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Abstract

This is an intermediate report on the micromechanical modelling of composite materials.
The main goal of the investigations is to derive material models for composite materials,
which take into account both the microstructure of the composite and the micromechanical
properties of its constituents, as well as their interactions. To that end, it is convenient
to distinguish three different scales: the microscopic scale of the inhomogeneities, the
macroscopic scale of the material body, and an intermediate mesoscopic scale. The latter
is much larger than the microscopic and much smaller than the macroscopic scale.

At the microscopic scale, two models for the interaction between the constituents of
a composite are proposed. Finite element models are derived from them, and the results
of some calculations that were carried out with these models are presented. The finite
element models can be used to calculate the effective properties of the mesodomain.
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1 Introduction

1.1 Material Models
Material models, or constitutive relations, are essential in describing and analyzing the
mechanical behaviour of materials. Theories for developing such models can be divided
into two classes: the phenomenological theories and the structural ones. In contrast to the
latter, the phenomenological theories do not take into consideration the microstructure of
the material. Especially when dealing with composite materials, this microstructure has a
significant influence on the mechanical properties of these materials.

The structural theories determine the mechanical properties of a unique fictitious con
tinuous material that 'best' represents the real heterogeneous material or composite. They
do take, from the onset, the microstructure of the material into consideration. To that end,
they distinguish three different scales. The smallest of these, referred to as the microscopic
scale, is the scale of the inhomogeneities, or the constituents of the composite. The second,
the mesoscopic scale, is an intermediate scale, which is much larger than the microscale,
but still much smaller than the largest, the macroscopic scale. The latter is the scale of
the fictitious continuous material.

The structural theories assume that the composite is statistically homogeneous, that
is, they assume that all global geometrical characteristics such as volume fractions, etc.,
are the same in any mesodomain, irrespective of its position. The effective mechanical
properties of the mesodomain are obtained from the relations between averages of field
variables such as stress and strain. They define the relations between the field variables of
the fictitious material. The averages can either be volume averages, or ensemble averages.

The volume average of a field quantity f, over the mesodomain M, is defined by

- 1 r
f(x) = IMI 1M f(x, y) dy, (1.1 )

where x is the position vector to a reference point of M, and where y is the position vector
of a material point of M with respect to x. IMI is the volume of M. Note that in this
case the mesodomain M is a physical region of the heterogeneous material. Theories based
on volume averages can be found in Hill (1965) and Maugin (1992, Chap. 9). While the
former deals with linear elastic solids only, the latter also includes elastoplastic (harden
ing) materials. As shown by Courage (1990), it is also possible to determine the elastic
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2 Introduction

properties of the mesodomain, by modelling it numerically. In his work, Courage modelled
composite materials, reinforced with short fibers, with the finite element method, and cal
culated the elastic properties of the composites. He assumed perfect bonding between the
fibres and the matrix. The disadvantage of this approach is that the calculations may have
to be repeated each time another material is considered, since it is virtually impossible to
derive closed form expressions for the macroscopic relevant parameters as functions of the
structural parameters from the numerical data, especially when the number of structural
parameters becomes large.

The ensemble average of the field quantity I is given by

00

(J)(x) = Ep;!i(X),
i=l

(1.2)

where Ii are the possible values of I, and where Pi is the probability that I - Ii. In
this case, the mesodomain M is viewed as a statistical ensemble of microdomains i = 1,
2, ... , with field quantities Ii(X), and probabilities Pi to 'occur'. Hence, M is a sample
space. Theories which are based on ensemble averages are given (amongst others) by
Axelrad (1978, 1984), Beran (1968), and Kroner (1971).

If the field variables are statistically homogeneous, that is, if they are statistically indis
tinguishable within different mesodomains, the volume average and the ensemble average
are constant and equal (Hashin 1983).

1.2 Outline of This Report

The main goal of this research project is to derive material models for composite materials,
which take into account both the microstructure of the composite and the micromechanical
properties of its constituents, as well as their interactions.

We shall present in Chapter 2, for the microscopic level, two micromechanical models
for the interaction between the constituents of a composite, in which the stiffness of the
interface varies continuously with the displacements of the boundaries of the particles.
The models are derived from the one proposed by Axelrad (1978, Sec. 4.2 and 4.3). The
latter is based on a finite number of interactions between certain parts of the boundaries of
the microparticles. In that chapter, we shall also derive two-, two and a half-, and three
dimensional finite element models, and we shall present the results of some calculations
that were carried out with these models.

In the last chapter, some conclusions and subjects for further investigations are dis
cussed.



2 The Interface Between Two Particles

2.1 Introduction

In this chapter we shall present both a continuous and a discrete model for the interaction
between two particles. The models are based on the one proposed by Axelrad (1978, Sec.
4.2 and 4.3).

For each particle there will be a part of its surface, the interaction surface, where the
particle interacts with the surface of the other particle. In the continuous model, each
material point on the interaction surface of a particle interacts with a set of material points
on the interaction surface of the other particle. The forces acting between two points are
assumed to be conservative with respect to the distance between them, that is, there exists
a function U: [0,00) -+ 1R, the interaction energy, such that the force that acts on a
point P at a distance r of a point Po, due to its interaction with Po, is given by

F(r) = -gradU(r) = -F(r)e. (2.1 )

Here, r is the norm of the vector r, e is the unit vector in the direction of r, and grad
is the gradient operator with respect to r (Fig. 2.1). The function F(r) = U'(r) is the
magnitude of the force.

In the discrete model, the interaction surfaces of the particles are subdivided into a
finite number of subsets, called cells. A cell on the surface of one particle interacts with a
family of cells on the surface of the other particle. For the interaction between two cells,
a fixed point, the interaction point, is chosen in each of the cells. The (constant) force
distribution on a cell, due to the interaction with the other cell, is then given by the force
F(r), in which r is the distance vector between the interaction points, multiplied by the
area of the other cell.

Po F P
- - t= - -, - - -~..------, - -

t- . .1
e r

Figure 2.1 The force F(r) acting on the point P at a distance r of Po, due to its interaction
with Po. The vector e is the unit vector in the direction of r.
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The Interface Between Two Particles

Figure 2.2 The potential energy U(r), and the force F(r) = U'(r), of a Lennard-Jones inter
action between two molecules, as a function of the separation r. The equilibrium separation ro
corresponds to minimal potential energy -Uo.

The forces may be due to the molecular attraction between the particles, or they may
represent the response of fibrils, formed between them, in cases of crazing, for example. In
the former case, if the interface represents the weak Van der Waals interaction between the
particles, then the function U(r) is usually taken to be a Lennard-Jones type of potential,

[(rO)12 (ro)6]U(r) = Uo -;:- -2 -;:- , (2.2)

where ro is the equilibrium distance of the bond, corresponding to minimal potential energy
-Uo. The typical form of both U(r) and F(r) is as depicted in Figure 2.2. Note that
F(r) < 0 for r < ro, corresponding to repulsion of the two molecules, and that F(r) > 0
for r > ro, corresponding to attraction.

In the next section, we shall give the general equations for the two models. In Sec
tion 2.3, we shall give a variational formulation of the problem, and we shall present three
finite element models for the interaction between the particles: a two-dimensional model,
in which the particles are assumed to be in a plane strain or plane stress state, a three
dimensional model, and a two and a half-dimensional one, in which the interaction sur
faces of the particles are kept parallel. Finally, in Section 2.4, the results of some simple
calculations are presented.



The Equilibrium Equation and The Boundary Conditions 5

2.2 The Equilibrium Equation and The Boundary Conditions

Consider two particles, B1 and B2 , of material points P. Let x = X(P, t) (with P E
B1 U B2 , and t ETc R) be the position vector of the material point P at a time
instant t, with respect to the origin of the three-dimensional Euclidean space R3. The
region Ok = X(Bk , t), occupied by B k at time t, i.e., the set of position vectors of all the
material points of the particle, is called the configuration of Bk at the time t. Let 0 be
the union of the configurations of B 1 and B 2 • For convenience, let us choose a reference
configuration Or = Or,l U Or,2' for the two particles, and let \fS identify each material
point P with its position X in that reference configuration. There now exist a mapping
V': Or X T -. 0, such that

x = V'(X, t). (2.3)

Let u(x, t) be the (symmetric) Cauchy stress field on o. If the particles are acted upon
by a volume load p(x, t) b(x, t), where p is the mass density of the particles, this field
satisfies the local equilibrium equation,

div u + p b = 0, in 0 x T, (2.4)

where div is the divergence operator with respect to x.
Let the boundary r k of Ok be decomposed into three parts: rk = r u,k U r p,k U ri,k'

On r u,k the positions of the particles are prescribed, while on r p,k prescribed boundary
loads are acting upon the particles. The part ri,k is the interaction surface of the particle.
Since the particles are only interacting with each other, there is no resultant force on the
interface region, that is, if fk(x, t) is the force distribution on ri,A: (see e.g. (2.11) and (2.12)
below), and

Fk(t) = ii," fk(x, t) du

is the total force on ri,A: at time t, we have

(2.5)

(2.6)

In addition to the local equilibrium equation (2.4), we now have the following set of bound
ary conditions:

V' = V'o(x, t),

t = to(x, t),
t = fk(x, t),

on r u ,

on rpl

on ri,k, for k = 1,2,

(2.7)

(2.8)

(2.9)

where r u = r u,1 U r u,2 and r p = r p,l U r p,2, and where t = un, with outward normal
vector n(x, t) on r = r 1ur2, is the traction vector on the boundaries ofthe particles. The
subscript 0 denotes prescribed quantities. The functions £1 and £2 have to be chosen such
that Equation (2.6) is fulfilled.



6 The Interface Between Two Particles

2.2.1 The Boundary Loads in the Continuous Model

In the continuous model, we assume that a point Xl E fi,l interacts with set S2(XI, t) of
points X2 on f i,2' Then, obviously, the point X2 E n,2 interacts with set SI(X2, t) ~ n,t,
with

(2.10)

(X2 interacts with all the points Xl, such that Xl interacts with X2)' According to (2.1), the
force acting on Xk due to its interaction with Xl reads F(Xk - Xl). The total force applied
by the set S2(Xt, t) to the point Xl on fi,l is then given by

(2.11)

and the total force applied by the set Sl (X2' t) to X2 E fi,2 reads

(2.12)

The latter equations give us the desired boundary loads on the interaction surfaces of
the particles. To show that they satisfy (2.6), note that

(2.13)

(2.14)

Since F(-r) = -F(r), and because Xl is an element of SI(X2, t) if and only if X2 is an
element of S2(Xt, t) (ef. (2.10)), it follows that the sum F I + F 2 indeed vanishes.

2.2.2 The Boundary Loads in the Discrete Model

In the discrete model, we choose a subdivision {Gkn C fi,k I n - 1,2, ... ,Nk }, with
N k E N, of cells on fi,k, such that

Nk

UGkn = fi,k
n=l

and (2.15)

We assume that the cell Gln1 of BI interacts with the family {G2n2 I n2 E 12n1 } of cells
of B2 , where 12n1 is some subset of {I, 2, ... ,N2 }. Then G2n2 interacts with the family
{Gln1 Inl E I ln2 }, where I ln2 is given by

(2.16)
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(see also (2.10)). Let ekn E Gkn be the interaction point of the cell Gkn . The force
acting on the points x in the cell Gkn , due to the interaction of this cell with Glm is
given by F(ekn - elnJp(G1m ), where p(A) = fA du is the area of the set A. The load
distributions fk(x, t) on ri,k are now readily seen to be

fl(xl,t) = :E F(elnl -e2n2)JL(G2n2)' if Xl E GIl'll'
n2EI2nl

f2(X2, t) = :E F{e2n2- elnJJL{GIl'll)' if X2 E;: G2n2 ·
nlEI1"2

Note that the total forces F l and F 2 on r i,1 and r i,2, respectively, are given by

(2.17)

(2.18)

(2.19)

(2.20)

and that since n2 E 121'11 if and only if n1 E 111'12 (cf. (2.16)), the sum of these forces vanishes,
hence these load distributions satisfy (2.6) too.

Notice further that if a cell Ckn interacts with all the cells Glm within a fixed part of the
interaction surface of B" and if the subdivision of cells on ri,l is getting finer and finer, i.e.,
if p(Glm ) -+ 0, the sums in (2.17) and (2.18) converge (if they converge) to the integrals
in (2.11) and (2.12). The continuous model can thus be seen as a limit case of the discrete
model.

2.3 Finite Element Models for the Interface

We shall now give a variational formulation of the problem formed by the Eqns. (2.4)
(2.9), where the functions fl(x, t) and f2 (x, t) are given either by (2.11) and (2.12), or by
(2.17) and (2.18) (see also Johnson (1987, Sec. 5.1)).

Let v(x) be a test function on n such that v = 0 on r u • Scalar multiplication of the
local equilibrium equation (2.4) with v, and integration over n, yields

k(divtT + ph, v)dx = o.

Since div{ITv) = (divIT, v) + tr[IT(grad v)), it follows that

k(divIT,v) dx= k(t,v)du- ktr[IT(gradv))dx,

(2.21 )

(2.22)

where we have also used Gauss' Divergence Theorem, the symmetry of IT, and the definition
of the traction vector. With this relation, the boundary conditions (2.8) and (2.9), and
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Figure 2.3 The interface between two line segments Al and A2 on the interaction 'surfaces'
ri,l and r i ,2 of the particles Bl and B2 • The vector K kj is the generalized force at the node Pki •

with the fact that v = 0 on ru , Equation (2.21) leads us to the following variational
problem: find lp such that lp = lpo on ru, and such that

In tr[D'(grad v)] dx -ki'l (f1, v) du - ki.2 (f2 , v) du =

= f (p b, v) dx + f (to, v) du, (2.23)1n 1rp

for every v(x) that vanishes on ru'

2.3.1 A Two-dimensional Finite Element Model for the Interface

Let us assume that the particles B1 and B2 are in a plane strain or plane stress state.
In that case, the problem (2.4)-(2.9) reduces to a two-dimensional problem, in which the
configurations are now bounded regions in R 2 and their boundaries are simple closed arcs.

Let us choose, for the finite element model, a triangulation of the particles, such that
these arcs are interpolated piecewise linearly (e.g., by using four-noded quadrilateral el
ements, or three-noded triangular elements). Let P lel and Ple2 be two consecutive nodes
on ri,le, and let Xu and Xle2 be their respective positions at time t (Fig. 2.3). Let Ale C ri,1e
be the line segment between them, given by the parametric representation

2

lplA/o = lple(U) =:EtPi(U)Xlei' for U E [0,1),
i=l

(2.24)
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in which tPl(U) = 1 - u, and tP2(U) = u. We shall use a Galerkin method, that is, we shall
interpolate the test functions vex) on Ale accordingly:

2

VIA/r = LtPi(U)V/t;i, for U E [0,1),
i=l

(2.25)

with V/t;i = V(Xlei)' With these relations, the contribution to the variational formula
tion (2.23) of the interaction between the boundaries Al and A2 (i.e., the second and third
term on the left hand side of (2.23)) can be written as

2 2Ll (fll v) du + L2 (f2,v) du =E~(Klei' Vlei), (2.26)

where K lei are the generalized forces at the nodes Plei , given by

K lei = 11

tPi(U) fk(~k(U), t) IIcPk(U)II duo

Note that IIcPle(U)II = IIxk2 - xH11 = fk is the length of Ak.

(2.27)

The Generalized Forces in the Continuous Model

For the continuous model, we assume that a point U E [0, 1) interacts with the points v of
the set

S(U) = { vE [0,1) Ilv - u] ~ a}, (2.28)

in which a > 0. By (2.24), we have for a point Xl = ~l(Ul) E All and a point X2 =
~2(U2) E A2 ,

2

X2 - Xl = I: [tPi(U2) X2i - tPi(Ul) Xli] =: r(U2, U1), (2.29)
i=1

so that, according to (2.11) and (2.12), the load distributions fk(~k(U), t) on Ak read

fl(~l(ud, t) = - I F(r(u2' Ul)) IlcP2(U2)II dU2, (2.30)
JS(Ul)

f2(~iu2),t)= I F(r(u2,ul))lIcPl(u1)lIdul' (2.31)
JS(U2)

Here, we have used the fact that F(-r) = -F(r). Substituting these relations into (2.27),
finally yields the generalized forces at the nodes in the continuous model,

K li = - II tPi(Ul) IIcPl (Ul)11 dUl I F(r(u2' Ul)) IlcP2(u2)1I dU2' (2.32)
10 1S(Ul)

K 2i = {I tPi(U2) IIcP2(U21HI dU2 I F(r(u2' Ul)) IIcPl(ul)1I dUl. (2.33)Jo 1S(U2)
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The Generalized Forces in the Discrete Model

For the discrete model, we choose a uniform subdivision of cells Cion on Ak , according to

Cion = {X = 'P 10 ( u) I(n - l)h ~ u < nh }, for n = 1,2, ... , N, (2.34)

with N E Nand h = liN, and we choose the center (Ion = 'Pk(vn ), with Vn = (n - ~)h, of
the cell Cim to be its interaction point. Suppose that the cell Cim interacts with the cells
C,m, for m E In, with

In = {m E {1,2, ... ,N} Ilm-nl ~ b}, (2.35)

where b > O. In this case, the load distributions fk('P(u),t) are given by (2.17) and (2.18),
yielding ,

fl('PI(U),t) = -A2 L F(r(vn2 ,vn1 )), for u E [(nl -1)h,n1h),
n2Eln1

f2('P2(U),t) = Al L F(r(vn2 ,vnJ), for u E [(n2 -1)h,n2h),
nlEln2

(2.36)

(2.37)

in which Ak = J.l( Cion) = hlk is the 'area' of Cion. Substituting these relations into (2.27)
we obtain the generalized forces at the nodes, for the discrete model,

in which

N

K 1i = -h2i 1i 2 L ainl L F(r(vn2 ,vnt )),

nl=l n2Elnt

N

K 2i = h2i 1i 2 L ain2 L F(r(vn2 , Vnt )),
n2=1 nlEln2

ain = .!.lnh
'l/Ji(u)du = {1- (n - ~)h, ifi = 1,

h (n-l)h (n - ~)h, if i = 2.

(2.38)

(2.39)

(2.40)

The Derivatives of the Generalized Forces

Since, in general, the variational problem (2.23) is a nonlinear relation for 'P, it must be
solved numerically, for example using a Newton-Raphson iterative procedure. For such
a procedure we need to linearize the equation. In particular, we need the derivatives of
the generalized forces K ki with respect to the position vectors Xlj. We see from Equa
tions (2.27), (2.32) and (2.33), and (2.38) and (2.39), that calculating these derivatives
amounts to determining the derivative lC,j = aklaXlj, with k given by

(2.41 )
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By (2.24), we have

11

(2.42)olI<pk(U) II _ h ~.(u) <Pk(U)
OX/j - kl J II<pk(u)II'

in which hkl is Kronecker's delta. Using (2.29), we see that we can write K1j and K2j as

(2.43)

(2.44)

in which a ® b is the tensor product of the vectors a and b, and where J= is the derivative
of/or in r(u2,ul). The latter can be obtained from (2.1), yielding

of(r) = _ [F'(r) _ F(r)] £(r) _ F(r)I
or r r

where £(r) is the projection operator on e = r/llrll, defined by

£(r)x=(e,x)e (XER2),

and I is the identity operator.

2.3.2 A Three-dimensional Finite Element Model for the Interface

(2.45)

(2.46)

Since we need the results in the next subsection, we shall now briefly discuss a three
dimensional finite element model.

Let us choose a triangulation for the particles (e.g., consisting of eight-noded brick
elements) such that the part Ek of the boundary ri,k within one element is a quadrilateral
with nodes Pki at its vertices. Suppose that it is interpolated bilinearly, that is, it can be
given by the parametric representation

4

'PIE" = 'Pk(u,V) = EtPi(U, v) Xki, with (u,v) E [0,1) x [0,1), (2.47)
i=l

where Xki are the position vectors, at time t, of the nodes Ph, of the element at the
boundary, and where tPl(U,V) = (1 - u)(l - v), tP2(U,v) = u(l - v), tP3(U,V) = UV, and
tP4(u, v) = (1 - U )v. Again, we shall interpolate the test functions v(x) on Ek accordingly:

4

viE" =L tPi(U, v) Vki, for (u,v) E [0,1) x [0,1),
i=l

(2.48)
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(2.49)

(2.50)

with Vlei = V(Xlei). If we substitute these relations into the variational problem (2.23), we
obtain for the contribution of the interface between the parts E I and E2 to that relation
an equation similar to (2.26):

2 4l (fll v) dO' +l (f2 , v) dO' = E 1)K/ci, Vlei),
El £.J Ie=I i=I

where the generalized forces K/ci at the nodes P/ci, are now given by

r r 11
8

'Pie 8J.P1e IIK lei = Jo du Jo 1Pi(u,v)fle('PIe(u,v),t) 8u x 8v dv.

The Generalized Forces in the Continuous Model

For the continuous model we assume that a point (u, v) E [0, 1) x [0, 1) interacts with the
points (w,z) E S(u) x S(v), where S is given by (2.28). The load distributions on EI and
E2 are then again obtained from (2.11) and (2.12). With r(u2, V2; Ull VI) set to

4

r(U2, V2; Ull VI) = 'P2(U2, V2) - 'PI (UI' VI) = L: [tPi(U2, V2) X2i - tPi(Ul, VI) Xli]' (2.51)
i=l

they become

fl('Pl(Ul,VI),t) = - f dU2 f F(r(u2,V2;Ul,Vl)) II 88'P2 x 88'P211 dV2,
}S(Ul) }S(Vl) U2 V2 (2.52)

f dUI f F(r(u2,v2;ul,vd) II 88'Pl x 88'Plll dVI'
JS(U2) }S(V2) Ul VI (2.53)

Substitution of these relations into (2.50), yields the generalized forces at the nodes.

The Generalized Forces in the Discrete Model

For the discrete model, we choose again a uniform subdivision of cells Glcmn on Ele' according
to

Glcmn = {X = 'P1e(u, v) I(m -1)h ~ U < mh, (n - l)h ~ V < nh }, (2.54)

for m, n = 1,2, ... , N, and we choose the center (lemn = 'Pie (11m, lin) to be the interaction
point of Glemn . Further, we assume that the cell Glcmn interacts with the cells C,pq , for
(p, q) E 1m X In, with In given by (2.35). The load distributions on El and E2 then read

fl('Pl(Ul,Vl),t)=- L: L: F(r(lIm2,lIn2;lImllllnl))A2m2n2' (2.55)
m2 Elml n2 Elnl

f2('P2(U2,V2),t) = L: L: F(r(lIm2,lIn2;lImllllnJ)Almlnll (2.56)
mlElm2 nlEln2
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where

13

(2.57)
A kmn = r~l)h du t:~l)h 11

8a:kx a~k II dv

is the area of the cell Ckmn' Substitution of these relations into (2.50), yields the generalized
forces at the nodes.

The deriva.tives 8Kki /8xlj can be calculated using the same procedure as in the pre
ceding subsection.

2.3.3 A Two And A Half-dimensional Finite Element Model of the Interface

Since from a numerical point of view a two-dimensional model is preferable to a three
dimensional one (less degrees of freedom), we shall derive from the three-dimensional model
presented in the preceding subsection, a two and a half-dimensional model, by demanding
that the nodes Pki, for i = 1, 2, 3 and 4, all stay in one fixed plane, and by requiring that
the two planes (for k = 1,2) are parallel, at a distance d of each other. Let n be the (unit)
normal to both the planes. Without loss of generality, we can set

(2.58)

where Xki is the component of Xki perpendicular to n, i.e., (Xki, n) = O. The paramet
ric representations 'f'l(S, t) and 'f'2(s, t) of E1 and E2 can then also be split into their
components parallel and normal to n:

with

4

epk(U,V) = LtPi(U,V)Xki'
i=l

(2.59)

(2.60)

The distance vector r = X2 - Xl between a point X2 E E2 , and a point Xl EEl, can
now be written as r = r + dn, where r is perpendicular to n. By (2.1) we obtain for the
force F(r + dn),

(
) r+ dn -F{r+dn)=-F vr2 +d2 J =F{r,d)+F.L(r,d)n,

r 2 + d2

with r = IIrll, and

(2.61 )

(2.62)

(2.63)
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IT we substitute these relations into (2.52) and (2.53), or into (2.55) and (2.56), and use the
resulting relations in (2.50), we obtain the generalized forces Kki at the nodes. These forces
can also be split into their components Ktt in the direction of n, and K ki perpendicular
to n. They are functions of the positions x,; of the nodes, and of the thickness d of the
interface. There are two now ways to arrive at a two-dimensional model:

(i) Keep the thickness d of the interface fixed and neglect the forces normal to the planes
(i.e., Ktt). The forces Kki are taken as functions of the positions Xl; of the nodes in
the plane. The derivatives of the forces can be calculated with the same procedure
as in Section 2.3.1. In this case, however, there will be a non-zero resultant force

4

Kt = EKti
i=1

(2.64)

perpendicular to Ek.

(ii) Choose the thickness d such that the forces Kt vanish. This, however, gives an
additional equation to the resulting set of equations for the positions of the nodes.

In the next section we shall see that if we choose for the first option, the calculated forces
Kt, can become very large (much larger than the forces in the plane).

2.4 Results of Some Simple Calculations

In this section, we shall give the results of some simple calculations, based on the two- and
the two and a half-dimensional models, presented in the preceding section.

In all the calculations the particles were homogeneous isotropic elastic bodies, and
all triangulations were made up by bilinear quadrilateral elements. Further, only the
discrete variants of the models were used, in which a cell Ckn interacts with the cells CI,n-b,

CI,n-b+l, ... , Cln, ... , C
"
n+b-ll and C"n+b' In most of the tests b was chosen equal to 1,

but in the pullout test b was set to 1, 2, 5, and 10, respectively. For the interaction energy
between two points, the Lennard-Jones potential (2.2) was taken.

2.4.1 Calculations With the Two-dimensional Model

As a first example of the two-dimensional interface model, a peel-off test was simulated.
In this test, a thin elastic plate with cross-section CDFE is glued to a rigid surface AB
(Fig. 2.4). The side DF of the plate is clamped, while the displacement u of the point E is
prescribed in the vertical direction (i.e., normal to the plate). The sides CD and AB are
the 'surfaces' where the interaction between the plate and the rigid surface is taken place.
The vertical component of the force F, acting on E, is plotted in Figure 2.5, as a function
of u. The straight line in that plot shows the force in case the interaction between the
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F

Ct:=±:=±=±::±::±::::±=::±:::±::::±::±::::::t::=±::=±:=±::::±:=±:=±::::±==i:~D
A B

Figure 2.4 The cross-section CDFE of an elastic plate glued to the rigid surface AB, for a
pee10ff test. The side DF is clamped, while the displacement u of the point E is prescribed in
the direction normal to the plane. The sides CD and AB are the interaction surfaces of the plate
and the rigid surface, respectively.

force FII vs. displacement UII of point E.

1.41.20.6 0.8 1
displacement ull

0.40.2
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1.4 r-----r--..,.....----,r----'T'""--~----,-- ......---,
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0.8
force FII

0.6

0.4
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o

Figure 2.5 The vertical component of the force F applied to the point E as a function of the
vertical component of the displacement u of that point. The straight line shows the force in case
the interaction between the plate and the surface is omitted.
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plate and the surface is omitted. We see that the force in the peel-off test converges to
this one. It is caused by the fact that the Lennard-Jones force decreases rapidly to zero,
after having reached its maximum at r = ro (Fig. 2.2). Hence, if the displacement of the
point C normal to AB is large enough, the interaction between the two surfaces vanishes.

The second example of the two-dimensional interface model is the fibre pullout test.
In this test, a fibre, initially embedded in a matrix, is being pulled out. The initial con
figuration is depicted in Figure 2.6. Because of the symmetry of the problem only half
of the composite is modelled. The sides HGE are clamped, w~ile the displacements in
the vertical direction of AB are suppressed. The sides CD and EF are the interaction
surfaces of the matrix and the fibre. The horizontal component of the force F applied to
the fibre end BD is plotted in Figure 2.7 as a function of its horizontal displacement, for
different values of b. We observe that for higher values of b, the interface 'collapses' at
larger displacements of the fibre end. This is because the 'area' of the cells is equal in all
four cases, and hence the total 'area' with which a cell interacts increases if b increases.

Note that the interface doesn't collapse in the real sense of the word, since the model
used here is a purely elastic one: if the load would be removed from the fibre end, both
the fibre and the matrix would return to their initial configuration.

2.4.2 Calculations With the Two And A Half-dimensional Model

In order to test the two and a half-dimensional model, two squares ABCD and EFGH
(Fig. 2.8) of the same size where placed parallel to each other at a fixed distance (i.e., we
used the first option of Section 2.3.3). The point A was fixed, and the displacement of
point B in the y-direction was suppressed. The points E, F, G, and H of the upper square
where rotated about the center of the square. In Figure 2.9 the forces K21 ,% and K21 ,y at
the point E, and the resultant force Fz on the upper square are plotted as functions of the
rotation angle cp. From this figure we see what we indicated in Section 2.3.3, namely that
the resultant force normal to the squares is much larger than the forces in the plane.

In the final example, a three by three square network of overlapping fibres was modelled
under a diagonal loading (Fig. 2.10a). In the squares marked with a circle (0), two fibres
overlap. At those points two quadrilateral elements are placed on top of each other, as in
Figure 2.9. These elements are kept at a fixed distance from each other, in the direction
normal to the plane. They interact according to the two and a half-dimensional model.
The point A is fixed, while the displacements of the point B are prescribed along the
diagonal through A and B. In Figure 2.10 three deformed configurations of the network
are depicted. The third one is very near the point where the network 'collapses', that is,
where the interfaces between the fibres 'break'. Again, the interface doesn't really break.
Finally, the force in the horizontal direction at the point B is plotted in Figure 2.11, as a
function of the displacement of that point in that direction.
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Figure 2.6 The initial configuration of the fibre ABDC in the matrix EFHG. The re
gion CDFE is the interface between matrix and fibre.

force Fz vs. displacement U z at fibre end BD
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Figure 2.7 The horizontal component of the force F applied to the fibre end BD as a function
of its horizontal. displacement uz , for different values of b.
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Figure 2.8 Two interacting parallel squares ABeD and EFGH at a fixed distance of each
other.

- - l.forces K 21 ,z, K 21 ,y and K 2 vs. rotation angle cp
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Figure 2.9 The forces [(21,z and [(21,,1 exerted on the point E in the plane and the resultant
force Kt on the upper square as a function of the rotation angle cp.
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Figure 2.10 The initial configuration (a) and three deformed states of a three by three square
network of overlapping fibres. In the squares marked with a circle (0), two quadrilateral elements
are placed on top of each other (Fig. 2.9). The point A is fixed (that is, both the nodes in
that point), while the point B is displaced along the diagonal through A and B. The deformed
configurations are taken at displacements u = (1,1) (b), u = (2,2) (c) and u = (3,3) (d).
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force in Fz vs. displacement 'Uz of point B
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Figure 2.11 The force Fz in the horizontal direction applied to the point B as a function of the
displacement 'Uz of that point in the same direction.



3 Conclusions and Further Investigations

In Chapter 2, we presented two models for the interaction between two particles. In
addition, we derived finite element models from them, for two-, two and a half-, and
three-dimensional finite element calculations. The models can be used in a wide range
of applications. For example, for the fibre-matrix interface, as in the second example of
Section 2.4, or fibre-fibre interface in a (two-dimensional) fibre network, as in the fourth
example of that section.

The finite element models are purely elastic since each point on the interaction surface
of a particle interacts with a fixed part of the interaction surface of the other particle, and
the interaction between two points is elastic. However, they can be extended without to
much effort to, for example, elastoplastic (hardening and softening) models.

In order to determine the effective material properties of the mesodomain, we need
to derive the relation between averages (either volume or ensemble averages) of stress
and strain in the mesodomain. For this, we can use one of the theories discussed in
Chapter 1. However, all these theories deal with linear elastic solids (expect Maugin (1992,
Chap. 9), who also includes elastoplastic materials), while we have seen in Chapter 2, that
the interface behaves nonlinearly. We thus have to investigate whether-and if so, how
these theories can be extended to nonlinear problems.

With the finite element models, we can use Courage's method (Courage 1990)-which
can be extended relatively easy to nonlinear problems-to calculate the mesoscopic prop
erties. However, as we already stated in the introduction to this report, it is virtually
impossible to derive closed form expressions for these properties as functions of the micro
scopic ones from the numerical data.
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