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a b s t r a c t

An equation is proposed that predicts the dispersion contribution in activity models of alkanes. Our
approach requires as input the topology and the van der Waals volume of the compounds, as well as two
universal energy constants. It has been derived from the perturbed chain equations of state taking as
reference state the pressure at infinity, which brings the molecules into a liquid close-packed structure
(LCP). At this condition the second perturbation integral vanishes. The first perturbation integral is
evaluated at LCP. We explain why the power series expression for the first perturbation integral yields
non-realistic results for PC-SAFT at this condition. Using the theoretical framework of PC-SAFT, we apply
topology theory to get realistic values for this integral at LCP. The obtained dispersion equation in
combination with a generalized expression for the combinatorial contribution gives activity coefficients
of mixtures of alkanes with an average absolute deviation of 4.5%, which is at the level of UNIFAC(Do). It
demonstrates that the proposed model can replace the modified combinatorial contribution in UNIFAC
and COSMO-RS models, thereby eliminating systematic deviations in prediction of molecules having a
small alkyl fraction. It also shows that the systematic deviations of the van Laar activity coefficient model,
which is based on the van der Waals equation of state, are a result of neglecting the shape and poly-
atomic character of molecules.

© 2019 Elsevier B.V. All rights reserved.
1. Introduction

In this paper we aim at developing a contribution for the activity
coefficient that accurately accounts for the dispersion interaction
between molecules. We have shown in part 1 [1] that the cubic
equations of state (cEoS) give a van Laar type of activity model, and
that these models systematically predict too high activity co-
efficients. This systematic deviation is caused by the assumptions
embedded in the van der Waals cEoS. It is assumed that all mole-
cules are spherical, which sets the normalized excluded covolume
to 4, while linear molecules have a value close to the covolume of
cylinders, which is 2. Van der Waals further assumed that the
effective number of interactions around a molecule is not influ-
enced. However, the polyatomic character of most molecules
effectively reduce intermolecular interaction, because of proximity
effects of the same molecule. The change of the cEoS parameters a
rooshof).
and b, as used in the van Laar activity coefficient equation, into the
liquid volume and the Hildebrand solubility constant, respectively,
is an ad-hoc way to eliminate this systematic error. We showed in
part 1 [1] that all van Laar type equation can be characterized by a
unique parameter, K, which is directly related to the critical pa-
rameters and volume correction parameters of the cEoS. This
parameter, K, however, needs adjustment in order to give reason-
able predictions, but it does not fully address the differences in
molecular shape and polyatomic character of molecules. In this
work we evaluate whether this issue can be solved by using as
starting point the perturbed chain equations of state. It is noted that
Lee and Sandler [2] derived an activity coefficient model from a
perturbed mean sphere equation of state. In this model small
molecules are regarded as spheres. This approach contains a sys-
tematic error for non-spherical molecules in the form of over-
estimating the number of interaction pairs around a molecule,
because spheres do not have intramolecular interactions and co-
valent bonds that hinder the intermolecular interaction.

Another dispersion activity coefficient model is that of Hsieh
et al: [3], who applied this within the COSMO-SACmodel. However,
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their proposed dispersion activity coefficient model is a crude
simplification. First, they use the single parameter Margules model,
which indicates that dispersion is treated as an interaction of en-
tities of the same size. Secondly, their choice of a fitted coordination
number of 0.275 is physically impossible. Third, the unlike energy
parameter for alkanes is zero, thereby yielding no dispersion
contribution for alkane mixtures, which is incorrect. To this we
mention that the MOSCED model [4] of Thomas et al: is an activity
coefficient model that also includes dispersion interaction. The
model is limited in its use, as it provides the activity coefficient at
infinite dilution of binary mixtures only. UNIQUAC [5], UNIFAC [6],
COSMO-SAC [7] and COSMO-RS [8] model are activity models that
do not have a dispersion interaction contribution. In particular the
UNIFAC, COSMO-SAC and COSMO-RS models can not describe
accurately the phase equilibrium behavior of alkane mixtures. In
the modified UNIFAC model [9] this omission has been repaired by
introducing an ad-hoc modification of the combinatorial contri-
bution proposed by Donohue and Prausnitz [10]. This correction
has, however, no physical meaning.

In this work we start with the derivation of activity coefficient
models from the perturbed chain equations of state, using the
method of Huron and Vidal [11,12], in which the pressure is set at
infinity. Infinity in this context means that the molecules are set
into close contact. The models for the dispersive activity coefficient
are combined with an off-lattice combinatorial contribution [13] to
obtain the total activity coefficient. We show that the existing
parametrization of the perturbed chain models is not applicable in
the limit of infinite pressure, and that the theory can be improved
by using another method to compute the first perturbation integral
at this limit. This method can be formalized by topology theory,
where the first Zagreb index is the key property. In addition, we
introduce a new method to calculate the interaction energy be-
tweenmethyl groups of hydrocarbons, inwhich only the number of
hydrogen atoms per carbon atom is required. This model is evalu-
ated using three combining rules, compared to experimental data
and applied to predict phase equilibria of systems that were outside
the set of used experimental data. In the last sectionwe summarize
our findings and discuss the key elements obtained.

2. Theory

2.1. Perturbed chain equations of state

Besides the cEoS, a whole series of equation of state models has
been developed that specifically account for the chain-like struc-
ture of molecules [14e17]. One of the successful models is the
Perturbed Chain Statistical Associating Fluid Theory (PC-SAFT),
developed by Gross and Sadowski [18] in 2001. This model yields
excellent vapor-liquid phase equilibria predictions of hydrocarbon
mixtures. Therefore, it is expected that PC-SAFT provides a better
way to define the dispersive term in activity coefficientmodels. One
of the main differences between the cEoS models and PC-SAFT is
that the cEoS, due to the spherical nature of the molecule, treats the
composition and density of the space around a molecule as uni-
form, while PC-SAFT accounts for local composition. Because PC-
SAFT considers chains instead of spheres, a part of the space
around a sphere in a chain is filled by neighbor spheres of the same
chain, which increase the density locally, while the remaining part
is uniform and determined by the statistics of chain collisions. We
note further that prior to the PC-SAFT model Gross and Sadowski
[19] developed a perturbed hard-sphere chain (PHSC) model. It
differs from the PC-SAFT model in the definition of the segment
diameter, which is in PHSC temperature independent.

In PC-SAFT the Helmholtz energy for dispersive interaction adisp

is expressed by:
adisp

RT
¼ �1

2
½4prI1�m2

εs3 � prmC1I2m2
ε
2s3; (1)

where r is the total number density of the fluid, I1 and I2 are the
first and second order perturbation integrals,m is the average chain
length of the molecules in the system, m2

εs3 and m2
ε
2s3 are en-

ergy averages of the system energy and C1 is a function. The first
perturbation integral is defined by:

I1ðh;mÞ¼ �
ð∞
0

~uðxÞghcðm; x; rÞx2dx; (2)

where ~u is the reduced pair potential and ghc the pair correlation
function with x the scaled center-to-center distance between
spheres. The second perturbation integral I2 and the function C1 are
defined by:

I2ðh;mÞ¼ v

vr

�
r

ð∞
0

~u2ðxÞghcðm; x; rÞx2dx
i
; (3)

and

C1 ¼
 
1þ Zhc þ r

vZhc

vr

!�1

¼
 
1þm

8h� 2h2

ð1� hÞ4
þ ð1�mÞ20h� 27h2 þ 12h3 � 2h4

½ð1� hÞð2� hÞ�2
!�1

;

(4)

respectively, where Zhc is the compressibility factor of a hard-
sphere chain fluid and h is the total packing fraction given by:

h¼p

6
r
X
j

xjmjd
3
j ; (5)

where dj is the segment size of compound j, which is a constant in
the PHSCmodel and temperature dependent in the PC-SAFTmodel:

dj ¼

8>>><>>>:
sj PHSC

sj

�
1� 0:12exp

�
� 3εj
kBT

��
PC� SAFT:

(6)

In the PC-SAFT model alkanes larger than ethane have
εj=kB >200 K, which implies that the segment diameter shrinks at
most 2% going from 0 to 350 K. In other words, the temperature
dependence of the diameter is very weak, and will only be
noticeable in isobaric equilibria calculationswith large temperature
differences. The averages involved are defined by:

m ¼
X
j

xjmj

m2
εs3 ¼

X
j;k

xjxkmjmk
εjk

kBT
s3jk

m2
ε
2s3 ¼

X
j;k

xjxkmjmk

�
εjk

kBT

�2

s3jk;

(7)

where εjk is the average square-well potential depth for the
dispersion interaction between a segment of molecule j and a
segment of molecule k, sjk is the center-to-center distance between
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these segments,mj andmk are the number of segments in a chain of
molecule type j and molecule k, respectively, and kB is Boltzmann's
constant. The calculation of εjk and sjk of the unlike pairs will be
explained in section 2.3.

For a pure component, of which djzsj, we can define the
number of interacting segments around a central segment by:

Zj ¼4prI1mjs
3
j ¼ 24hI1

mjs
3
j

mjd
3
j

z24hI1; (8)

where Eq. (1) is used. This number is also known as the coordina-
tion number of the average segment of compound j.

In order to arrive at an expression for the activity coefficient
from the perturbed hard-sphere chainmodels, we set the system to
infinite pressure according to method that was applied by Huron
and Vidal [11,12] for cEoS. At this condition the liquid is compressed
to its maximum value (hLCPx0:637). We note that solid structures,
for which the perturbed hard-sphere chain models do not apply,
can have a packing fraction between that of a random close-packed
(RCP) solid (hRCPx0:637), and a face-centered cubic (FCC) ordered
close-packed structure (hFCC ¼ p=

ffiffiffiffiffiffi
18

p
). The value for the solid

depends on the process path towards infinite pressure. For the
liquid state it is important to understand that at LCP the very large
compressibility factor of the hard-sphere chain, Zhc, brings C1 to
zero (see also Supplementary Material). Hence, at infinite pressure
only the first perturbation integral matters.
2.1.1. First perturbation integral
In the PC-SAFT model the first perturbation integral is repre-

sented by a power series introduced by Liu and Hu [20]:

I1 ¼
X
j¼0

6 bajhj: (9)

The constants, baj, are given by the expressions:

baj ¼ ba0;j þ ba1;jm� 1
m

þ ba2;jm� 1
m

m� 2
m

(10)

in which m is the number of segments in a chain, and ba0;j, ba1;j, andba2;j are model constants. Substitution of h by hLCP into Eq. (9) gives:

I1ðhLCPÞ¼ ~a1 þ
~a2
m

þ ~a3
m2; (11)

where ~a1, ~a2, and ~a3 are constants given in Table 3. The PHSCmodel
[19] contains the same equations as the PC-SAFT model, but uses a
square-well potential for the interactions, instead of the softer,
modified square-well potential that has been defined for the PC-
SAFT EoS (see Eq. (6)). The 21 parameters for the first perturba-
tion integral of the PHSC model were optimized by a set of gener-
ated data points, for which equation (2) was used, in the ranges of
0<h<0:6 and 1<m<1000, while those of the PC-SAFT model
parameters were determined by fitting experimental vapor pres-
sures and liquid densities of the n-alkanes up to decane, except
ethane. The temperature range given in Table 2 of the PC-SAFT
paper [18], see also [21], indicates that the experimental data
covers a packing range of 0<h<0:45 (though a valid range to 0.74
is stated). Due to the difference in the potential well and the applied
strategy to determine the parameters of Eq. (9), the values of the
parameters of Eq. (11) for the PHSC and the PC-SAFT model are
different (see Table 3).

The top panels of Fig. 1 show the value of I1 as function of h for
both models from zero to 0.74. The bottom panels show the
coordination number of a pure component j when dj ¼ sj as func-
tion of the packing fraction. We have plotted results for various m
values up to 20, because for longer chains the results are very close
to m ¼ 20. We observe that the first perturbation integral and the
coordination number of the PHSC model run nearly parallel and
that with increasing chain length the difference in I1 becomes
smaller. This is not the case for the PC-SAFT model. First, we
observe that the curves of the PC-SAFTmodel start at a significantly
higher value at h ¼ 0. From a theoretical point of view it is expected
that the relative difference would be at most 3%, as explained in
Appendix A. Another point of concern is that all curves of the PC-
SAFT model, except for methane, converge just outside the exper-
imental data range at hz0:46 to a value of I1z1:05, cross and
diverge in the high h limit. This is physically impossible, because
long chains have more covalent bonds, and therefore miss more
sites for intermolecular interaction. This crossing point lies outside
the range of experimental data and, therefore, should be regarded
as an artifact of the parametrization process. For the use of the PC-
SAFT EoSmodel in fluid phase equilibria description this issue is not
a problem, because the model is meant to be applied for fluids with
h<0:46. But for solid-liquid equilibria or gas-liquid phase equilibria
at very high pressures, the PC-SAFT EoS could give erroneous re-
sults for the liquid phase, because the packing fraction of the liquid
can be larger than 0.46. This problem has been studied by Yelash
et al. [23], and Privat et al. [24]. On the other hand Polishuk [25]
showed that also SAFT contains certain pitfalls. In short, these
publications indicate that re-optimization of the I1 parameters is
required to obtain a proper liquid description beyond h ¼ 0:45. This
has been done by Liang and Kontogeorgis [26]. They have proposed
a new set of model parameters, but as can be noticed in Fig. 7 of this
publication, also here exists a cross-over of the I1 curves, which
makes extrapolation to the solid state impossible. We therefore
need to optimize the ~a1, ~a2, and ~a3 parameters to define the first
perturbation integral at maximum density. The work of Klumov
[22] points out that the number of hard spheres is 14.4 at liquid
closed packed condition (h ¼ 0:64), when the integration runs
between 1< r=s<1:5. This is indicated by the yellow data point in
the bottom panels of Fig. 1. Interesting to observe is that the PHSC
model gives Zj ¼ 13:7 at m ¼ 1 , which is close to Klumov's value.
We will use Klumov's value, Zj ¼ 14:4, as the limit for monoatomic
molecules.
2.1.2. Perturbed chain activity coefficient model
At infinite pressure the Helmholtz energy of mixing for the PC-

SAFT model is determined by I1 only (see Supplementary Material).
With the definition for the coordination number, Eq. (8), it has the
following expression:

ntaE;disp

RT
¼1
2

�
T0
T

�24X
j

Zjnjmj~εj

 
sj
dj

!3

�
P

j;kZjnjnkmjmk~εjks
3
jkP

jnjmjd
3
j

35;
(12)

where ~εj is the reduced dimensionless interaction energy at refer-
ence temperature, T0, defined by:

~εj ¼
εj

kBT0
; (13)

and

Zj ¼24hLCP

 
~a1 þ

~a2
mj

þ ~a3
m2

j

!
: (14)



Fig. 1. First perturbation integral, I1, (top panels), and coordination number, Zj (bottom panels), of a pure component as function of the packing fraction given by PHSC and PC-SAFT
(tags). Curves show the results for chain lengths of (from top to bottom) m ¼ 1;2;3;4;7, and 20 segments. The solid part of each curve indicates the experimental data range, while
the dashed part is an extrapolation of Eqs. (9) and (8), respectively. The vertical dashed lines indicate the critical volume (hz0:18) and LCP (hz0:64). The solid vertical line denotes
hz0:74. The yellow and black points indicate the coordination number of single spheres, m ¼ 1 at LCP. These are Zj ¼ 14:4, according to Klumov's work [22], and at FCC Zj ¼ 18,
respectively.
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For single spheres we have Zj ¼ 24hLCPð~a1 þ ~a2 þ ~a3Þ. This gives
for the PHSC and PC-SAFT model Zj ¼ 13:7 and Zj ¼ 15:3 respec-
tively. For infinite homonuclear chains, wherem ¼ ∞, the last two
terms of Eq. (14) vanish, and we get Zj ¼ Z∞ ¼ 24 hLCP ~a1. For this
case the PHSC and PC-SAFT model have Zj ¼ 11:88 and 19.10,
respectively. Since the face centered cubic (FCC) or hexagonal close-
packed (HCP) packing of spheres gives the maximum value of the
coordination number Zj ¼ 18, the result of PC-SAFT model for the
LCP condition is physical impossible. It is a mathematical error
caused by the extrapolation beyond the singular point h> 0:46, as
we pointed out when discussing the results of Fig. 1.

Assuming that the weak dispersion gives negligible excess vol-
ume, we have gEzaE;disp;∞, and the activity coefficient gk can be
calculated from:

lngk ¼
1
RT

�
vntgE

vnk

�
T ;P;njsk

z
1
RT

�
vntaE

vnk

�
T ;P;njsk

; (15)

Substitution of Eq. (12) in Eq. (15) gives the expression
ln gdispk ¼ mk
Zk
2

�
T0
T

�0B@�sk
dk

�3
~εk � 2

X
j

xjmj~εjks
3
jk

md3
þ d3km

2
εs3�

md3
�2
1CA

þmk
Z∞
2

�
T0
T

�"
~a2

~a1m
2 þ

2~a3
~a1m

3

#�
1� m

mk

�
m2

εs3

md3
;

(16)

where we defined the average

md3 ¼
X
j

xjmjd
3
j : (17)

Note that the volume term is absent in Eq. (16), as at infinite
pressure the fluid is incompressible. The activity coefficient of
compound k at infinite dilution in solvent j then reads:
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ln gdisp;∞k ¼ mk
Zk
2

�
T0
T

�0@s3k

d3k
~εk � 2

s3jk

d3j
~εjk þ

d3k
d3j

s3j

d3j
~εj

1A
þmk

Z∞
2

�
T0
T

�"
~a2

~a1mj
þ 2~a3

~a1m
2
j

#�
1� mj

mk

� 
sj
dj

!3

~εj:

(18)

In here the segment diameter dj is defined by Eq. (6). With dj ¼
sj the finite and limiting activity coefficients of the PHSC model is
obtained. In Appendix B we demonstrate how the PC-SAFT based
dispersion activity coefficient model is related to the equation of
van Laar [27] and the regular solution theory of Hildebrand [28].
Table 1 provides an overview of PC-SAFT parameters of some n-
alkanes as published by Gross and Sadowski [18], as well as the
parameters of squalane, which we obtained by fitting experimental
saturated vapor pressure and liquid density data taken from DIPPR
[29]. Morem, s, and ε values can be found in the work of Gross [18]
and Tihic et al: [30]. Tihic et al: provides also equations to predict
these parameters for alkanes with NC >20, which wewill use in the
results section.

The last three columns of Table 1 list the calculated values for Zj,
showing how the coordination number of the alkanes vary with
chain length and structure. Both PHSC and PC-SAFT use Eq. (14), but
the results differ due to the difference in ~aj parameters given in
Table 3. Squalane has a smaller coordination number than an
infinite n-alkane, because the presence of methyl side groups along
the squalane chain reduce the space of interaction. In general, small
molecules should have more interaction per segment with the
surrounding molecules than large molecules, because the space
around such a small molecule is less hindered by other parts of the
molecule. Therefore, methane should interact with more spheres
than hexadecane per segment, which is also observed in Table 1 for
the PHSC and the IPC model, but not for the PC-SAFT due to the
error of extrapolation.

2.2. The improved perturbed chain activity coefficient model

Based on the results of the PC-SAFT model, Eq. (16) in combina-
tion with Eq. (36), as depicted in Fig. 4, we concluded that the ~aj
parameters of the PC-SAFT model for I1 (Eq. (11)) are not suitable to
obtain an accurate value for Zj at LCP condition. In order to arrive at a
more suitable description, we take a closer look at I1, which effec-
tively means that we investigate the way inwhich the coordination
number of a sphere in a chain is defined. This leads to a dispersion
activity coefficient model, which we call the improved perturbed
Table 1
PC-SAFT parameters for n-alkanes [18,30] with T0 ¼ 298:15 K. Squalane parameters
were obtained in this work by regression of liquid density and saturated vapor
pressure data. Between parentheses the standard deviation in the last digit. The
coordination numbers are obtained by Eq. (14) with the ~aj parameters from Table 3.
In the last column the results of the IPC model where Zj is defined by Eq. 22

Alkane
PC-SAFT PHSC PC-SAFT IPC

EoS and activity model ZjðhLCPÞ

m s (Å) ~ε Eq. 14 Eq. 14 Eq. 22

C1 1 3.7039 0.503 13.72 15.30 14.40
n-C5 2.6896 3.7729 0.775 12.59 16.41 11.60
n-C6 3.0576 3.7983 0.794 12.50 16.66 11.40
n-C7 3.4831 3.8094 0.800 12.43 16.89 11.26
n-C8 3.8176 3.8373 0.814 12.38 17.05 11.16
n-C12 5.306 3.8959 0.836 12.24 17.55 10.90
n-C16 6.6485 3.9552 0.854 12.17 17.83 10.78
n-C∞ ∞ 4.0829 0.882 11.84 19.10 10.40
Squalane 10.37 (3) 4.153 (6) 0.858

(1)
12.06 18.37 10.20
chain activity coefficient model, abbreviated to IPC model.

2.2.1. Perturbation integral at infinite pressure
The general idea for the IPC model is that under high pressure

the molecules will be at their most compact conformations. Both
the PHSC and the PC-SAFT model take the ad-hoc interaction range
1 � x=s � 1:5 to define a shell of interaction around a sphere. This
choice gives in a hexagonal close-packed structure (HCP) 18
spheres within this shell. There are 12, respectively, 6 spheres in the
first and second shell around a central sphere. The third shell of
spheres is located at

ffiffiffi
3

p
s>1:5s, which falls outside this range. This

situation is valid for solids.
For liquids the number of spheres within the interaction range is

lower. According to the works of Bennett, Parisi and Klumov
[22,31,32] there are 6 spheres in direct contact with the central
sphere. Scott [33] showed that besides these 6 there are on average
3.3 spheres, which are not in direct contact with the central sphere,
but still belong to the first shell. Klumov et al: [22] calculatedwith a
modified Lubachevsky-Stillinger algorithm the radial and cumula-
tive distribution of hard spheres in the packing fraction range of
0.64e0.68. In Fig. 1 of Klumov's paper we can read that at LCP the
average total number of hard spheres within the PC-SAFT defined
shell is Zj ¼ 14:4. Hence, the average number of spheres, which are
not in direct contact with the central sphere are Ns2 ¼ 14:4� 6 ¼
8:4. The value of Zj ¼ 14:4 is valid for disconnected spheres. We
denote these covalent bonded spheres in the first and second co-
ordination shell by Nx1 and Nx2, respectively. The number of first
(Nx1) and second (Nx2) bonded spheres in a linear chain is given by:

Nx1 ¼2
m� 1
m

and Nx2 ¼ 2
m� 2
m

; (19)

respectively. These equations hold for linear molecules withm � 2.
Methane has no carbon bonds; Nx1 þ Nx2 ¼ 0.

For non-linear chains, or in general poly-segmented structures,
the total number of spheres in the range of interaction of a central
sphere will be higher than that of a linear chain due to the presence
of branches. At this point our model starts to become different from
the PC-SAFT and the PHSC model, where all molecules are treated
as a homonuclear linear chains and where the effects of more space
at chain ends and less space at branches are ignored. This approach
is known as the Percus-Yevick 2 approximation [34]. In the IPC
model, we will account for branching and proximity effects, for
which we use the carbon skeleton of the molecule. This approach is
known as the full Percus-Yevick approximation [34]. Hence, in the
IPC model m ¼ NC, where NC is the carbon number. In the PC-SAFT
model, according to Table 2 of the original PC-SAFT paper [18], m
assigns several methyl groups, which is about 2.775 for n-alkanes.

Fig. 2 schematically illustrates examples of poly-segmented
chains, when they are at close packed condition.

Interestingly, topology theory [35,36] provides a way to gener-
alize Eq. (19) tobranched structures,whereproximityeffects playno
role. For m � 2, the sum of spheres bonded in the first and second
coordination shell, whichwewill call the occupationnumber, canbe
calculated from the first Zagreb index [35,36], ZM1. This topology
index was actually introduced for quantifying the polarity of mole-
cules, but here it is the average occupation number of spheres in the
interaction shell of a central sphere. The first Zagreb index for linear,
branched and cyclic structure is calculated by:

ZM1 ¼0mv;0 þ 1mv;1 þ 4mv;2 þ 9mv;3 þ 16mv;4 ¼
X4
j¼0

j2mv;j;

(20)



Table 2
Examples of alkanes for which D differs from ZM1, due to rigidity of a cyclic structure
or proximity of branched groups.

Compound m ZM1 D Zj

Cyclohexane 6 24 12 12.40
Cycloheptane 7 28 14 12.40
Methyl cyclohexane 7 30 21 11.40
2,2,3-trimethyl butane 7 33 29 10.26
1,1-dimethyl cyclohexane 8 38 28 10.90
2,2,3-trimethyl pentane 8 34 30 10.66
2,3,3-trimethyl pentane 8 34 30 10.66
2,2,3,3-tetramethyl butane 8 38 30 10.66
1,2,4,-trimethylcyclohexane 9 42 30 11.06
3-ethyl,2,3-dimethyl pentane 9 38 34 10.62
3,3-diethyl pentane 9 36 32 10.84
3,3,4-trimethyl hexane 9 38 34 10.62
2,2,3,3-tetramethyl pentane 9 42 34 10.62
2,3,3,4-tetramethyl pentane 9 40 32 10.84
Adamantane 10 60 24 12.00
Bicyclohexyl 12 58 26 12.24
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where mv;j is the number of carbon groups, which have j covalent
bonds to other carbon groups. The subscript v comes from the to-
pology term ‘vertex’, which is a connection point with a certain
number of connections to other points. In chemistry a vertex means
an atom, which has a certain number of bonds to other atoms. In
our case the carbon-carbon bonds. For instance, CH4 has no carbon
connection, CH3- has one, eCH¼ , ¼C¼ CH 2< groups have two
bonds, eCH< three, and >C< four. By counting these carbons Eq.
(20) gives ZM1.The first Zagreb index can not be applied for mo-
lecular structures, where rigidity or proximity effects prevent that a
next nearest neighbor sphere of the same molecule is within the
shell of interaction as is defined in the PHSC and PC-SAFT model. It
also happens for cyclic structures with no alkyl branches Nx1 ¼ 2
and Nx2 ¼ 0. It yields for cyclobutane, cyclopentane and cyclo-
hexane D ¼ 8; 10 and 12, while the Zagreb indices are 16, 20, and
Fig. 2. Schematic projected view of molecule configurations for the calculation of topolog
Bottom row: 2-methylbutane, methylcyclohexane, and 3,3-diethylpentane. Numbers betw
number of spheres that occupy the square-well space (red spheres). The occupation numb
range of the central sphere (blue). The orange sphere is excluded due to proximity effect o
24, respectively. To extend the ZM1 we define the quantity D, which
we call the dispersion topology number:

D¼mv;1 þ 4mv;2 þ 9mv;3 þ 16mv;4 þ 2mv;c2; (21)

where mv;c2 denotes the number of cyclic carbons in a ring, which
has no branches. There are however structures, for which it is more
difficult to express D and which are more easily obtained graphi-
cally. For instance for structures where the methylene group can be
pressed into the dimple of a cyclic structure, such as the alkyl-
cyclohexanes (see Fig. 2). In Table 2 we give molecular structures
that have a D number that differs from Eqs. (20) and (21), due to the
rigidity of a ring or the proximity of groups.

The effective coordination number Zj can now be written as:

Zj ¼Ns1 þ Ns2 � Nx1 � Nx2 ¼ Z0 �
D
m
; (22)

where Z0 has a value of 14.4, which holds for methane and other
single spheres. The subscript j to Z denotes a compound number, to
indicate that it is a pure compound specific quantity.

It is noteworthy to mention that an infinitely long linear chain,
which has D=m ¼ 4, gives with Eq. (32) Zj ¼ 10:4. This value is
closer to the value of the PHSC-model at LCP, where Zj ¼ 11:84,
than the unrealistic value of the PC-SAFT based model, where Zj ¼
19:10. Salient is that the coordination number in the UNIQUAC and
UNIFAC models has always been set to the value of 10. This value is
obtained by considering a HCP lattice, where a central cell has 12
nearest neighbors, but of which 2 sites are already occupied by 2
neighbors of the same chain. There are, however, two concerns
with this choice for the UNIQUAC and UNIFAC models. Firstly,
molecules are not always infinite long, thereby giving on average a
lower correction than 2 neighbors. For instance, small molecules
like water, ammonia and methane should have at HCP Zj ¼ 12,
while ethane, methanol require Zj ¼ 11. Secondly, the choice for a
y number D in the IPC model. Top row: ethane, propane, isobutane and cyclohexane.
een the accolades denote the carbon position in the molecule, which have the same
er is denoted between square brackets. The green spheres are outside the interaction
f adjacent spheres.
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HCP lattice is valid for crystals, but a liquid would be better
described by a RCP lattice, which has a coordination number of
about 9.2 for the first shell according to the work of Scott [33]. This
would lead to a value of 7 for UNIQUAC and UNIFAC, if one takes
into account the occupation of 2 sites by the same molecule. In
other words the assumption in UNIQUAC and UNIFAC that Zj ¼ 10
for all molecules is incorrect. With Eq. (22) this could be corrected.

For pure components where sj ¼ dj, Eq. (22) yields for the
perturbation integral at LCP (h ¼ 0:64z2=p) the formula:

I1 ¼
Zj
24h

¼ p

48
Zj ¼

14:4p
48

� p

48
D
m

¼ 0:942� 0:0654
D
m
: (23)

According to this expression, the coefficients of Eq. (11) for
single spheres, where D ¼ 0, would be ~a1 ¼ 0:942, ~a2 ¼ 0, and
~a3 ¼ 0, and for linear chains, where D ¼ 4m� 6, ~a1 ¼ 0:680, ~a2 ¼
0:393, and ~a3 ¼ 0. The m�2 term is zero, which implies that in the
power series of Liu and Hu [20] the third term should vanish at RCP.
The PHSCmodel seems to point to this criterion. It has a small value
for this term; ~a3 ¼ � 0:006. We have denote the values of a linear
chain as theoretical values in column 4 of Table 3.
2.2.2. Derivation of a new dispersion activity model
For the derivation of the IPC activity coefficient model, we

consider a mixture composed of nj molecules of type j. The average
segment of molecule j has interaction with Zj spheres as follows
from Eq. (22). The total number of interactions of all molecules j
with its local surrounding is therefore: njmjZj. When we define the
volume fraction of a compound by:

bfi ¼
nimid

3
iP

jnjmjd
3
j

; (24)

we can calculate the contribution in interaction energy between
molecule j and segment i by njmjZj bfi. We note that at infinite
pressure all compounds have a pure molar volume of nimid

3
i = hLCP.

The factor hLCP drops out of equation (24). Subsequently, the
following expression for the excess Helmholtz energy of mixing is
obtained:

ntaE;disp

RT
¼
X
j

njmj
Zj
2

�
T0
T

��
~εj �

X
i

bfi~εij

�
: (25)

Here the factor 1
2 is used to eliminate double counting of in-

teractions. Substitution of Eq. (25) into Eq. (15) yields the following
expression for the dispersive activity coefficient:
Table 3
I1 parameters of Eq. (11) at h ¼ 0:636. Zj calculated with Eq. (14). AAD values for
Fig. 5

Published ~aj This work Optimized ~aj PC-SAFT

Param. PHSC PC-SAFT IPC IC WH Kong
~a1 0.7778 1.2504 0.681 0.3163 0.0047 0.0048
~a2 0.1263 � 0:6073 0.393 � 0:452 � 0:066 � 0:067
~a3 � 0:0062 0.3585 0 0.1370 0.2287 0.2312
Zjðm ¼ 1Þ 13.7 15.3 14.4 0.0 2.6 2.6
Zjðm ¼ ∞Þ 11.9 19.1 10.4 4.8 0.07 0.07
AAD [%] e e e 0.4% 0.8% 0.8%

[a] Note: Although ~a3 should be zero, the used set of experimental data (C5eC8 in
squalene) forces non-zero values. Either the PC-SAFT compound parameters are
sub-optimal or the accuracy of the experimental data is not that accurate as
assumed. A combination of both is possible as well.
ln gdisp;IPCk ¼mk
Zk
2
~εk

�
T0
T

�

�
241�X

j

241þ Zj
Zk

 
dk
dj

!3
35bfj

~εjk
~εk

þ
X
i;j

Zi
Zk
bfi
bfj
~εij
~εk

35: (26)

In the derivation of the IPC dispersion activity coefficient model
mk is defined by the total number of methyl groups, dk follows from
the van derWaals volume, and Zk from Eq. (22). This implies that in
this model ~εk is the reduced energy of an average methyl group in
the molecule, which needs another quantification than the one
which is used in the PC-SAFT model, because we have another
definition for the number of segments m. For this we take a closer
look at the theory on dispersion as was introduced by London [37],
who quantified the dispersion energy U by the expression:

U¼ � 3
4
hn0a2

R60
; (27)

where h is the Planck constant, while n0, R0 and a are the charac-
teristic frequency, the distance, and the polarizability of the two
identical systems, respectively. In our case the two identical sys-
tems are two identical methyl groups.

Since the polarizability of a methyl group is linear related to the
number of hydrogens in it (see Fig. 3), while the dispersion energy
is related to the square of the polarizability, the dispersion energy
should quadratically depend on the number of hydrogen atoms.We
opted for the following relation:

~εj ¼
ε0 þ ε1JQH

mj
; (28)

where ε0 are ε1 are IPC model constants. The parameter JQH, which
we have named the quadratic hydrogen number, is a constitutional
index, and depends on the structure of the molecule. It is equated
as:
Fig. 3. Polarizability of methyl groups as function of the number of hydrogen in a
methyl group. Experimental data from Refs. [38,39] yellow symbols, and from Ref. [40]
red symbol. Computed data from Ref. [41] are indicated by blue circles.
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JQH ¼
X4
j¼0

ð4� jÞ2mv;j; (29)

where j denotes the number of non-hydrogen bonds in a methyl
group, and mv;j the number of methyl groups with j non-hydrogen
bonds. The methyl groups eCH3, >CH2, eCH< and >C< have
therefore j ¼ 1;2;3 and 4, respectively. Let us exemplify Eq. (29)
with the compound 2,2,4-trimethylpentane. This compound has 5
eCH3 groups, 1> CH2 group, 1 eCH< group and 1> CH group.
Therefore, JQH ¼ 9� 5þ 4� 1þ 1� 1 ¼ 50. This value is higher
than that of the linear isomer, n-octane, where JQH ¼ 42. As one
can observe from Eq. (29), in this approach carbons without
hydrogen do not contribute to the total dispersion energy. The IPC
activity coefficient equation differs from the PC-SAFT activity co-
efficient equation on three aspects. First, we use another definition
form. Second, we replaced in the numerator the hard-core segment
size by a temperature-dependent diameter, because we consider
volume fractions to define the number of segments of a particular
molecule within the range of interaction of a central segment.
Third, the Zj-term and the dispersion energy are calculated from
two molecular descriptors, D and JQH, respectively.

For convenience, we report that the infinite dilution activity
coefficient (IDAC) of compound k in solvent j is given by:

ln gdisp;∞k ¼mk

�
T0
T

�"
Zk
2

�
~εk �~εjk

�
þ Zj

2

 
~εj �

d3k
d3j

~εjk

!#
: (30)

For a mixture, where the molecules have the same diameter and
Zk ¼ Zj, andwhere the classical combining rules, i.e. Eq. (32), can be
applied, Eq. (30) reduces to:

ln gdisp;∞k ¼ mkZk
2

�
T0
T

�h ffiffiffiffiffi
~εk

p
�

ffiffiffiffi
~εj

q i2
; (31)

which is a van Laar activity model. It points out that the difference
between a dispersion activity coefficient models derived from a
cubic and a perturbed chain dispersion activity coefficient model is
a result of differences in segment diameters and coordination
numbers, since branched structures exclude more segments from
the spherical interaction volume than linear molecules do. There-
fore Zj is lower and by this the prefactor of the cEoS based disper-
sion activity model drops from 4.13 for linear alkane mixtures to
3.04 for mixtures involving branched alkanes.
2.3. Combining rules

The calculation of the unlike interaction dispersion energy, εjk,
requires the use of a combining rule. In our previous paper on
dispersion activity coefficient models derived from cubic equations
of state [1], we evaluated three different rules. The generalized
Lorentz [42] and Berthelot [43] combining rules, the Kong [44]
combining rules and the Waldman and Hagler [45] mixture rules.

The generalized Lorentz size and Berthelot energy combining
rules are:

sij ¼
	
1� lij


�sii þ sjj
2

�
and εij ¼

	
1� kij


 ffiffiffiffiffiffiffiffiffi
εiiεjj

p
; (32)

where sjj and εjj is the diameter of and the dispersion energy be-
tween two spheres of type j. The parameters kij and lij are the
energy and size interaction parameters, respectively, which are
used in the PC-SAFT equation of state to bring the calculated phase
equilibrium results in agreement with experimental data. In the
prediction of phase equilibria the parameters kij and lij are set to
zero, which implies that for the unlike diameter the arithmetic
mean, and for the unlike interaction energy, the geometric mean is
taken. We will denote this as the ideal classical (IC) combining rule.
Other combining rules are those of Kong [44] and Waldman and
Hagler [45].

Kong [44] sets three energy criteria for the repulsive and
attractive part of the 6e12 Lennard-Jones potential and obtains
combining rules, which we have rearranged into:

s6ij ¼
1ffiffiffiffiffiffiffiffiffi

εiiεjj
p

s3iis
3
jj

26664ðεiiÞ
1
13ðsiiÞ

12
13 þ 	εjj
 1

13
	
sjj

12
13

2

37775
13

and

εij ¼
ffiffiffiffiffiffiffiffiffi
εiiεjj

p s3iis
3
jj

s6ij
;

(33)

with εjj and sjj are the Lennard-Jones energy and size parameters
between two molecular segments of the same kind j, while
subscript ij refers to the unlike pairs.

Waldman and Hagler (WH) [45] applied mathematical scaling
and symmetry rules, which led to a less complicated equation for
the unlike size parameter sij:

s6ij ¼
 
s6ii þ s6jj

2

!
: (34)

The unlike energy parameter εij is the same as that of Kong.
2.4. The total activity coefficient

In general, the total activity coefficient of molecules, which
interact by dispersion forces only, is given by the following sum of a
combinatorial and a dispersive contribution:

ln gtotk ¼ ln gcomb
k þ ln gdispk : (35)

For the combinatorial activity coefficient we use the generalized
Guggenheim-Staverman combinatorial activity coefficient derived
previously by us [13]:

ln gcomb
k ¼ ln

�
fk

xk

�
þ
�
1�fk

xk

�2664lnðfk=qkÞ
fk
qk
� 1

3775; (36)

where fk and qk are respectively the volume and surface fraction of
compound k in the mixture, which in the PC-SAFT and PHSC based
activity models is defined by s, while in the IPC model this is the
segment diameter d (Eq. (24). Since the volume and area fractions
in the perturbed chain model are equal the termwithin the square
brackets of Eq. (36) becomes unity. This reduces Eq. (36) to the
combinatorial term of the Flory-Huggins (FH) model. By combining
Eq. (36) with 16 and 26 one obtains the total activity coefficient of
the PC-SAFT based and the IPC model, respectively:
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ln gtot;PC�SAFT
k ¼ ln

�
fk
xk

�
þ 1þ fk

xk

þmkZk
2

�
T0
T

�264�sk
dk

�3
~εk � 2

X
j

xjmj~εjks
3
jk

md3
þ d3k

m2
εs3�

md3
�2
375

�mkZ∞
2

�
T0
T

� 
~a2
~a1m

þ 2~a3
~a1m

2

!�
1
mk

� 1
m

�
m2

εs3

md3
:

(37)

ln gtot;IPCk ¼ ln
�bfk

xk

�
þ 1þ

bfk

xk

þmkZk
2

�
T0
T

�
~εk

241�
X
j

24 bfj þ
Zj
Zk

 
dk
dj

!3
35 ~εjk

~εk
þ
X
i;j

Zi
Zk
bfi
bfj
~εij
~εk

35:
(38)

The equation for the PHSC dispersion activity coefficient model
is obtained by setting dj ¼ sj in Eq. (37).
Fig. 4. Prediction of the activity coefficients at infinite dilution of n-hexane dissolved
in alkanes with different carbon numbers NC. Experimental data at temperature range
293e303 K (yellow circles) and 363e383 K (red triangles) from Ref. [46]. Curves from
bottom to top: FH combinatorial activity coefficient model (Eq. (36) dotted), PHSC
based activity model, Eq. (37), with dj ¼ sj and Z∞ ¼ 11:88 and IC combining rules
(solid curve), and the PC-SAFT activity model, Eq. (37), with Z∞ ¼ 19:10 with IC (long
dashed), Kong (dashed-dotted) and WH (short dashed) size and energy combining
rules, respectively. The compound parameters m, s, and ε are taken from Refs. [18,30].
2.5. The enthalpy of mixing

The excess enthalpy of component j is obtained by applying the
relation:

hEj ¼ � RT2
v lngj
vT

; (39)

Subsequently, the enthalpy of mixing follows from:

Hmix ¼
X
j

xjh
E
j : (40)

We used these expression to calculate the enthalpy of mixing.
Because the PC-SAFT based as well as the IPC have a dispersion
contribution, which is inversely proportional to temperature, the
enthalpy of mixing is temperature independent. In order to make it
temperature dependent the IPC model requires a temperature
dependent Zj. For instance one could opt for the equation:

Zj ¼ Z0
rðTÞ

r
�
Tfus

�� D
m
; (41)

where Z0 is scaled by the density of the liquid at system tempera-
ture, T, and melting point, Tfus. We will not investigate the tem-
perature dependency of the enthalpy of mixing in this work.
3. Results

3.1. The total activity coefficient of the perturbed chain models

Fig. 4 displays the total activity coefficient model based on the
PC-SAFT and PHSC models (Eq. (37)) using for both models the
original PC-SAFT compound parameters [18,30] and using different
size and energy combining rules to quantify the unlike segment
and energy parameters. We note that there exist no compound
parameters for the PHSC model, but since the temperature
dependence of the segments size is weak, as we discussed at Eq. (6),
the PC-SAFT parameters should be applicable for the PHSC model.
The difference between the PC-SAFTand PHSCwith IC combing rule
are caused by the difference in the baj parameters of Eq. (9). In the
same figure the Flory-Huggins combinatorial activity model is
plotted as reference. The difference between the perturbed chain
activity models and the Flory-Huggins model is the effect of the
dispersion contribution.

We observe that the PHSC activity model with IC combining
rules gives a better description of the activity coefficient than the
PC-SAFT activity model with any of the combining rules, which is
mainly due to the lower value of the parameter Z∞. The results of
the PHSC model lie close to those of the cubic equations of state,
where theoretical result had to be reduced by a factor 3 to 4 [1]. It
shows that the PHSC activity model has a better physical basis than
the cubic equations of state, because no adjustment of the theo-
retical result is required. The results of the PC-SAFT based activity
coefficient model with IC combining rule gives higher values than
the PHSC basedmodel. This was expected, as we indicatedwhenwe
discussed Fig. 1. The WH and Kong combining rules lead to more
deviation. This is an important observation, because it shows that
small differences in the size and energy parameters of the com-
pounds are amplified when using the WH and Kong combining
rules. In other words, in order to obtain similar results with PC-
SAFT with the WH or the Kong combining rules, the ~a parameters
have to be optimized in combination with the combining rules. We
can not interchange the combining rules afterwards. To illustrate
the effect of not doing so, we optimized the three model parame-
ters, ~a1, ~a2 and ~a3, using the consistent set of experimental activity
coefficient data of Ashworth [47], who accurately measured and
computed the activity coefficients of pentane, hexane, heptane and
octane in squalane. The optimization of the ~aj parameters, while
keeping the PC-SAFT compound parameters fixed, was carried out
by least-squares fitting. The optimized ~aj parameters with applied
combining rules are given in the last 3 columns of Table 3. The
results before and after fitting are displayed in Fig. 5.

The differences between the 3 different combining rules are
nearly imperceptible; the average absolute difference between the
model and the experimental data is less than 1%.



Fig. 5. Composition dependency of the activity coefficients of n-pentane (triangles), n-hexane (circles), n-heptane (diamonds) and n-octane (squares) dissolved in squalane at 303 K
from Ref. [47]. Results of Eq. (37) with IC, WH and Kong combining rules are depicted by curves for n-pentane (dotted), n-hexane (small dashed), n-heptane (large dashed), and n-
octane (solid). Top row panels (A,B,C) and bottom row panels (D,E,F) are the results with the original and optimized PC-SAFT activity model parameters ~aj parameters of Table 3.
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The new parameters also give a good prediction for other
alkane system as is depicted in Fig. 6. Here we used for the
calculation T ¼ 298 K. Any influence of temperature on the curves
is directly related to a reciprocal temperature dependence of the
dispersion term, which moves the curves towards the Flory-
Huggins model.

When comparing the average absolute deviations (AAD) it fol-
lows that the most accurate prediction is obtained with the IC
combining rules. On the other hand, the optimization of the PC-
SAFT activity coefficient model in combination with the IC
combining rules shows that there is still an inconsistency in the
perturbation integral at LCP condition, because the Z-parameter of
the PC-SAFT activity model in combination with the IC combining
rule (see Table 3) is 4.8 instead of a value close to 11, and for single
spheres is it even worse (Z ¼ 0).

Another point to mention to Fig. 6 are the ripples on the curve
for the regime 11<NC <20. This is an artifact caused by the m, and
s parameters of the pure components. The density of a pure liquid
is directly related to the hard-core volume of the molecule. One can
obtain the same density by increasing m and decreasing s. In other
words, the m and s parameters are highly negative correlated. The
ripples are no longer present in the curve for NC > 20, because in
that regime the relations of Tihic et al: [30] for m, s and ε= kB were
used. These relations smooth the deviations arising from parameter
fitting. A strategy to avoid the occurrence of ripples is therefore to
optimize the compounds parameters of the same class of com-
pounds simultaneously, and using, for instance, for the alkanes a
linear function that correlates the m parameter with the carbon
number. The main message from the above results and observa-
tions is, that we need to revise the perturbation integral yielding an
activity coefficient model and parameters that are physically
meaningful. This is why we introduce a new model, which we will
discuss in the next section.
3.2. The improved perturbed chain based activity coefficient model

As was explained above, the activity model derived from PC-
SAFT gave disappointing results, which urged us to re-examine
the perturbed chain model and to improve it. Here we show how
well this improvement, the IPC model, worked out. The first step
wemade is that we set the parameterm equal to NC. In the PC-SAFT
EoS model the value of the m parameter is smaller than carbon
number NC. This is done to effectively reduce the flexibility of the
chain to limit self-interaction. In the IPC model, the flexibility is
controlled by parameter Zj. In the SupplementaryMaterial we show
that this parameter can be used to predict the normal boiling points
of alkanes ranching from methane to tetracosane with an accuracy
of 3.3 K. This supports the idea that the Zj parameter is a suitable
measure to define the number of maximum possible intermolec-
ular interactions per segment of molecule j. The second step in the
development of the IPC model is the calculation of the segment
diameter. This is done via the van der Waals volume, VvdW;j, which
can be computed by Bondi's method [48] or retrieved from the
DIPPR database [29]. From the van der Waals volume and the



Table 4
IPC model parameters and performance of combining rules.

combining rules

Energy parameters of Eq. (28) No. data IC WH Kong
ε0 125.24 107.35 97.73
ε1 12.69 9.28 7.40
AAD% C5eC8 in squalane [47] 32 1.4% 2.1% 1.5%
AAD% IDAC [46] 1188 4.2% 4.4% 4.4%
AAD% IDAC [49] 52 25% 25% 25%
c2red

1262 2.85 2.91 2.95

Fig. 6. Activity coefficients of n-hexane (left panel) and n-heptane (right panel) in alkanes after optimization of the three PC-SAFT based activity model parameters eaj (see Table 3).
Experimental data from DDBST [46] at temperature ranges: 293 Ke303 K (yellow circles) and 373 K - 393 (red triangles). Curves from bottom to top: FH combinatorial activity model
(dotted), and the PC-SAFT activity model (Eq. (37)) with IC (long dashed), WH (dashed-dotted) and Kong (short dashed) combining rule, respectively, at 298 K. Compound pa-
rameters m, s, and ε from Refs. [18,30].
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number of segments, in our case equal to the carbon number,mj ¼
NC;j, we obtain the effective diameter sj:

sj ¼
 
6
p

VvdW;j

mj

!1
3

: (42)

The third step is the determination of the energy parameters ε0
and ε1 by fitting the total activity coefficient data of alkanemixtures
with the IPC activity model and the three combining rules. From
more than 1000 infinite dilution activity coefficient (IDAC) data
points retrieved from the DDBST [46], 157 data points were
excluded because a) the experimental temperature was above
400 K which gives values that differ too much from the g-values at
298 K, b) the value was above 1, or c) the g-value deviated toomuch
from other sources. Simultaneously, we regressed the experimental
finite activity coefficient data of alkanes dissolved in squalane [47]
and the IDACs of long n-alkanes in small alkanes, which were
compiled by Kniaz [49]. Table 4 summarizes the obtained model
parameters, the average absolute deviation of the models for the
three types of data, and the overall accuracy of the fit expressed by
the reduced c-squared at 5%.

The table shows that the three combining rules give nearly the
same accuracy, though with different energy equation parameters.
The average absolute deviation (AAD) of the IDAC of the IPC activity
model with IC combining rules is 4.2%. This is at the level of the
UNIFAC(Do) model [50] (3.6% for n-alkanes, 4.9% for saturated hy-
drocarbons). Fig. 7 depicts the correlation plot of the experimental
and computed activity coefficients and the description of the
alkane-squalane binaries for the IPC model (Eq. (38)) with IC
combining rules (Eq. (33)). Similar results are obtained with the
Kong and WH combining rules (see Supplementary Material).

In comparison to the results of Fig. 5 it follows that the
description of the squalane systems by the IPC model with the IC
combining rules is similar as those obtained by the PC-SAFT based
activity model with IC combining rules. The main difference is the
more tangible calculation method, yielding realistic values for Zj.

Kniaz [49] calculated activity coefficients of long alkanes dis-
solved in small alkanes from solubility data. The correlation plot of
these data and the IPCmodel results is depicted in the right panel of
Fig. 7. We observe a larger scatter in results than obtained with
small alkanes in long alkanes.
Fig. 8 depicts the series of measurement of Madsen and Boistelle

[51,52].
We observe that the experimental results of dotriacontane lie

outside expected range of octacosane and hexatriacontane, which
are well described by the IPC model. There is no theoretical mo-
lecular explanation for the higher solubility and thereby lower ac-
tivity coefficient of dotriacontane. In the Supplementary Material
we take a closer look at the data of Madsen and Boistelle [51,52] to
understand the larger deviation of the IPC model from the parity
line and explain possible causes for systematic errors.

Fig. 9 shows the limiting activity coefficients of hexane and
heptane in alkanes and the results obtained with the IPC activity
model with Kong combining rules. The results are similar as ob-
tained with the PC-SAFT based activity model (Fig. 6).

3.3. Enthalpy of mixing

The PC-SAFT activity model (Eq. (16)) with the original pertur-
bation parameters predicts too high values for the enthalpy of
mixing for the binary systems n-hexane - n-dodecane and n-hex-
ane - n-hexadecane as can be observed by the small dashed curves
in left and right panel of Fig. 10. With the optimized model pa-
rameters (Table 3) a good prediction of the experimental results is
obtained. The WH and Kong combining rules yield curves that
overlap. These curves lie closer to the experimental data, than those
obtained with the IC combining rules. The model with optimized
parameters shows correctly the trend of increasing mixing
enthalpy with increasing difference in molecular size, but a tem-
perature dependency is hardly discernible. The maximum



Fig. 7. Left panel: Activity coefficients of n-pentane (triangles), n-hexane (circles), heptane (diamonds), n-octane (squares) in squalane at 303 K from Ashworth [47]. Solid curves
depict IPC model Eq. (38) with IC energy and size combing rules for the alkanes dissolved in squalane. Dashed curve depicts IPC model for squalane in n-octane. Middle/Right panel:
Parity plot of IDAC of binary alkane mixtures between experimental data and IPC model with IC combining rules, where dashed lines indicate the 10% error level from the y¼ x solid
line. Middle panel: Yellow dots and crosses represent, respectively, included and excluded experimental IDAC data from DDBST [46] used for fitting of the energy parameters ε0 and
ε1. Right panel: Experimental IDAC data compiled by Kniaz [49] for long n-alkanes in small alkane solvents.

Fig. 8. IDAC of long n-alkanes (see legenda) as function of the carbon number NC of the
n-alkane solvent. Data points are the values at 300 K of Lundager and Madsen [51,52].
Curves are the results of the IPC activity coefficient model (Eq. (38)) at 300 K.
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difference between the results of 298 and 303 K for the binary
system of n-hexane and n-dodecane is only 0.3 J/mol. This indicates
that the temperature-dependency of the diameter has little influ-
ence on the enthalpy of mixing.

In Fig. 11 the results of the IPC model (Eq. (26)) with the IC, WH
and Kong combining rules are compared to the same experimental
data as shown in Fig. 10.

The IPC activity model yields results, which are of similar quality
as those of the PC-SAFT activity model with optimized ~aj parame-
ters. Here the IPC activity model with the Kong combining rules
provides the best results. The IPC activity model with IC combining
rules gives less accurate results than the PC-SAFT activity model
with optimized eaj parameters. We expect that the curves can be
further improved by introducing a temperature dependence of the
Zj parameter as proposed in Eq. (41).
4. Concluding remarks

In this paper dispersion activity models were derived from
perturbed chain equations of state by using the limit of infinite
pressure. In this limit molecules are set into close contact. At this
point the second perturbation integral vanishes, while the first
perturbation integral simplifies to a function of molecular chain
lengths only.

It was shown that the original set of perturbation integral pa-
rameters of the PC-SAFT equation of state is not applicable in the
derivation of a predictive dispersion activity coefficient model, due
to the impossibility to extrapolated the first perturbation integral
beyond a packing fraction h ¼ 0:46. Optimization of the ~aj model
parameters, while keeping the compound parameters fixed, for this
close packed liquid condition was possible and yielded a good ac-
tivity coefficient description. However, the resulting average coor-
dination numbers, Zj, are physically impossible for single spheres
and infinite long chains. This implies that the PC-SAFT compound
parameters of the EoS are not applicable for an activity coefficient
model.

Therefore, we introduced another method to quantify the first
perturbation integral. In here the effective coordination number of
a molecule is quantified by means of a topological descriptor. For
branched and linear chains this can be done by the first Zagreb
index, which requires the carbon structure of a molecule. For cyclic
structures and hyperbranched structures, in which proximity ef-
fects exclude more intramolecular configurations, the first Zagreb
index was adjusted to a new topology number called the dispersion
index, D. For the quantification of the dispersion energy a hydrogen
based topology index was introduced, which is a simplification
based on the London dispersion theory. The derived dispersion
activity coefficient model with these descriptors gives in combi-
nation with the Flory-Huggins combinatorial activity coefficient
model excellent results for the prediction of activity coefficients of
alkane mixtures. The average absolute deviation of this new model
is at the level of the UNIFAC(Do) model, which is regarded as the
best today.

In the limit of molecules having the same coordination number,
which happens for long linear chains, the improved perturbed
chain model yields a similar expression as the van Laar type of
activitymodels. This similarity can be understood from the fact that



Fig. 9. Limiting activity coefficients of n-hexane (left panel) and n-heptane (right panel) in alkanes. Experimental data as in Fig. 6. Curves are the FH combinatorial activity model
(dotted), and the IPC activity model Eq. (38) with Kong size and energy combining rules at 298 K (solid) and 373 K (dashed).

Fig. 10. Enthalpy of mixing of the binary systems n-hexane - n-dodecane (left panel) and of n-hexane - n-hexadecane (right panel) as function of n-hexane concentration.
Experimental data of n-hexane - n-dodecane at 298 K (circles) and 308 K (triangles) from Ref. [53], and of n-hexane - n-hexadecane at 298 (circles) and 303 K (triangles) from
Ref. [54]. Small dashed curves are the results of Eqs. (16), (39) and (40) with IC combining rules and the original ~aj parameters at 298 K. Solid curves, and the overlapping large
dashed and dashed-dotted curves are the results with optimized ~aj parameters for the IC, WH and Kong combining rules, respectively, at 298 K.
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amixture of molecules having equal coordination number is similar
to a cubic equation of state, where all molecules are equal sized
spheres, which have identical coordination number. In other words,
in systems where molecules have the same shape and proximity
effect the van Laar type of activity coefficient model can be used to
predict phase equilibria. In general branching reduces the number
of intermolecular interaction and thereby changes the van Laar
type of modelling to a model that quantifies differences in shape
and interaction. This is done in the proposed IPC model.

The evaluation of three different combining rules to quantify
unlike interaction energies and center-to-center distances, which
are needed in the calculation of activity coefficients, shows that
nearly the same accuracy in activity coefficients is obtained, though
with different model energy parameters. Therefore, the classical
combining rules of Lorentz and Berthelot seem to be sufficient in
the prediction of the dispersion activity coefficient contribution.
The enthalpy of mixing calculated by the proposed dispersion
activity coefficient models gives qualitatively good results. It yields
a correct dependency in chain length. Binary systems with a larger
difference in chain length show a larger enthalpy of mixing. But the
models lack a correct temperature dependency description. We
attribute this deficiency to the absence of a term that accounts for
the reduction in the number of interacting spheres as a result of
volume expansion. A way to improve this could be by scaling the
maximum number of interacting spheres with the liquid density, as
proposed by Eq. (41).

In conclusion, the dispersion activity coefficient model as
introduced in this paper is a new way to improve the existing ac-
tivity coefficient models, where an explicit term for dispersion
interaction has been neglected, and offers the possibility to
improve existing predictive models, such as UNIFAC(Do) and
COSMO-RS, in a more robust way.



Fig. 11. Enthalpy of mixing of the binary systems n-hexane - n-dodecane (left panel) and of n-hexane - n-hexadecane (right panel). Experimental data as in Fig. 10. Curves are the
results of the IPC model (Eqs. (26), (39) and (40)) with the WH (small dashed curve), the Kong (large dashed curve) and the IC (solid curve) combining rules at 298 K. The dotted
curve on top of the solid curve is the IPC model with IC combining rules at 303 K.
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5. List of symbols
a dispersion coefficient [Å3]
g activity coefficient [�]
ε0; ε1 energy parameters of Eq. (28) [K]
εCHx energy increment of CHx group [K]
εij interaction energy between segments i and j [K]
~εij reduced energy (Eq. (13)) [�]
h packing fraction [�]
n0 characteristic frequency [1/s]
fj volume fractions based on sj used in PC-SAFT model[-]bfj volume fractions based on dj used in IPC model [�]

nCHx number of CHx fragment in molecule [�]
r mumber density [Å�3]
sij diameter of segment pair i and j [Å]
qj surface area fractions based on sj (PC-SAFT) or dj (IPC) [�]

baj chain-length dependent parameter of I1 [�]ba0;j ; ba1;j ; ba2;j constants in parameter function baj [�]
~a1;~a2;~a3 PC-SAFT perturbation integral I1 constants [�]

adisp Helmholtz energy [J.mol�1]
~a1, ~a2, ~a2 PC-SAFT activity model constant [�]
dj diameter of segment j [Å]
h Planck constant, 6:62607015� 10�34 [J.s]

hEj excess enthalpy of compound j [J.mol�1]

DHE
mix

enthalpy of mixing [J.mol�1]

kB Boltzmann constant, 1:380649� 10�23 [J/mol]
kjk correction parameter in size combining rule [�]

ljk correction parameter in energy combining rule[-]
mj number of repeating units in compound j [�]
mv;j number of units with j connections in compound j [�]
m molar average number of units in mixture [�]
nj number of molecules of type j [�]
ntot total number of molecules in fluid mixture [�]
xj mole fraction of compound j in mixture [�]

C1 PC-SAFT EoS function used in I2 [�]
D dispersion topology descriptor (Eq. (22)) [�]
I1; I2 first and second perturbation integral [�]
JQH quadratic hydrogen number [�]
NC carbon (alkane) number [�]



(continued )

Ns1 number of spheres in direct contact with central sphere [�]
Ns2 number non-contacting spheres within range of interaction[-]
P system pressure [Pa]
R0 distance between polarizable systems
R universal gas constant: 8.3143 [J.mol�1K�1]
T system temperature [K]
To reference temperature 298.15 [K]
R universal gas constant: 8.3143 [J.mol�1K�1]
U London dispersion energy [J/mol]
V system molar volume [m3.mol�1]
ZM1 topological descriptor: first Zagreb index [�]
Z total compression factor in PC-SAFT [�]

Zhc hard-sphere chain compression factor in PC-SAFT [�]

Z0 coordination number for sphere m ¼ 1 [�]
Zj coordination number of compound j [�]
Z∞ coordination number for infinite chains m> >1 [�]
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Appendix A. The first perturbation integral of the PHSC and
PC-SAFT model in the infinite low density limit

Here we show that in the infinite low density limit, an analytic
expression can be obtained for the first perturbation integral for
hard-sphere chains. The first perturbation integral is defined by

I1ðh;mÞ¼ �
ð∞
0

~uðxÞghcðm; x; rÞx2dx; (A.1)

where x is the reduced radial center to center distance around a
central hard sphere (x ¼ r=s), and ghcðm; x; rÞ is the radial distri-
bution function of the reference fluid, which depends upon x the
number of spheres m, and the system number density r. The
reduced potential function guðxÞ ¼ u=ε for spheres interacting via a
square-well potential is defined as:

~uðxÞ¼

8>><>>:
∞; x<1
�1; 1 � x< l
0; x � l;

(A.2)

where l is the reduced width of the square-well. In the PHSCmodel
of Gross and Sadowski [19], l ¼ 1:5. The radial distribution function
value for hard-sphere chains at contact (x¼ 1) in the approxima-
tion of averaging the segment concentrations is given by the
expression of Chiew [34]:

gðm; x¼1;hÞ¼2þ hð3m� 2Þ
2mð1� hÞ2

: (A.3)

In the limit of h ¼ 0, this reduces to:

gðm; x¼1;h¼0Þ¼ 1
m
: (A.4)

This result shows that the probability of segment-segment
intermolecular contact is reduced by the length of the chain. The
change in the probability of finding another segment is linear with
x at zero packing, as follows from the computed radial functions for
molecules of different length [34]. In order to obtain an analytical
expression for the slope of gðxÞ, we start with a recurrence relation
for the radial distribution function, as given by Tang and Lu [55].
Their relation holds for chains having no difference between the
chain middle en chain end segments. This chain average approach
is known as the PY2 approximation and the expression in the h ¼ 0
limit is given by:
xgðxÞ� x¼m� 1
m

Qðx�1Þ þm� 1
m

ð1
0

ðx� tÞ½gðx� tÞ�1�dt;

(A.5)

where:

Qðx�1Þ¼ 1
2m

�
x2 �2x

�
þm� 1

2m
ðx�2Þ: (A.6)

Differentiation of A.5 with respect to x, and evaluating the result
at x ¼ 1 and applying the Leibniz integral rule yields:

gð1Þþ g0ð1Þ�1¼ðm� 1Þ2
2m2 þm� 1

m

ð1
0

gð1� tÞ�1

þ ð1� tÞg0ð1� tÞdt: (A.7)

Since gðrÞ ¼ g0ðrÞ ¼ 0 for r<1, we obtain:

gð1Þþ g0ð1Þ�1¼ðm� 1Þ2
2m2 �m� 1

m
: (A.8)

Substitution of Eq. A.4 into A.8 provides the expression

g0ð1Þ¼ ðm� 1Þ2
2m2 : (A.9)

It follows that g0ð1Þ ¼ 0 for m ¼ 1, which agrees with the fact
that the radial distribution function contains a discontinuity at x ¼
1 for hard spheres. The density at positions beyond the hard sphere
overlap is assumed to be uniform, i.e. a mean-field approximation.
For longer chains the slope of the radial distribution function in-
creases slowly with increasing chain length to the asymptotic value
of 0.5 for m ¼ ∞.

The radial function for a hard sphere chain in the h ¼ 0 limit at
relative distances 1< x<1:5 now follows as:

gðm; x;h¼0Þ¼ gð1Þþ ðx�1Þg0ð1Þ¼ 1
m

þ ðx� 1Þ ðm� 1Þ2
2m2 ;

(A.10)

So that the first perturbation integral can now be written as:

I1ðm; h¼0Þ¼
ð1:5
1

½gð1Þþ ðx�1Þg0ð1Þ�x2dx (A.11a)



Table A.5
PHSC parameters in the h ¼ 0 limit.

Parameter PHSC model [19] Eq. (A.11c) parameters

ba0;0 0.791982807 19/24 z 0.7916667ba1;0 �0.623115380 �565/76 z -0.7356771ba2;0 �0.067775558 43/768 z 0.0559896

Table A.6
I1ðh¼ 0Þ for different molecules.

Molecule Eq. 9 Eq. A.11c

monomer 0.7920 0.7917
dimer 0.4804 0.4238
tetramer 0.2992 0.2609
decamer 0.1824 0.1699
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¼ 65
64

ðm� 1Þ2
2m2 þ 19

24

	
4m�m2 � 1



2m2 (A.11b)

¼ 19
24

�565
768

ðm� 1Þ
m

þ 43
768

ðm� 1Þðm� 2Þ
m2 : (A.11c)

The last equation line (Eq. (A.11c)) is the form as has been used in
thePHSCmodel,whichdemonstrates that themodel parameters are
correlated. In fact, taking u ¼ 19=24 and w ¼ 65=64, it follows thatba0;0 ¼ u, ba1;0 ¼ ðw � 5uÞ=4, and ba2;0 ¼ ðw � uÞ= 4. The published
PHSC model parameters, which Gross et al: [19] obtained by fitting
generated I1 data, and which yields the ba0;0, ba1;0, and ba2;0 in this
paper, are compared to the exact values of Eq. (A.11c) inTable A.5.

Table A.6 shows the effect on I1ðh¼ 0Þ for a monomer, dimer,
tetramer and decamer.

The differences in the parameters in Table A.5 and the differ-
ences in the values of first perturbation integral for each molecule
in Table A.6 are caused by the numerical procedure that was used to
solve the perturbation integral constants. In the PHSC model the
parameters of the power series are found by regressing a set of
computed I1 values, while we used a theoretical approach. There-
fore, it seems that for optimization of the PHSC model parameters,
besides the generated data as was used in Ref. [19], Eq. (A.11c) could
serve as a boundary condition.

In the PC-SAFT model the square-well potential is modified to
gðm; x; h¼0Þ¼

8>>>>>>>>><>>>>>>>>>:

0 x<0:88"
1
m

þ ðx� 0:88Þ ðm� 1Þ2
2m2

#
exp

�
� 3ε
kBT

�
0:88 � x<1

1
m

þ ðx� 1Þ ðm� 1Þ2
2m2 1 � x<1:5:

(A.16)
~uðxÞ¼

8>>>><>>>>:
∞; x<0:88
3; 0:88 � x<1
�1; 1 � x<1:5
0; x � 1:5:

(A.12)

This makes the above method not directly applicable for PC-
SAFT. The equation reflects that the PC-SAFT model no longer has
a hard wall at x ¼ 1, but has an indent for molecules that have a
relative energy higher than 3. The developers opted for a hard
contact position at x ¼ 0:88. The initial slope of the radial function
between 0.88 and 1 becomes lower, because the molecules with
less kinetic energy than 3ε do not approach the hard wall: they can
not approach the central sphere for x<1. Hence, the radial distri-
bution starts at x ¼ 0:88 at a lower value and with a lower slope.
The net effect is that I1 is shifted to a higher value.Wemaywrite for
the starting point:

gð0:88Þ¼ 1
m

P ; (A.13)

and

g0ð0:88Þ¼ ðm� 1Þ2
2m2 P ; (A.14)

where P is the probability of a molecule to have a kinetic energy
larger than 3ε, which follows from the equation:

P ¼
ð∞
3ε
kBT

expð�uÞdu¼ exp
�
� 3ε
kBT

�
; (A.15)

which can be calculated using the energy values given in Table 1.
For instance, at room temperature methane and n-hexane have
ε=kBT ¼ 0.503 and 0.794, respectively. This yields P ¼ 0.22 for
methane and 0.09 for hexane.

The radial distribution function for the PC-SAFT hard-sphere
chain at zero packing in the range of 0:88< x<1:5, can now be
defined as:
Interestingly, there appears to be a temperature dependency in
the radial distribution function, which has been neglected in the
parameterization of the perturbation integral of the PC-SAFT
model. As an example, we work out the case of m ¼ 1 (methane)
and m ¼ 4 (nonane):

gð1; x; h¼0Þ¼

8>><>>:
0 x<0:88

0:22 0:88 � x<1
1 1 � x<1:5:
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gð4;x;h¼0Þ¼

8>>>>>>>><>>>>>>>>:

0 x<0:88

0:09
�
1
4
þðx�0:88Þ 9

32

�
0:88� x<1

1
4
þðx�1Þ 9

32
1� x<1:5:

(A.17)

Hence, for methane we obtain:

I1ð1;h¼0Þ¼22%� 0:106þ 19
24

¼ 0:815; (A.18)

which is 3% above the PHSC model. For n-hexane the result is:

I1ð1;h¼0Þ¼9%� 0:028þ 0:261 ¼ 0:263; (A.19)

which is only 1% above the PHSC model. When we set P ¼ 1 the
maximum difference is obtained; 13% for methane, and 11% for
nonane. The results given in Fig. 1 show a larger difference than 13%
for methane at h ¼ 0, which can only be explained as a result of the
applied parameter optimization, inwhich this overshoot of I1 of the
PC-SAFT EoS, is compensated by the I2 of the EoS. As a result, the I1
integral parameters of PC-SAFT cannot be used to quantify the
dispersion contribution in an activity coefficient model, and is one
of the two reasons to develop the IPCmodel. The other reason is the
quantification of effects arising from chain ends and cross-links. PC-
SAFT does this by tweaking the segment size and the number of
segments, because the model uses a Percus-Yevick type 2 approx-
imation [34].

Appendix B. From PC-SAFT based to other dispersion activity
coefficient models

We start with the PC-SAFT based activity coefficient equation for
a solute at infinite dilution in a solvent (Eq. (18)):

ln gdisp;∞k ¼ mk
Zk
2

�
T0
T

� 
s3k

d3k
~εk � 2

s3jk

d3j
~εjk þ

d3k
d3j

s3j

d3j
~εj

!

þmk
Z∞
2

�
T0
T

�"
~a2

~a1mj
þ 2~a3

~a1m
2
j

#�
1� mj

mk

� 
sj
dj

!3

~εj:

(B.1)

For long chains, m[1, the second part vanishes and Eq. (B.1)
reduces to:

ln gdisp;∞k ¼mk
Zk
2

�
T0
T

� 
s3k

d3k
~εk �2

s3jk

d3j
~εjk þ

d3k
d3j

s3j

d3j
~εj

!
: (B.2)

When also the segments are temperature independent, dj ¼ sj
we obtain:

ln gdisp;∞k ¼mk
Zk
2

�
T0
T

� 
~εk �2

s3jk

s3j
~εjk þ

s3k
s3j

~εj

!
: (B.3)

In case all chains have the same segments size, sj ¼ sk, and
when either the Lorentz with ljk ¼ 0 or the Waldman and Hagler
size combining rule is applied, so that sjk ¼ sj, than Eq. (B.3), re-
duces to:

ln gdisp;∞k ¼mk
Zk
2

�
T0
T

��
~εk �2~εjk þ~εj

�
; (B.4)

which leads to a van Laar type of equation, when either the
Berthelot with kjk ¼ 0 or the Waldman and Hagler energy
combining rule, so that ~εjk ¼ ffiffiffiffiffiffiffiffiffi

~εk~εk
p

, is applied:

ln gdisp;∞k ¼mk
Zk
2

�
T0
T

�� ffiffiffiffiffi
~εk

p
�

ffiffiffiffi
~εj

q �2
: (B.5)

However, for chains with different diameter Eq. (B.3) yields
under classical mixing rules a nearly van Laar type of equation:

ln gdisp;∞k ¼mk
Zk
2

�
T0
T

�� ffiffiffiffiffi
~εk

p
�

ffiffiffiffi
~εj

q � ffiffiffiffiffi
~εk

p
� s3k
s3j

ffiffiffiffi
~εj

q !
: (B.6)

The differences between the PC-SAFT based dispersion activity
coefficent contribution and the other equations reflect the as-
sumptions made in the cEoS:

1) Mean field approximation (long chains average the field
m> >1)

2) Temperature independent segment volume, size (dj ¼ sj)
3) Molecules have equal sized segments (sj ¼ s)
4) Classical combing rules can be applied (2sij ¼ si þ sj, ~εij ¼ffiffiffiffiffiffiffi

~εi~εj
p

)
5) All molecules have same coordination number, Zk ¼ Z0

The last assumption means that all the molecules are spheres,
which is the way van der Waals defined molecules [56]. One could
also take the product mkZk as the liquid volume parameter andffiffiffiffiffiffiffiffiffiffi
~εkT0

p
as the solubility parameter. In that way Eq. (B.5) becomes

identical to the Hildebrand regular solution model [28,57].

Appendix C. Supplementary data

Supplementary data to this article can be found online at
https://doi.org/10.1016/j.fluid.2019.112286.
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