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Summary 

In many heterogeneous materials like wood, paper, fibre-reinforced composites, ce
ramics, and also some metals, progressive distributed damage can be observed, such as 
dispersed cracking, void formation, or loss of interparticle contacts. These materials 
show a reduction of the load carrying capacity, accompanied by an increasing locali
sation of deformation beyond a critical value of the load. As a result, the stress-strain 
characteristic has a negative slope for large strains. This is called strain-softening. 

In the development of new materials, a thorough understanding of the relation 
between the aforementioned micromechanical mechanisms and the macroscopic me
chanical behaviour of these materials is required. Only in that case, it becomes pos
sible to design materials with desired mechanical properties, such as high stiffness, 
high strength or high toughness. When investigating this relation, mathematical 
models, that describe the mechanical behaviour of the material, are indispensable. 
Such models are based on the balance laws of mass, momentum, moment of momen
tum, and energy, and are completed by a set of constitutive equations, that describe 
the material behaviour. 

In classical continuum mechanics it is usually assumed that the material sat
isfies the principle of local action. This principle excludes effects associated with 
actions at distance on the material response. It appears that these models fail to 
describe the strain-softening behaviour and localisation of deformation of a material 
properly, since the governing set of differential equations has an infinite number of 
solutions. Therefore, in the past few decades several models have been proposed that 
do not satisfy the principle of local action. They incorporate long range effects by 
introducing, in addition to the stresses and the strains, supplementary degrees of 
freedom into the description of the material behaviour. These quantities are either 
rotational degrees of freedom, or averages or derivatives of stresses and/or strains. 
Under certain conditions, these non-local models are able to predict the localisation 
phenomena in strain-softening materials in a mathematically correct way. However, 
these models are in general obtained in an empirical way and their relation with the 
microsctructure is not always clear. 

In this thesis, a method is devised which makes it possible to determine this 
relation. A detailed micromechanical model is developed, in which the constituents 
of the composite are regarded as deformable bodies which are separated by interface 
layers. In these layers, a set of non-linear springs connects two adjacent constituents. 
To simulate the failure of the materials, the springs are given a strain-softening behav
iour, in which the descending part of the curve represents the failure of the interface. 
Using this model it is possible to describe the failure behavi.our of composite materials 
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at the microlevel. 
In order to investigate the relation between this micromechanical representa

tion of the material and its macroscopic behaviour, a constitutive equation has to 
be derived from this discrete description. This process is usually called homogenisa
tion. Most of the existing homogenisation theories assume that there exists a distinct 
separation of scales between the two descriptions. However, for instance from exper
imental data on concrete it follows that the region in which the strain localises is in 
the order of a few times the grain size, hence the separation between the two scales 
is rather small, and the existing homogenisation techniques as such can not be used. 

In this thesis it is argued that these homogenisation theories can be extended 
by adding supplementary degrees of freedom into the macroscopic constitutive equa
tion. Like the classical macroscopic degrees of freedom as stresses and strains, these 
quantities are related to averages of the corresponding quantities in a representative 
part of the discrete medium. Applying the proper boundary conditions on the this 
so-called representative volume element (RVE), the relation between these macro
scopic degrees of freedom, and thus the constitutive equation, can be established. 
This process is illustrated for an example material, consisting of a regular stack of 
fibres in a matrix. Partial derivatives of the macroscopic strain field are taken as ad
ditional degrees of freedom in the constitutive equation for this material. This leads 
to a non-local macroscopic constitutive equation. The parameters in this equation 
are determined by fitting finite element calculations on well-chosen functions. 

With the constitutive equation obtained a finite element method is developed, 
based on Hu-Washizu's variational principle. This leads to a mixed formulation, 
in which the displacements, the strains, and the stresses act as the fundamental 
unknowns. It is shown that the constitutive equations obtained are able to describe 
localisation of deformation of the example material in a mathematically correct way. 

By means of this new procedure, the relation between some interface parameters 
of the example material and the localisation of deformation of a single-edge notched 
strip in a tensile test is investigated. 



1 Introduction 

1.1 Analysing the Failure Behaviour of Composite Materials 

Composite materials are increasingly used in load carrying structur.al components, 
since their mechanical properties, such as stiffness, strength, and toughness, are con
stantly being improved. Upon failure, these materials show progressive distributed 
damage, such as dispersed cracking, void formation, and loss of interparticle contacts. 
Due to this degradation of the internal structure the load carrying capacity of the 
material decreases, which may result in a so-called strain-softening behaviour. In· 
a tensile test, this can be recognised as the decrease of stress at increasing strain 
(Figure 1.1). The softening behaviour is accompanied by an increasing localisation 
of deformation. · 

In the past few decades, much research has been carried out to improve the 
mechanical properties of heterogeneous polymeric materials. The investigations are 
mainly aimed at increasing the toughness. This is the work to break during deforma
tion, i.e., in a tensile test, the area under the stress-strain curve, when the material is 
loaded to failure. As shown experimentally by Van der Sanden (1993), the toughness 
can be improved by decreasing the local thickness, at the microlevel, below a certain 
material-specific critical value. This is achieved by introducing non-adhering rubbery 
particles in the material. The average distance between the particles determines the 
local thickness in this case. In this respect, an abrupt change from brittle failure 
behaviour (with a steep descending branch of the stress-strain curve) to tough failure 
behaviour (with an almost horizontal "descending" branch) can be observed. 

For the development of new materials, a thorough understanding of this phenom
enon, and, in general, of the relation between micromechanical failure mechanisms 
and the macroscopic stress-strain behaviour is essential. Only in that case, it becomes 
possible to dP.sign materials with desired properties such as high stiffness, strength, or 
toughness. When investigating this relation, mathematical models, that describe the 
material behaviour, are indispensable. These models obviously have to be based on a 
detailed micromechanical description of the material. Such a model is called a struc
tural or discrete model: the material is viewed as a discrete medium. Depending on 
the application, the microlevel is that of the molecules, the crystals, or, in the case of 
composites, the components. The microgeometry, the properties of the constituents, 
and the interface conditions between adjacent constituents govern the macroscopic 
mechanical behaviour. With suitable models for, e.g., the. formation of microcracks 
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strain c: 

Figure 1.1 A typical stress-strain curve of a strain-softening material in a tensile 
test 

or the debonding of components, such models are well suited for micromechanical 
analysis of the behaviour of materials. 

By contrast, in a continuum model, the material is regarded as a continuum, that 
satisfies the laws of classical continuum mechanics (Truesdell 1966, Chadwick 1976, 
Hunter 1983). The material behaviour is expressed by constitutive equations, relating 
(macroscopic) stresses to (macroscopic) strains. For engineering purposes, this con
tinuum description is usually preferred because of its (relatively) simple formulation. 
However, these models are usually of empirical nature, and their relation with the 
microstructure of the material is not always clear. 

To fill the gap between these two different descriptions, several homogenisation 
procedures have been suggested in the past. Their aim is to replace the discrete 
medium with a unique equivalent continuous medium. Hence, homogenisation is the 
process of determining a constitutive equation for a continuum that describes the 
mechanical behaviour of the discrete medium in continuum mechanical concepts, i.e., 
in terms of stresses and strains. The fundamental assumption in these theories is 
the statistical homogeneity of the material (Hashin 1983). This means that the sta
tistical properties of the physically relevant fields are the same at any point in the 
material. Only in that case, a so-called representative volume element, or RVE, can 
be identified. Based upon this and the assumption that there exists a good separation 
between the microscopic and the macroscopic scale-this means that the ratio of a 
characteristic length on the microscale and one on the macroscale is much smaller 
than I-homogenisation theories have been formulated successfully for periodic me
dia by Duvaut (1977), Bensoussan et al. (1978), Michel (1984), and Lene (1986), and 
for non-periodic elastic and elasto-plastic materials by Hill (1965), Beran and Mc
Coy (1970), Levin (1971), Ha.shin (1983), Courage (1990), and Maugin (1992). The 
basic idea is to determine a constitutive equation for the equivalent continuum by 
establishing the relation between the average value of the strain field and the average 
value of the stress field on the RVE. 

When the material exhibits a softening behaviour, several difficulties arise. First 
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of all, experiments on, for instance, concrete show that the regions in which the strain 
localises is in the order of a few times the grain size (Reinhardt and Hordijk 1988). 
This implies that the separation of scales is bad, and the existing homogenisation 
techniques as such can not be used. 

Another problem arises with the continuum mechanical description of the mate
rial. As mentioned before, in such a description, the material behaviour is expressed 
by constitutive equations. These equations cannot be derived from a strict theoreti
cal basis, and are usually purely empirical descriptions of experimental observations. 
Based upon these observations several constitutive principles have been put down in 
the past that restrict the possible forms of the constitutive equations, see Truesdell 
(1966, Lecture 3), Chadwick (1976, Chapter 4), and Chapter 2, Section 2.4 below. 
Some of these principles are generally accepted as being valid for all possible materi
als, others exclude certain classes of materials. The principle of local action belongs 
to the latter category. It excludes effects associated with actions at distance. The vast 
majority of constitutive equations is based on this principle. However, by very simple 
one-dimensional examples it can be shown that such models fail for strain-softening 
materials. It appears that these models have an infinite number of solutions, see 
Chrisfield (1982), De Borst and Miihlhaus (1991) and Chapter 2, Section 2.5 below. 

It has been shown by various authors that when one does allow long-range effects 
to enter the constitutive equations, models can be obtained that do have a (locally) -
unique solution. Such effects can be taken into account, for example, by introducing 
rotational degrees of freedom into the constitutive equations, in addition to the usual 
translational degrees of freedom. This leads to the so-called polar theories or Cosserat 
continua (Eringen 1966a, Eringen and Kadafar 1976). Another, and more intuitive, 
way to include long range effects is to introduce averages of stress and/ or strain in the 
constitutive equations. In this way non-local models are obtained (Bafant et al. 1984, 
Bafant et al. 1987, Bafant and Zubelewicz 1988). A third solution is to incorporate 
partial derivatives of stress and/or strain in the constitutive equations, leading to 
the so-called gradient dependent models (Triantafyllidis and Aifantis 1986, De Borst 
and Miihlhaus 1992). Under certain conditions, these models are able to describe the 
softening and localisation phenomena of materials properly at the macroscopic level. 

1.2 Scope of the Thesis 

The two problems, discussed in the preceding section, that occur when a material 
exhibits a strain-softening behaviour, are related. First of all, the classical approach 
to homogenisation establishes a relation between the average of the stress field and 
the average of the strain field on the RVE, a relation which, by definition, satisfies the 
principle of local action. Secondly, the fact that the separation of scales is bad implies 
that there exists a certain internal length scale for the material, a concept which is 
also introduced by the non-local constitutive models. In the latter, it determines the 
size of the region that affects the material response at a point. 

With this in mind, it seems quite natural to regard the constitutive equations 
that include effects associated with actions at a distance, as equations that arise from 
a "non-local" homogenisation procedure, which includes additional degrees of freedom 
in the macroscopic description of the material behaviour. These additional quantities 
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(a) 

Fibre-matrix 
interface 

Matrix 

Matrix cracks 

(b) 

Figure 1.2 A periodic fibre-reinforced composite (a), and its RVE (b) 

account for the long-range effects in the continuum description, and provide a way 
to introduce the micromechanical length scale in the material model. 

This observation forms the basis of this thesis. The main goal is to devise a 
method that allows to determine the relation between micromechanical failure mech
anisms and the macroscopic mechanical behaviour. To that end, a composite is 

· taken as a collection of components, separated by interface layers. The components 
are described using classical (local) continuum mechanics, assuming a linear elastic 
material behaviour. The interface layers are included to represent micromechanical 
failure mechanisms, like the debonding of two adjacent components, or the presence 
of microcracks or crazes. For these interfaces, a model is proposed in which the 
boundaries of the adjacent components are connected by a set of non-linear springs. 
The "material behaviour" of an interface layer typically has a softening character 
that represents the failure of the interface. 

From this discrete representation of the composite a non-local macroscopic con
stitutive equation is derived, by means of an extended homogenisation procedure. It 
is shown that this procedure forms a natural extension of the classical theories. The 
constitutive equation is obtained by introducing, in addition to the average stress and 
average strain on the RVE, supplementary degrees of freedom, in the form of partial 
derivatives of the average strain field, into the macroscopic description of the mater
ial behaviour. The relation between these degrees of freedom can be determined by 
applying appropriate boundary conditions on the RVE, and solving the mechanical 
problem for this representative volume element. 

The process is exemplified by the homogenisation of an elementary and repre
sentative example material, which is a fibre-reinforced composite (Figure 1.2). The 
arrangement of the fibres in the matrix is assumed to be periodic, so that the RVE 
consists of the periodic cell. The interface model is used to describe two different fail-
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ure mechanisms: the debonding between fibre and matrix (the spherical shell around 
the fibre) and the formation of cracks in the matrix (the eight interface layers normal 
to the fibre surface). 

Throughout this thesis we confine ourselves to small deformations. In addition, 
we assume, for simplicity, elastic material behaviour for both the components and the 
interface layers. This obviously results in elastic material behaviour at the macro
scopic level. Although the failure of materials is typically inelastic, this assumption 
poses no real restrictions on the applicability of the homogenisation process. For a 
damage or plasticity model of the discrete medium, the determination of the relation 
between the macroscopic parameters is of course much more complicated, but the 
basic idea of the process still remains valid. 

1.3 Overview of the Thesis 

In the next chapter, we discuss in more detail the problems that occur with the contin
uum mechanical description of the material behaviour of strain-softening materials. 
These problems are commonly attributed to the loss of ellipticity of the governing set 
of partial differential equations in the softening regime. By means of a simple two
dimensional example, it is shown that this may alre~dy occur for strains smaller than 
the critical value beyond which strain-softening occurs. Solutions to these problems, 
as proposed in literature, are also presented. 

The discrete micromechanical model of the composite is the subject of Chap
ter 3. In particular, the modelling of the interface between two adjacent components 
of a composite is treated. For the interface model, finite element methods are dis
cussed, and a four-noded quadrilateral element is formulated, that can be used in 
two-dimensional calculations to represent the micromechanical failure mechanisms. 

The homogenisation procedure is described in detail in Chapter 4. In that same 
chapter, the homogenisation of the example material is discussed. The model derived 
is compared with models obtained from Cosserat theory, and the important issue of 
the boundary conditions on the macroscopic continuum are described. 

In Chapter 5, two finite element methods for the macroscopic non-local consti
tutive model are presented. These methods are not trivial since the macroscopic con
stitutive equation includes partial derivatives of the macroscopic strain field, which 
results in a fourth-order system of partial differential equations. Both a standard 
finite element method and a mixed formulation are given. It is shown that the lat
ter is able to describe the localisation of deformation for the example material in a 
mathematically correct way. 

Subsequently, in Chapter 6 the influence of the fibre-matrix interface and the 
matrix cracks on the localisation of a single-edge notched strip in a tensile test is 
discussed. The final chapter (Chapter 7) contains some conclusions and recommen
dations for further research. 



2 Continuum Mechanical Modelling 
of Strain-Softening Materials 

2.1 Introduction 

As we have already pointed out in the introductory chapter, due to degradation of the 
internal structure, the load bearing capacity of composite materials decreases with 
increasing deformation. This typically results in a negative slope of the stress-strain 
characteristic of a tensile test after a critical value of the load (cf. Figure 1.1). In 
the next chapter, we discuss the micromechanical origin of this behaviour, and we 
propose a model to describe the micromechanical failure mechanisms. The present 
chapter is concerned with the consequences of this behaviour for the macroscopic · 
description. 

We start with a brief overview of continuum mechanics. The most important 
kinematical quantities are treated in Section 2.2, and in Section 2.3 the balance laws 
are stated. In Section 2.4 some of the widely accepted constitutive principles of 
continuum mechanics are discussed. This section is of importance, since it covers the 
principle of local action, which, in its usual form, cannot hold for strain-softening 
materials. This is shown in Section 2.5 and Section 2.6. In the latter section, we 
also show that the occurrence of strain-softening and the change of character of the 
governing system of equations do not necessarily coincide. This change of character 
is commonly believed to be the cause of the failure of the local continuum mechanical 
models. In Section 2. 7 we discuss the consequences of the strain-softening behaviour 
for numerical discretisation methods, and finally, in Section 2.8 we discuss some of 
the solutions that are proposed in literature. 

2.2 Kinematics 

In this section we introduce the most important kinematical quantities used in this 
thesis. For a more elaborate discussion see Chadwick (1976, Chapter 2) and Hunter 
(1983, Chapter 5). 

Let 8 be a material body of material points P. Let f2(t) be the region occupied 
by the body in the three-dimensional Euclidean space R3 at the time instant t E R. 
The region n is called the configuration of B at time t, or the current configuration. 
The elements of fl, denoted by x(t) E fl, are the position vectors of the material 
points P of the body, at that time instant, with respect to the fixed origin of R3

• 

In order to describe the motion of the body, it is convenient to introduce a so-called 
reference configuration of 8, that we denote by f2r. which !s arbitrary, but fixed. The 
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elements of Or are called the reference positions of the material points P of 8, and we 
denote them by X. For every time instant, we assume a bijective relation between the 
reference configuration and the current configuration, that is, we assume that there 
exist two mappings, c.p: nr x R. --; n and t/J: n x R. --; nfl such that 

x = c.p(X, t) and X = t/J(x, t). (2.1) 

This excludes, for example, the formation of cracks. The family of configurations 
{ n(t) It E R.} of the body in time is called motion of the body. 

An arbitrary (scalar) field quantity ¢ can now be taken both as a function of 
X and t (¢ ¢(X, t)), and as a function of x and t (¢ = <,b(x, t)). As a consequence, 
two different time derivatives can be recognised: the material time derivative (denoted 
by d¢/dt or ¢), defined as 

8¢'(X, t) 
8t 

and the local time derivative (denoted by 8¢/8t), given by 

8¢ 8<,b(x, t) 
8t 8t 

(2.2) 

(2.3) 

If vis the velocity of the material point P, defined as the material time derivative of 
the current position x of P, 

v 
. 8c.p(X, t) 
X= 8t ' (2.4) 

then the following relation exists between the material and local time derivative, 

. 8¢ -
¢ = + (v,grad¢). (2.5) 

Here, grad is the gradient operator with respect to x, and (a, b) denotes the scalar 
product of the vectors a and b. 

An important field quantity in the mechanics of solids is the displacement field u, 
that is defined, for a certain PE 8, by 

11= x-X. (2.6) 

If c.p(X, t) is differentiable with respect to X, there exists an FE JI} (the linear space 
of linear operators (second order tensors) on R.3), such that 

c.p(X + H, t) = c.p(X, t) + FH + O(llHli!2), for llHll __, 0, (2.7) 

where II · II is a suitable norm. This tensor field F is called the deformation gradient, 
and is also written as 

F = 8c.p 8x 
ax 8x· (2.8) 
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It describes the deformation of the material body. A consequence of the assumed 
bijective relation between the reference configuration and the current configuration, 
is that F is non-singular. Moreover, on physical grounds, its determinant J =<let F 
should be positive. 

From the deformation gradient, several strain measures are derived, the most 
important of which are the left and right Cauchy-Green tensors, given by 

(2.9) 

respectively, and the Lagrangian strain tensor, given by 

(2.10) 

Here, the superscript T denotes transposition, and IE [} is the unit tensor. 
In the linear deformation theory, that we use throughout this thesis, it is assumed 

that the gradient of the displacement field is small, that is, 

11:~11 =: € ~ l, (2.11) 

and terms of order O(e2
) are neglected. Consequently, gradients of the displacement 

field with respect to the reference and the current configuration are equal, 

au au 
ax ax' 

and the Lagrangian deformation tensor reduces to 

1 
E = e = E(u) := 2 (grad u +(grad uf). 

(2.12) 

(2.13) 

The latter quantity is called the linear strain tensor. A consequence of (2.12) is that 
the reference and the current configuration can be identified. In that case, we denote 
the elements of the configuration by x. 

2.3 Balance Laws 

Let us now briefly recapitulate the local forms of the balance laws of continuum me
chanics (for more details see Chadwick (1976, Chapter 3) and Hunter (1983, Chap
ter 3)). 

At every instant of time t, the material body E, has to obey the laws of con
servation of mass, momentum, moment of momentum, and energy (the first law of 
thermodynamics). If p is the mass density of the body, the law of conservation of 
mass reads in its local form, 

p+pdivv=O, forxEO, (2.14) 
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where div is the divergence operator with respect to x. 
Let <T be the Cauchy stress tensor. If the material body is acted upon by a 

prescribed specific (i.e., per unit of mass) volume load h0 , the law of conservation of 
momentum can be written in the following form, 

div<TT + pho pv, for x E fl. (2.15) 

This equation is usually referred to as the equation of motion of the material body. 
The right-hand side of (2.15) represents the inertial forces, i.e., forces due to the mo
tion of the body in time. In quasi-static problems, these forces are usually neglected, 
resulting in the equilibrium equation, 

div<TT + pbo = 0, for x E fl. (2.16) 

Finally, the law of conservation of moment of momentum implies the symmetry 
of the Cauchy stress tensor, 

<TT= <T, for XE fl. (2.17) 

In addition to these three balance laws, the material body also has to obey 
the first and second law of thermodynamics, but, since we neglect thermal effects 
throughout this thesis, it is of no concern here. See Chadwick (1976, Chapter 3, 
Section 5) and Hunter (1983, Chapter 17) for more details. 

At this point, it can be stated that, at any instant of time t, the state of the 
material body is fully determined by the fields of mass density p and positions cp 

· of the body at times up to and including t. For these four unknown quantities, the 
seven balance laws hold true. However, in these laws nine additional quantities, so
called constitutive quantities, appear: the components of <T. Hence, six additional 
equations have to be specified. These equations describe the material behaviour, and 
are called constitutive equations. They usually relate the constitutive quantities to 
one or more kinematical quantities. Although they cannot be derived from a strict 
theoretical basis, constitutive equations still have to satisfy some (widely accepted) 
principles. These are discussed in the next section. 

In addition to the system of partial differential equations (PDEs) constituted by 
the equation of motion (2.15) (or the equilibrium equation (2.16)) and the consti
tutive equation, a set of boundary conditions have to be specified at the boundary 
of B. These conditions take into account the external influences (such as kinematical 
restrictions and boundary loads) on the material body. 

2.4 Constitutive Principles 

The constitutive behaviour of a material can be expressed into mathematical equa
tions in a great variety of ways. In the development of continuum mechanics, several 
rules have been put down which admissible constitutive equations must meet, and 
which restrict the possible forms of these equations. Some of these rules are gener
ally accepted as being valid for all possible materials, others exclude certain classes 
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of materials. In this section we discuss the most important ones: the principles 
of determinism, objectivity, and local action. See also Truesdell (1966, Lecture 3) 
and Chadwick (1976, Chapter 4). 

The principle of determinism states that the values of the constitutive quantities 
(i.e., u) at the point Xo at time tare uniquely determined by the motion of the material 
body at times up to and including t. The most general form of a constitutive equation 
that satisfies this principle reads 

u(:xo, t) §[ ip(X, T) I XE 0,., T ~. t ], (2.18) 

in which § is a general symmetric-tensor-valued functional on the space of vector
valued functions on n x R. The principle of objectivity asserts that the response 
of the material is the same to any pair of equivalent observers. It requires consti
tutive equations to be invariant under changes of frame which preserve the essential 
structure of space and time. Both these principles are generally accepted as being 
consistent with the observed behaviour of all known materials. 

According to the principle of determinism, the motions of material points P 
that lie far away from Po are allowed to affect the values of the constitutive vari
ables at P0 . Experiments· have shown that for most materials such effects can be 
neglected. Therefore, a third constitutive principle is usually assumed: the principle· 
of local action. It states that the motions of particles which, at time t, occupy points 
outside an arbitrary neighbourhood of x, have no influence on the value at (x, t) of 
the constitutive quantities (Chadwick 1976, Chapter 4). However, there are certain 
classes of materials for which long range effects cannot be neglected. These classes 
include magneto-elastic solids and, as we show in the next section, strain-softening 
materials. 

A more general formulation of this latter principle, which is better suited for 
our purposes, is given by Eringen (1966b, 1975). His axiom of neighbourhood asserts 
that the motions of material points P that are not near P0 will not contribute ap
preciably to the values of the constitutive quantities at P0 . Assuming that the field 
of positions ip(X, t) is sufficiently smooth, so that it can be expanded into a Taylor 
series about X0 for all t, · 

oip(X0 , t) 
ip(X, t) = ip(X0 , t) + oX (X Xo) + · · ·, (2.19) 

a material is said to satisfy the smooth neighbourhood hypothesis at Xo if the values 
of the constitutive variables at X0 can be expressed into gradients up to a certain 
order, N say, of ip(X, t) at X0 , for times up to and including t, 

(2.20) 

Here, § is a general symmetric-tensor-valued functional, and Xo ip(X0 , t). The 
order of the highest gradient present is a measure of the extent of the neighbourhood, 
since the influence of the material points near to X0 is introduced through these 
gradients. Such a material is called a grade-N material. Jf N = 1, the material is 
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called simple and the axiom reduces to the usual formulation of the principle of local 
action stated above. In that case, the stress at P 0 only depends upon the deformation 
gradient (or one of the derived strain measures) at P0 . 

In this thesis, we restrict ourselves mainly to ela.stic material behaviour, that is, 
we assume that the stress depends upon the current deformation state only. Since in 
that case the time t is merely a parameter, we omit the explicit time-dependency in 
the sequel. In addition, we assume that the deformations are small, so that we can 
use the linear deformation tensor and gradients thereof to describe the deformation 
state. Under these assumptions, the general constitutive equation (2.20) reduces to 

[ 
f) ( f) ) N-1 ] u(:xo) § e(x0), Ox e(:xo), ... , Ox e(x0 ), Xo , (2.21) 

in which§ is a general symmetric-tensor-valued function of x0 , e(:xo) and its gradients 
of order upto N l. (Note that in the linear deformation theory, gradients of the 
displacement field, and hence also of the linear stain tensor, with respect to the 
reference and the current configuration are equal, cf. Section 2.2.) This equation 
satisfies both the principle of determinism and the principle of objectivity, and, if N = 
1, it obeys also the principle of local action. However, as we show in the next two 
sections, a simple (grade-one) constitutive equation cannot describe strain-softening 
and accompanying localisation of deformation properly, so that equations of higher 
grade have to be used. 

2.5 The Non-Local Nature of Strain-Softening 

The failure of grade-one constitutive equations for the strain-softening behaviour of 
a material can easily be demonstrated for the one-dimensional situation of a homoge
neous beam in tension. In that case, there is only one (tensile) stress component a(x) 
and one (tensile) strain component c(x). 

Suppose that the beam is fixed at one end (x 0), while the other end (x = L) 
is displaced by an amount U. Assume in addition that initially, that is, for U = 0, 
the beam is in its undeformed and unstressed state (c 0, a = 0). In a quasi-static 
loading situation, if no volume loads act on the beam, the equilibrium equation (2.16) 
reduces to 

da(x) --ax- = 0, for 0 < x < L. (2.22) 

This ordinary differential equation obviously has the solution a fi, for some, yet 
unknown, constant (independent of x) a. The one-dimensional homogeneous equiv
alent of the general constitutive equation (2.21) for N = 1, now yields the following 
non-linear algebraic equation for the strain field, 

S(c(x)) =a, for 0 < x < L. (2.23) 

If, for strains larger than some critical value c0 , softening occurs, the stress 
decreases with increasing strain, and we have 

{ 
S'(c) > 0, if lel <co, 

S'(c) < 0, if le! >co, 
(2.24) 
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where S'(c) denotes the derivative of S(c). When U increases gradually, both the 
stress and the strain increase equally for all points in the beam. For a certain value 
of U, the strain in the beam reaches the limit value £ 0 . At that point, any change in 
the prescribed displacement forces the stress in every point to decrease. However, for 
the strain in a point there are two possibilities: either the strain decreases or the strain 
increases. Both solutions are equally valid, and since this holds for every material 
point in the beam, there exists an infinite number of solutions to this problem. Hence, 
we see that we cannot describe the softening beam with a grade-one constitutive 
equation. 

The general higher-dimensional situation is more complicated, since in that case, 
the stress is no longer independent of the position in the material. In addition, since 
there is more than one stress component and more than one strain component, the 
notion of strain-softening ("the decrease of stress at increasing strain") is not trivial. 
So let us first give a more rigourous definition of this term. As we have seen in 
the preceding section, the general constitutive equation for an elastic medium that 
satisfies the axiom of neighbourhood relates the Cauchy stress at a point x to the 
linear strain tensor and its gradients at x. Consider the following eigenvalue problem 
for the Jacobian<(!= fJo-(x)/fJE(x) of the stress with respect to the strain, 

<(le= Ae, e E JL!, A E JR.. (2.25), 

Here, IL! is the linear subspace of IL3 of symmetric linear operators on JR.3 • From 
thermodynamical considerations (Maugin 1992, Chapter 4, Appendix 4.A) it follows 
that <t' is symmetric, that is, for any A, B E lL 3 , we have 

(2.26) 

This implies that the eigenvalues and eigentensors of <t' are real. If j_ is an eigenvalue 
of<(! with eigentensor e, then a small increment DE of the strain in the "direction" 
of e yields an increment of stress j_ DE. If j_ is negative, the stress increment is in the 
opposite "direction" of the strain increment, i.e., along -e. In that case we say that 
the material shows a strain-softening behaviour. Note that<(! and its eigenvalues are 
functions of the current strain, so that the sign of the eigenvalues depends upon the 
deformation state of the material. In general, the eigenvalues are positive for small 
strains ("increasing strain results in increasing stress"), while for large values of E, 

some, or maybe even all, become negative ("increasing strain results in decreasing 
stress"). 

The failure of higher-dimensional grade-one constitutive equations for strain
softening materials, is caused by the change of character (from elliptic to hyperbolic 
or parabolic) of the governing set of PDEs within a small region in the material 
(De Borst 1990, De Borst and Miihlhaus 1991). In fact, the loss of ellipticity may 
already occur for strains smaller than the critical value beyond which softening occurs. 
In the next section, we demonstrate this with an example, but let us first define the 
notion of ellipticity of a PDE. 

Partial differential equations are classified by their character (see Egorov and 
Shubin (1991, Chapter 1, Section 3.3) and Courant andHilbert (1989, Chapter 6, 
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Section 3)). The character of a PDE is determined by its principle part L. This is 
the part consisting of the highest order derivatives of the unkowns. In the case of the 
general three-dimensional model (2.21) with N I, 

D'(x) S(e(x), x), (2.27) 

in which S is a general function on JL~ x JR3 with values in JL~, L is obtained by 
substituting (2.27) into the equilibrium equation (2.16), and using the definition of 
the linear strain tensor (2.13). This results in the following set of PDEs, expressed 
in components with respect to an orthonormal base, 

& & &s .. 
Cikjl ~ n- Uj + £:> •J + pbOi = 0, for i = 1, 2, 3. 

uxk UXt UXj 
(2.28) 

Here, &S,j/&xk denoted the partial derivative of s.j with respect to X1o in which e is 
fixed, and cijkl are the components of~. that satisfy the symmetry relations 

Ciikt = Ciikl = CktiJ1 for i, j, k, l = 1, 2, 3. (2.29) 

(These relations are implied by the symmetry of Sand~.) The principle part is now 
given by the first term on left-hand side of (2.28), 

(2.30) 

With this principle part is associated a characteristic form K(e), defined as 

(2.31) 

The set of PDEs is then called elliptic if K(e) is non-singular for all non-zero e. If 
there are vectors e E JR3 for which K(e) becomes singular, the set of PDEs is either 
hyperbolic or parabolic (see Egorov and Shubin (1991, Chapter 1, Section 3.3) and 
Courant and Hilbert (1989, Chapter 6, Section 3) for more details). 

Different physical processes usually lead to PD Es of different character. Whereas 
stationary problems like standard elasticity problems or stationary temperature prob
lems result in elliptic PDEs, parabolic PDEs are associated with heat conduction, and 
hyperbolic PDEs frequently occur in fluid mechanics, gas dynamics, or wave prop
agation. In addition, elliptic PDEs are generally associated with boundary value 
problems, while parabolic and hyperbolic PDEs are usually related to initial value 
problems and mixed problems. This indicates that if a PDE is elliptic throughout 
a region, except for a small subset in which it is hyperbolic or parabolic, a certain 
ill-posedness of the problem can be expected. 

It is difficult to make general statements about the relation between the regu
larity of K and the sign of the eigenvalues of~ (i.e., the relation between the loss of 
ellipticity and the occurrence of strain-softening). Therefore, let us illustrate these 
concepts with a simple two-dimensional example. 
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2.6 A Two-Dimensional Example of Strain-Softening 

In this section we show by a two-dimensional example that the occurrence of strain
softening does not necessarily coincide with the loss of ellipticity of the governing set 
of PDEs. Assuming isotropic elastic material behaviour in which Young's modulus 
depends upon the first invariant of the strain, and in which Poisson's ratio is con
stant, we first calculate the eigenvalues of the Jacobian 'ef. Next, we determine the 
characteristic form of the PDEs, and derive inequalities that have to be satisfied for 
the PDEs to be elliptic. Finally, we illustrate these requirements for a simple tensile 
test. 

Consider the general constitutive equation (2.27), and assume that the material 
is isotropic, that is, the material properties in a material point are the same in all 
directions. It can be shown (Chadwick 1976, Chapter 4, Section 5) that under this 
assumption (2.27) reduces to 

(2.32) 

in which the coefficients a 0 , a 1, and a 2 are functions of the invariants of e. Assuming 
that a 2 = 0, we can rewrite this equation, in components with respect to some 
orthonormal base, as 

aii = 
1

: 11 (c:ii + 1 : 211 8ijc:kk), for i, j = 1, 2, 3. (2.33) 

Here (and also in the sequel), we have applied Einstein's summation convention. The 
symbol 8ii denotes Kronecker's delta. The parameters E and 11 are Young's modulus 
and Poisson's ratio of the material respectively. They can be expressed in terms of 
a 0 and a 1. The former is defined as the ratio of the tensile stress and the tensile 
strain in a tensile test, and is therefore positive. The latter is a measure for the 
contraction in the direction normal to the load in the same test. Its values lie in the 
interval (-1, !), and it usually only takes positive values. 

Assume further that the material is in a plane-strain state, that is, the strains in 
one fixed direction, the x3-direction say, vanish: c: 13 = c:23 = c:33 = 0. The non-trivial 
relations of (2.33) are then given by 

E 
an= (l + ll)(l _ 211) ((1 - 11)c:u + 11c:22 ), 

E 
a22 = (l + ll)(l _ 211) (11c:n + (1 - 11)c:22 ), (2.34) 

E 
0"12 = (1+11)€12· 

Assume that 11 is constant and that Eis a function of the first invariant tr e = en +c:22 

only. The Jacobian J = 8(au,a22 ,a12 )/8(c:u,c:22 ,c:12 ) of this mapping then reads 

l [ (1 - 11)E + inE' vE + inE' 0 l 
J = (l + v)(l _ 211) 11E + ~22E: (1 - v)E + ~22E: 0 , (2.35) 

c12E c: 12E (1 - 211)E 
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in which E'(c;) denotes the derivative of E(c:), and where 

{

tu = (1 v)cu + Vc22, 

€22 vc:11 + (1 - v )c:22 , 

€12 (1 - 2v)c:12. 

(2.36) 

Note that J is not symmetric, so that its eigenvalues are not necessarily real. However, 
by a straightforward computation, it follows that the eigenvalues of thls matrix are 
given by, 

>. E(tre) d E(tre) + E'(tre)tre 
2 = (1 + v) an >-a= (1 + v)(l - 2v) · (2.37) 

We see that the first two eigenvalues are always positive. However, since the numer
ator of >.3 can be written as 

E(tre) + E'(tre) tre (2.38) 

the third eigenvalue can become negative. Note that the eigenspace of thls eigenvalue 
is the linear space spanned by the vector 

(2.39) 

If >.3 is negative, an increment of strain along thls vector, yields an increment of stress 
along -e3. In that case, the material exhibits a strain-softening behaviour. 

Requirements for Ellipticity 

Let us now determine under what conditions the governing set of PDEs is elliptic . 
. In a plane-strain state the equilibrium equation (2.16) reduces to the following set of 

PD Es, 

OX1 OX2 - ' (2.40) 
{ 

00"11 + 00'12 - 0 

00'12 00'22 - 0 
+ OX2 - • 

Here, we have assumed, for the sake of simplicity, that no volume loads are acting 
on the material. Substituting the constitutive equations (2.34) and the definition 
of the linear strain tensor (2.13) into (2.40), thereby assuming that the material is 
homogeneous (i.e. E and v do not explicitly depend on x), we obtain after rearranging 
terms, 

( 
0

2 
0

2 
0

2
) 

A20'5"2 + A11-a !l + Ao2'5"2 u = 0, 
UX1 X1uX2 uX2 

(2.41) 

in which the matrices A20, A11 , and A02 are defined as 

A2o ( 
(1 - v)E + €11E' 0) 

i12E' HI 2v)E ' 

(2.42) 



Continuum Mechanical Modelling of Strain-Softening Materials 17 

The characteristic form of this system is given by 

and the system is elliptic if its determinant is non-zero for every non-zero e. By a 
straightforward calculation we obtain, 

1 2 2 
det K = 2(1 - 2v)E(~1 + ~2 ) 

x [ ((1 - v)E + tuE')d + 2€12E'~1~2 + ((1 v)E + €22E')~~). (2.44) 

If v :/= t, det K is non-zero for every non-zero e if and only if the discriminant D of the 
quadratic form between square brackets is negative. In that case, this term has no 
real zeros. Since softening occurs only if .\3 becomes negative, we like to express D in 
terms of this eigenvalue. Using the relations (2.36) and (2.37)a, one can easily verify 
that D can be written as 

D = -(1- 2v)2 

x ( (1 - v2
)

2 -Xi - (1 - v2)(cu + c22).\3E1 + (cuc22 ci2)(E1
)

2
) • (2.45) 

If E1 = 0 (hence, Eis constant), we have D -(1 v)2E2 < 0, and the system (2.41) 
is elliptic. If E1 # 0, D vanishes if 

A3 1 
E, = z± := 2(1- v2) (en+ £22 ± (2.46) 

In that ca.Se, the necessary condition for the ellipticity of the system (2.41) is 

A3 .Xa 
E' < z_ or E, > z+, (2.47) 

since Dis a quadratic form in .\3/E', and the coefficient of (.X3/E')2 is negative. 
To conclude, we can say that the system (2.41) is elliptic if E' = 0, or if E1 # 0 

and one of the inequalities (2.47) is satisfied. 

Tensile Test 

To illustrate these requirements, consider a tensile test of a rectangular plate along 
the x1-axis (c11 > 0, o-12 = 0-22 = 0). For this test, the constitutive equations (2.34)2 
and (2.34)a yield c22 = -vc;11/(1-v) and c12 = 0, so that the system (2.41) is elliptic 
either if E' = 0 (as shown above) or if E' :j:. 0 and 

1-2v 
(l _ v)2cu or 

E 
> 0. (2.48) 

In deriving the latter inequalities, we have used the definition (2.37)s of .\3 . If E1 > 0 
it follows from the second inequality that the system is elliptic, since E is positive. 
If E' < 0 the second inequality is always violated, but the first one yields 

1-2v 
E + -

1
--tuE1 > vE, 
-v 

(2.49) 
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or, expressed in terms of ,\3 , 

vE 
-'3 > (1 + v)(l - 2v)' 

(2.50) 

Hence, the system (2.41) is elliptic either if E' ;::: 0, or if E' < 0 and if (2.50) is 
satisfied. Note that both these conditions are violated when the material exhibits a 
strain-softening behaviour, that is, when ,\3 < 0. However, the loss of ellipticity does 
not necessarily coincide with the occurrence of strain-softening, except in the case 
when v = 0. Let us demonstrate this with two examples. 

First of all, suppose that Young's modulus decreases exponentially with the 
strain, 

E(tre) E el-tu/e:o 
0 , tre ~ 0. (2.51) 

In that case, the relation between the tensile stress 0'11 and the tensile strain e11 is 
given by 

(2.52) 

The maximum value of the stress o-11,0 E0c11,0/(1 v2
) is reached at the critical 

value of the strain eu,o = (1- v)io0/(1- 2v). In Figure 2.la the graph of this relation 
is depicted. The left- and right-hand side of the inequality (2.50) are now readily 
seen to be 

{ vE 
(1 + v)(l - 2v) 

(2.53) 

Notice that they are equal if t: 11 = t 11 (1 v)io11,0 • In Figure 2.lb the right-hand 
sides of these relations are plotted as functions of £ 11 • We see that softening occurs 
if t:u becomes larger than t:11,0 • However, the ellipticity condition (2.50) is already 
violated for strains larger than t 11 < £ 11 ,0 . Hence, in this case, the loss of ellipticity 
does not coincide with the occurrence of strain-softening. 

As a second example, suppose that E( tre:) is given by 

{

Eo, 
E(tre:) = co 

E0 (<1 + h)tre - h), 

ifO ~ tre:::;; c0 , 

l+h 
if t:0 < tr e ~ -h-c0 . 

(2.54) 

This results in the following piece-wise linear relation between the tensile stress o-11 

and the tensile strain c11 , 

l+h 
if €11,0 < €11 ~ 

(2.55) 
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O €11 cn,o 

strain en strain c11 

(a) (b) 

Figure 2.1 For a constitutive equation with exponentially decreasing Young's mod
ulus (a), the loss of ellipticity of the governing PDE does not coincide with the 
occurrence of strain-softening (b) 

0 

0 en,o 

strain e11 strain e11 

{a) {b) 

Figure 2.2 For a piece-wise linear relation between the stress au and the strain cu 
in a tensile test (a), the loss of ellipticity of the governing PDE coincides with the 
occurrence of strain-softening (b) 

which is depicted in Figure 2.2a. In Figure 2.2b, the left- and right-hand side of 
inequality (2.50) are plotted as functions of e11 . We observe that, like in the first 
example, softening occurs if en becomes larger than e11,0, but that, unlike the first 
example, the ellipticity condition is violated in the same region. Hence, in this case, 
the loss of ellipticity does coincide with the occurrence of strain-softening. 

The fact that the loss of ellipticity may not coincide with the occurrence of strain
softening, is probably due to the fact that the Jacobian J of the constitutive equation 
is not symmetric. This means that the elastic energy for this material behaviour does 
not exist, which implies that the material is not hyper-elastic. 

2. 7 Consequences For Numerical Discretisation Methods 

A consequence of the change of character of the mathematical model is that numerical 
discretisation methods are very sensitive to the choice of the discretisation. This is 
not surprising since the model has an infinite number of solutions, so that any method 



20 A Micromechanical Approach to Deformation and Failure of Discrete Media 

(both analytical or numerical) for finding the solution is doomed to fail. But let us 
demonstrate anyway what happens when, for example, a finite element method is 
applied to the general three-dimensional problem discussed above. 

We assume that the boundary r of the configuration n of 13 can be divided 
into two (possibly empty) disjoint parts fu and rP. On fu the displacements of the 
material points are prescribed while on rP prescribed boundary loads are acting on 13, 

u = Uo, on ru, 

O'D = Po. on rp. 
(2.56) 

(2.57) 

As before, the subscript 0 denotes prescribed quantities. The basis of a finite ele
ment method is formed by the weak formulation of the problem, that is obtained by 
multiplying the equilibrium equation {2.16) with a test function v(x), that vanishes 
on fu, and integrating the result over n. After applying Gau6' Divergence Theorem 
and substituting the constitutive equation (2.27) and the relation between the linear 
strain and the displacement field (2.13) into the resulting equation, we obtain 

{ tr[e(v)S(e(u),x)]dx= f(v,pb0)dx+ { (v,p0)ds. 
Jn Jn lr., (2.58) 

Here, we have used the fact that v vanishes on ru, and that O'D =Po on rp- In order 
for this equation to make sense, both e(u) and e(v) have to be squarely integrable 
over n. H we choose u E U and v E V, with the spaces U and V defined by 

U {uE[H1(n)]3 lu=no, onfu}, 

V {vE[H1(Q)]3 lv 0,onfu}, 

(2.59) 

(2.60) 

in which Hk(Q) is the Sobolev space of order k, consisting of functions defined on n 
which are, together with their derivatives of order up to and including k, squarely 
integrable over n (Johnson 1987, Chapter 2), this requirement is satisfied. 

The weak form (2.58) is a non-linear relation for the displacement field u. We 
solve this by means of an iterative procedure. Substituting u u* +6u, and expanding 
the integrand into a Taylor series about u*, we obtain, after disregarding terms of 
order 0(116ull2

), 

a(6u, v; u*) = L(v; u*), (2.61) 

with 

a(6u,v;u*) k tr[e(v)"(e(u*),x)e(6u)]dx, (2.62) 

L(v;u*) { (v,pb0)dx+ { (v,p0 )ds - { tr[e(v)S(e(u*),x)]dx. (2.63) ln J~ Jn 
Note that a is linear and symmetric in its first two arguments and that L is linear 
is its first argument. The iterative procedure can then be formulated as follows. 
Given Un EU, find OUn EV such that for all v EV, 

a(6Un, v; Un) = L(v; Un), (2.64) 
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and set Un+i =Un+ bu.,. Note that Un E U and bu., E V imply that Un+i E U. 
The linear weak form (2.64) is solved using a finite element method. The stability 

of this method is guaranteed by the demand that a is continuous in its first two 
arguments and that L is continuous in its first argument. In addition, a has to be 
V-elliptic (Johnson 1987, Chapter 2), that is, there has to exist a positive constant;;, 
such that for all v E V, 

a(v, v; u*) ~ Kllvlli. (2.65) 

Here, 11 • llv is the norm in the space V, defined as 

[ 
{ ( av; av; ) ] ~ Uvllv = Jn vivi + ox; ox; dx . (2.66) 

If softening does not occur, the eigenvalues of 't' are positive throughout the region n, 
which implies that 't' is positive definite in 0. In that case, there exists a positive 
constant c such that for all e E IL~, 

tr(e't'e) ~ ctr(e2
). (2.67) 

Then, it is readily seen that (2.65) is satisfied (Velte 1976, Chapter 2, Section 2.2.10). 
However, if softening does occur inside a region R c n, Cl/ has at least one 

eigenvalue, ). say, that is negative in R. If v E V is such that E(v) lies in the 
eigenspace of ). inside the region R and is zero outside of R, then we have 

a(v, v; u*) = l). tr[ E2(v)] dx < 0. (2.68) 

In that case, the condition of V-ellipticity is not satisfied, and convergence of the 
finite element method is not guaranteed. 

Several solutions for this problem have been suggested in the past. The essence 
of these solutions is to include long-range effects into the constitutive equation, such 
that the system of PDEs and the weak formulation become elliptic and V-elliptic. In 
the next section we discuss some of these solutions. 

2.8 Constitutive Models of Higher Grade for Strain-Softening 
Materials 

As we have pointed out in the preceding section, the strain-softening behaviour of 
materials causes the equilibrium equation to change character in (some parts of) the 
material. By using constitutive equations of higher grade {and thus introducing non
local effects), this can be circumvented since the character of the PDE is determined 
by the terms with the highest order derivatives. Several such solutions have been 
suggested in the past. They can be divided into three categories: the polar theories, 
the non-local theories, and the gradient dependent theories. 

In the polar theories (Eringen and Kadafar 1976, Eringen 1966a), of which the 
Cosserat theory (De Borst 1990, De Borst and Mtihlhaus. 1991) is a special case, it 
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is assumed that the material points are able to rotate independent of their displace
ments. To that end, additional rotational degrees of freedom are introduced in the 
form of directors. In Chapter 4 we will show that these theories are similar to the 
grade-N models discussed above. 

In the non-local theories (Ba.Zant et al. 1984, Bazant et al. 1987, Ba.Zant and 
Zubelewicz 1988), long-range effects are included in the model by introducing averages 
of strain in the constitutive equation. The stress at a point x is then assumed to be 
a function of the average of the strain (e} (x) over a neighbourhood of x, defined as 

(e}(x)= ~ l w(y)e(x+y)dy, (2.69) 

where V = JR dy is the volume of the neighbourhood, and where w is a weighting 
function with unit mean, 

1 l w(y)dy 1. (2.70) 

If we assume that the strain field is smooth so that e(x + y) can be expanded in a 
Taylor series about x, the mean strain (e} (x) can be expressed in terms of gradients 
of the strain tensor e(x), 

(2.71) 

By taking the first N 1 terms of this series expansion, we see that a grade-N 
model is an approximation of a non-local model. The error is of order O(diamN (R)), 

·where diam(R) is the diameter of the set R. Note that the continuity requirements 
for the displacement field are much larger in the grade-N model, than in the non
local approach. Whereas the displacement field has to be two times continuously 
differentiable in the non-local models, its derivatives of order up to and including N + 1 
have to be continuous in a grade-N model. This has its implications especially for 
finite elements methods. See also Chapter 5. 

Finally, in the gradient dependent theories (De Borst and Miihlhaus 1992, Tri
antafyllidis and Aifantis 1986), higher order derivatives of strain are incorporated 
directly in the constitutive equation, yielding a true grade-N constitutive equation. 

The main problem that arises with these models, and with grade-N models in 
general, is that of the boundary conditions. As we have pointed out already at the end 
of Section 2.3, the set of PDEs consisting of the equilibrium equation, the constitutive 
equation, and the relation between the strain field and the displacement field, has to 
be completed by a set of boundary conditions. These boundary conditions express 
the external influences on the material body. For a grade-one constitutive equation, 
the resulting set of PDEs is of second order. This implies that in the general three
dimensional case, at each point of the boundary three boundary conditions have to 
specified. These can either be the displacements u or the tractions <TD (boundary 
loads), or a combination of them (cf. (2.56) and (2.57)). 

For a general n-dimensional grade-N constitutive equation the resulting set of 
PDEs is of order N + 1, and requires nN boundary conditions, involving derivatives 
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of the displacement field of order up to and including N. Hence, in comparison 
with a grade-one model, n(N -1) additional conditions have to be specified. Where 
the boundary conditions for a grade-one model have a clear physical interpretation 
(displacements or boundary loads), the physical meaning of the additional conditions 
for a model of higher grade is not always clear. We return to this issue in Chapter 4. 



3 A Micromechanical Model for 
the Failure Behaviour of Composites 

3.1 Introduction 

In a discrete model (cf. Chapter 1) a detailed micromechanical description of a mater
ial is used. The microlevel has to be chosen in such a way that the phenomenon under 
investigation can be conveniently described. For example, when studying the failure 
behaviour of composite materials, choosing the microlevel to be that of the mole
cules is not a very practical choice. Instead, since the failure behaviour is governed 
by cracking and debonding of the components, the level of the constituents of the _ 
composite is more appropriate. On this level, a proper description of the constituents 
and their interactions has to be chosen. 

It seems convenient to assume that the constituents themselves are large enough 
to be regarded as (grade-one) continua. In the case of particulate composites, where 
the dimensions of the particles are typically of the order of micrometers, this is 
justified. The material behaviour of the constituents can then be described using 
classical continuum mechanical models. In the examples below, we use a linear elastic 
material behaviour because of its simplicity, but more complex models are possible. 

In this chapter, we focus on the modelling of the interaction between two adjacent 
constituents. The model is based on the one proposed by Axelrad (1978, 1984). It is a 
simplified version of the model presented earlier (Vosbeek 1993). Here, it is assumed 
that the deformations are small. We assume further that the particles are separated 
by a thin layer, called the interface layer. Within this layer the particles interact. 
The interactions may be due to the molecular bonds, or to the presence of fibrils in 
cases of crazing, for example. They are taken into account by joining the boundaries 
of the particles by a set of identical non-linear springs. These springs yield boundary 
load distributions on the particles. 

The interaction between two points is assumed to be conservative with respect 
to the distance between them, that is, it is assumed that there exists a function 
U: [ 0, oo) --> JR, the interaction energy, such that the force that acts on a point P at 
a distance r of a point P0 , due to its interaction with P 0 , is given by 

~(r) 
r 

gradU(r) = -.P(r)-. 
r 

(3.1) 

Here, r is the norm of the vector r (Figure 3.1). The function <Ii(r) = U'(r) is the 
magnitude of the force. 
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'Po • 'P 
--~----------------------""'!---E _________...,1 --

Figure 3.1 The force •(r) acting on the point 'P at a distance r of 'P0 , due to its 
interaction with 'Po 
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Figure 3.2 The interaction energy U(r) and the force <P(r) of a Lennard-Jones 
· interaction (van der Waals interaction) between two molecules as a function of the 

separation r 

For example, if the spring represents the weak van der Waals interaction between 
two molecules, the interaction energy U(r) is usually taken to be a Lennard-Jones 
potential (Stroeks 1991, Chapter 2), defined as 

m [(r0 )n U(r)=--Uo -
n-m r 

(3.2) 

Here, m and n are natural numbers with n > m > 0, and r0 is the equilibrium dis
tance, corresponding to minimal energy -U0 • The typical form of both U(r) and <P(r) 
is depicted in Figure 3.2. Note that <P(r) < 0 if r < r 0 , corresponding to repulsion of 
the two molecules, and that <P(r) > 0, if r > r0 , corresponding to attraction. 

In Section 3.2 we describe the details of this interface model. Two versions 
are discussed: a discrete version with only a finite number of interactions, and a 
continuous version with an infinite number of interactions. Finite element methods 
for these models are presented in Section 3.3. A general linearised weak formulation 
of the problem is given, and a two-dimensional interface element is developed. In 
Section 3.4 some applications of the model are presented. 
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Figure 3.3 Two constituents of a composite separated by an interface layer. 

3.2 A Model for an Interface Between Two Constituents 

Consider two constituents, 8 1 and 8 2 , of a composite material C. Since we assume 
that their mechanical behaviour can be described by standard continuum mechanical 
theories, we have, for each of the particles, the balance laws described in the preceding 
chapter, and the elastic grade-one constitutive equation (2.27). This set of equations -
has to be completed by a set of boundary conditions. The boundary conditions are 
due to external loads on the particle (if (part of) its boundary coincides with that of 
the macroscopic composite), or to the interaction with the other particle. 

Let 111 and 112 be the configurations of 81 and 82 respectively, and let 11 be their 
union (Figure 3.3). Let rk be the boundary of 11k (k 1, 2), and let it be decomposed 
into three (possibly empty) disjoint parts, 

(3.3) 

On ruk the displacements of the material points are prescribed, while on rpk prescribed 
boundary loads (tractions) are acting on Bk· The part nk is the part of rk where 
the interaction with the other particle is taking place. Since the particles are only 
interacting with each other, there is no resultant force on the interface region, that 
is, if fk fk(u, x) is the load distribution on rik, and Fk is the total force on rik' 

(3.4) 

then we have 

(3.5) 

The system of balance laws given in Chapter 2, together with the constitutive equa
tions of the particles, can now be completed with the following set of boundary 
conditions for both 81 and B:i, 

u Uo, on ru, 

D'n Po, on rP, 
D'll fk, on rib for k = 1, 2. ' 

(3.6) 

(3.7) 

(3.8) 
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Here, fu fu1 U fu2, fv = fv1 U fv2, and n is the outward normal on f = f 1 U f 2• The 
subscript 0 again denotes prescribed quantities. The functions f1 and f2 have to be 
chosen such that (3.5) is fulfilled. 

The Continuous Version 

For the continuous version of the model, we assume that a point x1 E Iii interacts 
with a set S2(x1) of points on Ii2 (Figure 3.4a). Then, obviously, the point x2 E Ii2 

interacts with the points of the set S1(x2 ) ~ fn, with 

(3.9) 

("x2 interacts with all the points x1 , such that x1 interacts with x2"). According 
to (3.1), the force (per unit area squared) acting on a point xk + u(xk), due to its 
interaction with Xt+n(xt) reads F(r(xk, Xt; u)), where r(x, y; u) is the distance between 
the points x + u(x) and y + u(y), 

r(x,y; u) = x + u(x) -y - u(y). (3.10) 

Note that r is anti-symmetric in its first two arguments: r(x,y;u) -r(y,x;u). The 
total force applied by the set S2(xi) to the point x1 E fu and the total force applied 
by the set S1(x2) to x2 E Ii2 are now given by 

f1(n,x1) = { +(r(x1,X2;n))ds2, X1 E fn, 
ls2(x1) 

(3.11) 

f2(n,x2)= { +(r(x2,X1iU))dsl> X2Efi2· 
ls1(x2) 

(3.12) 

The latter equations give us the desired boundary loads on the interaction sur
faces of the particles. To show that they satisfy (3.5), note that 

(3.13) 

(3.14) 

Since r is anti-symmetric, and+ is odd (+(-r) = -+(r)), and because of the fact 
that x1 is an element of S1(x2) if and only if x2 is an element of S2(x1) (cf. (3.9)), it 
follows that the sum F 1 + F 2 indeed vanishes. 

The Discrete Version 

In the discrete version of model, we choose a partition &Jk of disjoint subsets of riki 

such that 

(3.15) 
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(a) (b) 

Figure 3.4 The continuous version (a) and the discrete version (b) of the interface 
model. 

The subsets C E &k are called cells. We assume that the cell C1 E & 1 of rn interacts 
with a family ..9"2(C1) ~ & 2 of cells of ri2 (Figure 3.4b). Then, the cell C2 E & 2 · 

interacts with the family ..9"1 ( C2) ~ &i. with ..9"1 ( C2) given by 

(3.16) 

(cf. ( 3. 9)). For the interaction between two cells, we choose in each cell C a fixed 
point e0 , its interaction point, and connect these two points with a spring. The force 
(per unit area squared) acting on a point xk in the cell Ck, due to the interaction 
of Ck with Ct. is given by g}(r(ec.,ect;u))µ(Ct), where µ(A)= JA ds is the area of 
the set A. The load distributions fk(u, xi<) on rik are now readily seen to be 

f1(u,x1) = L: g}(r(ecpec2 ;u))µ(C2), x1 E C1 E &1' (3.17) 
C2E.9'2(C1) 

L: g}(r(ec2,ec,;u))µ(C1), x2 E C2 E &2. 
01 E.9'1 ( 02} 

Note that the total forces on fii and ri2 are given by 

F1 = L: µ(Ci) L: •(r(ec"ec2;u))µ(C2), 
01 E9'1 C2E.9'2(Ci} 

F2 = L: µ(C2) L: •(r(ec.,ec,;u))µ(C1), 
C2E9'2 C1E.9'1(C2} 

(3.18) 

(3.19) 

(3.20) 

and that since C2 E ..9'2(C1) if and only if C1 E ..9"1(C2) (cf. (3.16)), the sum of these 
forces vanishes. Hence, these load distributions satisfy (3.5) too. 

Notice further that if a set Ck interacts with all the sets Ct within a fixed part of 
the interaction surface of a particle, and if the partition of .subsets of that interaction 
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surface is getting finer and finer, i.e., if µ(Ct) ----+ 0, the sums (3.17) and {3.18) converge 
(if they converge) to the integrals in (3.11) and {3.12). The continuous model can 
thus be seen .as the limit case of the discrete model. 

3.3 Finite Element Methods for Interface Models 

Let us now discuss some finite element methods for the two versions of the interface 
model described in the preceding section. We start by deriving a weak formulation 
of the governing set of equations, assuming that the motion of components of the 
composite is quasi-static. This results in a non-linear equation for the displacement 
field that has to be solved iteratively. We focus on the contributions of the interface 
to this equation, and work them out for two-dimensional plane-stress and plane-strain 
situations. Based upon these results, several interface elements can be formulated. 

Let v E V, with V given by (2.60), be a test function on 11. Following the 
procedure of Section 2. 7, we obtain the following weak formulation for this problem, 

L tr[e(v)G(e(u),x)]dx 1u(f1(u,x),v)ds fr,
2

(f2(u,x),v)ds 

= f{Pbo,v)dx+ f (p0,v)ds. (3.21) Jn lrp 

Here, the boundary conditions (3.7) and (3.8) are applied. The second and third term 
on the left-hand side are due to the interaction between the particles. This relation 
is a non-linear equation for the displacement field u, that has to be solved iteratively. 

· Substitute u = u• + ou, and expand the integrands into Taylor series about u•. Note 
that from the definition (3.10) of r it follows that 

r(x, y; u· + ou) = r(x,y; u*) + or(x,y; ou), {3.22) 

where or(x, y; ou) is given by 

or(x,y;ou) ou(x) - ou(y). (3.23) 

The boundary loads on the interface surfaces can now be written as 

(3.24) 

in which Ofk is linear in ou. For the continuous version of the model, it follows from 
(3.11) and (3.12) that 

of1(u*,ou,xi) = { M(r(x1,x2;u*))or(xi,x2;ou)ds2, for X1 E ru, 
j S2(x1) 

(3.25) 

of2(u*,ou,x2) = f M(r(x2,X1;u*))or(x2,x1;ou)ds1' for X2 E Ii2, 
j S1(x2) 

(3.26) 
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while for the discrete version of the model, the relations (3.17) and (3.18) imply 

for x1 E C1 E 9i, (3.27) 

L M(r(ec2,ec1i u*))6r(ec,,ec1; 6u)µ(C1), 

Here, the second order tensor M(r) is defined as the gradient of q; with respect tor, 

M(r) = a:r). (3.29) 

Since q; is odd, Mis even (M(-r) = M(r)). 
After disregarding terms of order 0(116ull2

), we obtain 

a(6u, v;u*) L(v;u*), (3.30) 

with 

a(ou, v; u*) k tr[ e(v) '&'(e(u*), x) e(6u) J dx 

[.

1 

(of1(u*,ou,x), v)ds h. (Of2(u*,ou,x), v)ds, (3.31) 

L(v;u*) {(pb0,v)dx+ { (p0,v)ds- { tr[e(v)G(e(u*),x)jdx Jo J~ Jo 
+ l

1

(f1(u*,x),v)ds+ fr;
2

(f2(u*,x),v)ds. (3.32) 

Notice that a is linear in its first two arguments and that L is linear in its first 
argument. The iterative procedure now reads: Given u,. E U, find ou,. E V, such 
that for all v E V, 

a( ou,., v; u,.) = L( v; u,.), (3.33) 

and set U..+1 = u,. + ou,.. 
Based upon this general formulation, several interface elements can be formu

lated. We now focus on a two-dimensional quadrilateral element. See Vosbeek (1993) 
for other types of elements. 

A Two-Dimensional Interface Element 

Assume that the particles 8 1 and 8 2 are in a plane-strain or plane-stress state. In 
that case, the problem (3.33) reduces to a two-dimensional problem, in which the 
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Figure 3.5 The interface element between two line segments A1 and A2 of the inter
action surfaces Iii and r;2 with generalised forces kki at the nodes Nki (k = 1, 2) 

configurations are now bounded regions in R 2 and their boundaries are simple closed 
arcs. 

Let us choose, for the finite element method, a triangulation for the configura
tions such that these arcs are interpolated piece-wise linearly (e.g., by using four
noded quadrilateral elements, or three-noded triangular elements). Let Nkl and Nk2 

be two consecutive nodes on r;k, and let nk1 and nk2 be their respective positions (Fig
ure 3.5). Let Ak c Iik be the line segment between them, given by the parametric 
representation 

2 

A"':x = ;n(t) = L "\b;(t)nk;, fort E [O, 1), (3.34) 
i=l 

in which "\fl1(t) = 1 - t and "\fl2(t) = t are the interpolation functions. We use a 
Galerkin method, that is, we interpolate the functions v E U U V accordingly, 

2 

vlAk vk(t) = E "\b;(t) vki> fort E [ 0, 1). (3.35) 
i=l 

Here, vki = v(nk;). We can now form an interface element between the boundaries A1 

and A2 by constructing a quadrilateral Q such that these line segments are opposite 
edges of Q. 

The Continuous Version 

In the continuous version of the interface element, we assume that a point xk 

Xk(t) EA"', with t E [O, 1), interacts with the points xi(S(t)), where S(t) c [O, 1) is 
given by 

S(t) {sE [0,1) I ls-ti ~a}, (3.36) 

in which a is a fixed real and positive constant. Note that this assumption implies 
that the interaction is confined within the element Q (i.e., there is no interaction 
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between neighbouring elements). Substituting the interpolations (3.34) and (3.35) 
into the equations (3.11), (3.12), (3.25), and (3.26), and noting that 4l is odd and M 
is even, it follows that 

(3.37) 

(3.38) 

and 

(3.39) 

(3.40) 

i(tll t2) = r(x1 (t1), x2(t2); u*) 
2 2 

L 'lf'J;(t1)(nli + ui;) - L 'ljJ;(t2)(n2; + u2;), (3.41) 
i=l i=l 

and 

6i(t1, t2) 6r(x1(t1), x2(t2); 6u) 
2 2 

I: 'ljJ;(t1)6ui; - I: "'7;(t2)6u2;- (3.42) 
i=l i=l 

Notice that lldXk(tk)/dt1:ll = llnk2 - nk1ll = fk is the length of A1;. 
With these relations, the contribution of the interface to the linearised weak 

form (3.30) can be written as 

2 

L (v1<;, Kkilj6uej), (3.43) 
k,i,£,j=l 

and 

2 

L (kki1 Vk;), (3.44) 
k,i=l 
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in which Kkifi are the stiffness tensors of the interface, given by 

Kiili = -£if.2 f1 dt1 f ·1fii(t1)1/'i(t1) M(r(tli t2)) dt2, 
lo ls(ti) 

K1;2j = £1 £2 f 1 dt1 f '¢;(t1)1/'i(t2) M(r(ti. t2)) dt2, 
lo 1 S(ti) 

K2ilj £1£2 f
1 

dt2 f '¢;(t2)¢1(t1)M(r(tlit2))dt1, 
lo ls(i.) 

K2i2j = -£1£2 [1 dt2 f 1/'i(t2)¢1(t2) M(i(t11 t2)) dt1, lo ls(ta) 

and kki are the generalised forces at the nodes Nki, given by 

{

kli=-£1£2 r1dt1 f 1/'i(t1)CJ(r(tbt2))dt2, 
lo ls(t1) 

k2i £1£2 f
1 

dt2 f ¢1(t2)CJ(f(tlit2))dt1. 
lo ls(ta) 

The latter relations completely specify the interface element Q. 

The Discrete Version 

(3.45) 

(3.46) 

In the discrete version, we choose a uniform partition of cells Ckn on Ak, according 
to 

Ckn={x=x,.,(t)l(n I)h~t<nh}, forn 1,2, ... ,N, (3.47) 

for a fixed N E N, and with h = I/N. We choose the centre ekn = Xk(rn), with 
Tn = (n - Dh, of the cell Ckn to be its interaction point, and we assume that Ckn 
interacts with the cells Ctm> form E In, with 

In { m E {1, 2, .. ., N} I Im~ nl ~ M }. (3.48) 

Here, ME N is a fixed integer. Note that, like in the continuous version, there is no 
interaction between neighbouring elements. Using the same procedure as in the con
tinuous version, the contributions of the interface to the linearised weak form (3.30), 
can be written as (3.43) and (3.44), in which the stiffness tensors KkitJ and the gen-
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eralised forces kki at the nodes are now given by 

N 

Klilj = -h2
f.1f.2 L L v\(7n1h'1j(Tn2) M(f(Tnp Tn2)), 

n1=l n2Eln1 
N 

Kli2j = h2
f.1f.2 L L 'l/li(Tn1)'1f'ij(Tn2 )M(r(7np1"n2)), 

ni=l n2Eln1 

N 
(3.49) 

K2ilj = h2f.1f.2 L L ¢i(7n2)¢j(7n1)M(r(rnp7n2)), 
n2=1 niEI.,2 

N 

K2i2j = -h2f.1f.2 L L ¢i(7n2)¢j(rnJ M(f(rnp Tn2 )), 

n2=1 niEI.,2 

and 

N 

kli = -h2
f.1f.2 L L ¢i(Tn1 )~(f(rn1 ,Tn2 )), 

n1=l n2Eln1 (3.50) . 
N 

k2i = h2f.1f.2 L L ¢i(7n2 )~(f(7np1"n2 )), 
n2=1 niEI.,1 

respectively. Again, these relations completely specify the interface element Q. 

3.4 Applications of Interface Models 

Let us now discuss some applications of this interface model. In the calculations, the 
discrete variant of the interface model is used, with 200 cells per element interaction 
boundary (N = 200). For the interaction energy of a single spring, the Lennard-Jones 
potential (3.2) is used, with (n, m) (12, 6) and equilibrium length r 0 = 0.01 [L J 
and minimal potential energy (per unit length squared) U0 = 0.01 [FL - 2 

]. 

A Peel-Off Test 

As a first example, consider a peel-off test (Figure 3.6), in which a thin, linear elastic 
plate, with cross-section ABCV (10 x 1 [ L]) is glued to a rigid surface by an interface 
layer along AB. The thickness of the interface layer is 0.01 [ L]. The cross-section is 
assumed to be in a plane-strain state, i.e., it is assumed to satisfy the constitutive 
equations (2.34), in which E and v are constants. The latter parameters are set to 
1000 [FL - 2

] and 0.3, respectively. The cross-section is divided in a regular mesh of 
40 elements (20 x 2), and the interface layer is divided into 20 elements. The side BC 
of the cross-section is clamped, while the xi-component of the displacement u of the 
centre of the side VA is prescribed. 

In Figure 3.7 the vertical component of the force F, acting on the centre point 
is plotted against the displacement of this point. The two curved lines in that plot 
show the response of the plate for two different values of M (M = 1, 2). Recall that 
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Figure 3.6 The cross-section of an elastic plate ABC'D glued to a rigid surface by 
an interface layer along AB for the peel-off test 
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- Figure 3. 7 The force-displacement relation in the xi-direction for the peel-off test 
and the bending test 

each cell interacts with 2M + 1 other cells. Hence, the higher M, the larger the region 
becomes with which a point interacts. We see that the maximum of the applied force 
increases with M, which is quite obvious, since there are more interactions between 
the boundaries. For comparison, the straight line in that plot shows the force in case 
the interaction between the rigid surface and the side AB of the plate is omitted. 
We see that the curved lines converge to that straight line. This is caused by the 
fact that the Lennard-Jones force decreases rapidly to zero, after having reached is 
maximum at r = r0 (Figure 3.2). In that case, the interface "collapses". 

A Fibre Pull-Out Test 

The second application of the two-dimensional interface element is a fibre pull-out 
test. In this test, a fibre, initially embedded in a matrix, is being pulled out. The 
configuration is shown in Figure 3.8. Because of the symmetry of the problem, only 
half of the composite is modelled. The fibre AB'DC (10 x 0.1 [ L]) is connected to the 
matrix C'DFE (10 x 2.5 [ L]) by an interface layer along CV, with thickness O.Ql [L ]. 
Both the fibre and the matrix are assumed to be linear elastic. Young's modulus of the 
fibre is 100000 [FL - 2 

], and that of the matrix is 1000 [FL - 2 
] • The Poisson ratios are 
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Figure 3.8 The cross-section of fibre pull-out test with a fibre-matrix interface 
along CV 
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Figure 3.9 The force-displacement relation in the horizontal (x)-direction for the 
pull-out test for four values of M 

set to 0.25 and 0.3, respectively. Both matrix and fibre are assumed to be in a plane
strain state. The matrix is divided in a regular mesh of 100 elements (20 x 5). The 
fibre and the interface layer are both made up of 20 elements (20 x 1). The side e:F 
is clamped, while the displacements in the x2-direction of .AB are suppressed. 

In Figure 3.9 the x1-component of the force F applied to the fibre end BD is 
plotted against its displacement, for four different values of M. We observe that for 
higher values of M, the interface collapses at larger displacements of the fibre end. 
This is because the region with which a cell interacts becomes larger if M increases. 



4 A Continuum Mechanical Model for 
the Failure Behaviour of Discrete Media 

4.1 Introduction 

In Chapter 2 we discussed the problems that occur in the continuum mechanical 
description of the strain-softening behaviour of materials. It appears that in order 
to describe this behaviour properly, constitutive equations of grade larger than one 
are required. In the preceding chapter, we proposed a method to describe the failure 
behaviour of materials at the discrete level. Using the interface model developed 
there, it is possible to make a very .detailed model of the composite, that includes 
various possible failure modes like matrix cracking and crazing, and fibre-matrix· 
debonding. In contrast to the grade-one continuum mechanical model, softening and 
localisation of deformation is confined to a finite number of places (in the interface 
layers only), and causes no significant problems. 

Based on these results we can conclude that strain-softening and localisation of 
deformation can be described in two ways: either by using a grade-N (N > 1) con
tinuum mechanical model, or by means of a discrete model in which the constituents 
are described by conventional local (grade-one) constitutive equations, and where 
the softening behaviour is confined to interface layers between them (see also Rots 
(1988), Vonk (1992)). The aim of this thesis is to fill the gap between these two 
descriptions. In this chapter, we derive a continuum mechanical constitutive equa
tion that is able to describe the strain-softening and localisation of deformation of a 
material, based upon the discrete description of the material on the micromechanical 
scale, using interface layers. This transition from a discrete description of a material 
to a continuum description is called homogenisation. 

Section 4.2 gives a short overview of the existing homogenisation methods. Due 
to the softening behaviour of the material and the accompanying localisation of de
formation, these methods fail. They can be generalised and extended in a straight
forward and natural way, yielding a grade-N constitutive equation, with N > 1. This 
is discussed in Section 4.3. In Section 4.4 we used this extended method for the ho
mogenisation of the model material depicted in Figure 1.2. This leads to a grade-three 
constitutive equation with four unknown parameters. In Section 4.5 these parameters 
are determined by comparing finite element calculations on the RVE with the consti
tutive equation derived in Section 4.4. Finally, Section 4.6 contains some concluding 
remarks about the obtained constitutive equation, and discusses the important sub
ject of the boundary conditions that are required for the non-local continuum. As 
stated in Section 2.8, models of grade larger than one require additional boundary 
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Heterogeneous medium S ,,.... 

RVE 

Equivalent 
homogeneous medium 

Figure 4.1 Representative volume element RVE 

conditions, compared to the prescribed displacements or boundary tractions in local 
models. 

4.2 Classical Homogenisation Techniques for Discrete Media 

The aim of homogenisation is to replace the discrete medium with a unique equiv
alent continuous medium. To put it differently, homogenisation is the process of 
determining a constitutive equation that describes the material behaviour of the dis
crete medium in continuum mechanical concepts, i.e., in terms of stresses and strains. 
In the past, many procedures have been proposed, each based on different mathe
matical techniques. The most important of these are the asymptotic theories for 
periodic structures (Duvaut 1977, Bensoussan et al. 1978, Michel 1984, Lene 1986), 
the statistical approaches (Beran and McCoy 1970, Levin 1971, Axelrad 1984), and 
the deterministic approaches (Hill 1965, Maugin 1992). 

The fundamental assumption in these theories is the statistical homogeneity 
of the material. This means that the statistical properties of the physically relevant 
fields are the same at any point in the material. In that case, a so-called representative 
volume element, or RVE, can be identified. The periodic cell of a periodic composite 
is an example of an RVE. The RVE is assumed to be in equilibrium, that is, if er ( x, y) 
is the Cauchy stress at position y in the RVE R, associated with point P at position x 
in the continuum 0 (Figure 4.1), we have 

divycr(x,y) 0, y ER, x E 0. (4.1) 

Here, divy is the divergence operator with respect toy (see also (2.16)). In addition, 
the material behaviour at each point in the RVE is assumed to be known, and is, 
for example, specified as a relation between the Cauchy stress cr(x,y) and the lin
ear strain e(x, y ), where e(x, y) is defined in terms of gradients of the displacement 
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field u(x,y) of the RVE, with respect toy. Finally, a set of boundary conditions on 
the boundary S of the RVE completes the mechanical problem for the RVE. 

The macroscopic degrees of freedom are the stress field u(x) and the strain 
field e(x) on n. They are defined as averages of the corresponding quantities defined 
on the RVE, 

u(x) = (u} (x) and e(x) = (e} (x), x ED, (4.2) 

in which (.) is the averaging operator. The theories mentioned above differ mainly 
in their notion of average. In the statistical theories the average is taken over an 
ensemble of possible RVEs, while in the deterministic theories the average is taken 
over the region R occupied by the RVE, 

(¢) (x) = ~ l ¢(x, y) dy, with V = l dy. (4.3) 

In the theories for periodic structures the average is taken over the periodic cell. 
The values of the macroscopic degrees of freedom are applied to the RVE through 

appropriate boundary conditions. The latter have to be consistent with the defini
tfons ( 4.2) of these degrees of freedom. For deterministic approaches, the consistency 
relation for dynamical boundary conditions immediately follow from the equilibrium · 
equation (4.1). Since 

(4.4) 

in which okj is Kronecker's delta and where a;i and Yi are the components of u and y 
with respect to some orthonormal base, we have by Gauil' Divergence Theorem, 

Here, n(x,y) is the outward normal on S, and p(x, y) u(x,y)n(x, bfy) is the bound
ary load vector on S. Due to the symmetry of the Cauchy stress tensor, we also have 

(4.6) 

From this relations, it follows that the consistency relations for the boundary load 
vector p(x,y) read, 

The simplest possible dynamical boundary conditions that satisfy ( 4. 7) are uniform 
tractions, 

p(x,y) =D'(x)n(x,y), on S. (4.8) 
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(The consistency follows immediately from the Divergence Theorem.) Note that 
with ( 4.7), the geometrical average of the stress field on the RVE can be determined 
from the tractions on the boundary. 

The consistency relations for kinematical boundary conditions are a direct con
sequence of the definition of the linear strain field on the RVE and the Divergence 
Theorem. Integrating E;1(x, y) yields, after applying GauB' Theorem, 

so that the consistency relations for the boundary displacements read 

2~ ls ( u;(x, y)n1(x, y) + uj(x, y)n;(x,y)) ds €;j(x), i,j = 1, 2, 3. (4.10) 

The simplest possible consistent kinematical boundary conditions are uniform strains, 

u(x, y) = 11o(x) + e(x)y, on S. (4.11) 

(The consistency of this relation follows again from the Divergence Theorem, and from 
the fact that e(x) is symmetric.) Under the assumption of ergodicity, that is, under 
the assumption that volume averages equal ensemble averages (Hashin 1983), one 
easily show that the average strain field is compatible, that is, there exists a macro
scopic displacement field ii(x) such that e(x) = e(ii(x)). In fact, since the ergodic 
assumption implies that averages of partial derivatives of a microscopic field ¢(x, y) 
with respect to Yk equal partial derivatives of the average field (¢} (x) with respect 
to Xk, 

/8¢(x,y)) 
\ oyk 

8 (¢) (x) 
OXk 

( 4.12) 

the macroscopic displacement field is given by the average value of the microscopic 
displacement field, 

ii(x) = (u) (x). (4.13) 

In addition to these two types of boundary conditions, a third type can be 
recognised. This set of conditions emerges from the periodicity condition for periodic 
structures. In that case, the tractions un are opposite on opposite faces of S (where 
n corresponds to -n) and the strain e(x,y) is made up of two parts, the mean e(x) 
and a fluctuation e(u*(x,y)) such that 

e(x,y) e(x) + e(u*(x,y)), {e(u*(x,y))) = 0, (4.14) 

in which u*(x, y) can be shown to be periodic in y (see also Maugin (1992)). Through 
a combination of the arguments given above, it can be shown that these conditions 
are also consistent with the definitions ( 4.2). 

Note that the averages a(x) and e(x) of stress and strain tensors serve as in
and output data for the mechanical problem for the RVE. Depending on the type of 
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boundary conditions applied, the average strains are the independent quantities (de
grees of freedom) and the average stresses are the dependent quantities, or vice-versa. 
The relation between these two averages is the macroscopic constitutive equation. 
Notice further that the constitutive equation obtained in this way is of grade one. 
Hence, these methods assume, implicitly, that at the macroscopic level the principle 
of local action holds. 

The methods described above are of course valid only if the other statistical 
moments, such as the variance, of the stress and strain fields on the RVE are small in 
comparison with these averages. (From the theory of probability it is known that the 
statistical properties of a field ¢(x, y) on the RVE are fully determined by its statistical 
moments(¢") (x) (n E JN), or, alternatively, by its central moments ((¢- (¢))") (x) 
(n E JN); see e.g. Prohorov and Rozanov (1969).) In fact, a measure for the error in 
the relation between u(x) and e(x), if this relation is used as a constitutive equation 
for the discrete medium, is 

( 4.15) 

in which II· II is an appropriate norm. Auriault (1991) shows that this error is small 
if there is a good separation between the microscopic and macroscopic scale, that is, 
if the ratio of a typical length at the microscopic scale and a typical length at the 
macroscopic scale is much less than 1. 

4.3 Homogenisation and Strain-Softening 
As we have already pointed out in the introductory chapter, experimental data for 
concrete show that the localisation region is in the order of a few times the grain size 
(Reinhardt and Hordijk 1988). Hence, for these materials,£/ Lis in the order of~' so 
that the separation of scales is bad. In that case, the error (4.15) is not small and the 
relation between average stress and average strain is not a valid constitutive equation 
for the macroscopic continuum. This is not surprising since, as we have noted in 
the preceding section, the latter relation is a grade-one constitutive equation, and we 
have seen in Chapter 2 that in order to describe strain-softening and localisation of 
deformation properly, constitutive equations with grade larger than one are required. 
From the classical point of view an equivalent (local) continuous medium does not 
exist (Auriault 1991), but by taking additional moments of the stress and the strain 
field into account, and thus introducing supplementary degrees of freedom at the 
macroscopic level, we may still be able to formulate a valid (non-local) constitutive 
equation for the medium. 

Alternatively, partial derivatives of the averages of the stress and strain field 
may be chosen as additional macroscopic degrees of freedom. Following Novozhilov 
(1969), we assume that the variation €;j(x, y) f;j(x) of the strain field around its 
average can be written in the form, 

_ _ fltki(x) 
€ij(x,y) - €ij(x) = U;jkt(x,y)eke(x) + biJktm(x,y)-£:.--

vXm 

o2tke(x) + CiJktmn(x, y) 
0 0 + · · · , y E R, ( 4.16) 

Xm Xn 
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in which the coefficients a;jkl(x,y), b;jklm(x,y), C;jklmn(x,y), etc., are zero-average 
tensor fields on the RVE. By means of this relation, the statistical moments of the 
strain field can be expressed in terms of the partial derivatives of the average strain 
field. 

It is of course possible to take additional moments (or partial derivatives) of both 
the stress and the strain field into account. There is, however, a big difference between 
the former and the latter. Whereas the moments of the strain field are kinematical 
quantities and are, as such, directly related to the macroscopic displacement field, the 
moments of the stress field are macroscopic constitutive quantities and require addi
tional equilibrium equations. Including the latter leads to a Cosserat-like continuum 
(see e.g. Toupin (1964)), while adding the former yields a grade-N model. For this 
reason, we consider additional moments of the strain field only. We choose as macro
scopic degrees of freedom the average stress u(x), and the average strain e(x) together 
with its partial derivatives. Moveover, for reasons of simplicity, we only consider first 
and second order derivatives of the average strain. Note that these quantities are the 
in- and output data for the mechanical problem for the RVE. The relation between 
the average stress on one hand and the average strain and its derivatives on the other 
hand becomes the macroscopic grade-three constitutive equation. 

The derivatives of the average strain field are now independent quantities in the 
macroscopic constitutive equation. Under the assumption of ergodicity ( 4.12), they 
are given in terms of the corresponding microscopic quantities, through the relations, 

i,j,k 1,2,3, ( 4.17) 

i, j, k, l = 1, 2, 3. (4.18) 

The boundary conditions on the RVE again reflect the values of the macroscopic 
degrees of freedom, and thus have to be consistent with each of them. For dynamical 
boundary conditions nothing has changed. These conditions still have to satisfy (4.7). 
For kinematical boundary conditions, however, the situation is quite different. In the 
classical methods, these conditions only have to satisfy ( 4.10). Now, they also have 
to be consistent with the derivatives (4.17) and (4.18) of the average strain. From 
the latter relations we derive after applying the Divergence Theorem, 

i, j, k = 1, 2, 3, (4.19) 

i,j,k,l= 1,2,3. (4.20) 

The displacement field at the boundary of the RVE now has to be chosen in such a 
way that the values of the strain field and its derivatives at the boundary of the RVE 
obey (4.19) and (4.20). Obviously, the displacement field can no longer be linear, but 
has to include quadratic, cubic, and possibly even higher order terms. 

To derive a consistent boundary displacement field, let us expand the displace
ment field of the RVE into a Taylor series around the origin y = 0 of the coordinate 
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system of the RVE and disregard terms of order O(llYll4
), 

(4.21) 

The strain field and its derivatives can then be determined by simple differentiation, 
yielding 

f:ij(X, y) aii(x) + /3ijk(x)yk + 
1 
fYiikt(X)YkYt, yER, (4.22) 

8ei;(x, y) = 
/3ijk(x) + 'Yijkt(x)ye, yeR. (4.23) 

oyk 

Here, we have assumed that the coefficients a;i, /3iik and 'Yiikl!. satisfy the following 
symmetry conditions, 

Q;j = Qj;, /3ijk = /3jik = /3ikj1 '/'ijkJ!. = '/'jikt = 'Yitjk = 'Yiktj· (4.24) 

Since we only need the values of these quantities at the boundary S of the RVE 
(cf. (4.10), (4.19), and (4.20)), we assume that the relations (4.21)-(4.23) hold at S, 
regardless of the values of u;(x,y), e;;(x,y), and &;j(x,y)/8yk in the interior of the 
RVE. 

Then, the coefficients a;i, /3;;k and 'Yijkt can be expressed in terms of the average 
strain and its partial derivatives. Substituting (4.21)-(4.23) into the consistency 
relations (4.10), (4.19), and (4.20) and applying the Divergence Theorem, yields, 

8t;j 

8xk 

a2tij 

{}xk8Xt = 

(1) 
Mt 'YiJkt• 

'/'ijkl!.> 

in which the constants MP) and M;~) are defined as 

(1) - 1 r 
M; - V j R Yi dy, 1, 2, 3, 

(2) _ 1 r 
M;i - V JR Y;Yidy. i,j = 1,2,3. 

(4.25) 

(4.26) 

(4.27) 

(4.28) 

(4.29) 

Observe that M;(l) and MW are fully determined by the geometry of the RVE. For 
example, if R is a square of size 2a (assuming a two-dimensional plane stress or plane 
strain state), 

R = { y E 1R2 I -a< Y; <a, i = 1, 2 }, (4.30) 
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it is readily seen that 

M;<1l 0, i = 1, 2, 

(2) - 1 26 
M;J - 3a ii• i,j 1, 2. 

Inverting the relations (4.25)-(4.27), we obtain, 

_ M(1)8t;i + [M(1)M(1) _ ~M(2)] 8
2
t;3 

k 8xk k e 2 kt 8xk8x1' 

/3ijk 

'Yijkl = 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

yielding the following expression for the displacement field at the boundary of the 
RVE, 

1 
u;(x, y) = u0;(x) + t;J(x)yj + 2 [ Yk 

1 
+ 6[YkYt y ES. (4.36) 

The latter relation is consistent with both the average strain and its first and second 
order derivatives. It reduces for a two-dimensional square RVE to 

y ES (4.37) 

(cf. (4.31) and (4.32)). 

4.4 Homogenisation of the Example Material 

In this section we determine a macroscopic constitutive equation for our example 
material depicted in Figure L2a. Due to the failure of the interfaces, the material 
is likely to show a strain-softening behaviour and an increasing localisation of de
formation upon failure. Thus, a valid constitutive equation cannot be obtained by 
establishing a relation between the average stress and the average strain on the rep
resentative volume element, which is depicted in Figure l.2b. As proposed in the 
preceding section, additional degrees of freedom can be incorporated into the macro
scopic constitutive equation, so as to obtain a non-local constitutive equation which 
does represent the mechanical behaviour of the medium. 

In the discrete description of the material, the RVE is taken as a collection of 
fibre and matrix particles that are large enough to be regarded as continua, and that 
are separated by interface layers. The configuration R of the RVE is given by the 
square (4.30) of size 2a (Figure 4.2). The fibre is a circle with radius !a - t whose 
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2a 

2a 

Figure 4.2 The finite element mesh for the RVE 

centre is positioned at the centre y = 0 of the RVE. Here, t = tc;a is half the thickness 
of the interface layers. Nine interface layers are considered: one between the fibre and 
the matrix and eight matrix-matrix interfaces. The latter represent possible matrix 
cracks, and are positioned along the coordinate axes y1 = 0 and y2 = 0, and along 
the diagonals y2 = y1 and y2 = -y1 of the RVE. 

The RVE is assumed to be in a plane strain state, so that a true two-dimensional 
problem arises. The material behaviour of both the fibre and the matrix particles is 
linear elastic and isotropic. For the interface layers the discrete version of the model, 
proposed in the preceding chapter, is used. The interaction force F( r) of a single 
bond with length r in the interface is given by 

Co log (;J, 0 < r ~ ro, 

C, r r0 r0 < r ~ (1 +t:c)r0 , 
F(r) = o--, 

(4.38) To 

(1 + ,,\)CoEc 
r -r0 ,,\Co--, 

To 
( 1 +,,\) (1 + Ec)ro < r ~ 1 +Ee-,,\- ro, 

0, otherwise. 

Here, r0 = 2t is the equilibrium length, corresponding to F = 0, C0 is the initial 
stiffness, C:c is the critical value of the strain (r -r0)/r0 of the bond for which F takes 
on its maximal value, and -,,\is the post-peak slope, relative to C0 (Figure 4.3). The 
force-length relation is chosen this way, because the different parts of the curve such 
as the post-peak slope and the initial modulus can be varied independently. In this 
way, the influence of the interface behaviour on the macroscopic behaviour can be 
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0 ro (1 + C:c)ro 

Length r 

Figure 4.3 The force F( r) in an interface bond as a function r of its length r. 

shown easily. The logarithm in this function prevents two adjacent components from 
penetrating into each other. 

Because of the highly non-linear nature of the problem (due to the interface 
layers), it is unlikely that the mechanical problem for the RVE, given by the equilib
rium equation (4.1), the constitutive behaviour of the fibre and matrix, the interface 
behaviour, and one of the boundary conditions (4.8) or (4.37), can be solved by 
analytical means. Therefore, we adopt a more heuristic approach. Based on as
sumptions regarding the symmetry of the RVE, we presume a generic constitutive 
equation, in which four unknown parameters occur. These parameters are functions 
of the invariants of the average strain and the Laplacian of the average strain. They 
are determined by fitting the results of finite element calculations onto well-chosen 
functions. 

Since both the geometry and the mechanical properties of the RVE are highly 
symmetric, we assume that the macroscopic constitutive equation is isotropic. For 
a local (grade-one) equation this means that the material response in a point x is 
independent of the direction in the material. The general form of such a constitutive 
equation was already given in Chapter 2, Equation (2.32). For equations of grade 
larger than one, the situation is more complicated, since in that case the stress at a 
point x not only depends upon the strain at that point, but also upon derivatives of 
the strain at that point. In other words, the stress at x is a functional of the strain at 
all points in a neighbourhood of x. We now assume that the stress u(x) is a function 
of the average value 

e(x) =--; r e(x+r)dr, 
1rr lnrl!<r 

(4.39) 

of the strain e(x) over the spherical region { x + r En I llrll < r} of the macroscopic 
continuum around the point x only (Figure 4.4). By expanding the integrand into a 
Taylor series around x, with respect tor, and integrating the result, we can rewrite 
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Figure 4.4 Isotropy of a non-local continuum: the stress depends only on the average 
value of the strain over the spherical region llrll < r 

this average as, 

- r2 
e(x) = e(x) + B Ll. e(x) + O(r4

), (4.40) 

in which Ll. is Laplace's operator, given by 

( 4.41) 

Hence, under this assumption of symmetry, the average stress only depends upon 
the average strain and its Laplacian. The macroscopic degrees of freedom are now 
the average stress, the average strain, and the Laplacian of the average strain. We 
define these quantities as averages over the region R of the corresponding microscopic 
quantities, i.e., 

u(x) (u) (x), e(x) = (e) (x), Ll. e(x) = (Ll.y e) (x), (4.42) 

where Ll.y is the Laplacian operator with respect to y. The boundary conditions 
on the RVE have to be consistent with these definitions, and thus have to satisfy 
(4.7) and (4.10), and 

1 18e.ij(X, y) ( ) d -v a nk x,y 8 
s Yk 

Ll.t;j(x), i,j = 1, 2. ( 4.43) 

The tractions can be uniform, and using a similar reasoning as in the preceding 
section, a consistent boundary displacement field can be derived yielding, 

- 1 ( 2 u;(x, y) = uo;(x) + C:;j(x)yj + 8 llYll y ES. ( 4.44) 
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To simplify the general constitutive equation further, we assume that the macro
scopic constitutive equation can be written in the following form, 

(4.45) 

in which both a-L and a-NL are isotropic functions of their arguments, that is, 

for i,j = 1, 2, (4.46) 

( 4.47) 

Here, G and v are the shear modulus and Poisson's ratio of the local part, and Handµ 
are their non-local equivalents. Young's modulus E and its non-local equivalent D 
are given by 

E = 2(1 + v)G and D = 2(1 + µ)H. ( 4.48) 

In general, E, G, and v are functions of the invariants of the average strain field and 
D, H and µ are functions of the invariants of the Laplacian of the average strain 
field. Note that H and D have the physical dimension of a force, and that µ is 
dimensionless. 

These parameters have to be determined by comparing the results of finite ele
ment calculations on the RVE with the response predicted by the constitutive equa
tion ( 4.45). As discussed extensively in the preceding section, two types of boundary 
conditions can be used in these calculations: either uniform tractions, or prescribed 
displacements according to (4.44). 

If the displacements of the boundary are prescribed according to (4.44), the 
average value of the stress can be determined from the tractions on the boundary by 
means of (4.7). If, on the other hand, uniform tractions are prescribed, the average 
values of the strain and its Laplacian can be determined from the representation ( 4.44) 
of the displacement field of the boundary. In fact, by subtracting the values of ui on 
two opposite boundaries, we obtain 

( 4.49) 

(4.50) 

Interpolation of the left-hand sides of these relation with an even second order poly
nomial yields both e(x) and ,6. e(x). Note that £12 = £21 and ,6. £12 = ,6. £21 can be 
determined from both relations, yielding in general two different values. The actual 
value of these quantities is obtained by taking the average of these values. 

In the next section, we use this procedure to determine the parameters G, H, 
v andµ. 
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4.5 Fitting of the Parameters in the Non-Local Constitutive Equation 

In this section the determination of the parameters G, H, v and µ in the constitutive 
equation ( 4.45), presumed in the preceding section, is described. As mentioned in that 
section, we do this by fitting well-chosen functions onto finite element calculations. In 
these calculations, Young's modulus of the fibre is Er = 10000 [FL - 2

] and Poisson's 
ratio is Vf = 0.25. For the matrix these constants are Em = 1000 [FL - 2 ] and Vm = 0.3, 
respectively. For both the fibre and the matrix four-noded quadrilateral plane-strain 
elements are used. The fibre-matrix and matrix-matrix interfaces are represented 
by the discrete version of the interface element as described in Section 3.3, using 
the relation ( 4.38) for the force-length relation of one bond. The initial stiffness 
of one bond is Comm 30000 [FL - 4

] for the matrix-matrix interfaces and COfm = 
25000 [FL - 4

] for the fibre-matrix interface, the critical strain ecmm = ecfm = 0.02, 
and the post-peak slope Amm Afm = 0.001. The interaction boundaries are divided 
into 667 cells per unit length, and each cell interacts with 5 cells on the opposite 
boundary (cf. (3.47) and (3.48)). The finite element mesh used in the calculations is 
depicted in Figure 4.2. 

The choice of these values for the parameters in the interface layers is, at least 
at this point, quite arbitrary. Since the force in a bond in the interfaces decreases 
beyond the critical strain of the bond, and the interface layers are quite thin, it is 
very likely that if it decays too rapidly, "snap-back" will occur. In a tensile test, this 
means that, after the tensile stress has reached its maximal value, both the stress 
and the tensile strain have the tendency to decrease. Since in that case neither the 
stress nor the strain are monotone, this causes some algorithmic difficulties in the 
incremental calculation process, which can be solved by means of the so-called arc
length control of the process. Since this unnecessarily complicates the computations, 
this phenomenon has been avoided by deliberately decreasing the parameters for the 
interface layers. This implies, for example, that the initial stiffness of the matrix
matrix interface is almost ten times smaller than Young's modulus of the matrix 
itself. 

For classical local (grade-one) isotropic material behaviour a simple tensile test 
suffices to determine the (two) independent parameters in the constitutive equation. 
The fact that the transversal stress vanishes yields a relation between the transversal 
and tensile strain from which Poisson's ratio can be established, and then the relation 
between the tensile stress and the tensile strain determines Young's modulus. Due 
to the presence of the non-local term, however, we have to perform two different 
calculations. 

Both calculations are tensile tests, in which both a12 and a22 vanish. Since it 
follows from ( 4.8) that the dynamical boundary conditions on the RVE can be written 
as 

(:) (4.51) 

this can be achieved by prescribing p 0 on the boundaries y2 =±a (where n1 0) 
and p2 = 0 on the boundaries y1 ±a (where n2 = 0). This set of boundary 
conditions has to be completed by prescribing either the displacement u1 of the 



52 A Micromechanical Approach to Deformation and Failure of Discrete Media 

Y2 Y2 

, 
' '·.:······ ...... .,,.,,. 

, 
' ' 

, , 
' ' 

, , 
' ' 

, 
Ui , ' Ui Ui 

I 
I \ I 
I \ I 
I ' I 

' R I 
Yi 

I R \ 
Yi \ I I \ 

\ I I \ 
\ I I ' 

' ' ' ' ' ' 
, 

' 
' ' 

, ' , , ' ' f'oo•O••~ uounA 

(a) (b) 

Figure 4.5 The prescribed displacement uI on the boundaries YI = ±a for the first 
tensile tests with (a) Ll. < 0 and (b) Ll. €11 > 0 

boundaries YI = or the traction PI on these boundaries. In the first test we 
shall prescribe the former and in the second test the latter. 

The first test attempts to determine the parametersµ and Hin the non-local part 
of the constitutive equation. To that end, the local part is cancelled out by choosing uI 
on the boundaries YI ±a such that the average strains and the Laplacian of the 
shear strain vanishes. From ( 4.44) it follows that the displacements at the boundary 
can be written as 

(::) = (:::) 

1 ( 2 2 + 8 Y1 +Y2 

Hence, this can be accomplished by prescribing 

on YI ±a (4.53) 

(Figure 4.5). Note that these boundary conditions only guarantee that the average 
strains and £12 and the Laplacian Ll. €12 vanish. Since 6 12 also vanishes, this 
implies that the equation ( 4.45) for 6i2 is satisfied. The transversal strain €22 is not 
necessarily zero. However, from the test it follows that the transversal strain is quite 
small, so we neglect it. 

The only non-zero macroscopic quantities are now 6 11 , Ll. and Ll.£22 • They 
are determined from the value of the displacement field on the boundary by means of 
the relations (4.49) and (4.50). Since 622 = 0, the constitutive equation (4.45) yields, 

(4.54) 
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Table 4.1 The fitted parameter values for the non-local part (a), and the local 
part (b) of macroscopic constitutive equation for the discrete medium 

(a) 

Non-local 
Parameters 

Eo[FL ·~] 
co [ l 
o:o [ l 

(b) 

Local 
Parameters 

901.5 lo[-] 0.625 
0.0352 c1 [-] 0.0326 
1.68 0!1 [-] 0.795 

From this relation, µ can be determined. By substituting this relation into the 
equation (4.45) for O'u, it follows that, 

2H 
-l-Li£11, -µ 

(4.55) 

from which H can be established. In Figures 4.6 and 4. 7 these relations are depicted. 
The solid lines are the results of the finite element calculations. We observe that 
these are almost straight lines, indicating that the relation between Li and Li tu 
and the relation between a11 and Li are nearly linear and that µ and H are 
constants. The values of these constants are established by fitting the calculations on 
a straight line through the origin (the dashed lines in these figures), using a standard 
Marquardt-Levenberg least squares algorithm (Marquardt 1963). The values are 
listed in Table 4.la. Notice that µis positive and that H, and hence D, is negative. 
This has some nice consequences for finite element calculations as we shall see in the 
next chapter. 

The second test is a true tensile test in the y1-direction, with uniform tractions p1 

on the boundaries y1 = ±a. Due to the softening behaviour of the interface, p1 is 
not monotone, so it cannot be prescribed. Instead, the displacements u1 of the nodes 
A and B {Figure 4.2) are prescribed, while linear constraints between the loads at 
the other nodes on the boundary and those at A and B are added, to keep the 
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tractions uniform. The average of the stress field is determined from the tractions 
on the boundary using (4.7), and the average of the strain field and its Laplacian are 
determined from the relations (4.49) and (4.50). 

Since this is a true tensile stress, with vanishing a12 and a22, both e12 and 6,€12 

should vanish too. This is confirmed by the calculations, so that the equation (4.45) 
for a12 is satisfied. In Figure 4.8 the Laplacians 6. and 6. e22 are plotted as 
functions of the von-Mises equivalent strain teq• which reads for a plane-strain state, 

(4.56) 

The reason for viewing these quantities as functions of is that, as we shall see 
below, the parameters in the local part of the stress are not constants, but depend 
upon the deformation of the RVE. Since we have assumed that the local part only 
depends upon the average strain, and only in an isotropic way, these parameters 
have to be functions of the invariants of e. The von-Mises equivalent strain €eq is an 
invariant of e. For simplicity, we assume now that the parameters in the local part 
of the stress are a function of this quantity only. 

\'Vith the relation between 6,€11 and 6,€22 on one hand, and .Seq on the other, we 
can determine, for every value of t"eq• the non-local stresses af1L and a~2L from (4.47), 
using the values of µ and H established by the first test. By subtracting these 
quantities from the calculated values of a 11 and a 22 (the latter of which vanishes) at 
the same values of .Seq, we obtain the local parts ah and a~2 of the average stresses 
as functions of Eeq· In Figure 4.9, these local parts are depicted. The typical strain
softening characteristic is apparent. We observe that the local transversal stress a~2 
is non-zero, but small in comparison with the tensile stress ah, and we neglect it for 
simplicity. Then, the local part of the constitutive equation (4.46) for a~2 yields 

(4.57) 
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Since this holds for every value of teq• the latter relation can be used to determine v 
as a function of t"eq· If we substitute ( 4.57) into the relation ( 4.46) for ah we obtain, 

(4.58) 

Again, this holds for every value of teq, so the latter relation can be used to deter
mine G. 

In Figures 4.10 and 4.11, the solid lines depict the results of the finite element 
calculations for the left-hand sides of ( 4.57) and ( 4.58), respectively. Here, we observe 
that these ratios, and hence, the parameters G and v, are not constant, but depend 
upon the deformation of the RYE. 

In order to determine G and v as functions of we assume that the left hand 
sides of the equations ( 4.57) and ( 4.58) can be written as 

v ( €1 )Cl! 
--=10 
1 - v €1 + t"eq 

(4.59) 

2G ( eo )"
0 

--=Eo 
1- v eo + Eeq 

(4.60) 

in which E0 , e0 , a 0 , and /o, e1, a 1 are constants. We use a Marquardt-Levenberg 
least squares algorithm to fit these constants onto the finite element results. The 
established values are listed in Table 4.lb. The dashed lines in Figures 4.10 and 4.11 
depict the fitted results. 

In this way, we have obtained a grade-three macroscopic constitutive equation 
for the discrete example material. The constitutive equation is given by the equa
tions (4.45), (4.46), and (4.47). Here, H is the non-local equivalent of the shear 
modulus, with the physical dimension of a force, and µ is the non-local equivalent 
of Poisson's ratio. Both these parameters are constant. The shear modulus G and 
Poisson's ratio v of the local part of the constitutive equation are both functions of 
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the von-Mises equivalent strain t"eq (4.56). From (4.60) and (4.59), it is readily seen 
that, 

(4.61) 

(4.62) 

Here, E0 , co, a 0 and /o, ci, a 1 are positive constants. 

4.6 Concluding Remarks and Boundary Conditions for the Non-Local 
Constitutive Equation 

This section contains some concluding remarks about the established grade-three 
constitutive equation for the example material and discusses the boundary conditions 
that are required at the macroscopic level. In addition, the resemblance with Cosserat 
continua is discussed. 

The Error in the Grade-Three Constitutive Equation 

Until now, we have not discussed the error in the constitutive equation. At the end 
of Section 4.2, we remarked that for a local model this error is given by (4.15). For 
the grade-three model derived in the preceding sections, the error is formed by "the 
next terms in the expansions of the stresses and strains". To give an impression of 
the size of the error, consider the relations ( 4.49) and ( 4.50). In the calculations of 
the preceding section, these relations are used to determine the average values of the 
strains and the Laplacian of these strains. If uniform tractions are prescribed on 
the boundary of the RVE, as in the second test, and the average stress, the average 
strain and its Laplacian are sufficient to describe mechanical behaviour of the RVE, 
these relations have to be satisfied perfectly. That is, the differences between the 
values of the calculated displacement field on two opposite boundaries has to be an 
even second order polynomial of the position along these boundaries. In that case, 
the values of e and LJ. e can uniquely be determined such that ( 4.49) and ( 4.50) are 
satisfied. Hence, the deviation from a perfect parabola (in a least squares sense, for 
example) of e?(y1) and e:(y2) is a measure for the error in the constitutive equation. 

The solid lines in Figure 4.12 depict the functions ei(y2) and e;(y1) as calculated 
for a particular value of the increment in the second test as described in the preceding 
section. The dashed lines in these figures are the corresponding right-hand sides 
of (4.49) and (4.50) in which the values of the average strain and its Laplacian are 
determined from the displacements of two points on the boundary. We observe that 
the deviation from a perfect parabola of eI (y2) is quite small, but that the deviation 
of e~(y1 ) is larger. If we only had chosen the average stress and average strain 
as macroscopic degrees of freedom, thereby obtaining a local model, the term with 
the Laplacian of the average strain in the right-hand sides of the relations (4.49) 
and (.4.50) would have been omitted. In that case the deviation from a constant 
value (the average strain) of the quantities e?(y1) and ei(y2) is a measure for the 
error in the local constitutive equation. The latter is considerably larger than in the 
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grade-three model. Hence, introducing the Laplacian of the average strain gives an 
improvement of the description of the material behaviour of the RVE, but is still not 
perfect. 

Note that this error is independent of the established relation between the macro
scopic degrees of freedom. It merely indicates the lack of macroscopic degrees of free
dom in the description of the material behaviour. This error can thus be decreased by 
taking more degrees of freedom into account. However, this severely complicates the 
determination of the relation between these quantities, and thus, the determination 
of the macroscopic constitutive equation. 

Comparison with Cosserat Continua 

It appears that the obtained grade-three model has a resemblance with Cosserat 
continua. To show this, let us introduce the quantities l!i;k(ii) and ili;k(x), 

_ Oc;j(ii) 1 ( a2ui a2u; ) 
l!ijk(u) = 8i;:- = 2 ax;axk + axiaxk ' i,j,k=l,2, (4.63) 

and 

jiijk(x) = -2H ( l!i;k(ii(x)) + 
1

,!:
2
µ 8ijl!llk(ii(x))) , i,j, k = 1, 2. (4.64) 

Note that by definition l!i;k(ii) = l!jik(ii), and iii;k(x) = jijik(x). Notice further that 
the physical dimension of l?ijk(ii) is per unit length, while the physical dimension 
of ilijk(x) is force per unit length or moment per unit area. The non-local part of the 
stress a~L(x) can now be written as the divergence, with respect to x, of ii;;k(x), 

ajiijk(x) 

OXk 

With this relation, equation (4.45) becomes 

i,j = 1,2. 

0, i,j 

(4.65) 

1,2. (4.66) 
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In view of the physical dimensions of jliik and l!iJk(fi), we can say that the lat
ter relation expresses a kind of rotational equilibrium, like in the Cosserat theory 
(Toupin 1964). These quantities then might be interpreted as couple-stresses and 
rotational degrees of freedom. 

Boundary Conditions for the Non-Local Continuum 

As we noted at the end of Chapter 2, constitutive equations of grade larger than 
one require more boundary conditions than classical local models, and their physical 
meaning is not always clear. However, the mathematically possible conditions emerge 
in a very natural way from the weak formulation of the equilibrium equation. So let 
us first derive that formulation. In this derivation, we consider the more general 
d-dimensional constitutive equation, 

i,j = 1, 2, ... , d, (4.67) 

in which S: lL: --+ lL: is a general tension-valued function of the average strain field, 
and where ~ is a constant fourth-order tensor. For the example material, Sii(e) 
reads, 

(4.68) 

while Bijkt is given by 

(4.69) 

Let v: n --+ JRd be a test function on n. Scalar multiplication of the equilibrium 
equation (2.16) with v, integrating the result over n, and applying GauB' Divergence 
Theorem, yields, after substituting the constitutive equation (4.67) into the obtained 
relation, 

where ii is the outward normal on r. The second term on the left-hand can be 
reduced further, through a second application of the Divergence Theorem, yielding 
the following non-linear weak form, 

in [ <';j(v)S;j(e(fi)) + l!iJm(v)Bijkil!ktm(fi)] dx 

k vit'ho;dx+ l vio\j'fijds+ l <';J(v)jlijkfikds. (4.71) 

From the last two terms on the right-hand side of this equation, we derive that 
we have to prescribe at each point on the boundary either il; or il;jfiJ, and either 
<';j(fi) or iliJkfik· The former two conditions are the same as in local continuum 
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mechanics: either the displacements of the boundary or the tractions on the boundary 
are prescribed. However, the latter two conditions originate from the non-local term 
in the constitutive equation. Whereas the physical interpretation of the strain field 
E;j(ii) is clear, the physical meaning of flijkiik is less obvious. Note, however, that the 
physical dimension of flijk is force per unit length, that is, the dimension of a moment 
per unit area. The quantities flijkiik can thus be interpreted as boundary moments. 

We assume now that the boundary r can be divided into two (possibly empty) 
disjoint parts ru and rP. On ru the displacements are prescribed, while on rp the 
tractions are given. In addition, we assume that a second partition of the boundary 
exists, consisting of the disjoint parts re and rm. On re the strain field is prescribed, 
while on rm the boundary moments are given. The boundary conditions on r now 
read 

il; = ilo;, on ru, 

E;j(ii) = Eo;j, on re, 

U;jiij =Po;, on rp, 

flijkiik = ifio;j on rm. 

(4.72) 

(4.73) 

in which the subscript 0 denotes prescribed quantities, and where both Eo;j and 
m0;i are symmetric. Note that in a three-dimensional problem at each point of the 
boundary nine quantities are prescribed, instead of the usual three for a local model. 
For a two-dimensional problem, these numbers are five and two, respectively, and in 
a one-dimensional situation, two conditions are prescribed instead of the usual one. 

Although ifio;j may be interpreted as boundary moments, it is still not clear what 
values are physically relevant, except perhaps ifio;j = 0. In that case, it follows from 
the Divergence Theorem, that the average value over the macroscopic continuum of 
the non-local term vanishes, i.e., 

(4.74) 

As we shall see in the next chapter, these boundary conditions have a significant 
influence on the solution, so interpretation should be studied carefully. 



5 Finite Element Methods for 
Non-Local Continuum Mechanical Models 

5.1 Introduction 

In Chapter 4, extensions to the existing homogenisation techniques were proposed. By 
adding supplementary degrees of freedom to the macroscopic continuum mechanical 
description, in the form of partial derivatives of the average strain field of the RVE, 
it became possible to obtain constitutive equations for materials that exhibit strain
softening and localisation of deformation. These constitutive equations are necessarily 
non-local, and, in general, highly non-linear. Hence, it is unlikely that macroscopic 
mechanical problems for these materials can be solved by analytical means, except 
perhaps in simple one-dimensional cases. A numerical method for the model is thus 
indispensable. 

Since the constitutive equations involve partial derivatives of the macroscopic 
strain field, the order of resulting systems of PDEs is larger than the usual two. 
Hence, the numerical implementation is not trivial. In this chapter, we discuss two 
possible finite element methods for this system of PDEs. We consider a material 
body B that occupies a bounded domain n E !Rd (d ~ 1). The body is assumed to 
satisfy the local equilibrium equation (2.16) and the general grade-three constitutive 
equation ( 4.67). The boundary conditions on the boundary r of n are given by 
(4.72) and (4.73). In the subsequent sections, we omit the superimposed bar that 
was used to indicate macroscopic quantities. 

The first method, briefly described in Section 5.2, is based on the weak for
mulation (4.71) of the equilibrium equation, in which the displacement field u(x) 
acts as the fundamental unknown. It requires u( x) to be continuously differentiable 
throughout n. This poses severe restrictions on the finite elements that can be used. 
Moreover, prescribing the desired boundary conditions is quite cumbersome. 

A more practical method can be obtained by means of a mixed formulation based 
on Hu-Washizu's variational principle. In that case, the displacement field u(x), the 
strain field e(x) and the stress field u(x) are the fundamental unknowns. The method 
requires each of these fields to be continuous only, so that most standard finite ele
ments can be used. In addition, the nodal degrees of freedom of these elements are the 
values of the unknown fields at the nodes, so the boundary conditions (4.72) and (4. 73) 
can conveniently be prescribed. This method is described in Section 5.3. 

In Section 5.4 some test problems for the mixed method are discussed. By means 
of a shear- and a tensile test, it is shown that the mixed formulation converges rapidly 
with respect to mesh refinement. In Section 5.5 the influence of the parameters in 
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the grade-three model is shown, as well as the influence of the additional boundary 
conditions (4.73}i that are required for these continua. 

5.2 A Standard Finite Element Method for Non-Local Continua 

In this section we briefly describe a standard finite element method for the non
local continuum, based on the weak formulation (4.71) of the equilibrium equation. 
Possible finite elements that can be used in this implementation are discussed as well 
as the drawbacks of this approach. 

As can be seen from (4.71), both the test function v and the displacement field u 
appear together with their first and second order partial derivatives. Hence, u, v, and 
these derivatives have to be squarely integrable over n. In addition, u has to satisfy 
the boundary conditions (4.72)i on fu and (4.73)i on fe, while v has to vanish on 
these parts. We can fulfil these requirements by defining the space U of solutions u 
and the space V of test functions v according to 

U = { u E [ H 2(0) ]d I u =no on fu and E(n) 

V = { v E [ H 2(0) ]d Iv= 0 on fu and E(v) 

(5.1) 

(5.2) 

The weak form ( 4. 71) is non-linear, so it has to be solved by means of an iterative 
procedure. Substituting u u* + 6u into this equation and expanding the integrands 
into Taylor series about u•, we obtain, after disregarding terms of order 0(116ull2

), 

with 

a(6u, v; u*) = L(v; u*), (5.3} 

a(6u, v; u*) = 1 [ ci;(v)Cijk£(€(u*)h1(6u) + tlijm(v)Bijkttlktm(6u)] dx, (5.4) 

L(v;u*) = r V;pbo;dx+ r ViPoids+ r Cij(v)moijdS Jo JrP Jrm 
-1 [ f;j(v)S;j(E(u*)) + tlijm(v)Bijkltlktm(u*)] dx. (5.5) 

Here, C;jkl 8S;j/8Ekt· Note that a is linear and symmetric in its first two argu
ments and that Lis linear in its first argument. The iterative procedure can now be 
formulated as follows. Given u,. E U, find 6u,. EV such that for all v E V, 

a(bu,., v;u,.) L(v;u,.), (5.6) 

and set Un+i u,. +bu,.. Notice that u,. E U and 6u,. E V imply that Un+l E U. 
A standard finite element method can be formulated for this linear weak form by 

choosing finite dimensional subspaces Uh of U and Vh of V, and seeking bu!: E Vh such 
that (5.6) holds for all v E Vh. The existence and uniqueness of bu!: is guaranteed, 
and a stability estimate as well as an error estimate can be derived, if a is continuous 
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in its first two arguments and L is continuous in its first argument. In addition, a 
has to be V-elliptic (Johnson 1987, Chapter 2), that is, there has to exist a positive 
real number i<;,, such that for all v E V, 

a(v, v, u*) ~ i<;,llvUi. (5.7) 

Here, the norm 11 · llv of the space Vis defined as 

(5.8) 

If we compare this condition with the similar condition (2.65) for local constitu
tive models, we observe that two additional terms appear in (5.7): the second term 
of a(v, v; u*), and the third term in the definition of the norm (5.8). These terms, 
which are due to the non-local nature of the constitutive equation, have a stabilising 
effect on the finite element method. Whereas in local constitutive models, the occur
rence of strain-softening, and hence the change of sign of the first term of a(v, v, u*) 
is. catastrophic for the stability of the finite element method (cf. Section 2.7), the 
presence of these additional terms can result in a stable method, if the second term 
of a{v, v;u*) is sufficiently positive, that is, if there exists a positive real constant c 
such for every non-zero e E L:, 

(5.9) 

(L: is the linear space of symmetric second order tensors on Rd, see Chapter 2.) The 
smallest value of c, such that a is V-elliptic for every u*, depends of course upon 'if( u*) 
and upon the region n. Hence, it is difficult to formulate general statements about 
this value of c. Note, however, that for the example material, Bijkt is given by (4.69), 
in which H < 0 and 0 < µ < i (Table 4.1), and we have 

e;jBijkleke -2H(tr{e2
) + 1 !:2µ(tre) 2

) > 0. (5.10) 

The latter inequality is of course not sufficient to guarantee the stability of the 
method, but it is not in contradiction with {5.9) either. 

The finite element spaces Uh and Vh are commonly chosen to consist of piece
wise polynomial functions on subdivisions of n. Then, the requirement that both 
Uh and Vh have to be subspaces of [ H 2(0) ]d is equivalent with the demand that 
uh and vh are subspaces of [ C1(fl) ]d, the space of continuously differentiable func
tions on fl = n Ur (Johnson 1987, Chapter 3). This severely restricts the finite 
elements that can be used. Possible elements are, amongst others, the so-called 
Hermitian family of elements and (for two-dimensional calculations) Bell's triangle. 
The latter is a triangular shaped element having nodes at its vertices with for each 
component u; of the displacement field, the following six degrees of freedom at each 
node, 

and (5.11) 
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X1 

Figure 5.1 A two-dimensional four-noded Hermitian element ne and the master 
element n 
(Bell 1969). 

The Hermitian elements are rectangular {in two dimensions) or cubic (in three 
dimensions) shaped elements, with edges parallel to the coordinate axes, and with 
nodes at the vertices. For the two-dimensional case, the formulation of these elements 
is briefly as follows (see also Carey and Oden (1983, Chapter 2, Section 2.5)). Let ne 
be a rectangular region in JR.2 with edges parallel to the coordinate axes x1 and x 2 

(Figure 5.1). Let }/00 , }/10 , }/01 , and Mi be its vertices with position vectors x00 , x10 , 

x01
' and x11

, respectively. The region is mapped onto a master element n [ -1, l ]2 

by means of the mapping 

F X1 h1 

[ 

(x1 - x?°) (xf
0 

- x1) l 
: ......+ 00 01 ' ( x, ) (x, - x, ) ~ (x, - x,) 

(5.12) 

in which h1 x~0 - x?0 and h2 xg1 - xg0 are the width and height of the element. 
The functions u E Uh U Vh are interpolated by means of a tensor product of one
dimensional cubic polynomials as shape functions, 

1 

u(x) = L ~kf;p:(F1(x1));p~(F2(x2)), 
i,j,k,t=O 

in which 

u!J (a:J' (a:J n(xt•;;, i,j,k,£ 0,1, 

are the nodal degrees of freedom, and where 

{ 

~z(x) ~ I<1 - x)'(2 + x), 

;pi(x) = 4(1 - x)2(1 + x), 

1 
;p~(x) = 4(1 + x)2(2 - x), 

;p}(x) = -~(1 + x)2(1 x) 

(5.13) 

(5.14) 

(5.15) 
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Figure 5.2 The shape functions for the Figure 5.3 The displacement boundary 
Hermitian elements conditions for a simple tensile test in the 

xrdirection for a Hermitian element 

are the shape functions (Figure 5.2). Here, h is either h1 or h2 • Note that again, 
partial derivatives of the displacement field are needed as nodal degrees of freedom. 
This makes the implementation error-prone, and, more severely, it is cumbersome 
to prescribe the appropriate boundary conditions. For example, for a simple tensile 
test in the xrdirection of the unit-square [ 0, 1 ]2

, in which u 1 = 0 on x1 = 0, u2 = 0 
on x 2 = 0, and u2 = U on x2 = 1 (Figure 5.3), it is not sufficient to prescribe 
only the values of the displacements at the nodes on these boundaries appropriately. 
From (5.13), it can easily be seen that, in addition to these prescribed displacements, 
the derivatives 8u2 /8x 1 and 8uif 8x2 should be prescribed according to 

8u2 
8x1 = 0, on r, and (5.16) 

The family of Hermitian elements has the additional disadvantage that the ele
ments have to be rectangles or cubes with edges parallel to the coordinate axes. This 
poses severe restrictions on the possible geometries that can be analysed. 

Hence, the straightforward approach does not give very satisfactory results. 
Therefore, in the next section, we discuss a mixed formulation that overcomes most 
of these disadvantages. 

5.3 Mixed Finite Element Methods for Non-Local Models 

In this section we develop a mixed method for the non-local continuum, based on Hu
Washizu's variational principle. By determining the stationary point of a three-field 
Lagragian, a system of three weak formulations is obtained, in which the displacement 
field, the strain field, and the Cauchy stress field act as fundamental unknowns. The 
system is linearised and a finite element method is formulated for the linearised 
system. 

For hyper-elastic media, that is, for (local) media for which a strain energy 
function W(e) exists such that the stress u;f is the partial derivative of W with 
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respect to E:;j, i.e., O";j = 8W(s)/8e:;i, the variational principle seeks the displacement 
field u(x) and the strain field e(x) which minimalise the potential energy of the 
material body, given by 

<I>(u,s) = f W(s)dx- f u;pb0;dx- f UiPo;ds. Jn Jn lrp (5.17) 

Note that u and e appear in this functional as separate quantities that can be varied 
independently. The relation between these two quantities (i.e., the definition of the 
linear strain tensor) is taken into account by subjecting the minimum of this potential 
to the constraint equations, 

E;j(U) - €;j = 0, i,j 1, 2, ... ,d, in n. (5.18) 

These relations are taken into account by means of a Lagrangian multiplier s E JL~. 
Hence, the variational principle comes down to determining the stationary point of 
the Lagrangian L(v, s, e), given by 

L(v,s,e) lo W ( e) dx - lo v;pbo; dx e;j) dx. (5.19) 

By simple variational calculus, the stationary point (u, T, e) of L can be shown 
to satisfy the following mixed problem: Find ( u, T, e) E U x E x E such that for 
all v EV, 

and for all s E E, 

and for all e E E, 

f e·· (-T.·· + 8W(e)) dx = 0 Jn i3 i3 O€;j . 

(5.20) 

(5.21) 

(5.22) 

The spaces U, V, E, E, and E have to be chosen such that these three weak formula
tion make sense, that is, such that the integrals exist. Note that from (5.20) and (5.22) 
it follows that the value T of the Lagrangian multipliers at the stationary point may 
be identified as the Cauchy stress tensor u. Notice further that, in effect, we have 
obtained a weak formulation for the equilibrium equation, the constitutive equation, 
and the relation between the displacement field and the linear strain field. In these 
weak forms, the displacement field, the linear strain field and the stress field act as 
the fundamental unknown quantities. Hence, these fields can be approximated more 
or less independently. 

The derivation of the mixed formulation is based on the fact that the strain 
energy function W(e) exists. If this function does not exist, or if it is not only a 
function of the strain, but also of partial derivatives of the strain, we may still use 
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the mixed problem as the basis of a finite element method, in which now 8W(e:)/8ciJ 
is replaced by the right-hand side of the constitutive equation ( 4.67). Doing so, (5.22) 
becomes, 

(5.23) 

The latter relation can be reduced further by applying the Divergence Theorem to 
the third term, yielding, 

(5.24) 

Here, we have also used the boundary condition ( 4. 73)2. Note that in the three 
relations that constitute the mixed problem, (5.20), (5.21), and (5.24), the unknown 
quantities u(x), e:(x}, and u(x) and the test functions v(x}, e(x), and s(x) appear 
together with their first order derivatives. This means that these quantities and their 
derivatives have to be squarely integrable over fl. Choosing the spaces U, V, e, E, 
and E according to 

U = { u E [ H 1(fl) ]d I u = Uo on fu }, 

V = { v E [ H 1(fl) ]d Iv= 0 on fu }, 

e {e:E [H1(fl)]dxdnL:le:=eoonfe}• 

E = { e E [ H 1(fl)] dxd n L: I e = 0 on re}' 
E= [H1(fl)]dxdnL:, 

(5.25) 

(5.26) 

(5.27} 

(5.28) 

(5.29) 

these conditions are satisfied. This non-linear mixed problem has to be solved by 
means of an iterative procedure. Substituting (u, u, e:) = (u•, u•, e:*) + (8u, 8u, 8e:) in 
these relations, and expanding the various terms in Taylor series about u•, u*, and e:*, 
respectively, we obtain after disregarding terms of order O(ll8nll 2), O(ll8uli2), and 
O(ll8e:ll2

), 

{ 

a(v,8u) = L(v;u*), 

b(s,8u,8e:) = K(s;u*,e:*), 

c(e, 8e:, 8u; e:*) M( e; e:•, u*). 

Here, a and L are given by 

(5.30) 

a(v,fo) = i €ij(v)8a;jdx, (5.31) 

L(v;u*)= r V;Pboidx+ r ViPoids- r €ij(v)at1dx, (5.32) Jn Jrp Jn 
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while b and K are defined according to 

b(s, bu, be) = L si;(€1;(6u) - bci;) dx, 

K(s;u*,e*) = - L Sij(e;;(u*)-ci;)dx, 

and where c and M read 

(5.33) 

(5.34) 

(5.36) 

The iterative procedure can now be formulated as follows. Given (Un, CTn, en) E 
U x £ x E, find (60n,6uniben) EV x Ex E, such that for all (v,e,s) EV x Ex E, 

{ 

a(v,bun) = L(v;un), 

b(s,60n,6en) = K(s;0n,en), 

c(e,ben,bun;en) = M(e;en,CTn), 

(5.37) 

and set (Un+1,CTn+l,en+1) = (Un,CTmen) + (60n,6uniben)· Note that (Un,CTnien) E 
U x Ex E and (b'Un, OCTn, Oen) EV x Ex E imply that (Un+i, CTn+I,en+i) E U x EXE. 

To formulate a finite element method, finite dimensional subspaces Uh, Vh, Eh, 
Eh, and Eh of U, V, £, E, and E have to be chosen. Since the latter are all subspaces 
of H 1(0), we choose these subspaces to consist of continuous piecewise polynomial 
functions on subdivisions of n. The stability of this finite element method is not 
trivial. In general, a stable mixed method is obtained if the so-called Babuska-Brezzi 
condition is satisfied (see in this respect Franca and Stenberg (1991)). However, it 
is quite difficult to show that a method satisfies this condition, and at this point, it 
is not possible to prove that the choice of these subspaces leads to a stable method. 
In the next section, we show that the method does converge with respect to mesh 
refinement for a shear test and a tensile test. This of course does not guarantee 
the stability under all circumstances. However, we must note that, for rectangular 
geometries the mixed method and the standard method using Hermitian elements 
give identical results. 

With this choice of the subspaces, most standard finite elements can be used, in 
particular, iso-parametric elements can be used, so that the geometries that can be 
analysed is no longer restricted to rectangles. In the (two-dimensional) calculations 
in this thesis, four-noded quadrilateral bilinear elements are used, have eight degrees 
of freedom at each node, 

(5.38) 
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The reason that 2£12 is used as a degree of freedom instead of plain £12 is purely for 
convenience. Since in this case the displacement field and its derivatives (the strain 
field) are independent unknowns, the value of the discritised fields are completely 
determined by the values of the fields at the nodes. This means that, in contrast to 
the Hermitian elements, the boundary conditions can conveniently be prescribed. 

5.4 Some Test Problems for the Finite Element Methods 

In this section we present the results of some test problems for the finite element 
method that we derived in the preceding section. It is shown that the method is 
able to describe strain-softening and localisation of deformation mesh-independently. 
Both a shear test of an infinite strip, and a tensile test of a finite strip are discussed. 
In these tests, the constitutive equation, derived in the preceding section for the 
example material, is used, with the values of the parameters listed in Table 4.1. 

Since our goal is to show that the method is able to describe localisation of 
deformation properly, and since the samples would otherwise deform homogeneously, 
in both tests, a small region of the sample is artificially "weakened" by lowering the 
maximum local stress. From equation (4.60), it can be seen that the parameter E0 is 
the initial stiffness of the material in a tensile test, while €o is the strain at which the 
maximum local stress is reached. Hence, by decreasing the value of the parameter E0 

with 10% in the "weak zone", the maximum local stress is reduced by a equal amount. 

A Shear Test of an Infinite Layer 

The first test problem is a shear test of an infinite layer of height 12a (Figure 5.4a). 
Here, a is half the size of the RVE (Section 4.4). This test is, in effect, a one
dimensional problem, since each line x1 constant deforms like any other vertical 
line. Using two-dimensional elements thus requires constraints between the displace
ments in the x1 -direction of nodes on lines x2 constant, while the displacements in 
the xrdirection should vanish (isochoric motion). 

Three different regular meshes have been tested, using 10, 20, and 40 elements. 
It is assumed that the weak zone is centred around the line x2 = 6a, and is very 
narrow, so that in each of these calculations, only the two elements in the middle are 
weaker than the other elements. 

In Figures 5.5a-5.5c the deformed meshes are depicted for the three meshes, for 
three different stages of the deformation. We observe that the layer indeed localises 
around the weakened zone, and that the localisation region is independent of the mesh 
size. In addition, we observe that the localisation region is not constant, but depends 
upon the applied strain. Notice further that in the final stage of the deformation, the 
size of the localisation region is about 4a, that is, two times the size of the RVE. In 
Figure 5.4b the force-displacement relation is depicted for the three meshes. In can 
be seen from this figure that the three meshes yield almost identical results, and that 
the layer indeed shows a strain-softening behaviour. Hence, we can conclude that for 
this case, the finite element method converges rapidly. 
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Figure 5.4 The configuration of the shear test (a), and the relation between the 
force F and the displacement U (b) 

(a) {b) (c) 

Figure 5.5 Three deformation stages (a)-(c) of the shear test for regular meshes 
consisting of 10, 20 and 40 elements 

A Tensile Test of a Finite Strip 

The second test problem is a tensile test of an strip of size 12a x 2a (Figure 5.6a). 
Three different regular meshes have been tested, using 10 x 2, 20 x 2, and 40 x 
2 elements. The weak zone in the strip is positioned around the line x1 6a, and is 
again assumed to be very narrow, so that in each of these calculations, only the four 
elements in the middle of the mesh are weaker than the other elements. 

In Figures 5.7a-5.7c the deformed meshes are depicted for the three meshes, for 
three different stages in the deformation. We observe that the strip indeed localises 
around the weakened zone, and that the localisation region is independent of the mesh 
size. It does however depend upon the applied strain. Again, we note that the size 
of the localisation region is about two times the size of the RVE. In Figure 5.6b the 
force-displacement relation is depicted for the three meshes. In can be seen from this 
figure that the strip indeed shows a strain-softening behaviour, and that the force
displacement relation is independent of the mesh size too. Again, for this particular 
test, the finite element method converges rapidly. 
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Figure 5.6 The configuration of the tensile test (a) and the relation between the 
tensile force F and the tensile displacement U (b) 
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Figure 5.7 Three deformation stages (a)-(c) of the tensile test for regular meshes 
consisting of 10 x 2, 20 x 2 and 40 x 2 elements 

5.5 Influence of the Parameters and the Boundary Conditions of the 
Grade-Three Continuum 

To gain a better understanding of the various parameters and boundary conditions 
of the model, we present in this section the results of calculations in which some of 
the parameters in the grade-three constitutive equation for the example material are 
varied from the values established by the fitting procedure, as listed in Table 4.1. We 
use the mixed finite element method developed in Section 5.3. 

Influence of the Non-Local Parameters 

As we have pointed out in Chapter 2, the partial derivatives of the strain field in a 
grade-N constitutive equation account for the influence of the neighbourhood of a 
point on the stress at that point, hence, for the amount of non-locality of the medium. 
By increasing the influence of these terms, i.e., by increasing the non-local equivalent 
of Young's modulus Dor the shear modulus H, the amount of non-locality has to 
increase, so that a tougher material behaviour should result. The latter manifests 
itself in a larger localisation region and a less rapid decrease of the post-peak curve, 
so that the area under the force-displacement curve increases. 
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Figure 5.8 The influence of the non-local equivalent of Young's modulus Don the 
localisation region (a) and the force-displacement characteristic (b) in a tensile test 
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Figure 5.9 The influence of the non-local equivalent of Poisson's modulus µ on the 
localisation region (a) and the force-displacement characteristic (b) in a tensile test 

In Figure 5.8a, the deformed meshes are depicted for the tensile test discussed 
in the preceding section, at the same deformation stage but for three values of the 
non-local Young's modulus: iD, D, and 4D. Although the differences are small, 
it can be seen from this figure that the localisation region indeed increases with 
increasing values of the non-local Young's modulus. The tougher behaviour can also 
be recognised from Figure 5.8b, in which the force-displacement relation is depicted 
for these three values of Young's modulus. 

While in a local constitutive equation, Poisson's ratio v governs the contraction 
of the material in a tensile test, i.e., the ratio of the transversal strain and the tensile 
strain, a similar influence can be expected from its non-local equivalent µ, but then 
of course on the non-local part. It appears that the amount of necking of the strip in 
a tensile test decreases with decreasing values of µ. 

In Figure 5.9a, three deformed meshes are plotted for the tensile test, at the 
same stage of deformation, for three values of the non-local Poisson's modulus: µ, ~µ, 
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Figure 5.10 The influence of the non-local boundary conditions on a square plate: 
the additional kinematical boundary conditions (a), and the deformed configurations 
under boundary moments moxx (b, e), m0yy (c, f), and mxy (d, g) 

and !;µ. We observe that the thickness of the strip at the weak spot (i.e., at x1 = 6a; 
cf. Figure 5.6a) decreases with increasing values of the non-local Poisson's ratio. 
Moreover, we see that the influence of this parameter on the localisation region is 
rather small. This can also be observed from the force-displacement relation, visu
alised in Figure 5.9b. 

In conclusion, we may say that the size of the localisation region is governed by 
the non-local equivalent of the Young's modulus D, and the amount of necking of the 
material is determined by the non-local equivalent of Poisson's ratio. 

Influence of the Non-Local Boundary Conditions 

As we noted at the end of Chapter 4, the physical relevant values of the additional 
boundary conditions that are required for the non-local continuum, are not yet clear. 
Especially the relevant values of the quantities mOi;, that may or may not be regarded 
as boundary moments, are not yet understood. In order to investigate the influence 
of the latter quantities, a square plate of size 4a x 4a, which is fixed at its centre, 
and whose rigid body rotation is suppressed by suppressing the displacement in the 
xrdirection of the point A (Figure 5.lOa), is subjected to these boundary conditions. 
On the boundaries x1 =±a, negative and positive values of moxx• moyy and moxy are 
applied, while the other boundaries are free. The deformed meshes are depicted in 
Figures 5.IOb-5.lOg. We observe that moxx and m0yy may be regarded as boundary 
moments around an axis perpendicular to the plate. However, the interpretation 
of moxy is still not clear. 



6 Applications 

6.1 Introduction 

In Chapter 1 it was noted that for the development of new materials, it is important 
to know the precise relation between microscopic failure mechanisms, like fibre-matrix 
debonding and matrix cracking or crazing, and the macroscopic mechanical behaviour 
of a material. Only in that case, materials can be designed with certain desired 
mechanical properties. In the chapters that followed, a method was developed by 
means of which this relation can be analysed. Using the interface model described 
in Chapter 3 and the homogenisation procedure of Chapter 4, we were able to derive 
a macroscopic constitutive equation for the example material, based upon a discrete 
description of the material, which included models for fibre-matrix debonding and 
matrix cracking. In Chapter 5 it was shown that this constitutive equation is able to 
describe the localisation of deformation of the material in a mathematically correct 
way. 

We are now in a position to make a study of the influence of the micromechanical 
parameters for the example material on the macroscopic response. Especially the 
influence of the interface properties on the size and shape of the region in which the 
strain localises is of interest here. In this chapter we discuss some of these influences. 
To this end, for each set of microscopic parameters, the two tensile tests discussed in 
Chapter 4 are performed in order to fit the constants in the macroscopic constitutive 
equation. With the latter parameters, a tensile test of a single-edge notched strip, of 
size 16a x 32a, where a again is half the size of the RVE, is simulated. 

In Figure 6.1, the initial configuration of the specimen is depicted. Due to the 
symmetry of the problem, only the upper half (x2 > 0) of the strip is modelled, 
and symmetry conditions are taken into account on x2 = 0. Note that in the mixed 
finite element formulation, the displacements, the strains and the stresses appear 
as nodal degrees of freedom. Hence, for each of these quantities, symmetry con
ditions have to be specified. Since u1(x1,x2) is even in x2 and u2(x1,x2) is odd 
in x 2 , it follows by simple calculation that both c:11 (x1,x2) and c:22 (x1,x2), as well as 
~c:11 (xi,x2 ) and ~c:22 (x1,x2), are even in x 2 , and that c12(xi,x2) and ~c:12(xi,x2 ) 
are odd in x2• The constitutive equation ( 4.45) now implies that similar conditions 
hold for the stresses: a 11 (xi, x2) and a 11 (xi, x2 ) are even in x2, while a 12(xi, x2 ) is 
odd in x2• Hence, the symmetry conditions on x 2 = 0 read 

(6.1) 
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Figure 6.1 The initial configuration for the tensile test of the single-edge notched 
strip. Only the upper half x2 > 0 the strip is analysed 

Finally, on the upper boundary of the strip (x2 = 16a) uniform displacements are 
prescribed. 

The sharp angle of the notch may cause some problems, so we have to choose 
a sufficiently fine mesh for the simulations. In Figure 6.2a, the force F in the xr 
direction on the upper boundary of the strip is plotted against the relative displace
ment U /a of that boundary for a coarse and a fine mesh. In this simulation, the 
values of the macroscopic parameters, as determined in Section 4.5 (cf. Table 4.1), 
are used. In Figures 6.2b and 6.2c the deformed configurations are depicted at the 
final stage of the deformation, for these two meshes. We observe that a localisation 
band is formed across the strip starting at the notch and extending to the bound
ary x1 = 0. We also see that there is little difference in the solution obtained with 
these two meshes, and conclude that both are sufficiently fine. In the calculations 
that follow, we use the fine mesh, since then the localisation region can be visualised 
more clearly. 

In the next section the influence of the interfaces in the example material on the 
localisation of the strip is shown. 

6.2 Influence of the Interfaces on the Localisation of a Single-Edge 
Notched Beam 

In this section we show the influence of the post-peak behaviour of the interfaces on 
the localisation of the notched strip. This behaviour is governed by the parameters .Arm 
for the fibre-matrix interface and >.mm for the matrix cracks (Chapter 4). Increasing 
values of these parameters yield a steeper post-peak behaviour, hence, a more brittle 
interface. 
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Figure 6.2 Mesh-independency of the finite element method for the tensile test of 
the single-edge notched strip: the force F in the x2-direction on the upper boundary 
as a function of the relative displacement U /a in that same direction, for a coarse and 
a fine mesh (a), and the deformed meshes (in which the displacements are enlarge 
5 times) at the final stage of the deformation (b, c) 

In addition to the values (Arm, Amm) = (0.001, 0.001), used in Chapter 4, four 
different combinations of these constants are considered: (Arm, ,\mm) = (0.002, 0.001), 
(0.005, 0.001) (0.002, 0.002), (0.002, 0.005). The values of the other microscopic pa
rameters are identical to the ones used in Section 4.5. For these five combinations, 
the macroscopic parameters in the constitutive equation were determined using the 
procedure discussed in Chapter 4. The values of these constants for (Arm, ,\mm) = 
(0.001, 0.001) were already listed in Table 4.1. For the other combinations of Arm 
and ,\mm these values are given in Tables 6.la-6.ld, respectively. Note that the 
post-peak behaviour of the interfaces has a negligible influence on the values of the 
parameters in the non-local part of the constitutive equation. 

Let us first discuss the influence of the toughness of the fibre-matrix interface 
on the localisation of the strip. To that end, we fix Amm to 0.001, and set Arm to the 
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Table 6.1 The fitted material parameters in the macroscopic constitutive equation 
for different post-peak slopes of the fibre-matrix and matrix-matrix interfaces 

Non-local 
Parameters 

H[F] -0.200 
µ [-] 0.331 
D[F] -0.531 

Non-local 
Parameters 

H[FI -0.199 
µ [-] 0.331 
D[FI -0.530 

Non-local 
Parameters 

H[FI -0.200 
µ [-] 0.331 
D[F] -0.532 

(a) (,\fm> ,\mm)= (0.002, 0.001) 

Local 
Parameters 

Eo [FL- ] 891.1 
co [ - ] 0.0400 
ao [ - ] 1.85 

(b} (,\fm, ,\mm)= (0.005, 0.001) 

Local 

co [-] 0.0 
ao[-] 

(c) (,\fm,Amm) (0.002,0.002) 

Local 
Parameters 

Eo[FL-~) 886.5 lo [-
co [ l 0.0461 "l l 

ao [ l 2.06 ai[-

(d) (Arm, Amm) (0.002, 0.005) 

Non local Local -
Parameters Parameters 

H[FI -0.201 i E0 [FL- ] 886.3 /o 
µ [-] 0.332 I co [ - J 0.0639 
D[FI -0.535 I • a0 [ - J 2.74 

0.623 
0.0364. 
0.858 

0.629 
0.0378 
0.924 

0.594 
0.100 
1.68 

0.614 
• 0.136 
2.56 

values 0.001, 0.002 and 0.005. In Figure 6.3a the force Fin the xrdirection on the 
upper boundary of the strip is depicted as a function of the relative displacement U /a 
of the boundary in that same direction, for these three different values of Afm· We 
observe that for increasing values of ,\fm, that is, for more brittle interface behaviour, 
the macroscopic behaviour is also more brittle. The latter should result in a smaller 
localisation region in the strip. This is visualised in Figures 6.4a-6.4c. The figures 
on the left depict the deformed configurations of the strip at the final stages of the 
deformation. Note that these do not correspond to the same value of the applied dis
placement U. The pictures on the right are surface plots of the von-Mises equivalent 
strain on the strip at the same stages. In order to show the localisation region 
more clearly, the plots have been rotated about the x3-axis, perpendicular to the 
strip. The arrow in Figure 6.4a indicates where the notch is located. It can be seen 
from these figures that the localisation region indeed becomes smaller for increasing 
values of Afm· 
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Figure 6.3 The force F in the xrdirection on the upper boundary as a function of 
· the displacement U in that same direction 

To show the influence of the toughness of the matrix cracks, Afm is fixed to 0.002, 
and Amm is set to 0.001, 0.002 and 0.005. In Figure 6.3b the force-displacement is 
depicted for these values of Amm· We observe again that for increasing values of Amm> 

that is, for more brittle matrix cracking, the macroscopic behaviour is also more 
brittle. The latter also results in a smaller localisation region in the strip, as can be 
seen from Figures 6.5a-6.5c. Notice further that for Amm 0.005, the localisation 
region becomes curved towards the x1 -axis. 

This is, of course, a preliminary study of the influence of the micromechanical 
parameters on the macroscopic behaviour of the material. Nevertheless, we can con
clude that both a more brittle fibre-matrix interface and a more brittle matrix-matrix 
interface yields a more brittle continuum. It would be interesting to analyse the in
fluence of the size and the shape of the RVE on the localisation region. This will 
probably influence the parameters in the non-local part of the constitutive equation, 
which are nearly unaffected by the interface behaviour, and as seen in Chapter 5, 
increasing values of D result in an increasing size of the localisation region. 
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Figure 6.4 The influence of the toughness of the fibre-matrix interface on the lo
calisation of the single-edge notched strip: the deformed configurations at the final 
stages of the deformation (enlargement factor is 5) and surface plots of the von-Mises 
equivalent strain on the strip 



Applications 

(a) (>.rm, Amm) = (0.002, 0.001) 

' 
_ ............ -

~' , __ .... 
(b) (>.rm, Amm) (0.002, 0.002) 

(c) (>.rm, Amm) = (0.002, 0.005) 

81 

__ .... -- .... --
__ .... -

Figure 6.5 The influence of the toughness of the matrix cracks on the localisation of 
the single-edge notched strip: the deformed configurations at the final stages of the 
deformation (enlargement factor is 5) and surface plots of the von-Mises equivalent 
strain on the strip 



7 Conclusions and Recommendations 

The objective of the research described in this thesis was to devise a method by means 
of which the relation between micromechanical failure mechanisms, like fibre-matrix 
debonding and matrix cracking or crazing, and the macroscopic behaviour of compos
ite materials can be analysed. Since these micromechanical mechanisms decrease the 
load carrying capacity of the material, which results in a macroscopic strain-softening 
behaviour and an increasing localisation of deformation, the discussion was focused 
on the latter phenomena. Two different descriptions were used: a macroscopic con
tinuum mechanical description and a microscopic discrete description. 

On Continuum Mechanical Modelling of Strain Softening 

In literature on softening and localisation of deformation, it is argued that con
ventional constitutive equations, which satisfy the principle of local action, fail to 
describe the localisation of deformation of strain-softening materials in a mathemat
ically correct way. This is caused by the fact that the system of partial differential 
equations, consisting of the local equilibrium equation, the constitutive equation and 
the kinematic relations, looses its elliptic character in the softening regime. In Chap
ter 2 it was shown by a simple two-dimensional example that this loss of ellipticity 
may already occur for strains smaller than the critical value of the strain beyond 
which softening occurs (Section 2.6). The latter is probably due to the fact that the 
material model used to illustrate this is not hyper-elastic, since the Jacobian of the 
stress-strain relation is not symmetric. 

In the same literature, several solutions to this problem have been proposed. 
These solutions differ slightly in formulation, but the basic idea is to drop the re
quirement that the constitutive equation satisfies the principle of local action. This is 
achieved by introducing additional degrees of freedom into the constitutive equation. 
Examples are rotational degrees of freedom, and averages and partial derivatives of 
the stress and strain field. Under certain conditions, these so-called non-local or 
grade-N models, with N > 1, are able to describe localisation of deformation of 
strain-softening materials properly. A sufficient condition in this respect is the el
lipticity of the system of PDEs, whose definition was given in Section 2.5, and the 
V-ellipticity of the weak form (Section 2.7). In Chapter 5, these conditions were 
specified for the grade-three constitutive equation that was derived in Chapter 4, see 
(5.7) and (5.9). 

On the Description of Micromechanical Failure Mechanisms 

In Chapter 3 the micromechanical description was presented. Here, the composite 
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is taken as a collection of deformable bodies, separated by interface layers, in which 
the bodies interact. In these layers, the boundaries of adjacent components of the 
composite are connected by a set of non-linear springs. It is assumed that the material 
only fails in these interfaces. To that end, the springs are given a strain-softening 
behaviour in which the softening branch represents the failure of the interface. In 
Section 3.3 finite element methods for the interface model were discussed, and a four
noded quadrilateral element was developed, that can be used in two-dimensional 
calculations. Using this model, it is possible to describe various micromechanical 
failure mechanisms, such as fibre-matrix debonding and matrix cracking. This was 
exemplified by the simulation of a peel-off test and a pull-out test. 

On the Homogenisation of the Discrete Medium 

Given the fact that non-local constitutive models are able to describe the localisa
tion of deformation properly, and that the micrornechanical model can describe the 
failure mechanisms in, Chapter 4 the relation between these two descriptions was 
investigated. First, the classical approach to homogenisation was summarised, and 
it was shown that this approach does not work for strain-softening materials. The 
reason is that classical homogenisation techniques assume a good separation between 
the microscopic and macroscopic scale, and arrive at a constitutive equation by es
tablishing a relation between averages of stress and strain fields over a representative 
volume element (RVE). For strain-softening materials, the separation between the 
different scales is bad. Moreover, the relation between average stress and average 
strain satisfies, by definition, the principle of local action, and is thus unable to de
scribe localisation of deformation properly. The deviation of the material behaviour 
predicted by this local constitutive equation from the true behaviour of the discrete 
medium is given by "the next term in the expansion", expressed by Equation (4.15). 

In Section 4.3, an extension to this approach was proposed. It was argued that, 
by introducing additional degrees of freedom in the constitutive equation, in the form 
of partial derivatives of the macroscopic strain field, a non-local model can be obtained 
that represents the discrete medium. These partial derivatives are related to partial 
derivatives of the microscopic strain field through the Equations (4.17) and (4.18), 
under the assumption of ergodicity, that is, under the assumption that ensemble 
average equal volume averages. Applying appropriate boundary conditions on the 
RVE, e.g., (4.8) or (4.36), the relation between the average value of the stress field 
on the RVE and that of the strain field and its partial derivatives can be established. 
This approach obviously yields a grade-N constitutive equation, with N > 1, for the 
macroscopic continuum. 

The extended homogenisation procedure was illustrated in Section 4.4 for the 
example material consisting of a regular stack of fibres in a matrix, that was used 
throughout the thesis. To determine a constitutive equation for this material, some 
assumptions on the possible form of this equation were made. These assumptions 
were made for convenience only. They do not in any way restrict the applicability of 
the homogenisation process. 

For simplicity, only the first and second order partial derivatives of the macro
scopic strain field were used as additional macroscopic degrees of freedom. Moreover, 
it was assumed that the macroscopic stress at a point in the continuum only depends 
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upon the average value of the macroscopic strain over a spherical region of the con
tinuum around that point (Figure 4.4). In this way, only the macroscopic strain and 
its Laplacian enter the constitutive equation. 

The latter assumption was based on the symmetry of the RVE and the isotropy 
of the constituents. It clearly assumes a certain kind of macroscopic material symme
try. As in local constitutive theory, any form of material symmetry excludes certain 
(combinations of) the degrees of freedom. However, it should be noted that the no
tion of isotropy, or any other kind of material symmetry, in non-local continua is not 
trivial. Since most composite materials show some kind of anisotropic behaviour, this 
issue clearly needs further investigation. 

Restricting the macroscopic set of degrees of freedom to the average value of the 
stress, the average value of the strain and the average value of the Laplacian of the 
strain, introduces an error in the macroscopic description of the material behaviour. 
This error is independent of the established relation between these quantities, and 
merely indicates the lack of macroscopic degrees of freedom. Since the values of these 
quantities are applied to the RVE by means of appropriate boundary conditions, 
applying uniform tractions to the boundary of the RVE, it should be possible to 
describe the value of the resulting displacement field on the boundary with the chosen 
set of kinematical degrees of freedom, that is, according to ( 4.36). 

In Figure 4.12 the discrepancy between the actual displacement field on the 
boundary of the RVE, when loaded with uniform tractions, and the macroscopic 
description of the mechanical behaviour of the discrete medium with only the average 
strain and the Laplacian of the average strain is visualised. Here, the solid lines depict 
the quantities el(y2) and e~(y1 ), defined in (4.49) and (4.50) as the differences of the 
displacement field on two opposite boundaries of the RVE, and determined by finite 
element calculations on the RVE. The dashed lines show the interpolation of these 
quantities using only the average strain and its Laplacian (i.e., the right-hand sides 
of (4.49) and (4.50)). If this set of macroscopic degrees of freedom would be sufficient 
to describe the mechanical behaviour of the discrete medium properly, the values 
of the average strain and the Laplacian of the average strain could be determined 
such that the dashed lines would perfectly match the solid lines. It can be seen from 
this figure that the error is still considerable. However, compared to the classical 
approaclt to homogenisation, in which only average stresses and average strains are 
used and where the solid line would have been interpolated with a horizontal line, 
this is certainly an improvement. Clearly, adding supplementary partial derivatives 
of the strain field to the description of the material behaviour can reduce the error 
by a considerable amount. However, it also complicates the derivation of the relation 
between all these degrees of freedom, and thus the determination of the macroscopic 
constitutive equation. 

In addition to the material symmetry, it was assumed that the macroscopic 
stress consists of two parts: a local part (4.46) and a non-local part ( 4.47). The local 
part is an isotropic function of the average strain only and the non-local part is an 
isotropic function of the Laplacian of the average strain only. The parameters in 
the constitutive equation were determined by fitting the ratios -if22/if11 and a'Tt/if11 

onto well-chosen functions of the von-Mises strain C:eq• cf. (4.59) and (4.60). The 
macroscopic results appeared to be quite sensitive to the choice of these functions. A 
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less sensitive fit might be obtained, by fitting uh and directly onto appropriate 
functions of the strain. Moreover, it is expected that the assumption that these 
ratios only depend upon the von-Mises equivalent strain has consequences for the 
shape (and perhaps the size} of the region in which the strain localises. Choosing 
a different equivalent strain measure will probably result in a different localisation 
region. The determination of the relation between the chosen set of macroscopic 
degrees of freedom obviously needs more research. 

Since the resulting system of PDEs is of order four, supplementary boundary 
conditions have to be specified on the macroscopic continuum, in addition to the usual 
displacements or tractions. The physical meaning of especially the quanties 'moii is not 
yet clear. In this thesis, the latter quantities were assumed to vanish, but this is quite 
arbitrary, and this issue certainly needs more research. In this respect, the similarities 
with the Cosserat theory, as shown in Section 4.6 may yield an interpretation for these 
quantities. In the latter theory, they are regarded as boundary moments. 

On the Finite Element Method for the Non-Local Continuum 

For the derived non-local model, two finite element methods were discussed. A 
straightforward approach, based on the weak formulation of the equilibrium equa
tion, resulted in a method in which the displacement field acts as the fundamental 
unknown. This method requires the displacements to be continuously differentiable 
throughout the material, which severely restricts the elements that can be used. Pos
sible elements are the Hermitian family of elements and Bell's triangle. Nevertheless, 
the requirements for the stability of this method are quite straightforward. 

This is not the case for the other method that was described. This formulation 
is based on Hu-Washizu's variational principle, and yields a mixed method based 
on the weak formulation of the equilibrium equation, the constitutive equation, and 
the relation between the linear strain tensor and the displacement field. As a re
sult, the displacements, the strains and the stresses act as the fundamental unknown 
quantities. Since these unknown fields only need to be continuous throughout the 
material, most standard finite elements can be used. For some simple test problems, 
this method and the standard method yield identical results. Moreover, in Chapter 6 
it was shown that also for the tensile test of the notched strip, the method converges. 
Nevertheless, the stability of the formulation is not trivial, and needs more research. 

Concluding Remarks 

In this thesis, a method was devised which allows to determine the relation between 
micromechanical failure mechanisms and the macroscopic behaviour of the material. 
To this end, some assumptions were made regarding the mechanical behaviour of the 
material. The most important of these were the elastic behaviour of the components 
of the composite and of the interfaces and the fact that the material behaviour on the 
macroscopic level can be described with the average of the stress field, the average of 
the strain field, and the average of the Laplacian of the strain field on a representative 
volume element. Both these assumptions are not essential for the applicability of 
the proposed method. However, they do restrict the physical significance of the 
macroscopic constitutive equation obtained for the example material, but then, this 
material merely served as an example to illustrate the homogenisation process. 
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The physical relevance of the model can nevertheless be improved by assum
ing, for example, a plasticity model for the matrix and the interfaces. This will of 
course complicate the determination of the macroscopic constitutive equation, but 
the method as such will prove to work. In addition, the set of macroscopic degrees 
of freedom can be extended by adding other partial derivatives of the strain field to 
the macroscopic description of the material behaviour. In this way the error in this 
description can be reduced. In this respect, the implications of material symmetry on 
the possible combinations of partial derivatives of the strain field that can be used in 
the constitutive equation have to be investigated. However, including more degrees 
of freedom in the macroscopic description of the material behaviour also complicates 
the determination of the relation between these quantities. 

To conclude, it was shown in Chapter 6, by the simulation of a tensile test on 
a single-edge notched strip, that a more brittle fibre-matrix interface yields a more 
brittle macroscopic behaviour. The same can be said about the influence of the 
matrix cracks. Although this was a preliminary study of the influence of microscopic 
parameters on the macroscopic behaviour of the material, based on the assumptions 
discussed above, it did reveal that at least the toughness of the interfaces has no 
(significant) influence on the values of the non-local parameters in the macroscopic 
constitutive equation. Since the non-local part of the constitutive equation introduces 
effects associated with actions at a distance, and hence introduces a length scale in 
the macroscopic constitutive equation, these parameters should be influenced by the 
size of the RVE. This is certainly a topic for further research. 
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Samenvatting 

In veel heterogene materialen, zoals hout, papier, vezel-versterkte kunststoffen, ke
ramiek en ook sommige metalen kan bij toenemende belasting toenemende schade 
worden waargenomen, zoals het ontstaan van scheuren en gaten en het loslaten van 
de hechting tussen verschillende componenten. Dit leidt in het algemeen tot een 
afname van de weerstand tegen mechanische belasting en, nadat de belasting een kri
tieke waarde heeft overschreden, tot een toenemende concentratie van de deformatie 
in een klein gebied. Een gevolg hiervan is dat het trek-rek diagram van dergelijk 
materialen een afnemend verloop vertoont voor grote deformaties, hetgeen in het 
algemeen wordt aangeduid met de Engelse term strain-softening. 

Voor de ontwikkeling van nieuwe materialen is het van belang de invloed van de 
eerder genoemde micromechanische schade-mechanismen op het macroscopisch waar
genomen strain-softening gedrag te bepalen. Indien dit verband bekend is, wordt het 
mogelijk materialen te ontwerpen met bepaalde gewenste mechanische eigenschappen 
zoals een hoge stijfheid, treksterkte of taaiheid. Bij het onderzoek naar deze relatie 
zijn wiskundige modellen die bet mechanische gedrag van het materiaal beschrijven 
onontbeerlijk. Deze modellen zijn gebaseerd op de balanswetten van massa, impuls, 
impulsmoment en energie, en moeten worden aangevuld met een set constitutieve 
relaties die bet materiaalgedrag beschrijven. 

In de klassieke continuiimsmechanica wordt veelal aangenomen dat materialen 
voldoen aan bet principe van lokale actie. Dit principe sluit invloeden tengevolge van 
afstandwerking op de materiele respons van bet materiaal uit. Het blijkt echter dat 
deze zogenaamde lokale modellen niet in staat zijn het strain-softening gedrag -en 
de daarbij optredende lokalisatie van deformatie- op een wiskundig correcte wijze 
te bescbrijven, aangezien bet resulterende stelsel vergelijkingen oneindig veel oplos
singen bezit. In de afgelopen decennia is er een aantal modellen voorgesteld die 
niet meer voldoen aan dit principe: de niet-lokale modellen waarin invloeden op af
stand ge1ntroduceerd worden door behalve spanningen en rekken nog extra graden 
van vrijbeid mee te nemen in de beschrijving van het materiaalgedrag. Dit kunnen 
bijvoorbeeld rotationele graden van vrijheid zijn of gemiddelde waarden van span
ningen en/ of rekken over een deel van bet materiaal of partiele afgeleiden van deze 
grootbeden. Onder zekere voorwaarden zijn deze modellen in staat om bet strain
softening gedrag van materialen op een correcte manier te bescbrijven. Ze zijn echter 
in het algemeen empiriscb van aard, zodat hun relatie met de microstructuur -en de 
daar optredende faalmechanismen- niet duidelijk is. 

In dit proefschrift wordt een methode beschreven waarmee deze relatie bepaald 
kan worden. Er wordt uitgegaan van een gedetailleerd, discreet, microscopiscb mo-
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del van een composiet, waarin het materiaal wordt opgevat als een verzameling de
formeerbare lichamen die gescheiden worden door zogenaamde interface-lagen. In 
deze lagen verbinden niet-lineaire veren de aangrenzende componenten. Teneinde 
het bezwijken van het materiaal te kunnen simuleren wordt verondersteld <lat het 
kracht-lengte verloop van deze veren een strain-softening karakteristiek heeft. Met 
dit model is het mogelijk om het faalgedrag van composieten op microscopische schaal 
te beschrijven. 

Om de relatie tussen deze micromechanische representatie van het materiaal en 
het macroscopische gedrag te onderzoeken, moet een constitutieve relatie worden af
geleid uit dit discrete model. Deze procedure wordt homogenisatie genoemd. Vrijwel 
alle bestaande homogenisatie-theorieen veronderstellen <lat er een duidelijk verschil 
in grootte bestaat tussen karakteristieke lengteschalen in de beide beschrijvingsme
thoden. Uit experimenten, bijvoorbeeld met beton, is echter gebleken <lat de grootte 
van het gebied waarin de deformatie zich concentreert een aantal malen de compo
nentgrootte is. Dit betekent <lat het verschil tussen beide lengteschalen vrij klein is. 
De bestaande homogenisatie-technieken zijn dan ook als zodanig niet bruikbaar. 

In dit proefschrift wordt aangetoond dat deze theorieen zijn uit te breiden door 
extra graden van vrijheid te introduceren in de macroscopische constitutieve verge
lijkingen. Deze grootheden worden, evenals de gebruikelijke graden van vrijheid als 
spanningen en de rekken, gerelateerd aan de gemiddelde waarden van de overeenkom
stige grootheden in een representatief deel van het discrete medium. Door de juiste 
randvoorwaarden op dit zogenaamde representatieve volume element (RVE) voor te 
schrijven kan de relatie tussen deze graden van vrijheid -en daarmee de macroscopi
sche constitutieve vergelijking- worden bepaald. Aan de hand van een voorbeeld, een 
materiaal bestaande uit een regelmatige stapeling van vezels in een matrix, wordt dit 
proces gelllustreerd. Als extra graden van vrijheid worden partiele afgeleiden van het 
macroscopische rekveld gekozen. Dit leidt uiteindelijk tot een niet-lokale constitutieve 
vergelijking. De parameters in deze vergelijking worden bepaald door de resultaten 
van eindige-elementen berekeningen aan het RVE te fitten op goed gekozen functies. 

Met het zo verkregen niet-lokale model wordt een eindige elementen methode 
ontwikkeld, gebaseerd op het variatie-principe van Hu-Washizu. Dit leidt tot een 
gemengde formulering waarin zowel verplaatsingen als rekken en spanningen als fun
damentele onbekenden fungeren. Er wordt aangetoond <lat het verkregen model op 
een wiskundig correcte manier de lokalisatie van de deformatie van het discete mate
riaal kan beschrijven. 

Tenslotte wordt met behulp van de ontwikkelde methode de invloed van een 
aantal interface-parameters op het localisatie-gedrag van een gekerfde strip in een 
trekproef geanalyseerd. 
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Stellingen 

behorende bij het proefschrift 

A Micromechanical Approach 
to Deformation and Failure 

of Discrete Media 

1. Het formuleren van constitutieve vergelijkingen op basis van de mi
crostructuur is van bet grootste belang voor de ontwikkeling van 
nieuwe materialen. 

2. Voor het macroscopische faalgedrag van materialen, gekarakteriseerd 
door een strain-softening verloop van de spannings-rek rela.tie en 
door een met de belasting toenemende loka.lisa.tie van deforma.tie, 
kunnen constitutieve vergelijkingen worden bepaald op basis van 
micromechanische analyses. 

• Dit proefscb.rift, Hoofd.stuk 4 

3. Het woord 'homogenisa.tie' waa.rmee het procea zoals beschreven in 
stelling 2 wordt a.angeduid is te suggestief. 

4. Ongewenst verlies van ellipticiteit van het stelsel partieJ.e differen
tiaalvergelijkingen dat het mechanisch gedra.g van een continuum 
beschrijft op basis van het principe van lokale actie kan al optreden 
a.ls de rek kleiner is dan de kritische wa.arde waarbij strain-softening 
optreedt. 

• Dit proefschrift, Hoofdstuk 2 

5. De in dit proefschrift voorgestelde beschrijving van het macroscopi
sche mechanische gedra.g van materialen kan worden verbeterd door 
extra. gra.den van vrijheid te introduceren. De fout die gemaakt 
wordt door de set vrijheidsgra.den te beperken is onafbankelijk van 
de verkregen relatie tussen deze grootheden. 

• Dit proefschrift, Hoofdstuk 4 



6. De meeste van de in de literatuur voorgestelde modellen voor het 
heschrijven van lokalisa.tie van deformatie met behulp van de con
tinuiimsmechanica verschlllen slechts in nuances. 

• R. de Borst et al (1993), Damage processes in solids and structures and 
their numerical computation, in J. F. Dijksman en F. T. M. Nieuwstadt, 
redactie, "Topics in Applied Mechanics. Integration of Theory and Appli
cations in Applied Mechanics", Kluwer Academic Publishers, Dordrecht, 
pagina's 89-95. 

• Dit proefschrift, Hoofdstukken 2 en 4 

7. De commerciele druk op software-producenten om nieuwe versies van 
computerprogramma's op de markt te brengen leidt in het algemeen 
niet tot een verbetering van deze programma.'s maar slechts tot bet 
toevoegen van overbodige tierlantijnen. 

8. Software moet vrij zijn. 

9. Voet- en eindnoten zijn vaak overbodig en leiden altijd de aandacht 
van de lezer af. 

10. Nadenken is ook werken. 

Eindhoven, 6 december 1994 Pieter Vosheek 


