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a b s t r a c t

An explicit expression for dispersion in activity coefficient models can be derived from cubic equations of
state (cEoS). Here we show that all the two-parameter cEoS deliver a van Laar type of equation. The
difference between these equations can be characterized by a single parameter K, which can be
computed directly from the cEoS characteristic parameters. The theoretical values for K are always higher
than experimental activity coefficient data of alkane mixtures indicate. We show that mixtures of linear
and branched alkanes require K ¼ 4:13 and K ¼ 3:04, respectively, while the lowest theoretical value,
K ¼ 9, is given by the van der Waals equation. This mismatch in results is caused by the assumptions,
which are made in the derivation of the van der Waals equation of state and which remain present in
later developed cEoS. One of these is that all molecules are spherical, which leads to the inconsistency
that the ratio of the covolume and the van der Waals volume is always 4, while this ratio for linear
alkanes decreases rapidly to nearly 2 with increasing chain length. Another assumption is that all
molecules experience the same number of external interactions, which neglects the fact that polyatomic
molecules have less intermolecular interactions per spherical segment due to presence of covalent bonds
and the occurrence of intramolecular interaction. Therefore, the van Laar type of activity coefficient
equations are limited in their use as predictive model for dispersion. Perturbed hard-sphere chain
equation of state will be discussed in part 2.

© 2019 Elsevier B.V. All rights reserved.
1. Introduction

Activity coefficient and equation of state models enable us to
describe or predict phase equilibria. Both approaches can be used to
give an accurate phase equilibrium description by adjusting the
pure component and binary interaction parameters. In the pre-
diction of phase equilibria activity coefficient models are often
preferred over equation of state methods, when the mixture con-
tains no supercritical compounds and the liquid density is far from
the critical density. One of the reasons for this is that the reference
state of an activity model is the pure liquid state of the compounds,
while for an equation of state this is the ideal gas. One could say
that activity models interpolate between the pure liquid states of
compounds, while equations of state extrapolate from the ideal gas
to the condensed state using the critical point as a reference. This
implies that in the case of predicting of phase equilibria, the pre-
dictive activity models are often more accurate than equation of
rooshof).
state models, where the interaction parameters of the latter are set
to zero and not predicted by an activity model, such as is done in
the PSRK model [1].

Activity models such as UNIFAC [2], COSMO-RS [3] and COS-
MOSAC [4], often reasonably predict solid-liquid, liquid-liquid and
vapor-liquid phase equilibria, especially for molecules with polar
and associating groups. A weak point of these predictive models is
that they do not contain a contribution that accounts specifically for
the dispersive interaction between molecules, while in the family
of SAFT equations of state [5e7] this contribution is actually one of
the corner stones. To repair the absence of an explicit contribution
for the dispersive interaction, predictive activity models frequently
use a modification of the Flory-Huggins (FH) combinatorial term
[8], which goes back to the work of Donahue and Prausnitz [9]. The
modification is done by fitting alkane mixtures. In other words the
dispersion contribution eminent in alkane mixtures is lumped into
the combinatorial part. However, this approach represents an ad-
hoc modification that lacks a physical basis and introduces a sys-
tematic error in the interaction between molecules with a small
alkyl fraction, such as water, methanol, acrylonitrile, which do not

mailto:gerard.krooshof@dsm.com
http://crossmark.crossref.org/dialog/?doi=10.1016/j.fluid.2019.112275&domain=pdf
www.sciencedirect.com/science/journal/03783812
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https://doi.org/10.1016/j.fluid.2019.112275
https://doi.org/10.1016/j.fluid.2019.112275


Table 1
Cubic equation of state parameters.

cEoS Name Reference l1 l2

van der Waals (vdW) [12] 0 0
Soave-Redlich-Kwong (SRK) [17,18] 0 1
Peng-Robinson (PR) [19] 1þ

ffiffiffi
2

p
1�

ffiffiffi
2

p

Cismondi-Mollerup (CM) [27] <0;1þ
ffiffiffi
2

p
> Eq. 2

G.J.P. Krooshof et al. / Fluid Phase Equilibria 501 (2019) 1122752
require a modified Flory-Huggins term. MOSCED [10] is one of the
models that does explicitly take this dispersive contribution into
account. However, MOSCED is developed for binary systems and
yields only the activity coefficient at infinite dilution.

A way to obtain an activity coefficient expression for dispersion
is to derive it from an equation of state. Van Laar [11] was the first
who derived such an expression from the van der Waals (vdW)
cubic equation of state [12]. His equation was criticized, because
binary mixtures of compounds which have nearly the same critical
pressure would yield ideal behavior, while a binary mixture of
methanol (Pc ¼ 79 bar) and carbon disulfide (Pc ¼ 81 bar) was
known to demix at 36 �C. However, this reasoning is not justified,
because the critical pressures of these compounds have a different
cause. Methanol interacts mainly by hydrogen bonds and only
slightly by dispersion, while carbon disulfide interacts mainly via a
strong permanent quadrupole-quadrupole interaction. Both the
hydrogen bond and the quadrupole interaction are orientation-
dependent. These are specific interactions which are not included
as separate contributions in the van der Waals cEoS and its deriv-
ative, the van Laar activity coefficient equation. Besides the omis-
sion of specific interaction in the van der Waals cEoS, there are also
two other important points to mention. First, the van de Waals
equation is based on the assumption that all molecules are spher-
ical [13], and second, that each molecule interacts with the same
extent with its surroundings [14]. Therefore, the van der Waals and
van Laar models would perform well as a predictive model for
compound mixtures, in which the interactions are weak and
without a preferred orientation, such as noble gases, and small
hydrocarbons. However, the van Laar model is seldom applicable
for these compounds, because most mixtures contain large mole-
cules and the temperature is often above the critical temperature of
these compounds. As a result, the van Laar model and derivatives of
it use adjusted parameters; i.e. liquid volume instead of co-volume,
solubility parameter instead of critical parameters. The work of
Kontogeorgis and Folas [15] shows that the Peng-Robinson cubic
EoS with classical mixing rules mixing rules yields limiting activity
coefficient values above unity, while an a =b mixing rule gives
values below unity, which agree with experimental observation.
However, such an approach is not easy applicable in combination
with the existing UNIFAC and COSMO-RS models, and has not been
tested on branched alkanes, as we will do in this work.

Kontogeorgis and Coutsikos [16] derived expressions for the
activity coefficient at infinite dilution of a solute in binary mixture
from the Soave-Redlich-Kwong (SRK) [17,18] and the Peng-
Robinson (PR) [19] cEoS. This was done in a study on gE-EoS
models, which is a hybrid form of a cEoS, where an activity model is
applied to adjust the mixing rule. A critical issue is the definition of
a consistent reference state, for which the activity coefficient model
and the equation of state should yield the same excess Gibbs (or
Helmholtz) energy. Basically, there are two options. The Vidal and
Huron method [20,21] takes as reference state the mixture at
infinite pressure. The Mollerup and Michelsen method [22,23] uses
the liquid at zero pressure as reference state. Other methods
interpolate between these two approaches. For example, Tassios
et al:, who introduced a linear combination of the Vidal and
Michelsen (LCVM) model [24], or Ahlers and Gmehling [25], who
introduced a volume translated PR cEoS with UNIFAC mixing rules
at 1 atm. However, the developments of cEoS where the reference
state is set at intermediate or zero pressure, should be seen in the
context of trying to improve the description of phase equilibria near
and above the critical point, where the system has a packing frac-
tion of about 0.2. Since we are developing an activity coefficient
model for the condensed state, or in general a system where the
packing fraction is above 0.45, the Huron and Vidal method is the
best option of the aforementioned methods.
In this work we start with the derivation of dispersion activity
coefficient models using existing cEoS models. We compare two
different size and energymixing rules with the classical mixing rule
for the binary energy and size parameters of the cEoS.We introduce
a group contribution method to change the activity model from a
descriptive to a predictive model. The models for the dispersive
activity coefficient are combined with an off-lattice combinatorial
contribution [26] to obtain the total activity coefficient. Results
derived with the total activity models are compared to experi-
mental data and discussed. We emphasize that our objective is not
to define a model for hydrocarbons, but to show that the modified
Flory-Huggins combinatorial term, can be replaced by a generalized
Guggenheim combinatorial activity coefficient [26] in combination
with an explicit dispersion activity coefficient, in order the arrive at
a more robust basis for the predictive activity coefficient models
like UNIFAC and COSMO-RS. In a follow-up paper wewill develop a
more refined dispersive activity coefficient model derived from the
perturbed chain equation of state.
2. Theory

2.1. Cubic equations of state

There are two good reasons to look at cubic equations of state
first, before we discuss the perturbed chain equations of state in a
second paper. First, they are popular in flow-sheeting programs,
because the cubic form is easy to solve. It makes flow-sheets, where
the number of flash calculations can be huge, fast and robust.
Second, it shows more clearly the key factors in activity models, as
we will come across in this work. We start with a general form for
the cubic equation of state (cEoS):

P¼ RT
V � b

� aðTÞ
ðV þ l1bÞðV þ l2bÞ

; (1)

where P is the pressure, V the volume, b the excluded covolume of
the molecules, T the absolute temperature, and aðTÞ an energy
term, which is temperature dependent in order to describe accu-
rately the saturation pressure of pure liquids from their melting
point up to their critical point. The parameters l1 and l2 are
empirical constants, which have been introduced mainly to
improve the description of the liquid density. Table 1 gives typical
values for the parameters l1, l2 for the most common cubic
equations of state.

Cismondi andMollerup (CM) [27] introduced a three-parameter
cEoS and showed that it can be made equally accurate as the PC-
SAFT model when l2 is linked to l1 by:

l2 ¼ 1� l1
1þ l1

: (2)

Basically, the CM model interpolates for each compound and
mixture between the SRK and the PR cEoS. The l1 parameter is
found by fitting the cEoS to pure component density and saturated
vapor pressure data. In the computation of properties of mixtures,
l1 is themolar average value of the pure liquids. The l2 parameter is
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still calculated by Eq. (2), but now using the average value of l1. In
this paper we use the CM notation, Eq. (2), to define a class of two-
parameter cubic equations of state.

2.1.1. Mixing rules
For multicomponent mixtures Eq. (1) is often used in combi-

nation with mixing rules that quantify the parameters a and b for
each fluid phase. The classical mixing rules are given by:

a¼
X
j;k

xjxkajk and b ¼
X
j;k

xjxkbjk; (3)

where xj is the mole fraction of compound j, and ajk and bjk are
binary mixture parameters, which are often defined by the gener-
alized Berthelot [28] and Lorentz [29] mixing rules:

ajk ¼
ffiffiffiffiffiffiffiffiffi
ajak

p �
1� kjk

�
and bjk ¼

�
bj þ bk

�
2

�
1� ljk

�
: (4)

The interaction parameters kjk and ljk are used to adjust the
energy and excluded volume mixing rule, respectively, in order to
bring the results of the cEoSmodel in agreement with experimental
phase equilibria data. In this work we use the term ideal classic (IC)
to denote mixtures where these parameters are zero; i.e. Eq. (4)
with kjk ¼ ljk ¼ 0.

In the molecular dynamics field molecular interactions are
frequently described using Lennard-Jones (LJ) potentials. Then
othermixing rules are applied and herewe investigate two of them.
Kong [30] defined three energy criteria for the repulsive and
attractive part of the LJ potential and obtained mixing rules, which
we have rearranged to:

s6ij ¼
1ffiffiffiffiffiffiffiffiffi

εiiεjj
p

s3iis
3
jj

2
6664ðεiiÞ

1
13ðsiiÞ

12
13 þ �εjj� 1

13
�
sjj
�12
13

2

3
7775
13

and

εij ¼
ffiffiffiffiffiffiffiffiffi
εiiεjj

p s3iis
3
jj

s6ij
;

(5)

where εjj and sjj are the Lennard-Jones energy and size parameters
between two molecular segments of the same kind j, while
subscript ij refers to the unlike pairs. Waldman and Hagler (WH)
[31] applied mathematical scaling and symmetry rules, leading to:

s6ij ¼
 
s6ii þ s6jj

2

!
and εij ¼

ffiffiffiffiffiffiffiffiffi
εiiεjj

p s3iis
3
jj

s6ij
: (6)

We mention that the WH size mixing rule yields always larger
values than the IC size mixing rule, when we replace the bj by s3jj
and bij by s3ij.

The IC, Kong and WH mixing rules can be evaluated by
comparing the calculated results of the unlike size and energy
parameters of the noble gases ranging from He to Xe with the ac-
curate parameter values of Kestin et al: [32]. The WH mixing rules
give the highest accuracy in calculating the unlike parameters of
noble gases (See supplementary material A). Kong is second best. In
our work we will further apply only the classical and the WH
mixing rules for the cEoS. In order to do so, we have to convert the
WH rules into terms of the cEoS parameters a and b. For monoa-
tomic spherical molecules this results in:

bij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2i þ b2j

2

s
and aij ¼

ffiffiffiffiffiffiffiffi
aiaj

p 2bibj
b2i þ b2j

: (7)
For polyatomic molecules Eqs. (4) and (7) are not applicable,
because the molecular shape is no longer spherical as is schemat-
ically shown in Fig. 1. The excluded covolume of a polyatomic
molecule and amonoatomicmolecule is defined by half the volume
enclosed by a surface, which is defined by the center of the mon-
oatomic molecule that is rolled around the polyatomic molecule.
Here, the factor half is the correction that eliminates double count
in the summation of the enclosed volumes of all the molecules in
the mixture. Fig. 1 implies that the excluded covolume depends on
the size of the monoatomic molecule that touches the polyatomic
molecule and the size mixing rule. We denote the excluded covo-
lume by the type of the rolling sphere; e.g. bH is the excluded
covolume of a molecule calculated by rolling a hydrogen atom
around it. The core or the van der Waals volume of a molecule is
readily calculated by the method described in the appendix of
Bondi's book [33]. For this calculation one needs the van der Waals
radii of the atoms and the bond lengths between the atoms. Pauling
[34] tabulated lengths of a large set of bonds, but we will restrict
ourselves to carbon-carbon and hydrogen-carbon bonds, which
have an average length of LCC ¼ 1.54 Å and LCH ¼ 1.10 Å, respec-
tively. The van der Waals radii of the carbon and hydrogen atoms
are RC ¼ 1.70 Å and RH ¼ 1.20 Å, respectively. The volume defined
by touching an atom of a polyatomic molecule around another
polyatomic molecule, is calculated in the same way, but now the
radii are no longer the atomic radii, but the sum of the radius of the
atom of the coremolecule and that of the touching atom. In case the
two atoms are alike, we have for two hydrogen atoms RHH ¼ 2.40 Å,
and for two carbon atoms RCC ¼ 3.40 Å. In case the touching atom is
different from the atom of the core molecule, i.e. the unlike situa-
tion, the sum of the radii is defined by a size mixing rule. For the IC
and WH mixing rules this yield in case of alkanes RCH ¼ 2.90 and
2.94 Å, respectively. In Fig. 1 the gap between the carbon and the
hydrogen atom illustrates the effect of the mixing rule, which
makes the center to center distance larger than the sum of the two
atom radii. The left and right panels of Fig. 1 show that the carbon
atom, as part of a molecule, gives a larger covolume to the poly-
atomic molecule than the hydrogen atom does.

The obtained volumes are divided by two to get the excluded
covolumes for a touching carbon and hydrogen atom, bC and bH,
respectively. These are listed in Table 2 in the form of linear re-
lations in terms of the carbon number NC, which were obtained by a
linear regression of the obtained results.

The covolume of a central molecule, as pure liquid bjj or as solute
in a mixture, bj, can be defined by the external contact fraction of
the atoms in the surrounding liquid. As a first order approximation
the carbon and hydrogen contact probability, P C and P H, can be
set equal to the mole fraction of the atoms in the surrounding. This
yields the following equation for the covolume of a molecule bj:

bj ¼P CbCðNCÞ þP HbHðNCÞzxCbCðNCÞ þ xHbHðNCÞ; (8)

where xC and xH are the mole fractions of the carbon and hydrogen
atoms in the surrounding medium, respectively. The functions
bCðNCÞ and bHðNCÞ are linear relations of NC, which were obtained
by a least-squared regression of the results obtained by contacting a
carbon and hydrogen atom around an n-alkane, respectively.

The covolume of the pure compound is calculated by setting the
carbon and hydrogen fractions equal to the composition of the
central molecule. The obtained results for the covolumes of the n-
alkanes in the pure state are regressed by a linear fit. This leads to
the bjj parameters given in the right column of Table 2. When we
compare these values, we see that the IC and WHmixing rules give
nearly the same result (Fig. 2a). However, these linear relations
have a lower slope than those coming from the simple calculation
of 4 times the van derWaals volume. In fact, the ratio of covolume b



Fig. 1. Schematic picture that illustrates the calculation of the excluded covolumes. A hypothetical molecule, formed by a carbon and a hydrogen atom and having bond length dHC,
is scanned by a touching carbon (left) and a hydrogen (right) of another polyatomic molecule. The center to center distance of an unlike pair, here RCH ¼ RHC is computed by the size
mixing rule and is equal or larger that the sum of the two radii. The center to center distance of an alike contact is simply the sum: RHH ¼ 2RH and RCC ¼ 2RC. The blue area depicts
the excluded volume added to the core volume, where the center of the red or green sphere defines the outer surface.

Table 2
Excluded covolume between an atom (Carbon and Hydrogen) of n-alkanes (Å3) as a
linear function of the carbon number NC (Eq. (8)).

Method bC bH bjj (pure)

4�
vvdW

e e 67:8 NC þ 45:9

IC 37:5 NC þ 64:8 26:9 NC þ 38:2 30:5 NC þ 43:5
WH 39:1 NC þ 66:5 26:6 NC þ 39:1 30:9 NC þ 44:2
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and van der Waals volume vvdW drops with increasing chain length
to an asymptotic level, just below the value known for infinite
cylinders, where b =vvdW ¼ 2 (Fig. 2b).

Because the relations of Table 2 are linear, the average covolume
Fig. 2. Left panel: Covolume of pure n-alkane as function of the alkane number, NC , calcula
where the unlike size parameter, RCH, is calculated with the WH (squares) and IC (triangles)
Ratio of the covolume and the van der Waals volume as function of NC .
of a mixture can be written as:

b¼ xCbC
�
NC
�þ xHbH

�
NC
�
; (9)

where bCðNCÞ and bHðNCÞ are the carbon- and hydrogen-based
covolume, and the system average alkane number NC is given by:

NC ¼
X
j

xjNC;j: (10)

Eq. (9) can also be written as:
ted by the classical hard sphere result b ¼ 4vvdW (circles), and the rolling ball method,
mixing rules. Lines are linear regressions with parameters given in Table 2. Right panel:
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b¼b0 þ b1
X
j

xjNC;j; (11)

where b0 and b1 are the intercept and the slope of the linear re-
lations given in the right column of Table 2. This implies:

b¼b0 þ b1
X
j

xjNC;j ¼
X
j

xj
�
b0 þ b1NC;j

� ¼X
j

xjbjj: (12)

In other words, in hydrocarbon mixtures the (atomic) size
mixing rule is not important for the cubic equation of state, because
the high number of atoms average its value to the result of the
classical mixing rule. We observe that the covolume b of a long
linear molecule is no longer 4vvdW, but is reduced to about 2vvdW
when we apply for the contact probability the mole fraction of the
atoms in the mixture. This behavior changes a little, when the
external contact probability is defined by surface fractions instead
of mole (See Supporting Material: Excel workbook). Also in this
case the covolume will decrease with increasing chain length. This
is an important finding, which helps us to understand the sys-
tematic error of activity coefficient equations, which are derived
from the cubic equation of state.
2.1.2. Gibbs energy of mixing at infinite pressure
The molar Gibbs energy of mixing, gmix, for the two-parameter

cEoS is given by the equation:

gmix

RT
¼ Z �

X
j

xjZj þ
�X

j

xj ln
�
Vj � bj
V � b

	


þ 1
RTðl1 � l2Þ

"X
j

xj
aj
bj
ln

 
Vj þ l1bj
Vj þ l2bj

!
� a
b
ln
�
V þ l1b
V þ l2b

	#
:

(13)

Here Z and Zj are the compressibility factors of, respectively, the
mixture and that of component j. The second line of the equation is
the dispersive energy term, while the first part describes the Flory-
Huggins contribution. In the limit of infinite pressure the volume
shrinks to the covolume, and all atoms make maximum contact
with the surrounding atoms. We mention that this expression does
not hold for the aforementioned three-parameter model of Cis-
mondi and Mollerup (See supplementary material C). Here we use
their notation to denote a two-parameter cEoS, which lies between
the SRK and the PR cEoS. In the high pressure limit, introduced by
Vidal [20], the dispersive part of Eq. 2.1.2 becomes:

gmix;∞

RT
¼ k

RT

"X
j

xj
aj
bj
� a
b

#
; (14)

where the parameter k is a cEoS constant defined by the parameters
l1 and l2 according to:

k≡
lnð1þ l1Þ � lnð1þ l2Þ

l1 � l2
(15)

Values of the k parameter are given in Table 3. The characteristic
Table 3
Cubic equation of state constants. For y, see main text and Appendix B.

EoS Ua Ub y Zc kðEq:15Þ K a K =KvdW

vdW 0.4219 0.1250 0.333 0.375 1 9 1
SRK 0.4275 0.0866 0.259 0.333 0.6931 10.3 1.14
PR 0.4527 0.0778 0.253 0.307 0.6232 11.9 1.32

Note: K ¼ kyUa=U
2
b ¼ kUa=ðUbZcÞ.
pure compound parameters a and b of the cEoS are defined by the
critical volume Vc, the critical temperature Tc, and the critical
pressure Pc. Wemention that the repulsive part goes to infinity, due
to the infinite pressure. It places the molecules into close contact
and therefore this part of the Gibbs energy of mixing can be
expressed by the generalized Guggenheim combinatorial model
[26].
2.1.3. Dispersive activity coefficient and enthalpy of mixing from
cEoS

The activity coefficient equation can be derived from the excess
Gibbs energy gE, by applying the thermodynamic relation:

lngk ¼
1
RT

�
vntgE

vnk

	
T ;P;njsk

z
1
RT

�
vntaE

vnk

	
T ;V ;njsk

; (16)

where nt is the total number of moles, nk the number of moles of
molecule k in the mixture, and aE is the excess Helmholtz energy.
The approximation made in the last part of Eq. (16) holds for
mixtures where the excess volume is negligible. In order to arrive at
an expression for the activity coefficient, we write Eq. (14) into the
form:

ntgmix

RT
¼ k

RT

"X
j

nj
aj
bj
�nt

P
j;knjnkajkP
j;knjnkbjk

#
: (17)

Substitution of Eq. (17) into Eq. (16) yields the following general
expression for the activity coefficient of a two-parameter cEoS:

ln gdisp; cEoSj ¼ k

RT

"
aj
bj

�
2
X
k

xkajkX
k;m

xkxmbkm

#

þ k

RT

2
64
�
2
X
k

xkbjk �
X
k;m

xkxmbkm
�X
k;m

xkxmakm

�X
k;m

xkxmbkm
�2

3
75;

(18)

where ajk and bjk are defined by one of the aforementioned mixing
rules. We mention that a similar relation is obtained for the three-
parameter cEoS of Cismondi and Mollerup (See supplementary
material C). The excess enthalpy of component j is given by the
relation:

hEj ¼ � RT2
v lngj
vT

(19)

With the general expression for the activity coefficient of a cEoS,
and assuming that the cEoS parameters a and b are temperature-
independent, we obtain for the enthalpy change on mixing:

Hmix ¼
X
j

xjh
E
j ¼ k

"X
j

xj
aj
bj
�

P
j;kxjxkajkP

k;mxkxmbkm

#
(20)

It shows that, under the assumption that a and b are
temperature-independent, the enthalpy of mixing of a cEoS is also
temperature-independent. Next, we discuss the effect of the dif-
ference types of mixing rules for the activity coefficient equation
derived from the two-parameter cEoS.
2.1.3.1. Ideal classical mixing rules. The classical mixing rules (see
Eq. (4)) with the approximation ljk ¼ kjk ¼ 0, yields the following
expression for the activity coefficient of component j:



Fig. 3. Value of parameter K using the CM model parameter l1 (Eq. (1)). The green
circle is the minimum value, where l1 ¼

ffiffiffi
2

p
� 1, the yellow and red circles denote the

K-value for the SRK and PR cEoS, respectively.

Table 4
Alkane activity model parameters at T0 ¼ 298:15K . Experimental (exp.) and pre-
dicted (pred.) values.

Alkane Source mj ¼ Vc;j=Vc;1 Dj

Methane exp. 1 0.428
Ethane exp. 1.476 0.440
n-Pentane exp. 3.174 0.366
n-Hexane exp. 3.763 0.346
n-Heptane exp. 4.341 0.330
n-Octane exp. 4.929 0.315
n-Hexadecane pred. 9.574 0.235
Squalane pred. 16.63 0.186
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ln gcEoS�IC
j ¼ k

RT

2
64aj
bj
� 2

P
kxk

ffiffiffiffiffiffiffiffiffi
ajak

pP
j;kxjbj

þ bi
P

j;kxjxk
ffiffiffiffiffiffiffiffiffi
ajak

p
�P

j;kxjbj
�2

3
75: (21)

By defining the volume fraction as:

fj ¼
xjbjP
kxkbk

; (22)

eq. (21) can be written as:

ln gICj ¼ k
bj
RT

"
aj
b2j

� 2

ffiffiffiffi
aj

p
bj

X
k

fk

ffiffiffiffiffi
ak
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bk
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ajak
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RT

" ffiffiffiffi
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�
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ffiffiffiffiffi
ak

p
bk

#2
;

(23)

which, we recognize that the equation attains the van Laar equation
for k ¼ 1. We also mention that Hildebrand's solution theory result
is obtained [35], when the van der Waals covolume is replaced by
the volume of the pure liquid at 25 �C and the term

ffiffiffiffi
aj

p
=bj, usually

denoted as the solubility parameter, is optimized to experimental
data. This approach has also been applied in the Hansen solubility
model [36,37], where besides dispersion, also solubility parameters
for polar and hydrogen bonding are included.

In PC-SAFT the size of molecules are defined by a number of
spheres, where methane has a normalized size of m1 ¼ 1. In a
similar way we can take the covolume of the two-parameter cEoS
as a measure to define the relative length of an alkane. As is
explained in the work of Kontogeorgis and Folas [15], the covolume
can be obtained from the van derWaals volume and the ratio of the
critical temperature and pressure, bfRTc=Pc. We opt for the rela-
tion b ¼ y:Vc, where y is a cEoS specific constant (Table 3), to reduce
the deviations arising from the difference between experimental
and mean-field theory Zc values, which can be explained by
crossover theory [38,39] (see Supplementary material D). By doing
this, we can define the number of units in an alkane by the ratio in
covolumes (Appendix B). Therefore, with the critical volume of
methane, vc;1, we can define the relative size of an alkane by:

mj ¼
bj
b1

¼ Vc;j

Vc;1
: (24)

The a and b parameters in Eq. 2.1.3 can be replaced by the critical
pressure Pc;j, the critical temperature Tc;j, and the critical volume
Vc;j of compound j (see Appendix) and we obtain the following
expression for the dispersive activity coefficient equation derived
from a cEoS.

ln gcEoS�IC
j ¼ K mj

�
T0
T

	h
Dj �

X
k

fkDk

i2
; (25)

where Dj is the dimensionless Hildebrand parameter of compound
j, defined as:

Dj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pc;jVc;1

RT0

s
; (26)

with the reference temperature T0 set at 298.15 K. The parameter K
is a cEoS specific component independent constant and follows
from the cEoS parameters l1 and l2. In Appendix B we show how
the value of K can be calculated and Table 3 shows typical values for
each cEoS.
The model of Cismondi and Mollerup yields for the pure com-
ponents values for K, which run along the curve as depicted in
Fig. 3, starting from K ¼ 9:97, when l1 ¼

ffiffiffi
2

p
� 1.

Values for the size parameter mj and the dimensionless solu-
bility parameter Dj can be calculated directly from the experi-
mental critical pressure and volume. Experimental values of the
critical parameters are for most compounds available in the DIPPR
database [40]. An accurate series of critical volume measurements
of n-alkanes between pentane and octadecane has been measured
by Ansalme et al. [41]. Values of mj and Dj for some alkanes are
given in Table 4.

In case no experimental critical parameters are available, an
appropriate group contribution (GC)method, such as themethod of
Marrero and Gani [42], can be applied to estimate the critical pa-
rameters Pc and vc to calculate D and m.

Instead of this method, we found it more convenient to create a
predictive method for the size parameter m and the parameter D,
since they show a clear relationship with the carbon number and
type of atom groups. Fig. 4a shows that size parameterm increases
linearly with carbon number NC.

Because of this, we can use the same methodology as was
applied by Marrero and Gani, and use:



Fig. 4. Size parameter of n-alkanes, cyclo-alkanes and branched alkanes as function of carbon number (left panel). Parity plot of m calculated by ratio in critical volume and group
contribution method after optimization of primary and secondary increments (right panel).
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m¼
X
j

pjNj þ
X
k

skNk; (27)

where pj is the increment of a primary group j (i.e. an atom group),
sk the increment of a secondary group k (i.e. a proximity correction),
and Nj and Nk are the number of atom groups or proximity cor-
rections in the molecule, respectively. Values for the primary and
secondary increments were obtained by a least-squared regression
of the deviation in m and D data, which were calculated from the
critical pressure and volume data of alkanes retrieved from the
DIPPR database [40] (See supplementary material B). The in-
crements for the group contribution (GC) formula are given in
Table 5.

Fig. 5 shows that the values of the parameter D decrease with
increasing relative size m. Eventually D vanishes for m/ ∞ due to
the fact that an infinitely large molecule has zero critical pressure.
For this parameter we opted for a power-law description of the
following form:

D ¼
"

t1
1þPjpjNj þ

P
kskNk

#t2
; (28)

where the parameters t1 and t2 are independent of the molecular
structure. The equation is based on the GC model for the critical
pressure as proposed by Marrero and Gani [42], since the dimen-
sionless solubility parameter, D, is in fact the critical pressure times
a constant VcðmethaneÞ =ðR:T0Þ. The parameters of Eq. (28) are
Table 5
GC increments for m and D.

Group Type Ordera m D

CH3- linear p 0.728 0.268
-CH2- linear p 0.580 0.206
>CH- linear p 0.318 0.083
>C< linear p 0.153 � 0:004
-CH2- cyclic p 0.526 0.134
>CH- cyclic p 0.340 0.096
-C(CH3)2- linear s � 0:095 � 0:065

a p: primary group, s: secondary group.
obtained by a least-squared fit of the experimental based D values
of alkanes. We obtained t1 ¼ 0:392 and t2 ¼ 0:594. The group
contribution increments for the dimensionless solubility parameter
are given in Table 5.

The activity coefficient equation of a binarymixture now follows
from Eq. (25) as:

ln gICj ¼ K mj

�
T0
T

	�
Dj � Dk

�2�
1� fj

�2
: (29)

Subsequently, we can deduce the equation for the case where
solute j is dissolved at infinite dilution in solvent k:

ln gIC;∞j ¼ K mj

�
T0
T

	�
Dj � Dk

�2
: (30)

An important observation can be made from Eqs. (25), (29) and
(30). The parameters mj, Dj, and Dk are invariant, because they are
determined by the critical parameters of the compound. As a result,
K is the only parameter that could be used to downscale the value of
the activity coefficients. But K is determined by the l1 (and l2)
values for the equation of state, and therefore only has a limited
range. The vdW cEoS has K ¼ 9, while the SRK and the PR cEoS give
a value of 10.26 and 11.92, respectively. Cismondi andMollerup [27]
and later Cismondi et al: [43] showed that a very good phase
equilibria description is obtained when the l1 parameter is opti-
mized for each pure component. The results of Cismondi et al: [43]
show that the l1 parameter of the pure alkanes between methane
and n-hexatriacontane ranges between 0.92 and 2.88, which sets
the range of K for the two-parameter cEoS somewhere between
10.2 and 12.5.

The expression for the enthalpy of mixing of a binary mixing is
derived by applying Eqs. (19) and (20) to Eq. (29)yielding:

hICmix ¼ k

�
x1
a1
b1

þ x2
a2
b2

� x1x1a1 þ 2x1x2
ffiffiffiffiffiffiffiffiffiffi
a1a2

p þ x2x2a2
x1b1 þ x2b2




¼ k b
� ffiffiffiffiffi

a1
p
b1

�
ffiffiffiffiffi
a2

p
b2


2
f1f2;

(31)

where b is the average covolume of the binary mixture. The
enthalpy of mixing can also bewritten in terms of the average chain



Fig. 5. Left panel: D of n-alkanes, cyclo-alkanes and branched alkanes as function of size parameterm. Right panel: Parity plot of D calculated by the ratio in critical volume and the
group contribution method after optimization of primary and secondary increments.
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length m and the dimensionless solubility parameter Dj:

hICmix ¼ K m½D1 � D2�
2
RT0 f1f2: (32)

We mention that this expression is temperature-independent
and has a maximum at: f1 ¼ x2 ¼ 1=ð1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2=m1
p Þ or, equiva-

lently, at x1 ¼ f2 ¼ 1=ð1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1=m2

p Þ.
2.1.3.2. The Waldman and Hagler mixing rules. The WHmixing rule
describes the unlike LJ-parameters of noble gases the best (See
supplementary material A). Substitution of this rule into Eq. 2.1.3
gives for polyatomic molecules an expression that cannot be
simplified into terms of

P
j
njbj due to the square root terms. To gain

insight, we can elaborate on a binary mixture. The equation of a
compound j in a binary mixture with compound k is:
ln gWH
j ¼ K mj

�
T0
T

	
D2
j

2
66641�

2xj þ xk
Dk

Dj

4r2

1þ r2
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 2r2

q
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þ
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�
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 2r2

p
þ rx2k

�2

3
7777775
;

(33)
where r is the solvent-size ratio, r ¼ mk=mj. At infinite dilution,
where solute j is dissolved in solvent k, Eq. 2.1.3 reduces to:

lngWH;∞
j ¼Kmj

�
T0
T

	"
D2
j �

4r�
1þ r2

�DjDkþ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ2r2
p

� r
�
D2
k

#
:

(34)

The second and third terms within the square brackets of Eq.
(34) are different from Eq. (30), due to the functions with argument
r. When themolecules are of equal size, i.e. r ¼ 1, Eq. (34) reduces to
Eq. (30). However, for r>>1, Eq. 2.1.3 and 34 diverge exponentially.
It demonstrates in a way that the use of this equation is limited to
monoatomic molecules, such as the noble gases, and that for
polyatomic molecules the classical mixing rule is preferred.
2.1.4. Systematic deviation
Eq. (29) yields unrealistic high values for the activity coefficient,

due to the high value for K. This can be repaired by using the
approach of Hildebrand [44,45], who proposed to replace the
covolume bj by the molar liquid volume vliq;j of compound j and the
ratio of

ffiffiffi
a

p
and b by the cohesion energy. Because vliq;j about 1.9

vvdW, while the covolume bj is 4 vvdW for spherical molecules, the
logarithmic activity coefficient is by this replacement improved by
a factor twoThe introduction of the cohesive energy, which reflects
the effective intermolecular interaction, further reduces the
deviation.

We can understand the systematic deviation also from a theo-
retical point of view. Fig. 2 shows that the ratio of covolume and van
de Waals volume decreases with increasing chain length; the
covolume changes from 4 vvdW to about 1.9 vvdW. This implies that
for long molecules it looks as if the K parameter should reduced by
a factor two as well. The second correction comes from the
assumption, that all molecules experience the same average
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concentration of the mixture. It neglects that the shape of a
molecule affects the intermolecular interaction. In case of poly-
atomic molecules some atoms of the molecule are shielded or
hindered by other atoms of the same molecule. This can also be
interpreted by the fact that part of the intermolecular interaction is
replaced by intramolecular interaction and covalent bonds, which
do not contribute to the activity coefficient. This local field effect
reduces the value of the parameter a. The overall effect is that the
parameter K is more than two times smaller than the l1 and l2 or a
and b parameters suggest. In the application of cEoS-based activity
coefficient models, we are thus forced to optimize the K parameter,
since the theoretical values are useless for real systems.
2.2. The total activity coefficient

In general, the total activity coefficient of molecules, which
interact by dispersion forces only, is given by the sum of a combi-
natorial and a dispersive contribution.

ln gtotk ¼ ln gcomb
k þ ln gdispk : (35)

For the combinatorial activity coefficient we take the general-
ized Guggenheim combinatorial activity coefficient of Krooshof
et al: [26]:

ln gcomb
k ¼ ln

�
fk

xk

	
þ
�
1� fk

xk

	2664
ln
�
fk
qk

	
fk
qk
� 1

3
775; (36)

where fk and qk are the volume and surface fraction of compound 1
in the mixture, respectively. This expression in combination with
the residual part of the UNIQUAC model or COSMOSPACE model
gives better results for binary equilibria of alkane-alkane and
alkane alcohol systems [46] than the combination with original
Staverman-Guggenheim combinatorial activity coefficient model.
Substitution of Eqs. (29) and (36) into Eq. (35) leads to the following
expression for the cEoS-based total activity coefficient equation:
Fig. 6. Correlation plot of activity coefficients at infinite dilution for data set 1 of linear alka
data and results obtained with Eq. 2.2 Data retrieved from DDBST [47]. Cross symbols are
lngtot;cEoSk ¼ ln
�
fk

xk

	
þ
�
1� fk

xk

	2664
ln
�
fk
qk

	
fk
q1

� 1

3
775

þKmk
�
Dk � Dj

�2ð1� fkÞ2:

(37)

3. Results

To optimize the K parameter of Eq. 2.2, we need activity coef-
ficient data, which are consistent according to the rule of Gibbs-
Duhem, and which are sufficiently accurate to reveal deviations
between different activity coefficient models. Therefore, vapor-
liquid equilibria (VLE) data of alkane mixtures with a difference
in carbon number is below three are not useful to observe differ-
ences between the models, because such data yield activity co-
efficients close to unity. On the other hand, isothermal or isobaric
VLE data of asymmetric systems are in most cases incomplete in
vapor composition or are unreliable with respect to the largest
compound, because the low partial pressure of this compound is
difficult to quantify. Besides VLE data, literature provides us with a
large set of activity coefficients at infinite dilution. For such data the
standard deviation of measurement is in the order of 10%. Note that
in some cases the experimental activity coefficient of volatile
compounds are subjected to systematic errors of calculation, due to
the assumption that the gas is ideal. Excess enthalpy data, which
measures the temperature dependency of the activity coefficient, is
in general of good quality and sufficiently available, and enables us
to determine the temperature dependence of activity coefficients.

3.1. The total activity coefficient of the cEOS

As explained above, we can not apply the cEoS-based activity
coefficient equation, Eq. 2.1.3, directly in the form of Eq. 2.2, due to
the systematic deviation in the parameter K. The theoretical min-
imum value for parameter K is 9 for the van der Waals cEoS, while
the two-parameter cEoS between the SRK and the PR model give
values in the range 10(K(12. The three-parameter cEoS of CM
nes (left panel) and data set 2 of branched alkanes (right panel) between experimental
rejected experimental data points, as explained in text.



Table 6
Fit results for cEoS parameter K using Eq.2.2 as depicted in Fig. 6.

Set N (total) N (excluded) K AAD%

1 690 95 4.13 4.9
2 655 109 3.04 7.8

G.J.P. Krooshof et al. / Fluid Phase Equilibria 501 (2019) 11227510
gives values of the same magnitude (See supplementary material
C). In general these K-values yield too large activity coefficients,
and thus re-evaluation of K is inevitable. The optimization of Kwas
performed for two data sets, that were retrieved from DDBST [47].
Data set 1 contains the infinite dilution activity coefficients of linear
n-alkane binary mixtures. Data set 2 contains data of alkane binary
mixtures with at least one them branched. We use these two
classes, because they enable to quantify differences in the value of K
and help us to understand the deficiencies of the cEoS-based ac-
tivity model. From both experimental data sets we excluded
experimental data, which shows a systematic deviation. These are
1) data having limiting activity coefficients above 1, 2) data having
limiting activity coefficients lower than 0.8, while the difference in
carbon number is smaller than 2 carbons, and 3) data, where the
Fig. 7. Experimental data (symbols) compared to cEoS activity model prediction (curves) for
methylpentane in alkanes (bottom left) and alkanes in squalane (bottom right) with K ¼ 3:
and higher temperatures, respectively. The bottom dashed curves are the predictions of th
activity coefficient is too close to unity than one can expect from a
physical point of view. These excluded data points are shown as
crosses in the left and right panel of Fig. 6. The left panel depicts
data set 1 covering a carbon range from butane to tetracosane. The
right panel shows the correlation for data set 2 within the carbon
range of dimethylbutane to dioctadecyldotetracontane. Table 6
shows that data set 2 requires a 26% lower value for K than data
set 1.

Fig. 7 shows the results of the limiting activity coefficients as
function of alkane number for linear and branched alkanemixtures.

The description of the experimental limiting activity coefficients
with the cEoS-based activity model looks fine at first sight, the
average error is 5e8%, although the model is not optimal, as is
illustrated by the experimental activity coefficient data of Ash-
worth [48] depicted in Fig. 8.

We observe that with increasing chain length the calculated
values deviate more from the experimental values. This shows that
the constant K needs adjustment for each binary. Secondly, as has
been noted in the theory section, the cEoS based activity models
can not describe the temperature dependency of the enthalpy of
mixing. This is illustrated by the binary system n-hexane - n-
hexane in n-alkanes (top left), heptane in n-alkanes (top right) with K ¼ 4:13, and 2-
04. In these plots the top and middle curves (Eq. 2.2) are the results at indicated lower
e combinatorial contribution Eq. (36).



Fig. 8. Experimental activity coefficient data from Ref. [48] (symbols) and theoretical
cEoS activity model predictions Eq. 2.2, with K ¼ 3:04, for the binary systems n-
pentane, n-hexane, n-heptane and n-octane in squalane at 298.15 K.
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hexadecane (Fig. 9). The cEoS-based activity model gives a correct
endothermal description, but the isothermal curves at 298.15,
303.15 and 313.15 K coincide, while in reality there is a clear
reduction in enthalpy with increasing temperature, and the
maximum of the model is shifted to a higher concentration than is
measured. This implies that the parameter K is not only tempera-
ture dependency, but also concentration dependent.
4. Concluding remarks

A general expression for the activity coefficient of molecules
Fig. 9. Experimental enthalpy of mixing data in comparison to cEoS activity model for
the binary hexane - hexadecane. Solid curve is Eq. (32) which is temperature inde-
pendent. Data from Refs. [49,50].
that interact by dispersion only was derived from the cubic equa-
tions of state (cEoS). We have shown that the cEoS based activity
models can be characterized by a single parameter K, which for the
van der Waals, Soave-Redlich-Kwong and Peng-Robinson equa-
tions of state has the values 9, 10.3 and 11.9, respectively. Experi-
mental data, however, indicate that K ¼ 4:13 for linear and
K ¼ 3:04 for branched alkanes. With these parameters we obtain
realistic predictions without the necessity to optimize the size
parameter mj and the solubility parameter Dj. Both dimensionless
parameters can be calculated from the normalized critical experi-
mental parameters of the compounds using methane as a spherical
reference, or by using a group contribution method. However, we
also encountered small, but systematic deviations. Binary mixtures
of n-alkanes with squalane increasingly deviate with increasing
chain length of the n-alkane.

The cause for the systematic differences between the cEoS based
activity coefficient model and the experimental results lie in two
assumptions that were made in the derivation of the cEoS. The
largest impact has the assumption that all molecules are spherical.
This leads to a systematic error, because the ratio of the covolume
and the van derWaals volume is taken to be 4, while it decreases to
nearly 1.9 for long chains. In relation to this we also showed that the
mixing rules of Waldman and Hagler, and of Kong reduce to the
classical mixing rule of Lorentz and Berthelot, as soon as the
mixture contains molecules which are polyatomic. The use of the
classical mixing rules for dispersion therefore appears to be suffi-
cient, at least for alkanes. It might not apply to mixtures containing
molecules with large atoms, such as the halogenated hydrocarbons.

The assumption that all molecules interact with the same extent
with the surroundings is another assumption that is not valid for
polyatomic molecules. In the van der Waals mean-field approxi-
mation the average interaction between two particle centers is
taken as the integral of interaction of a particle in a uniform
spherical potential field in analogy of a charge in a uniform electric
potential field. Applying this methodology neglects the fact that
polyatomic molecules behave differently. For polyatomic molecules
one part of the molecule can prevent another part to interact with
its immediate surrounding; end groups have more space to interact
than chain groups, or groups located near branches. Equivalently,
the intramolecular interaction and the covalent bonds reduce the
number of intermolecular interactions. This is reflected by the
reduced parameter K, which drops further when the molecule
contains branches. This difference between mono- and polyatomic
molecules becomes more pronounced when the density of the fluid
is high, because the effective number of interactions increases with
density. Effectively this results in a smaller value of cEoS parameter
a for polyatomic molecules than the value of a obtained from the
critical parameters of the compound, because proximity effects are
less prominent at the critical point.

Another deficiency of the cEoS-based activity coefficient
contribution is that, although the model yields a reasonable result
for the enthalpy of mixing, it can not describe its temperature
dependence. This is cause by the Huron-Vidal method, which sets
the thermal expansion of the liquid to zero. Oneway to address this,
would be to make the parameter K temperature-dependent, for
instance, by scaling it with the liquid volume at given temperature
and the reference temperature T0.

The generalized form of the cEoS-based activity coefficient
model demonstrates that there is a physical way to close the gap
between the combinatorial and the experimental activity coeffi-
cient for systems, in which molecules interact by dispersion only.
The introduced GC-method could be used in models, like the
original UNIFAC [2] and the family of COSMO-RSmodels, to account
only for the dispersion interaction between alkyl groups.

In part 2 we will derive from the perturbed hard-sphere chain
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equations of state a more accurate dispersion activity coefficient
equation.

List of symbols

b empirical coefficients in linear relation for covolume [�]
g activity coefficient [�]
εmin Lennard-Jones potential energy [J/mol]]
h packing fraction [�]
k constant in cEoS [�]
l1;l2 cEoS parameters [�]
fj;jj volume fractions [�]
sij diameter of segment pair i and j [Å]
qj surface area fractions [�]
Dj dimensionless Hildebrand parameter [Å]
Ua;Ub cEoS constants [�]
a;aj;aij attractive cEoS term, pure compound j compound pair i;

j [Jm3/mol2]
b covolume of system [m3/mol]
bij covolume of molecule pair i; j [m3]
bC;bH partial covolume calculated by carbon and hydrogen

atom [Å3]
hEj excess enthalpy of compound j [J/mol]
Hmix enthalpy change on mixing [J/mol]
kjk, ljk correction parameter in size and energy mixing rule[-]
mj number of repeating units in compound j given by ratio

of critical volume of compound and methane [�]
m molar average number of units in mixture [�]
nj number of molecules of type j [�]
ntot total number of molecules in fluid mixture [�]
pj number of primary groups in molecule [�]
PC , PH external contact probability of carbon and hydrogen

atoms in a fluid[-]
r ratio in size [�]
sj number of secondary groups in molecule [�]
t1, t2 emperical GC parameters [�]
xj mole fraction of compound j in mixture [�]
K parameter in activity coefficient eq. and cEoS [�]
NC carbon (alkane) number [�]
P system pressure [Pa]
v system molar volume [m3/mol]
T system temperature [K]
T0 reference temperature 298.15 [K]
Pc;j critical pressure of compound j [Pa]
R universal gas constant: 8.3143 [J/mol.K]
Vc;j critical volume of compound j [m3/mol]
Tc;j critical temperature of compound j [K]
Zc;j critical compressibility factor of compound j [�]

Appendix A. Conversion

Herewe show how Eq. (30) can be derived. The cEoS parameters
a and b can be expressed in reduced in the critical constants of the
compounds by:

aj ¼Ua
R2T2c;j
Pc;j

and bj ¼ Ub
RTc;j
Pc;j

; (A.1)

where Ua and Ub are cEoS specific constants (see Table 3), yielding:

lngdisp;∞ ¼ k
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RT

" ffiffiffiffi
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p
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RT
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h ffiffiffiffiffiffiffi
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Pc;k

q i2

(A.2)
The covolume is proportional to the critical volume by cEoS
constant y:

bc;j ¼ yVc;j: (A.3)

We can relate the critical volumes of compound j to that of
methane by:

Vc;j ¼ mjVc;1; (A.4)

wheremj is a proportionality constant, specific for each compound,
and which can be interpreted as the number of spheres that
represent the polyatomic molecule. Substitution of Eq. (A.3), and
A.4 into Eq. (A.2) gives:

k
bj
RT

" ffiffiffiffi
aj

p
bj

�
ffiffiffiffiffi
ak

p
bk

#2
¼ k

yUa

U2
b

mj

�
T0
T

	" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pc;jVc;1

RT0

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pc;kVc;1

RT0

s #2

¼ Kmj

�
T0
T

	�
Dj � Dk

�2
;

(A.5)

where we defined:

K ¼ k
yUa

U2
b

¼ k
Ua

UbZc
; (A.6)

which is a constant determined by the cEoS parameters l1 and l2
and

Dj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pc;jVc;1

RT0

s
: (A.7)

Values of Ua, Ub, k, y, and K are provided in Table 3.
Appendix B. The cEoS constant K

The following general form of the cubic equation of state:

P¼ RT
V � b

� a
ðV þ l1bÞðV þ l2bÞ

; (B.1)

Can be rearranged into:

V3 � V2½ � ðl1 þ l2Þbþ bþ RT=P�
þV
h
l1l2b

2 � ðl1 þ l2Þb2 � RT=Pðl1 þ l2Þbþ a=P
i

�
�
l1l2b

3 þ RT=Pl1l2b
2 þ ab=P

�
¼ 0:

(B.2)

At the critical point this equation should be continuous and the
first and second derivatives should vanish, which leads to the
following solution at the critical point:

ðV � VcÞ3 ¼V3 � 3VcV2 þ 3V2
cV � V3

c ¼ 0: (B.3)

Hence we need to solve the following relations:

3Vc ¼ ½ð1� l1 � l2Þbþ RTc=Pc�
3V2

c ¼
h
ðl1l2 � l1 � l2Þb2 � RTc=Pcðl1 þ l2Þbþ a=Pc

i
V3
c ¼

�
l1l2b

3 þ RTc=Pcl1l2b
2 þ ab=P

�
:

(B.4)

By introducing y ¼ b=Vc we obtain, after rearrangement, the
following relations:
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1
Zc

¼ RTc
PcVc

¼ ½3� ðl1 þ l2 þ 1Þy�

a

PcV2
c

¼ 3� ðl1 þ l2 þ l1l2Þy2 �
1
Zc

ðl1 þ l2Þy

y ¼
�
1� l1l2y

3 � 1
Zc
l1l2y

2



PcV2
c

a
:

(B.5)

Given values for the parameters l1 and l2, we can now solve the

parameters y, Zc, and a =ðPcV2
c Þ by iteration, using as starting point

y ¼ 1=3 in the first equation. For the van derWaals, the SRK and the
PR cEoS the values for y are known exactly. These are 1

3,

1
3

� ffiffiffi
8

p
sinh

�
1
3 asinhð

ffiffiffi
8

p
Þ
	
� 1

	
and

ffiffiffi
23

p
� 1, respectively. The ob-

tained values for these parameters generate the desired dimen-
sionless energy and volume parameter:

Ua ¼ Z2c
�
a=PcV2

c

�
Ub ¼ yZc: (B.6)

Together with the parameter k, the parameter K can be calcu-
lated by the equation:

K ¼ kyUa

.
U2
b ¼ kUa=ðUbZcÞ: (B.7)

Appendix C. Supplementary data

Supplementary data to this article can be found online at
https://doi.org/10.1016/j.fluid.2019.112275.
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