (at VGA resolution, i.e. 640 px×480 px, and with
a maximum refresh rate of 30Hz, cf. Figure 2.1); (ii) a three dimensional cloud of
points having coordinates (z, f(z)). Besides the previous heuristic argument, overhead
depth maps allow an accurate detection of the positions of pedestrians as well as of their
heads [SBR14, BKIM13]. This can be achieved via a hierarchical clusterization of the
(foreground part) of the depth map with a complete-linkage [DHS12]. This approach,
discussed in Section 2.6.2, is in general extremely reliable. In [SBR14], the approach is
compared with the ground truth in a scenario with crowd density of about 1 ped/m2; in

1Equivalent information can be obtained via a stereo matching images of the same scene from different
cameras [BS13]. This procedure is nevertheless computationally very expensive and typically produces
results less reliable than 3D-range sensors which computes depth maps via hardware and in real time.
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Figure 2.4: (Left) depth map information f , i.e. distance between each point and the
camera plane; (right) actual depth map recorded in the measurement site, heads are
highlighted. The depth information is encoded in the grey scale: pixels without a reliable
depth information are in black; brighter pixels come from points farther from the camera.

that case, it registered a detection rate, i.e.

True Positive Detections
True Positive Detections + False Negative Detections ,

above 94%, and an average error on the estimated positions in the order of 3.5 cm.
After estimating heads positions, tracking is necessary in order to reconstruct ped-

estrian trajectories. We perform the tracking operation via the Open Particle Tracking
Velocimetry library [Ope12] (OpenPTV) that provides a complete toolkit to track particles
in three dimensional turbulent flows (cf. the Ph.D. thesis [Wil03] for the algorithmic fea-
tures of the library). We employ library functions to perform the head tracking and the
conversion from “pixel” coordinates, provided by the Kinect™ , to the final “metric”
coordinates.

2.6.2 Heads detection and tracking algorithms

In the following eight steps (K1-K8) we report the procedure to track walking pedestrians.
The steps related to heads detection have been introduced by Seer et al. (specifically
steps K1, K2, K4, K5, K6 can be found in [SBR14, Section 2.2], as steps 1, 2, 3, 5)).
On side of the head detection technique, we introduce the noise reduction step K3, the
OpenPTV-based tracking K7, and the trajectory filtering K8.

We adopt a 15Hz time sampling, i.e. half of the maximum sampling rate allowed by
Kinect™. At this sampling rate, a pedestrian walking with a constant speed of 1m/s is
sampled approximately every 6.6 cm (circa 18 px in the MF setup). We deem this sampling
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rate a good compromise between measurement accuracy and computational and hardware
resources.
Indicating with f = f(z) the depth map recorded by Kinect™ at a given time (as in (2.8)),
the procedure reads as follow (for ease of notation we avoid here to make explicit the
time dependence; in principle we should write fn = fn(z), where n indexes the frames):

(K1) Background subtraction. We expect the maps f(z) (2.8) to share a common
background at any time (walls, parapets, decorative elements, etc.). The back-
ground carries no information about pedestrians passing by, hence we subtract it.
Let B = B(z) be a depth map of the sole background (possibly built after suitable
averages of empty backgrounds), we obtain the foreground F = F (z) associated to
f = f(z) as

F (z)←
{
f(z) if f(z)−B(z) > ε1

fmax otherwise

where ε1 > 0 is the given (small) threshold level that we set to identify foreground
elements, and fmax is the depth associated to the ground level.

(K2) Height thresholding. We perform a second thresholding operation to remove those
objects which, although part of the foreground, are too small to be pedestrians,
hence

F (z)←
{
F (z) if F (z) > h1

fmax otherwise

(K3) Foreground noise reduction. In dependence on the complexity of the filmed scene,
F (z) may present small, intermittent, spots originating by errors in the hardware
depth map reconstruction. We remove these spots by filtering out all the connected
components2 of the binary image F (x) > fmax whose area is smaller than a given
threshold ε2.

(K4) Point cloud simplification. We sample randomly the foreground component of F ,
generating a sparse depth map of N points

Fs = {(z1, F (z1)), (z2, F (z2)), . . . , (zN , F (zN ))},

where it holds
F (zi) ≤ fmax, for all 1 ≤ i ≤ N.

Note that every element of the sparse depth map likely belongs to some pedestrian
in the scene.
We perform this “simplification” procedure for computational reasons: if N is large
enough, the sparse depth map Fs provides a truthful representation of the original
point cloud which can be processed with smaller computing costs.

2Considering an 8-neighbor pixels based connection.
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(K5) Sparse samples clusterization and pedestrian detection. We agglomerate the
N sparse samples in lager clusters, which, in ideal crowding conditions, identify and
isolate pedestrians.

We perform the agglomeration via a hierarchical clustering based on the geomet-
rical distance between points. In particular we use a complete linkage clustering
algorithm [DHS12]. Heuristically speaking, sparse samples (binary tree leaves) get
agglomerated in a binary fashion forming larger and larger clusters (binary tree
nodes), until just one cluster (binary tree root) is present. Ideally, clusters whose
mutual distance is larger than the scale length of the human body S (e.g., average
distance between the shoulders) correspond to individuals. For a reference, cf. the
binary tree (dendrogram) in Figure 2.5(b).

The iterative agglomeration procedure merges clusters on the basis of their distance
starting from the closest pairs. In particular, given two clusters q1 and q2, the
distance d∞ that we consider reads

d∞(q1, q2) = max
(z1∈q1,z2∈q2)

d∞(z1, z2),

where d is the Euclidean distance in the plane. We report the full clusterization
procedure in Algorithm 1. To conclude, we observe that if we truncate the agglom-
eration procedure at a step m such that:

(i) d∞(qm1 , qm2 ) < S for all qm1 6= qm2 ∈ Qm

(ii) d∞(qm+1
1 , qm+1

2 ) ≥ S for all qm+1
1 6= qm+1

2 ∈ Qm+1,

then the clusters in Qm feature a mutual distance larger than S. Therefore, we
associate them with pedestrians.

Data: Set of all the samples considered in singletons, i.e.
Q0 = {{z} : {z, F (z)} ∈ Fs}

m← 0
while |Qm| > 1 do

(qm1 , qm2 )← arg minq′1 6=q′2∈Qm d
∞(q′1, q′2)

Qm+1 ← (Qm − {qm1 , qm2 }) ∪ {{qm1 , qm2 }}
m← m+ 1

end
Algorithm 1: Example of complete linkage clustering algorithm. For simpli-
city, we here report the algorithm in a form having computational complexity
O(N3). Implementations with optimal computational complexity O(N2 logN) are
known [DHS12].

(K6) Head position estimation. Given a pedestrian identified with the cluster Cj ∈ Qm,
for some j, 1 ≤ j ≤ |Qm| (note that |Qm| is the total number of pedestrians present
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Figure 2.5: (a) Foreground of a depth map showing three pedestrians, darker regions
are closer to the camera; (b) clusterization tree of the random sampled foreground. The
tree is cut at height S and three different clusters in correspondence with the pedestrians
in (a) (see dotted contours) are found; (c) (left) depth map of a single pedestrian as
provided by Kinect™; (right) random sampled version of the pedestrian. Colors identify
region bounded by different depth percentiles: red (head), depth is less than the 10th
percentile, green (shoulders), depth is between the 10th and the 50th percentile, blue
(body), remaining points.

in frame), we retain as head the set Hj ⊂ Cj of samples whose depth is smaller
than a given percentile αk (usually k = 10) of the depth distribution in Cj ,

Hj = {z ∈ Cj : depth(z) ≥ αk}.

We estimate the position of the head as the centroid of this set, i.e. z̄j = (x̄j , ȳj) =
mean(Hj) (cf. Figure 2.5(c)).

(K7) Linking positions across frames. In the frame under consideration we produced
estimates of the positions of the heads present {z̄n}|Qm|j=1 . We obtain the traject-
ories (2.5) by tracking these positions over successive frames via the OpenPTV
library [Wil03, Ope12].

(K8) Trajectory filtering. We obtained the trajectories as sampled signals. Finally,
to compensate for possible noisy fluctuations in the head detection due, e.g., to
errors in the depth map reconstruction, we apply a smoothing filter. Specifically,
we employ a Savitsky-Golay smoothing filter [SG64], common in Particle Tracking
Velocimetry [GLH+12, LTK05]. As far as the parameters of the filter are concerned,
after numerous attempts, we adopt a local quadratic approximation evaluated on
observation windows of total size 7. This avoids non-physical accelerations due to
noise in the detection however preserves small fluctuations due, e.g., to oscillations
of the head.

In Figure 2.6, we report examples of some trajectories obtained in the MF corridor via the
previous method.
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Figure 2.6: Six trajectories chosen randomly among the ones recorded throughout the
experimental campaign. These trajectories have been followed by pedestrians walking
undisturbed from the right side to the left side. For the sake of conciseness, we label
these trajectories as (2L), whereas we use (2R) to refer to trajectories having the opposite
direction.

2.6.3 Data management
The final aim of the data acquisition procedure is to enable statistical investigation of
pedestrian dynamics (see Section 2.5). As we collect high volumes of data, storage and
manipulation efficiency play a relevant role. We memorize the data reflecting the structure
of the sample space Ω in a table of a relational database. Our approach to the data takes
inspiration from the approach used in the OpenPTV [Ope12] library, which is adapted to
evaluate quickly queries related to crowding.

Every sample (x, y, t) in conjunction with velocity (u, v), acceleration (ax, ay), an
unique identifier of the frame and of the trajectory/pedestrian (PID) define a row (re-
cord). Rows follow a chronological order, therefore samples obtained in the same frames
are contiguous. This yields a first way of visiting the data, i.e. frame-by-frame. Altern-
atively, samples can be grouped or sorted by the identifier of the pedestrian, which yields
a trajectory-by-trajectory view. Conveniently, these two views allow easy computation
respectively of frame-wise statistics (e.g. load, directions/velocities distribution, etc.)
or trajectory-wise statistics (ultimate direction, mean velocity/acceleration, etc.). These
statistics can be stored in separate tables for querying convenience.

As we discussed in Section 2.5, the data we acquire is not homogeneous and we can
identify multiple classes of pedestrians. For ease of defining and selecting homogeneous
crowding conditions, we introduce a further structure accounting for the simultaneous
presence of pedestrians appearing in the recording window. Let G = (T , E) be a graph
defined over the set of trajectories T whose edges set E satisfies

E = {e = (γ1, γ2) : ∃ one frame containing one sample
from γ1 and one sample from γ2}. (2.9)
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According to this representation, we can formally define the undisturbed pedestrians (i.e.
the elements of T1, cf. (2.6)). They correspond to those nodes of G having no edges.
Furthermore, pedestrians who encounter exactly one other pedestrian along their way are
associated to the elements of G having exactly one edge, and so on (cf. Figure 2.7).

A (a) A is undisturbed (no encounters)

B C (b) B and C encounter each other and no one
else

D E

F

(c) D encounters both E and F, although there
is no encounter between E and F

Figure 2.7: (a) Case of a single pedestrian. (b) Two pedestrians appears under the camera
at most. (c) As in case (b) two pedestrians appear under the camera at most, although
only D meets two different people. The size of this connected component is 3.

2.6.4 Trajectories quality

In the following analyses, we consider empiric probability distribution functions of kin-
ematic observables. Even if the measurement approach is highly accurate (see discussion
and reference in Sections 2.6.1 and 2.6.2), like any physical measurement tools, it does
not produce data exempt from errors. Errors here are mainly of two types: detection
errors and tracking errors. Detection errors occur when the Kinect™ provides an ill or
wrong reconstruction of the depth maps. This may happen in single frames or, even
worse, in all frames a given individual is present. For instance, we noticed that people
having dark curly hair, with particularly “unstructured” haircuts, mislead the sensor that
sometimes produces depth maps with partially missing heads. When, for some reason, a
part of the head or of the body is missing from the depth map, the simple body model in
Section 2.6.2 (see K6 and Figure 2.5(c)) is violated and the position of the head is not
correctly evaluated. Errors in the tracking procedure are also possible: trajectories may
be reconstructed partially, that usually implies that one physical trajectory contributes to
two or more (disjoint in time) reconstructed trajectories.

To ensure that only trajectories with high reconstruction quality are considered in
the analysis and trajectories affected by reconstruction errors are discarded, we perform
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Figure 2.8: Log-scaled density plot for observables (2.10) (x axis) and maximum trans-
versal velocity (y axis) computed on a trajectory basis for pedestrians walking undisturbed
in the MF corridor from left to right. The red dots mark trajectories featuring reconstruc-
tion errors. High values of the indicator (2.10) correspond with high likelihood to faulty
trajectories. Faulty tracks have been checked manually.

a preliminary data analysis. We remove all the trajectories having nonphysically few
samples; furthermore we consider the empiric distribution function of kinematic observ-
ables, such as positions, velocities and accelerations, as well as their extreme values along
the trajectories. Detection or tracking errors contribute generating outlying samples, e.g.
non-physically high speeds or accelerations, that drive our manual error spotting. On a
trajectory basis, we considered also the indicator

M−1/2
γ (max |(U, V )| − α0.50(|(U, V )|)), (2.10)

where α0.50(|(U, V )|)) is the trajectory-wise median of the speed (|(U, V )|), and max |(U, V )|
its maximum value. The observable (2.10) highlights discrepancies between the maximum
and the median speed on a trajectory basis. The difference between maximum and median
speed has roughly the size of the typical speed fluctuation over a trajectory. Thus, when
this difference is high and exceeds significantly its typical value (i.e. it is in the higher
tail of its distribution computed among all the trajectories, cf. the marginal distribution
in x direction in Figure 2.8), erroneous jumps in the reconstructed trajectories likely oc-
curred. On the other hand, high discrepancies between maximum and median speed are
common in trajectories spanning over long time intervals. Since the observation window
is bounded, those trajectories likely include a long pause in the walking, thus the mean
speed is circa zero. Conversely, the maximum speed is circa the cruise walking speed. To
avoid outliers generated by such trajectories we introduce the empiric weighting factor
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M
−1/2
γ that penalizes shorter trajectories.
In general, a sample or a trajectory may yield an outlier for a distribution. For instance,

people running in the MF facility are very rare, although exist, and contribute with high
(outlying) velocity values. Nevertheless, those trajectories are not erroneous by any means.
Considering outliers of joint distributions, e.g. of position and velocities, allows for a
quicker detection of measurement errors (cf. Figure 2.8).
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Chapter 3

Low density pedestrian
dynamics

We give an overview of low density pedestrian dynamics by means of experimental data
recorded in a landing in the Metaforum building at Eindhoven University of Technology.
We discuss the pedestrian motion in terms of a statistical data analysis and focus on fun-
damental diagrams and probability distributions of positions and velocities. We consider
both co-flows and counter-flows.

3.1 Introduction
Pedestrians walking in low density crowds move freely under the guidance of personal de-
sires and necessities (in opposition, e.g., to dense pedestrian streams [HJA07, JHAAAB08]).
In low density conditions, pedestrian motion features a high stochasticity: individuals may
have different target locations, different pace, different speed, and so on. Randomness
may be further increased by external factors of any kind: for instance, an unexpected
event in the environment. The free pedestrian motion may be influenced by the geo-
metry of the walkable area and also by the environment. For example, the preferred
walking side is different in dependence on the cultural environment (as the driving side
is) [MHG+09, BZK14]. Explicit signatures of an “established” walking path, e.g. a worn
trail in the grass, may also bias the choice of the walking direction (cf. [HKM97] and the
related comment on [Hug03]). In general, the stochastic nature of low pedestrian dens-
ity regimes makes them a challenge to treat, and investigations benefit from statistical
analyses (cf. discussion in [Hug03]).

In this chapter, we consider the stochastic motion of pedestrians in a simple scenario in

This chapter is joint work with L. Bruno, A. Muntean and F. Toschi. The content of Sections 3.1-3.4
is published in [CBMT14].
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which typical densities are very low. We analyze experimentally the pedestrian dynamics
in a landing in the Metaforum building at Eindhoven University of Technology (cf. sketch
in Figure 2.2). We approach the motion from a statistical perspective on the basis of
extensive measurements of pedestrian trajectories, laying the foundations for stochastic
models (cf. Chapters 4 and 5). Specifically, we recorded circa 220.000 trajectories within
a year-long experimental campaign (October 2013-October 2014) employing a highly
accurate custom technique (cf. Section 2.6). Our recordings refer to the central portion
of the landing. In particular, our recording window is 1.8m long in span-wise direction
and extends through the whole, 1.2m long, chord (cf. Figure 3.6).

(a) (b)

Figure 3.1: Depth maps (with background subtracted) of the facility in co-flow condition
with load = 2 (a) and in counter-flow condition with load = 5 (b).

We select such a measurement site as the simple, straight, geometry yields a limited
variety of flow scenarios. This allows us to focus on the stochasticity of the walk, as
aspects such as randomness in the target destination or in the task are negligible. In
fact pedestrians cross the landing without any good reason to stop, and just two main
walking directions are possible, from left to right and from right to left (in the reference
of Figure 2.2; for brevity, we often label them (2R) and (2L)).

The following statistical analysis considers the dynamics within and among different
classes characterized by homogeneous flow conditions. In other words, we group our meas-
urements (chiefly, positions and velocities) in sets in which we expect similar pedestrians
behavior. Thus, we compare the sets in statistic terms.

Our first classification criterion is the local occupancy (or load, cf. Figure 3.1), where

load(t) := # pedestrians in the facility at time t. (3.1)

In dependence on the load, we admit three conditions:

(F1,2) Co-flow (2R or 2L). Pedestrians occupying the facility share the same direction
of motion along the span of the facility (x direction), therefore they are “co-flowing”
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Figure 3.2: Time averaged facility load during the 9th of January 2014, from 8AM to
8PM. Running averages of width σ = 1min and σ = 5min are considered.

(either to the right, 2R, or to the left, 2L). The motion is not “symmetric” in the
two directions, as pedestrians in the 2R class have been climbing the stairs, while
pedestrians in the 2L class have been descending.

We determine the direction of motion on the basis of the sign of the average velocity
u in the horizontal (x) direction. Notably, the co-flow condition admits pedestrians
walking alone (i.e. load = 1) as limit case.

(F3) Counter-flow. Pedestrians occupying the facility move in different directions. This
condition admits many sub-cases in dependence on ratio of pedestrians going to the
left and to the right.

In the chapter, we provide an overview of the facility in terms of the daily load (Sec-
tion 3.2). Hence, we compare different flow conditions first employing fundamental dia-
grams (Section 3.3), and then considering probability distribution functions of positions
(Section 3.4). Thus, focusing on pedestrians walking alone, we give insights on path
preferences and velocity distributions (Section 3.5); this allows us to comment on the
occurrence of rare events. We close the chapter with an outlook and discussion of the
results in a modeling perspective (Section 3.6).

3.2 Overview of the daily dynamics
The considered facility features different usage trends depending upon the moment of the
day. We consider the load and its time-averages as primary usage indicators. In Figure 3.2,
we show a day-long time history of the load. This time history presents two peaks: one at
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Figure 3.3: Facility load vs. the hour of the day during the weekdays. We report mean
values (bars) and standard deviations (error bars, data from 109 working days in the period
October 2013 - October 2014).

around 12PM (lunchtime) and another one at around 3PM (break). This usage trend is
homogeneous throughout the different weekdays as shown in Figure 3.3, where we report
hourly averaged load statistics conditioned on the day of the week. From Figure 3.3 we
also notice that the usage is homogeneous across the days of the week with the exception
of Fridays, in which the overall traffic is generally reduced by approximately 20%.

In Figure 3.4(a), we report the load distribution in dependence on the local flow
condition. The scenario in which one pedestrian is present is the most common and,
in this condition, ascending pedestrians (2R) occur more frequently. We have observed
up to five pedestrians simultaneously in co-flow conditions in either directions and with
comparable frequencies. Counter-flows appear to be more frequent whenever more than
three pedestrians occupy the facility; this is not surprising as according to the definition
given counter-flow cases include different combinations of the directions for any load
greater than two. We have observed up to six pedestrians in counter-flow condition.

3.3 Fundamental diagrams

Here we consider a generalized version of the fundamental diagram. As we record a
small area, we adopt the facility load as dependent variable (in place of the conventional
pedestrian density, cf., e.g., [BD11, SS08, VB07]), which we compare with the pedestrian
velocity.

We classify each collected frame in dependence on the load (3.1) and possibly on
the flow condition (F1-F3 in Section 3.1). As an indicator of the “effective” frame-wise
walking speed, we compute the averaged pedestrian speed S̄t for each frame. In formulas
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Figure 3.4: (a) Absolute frequency of load (amount of people in the facility) depending on
the flow condition (co-flow of all pedestrians to the left (cof 2L) or to the right (cof 2R) or
in presence of counter-flowing directions (ctf)). (b) Fundamental diagram: the ensemble-
averaged frame-wise mean pedestrian speed is plotted in dependence on the local facility
load, i.e., the amount of people in the facility (solid line). In formulas, the fundamental
diagram for load l reads E[S̄t|load(t) = l], cf. (3.2). To show the fluctuations around such
average value we consider the ensemble standard deviation. For load l the dotted lines
have value E[S̄t|load(t) = l]± std[S̄t|load(t) = l]. Confidence on the ensemble averages
decreases when the load increases as high load scenarios are less likely to happen; the
error bars portray the standard deviation of the ensemble means evaluated after splitting
the data-set in four even sub-samples (data from 50 working days in the period October
2013 - May 2014).

S̄t reads
S̄t = E[S|time = t], (3.2)

where S is the pedestrian speed (i.e., S =
√
U2 + V 2 in Cartesian coordinates) and t is

the time. We possibly restrict further the evaluation of the expected value in (3.2) only
to those pedestrians that walk in the same direction (to the left or to the right).

Finally, we group all the time instants on the basis of the load and possibly the
flow conditions. Thus, we compute the average value and the standard deviation of S̄n
restricted to each given group.

In Figure 3.4(b), we report a fundamental diagram conditioned only to the load (i.e.
including all possible flow conditions F1-F3). The diagram, consistently with other ex-
perimental fundamental diagrams (cf., e.g., [SS08]), shows a decreasing trend as the
load increases; moreover, it exhibits an approximately linear behavior. Pedestrians aver-
age speed drops from circa 0.92m/s - in the single pedestrian case - to approximately
0.68m/s - in the most loaded condition observed. We observe standard deviations de-
creasing from 0.23m/s to 0.15m/s when the load increases. These fluctuations are likely
a consequence of the intrinsic variabilities of the dynamics of pedestrians.

Qualitative and quantitative changes in the fundamental diagram emerge when we
apply finer restrictions on the local flow (F1-F3). First, fundamental diagrams in co-flow
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Figure 3.5: Fundamental diagrams conditioned to the local flow. The ensemble-averaged
frame-wise mean pedestrian speed is plotted in dependence of the local load, in co-flow
(all pedestrians have the same direction, cof) condition and in counter-flow condition (at
least two pedestrians have different directions, ctf). Both cases of pedestrians going to
the left (2L) and to the right (2R) are considered. (a) Counter-flow cases are considered
independently on the direction; (b) counter-flow cases are considered dependently on the
direction. Fundamental diagrams have been slightly shifted on the load axis (which can
assume only integer values) for enhanced readability. Confidence on the ensemble mean
values decreases as the load increases as high load are less likely to happen; the error
bars portray the standard deviation of the ensemble means evaluated after splitting the
data-set in four even sub-samples. As the condition of co-flow with load = 5 is very
unlikely to happen just few measurements have been collected, hence the large statistical
error (data from 50 working days in the period October 2013 - May 2014).

conditions differ one another - see Figure 3.5(a)). This reflects a “broken symmetry”
relative to the walking direction. Pedestrians moving toward the left side walk faster on
average. The facility under consideration is a landing, therefore pedestrians moving to the
left have been descending the ramps. Contrarily, pedestrians walking to the right have
been climbing, hence, are likely walking slower.

When the counter-flow condition is considered, we observe an effective speed which,
for low values of the load, lies in between the two co-flow cases. This may also be the
case at larger loads if one considers the larger statistics errors present for cases with more
than four pedestrians.

Remarkably if we isolate pedestrians on the basis of their direction also in counter-
flow conditions, we can see that velocities in the counter-flow cases are always higher
or equal than the co-flow cases with the same load (see Figure 3.5(b)). This suggests
that the presence of counter-flows triggers a sort of self-organization which increases the
overall performances in terms of effective speed. Similar effects have been observed also
in [KGK+06], where pedestrian fluxes in counter-flows have been measured to be higher
than the fluxes in analogous co-flow conditions.
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Figure 3.6: Heat maps, i.e. probability distribution functions, of pedestrians head position.
The maps consider single pedestrians going to the left (a) and to the right (b). Low
probability positions are in blue, high probability positions are in red (data from 109
working days in the period October 2013 - October 2014).

3.4 Heat maps

Here we analyze how pedestrians positions (X,Y ) distribute in probability depending on
the flow class. Our observations are restricted to the case of pedestrians walking alone
and the to the case of two pedestrians in counter-flow, on which higher statistics are
available.

We report the joint probability distribution functions of positions as heat maps. De
facto, these maps express which portions of the floor are walked on with higher frequency.
Since the facility is globally U-shaped, heat maps show a curved trend. Moreover, the
shape of the heat maps presents a dependence on the walking direction as well as on the
local traffic conditions.

In Figure 3.6, we report the heat maps referring to pedestrians walking alone either
from the left to the right side of the facility (Figure 3.6(a)) or vice versa (Figure 3.6(b)).
Pedestrian positions heavily concentrate in a thin layer (say l = l(x)) of approximate
width of circa 20 cm.

To compare heat maps with greater ease, we consider a simplified version containing
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Figure 3.7: (a) Simplified heat maps referring to single pedestrians going left (2L, blue)
and right (2R, red); (b) heat maps from (a) are superimposed by a vertical shift in
upward direction of the 2R map (red, ∆y = 0.09m). The maps feature no qualitative
difference than the vertical (chord-wise) translation (data from 109 working days in the
period October 2013 - October 2014).
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Figure 3.8: Heat maps conditioned to the flow. Synthetic heat maps of pedestrians going
left (a) and right (b) are compared for the single pedestrian case (sin, blue) and the two
pedestrians counter-flow case (ctf, green). The vertical shift is determined by the flow
condition (data from 109 working days in the period October 2013 - October 2014).

just the layer boundaries. Specifically, for each chord-wise section of the facility x, we
evaluate local means and local standard deviations of positions, respectively E[Y |X = x]
and std[Y |X = x] (for the notation, cf. (2.7)). Hence, section by section we approximate
l = l(x) as

l(x) ≈ {y : |y − E[Y |X = x]| ≤ std[Y |X = x]} . (3.3)

In Figure 3.7(a), we report simplified heat maps for single pedestrians. Notably, pedestri-
ans, even if free to occupy every region of the corridor, appear “naturally” to walk slightly
closer to the wall placed at the relative right hand side. No further qualitative difference
within the geometry of the thin layer is observed (cf. comparison in Figure 3.7(b)).

This natural tendency of keeping the right gets heavily emphasized in presence of a
second pedestrians having opposite direction with respect to the observed one, i.e., in the
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simplest counter-flow condition. Specifically we here refer to conditions in which load = 2
and the average span-wise velocities in the of pedestrians involved have opposite signs;
note, that if the velocity and load constraints are respected, this includes pedestrians
from both conditions (b) and (c) in Figure 2.7. In Figure 3.8(a) and (b), the heat maps
of single pedestrians are compared with the analogous ones in counter-flow conditions.
Pedestrians positions appear pushed to the (relative) right hand side, in close contact with
the wall. This reflects the presence of a will for mutual avoidance, which features stronger
lateral bias than the single pedestrian case; de facto in our data, mutual overcoming at
the relative left occurred just twice.

As a final note, we mention that in each of the considered cases, pedestrian positions
concentrate in thin bands. Hence, in a sense, a preferred path {x, yp(x)} must exist,
around which pedestrians oscillate during their walk. We take for such a path the local
axis of the band l(x), i.e.

yp(x) = E[Y |X = x]. (3.4)

Having defined a preferred path, we can consider the positions of pedestrians in reference
to it. For simplicity, we consider the transversal distance from the path as

y′(x, y) = y − yp(x). (3.5)

The concepts in (3.4) and (3.5), which are enough for the content of the next section,
are further expanded and used in Chapters 4 and 5 (cf. Section 4.3).

3.5 Walking beyond the average
In the Sections 3.3 and 3.4, we considered experimental data to compute average values
of observables or possibly their standard deviation. Thanks to our extensive database,
we can go beyond those evaluations investigating the full probability distributions. In
this section, we focus on the single pedestrian case. As we go deeper in the level of
investigation, we need to “strengthen” our data selection procedure. In particular, from
now on, we consider those pedestrians that walked alone (load = 1) for the whole extension
of their appearance in our observation window. This means that each one of the samples
considered will be taken from a trajectory which verifies the condition of unitary load
during its entire time span (cf. Figure 2.7(a)). In this sense, here we deal with pedestrians
walking undisturbed. In this context, we study the position distributions of undisturbed
pedestrians (Section 3.5.1) and their velocity distributions (Section 3.5.2).

3.5.1 Structure of the transversal fluctuation
Here we inquire in detail how pedestrian positions are distributed for undisturbed ped-
estrians. Differently from the heat map approach, here we consider only the transversal
position with respect to the preferred path (3.4), i.e. the variable Y ′ (cf. (3.5)). In
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Figure 3.9, we report the probability distribution Y ′, separately for pedestrians going to
the left and to the right. These exhibit a Gaussian-like behavior, with visible deviations at
the tails related to pedestrians moving away from the main walking path (cf. spots away
from where the probability concentrates in Figure 3.6).

(a) (b)

Figure 3.9: Probability distribution functions of Y ′ (cf. (4.6)) in the cases of undisturbed
pedestrians going left (2L, a) and right (2R, b). The distribution of Y ′ has a good
agreement with P̂

Ỹ ′
? P̂

Y
′ (cf. (3.9)), i.e. with the distribution obtained via a convolution

of the laws of Y ′ (cf. (3.6)) and of Ỹ ′ (cf. (3.7)). The distributions of Y ′ and of Ỹ ′ are
separately shown in the insets (data from 109 working days in the period October 2013 -
October 2014).

As a next step, we wonder how the overall distribution of Y ′ relates to the different
variabilities involved in the data set. We expect two types of variability: a variability
among different pedestrians (inter-subject variability [RPB09]), and a variability in the
motion of each pedestrian (intra-subject variability [RPB09], cf. also Chapter 10 and
further references therein). We quantify the first one in terms of personal mean chord-
wise position, i.e.

y′ = 1
tf − ti

ˆ
[ti,tf ]

y′(t)dt, (3.6)

where ti and tf are the initial and final time instant of the considered trajectory. While
we quantify the second one as the personal fluctuation around y′

ỹ′ = y′ − y′. (3.7)

We report the distributions of (3.6) and (3.7) as insets in Figure 3.9 (we remark that
in the case (3.6) we consider one observable per trajectory, while in the case (3.7) every
trajectory contributes with as many observations as the samples of the trajectory itself).
In the proximity of the preferred path, say for |y′| < 0.4m, the considered inter-subject
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and intra-subject variabilities show an interesting structural property of quasi mutual
independence. We make it explicit by experimentally ruling out the relations among the
random quantities Y ′, Y ′ and Ỹ ′. By the total probability law, Y ′ admits the following
decomposition

P[Y ′ = ξ] =
ˆ
P[Y ′ = ξ|Y ′ = η] P[Y ′ = η]dη

=
ˆ
P[Ỹ ′ = ξ − η|Y ′ = η] P[Y ′ = η]dη.

(3.8)

Specifically, in case of an independence of Ỹ ′ on Y ′, the fluctuation Ỹ ′ satisfies

P[Ỹ ′ = ξ − η] = P[Ỹ ′ = ξ − η|Y ′ = η] for all η ∈ R,

and hence, (3.8) becomes a convolution - in symbols

P[Y ′ = ξ] ≈ (P̂
Ỹ ′
? P̂

Y
′)(ξ), (3.9)

where P̂
Ỹ ′

and P̂
Y
′ are the probability distribution functions of Ỹ ′ and Y ′, and ? is the

convolution operator. This property is consistent with the comparison in Figure 3.9: away
from the tails the convolution structure (3.9) reproduces well the law of Y ′.

3.5.2 Velocity distributions and rare events

Pedestrian trajectories in the landing are slightly curved because of the influence of the
U-shape geometry (cf. Figures 3.6 and 2.6). In a sense that we will formally specify in
Section 4.3, we can decompose pedestrians’ velocity into a component that is (locally)
parallel to the main walking direction and a component that is (locally) transversal to the
main walking direction. We name these components respectively wτ and wn (see (4.7)-
(4.9)). In Figure 3.10 we report, separately for pedestrians going to the left and to the
right, the probability distribution functions of these velocity components. Basic statistics,
in turn, are reported in Table 3.1. Here, we determine the ultimate direction on the basis
of the entrance position (thus a pedestrian entering on the left hand side is classified as
a pedestrian going to the right).

While the probability distribution function of wn appears nearly Gaussian, the distri-
bution of wτ is skewed. wτ has a Gaussian decay around the modal value, however it
shows a significant negative tail and a peak around zero. The negative velocity tail and
the peak around zero follow from rare events. Pedestrians going in either directions, in
fact, might decide to invert their trajectories making a U-turn. After a U-turn the sign of
the longitudinal velocity is inverted, thus the negative values in the velocity distribution.
Another possibility is that a pedestrian stops. This provides contributions at wτ ≈ 0.

A remark on the actual numerical values is due. In Table 3.1, we report values of the
average velocity slightly higher than those in Figure 3.5 for unitary loads. This difference
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Figure 3.10: Probability distribution function of the longitudinal (Wτ ) and transversal
(Wn) velocities measured experimentally for pedestrians going to the left (2L, a) and to
the right (2R, b). For ease of comparison the average and modal value of the transversal
velocity (Wn = 0) is translated and aligned with the modal value of the longitudinal
velocity (data from 109 working days in the period October 2013 - October 2014).

depends on the choice of considering contributions from undisturbed pedestrians rather
than from any circumstance in which the load is unitary. In fact, the sole consideration
of the load (that is necessary to draw fundamental diagrams) may include portions of
trajectories that have resented from the presence of other pedestrians (e.g. that just
disappeared from the camera, cf. cases (b) and (c) in Figure 2.7). Consistently with our
discussion in Section 3.3, pedestrians going to the right walk slower than the ones going
to the left.

E[Y ′] std[Y ′] E[Wτ ] std[Wτ ] E[Wn] std[Wn]
[m] [m] [m/s] [m/s] [m/s] [m/s]

2L 0 0.094 1.028 0.188 0 0.119
2R 0 0.091 0.950 0.174 0 0.109

Table 3.1: Selected statistics about positions and velocities of undisturbed pedestrians.
Pedestrians going to the left are labeled with 2L, pedestrians going to the right are labeled
with 2R.

3.6 Discussion
By means of an innovative technical infrastructure, we collected unprecedented high-
statistics and high-quality data on the dynamics of pedestrians walking in a landing in
Eindhoven University of Technology. These measurements, of which we provided an
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overview via ensemble analyses, refer to low pedestrian density regimes.
From the phenomenological perspective, the recorded trajectories display different flow

conditions, from the undisturbed pedestrian case, to the co-flow or the counter-flow cases
which involve many pedestrians. The facility is mostly used around lunch hours; the load
is homogeneous across the weekdays with the exception for Fridays, when a 20% reduction
of the traffic is noticeable. Most frequently, just one pedestrian is present in the facility;
nonetheless, up to five pedestrians have been recorded while walking in co-flow and up to
six in counter-flow. As a consequence, very rich statistics have been collected for loads
smaller or equal than four, but not enough for loads corresponding to five or larger number
of pedestrians.

We treated the data in a statistical fashion including various kinds of flow-conditioned
observations. Specifically, we evaluated velocities and positions in dependence of the
local flow, considering standard approach such as the fundamental diagram as well as full
probability distribution functions. From our observations we notice the following effects:

(i) pedestrian speeds measured in co-flow are higher for descending pedestrians than
for ascending ones (at least up to load four, where statistically significant estimates
of speeds have been obtained). The relative difference in velocity is small, although
significant. This is likely due to the higher tiredness of ascending pedestrians. Nev-
ertheless, to provide a solid conclusion in this sense, we would require to monitor
a facility with more than one floor. Hence we would expect larger and larger ve-
locity differences when reaching higher levels. Finally, people ascending the stairs
come from the canteen. Hence, they may carry a lunch trey which can influence the
dynamics;

(ii) in dependence on the direction a bias in the position toward the relative right is
observed, which varies in dependence on the flow conditions. Such lateral biases have
been observed in previous studies, and a dependence on the cultural environment
and on social customs has been suggested [MHG+09]. In particular, the laboratory
study [MHG+09] held in France reported avoidance keeping the relative right, while
real life study [BZK14] held in Japan (left-hand-drive) reported avoidance keeping
the relative left. However, none of these studies reported a preference of undisturbed
pedestrians at maintaining the relative right. Nevertheless, this can be a consequence
of the U-shaped geometry of the facility in at least two ways: (i) pedestrians have
limited visibility, therefore they prefer to maintain the right side in “preparation”
of eventual avoidance maneuvers; (ii) descending pedestrians globally perform a
counterclockwise turn, while ascending pedestrians perform a clockwise turn; the
favored side might be altered in case of opposite turning (i.e. in case of a “mirrored”
facility);

(iii) pedestrian speeds measured in counter-flows are higher than in co-flows for corres-
ponding values of the load. Higher transport performances in terms of flux during
counter-flows have been observed experimentally, e.g. in [KGK+06]. This fact is
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ascribed to the spontaneous organization of pedestrians in lanes e.g. by [KGK+06].
This is in line with the avoidance regime established in case of pairs which we can
see via the heat maps;

(iv) the distribution of the average transversal position Y ′ has decaying trend centered
around y′ = 0. This decay necessarily follows the confined geometry. In fact, in
larger corridor, we would rather expect a nearly flat distribution (cf. Figure 6.1);

(v) the distributions of the tangential velocity shows a skewed shape. This follows from
rare events such as trajectories inversions and sudden pauses.
The modeling of this dynamics with the inclusion of the rare events is the main
topic of Chapter 4. As we see in Figure 3.10, the difference in terms of velocity
probability distribution functions of pedestrians going to the left and to the right
is quite small. Therefore, in Chapter 4 we will neglect it to focus on the velocity
inversion phenomenology.



Chapter 4

Dynamics of individual
pedestrians

We study the motion of pedestrians that walk alone without the influence of surrounding
pedestrians, as it happens in very “diluted” crowds. Specifically, via the experimental data
collected at the Metaforum site (cf. Chapter 3), we explore the stochastic fluctuations
that these pedestrians exhibit while walking around a mean “preferred” path.

We propose a Langevin-like model that, within measurement accuracy, reproduces
quantitatively such stochastic fluctuations up to rare events.

4.1 Introduction
A key feature of human crowds is their intrinsically stochastic dynamics that reflects the
large variability in the behavior of individuals. Pedestrians actively and arbitrarily adapt
their motion in dependence of own desires and local crowding. Thus, individual trajectories
are always different from one another, exhibiting different extents of fluctuations around
average behaviors. Both diluted and dense crowd conditions show fluctuations: in diluted
crowds, the free will and spatial freedom of individuals may yield trajectories unpredictably
different e.g. from straight trajectories in rectilinear corridors. On the contrary, at very
high density levels, random and irregular motions may perturb the laminar, fluid-like,
crowd flow [HM12]. These motions, framing a chaotic condition [HJA07], follow random
stumbles and mutual collisions, propagated and magnified by the high density regime.

A systematic analysis of such stochasticity appears a necessity if one aims at quant-
itative crowd models. For instance, in [YJ07] corrections to the established social force
model (cf. Section 2.3 and references therein) have been proposed to reproduce turbulent
features measured in [HJA07]. However, as far as low crowd densities are concerned,

The content of this chapter is intended to be submitted for publication and is done in collaboration
with C. M. Lee, R. Benzi, A. Muntean and F. Toschi.
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a characterization of the stochasticity and relative modeling yet appears to be missing.
Likely, this is a consequence of the technical requirements and measurement conditions
needed for a proper characterization (cf. Sections 2.1-2.2 and references therein). In par-
ticular, for the case of low crowd conditions, we wonder: can we disentangle fluctuations
from average behaviors? Can we model them? Can we identify and reproduce rare events?
For the time being, stochasticity is modeled assuming random forcing [HM95], or random
model parameters (cf., e.g., [HD07]). A systematic experimental analysis would hence
help in the selection of the stochastic perturbations, as well as in framing rare events.

In this chapter, we analyze the behavior of pedestrians walking undisturbed by peers in
the Metaforum landing, thus as in a very diluted crowd (see also Chapter 3 for comments
on the general phenomenology and Sections 2.5-2.6 for technical details). In this scenario
the motion of pedestrians is simple, i.e. pedestrians simply walk through the landing, yet
it exhibits small and large stochastic fluctuations. De facto, the only freedom available is
to enter/exit from a (limited) region L (left) and to, respectively, exit/enter from another
(limited) region R (right) (cf. Figures 2.1, 2.2 and 2.6 for a reference). Furthermore, each
individual has no particular motivation to stop walking: no picture, no window or other
possible disturbances are present in the corridor. Hence, the ultimate direction allows us
to identify two classes of pedestrians: L → R or, vice versa, R → L. Rarely, U-turning
trajectories are observed, i.e. class transitions may occur.

Considering these rare events, we wonder if the probability of a U-turn can be quant-
itatively explained within the same (small) fluctuations in the ordinary walk. At first, this
may seem an impossible point, as our rare events may be due to external factors of any
sort (e.g. receiving a phone call). However, external effects are always present, even when
crossing the landing from one side to the other. These effects, among others, can induce
larger and larger velocity oscillations that may eventually yield U-turns. If this picture is
correct, we should be able to compute quantitatively the probability of U-turns on the
basis of a measure of the external stochastic perturbation.

In this chapter, we model the pedestrian dynamics via a Langevin-like model (cf.,
e.g., the review [RBE+12]), and we show that within measurements accuracy we are able
to reproduce fluctuations up to rare events. We expect analogous dynamics in generic
low density crowds, at least when the pedestrian density is low enough to make mutual
interactions negligible.

The present chapter is structured as follows: in Section 4.2, on the basis of the simple
dynamics expected in the landing, we formulate the Langevin-like model; in Section 4.3,
we construct the experimental observables to be compared with the simulated dynamics.
In Section 4.4, we calibrate the model parameters considering the observed stationary
distributions of the observables and related correlation functions; Section 4.5 tests the
models against the statistics of rare events; in Section 4.6 we provide a primer of the
algorithm used in the simulations. We close the chapter with the discussion Section 4.7
about conceptual and technical implications of the model derived.
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4.2 Conceptual model for the longitudinal dynamics

Given a single pedestrian walking undisturbed, let Wτ be the component of his or her
velocity in the walking direction (we postpone a more formal definition to Section 4.3).
From Figure 3.10 and Table 3.1, we know that the differences in the walking velocity for
the class L→ R and L→ R are small, and thus we neglect them here. We assume each
pedestrian to walk within the class L→ R (possibly after a mirroring) with a longitudinal
velocity fluctuating (under the action of external influences) around a given value ±up
(where up ≈ 1m/s, cf. Table 3.1). We model the longitudinal motion in Langevin-like
perspective, thus we write

dWτ

dt
= −∂ΦWτ

∂wτ
+ θτη(t), (4.1)

where ΦWτ
is a velocity potential (identifying, in the contest of modeling active living

systems, a so-called active friction [RBE+12]), θ2
τ is the variance of the noise and η(t)

is a δ-correlated white noise (a non-mandatory, however rather standard assumption in
this context, see, e.g. [RBE+12]). From the previous assumption, we expect ±up to be
equilibrium states of the velocity, thus of ΦWτ

. Furthermore, because of the symmetry of
the two walking directions, wτ = 0 must be a stationary state of ΦWτ . Based on these
considerations, a reasonable choice for ΦWτ

(not exactly true as we shall see below) is

ΦWτ
(wτ ) = α(w2

τ − u2
p)2, (4.2)

for some positive value of α.
In the direction transversal to the walk, we expect confined fluctuations. Hence, let

Wn be the transversal velocity and let Y ′, Ẏ ′ = Wn, be the transversal distance with
respect to the preferred path of the pedestrian (the “guiding center” of the transversal
fluctuations, cf. Sections 3.4 and 3.5). We assume a transversal motion decoupled from
the longitudinal one, and, in a Langevin-like setting, we write

dWn

dt
= −∂ΦWn

∂wn
− ∂ΨY ′

∂y′
+ θnη(t), (4.3)

where ΦWn
is a velocity potential in the transversal direction and ΨY ′ is a position

potential. Doing a minimal choice, we adopt a linear Langevin dynamics with an harmonic
confining potential, i.e.

ΦWn
(wn) = γw2

n and ΨY ′(y′) = β(y′)2. (4.4)

The first term in (4.4) yields a linear friction in transversal direction, thus a relaxation
toward zero transversal velocities (i.e. the transversal velocity dynamics occurs within
a single potential well). The second term in (4.4) yields restoration forces in case the
transversal position is far apart from the preferred path.
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4.3 Relevant experimental dynamics

Equations (4.1)-(4.3) build a model for the longitudinal and transversal velocity of a
walking pedestrian assuming the presence of a reference direction, or a preferred path.
As the measured pedestrian trajectories are influenced by the U-shape of the landing
(cf. Figure 2.6), the definition of the experimental quantities (longitudinal/transversal
velocities and positions) to be compared with the model is non trivial and is the core
matter of this section.
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Figure 4.1: Average velocity fields for pedestrian going left (2L, a) and to the right (2R,
b) Γτ (cf. (4.7)). These fields, once normalized, define the local longitudinal direction of
the flow.

Our observations in Section 3.4 indicate that undisturbed pedestrians cross the corridor
maintaining a trajectory that most likely fluctuates within a thin slightly curved layer
developing through the corridor span (shown in terms of a heat map in Figure 3.6).
Pedestrians going left and right show quantitatively identical behavior (cf. Figure 3.7(a))
but a small vertical offset (of circa 9 cm, cf. Figure 3.7(b)). Furthermore (cf. also
Section 3.6), we conjectured that pedestrians desire to keep their position within this
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layer (as suggested by the positions distributions), and in particular that the center of
such layer is their preferred path. Profiting for the presence of a main, almost straight,
walking direction (the horizontal direction in Figure 2.6), we estimate the preferred path
as function of the horizontal coordinate x, as

yp(x) = E[Y |X = x] (4.5)

(cf. (2.7) for the notation). Having set the yp reference, for a pedestrian in position (x, y)
we compute the distance y′ with respect to the reference path as

y′(x, y) = y − yp(x), (4.6)

which in a further approximation, neglects the curvature of yp. Equivalently, we can say
that the coordinate system (x, y′) provides an approximated “rectified” version of the
corridor.

In (4.1) and (4.3) we considered the components of the pedestrian velocity that are
longitudinal and transversal with respect to the walking direction (Wτ and Wn). To
provide an expression of these components in our experimental context, and compensate
for the effect of the geometry, we evaluate the velocities in a point-wise orthogonal co-
ordinate system defined by the pedestrian motion itself. For every point (x, y) of the
domain, and separately considering the classes of pedestrians going left and right, let
Γτ (x, y) be the local average pedestrian velocity, i.e.

Γτ (x, y) = E[(U, V )|X = x, Y = y], (4.7)

where (U, V ) are the (random) components of the local pedestrian velocity (cf. Figure 4.1
and (2.7) for the notation). From (4.7), we introduce a local orthogonal coordinate system
eτ (x, y) (the local longitudinal direction), en(x, y) (the local transversal direction) defined
as

eτ (x, y) = Γτ (x, y)/|Γτ (x, y)| and en = ±Jeτ (x, y). (4.8)

In (4.8), the sign in front of the 90o counterclockwise rotation matrix J is such that en
points out in the direction of the average rotation center of the trajectories (the inner
part of the landing). We use the local directions eτ and en as a local base and thus the
longitudinal and transversal components of (u, v) at (x, y) are, respectively,

wτ = (u, v) · eτ (x, y)
wn = (u, v) · en(x, y).

(4.9)

In the following comparisons between model and measurements we neglect the differ-
ences between the class of pedestrians going to the left and the class of pedestrians going
to the right. Hence, we consider a single set of trajectories, say T 1 (cf. Section 2.5),
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which contains samples from trajectories independently of the direction, possibly after a
suitable mirroring (in our case we mirror the trajectories going to the right to obtain a
homogeneous set of trajectories going to the left hand side). As a result, T 1 is a set of
72376 trajectories of which 32794 are originally directed to the left (set T 1

L ) and 39582
are originally directed to the right (set T 1

R).
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Figure 4.2: Distribution (heat map) of positions of undisturbed pedestrians. The distribu-
tion includes contributions from trajectories going left and right (following the weighting
in (4.10), to ensure equal contribution from the two trajectory classes).

To ensure a fair comparison with quantities related to T 1, we weight evenly the
contributions from T 1

L and T 1
R . This means that we compute the probability distribution

of a generic quantity Ξ as

P[Ξ ∈ [ξ0, ξ1]|T 1] = P[Ξ ∈ [ξ0, ξ1]|T 1
L ] |T

1
R |
|T 1|

+ P[Ξ ∈ [ξ0, ξ1]|T 1
R ] |T

1
L |
|T 1|

, (4.10)

where |T | is the cardinality of the set T .

In the following, we read experimental probabilities in a histogram-like (or kernel-
density-like) fashion to estimate probability densities. This means that we employ (4.10)
being ξ0 and ξ1 values close to each other. For readability, we shall indicate the experi-
mental probability distribution of Ξ as P̂Ξ(ξ) which is a shorthand for P[Ξ ∈ [ξ0, ξ1]|T 1],
where ξ0 < ξ < ξ1 = ξ0 + ε, for some small binning parameter ε (cf. discussion in
Section 2.5).

As an example, in Figure 4.2 we report the probability distribution of the pedestrian
positions (X,Y ) from T 1 (P̂(X,Y )(x, y)). Consistently with Figures 3.6, 3.7, and the
background of 4.1, the left-right merging operation yields a slightly larger layer in which
positions concentrate.
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4.4 Langevin hypothesis and potentials
Here, we verify the consistency of the measured pedestrian motion with the Langevin-
like dynamics (4.1)-(4.3). The forthcoming comparison between experimental data and
modeled dynamics yields a calibration procedure for each one of the model parameters.

The cornerstones of the comparison are the stationary probability distribution functions
and the time correlation functions of positions and velocities. In stationary regime, the
pedestrian velocity (4.1) follows the probability distribution1

PWτ (wτ ) = P[Wτ = wτ ] ∝ exp
(
−ΦWτ (wτ )

θ2
τ/2

)
∝ exp(−R(w4

τ − 2w2
τu

2
p)), (4.11)

where R = 2α/θ2
τ is the sole parameters of the distribution (notably, from Kramer’s es-

timate [Kra40], the probability of a rare event scales as PWτ (0)/PWτ (up) = exp(−Ru4
p)).

Analogously to (4.11), the stationary probability distribution for (4.3) reads

PWτ ,Y ′(wn, y′) = PWτ
(wn)PY ′(y′) ∝ exp

(
−Φwn(wn)

θ2/2 − 2βΨy′(y′)
θ2/2

)
. (4.12)

In our context, where the statistic resolution is given by the repeated crossings of
pedestrians, we read the time correlation as follows. Let t0 and t1 > t0 be two time
instants defined in reference to the entrance time of a given pedestrian (say, t = 0), the
time correlation ČΞ(t0, t1) for a generic quantity Ξ is

ČΞ(t0, t1) = E[Ξ̃t0 Ξ̃t1 |T 1]− E[Ξ̃t1 |T 1]E[Ξ̃t1 |T 1])]√
E[(Ξ̃t0 − E[Ξ̃t0 ])2|T 1] · E[(Ξ̃t1 − E[Ξ̃t1 ])2|T 1]

, (4.13)

where

• Ξ̃ corresponds to Ξ once deprived of its average value computed along the trajectory
the given realization belongs to;

• Ξ̃ti selects among the realizations of Ξ̃ those occurring after a time ti from the
appearance of the pedestrian in the recording window2.

As we observe pedestrians within a limited time span (the average crossing time is Tc ≈
Lw/up = 1.8 s, where Lw ≈ 1.8m is the spatial length of the observation window), in
the following we set t0 = 0. Hence, we call C(t1) = Č(0, t1).

Let us consider the transversal dynamics first. If (4.3) is correct, from (4.12) we expect
the probability distribution of transversal velocities Wn and positions Y ′ to be Gaussian.

1In other terms, (4.11) is a stationary solution of the Fokker-Planck equation of the dynamics (4.1).
For a reference, cf., e.g., [Ris84, RBE+12].

2Therefore, consistently with notation (2.6), we could write E[Ξ̃ti ] = E[Ξ̃|T = ti], being T the time
elapsed from the appearance of a pedestrian.
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Figure 4.3: Comparison of measured and modeled distribution of transversal position y′
(a) and transversal velocity wn (b). Gaussian fluctuations around the mean are measured
in the case of both positions and velocities. A deviating tail behavior is present in the
distribution of y′ caused, e.g., by rare stopping events not under investigation here (cf.
sporadic dots in the heat map in Figure 4.2). Gaussian fluctuations in y′ and wn are
reproduced by the model (cf. distributions in (4.12)).
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Figure 4.4: Normalized time correlation function of the transversal displacement y′. The
exact trend (4.16) for the Langevin motion (4.3) is compared with the measurements
(via (4.13)) and with the simulated values.

We report the experimental distributions of Wn and Y ′, say P̂Wn
and P̂Y ′ , in Figure 4.3.

Beside small deviations in the tails of P̂Y ′ (cf. Section 3.5.1), both distribution show the
expected trend. Furthermore, from (4.12), it holds

− log(P̂Y ′(y′)) ≈ 4βγ
θ2
n

(y′)2 +Ky′ (4.14)
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and
− log(P̂Wn(wn)) ≈ 2 γ

θ2
n

w2
n +Kwn , (4.15)

where Ky′ and Kwn are known normalization constants. Hence from a fitting of left hand
side of (4.14) and (4.15) we can estimate the ratios βγ/θ2

n and γ/θ2
n, thus β.

Up to a scaling factor, the correlation of the transversal fluctuation Y ′ reads (cf.,
e.g., [Sjö15]):

CY ′(t1) ∝ exp
(
− t1
γ

)(
cosωt1 −

γ

ω
sinωt1

)
, (4.16)

where the frequency ω satisfies
ω =

√
2β − γ2.

Thus, via (4.16), (4.14) and (4.15), we can estimate γ, β and θn. In Figure 4.4, we
report the measured time correlation of Y ′ in comparison with (4.16) and with simulation
results (evaluated via (4.13), cf. also Section 4.6).
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Figure 4.5: (a) Comparison between the measured double well potential of longitudinal
velocity wτ (via (4.17)) and the related fit of (4.11). The fit aims at reproducing the
height of the potential barrier, neglecting the stable state at wτ ≈ 0. (b) Probability
distribution functions of longitudinal velocity wτ . The distribution appears skewed with
a negative tail following the “rare” velocity inversion events. The simulated dynamics
captures the entity of the fluctuation as well as the negative velocity tail within the
discussed approximation (neglected high velocity behavior and “pauses”, cf. Sections 4.4
and 3.5.2).

We check our hypothesis on the longitudinal dynamics (4.1) in slight analogy to (4.14)-
(4.15). From the hypothesis of left-right symmetry and (4.11), we expect

− log
(
P̂Wτ

(wτ ) + P̂Wτ
(−wτ )

2

)
≈ R(w4

τ − 2w2
τu

2
p)) +Kwτ , (4.17)
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where Kwτ is a known constant, hence we can determine R. Note that, consistently with
rare inversion events, the experimental distribution of wτ is skewed (cf. Figure 4.6(b) and
Section 3.5.2), hence the “symmetrization” in the left hand side of (4.17) is necessary
to obtain a double well-like shape. From the comparison in Figure 4.5(a), we observe
that (i) at large longitudinal velocities, our fit quality is poor; (ii) the state wτ ≈ 0
appears stable, while two unstable points at |wτ | ≈ 0.2m/s are present. The point (i)
is minor, as the high velocity values are rare and thus we ignore them. For point (ii),
we opt to neglect the small probability of an agent assuming the stable state wτ ≈ 0
beyond what predicted by (4.1) (in any case, this state would hold for a time interval
two order of magnitude smaller than the scale time required for rare events). Hence,
without complicating our model, we fit R such that the height of the potential barrier of
R(w4

τ−2w2
τu

2
p) at wτ = 0 corresponds to the height of the two experimental local maxima

at |wτ | ≈ 0.2m/s (cf. Figure (4.17)(a), this preserves the aforementioned Kramer’s rare
event probability estimate).
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Figure 4.6: Normalized time correlation function of the longitudinal velocity wτ . The finite
size of the corridor yields a deviation from the exponentially decaying trend (4.18). From
simulations of (4.1) within a finite corridor sharing the same length with the considered
observation window, we expect the correlation to be consistent with CaWτ

for small times
only (t1 < 1.5 s). The measured time correlation (via (4.13)) decays fluctuating around
CaWτ

(t1) with larger discrepancies after t1 > 0.75 s. Following the exponential decay at
small times we fit TWτ

≈ (8αu2
p)−1.

Finally, we consider the correlation function of the longitudinal velocity CWτ . Inver-
sion events are rare (cf. Figure 4.5(b)), hence, in first approximation we can consider
the dynamics in the surroundings of up. This way, we approximate the double well dy-
namics (4.1) via a linear damping (i.e. via a single “quadratic” well). In this setting,
the correlation function of the longitudinal velocity can be written analytically as (see,
e.g., [Sjö15]):

CaWτ
(t1) ∝ exp

(
− t1
TWτ

)
, (4.18)
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where the characteristic correlation time TWτ
satisfies TWτ

= (8αu2
p)−1. Hence, beside

finite size effects (see comparison with simulated values in Figure 4.6), via the decay of
the correlation we can estimate α and thus get θτ via (4.17) and the value of R.

Remarkably, the values of θn and θτ obtained this way via independent measurements
are close one another. Although the noise variances in longitudinal and normal direction
are not constrained to be the same, it is reasonable to argue that velocity fluctuations
should be similar, as we found. Moreover, the correlation times of the longitudinal and
transversal velocity (i.e. TWτ

and TWn
= (2γ)−1) are very close to one another (respect-

ively 2 s and 2.4 s). We consider the closeness of the variance and correlation times as a
non trivial consistency check of the model.

α β γ θn ≈ θτ up
[s/m2] [1/s2] [1/s] [m/s3/2] [m/s]
0.0625 1.635 0.207 0.16 0.99

Table 4.1: Model parameters estimated following the procedure in Section 4.4 and em-
ployed in the simulations.

4.5 Rare events

We are now able to address the last and more challenging step in our study, namely the
analysis of rare events. To perform a fare comparison between our theoretical approach
and the experimental data, we simulate (cf. Section 4.6) repeated pedestrian crossings
of which we consider the velocity distribution. Rare events should corresponds to tails
in the probability distribution reaching the state u = −up. The comparison between the
two probability distribution is done in Figure 4.5(b). Although there is a discrepancy at
wτ ≈ 0 (as expected), the overall comparison is extremely good.

We also wonder if we can reproduce the statistics of the rare inversion events. Sim-
ulating (4.1) over a long time horizon, we can measure the inversion time τi, i.e., the
time needed to leave a “velocity” well (defined via a crossing of the state wn = 0).
Employing the parameters in Table 4.1, we find that the average value of τi is circa
1000 s (distributed nearly exponentially as expected due to the fact that inversion events
are uncorrelated). In the Metaforum landing, pedestrians are independent one another,
hence we conjecture that the statistics on τi must be reproduced in some form from the
repeated pedestrian crossings. In particular, we expect a velocity inversion to manifest
approximately once every E[τi]/Tc pedestrians. In other words, let Ni the inter-number
of pedestrians between two successive events of velocity inversion, then we expect Ni to
satisfy

E[Ni] = E[τi]/Tc ≈ 555 ped., (4.19)
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and to roughly follow an exponential distribution. We show this comparison in Figure 4.7,
where we can see consistent exponentially decaying trends between measurements and
simulations.
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Figure 4.7: Distribution of the rare inversion events expressed as the inter-number of ped-
estrians between two consecutive occurrences of wτ = 0 (Ni). The measured distribution
(showing an average value E[Ni] ≈ 550 ped.) is compared with simulated transitions (via
integration of (4.1) and the equivalence Ni ≈ τi/Tc). The optimal exponential fit of Ni
(i.e. under the assumption of an exact Poisson inversion process) yields E[Ni] ≈ 450 ped.

4.6 Numerical simulations
We simulated the dynamics (4.1)-(4.3) via a numerical discretization based on the two-
stage Heun’s method (see, e.g., [KP11]). We employed a discretization step ∆t equal to
the sensor sampling step, i.e. ∆t = 1/15 s. In particular, let Xn, Y n, Un, V n be the
approximation of X, Y ′, Wτ , Wn at time tn = n∆t (with n ∈ N). The approximated
pedestrian state at time step tn+1 = (n+ 1)∆t reads

Xn+1

Un+1

Y n+1

vn+1

 =


Xn + 1

2∆t(Un + U∗)
Un − α∆t2(Un − up)3 − α∆t2(U∗ − up)3 + θ∆η
Y n + 1

2∆t(V n + V ∗)
V n − β∆t(Y n + Y ∗ − γ∆t(V n + V ∗) + θ∆η


where 

X∗

U∗

Y ∗

V ∗

 =


Xn + ∆tUn

un − 4α∆t(Un − up)3 + θ∆η
Y n + ∆tV n

V n − 2β∆tY n − 2γ∆tV n + θ∆η

 ,
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and ∆η represents the integral of a Gaussian white noise from time tn to time tn+1

(hence ∆η ∝ Normal(0,∆t)). We simulate pedestrians walking in a virtual straight
corridor having longitudinal boundaries at x = 0m or x = 1.8m. Each trajectory starts
at x = 0m, and terminates when one of the boundaries is crossed. The initial transversal
position is chosen from a normal distribution having the same variance measured in the
experiments (cf. Table 3.1).

4.7 Discussion
In this chapter, we analyzed the undisturbed motion of pedestrians crossing a corridor-
like geometry (actually a landing) at Eindhoven University of Technology. We aimed at
characterizing and modeling this low density dynamics taking into account the intrinsic
stochasticity this motion exhibits. In such a fundamental perspective, we addressed this
scenario as first building block of a still missing characterization of the stochasticity of
denser crowds.

Specifically, we wondered whether we can interpret the two kinds of expected random
deviations from a straight (constant speed) crossing dynamics within the effect of the
same external perturbation. These random deviations are small velocity fluctuations and
U-turns (i.e. class changes, (L→ R)⇒ (R→ L), or vice versa).

Figure 4.5(b) clearly shows that the probability of rare events, i.e. the individual
decision of inverting the walking path, can be estimated by the effect of external random
perturbations. This result is at variance with our own intuition that the decision to make
a U-turn is an external and unpredictable event which cannot be modeled. Although it
may seem counter-intuitive, our result clearly indicates that this is the case.

From a modeling perspective we adopted a force-based dynamics. This is in line with
the established social forces approach (cf. Section 2.3 and Equation (2.2) therein). Cast-
ing our work in a social force perspective, apart from neglecting interactions (cf. (2.4)),
we suggested a novel expression for the term (2.3) related to the desired velocity. For a
rectified dynamics as ours, we need to assume vd ≡ (up, 0) in (2.3). This means that
according to a standard social force approach, velocity fluctuations occur in a single velo-
city potential well ΦWτ

(wτ ) = (2τ)−1(w2
τ − 2upwτ ). Thus, we extended the term (2.3)

including, via the double well velocity potential, the possibility of stochastic velocity in-
versions.

Finally, few comments on the technical side are due:

(i) in this chapter we neglected velocity difference between undisturbed pedestrians
going left and right (cf. Section 3.5). We can include directional asymmetry in a
trivial way by employing model parameters which are different for the population
going to the right and the population going to the left. From Table 3.1, this chiefly
means to employ slightly different values of up.

More interestingly, we can include the two populations in a single model by consid-
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ering an asymmetric longitudinal velocity potential, i.e.

ΦaWτ
(wτ ) = α(wτ − u+

p )2(wτ − u−p )2, (4.20)

where u+
p > 0 and u−p < 0 are the average longitudinal velocity for the populations

going to the right and to the left. This potential yields the longitudinal dynamics

dWτ

dt
= −2α(Wτ − u+

p )(Wτ − u−p )(2Wτ − u+
p − u−p ) + θτη(t). (4.21)

In this case, the ownership of a pedestrian to either of the two classes is thus
determined by his or her initial velocity;

(ii) we modeled the velocity potential ΦWτ
via a fourth order polynomial. This is a

minimal choice which allowed us to reproduce the measured dynamics up to rare
events. However, privileging the fitting of the velocity potential barrier, we achieved
a relatively poor estimation of the probability of high velocities. From (4.11), the
fitting quality can be naturally improved by considering a more faithful, although
complicated, velocity potential.

(iii) we suggested a model for a dynamics in a straight corridor; hence, to compare data
and model in analogous conditions, we performed a “rectification” of the experi-
mental trajectories (at least at the level of the statistics) to compensate for the
effects of the U-shape of the landing. Our model can be improved to deal with
preferred paths that are curved rather than straight (cf. Chapter 5);

(iv) in our construction of the preferred path (y′ = 0), we relied on the geometry of
the corridor and of the trajectories. In fact, (4.5) assumes that a parametrization
of the preferred path in the form y = y(x) is meaningful, which is likely the case
in corridor-like geometries. We employed (4.5) to find in a simple way an average
path between possibly heterogeneous trajectories (in terms of samples, velocity, dur-
ation). Improvements to this approach are certainly needed to be able to tackle more
complicated preferred paths - however, multiple (or even a continuum of) preferred
paths are likely present in more complicated scenarios.



Chapter 5

Dynamics of interacting diluted
pedestrian flows

In the presence of other pedestrians, individuals adapt their motion to ensure mutual
avoidance and a comfort distance. We consider the simplest possible avoidance dynamics
which occurs when two pedestrians walk in a corridor in opposite directions. Assuming
the pairwise dynamics to be a perturbation of the single pedestrian motion, we extract
repulsion force fields. On this basis, we suggest a modification of the model for the
dynamics of undisturbed pedestrians derived in Chapter 4 to consider the pairwise inter-
action. Furthermore, we extend the model from Chapter 4 to address curved preferred
paths, as we observe in the U-shaped landing in the Metaforum measurement site.

5.1 Introduction
The walking behavior of pedestrians changes when other individuals approach. People
actively adapt their walk to avoid collisions and maintain mutual comfort distances. Con-
sidered at large scales spatial scales, the mutual avoidance mechanism yields reductions
in the average pedestrian speed when the crowding density grows. In the engineering
literature this notion is well understood and translated into synthetic density-velocity
charts (fundamental diagrams) that provide useful design references (cf., e.g., [ZKSS11,
VB07, SS08]). At the individual level, mutual interactions between pedestrians have been
modeled via force-like interactions [HM95] (cf. Section 2.3 and references therein). Since
several years, the scientific community is working on the deduction of increasingly ac-
curate social force models. Hence, several modifications to [HM95] have been suggested
in combination with parameter calibration procedures. Often, average measures of the
dynamics have been used in this perspective. For instance, in [PGM09], the authors in-

The content of this chapter is intended to be submitted for publication and is done in collaboration
with C. M. Lee, A. Muntean and F. Toschi.
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troduce a self-stopping mechanism in the dynamics of singles to avoid repeated collisions.
This mechanism allows the simulated dynamics to reproduce experimental flux values and
fundamental diagrams. Experimental trajectories have also been employed directly, often
in conjunction with a Maximum-likelihood estimation of the interaction force parameters
(see, e.g., [JHS07, ZIK12, ZIK14, SRMB14]).

Figure 5.1: A 2-counter-flow occurrence in the Metaforum landing (the background has
been subtracted).

In this chapter we employ the large volume of data collected in the Metaforum loca-
tion (cf. Section 2.4.1 and Chapters 3-4) to investigate the simplest avoidance scenario.
We consider situations in which just two pedestrians walking in opposite direction are
involved (here referred to as 2-counter-flow conditions, see Figure 5.1. The exhaustive
characterization of such conditions is postponed to Section 5.2). For these scenarios we
obtained the avoidance force fields (beside the mutual position fields considered, e.g.,
in [MHG+09] and [SBR14]). Furthermore, we follow the point of view of single indi-
viduals and we evaluate the avoidance force distribution in his or her surroundings. A
similar approach has been employed in [ZIK14] to estimate mutual positions for motions
happening within social groups. On the basis of our observations, we modify the model
for the undisturbed pedestrian dynamics proposed in Chapter 4 by introducing a simple
interaction term (which is a modification of one of the choices in [HD07]), to capture
the avoidance mechanism. As in Chapter 4, our final aims is to reproduce the statistic
features of the dynamics.

This chapter is structured as follows: in Section 5.2, we characterize and discuss
phenomenologically the scenario of interest; in Section 5.3, we comment on the aver-
age force fields measured experimentally, comparing undisturbed pedestrians (considered
in Chapter 4) and in counter-flow conditions. Using the experimental observations, we
suggest in Section 5.4 an interaction term for the undisturbed pedestrian model. Fur-
thermore, we modify the model for the undisturbed pedestrian dynamics of Chapter 4 to
enable curved preferred paths. We close the chapter with the discussion in Section 5.5
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about the model equations and inherent conceptual implications.

5.2 Counter-flow dynamics
In our analysis we target the simplest scenario that involves mutual avoidance. Specifically,
we consider scenarios that we name 2-counter-flows (in analogy to the social group analysis
in [ZIK14]) that are characterized by the following:

(C1) two pedestrians are involved;

(C2) pedestrians have opposite entering locations. This aspect ensures that a counter-
flow occurs and leaves room to rare trajectories inversions (cf. discussion in Sec-
tion 4.1);

(C3) pedestrians do not encounter any other pedestrians (besides themselves). This is
a “quality requirement”, as it ensures the absence of further perturbations in the
motion beside the mutual interaction (and the eventual presence of external factors,
cf. discussion in Section 4.1).

In Figure 5.1 we report a snapshot taken under these motion conditions. Examples of
full trajectories are instead in Figure 5.2. During a 2-counter-flow we can always observe
three stages, depending on the number of people (load) in our observation window:

(PS) the first pedestrian involved enters the facility and walks alone (pre-meeting stage);

(MS) the second pedestrian enters, hence there are two people in the observation window
(meeting stage);

(TS) one person leaves (most likely the one that appeared first) and just one person
remains in the recording window (post-meeting stage).

Considering the graph-based approach introduced in Section 2.6.3, here we are considering
a more restrictive condition than in Figure 2.7(b), as we further require the condition C2.
Furthermore, in this setting we investigate a different, and relatively more restrictive
situation, than what addressed in Section 3.4 as C3 was not required in that occasion.

Conditions C1-C3 identify a set of approximately 3500 pairs of trajectories (i.e. one in
each direction) within our measurements at Metaforum. This set counts about ten times
less elements than the set of undisturbed pedestrian trajectories of Chapter 4 (consistently
with the ratios shown in the load distribution in Figure 3.4). Hence, in the following
investigation we have less statistical resolution that in Chapter 4.

In Figure 5.3, we compare the preferred paths (cf. (4.5)) in case of undisturbed ped-
estrians and 2-counter-flows scenarios. Consistently with our preliminary observations in
Chapter 3, the preferred paths are pushed toward the relative right in counter-flow condi-
tions. In this setting, we can evaluate how the undisturbed dynamics transforms when a
counter-flow occurs. Necessarily, and in opposition to our approach in Chapter 3, here we
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Figure 5.2: Trajectories of pairs of pedestrians in couterflow (2-counter-flow). Arrows
are parallel to the local velocity. Samples occurring simultaneously are connected via a
gray line. Because of the avoidance trajectories deviate from the undisturbed case (cf.
Figure 2.6). In the bottom case a U-turn occurs on side of the counter-flow condition.
This event is extremely rare (approximately 5 times across all our measurements).



5.2. COUNTER-FLOW DYNAMICS 61

−2.5 −2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0 2.5

X[m]

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

Y
[m

]

−2.5 −2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0 2.5

X[m]

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

Y
[m

]

Figure 5.3: Distributions of pedestrian positions for pedestrian going to the left (top)
and pedestrians going to the right (bottom) when a 2-pedestrian counter-flow occurs.
Mutual avoidance (cf. Figure 5.2), pushes the distributions on the relative right side.
Consistently, preferred paths (evaluated via (4.5), green line) change when compared to
the undisturbed pedestrian case (yellow lines). While for pedestrian going to the left
the change appears just as a vertical translation (upward), for pedestrian going right the
shape of the path has a slight change beside a translation (downward).

consider pedestrians going to the left and to the right separately. In general, pedestrians
going to the right show a larger modification to the undisturbed dynamics in presence
of a 2-counter-flow than pedestrians going to the left. Considering positions, pedestrians
going to the right deviate on average of about 10 cm more than pedestrians going to
the left when in counter-flow (see Table 5.1 for a more extensive evaluation based on
the estimate of the Wasserstein distance1 between the pedestrian position distributions).
Hence, pedestrians going to the left and to the right show asymmetric modifications in
their dynamics in 2-counter-flow regimes. Such asymmetry is also present at the level
of velocity distributions. We evaluate the local components of the velocity via the local
reference system (eτ , en) determined by the motion of undisturbed pedestrians (cf. Sec-
tion 4.3). In Figure 5.4, we report the probability distribution function of the longitudinal
and transversal velocities comparing 2-counter-flow conditions and undisturbed pedestrian
conditions. As we could expect, longitudinal velocity distributions exhibit a skewed shape

1The Wasserstein distance (see, e.g., [Vil09, CPT14] and (8.19) in Section 8.3) encodes the work
needed to transport one distance distribution and overlapping it to another, assuming that the optimal
rearrangement is done. We compute Wasserstein distances in our discrete context by means of the Earth
Mover’s Distance algorithm implemented in the open source library OpenCV 2 (http://opencv.org).
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fd W1 [m] fd W2 [m] ct W1 [m] ct W2 [m]
2Ls v. 2Lc 0.267 0.190 0.091 0.063
2Rs v. 2Rc 0.357 0.329 0.129 0.121
2Ls v. 2Rs 0.243 0.180 0.074 0.053
2Rc v. 2Lc 0.705 0.676 0.240 0.235

Table 5.1: Synthetic quantification of the displacement of the position distributions via
Wasserstein distances (cf. footnote 1, page 61. Employing the standard notation, Wp

indicates here the p-Wasserstein distance). The comparison involves the position distribu-
tions in Figure 5.3 and in Figure 4.1. 2L/2R refer to the pedestrian direction, respectively,
to the left and to the right. s/c refer to the flow condition, respectively, undisturbed ped-
estrian and 2-counter-flow. We consider the full domain (fd, x ∈ [−1, 0.8]m) and just
its central part (fd, x ∈ [−0.4, 0.2]m). Independently on the metric, we notice that
the distance between undisturbed and 2-counter-flow positions distribution is larger for
pedestrians going to the right than for those going to the left.

as in the undisturbed case, since rare inversion events can occur also in these conditions.
Furthermore, a drop in the velocity values can be observed. However, such velocity drop
has different extents in dependence on the direction, being larger for pedestrians going to
the right. This is consistent with the fact that these pedestrians adopt a farther preferred
path. The transversal velocity distributions show a larger variance in the counter-flow case
as well as a non-zero skewness. This skewness reflects the avoidance “shifting” motion to
the relative right. Also in this case, this effect is more pronounced for pedestrians going
to the right.

5.3 Measuring the average avoidance force field
Adopting a social force-like perspective (cf. Section 2.3), we assume that the dynamics
of pedestrians in a 2-counter-flow can be modeled with a Langevin-like vector equation
having the form

dW i

dt
= F1(Zi) + Fs(δZi, Zi,W i) + η(t), (5.1)

where i is the index identifying the pedestrian, thus i ∈ {L,R}; Zi is the position vector of
pedestrian i (in Cartesian coordinates: Zi = (Xi, Y i), cf. Section 3.4); W i is the velocity
vector of pedestrian i (in Cartesian coordinates: W i = (U i, V i), cf. Section 3.4, and
W i = (W i

τ ,W
i
n) in the local coordinate system (eτ , en), cf. Section 4.3); δZi = Zj −Zi

(with j 6= i) is the relative distance between pedestrian i and pedestrian j.
As in a social force approach, in (5.1) we assume that the acceleration of the individual

i is given by a superposition of a positional term independent on the interaction F1(Zi),
a “social component” Fs(δZi, Zi,W i), and a noise η(t) which models external factors.
In the social force context, F1 is usually modeled as a relaxation force toward a given
velocity field (cf. (2.3)). Here, however, we do not make such assumption.
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Figure 5.4: Probability distribution functions of pedestrian velocities going to the left
(2L) and to the right (2R), in longitudinal (a,b) and transversal direction (c,d) of the 2-
counter-flow (red) and the undisturbed pedestrian (blue) cases. Average velocity fields of
undisturbed pedestrians (see (4.9)) define the local longitudinal and transversal directions.
Consistently with Figure 5.3, the differences between single pedestrian case and 2-counter-
flow is larger in the case of pedestrians going right. As 2-counter-flows are rarer than
undisturbed pedestrian conditions, the probability distribution functions are less resolved.

We employ (5.1) to estimate the average value of the interaction term Fs from the
measurements. On the basis of our data, we can estimate average values of Fs in two
different perspectives, namely with a fixed coordinate system or with a coordinate system
which follow the pedestrians.

First, we adopt a fixed coordinate system and estimate the average interaction field
in space, neglecting the mutual distance. From (5.1), assuming no interaction, we can
write

dW i

dt
= F1(Zi) + η(t). (5.2)

The acceleration on the left hand side of (5.2) can be obtained from the measurements.
Considering only experimental trajectories of undisturbed pedestrians having the same
direction of pedestrian i (i.e. the set T 1

i , cf. Sections 2.5 and 4.3), after an averaging
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Figure 5.5: (a,b) Comparison of the average acceleration field (E[dW i/dt|Zi], cf. (5.3))
in case of undisturbed pedestrians (red, T 1

i ) and of 2-pedestrians counter-flows (black,
T 2c
i ). In both cases we have an almost central field pointing toward the center of the

U-shape landing. This is because of the centripetal acceleration needed to follow a curved
trajectory. (c,d) Comparison of the average acceleration field for 2-pedestrians counter-
flows and the average interaction field (yellow) (cf. (5.4)) for pedestrians going to the left
(c) and pedestrians going to the right (d). The fields are plotted of top of the position
distributions for the 2-pedestrians counter-flow.

operation in space as in (4.7), we define

F̄1,i(zi) := E[F1|Zi = zi, T 1
i ] = E[dW i/dt|Zi = zi, T 1

i ]. (5.3)

Where the last equality in (5.3) is implied by the fact that E[η(t)|Zi] = 0. F̄1,i(zi)
identifies the average acceleration field of undisturbed pedestrians (cf. red field in Fig-
ures 5.5(a,b)). As we are dealing with curved trajectories, due to the U-shape of the
facility, the average acceleration is centripetal.

Now we can apply a spatial averaging to (5.1) in the 2-counter-flow conditions. Let
T 2c
i be the set of pedestrian trajectories in a 2-counter-flow with direction i. Using (5.3),

we have
E[Fs|Zi, T 2c

i ] = E[dW i/dt|Zi, T 2c
i ]− F̄1,i(Zi). (5.4)
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We report the field (5.4) in Figures 5.5(c,d). Consistently with our expectations, the force
field measured exerts a push toward the relative right side of pedestrians. Furthermore,
in case pedestrians are aligned, which is likely to happen when Y L ∈ [−0.2, 0.1]m and
Y R ∈ [−0.1, 0.2]m, a breaking force is present. These observations can be enriched
by taking into account the stage (PS-MS-TS, cf. Section 5.2) of the counter-flow. In
Figure 5.6, we report the acceleration field (5.4) adding this further condition. We observe
that:

(i) in the PS stage pedestrians adjust their velocity. This happens in a different way
for pedestrians going to the left and going to the right. Pedestrians going to the
left are pushed to the relative right, with tiny deceleration effects. Deceleration, on
the contrary, is strongly present for pedestrians going to the right and it is roughly
as intense as the side push. This fact is consistent with the asymmetry discussed in
Section 5.2;

(ii) forces pushing to the relative right are mostly present in the MS stage, with analogous
intensity for the two directions. In this condition, pedestrians are mostly confined to
the lateral sides;

(iii) in the TS stage we measure again an asymmetry. On one hand, people going to the
left still experience accelerations toward their relative right, with small longitudinal
accelerations. On the other hand, people directed to the right show longitudinal
accelerations, especially when they are at the beginning of the corridor. This means
that if a pedestrian going to the right remains nearby the beginning of the corridor,
he or she accelerates again.

(iv) the presence of forces pushing to the relative right in the TS stage can be hardly
related to a direct repulsion between pedestrians. Only the second of the two pedes-
trians is still under observation, while the first one left already. From the distribution
of positions, we see that pedestrians tend to remain close to the sides as in the MS
stage. This means that their trajectories have a smaller curvature than those of
undisturbed pedestrians. Therefore, this is likely a side effect of the subtraction
in (5.4).

Alternatively, we can estimate the interaction force adopting the point of view of the
individual. From (5.4), the avoidance force the agent i experiences is dW i/dt−Fi,1(Zi).
Following the social force approach, this force depends on the relative position δZi, to
be considered in dependence of the orientation of the pedestrian. In the absence of
information about the orientation, we estimate it via the local direction of the pedestrian,
i.e. (dW i/dt)/|dW i/dt| (cf. also Section 4.3). Let J be the 90o CCW rotation matrix,
the components of δZi in an orthogonal system oriented by the local direction are

δZiτ = ±δZi · dW
i/dt

|dW i/dt|
and δZin = δZi · (±J) dW

i/dt

|dW i/dt|
, (5.5)
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Figure 5.6: Position distributions and force fields during a 2-counter-flow for pedestrians
going to the left (2L) and to the right (2R). The three different phases of the counter-
flow (PS, MS, TS, cf. Section 5.2) are reported in the three rows. Quantities referring
to pedestrians going to the left are reported in the left column and quantities referring
to pedestrians going to the right are in the right column. The average acceleration field
(computed analogously to (5.3)) is reported in black, while the average acceleration field
deprived of the single pedestrian component (5.4) is reported in yellow. In the case of
pedestrians going right, a strong force opposite with respect to the direction of the motion
appears in the PS stage. Notably, this force is mostly absent in the MS stage as the speed
was already fully adjusted. Forces pushing to the relative right are the main elements of
the MS and TS stage.
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where the sign is a plus for pedestrian going to the right and a minus for pedestrian
going to the left (such that the pedestrian “sight” has consistent orientation with the
fixed reference system, cf. Figure 5.7). The components (5.5) are independent of the
space coordinate and define a coordinate system consistent with the orientation of the
pedestrian. Thus, addressing separately pedestrians going to the left and to the right, we
evaluate the average interaction field in dependence of the relative position F̄s,i(δziτ , δzin)
as

F̄s,i(δziτ , δz
i
n) = E[dW i/dt− F̄1,i|δZiτ = δziτ , δZ

i
n = δzin, T 2c

i ]. (5.6)

In Figure 5.7, we report the force fields obtained via (5.6) on top of the relative position
distribution (δZiτ , δZ

i
n). In this reference the pedestrian is located at (0, 0) and his or

her velocity is parallel to the vector (−1, 0) for pedestrians going left, and to (1, 0) for
pedestrians going right. We observe that:

(i) forces in the front of the pedestrian, aligned with his or her direction, are slowing
him or her down and pushing to the relative right; contrarily, forces in the back yield
longitudinal accelerations;

(ii) when pedestrians are side by side (δziτ = 0), hence avoidance is ensured, they have
an average distance of circa 0.4m. In this condition, the measured acceleration is
very small, i.e. there is no interaction;

(iii) the two force fields are essentially asymmetric. This asymmetry relates to the fact
that pedestrians maintain the relative right. Therefore, pedestrians going to the
right have trajectories passing closer to the inner wall and having a smaller curvature
radius. On the contrary, pedestrians going to the left, walk on larger curvature radii.
This implies that pedestrians going to the left see always a free way in front of
them (the distribution of (δZiτ , δZ

i
n) is concave and below (0, 0)), while pedestrians

going to the right can actually see their way occupied by the other pedestrian (the
distribution of (δZiτ , δZ

i
n) is concave and above (0, 0). Furthermore the support of

such distribution intersects the “sight line” δZin = 0).

5.4 Modeling the pedestrian-pedestrian interaction
Here we suggest a simple interaction term to extend the model for the undisturbed ped-
estrian dynamics introduced in Chapter 4 (cf. (4.1) and (4.3)) to capture the features of
2-counter-flows.

From our observations in Section 5.3, we notice an asymmetric dynamics for pedestri-
ans going to the left and going to the right. This asymmetry has to relate with the U-shape
of the facility, that induces curved preferred paths (cf. Figures 2.6 and 5.3). Hence, be-
fore suggesting an interaction term, we first extend the model (5.2)-(5.3) to allow curved
preferred paths in undisturbed regime. Furthermore, differently from Chapter 4, here we
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Figure 5.7: Average interaction force field perceived by the pedestrian (cf. (5.6)). The
field evaluated for pedestrians going to the left is in (a) while the case of pedestrians going
to the right is in (b). The considered pedestrian is in δZ = 0 and his or her sight direction
(approximated via the local velocity) is sketched by the “view cone” (dotted white lines).
Restricting our attention to the frontal force field (i.e. for pedestrians going to the left:
δZτ < 0, while for pedestrians going to the right: δZτ > 0), in the neighborhood of the
“hottest” (most likely) relative positions, we notice mostly “breaking forces” for pedestrian
going to the right while “pushing forces” are observed for pedestrians going to the left.

fit independently the model parameters for the populations of pedestrians going to the left
and to the right. Taking into account the (small) difference between the two populations
is now crucial to ensure that e.g. fluctuations are correctly attributed to the interactions,
rather than to systematic errors in the measured undisturbed pedestrian dynamics.

α β γ θτ θn up
[s/m2] [1/s2] [1/s] [m/s3/2] [m/s3/2] [m/s]

2L 0.138 1.0 0.78 0.23 0.188 1.07
2R 0.165 0.97 0.62 0.21 0.16 0.995

Table 5.2: Parameters used to simulate the undisturbed pedestrian dynamics (5.7) repor-
ted in Figures 5.8 and 5.9. (2R) are the parameters for the population going to the right
and (2L) are the parameters for the population going to the left.

5.4.1 Centripetal force for curved trajectories

The average acceleration field of undisturbed pedestrians (see Figure 5.5(a,b) and cf. (5.3))
is nearly central as pedestrian trajectories are curved. To reproduce this effect, we add
in (5.2)-(5.3) a centripetal acceleration term. Employing the same vector notation adop-
ted in Section 5.3, given a longitudinal walking direction eτ = eτ (Z) and a transversal
walking direction en = en(Z) (whose formal definition we discuss later in the section),
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we model the undisturbed pedestrian dynamics as
dZ

dt
= W

dW

dt
= −∇WΦ(Z,W )−∇ZΨ(Z) + |W |2

ρ(Z) en(Z) + Θ(Z, t),
(5.7)

where the model ingredients are defined as follows:

• Φ is a velocity potential and influences the active regulation of the velocity that
pedestrians perform (cf. (4.2)-(4.4)). It reads

Φ(Z,W ) = Φwτ (W · eτ (Z)) + Φwτ (W · en(Z)), (5.8)

where, analogously to (4.11)-(4.4), Φwτ (s) = α(s2 − u2
p)2 and Φwn(s) = γs2;

• Ψ is a confinement potential in space. In combination with the centripetal ac-
celeration term |W |2

ρ(Z) en(Z) determines the confined dynamics fluctuating around a
preferred trajectory (having local curvature radius ρ(Z)). Analogously to (4.4), we
consider a harmonic potential, thus

Ψ(Z) = β∆Z2,

where ∆Z quantifies the distance between the pedestrian and his or her preferred
path.

• Θ(Z, t) = eτ (Z)θτητ (t)+en(Z)θnηn(t) models random external factors (cf. (4.1)).
θτητ (t) and θnηn(t) are mutually uncorrelated, δ-correlated white noises of variance
θ2
τ and θ2

n.

To simulate pedestrian trajectories, we fit the preferred paths for pedestrians going left
and right (yellow lines in Figure 5.3) via second order polynomials in the form yp = yp(x).
Furthermore, as we expect tiny fluctuations around the preferred path, we perform the
following approximations:

(U1) given a pedestrian in position (x, y) the local directions eτ and en satisfy

eτ = ± (1, dyp/dx)√
1 + (dyp/dx)2

and en = ± (dyp/dx,−1)√
1 + (dyp/dx)2

,

where the sign depends on the pedestrian orientation. These are the tangential and
normal directions to the curve {(x, yp(x))}, up to a translation parallel to the y
axis;

(U2) as in (4.6), we consider
|∆Z| ≈ |Y − yp(X)|.
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Figure 5.8: Probability distribution function of simulated positions of undisturbed ped-
estrians for pedestrians going to the left (a) and going to the right (b). Mimicking the
measurements (cf. yellow path in Figure 5.3), a curved preferred path is considered here,
which we approximate via a quadratic polynomial yp = yp(x) (red curve, m,e). The
average pedestrian path (following the definition (4.5)) is reported in yellow (s). Note
that, consistently with the rarity of inversions, just few trajectories in which the longit-
udinal velocity is shifted are simulated. Hence, the preferred path for x > 2m in (a) and
x < 2.2m in (b) is determined by an average over few fluctuating trajectories, thus the
noisy trend.

Furthermore, for consistency with (U1), modulo proper sign, we retain en as direc-
tion of ∇ZΨ(Z).

We calibrate the model parameters adopting an empiric procedure that aims at a correct
reproduction of the probability distribution functions of positions and velocities. The para-
meters we obtain are in Table 5.2. In Figure 5.8, we report the simulated distributions of
positions (X,Y ) (where we use the quadratic fitting in yp(x) to extrapolate the preferred
path beyond the observation window), while velocity distributions in comparison with the
measurements are in Figure 5.9.
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Figure 5.9: Probability distribution functions of longitudinal (a,b) and transversal (c,d)
velocities in the case of undisturbed pedestrians. Comparison of simulations including
centripetal force (i.e. via (5.7)) and experimental data.

5.4.2 Pairwise avoidance

The avoidance dynamics in a 2-counter-flow within our corridor is conceptually simple.
However, likely because of the U-shape geometry, it is rich of features. Hence, produ-
cing quantitative models in this context is a challenging task. Specifically, we introduce
an additive interaction inspired from an established social force expression (discussed,
e.g., in [HD07]), that we modify after our experimental observations in Sections 5.2-5.3.
Without loss of generality, let us consider a pedestrian, say i, aligned with horizontal
axis (x) and oriented toward the positive x direction. In a two pedestrians scenario, let
(δxi, δyi) = (xj−xi, yj−yi) be the mutual distance between i and the second pedestrian
j 6= i (cf. notation in (5.1)). The social force suggested in [HD07] prescribes a repulsive
interaction having form

FHs (δxi, δyi) =

−K exp
(
− |δx

i|+σ|δyi|
Rs

)
· ed if δx > 0

0 otherwise,
(5.9)

where ed = (δxi, δyi)/|(δxi, δyi)| is the unit vector pointing from i to j, K > 0 determ-
ines the intensity of the interaction, Rs > 0 determines scale distance of the interaction,
and σ > 0 regulates the anisotropy. The model (5.9) is simpler than what originally
proposed in [HM95], however it retains most of its features such as the dependence on
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Figure 5.10: Sketch of the interaction force perceived by the pedestrian going to the right.
The measured avoidance force (qualitatively described by the green arrow) is compared
with a radial repulsion (red arrow). Such repulsion yields nonphysical movements toward
the center of the walkway rather than to the relative right, as we expect (cf. Figure 5.2).
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Figure 5.11: Simulated 2-counter-flows via model (5.7) endowed with an additive inter-
action term following F1-F3 (cf. measured dynamics in Figure 5.2).

the distance and the anisotropy. In the following points, we discuss modifications to (5.9)
in view of our scenario.

(F1) Geometry bias and lateral avoidance. Typically, social force models consider
radial interactions with variable degree of anisotropy (cf. (5.9)). Radial interactions
are certainly a legitimate choice when dynamics in open space are addressed. How-
ever, they are in disagreement with the measurements of our confined dynamics
(cf. Figure 5.6 and force fields in Figure 5.7). To tackle the avoidance, for the
pedestrian i we consider an interaction force

Fs(Zi, δZi,W i) = en
∣∣FHs (δx̂i, δŷi)

∣∣ sign(δŷi), (5.10)

for some δx̂i, δŷi depending on the relative position (cf. next point F2). This means
that we retain the force intensity from (5.9), however, we postulate that such force
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is normal to the preferred path (thus parallel to en), rather than radial. The factor
sign(δŷi) ensures the correct avoidance direction. (See the sketch in Figure 5.10 for
a further element against a radial interaction in our scenario).

(F2) Effective relative position. Undisturbed pedestrians fluctuate around a preferred
path which shifts to the relative right during counter-flows. Hence, it is reasonable
to assume that pedestrians are more influenced by peers walking on their preferred
path rather, e.g., than in the direction of their local velocity. In other words, we
retain that the “effective frontal direction” of a pedestrian “curves” to follow the
preferred path.

Having this in view, we introduce an effective relative position of pedestrian j with
respect to pedestrian i, say δẐi, that reads

δẐi = eτ s
i
x + en ((Y j − yip(Xj))− (Y i − yip(Xi)) + co). (5.11)

In (5.11), yip = yip(x) is the preferred path of pedestrian i, six is the curvilin-
ear distance measured on the preferred path yip between xi and xj , and co is a
constant (addressed in the following paragraph). Hence, we give pedestrian j the
“virtual” position he would have if the preferred path was rectilinear and parallel
to eτ (following the approximation (4.6)). Finally, in (5.10) we set δx̂i = six and
δŷi = (Y j − yip(Xj))− (Y i − yip(Xi)) + co.

Preferred paths of pedestrians going to the left and to the right are close one
another. Therefore, within the natural oscillations of the motion, a pedestrian may
cross the preferred path of the other. This condition admits the extremely rare
case in which the two pedestrians see each other at the relative right (this means
δyi−c0 < 0 in (5.11)). In this condition, sign(δŷi) is such that the social force (5.10)
pushes pedestrians further to the left. Having pedestrians passing each other at the
relative right is extremely rare, however possible (we measured this event less than 10
times). Thus, we introduce the constant co > 0 that has the effect of separating the
preferred paths. Hence, the probability of passages at the relative right is reduced
(cf. simulated trajectories in Figure 5.11).

(F3) L-R asymmetry. In Section 5.3, we noticed an asymmetry in the relative position
distribution (δZiτ , δZ

i
n) (cf. Figure 5.7). According to that, pedestrians going

to the left never have a direction in collision with pedestrians going to the right,
while the opposite is not true. In case of a colliding direction, we imagine that
a pedestrian is likely to reduce his or her desired speed, represented in (5.7)-(5.8)
by the constant up. In presence of a 2-counter-flow, we generalize the role of up
allowing a dependence on the relative position (δZi) and on the local pedestrian
direction. We assume the following structure

up(Zi, δZi) = u1
p(1− g1(δZi · eτ (Zi) g2(cosθi)),
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Figure 5.12: Distributions of pedestrian positions in case of a 2-counter-flow, comparison
of experimental data and simulations. (a,c) Simulated position distributions and preferred
path (yellow, s) are compared with the (extrapolated) preferred path of the undisturbed
pedestrian (red, m,e). Rare inversion events yield the noisy preferred path for x > 2m in
(a), cf. discussion in Figure 5.8. (b,d) Comparison of the simplified position distributions
in 2-counter-flow for simulations and measurements (cf. Section 3.4 and Figure 3.8).
Notice that in case of pedestrians going to the right, the position distribution is not
symmetric with respect to the corridor “vertical axis” (x ≈ −0.2m). This feature is
captured by the simulated dynamics. (a,b) refer to pedestrians going to the left, while
(c,d) refer to pedestrians going to the right.

where

• u1
p > 0 is a constant. It defines the asymptotic value of the desired speed for
|δZi| → ∞. Therefore, consistently with (5.7)-(5.8), in the case of undisturbed
pedestrians it holds up ≡ u1

p;
• g1(s) = exp(−s/Rc) determines the decay of the preferred speed as pedestrian
j 6= i approaches. Rc > 0 defines the spatial scale of this decay;

• g2(cos θi) = tanh(a1(cosθi + 1 − a2/π) + 1)/a3, with cos θi = eτ (Zi) ·
δZi/|δZi|, smoothly selects the angular region around the walking direction
eτ (Zi) within which the action of g1 is effective. a1 > 0 determines the steep-
ness of the decay from 1 to 0 of g2 when cos θi decreases, while a2 ∈ [0, π]
scales the angular width of the interaction. a3 is the normalization parameter
for which g2(1) = 1.

In Figure 5.12, we report the position distributions recovered by the approach in F1-
F3 in comparison with the experimental data (cf. parameters adopted in Table 5.3).
Remarkably, we are able to obtain good quantitative agreement. It is worth stressing
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Figure 5.13: Comparison of simulated 2-counter-flows and experimental data. (a,b) dis-
tribution of longitudinal velocities wτ ; (c,d) distribution of transversal velocities wn; (a,c)
refer to pedestrians going to the left and (b,d) refer to pedestrians going to the right (cf.
Figure 5.4).

that the skewed shape around the corridor vertical axis x = −0.2m of the position
distribution for pedestrians going to the right is also captured. In Figures 5.13 and 5.14,
we finally report a complete portrait of the dynamics from a statistical point of view
comparing measurements and simulated data. We include the distribution of single-
pedestrian observables such as velocities, as well as distributions referred to the pair-wise
dynamics, e.g. mutual distances (refer to the figure caption for further insights). Also
from this perspective a good agreement is reached.

5.5 Discussion

In this chapter, addressing what we called 2-counter-flows, we analyzed the simplest
condition in which a mutual interaction between two pedestrians occurs. This kind of
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Figure 5.14: Comparison of simulated 2-counter-flows and experimental data. (a) average
mutual horizontal velocity with respect to the mutual distance, i.e. E[|U i−U j | | |δZ|]; (b)
average vertical distance with respect to the horizontal distance, i.e. E[|Y i− Y j | | |Xi−
Xj |]. This quantity measures how, to ensure mutual avoidance when decreasing their
horizontal distance, pedestrians increase their vertical distance; (c) average component
of the relative velocity projected along the mutual distance, with respect to the mutual
distance itself, i.e. E[(W i−W j) · δZ/|δZ|| | |δZ|]; in (a,b,c), we restrict our observations
just to pedestrians “facing” each other, i.e., we focus on all those frame in the (MS) stage
in which the avoidance has yet to be established; (d) distribution of mutual distance |δZ|;
(e) distribution of inter arrival time steps δτ , i.e. the first frame from the beginning of the
2-counter-flow event in which we are in the meeting stage (MS) following the definition
in Section 5.2. Note that since pedestrians are most likely arriving independently, this
distribution is expected to be roughly homogeneous over the typical crossing time of the
landing (Tc ≈ 2 s = 30 ).
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K σ Rs c0 Rc a1 a2
[m/s2] [1] [m] [m/s3/2] [m] [1] [1]
0.728 0.25 2.5 0.23 1.5 25 25π

Table 5.3: Parameters used to simulate the 2-counter-flow dynamics in Figures 5.11, 5.12
and 5.14. Notice that with this choice of parameters a1 and a2 the value of up is different
from u1

p within an extremely narrow region (angular-wise) around the velocity vector.

interaction is driven by a need of mutual avoidance while crossing a corridor in oppos-
ite directions. More complicate interactions between two pedestrians can surely happen,
for instance in the case of a co-flow, in which the need for avoidance might be further
modulated by various type of social interactions, like talks or joint walks. These occur-
rences can be safely neglected in couter-flows where we assume no correlation between
the pedestrians before their appearance in our recording window.

On the basis of the large volume of data acquired, we first analyzed the pedestrian dy-
namics in terms of position and velocities distributions. A comparison with the analogous
statistics for the undisturbed pedestrians appears natural in this context. As we expected,
in comparison with the undisturbed case, we observed a deviation of trajectories toward
the relative right, as well as a reduction of the longitudinal speed. Interestingly, when
considering pedestrians going left and right, the extent of these variations is asymmetric.
Pedestrians going to the right show larger deviations from the undisturbed case, i.e. lower
speed and larger trajectories displacement. As the only reasonable asymmetric element is
the U-shape of the corridor, conjecturing a relation appears reasonable.

Adopting the point of view of the individual, we measured the average avoidance force
field in his or her surroundings. Also in this case, an asymmetry is present: pedestrians
going to the right have direction in potential collision with pedestrians going to the left,
while the opposite is not true.

On this basis, we suggested a modification of the undisturbed pedestrian dynamics
model proposed in Chapter 4 to incorporate the avoidance mechanism. Specifically, we
included an interaction model that takes inspiration from an existing suggestion in the so-
cial force community. With such model, we obtained a good quantitative agreement with
the measurements in terms of probability distribution functions referring to the dynam-
ics of individual pedestrians as well as to the pair-wise motion. To achieve that, we had
primarily to withdraw the classical hypothesis of radial interactions. This is reasonable in a
location like ours in which there exists a preferred direction. This assumption is consistent
with the force field measured in Figure 5.7. Consistently with typical social forces models,
we considered an interaction force with anisotropic magnitude and decaying behavior.
Indeed, our measurements show that the interaction force increases with the distance
(c.f., the force magnitude along lines having constant |δzn| value in Figure 5.7). On one
hand, decaying interactions must occur on larger spatial scales. On the other hand, from
Figures 5.6(PS) and 5.7, it looks reasonable that most of the avoidance-related dynamics
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takes place around and beyond δzτ ≈ 1m. Afterwards, pedestrians acquire a “stable”
mutual configurations exerting reduced repulsion (cf. Figure 5.6(MS))). The interaction
model we obtained depends on eight free parameters (but not on the direction left or right
of the pedestrians). The challenge to achieve a similar quantitative agreements with the
measurements with a simpler model remains open. Furthermore, this interaction model
is likely highly location dependent, nevertheless we expect similar dynamics in general
U-shaped geometries. On the contrary, the measurement procedure in Section 5.3 is
general and can be employed in any scenario with 2 pedestrians. Extensions to multiple
pedestrians conditions appear also possible.



Chapter 6

Toward dense crowds

Adopting a measurement approach analogous to what discussed in Chapters 2-5, we
performed long time crowd measurements at Eindhoven Train Station. In this chapter,
we aim at giving a perspective on the acquired data and related rationale. The analysis
and interpretation of such data will be a matter of future work.

6.1 Introduction
In Chapters 2-5, we discussed an analysis methodology to study pedestrian dynamics
capable of addressing fluctuations and rare events. We considered low pedestrian density
regimes through extensive measurements at the Metaforum recording site. This has been
a natural starting point both from the technical and scientific points of view. In such site,
in fact, one sensor is sufficient to measure trajectories. Moreover, the dynamics can be
framed within simple mathematical models.

The efforts we made to explore low density regimes, motivated us to make further
steps and broaden the scope of our approach. The study of low density regimes yielded
natural questions such as: Is the description of the dynamics we gave in Chapters 3-5
still valid in denser regimes? How is the interaction-avoidance dynamics modified by the
presence of more than one person? In which regimes, if any, we may consider a linearly
additive approach? Can we model low and high density regimes in a consistent way?
Willing to address at least partially these questions, after extensive design and testing, in
the period June 2014 - March 2015 we established a second crowd measurement setup to
record pedestrian trajectories in a section of the main walkway of Eindhoven Train Station.
A picture of the recording system in action is reported in Chapter 2 (cf. Figure 2.3), while
some examples of the trajectories recorded are in Figure 6.1.

In this chapter, we describe synthetically the idea and the features of this measurement
site (Section 6.2), then we discuss selected aspects of the dynamics on the basis of the

The content of this chapter is done in collaboration with C. M. Lee, A. Muntean and F. Toschi.
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Figure 6.1: Pedestrian trajectories measured at Eindhoven station on the 27th November
2014 around 8.32 AM. The arrival of the commuters from Utrecht leads to rapid changes
in the pedestrians density.
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Figure 6.2: Measurements of the crowd load during the 27th of November 2014, Thursday,
(left) and the 30th November 2014, Sunday (right). A running average with window
σ = 10 s and σ = 5min is employed. The load difference is significant: the contribution
of commuters, that is strong in the left panel (ct. load at circa 8.30AM), is absent in the
second panel.

preliminary data analysis performed (Section 6.3). We conclude in Section 6.4 discussing
future research directions.

6.2 Measurement approach

The lessons learned in the Metaforum recording site are at the basis of the approach that
drove the design and the realization of this recording setup. We aimed at achieving a
more refined statistical description of the behavior of pedestrians, hence, the Station data
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Figure 6.3: Estimate of the free area surrounding each pedestrian via a Voronoi tessella-
tion. The shade of each cell depends on the cell area and goes from green for large areas
(i.e. low local densities and high Level of Service according to [Fru87]) to red (i.e. high
local density and low Level of Service). Each pedestrian is connected to his or her first
neighbor in the figure on the left.

acquisition site has the following features in comparison with the Metaforum site:

• spatial extension. Employing four Kinect™ sensors (cf. Figure 2.3), we achieve
a larger data acquisition area which extends over 2.2m in span-wise direction and
9.5m in chord-wise direction. This surface is approximately eight times larger than
the recording area in the Metaforum installation and covers a full chord of the
walkway (cf. trajectories in Figure 6.1). In this perspective, we aim at realizing
comparisons between the pedestrian flows that establish in the walkway with the
flow of fluids in channels;

• pedestrian density. The main walkway of the station might get extremely trafficked
at rush hours (e.g. morning arrival of commuters). In Figure 6.2 we plot the
load (3.1) measured in two different days as a function of time. Up to around 40
people appear in the recording window when the 8.32 train from Utrecht arrives (cf.
high density scenario in Figures 6.1(c) and 6.3(b));

• statistical resolution. Recording a large number of trajectories is crucial to obtain
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Figure 6.4: Distribution of longitudinal velocities. Comparison between the measurement
in the Eindhoven Train Station site (including all the pedestrians coming from the city
center side and going to the university side) and Metaforum site (including just the
undisturbed pedestrians). In the station site walking velocities are higher than in the
Metaforum site. In fact, for the station measurements the longitudinal velocity peak is
located at wτ ≈ 1.3m/s, while in the case of Metaforum it is located at wτ ≈ 1m/s.
Furthermore, the two velocities distributions show a difference in shape at high velocities.
In the case of Metaforum, we see a sharp decay in the distribution after the peak value.
At the station, the velocity decay shows two different trends: one for 1.3 ≤ wτ ≤ 2m/s
and another one for wτ > 2m/s. This is an evidence of the presence of a population
moving at high velocity, likely “runners”, on side of the population of “walkers”.

a resolved statistical pictures of the dynamics, from the average behavior to the
rare events. Over the weekdays we recorded approximately 100.000 trajectories per
day. Notably, this is approximately half the number of trajectories recorded in the
Metaforum location over the 109 days considered;

• richness of scenarios. In the Metaforum location, we employed the local load
and the pedestrians direction to classify different flow conditions (cf. Sections 3.2
and 3.3). Just few different scenarios might occur, and for a couple of those we
obtained a good statistical resolution (i.e., for the case of the undisturbed pedes-
trian dynamics, Chapter 4, and for the case of pairs of pedestrians in counter-flow,
Chapter 5). At a train station many different scenarios repeatedly occur, from low
density dynamics (cf. Figure 6.1(a)) to high density dynamics (cf. Figure 6.1), from
unidirectional flow to bidirectional flow, possibly enriched with group interactions.
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Figure 6.5: Distribution of longitudinal velocities conditioned to the (trajectory-wise min-
imum) distance to nearest neighbor δm along the trajectory. Decreasing the value of δm
the pedestrian has smaller and smaller available space surrounding him or her, hence the
local crowd density is expected to be higher. In this condition we see a reduction of the
velocity as well as a strong increase of the velocity variance.

6.3 Distribution of longitudinal velocities
We leave as future work the task to answering the questions emphasized in Section 6.1.
Nevertheless, we think it is worthwhile to provide a preliminary comparison between the
dynamics measured in Eindhoven station and the one measured in the Metaforum site.
Here, we comment on one of the quantities that was studied in details in the previous
chapters: the velocity of pedestrian along their walking direction (longitudinal velocity,
cf. Sections 3.5.2 and 4.4).

In Figure 6.4, we report a comparison between such distribution function in the case of
the station and in the case of the Metaforum landing (in the undisturbed pedestrian case).
In particular, the station samples refer to the population of pedestrians walking in the
direction joining the city center to the university. Analogies and differences emerge from
the comparison. On one hand, in both cases we have skewed distributions which reflect
the presence of rare inversion events. On the other hand, the velocity distribution at the
station is richer and displays the existence of at least two “populations” of pedestrians.
We have a population of “walkers” whose velocity fluctuates around 1.3m/s (already
higher than what we can measure in the Metaforum site) and a population of “runners”
at velocities wτ > 2m/s.

The comparison in Figure 6.4 opens further technical questions. In the Metaforum site
we could consider undisturbed pedestrians. Namely, we were able to isolate pedestrians
walking alone in the facility. An analogous approach in a site like a train station appears
less reasonable as the motion is less confined: pedestrians walking far away one another
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are in fact likely undisturbed in their motion. In this perspective, we can then consider
how the pedestrian velocity changes as function of the distance to the nearest neighbor
(cf. Figure 6.3(a) in which each pedestrian is connected to his or her nearest neighbor).
A “far” nearest neighbor is likely synonym of almost undisturbed motion. In Figure 6.5
we report the distribution of longitudinal velocities conditioned to the distance to the
nearest neighbor. This representation can be interpreted as a fully probabilistic version
of a fundamental diagram.We can see that in case of closer and closer nearest neighbors,
the pedestrian velocity decreases and the velocity fluctuation increases.

6.4 Discussion
In this chapter we presented a preliminary analysis of the pedestrian data collected at
Eindhoven Train Station. As we discussed in Section 6.3, those inquiries which in the
case of the Metaforum site appear straightforward (e.g. the investigation of the velocity
distribution), in the station are not. On the other hand, the richness of scenarios and
amount of data, promises that many more insights in the fluctuating dynamics of pedes-
trians may be obtained. Furthermore, the models discussed in Chapters 4-5 can be here
validated (after a suitable re-calibration of the parameters) and thus possibly extended to
include, e.g., the population of runners.



Part II

Crowd modeling at different
scales
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Chapter 7

Modeling the dynamics of
pedestrian crowds

In this chapter we provide a general background on mathematical aspects of crowd mod-
eling, ranging from phenomenological principles to selected technical considerations. The
aim of this chapter is twofold: the introduction of a general background for crowd dynam-
ics modeling and, on this basis, the presentation of a couple of mathematical properties
of the model employed in Chapters 8-11.

7.1 Background
When we deduce a model for the dynamics of crowds, we aim at representing via behavioral
rules, encoded in mathematical equations, the many, likely intangible, aspects of the
behavior of walking pedestrians driving the motion. We make an effort of abstraction
and simplification, and we represent human individuals as particles. This yields scenarios
having analogies with many-body problems arising both in classical physics (N masses in
gravitational fields, plasma flows) and solid-matter physics (active colloids, spin glasses).
However, in contrast with physics, we recognize that the main players that drive the daily
motion of humans, before any physical force, are desires, needs, information mutually
exchanged and, ultimately, the intelligence of individuals. Thus, human-particles are
often classified as active to emphasize their distinction with “classic” particles, that are
passively dragged by force fields [BD11].

We account for selected and recognized behavioral features to frame the active prop-
erties of pedestrian-particles (cf. [CPT10, Hel01]). These are:

(A1) Dynamics reflect needs. Pedestrians are in a place and thereby walk to comply
with their own needs and desires. We model the motion of pedestrians assuming
that they want to reach a target destination and that occurs in combination with a
desired velocity [HFMV02] and possibly a desired path (see Chapters 3-4).
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(A2) Needs change. Pedestrians usually do not walk alone: even in ordinary crowding
conditions, when people can walk freely without any constriction due e.g. to over-
crowding (cf. hardly congested [MRCSV11] tragic events such as the Love Parade
in Duisburg, Germany, in 2010 [HM12]), own desires for position or velocity change.
In particular, pedestrians try to avoid “mutual collision” and overcrowded areas, and
wish to maintain minimum mutual “comfort” distances.

(A3) Change is driven by perception. Desires and needs of walking pedestrians are altered
by what they perceive in their surroundings, namely the rest of the crowd and,
potentially, the environment. Perception is restricted to a limited region in space
around each pedestrian, the so-called sensory regions [Fru87]. Such a region is not
isotropic: (walking) people are more sensible to what happens in front of them
rather than in their back [RYWYH+12, JH10].

These features provide an essential, and surely not exhaustive, description of the rationale
driving the behavior of people in ordinary crowding conditions. Few remarks are now due:
(i) mutual avoidance is not the only recognized interaction mechanism among pedestrians.
From time to time, people feel attracted, e.g. by leaders [QH10], and may aggregate in
groups, for instance for fun [ZBK14], or for efficiency [CM12]. The environment may also
play a dynamic role in reshaping the desires of people. Points of interest, possibly appear-
ing and disappearing, condition the way people reach their target destination [KJLK13];
(ii) features A1-A3, to different extents, are common to other living systems that have
similar social interactions, such as flocking birds, schooling fishes and ant trails (see,
e.g., [HH08, HCH10, SCN07] as modeling examples and, e.g., [CFTV10, CDP09] for
the related analysis); finally, ordinary crowding conditions, unfortunately, are sometimes
broken with the emergence of panic. In these conditions different, often ruinous, rationales
drive the dynamics (refer, e.g., to [SS13, HFV00, HJA07, HM12, HJ09]). In this thesis, we
are concerned only with ordinary crowding conditions and therefore the previous aspects,
although of great interest in the contemporary research (cf., e.g., references provided),
will be neglected.

Before turning these observations into a mathematical model, we address two further
aspects of modeling, yet inspired by the way classical particles are usually approached
mathematically: the representation scale (here microscopic or macroscopic, Section 7.1.1)
and the order (in time) of the equations (here first or second, Section 7.1.2).

7.1.1 Observation scales
When deducing a mathematical model for particle systems, we consider different obser-
vation scales. Here, we mainly take two of them: the microscopic and the macroscopic
scales.

Microscopic models consider the state, e.g. the position or the pair position-velocity,
of each single particle-pedestrian and describe via ordinary (possibly stochastic) differ-
ential equations their interdependent evolution in time. Many pedestrian models are
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formulated in this framework, from the well-known “social-force” model, by Helbing et
al. [HM95], to its many variations, (e.g. [PGM09, ZIK12, LKF05, Ste10]), to other in-
dependent formulations [FNH+14, HB03, MV07]. A lot of development work has been
done on microscopic models over time, and currently, commercial software packages, of-
ten based on derivations of [HM95], are spreading on the market (e.g. MassMotion© by
Arup or Steps© by Mott MacDonald, see [RAB+10] for a comparison among software
packages). Moreover microscopic crowd simulations are on the way to become a standard
request for the safe design of civil buildings [RKR+13]. Conversely, macroscopic models
deal with a spatially averaged representation of the pedestrian distribution represented by
the pedestrian density. This density is approached like a continuous medium regulated by
partial differential equations depending, for instance, on density-related phenomenological
rules [BV09, CGLM12, Hug02, PT11], or, in a closer comparison with fluids, on dynamic
spatial momentum distribution [Dog08, TGD14].

As a matter of fact, macroscopic models represent the crowd on a coarser level,
whose advantages or disadvantages are context-dependent. In general, they deal with
more synthetic and ready-to-use descriptors (e.g. pedestrian density) rather than with
numerous low dimensional information (e.g. pedestrian positions). However, they are
harder to justify as in principle they rely on the continuum assumption, which is not fully
recoverable in pedestrian systems because of the numbers and scales involved [BD11].

In Part I, we considered Fokker-Planck equations for a microscopic model. Those
equations yield a further representation scale, often referred to as mesoscopic scale. The
mesoscopic scale considers the probability distribution of finding pedestrians in a given
state as the dependent variable. Mesoscopic models per se have been postulated as well,
the reader may refer to [ACK15, DARPT13] for examples.

7.1.2 Conservation of momentum?

The selection of the observation scale is not the only fundamental choice when modeling
the evolution of systems of intelligent particles: the active control individuals exert on
their state admits, in fact, different modeling rationales. To discuss this concept in a
simple context, let us temporarily assume a microscopic observation scale. Two ways
of specifying microscopic dynamics are common: (i) assigning individual velocities;
(ii) assigning individual accelerations/forces. The case (ii) is typical for classical particles,
which follow Newton’s Law and therefore are subjected to conservation of momentum.
Hence, choosing (ii) to model pedestrians emphasizes an analogy with classical mechanics.
As far as the dynamics is concerned, this choice introduces a degree of inertia in the system.
Contrarily, in a velocity-based approach (i), we can think of the dynamics as determined
by “impulsive” forces [CPT10], in the limit of inertial effects quickly vanishing. For
microscopic models, these two descriptions reflect into the time order (of differentiation)
of the model equations, respectively, first-order (i) and second-order (ii).

Throughout this thesis, both these modeling approaches are considered: in Part I we
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focused on second-order evolutions (cf. Sections 2.3, 4.2, and 5.4), while in Parts II and III
we will consider first-order evolutions. It is reasonable to believe that the two approaches
are suitable to model different scenarios balancing physical accuracy and modeling com-
plexity. On one hand, a first-order evolution reflects well the fact that pedestrians, at least
in ordinary crowding conditions, are the ultimate controllers of their velocity [CPT10] with
inertial effects negligible on large scales in space and time. On the other hand, walkers’
active control is yet subjected to fundamental laws of nature and thus requires the exer-
tion of mechanical forces on the body and the dissipation of mechanical energy to win
inertia. We believe that this aspect plays a significant role on small spatial scales and
hence invokes for second-order, force-based, approaches (cf. Chapter 2). The problem of
choosing between first- and second- order models has a long history now; it actually goes
beyond the crowd modeling context and starts in car traffic modeling where consensus
has not been fully reached yet either, see e.g. the two famous discussions and problems
in [Dag95] and [AR00].

We temporarily left the macroscopic observation scale out of the discussion. To
bring it back, we mention that first- and second-order microscopic models identify, at
the particle scale, conservation principles or balance equations that heuristically can be
reported at the macroscopic scale (for a formal approach cf. e.g. [CFTV10]). In fact,
when we define microscopic dynamics just in terms of the mutual particle states, we first
assume conservation of the number of particles. In the case of second-order models,
this conservation principle is complemented with a momentum-like balance equation.
In the macroscopic setting, the continuity equation describes conservation of mass (see
e.g. [Cha99]); furthermore, this mass can be driven, in analogy with first-order microscopic
models, by a given velocity field or, in analogy with second-order microscopic models, by
dynamic momentum flows (see e.g. [Cha99]).

7.2 First-order modeling framework
In this section we introduce the first-order modeling framework which will be considered
in Parts II and III of this thesis and specifically in Chapters 8, 9, and 11. This mod-
eling framework has been originally introduced by Cristiani, Piccoli and Tosin in the
papers [PT09b, PT11, CPT11] and in the book [CPT14]. Consistently with observations
in Section 7.1.2, we consider it to deal with pedestrian dynamics on large scales, both
in terms of number of individuals and of spatial configurations considered (civil facilities,
e.g. footbridges).

The framework addresses the pedestrian mass, namely the number N of individuals
involved, in terms of a time-evolving Radon measure µt. The use of measures allows
flexibility with respect to the model categorization discussed in Section 7.1.1. In fact,
measures, quantifying the mass contained in each (measurable) subset of the space, can
conveniently account for point-wise, thus microscopic, or continuous, thus macroscopic,
mass distributions. The modeling framework is built on the assumption of the conservation



7.2. FIRST-ORDER MODELING FRAMEWORK 91

of mass, thus via a continuity-like equation, although expressed in terms of measures.
Consistently with a first order dynamics, we prescribe a velocity v = v[µt] that regulates
the mass motion and its deduction identifies the actual effort in terms of phenomenological
modeling.

7.2.1 Measure-based model formulation
We here consider a crowd event happening in the space Rd, and in the time interval [0, T ].
As suggested by common sense, the cases d = 1, 2 are usually considered; they provide a
modeling scenario in which pedestrians are aligned e.g., along a walkway (d = 1) or can
walk in a given planar area (d = 2). At any time t ∈ [0, T ], we describe the crowding via
a positive, locally finite, Radon measure µt : B(Rd) → [0,+∞), (B(Rd) being the Borel
σ-algebra on Rd) which satisfies

µt(E) = crowding (number of pedestrians) in the set E at time t
µt(Rd) = N. (7.1)

We encode the conservation of the pedestrian mass in the continuity equation

∂tµt + div(µtv[µt]) = 0, (7.2)

where v[µt] is the velocity field, possibly depending on the crowding µt, which regulates
the pedestrian motion. In a measure-valued context, Equation (7.2) is rather a formal
equation that provides a shorthand for its weak formulation. In particular, we say that
a measure-valued curve t 7→ µt (to be intended in a proper topology, that we discuss in
the next section) with initial value µ0 is a weak solution to (7.2) if, for every infinitely
smooth and compactly supported test function φ ∈ C∞c (Rd), it holds

ˆ
Rd
φdµt =

ˆ
Rd
φdµ0 +

ˆ t

0

ˆ
Rd
∇φ · v[µs] dµs ds for all t ∈ [0, T ]. (7.3)

From (7.3) we can formally check that at any time t ∈ [0, T ], the pedestrian mass in
every set E ∈ B(Rd) satisfies

µt(E) = µ0(γ−1
t (E)) (7.4)

where γt : Rd → Rd is the flow map generated by the velocity v[µt], i.e. it is defined as

γt(x) = x+
ˆ t

0
v[µs](γs(x)) ds, (7.5)

for all x ∈ Rd and all times t ∈ [0, T ].
Equation (7.4) shows how the crowding at time t is nothing but the initial crowding

transported along the integral curves (7.5) of the pedestrian velocity. In other words,
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the crowd mass is a material quantity with respect to the velocity v[µt]. We express
synthetically the relation in (7.4) by means of the push forward operator and we write
µt = γt#µ0 (cf., e.g., [AGS08]).

7.2.2 Cauchy problem

Equation (7.2) complemented by an initial crowding condition, say µ0 = µ̄, yields the
Cauchy-problem {

∂tµt + div(µtv[µt]) = 0, t ∈ (0, T ], x ∈ Rd

µ0 = µ̄,
(7.6)

which we consider in the spaceMN
1 (Rd) of measures of total mass N and finite first-order

moment.
Under regularity conditions on the velocity, the problem in (7.6) is well-posed: its

solution t → µt in the sense (7.3) exists as a continuous function of time (i.e., µ· ∈
C([0, T ],MN

1 (Rd))), is unique and depends continuously on the initial datum. Continuity
arguments indeed require a metric on the spaceMN

1 (Rd); the metric that we adopt is the
Wasserstein metric. This metric, heuristically, measures the distance among pedestrian
distributions in terms of the “cost” we sustain to move one distribution and superimpose
it to the other. A formal definition can be found in Section 8.3; we refer the reader, e.g.,
to [AGS08, TF11, CPT14] for extensive insights. When we consider the pedestrian mass,
there is a good reason to adopt the Wasserstein distance, in opposition with others, such
as the L1 distance or the total variation distance. In case of a simple, atomic, pedestrian
distributions, in fact, the Wasserstein distance is exactly the sum of the distances traveled
by the single point masses to be rearranged among two configurations [CPT14].

Recalling the theory developed in [TF11] or in [CPT14, Chapter 6], conditions on v[µt]
ensuring well-posedness of (7.6) in the considered functional setting are: (i) Lipschitz
continuity with respect to the space variable and with respect to the measure µt; (ii) bounded-
ness with respect to the space variable and with respect to the measure µt; (iii) mild
linearity with respect to the measure µt (i.e. the velocity of a convex combinations of
crowding measures is the convex combination of the velocities once evaluated on the
single measures). Condition (iii) is not strictly necessary (cf., e.g., [PR13]), however it
simplifies the technicalities in the proofs.

7.2.3 Microscopic and macroscopic evolution

A measure-based framework allows for a unified modeling framework, independent of the
observation scale. Equation (7.2) can in fact describe the evolution of a particle-based
crowd distribution or of a continuous crowd distribution, in dependence on the geometric
structure of the crowding measure.
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Specifically, if µt is an atomic measure, i.e.

µt = εt :=
N∑
i=1

δXit , (7.7)

where X1
t , X

2
t , . . . , X

N
t ∈ Rd are the positions of pedestrians at time t, (7.2) describes

a system of ordinary differential equations

Ẋi
t = v[µt](Xi

t) = v[{Xi
t}Ni=1](Xi

t) i = 1, . . . , N. (7.8)

Conversely, if µt is an absolutely continuous measure with respect to the Lebesgue meas-
ure, i.e. it admits a (crowding) density ρt ∈ L1(Rd) which satisfies

µt(E) =
ˆ
E

ρt(x)dx for all E ∈ B(E) and for all t ∈ [0, T ], (7.9)

then (7.2) reduces to the classical continuity equation

∂tρt + div (ρtv[ρt]) = 0. (7.10)

In the following, for ease of notation, we systematically confuse the measure ρt with its
density and write dρt(x) or ρt(x) dx interchangeably. Moreover, when required by the
context, we write explicitly the number N of pedestrians as superscript of the measures
(e.g., µNt , εNt , and ρNt ).

7.2.4 Phenomenological modeling of pedestrian dynamics
To get a completely defined model, we have to specify an expression for the velocity
term regulating the dynamics (7.3), (7.8), and (7.10) This expression encodes the phe-
nomenological characterization of the system, hence it has to encompass the behavioral
features A1-A3 identified in Section 7.1. Specifically, the approach we follow has been
proposed, for instance, in [CPT10, CPT11, CPT14] and models the actions of pedestrians
via a linear superposition of effects, namely the effect of desires (A1) and the effect of
the interactions of the single with the surrounding environment and neighboring peers
(A2-A3).

We consider a “test” pedestrian in position x ∈ Rd, and we express his or her velocity
v[µt](x), depending on the crowding µt, as

v[µt](x) = vd(x)−
ˆ
S(x)

K(y − x) dµt(y)︸ ︷︷ ︸
vs

, (7.11)

which is a linear superposition of two terms:

• a desired velocity vd : Rd → Rd that walkers keep in the absence of peers (A1).
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S(x)

x

µt

Figure 7.1: Conceptual sketch: the “test” pedestrian (x) facing the crowd distribution µt
(checker texture). An example of anisotropic sensory S(x) region is shown.

We define the desired velocity via a spatial field that we specify a priori. In a
sense, this means that pedestrians know at any moment which velocity to keep
to reach their desired target. This assumption is not true in general, as people
can walk e.g. in unknown geometries (c.f. the approach [KGO09]), or in the dark
([CM13, MCKB14]). Nevertheless, this appears reasonable when dealing e.g. with
commuters, that somehow memorized the way [BTTV11], or with simple geomet-
ries.

• a social velocity vs, that models the repulsive (whence the minus sign) interac-
tions, which perturb vd for collision avoidance purposes (A2). By assumption,
interactions depend on the relative distance between pairs of pedestrians, here the
(“field” [BD11]) pedestrian in y and the “test” pedestrian in x. In particular, we
model the pair-wise interaction via an interaction kernel K : Rd → Rd whose effect,
in a linear superposition approach, is weighted on the crowding. As interactions are
repulsive, we require −K(z) · z ≤ 0 for all z ∈ Rd.

Interactions of “test” pedestrian x usually happen within a sensory region, say S(x),
(A3), whence the domain restriction appearing in the integral in (7.11). Let R > 0
be the corresponding characteristic length scale. We expect

S(x) ⊆ BR(x),

BR(x) being the ball centered in x ∈ Rd and radius R. The geometry of S(x)
is expected to respect the fact that interactions are stronger in the gaze direc-
tion [Fru87], which in a simplistic approach we can approximate by the direction of
the desired velocity [TF11], see Section 9.2.1 in Chapter 9 for an example (consider,
e.g., [EFR15] for an approach that takes into account the actual gaze direction).

From time to time, to emphasize that the pedestrian velocity (7.11) is actually a sum of
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two terms, we also call it total velocity.

Remark 1. The way of dealing with the interactions that we reported above is based
on restricting the interaction kernel to a set S(x). This approach allows for a simple
explanation and is general enough for our purposes in Chapters 8 and 9. In Chapter 11,
we use a more complex phenomenological description of the anisotropy of interactions,
that features a coupled dependence on the y − x and on its angle with the desired
velocity. Therefore, in that case, we use an interaction kernel having the form K(y−x, x)
(cf. (11.4)).

As a final consideration we say that modeling pedestrian dynamics via a linear super-
position of effects is common in the crowd dynamics literature and has the social force
approach as the most adopted example (cf. references in Section 7.1.1). Nonetheless, the
hypothesis of linear superposition of effects has been questioned, and other approaches
based on non-linear superposition of effects [BTTV11, MHT11] or which yield the mo-
tion of pedestrians as a result of optimization processes [HB03] have been proposed.
Consensus, nonetheless, is far from being reached.

Furthermore, no agreement exists in the community about the actual expression of K,
beyond the aforementioned phenomenological characterization (A2-A3). In Chapters 8-
11, we design hypotheses on its structure based on the expected physics (i.e. the expected
correlations), and then we possibly calibrate the free parameters on the basis of data in
the literature. Conversely, in Part I, we aimed at contributing to the actual quantification
of the interaction among pedestrians, and thus of K, at least for small spatial scales.

7.2.5 Use of the modeling framework in the thesis
We make use of the modeling framework (7.2)-(7.11) in Chapters 8, 9 and 11 with different
aims that require further extensions of the model to cope with the specific hypotheses
that we discuss chapter by chapter.

Specifically, in Chapter 8 we inquire on the quantitative relation among the microscopic
dynamics (7.8) and the macroscopic dynamics (7.10) in the case of increasing number
of pedestrians. Then we use the two different dynamics in an applied perspective both
in the context of the simulation of crowd flows along footbridges. In Chapter 9, we look
at the macroscopic dynamics and provide an all-round proof of concept of macroscopic
simulations on elongated geometries. In turn, in Chapter 11, we consider the microscopic
dynamics on a long time horizon and in a quasi-stationary regime to evaluate fluctuations
of the crowding.

Finally, we observe that operating in a measure-valued setting reflects that the con-
straint of conserving the mass and the way we define the velocity are “physical properties
of the system”. In other words, they are properties independent from (and somehow “prior
to”) the observation scale.
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Chapter 8

Comparing first-order
microscopic and macroscopic
crowd models for an increasing
number of massive agents

Crowd dynamics models having different observation scales are expected to produce con-
sistent behavior. In this chapter, we establish a quantitative comparison between the
microscopic (discrete) model (7.8) and the macroscopic (continuous) model (7.10), when
both use velocity (7.11), and for an increasing number N of pedestrians. We consider
“massive” agents, namely interacting particles whose individual mass does not change,
and specifically does not become infinitesimal, when N grows. We use the first-order
measure-valued evolution equation (7.2), from which both models are actually derived, as
a pivot term in the comparison.

The main result is that the two types of models approach one another in the limit
N →∞, provided the strength and/or the domain of pedestrian interactions are properly
modulated by N at either scale.

8.1 Introduction
When we model the dynamics of crowds of pedestrians, the microscopic and the mac-
roscopic observation scales represent two options widely adopted. On the one hand, the
microscopic scale distinguishes and keeps track of single pedestrians over time. Hence, in
an applied perspective, it provides valuable data when we consider very localized dynam-
ics. On the other hand, the macroscopic scale is appropriate when we require insights into

This chapter is based on joint work with A. Tosin submitted for publication [CT15].
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the ensemble (collective) dynamics or possibly when we consider high densities and thus
the configuration of singles appears less important. The reader may refer to Chapter 7
and, in particular, to Section 7.1 for a literature review of crowd models at different scales.
Selecting the most adequate representation from case to case may present difficulties and
different outcomes at different scales are likely to be observed. Nevertheless, even if at
different scales, models are expected to reproduce consistent dynamics, hence we wonder
when and how they are comparable to one another. These arguments provide the motiv-
ation for this chapter, in which a comparison of a microscopic and a macroscopic crowd
models is carried out for a growing number N of pedestrians.

As a reference scenario in this context, it is well known that the statistical behavior
of microscopic systems of interacting particles can be described, for N → ∞, by means
of a Vlasov-type kinetic continuous equation derived in the mean-field limit under the
assumption that the strength of pairwise interactions is scaled as N−1 (weak coupling
scaling), see [CDP09, CFTV10] and references therein. To understand this assumption,
let us make an ideal comparison with classic massive particles. Classic massive particles
feature a pairwise gravitational attraction F proportional to their mass (i.e. F ∝ m).
In the mean-field limit, interactions are scaled, i.e. F ∼ N−1, hence m ∼ N−1 holds.
Remarkably, this corresponds to assuming that the total mass of the system M = mN ,
remains constant, say M = 1. On the contrary, we here consider a continuous model per
se, in parallel to a discrete one. When doing this, we keep the mass m of each individual
constant, say m = 1, and consequently M = N holds. Therefore, a comparison with
discrete models based on the role of N acquires a renewed interest.

The two models, microscopic and macroscopic, that we consider assume a pedestrian
behavior regulated by the first-order dynamics (7.2) with velocity (7.11). This means
that the pedestrian velocity is treated as a sum of two terms: a desired velocity vd, which
walkers would keep in the absence of others, plus repulsive pairwise interactions, which
perturb vd for collision avoidance purposes. Following Section 7.2.3, we obtain the specific
models after assuming mass distributions respectively (7.7) and (7.9). After combining
together all the elements the models read respectively:

• Microscopic model. Let X1
t , X

2
t , . . . , X

N
t ∈ Rd be the positions of N pedestrians

at a time t ≥ 0. Their evolution satisfies

Ẋi
t = vd(Xi

t)−
N∑
j=1
j 6=i

K(Xj
t −X

j
t ), i = 1, . . . , N ; (8.1)

• Macroscopic model. Let ρt(x) be the density of pedestrians in the point x ∈ Rd at
time t, such that

´
Rd ρt(x) dx = N for all t ≥ 0. Its evolution satisfies

∂tρt + div
(
ρt

(
vd −

ˆ
Rd
K(y − ·)ρt(y) dy

))
= 0. (8.2)



8.2. THE ONE-DIMENSIONAL STATIONARY CASE: FUNDAMENTAL DIAGRAMS99

In the forthcoming comparison, Equation (7.2), will play a central role serving as a pivotal
element between (8.1) and (8.2).

The comparison in the next sections of the chapter develops as follows. In Sec-
tion 8.2, we give a first comparison result of discrete and continuous dynamics in the
one-dimensional stationary case, which leads to the computation of the so-called funda-
mental diagrams. The main result is that the asymptotic pedestrian speeds predicted by
models (8.1), (8.2) are not the same and that they cannot even be expected to match
one another for large numbers of pedestrians. In Section 8.3, we then give a second
more complete comparison result in a general d-dimensional time-evolutionary setting.
We consider sequences of pairs of discrete and continuous models of the form (8.1), (8.2)
indexed by the total number N of pedestrians and, as main contributions, we establish:

(i) for fixed N , a stability estimate relating the distance of solutions to these models at
a generic instant t > 0 to the distance between the related conditions at the initial
time t = 0;

(ii) for fixed t, a family of scalings of the interactions, comprising the aforementioned
mean-field as a particular case, which control the amplification of such a distance
when N grows;

(iii) a procedure to construct discrete and continuous initial configurations of the crowd
giving rise to mutually convergent sequences of discrete and continuous models at
all times when N grows.

Finally, in Section 8.4, we discuss the implications of the obtained results on the modeling
of crowd dynamics.

8.2 The one-dimensional stationary case: fundamental
diagrams

In this section we compare the stationary behavior of one-dimensional (d = 1) microscopic
and macroscopic homogeneous pedestrian distributions satisfying (7.2)-(7.11). Homogen-
eous conditions, yet to be properly defined at the two considered scales, represent dynamic
equilibrium conditions possibly reached asymptotically, after an exhausted transient. In
homogeneous conditions, the speed of pedestrians is expected to be a constant, depend-
ing exclusively on the number of pedestrians and on the length, say L > 0, of the
one-dimensional domain.

The evaluation of the pedestrian speed in homogeneous crowding conditions is an
established experimental practice which leads to the so-called fundamental diagrams,
i.e., synthetic quantitative relations between the density of pedestrians and their average
speed [SS08]. Usually, such diagrams feature a decreasing trend for increasing values of
the density, and are defined up to a characteristic value (stopping density) at which the
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0
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K
(z

)

z

Figure 8.1: Prototype of interaction kernel K complying with the assumption in 8.2.1.

measured speed is zero. In the following, we study fundamental diagrams as a function
of the number of pedestrians N (for an analogous experimental case cf. Chapter 3.3), in
the microscopic and macroscopic cases. We retain N as the common element between
the two descriptions, as it remains well-defined independently of the observation scale.
It is finally worth pointing out that, although fundamental diagrams have been often
used in mathematical models as closure relations (especially for macroscopic models,
cf. [BTTV11, CR09]), in this case they are a genuine output of the considered interaction
rules expressed by the integral in (7.11).

8.2.1 Technical hypotheses

For the sake of simplicity, we consider the one-dimensional problem on a periodic domain
[0, L). To model homogeneous pedestrian distributions, in the discrete case (8.1) we
consider an equispaced lattice solution translating with a certain constant speed w (to be
determined), i.e.,

εt(x) = ε̄(x− wt), (8.3)

where ε̄ has the form (7.7) with pedestrians locations such that

∣∣X̄j − X̄i
∣∣ = (j − i) L

N
, i, j = 1, . . . , N, (8.4)

for X̄1 < X̄2 < · · · < X̄N (the ordering is modulo L). Thus the atoms of εt are
Xi
t = X̄i + wt for i = 1, . . . , N . In the continuous case (8.2), we consider instead a

constant density, i.e.,
ρt(x) ≡ ρ̄ ≥ 0, (8.5)

which, owing to (7.1), is given by ρ̄ = N/L.
We assume that the desired velocity is a positive constant vd > 0, therefore the



8.2. THE ONE-DIMENSIONAL STATIONARY CASE: FUNDAMENTAL DIAGRAMS101

movement is in the positive direction of the real line. Furthermore, we make the following
assumptions on the interaction kernel:

Assumption 8.2.1 (Properties of K).

(i) Compactness of the support and frontal orientation of the sensory region. The
support of K is

SR(0) = [0, R]

with 0 < R < L.

(ii) Boundedness and regularity in (0, R). Pedestrian interactions vary smoothly with
the mutual distance of the interacting individuals and have a finite maximum value.
Specifically:

K ∈ C2(0, R), K, K ′′ ∈ L∞(0, R).

(iii) Monotonicity in (0, R) and behavior at the endpoints. We assume

K(z) > 0, K ′(z) < 0 for z ∈ (0, R)

with moreover

K(0) = K(R) = 0
K(0+) := lim

z→0+
K(z) > 0.

Thus pedestrian interactions decay in the interior of the sensory region as the mutual
distance increases and, in addition, pedestrians do not interact with themselves.
Notice that this forces K to be discontinuous in z = 0.

As an example, the kernels in the form

K(z) =


R− z

(R+ a)(z + a) for z ∈ (0, R)

0 otherwise,

for a > 0 fit to (i)-(iii) (in Figure 8.1, we report the case a = 0.2, R = 0.35).

8.2.2 Stationarity and stability of spatially homogeneous solutions
Before proceeding with the comparison of asymptotic pedestrian speeds resulting from
microscopic and macroscopic dynamics, we prove that the spatially homogeneous solu-
tions (8.3)-(8.4) and (8.5) are indeed stable and possibly attractive solutions to either (8.1)
or (8.2). This ensures that such distributions can indeed be considered as equilibrium dis-
tributions, and therefore that the evaluation of fundamental diagrams is well-posed.
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Proposition 8.2.2 (Equilibrium of the microscopic model). The equispaced lattice solu-
tion (8.3) is a stable solution to (8.1) for

w = vd −
N−1∑
h=1

K

(
h
L

N

)
. (8.6)

It is moreover attractive if R > L/N .

Proof. First we observe that the measure (8.3) is a solution to (8.1), in fact, using (8.4)
in (8.1) together with Assumption 8.2.1(i)-(iii), we get

Ẋi
t = vd −

∑
j>i

K

(
(j − i) L

N

)
,

which reduces to (8.6) by setting h = j − i.
To show that εt is stable and possibly attractive we use a perturbation argument. We

define the perturbed positions X̃i
t = Xi

t + ηit, then we plug them into (8.1) to find

˙̃Xi
t = vd −

N∑
j=1

K(Xj
t −Xi

t + ηjt − ηit).

Linearizing this around Xj
t −Xi

t and using Assumption 8.2.1(i) gives

˙̃Xi
t = w −

∑
j>i

K ′
(

(j − i) L
N

)
(ηjt − ηit),

which, considering that η̇it = ˙̃Xi
t − w, further yields

η̇it = −
∑
j>i

K ′
(

(j − i) L
N

)
(ηjt − ηit) = −

N−1∑
h=1

K ′
(
h
L

N

)
(ηi+ht − ηit). (8.7)

Finally, we claim that εt is:

(a) stable if R ≤ L/N ;

(b) stable and attractive if R > L/N .

In case (a) the sum in (8.7) is zero as K ′(L/N) = K ′(2L/N) = . . . = 0 by Assump-
tion 8.2.1(i). Therefore, small perturbations remain constant over time, which is sufficient
to ensure stability.

In case (b) we make the ansatz

ηit =
N−1∑
k=1

Cke
σkt+i 2π

N ki (i = imaginary unit), (8.8)
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where Ck ∈ R, which reflects the periodicity of ηit with respect to i. Notice that the
expansion above starts off from k = 1 because the term for k = 0 is not relevant in the
present context, in fact it corresponds simply to a further rigid translation of the Xi

t ’s.
After substituting (8.8) in (8.7), we obtain that (8.8) is a solution as long as

σk = −
N−1∑
h=1

K ′
(
h
L

N

)(
ei 2π
N kh − 1

)
,

whence

<e(σk) =
N−1∑
h=1

K ′
(
h
L

N

)(
1− cos

(
2π
N
kh

))
. (8.9)

Since 0 < h, k < N , it results 1− cos(2πhk/N) > 0. Because of Assumption 8.2.1(iii),
every term of the sum at the right-hand side of (8.9) is either negative (for hL/N <

R, i.e., within the sensory region) or zero (for hL/N ≥ R, i.e., outside the sensory
region). Moreover, since R > L/N , the sum has at least a non-vanishing term (for
h = 1). Therefore <e(σk) < 0 for all k = 1, 2, . . . , N − 1 and we have stability and
attractiveness.

Remark 2. Proposition 8.2.2 asserts that the equispaced pedestrian distribution is always
a stable (quasi-)stationary solution to the microscopic model. This is somehow in contrast
to what is found in microscopic “optimal velocity” traffic models, where the so-called
POMs (“Ponies-on-a-Merry-Go-Round”) solutions can generate instabilities (traffic jams)
depending on the total number of vehicles [BHN+95, SGW09]. The rationale for this
difference is that, unlike the present case, in such models vehicle interactions can be both
repulsive and attractive depending on the distance between the interacting pairs.

Proposition 8.2.3 (Equilibrium of the macroscopic model). The spatially homogeneous
solution (8.5) is a locally stable and attractive solution to (8.2).

Proof. The constant solution (8.5) is clearly a solution to (8.2) when vd is constant, for
then

v[ρ̄] = vd − ρ̄
ˆ x+R

x

K(y − x) dy = vd − ρ̄
ˆ R

0
K(z) dz

is constant as well. To study its local stability we consider a perturbation of it of the form

ρ̃t = ρ̄+ η%t

for η ∈ R, then we plug it into (8.2) to have

∂t(ρ̄+ η%t) + ∂x((ρ̄+ η%t)v[ρ̄+ η%t]) = 0.

In the limit of small η this gives the following linearized equation for the perturbation:

∂t%t + ∂x(ρ̄v[%t] + %tv[ρ̄]) = 0, (8.10)
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for which we make the ansatz of periodic solution in space:

%t(x) =
∑
k∈Z

Cke
σkt+i 2π

L kx (i = imaginary unit),

with Ck ∈ R. Actually, similarly to the microscopic case in Proposition 8.2.2, we can
neglect the term of the sum for k = 0, because again it corresponds to a constant in
space perturbation.

By linearity we consider one term of the sum at a time, i.e., we take %t(x) =
Cke

σkt+i 2π
L kx. Substituting in (8.10) we find

σk + i2π
L
k (v[ρ̄] + ρ̄Kk) = 0 with Kk := −

ˆ L

0
K(z)ei 2π

L kz dz.

The asymptotic trend in time of %t depends on <e(σk), which, according to the previous
equation, is given by

<e(σk) = 2π
L
kρ̄=m(Kk) = −2π

L
kρ̄

ˆ L

0
K(z) sin

(
2π
L
kz

)
dz.

We claim that <e(σk) < 0 for all k 6= 0.

First, we observe that 2π
L kρ̄=m(Kk) is even in k, since it is the product of two odd

functions in k. Thus <e(σ−k) = <e(σk) and we can confine ourselves to k > 0. Second,
=m(Kk) can be written as

=m(Kk) = −
ˆ L

0
K(z) sin

(
2π
L
kz

)
dz

= −
k−1∑
q=0

ˆ (q+1)L/k

qL/k

K(z) sin
(

2π
L
kz

)
dz

(8.11)

and, in addition, for each term of the sum at the right-hand side it holds

ˆ (q+1)L/k

qL/k

K(z) sin
(

2π
L
kz

)
dz

=
ˆ (q+1/2)L/k

qL/k

(
K(z)−K

(
z + L

2k

))
sin
(

2π
L
kz

)
dz.

In the interval [qL/k, (q + 1/2)L/k] the sine function is non-negative. Furthermore, in
view of Assumption 8.2.1(i)-(iii), K is globally non-increasing, thus the integral above is
non-negative for all k > 0. Consequently, the sum in (8.11) is non-positive and, owing to
Assumption 8.2.1(iii), it has at least one strictly negative element corresponding to q = 0,
whence the claim follows.
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Figure 8.2: The considered partition of the domain [0, L) is shown in the case N = 5.
Solid dots correspond to pedestrian positions. The dashed line represents an example of
interaction kernel K.

8.2.3 Discrete and continuous fundamental diagrams

We now calculate and compare the fundamental diagrams corresponding to the stable
stationary homogeneous solutions studied in the previous sections, i.e., the mappings
N 7→ v[εNt ] and N 7→ v[ρ̄N ], respectively.

From Proposition 8.2.2 we know

v[εNt ] = vd −
N−1∑
h=1

K

(
h
L

N

)
, (8.12)

while from (7.11) with d = 1, µt = ρ̄N = N/L and taking Assumption 8.2.1 into account,
we deduce

v[ρ̄N ] = vd −
N

L

ˆ L

0
K(z) dz. (8.13)

Notice that both v[εNt ] and v[ρ̄N ] are decreasing functions of N , the trend being definitely
linear in the continuous case. This is consistent with typical fundamental diagrams for
pedestrians reported in the experimental literature, see, e.g., [Daa04, PSU83].

To compare the two fundamental diagrams (8.12) and (8.13), we introduce the quant-
ity

∆v(N) := v[εNt ]− v[ρ̄N ].

Actually, since from Proposition 8.2.2 the equilibrium speed v[εNt ] depends only on the
headways |Xj

t − Xi
t |, which are constant in time, we can drop the dependence on t by

“freezing” pedestrians in a particular configuration (e.g. the one such that X̄i = (i−1) LN ).
Hence, from now on, we will write simply ε̄N =

∑N
i=1 δX̄i .

Using the regularity of the interaction kernel stated in Assumption 8.2.1(ii) we can
calculate ∆v(N) explicitly. To this purpose we introduce the following pairwise disjoint
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partition of the interval [0, L] (cf. Figure 8.2):

E1
1/2 =

[
0, L

2N

]
Ei =

((
i− 3

2

)
L

N
,

(
i− 1

2

)
L

N

]
, 2 ≤ i ≤ N

EN+1
1/2 =

((
N − 1

2

)
L

N
, L

]
,

such that X̄1 ∈ E1
1/2, X̄i ∈ Ei for i = 2, . . . , N , while EN+1

1/2 does not contain any of
the atoms of ε̄N . Then we have

∆v(N) =
ˆ L

0
K(z) d(ρ̄N − ε̄N )(z)

=
ˆ
E1

1/2

K(z) d(ρ̄N − ε̄N )(z) +
N∑
i=2

ˆ
Ei
K(z) d(ρ̄N − ε̄N )(z)

+
ˆ
EN+1

1/2

K(z) dρ̄N (z).

In particular, we compute:

• for the first integral,
ˆ
E1

1/2

K(z) d(ρ̄N − ε̄N )(z) = N

L

ˆ
E1

1/2

K(z) dz −K(X̄1)

= 1
2 〈K〉E1

1/2
−K(0) = 1

2 〈K〉E1
1/2

(8.14)

because X̄1 = 0 in the chosen configuration and moreover K(0) = 0 (cf. Assump-
tion 8.2.1(iii)). We have denoted 〈K〉E :=

ffl
E
K(z) dz.

• for each of the integrals in the sum,
ˆ
Ei
K(z) d(ρ̄N − ε̄N )(z) = N

L

ˆ
Ei
K(z) dz −K(X̄i) = 〈K〉Ei −K(X̄i);

• for the last integral,
ˆ
EN1/2

K(z) dρ̄N (z) = N

L

ˆ
EN+1

1/2

K(z) dz = 1
2 〈K〉EN+1

1/2
.

It follows

∆v(N) = 1
2 〈K〉E1

1/2
+

N∑
i=2

(〈K〉Ei −K(X̄i)) + 1
2 〈K〉EN+1

1/2
. (8.15)
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Figure 8.3: Fundamental diagrams (8.12) (discrete model, dots) and (8.13) (continuous
model, solid lines) obtained, for different values of L, with vd = 1, K(z) = 1

5 (1 − z2).
The graph in the upper-right box shows the numerical convergence to 0.5 of the quantity
∆v(N)/K(0+) for N →∞.

A numerical evaluation of ∆v(N) is shown in Figure 8.3 (up to a scaling with respect
toK(0+)). We observe that, when N grows, the normalized curves approach the constant
1
2 , thus suggesting that ∆v(N) does not converge to 0 for N → ∞. This intuition is
confirmed by the following

Theorem 8.2.4 (Non-convergence of fundamental diagrams). We have

lim
N→∞

∆v(N) = 1
2K(0+).

Proof. We consider one by one the terms at the right-hand side of (8.15).
First, the right endpoint of E1

1/2 approaches the origin when N grows, hence, owing to
the mean value theorem and using the continuity of K in (0, R), cf. Assumption 8.2.1(ii),
we find

lim
N→∞

1
2 〈K〉E1

1/2
= 1

2K(0+).

Second, in view of the smoothness of K in (0, R), cf. Assumption 8.2.1(ii), for each
term of the sum we can use a second order Taylor expansion with Lagrange remainder to
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discover

〈K〉Ei −K(X̄i)

=
 
Ei

(
K(X̄i) +K ′(X̄i)(z − X̄i) + 1

2K
′′(ζi)(z − X̄i)2

)
dz −K(X̄i)

(for some ζi ∈ Ei)

=
 
Ei

(
K ′(X̄i)(z − X̄i) + 1

2K
′′(ζi)(z − X̄i)2

)
dz

= 1
2

 
Ei
K ′′(ζi)(z − X̄i)2 dz

(because z − X̄i is odd in Ei)

≤ 1
2‖K

′′‖∞
 
Ei

(z − X̄i)2 dz = 1
2‖K

′′‖∞
L2

12N2
N→∞−−−−→ 0

which, for the arbitrariness of i, implies that the whole sum vanishes for N →∞.
Finally,

lim
N→∞

1
2 〈K〉EN+1

1/2
= 0

because of Assumption 8.2.1(i), indeed for N large it results EN+1
1/2 ∩ [0, R] = ∅.

By Theorem 8.2.4 we conclude that the discrete system moves asymptotically at a
higher speed than the continuous one becauseK(0+) > 0, as also Figure 8.3 confirms. Ul-
timately, the discrete and continuous models (8.1), (8.2) predict different walking speeds
at equilibrium, which do not match one another even in the limit of a large number
of pedestrians. It is worth noticing that this fact does not actually depend on Assump-
tion 8.2.1(iii), which states the absence of self-interactions (K(0) = 0). Indeed, assuming
the right continuity of K in 0, i.e., K(0) = K(0+), would still lead to a nonzero limit for
∆v(N):

lim
N→∞

∆v(N) = lim
N→∞

1
2 〈K〉E1

1/2
−K(0) = −1

2K(0) < 0,

cf. (8.14). In this case, the discrete system is asymptotically slower than the continuous
one, because discrete pedestrians are further slowed down by self-interactions (which,
instead, do not affect the continuous system).

Additionally, from Theorem 8.2.4 we infer that fundamental diagrams approaching one
another can be obtained if K(0+) = K(0) = 0, cf. Figure 8.4. This condition however
violates the assumption that K is decreasing in (0, R), cf. Assumption 8.2.1(iii), which
is used to prove the stability and attractiveness of the homogeneous configurations on
which fundamental diagrams are based (cf. Propositions 8.2.2, 8.2.3).
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Figure 8.4: Fundamental diagrams (8.12) (discrete model, dots) and (8.13) (continuous
model, solid lines) obtained, for different values of L, with vd = 1, K(z) = 1

2z(1 − z).
The graph in the upper-right box shows the convergence to 0 of the quantity ∆v(N) for
N →∞.

8.3 General non-stationary dynamics

Framing both the dynamics (8.1) and (8.2), we here consider the Cauchy problem for the
abstract time-evolving measure µt{

∂tµt + div(µtv[µt]) = 0, t ∈ (0, T ], x ∈ Rd

µ0 = µ̄,
(8.16)

where v is given by (7.11), T > 0 is a certain final time, and µ̄ is a prescribed measure rep-
resenting, at the proper scale, the initial distribution of the crowd. Under the assumptions
discussed in Section 7.2.2, we can state that Problem (8.16) admits a unique measure-
valued solution µ· ∈ C([0, T ]; MN

1 (Rd)) in the weak sense (7.3), MN
1 (Rd) being the

space of positive measures on Rd with total mass N and finite first order moment (cf. also
Section 8.3.1). Moreover, this solution preserves the structure of the initial datum: if µ̄ is
discrete, respectively continuous, then so is µt for all t ∈ (0, T ] (in the continuous case,
this is true under the further condition Lip(v)TeLip(v)T < 1, [CPT14]).

It makes thus sense to consider sequences of discrete and continuous initial condi-
tions {ε̄N}∞N=1, {ρ̄N}∞N=1, with ε̄N , ρ̄N ∈ MN

1 (Rd) ∀N ≥ 1, to which there corres-
pond sequences of solutions at the same scales {εN· }∞N=1, {ρN· }∞N=1, with εN· , ρ

N
· ∈

C([0, T ]; MN
1 (Rd)) ∀N ≥ 1, and to compare them “N -by-N” to determine when mu-
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tually approaching initial measures, i.e.,

lim
N→∞

d(ε̄N , ρ̄N ) = 0 (8.17)

for some metric d, generate mutually approaching solutions, i.e.,

lim
N→∞

d(εNt , ρNt ) = 0 for all t ∈ (0, T ]. (8.18)

Formally speaking, we will operate in the setting of the 1-Wasserstein distance W1,
whose definition is as follows:

W1(µ, ν) = inf
π∈Π(µ, ν)

ˆ
Rd×Rd

|x− y| dπ(x, y), µ, ν ∈MN
1 (Rd), (8.19)

where Π(µ, ν) is the set of all transference plans between the measures µ and ν, i.e.,
every π ∈ Π(µ, ν) is a measure on the product space Rd × Rd with marginals µ, ν:
π(E × Rd) = µ(E), π(Rd × E) = ν(E) for every E ∈ B(Rd). By Kantorovich duality,
cf. e.g., [Vil09], W1 admits also the representation

W1(µ, ν) = sup
φ∈Lip1(Rd)

ˆ
Rd
φd(ν − µ), (8.20)

where Lip1(Rd) is the space of Lipschitz continuous functions φ : Rd → R with at most
unitary Lipschitz constant. We will use indifferently either expression of W1 depending
on the context.

In the following, from Section 8.3.1 to Section 8.3.3, we prove general results about
the solution to (8.16) independently of the geometric structure of the measure. These
results will allow us to discuss, later in Section 8.3.4, the limits (8.17)-(8.18) previously
introduced.

8.3.1 Technical hypotheses

Following the theory developed in [CPT14, PR13, TF11], we assume some smoothness
of the transport velocity. Specifically:

Assumption 8.3.1 (Lipschitz continuity of v). There exist Lip(vd), Lip(K) > 0 such
that

|vd(y)− vd(x)| ≤ Lip(vd) |y − x| , |K(y)−K(x)| ≤ Lip(K) |y − x|

for all x, y ∈ Rd.

Using the expression (7.11) of the transport velocity, it is immediate to check that
Assumption 8.3.1 implies

|v[ν](y)− v[µ](x)| ≤ (Lip(vd) +N Lip(K)) |y − x|+ Lip(K)W1(µ, ν)
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for all x, y ∈ Rd and µ, ν ∈MN
1 (Rd), hence letting

ξN := 2 max{Lip(vd), N Lip(K)} (8.21)

and recalling that we are considering N ≥ 1 we finally have

|v[ν](y)− v[µ](x)| ≤ ξN
(
|y − x|+ 1

N
W1(µ, ν)

)
. (8.22)

8.3.2 Continuous dependence on the initial datum

The basic tool for the next analysis is the continuous dependence of the solution to (8.16)
on the initial datum, which we now prove. The following results are inspired by [CPT14,
Chapter 6] and use the representation formula introduced in Section 7.2 based on the
flow map (7.5). The results as well as the analytic techniques are not new per se (cf.
also [CCR11, CCH14, Dob79, HL09]). However, differently from the cited examples, here
we consider systems having total mass N , rather than 1. For our purpose, it is important
to obtain the explicit dependence on the mass N of some constants appearing in the final
estimates, thus the next calculations.

Lemma 8.3.2 (Regularity of the flow map).

(i) For all x, y ∈ Rd and t ∈ [0, T ] it results

|γt(y)− γt(x)| ≤ eξ
N t |y − x| .

(ii) Let µ·, ν· ∈ C([0, T ]; MN
1 (Rd)) be two solutions to (8.16) with respective initial

conditions µ̄, ν̄ ∈MN
1 (Rd). Call γµ, γν the flow maps associated to either solution.

Then for all x ∈ Rd and t ∈ [0, T ] it results

|γνt (x)− γµt (x)| ≤ ξNeξ
N t

N

ˆ t

0
W1(µs, νs) ds.

Proof. (i) From (7.5) and (8.22) we obtain

|γt(y)− γt(x)| ≤ |y − x|+
ˆ t

0
|v[µs](γs(y))− v[µs](γs(x))| ds

≤ |y − x|+ ξN
ˆ t

0
|γs(y)− γs(x)| ds,

whence the statement follows by invoking Gronwall’s inequality.



112CHAPTER 8. COMPARINGMICROSCOPIC ANDMACROSCOPIC CROWDMODELS

(ii) By (7.5) and (8.22), we have

|γνt (x)− γµt (x)| ≤
ˆ t

0
|v[νs](γνs (x))− v[µs](γµs (x))| ds

≤ ξN
(ˆ t

0
|γνs (x)− γµs (x)| ds+ 1

N

ˆ t

0
W1(µs, νs) ds

)
,

whence again Gronwall’s inequality yields the result.

We are now in a position to prove:

Proposition 8.3.3 (Continuous dependence). Let µ·, ν· ∈ C([0, T ]; MN
1 (Rd)) be two

solutions to (8.16) corresponding to initial conditions µ̄, ν̄ ∈MN
1 (Rd). Then

W1(µt, νt) ≤ e
ξN t

(
1+eξ

NT

)
W1(µ̄, ν̄) for all t ∈ (0, T ].

Proof. we use the expression (8.20) of W1. Let φ ∈ Lip1(Rd). Using the notation
introduced in Lemma 8.3.2(ii) and recalling (7.4) we have:

ˆ
Rd
φ(x) d(νt − µt)(x) =

ˆ
Rd
φ(x) d(γνt #ν̄ − γµt #µ̄)(x)

=
ˆ
Rd
φ(γνt (x)) dν̄(x)−

ˆ
Rd
φ(γµt (x)) dν̄(x)

+
ˆ
Rd
φ(γµt (x)) dν̄(x)−

ˆ
Rd
φ(γµt (x)) dµ̄(x)

=
ˆ
Rd

(φ(γνt (x))− φ(γµt (x))) dν̄(x)

+
ˆ
Rd
φ(γµt (x)) d(ν̄ − µ̄)(x)

≤
ˆ
Rd
|γνt (x)− γµt (x)| dν̄(x) + eξ

N tW1(µ̄, ν̄),

where in the last term at the right-hand side we have used the fact that the function
x 7→ φ(γµt (x)) is Lipschitz continuous in view of Lemma 8.3.2(i). Invoking furthermore
Lemma 8.3.2(ii) we continue as

≤ ξNeξ
N t

N

ˆ
Rd

ˆ t

0
W1(µs, νs) ds dν̄ + eξ

N tW1(µ̄, ν̄)

= ξNeξ
N t

ˆ t

0
W1(µs, νs) ds+ eξ

N tW1(µ̄, ν̄).
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Taking the supremum over φ of both sides we obtain

W1(µt, νt) ≤ ξNeξ
NT

ˆ t

0
W1(µs, νs) ds+ eξ

N tW1(µ̄, ν̄),

where in the first term at the right-hand side we have further used t ≤ T . Finally we
apply Gronwall’s inequality.

8.3.3 Sequences of measures with growing mass: scaling of the
interactions

We now consider two sequences of initial conditions of growing mass, say {µ̄N}∞N=1,
{ν̄N}∞N=1 with µ̄N , ν̄N ∈ MN

1 (Rd) ∀N ≥ 1, and the related sequences of solutions
to (8.16), {µN· }∞N=1, {νN· }∞N=1 with µN· , ν

N
· ∈ C([0, T ]; MN

1 (Rd)) ∀N ≥ 1. From
Proposition 8.3.3 we have

W1(µNt , νNt ) ≤ e
ξN t

(
1+eξ

NT

)
W1(µ̄N , ν̄N ), (8.23)

where the exponential factor estimates the amplification at time t > 0 of the distance
between the initial data. If N is sufficiently large then from (8.21) we see that ξN =
2N Lip(K). If the exponential factor remains bounded when N grows, we have that
W1(µ̄N , ν̄N ) and W1(µNt , νNt ) are of the same order of magnitude for all N . This
happens if

Lip(K) = O(N−1) for N →∞. (8.24)

In other words, the interaction kernel has to be suitably scaled with respect to N . In
particular, given a Lipschitz continuous function K : Rd → Rd compactly supported in
BR(0) ⊂ Rd, in order to comply with (8.24) we consider the following two-parameter
family of interaction kernels:

K(z) = KN
α,β(z) := 1

Nα
K
( z

Nβ

)
(8.25)

with α, β ∈ R and Lipschitz constant

Lip(KN
α,β) = Lip(K)

Nα+β .

Clearly, (8.25) satisfies (8.24) as long as

α+ β ≥ 1. (8.26)

Example 8.3.4 (Role of α). An admissible interaction kernel belonging to the fam-
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ily (8.25) is the one obtained for α = 1, β = 0, i.e.,

KN
1,0(z) = 1

N
K(z).

This corresponds to a lower and lower interpersonal repulsion when the number of pedestri-
ans increases. Notice that this is the same scaling adopted in the mean-field limit [CDP09,
CFTV10]. In this case, pedestrian velocity (7.11) reads

v[µNt ](x) = vd(x)− 1
N

ˆ
Rd
K(y − x) dµNt (y).

Considering that µNt (Rd) = N , the desired velocity and the interactions have commen-
surable weights for every N .

Example 8.3.5 (Role of β). An interaction kernel somehow opposite to KN
1,0 discussed

in Example 8.3.4 is obtained for α = 0, β = 1, i.e.,

KN
0,1(z) = K

( z
N

)
.

The support is contained in the ball BNR(0). Therefore this kernel corresponds to ped-
estrians who interact with a potentially larger and larger number of other individuals as
the total number of people increases. The resulting velocity:

v[µNt ](x) = vd(x)−
ˆ
Rd
K
(
y − x
N

)
dµNt (y)

is such that the component due to interactions tends to predominate over the desired one
for growing N .

Example 8.3.6. Besides the extreme cases of Examples 8.3.4, 8.3.5, one may also consider
intermediate cases in which both α and β are simultaneously nonzero (and not necessarily
positive). For instance, for α = 2, β = −1 we get

KN
2,−1(z) = 1

N2K(Nz),

which corresponds to weaker and weaker interactions in a smaller and smaller sensory
region (in fact suppKN

2,−1 ⊆ BR/N (0)). This may model pedestrians who agree to stay
closer and closer as their number increases, like e.g., in highly crowded train or metro
stations during rush hours. The resulting velocity:

v[µNt ](x) = vd(x)− 1
N2

ˆ
Rd
K(N(y − x)) dµNt (y)

is such that vd dominates for large N .
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8.3.3.1 Scaling equivalence

Solutions to (8.16) with interaction kernel (8.25) for different values of the parameters α,
β account for different interaction attitudes of pedestrians in congested crowd regimes.
Hence, in principle, one may expect significantly different solutions for large N . Non-
etheless, in the case vd ≡ 0 a one-to-one correspondence among them exists, up to a
transformation of the space variable involving the total number of pedestrians N . To
prove it we introduce the following:

Proposition 8.3.7. Let U : Rd → Rd be the linear scaling of the space

U(z) = az, a ∈ R

and let v̂, ṽ be the velocities (7.11) computed with the following interaction kernels:

K̂(z) = (K ◦ U−1)(z) = K
(z
a

)
, K̃(z) = (U−1 ◦ K)(z) = 1

a
K(z),

where K : Rd → Rd is Lipschitz continuous. Assume moreover vd ≡ 0.

(i) For all µ ∈MN
1 (Rd) it results

ṽ[µ](x) = 1
a
v̂[U#µ](ax).

Let µ̂·, µ̃· ∈ C([0, T ]; MN
1 (Rd)) be the solutions to (8.16) with velocities v̂, ṽ,

respectively, and initial conditions such that

µ̂0 = U#µ̃0.

(ii) The flow maps γ̂t, γ̃t correspond to one another as

γ̂t = U ◦ γ̃t ◦ U−1, ∀ t ∈ (0, T ].

(iii) The solutions satisfy
µ̂t = U#µ̃t, ∀ t ∈ (0, T ].
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Proof. (i) By direct calculation we find

1
a
v̂[U#µ](ax) = −1

a

ˆ
Rd
K̂(y − ax) d(U#µ)(y)

= −1
a

ˆ
Rd
K
(
y − ax
a

)
d(U#µ)(y)

= −1
a

ˆ
Rd
K(z − x) dµ(z)

= −
ˆ
Rd
K̃(z − x) dµ(z) = ṽ[µ](x).

(ii) We check that
γ̂t(x) := (U ◦ γ̃t ◦ U−1)(x) = aγ̃t

(x
a

)
complies with the definition (7.5). Using (7.5) for γ̃t, we write

γ̂t(x) = x+ a

ˆ t

0
ṽ[γ̃s#µ̃0]

(
γ̃s

(x
a

))
ds.

Next, we observe that

γ̃s#µ̃0 = (γ̃s ◦ U−1 ◦ U)#µ̃0 = (γ̃s ◦ U−1)#µ̂0,

hence from the previous point (i) we deduce

γ̂t(x) = x+ a

ˆ t

0

1
a
v̂[U#(γ̃s ◦ U−1)#µ̂0]

(
aγ̃s

(x
a

))
ds

= x+
ˆ t

0
v̂[γ̂s#µ̂0](γ̂s(x)) ds.

(iii) Due to the result in (ii) we have

µ̂t = γ̂t#µ̂0 = (U ◦ γ̃t ◦ U−1)#(U#µ̃0) = (U ◦ γ̃t)#µ̃0 = U#µ̃t.

As a consequence of Proposition 8.3.7, we can prove a correspondence among the
dynamics governed by different interaction kernels of the family (8.25).

Theorem 8.3.8 (Scaling equivalence). Let µN· , νN· ∈ C([0, T ]; MN
1 (Rd)) be the solu-

tions to (8.16) corresponding to interaction kernels KN
α,β , KN

α′,β′ , with

α+ β = α′ + β′,

and to initial conditions µ̄N , ν̄N = UN#µ̄N ∈MN
1 (Rd), respectively, where

UN (z) = Nβ′−βz.
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Then
νNt = UN#µNt , ∀ t ∈ (0, T ].

Proof. By (8.25) we have, on the one hand,

KN
α,β(z) = 1

Nα
K
( z

Nβ

)
= 1
Nβ′−β ·

1
Nα′
K
( z

Nβ

)
,

where we have used the fact that α = α′ + β′ − β, and, on the other hand,

KN
α′,β′(z) = 1

Nα′
K
( z

Nβ′

)
= 1
Nα′
K
(

1
Nβ′−β ·

z

Nβ

)
.

Thus:

KN
α,β(z) = 1

a
· 1
Nα′
K
( z

Nβ

)
KN
α′,β′(z) = 1

Nα′
K
(

1
a
· z

Nβ

)
for a = Nβ′−β and the conclusion follows from Proposition 8.3.7.

8.3.4 Back to discrete and continuous models
Conditions (8.25)-(8.26) imply

ξN ≤ ξ∗ := 2 max{Lip(vd), Lip(K)} for all N ≥ 1.

When using (8.23) for sequences of discrete and continuous measures we can incorporate
this fact and write

W1(εNt , ρNt ) ≤ eξ
∗t
(

1+eξ
∗T
)
W1(ε̄N , ρ̄N ) for all t ∈ (0, T ] and N ≥ 1. (8.27)

Hence mutually approaching sequences of discrete and continuous solutions to (8.16),
cf. (8.18), are possible, provided one is able to construct mutually approaching sequences
of initial conditions at the corresponding scales, cf. (8.17). In the following we discuss a
possible procedure leading to the desired result.

Let X̄1, . . . , X̄N ∈ Rd be the initial positions of N distinct microscopic pedestrians.
The associated discrete distribution ε̄N is constructed from (7.7), while, given r > 0, we
define

ρ̄N =
N∑
i=1

ρi, ρi(x) = 1
rd
f

(
x− X̄i

r

)
, (8.28)

where f : Rd → R is a non-negative function such that

supp f ⊆ B1(0),
ˆ
B1(0)

f(x) dx = 1. (8.29)
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Consequently, supp ρi ⊆ Br(X̄i) and moreover ρi(Br(X̄i)) = 1 each i, thus ρ̄N is the
superposition of N piece-wise constant density bumps, each of which carries a unit mass
representative of one pedestrian. We assume

r <
1
2 min
i 6=j

∣∣X̄j − X̄i
∣∣ , (8.30)

which ensures no overlapping of the supports of the ρi’s.
In the remaining part of this section we compute the Wasserstein distance between

ε̄N and ρ̄N and we study its dependence with respect to N .

Proposition 8.3.9 (Distance between the initial conditions). Let

mf :=
ˆ
B1(0)

|x| f(x) dx.

The distance between ε̄N and ρ̄N is

W1(ε̄N , ρ̄N ) = mfNr.

Proof. Here we use the expression (8.20) of W1. Let us consider the case N = 1 first.
Since ε̄1 is a single Dirac mass, there is no ambiguity in the construction of the optimal
transference plan π between ε̄1 and ρ̄1 (i.e., the transference plan which realizes the
infimum in (8.19)), which is just the tensor product of the measures:

π(x, y) = ρ̄1(x)⊗ ε̄1(y).

By substitution in (8.19), we find

W1(ε̄1, ρ̄1) =
ˆ
Rd×Rd

|x− y| d(ρ̄1(x)⊗ ε̄1(y))

=
ˆ
Br(X̄1)

∣∣x− X̄1∣∣ ρ1(x) dx

= 1
rd

ˆ
Br(X̄1)

∣∣x− X̄1∣∣ f (x− X̄1

r

)
dx

= r

ˆ
B1(0)

|y| f(y) dy (set y := (x− X̄1)/r)

= mfr.

We pass now to characterize transference plans between ε̄N and ρ̄N in the case N > 1.
Every element of the continuous mass ρ̄N is transported onto a delta, a condition that,
in the spirit of the so-called semi-discrete Monge-Kantorovich problem [Abd98], can be
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Rd

Rd

δX̄1

δX̄2

δX̄3

ρ1 ρ2 ρ3

ρ̄N (dx)
α1(x)ρ̄N (dx)⊗ δX̄1

α2(x)ρ̄N (dx)⊗ δX̄2

α3(x)ρ̄N (dx)⊗ δX̄3

(x, x)

≥
r

≥
r

≤
r

Figure 8.5: Transference plans (8.31) in Rd × Rd for N = 3. Each continuous mass
element is within a distance r from its corresponding Dirac mass. Therefore, owing
to (8.30), it is farther than r from all other Dirac masses.

expressed by a measure π on Rd × Rd of the form

π(x, y) = ρ̄N (x)⊗
N∑
j=1

αj(x)δX̄j (y), (8.31)

where, to ensure the conservation of the mass, the αj ’s are such that

αj(x) ≥ 0,
N∑
j=1

αj(x) = 1 for all j = 1, . . . , N and x ∈ supp ρ̄N . (8.32)

The representation (8.31) means that the infinitesimal element of continuous mass
dρ̄N (x) located in x ∈ supp ρ̄N is split in the points {X̄j}Nj=1 following the convex
combination given by the coefficients αj(x) (cf. Figure 8.5). Actually, the measure π is
in general not a transference plan between ε̄N and ρ̄N , because it is not guaranteed to
have marginal ε̄N with respect to y. In particular, a non-unit mass might be allocated in
every X̄j . In order to have a transference plan, the further condition

ˆ
Rd
αj(x) dρ̄N (x) = 1 for all j = 1, . . . , N (8.33)

needs to be enforced.

Let us now consider the global transportation cost for a transference plan of the
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form (8.31) with ρ̄N defined as in (8.28):

ˆ
Rd×Rd

|x− y| dπ(x, y) =
ˆ
Rd×Rd

|x− y| d

 N∑
i=1

ρi(x)⊗
N∑
j=1

αj(x)δX̄j (y)


=

N∑
i,j=1

ˆ
Rd×Rd

|x− y| d(ρi(x)⊗ αj(x)δX̄j (y))

=
N∑
i=1

ˆ
Br(X̄i)

N∑
j=1

αj(x)
∣∣x− X̄j

∣∣ dρi(x).

Owing to (8.32) we have

N∑
j=1

αj(x)
∣∣x− X̄j

∣∣ =
∑
j 6=i

αj(x)
∣∣x− X̄j

∣∣+

1−
∑
j 6=i

αj(x)

∣∣x− X̄i
∣∣ ,

whence, for x ∈ Br(X̄i) and taking (8.30) into account,

≥ r
∑
j 6=i

αj(x) +
∣∣x− X̄i

∣∣− r∑
j 6=i

αj(x)

=
∣∣x− X̄i

∣∣ ,
thus ultimately

ˆ
Rd×Rd

|x− y| dπ(x, y) ≥
N∑
i=1

ˆ
Br(X̄i)

∣∣x− X̄i
∣∣ dρi(x)

=
N∑
i=1

ˆ
Rd×Rd

|x− y| d(ρi(x)⊗ δX̄i(y)).

The transference plan

π =
N∑
i=1

ρi ⊗ δX̄i

is indeed of the form (8.31) for e.g., the coefficients αj(x) = χBr(X̄j)(x) which fulfill
both (8.32) and (8.33). The previous calculation says that it is actually the optimal trans-
ference plan between ε̄N and ρ̄N , i.e., the one which ensures the minimum transportation
cost. Thus

W1(ε̄N , ρ̄N ) =
N∑
i=1

ˆ
Rd×Rd

|x− y| d(ρi(x)⊗ δX̄i(y)) = NW1(ε̄1, ρ̄1).



8.3. GENERAL NON-STATIONARY DYNAMICS 121

Ω

k = 0

Ω

k = 1

Ω

k = 2

Figure 8.6: Discrete pedestrians (dots) and their continuous counterparts (circular regions
delimited by dashed lines) in Ω = [0, 1]2 (d = 2) and for k = 0, 1, 2.

Thanks to Proposition 8.3.9 we finally obtain the main result of the chapter:

Theorem 8.3.10 (Discrete-continuous convergence). Let ε̄N ∈ MN
1 (Rd) be given and

let ρ̄N ∈ MN
1 (Rd) be constructed as in (8.28) with the hypotheses (8.29)-(8.30). Let

moreover the interaction kernel satisfy (8.25)-(8.26). If r = o(N−1) for N →∞ then

lim
N→∞

W1(εNt , ρNt ) = 0, ∀ t ∈ (0, T ].

Proof. The result is a straightforward consequence of (8.27) and Proposition 8.3.9, con-
sidering that r = o(N−1) implies W1(ε̄N , ρ̄N ) = o(1) when N →∞.

Because of (8.30), it is worth remarking that in dimension d a bound on the radius r
of the form r < CN−1/d, where C > 0 is a constant, holds true e.g., when considering
homogeneous distributions of pedestrians in bounded domains (cf. the next example
of regular lattices). This is not sufficient by itself to comply with the hypotheses of
Theorem 8.3.10, but choosing r as

r = CN−(1+h)/d, N > 1, (8.34)

where h > 0, is instead sufficient if

h > d− 1.

Then, according to (8.27) and to Proposition 8.3.9, the distance between the discrete and
continuous solutions to (8.16) scales with N as

W1(εNt , ρNt ) ≤ O
(
N (d−1−h)/d

)
for N →∞.

Example 8.3.11 (Regular lattices). Homogeneous pedestrian distributions can be ob-
tained, for instance, by considering regular lattices.
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Let Ω = [0, 1]d. We partition it in Nk = 2kd equal hyper-cubes of edge size 2−k, then
we position Nk discrete pedestrians {X̄i}Nki=1 in their centroids, cf. Figure 8.6, so that

min
i 6=j

∣∣X̄j − X̄i
∣∣ = 2−k.

Owing to (8.30) we need then to take

r < 2−(k+1) = 1
2N
−1/d
k ,

which, following (8.34), we satisfy by setting r = 2−(1+(h+1)k) for h > 0. For this value
of r, we set

ρi(x) = d

ωdrd
χBr(X̄i)(x), i = 1, . . . , N,

where ωd is the surface area of the unit ball in Rd and χ the characteristic function.
These ρi’s are of the form (8.28) for f(x) = d

ωd
χB1(0)(x), which complies with (8.29)

and moreover is such that mf = d
1+d . This entails:

• in dimension d = 1,
W1(ε̄Nk , ρ̄Nk) = 2−2−hk,

which converges to zero for k →∞ if h > 0;

• in dimension d = 2,
W1(ε̄Nk , ρ̄Nk) = 2(1−h)k

3 ,

which converges to zero for k →∞ if h > 1;

• in dimension d = 3,
W1(ε̄Nk , ρ̄Nk) = 3 · 2(2−h)k−3,

which converges to zero for k →∞ if h > 2.

8.4 Discussion
In this chapter we investigated microscopic and macroscopic differential models for crowd
dynamics for an increasing number N of agents involved. The models are obtained from a
general measure-based modeling framework when respectively a discrete or a continuous
representation is adopted for the crowd. These models, apart from the way they are
obtained, are descriptions per se of the crowd dynamics and are in principle independent
one another. This is different, for instance, from deriving the continuous model from the
discrete model as a result of a limit procedure (N →∞) in which the individual mass is
scaled as N−1 – in this sense, we can say that the agents we considered are “massive”.
The question that arises is: under which conditions the two models can be considered the
counterpart of one another at smaller and larger scales.
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In particular, the two models are

Ẋi
t = vd(Xi

t) + 1
Nα

N∑
j=1
K

(
Xj
t −Xi

t

Nβ

)
, i = 1, . . . , N,

∂tρt + div
(
ρt

(
vd + 1

Nα

ˆ
Rd
K
(
y − ·
Nβ

)
ρt(y) dy

))
= 0, ρt(Rd) = N,

where the velocity field vd and the interaction kernel K are assumed to be Lipschitz
continuous. We have proved that their solutions converge to one another in the sense
of the 1-Wasserstein distance when N → ∞ if (i) the parameters α, β are such that
α + β ≥ 1; (ii) the respective initial conditions are consistent approximations of each
other. This fact has a few implications from the modeling point of view concerning the
role of single scales.

First of all, we point out that interactions are modeled in an N -dependent way by
means of the kernel

KN
α,β(z) = 1

Nα
K
( z

Nβ

)
.

More specifically, the function K expresses the basic interaction trend while the factors
N−α, N−β modulate it depending on the total number of particles. This is consistent
with the idea that particles like e.g., pedestrians do not behave the same regardless of
their number. The strength of their mutual repulsion or the acceptable interpersonal
distances may vary considerably from free to congested situations, a fact that can be
modeled in the present context by acting on the values of α, β. Consequently, the various
scalings contained in the two-parameter family of kernels KN

α,β correspond to different
interaction attitudes of the particles for growing N . As our analysis demonstrates, the
latter need to be taken into account for ensuring consistency of a given interaction model
at different scales. In this respect, we have shown that if this scaling is neglected, then
the discrete and continuous models predict quantitatively different, albeit qualitatively
analogous, emerging equilibria, and different asymptotic speeds of the particles, which do
not approach each other when N grows.

Second, the proposed analysis shows the correct parallelism between first-order micro-
scopic and macroscopic models which do not originate from one another but are formu-
lated independently, selecting the scale a priori. The utility of this parallelism is twofold.
On the one hand, it accounts for the interchangeability of the two models at sufficiently
high numbers of particles, with: (i) the possibility to switch from a microscopic to a
macroscopic description, which may be more convenient for the a posteriori calculation
of observable quantities and statistics of interest for applications; (ii) the possibility to
infer qualitative properties at one scale from their rigorous knowledge at the other scale
(for instance, the microscopic model can be expected to exhibit qualitatively the same
nonlinear “diffusive-like” behavior for large N which is typically proved quantitatively
for macroscopic conservation laws with non-local repulsive flux). On the other hand, it
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allows us to motivate and support possible couplings of microscopic and macroscopic
models [CPT11, CPT14], which are supposed to provide a sort of dual representation
of the same particle system at different scales. In this case, the interest does not lie as
much in the congested regime (large N), where the two models have been proved to be
equivalent, but rather in the moderately crowded regime, where the discrete and continu-
ous solutions can complement each other with effects possibly not recoverable at a single
scale.

Although our analysis in the chapter was chiefly inspired by the modeling of human
crowds, it clearly holds for any system of interacting particles that fits to the technical
assumptions in Section 8.2.1 or in Section 8.3.1.



Chapter 9

Macroscopic crowd flows on
footbridges

We inquire the applicability of the first-order modeling framework (7.2)-(7.11) in practical
contexts of interest in structural engineering. In particular, we consider unidirectional
crowd events occurring along thin, elongated, two-dimensional domains. These domains
model slender footbridges or narrow walkways.

Having as a reference the engineering need for bulk indicators, we adopt a macro-
scopic observation scale via (7.9)-(7.10) (cf. Section 7.1.1). Aiming at simulating the
considered crowd scenarios, we complement the macroscopic modeling framework with
further phenomenological elements, specifically (i) we suggest simple expressions for the
desired velocity, the interaction kernel and the sensory region; (ii) we propose strategies to
deal with the pedestrian behavior at inner boundaries (footbridge parapets) and with the
crowd inflow at open boundaries - which we implement in a discrete-time setting; (iii) we
analyze the sensitivity of the model with respect to parameters and suggest a calibration
procedure based on the bulk measurements in situ currently available.

9.1 Introduction
Recognizing the features that characterize the active motion of individuals is a central
step in the deduction of a model for crowd dynamics. These features, which we reviewed
in Chapter 7, include the individual desire of reaching a given destination, or the will to
maintain “comfort” distances (cf. A1-A3 in Section 7.1 and references therein). Ideally,
we encode each feature in one mathematical expression to be combined with others in
a final model for the dynamics (cf. Section 7.2.4). This happens for the mathematical
expressions of the desired velocity, of the interaction kernel, and of the sensory region,
which are left unspecified in (7.11). These expressions may be specified in dependence

This chapter is based on joint work with L. Bruno and A. Tosin submitted for publication [BCT13].
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on complementary phenomenological relations, which is a must to go in a technological
direction and enable simulations However, these elements are not enough to perform a
proper simulation as we require to specify

(B1) pedestrians behavior at walls and parapets (inner boundaries);

(B2) pedestrians access rules (inflow conditions); and to give

(B3) procedures of discretization of the equations;

(B4) procedures of calibration of parameters via measurements, possibly in situ.

Providing all these elements in a general setting is a difficult task and we expect
context-dependent expressions due to the highly variable human behavior (cf. Parts I
and III). Therefore, in this chapter, we focus on obtaining a simulation tool for a spe-
cific class of crowd events: unidirectional pedestrian flows on footbridges (in general,
thin elongated geometries, cf. Figure 9.3). In this case, we provide expressions for the
velocity terms and for the elements B1-B4. This class of crowd events is acquiring a
growing interest in structural engineering that has to face, on one hand, the design re-
quest for lighter and more slender footbridges (and civil structures in general), and, on the
other hand, the challenge of avoiding dangerous resonant effects between slender foot-
bridges and the motion of pedestrians walking on them (cf., e.g., [FPNW93, DFF+01b]
and the reviews [ŽPR05, VB09]). Models for the crowd flow in this scenarios, pos-
sibly featuring a coupling with the structure dynamics (not under consideration here)
appeared in the literature. Examples are the one-dimensional macroscopic model by
Bruno and Venuti [VBB07, BV09], and the two-dimensional microscopic model by Carrol
et al. [COH12, COH13] based on social forces (cf. Section 7.1.2).

We consider simple phenomenological models and employ bulk indicators1. Consist-
ently, we adopt the macroscopic observation scale, i.e. we use the continuous description
of the crowd (7.9). In particular, let ρt ∈ L1(D) be the macroscopic time-dependent
crowd density (cf. Section 7.2), where t ∈ [0, T ] is the time variable and D ⊂ R2 is the
spatial domain of interest; following (7.10)-(7.11), we model the evolution of ρt in D as

∂ρt
∂t

+ div
(
ρt

(
vd +

ˆ
S(·)

K(· − y)ρt(y) dy
))

= 0, for all t ∈ [0, T ]. (9.1)

This chapter is organized as follows: in Section 9.2 we introduce phenomenological ex-
pressions for the velocity term in (9.1) and address B1-B4; in Section 9.3 we consider a
case study, and via simulations we inquire sensitivity on parameters and calibration; in
Section 9.4 we discuss models and simulations, framing results and open problems and
we give the calibration procedure as well as a few engineering perspectives.

1Examples of bulk indicators of daily use in civil engineering are the Level Of Service (LOS) [Fru87]
in transportation engineering, the evacuation time in safety engineering [Pau87], and the crowd load or
density in structural engineering [VB09].
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SαR(x)
vd(x)

R
x

α

Figure 9.1: Sensory region SαR(x) of the test pedestrian located in x.

9.2 Modeling unidirectional pedestrian flows on elong-
ated domains

In this section, we discuss the complements to the dynamics (9.1) necessary to obtain
prototypical simulations of the considered crowd events (see points B1-B4). First, to
obtain a self-consistent tool, we have to assign an expression to K (cf. (7.11)). To meet
engineering needs, this expression is expected to be mathematically simple, although
obtained on a phenomenological basis. Second, we address boundary conditions at the
inner walls, and inflow conditions that mimic queue-like entrance processes (cf. [FPNW93]
in footbridges context). To enable simulations, we discuss discretization of (9.1) in space
and time.

9.2.1 Modeling pedestrian interactions
The social velocity vs, introduced in Section 7.2.4 (cf. (7.11)), is the modeling element to
account for the pair-wise interactions among pedestrians which we describe via the kernel
K. To be feasibly calibrated via bulk quantities, K should depend on a limited number
of parameters. We here propose an expression of K based on two parameters, which we
calibrate in Section 9.3.

Our basic assumption is that pedestrians try to avoid one another. Therefore, we con-
sider interactions which are repulsive and limited to a frontal region (therefore anisotropic,
cf. A2 and A3 in Section 7.1). Furthermore, we expect interactions to have a decaying
trend with respect to the mutual distance. A possible expression of K can be:

K(y − x) = − c

max{|y − x| , Rb}
· y − x
|y − x|

, (9.2)

where c > 0 is a constant which determines the reference strength of the repulsion and
Rb > 0 is a body radius, below which the strength of the repulsion is assumed to be
constant and maximum (in particular, |K(y − x)| = c/Rb for |y − x| ≤ Rb). We notice
that such a cut-off is also necessary in order to avoid any singularity of K for y = x.
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The interaction described in (9.2) is confined to the sensory region S(x), which is
modeled as a circular sector of radius R, center x, and angular half-amplitude 0 < α < π/2
around vd(x). Formally, the set S(x) can be written as

S(x) = SαR(x) =
{
y ∈ D : |y − x| < R, (9.3)

vd(x) · y − x
|y − x|

> |vd(x)| cosα
}
for all x ∈ D, (9.4)

see Figure 9.1.
We remark that we choose the orientation of the sensory region according to the

desired velocity, which, in principle, can disagree from the velocity v[µt] adopted by the
“test” pedestrian. For elongated domains, the total velocity is not expected to deviate
substantially from the desired velocity, thus this modeling approximation appears reason-
able. On the other hand, using the actual velocity to define the orientation of the sensory
region yields an implicit definition of the velocity of the pedestrian and technical diffi-
culties arise. The interested reader is addressed to [EFR15] where such issues are studied
for particle systems having the form (7.8)-(7.11).

9.2.2 Modeling the effects of walls
Built perimeters that agents cannot cross, in general walls, are ubiquitous in domains
relevant for applications. Therefore, we should introduce proper behavioral rules describing
the agents’ reaction to walls. The rules we propose here are obtained on the basis of a
pure physical intuition, supported nonetheless by the evidence that both desired and total
velocities should not allow the crossing of walls.

9.2.2.1 Desired velocity

In our modeling approach, the desired velocity field vd, which drives pedestrian motion in
the domain, is supposed to be known a priori (cf. comments in Section 7.2.4). Therefore,
it should be constructed only from the knowledge of the geometry of the domain.

Given a generic wall bounding the domain, having outward normal unit vector n (see
Figure 9.2(b)), vd must satisfy the following compatibility condition:

vd · n ≤ 0. (9.5)

When general domains are considered, constructing numerically a field vd which is
phenomenologically acceptable and satisfies (9.5) is a nontrivial task. This has been
considered in crowd modeling literature [PT09b, PT11, MRCS10] and, more generally,
when path planning is concerned (e.g., robot motion planning [RK92, JCG13]). We here
propose a method to build this field in case of elongated domains, i.e. abstractions of
footbridges or walkways. These domains are characterized by a longitudinal dimension
crossed by pedestrians (length) much larger than the transversal dimension (chord), which
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(c)

[deg]

Figure 9.2: (a) Rectangular domain D - (b) Detail of D with the desired velocity vector
field. c) Iso-lines of angle γ.

potentially slowly varies. As in [MRCS10, PT11], we consider velocity fields that are (nor-
malized) potential fields, i.e., having form vd = −∇u/|∇u| for some potential function u
to be determined.

Let D be a rectangular domain of length L, chord B, and aspect ratio B̃ = B/L =
1
25 � 1 (see Figure 9.2(a)). To find the potential u, we assume the following:

• pedestrians move from left to right within D. Therefore, the field −∇u must be
directed rightward. Moreover, a unit potential difference across L is assumed;

• pedestrians avoid touching the lateral boundaries. Hence, −∇u must be directed
inwards at the extrema of the chord and longitudinally at mid-chord. In other words,
denoting by ex the unit vector in the longitudinal direction, the angle

γ = cos−1
(
vd · ex
|vd|

)
(9.6)

is expected to decrease monotonically to zero when approaching mid-chord. We
parametrize the spatial rate at which vd relaxes toward the horizontal direction in
terms of its slope at walls:

tan θ = tan γ|Γs , (9.7)

see Figure 9.2(b). We stress that, since pedestrian-pedestrian interactions are re-
pulsive, if pedestrian-wall repulsion is not taken into account, agent agglomerations
are likely to appear in the proximity of the lateral boundaries Γs.

A minimal structure of the potential complying with the assumptions above is:

u(x, y) = −x+ qy2, (9.8)

where the coordinates x and y are considered scaled with respect to the span L, i.e.
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Figure 9.3: (1) Pictures of real footbridges (a, Chiaves footbridge, Turin, Italy [Rus05];
b, Liberty footbridge, Greenville, SC [B0̈4]; c, Pedro e Inês footbridge, Coimbra, Por-
tugal [CCMM10](c)); (2) computational domains and desired velocity vector fields ob-
tained via (9.10); (3) Distribution of β = γ−αi across given chords (cf. (9.6) and (9.11)).

x ∈ [0, 1]and y ∈ [−B̃/2, B̃/2], and q = tan θ/B̃. Hence, u defines the potential field
−∇u = (1, −2qy), which, up to normalization, generates the desired velocity field

vd(x, y) = (1, −2qy)√
1 + 4q2y2

for all (x, y) ∈ [0, 1]× [−B̃/2, B̃/2]. (9.9)

To deal with more general low-aspect ratio domains, we primarily observe that (9.8) solves
the following Poisson problem

∆u = 2q in D
∂u

∂n = tan θ b̃
B̃

on Γs

u = −xi + qy2 on Γi (i ∈ {in, out}),

(9.10)

where Γin and Γout are the inlet and the outlet boundaries (cf. Figure 9.2(a)), that can
be imposed on more general domains than the rectangle D. As in (9.7), the term θ is
intended to parametrize the spatial rate at which vd gets aligned with the longitudinal
direction at mid-chord. Therefore, we introduce the factor b̃/B̃, where b̃ = b̃(x) is the
(spatially variable) chord amplitude. In rectangular domains, where b̃ ≡ B̃, the Neumann
boundary condition on Γs turns out to be exactly condition (9.7).
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The potential in (9.10) is sub-harmonic. In the literature, analogous velocity fields
have been built by using harmonic functions [PT11, RK92, CBW90], relying on the so
called min-max principle. This principle ensures that any local maximum or minimum of u,
i.e., a stationary point of the gradient field, lies on the boundary of D [Doo01]. Therefore,
if we impose Dirichlet conditions such as u = 0 on a exit and u = 1 anywhere else on
the boundary, we obtain velocity fields driving pedestrians to that exit from any place.
However, no control on the behavior of −∇u at walls is allowed, hence phenomenologically
unsatisfactory behaviors can arise. Nevertheless, sub-harmonic functions do not satisfy
a minimum principle, hence the absence of internal local minima cannot be guaranteed
anymore. Aside from this, their use through (9.10) allows us to obtain phenomenologically
consistent fields [InR09].

In Figure 9.3 we applied model (9.10) with θ = 5° to some real world footbridges hav-
ing different walkway shapes, respectively: bottleneck shape (Chiaves footbridge, Turin,
Italy [Rus05]), curved shape (Liberty footbridge, Greenville, SC [B0̈4]), shifted shape
(Pedro e Inês footbridge, Coimbra, Portugal [CCMM10]). As far as the longitudinal direc-
tion is concerned (Figure 9.3(2)), the obtained vd fields are constant and a unit potential
difference across L is achieved. Concerning the chord-wise direction, for the sake of clar-
ity, the desired walking angle γ is referred to the local sidewall geometrical inclination.
To do so, the angle β := γ − αi is introduced, where αi extends the geometric angle
between the boundary and ex. In particular, we express it via the function

αi(y) =
∣∣∣∣α1 ·

y − y2

y1 − y2
− α2 ·

y − y1

y2 − y1

∣∣∣∣ , (9.11)

where the αj ’s (j = 1, 2) are defined in Figure 9.3(2a). In Figure 9.3(3) the angle β
is plotted along the sections c1 (x = −0.35L), c2 (x = 0, mid-span), c3 (x = 0.35L)
(Figure 9.3(2)). It is worth pointing out that the obtained β chord-wise profiles are
close to the expected trend (gray dotted lines, Figure 9.3(3)) when the walkway section
is almost constant; nonetheless, the β profile coherently departs from this trend when
significant geometry variations take place (e.g. Figure 9.3(a)-c2, Figure 9.3(c)-(c2)).

9.2.2.2 Total velocity

The requirement of geometric compatibility shall reflect also on the total pedestrian ve-
locity (here called just v for brevity) at side boundaries. In formulas, in analogy to (9.5),
it must hold

v · n|walls = (vd + vs) · n|walls ≤ 0. (9.12)

Two opposed dynamics complying with (9.12) can be suggested:

1. an incompatible motion results in a frictionless sliding, i.e.,

v|walls =
{

(vd + vs)− (n · (vd + vs)n) if (vd + vs) · n ≥ 0
(vd + vs) otherwise;

(9.13)
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2. an incompatible motion results in a pause, i.e.,

v|walls =
{

0 if (vd + vs) · n ≥ 0
(vd + vs) otherwise;

(9.14)

In the simulations presented in Section 9.3 we chose the boundary condition (9.13). For
an alternative approach to enforce constraints related to walls based on admissible velocity
cones, the interested reader may refer, e.g., to [MRCS10, FM15].

9.2.3 Discretized equations

In this section we deal with the numerical discretization of (9.1). We consider spatial
discretizations done with unstructured triangular meshes. We can approach numerically
the measure-valued Cauchy problem in (7.6), in the specific case (9.1), by means of the ad
hoc scheme proposed in [PT11], which we report here for completeness and in view of the
extension we propose in Section 9.2.4. We approximate the model equation (9.1) by means
of a discretization in time and space. First, a first order explicit-in-time approximation is
introduced. Let [0, T ] be a time interval of interest. We introduce a lattice tn = n∆t,
with n = 0, . . . ,M , where ∆t is such that ∆t = T/M . In this setting, we generate
recursively a countable family of densities {ρ̃n}Mn=0, which approximates the ρtn ’s. To
this end, we introduce the discrete-in-time flow map (cf. (7.5)):

γ̃n(x) = x+ w̃n(x)∆t, (9.15)

where w̃n(x) := vd(x) + vs[ρ̃n](x) provides an approximation of the total velocity.
After (9.15), we define ρ̃n+1 recursively as (cf. push-forward notation in Section 7.2.1)

ρ̃n+1 = X̃n#ρ̃n, n ≥ 0, (9.16)

which produces the desired time approximation:

ρ̃n ≈ ρn∆t, n = 1, 2, . . . , M.

If the discrete flow map meets suitable regularity conditions then ρ̃n is well-defined as an
integrable density for all n (for a detailed discussion on the requirements, the reader can
refer to [PT11]).

We consider a finite-volume-type partition ofD; let {Ek}Qk=1 be a grid ofQmeasurable
elements of centroids xk. We approximate the density ρ̃n by means of a piece-wise
constant function ρ̂n which reads

ρ̂n(x) =
Q∑
k=1

ρknχEk(x), (9.17)
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Figure 9.4: Conceptual sketch of the numerical scheme in action.

where ρkn is a characteristic value of ρ̃n when restricted to the element Ek (e.g., ρkn =
ρ̃n(xk)). Furthermore, we consider a piece-wise constant spatial approximation of the
flow map (9.15):

γ̂n(x) = x+ ŵn(x)∆t, (9.18)

where we used the piece-wise version of the velocity ŵn(x), i.e.,

ŵn(x) =
Q∑
k=1

(vd(xk) + vs[ρ̂n](xk))χEk(x).

As the mesh is fixed in time, the recursive relation (9.16), once used to define the approx-
imated sequence ρ̂n via (9.18), can be conveniently tested against grid elements. From
that we produce ˆ

Eq

ρ̂n+1(x) dx =
ˆ
X̂−1
n (Eq)

ρ̂n(x) dx,

which finally yields

ρ̂qn+1 =
Q∑
k=1

ρ̂kn
|Eq ∩ X̂−1

n (Ek)|
|Eq|

, q = 1, 2, . . . , Q, n ≥ 0, (9.19)

where | · | denotes the area of the element. If the spatiotemporal grid is properly refined
(viz. under a suitable relationship between the characteristic size of the elements and
the time step ∆t), the scheme converges to (the weak solution of) the Cauchy problem
(for technical details and numerical stability conditions, see [PR13, TF11]). It is worth
to remark that following (7.1)-(7.9), and using (9.17), we can calculate the (numerically
approximated) crowding of a measurable E ⊆ D as

ˆ
E

ρ̂n(x) dx =
Q∑
k=1

ρkn

ˆ
E

χEk(x) dx =
Q∑
k=1

ρkn|E ∩ Ek|. (9.20)

This numerical scheme can be ideally used with any type of grid, independently of the
element shape. From the strict implementation point of view, we need to compute rigid
movements of the elements Ek and evaluate their intersections. For instance, in [CPT11,
MRCSV11, PT11] orthogonal grids formed by square-shaped elements have been used.
Nonetheless, when articulated domains are considered, triangular meshes are often used.
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Pairs of triangles exhibit a wide selection of (topologically) different ways of intersecting2
(see Figure 9.4 and, e.g., [Sam04]), which makes the evaluation of (9.19) expensive. It
is worth pointing out that the problem of intersecting triangles (and convex polygon in
general) is typical in computational geometry and computer graphics and can be solved
very efficiently. Algorithms having linear complexity with respect to the number of edges of
the polygons have been conceived (see, e.g., [O’R94, Tou83]), which allow computational
times to be reduced. We discretized the domains considered in simulations in Section 9.3
(see Figure 9.3) by using triangular meshes.

9.2.4 Pedestrian inflow
The spatial region considered is usually just a subset of a larger phenomenological domain
in which the crowd moves, therefore we have to model the access of pedestrian through
access zones. Pedestrians accessing the domain, even in the simple case of queue-like
arrivals, are expected to feature dynamical aspects. Empty and overcrowded access areas
provide extreme examples of this aspect: a free flow [VB09] is expected in the first case,
and (likely) absent (or congested) flux in the second case. Therefore, dynamically adapting
boundary conditions appear to be a phenomenological requirement. Dynamic boundary
conditions have been explored for instance in the cases of heat-like equations [VV09], or of
binary fluid separation [CF15, MZ05]. Furthermore, recently an approach to handle flux
boundary conditions based on shrinking and absorbing boundary layers has been proposed
for one dimensional models of social interactions [EHM15]. However, to the best of our
knowledge, just constant or time-dependent (although, solution independent) Dirichlet or
flux conditions [BMP11, AM91, CGR11], or unbounded geometries [CPT11, PT09b] have
been considered when deriving mathematical models for crowd movement.

We propose here an approach that allows for pedestrian entrance and arrival, which
is conceptually consistent with the model developed.

We consider a group of N pedestrians who want to enter the domain D. In particular,
let St be the number of pedestrians still waiting, say in a zero-dimensional “bulky reservoir”
S (cf. Figure 9.5), to approach the facility. The quantity St evolves in time depending
on the number It of pedestrians occupying a two-dimensional entrance region I localized
in a boundary layer adjacent to the domain D. We introduce a function f : R→ R that
models the emptying rate of S, i.e., the entrance rate in I:

Ṡt = f(St, It; t)

along with the initial condition S0 = N . We assume:

(i) f ∝ σ(St) for some non-negative function σ satisfying σ(0) = 0, i.e., the entrance
rate in I is influenced by the amount of people still waiting, and vanishes when all
the N pedestrians have flowed into I.

2Notice that intersections of rectangles taken from orthogonal grids, instead, give rise just to rectan-
gular intersections.
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We further consider an arrival rate in I which smoothly decreases when the number
of pedestrians in the bulky reservoir S is small. Hence we set:

σ(St) =
{
F St
Np if 0 ≤ St/N ≤ p

F if p < St/N ≤ 1,

where F > 0 is a constant and p ∈ [0, 1] is the fraction ofN at which the appearance
rate starts to decay.

(ii) The entrance region I cannot be indefinitely populated. The crowd flow is expected
to stop (and possibly revert) after a certain crowding capacity value C > 0 is
reached. Therefore, we introduce a logistic factor

f ∝
(

1− It
C

)
.

The constant C satisfies C = ρC |I|, ρC > 0 being a given threshold density in I.
Hence, when It < C the pedestrian mass flows into I and St decreases, whereas
when It > C a reverse flow takes place and St increases.

Combining the effect of (i) and (ii), we get the following evolution equation for the variable
St

Ṡt = σ(St)
(

1− It
C

)
. (9.21)

Obviously, the total number N of pedestrians involved in the crowd event has to be
globally conserved in time. In other words, the total mass of people in the bulky reservoir
S and in the entrance region I, plus the one flowing into the computational domain, has
to be constant in time during the arrival process. Hence we impose the following mass
balance:

Ṡt + İt + Φt = 0, (9.22)

where
Φt =

ˆ
Γin

ρtẊt · n ds

is the flux of pedestrian mass transferred across the interface Γin between D and I (i.e.,
Γin = ∂I ∩ ∂D and n is the unit vector pointing from I to D).

Remark 3. A similar modeling strategy can be used to describe also the egress of pedes-
trians from a crowded facility, if one wants to simulate downstream conditions that may
affect the outflow of pedestrians (such as e.g., queues). In the present application we
refrain from going into such a detail and we assume instead a free outflow of pedestrians
from the computational domain.

In the two-dimensional entrance region I pedestrians flowing from S are first homo-
geneously distributed in space, i.e., they are given a constant density across I, which is
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0D dynamics ⇔
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D

2D dynamics

Figure 9.5: Conceptual scheme of the entering dynamics.

then evolved by means of model (9.1). In this way it is naturally transported into the
computational domain D coherently with the main dynamics taking place there.

The reason why pedestrians from region S are not directly “poured” into D is that in
passing from a zero-dimensional to a two-dimensional domain an approximation of their
spatial distribution has to be imposed. Here we choose an homogeneous distribution. A
“transition layer”, here represented by the entrance region I, is then technically necessary
to this purpose.

The whole procedure just described is better formalized, in mathematical terms, at a
discrete-time level, which is also useful for the numerical implementation of the corres-
ponding equations. More details about this are given in the following section.

9.2.4.1 Numerical implementation

We extend the numerical scheme (9.19) to treat also the pedestrian arrival process de-
scribed in Section 9.2.4. It is important to stress that model (9.1) defines a two dimen-
sional dynamics over D, conversely (9.22) prescribes the zero dimensional dynamics of the
number of entered pedestrians. Therefore, the region I does not only serve as a physical
space to give access to the domain D; it also allows for the interplay between the two
models, which operate in different dimensions.

To couple models (9.1)-(9.21), we propose here algorithmic procedure explicit-in-time
and based on (9.19) and (9.22). In particular, in each time step, the crowd distribution in
the region I is updated in two different stages according alternatively to (9.1) or to (9.22).
We consider an extended spatial domain D∪I, which we discretize via a mesh {Ej}Qj=1.
We require that no mesh element crosses the interface between D and I, i.e., in formulas,

|Ej ∩D| · |Ej ∩ I| = 0 for allj = 1, 2, . . . , Q.

Consistently with (9.17), we consider the discrete density ρ̂jn on the extended domain.
Furthermore, for any discrete instant of time n, we define

I ρ̂n :=
∑

j :Ej⊂I
ρ̂jn|Ej |. (9.23)

I ρ̂n measures the total mass contained in the region I. We introduce the quantities Sn
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and In, which approximate, at discrete times, the state variables in (9.21). Algorithm 2
describes the proposed dynamics of the crowd through S, I, and D.

for n← 1 to M do
Evaluate the mass distribution over the extended domain D ∪ I

Compute {ρ̂jn}
Q
j=1 over D ∪ I from {ρ̂jn−1}

Q
j=1 via (9.19)

Compute I ρ̂n from {ρ̂jn}Qj=1 via (9.23)
Evaluate the new values Sn and In

Compute the flux from S to I (LHS of (9.21))

fn = f(Sn−1, I
ρ̂
n; tn)

Compute Sn via Sn = Sn−1 + ∆tfn
Compute In via In = I ρ̂n −∆tfn

Update the mass distribution on I to conform with In
Assign

ρ̂jn ←
In
|I|
, ∀ j : Ej ⊂ I (9.24)

end
Algorithm 2: Complete simulation loop inclusive of entering process.

It is worth stressing that in the last assignment step (9.24) of Algorithm 2 a transition
from the zero-dimensional value In of model (9.22) to a two-dimensional distribution is
performed.

9.3 A case study
In this section, we study the sensitivity of the model to free parameters and the related
calibration for the reference configuration shown in Figure 9.2. Moreover, we discuss
qualitative simulation results for geometrical configurations inspired from real world foot-
bridges (cf. Figure 9.3).

9.3.1 Setup overview and simulated phenomena
We consider here a prototypical crowd event happening in the straight rectangular walkway
D depicted in Figure 9.2. In this case study we assume as known, beside the geometric
characteristics L, B, the expected total number N of incoming pedestrians, the capacity
density ρC in (9.21), and the pedestrian desired speed V = |vd|. Here, we selected values
on the basis of data available in Transportation and civil engineering literature [BW06,
FPNW93, VB07], see Table 9.1. The length L and the desired speed V are reference
quantities, thus the characteristic time scale T = L/V can be defined, as the time required
to an undisturbed pedestrian to cross the whole facility.

To outline the main features of the simulated crowd event, Figure 9.6(a) reports some
instantaneous density fields and groups them in three recognized regimes: during the filling
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Table 9.1: Parameters used for crowd event simulations.

L B ρC N V

100 m 4 m 1.3 ped/m2 1500 ped 1.18 m/s
c? R α Rb θ

5 · 10−4 2 m 45° 0.3 m 5°

Figure 9.6: (a) Instantaneous density fields and recognized regimes, (b) time history of
some crowd bulk parameters.

regime pedestrians advance on the partially empty walkway, which is homogeneously filled
in the full walkway regime. The crowd event gradually ends during the leaving regime.
In Figure 9.6(b), the time history of two bulk parameters of the event is also plotted:
the number Mt of pedestrians along the walkway and the cumulative number Gt of
pedestrians that reached the end and left, both scaled with respect to N . A further bulk
parameter can be easily recognized, i.e. the total time of the crowd event Ta defined as

Ta = inf
{
t : Gt

N
= 1
}
. (9.25)

9.3.1.1 Sensitivity with respect to free parameters

Five free model parameters remain and determine the evolution of the solution. They are
the constants c, θ, R, Rb, and α. We fix R = 2 m, Rb = 0.3 m, and α = 45° which,
depending on the geometry of the sensory region, we consider case-independent and
recoverable from existing literature (see, e.g., [Fru87, VB07]). We inquire the sensitivity
of the model to the repulsion constant c and to the angle θ . In particular we focus on
the dimensionless version of c, namely c? = c/(V L), to perform a unit-free calculation,
valid for different values of V and L The analysis is based on the variables Ta, which has
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c

c

Figure 9.7: Contours of the quantities Ta (a, cf. (9.25)) and δρ (b, cf. (9.26)) in de-
pendence on the parameters θ (x axis, cf. (9.7) and Figure 9.2) and c∗ = c/LV (y axis,
cf. Section 9.3.1.1 and (9.2)). In (a), the total time Ta is scaled with respect to T (cf.
Section 9.3.1). The values of c̆? and θ̆ obtained following the calibration procedure in
Section 9.3.1.2 are reported.

been previously defined in (9.25), and on δρ, i.e.

δρ = ρm − ρs
ρC

, (9.26)

where ρs and ρm are respectively the crowd density at the walkway side and at the mid-
line evaluated at mid-span (x = L/2) during the full walkway regime. In other words,
the variable (9.26) measures the chord-wise uniformity of the crowd density, being the
span-wise uniformity assured during the full walkway regime and the chord-wise symmetry
of the solution assured by the selected setup. In Figure 9.7, we plot these variables versus
the dimensionless parameters 2.5 · 10−4 ≤ c? ≤ 12.5 · 10−4, 0° ≤ θ ≤ 5°.

The crowd event time Ta (Figure 9.7(a)) is mainly sensitive to the pedestrian-pedestrian
repulsion, i.e., to c?. For the selected incoming pedestrian density ρC , Ta approximately
varies from three to four times the undisturbed pedestrian crossing time, in dependence
of c?. On the contrary, δρ (Figure 9.7(b)) depends on both parameters and shows both
positive values (higher density at the walkway sides) and negative ones (high density along
the mid-line) in the selected range of the model parameters. In other words, for any con-
sidered value of Ta, there exist a value θ∗ of the angle allowing a nearly homogeneous
chord-wise crowd density (δρ = 0), while larger or smaller values produce nonuniform
distributions. To detail the chord-wise trend of the crowd density and to discuss its phe-
nomenological features, in Figure 9.8 we report the ρ profiles at mid-length for different
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Figure 9.8: Chord-wise crowd density profiles at mid-length for different θ (c? = 5 ·10−4).

values of θ and fixed value of c? = 5 · 10−4.
For 0 ≤ θ < θ∗, where θ∗ ≈ 2° with c? = 5 · 10−4 we have that (i) the pedestrian-

wall repulsion dictated by the desired velocity field is lower than the pedestrian-pedestrian
repulsion; (ii) the chord-wise component of the total velocity field is directed toward the
lateral walls; (iii) the crowd density results larger at the walkway sides than at mid-chord
(Figure 9.8, red profiles). Conversely, the pedestrian-wall repulsion predominates over
the pedestrian-pedestrian repulsion for θ∗ < θ ≤ 5°, and the crowd density at mid-chord
is larger than at walkway sides (Figure 9.8, blue profiles). The crowd density profile is
almost flat around the value θ∗ (Figure 9.8, green profiles).

In a general modeling perspective we notice that: (i) the parameter θ accounts
for different degrees of repulsion of either both or a single walkway side, e.g., a pan-
oramic point on one side only; (ii) the parameter c? accounts for different attitudes of
pedestrians in accepting the proximity of other walkers, e.g., dictated by different travel
purposes [BW06, VB07]. From a transportation engineering perspective, the parameter θ
allows one to model the shy distance of pedestrians from the wall [PZ75] and to evaluate
the effective width Be of the walkway (e.g., [HB84]): for θ = θ∗ the effective width of
the walkway matches the geometric width, while shorter effective widths are obtained
otherwise (cf. conceptual sketches in Figure 9.8).

9.3.1.2 Calibration of free parameters

The two free parameters θ and c∗ characterize the desired and interaction velocities. They
account for distinct avoidance phenomena, respectively pedestrian-wall and pedestrian-
pedestrian avoidance. To calibrate these parameters, bulk experimental data directly
obtained from real world crowd events are preferable to measurements at the pedestrian
scale obtained in laboratory tests. In fact, bulk data allow a calibration procedure that
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accounts environmental effects (e.g. travel purpose of pedestrians) and that can be easily
applied in the engineering practice. We assume that the setup data can be complemented
with bulk measurements obtained on the walkway of interest or on analogous facilities
(e.g. provided by the footbridge owner or operator).

In particular, the crowd event time Ta is usually provided. In the following, we ad-
opt T̆a/T = 5.2 accordingly to the measurements reported in [FPNW93]. Moreover, we
require information about the degree of repulsion of lateral sides. It can either be qualitat-
ively identified by referring to the prototypical blue-red-green profile shapes in Figure 9.8
or it can be quantitatively expressed by δρ. For instance, in the following δ̆ρ = 0 (flat
density profile as in [FPNW93]) is adopted.

On the basis of the bulk data above and the previous sensitivity analysis, we suggest
a calibration strategy for the model parameters. In engineering terms, the graphs of
Figure 9.7 can be used as “calibration charts”: first, we obtain the value of the constant
c? = c̆? by setting the value of Ta/T = T̆a/T (leftward arrow in Figure 9.7(a)); once c̆?
is known, we recover the value of θ = θ̆ by setting the value of δ̆ρ (downward arrow in
Figure 9.7(b)).

In the following section we retain the values c̆? ≈ 5 · 10−4 and θ̆ = θ∗ ≈ 2°, obtained
by means of the outlined procedure from T̆a/T = 5.2 and δ̆ρ = 0.

9.3.2 Crowd flows along geometries inspired by real footbridges
We show the result of the simulations of the crowd flow along the same geometries inspired
by the real footbridges described in Section 9.2.2.1 (cf. Figure 9.3). The simulations adopt
the same setup (Table 9.1) and the values of the model parameters set in Section 9.3.1.2,
so that the comparison with the reference test-case (rectangular walkway) allows one
to qualitatively point out the effects of the domain geometry. Figure 9.9(a) collects
the crowd density instantaneous fields during the full walkway regime for the considered
domains. These fields differ significantly both qualitatively and quantitatively: asymmetric
patterns arise with respect to the chord-wise axis at mid-span (bottleneck walkway),
to the longitudinal axis (curved walkway) or to both (shifted walkway); the maximum
crowd density nearly doubles in the bottleneck and shifted walkway with respect to the
rectangular one.

9.4 Discussion
In this chapter, we used the macroscopic model (9.1) to evaluate the evolution of uni-
directional crowd flows on footbridges, usually considered in structural engineering. In
view of the issues raised in Section 9.1 (see B1-B4), we addressed the discretization of
the equations and of the conditions to impose at lateral walls and at the open boundaries
of the domains. We proposed a model based on a Poisson problem aimed at deducing
phenomenologically-consistent desired velocity fields for generic elongated geometries.
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Figure 9.9: Comparison among real world footbridges (cf. Figure 9.3): density field
during the full walkway regime. The span-wise coordinate x is scaled with respect to the
footbridge length L.

This method showed successful results in the case studies considered yielding velocity
fields with proper span-wise direction and expected orientation toward the axis of the fa-
cility, also in case of curved or out-of-axis (shifted) geometries. However, it remains open
the problem of finding proper geometric conditions for the domain D ensuring that the
sub-harmonic solutions to the Poisson problem (9.10) have not local minima. We further
modeled the arrival of pedestrians via a dynamical system, that enables a dependence
of the pedestrian inflow on the local crowding of the entrance region, as well as on the
amount of pedestrians still waiting to appear in the facility. We suggested an algorithmic
procedure to make use of this dynamical system at discrete time. Finding a proper ana-
lytic and modeling way to formulate the coupling between the dynamical system and the
crowding model at continuous time is an open issue as well.

Considering a reference elongated rectangular domain, we performed a sensitivity ana-
lysis based on bulk descriptors, namely the total time of a crowd event and the degree of
homogeneity of the chord-wise crowd profile. On this basis, we devised a tuning procedure
based on macroscopic measurements that can be possibly read as a simple “calibration
chart”. This goes in the direction of having simple procedures involving bulk data, com-
mon in civil engineering. To show the feasibility of the proposed approach in actual
problems, we simulated crowd events in different computational domains approximating
real footbridges.
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Chapter 10

Uncertainty in crowd-induced
loads on footbridges: literature
review

Pedestrians walking alone or moving in large crowds apply static and dynamic loads on
the civil structures in which they are. Civil structures under solicitation must remain safe
and serviceable. Having in mind the dynamic features of crowds introduced in Chapter 7,
we point out a possible inadequacy in the current approach to the crowd load in structural
engineering regulations. Generally, in fact, pedestrian loads are approached in a determ-
inistic way and neglecting the crowd dynamics. We discuss here the state of the art in
terms of crowd load modeling via a novel categorization inspired by the approach to wind
loads in wind engineering.

This chapter extends in a structural engineering perspective the phenomenological in-
troduction about crowd dynamics of Chapter 7. Furthermore, the chapter lies foundations
for the modeling framework we propose in Chapter 11.

10.1 Introduction
During the last two decades, the issue of human-induced loads on civil structures and re-
lated mechanical performance at both serviceability and ultimate limit state has become
one of the leading research topics in structural engineering. Aesthetic requests for in-
creased lightness and slenderness set a trend in reducing the structure mass, stiffness and
damping. This trend brought to the realization of structures extremely prone to vibrations
when excited by pedestrian gait. Various footbridges of recent construction and slender
shape have provided notable examples of structures prone to human-induced forces. Ex-

This chapter is based on joint work with L. Bruno submitted for publication [BC15].
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amples are the Pont de Solfèrino in Paris [DG05] (1999) and the London Millennium
Footbridge [DFF+01a, DFF+01b] (2000). At the moment of their inauguration, both
footbridges suffered from excessive lateral vibrations triggered by the synchronous excita-
tion of the walking pedestrians [IGJ12, ŽPR05, VB09]. The reduced serviceability, and the
potential harm to safety, led to an immediate closure of the facilities for structural improve-
ment, stimulating further research [RPB09]. Footbridges, which here provide the reference
structural class, are not the only structures prone to human-induced forces: stadium grand-
stands [JRP11], stairs [KB01], and floors [MB10, ES05] are other examples. The wide
research activity recently developed has supported best practice guidelines [F0́5, S0́6],
recommendations [Ins08], and design codes [Int07, Bri02, Eur04, Eur05, NBC].

Pedestrians walking in crowds exhibit a large variability in their dynamics, so do the
loads they apply on the structures housing them. Although we can identify general prin-
ciples driving the dynamics of pedestrians (cf. Chapter 7), wide uncertainties affect
individuals’ motion. Despite this intrinsic randomness, most of the approaches developed
in structural engineering to deal with human-induced forces and loads are deterministic.
This inadequacy has been recently outlined by Racic et al. in their review paper [RPB09]:

“Although the concept of variability and uncertainty is well developed in struc-
tural dynamics disciplines such as wind, wave and earthquake engineering,
the stochastic concept is surprisingly underdeveloped in the area of human-
structure dynamic interaction where there is a considerable randomness of
the key design parameters related to the human-induced dynamic loads and
structural dynamic properties.”

In this chapter, we provide a survey of the sources of uncertainty in relation to human-
induced loads on footbridges. Specifically, we consider the intrinsic uncertainty of crowds
and compare it with other sources of uncertainty related to the mechanical aspects of
the crowd-structure system. In our investigation, we adopt a categorization inspired by
the well-established approach of wind engineering (discipline taken as a reference, among
others, by Racic et al. in [RPB09], cf. quotation above).

In wind engineering, when we consider wind-excited structures (cf., e.g., [Pag10]), un-
certainties are usually ascribed to the physical “subfields” involved. These are: the struc-
ture (represented via structural parameters, cf. Section 10.2), the incoming wind [SP01]
(represented via meteorological data), and the aerodynamic behavior of the wind flow
around a given obstacle [BF11]. On side of these uncertainties, on which our control is
limited (aleatoric uncertainties, cf., e.g., [Not00]), further randomness comes from com-
promises in mathematical models and/or in experimental procedures [JT03] (epistemic
uncertainty, [Not00]).

In this spirit, we account for uncertainties in relation to the “structure subfield” (briefly
summarized in Section 10.2) and to the “crowd subfield” (Sections 10.3-10.4). In a hier-
archical fashion, we decompose the uncertainty related to the crowd as a “superposition”
of two contributions: the mechanical walking features of single individuals (Section 10.3),
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source structure single pedestrian force
RV ξ Wp DLF1p lp fp
distribution lognormal empiric normal normal normal
c.o.v. 0.40 0.15 0.16 0.16 0.10
Ref. [DL89] [AK11] [ŽPR07] [ŽPR07] [ŽPR07]
source pedestrian traffic model
RV vp ∆t ρ q
distribution normal exponential n.a. Weibull
c.o.v. 0.18 1 [0.4-0.7] [0.1-0.3]
Ref. [Daa04] [MNSM78] [Mac08, Živ12a] Section 10.5

Table 10.1: Synthetic overview of the sources of uncertainty identified in the crowd-
structure system. We report the random variables (RV), the typical probability distribution
used to model them, and the related uncertainty measured in terms of coefficient of
variation (c.o.v.).

and the traffic flow (Section 10.4). In a further analogy with the wind flow, yet not clearly
recognized in the literature devoted to human-induced loads, we address the pedestrian
traffic on footbridges after a separation in two components:

(i) the component due to pedestrians approaching the footbridge, i.e., that part of
“upstream” traffic which is not influenced by the walkway features and whose un-
certainties are related to the environment (Section 10.4.1);

(ii) the component due to pedestrians crossing the walkway of the structure, whose
uncertainties are related to the local, “bulk”, traffic (Section 10.4.2).

To compare in a concise way uncertainty contributed by each element, we employ the
coefficient of variation (c.o.v.) of each random quantity identified. The c.o.v. is the ra-
tio between the standard deviation and the expected value of a random variable, thus it
provides a non-dimensional measurement of the uncertainty scaled on the mean value.
The c.o.v. has ubiquitous use in structural engineering when it comes to quantify un-
certainty (e.g., in structural parameters [DL89], or strength of materials [Cli69], cf. also
references in the next sections of this chapter). The current description of the crowd in
structural engineering, mostly neglecting uncertainties, has likely an impact on the current
construction regulations, of which we perform a synthetic comparison at the end of the
chapter (Section 10.5).

10.2 Structural parameters
Among the parameters related to the mechanical properties of the structure, i.e. mass,
stiffness, and damping, the latter has been early recognized as the most uncertain and
as a chief contributor to the overall structural response. A great scientific effort has
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been allocated on this subject, and several studies have specifically dealt with damping.
In the following, we consider the uncertainty in structural parameters just in terms of
synthetic quantitative comparisons (cf. Table 10.1). For a discussions about uncertainty
in structural parameters, we refer the reader, e.g., to [TJ96] in relation to wind engineering,
and to [DL89] in relation to long-span bridges.

10.3 Individual walking features and dynamic load
The dynamic load exerted by a pedestrian is affected by uncertainties which can be
ascribed to inter-subject and intra-subject variabilities [RPB09]: the gait of two distinct
pedestrians is different; likewise, two subsequent steps of one single individual are not
equal.

The random variables related to the single pedestrian force, i.e. the force indi-
vidual pedestrians exert while walking, that are usually considered are: (i) walking
frequency (fp), (ii) step length (lp), (iii) desired walking speed (vp), (iv) force mag-
nitude via Dynamic Load Factors (DLF1p), and (v) body weight (Wp). Laboratory
tests enabled the assignation of conventional probability distributions to these variables
and the determination of estimates of the parameters. Remarkably, walking frequency,
step length, walking speed and DLF1p are well modeled by normal distributions (cf.,
e.g., [ŽPR07, Živ12a]). On the contrary, the body weight does not exhibit a Gaussian
behavior [AK11]. By means of these random variables (cf. Table 10.1), we can char-
acterize the magnitude and frequency content of the single pedestrian force. Thanks
to the characterization of these random variables, several probabilistic models of the
single pedestrian force have been proposed in the last years, starting from the pion-
eering studies by Živanović et al. [Živ06, ŽREBP07], to the more recent and complete
works [PT09a, PF10, RA10, ŽPI10, IG11, AK11, Živ12a, CKAF12, SK14]. For further
insights of the walking features of individuals and the related probabilistic models, we
refer the reader to the recent review [RPB09].

10.4 Crowd dynamics
The uncertainties related to pedestrian traffic arise from the variability intrinsic in the
dynamics of crowds. Individuals are different one another as the purposes and desires
that drive their motion (cf. Chapter 7). Traditionally, pedestrian traffic is a matter
of study in research fields different from structural engineering, e.g. transportation or
safety engineering, social physics or applied mathematics (cf. Chapter 1). Nevertheless,
the related uncertainty deeply affects the crowd load on structures: the magnitude and
spatial distribution of the pedestrian load on a walkway, in fact, depends on the amount
of approaching pedestrians (here, incoming pedestrian traffic) and on their distribution
within the facility. Surprisingly, statistics of the incoming pedestrian traffic or the traffic
within footbridges (or other structures) are scarcely addressed in civil engineering. Hence,
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in the following categorization, we refer also to pedestrian facilities apart from conventional
footbridges, and, in general, to studies beyond the context of civil engineering.

10.4.1 Incoming pedestrian traffic

The probabilistic modeling of the incoming wind is well established in wind engineer-
ing [SP01] on the basis of the wind speed records initiated by Gustave Eiffel in 1889 [Eif07].
Wind speed records are currently available for a huge number of meteorological stations
worldwide, they are obtained under common recording procedures and for long periods of
observation. The lack of statistics on the incoming pedestrian traffic is certainly due to
the technical difficulties involved in automatic pedestrian counting, density estimation and
tracking. The first automatic procedures using image processing date to 1995 [DYV95],
i.e. one century later than wind anemometry; the real time processing of the recorded
videos and the detection of pedestrians on large scales are a contemporary challenge. We
refer the reader to Chapter 2 that presents an introductory discussion and a bibliographic
survey on the subject and a description of the contributions of this thesis on the matter.

In structural engineering, the statistics of the incoming pedestrian traffic usually focus
on the pedestrian arrival rate Q [ped/s], i.e. the number of pedestrians per unit time enter-
ing a given facility, and on the related inter-arrival time between two consecutive arrivals
∆t = 1/Q [s]. After the pioneering observations by Matsumoto and coworkers [MNSM78],
a Poisson distribution is tentatively assumed for the arrival rate and consequently an ex-
ponential distribution is adopted for ∆t. Recent in situ measurements by Živanović et
al. [ŽREBP07, Živ12a, Živ11] and by Sahnaci and Kasperski [SK14] suggest that the
exponential distribution provides a rough model misfitting the dynamics at short and long
inter-arrival times. For instance, in [SK14], disagreements between measurements and
a Poisson process at small inter-arrival times (say, ∆t ≤ 1 s) are due to the arrival of
pedestrians in small groups. Such events cannot be framed within the assumption of
independent arrivals, made considering a Poisson process. In spite of this criticism, the
assumption of Poisson process is anyway retained as a first approximation [SK14].

In the studies [HJA07, JHAAAB08], Helbing et. al. monitored the incoming traffic ap-
proaching the former Jamarat footbridge in Mina (80m wide, 300m long), in ordinary and
panic conditions. They analyzed the traffic in terms of pedestrian density, evaluated via
automatic pedestrian density estimators. The footbridge typology considered is quite un-
conventional, nonetheless, from a structural engineering perspective, the study is relevant
as it stresses the conceptual distinction between global and local dynamics, introducing the
related density metrics. In particular, the authors monitored a surface Arec = 23m× 28m
just upstream the footbridge entrance ramp (of width 44m). They retained reference areas
Aref of variable size within Arec in which they estimated the amount (Np) of standing
pedestrians, and evaluated the related spatial density ρ = Np/Aref . They provide two
definitions of the crowd density depending on the relative size of Aref : the global density
ρg(t), where t is the time, for a reference area coinciding with the monitoring area; and the
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local density ρl(x, Lref , t), for reference areas of characteristic length Lref , centered in a
point x within the monitored area. Obviously, the local density tends to the global density
for Lref much larger than the characteristic length Ll of the local crowd inhomogeneities.
Analogous definitions of the global density and of local phenomena have been adopted and
described in a recent inventory of crowd densities at major public events [Obe12]. Inhomo-
geneities in the incoming flow can occur at very low values of the global crowd density
(e.g. couples of pedestrians walking shoulder-to-shoulder or small and dense groups) or
at very high values because of emerging pedestrian patterns (e.g. stop-and-go or pressure
waves and/or crowd turbulence [HJA07, JHAAAB08]). The low-density local inhomo-
geneities in crowd are expected to have a characteristic length Ll of the same order of
magnitude of the pedestrian body length in plan (Lp = 2d0 ≈ 50 cm, [BW06]), while high-
density inhomogeneities due to local phenomena characterized by waves of period of about
45 s and characteristic length of about 12m have been measured in [HJA07, JHAAAB08].

10.4.2 Crossing pedestrians
When pedestrians cross a footbridge (or a generic built environment), two factors can
be accounted as modifiers of the “bulk” dynamics when compared to the “upstream”
dynamics (cf. Section 10.4.1):

(i) the variable and non-deterministic behavior of individuals along their paths;

(ii) the geometrical features of the walking area (e.g. the shape of the walking platform
of the footbridge).

In fact, uncertainties within the incoming traffic gets “transported”, damped or magnified,
say, propagated, by the traffic (i), which, in turn, can be affected by the environment
(ii). The traffic of pedestrians crossing civil facilities has been experimentally observed
both in controlled laboratory conditions (within corridor-like geometries) and in situ along
footbridges.

In different fundamental studies performed in laboratory, for instance [MSFSML10]
and [MHG+09], walk-alone pedestrians cross several times a corridor and the related tra-
jectories are measured. In [MSFSML10], the authors provide an experimental evaluation
of the propagation of the variability of the incoming traffic within the corridor. They eval-
uate both the intra-subject variability and the inter-subject variability, measuring a higher
uncertainty in the second case (as the common experience may suggests). However, in
both evaluations, the variability at the entrance of the reference area is advected along
the corridor without any appreciable damping or magnification. This is likely related to
the short length of the considered area and to the absence of physical obstacles or geo-
metry irregularities. In different flow conditions (e.g. different values of the pedestrian
density), uncertainty damping due to self organization phenomena (e.g. emergence of
lanes in counter-flows [ZKSS12], or of regular patterns with homogeneous local density in
co-flows) or uncertainty magnification due to the occurrence of sudden events along the
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walkway (e.g. a single pedestrian stopping or tumbling in dense traffic) are expected. As
an example, in [MHG+09], the impact on pedestrian trajectories of a standing pedestrian
(obstacle) or of a pedestrian going in the opposite direction is studied: the variability in
the trajectories appear to decrease in the neighborhood of the obstructing element.

In situ observations of crowd events occurring within footbridges or other structures are
scarce in the literature. Furthermore, the level of detail of the description is low in compar-
ison to the studies just mentioned. This is likely a consequence of the technical difficulties
involved. Pioneering studies have been motivated by the Synchronous Lateral Excitation
of the T-bridge [FPNW93] and of the London Millennium bridge [DFF+01a]. Specifically,
in [FPNW93], the authors provide a qualitative evaluation of the crowd density along the
whole footbridge platform at subsequent times during a crowd event. In [DFF+01a], a
quantitative evaluation of the crowd density for stationary pedestrian streams is given.
Analogous estimates of the runner density are provided by [Set11] during the New York
City Marathon along the Verrazano-Narrows Bridge. To the best of our knowledge, com-
plete time-histories of the total number of pedestrians Np on footbridges measured during
real crowd events are available only for the Clifton Suspension Bridge (CSB) [Mac08] and
the Podgorica Footbridge (PF) [Živ11, Živ12b, Živ12a]. The observation time windows
Tobs are, in both cases, relatively short, i.e. from 36 to 43 times the characteristic crossing
time Tp = L/〈vp〉, where L is the length of the facility. We estimate the pedestrian dens-
ity from the published data by a spatial averaging, i.e. by adopting the whole footbridge
walkway area as the reference area (i.e., Aref = LB, where B is the walkway width). In
both cases, the footbridge length is by far larger than the expected characteristic scale
of the spatial inhomogeneities of the crowd (see Section 10.4.1), therefore we can assess
the global density ρg. Moderate pedestrian densities resulted along CSB during a festival
event, while low to very low pedestrian densities occur daily along PF (cf. Table 10.2).
Via the literature, data we can estimate the coefficient of variation of the density to eval-
uate its variability. The values we obtain are high (respectively, c.o.v. = 0.4 for CSB,
0.43 ≤ c.o.v. ≤ 0.71 for PF) when compared to the coefficient of variation found for the
single pedestrian walking features (cf. Table 10.1).

The in situ observations cited above are obtained along straight walkways of constant
width and at relatively low pedestrian densities, so the effects of the walkway platform
geometry are expected to be minimum. The effects of the geometrical features of the
walking platform (i.e. its narrowing or widening, the presence of point wise platform
equipment, e.g. lighting poles or benches) have been simulated in deterministic terms
in a number of studies applied to evacuation dynamics (e.g. [HFMV02, HBJW05]) and
more recently in two papers addressed to the mitigation of structural vibrations on foot-
bridges [COH12, VB13]. The probabilistic modeling of the pedestrian dynamic along
walking facilities with complex geometry has been tackled by Monte Carlo methods in
some studies mainly addressed to safety issues, e.g. [SKK+09, Pec11]).
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Test Tobs ts L 〈vp〉 Tp
[min] [s] [m] [m/s] [s]

T3-BtoC 45 1 104 1.38 75
T3-CtoB 45 1 104 1.38 75
CSB 107 60 202 1.34 150
Test 〈ρg〉 σ(ρg) c.o.v.(ρg) min(ρg) max(ρg)

[p/m2] [p/m2] [p/m2] [p/m2] [p/m2]
T3-BtoC 0.031 0.013 0.43 0.0013 0.07
T3-CtoB 0.055 0.039 0.71 0.0039 0.21
CSB 0.681 0.272 0.4 0.270 1.09

Table 10.2: Statistics on the literature data about crowd events on Podgorica [Živ12a,
Živ12b, Test 3] (PF, in Bridge-to-City (BtoC) and City-To-Bridge (CtoB) directions)
and Clifton [Mac08] (CSB) footbridges. Beside observation time Tobs, sampling time
ts, facility length L, we report the average pedestrian velocity (〈vp〉), the characteristic
crossing time (Tp) and the pedestrian density in terms of average value (〈ρg〉), standard
deviation (σ(ρg)), the minimum (min(ρg)) and the maximum values (max(ρg)).

10.5 Codified model uncertainty
The current scarceness of data about incoming and crossing pedestrian traffic and global
and local pedestrian density indirectly reflects on how building codes and standards ap-
proach human-induced loads on footbridges. In principle, both the static equivalent load
and the dynamic load induced by pedestrians depend on the pedestrian traffic in terms
of the number of individuals but also on the pedestrian distribution along the span. The
static equivalent load approach is included in a number of codes, therefore we can com-
pare the prescribed loads and quantify the related variability. Conversely, fewer codes
take into consideration the methodology for the dynamic analysis of footbridges. In the
following, we obtain statistics about the static equivalent load prescribed, and we provide
some considerations about dynamic loads.

Following the review in [F0́5], we consider the magnitude of the static equivalent
live loads, q, proposed by 13 national codes. In Figure 10.1, we report the codified
magnitudes in dependence on the span L, since different codes prescribe a reduction of
the load magnitude as L or the walkway surface vary. Three main remarks follow: (i) this
dependence on L seems to account for the crossing pedestrian traffic, being a function
of the footbridge features; (ii) codes do not allow for this reduction for structures near
sport stadiums. In other terms, the effect of the environmental and social conditions
on the incoming traffic is qualitatively retained at least in a specific case - coherently
to what observed by Fujino et al. in the same conditions [FPNW93]; (iii) a significant
dispersion of the prescribed load can be observed, especially for increasing span lengths.
To evaluate this dispersion and address uncertainties within models (cf. Section 10.1), we
consider the distribution of load magnitude across the codes φ(q), and for simplicity we fit
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Figure 10.1: Static equivalent live loads on footbridges in codes: (a) magnitude (q,
[kN/m2] on the y axis) versus the span length (L [m], on the x axis); (b) fitted dis-
tributions of prescribed values of q (φ(q)) for different span length; (c) mean, standard
deviation and coefficient of variation of φ(q) versus the span length.

it with a (guessed) Weibull distribution at all values of L. We report the fitted probability
distribution functions in Figure 10.1(b), while we graph their average value, standard
deviation, and c.o.v. versus the span length in Figure 10.1(c). We notice a high variability
in the models for long span bridges (up to c.o.v. = 0.3). In these cases, we expect the
uncertainty about the incoming pedestrian traffic to be just amplified by the dynamics of
the crossing traffic. Hence, the higher disagreement among the codes. This variability
is even higher if we include the current design practice, as codified load magnitudes are
sometimes further increased with conservative aims in the design phase. For instance,
a static-equivalent uniform load equal to 6 kNm−2 (in place of the more conventional
5 kNm−2, cf. Figure 10.1(a)) has been adopted during the design of the Fourth Bridge
over the Canal Grande “bearing in mind the high pedestrian flow in Venice” [Cal02].
On one hand, these practices appear as good habits in view of the specific engineering
problem. On the other hand, they reveal the need of further research activity towards a
rationale, quantitative, statistical quantification of their degree of “conservativeness”.

Among the codes and guidelines including a methodology to assess the dynamic re-
sponse of footbridge under time dependent pedestrian loads, we mention the Sétra tech-
nical guide [S0́6]. The Sétra technical guide considers a classification of footbridges in
dependence on the pedestrian traffic level, defined in terms of the expected pedestrian
density (reference values: ρ = 0.5 ped/m2 - sparse crowds, ρ = 0.8 ped/m2 - dense
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crowds, ρ = 1.0 ped/m2 - very dense crowds). On one hand, the method is based on a
deeper insight in the phenomenological origin of the load by referring to the pedestrian
density and traffic. On the other hand, the density thresholds are defined in deterministic
terms, i.e., they are not related to a given probability of being exceeded, as in a usual
probabilistic design. Once more, a probabilistic description of the pedestrian traffic is
missing.

Finally, we stress that both aforementioned approaches usually prescribe a load uni-
formly distributed along the walkway in the unfavorable parts of the influence surface,
longitudinally and transversally, in order to maximize the load effects (cf., e.g., [Eur05]).
Therefore (i) loads are chosen from remarks on the structural mechanics only, disregard-
ing the phenomenological features of the crossing pedestrian traffic; (ii) they are purely
deterministic and obey to a worst-case-like scenario approach (i.e. they are not associated
to a probability of occurrence).

10.6 Discussion
Human-induced loads on footbridges feature a high uncertainty resulting from the com-
bination of different sources. In this chapter, we provided a description and categorization
of these sources.

First, the mechanical aspects of pedestrian walk are uncertain. In the last decade,
the structural engineering research community spent a lot of effort to obtain an accurate
description and estimate of these, and, at the present time, any random variable related to
the single pedestrian mechanics, say εp, shows comparable uncertainty, when quantified in
terms of the coefficient of variation (0.10 ≤ c.o.v.(εp) = σ(εp)/〈εp〉 ≤ 0.20). Remarkably
the structural damping exhibits a even larger value of the coefficient of variation, which
thus at the mechanical level is still the most significant source of uncertainty.

On top of these mechanical uncertainties, the pedestrian load in a crowd-structure
system depends on the crowd traffic itself, which is intrinsically aleatory. To quantify and
compare this randomness, we estimated the coefficient of variation of the crowd density
and of inter-arrival times for real world crowd events occurring along footbridges. To
perform such estimate, we considered different crowd events described in the literature.
The values we found for the coefficient of variation are much higher than the ones related
to the mechanical quantities; this supports the urgency of achieving a proper uncertainty
description for the crowd system in relation (and in potential interaction) with structures.

In a structural engineering perspective, the crowd dynamics appears the least char-
acterized among the elements in the crowd-structure system. Building codes reflect this
aspect, e.g., featuring a wide disagreement when human-induced loads on footbridges
are concerned. Hence, the acquisition of fundamental data on the crowd behavior and a
proper formulation of the related uncertainty problem appears necessary. In Part I of this
thesis, we aimed at giving a contribution toward the quantification of the uncertainty and
stochasticity of pedestrians behavior from a fundamental perspective. Yet, more work
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is necessary to obtain fully quantitative models in this perspective (cf. Chapters 4-6).
In a technological perspective, a further step to reduce such quantitative models into
synthetic representations and charts, for employment in the building practice and stand-
ards, is needed. In this direction, in Chapter 11, we suggest a framework to quantify the
uncertainty related to the crowd traffic along footbridges.



156 CHAPTER 10. UNCERTAINTY IN CROWD-INDUCED LOADS



Chapter 11

Probabilistic modeling of the
crowd load on footbridges

In the review in Chapter 10 we pointed out a possible inadequacy in the way crowds and
related loads are approached in the present structural engineering regulations in matter
of footbridges. On one hand, the crowd phenomenology and randomness are neglected,
while, on the other hand, differently from other loads and mechanical characteristics of
the structure, the crowd load is exempt from any probabilistic characterization. On this
basis, we propose here a possible framework for the probabilistic evaluation of pedestrian
traffic on footbridges. We focus on the crowd dynamics and we suggest an approach to
address uncertainties in pedestrian densities. Hence, we adopt existing models (including
the microscopic counterpart of the model introduced in Part II) to discuss the feasibility
of the framework.

11.1 Introduction
In Chapter 10, adopting a structural engineering perspective, we presented a survey com-
paring recognized sources of uncertainties affecting human-induced loads on footbridges
and related regulations. The aleatoric dynamics of crowds yield uncertain loads, however
the current structural engineering codes envisage a deterministic treatment, contrarily e.g.
to what happens with wind loads (cf. references in Sections 10.4 and 10.4.1). Currently,
codes and standards often prescribe just a static equivalent live load q. The value of q
is often given as a constant and, beside possible dependencies on the environment, any
stochasticity on the crowd side is neglected. Indeed, the magnitude of q varies and the
load is likely to have a non-constant spatial distribution. However, the uncertainty, that
is neglected at the level of single codes, “reappears” in terms of the missing agreement
among the prescribed values of q (cf. Section 10.6).

This chapter is based on joint work with L. Bruno submitted for publication [BC15].
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In view of such possible inadequacy (cf. Section 10.6), in this chapter we propose a
framework to deal with uncertainties affecting crowd loads, here addressed in terms of
crowd density, on footbridges. We focus on the dynamics of the crowd (cf. Section 10.3),
as it appears to be the weaker link in the engineering modeling chain (e.g. if compared to
the quantification of the mechanical load properties of single individuals, cf. Section 10.3).
On the basis of the literature survey in Chapter 10, and in view of the discussion of a
modeling framework in the next sections, we summarize the considered key features of
the phenomenology of pedestrian traffic:

(C1) intrinsic variability in time and space. In the same scenario, we expect two different
pedestrians to behave differently. Furthermore, these two individuals would behave
differently at different times (cf. Section 10.4).

(C2) uncertainty transport. State variables of the pedestrian flow evolve in space and time
subjected to the flow itself. Therefore, we expect the uncertainties of the incoming
pedestrian traffic (cf. Section 10.4.1) to be transported along the pedestrian walk-
way by the dynamics, possibly with damping or magnifications (cf. Section 10.4.2).

(C3) multi-scale dynamics in time and space. The overall pedestrian traffic results from
a range of dynamics, going from the actions of single individuals at small scales, to
collective phenomena involving hundreds of pedestrians and occurring at large scales.
Dynamics may feature all the intermediate scales: for instance, pedestrians can move
in groups of any size. To give a qualitative view on the scales involved, in Figure 11.1
we collect both the cumulative distribution function of the inter-arrival time ∆t from
measurements in [Živ12a, SK14] (cf. Section 10.4.1) and the dimensionless power
spectral density S∗ρg = fSρg/σ

2(ρg) of the global pedestrian density in [Mac08,
Živ12a, Živ12b] (evaluated by us after the time histories reported in the papers.
For a synthetic overview on the data cf. Section 10.4.2 and Table 10.2). We can
read the time interval ∆t as a characteristic quantity at the scale of individual
pedestrians, while fluctuations of the global density incorporate both the scales of
individual pedestrians and of the collectivity. We do not observe well defined spectral
gaps (in contrast, e.g., with the well known incoming wind spectral gap [vdH57]),
thus pedestrian local and global scales appear adjacent, or in slight overlapping. In
fact, the exceedance probability of ∆t ≈ 1 minute is lower than 1%, while most of
the energy of the density fluctuations is concentrated at larger time scales. From
these empirical observations we consider two distinct spectral sub-ranges:

(C3.1) the environmental sub-range (t > 1minute), in which fluctuations due to
events or activities taking place far upstream of the reference area occur
(e.g., social and environment activity in the neighborhoods of the foot-
bridge);

(C3.2) the arrival sub-range (1minute ≥ t > 0.1 second), which mainly accounts for
fluctuations related to local phenomena, such as single pedestrian arrivals.
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Φ(∆t)

S∗ρg ,[Mac08]

Φ(∆t),[SK14]

S∗ρg , Φ(∆t), T3-BtoC [Živ12a, Živ12b]
S∗ρg , Φ(∆t), T3-CtoB [Živ12a, Živ12b]

Figure 11.1: Cumulative distribution functions of the inter-arrival time from measurements
in [Živ12a, SK14] (Φ(∆t), dotted lines, cf. Section 10.4.1) and dimensionless power
spectral densities of the global pedestrian density from [Mac08, Živ12a, Živ12b] (S∗ρg =
fSρg/σ

2(ρg), solid lines, cf. C3 in Section 11.1, Section 10.4.2 and Table 10.2).

(C4) Collective phenomena at various scales can originate from the individual motion of
individuals and from their mutual interactions. The same concept reflects on uncer-
tainties, and, in particular, on those related to each single pedestrian (e.g. chord-wise
position and arrival time at footbridge entrance) and can propagate at the collective
level.

This chapter is structured as follows: the modeling framework is described from its concep-
tual structure to a minimal implementation in Section 11.2; to show technical feasibility,
in Section 11.3 we study the crowd traffic in the case of two model footbridges; concluding
remarks and future perspectives are discussed in Section 11.4.

11.2 Modeling framework

11.2.1 Concept
On the basis of the features of the crowd traffic C1-C4 and the survey in Chapter 10,
we propose here a modeling framework for the probabilistic evaluation of the uncertainty
affecting the pedestrian traffic on footbridge. We consider the traffic in terms of pedes-
trian density. First, we consider in a separate way pedestrians that approach the facility
and pedestrians crossing it. This follows from our categorization in Section 10.4. In fact,
differently from crossing pedestrians, approaching pedestrians are undisturbed by the foot-
bridge features (e.g., the walkway shape, the side parapets, the platform equipment). In
principle their spatial density depends on events or activities taking place far upstream
the footbridge, possibly with a slow time scale. Examples of such events are the festival
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at the Clifton Suspension Bridge in [Mac08], cf. Section 10.4.2, the race calendar of the
Today Park motorboat stadium in [FPNW93], the bus arrival frequency in [SK14], or daily
schedule of the canteen in the measurements in Chapter 3, cf. Figures 3.2-3.3).

We deal with the approaching traffic specifying inflow conditions at the domain bound-
ary, while we address the traffic of crossing pedestrian via numerical models. In this setting,
we aim at analyzing how an incoming uncertainty is modified by the crowd traffic.

In Figure 11.2, we report a conceptual representation of the framework. The mod-
eling perspectives adopted are arranged column-wise, and the incoming/crossing traffic
categorization is specified row-wise. We aim here at conjugating a detailed modeling
of the crossing traffic with the practical availability of input data and the need of com-
pact output results. This aspect envisages different modeling perspectives in terms of
observation scales (cf. Section 7.1.1). We describe the pedestrian traffic alternatively

Macroscopic (M) 

Probabilistic

Incoming 

pedestrians

Crossing 

pedestrians

microscopic (m) 

with random inputs

In-situ traffic data 

Ped density statistics

Ped density 

probabilistic description

Design addressed 

probabilistic description

probabilistic law 

for ped inflow

Crowd model

M2m

m2M

M2D

enrichment

coarse graining

Figure 11.2: Schematics of the proposed probabilistic framework.

either from a macroscopic point of view (M) or from a microscopic (m) point of view (cf.
Section 11.2.1), including the related uncertainties (cf. C1):

• we describe the incoming traffic at the macroscopic level via a scalar random vari-
able: the global incoming pedestrian density ρin,g. A macroscopic description
reflects the lack of knowledge about the local features of the pedestrian dynam-
ics outside the footbridge. The law of ρin,g incorporates the uncertainty on the
long-time fluctuations of the incoming traffic by environmental factors (cf. C3.1).
This approach to the incoming density allows the determination of probability of
exceedance to be adopted in the structural design and analysis phases;

• we address the crossing traffic via a microscopic description. Specifically, we adopt
the modeling framework (7.8)-(7.11) introduced in Chapter 7. The microscopic
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description gives a resolved view on the motion of singles; by employing that, we
aim at evaluating the effects of the footbridge walkway on the span-wise traffic,
if any, and to retain uncertainties related to single individuals. Simplifying the
physics involved (cf. C1), we rely on a random arrival process to account for the
uncertainties at the pedestrian scale due to the inter-subject variability, while we
neglect the intra-subject variability.

• transitions from the macroscopic to the microscopic description (M2m) and vice
versa (m2M) are thus needed to couple the models. Specifically:

– the M2m transition allows us to enrich the macroscopic description of the
global incoming density by including the short-time - “microscopic” - fluctu-
ations due to pedestrian arrivals (cf. C3.2). In this step, we convert macro-
scopic density information into a microscopic arrival process;

– the m2M transition obeys to post-processing needs rather than to modeling
principles. It is accomplished to recover a final coarse-grained description of
the pedestrian dynamics. This description is more suited than the microscopic
description in the engineering practice when designing a footbridge or evalu-
ating its performances. As a matter of fact, we characterize the local density
of crossing pedestrians ρl via a field of random variables;

• we finally recover the complete probabilistic description of the joint incoming and
crossing pedestrian density to address design practice and engineering needs.

In the next sections we suggest minimal models for each of the blocks appearing in
Figure 11.2. Specifically, in Section 11.2.2 we tackle the problem of building statistics on
the incoming pedestrian density; in Section 11.2.3 we describe the specific adaptations
of the model (7.8)-(7.11) in view of the purpose of this chapter; in Section 11.2.4 we
discuss the scale transitions. Finally, in Section 11.2.5 we merge incoming and crossing
uncertainties in a joint probabilistic description.

11.2.2 Global incoming traffic
Here we provide a definition of the global incoming density along with the technical
procedure to measure it and to evaluate its statistics (cf. Figure 11.3 for a schematic
reference). Let ρin(t) = Np(t)/Aref be the incoming pedestrian density, where Np(t)
is the instantaneous number of pedestrians at time t in a given “inlet” reference area of
extension Aref . Ideally, this reference area is

• outside the footbridge walkway, and (if directional analysis are planned) upstream
with respect to the scrutinized incoming flow (Figure 11.3(a)), so that pedestrians
are not affected by the walkway shape;

• in the footbridge surroundings, i.e. in a environment hosting the same social activ-
ities.
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Figure 11.3: Conceptual scheme for the definition of the incoming pedestrian density base
value ρb: spatial averaging (a), time averaging and extreme value extraction (b), extreme
statistics (c).

An example is provided by the measurement campaign [JHAAAB08] at the entrance of
the Jamarat Bridge.

The value of the density of the incoming pedestrians defines a continuous-time stochastic
process ρin = ρin(t) - that we consider after a sampling with step Tsam (cf. Fig-
ure 11.3(b)).
We obtain the global incoming density ρin,g from ρin(t) after space and time averages
that act as low-pass filters. In other terms, the large scales which characterize the global
density are retained, while the small scales of the local incoming traffic are averaged
out. In the space domain, the extent of the reference area Aref defines the filter size.
In the time domain, instead, we employ a further rolling-average with window Tavg (cf.
Figure 11.3(b)), in formulas:

ρin,g(t) = 1
Tavg

ˆ t+Tavg

t

ρin(s)ds. (11.1)

The resulting global incoming density ρin,g(t) features exclusively long-time fluctuations,
therefore it can be treated as a random variable ρin,g instead of a random process, in
analogy with the 10minutes-averaged wind velocity [SS96].

Relevant in the engineering and design practice are the maximum values of ρin,g(t) over
time, as well as, their characteristic return times. Let ρ̂ be the random variable describing
such maximum values. To figure its law, among other standard techniques for extreme
value analysis [PBLA99], we can use the “block maxima” approach, well established in
wind engineering [AM14]. In particular, let us split Tobs, the overall temporal coverage,
in Tobs/Tblk contiguous blocks of even duration Tblk: the empiric distribution of ρ̂ follows
the distribution of absolute maximum values of ρin,g(t) once restricted to every time
block [nTblk, (n + 1)Tblk] (block maxima, Figure 11.3(b)). The classical extreme value
theory [Col01] assures that the block maxima (of sufficiently large size) can be fitted to
three asymptotic extreme value distributions, in turn combined into a single one called
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the Generalized Extreme Value (GEV) distribution [Col01]. Finally, for any given return
period TR, the corresponding TR-return value of the global incoming pedestrian density
ρTR is obtained by calculating the q−quantile of ρ̂, with q = 1−Tblk/TR, i.e., ρTR = ρ̂q.

The implementation of the procedure outlined above relies on the choice of the val-
ues of a number of quantities, i.e. Aref and Tsam < Tavg < Tblk < Tobs. We should
define these quantities according to phenomenological-based principles (Section 11.1),
modeling objectives (Section 11.2.1), technical limitations and conventional settings. In
the following, we discuss the elements driving each choice and propose reference values.

• Extent of the reference area Aref . The reference area Aref ≈ L2
ref , where Lref

is the characteristic length, should be large enough to evaluate the global crowd density
ρg(t), which has a characteristic scale in space Lg. In other terms, Aref should allow
a spatial averaging of the local inhomogeneities of the pedestrian density having char-
acteristic lengths Ll smaller than Lg. Hence, Lref ≥ max(Ll) and, on the basis of
the available literature [JHAAAB08], max(Ll) ≈ 12 m. However, the reference area
is necessarily included in the area in which the pedestrian flow is recorded of extension
Arec, thus Aref ≤ Arec. Hence, the reference length Lref is limited by the technical fea-
tures of the measurement apparatus, e.g. optics of the camera, height of the installation
pole and computational costs (cf. e.g. [JHAAAB08] and Part I). On this basis, we set
conventionally the reference length to Lref = 2 max(Ll) ≈ 25m.

• Sampling step Tsam. For the sake of efficiency, the sampling step is recommended to
be larger than the smallest time scale of interest Tl, featured by the local density. The
latter may be defined as min(Tl) = ∆t05, i.e. the 5th percentile of the inter arrival time
∆t. It follows Tsam ≥ ∆t05 ≈ 0.22 s [SK14] (Figure 11.1). Furthermore, bearing in mind
that pedestrian traffic is a transport phenomena in space and time, the sampling step
should be consistent with the averaging in space. To do so, let us introduce the reference
time Tref = Lref/〈vp〉 ≈ 20 s. In other terms, pedestrians cannot walk a distance Lref in
a time shorter than Tref . Hence, we set Tsam < Tref in order to assure that a pedestrian
walking across the reference length is measured at least once. From these remarks, it
follows 0.2 s ≈ ∆t05 ≤ Tsam < Tref ≈ 20 s. Let us conventionally set Tsam = 1 s.

• Averaging window Tavg. The averaging window plays a key role in the selection of the
time scales of the global density to be modeled in statistical terms and, consistently, in
averaging the local scales which are modeled in the present framework in terms of arrival
random process (see Section 11.2.4.1). In particular: (i) Tavg should be longer than
most of the time scales of the pedestrian arrival process, i.e. for instance Tavg ≥ ∆t95.
Hence, following [Živ12a, SK14] and looking at Figure 11.1, it follows 20 s ≤ ∆t95 ≤ 34 s;
(ii) Tavg should be shorter than most of the time scale of the global density, i.e. Tavg <
min(Tg). In particular, min(Tg) may be defined by referring to the lower time bound
of the environmental sub-range. Therefore, according to the measurements available in
literature [Živ12a, Mac08] and their spectral reading (Figure 11.1) it follows min(Tg) ≈
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110 s. Such value is in agreement with other field observations during crowd events in open
spaces, such as the ones in [Obe12]: “crowd densities can alter considerably in the space
of 1−2minutes”. From these remarks, it follows 30 s ≈ ∆t95 ≤ Tavg < min(Tg) ≈ 100 s.
Let us conventionally set Tavg = 1min.

• Block length Tblk. The temporal block length should be longer than most of the
time scales of the global density, i.e. Tobs > max(Tg). The value of max(Tg) depends
in turn on the kind of environment and on the expected social activities. For instance,
in wind engineering applications, the length of the blocks usually is one year. Following
the observations in [CBMT14] and recalled in Part I, in the case of pedestrian traffic, we
conjecture the prevailing time scale of the global density to be one week. Tblk should
be long enough to ensure that the number of observations in a block nsam = Tblk/Tsam
is large enough to reduce the bias in the estimates of the extreme value distribution
parameters. In wind engineering, being Tsam = 10minutes and Tblk = 1 year, it follows
nsam = 52560. By adopting the same number in pedestrian traffic and having Tsam =
1minute, we estimate Tblk ≈ 30 days. Following the latter criterion, let us set Tblk =
30 days, and therefore retain monthly maxima.

• Temporal coverage Tobs. The following remarks are relevant in relation to the overall
temporal coverage: (i) longer temporal coverage enable more resolved statistics. Further-
more, once the block length is set, the temporal coverage Tobs should assure a number of
block maxima nblk = Tobs/Tblk large enough to fit the extreme distribution having a low
estimation variance. The required nblk depends on the adopted technique of the extreme
value analysis [PBLA99]: in conjunction with simple block maxima technique nblk ≥ 10
(e.g. nblk = 20) is suggested for reliable results. (ii) from a technical point of view, diffi-
culties remain in long time measurements of the pedestrian density and beside the 1-year
long measurement campaign discussed in Part I, to the best of our knowledge, only one
other campaign of comparable length is present in the literature [BZK14]; (iii) Tobs should
be related to the return period of the TR-return value of the pedestrian density. For a
reference, in the wind engineering practice, Tobs > 6/5TR is recommended [PBLA99].
In pedestrian traffic applications, adopting nblk = 20 and Tblk ≈ 30 days, we suggest
Tobs ≥ 2 years.

11.2.3 Local crossing traffic

We treat the dynamics of pedestrians along the walkway of a footbridge (cf. Fig-
ure 11.4(a)) via the first-order modeling framework introduced in Section 7.2. As we
focus on a microscopic dynamics, we specifically employ a representation of the crowd as
in (7.7) and we follow, with minimal modifications, the dynamics (7.8)-(7.11).

Let X1
t = (x1

t , y
1
t ), X2

t = (x2
t , y

2
t ), . . . , XNp

t = (xNpt , y
Np
t ) be the position of the Np

individuals on the footbridge deck (in coordinates (x, y), cf. Figure 11.4(a)) at time t > 0.
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Consistently with (7.8)-(7.11), we define the velocity of the j-th individual as

dXj
t

dt
= vd(Xj

t ) + vs[{Xi
t}i 6=j ](Xi

t) for all j = 1, 2, . . . , Np, (11.2)

where vd is the desired velocity, that leads pedestrians from one side to the other of
the footbridge (cf. analogous definition in Section 9.2.2.1 and Remark 4), and vs is the
social velocity. We give an explicit form to the considered terms, splitting them in simpler
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additive contributions. Specifically, we decompose the desired velocity as

vd(Xj
t ) = vfd (Xj

t ) + vwd (Xj
t ),

where vfd is the velocity kept in absence of wall constraints, which we name free desired
velocity, and vwd adds suitable impermeability constraints to walls (footbridge parapets
and/or obstacles along its walkway). The free desired velocity field depends on the geo-
metry of the domain, including the target location. For the sake of simplicity, in analogy
to Chapter 9, we consider a single flow direction from entrance to exit (Figure 11.4(a)).
Hence we set vfd = 〈vp〉(1, 0), again being 〈vp〉 the mean (scalar) value of the pedestrian
desired walking speed [Daa04] (cf. Table 10.1). We model the impermeability constraints
of walls via repulsive contributions to the velocity around obstacles (cf. Figure 11.4(b)).
Specifically we set

vwd (Xj
t ) =

∑
w∈walls

[(
α

(dw(Xj
t )− d0)β

− α

(d0
w − d0)β

)]
+

nw, (11.3)

where the sum is carried over every wall w, and nw is the normal unit vector directed
outward the wall w; [x]+ is the positive part1 of x; dw is the distance between the con-

1[x]+ = x whenever x is positive and [x]+ = 0 otherwise.
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sidered pedestrian Xj
t and the wall w; d0

w is the “interaction range” of the wall w, i.e.
the maximum distance for which there is a (repulsive) interaction between the wall and
the pedestrian. Equation (11.3) ensures that the distance dw between a pedestrian and
a wall cannot be lower than the human body characteristic length d0, yielding a repulsive
interaction within a distance d0

w.
The social velocity term vs models mutual avoidance reactions between individuals. Fol-
lowing the approach in Section 7.2.4, we write it via a pairwise interaction kernel, i.e.
vs(Xj

t ) = −
∑
q 6=j K(Xj

t ;Xq
t ) (cf. Remark 4), where the kernel satisfies

K(Xj
t ;Xq

t ) = 〈vp〉
(

1− exp
(
−γ

[
1

r(Xj
t , X

q
t )
− 1
δ(Xj

t , X
q
t )

]
+

))
n(Xj

t , X
q
t ), (11.4)

having defined

r(Xj
t , X

q
t ) = |Xj

t −X
q
t |

n(Xj
t , X

q
t ) = (Xj

t −X
q
t )/r(Xj

t , X
q
t )

δ(Xj
t , X

q
t ) = d0 + δf (1 + cos(vd(Xj

t ), Xj
t −X

q
t )) (11.5)

γ = γ∗δf .

The latter parameter γ determines the decaying rate of the interaction. The interaction
kernel (11.4) is anisotropic and vanishes beyond a distance d0 + δf , coherently with the
idea of sensory region [Fru87] (cf. Figure 11.4(d) and A3 in Section 7.1). Furthermore, to
mimic the actual size of a body, (11.4) provides a stronger repulsion in a confined region
of radius d0 (body size).
For the simulations in Section 11.3.2, we adopt the parameters in Table 11.1. Clearly,
these parameters are not fixed once and for all, rather they depend on anthropological
and ethnic aspects (e.g. body size, average courtesy distance) and on the travel purpose
(e.g. traffic for leisure or in rush hours, [VB07]).

single ped. wall constraint social velocity
parameter 〈vp〉 d0 d0

w α β δf γ∗

[m/s] [m] [m] [m1+β/s] [-] [m] [-]
value 1.18 0.18 0.5 10 0.1 6 0.0175

Table 11.1: Parameters employed to simulate (11.2)-(11.4).

Remark 4 (Comparison with the velocity model adopted in Chapter 9). In this chapter we
consider pedestrian flows analogous to Chapter 9, however we employ different strategies
to deal with the lateral boundaries of the domain and with the mutual interaction, likely
having higher phenomenological adherence.

• Desired velocity - lateral boundaries. In Chapter 9 we handle the repulsion of the
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lateral boundaries in a two-fold manner. First we consider a desired velocity (9.9)-(9.10)
which drives the pedestrian towards the mid-line of the facility. Second, we enforce the
impermeability condition of walls by discarding (at discrete-time, cf. Section 9.2.3) the
velocity directed outward the domain at walls (9.13). Here we enforce the impermeability
of walls adding a singular velocity (11.3) in the wall proximity. Since the mutual interac-
tion (11.4) the distance to walls cannot vanish. Furthermore, here walls have exclusively
a local effect within a distance d0

w, while according to the approach (9.9)-(9.10), ped-
estrians move toward the mid-line under the repulsion of walls also for large chords B,
which is not realistic.

• Interactions. Differently from (7.11), the interaction kernel (11.4) depends on the
positions of both pedestrians beside the distance vector. Since it allows us to include
the value of the desired velocity in (11.5), this approach can be seen as a generaliza-
tion of (7.11) enabling anisotropic interactions featuring a more sophisticated structure.
Furthermore, in opposition to (7.11), here the set S(X) is the full space, and bounded-
ness and anisotropy of the sensory region is determined solely by K. Contrarily to the
interaction (7.11)-(9.2)-(9.3), (11.4) is continuous everywhere (with the exception of a re-
movable discontinuity whenXj

t = Xq
t ). Finally, we here add a scale size d0 to pedestrians,

i.e. maximum repulsion holds within a region of scale length d0 around each pedestrian.
Nevertheless, this is just a “soft” constraint which, in case of extreme pedestrian density
values, allows partial mutual “superposition” (“hard” non-overlapping constraints have
been considered as well in the pedestrian literature. cf., e.g., [MRCSV11]).

11.2.4 Scale transitions

Here we detail the two scale transitions introduced in Section 11.2.1 to face practical
engineering issues. Respectively, we consider the M2m step in Section 11.2.4.1 and the
m2M step in Section 11.2.4.2.

11.2.4.1 Macro-to-Micro transition

The incoming global pedestrian density ρin,g (cf. Section 11.2.2) is a macroscopic quant-
ity, hence cannot be employed directly in a microscopic model to define an entrance
process, and an “enrichment” is necessary. To this aim, we construct an entrance process
compliant with ρin,g adding information in time and space given in probability.
Time enrichment. First, we recover the incoming pedestrian flux, or arrival rate, Q(ρin,g) =
ρin,gv(ρin,g) from the incoming global pedestrian density by referring to a suitable funda-
mental diagram (e.g. in [BW06, Daa04, VB07]). Second, following a classical and simple
assumption, we assume a Poisson arrival process (cf. Section 10.4.1), yielding an inlet flux
Q on average. Hence, the pedestrian inter-arrival time ∆t is exponentially distributed with
parameter Q−1 (in formulas, ∆t ∼ Exponential

(
Q−1)).

Space enrichment. We need to specify a chord-wise entrance position −B/2 ≤ y0 ≤ B/2.
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Even if right-hand skewed empirical distributions have been observed in [MHG+09], here
we assume a chord-wise homogeneous entrance behavior for the sake of simplicity. In for-
mulas it holds y0 ∼ Uniform (−B/2, B/2)). Through the two previous enrichment steps
we introduce in the modeling framework two uncertainties related to the inter-subject vari-
ability. Although these uncertainties are defined at the entrance only, they are advected
along the span (cf. C2 in Section 11.1) by the microscopic model (11.2).

11.2.4.2 Micro-to-Macro transition

A simulation of the dynamics (11.2) allows us to obtain a collection of pedestrian positions
{Xts

j }j at each simulated instant of time ts > 0. We ultimately consider the data after a
coarse-graining to obtain macroscopic descriptors (m2M), characterized probabilistically,
suitable for engineering needs.
To do so, we consider a partition of the footbridge walkway in NR regions Cj (with
j = 0, . . . , NR−1) of scale size Lj , area Aj , and centers xj . As the input is random, the
local pedestrian densities, i.e. ρl(xj , Lj , ts) = Np(xj , Lj , ts)/Aj , are random variables.
Furthermore, their collection is an (empirical, univariate) random field discretely indexed
in the physical space (by the index j) and in time (by ts). To obtain an ensemble of
realizations of the ρl(xj , Lj , ts) large enough, we need in principle extensive microscopic
simulations in a Monte Carlo-like setting. However, as we consider crowd events generated
by stationary entering processes, we opt instead for simulating a (time-wise) extremely
long crowd crossing event.
The probabilistic description of the random field ρl(xj , Lj , ts) should follow the phenomen-
ological features of the local simulated traffic as well as engineering needs. In particular,
we neglect the time dependence of the random field, under the assumption that the time
fluctuations of the pedestrian density are by far larger than the natural period of the
structure oscillations and the walking step interval. We check this assumption a posteri-
ori, once we simulate the pedestrian traffic and we analyze its phenomenological features
(Section 11.3.2.1). Let us introduce the synthetic time-independent random variables
ρjl , obtained from the observations of ρl(xj , Lj , ts) (and characterized in terms of the
cumulative density function) as:

P[ρjl ≤ r] = Freq[ρl(xj , Lj , ts) ≤ r] = #Γ
No

, for all r ≥ 0, (11.6)

where Γ satisfies
Γ = {ts : ρl(xj , Lj , ts) ≤ r},

Freq denotes the frequency of an event in the context of a repeated sampling, # indicates
the cardinality of a set, and No is the overall number of observations.

Once we obtain the laws of the ρjl ’s, we consider them in a more synthetic way by
referring to their statistical moments, which, since we consider a stationary event, depend
on the global incoming density only. Making this dependence explicit in the notation, we
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specifically consider mean (〈ρjl (ρin,g)〉), standard deviation (σ(ρjl (ρin,g))), and coefficient
of variation (c.o.v.(ρjl (ρin,g))). Beside the previous statistics, which refer just to single
regions j, we consider also the spatial correlation of the density between two regions, say
Cj and Ck. We evaluate the correlation via the correlation coefficient

corrj,k(ρjl ) = COV (ρjl , ρ
k
l )/(σ(ρjl )σ(ρkl )), (11.7)

where COV (ρjl , ρkl ) is the covariance between ρjl and ρkl . We consider the overall spatial
trend of (11.7) via the parameters H = H(j) and Λ = Λ(j) of a fitting exponential
function decaying along the walkway span:

corrj,k(ρl) ≈ 1−H(j) (exp (−|xj − xk|/Λ(j))− 1) . (11.8)

In particular Λ = Λ(j), also named correlation length, provides a synthetic measure of
the spatial scale of the correlation of the density. We remark that all the considerations
done so far about the random field ρjl have a straightforward extension to: (i) other
traffic observables, e.g. net pedestrian fluxes or velocities; (ii) other pedestrian observables,
e.g. the pedestrian force per unit surface (it requires the specification of a single pedestrian
force model, Section 10.3).

11.2.5 Incoming and crossing uncertainties: joint probabilistic de-
scription

As ρjl refers to a stationary entering process, it depends on the incoming global density
ρin,g. The ultimate task of the framework we propose is the quantification of the uncer-
tainty on the local pedestrian density ρl jointly and/or unconditionally with respect to the
incoming global density ρin,g. This can be accomplished from a full knowledge of the prob-
ability density function of the incoming pedestrian density ρin,g (obtained from the model
of the incoming traffic, Section 11.2.2) and from the conditioned local density ρjl (ρin,g)
(recovered from the model of the local crossing traffic, Sections 11.2.3 and 11.2.4.2).
We can evaluate the probability density function of the local density, i.e. the function
φ(ρjl )(r) = P(ρjl = r), by means of the Law of total probability (see, e.g. [JP00]), as

φ(ρjl )(r) =
ˆ +∞

0
P(ρin,g = s)P(ρjl (ρin,g) = r | ρin,g = s) ds. (11.9)

We can evaluate numerically the term in the left hand side of (11.9), for any distribution
of the global incoming density and knowing the conditional crossing density. Furthermore,
if we can assume that ρjl (ρin,g) can be approximated with a Gaussian distribution, having
mean value e.g. equal to the incoming density ρin,g and constant standard deviation σ̃
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(cf. Section 11.3.2.2), (11.9) acquires a more compact form. In fact, it holds

φ(ρjl )(r) =
ˆ +∞

0

1√
2π
e
−(r−s)2

σ̃2 P(ρin,g = s) ds, (11.10)

hence, we can write the unconditioned law φ(ρjl ) as a convolution

φ(ρjl ) = φ(σ̃N ) ? φ(ρin,g), (11.11)

where N is the standard Gaussian distribution having zero mean and unitary standard
deviation, and ? is the convolution operator.

11.3 Case studies
The lack of long term and detailed measurements in situ of both the incoming and crossing
pedestrian traffic does not allow a proper validation of the framework we introduced in
Sections 11.2.1 and 11.2. In this section we show the technical feasibility of the framework
by means of data from the literature and in simple case studies.

11.3.1 Global incoming traffic: maximum statistics
The construction of statistical models of the global incoming pedestrian density as we de-
vised in Section 11.2.2 requires long term recordings in situ with high sampling frequency.
Waiting for reliable automatic tools for crowd density estimation and for the accomplish-
ment of in progress measurement campaigns (cf., e.g., Part I and references therein),
here we apply a selected portion of the approach to an ensemble of maximum values ρ̂
obtained from literature data. With these data we recover in a formal way a tentative
and qualitative statistical model. In procedural terms, this means that we skip steps (a)
and (b) in Figure 11.3 and we perform step (c) via literature data referring to past crowd
events occurred along different footbridges (for analogous data collections in different sites
and conditions see, e.g., [Obe12]). The bibliographic sources considered herein include a
systematic survey about footbridges collapses [WS03], scientific papers devoted to single
footbridges [FPNW93, DFF+01a, JHAAAB08, ZMY08, Mac08, Set11, Živ12a], online
material (e.g. the Maori demonstration along the Auckland Harbour Bridge [Thea]), and
press reports (e.g. the stampede along the Sindh River Bridge [Theb] and the Akashi
footbridge [VV.a]-[VV.b]). Among these, we retain only the events for which we can
estimate the global crowd density (see Table 11.3). Using such literature data as refer-
ence maximum values of the density, in place of data collected following the procedure in
Section 11.2.2, has differences and weaknesses. In the following, we discuss those along
with the corrective actions we propose.

• Ensemble size. The size of the ensemble is nblk = 24 > 20, that is slightly larger than
the minimum number of samples suggested for the fitting of extreme value distributions
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year footbridge Evt. Trf. Eff. Etc. ρ̂ Tobs Ref.
2013 Sindh River, India G 1W S A 7.14 – [Theb]
2006 former Jamarat,

Saudi Arabia
G 1W S A 6 20 hrs [JHAAAB08]

2004 Miyun Rainbow,
PRC

G 2W S A 4.09 110’ [ZMY08]

2004 Podgorica,
Montenegro

CT 1W VV C 0.26 – [Živ12a]

2004 Verrazzano, USA G 1W VV C 0.54 – [Set11]
2003 Clifton, UK G 1W LV C 1.04 120’ [Mac08]
2001 Akashi, Japan G 1W S A 5 45’ [VV.a] [VV.b]
2000 Millenium, UK OD 1W LV C 1.4 – [DFF+01a]
1996 Aranjuez, Spain – – C C 0.42 – [WS03]
1989 T-bridge, Japan G 1W LV A 2.12 20’ [FPNW93]
1979 Lerma, Mexico G 1W C A 7.14 – [WS03]
1978 River Uremea,

Spain
RS – C C 0.80 – [WS03]

1975 Aukland harbor,
New Zealand

OD 1W LV C 1.34 5’ [Thea]

1974 River Mahkali,
Nepal

– – C A 1.67 – [WS03]

1973 Bosporus bridge,
Turkey

OD 1W LV C 5 – [WS03]

1972 Naga City, Philip-
pines

RS – C A 0.53 – [WS03]

1952 Knowsley Street,
UK

G Q C C 4.11 – [WS03]

1926 Whitesville, USA RS D C C 1.02 – [WS03]
1886 Mahrisch-Ostrau,

Czech Rep.
MS 1W C C 0.06 – [WS03]

1877 Widcombe, UK O Q C C 1.71 – [WS03]
1877 Widcombe, UK O – C C 0.98 – [WS03]
1850 Basse-Chaine,

France
MS 1W C C 0.66 – [WS03]

1845 North Quay, UK RS D C C 1.91 – [WS03]
1831 Broughton, UK MS 1W C C 0.24 – [WS03]

Table 11.3: Values of maximum pedestrian density (ρ̂, [ped/m2]) for crowd events de-
scribed in the literature (cf. Section 11.3.1. The events are reported in reverse chrono-
logical order). The following naming convention is employed. Kind of event (Evt.): G
crowd gathering, CT everyday traffic, OD opening day/demonstration, RS river spectacle,
MS marching soldiers, – not available. Kind of traffic (Trf.): W mono directional walking,
2W bi-directional walking, Q queue, D drifting towards side barriers. Crowd effect (Eff.):
S stampede, C collapse, LV lateral vibrations, VV vertical vibrations. Ethnicity (Etc.): A
Asiatic, C Caucasian.
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(see Section 11.2.2 and [PBLA99]). Furthermore, we have to check the variance of the
estimated distribution (parameters) by means of a convergence study.

• Ensemble homogeneity. The ensemble is constituted by heterogeneous data and a
homogenization effort is required.

• Reference area and traffic limitations. In most of the cases considered, the maximum
global crowd density ρ̂ is estimated by referring to the walkway surface as the reference
area (i.e., Aref = LB, being B and L the walkway width and length). Exceptions
are the Auckland harbor bridge, where Aref = LcB, being Lc ≈ 280m the length
of the demonstration trail, and the former Jamarat bridge, where Aref fully matches
the requirements in Section 11.2.2. In this sense the data are homogeneous, although
just an approximation of the incoming global density (via the actual pedestrian density
on the footbridge). This approximation is acceptable if the walkway or its equipment
does not affect significantly the crowd dynamics (e.g., the walkway is straight and of
constant width, the parapets exert no pressure or limitations [Obe12]. For instance,
considerable effects by the parapets occurred at the mid-span of the Miyun Rainbow
footbridge [ZMY08], where, because of the very high pedestrian densities (up to ρl =
7.5 ped/m2), the barriers slanted outward under the pressure exerted by the congested
crowd).
• Cultural habits. We evaluate the maximum values of the crowd density ρ̂ from
events in different geographic areas, where different cultural habits, in terms accep-
ted minimal distances and characteristic body sizes, prevail. To homogenize the set
of data we normalize the density by scaling it with respect to to a reference max-
imum value ρmax in unconstrained conditions, i.e. we consider ρ̂∗ = ρ̂/ρmax. We
specifically look at events occurred in two ethnic areas: Asiatic (A) and Caucasian
(C). We employ reference maximum densities ρmax found in the literature, respectively
ρmax,A ≈ 8 ped/m2 [JHAAAB08], ρmax,C ≈ 6 ped/m2 [BW06, Obe12].
• Parent data. Unlike the general procedure described in Section 11.2.2, we consider
maximum values of the pedestrian density from different footbridges and in different
conditions. We choose however to model the distribution of ρ̂∗ via a GEV distribution
(consistently with Section 11.2.2), albeit the statistical hypotheses necessary are likely
violated, to discuss the general methodology.

In Figure 11.5 we report the empirical cumulative distribution function of ρ̂ and ρ̂∗ from
the data in Table 11.3, along with some reference pictures. We collected no data in the
range 0.32 ≤ ρ̂∗ ≤ 0.5, and only eight realizations for ρ̂∗ > 0.5.

To provide a comparison, we fit the distribution of ρ̂∗ with different guess distribu-
tions beside the GEV: normal, lognormal, beta. To assess the quality of the fit, we employ
two approaches: first, we employ the Anderson-Darling empirical distribution test [AD52]
(where the model parameters are directly estimated form the sample data. We report the
p-values obtained in Figure 11.6(a)). The test rejects the null hypothesis (herein α = 0.2
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Figure 11.5: Empirical cumulative distribution function of the pedestrian density values
reported in Table 11.3 (Φ(ρ̂)) and of the related normalized values (Φ(ρ̂∗), cf. Sec-
tion 11.3.1).

for every reference distributions) for the Normal, while the largest p-values are obtained
for the lognormal and GEV distributions.
Second, the so-called quantile plot is adopted as an exploratory visual aid to assess the
goodness of the fittings. Figure 11.6 collects the empirical and fitted cumulative distribu-
tion functions (Figure 11.6(b)) and the quantile plots (Figure 11.6(c)) for the mentioned
distributions. The lognormal and the GEV distributions provide the best fit of the data.
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Figure 11.6: Fitting of the distribution of normalized maximum density values (ρ̂∗, cf.
Section 11.3.1 and data in Table 11.3). (a) p-values from Anderson-Darling test, (b)
fitted cumulative distribution functions and (c) corresponding quantile plots.
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In particular, the best fitting lognormal probability distribution function

Φ(ρ̂|µln, σln) = 1
2

[
1 + erf

(
ln(ρ̂)− µln
σln
√

2

)]
has location parameter µln = −1.61 and scale parameter σln = 1.13. While the best
fitting GEV probability distribution function

Φ(ρ̂|µgev, σgev, k) =

 exp
{
−
[
1 + k

(
ρ̂−µgev
σgev

)]−1/k
}

k 6= 0

exp
{
− exp

(
− ρ̂−µgevσgev

)}
k = 0

(11.12)

has shape parameter k = 0.515, µgev = 0.1511, and σgev = 0.144. A shape shape
parameter k > 0 reduces the GEV to its Type II, i.e. a Fréchet distribution. The Fréchet
distribution allows us to conjecture a heavy-tailed distribution for the parent random
variable ρin,g - as often observed in many natural phenomena including social phenom-
ena [PLM12]. This conjecture, at the moment impossible to asses because of the scarce-
ness of the data, looks qualitatively realistic in the case of pedestrian traffic. In fact
pedestrian traffic is expected to be absent or very low in some parts of the day/week, and
very high in others. Furthermore, for shape parameter values k ≥ 0.5, it holds σ(ρ̂) =∞.
Hence, we can provide an estimate of the standard deviation and the c.o.v of ρ̂ via a fitted
distribution just by employing the lognormal guess. The convergence of the parameters
is checked for increasing number of the maximum values nblk included in the ensemble.
The weighted residual of the generic parameter ϕ for growing sizes n of the ensemble is
defined as ϕres,n = |(ϕn−ϕn−1)/ϕn|, and averaged over 20.000 random permutations of
the order of the maxima. Residual convergence versus nblk is plotted in Figure 11.7. The
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Figure 11.7: Convergence of the GEV (a) and lognormal (b) parameters.

complete set of collected events allows one to reach a threshold of about ϕres ≤ 3 · 10−3

for parameters of the GEV distribution and ϕres ≤ 6 · 10−4 for parameters of the lognor-
mal distribution.
In Table 11.4 we summarize the first statistical moments, quartiles and 95th percentiles
obtained from the Type II GEV and lognormal distributions for both the considered ethnic
groups. Because of the nature of the data employed, we can just draw partial conclu-
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Distribution Ethnicity 〈ρ̂〉 σ(ρ̂) c.o.v. ρ̂25 ρ̂50 ρ̂75 ρ̂95
GEV-II Asiatic 3.06 ∞ ∞ 0.99 1.70 3.27 9.37

Caucasian 2.27 ∞ ∞ 0.74 1.28 2.45 7.03
lognormal Asiatic 3.02 4.86 1.6 0.85 1.70 3.55 10.37

Caucasian 2.27 3.64 1.6 0.64 1.28 2.66 7.77

Table 11.4: Expected value, standard deviation, quartiles, and 95th percentile computed
from fits of the data in Table 11.3 to a GEV distribution and a lognormal distribution.
All density values reported are expressed in ped/m2.

sions. Interestingly, the c.o.v. of the incoming pedestrian density ρ̂ is much higher than the
c.o.v. of the random variables referred to the single pedestrian (cf. Table 10.1). Although
this variability can be favored by the heterogeneous data (among others, Podgorica vs.
Makkah), this suggests the need of a more careful evaluation of the characteristic un-
certainty of dynamics of the crowd, currently neglected in the engineering practice. Less
reliable is the estimation of high percentiles values, as we could consider few realizations
in the range ρ̂∗ > 0.5; in particular, we expect an over-estimation of the density at these
percentiles values.

11.3.2 Local crossing traffic: numerical simulations
Here we employ the microscopic model discussed in Section 11.2.3 to simulate the traffic
of pedestrians crossing two ideal footbridges having span L = 200m and inlet/outlet
width B = 4m (cf. Figure 11.8). We consider a one directional pedestrian flow for

(a)

CC j

L j
L j

m CC C

(b)

CC C
C j

Cm

B  = 8 mm

Figure 11.8: Considered footbridge geometries in, plan and corresponding span-wise par-
tition in regions {Cj}j (not in scale).

simplicity (however this is the most common case among the ones in Table 11.3). As-
suming a walkway initially empty, we impose different values of the incoming global
density at the inlet boundary (left boundary in Figure 11.8), in particular we adopt
ρin,g = {0.12, 0.25, 0.40, 0.56, 0.78} ped/m2, via the transition step described in Sec-
tion 11.2.4.1. To evaluate the crossing local density ρl and to perform its probabilistic
analysis (cf. Section 11.2.4.2), we employ an equally spaced span-wise partition of the
platform in NR = 40 regions of length Lj = 5m. For the sake of conciseness, we
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present the phenomenology of the simulated traffic (Section 11.3.2.1) and its analysis
in probabilistic terms (Section 11.3.2.2) only with reference to the rectangular walkway
(Figure 11.8(a)). Afterwards, we compare this case with the parabolic-shaped walkway
(Figure 11.8(b)) in terms of design charts (Section 11.3.2.3) and unconditioned crossing
density (11.11) (Section 11.3.3).

11.3.2.1 Phenomenological analysis of the simulated crossing pedestrian traffic

In Figure 11.9 we plot instantaneous pedestrian positions {Xj
ts}j on the rectangular

walkway, for the different values of the incoming pedestrian density considered. In the
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Figure 11.9: Instantaneous pedestrian positions for different values of ρin,g, and selected
pedestrian patterns emerging.

close up views, we report some of the spatial patterns (P) of the positions that emerge.
Downwind the entrance (P0), a random pedestrian distribution is observed which follows
from the stochastic pedestrian arrival (Section 11.2.4.1). Structured pedestrian distribu-
tions (P1-P4) emerge moving along the bridge-span. These structures emerge from the
pedestrian-pedestrian interactions (11.4): pedestrians attempt to avoid one another, so
that the mutual distances increase. Mutual distances can increase as long as allowed by
the environment (cf. (11.3)), hence they reach (meta)stable states (e.g. both P3 and
P4 appear for ρin,g = 0.78 ped/m2). Factually, changes among local patterns and their
advection along the span define the fluctuation in space and time of the field ρl.

In Figure 11.10(a) we report the time histories of the local density in the mid-span
region Cm (where m = 19), i.e. we consider ρl(xm, Lm, ts). We plot the time histories
versus a dimensionless time variable t∗ = t/Tp, where Tp = 〈vp〉/L is the crossing time
of the undisturbed pedestrian. Figure 11.10(b) shows the corresponding power spectral
densities Sρl plotted versus the frequency f and time t (both with dimensions). For
reference, the graph also includes the cumulative density functions (Φ(f)) of the walking
step frequency fp [ŽPR07] and of the vertical fundamental frequencies of footbridges fs,1v
(ensemble of 144 data from [Oli14, Ing11, EB 91, Pim97]). Remarkably, independently
on ρin,g: (i) long-term fluctuations in the scale of the actual characteristic crossing
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Figure 11.10: Time histories of local pedestrian density ρl at mid-span (a) and Power
Spectral Density (b).For ease of readability, the actual characteristic crossing time Tc =
L/v(Np) (i.e. the time actually needed to a pedestrian to cross the facility in presence of
others) is reported on the time axis in (b).

time Tc largely prevail; (ii) the distributions Sρl show a plateau centered at about 1/Tc,
followed by an exponential monotonically decreasing trend; (iii) the power content of
the local traffic fluctuations is quite separated from both fp and fs,1v. Hence, in the
structural engineering perspective, and according to this crowd model, we do not expect
the traffic fluctuations to yield dynamic structural responses. Thus, the related loads
are quasi-static. Points (i)-(iii) confirm the assumption made in Section 11.2.4.2 and
allow us to neglect, at least in a simplified engineering approach, the time dependency
of the pedestrian density field. Therefore, from now on, we refer to the local density ρjl
(cf. (11.6)).

11.3.2.2 Span-wise probabilistic analysis of the simulated pedestrian traffic

We discuss the convergence of the statistics of ρjl to check that we collected enough
observations No of the simulated traffic (cf. 11.6). Given a generic statistical moment
ϕNo of the local pedestrian density (here average value 〈ρjl 〉 and standard deviation σ(ρjl )),
evaluated with No values, we consider its residual versus No, i.e.

ϕres,No = |ϕNo − ϕNo−1

ϕNo
|

We report the trend of ϕres,No as No increases in Figure 11.11. The simulated ob-
servations allow us to reach a residual 〈ρl〉res ≈ 2 · 10−5 for the mean value and
σ(ρl)res ≈ 2 · 10−4 for the standard deviation.

In Figure 11.12(a), we report the local densities ρjl in terms of the isocontour of their
probability density function, and in dependence on the related incoming pedestrian dens-
ity. In the plots, the local pedestrian density values are located along the y axis, while
the position xj of the centroids of the regions Cj vary along the x axis. Hence, vertical
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Figure 11.11: Convergence of the weighted residuals of the mean local pedestrian density
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Figure 11.12: Probability distribution function φ(ρl) of the variables ρl for the considered
values of the incoming global density ρin,g (a). Sections of φ(ρl) at the inlet segment
(b) and at mid-span (c). Span-wise mean (d), standard deviations (e) and coefficient of
variations (f) of ρl.



11.3. CASE STUDIES 179

“sections” at given xj values identify, up to normalization, the probability distribution
function of the density at xj . Examples are reported in Figures 11.12(b) and 11.12(c),
where we specifically inquire into the inlet region and the mid-span region. Those prob-
ability distributions appear to follow a Gaussian law (cf. fittings in Figures 11.12(b)
and 11.12(c)). For ease of analysis, we synthesize the probability density functions in
terms of their span-wise mean, standard deviation and coefficient of variation (see Fig-
ure 11.12(d), (e), (f), respectively). As a consequence of the stationarity, the mean crowd
density 〈ρjl 〉 remains constant along the span and satisfies 〈ρjl 〉 = ρin,g, independently
on the spatial location xj . On the other hand, the span-wise standard deviation σ(ρjl )
shows a span-wise decreasing behavior. The reduction of the standard deviation appears
stronger in the immediate proximity of the inlet, hence it remains approximately constant
for x > 40m. This trend looks rather independent on the value on ρin,g than at mid-
span. Furthermore, at the inlet region, higher values of ρin,g yield higher values of the
standard deviation. In other terms, in the considered range of ρin,g, the fitted Gaussian
PDF have the form ρjl (ρin.g) ∼ Normal(ρin,g, σ), with σ ≈ constant weakly dependent
on the incoming density far enough from the inlet. This result confirms that a straight and
rectangular walkway does not modify the incoming traffic in average, while the incoming
density fluctuations rapidly decay because of the pedestrian interactions. Following the
survey in Section 10.1, we choose to quantify the uncertainty and its propagation in terms
of the span-wise c.o.v. of the crowd density (see Figure 11.12(f)). A qualitative trend
of the c.o.v emerges: its value gets reduced for increased incoming density or increased
span-wise locations. This follows a possibly twofold reduction of the uncertainty: on one
hand the uncertainty which affects the pedestrian density is reduced when the traffic is
intense; indeed in stationary crowd crossing scenarios, fewer fluctuations are admitted
when the density is high. On the other hand, the crowd flow plays a “regularizing” role
on the uncertainty added in the enrichment step, averaging out fluctuations along the
propagation process. We can have a further insight on this regularization feature by
analyzing the spatial (i.e. region-wise) correlation of the local pedestrian density in down-
stream direction corrj,k(ρl) (cf. (11.7)). In Figures 11.13(a), (b), and (c), we report the
correlation functions evaluated respectively at the inlet (j = 0), at one third of the span
(j = 13) and at mid-span (j = m). We inquire a downstream correlation up to 100m.
Different behavior can be seen when considering the inlet region, or a region along the
span. In the first case (Figure 11.13(a)), the correlation function rapidly decays to zero
and is totally negligible at a downstream distance larger than 10m. In the second and
third case, the decay rate of the correlation function is much smaller. In Figure 11.13(d),
we report the correlation length Λ (11.8) for every observation region Cj . We can observe
a superposition of trends: the correlation lengths increase with ρin,g as well as along the
span, at least up to a span-wise position x = 130m (where it ranges from approximately
5m (lowest density) to approximately 30m (highest density)). This appears consistent
with the regularization effect played by the traffic which operates on the rapid density
variations at inlet (hence the low correlation) smoothing them during the walk (hence the
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Figure 11.13: Downstream spatial correlation of the pedestrian density ρj for the con-
sidered values of the incoming global density ρin,g. The triangular markers display the
value of the downstream correlation corrj,k(ρl) (cf. (11.7)), where xj is fixed respectively
at (a) 7.5m, (b) one third of the span, and (c) mid-span and xk satisfies xk ≥ xj (x
axis). The correlation values are fitted via the exponential function (11.8) (lines). (d)
Correlation length Λ(j) (cf. (11.8)) evaluated in dependence on the values of xj along
the footbridge span (x axis).

span-wise increment of the correlation length). Furthermore, this effect appears stronger
when the density is higher as less room for spatial fluctuations is admitted among walkers.
At span-wise positions larger than x = 130m, the correlation length decreases for high
values of ρin,g. This is a consequence of the dynamics establishing at the exit boundary.
In particular, we consider pedestrians able to move undisturbed after they reach the end
of the walkway at x = 200m. This means that (i) after pedestrians reach x = 200m
they are able to walk faster, yielding thereby a lower pedestrian density; (ii) pedestrians
in proximity of the walkway end perceive a decreasing pedestrian density in front of them,
therefore they are able to walk faster and with growing spatial freedom. Therefore, the
spatial correlation diminishes in proximity of the end and so the correlation length. Fur-
thermore, coherently with (i), this effect is stronger when the density increases, as the
dynamics differentiates more and more from the undisturbed regime.

11.3.2.3 Mid-span statistics versus the incoming crowd density

Here we provide a summary of the properties of the local pedestrian traffic properties,
considering and comparing both the rectangular and parabolic shaped footbridges (cf.
Figure 11.8), in the perspective of the engineering design practice. In Figure 11.14,
moments of the local density ρl and walking velocity vl at mid-span are plotted versus
the incoming crowd density ρin,g. Some considerations follow:

• 〈ρl〉 = ρin,g in each location of the rectangular footbridge, while 〈ρl〉 ≈ 0.5ρin,g
holds at the mid-span of the parabolic case (cf. Figure 11.14(a)). In both cases, the
density fluctuations (σ(ρl)) are nearly constant with ρin,g. Such fluctuations around
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Figure 11.14: Mid-span statistics versus the incoming crowd density ρin,g: mean and
standard deviation of the local density ρl (a), mean and standard deviation of the local
velocity (b), coefficient of variation of the local density (c), correlation length (d).

the mean value are due to the advection across the mid-span section of the differ-
ent pedestrian patterns (and related density values) described in Section 11.3.2.1,
Figure 11.9;

• the local pedestrian velocity predicted in homogeneous and stationary condition (i.e.
rectangular footbridge) is qualitatively and quantitatively in agreement with estab-
lished fundamental diagrams in literature [BW06] (Figure 11.14(b)). In particular,
the values of the parameters specified in Table 11.1 allow us to recover a ρin,g-vl
relation close in range with the fundamental diagram introduced by Kladek in leisure
traffic regime [VB07].

• the c.o.v. of the local density shows a decreasing trend as ρin,g increases (cf. Fig-
ure 11.14(c)). The obtained c.o.v. range from 0.1 and 0.5, with higher levels at
lower and less spatially correlated densities. Once more the variability relative to
the crossing pedestrian traffic appears intrinsically high and therefore relevant;

• the above overall reduction of the variability reflects also in space in terms of cor-
relation lengths, which increase (linearly) with ρin,g (cf. Figure 11.14(d)). This law
is coherent with the phenomenological observation (Section 11.3.2.1, Figure 11.9),
where weakly correlated pedestrian at low ρin,g values (pattern P1) are replaced
at high density by well defined patterns (P3-P4). These patterns have a charac-
teristic length of about 20− 30m, consistently with mid-span value Λ = 25m (for
ρin,g = 0.78 ped/m2). The growing rate of the correlation length versus the incom-
ing density at mid-span for the parabolic walkway is lower than for the rectangular
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Figure 11.15: Unconditioned PDF of the mid-span local density φ(ρl) for rectangular and
parabolic setups and the incoming global density PDF φ(ρin,g)

walkway. The span-wise varying width hinders the formation of regular patterns.

11.3.3 Global incoming and local crossing traffic: joint probabilistic
description

As a final proposed application, following Section 11.2.5, we evaluate explicitly the full
probability law, i.e. independent of ρin,g, of the local density ρl at mid-span of the con-
sidered footbridge geometries. From Section 11.3.1, we adopt the Fréchet probability law
to approximate the global incoming density (i.e. ρin,g = ρ̂, cf. (11.12) and Figure 11.6),
while from Section 11.3.2.2, the Gaussian distribution is assumed for the conditioned law
ρl(ρin,g) (cf. Figure 11.12(c)) for every possible value of ρin,g - i.e. also for those values
of ρin,g not previously considered. For such values, 〈ρl〉 and σ(ρl) are obtained by extra-
polation of the fitted laws plotted in Figure 11.14(a). For simplicity, we consider just the
Caucasian ethnicity.

We evaluate numerically the joint and unconditioned law of the local density by refer-
ring to the general expression in 11.9. In Figure 11.15 the obtained PDFs of ρl are plotted
along with the related distribution of the incoming density ρin,g. A tiny modification of
the incoming distribution ρin,g results in the case of the rectangular footbridge. This
follows from the identity 〈ρl〉 = ρin,g, from the almost negligible dependence of σ(ρl) on
ρin,g, as well as from its relatively small value (cf. Figure 11.14). In fact, if we assume for
simplicity σ(ρl) to be independent of ρin,g (i.e. σ(ρl) = σ̃, cf. (11.10)), its unconditioned
law can be evaluated by (11.11). Under the further condition of σ(ρl) small, the convo-
lution operation in Equation (11.11) is performed with an almost zero-banded Gaussian,
which yields no effect, thus the result φ(ρl) ≈ φ(ρin,g). On the other hand, in case of
the parabolic footbridge, the difference between φ(ρl) and φ(ρin,g) is more significant.
In this case, the modification is mainly due to the scatter between 〈ρl〉 and ρin,g. The
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Figure 11.16: Sources of uncertainty and related random variables in pedestrian loads:
coefficient of variation.

scatter is due in turn to the shape of the footbridge walkway, that is confirmed to play a
key role in driving the pedestrian traffic [COH12, VB13].

As a summary, Figure 11.16 reports the c.o.v. of the random variables related with
the main sources of uncertainties affecting the human induced loads on footbridges. The
high variability of the incoming density and of the local density largely prevail on the
characteristic variabilities related to the mechanics of the single pedestrian and of the
structure.

11.4 Discussion
In the review we proposed in Chapter 10, we discussed the sources of uncertainty related
to pedestrian loads on footbridges and we pointed out a possible lack of an adequate prob-
abilistic description of the pedestrian traffic. In this chapter, we proposed a framework to
describe in probabilistic terms the pedestrian traffic approaching and crossing footbridges,
in analogy to wind flow models developed in wind engineering to address wind loads on
structures. Having in mind the needs of structural engineering, we discussed the technical
applicability of the proposed approach by referring to crowd events in literature (mainly in
relation to the incoming pedestrian traffic) and to two ideal footbridges having different
walkway shapes (mainly in relation to the crossing pedestrian traffic).

From a methodological perspective, this study aims at grounding a general framework
to include the variability intrinsic in the pedestrian traffic in the probabilistic evaluation of
pedestrian loads on structures. The framework is modular and hence its modeling com-
ponents can be replaced to include a wider phenomenology. In particular, the inclusion of
both inter- and intra-subject variability of the single pedestrian walking features appears
an easy step. Furthermore, via the knowledge of positions and velocities of each cross-
ing pedestrian dynamic forces can be introduced in the system. In any case, extensive,
accurate and long term measurement campaigns are required to allow a robust statist-



184CHAPTER 11. PROBABILISTIC MODELING OF THE CROWD LOAD ON FOOTBRIDGES

ical characterization of the incoming traffic, and to validate the modeling of the crossing
traffic.

Some final remarks follow from the considered case studies: (i) the Fréchet distribution
is tentatively selected to describe the extreme statistics of the incoming pedestrian density;
(ii) the incoming pedestrian density probability law is not significantly modified along
a rectangular, obstacle-free, walkway in absence of panic phenomena, while the spatial
correlation of the pedestrian density field varies according both to the value of the incoming
density and the location along the walkway; (iii) other walkway shapes, as the parabolic
one, strongly affects the crossing pedestrian density, whose probability law cannot be
confused with the one of the incoming traffic; (iv) the variability of both the incoming
and local density is by far higher than the one of the other random variables ascribed to
the single pedestrians and to the structures; (v) the power content of the local traffic
fluctuations is quite apart from both the pedestrian walking frequency and from the
typical footbridge natural frequency. Hence, such fluctuations are not expected to involve
a dynamic response of the structure. Therefore, in this context, human-induced loads can
be considered as quasi steady.



Chapter 12

Conclusion

In this thesis, we study and model the dynamics of crowds of pedestrians. We address the
subject from three complementary perspectives, driven by three main questions (Q1-Q3)
discussed in Section 1.1. Following these three questions, the thesis is structured into
three parts in which we adopt approaches inspired by statistical physics, mathematical
modeling and structural engineering, respectively. Here, chapter by chapter, we outline
the results obtained. Hence, we comment on this work as a whole.

In Part I, we address the dynamics of low density pedestrian crowds from an experimental
perspective. We perform our own extensive measurements collecting an ensemble of ped-
estrian trajectories. In our data, we deem the following three distinguishing features:
(i) resolution, (ii) statistics and (iii) real world conditions. By employing a custom tech-
nique developed on top of Microsoft Kinect™ sensors, we track pedestrian heads at high
resolution in space and time, in particular we have millimeter precision in space and 66ms
time-sampling (i). To achieve a resolved description of the dynamics from a statistical
perspective, we have tracked hundreds of thousands of pedestrians (ii) unaware of and
uninfluenced by our recordings (iii).
Pedestrians exhibit behaviors that are mostly unpredictable. In view of question Q1, we
explore and give a characterization to the stochasticity within the dynamics. Here, this
means indentifying and modeling average dynamics, fluctuations and, ultimately, rare
events. In this perspective, aspects (i)-(iii) are mandatory.
We analyzed the data acquired in a year-long measurement campaign in a landing within
the Metaforum Building at Eindhoven University of Technology.

In Chapter 3, we give a phenomenological overview of the dynamics. Employing the
high volume of data, we measure variations of the individual behavior in dependence on
the local pedestrian flow. Pedestrians have a preferred path (as positions concentrate
within a layer about 20 cm thick) which depends on the local conditions. In particular,
undisturbed pedestrians tend to maintain the relative right. This tendency is increased
when a counter-flow occurs to ensure avoidance. Although the difference among the
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preferred path within each class is small (between 10 and 40 cm, cf. Figures 3.8, 5.3, and
Table 5.1), it appears as a robust feature when looking at the data from an ensemble
perspective.

In Chapter 4, we formulate a quantitative model of the fluctuations and rare events
exhibited by undisturbed individuals (cf. Figure 2.1). The components of positions and
velocities transversal to the walking direction have a Gaussian distribution. Hence, we
model the transversal motion via a Langevin equation endowed with a harmonic con-
finement term. Beside stationary state distributions, our model is capable of recovering
the time correlation of the transversal positions. This allows us to calibrate the model
parameters independently. The intriguing part of the motion is in longitudinal direction,
as rare velocity (i.e. direction) inversions may occur. These rare events yield a significant
negative tail in the longitudinal velocity distribution. We model the longitudinal motion
considering a propulsion/friction mechanism in the longitudinal (velocity) direction regu-
lated by a (fourth order) double well (velocity) potential, excited by a stochastic forcing.
In our model we privilege simplicity: we adopt a potential which provides a good fit of the
measurements within two stable velocity states (respectively, the positive “usual” walking
velocity, and the negative velocity kept after an inversion). Under these assumptions, we
can reproduce the skewed experimental velocity distribution, as well as the decay of the
velocity correlation. Also in the case of the longitudinal motion, we can fit the model
parameters independently one another. Remarkably, this fitting captures the exponential
statistics of the rare velocity inversion events.

In Chapter 5, we consider the simplest avoidance dynamics occurring in our corridor.
We study those events involving two pedestrians walking in the corridor in opposite dir-
ection and influenced just by the mutual presence (2-counter-flow). In this regime, the
statistical behavior of the system changes. The preferred paths shift to the relative right
and the transversal fluctuations increase. Interestingly, the motion from the undisturbed
condition to the 2-counter-flow changes asymmetrically in dependence of the direction
(left/right) of the pedestrian. This is likely a consequence of the U-shape of the corridor.
In fact, the combination of the U-shape and the preference for walking on the relative
right side yields curved (accelerated) trajectories which have larger curvature radii for
pedestrians going to the left than for pedestrians going to the right (according to the ref-
erence in Figure 2.2). The outcome of the chapter is twofold: first, we trace the average
interaction field, intended as the average acceleration in 2-counter-flow minus the average
acceleration in undisturbed conditions. Then, as in Chapter 4, we suggest a model to
reproduce the statistical features exhibited by the pair-wise dynamics. Specifically, we
complement the model for the dynamics of undisturbed pedestrians (Chapter 4) with an
additive perturbation to account for interactions. This interaction is a modification of an
established “social force” in view of our experimental observations. Remarkably, we can
reproduce the non-symmetric left-right dynamics via a unique interaction term for both
directions.

As a by-product of our analysis, we developed an accurate automatic pedestrian track-
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ing system to work on a 24/7 basis. Over time, we extended and improved this system
in all its parts, cf. Appendix A. The system has been successfully used also for nearly
six months of continuous recordings at Eindhoven Train Station (cf. Chapter 6) and a
further measurement site based on the same concept (surface covered circa 140m2) has
been also established in the “Markthal” at Eindhoven University campus.

In Part II we focus on the modeling of crowds on a broader spatial perspective. To
describe the crowd dynamics, we employ the established framework (7.2)-(7.11) (CPT
framework), proposed in [PT11, CPT11] on the basis of phenomenological principles. The
CPT approach addresses the evolution of a crowd via a continuity equation for the “crowd
mass”, cast in the context of measure theory. According to the framework, dynamics are
specified in terms of an additive superposition of a desired pedestrian velocity and (pair-
wise) interactions with nearby individuals. In the direction of Q2, via abstract measures
we can describe a pedestrian distribution at the microscopic or macroscopic scale within
a unified approach.

In Chapter 8 we consider a crowd of N massive agents and we compare its micro-
scopic and macroscopic evolution following the CPT dynamics. We derive conditions on
the strength and/or the domain of pedestrian-pedestrian interactions such that the mi-
croscopic and macroscopic dynamics are close one another in the 1-Wasserstein metric,
and in the limit N →∞. We allow for a dependence of the (Lipschitz) interaction kernel
K on the number N of individuals involved. Employing Gronwall’s inequality, we show
that with any dependence of K on N such that Lip(K) = O(N−1), the 1-Wasserstein
distance between the discrete and continuous mass distributions is controlled at any time
by the distance between the initial conditions. Thus, in view of question Q2, the language
of measures, e.g. through the CPT framework, provides us with an environment enabling
a consistent (and potentially interchangeable) simulation of microscopic and macroscopic
dynamics. However, asN grows, we need to scale adequately variable interactions between
the (massive) agents. From the modeling point of view (to undergo further experimental
evaluations) we read this dependence as a mutable interaction attitude as function of the
number of surrounding agents.

In Chapter 9 we employ the CPT framework to simulate the evolution of crowds on
elongated domains having a footbridge-like geometry (in line Part III), considering the
macroscopic description (7.10)-(7.11). Profiting from the simple geometry, we prescribe
all the elements necessary for a crowd simulation within the CPT framework, i.e., the
desired velocity, which we give as normalized gradient of a sub-harmonic function, and an
interaction kernel. We further suggest an entrance model to be coupled with the discret-
ized CPT equations to address pedestrian inflow conditions. Looking at applications, we
discuss a calibration procedure for the model parameters via macroscopic data collected
in situ.

In Part III we assume a structural engineering perspective and we deal with a topic of
direct societal relevance. We consider the current regulations regarding human-induced
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loads for footbridge design. Aesthetic requirements for slenderness yield enlarged ratios
between live and dead loads. Hence, footbridges are increasingly subjected to (and possibly
coupled with) the dynamics of pedestrians and related loads. In Chapter 10, we notice
how the current regulations are de facto not addressing one of the key features of the
pedestrian behavior: the stochasticity. In fact, building codes prescribe deterministic, and
frequently constant, design live loads. However, according to our analysis, “fluctuations”
appear when considering footbridge-related building regulations as a whole. In fact, a
disagreement is present among international regulations. In view of question Q3, this is
a possible inadequacy and provides the motivation for Chapter 11.

In Chapter 11 we propose a modeling framework to address the uncertainty affecting
the crowd traffic in footbridge-like scenarios. The framework addresses the pedestrian
density, that is both a concise descriptor of the crowd state and a major player in the
determination of the live load. Following the categorization suggested in Chapter 10,
we split the pedestrian traffic into two parts: the traffic approaching and the traffic
crossing the footbridge. In view of Q2, we address these parts at different scales. We deal
with the approaching traffic in terms of an (incoming) density. This density is affected by
uncertainty and, at a procedural level, we suggest a method for its quantification via in situ
measurements. The measurement procedure is in line with the experimental approach in
Part I, and with the general recording procedures of the wind speed in wind engineering.
Nevertheless, as we operate at the density level rather than with individual pedestrian
trajectories, differently from Part I, we suggest larger recording windows in space (as to
properly cover possible waves in the crowd density) and lower time sampling frequencies
(as sudden changes in the pedestrian density are not expected in large recording windows).
Hence, we address the crossing traffic via microscopic crowd simulations that allow for
the inclusion of fluctuations in the motion. We read the output of these simulations in
terms of the probability distribution function of the pedestrian density. In the chapter, we
propose an implementation of this framework adopting an estimate of the incoming crowd
density based on literature data, and a microscopic pedestrian dynamics based on the CPT
framework (7.8)-(7.11). We couple the macroscopic inflow data and the microscopic
dynamics assuming a Poisson entrance process. Within the limits of the models adopted,
we show that the footbridge geometry plays a role in shaping the uncertainty.

The content of Part III provides us with a starting point to comment on this thesis in
a global perspective, and close the circle throughout the different approaches. Driven
by question Q3, in Chapter 10, we motivate a technological necessity to estimate un-
certainties related to the crowd traffic. In the engineering perspective of Chapter 11,
this requires an assessment of the density of pedestrians approaching a footbridge and of
the contribution given by the traffic. In a design-oriented perspective, these assessments
must involve synthetic and macroscopic-related quantities (thus the density considered
here) and simple functional dependencies. In Chapter 11, we suggest to fit experimental
measurements of the incoming density to statistical models, and to evaluate the impact
of the traffic via numerical simulations. Proficient measurement techniques are essen-
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tial in both cases. Although this is clear for the approaching traffic, this aspect hides
a lot of calibration and validation work for numerical simulations, especially if targeting
uncertainties. Single individuals have a stochastic behavior in the first place, which is
influenced by the presence of neighboring peers. These elements require a fundamental
understanding of pedestrians dynamics to be incorporated in models of increasing com-
plexity. This brings us back to question Q1 and to our work in Part I. In view of the
technological necessity raised in Part III, the contribution in Part I is a first building block
toward a quantification of the uncertainties in pedestrian dynamics. Chapters 4-5 address
this aspect specifically at low densities proposing quantitative models. Hence, we set the
basis to approach higher density regimes, more relevant to safety and structural design.
Leaving a detailed analysis for future works, we performed a measurement campaign in an
extremely crowded location as the Train Station of Eindhoven (cf. primer in Chapter 6).
It is our hope that these measurements will help in making further steps toward a more
detailed understanding of the stochastic dynamics of pedestrian crowds, their modeling,
and the assessment of uncertainties.
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Appendix A

Crowd tracking at large spatial
scales

In this appendix we give an overview of the technical challenges to be dealt with when
moving from a single Kinect™ sensor setup to a multiple Kinect™ sensor setup for in-
creased spatial coverage. Specifically, we provide a description of the geometric approach
we use to generate one single (or “fused”) output depth map from different raw depth
maps released by the single sensors (Sections A.1-A.2). We also briefly enumerate the
issues related to its implementation (Section A.3).

A.1 From single to multiple Kinect™ cameras
The characteristic spatial range of an overhead Kinect™ depth sensor is relatively small,
from 2 to 5 meters on the horizontal plan, cf. Chapter 2 and e.g. the recorded area for the
Metaforum setup in Figure 2.6, hence a single Kinect™ camera can give just a modest
contribution when we want to monitor pedestrian dynamics in large spaces. We can
achieve a larger spatial coverage by juxtaposing multiple sensors (say NK in total) having
partially overlapped field of view and by merging together their output. As also noticed
in [BKIM13], the process of “blending” the Nk depth map streams can be performed
(at least) in two different “spaces”: the image space (IS) and the trajectory space (TS),
respectively satisfying:

(IS) a single “fusion depth map”, that incorporates the complete spatial information,
is created after the NK sources at every time (upon time synchronization of the
sensors, see Sect. A.3). A stream of “fusion” depth maps is thus created and can
be processed for pedestrian detection and tracking seamlessly as the output of one
single camera;

(TS) the NK information streams are processed independently generating Nk collections
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of trajectories which partially overlap in the space-time. The collections of tra-
jectories are merged in post-processing to reconstruct one single, consistent, set of
trajectories over the entire space-time.

None of the two approaches outperforms the other (cf. [BKIM13]). On one hand, a
“fusion” depth map (IS) approach is effective in reducing the quality losses at the lateral
boundaries of the maps (i.e. at the edges of the view cones) that are due to the skewed
view. In fact, in the overlapping regions it merges and complements information coming
from a different angles in partial redundancy. On the other hand, the generation of a
“fusion” depth map defines an algorithmic problem per se yielding the need of an efficient
implementation (see Sect. A.2).

Conversely, the TS approach benefits from the fact that joining NK pieces of a tra-
jectory across the space-time is a well-understood optimization problem (see [BKIM13,
SBR14]). However, the endings of the partial trajectories are obtained at the boundary
regions, thus, because of the aforementioned regions, they likely feature poor resolution.
This impacts on the possibility of correctly joining portions of a trajectory as well. The
information streams obtained from four Kinect™ sensors in Eindhoven station are merged
via the IS strategy aiming at using all the information to achieve highest quality traject-
ory reconstruction. Operationally speaking, once the stream of “fusion” depth maps is
obtained, it is processed for pedestrian detection and tracking via the algorithm presented
in Chapter 2.6.2 without any conceptual modification.

It is finally worth to remark that Kinect™ sensors with partially overlapping field of
view may interfere one another inducing a small noise in the depth maps [BIH+12]; this
aspect affects both approaches IS and TS. As we are interested in calculating “average”,
thus noise prone, quantities (such that the position of the center of mass of the head),
we decide to neglect the effect of the noise (cf. Figure A.3 for a quality overview).

A.2 Generation of a “fusion” depth map

We obtain “fusion” depth maps partially overlapping source depth maps recorded at
the same time instant. Before describing the overlapping procedure we observe that in
Chapters 3-5 we use overhead camera data as approximations of “aerial” (axonometric)
views of the scene, i.e. we neglected the effects of the perspective assuming visual rays
to be orthogonal to the ground. Although this is a good approximation in the center of
the scene (as factually considered in Chapters 3-5), it is clearly faulty at the edges, where
the camera has a skewed (top-lateral) vision of the pedestrians. This aspect prevents a
straightforward depth map overlapping. However, as we know the distance between every
pixel and the camera plane, we can produce actual axonometric views (Section A.2.1) and
thus the overlapping (Section A.2.2).
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A.2.1 Axonometric transformation of depth maps

Let (x, y) ∈ [−1, 1] × [−1, 1] be normalized pixel coordinates for a depth map centered
around the camera axis1 (i.e. (0, 0) is axially below the center of the camera whose view
spans, at the ground level, the box [1, 1] × [1, 1], cf. Figure A.1). Let the values of the
depth map f̃ = f̃(z) = f̃(x, y) be normalized in such a way that

f̃ ∈ [0, 1/ tanα0] = [0, f̃max], (A.1)

where the plan f̃ = 0 identifies the camera plane, 2α0 is the angular field of view of the
camera, and f̃ = 1/ tanα0 = f̃max is the ground level. Via this normalization, we can
express every depth value as f̃ = hf̃max, for h ∈ [0, 1], and the height of a pixel from the
ground as g̃ = f̃max− f̃ = f̃max(1−h). Geometrically speaking, an overhead axonometric
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Figure A.1: Schematics of the considered coordinates. The camera, because of the
perspective view, reports the physical point P in location x, different from its “aerial”
coordinate xg. We evaluate the value of xg via an axonometric transformation which
requires the knowledge of the height g̃ provided by the depth map.

map satisfies the property that every point in the real space occupies the same position
(x, y) in the map independently of its vertical location. In other words, called (xg, yg) the
position of the point when translated vertically to the ground level, we have the identity

(xg, yg) = (x, y). (A.2)

Equation (A.2) does not hold in a perspective view because the larger the transversal
distance of a point to the camera, the closer it appears to the camera axis. We recognize

1We hereby neglect any optical aberration.
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that to reconstruct an overhead axonometric map from an overhead perspective map it
is sufficient to evaluate the planar the translation

∆(x, y) = (xg, yg)− (x, y)

that brings every point in perspective picture to its position in vertical projection.

Proposition A.2.1. In the current normalization it holds ∆(x, y) = −(x, y)(1− h).

Proof. For simplicity, let us consider the case y = 0. Let x be the position assigned to the
point by the prospective view (cf. Figure A.1). As we know its height g̃, we can calculate
the angular offset α between the point and the camera axis, satisfying tanα = x tanα0.
The value xg can be written as xg = x− g̃ tanα, hence, after a substitution, one has

∆(x, y = 0) = − 1− h
tanα0

x tanα0 = −x(1− h)

To obtain the final axonometric map we round up the displacement field η(x, y) =
(x, y) + ∆(x, y) to a given resolution (here VGA, consistently with the raw output of the
Kinect™). We observe that the displacement field is in general non-injective, as two pixels
having the same vertical projection are mapped to the same location η(x, y). An aerial
view, nonetheless, observes just the “highest” point, “closest” to the camera, hence we
calculate the final axonometric depth map f̃a as

f̃a(xg, yg) = min({f̃(x, y) | (xg, yg) = (x, y) + ∆(x, y)}).

In Figure A.2 perspective and axonometric depth maps are compared. As expected, the
overhead vision of the pedestrians is, in good approximation, translationally invariant.

A.2.2 “Fusion” of axonometric depth maps

Once a depth map is reported in axonometric view, it can be (partially) overlapped with
the depth maps of the surrounding regions to generate the desired “fusion” map. We
here assume that the cameras are located on the same horizontal plane; this allows the
normalization (A.1) to hold for every camera.

In the simple case of just two cameras, let f̃a1 (x1, y1) and f̃a2 (x2, y2) be the axono-
metric depth maps generated by two neighboring sensors, whose local coordinates are
(x1, y1) and (x2, y2). Assigned a global reference (x, y), and thus local charts{

xi = xi(x, y)
yi = yi(x, y)

i = 1, 2 (A.3)
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Figure A.2: Comparison between original depth maps in perspective view (left) and, after
transformation, in axonometric view (right). In perspective view, pedestrians near the
boundaries acquire an elongated shape due to the skewed camera vision. This compromises
an ideal “aerial” view which is restored in the axonometric view.

we merge the maps to obtain the global axonometric map f̃a as

f̃a(x, y) =


min{f̃a1 (x1(x, y), y1(x, y)),

f̃a2 (x2(x, y), y2(x, y))} if both maps are defined in (x, y)
f̃ai (xi(x, y), yi(x, y)) if just f̃ai is defined in (x, y)
f̃max otherwise
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In other words, whenever the two maps have an overlapping region, consistently with
an aerial observer, we merge them retaining the contribution of the one assigning lower
depth. See Figure A.3 for an example of the method. In case more than two cameras are
present, the merging procedure can be repeated iteratively.

Figure A.3: Examples of “fusion” axonometric depth maps computed after the output of
two cameras. The subject is a person walking under the cameras carrying a calibration
pattern (planar surface with 9 circular holes disposed as a 3× 3 matrix). The calibration
pattern is at the shoulders height in case 1 and at the head height in case 2. In the upper
half, the final “fusion” maps are reported. They are divided in three horizontal bands
which separate the region filmed just by the first sensor (cam 1), the region in overlap
(blending) and the region filmed just by the second sensor (cam 2). In the lower half, the
axonometric view of the region in overlap are reported separately.

A.3 Further aspects
The proper generation of “fusion” maps hides a number of technical difficulties which go
far beyond the sole geometry. We briefly report them with an illustrative purpose.

• Time synchronization. Kinect™ sensors release new depth maps with a nominal rate
of fs = 30Hz. To our best knowledge, there exist no method to synchronize two
sensors when connected to the same computer. Thus, a theoretical maximum time
offset of 1/(2fs) exists among frames captured by different cameras and closest in
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Figure A.4: To find the exact extent of the overlapping region of two cameras, we move
a cart (1m long and 0.7m wide) on which several bars of known size are mounted in a
comb-like structure in the field of view. The local charts (A.3) are reconstructed after
the fact that the comb and the cart must appear continuously. The pictures in the left
panel show the “fusion” axonometric views with the same division in horizontal bands
of Figure A.3. In the right panel a “fusion” axonometric view of the cart moved by two
persons is reported.

time. Ideally, we associate “closest” frames, assuming them taken simultaneously,
and merge them via the aforementioned fusion procedure. Two aspects complicate
the time association problem, though:

(i) although the refresh rate of the Kinect™ is nearly exact, the assignment of an
absolute time-stamp (ATS) to each frame based on the system clock suffers of
frequent tiny fluctuations mainly related to the load of the receiving system.
Episodically, high loads on the system prevent frames to be polled and thus
some depth maps may even get lost. The information stream of a camera has
thus a nearly regular time indexing with sporadic gaps;

(ii) when the cameras considered are connected to more than one computer, we
have to synchronize the system clocks of all the involved machines. This, up to
an error depending on the network speed can be performed via the standard
Network Time Protocol (NTP). The periodic system time synchronization
produces further irregularities in the time indexing of the information streams.

Because of the aspects aforementioned a naive matching in time of the frames
results in errors, chiefly fusion depth maps that are not continuous. In our current
implementation, we partition the streams in time intervals 10minutes long. In each
interval we use the following expedients to mitigate the jitter when matching the
frames:

(i) every frame released by a Kinect™ is tagged by the sensor itself with a relative
time reference (KR) having millisecond precision. This is the most precise
information about the delay among frames generated by the same camera.
We assign a new ATS to each time frame in a way that preserves KR and
minimizes the absolute difference (on a frame basis) with the original ATS.
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(ii) we design one information stream as the “driver”. Thus we “align” the frame
sequences generated by the other cameras to that ensuring minimum absolute
difference of the ATS.

• Matching the coordinates of different cameras. To construct of a global reference
(x, y) we need to match the local coordinates associated to each camera (A.3).
Practically, we extend one of the local references, e.g. (x1, y1), evaluating the cor-
respondences with other local coordinates, e.g. x2(x1, y1) and y2(x1, y1). To find
the correspondences, we walk underneath the cameras leaving a structured pattern
in the view (e.g. a plane with nine circular holes placed in a 3× 3 regular configur-
ation, Figure A.3, or with a cart endowed with bars of known size, Figure A.4, both
used in Eindhoven train station). We manually find the best overlapping of the
depth maps and thus the required mappings by ensuring that the motion appears
continuous in the fusion stream.

• Storage and bandwidth. As we add more and more sensors to a recording system,
the demand for space and bandwidth increases. Although this reads trivially true,
it is important to stress that aiming at a 24/7 recording the sole management of
the (big) data becomes a problem per se. For instance, the recording setup at
Eindhoven station required us to devise more efficient and data-aware depth map
compression algorithms, as well as data system aimed at the sole management of
the data routing.
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Summary

Multiscale crowd dynamics: physical analysis, modeling and applic-
ations

In this thesis we investigate the dynamics of pedestrian crowds in a fundamental and
applied perspective. Envisioning a quantitative understanding we employ ad hoc large-
scale experimental measurements as well as analytic and numerical models. Moreover, we
analyze current regulations in matter of pedestrians structural actions (structural loads),
in view of the need of guaranteeing pedestrian safety in serviceable built environments.
This work comes in three complementary parts, in which we adopt distinct perspectives
and conceptually different tools, respectively from statistical physics, mathematical mod-
eling and structural engineering. Chapter 1 introduces these perspectives and gives an
outline of the thesis.

The statistical dynamics of individual pedestrians is the subject of Part I. Although
individual trajectories may appear random, once we analyze them in large ensembles we
expect “preferred” behaviors to emerge. Thus, we envisage individual paths as fluctu-
ations around such established routes. To investigate this aspect, we perform year-long
24/7 measurements of pedestrian trajectories in real-life conditions, which we analyze
statistically and via Langevin-like models. Two measurement locations have been con-
sidered: a corridor-shaped landing in the Metaforum building at Eindhoven University of
Technology and the main walkway within Eindhoven Train Station. The measurement
technique we employ, based on overhead Microsoft Kinect™ 3D-range sensors and on ad
hoc tracking algorithms, is introduced in Chapter 2.

In Chapter 3 we describe the low density pedestrian flows in the Metaforum landing.
In this location hundreds of thousands of high-resolution trajectories have been collected.
First, we discuss standard crowd-traffic descriptions based on average quantities such
as fundamental diagrams. Then, thanks to our large dataset, we address the dynamics
beyond average values via probability distributions of pedestrian positions and velocities.

Chapter 4 focuses on the dynamics of pedestrians crossing the landing alone, i.e.
undisturbed by peers. The simple crossing dynamics is affected by stochastic fluctuations
due to the variability of individuals’ behavior as well as external factors. In the chapter
we propose a quantitative Langevin-like model for these stochastic fluctuations, that we
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compare with the experimental data in terms of stationary velocity distributions and time
correlation functions.

The avoidance regime which takes place when two pedestrians walk simultaneously
in the landing and in opposite directions is addressed in Chapter 5. In this regime, the
statistical features of pedestrian motion change from the undisturbed case (Chapter 4).
Here, we study the avoidance dynamics as a linear superposition of the undisturbed motion
and an interaction force. First, we estimate average interaction force fields from the data.
Then, we extend the Langevin model of Chapter 4 to reproduce statistics of the pair-wise
interactions.

Finally, in Chapter 6, we discuss in brief the measurements collected at Eindhoven
Train Station in view of future dense crowd analyses.

In Part II we zoom out from the perspective of individual pedestrians and we look
at crowds, adopting a genuine mathematical modeling point of view. In this context a
microscopic, i.e. particle-like, or a macroscopic, i.e. fluid-like, observation scale can be
employed. In Chapter 7, we establish a general background of crowd dynamics modeling,
which includes an introduction of the modeling framework by Cristiani, Piccoli and Tosin
(CPT framework, in use in Chapters 8, 9 and 11). This framework is suitable to model
systems governed by social interactions and stands on a first order measure-valued evol-
ution equation. The use of measures is crucial in the following, as it enables a unified
treatment of crowd flows at the microscopic and macroscopic scales.

Chapter 8 comprises a comparison of microscopic and macroscopic dynamics given via
the CPT framework. In a Wasserstein space context, we wonder when these two dynamics
are consistent as the number of agents involved grows. In this comparison we consider
agents whose mass (in a measure sense) is independent on the size of the crowd.

In Chapter 9 we focus on the modeling of crowds moving across elongated geometries
resembling footbridges. We address pedestrians’ motion in a macroscopic perspective
via the CPT framework. According to the framework, dynamics are prescribed as a
linear superposition of two components: a desired velocity (that encodes the motion
of pedestrians walking alone) and a social velocity (that weights the crowd mass via
an interaction kernel to assess individual reactions to mutual presence). Footbridge-like
geometries are simple scenarios in which, from phenomenological considerations, we are
able to give these components a reasonable form and thus perform simulations.

In Part III we consider crowd flows on footbridges in relation to the way the safety
of pedestrians is ensured by the current building practice. Chapter 10 addresses crowd-
footbridge systems in terms of featured uncertainties. We provide a categorized review of
the literature giving a synthetic comparison of uncertainties involved. In general, beside
the uncertainties affecting the mechanical properties of the structure, the status of the
crowd is itself uncertain. Taking inspiration from wind engineering, we approach the
crowd dynamics through a separation of the approaching and the crossing traffic. Within
the review, we consider how building regulations address the crowd load. On one hand,
no uncertainty, nor variability, is considered on the crowd state, therefore the roughest
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possible model (constant load) is typically retained. On the other hand, we notice how a
large dissent is present in the prescribed load values, suggesting a possible inadequacy in
regulations.

Chapter 11 rises from the point made in Chapter 10. We propose a framework to deal
with uncertainties related to the crowd traffic on footbridges. The framework addresses
the pedestrian density, a major player in the determination of live loads. Following the
previous categorization, the framework is a composition of different modeling blocks and
it considers approaching and crossing traffic at different scales, respectively macroscopic
and microscopic. The output is a probabilistic description of the spatial density of the
crossing crowd.

A discussion chapter addressing independently the content of the parts and then com-
menting on them as a whole closes the thesis.
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