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Abstract 

This thesis concerns the construction of coding strategies for two-way channels. On 
a two-way channel, both terminals transmit and receive information simultaneously. 
Each terminal uses an encoder and a decoder which are connected to each other: the 
decoder of each terminal has knowledge of the symbols sent by the same terminal's 
encoder, and the encoder has knowledge of the symbols received by the decoder of 
the same terminal. Coding strategies allow error-free communication on a two-way 
channel when both terminals are transmitting information simultaneously, without 
using a time-sharing protocol. Using a coding strategy, the encoder of each terminal 
may use the results of previous transmissions as received by the decoder to determine 
the next channel symbol to transmit on the channel. A discrete coding strategy is 
used when both terminals can choose messages from a finite message set . 

In this thesis, the binary multiplying channel (BMC) is used as the main ex
ample of a two-way channel. Different types of coding strategies are presented: 
discrete coding strategies, save-up strategies and bootstrap strategies. In discrete 
strategies, all information in each single message of each terminal is transmitted. In 
a save-up strategy, the transmission of part of the information content of a message 
is delayed, until it is possible to transmit it at a better transmission rate. In a 
bootstrap strategy, part of the information content of a message which can only be 
transmitted at a rate below the average transmission rate is re-encoded in such a 
way that it can be transmitted at the average transmission rate. Much attention is 
paid to the construction of coding strategies, and to their use in practical two-way 
communication situations. 

The final chapters of this thesis discuss various extensions to the two-way channel 
model, like changes to the feedback capabilities of each terminal, ternary two-way 
channels, three-way channels and two-way channels with delay. 

Index terms 

Information theory, channel capacity, encoding/decoding, Shannon capacity, vari
able length codes, two-way channels. 
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1 
Network information theory 

In 1948, Shannon [Sha48] published A Mathematical Theory of Communication. 
This paper is the foundation of information theory. After its introduction in 1948, in
formation theory is being used in a large number of research areas. These research 
areas include electrical engineering and mathematics, and in particular communi
cation theory, error-correcting coding, cryptography, probability theory, and data 
compression. In addition, information theory is used in linguistics, physics and 
economics. 

This chapter will give a brief introduction to the basic principles of information 
theory. It discusses concepts like entropy and mutual information. The theory is 
applied in the discussion of the one-way channel, the simplest communication situa
tion. After that , the effect of feedback on a one-way channel is investigated. Finally, 
more complex communication situations like the two-way channel are presented. 

In this introduction, only those concepts needed in the rest of this thesis are dis
cussed. Text books, for example Elements of Information Theory by Cover and 
Thomas [CT91], Information Theory and Reliable Communication by Gallager 
[Gal 58], or Information Theory by Csiszar and Korner [CK81], provide in-depth 
discussions of information theory. Coding theory is discussed in The theory of 
Error-correcting Codes by MacWilliams and Sloane [MS77], while Principles of 
Communication Engineering by Wozencraft and Jacobs [W J65] focuses on com
munication theory. 

1.1 Entropy and mutual information 

An information source is an entity that produces a sequence of messages m, which 
are chosen from a message set M according to some probability distribution p(m). 
The set M is called the alphabet. Examples of message alphabets are the letters, 
digits and punctuation marks or the set of answers of a multiple choice question. 
Without loss of generality, the elements can be labelled 0,1 ,2, ... ,M- 1., where M 
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CHAPTER 1. NETWORK INFORMATION THEORY 

is the size of the alphabet IMI. 
Every message m generated by the source has an information content, which is 

higher when the probability of occurrence p(m) is lower. The entropy of a source is 
its average information content, or the uncertainty about the message generated by 
that source random variable. 

DEFINITION 1.1 (ENTROPY) 

Let an information source X be a discrete random variable with alphabet :X, and 
probability mass function p(x) = PT(X = x), with x E :X, 0 :::; p(x) :::; 1 for every x, 
and LxEX p ( x l = 1. Then, the entropy of X is defined as: 

H(X) ~-L p(x)log2 p(x) (1.1) 
xEX 

If the elements of :X all occur with equal probability, then H(X) = log2 I:XI. Entropy 
is measured in binary digits . A binary digit (bit) can take two values, which are 
often referred to as 0 or 1. In order to measure entropies in bits, we choose 2 as the 
base of the logarithms. Intuitively, the entropy of X defines the average length of the 
shortest sequence of zeros and ones needed to describe an instance of X. 

EXAMPLE 1.2 (A COIN TOSS) 

Let X be the tossing of a fair coin, with :X= {head,tail} and p(head) = p(tail) = ~ · 
Then H(X) = 1 bit. Let p = p(head). Then H(X) reduces from Eq. 1.1 to the binary 
entropy function: 

h(p) ~-plogp -( 1-p)log(1-p) (1.2) 

It has a maximum h(p) = 1 for p = ~ (a fair coin), and minima h(p) = 0 for p = 0 
or p = 1: in this case you know the result of the coin toss beforehand, so there is no 
information in it anymore. 

Combinations of two variables are discussed in the next three definitions. We assume 
X andY are two random variables with a joint probability distribution p(x, -y ). 

DEFINITION 1.3 (JOINT ENTROPY) 

The entropy of X and Y joined together: 

H(X, Y) = - L L p(x, -y) logp(x, -y) 
xEX yE'cJ 

DEFINITION 1.4 (CONDITIONAL ENTROPY) 

The entropy of X given knowledge of Y is: 

H(XIY) =- L L p(x, -y)logp(xl-y) 
xEX yE'cJ 

2 
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1.2. ONE-WAY COMMUNICATION 

DEFINITION 1.5 (MUTUAL INFORMATION) 

The reduction in uncertainty about X due to knowledge of Y is called the mutual 
information between X and Y: 

I(X; Y) = H(X)- H(XIY) 

= H(X) + H(Y)- H(X, Y) 

From Eq. 1.6, it follows that the mutual information is symmetric in X andY. 

1.2 One-way communication 

1.2.1 One-way channel model 

(1.5) 

(1.6) 

Communication is the transfer of information between a transmitter and a receiver, 
through a channel. Transmitter and receiver may be separated in location (tele
phone) and/or in time (storage) . The channel, for example, a telephone wire, or a 
magnetic disk, can be modeled by a channel model. 

In Fig. 1.1, the one-way channel model is presented. The channel itself is repre
sented by the circle in Fig. 1.1. In each transmission, a channel input symbol X from 
an alphabet X is transmitted. There is an information source generating messages 
m from an alphabet M. 

The result of the transmission of x is a channel output symbol 'Y from an alphabet 
1f. The channel transition matrix p(-ylx) takes the effects of noise into account: it 
expresses the probability of 'Y being received, given x was transmitted. The following 
properties hold for the channel transition matrix: 

p(-ylx) E [0, 1], Vx EX, 'Y E 1J 

L p(-ylx) = 1, Vx EX 
yE';J 

(1. 7) 

(1.8) 

On a discrete channel, the input alphabet X and output alphabet 1J have finite sizes. 
On a binary channel, the input symbols x and the output symbols 'Y take values 
from {0, 1 }. A channel is channel memory less if the output 'Yt at timet only depends 
on the input Xt at time t, and not on previous channel input symbols or output 
symbols already observed: P('Ytlxt, -yt-l) = P('Ytlxtl, where xt = (x1, Xz, x3, ... , xtl, 
-yt = (-y 1, -y 2 , -y3, ... , -yt). A channel is deterministic, if p(-ylx) E {0, 1}, i.e. there is 
no uncertainty about 'Y given a transmitted symbol x. If, in addition, the channel 
transforms each x E X into a different 'Y E 1J, there is also no uncertainty about x 
given -y, and decoding is flawless. 

EXAMPLE 1.6 (THE BINARY SYMMETRIC CHANNEL) 

An example of a one-way channel is the Binary Symmetric Channel (BSC). This is 
a binary discrete memoryless channel with X= {0, 1} and 1J = {0, 1}, on which the 

3 



Message 
e 

Encoder 

Terminal 1 

CHAPTER 1. NETWORK INFORMATION THEORY 

p(ylx) 

1\Joise 

Received 

message ~ '--------' 
Terminal 2 

Figure 1.1: One-way communication model 

input symbol can be 'flipped' with probability p. The transition matrix of such a 
channel is 

( I ) = [ p(OIO) p(OI1) l = [ 1 - p p l 
p-yx p(1IO) p("ll1) p 1-p (1.9) 

The parameter p is called the error probability of the BSC. 

1.2.2 Coding and decoding 

In order to communicate over the channel, some extra components must be added 
to the channel model, as depicted in Fig. 1.1. 

There is an information source generating messages m from an alphabet M. 
These messages need to be transmitted over the channel. Usually, M > lXI, there
fore, an encoder is needed to map a message m onto a sequence of channel input 
symbols XJ, Xz, ... , Xn. 

Also, the received sequence -y 1 , -y 2 , ... , "Yn must be converted to the received 
message m E M, which is done by the decoder. Since the decoder only knows the 
channel output symbols, it can only make a guess m of the transmitted message m. 
Together, the mappings in encoder and decoder form a code. 

DEFINITION 1. 7 (CODE) 

An (M, n) block code for a channel (X, p(-ylx), Zl) consists of the following: 

1. A set M of M messages, represented by the index set { 0, 1 , . . . , M - 1}. 

2. An encoding function ¢ : M ----1 xn, which generates a sequence of channel 
input symbols xn = x1, x2 , ••. , Xn (a codeword) for each message mE M. 

3. A decoding function 1(! : Zln ----1 M which assigns a guess rn to each channel 
output sequence -yn = 1!1, 1Jz, ... , "Yn· 

The parameter n is the codeword length of the code. 
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1.2. ONE-WAY COMMUNICATION 

DEFINITION 1.8 (RATE OF A CODE) 

The rate R of a (M, n) binary block code with equiprobable messages is defined as: 

R = log2 M 
n 

(1.10) 

The received message m is generated by mapping the channel output symbol se
quence Y1, Yz, ... onto m. A decoding error occurs when m =/:- m. 

DEFINITION 1.9 (ERROR PROBABILITY) 

The average error probability of an (M, n) block code is the probability of the 
decoder not delivering the correct message: 

p~n) = ~ L p(ljJ(Yn) =/:- miXn = cp(m)) 
mEM 

(1.11) 

The probability of a decoding error Pinl is related to the the amount of uncertainty 
about the transmitted symbol sequence xn given the reception of yn, due to noise. 
It is bounded from below by Fano's inequality [CT91, Sec. 2.11): 

H(MIYn) ::;; h(Pinl) + Pinl log(2nR- 1) 

~ 1 + nRP(n) 
"' e 

(1.12) 

(1.13) 

The probability of decoding errors may be reduced by using error-correcting codes. 
Here, the encoder anticipates on possible decoding errors by adding redundancy: 
it transmits more symbols than strictly needed. The extra redundancy enables the 
decoder to make a better guess m, at the expense of a longer transmission duration. 

EXAMPLE 1.10 (REPETITION CODE FOR THE BSC) 
On the BSC, a message set M = {A,B} is used. A (2, 3) binary fixed length code is 
given by cp(A) = OOO, cp(B) = 111. The rate of this repetition code is R = i · Decoding 
errors may be caused by the 'flipping' (a 1 turns into a 0 or vice versa) of bits, which 
occurs with probability p at each transmission. Since each symbol is repeated three 
times, the decoder can correct one 'flipped bit' per block of three transmissions: it 
chooses the symbol which has a majority in a block: 1jJ(001) = A. An error occurs 
when two or three bit flips occur: pp l = 3p2 (1 - p ) +p3 . 

The code described in the example is very simple. In the literature (e.g. [MS77]), 
more sophisticated codes, using less extra redundancy and offering more error cor
rection capabilities are described. 

1.2.3 Channel capacity 

Channel capacity can be defined in two ways: the information theoretic capacity, 
and the operational capacity. The definition of the information theoretic capacity is 
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CHAPTER 1. NETWORK INFORMATION THEORY 

based on the characteristics of the channel itself, as defined in the channel transition 
matrix. It is defined in terms of the mutual information between the input X and 
output Y of a channel: the reduction in uncertainty about X given knowledge of the 
channel outputs Y is the amount of information transferred on the channel. 

DEFINITION 1.11 (INFORMATION THEORETIC CHANNEL CAPACITY) 
The information theoretic capacity erNF of a discrete memoryless channel is: 

e!NF =max I(X; Y) 
p(x) 

The maximum is taken over all possible input distributions. 

DEFINITION 1.12 (OPERATIONAL CHANNEL CAPACITY) 

(1.14) 

If there exists a sequence of (2nR, n) codes such that the error probability P~nl goes 
to zero when n tends to infinity, the rate R is achievable. The operational capacity 
e0 r (or £-error capacity) of a channel is defined as the supremum of all achievable 
rates on a channel. Conversely, any sequence of (2nR, n) codes with error probability 
p~n) ~ 0, must have R :( eoP· 

Shannon shows in his channel coding theorem [Sha48] that the operational capacity 
of a one-way channel equals the information theoretic capacity. 

THEOREM 1.13 (CHANNEL CODING THEOREM) 

(1.15) 

The channel coding theorem is one of the fundamental theorems in information 
theory. The proof is given in Shannon's original paper [Sha48]. It makes use of a 
random coding argument: it states the existence of a sequence of codes achieving 
capacity, but it does not tell how to construct these codes. 

The zero-error capacity e._ is the maximal rate at which information can be 
transmitted with error probability zero. In this case, the decoding function 1j> must 
always yield the correct value of m and not an estimate m. Since this puts additional 
restrictions on a coding scheme, e._ :( e. The zero-error capacity was first introduced 
by Shannon [Sha56]. 

EXAMPLE 1.14 (CAPACITY OF THE BSC) 
The capacity of the BSC can be easily computed using the information theoretic 
capacity Eq. 1.14. Let p(x = 1) = a, p(x = O) = 1 - a be the input symbol 
distribution on a BSC. The information transmitted through the channel then equals 
I(X;Y) = H(Y)- H(YIX) = h(a+p- lap)- h(p). Using Eq. 1.14 and maximizing 
with respect to a gives a capacity e = 1- h(p) bit per transmission, for a=~· For 
the BSC channel, ez = 0 if 0 < p < 1 . 
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1.3. FEEDBACK 
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Figure 1.2: One-way channel with feedback 

1.3 Feedback 

The main property of the one-way communication model described above is that 
information is only going into one direction. Error-correcting coding may correct 
many errors, it cannot correct them all. If the receiver does make a decoding error, 
there is no way to correct it anymore. Therefore, it is useful to have feedback, so the 
encoder will know how its messages were received by the receiver. Channels with 
feedback were first studied by Shannon (Sha56] . 

In Fig. 1.2, a feedback link is added to the one-way channel model. The feedback 
channel is considered noiseless: the encoder will see exact copies of the received chan
nel output symbols. Using the received symbols, the encoder can predict whether the 
decoder is going to make a decoding error, and try to correct this by modifying the 
sequence of channel input symbols. Coding schemes depending on previous channel 
output symbols are called strategies. 

DEFINITION 1.15 (FEEDBACK CODE) 
An (M, n) feedback code for a channel (X, p(ylx), 1J) consists of the following: 

1. A set M of M messages, represented by the index set {0, 1, ... ,M- 1 }. 

2. A sequence of encoding functions cpJ(m), <Pz(m, yJ), ... , <Pn(m, 1J1, ... , Yn-d· 
The encoding function <Pd m, 1J t- l) : M X w ··l -1 X generates channel input 

b 1 . d t-1 sym o Xt usmg man 1lp = 1J1, 1Jz, ... , "Yt-1· 

3. A decoding function 1j.> : 1jn -1 M which assigns a guess ii'l. to each channel 

output sequence 1J1, 1Jz, ... , "Yn· 

Decoding can be simplified enormously by designing a good feedback code. Feed
back strategies were first introduced by Horstein [Hor63] for the BSC. Based on 
Horstein's strategies, Schalkwijk [Sch71] designed simple feedback block-codes, that 
achieve capacity. 

EXAMPLE 1.16 (ERROR CORRECTING USING FEEDBACK) 
Consider a length-n feedback code, with l so-called information bits. Transmission 
errors in the information bits are corrected by immediately retransmitting the erro
neous symbol 3 times. After all l information bits have been transmitted, a 'tail' of 
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CHAPTER 1. NETWORK INFORMATION THEORY 

alternating bits containing no information is transmitted in the same way, until a to
tal of n transmissions have been performed. The scheme works correctly if there are 
less than (n- l)/3 transmission errors in the block of n bits. The receiver converts 
any sequence 0111 and 1000 into 1 and 0, respectively (erroneous symbol followed by 
three correct symbols). These error patterns may not occur in the information bits 
of the codewords. A length-7 code with 4 information bits consists of 14 codewords, 
and can correct one error. 

One might think that feedback will increase the channel capacity e: errors may 
be corrected using the feedback information, which should allow to transmit more 
information over the channel. 

THEOREM 1.17 (FEEDBACK DOES NOT INCREASE CAPACITY) 

The feedback capacity eF of a discrete memoryless channel is equal to its DOD
feedback capacity e. 

Proof. [Sha56],[CT91, Sec. 8.12] Since codes which do not make use of feedback are 
essentially a special case of a feedback code, eF ? e. The converse part of the proof 
makes use of the index m of the codewords: let M be uniform over {1 , 2, . . . , 2nR}. 
Start with the weak version of the Fano inequality Eq. 1.13: nR = H(MIYn) + 
I(M; yn) ~ 1 + nRPlnl + I(M; yn) . Here I(M; yn) = H(Yn) - H(Y niM) = H(Yn) -

L.: 1 H(YdY1, Yz, .. . , Yi- 1, M, Xd = H(Yn)- L~=l H(YiiXd. Since Xi is a function 
of Y1, Y2, .. . , Yi_1, M, and the channel is memoryless, I(M; yn) ~ L.: 1 H(Yt) -

L.:1 H(YiiXt) ~ ne. When n ---t oo, R ~ e, and therefore eF =e. • 

However, feedback does improve the zero-error capacity of a channel, as shown in 
[Sha56] . 

Feedback channels occur in many communication situations. For instance, most 
modems are duplex: they can transmit and receive information simultaneously. Since 
most computer communication using modems is one-way, the return channel can be 
used as a feedback link. In its most simple form, the return channel is used to 
acknowledge the correct reception of a data block. 

1.4 Multi-way channels 

In the channel models discussed above, information was only flowing in one direc
tion: from encoder to decoder. A feedback channel only aided the transmission of 
information over the main channel, and was not carrying information of its own. In 
most communication situations, there are two or more data flows. Network infor
mation theory studies channels on which two or more data flows interfere with each 
other. When designing a communication system for such a channel, the information 
transmission rates of the different data flows are optimized simultaneously. 

8 



1.4. MULTI-WAY CHANNELS 

Terminall Terminal 2 

~ Terminal3 

~I :: I En c. 

Enc. 2 Terminal 3 

Yz 

a. Mutiple Access Channel b. Broadcast Channel 

Terminal 1 Terminal 2 

c. Relay Channel d. Interference Channel 

Terminal 1 Terminal 2 

Enc. 1 

Dec. 

e. Two-way channel 

Figure 1.3: Multi-way channel types 

With two data flows on only one physical channel, one can distinguish between 
five different channel types, see Fig. 1.3. As many as four terminals may take part 
in the communication. 

The multiple access channel In a multiple access channel, there are two channel 
inputs X1 and X2 , operated by terminals 1 and 2. They simultaneously send 
data to a single output Y, observed by terminal 3. See Fig. 1.3a. 

The broadcast channel In Fig. 1.3b, a single input X, generated by terminal 1, 
sends data to two outputs Y1 and Y2, observed to the terminals 2 and 3 respec
tively. The data flow between 1 and 2 does not need to be equal to the data 
flow between 1 and 3. 

The relay channel The main flow of data is between terminal 1 and terminal 2. 
The task of terminal 3 is to improve the communication between 1 and 2. In 
Fig. 1.3c, transmitter 1 sends data to receiver 2. The channel is noisy, so 2 
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will not be able to receive everything correctly. Therefore 1 sends also data to 

3. The receiver and transmitter of terminal 3 are situated in the same 'black 

box': the received data from Y, is immediately used to generate data for X1. 

The interference channel Transmitter 1 sends data via input X1 , and output Y1 to 
receiver 3, while transmitter 2 sends data via X2 and Y2 to receiver 4, using the 
same channel. Fig. 1.3d shows that there are four users involved. The receivers 
3 and 4 will receive a mixture of the two flows, where terminal 3 is interested 
in the data coming from terminal 1 and terminal 4 'listens' to terminal 2. 

The two-way channel There are two data flows: X1 -} Y2 and X2 -} Y1. Terminals 
1 and 2 are exchanging data. The encoder and decoder of each user are in the 

same 'black box'. A picture of a general two-way channel is drawn in Fig. 1.3e. 
This channel will be discussed in more detail in the next section. 

1.5 Two-way channels 

In 1961, Shannon introduced the two-way channel [Sha61], abbreviated by TWC. 

Previous channel models were based on a monologue. However, in most communi
cation situations, the channel is a duplex channel: it can be used in two directions. 
The two-way channel was introduced by Shannon in order to investigate communi
cation in both directions simultaneous: a dialogue. The two-way channel will be the 

main subject of this thesis. 

DEFINITION 1.18 (TWO-WAY CHANNEL) 

A two-way channel (X 1 , X 2 , p(y 1 , y 2lx1 , x2), }1 1 , }12) consists of two inputs X1, X2, 
with input alphabets X 1, X2 two outputs Y1, Y2 with output alphabets }1 1 , }12 and a 
channel transition matrix p(y,, Y2lx,, xz), where 

(1.16) 

( 1.17) 

A discrete two-way channel has input and output alphabets with finite cardinalities. 
For a memoryless TWC, the same requirement hold as for a memoryless one-way 

channel : the output y 1,t , Yz,t at timet only depends on the input XJ,t, x2,t at time 
t, and not on previous channel input symbols or output symbols already observed: 

P(Yl,tc Y2 , tlx~, xi, Y\- 1
, Y~- 1 ) = P(Yl,tc Yz,tlxl,tc X2,tl· 

A TWC is deterministic if p(y ,, Y2lx1 , xz) E {0, 1} for all possible combinations 
of x1 , x2 , y 1 , y 2 . Deterministic one-way channels, as discussed in Sec. 1.2.1, were not 
interesting. The information is transferred without errors, there is no error correction 
needed. However, on a deterministic two-way channel each of the two outputs y 1, y 2 

is defined by the combination of the inputs x1, x2 . Therefore, decoding is not always 

10 
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trivial. For a deterministic channel, we can write the channel output function as a 
channel output matrix. 

DEFINITION 1.19 (T-CHANNEL) 

AT-channel is a two-way channel with a single output: Y1 = Y2 = Y. 

1.5.1 The XOR channel 

An example of a two-way channel is the exclusive-or ~OR) channel, a binary de
terministic T-TWC. The channel output function fXO is defined by 

fXOR: {0, 1} x {0, 1} ~ {0, 1}: f(xt, Xz) = Xt EB Xz 

fXOR( ) = ( f(O, 0) f(O, 1) ) = ( 0 1 ) 
Xt,Xz f(1,0) f(1,1 ) 1 0 

(1.18) 

(1.19) 

Depending on the value of x1, the channel output y will be x2 or the inverted 
value of x2 . Since this is a two-way channel, decoder 1 knows the value of x1 in 
addition to y . Using this information, it can simply compute x2 . The same story 

applies to decoder 2. 
Since each terminal can completely retrieve the information from the other side 

using the knowledge of its own input symbol and the received output symbol, both 
terminals can send their symbols while receiving the symbols from the other side at 
the same time. 

1.5.2 The binary multiplying channel 

Another example of a two-way channel is the Binary Multiplying Channel. The 
BMC was introduced by Blackwell, and mentioned in Shannon's paper [Sha61] . 
This channel will be the main subject of this thesis. 

(1.20) 

(1.21) 

Like the XOR channel, the BMC is a discrete deterministic T-channel. The two 

terminals are connected by an AND gate, this means that if both terminals send a 
1, the channel output is a 1. If one of the terminals sends a 0, the channel output 
will be 0. For this channel, decoding is not trivial. 

1.5.3 Coding for two-way channels 

The following definitions for two-way codes much resemble their counterparts for 
one-way codes in Sec. 1.2.2 
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DEFINITION 1.20 (TWO-WAY CODE) 

An (M1, Mz, n) two-way code C for a TWC (X 1 , Xz, p(y 1, y 2 lx1, x2 ), 11 1, 11z) consists 
of the following, for each of the two terminals i = 1, 2: 

1. A set Mi of Mi messages {0, 1, ... , Mi- 1}. 

2. A sequence of encoding functions tPi,dmJ), tPi,z(m1,Yi,J), ... , tPi,n(m1,Y~- 1 ) 
is assigned to each message~ E Mi. The encoding function tPi,dm1, yt1) : 
Mi X 11~- 1 

4 xi generates channel input symbol Xi,t using mi and y~ ·- 1 

Yi, 1, Yi,z, · · . , Yi,t-1· 

3. A decoding function 'l!>i : Mi X 11i 4 M3-i which assigns a guess m3-i to each 
channel output symbol block Yi, 1 , Yi,2, . . . , Yi, n. 

The notation <D 1 ,d~l = x~ is shorthand for cp 1 , 1 (~) 

... 'lPi,t(~, Yt
1l = Xi,t· 

Xi, 1 , lPi,2 ( ~, 1} 1 ) = Xi,2, 

DEFINITION 1.21 (RATE PAIR) 

The rate pair of a ( M 1, Mz, n) two-way code C is defined as a point ( R 1, R2) in the 
two-dimensional plane lR x R 

(R1' Rz) = cognM1' lognMz) (1.22) 

Here R 1 is the transmission rate of the information in the 1 4 2 direction, R2 is the 
transmission rate in the 2 4 1 direction. The messages m 1, m 2 are generated by 

independent sources. 

The notation R(C) is shorthand to describe the rate pair (RJ(C), R2 (C)) of a code C. 

When comparing two rate pairs, R(CJ) > R(Cz) if RJ(CJ)+Rz(CJ) > R1 (Cz)+R2 (C2 ). 

An equal rate point is a rate pair with R1 = R2 . 

The average error probability P~nl of an (M 1, M 2 , n) two-way block code is the 

probability of one of the decoders making a decoding error. It can be decomposed 

into two components: the error probability in the 1 4 2 direction and in the 2 4 1 
direction. 

P~~l = M
1

1
M

2 
L L p('4>(-y~) -1 mdx~ = <D1 ,n(mJ), x~ = <Dz.n(mz)) (1.23a) 

m1EM1 m2EM2 

P~~ = M
1

1
M

2 
L L p('4>(y~) -1 mzlx~ = <D1 ,n(m1), x~ = <Dz,n(mz)) (1.23b) 

mzEMz m,EM, 

1.5.4 Time-sharing 

The simplest way to operate a two-way channel is by decomposing it into two one
way channels. In this way, the two-way channel is operated with the time-sharing 
technique: only one transmitter is sending information at a given time. 

As an example, we present a time-sharing scheme for a BMC: 
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At even time instances, terminal 1 'listens' to the channel output (by 
transmitting a 1 ), and terminal 2 transmits channel input symbols ac
cording to the binary representation of its message. At odd time in
stances, terminal 2 transmits a 1 and reads channel output symbols from 
the channel, while terminal 1 transmits the binary representation of its 
message. 

Suppose each terminal can choose m equiprobable from M = {A,B,C,D}, and a 
time-sharing scheme is used to transmit the binary representation of m 1 and m 2 

over the channel. Then, the data rate at which the messages are sent is ~ bits per 
direction per time instance, or 0.5 bpdt . 

If the two terminals have unequal amounts of information to transmit, the scheme 
can be adapted easily: a time-sharing scheme for a BMC can accommodate any 
rational rate pair , for which R1 + R2 = 1 holds. For other TWCs, it is also possible 
to design time-sharing schemes. 

1.5.5 Capacity region 

The maximum data rate for a one-way channel was defined as a single point in 
Eq. 1.14. The channel capacity of a two-way channel is not a single point anymore, 
but a region in IR2 : the capacity region. 

DEFINITION 1.22 (CAPACITY REGION) 

The operational capacity region is the closure of the set of achievable rate pairs 
(R 1, R2 ) in the two-dimensional plane IR x R A rate pair is achievable, if a sequence 
of (2nR,, znR2 , n ) two-way codes or strategies can be designed, for which both error 
probabilities P ~~l, P ~~ go to zero, when n tends to infinity. 

Achievable rate regions or capacity regions of two-way channels are always convex 
regions. 

THEOREM 1.23 (CONVEXITY OF CAPACITY REGIONS) 

The capacity region e of a two-way channel is convex: if (R1 , R2 ) E e and (R; , R2 l E 

e, then ( ~R, + (1 - ~) R'1 , ~R2 + (1- ~)Rz ) E e, for 0 ~ iJ. ~ 1. 

Proof. For the proof, we will use time-sharing. Given a coding strategy with a rate 
pair ( R; , R2) and another strategy with rate pair ( R'{ , R~ ) . Then also a mixture of the 
two schemes may be used, by interleaving the two two-way strategies: for a fraction 
iJ. of the time, the first strategy is used, for the remaining fraction 1 - iJ., of the time, 
the second strategy is used. The time-sharing scheme achieves a new rate pair, which 
is the average rate pair (R1 , Rz ) = ( ~R; + (1 - !J.)R'{ , ~R2 + ( 1 - ~)R~). This rate pair 
is achievable: the error probability of the combined code can be bounded by the sum 
of the error probabilities of the two component strategies: P~~l ~ P~.~nl + P~~;l- 1-1ln l 
for i = 1, 2. Both terms of this sum go to zero when n tends to infinity. Since 
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time 
shari_ng '. 

Figure 1.4: Time-sharing and the capacity region of the XOR channel 

the error probability in each direction will go to zero, the mixture point (R 1 , Rz) is 

achievable. • 

Does an information theoretic capacity region exist? 

Analogous to the one-way channel, the information transferred over a two-way chan
nel during a transmission can be expressed by the mutual information between the 
terminals. Consider the information flow in the 1 -7 2 direction: 

(1.24) 

(1.25) 

Here p(x1 , xz,1Jzl and p(xz,1Jzl can be derived from the channel input symbol prob
abilities p(x1), p(xz), p(x1 , xz) and the channel transition matrix. The output Yz is 
conditioned by the value of X2 , because the decoder (the decoder of user 2 in this 
case) knows its 'own' input symbol. Calculation of the mutual information in the 
2 -7 1 direction is carried out in a similar way. 

For two-way channels, a single letter characterization of the information theoretic 
capacity region generally does not exist . This means that it is not possible to derive 
closed expressions for the boundary of the information theoretic capacity region e 
in terms of maximal amounts of mutual information between single channel input 
and output symbols. 

The XOR channel is an example of a TWC where the capacity region can be 
described by a single letter characterization: When the two terminals transmit their 
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messages simultaneously, all rate points in the complete square {(R1, R2 )1R1 ::::; 1, R2 ::::; 

1} can be reached. In Fig. 1.4, the capacity region of the XOR channel is displayed. 
From the picture it is clear that it is better to transmit the two messages simulta
neously, instead of decomposing the channel into two one-way channels, and to use 
a time-sharing code. The capacity region of a time-sharing code is bounded by the 
time-sharing line: R1 = 0, Rz = 0, R1 + R2 = 1. 

1.6 Shannon's inner and outer bound 

Shannon [Sha61) made a first step on the way to determine the capacity region of 
general two-way channels, by defining his inner bound and outer bound regions. 

The inner bound results by restricting the joint probability distribution of the 
channel inputs X1 and Xz to be the product of the marginals: p(x1 , x2 ) = p(x1 )p(x2 ), 

i.e. by assuming x 1 and X2 to be statistically independent. 

DEFINITION 1.24 (SHANNON INNER BOUND) 

The Shannon inner bound region 9; is defined as the convex hull co U of the union 
of all product distributions p(x1 , xz) = p(x1 )p(x2 ): 

(1.26) 

It is unknown whether the definition of the inner bound region based on product 
distributions only is convex by itself. Either a proof that it is convex or an example 
channel for which it is not convex is unavailable. Since the inner bound region is 
an achievable rate region and therefore a convex region, the 'co' must be added to 
ensure convexity. 

The outer bound can be found when all restrictions on the joint probability 
distribution of X1 and X2 are removed. This is an upper bound to the information 
theoretic capacity region, since rate pairs outside Shannon's outer bound can never 
be obtained by any joint probability distribution on X1 and X2. 

DEFINITION 1.25 (SHANNON OUTER BOUND) 

The Shannon outer bound region 9o is defined as 

where the union u is taken over all possible joint distributions p(x1, x2 ). 

Shannon showed in his paper [Sha61] that the outer bound region is convex. 

THEOREM 1.26 (CAPACITY REGION OF A TWC) 

For a TWC with capacity region e: 

(1.27) 

(1.28) 
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Proof. The proof of achievability of 9i will be given in Sec. 1.6.1, and the proof 
of non-achievability of points outside 9o in Sec. 1.6.2. The proof of the inclusion 
9i <:;;: 9o follows from the definition of the bounds: 9o takes the union over all 
possible joint probability distributions p(x1, x2), which includes all possible product 
distributions p(xJ)p(x2). • 

For the XOR channel the two Shannon bounds coincide, hence the capacity region 
eXOR is known. However, there are many channels for which the two bounds are 
different, as we will see later in this thesis. The BMC is an example of a TWC for 
which the Shannon inner and outer bound differ, and for which the capacity region 
is still unknown. 

1.6.1 Achievability of points inside the inner bound 

For the achievability proof of the inner bound we first need to set up a communication 
situation on a general TWC. Fix an£> 0, and a distribution p(x1, x2) = p(x1 )p(x2). 
The codebook at each terminal will consist of 2nR, independent codewords xr of 

length n, where each element is generated i.i.d. ~ TI~=l pdxi,kl· In this way, a 
random two-way code is generated. The block length n is the number of uses of the 
channel, it must be chosen large enough. Message mi will be sent by transmitting 
the ffiith codeword. In the codebook construction described above, each codeword 
is generated independently from the other codewords. Due to this symmetry, and 
to the i.i.d distribution of the messages ffii the error probability does not depend 
on the message being sent. Therefore, we may assume that the message ( 1, 1) will 
be sent. In order to define the decoding functions, the concept of typical sequences 
[CT91, Sec 14.1] is introduced. 

DEFINITION 1.27 (TYPICAL SET) 

The typical set A~nl(X 1 , X2, ... , Xk) is the set of sequences {x], xz, ... , x~} of length 
n such that 1- ~logp(S)- H(S)I <£,for all S <:;;: {X1,X2, ... ,Xk} [CT91, Sec. 14.2]. 
The typical set has the following properties, for any £ > 0 and n large enough: 

P(A~nl(S)) ~ 1 - £ 
IA~n) ( S) I ~ 2n(H(S)+2e) 

(1.29) 

( 1.30) 

The purpose of the typical set is to select a subset of the possible sequences 
(x], xz, ... , x~), as small as possible, such that the probability of occurrence of a 
sequence inside this set is high and tends to one for increasing n. In achievability 
proofs the typical set of the sequences of input and output symbols of the channel 
is used. With high probability the transmitted codeword (channel input symbol 
sequence) and the received channel output symbol sequence are jointly typical, which 
is the basis of typical set decoding. 
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Let A~nl the set of typical ( x], x.Z, -y .2) sequences for decoder 2. Decoder 2 knows 
m 2 and decodes as follows: choose m., if a unique pair (m1 , m 2 ) exists such that 
(<I> 1,n(m,), <1> 2 ,n(m2 l.11.2l E A~nl. A decoding error occurs if there is a m 1 "1- m 1 

for which the received word is typical: either (<I> 1,n ( m 1 ) , <I> 2,n(m2 ), 11.21 rJ_ A~nl, or 
( <I>, ,n (m, ) , <l>z,n(mz), "Y.2l E A~n l . 

Define the event 

(1.31) 

Then, by union of events bound, 

Pin)~ 1- P(E1 ,1 I (m, = 1, m z = 1 )) + L P(Em, ,l I (m, = 1, mz = 1)) {1.32) 
m, ;of l 

Since the decoder of terminal 2 also knows message m 2 , no other terms exist. 

L. 

(x~.x2 ,1J2lEA ~n 1 

~ IA ~n ll2· · n ( H (XJ) - £) -n ( H (Xz.Yz ) -€) [typical set size] 

~ 2 · ·n (H(X1 )+H (Xz,Yz) -H(X, ,Xz,Yz) - 3£) 

= 2-n(I (X,;Xz,Yz) - 3€) 

= 2-n(I(X , ;Xz)+I(X, ;YziXz)- 3£) 

= z-n(I(X , ;YziXz) - 3€) [X, ' Xz are independent] 

Then, it follows that 

{1.33) 

(1.34) 

(1.35) 

(1.36) 

(1.37) 

(1.38) 

(1.39) 

{1.40) 

(1.41) 

From the properties of typical sets, it follows that the first term of Eq. 1.32, 1 -
P(E1,11 (1, 1)was sent ) goes to 0 when n ---7 oo . Therefore, if R1 = I(X1;Y2IX2 ) -4€, 
the error probability at terminal 2 can be made arbitrarily small for large n, since 
e can be chosen arbitrarily close to 0. For the error probability at terminal 1, a 
similar argument can be followed. The error probability tends to zero for large n if 
Rz = I(Xz; Y,IX,)- 4e. 

If both R1 ~ I(X,; Y1IX2 ) and Rz ~ I(X2 ; Y2IX,), the argument above shows that 
the error probability averaged over all possible randomly constructed codebooks is 

17 



CHAPTER 1. NETWORK INFORMATION THEORY 

arbitrarily small. Therefore a sequence of codes exists, where the error probability 
tends to zero at both terminals and hence, (R1, Rz) is achievable. Using the time
sharing argument (Thm. 1.23), the convex hull of all such points (R1 , R2 ) is also 
achievable. 

1.6.2 Non-achievability of points outside the outer bound 

The proof of non-achievability of points outside a capacity region is sometimes called 
the converse. In our case, where the capacity region is not known, but only bounded 
by an inner and outer bound, the converse must prove that any two-way code with 
error probability going to 0 must have a rate point inside 9o: R1 :S; I(X1;Y2IX2 ) and 
R2 :S; I(X2; Y1IX1) for a joint probability distribution p (x1, xz)p*(-y1 , "Y zlxz, xz), where 
p* is the channel transition matrix (Eq. 1.16) of the channel in use. The proof is 
elaborated for the 1 -) 2 direction. It starts with the Fano-inequality Eq. 1.12. 

H(M1IMzYfl = H(M1IMzYf Md 

:S; H(M11M1 ) 

:S; h (P e,1) + nR1 P e,1 = n€1 

which is used to bound nR: 

nR1 = H(MJ) = H(M1IMzl 

18 

= I(M1 ;Yfi Mzl + H(M1 IMz, Yf) 

:S; I(M1 ; Yf iMz) + n €1 
n 

U=l 
n 

n 

u=l 
n 

u=1 
n 

= L I(X1 ,u; Yz,uiXz,u) + n €1 
u=l 

(1.42) 

(1.43) 

(1.44) 

[independence of M 1, M2) (1.45) 

(1.46) 

[Fano-inequality] (1.47) 

(1.48) 

( 1.49) 

(1.50) 

(1.51) 

(1.52) 
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Define the time-sharing variable U representing the average history of previous out
put: U takes values from {1, 2, ... , n} with probability ~ 

(1.53) 

= I(X1 ,u; Yz,uiXz,u, U) + £1 (1.54) 

Now, a new random variable X1 is chosen such that X1 = X1,u if U = u, in a similar 
way X2 , Y 2 are defined. Furthermore, there exists a Markov relation U --7 X 1, X2 --7 

Y 2, and therefore 

R1 ~ I(X1; YziXz, U) + £1 

~ I(X1; YziXz) + €1 

(1.55) 

(1.56) 

The last step is explained by removing the condition imposed by the timesharing 
variable U, and by letting n --7 oo: P~n) --7 0 and £1 --7 0. A similar argument is 

followed for the 2 --7 1 direction. Therefore, 

R1 ~ I(X1; YziXz) 

Rz ~ I(X2; Y,\XJ) 

for a joint probability distribution p(x1, xz)p•(1J1, 1Jzlxz, xz) . 

1.6.3 Inner bound for the BMC 

(1.57a) 

(1.57b) 

In order to calculate the Shannon inner bound for the BMC, consider the two channel 
inputs X1 and X2 as independent binary random variables. Terminall will send X1 
with probability distribution p(X1 = 1) =ex and entropy H(X1) = h(ex), terminal2 
will send X2 with probability distribution p(X2 = 1) = 13 and entropy H(X2 ) = h(l3). 
The joint probability distribution of X1 and X2 is 

P( X1 Xz) = ( p(O,O) p(O, 1)) = ( (1- ex)(1- 13) 13(1- ex)) 
' p(1,0) p(1,1) ex(1 - 13) exl3 (1.

58
) 

For the 1 --7 2 direction, the uncertainty h(ex) about X1 is only transmitted with 

probability 13 (i.e. when X2 = 1 ). Hence, the information transmission rates in both 
directions are: 

I(X1; YIXz) = p(xz = O)I(X1; YIXz = 0) + p(xz = 1 )I(X1; YIXz = 1) = 13h( ex) (1.59a) 

I(Xz; YIXJ) = p(x1 = O)I(Xz; YIX1 = 0) + p(x1 = 1 )I(Xz; YIX1 = 1) = cxh(l3) (1.59b) 

The Shannon inner bound region is defined as the set of all possible rate pairs 
(R1, R2 ), for any product distribution p(x1 )p(x2 ): 

9I =co {(R1o Rz) I R1 ~ 13h(ex), Rz ~ cxh(f3);ex, 13 E [0, ll} (1.60) 
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The maximal rate sum R1 + Rz is found in the equal rate point (Thm. 1.28) with 
(X= (3. The following theorem shows that if a -j. b, we can find a point with a larger 
rate sum using (X

1 = (3' = ~: 

THEOREM 1.28 (THE MAXIMUM OF ah(b) + bh(a)) 

For 0 ~ a ~ 1 , 0 ~ b ~ 1 : 
a+b 

ah(b) + bh(a) ~(a+ b)h(-
2
-) (1.61) 

Proof. [Veu, HK95] W.l.o.g. assume that a ~ b. First, we maximize ah(b) + bh(a) 
given the constraint ab =C. Calculate the derivative of ah(b) + bh(a) with respect 
to a, when ab = C: 

d(ah(b) + bh(a)) a(ah(b) + bh(aJ) a(ah(b) + bh(a)) db 
da lab=C = Oa + Ob da lab=C (1.62) 

= blog 1 ~0 + h(b) - Halog \;b + h(a)) (1.63) 

= b(~log(1 - a) - tlog(1 - b)) (1.64) 

= bC~2 k(a)- 1~ 2 k(bl) (1.65) 

The function k(x) = ln(~-xl is monotonically decreasing: k'(x) = -2-x:~ln(l-xl -
ln(l+-' )--' 

l -x l- x < 0 since ln(1 +x) ~ x for all x > -1, x f:. 0. Therefore, 1.65 is zero for 
X 

a= b, and since ab = C, the maximum value of ah(b) + bh(a) is obtained when 
(a*,b*) = (v'ab,v'ab). 

Now, find the maximal value of 2xh(x) . Its derivative 2xlog( l~x) + 2h(x) = 
(4x- 2) log(1- x)- 4xlogx is zero for x* ~ 0.7035. Thus, 2xh(x) is monotonically 
increasing for 0 ~ x < 0.7035, and ah(b) + bh( a) ~ Vabh( v'ab) for all a+ b < 1.4. 
We also have v'ab ~ a!b for any a+ b < 2, with equality for a = b . Therefore for 
all a + b < 1.4: ah(b) + bh(a) ~ (a+ b)h((a; bl). 

To prove the theorem also for a + b ? 1.4, define f(x) = xh( a + b - x) + (a + 
b- x)h(x) . Compute first and second derivatives of h(x) and f(x ): 

h'(x) = log2((1 - x)/x) (1.66) 

h"(x) = (-1/ln2)/(x(1 - x)) (1.67) 

f'(x) = - xh'(a + b - x) + h(a + b - x) +(a+ b - x)h'(x) - h(x) (1.68) 

f"(x) = xh" (a + b - x) +( a + b -- x)h"(x) - 2h'(a + b - x) - 2h'(x) (1.69) 

= g (X) + g (a + b - X) ( 1. 70) 

Here g(x) = (a+ b- x)h"(x)-2h'(x) = (1/ln2){2ln(x/(1-x)) - (a+b- x)/(x(1 - x))}. 
Since a+ b ? 1.4, we have g(x) ~ (1/ ln2)e(x), where e(x) = 2ln(x/( l - x)) - (1.4 -
x)/(x(1 - x)). The derivative e'(x) = (1.56 - (x + 0.4)2 )/(x2 (1 - x )2 ) is zero for 
x* = Vf56 - 0.4 ~ 0.849. The maximum e(x*) ~ - 0.844, therefore g(x) < 0 for 
0 ~ x ~ 1. Using f"(x) = g(x) + g(a + b- x), f"(x) < 0 for a ~ x ~ b. Since 
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f'((a+ b)/2) = 0, it follows that f(a) ~ f((a+ b)/2) which proves the theorem for 

a+ b? 1.4. • 

The final result for the equal rate point is: 

R1 = R2 = maxah(a) = 0.61695 a= 0.70351 
"' 

(1. 71) 

The joint probability distribution of the channel input symbol pairs for the optimum 
value of a, for an inner bound transmission is: 

(X X ) = ( (1- a)
2 

a(l- a) ) = ( 0.08791 0.20858) 
p 1' 2 a(1-a) a 2 0.20858 0.49493 

(1. 72) 

1.6.4 Outer bound for the BMC 

When computing the Shannon outer bound outer bound for the BMC, there will 
be dependency between the two channel inputs X1 and Xz. We start by defining a 
general joint probability distribution p 9 on X1 and X2 : 

(1. 73) 

Information about X1 is only transmitted when Xz = 1 (probability 1 - p 1 - p3), 
and is equal to H(X1IX2 = 1) = hC _;,2_vJ; a similar argument holds for X2 . Each 
probability distribution p 9 determines a pair of mutual informations: 

I(XJ;YziXz) = (1 -Pl -p3)hc_:,2_vJ 

I(Xz; Y1IXd = (1 - vz - P3lhC_J2'-vJ 

(1. 74a) 

(1.74b) 

All rate pairs (R1, Rz) in the rectangular area with R1 ~ I(X1; Y2IX2 ) and R2 ~ 

I(X2 ; Y1IXJ) are elements of 9o: 

9o =co{ (R1, Rz) I R1 ~ (1 - P1 - P3lhC_:,2_vJ, 

Rz ~ (1- vz- "P3lhC _;
2

' vJ;v1. pz, "P3 E [0, 1]} 
(1. 75) 

We calculate the rate point with maximal sum of mutual informations. For a given 
probability distribution p 9 , this maximum evaluates to 

R1 + Rz = I(X1; YziXz) + I(Xz; Y1IXJ) 

= (1 -v1 -v3lhC_;,2_vJ + (1 -vz -v3lhC_;
2
'-vJ 

(1.76) 

(1.77) 

The entropies in this sum only depend on p 1, p2 , p3 and are all positive. Distribute 
the probability in p(O, 0) evenly over the other three probabilities: 

Pz ) T1J.l 
1-p,-pz-PJ 

1-p3 

(1.78) 
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The rate sum Eq. 1. 77 is now larger: 

R1 + Rz = (1- _V_1-)h(- Vz ) + (1- ~Jh( p 1 ) 
1 - V3 1 - V1 - V3 1 - V3 1 - Vz - V3 

(1. 79) 

since 1 - V1 - V3 ::;; 1 - 1 ~~3 . Therefore, given a probability distribution -p 9 , a 
distribution with a better rate sum can be found by letting -p3 = 0. 

Now consider the point (R'1, R~), which is attained using the probability distribu

tion p(X 1, Xz) = ( ~2 1 _~·-pz) . The definition of the outer bound tells that this point 
is in 9o- Now the following holds: 

R'1 = (1-vzlh(~) = Rz (1.80) 

R~ = (1 - vllhC~~.) = R1 (1.81) 

(R1, Rz) E 9o =? (Rz, R1) E 9o (1.82) 

Using the time-sharing argument Thm. 1.23, also (!R1 + !R2 ,!R2 + !Rd E So
Shannon proved that for the outer bound, the rate functions R 1, R2 are convex-n 
functions of their input probability distributions p(x1, x2) (Sha61]. Therefore, for 
any pair of input probability distributions p(x1, x2 ), p'(x1, x2 ), the following holds : 

Ri (!p (x1, xz) + !v'(x1, xz)) ? ! Rt(p(x1. xz)) + 1 Rdp'(x1, xz)) (1.83) 

Thus, given a rate point (R1, Rz) E 9o of a BMC, based on an input probability 
distribution p(x1, xz) = ( ~. 1_:,z_PJ, a rate point with a larger rate sum may be 
found by looking at the distribution 

(X X ) _ ( 0 !(Pz + pJ) ) p 1, 2 - 1 
:z(P1 +pz) 1 -P1 -pz 

( 1.84) 

Let p = ! ( p 1 + p 2 ). Maximize v for the equal rate point on the outer bound region: 

R1 = (1- p)h( 1 ~P) = 0.69424 , p = 0.27639 (1.85) 

The rate of any transmission on a two-way channel can never be outside the 
Shannon outer bound region 90 . The two bounds, 91 and 90 , play an important 
role in coding strategies for two-way channels. 

1.6.5 9I and 9o outside the equal rate point 

We only have evaluated the Shannon bounds in the equal rate point. Based on the 
convexity of achievable rate regions, and of the Shannon outer bound region, points 

on the boundary of these regions can be found by maximizing 

(1.86) 

for different values of.\ . The rate functions R1, Rz are substituted from Eq. 1.59 and 
Eq. 1. 74 with -p 3 = 0, respectively. The equal rate point can be found for ,\ = 1. We 
may use this method because achievable rate regions are convex (use the time-sharing 
argument Thm. 1.23), and because the Shannon outer bound region is convex by 
definition. The results are plotted in Fig. 1.5. 
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Figure 1.5: Shannon inner and outer bound for the BMC 

1. 7 A general solution to the capacity region 

Shannon also gives a general solution to the capacity region of a TWC [Sha61), which 
bears much resemblance to the random coding argument he uses in the proof of the 
achievability of the channel capacity of a one-way channel [Sha48). 

For a two-way channel K(XJ. Xz, fK, 1! 1 , 1!2 ), a series of derived channels is given 
by K1, K2 , ... , where Kn is equivalent to using a fixed length two-way block code of 
length non the channel K. The channel K1 is identical with K. For the channel K2 the 
input 'symbols' for terminal i of Kz consist of pairs (X;,, 1, x;,,z ) = ( x;,, 1, g;,,z (X;,, 1, 'Yi, 1)), 

the output symbols are pairs ('Yi,h 1J;,,z). The channel transition matrix for K2 is 

PK2 {('YI,1, 'Y1,2, Y2,1, Yz,z) I x1 ,1, 91,z(x1 ,1, 'Y1 ,1), Xz,1, 9z.z(xz,1, Y2,1 )} 

= Pd'Y1 ,1, 'Y2.1 I x1,1, x2.1 lPd'Yz,l, 'Y 2.2 I 9 1,z(xJ,I, 'YJ ,J) , 9z,z (xz,1, 'Yz,dl 

(1.87) 

(1.88) 

In the general case, the t-th input symbol x;,,t for Kn is Xt,t = 9i.,t(xt1, 'Y~- 1 ), and 
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the encoding function set looks as follows: 

<Di,n( m;.) = [xt, 1, 9i,2( Xi , h Yi, J), 9i,3(xi, 1, 1h, 1, x\ ,2 , Yi,2), ... 

9i,n(Xi,1,1Ji,1, ··· ,x\,n 11 Yi,n- 1lJ (1.89) 

The channel Kn can be viewed as a memoryless TWC with the same properties as 
using Kin blocks of length n . An encoding function set <Di,n(m;.) can be viewed as 
a channel input 'symbol' for Kn. All encoding function sets together form the input 
symbol alphabet for Kn, denoted by Xn. The channel transition matrix for Kn is 

n 

'PKn {(Yf, Y21 X1,1, 91,2, · · · , 91,n, X2,1, 92,2> · · · , 92,n)} =IT Pd1:11 ,t> 1:12,tiX1,t> Xz,tl 
t=1 

(1.90) 

To make an estimate m3_i of the message used by the 'other side', decoder i uses 
decoding function lj>i(m;), which depends on the input message m; sent by the 'own' 
encoder, and the channel output symbols sequence 1:1i = (1:1\,1, Yi,z, . .. , 1:Ji,nl· 

(1.91) 

A general solution for the capacity region of a TWC can now be found as follows: 

THEOREM 1.29 
Let 9i,n be tbe inner bound region of Kn, scaled by a factor *· Tben, as n ---1 oo, 
there will be a limit 9;,00 , wbicb includes all 9;,n, and is the capacity region e of K. 

The theorem is proven in Shannon's paper on TWCs [Sha61]. 

1.8 History of early results 

The Shannon inner and outer bound for the BMC were already computed in 1961 
(Sha61]. A first attempt to find a coding strategy as proposed by Shannon [Sha61] 
which exceeds the the inner bound region was made by Jelinek [ Jel64] . The open 
problem of finding the capacity region was mentioned in van der Meulen's (vdM77] 
survey paper on multi-way channels. In 1979, Dueck [Due79) gave an example of a 
TWC which yields a rate pair outside the Shannon inner bound region 91. 

In 1982, Schalkwijk (Sch82] published a paper on a coding strategy for the BMC, 
that operates beyond the inner bound region 91. In his paper, Schalkwijk introduced 
the square division method, in which the coding strategy is modeled as the progres
sive subdivision of a square into basic squares. This method is the subject of the 
next chapter. 
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2 
Subdividing Squares 

Two-way channels were introduced in the previous chapter. It was shown in the ex
ample of the XOR channel (Sec. 1.5.1) that better transmission rates can be achieved 
when both terminals transmit their message simultaneously. In general, messages 
will collide with each other when transmitted simultaneously. A coding strategy 
makes use of the results of the collisions, rather than discarding the collisions as 
errors. This chapter introduces the reader to coding strategies for deterministic 
two-way channels like the binary multiplying channel (BMC). Shannon's work on 
two-way channels, which resulted in the inner and outer bound, plays an important 
role in coding strategies. 

2.1 The Hagelbarger code 

The first scheme for error-free communication on a BMC is found in [Sha61], and 
was proposed by D.W. Hagelbarger: 

A 0 or 1 is sent from each end with independent probabilities 1/ 2, 1/ 2. 
If a 0 is received, then the next symbol transmitted is the complement 
of what was just sent, this procedure is followed at both ends. If a 1 was 
received, both ends progress to the next binary digit of the message. 

The Hagelbarger code is the first example of a coding strategy, since it makes use 
of feedback: the transmission of a second symbol depends on the result of the first 
transmission. In Tab. 2.1 the Hagelbarger coding strategy is given in tabular form. 
Shannon's paper continues with the discussion of the rate of this scheme: 

It may be seen that three-fourths of the time on the average, the comple
ment procedure is followed and one-fourth of the time a new digit is sent. 
Thus the average number of transmissions per message is ~ * 2 + i * 1 = i. 
The average rate is ~ = 0.571 bpdt in both directions. 
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Table 2.1 The Hagelbarger code 

User i input 1st input Output 2nd input Output 
message symbol symbol symbol symbol 

ffi] mz XJ,1 x2,1 Y1 XJ,2 X2,2 Y2 

0 0 0 0 0 1 1 1 
0 1 0 1 0 1 0 0 
1 0 1 0 0 0 1 0 
1 1 1 1 1 

An important observation on the Hagelbarger scheme is the average transmission 
rate being more than half a bit per transmission. In Sec. 1.5.1, it was demonstrated 
that the average transmission rate per direction of time-sharing schemes is never 
more than a half bit per transmission. The Hagelbarger code can be improved by 
optimizing the input message probabilities. The maximum rate of the improved 
Hagelbarger code is 0.59305 bpdt, and is obtained for p(x = 1) = 0.62587. 

2.2 The square division method 

In the example for the Hagelbarger code, we used a table to describe a coding strat
egy. For coding strategies with a larger number of messages, this method becomes 
impractical, and it does not give insight in the way a coding strategy works. There
fore, we will use a new way to describe coding strategies: the square division method. 
This method was first introduced by Schalkwijk [Sch82]. It starts with a unit square, 
which is progressively subdivided with each transmission in the coding strategy. 

2.2.1 Subdividing unit interval at one terminal 

Before going into the subdivision of squares on two-way channels, we start with 
its one-way counterpart: the progressive subdivision of a unit interval [0, 1 ). The 
message 8 to be transmitted is a real number with uniform distribution on [0, 1). 

In order to reveal the location of 8 to the receiver, the transmitter subdivides 
the unit interval into subintervals and assigns a channel input symbol x to each of 
the subintervals. The boundaries of the subintervals are called thresholds. In subse
quent transmissions, the transmitter progressively subdivides the current subinterval 
containing 8, and thus sends the sequence x1 , x2 , · · · to the receiver. The receiver 
uses the received symbols y 1, yz , · · · to track the subdivision: it can narrow the 
interval in which 8 is situated with each received y. In this way, more information 
about the location of 8 becomes available to the receiver with each transmission. 
Communication stops when enough information about the position of 8 has been 
transferred. 
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Figure 2.1: Division of the unit interval 
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Figure 2.2: Selecting a message interval pair on a unit square 

The scheme can be used to transfer discrete messages, chosen from a message set 
M, where messages are labelled 0, 1, 2, ... , M -1 . A message m is then represented 
by a message interval [am, am+ I) on the unit interval [0, 1 ), where a.o = 0, aM = 1. 
The probability of occurrence of message m is equal to the length of the associated 
message interval: p(m) = am+l -am. A point 8 with uniform distribution on the 
unit interval, will be situated in one of the message intervals, and chooses a message 
m in this way. The transmitter progressively subdivides the unit interval, and 
sends a sequence x1 , x2 , · · · , Xn. to the receiver. After the transmissions, the receiver 
knows 8 is situated in a certain interval. If this interval is situated completely inside 
a message interval [am, am+ I), the the associated message m has been received. 

2.2.2 Subdividing unit squares for two terminals 

On a two-way channel, consider the Cartesian product of the unit intervals of the 
two terminals: the [0, 1) x [0, 1) unit square, denoted as D . . A message pair (8 1, 82 ) 

is a point in the unit square, where 8 1 and 82 are independent and uniform on 
their respective unit intervals. As a result, message pairs (8 1 , 82 ) are distributed 
uniformly on the unit square. 

The transmission of a message pair (8 1 , 82 ) is done by progressively subdividing 
the unit square, analogous to progressively subdividing the unit interval. Before 
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any transmission is performed, each terminal i. = 1, 2 knows that (8 1, 82 ) E o and 
the own component 8i. of a message pair. In each transmission, terminals 1 and 2 

subdivide their unit intervals into subintervals using thresholds (X, f3, respectively. 

Input symbols xi are transmitted according to where the point 8i is situated relative 
to the pertaining thresholds. The information provided by the reception of 1Ji. and 
knowledge about the own message 8i enables the receiver of each terminal to partition 
an area of message pairs (a shape) into subareas which yield the same channel output 
symbol (1Jil (subshapes). This partitioning is called a division. 

The subdividing process starts with the initial division of the unit square. The 
next transmissions subdivide subshapes of the unit square further and further: in 
this way, more information about 83.-i becomes available with each transmission, 
and the area in which (8 1 , 82 ) is situated becomes smaller. The subdivision process 
ends when enough information about the location of (8 1, 82 ) within the unit square 
has been transferred. 

2.2.3 Continuous strategies and discrete strategies 

In the previous section, so-called continuous strategies were discussed in which the 
thresholds to determine which channel input symbol xi,n is to be transmitted in the 
nth transmission can take on any value along the unit interval. 

Previously, we progressively subdivided the unit interval to transmit a discrete 
message m over a one-way channel. We extend this to the unit square, with in
dependent messages m1, m2. The message intervals of a message pair ( m 1, m 2) 

now define a rectangular area on the unit square (Fig. 2.2). The size of this 

[am, am+1) x [bm, bm+1) area is equal to the probability of occurrence of (m1, m 2). 

Each terminal picks a (real) 8i uniformly on the unit interval, and thereby a 
discrete message m;.. Both terminals now progressively subdivide the unit square 
until the subshape with (81 , 82 ) is situated completely within the rectangular area 

defined by the (discrete) message pair (m1, m2l- During the progressive subdivi
sion, the thresholds a, b defining the next channel input symbol only need to take 

values from the set of boundaries {0, a1, a2, ... , aM,-1, 1}, {0, b1, b2, ... , bM 2 - 1, 1} of 
the message intervals. These boundaries define a grid on the unit square, and the 
progressive subdivision is done along the lines of this grid. Such a strategy is called 
a discrete strategy, which will be the main subject of the next chapters. Continuous 

strategies are discussed in the remainder of this chapter. 

2.3 Shapes and divisions 

DEFINITION 2.1 (SHAPE) 

A shape S is a subregion of the unit square. The probability of occurrence of a 
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message point in $ is equal to the size of S relative to the unit square. 

p(S) = Jf 1 d81 dez (2.1) 
(9, ,e2)ES 

Since the ei are independent and distributed uniformly over their unit intervals, 
the probability density function p(81, 92 ) = 1. A shape can be viewed as a joint 
probability distribution: 

(2.2) 

In pictures of shapes, only those areas for which the corresponding message pair is 
in S are drawn. 

DEFINITION 2.2 (INPUT MESSAGE SET) 

The sets of input messages MJ(S) is the projection of S on the unit interval of 
terminal i : 

MJ(S) = {81 I 39z: (81, 9z) E S} 

Mz(S) = {ez I 391 : (81, 9z) E S} 

For the probabilities p(81IS) and p(9ziS) we observe: 

Dividing a shape 

DEFINITION 2.3 (DIVISION) 

p(81IS) =I p(81, E.ziS)dE.z 

£.2 

p(9ziS) =I p(E.J, 8ziS)dE.1 

E,, 

(2.3a) 

(2.3b) 

(2.4a) 

(2 .4b) 

A division d(S ) of a shapeS is defined by a tuple (S, <hs, <Pz,s) , where <Pi,S: Mi(S) -) 
xi is the channel input function of terminal i. The input symbol pair (x1 'Xz) = 
(¢1,s(91 ), ¢ 2,s(9z)) is transmitted over the channel. In this way, each message pair 
(9 1, 92 ) is assigned an output symbol pair (1:11, 1Jz) = f(¢1.s(9J), <Pz,s(9z)), where f is 
the channel output function of a deterministic TWC. 

In pictures of strategies for T-channels (where 1:1 = 1:1 1 = 1Jz) the value of the 
channel output symbol1:1 is indicated by different levels of shading; for binary channel 
output symbols on a T-channel1J = 0 is indicated by white, and 1:1 = 1 is gray. In 
Fig. 2.3, a division on the unit square is visualized: depending on the output 1:1 of 
the channel being 0 or 1, the receiver can determine the position of the message pair 
to be in the (light) L-shape, or in the (gray) rectangle. 
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x, =0 y=O 

e, 

x, = 1 y=l' 

Figure 2.3: Message square and unit square division 

2.3.1 Connected regions 

If no distinction can be made between two message pairs inside a shape with the 
information available at that time, these two message pairs are said to be connected. 
In order to be able to make a distinction, extra information must be provided to 
the receivers. This is done by doing a division, in which the two message pairs get 
different output symbols. 

DEFINITION 2.4 (CONNECTEDNESS) 

Two message pairs (8,, 8z), ((,, (z) E S are connected (notation: (81, 82 ) ~ ((1, ( 2 )) 

ifthere is a sequence of message pairs ( E,, ,o, E.z.o), ( E, 1.1 , E.z.,), . . . , ( E, 1 ,k, E.z,k) E S, such 
that 

(8,, 8z) = (E., ,o, E.z,ol 1\ 

((,, (z) = (E,l,k. E.z,kl 1\ (2 .5) 

E,, ,t = E,, ,t-1 V E.z,t = E.z,t-1 \il, 1 :::;; l :::;; k 

In the graphical representation, two message pairs are connected, if they are in 
the same row of in the same column, or if there is a path between them via other 
message pairs, by replacing only a row message or a column message at a time. 

THEOREM 2 .5 
The relation ~ is an equivalence relation 

Proof. ~ is reflexive: let k = 0. Then, by definition (8 1, 82 ) ~ (8 1, 82 ) . 

~ is symmetric: Assume (e, 8z) ~ ( (, ( 2 ) . Hence, there exists a sequence 

(E.,,o, E.z ,ol. (E,,,,, E.z ,d, ... , (E,,,k. E.z,kl· Reverse this sequence: (E,'1,1, E.~ . tl := (E,J,k-t, 
E.z ,k-tl yields ((,,(z) ~ (8,,8z). 
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s 1 0 1 

1 
So,z 

So 

0 

So,1 
1 ' . ,, ., '' •· 

' 

' 

, 

Figure 2.4: Division of a shape into non-connected regions 

~ is transitive: Assume (8,8z) ~ ((1,(z), and ((1,(z) ~ (8'1,82 ). There are 

sequences (81,8z l = (E.1 .o. E.z,o) , (E.1,1,E.z,,J, ... , (E.1,k.E.z,d = ((1,(z) E Sand ((1,(z) 

= (E,'1 ,o• E.2.ol. (E.; ,1, E.2,1), ... , (E.'1,k, E.2,k l = (8;, 82) E S. Concatenating these 
sequences will yield ( 81, 8z) ~ ( 8'1, 82) . • 

The ~relation partitions S into equivalence classes, called non-connected regions. 

Two shapes 5(1), S(Zl in S are connected if and only if 3( 81, 8z) E 51, ( ( 1, (z) E 52 : 

( 81, 82 ) ~ ( ( 1, ( 2 ) . In the graphical representation, this means that 51 and 52 have a 
horizontal or vertical line in common. 

The ~ relation partitions the set of input messages M;(S) of S. Non-connected 
regions are projectionally disjoint: their sets of input messages do not intersect; 
they do not have a horizontal or vertical line in common when represented on a 
unit square. Since each terminal knows at least its own message 8i, an additional 
partitioning of S is possible if S consists of two or more non-connected regions, 
without doing a transmission on the channel. Therefore, it is possible to subdivide 
a shape into more sub-shapes than the number of channel output symbols 11:11. 

DEFINITION 2.6 (RESULT OF A DIVISION) 

The result of a division d(S) is the set of shapes D(S). Each shape S' E D(S) 
consists of only one connected region. 

EXAMPLE 2 . 7 (A DIVISION) 

In Fig. 2.4, an arbitrary shape is divided. At first sight, two new shapes can be 
distinguished: shape 5 1, for which 1J = 1, and shape 50 . Shape 50 consists of two 
non-connected regions S0,1, So,z. Therefore, D(S) = {So,1, S0,z, SJ}. 
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2.3.2 Shape information 

The shape entropy H(8tl83-i, S) records the status of the information transfer in 
a coding strategy. Large shapes have a high shape entropy, since there is much 
uncertainty in them which needs to be resolved, smaller shapes have lower shape 
entropy. In the subdivision of shape S into Sy, the difference between H(8il83_i, S) 
and H(8d83- i. Sy) must be accounted for by transmission of information. 

DEFINITION 2.8 (SHAPE ENTROPY) 

The shape entropy is computed in the 1 ~ 2 direction and in the 2 ~ 1 direction: 

(2.6a) 

H(8zi8,,S) =- J J p(8,,8ziS)logp(8zi8,,S)d8,d8z (2.6b) 

a, a2 

COROLLARY 2.9 (THE UNIT SQUARE HAS ENTROPY 0) 

The unit square itself has entropy (H(8,18z, D), H(8zl8 1 , D))= (0, 0). 

The entropy of the unit square is zero, since there is no information in the state
ment '(8 1 , 82 ) E 0': all message interval pairs are part of the unit square. Shape 
entropy is independent of the final size of the message intervals and the strategy 
being used. Smaller shapes have lower entropy, this implies the shape entropy of 
subshapes of the unit square to be negative. However, only differences between 
shape entropies are used to calculate the amount of information transmitted in a 
strategy. 

DEFINITION 2 .10 (RATE OF A DIVISION) 

When a shape S is divided into subshapes Sy, the division rate is the average dif
ference between the shape entropy of S and the shape entropy of the subshapes 
Sy E 1J(S). 

THEOREM 2.11 

The average shape entropy difference between S and its subshapes Sy is equal to 

the mutual information between the input message ei and the output symbol y = 
f(X 1 , X2 ) (given Xi= cP;,5 (8;)) in the transmission performed in the division of S. 

L p(SyiS)(H(8,18z,S)- H(8,18z,Sy)) = I(8,;YI8z,S) 
SyED(S) 

L p(SyiS)(H(8zl8,, S)- H(8zl8,, Sy)) = I(8z; Yl8,, S) 
SyED(S) 

(2.7a) 

(2.7b) 

Proof. Calculate the average shape entropy differences between S and all non
connected shapes Sy,o, Sy,l, · · · for fixed 1J, and average this over all 1J E 1}. In 
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the 1 ~ 2 direction, this leads to: 

(2.8) 
SyE2:>(S) 

(2.9) 
yE}l SyE2:>(S)Iy 

L p(1:JIS)(H(8118z, S)- H(81l8z, Y =1:J,S)) = (2.10) 

H(81l8z, S)- H(81l8z, Y, S) = (2.11) 

I(81; Yl8z, S) (2.12) 

In most cases, the division rate is calculated using the mutual information. • 

2.4 Subdividing a square and the Shannon bounds 

2.4.1 Inner bound divisions 

To calculate the Shannon inner bound (see also Sec. 1.6.3), independence was as
sumed between the two messages 81 and 82. We will show that the division rate of 
a subdivision of a rectangular shape can never exceed the Shannon inner bound. 

THEOREM 2.12 (RECTANGULAR SHAPE) 

There is no dependency between 81 and 82 if and only if S is 'rectangular': 

\1(81,82) E M1(S) x Mz(S): p(81,8ziS) =p(81IS)p(8ziS) {=} 

\1(81, 82) E M1 (S) x M2(S) : (81, 82) E S (2.13) 

Proof. ==}: Suppose :J(81, 82) E M1 (S) x M2(S) : (81, 8z) <f. S. Then p(81, 8215) = 0. 
Also, p(8iiS) > 0 because 8i E Mi(S). When p(81, 8ziS) is a product distribution, 
then p(81,82IS) = p(81IS)p(8ziS) > 0, which contradicts p(81,82l = 0. Therefore 
(81,82) E S, for all (81, 82) E M1 (S) x M2(S). 

{=: If Sis rectangular, all (81, E,z) E M 1 (S) x M 2(S) for a given 81. Then Eq. 2.4 

reads p(81IS) = I p(81, E,ziS)dE,z = PP'rs\1 I p(E,2l dE,2, and: 
E.2 E.2EM2(S) 

p(81 )p(82l ( I I ) p ( 81IS)p ( 82IS) = ( P ( S))2 p ( E,2l dE,2 p ( E,J) dE,1 

E.2EM2(S) E.JEM1 (S) 

(2.14) 

p(81 )p(82) = (8 8 IS) 
p(S) p 1, 2 I 

(2.15) 

which proves the theorem. • 
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82 

1 Xz = 0 f3 Xz = 1 0 
1 

x, =0 p(O,O) p(O, 1) 

ex 

e, 

x, = 1 p(1, 0) 

0 

Figure 2.5: Inner bound division in a unit square 

COROLLARY 2.13 
A rectangular shapeS has I(8,;8ziS) = 0. Therefore, rectangular shapes are some
times called independent shapes, or uncorrelated shapes. 

In Fig. 2.5, an inner bound division of a rectangular shape is visualized for the 

binary multiplying channel (BMC). A set of encoding functions ¢i,s(8;) is defined 
which subdivide the unit square into a smaller square and an L-shape. The values of 
ex and f3 are used to denote the boundaries of the shape. Using the shape entropies 
Eq. 2.6, the division Def. 2.10 can be calculated: 

H(D) = (H(8,18z, D), H(8zl81 , D))= (0,0) 

H (gray square, y = 1) = (log ex, log f3) 

H(L-shape, y = 0) = ( 13/~~~l log ( 1 -ex), ~(l "'~l log ( 1 - f3)) 

1(81; Y2l82 , D)) = exf3log ex+ (1 - exf3) 131~~~) log (1 -ex) = f3h( ex) 

1(82; Y1l81, D)) = exf3log f3 + (1 - exf3) ~(~~~l log (1 - f3) = cxh(f3) 

(2.16) 

(2.17) 

(2 .18) 

(2 .19a) 

(2 .19b) 

The division rate can also be expressed in terms of the mutual information between 
input 8 1 and output Y given 8z. The encoding functions use ex and f3 as thresholds, 

e.g. if e, ~ex, then x, = 0. Since Xz = 0 implies y = 0, information h(ex) about x, 
can only be transmitted when Elz E [0, f3). Therefore, the information transmission 
rates in both directions are (cf. Eq. 1.59) : 

(2 .20) 
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1 
1 

p(1,0) 

P1 

p(O, 1) 

0 ~--------------~ 

Figure 2.6: Outer bound division in a unit L-shape 

The maximal sum of the division rates is obtained in the equal rate point (a= (3, 
use Eq. 1.61), and is equal to 0.61695 for a= (3 = 0.70351, which is the equal rate 
point of the Shannon inner bound region for the BMC. Note the similarity with the 
calculation of the Shannon inner bound in Sec. 1.6.3. Recall also Eq. 1.72, where 
the exact sizes of the subshapes are calculated: 

( ) _ ( (1 - af a(1- a) ) _ ( 0.08791 0.20858 ) 
px1,x2

- a(1-a) a2 - 0.20858 0.49493 (2.21) 

THEOREM 2.14 

The rate pair of a division of a rectangular shape does not exceed the Shannon inner 

bound: 

(2.22) 

Proof. If Sis rectangular, the probability distribution of (8 1, 82 ) is a product distri
bution. Since x, = cf>1.s(8;], p(x1, xz) is also a product distribution. From Eq. 1.26, 

the theorem follows. • 

2.4.2 Outer bound divisions 

For non-rectangular shapes, the probability distribution between the messages is 
arbitrary. There is dependence between 81 and 82• 

The calculation of the Shannon outer bound was based on an arbitrary probability 
distribution between 81 and 8z. In Sec. 1.6.4, it was argued that in case of a BMC, 
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a general joint probability distribution on (X1, X2) could be improved to: 

p(X1, X2) = 
( 

0 Pz ) 
P1 1- P1- P2 

(2.23) 

In Fig. 2.6, this distribution is visualized by an 1-shape. Each of the four dif
ferent channel input symbol pairs is represented by a region in this 1-shape. The 

size of each region is proportional to the probability of the corresponding channel 
input symbol pair. Total probability enclosed in all regions must be equal to one. 
Specifically, p((X1,X2) = (0,0)) = 0, and the corresponding region has zero size . 
This causes the 1-shaped appearance. 

The outer bound division assigns -y = 1 to (81,82) E [ex, 1) x [13, 1) (the 'corner

piece' of the 1-shape) and-y = 0 to (81, 82) E [0, ex) x [13, 1) or [0, 13) x [ex, 1) (the two 
'beams' of the 1-shape). Since the two beams are non-connected, the outer bound 

division on a BMC can make a distinction between three different classes of channel 
input symbol pairs: {(1, 1)}, {(1,0)} and {(0, 1)}. 

Define ex= 1 ~~~, 13 = 1 ~~ 2 • The shape entropies of the shapes depicted in Fig. 2.6, 
and the division rate of the outer bound division are: 

H(1-shape) = ( 131~:~) log (1- ex), "i~~~l log (1- 13)) 
H((1,1) rectangle)= (log(1-cx),log(1- 13)) 
H ( (1 ,0) rectangle) = (log(l - ex), log 13) 
H((0,1) rectangle)= (logcx,log(1- 13)) 

1(8 · Y 18 1-shape)) = 13 (1-cx) log (1- ex)- (1- "')[ 1- l3l log (1 -ex) -1 ' 2 2 • 1 --cxl3 1 - al3 

(1-"'113 log (1- ex)- (1- 131 "' log ex= ..!..=Q..h(cx) 1-cx(3 1-cxi3 1 -a(3 

I(82;Y1I81,1-shape)) =~(~:~)log (1 -13)- ( 1 -1~~13-l3) log (1- (3)-

(1-l3)cx log (1- r:l.)- (1-"'113 log r:l. = 1-a h(r:l.) 1-al3 IJ 1- ai3 IJ 1-af3 1-' 

(2 .24) 

(2 .25) 

(2.26) 

(2.27) 

(2.28a) 

(2.28b) 

Note that ex= p(x1 = Olx2 = 1), and (3 = p(x2 = Olx1 = 1 ). Since x2 = 0 implies 
-y = 0 on a BMC, information in the 1 ---+ 2 direction can be transmitted if 82 ~ (3. 
In terms of mutual information between input and output symbols, the division rate 

evaluates to 

(2.29a) 

(2.29b) 

The maximal division rate sum is obtained in the equal rate point, p 1 = p 2 (here 

p 1 = pz and ex= 13, see Eq. 1.83), where 1 ~ah( ex) = (1 - P1 )h( 1 ~~~) has maximum 
0.69424 for ex* = 0.38196. This maximum is the value of the Shannon outer bound 
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for the BMC in the equal rate point. The exact sizes of the three parts of the 1-shape 
(defining the optimal joint probability distribution (Eq. 2.23, Eq. 1. 73) of X 1 and 
X2) for the optimum value of ex* are 

( ) - ( 0 1::. ) - ( 0 0.27639 ) 
P XJ' Xz - L_ l-ac· - 0 27639 0 44721 

1 +a· 1 +a• · · 
(2.30) 

The value of ex can be interpreted as the length of the beam relative to the overall 
length of corner-piece and beam of the 1-shape. We will see that the ex of an 1-shape 
will play an important role: 1-shapes with ex close to 0.38 can be divided with a 
high information transmission rate, close to the Shannon outer bound 90 • 

THEOREM 2 .15 
The rate pair of a division of an arbitrary shape never exceeds the Shannon outer 
bound: 

(2.31) 

Proof. The probability distribution p(81, 82 IS) is arbitrary. An input symbol pair 
(x1, x2 ) is generated by (¢J ,s(81), <Pz,s(8z)), and will also have an arbitrary distribu
tion p(x1, x2 ) . The Shannon outer bound was defined as the maximum transmission 
rate over all possible distributions p(x1, x2 ). Therefore, the division rate can never 
exceed Shannon's outer bound Eq. 1.27. • 

2.4.3 Inner and outer bound-type divisions 

In the rest of this thesis, divisions are often characterized being inner-bound type or 
outer bound type. Their definitions are related to the way these divisions partition 
a shape. 

DEFINITION 2 .16 (INNER BOUND TYPE DIVISION) 

On a binary channel, an inner bound type division subdivides a shape in 2 sub
shapes. 

Inner bound divisions generally subdivide shapes into more complex shapes, in which 
there is more correlation between the two messages. For binary TWCs, where I}! I = 2, 
the partitioning of S into the sub-shapes Sy is done using only the channel output 
symbols: no extra partitioning due to non-connected regions takes place. All subsets 
of messages in S with the same output symbol are connected regions. 

DEFINITION 2.17 (OUTER BOUND TYPE DIVISION) 

On a binary channel, an outer bound type division subdivides a shape in more than 
2 sub-shapes. 
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Outer bound divisions generally break up complex shapes into smaller, 'simpler' 

shapes like rectangles and 1-shapes. Outer bound divisions can only operate on 

non-rectangular shapes, since they need correlation to start with. High division 
rates (exceeding rate pairs in the Shannon inner bound region 9;) are only possible 
in outer bound divisions. This does not necessarily mean that all outer bound 
divisions have a division rate pair outside 9; . The additional partitioning of S 
described in Sec . 2.3.1 is necessary: there is at least one subset of messages with the 
same channel output symbol, which consists of two or more connected regions. 

With an outer bound transmission on a BMC, a distinction can be made between 
three different classes of channel input symbol pairs: {(1, 1 )}, {(1, 0)} and {(0, 1 )}. 

2.5 Schalkwijk's 1982 strategy 

As an example of a coding strategy, we now present the Schalkwijk 1982 strategy. 
The method of subdividing unit squares for designing coding strategies was used to 
introduce this strategy in [Sch82]. 

The coding strategy consists of three different divisions: one inner bound division 
operating on the unit square (also called the i-division) and two 1-shapes in which 

an outer bound type division takes place (the m-division and the a-division). 

2.5.1 i-division 

For the first transmission on a BMC, each of the two terminals 1 and 2 selects a 
message 91 and 92 independently. As a result, there is no correlation between 91 
and 92 . Therefore, the first transmission (the i-division) of the coding strategy is an 
inner bound division of the unit square (Sec. 1.6.3, Sec . 2.4.1). The i-division takes 
place anywhere on the unit square, so Pi = 1. However, information h( cxJ) about 
X1,i is only received if X2,i = 1. Using Eq. 2.20, the division rate of the i-division is: 

I1,i = I(X1 ; YIXz,i) =p(Xz = l li)h(XJ!i) = (31h(cx1) 

Iz ,i = I(Xz ; YIX1, i) = p(X1 = lli)h(Xzli) = cx1h(!31) 

2.5.2 m-division 

(2 .32a) 

(2 .32b) 

After the first channel output symbol has been received as a result of the i-division, 
there are two options. If1Ji = 1, (91, 92 ) is situated in the lower right cx1 x (31 square 
of the unit square. Further subdivision of this sub-square is equivalent to the initial 
task and the same strategy is used: we start again in the i-situation. 
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Figure 2. 7: Schalkwijk's 1982 strategy 

If 1Ji = 0, (81 , 82 ) is situated in the 1-shaped region. The average number of 
m-transmissions per use of the coding strategy (the probability of occurrence of an 
m-division) is equal to the size of the 1-shape left over after the i-division: 

Pm = 1 - cx1f31 (2.33) 

In the 1-shape, an outer bound type division is performed. We will not be able 
to transmit the information at the outer bound rate, since the proportions of the 
1-shape are incorrect. The beams will be cut by an intermediate division, or m
division. A second set of parameters cxz, f3z is introduced, to describe them-division. 
For terminal 1, XJ ,m = 1 if el E [CXJCXz ,1) and XJ,m = 0 if el E [O, CX]CXz). In 
the 1 ---1 2 direction, information equal to h(l - cx1 cx2) is only transmitted when 
82 E [[3 1 , 1 ) . The probability of information being transmitted in the m situation 
is p(82 E (f3 1, l ]lm) = .!.=h. The mutual information for them situation in each 

Pm 
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direction is 

2.5.3 o-division 

I1 m = I(X1; YIX2, m) = ~h(1- cx1cx2) 
' Pm 

I2,m = I(X2; YIX1, m) = 
1;;;./ h(1 -131132) 

(2.34a) 

(2.34b) 

If Yi = '!:Ji,t11i,m = 00, then (81, 82) is situated in one of the two disjoint areas 

[0, cx1cx2) x [13 1, 1) and [cx1, 1) x [0, 132131). The two areas are marked 00 in Fig. 2.7. 

Since each terminal i knows its own message ei, it also knows in which of the two 

areas the message pair is situated. Both areas are rectangular, so the subdivision 

of one of these areas is equivalent to the initial task: an new instance of the coding 

strategy starts with an i-division. 

If Yi = 01, (81, 82) is situated in the L-shape, constituted by the areas [cx1, 1) x 

[13 1, 1), [cx1cx2, cx1) x [131, 1) and [cx1, 1) x [131132, I3J). An outer bound division with 

a division rate close to the Shannon outer bound can now be performed (the a
division). The 'corner-piece' of the l-shape (the [cx1, 1) x [13 1, 1) part) is assigned 

llo = 1. The two 'beams' ([cx1 <X2, cxJ) x [131, 1) and [cx1, 1) x [131132, 13d) are assigned 

llo = 0. The probability of occurrence of an a-division is equal to the size of the 

second L-shape. 

The division rate of the a-division is defined by 

I = I(X . YIX a)= (1-f3Jl(1-cx,cxzlh(~) 
1,0 1, 2, Po 1-cx1 cx 2 

I = I(X ·YIX a)= (l-cxll(l-f3,f3zlh(~) 
2,o 2, 1, Po 1-(3 1 (3 2 

2.5.4 Markov strategies 

(2.35) 

(2.36a) 

(2.36b) 

In order to calculate the average mutual information per transmission in this strategy, 

we follow the method described in [Sch82]. Every subdivision (like the i-, m-, and 

a-divisions of the 1982 strategy) is associated to a state in a Markov chain. The 

transition probabilities away from each state equal the probabilities of occurrence 

of the corresponding channel output symbols y in that state. These probabilities 

only depend on the current state and not on previous states. Markov strategies used 

in the representation of a coding strategy are irreducible stationary and they have 

the recoverable state property: there is an initial state (the i-state) which can be 

reached from every other state in the Markov chain with positive probability in a 

finite number of steps. The Markov chain for the coding strategy as described in 

Sec. 2.5 in the equal rate point is depicted in Fig. 2.8. 

If the strategy is used to transmit N message pairs, where N goes to infinity, 

then the probability of occurrence of each transmission is equal to the stationary 
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y = O,y = 1 
p = 1 

y = 1 
p = 1 _ 2cx, cxz 
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Figure 2.8: The 1982 strategy as a Markov chain 

probabilities qi, qm, q 0 of the states i, m, and o, in the Markov chain. The average 
division rate (the average mutual information between input and output symbol for 
each transmission) is equal to the average mutual information between two states in 
the Markov chain: 

-1. _ Pili i + Pmli,m + Poli,o 
\-

Pi+Pm+Po 
(2.37) 

since the stationary probabilities of the states and the sizes of the shapes in which 
each division operates are related:qx = Pxi (Pi + Pm + p 0 ), for x E {i, m, o}. The 
expression in Eq. 2.37 actually represents the average mutual information per trans
mission as the quotient of the average entropy change per cycle in the Markov chain, 
divided by the average length of a cycle. Here, a cycle is defined as the series of 
transmissions needed to go from the i-state to the i-state again. 

Optimal average mutual information pairs using the 1982 strategy can be found 
by substituting Pi,Pm,Po.li,Im,Io in the expression I;'+ AI;' and maximizing it over 
cx1, cx2, (3 1, (32, for different values of A. For A= 1 (equal rate point) cx1 = (3 1, cx2 = (3 2 
and 

f.'_ CX1h(cx1) + (1- cxJ)h(1- CX2CX1) + (1- cxJ)(1- CX1CXz)h(~) 
t- 1 + 1- cxf + (1- cxJ)(1- cx1 + 2cx1cxzl 

(2.38) 

Numerical optimization of this expression for cx1 and cx2 results in 

~ = 0.61914 bpdt cx1 = 0.67571 CXz = 0.70231 (2.39) 
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After optimization using cx1 = 131 and cx2 = i3z, we see that the relative beam 
length of the m-shape is cx1 = 0.67571, which is not the optimal value for an outer 
bound division. However, the 1-shape in the a-division has a relative beam length 
of ~,-ex, «z = 0.38282, close to the optimum of 0.38196. 

-a.l cx.z 

2.5.5 Achievability of the rate pair 

Average mutual information pairs obtained in the way described by the 1982 strat
egy are information theoretically achievable rate pairs. The description of the 1982 

strategy does not provide us with a two-way code achieving these rate pairs: it 
does not prove operational achievability. It can be proven that an average mutual 
information pair, which was obtained by optimizing the average mutual information 
per transition in the Markov chain representation of a coding strategy, is also op
erationally achievable [Mee]. In Sec. 2. 7, we will prove operational achievability for 
coding strategies which can be represented by a finite tree; the 1982 strategy is one 
of these coding strategies. 

2.6 Strategy trees 

Since the Markov chain used to describing a coding strategy has the recoverable 
state property, loops can be present in it : it is possible to go from one state back to 
the same state with positive probability in a finite number of steps. Loops not going 
through the initial state are called internal loops. 

We look at coding strategies which can be represented using a Markov chain 
without internal loops: the initial state is a member of any loop occurring in the 
Markov chain. In such a Markov chain, you must always pass the initial state when 
going from one state back to the same state. We can represent these strategies 
using a tree, by cutting all incoming edges in the initial state of the Markov chain. 
Actually, this creates a directed asymmetric graph, which is converted into a tree. 
The initial state will be the root of the tree, the states from which only edges to 
the initial states existed will be the leaves of the tree. Since the Markov chain has a 
finite number of states, the resulting tree will also be finite. 

Most coding strategies discussed in this thesis will be of the tree type. In chapter 
6, a coding strategy will be discussed with internal loops not referring to the initial 
state, and which can not be represented by a finite tree. 

DEFINITION 2.18 (STRATEGY TREE) 

Given a shape T, a strategy tree T is a set of shapes and divisions subdividing T, 
linked together in a tree structure with T as root. 
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DEFINITION 2.19 (STRATEGY TREE NODE) 

In a node, a division d( S) of a shape S takes place. The children of a node are 
represented by the sub-shapes Sy the shape S is divided into. 

DEFINITION 2.20 (STRATEGY TREE LEAF) 

A leaf is a shape which is not subdivided further by the coding strategy. 

DEFINITION 2.21 (STRATEGY TREE EDGE) 

An edge connects a shapeS with a subshape Sy E 1J(S). Edges either connect two 
nodes in a tree, or a node and a leaf. 

DEFINITION 2.22 (STRATEGY TREE DEPTH) 

The strategy tree depth n of the tree is the length of the longest path through the 
tree (i.e. the maximum number of transmissions in the coding strategy). 

The tree structure of T is available to both encoders and decoders, so each 
terminal can follow the correct path in the strategy tree during the transmission of 
a message pair. When a message pair (81, 82 ) is transmitted, the path followed in 
Tis a series of shapes 50 = T, S1, Sz, .. . , Sn. Here shape St is a subshape of St-l at 
level t in the strategy tree. The shape Sn is a leaf of the tree: no more subdivisions 
take place. All shapes at level 1 (after 1 transmission) of the tree T together form 
a partitioning of the root shape T. We can extend this to any level of the tree: on 
level l, all shapes in the nodes on level l together with all the leaves on levels 1 to l 
together are disjoint and form a partitioning of T. 

Communication does not stop when the strategy tree is finished. New message 
pairs can be transmitted using a new instance of the strategy tree. An instance of a 
strategy tree is a complete path through the tree from root to a leaf. 

2.6.1 Types of strategy trees 

In her thesis [v091], van Overveld introduced different types of strategy trees. They 
are listed briefly here. The parameter n is the depth of the tree. 

Fixed length trees In this tree type, denoted as a F(n) tree, the number of trans
missions in the coding strategy is constant: there are always n transmissions. 
This means that there are only leaves on level n of the strategy tree, and only 
nodes on the previous levels. 

Fixed-length trees ending in rectangular shapes In a F0 (n) tree, there is an ex
tra restriction that the leaves should only consist of rectangular shapes. This 
means that each of the leaves can be used as the root of a new strategy tree: 
there is no dependence between the two messages anymore. In this way, strat
egy trees can be concatenated. 
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Figure 2.9: The Hagelbarger code as a V0(n) strategy tree 

Fixed-length trees ending in equal-sized rectangular shapes The F0 (n) tree, is even 
more restrictive: the rectangular shapes in the leaves are basic rectangles of 
equal size. Suppose the Mi message intervals ei are equally spaced along the 
unit intervals of terminal i. Then each message pair will have equal probability 
M

1

1
M

2
. A F0 (n) tree will subdivide the unit square inn steps into equal-sized 

basic rectangles of size ~ 
1 

• ~2 • Only one message pair is present in such 
a shape. A F0 (n) tree corresponds to a zero-error-two-way code: the strategy 
can transmit each message in n transmissions with zero error probability. 

Variable length trees This tree type, denoted as a V(n) tree, is the most general 
of the strategy trees. There are no restrictions to the place of the leaves in the 
tree and to the shapes in the leaves. 

Variable-length trees ending in rectangular shapes Only rectangular shapes appear 
in the leaves of a V0 (n ) tree. V0 (n) trees may be concatenated just like F0 (n) 
trees. The Schalkwijk 1982 strategy in Sec. 2.5 is an example of a V0 (n ) tree 
(see Fig. 2.7). 

Variable-length trees ending in equal-sized rectangular shapes The rectangular shapes 
in the leaves of a V0 (n) tree are basic rectangles of equal size. The same argu
ment as for the F0 ( n ) tree holds: if the message intervals e i are equally spaced 
along the unit intervals of terminal i , the unit square is subdivided into equal
sized basic rectangles of size ~~ · ~2 • The Hagelbarger code in Sec. 2.1 is an 
example of a V0 (n) tree (see also Fig. 2.9) . 

2.6.2 Rates of strategy trees 
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LEMMA 2.23 (MASSEY) 

Given a tree T with a set of leaves S(T) and a set of nodes :N(T). For each node k, 

the set Z(k) denotes the set of children of that node. To each vertex k E S(T)U:N(T), 

a function f(k) and a probability of occurrence p(k) is associated, such that p(k) = 

.LiEZ.(kJ p (j). The root vertex of the tree is denoted with ko. Then {Mas83}: 

L. p (k)(f(kl- f (ko ll = L. p(kl L. pr(~1 (f(j)- f(kll (2.40) 
kES(:T) kEl'f(:T) jEZ.(:T) p 

Proof. The lemma is proven with induction on the (maximal) depth n of the tree. 

For n = 1 , the tree has one node, and all leaves are children of this node. Therefore, 

:N(T) = {ko} and S(T) = Z(ko) . 

L. p(k) L. P(l!1

1 
(f(j)- f(kJ) = L. p(j)(f(j)- f(koll (2.41) 

kE{ko} jEZ.(k) p jES(:T) 

Induction: suppose the lemma holds for trees of maximum depth n - 1. Consider 

the root shape of a tree T with depth n. The subtrees Ti starting at its children 

have depth at most n - 1 . 

L. p(k)(f(k)- f(ko)) = (2.42) 
kES(:T) 

p(kol L. _Eill_ (ful - f(kol + L. p(~l (f(kl - fOll) = (2.43) 
jEZ.(k

0
) p(J<o) kES(:T;) p(J) 

p(ko) L. J:ill_ (f(j)- f(ko) + L. p(~) L. p(~) (f(l)- f(k))) (2.44) 
jEZ.(k

0
) p(J<o) kEN(:T;) p(J) lEZ.(k) p( ) 

I:. p(k) I:. p((~)l (f(l) - f(k)) (2.45) 
kEN(:T) lEZ.(k) p 

since :N(T) = UiEZ.(kol :N(Tj) U {ko}. • 

To count the average number of transmissions per use of the strategy tree, count 

for each possible (9 1, 92) E T the number of transmissions L(Stl needed to go from 

the root T to the leaf S1 with (81, 82), and average this over all (81,82) E T . 

DEFINITION 2.24 (AVERAGE LENGTH OF A STRATEGY TREE) 

The average number of transmissions needed in T is 

w(T) = I I p(81, 82\T)L(St 3 (81, 82))d81 d82 = L p(St)L(Stl (2.46) 
e

1 
e

2 
StES(:T) 

Using Eq. 2.40 and L(D) = 0, this is equivalent to 

w(T) = L p(Sk) L p(S;,y) (L(S k,y)- L(Sk)) 
Sk EN(:T) Sk,yED(Sk) p ( k) 

(2.47) 
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It costs one transmission to go from a shape sk to one of its children sk,y, therefore 
we see that the average number of transmissions can also be computed by summing 
the sizes of all shapes occurring in the nodes of T. 

DEFINITION 2.25 (AVERAGE INFORMATION TRANSMITTED IN A STRATEGY TREE) 

The average amount of information transmitted per message pair is calculated by 
averaging the difference in shape entropy between the root shape of :r and each of 
the leaves of :r, for each direction of the information flow. Using Massey's lemma 
Eq. 2.40 and the definition of the division rate Eq. 2.7, the weighted average of the 
division rates in the tree can be used instead. 

v;(T) = J J p( E,,, E.ziT) (H(8il83-i . T)- H(8il83. i, St)) dE,, dE,z where St 3 ( E,1, E,z) 

e, e2 

S,ES(T) 

= L p(Sdi(8i; Yl83-io Sk) 
s . EJil(Tl 

DEFINITION 2.26 (RATE OF A STRATEGY TREE) 

(2.48) 

(2.49) 

(2.50) 

The rate of a strategy tree :r is the average information transmission rate at which 
a message pair is transmitted. It is defined in each of the two directions in which 
information is transferred. 

(2.51) 

In the next section, it is proven that the average mutual information per transmission 
pair (l;"(T), I2(T)) can be called a rate pair ( R1 (T ), Rz(T)). 

2. 7 Fixed-length codes and variable length strategies 

In Sec. 1. 7, we used two-way block codes of block length n in a random coding 
argument to achieve the capacity of a TWC. In the previous sections of this chapter, 
we introduced strategy trees, which subdivide a unit square into rectangular shapes. 
In Def. 2.26 their rate is defined. The question arises whether this rate is really an 
achievable rate: do two-way block codes with vanishing probability of error exist? 
And do variable length two-way codes with zero error probability achieving this rate 
pair exist? The answer to these questions is affirmative. 
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THEOREM 2.27 
Any (M 1, M 2 , n) two-way code C corresponds to a F(n) fixed length tree. 

Proof. Represent the M1M1 message pairs in the code C by a M1 x Mz grid on the 
unit square. In the 1 --1 2 direction, message m 1 corresponds to message interval 
[am,, am 1+1 ). The encoding functions needed for the initial division of the unit 
square are the first in the series of encoding functions of the code C: cpi,o ( ei E 
[am, , am1+1)) = cpi,1 (md. For the second transmission in the tree, we look at the 
second encoding function: cpi,s0 (8i E [am 1 ,am,+dl = cpi,2(1T4,1h,1 = 0), cpi,s,(8i E 
[am,, am,+1 )) = cpi ,l(m;., Yi,1 = 1) To transmit the kth symbol, the kth encoding 
function cpl,k(8i, yk- 1) of the code is used. In the strategy tree, a shape Syk-1 at level 
k, which was reached after receiving receiving the sequence yk- 1 will have encoding 
functions cpi,Syk- l (8t E [am,, am,+1 )) = cpi,dmi , yk- 1 ). In this way, a F(n) strategy 
tree 'J can be constructed from a (M1, M 2 , n) two-way code C. • 

If C is a zero-error code, then each terminal can uniquely decode the message pair 
(m1, m 1 ) using their own message and the channel output sequence. Therefore, the 
F(n) tree corresponding to C must subdivide the unit square up till basic rectangles 
of size ~ ~ · ~2 • Such a tree is called a F0 (n) tree. 

THEOREM 2.28 
Given a two-way (M 1 , Mz, n) code C which allows for communication on a TWC 

with rate pair (R1 , R2 ) and vanishing error probability P~n J for increasing n . Then 
a V0(n) variable length strategy 'J exists with the same rate pair, and zero error 
probability. 

Proof. Consider the code C. The error probability P~nJ is defined a the probability 
of an error occurring at at least one of the two terminals. On the average, there 
is a probability 1 - P ~n l that both users have decoded correctly after a block of n 

transmissions. Otherwise, the complete message pair must be retransmitted. 
Now consider the F(n) strategy tree 'J which can be made from C by Thm. 2.27. 

In case of an error, retransmissions take place using time-sharing, for which terminal 
1 needs flog M 1l transmissions and terminal 2 needs llog Mzl transmissions. The 
average amount of transmissions w ('J) needed in this strategy tree to transmit a 
message pair without errors is n + P~n l ( pog M 1l + flog Mzl ) . The result is a variable 
length strategy tree: the F(n) tree of C, and the timesharing extensions. When 
the error probability P~nl of the code C goes to 0 with increasing n, the average 
mutual information pair of the strategy tree goes to the rate pair of the code C: 
(f-;-('J ), I2('J )) --1 (log: ,, lognMz) • 

Strategy trees may also be concatenated to get larger strategy trees. Consider 
a variable length tree 'J, ending in rectangular shapes; 'J is a V0 (n) tree. A new 
V0 

( tn) tree can be constructed by concatenating t instances of 'J (the leaves of the 
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tree T are roots of a scaled version ofT again, this is repeated t times). The average 
mutual information pair of such a concatenated tree is equal to the average mutual 
information pair of the original tree. 

THEOREM 2.29 
LetT be a V 0 (n) strategy tree with average mutual information pair ~(T), I2(T). 
Then \fe > 0 :Jt0 E N \ft > to: a two-way code Ct exists with rates RdCt) ) 
!Z(T)- e fori= 1, 2, and Pit) approaching zero for large t. 

Proof. [Tol85, v091] The proof is set up as a typical sequences proof (see also 
Sec. 1.7). Fix an e > 0, and generate a base V0 (n) strategy tree T with average 
mutual information pair (~, lz) and average length w(T). We will prove that the 
pair (~, 12 ) is an achievable rate pair, and we will outline the construction of a 
fixed length two-way code achieving that rate pair. The strategy T subdivides a 
unit square in rectangles of average 'information length' -logp(8J) = ~(T)w(T) = 

vJ(T), and average 'information breadth' -logp(8z) = v2 (T). The concatenation 
oft instances of the strategy T subdivides the square into (smaller) rectangles S, 
defined by message intervals ((,1, (,2 ) . The set of typical rectangles is defined as 

A~tl(S) = {(S)IIw(tT, S)- w(T)tl < te 1\ IH(8d83-i, S)- v;(T)tl < te} (2.52) 

Here, H(8d83_i,S) = -logp(l,;), and i = 1,2. For large enough t, the typical 
rectangles are of about the same height and breadth, and they need about the same 
number of transmissions. The area of all typical rectangles together approaches the 
unit square arbitrarily close as e is chosen closer to 0, if t is large enough: 

(2.53) 

by using p(lw(tT, S)- w(T)tl ~ te or IH(81I8z, S)- vJ(T)tl ~ te or IH(8zl81, S)
vz(T)tl ~ te) ~ p(lw(tT,S)- w(T)tl ~ te)+ p(IH(81I8z,S)- vJ(T)tl ~ te)+ 
p(IH(82181, S)- vz(T)tl ~ te) and the weak law of large numbers: the process of 
subdividing squares using the strategy T can be repeated endless, and can be viewed 
as a random process. 

Now a (MI,t, Mz,t, ltl two-way code Ct, where Mi,t = l2t(vdTl+l€)J is constructed. 
The messages in this code are distributed uniformly along the unit intervals of the 
two terminals. An M 1 ,t x Mz,t grid of size 1 /( M 1 ,tMz,tl squares is put on the 
unit square. The message pairs ( m 1, mz) of code Ct are represented by the center 

points ( E,1, E,2 ) = ( Mx+t , M>~+t), x = 0, 1, ... , M1 t- 1; 1J = 0, 1, ... , Mz t- 1 of the grid 
1 t 2 t 1 

I 

squares. The center 'points will be called message points, they are equally spaced 
on the unit square. Now compare the lattice of message points to the partitioning 
of the unit square into rectangles by the t instances of strategy Y. 

Each message point (E,1, E,2 ) is situated in exactly one rectangleS, and therefore 
corresponds to a message interval pair ( (,1, (,2 ) . The strategy Y can be used (several 
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times if necessary) to subdivide the unit square up to the rectangle S. However, 
both terminals use strategy T for only kt = ft(w(T) + e)l transmissions. If the path 
leading to S is less than kt transmissions long, dummy symbols are transmitted. 

After the strategy has been used during kt transmissions, a closer look at the 
rectangle S is taken. If the kt transmissions were not enough to subdivide the unit 
square up to S, S is apparently not typical (it does not fulfill the requirement of 
having a typical path length \wT(S) - w(T)t\ ~ te) and an error is declared (see 
later). More than one message point ([,1, E,2) may be situated in the rectangle S. 
If S is a typical rectangle, no more than jz- vdTJt-ElMi,t l ~ j23tEl message point 
lines of terminal i will pass through S. This uncertainty between possibly different 
message points inS must be resolved. Using time sharing, terminal 1 needs f3te l + 1 
transmissions to specify its message m1, and so does terminal 2. The codeword 
length 11 of Ct can now be defined, since it takes at most 

(2.54) 

transmissions to specify message point ( E,1, E.z) correctly. If fewer transmissions than 
lt are needed, the rest is filled with dummy transmissions. 

Errors occur when the rectangle S in which ( E,1, E,2) is situated is not typical. 
Then the complete sequence of lt transmissions is declared erroneous. The error 
probability of Ct is equal to the possibility that a message point is situated outside 
a typical rectangle. For large enough t, the error probability is: 

p~tJ = p((E,1, E.z) (j_ A~tl) 

~ 
1 

_ ' (p(l,J)Ml,t -1 )(p(l.z)Mz,t -1) 
" L M M 

(t) 1 ,t 2,t 
(S]EA. 

~ 1 - L p(l,J)p(l,z ] {1 - (l, ~M - (l, ~M } 
(t) p 1 1.t p 2 2,t 

(S]EA, 

(2.55) 

(2.56) 

(2.57) 

From the typical rectangles definition \ -logp(l,t)- v;(T)t\ ~ te we derive p(l,t) ? 
z-v;(T)l· ·tE

1 
and since l2l(v;(T)+2E)J ? zt(v;(T)+2E)-1: 

p(tJ ~ 1 - ' p(l,1)p((z) {1- _ 1 _ _ - _1_} 
e " L ztE- 1 ztE -1 

(S)EA~' 1 

~ 1 - (1 - €)(1- z-tE) 

~ 1- (1 - €) 2 

~ 2€ 

(2.58) 

(2.59) 

(2.60) 

(2.61) 

For large enough t, z- tE < e. We can choose any e > 0 as close to 0 as we want, so 
the error probability of this code can be as low as needed. The rate pair (R1, R2) of 
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the two-way code constructed in this way is defined as 

(R R ) = (log M1 ,t log Mz,t) 
1

' 
2 

lt ' lt 

( 
v1 (T)t + 2t€ v2 (T)t + 2t£ ) 

- w (T )t + 7t£ + 5' w(T)t + 7t€ + 5 

[if t large enough and --+ oo] 

(
vl (T) + 2€ vz(T) + 2£) 

--+ w(T ) + 7£' w(T ) + 7£ 

[if € is taken closer and closer to O] 

--+ ('G" (T ), lz(T )) 

(2.62) 

(2.63) 

(2.64) 

(2 .65) 

Therefore any average mutual information pair attained by a V0 (n ) tree is a rate 
pair achievable by a fixed length two-way code with Pi11 approaching zero . • 

The argument above holds for all tree types described in Sec . 2.6.1: all rate 
points obtained by any F0 (n ), V0(n), V0 (n) strategy tree are achievable, and any 
rate point in the capacity region of a TWC can be obtained using a strategy tree of 

these types . There is an exception for the F0 (n) tree (the fixed length tree ending 
in equal sized rectangles) , for which it is believed that its region of achievable rate 
points is smaller than e. Higher rate pairs (rate pairs closer to the boundary of the 
capacity region e) are achieved faster (for lower values of the strategy tree depth n) 
for the less restrictive tree types, like the V0 (n ) tree. 

2.8 The number of Shannon strategies 

In one-way coding theory, there are a large number of possible codes of a given 
length n. A code is a subset of the set of all possible words of length n, with the 
words having the desired properties for the code. The number of possible words is 
IXIn, therefore the number of possible codes is already 21XIn . An exhaustive search 
on all possible codes becomes unmanageable, even for small n. 

As we will see, the problem is even worse for coding strategies. In order to 
be able to tell something about the complexity of finding good coding strategies, 
the possible number of strategy encoding function sets (the 'codewords ' of a coding 
strategy) for a given length n is investigated. 

2.8.1 The number of two-way code codewords 

The number of different encoding function sets of a two-way code is also dependent 
on the block length and the alphabet sizes. We denote this number by IXnl· 

For n = 1, we can only choose from Xi, therefore IX11 = IXJ For n = 2, 
we must determine the number of functions 9 i,Z · Look at the number of different 
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possible outcomes for the pair (Xi, 1, 1Ji, 1). After 1 transmission, there are IX&~il 
possible outcomes for (x.;, y;), this gives rise to IXdiXdllld different functions 9i,l· 

Therefore, IX21 = IXdiXdiX;II\Id. For the nth channel input symbol xi,n, there will be 
IXd(I:X,IIlldln· 

1 
possible encoding functions <hn· An upper bound to IXnl is given by: 

n-1 . (IX;II~;Iln-1 
IXnl = n IXd(IXdllld)' = IXd IXtll~tl 1 (2.66) 

j=O 

The result in Eq. 2.66 can be further reduced, as shown in [vU85], using the 
following observations: The channel input symbols x;,n (except for Xi, 1) are the 
result of a function of the previous channel output symbols. Suppose there are IXnl 

different encoding function sets for a length n two-way code. A length n+ 1 code can 
be constructed by assigning a new encoding function 9i,n(X-i,l, ... , xi,n• 1Ji,1, ... , Yi,nl 

to each encoding function set in Xn. There are 11hln different new encoding functions 
for each member of Xn: since the new input symbols are always a function of the 
previous output symbols: xi,i = 9i,j(xi,1,·· · ,xi,j- 1,1Ji,1,1Ji,i- d for all j = 2, ... ,n. 
Therefore, there will be IXdi'IJdn possible new encoding functions 9i,n+l for each 
encoding function set. The total number of encoding function sets IXn+ 11 is 

lllln+1_1 
IXn+l l ~ IXniiXii1'1Jdn ~ IX;I~ (2.67) 

This upper bound holds for general TWCs. For binary TWCs, it reduces to 

IX~MC I = 22n_1 = 2, 8, 128,32768,231,... (2.68) 

In Fig. 2.10 the different possible encoding function sets for K1 and K2 of a 
general binary input TWC are drawn. We assume the channel output symbol of the 
channel is different for every possible channel input symbol pair. In the left part 
of Fig. 2.10 the situation after the first transmission is displayed. Only the channel 
input symbols of terminal 1 are displayed, terminal 2 uses the same input symbol 
functions for its columns. There are two possible encoding functions <!>;,1 for the first 
symbol: a constant 0 and a constant 1. For each channel input symbol, there are 
two possible channel output symbols (represented by the different shadings in the 
figure). Therefore, there are 2*2 *2 different new channel input symbol functions for 
the next channel input symbol. For each of the new channel input function sets in 
X 2 , there will be 4 different channel output symbols, represented by the combination 
of shadings and hatch-patterns in Fig. 2.10. 

The result in Eq. 2.68 shows that the number of possible codewords in two-way 
codes grows faster than exponentially with n 2 , instead of growing exponentional 
with n as the number of one-way codewords. 

2.8.2 The number of two-way codewords on a BMC 

The actual number of possible input symbols may be lower due to the channel output 
function fK [Dor82]. For the BMC, there are only 3 possible values for a input-output 
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91,2(0,0)=0~ 
91,2(0,0) = 1 [2_JJ] 

9 1,1(0 ,0)= 1 
I I 

I I 

9 I , 1 ( 1 , Y I , t) = 0 1--0---f.-,.....,...~-l--l--4-'-l 

9 1.2 ( I , 1J 1 , t) = 'Yi"":1 l--1_1-f'>.:::,:::,~.<..!.j:-!.4.,....J,.....d 
9 1.2 ( 1 , Y I , I ) = 1J I , I 1--0---f.-,...,....~-l---l;~~ 

g I , 1 (I ' y I . ,) = I Ll_l--'>.::::,.::,::::,j__L.....J.::>J:!.:W 

Figure 2.10: Possible strategy functions for length 2 strategies 

symbol pair: (x,,t, 'Yi,tl E {(0, 0), (1, 0), (1, 1 )}. 
To get IX~Mcl, the number of possible outcomes after the first transmission is 

computed. If x,, 1 = 0 then ( x,, 1 , 1J i, J) E { ( 0, 0)}, this gives rise to 21 possible encoding 
functions ch2· Ifx,,1 = 1 then (x,,1,1J i.Jl E {( 1,0),(1,1 )} 1 and another 22 encoding 
functions for the second symbol can be made. This totals to 6 possible encoding 
functions sets: (see also Fig. 2.10, the right part) 

( cp,, 1, cPi,2 ) E { ( 0, 0), ( 0, 1 ) , ( 1 , 0), ( 1 , 'Y i, J), ( 1 , 'Qi,!), ( 1 , 1)} (2.69) 

For IXrMc l, this results in the following: 

( clJi,1, <h2l Outcomes for (xi,1, 1!1, x,,2, 'Y2l 
(0,0) (0000) 21 

(0, 1) (001 0) (0011) 22 

(1 ,0) (1000) (11 00) 22 
(2.70) 

(1,'\:Ji,J) (1000) (1001) (1110) 23 

(1, 'Yu) (1010) (1011) (1100) 23 

( 1 ' 1 ) (1010) (1011) (1110) (1111) 24 

1xrMc1 = 42 

This procedure can be generalized for IX~Mcl, provided IX~~cl is known. Sup
pose there are q possible outcomes for (xi,1, 1!1, ... , xt,n-·1, 'Yi,n -1) for an encoding 
function set cD,,m for IX~~r1. A new encoding function clJi,m,n, to become part of 
cD\,m for the next transmission, can return Xi,n = clJi,m,n(xt,1, '\:J1, ... , x\,n-1, 'Yn· 1) = 0 
or 1 for each of the q possible outcomes. Therefore, there are zq different new encod
ing functions. If xi,n = 11 there will be an extra possible outcome for (x,,n, 'Ynl: (1 , 0) 
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or ( 1, 1). From the 2q new encoding functions, there are (;) for which cPi,m,n ( x.;., 1, 
1J 1, . .. , xi,n-1, 1Jn- 1) = 1 in T cases. Such a function will generate q + T new possible 
outcomes for xi,1, 1Ji, ... , xi,n, lin· 

Define bn,s as the number encoding function sets for IX~Mcl which have s possible 
outcomes for (x.;., 1, 1Ji,1, ... , Xi,n, 1Ji,nl· The relation between the bn,s is as follows: 

{ 

0 if S > 2n V S < 1 

bn,s = 1 if S = 1 V S = 2n 
zn-1 ( ) L r=1 s~r bn 1,r if 1 < S < 2n 

(2 .71) 

Using the bn,s, we can compute IK~MCI : 

zn 
IK~MCI = L bn,s = 2, 6, 42, 1806, 3263442, . .. (2 .72) 

s=O 

Not all channel input function sets in Xn as calculated in Eq. 2.72 are used in a 
good coding strategy. A coding strategy for a two-way channel is not only designed 
to transmit ffit efficiently, but also to receive m3_i · Therefore, encoding function 
sets <Di,m must be chosen with enough possible outcomes to receive all possible m2 . 

Like in the one-way case, the proof of achievability of the capacity region of a 
TWC makes use of a random coding argument . Hence, it does not yield a construc
tion of a strategy. As the number of strategies is much larger than the number of 
codes for the same length n, it is much harder to find good two-way codes achieving 
high rate pairs and, eventually, capacity. Methods which rely on exhaustive search 
quickly become impractical. 

2.8.3 The number of square divisions 

Now the number of encoding function sets for a given n is known, the number of 
possible coding strategies can be estimated. A two-way code can be defined by 
selecting a set of strategy encoding function set. Since each two-way code corre
sponds to a F(n ) tree, there will be 21 Kn l different trees. Some of these trees may 
result in the same subdivision of the unit square, the differences are in the channel 
input functions of the divisions in each tree, and in the order of occurrence of the 
divisions. In a strategy tree defined in this way there may be dummy divisions, 
which do not subdivide anything (i.e. both sides always send a 0). 

To find the tree achieving the highest rate for a given n, we can use the probability 
of occurrence of each input function set as an optimization parameter. The number 
of parameters is equal to IXnl, for each of the two terminals. 

The number of variable length trees is even higher than the number of fixed 
length trees . A V (n) tree may be viewed as a F(n ) tree with one or more divisions 
and their subtrees are pruned, such that the maximum depth is still n. 
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3 
Discrete Coding Strategies 

In the previous chapter, it was shown how a coding strategy can be visualized as 
a progressive subdivision of a unit square. This chapter introduces the discrete 
coding strategy, which is visualized by putting an M 1 x M 2 grid on a unit square. 
The discrete coding strategy corresponds to a strategy tree ending in equal-sized 
rectangles (a V0(n) tree) . 

3.1 Subdividing M 1 x M 2 chessboards 

Consider a TWC on which terminal i = 1, 2 selects a message ei from a message 
alphabet Mi with Mi elements. All messages ei E ~ are equiprobable, and inde
pendent from each other and from previous messages. This is represented by parti
tioning the unit square into equal areas of size ~ 1 ~ 2 , the basic squares. Each basic 
square represents a message pair (9 1, 92 ). This is a discrete strategy, all divisions 
are performed alongside the ~ 1 x ~2 grid present on the unit square. Therefore, it 
is convenient to represent this coding strategy by subdividing an M 1 x M 2 square 
into 1 x 1 basic squares, where only integer values can be used as threshold value 
by each terminal. 

3.2 The 4 x 4 strategy 

In the following example, a coding strategy for the BMC is presented, which saves 
about 20% on communication time compared to time-sharing schemes. 

Terminals 1 and 2 want to exchange messages, using a binary multiplying channel. 
Each message is selected from 4 possible messages A,B,C,D, with equal probability. 
In order to achieve transmission rates better than time-sharing rates, both terminals 
1 and 2 must transmit their message simultaneously. Therefore, we now look at 
message pairs. Each possible message pair is represented by a basic square, and 
depictedas a 1 x 1 square. The 16 possible message pairs are all equiprobable and 
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Figure 3.1: The 4 x 4 messages square 

they are arranged in a 4 x 4 matrix. Terminal 1 's message determines a row from 
this matrix, and terminal 2's message determines a column: the intersection point is 
the message pair to be transmitted. In Fig. 3.1, the message pairs (A, B) and (B, D) 
are indicated in this way. 

3.2.1 A strategy for 4 messages 

An example of a coding strategy between two terminals 1 and 2 for 4 messages per 
terminal is given in Fig. 3.2. The complete strategy is known to both terminals. In 
the beginning, the two terminals know only their own coordinate of a message pair. 
The coding strategy is used to reveal the other coordinate. Both terminals start 
in the 4x shape and follow the arrows, depending on the channel output symbol 
they receive. Once they end up with a single square, the coding strategy is finished 
and both terminals know each other's message. They can now proceed with the 
transmission of another message pair using the same coding strategy. The process 
can be repeated over and over again. The process of following a path in a strategy 
tree from the root to a certain leaf is called an instance of a strategy tree. Each 
instance of a discrete coding strategy will transmit one message pair completely. 

EXAMPLE 3.1 (TRANSMISSION OF (B, D)) 
Suppose terminal 1 sends message B and terminal 2 sends message D . The strategy 
begins with the 4 x 4 square: terminal 1 will send a 1, and so does terminal 2. The 
result is a 1, represented by the shaded part of the square. Follow the arrow to 
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Figure 3.2: The 4 x 4 strategy 

shape nr. 2. In the second transmission, terminal 1 sends a 0 and terminal 2 a 1. 
The output will now be 0, represented by the light part of the square (an 1-shaped 
region). In the third transmission, shape nr. 5 is subdivided. Terminal 1 sends a 1 
and terminal 2 a 0, so we have to select the light area again. This light area consists 
of two subregions that do not have rows or columns in common: the pair (B, D ) 
and the pair (D, B). Both terminals know what message they are sending, so they 
can make the decision without exchanging further information. The process ends 
because there is only one message pair left: the pair (B, D ). 

3.2.2 Strategy tree pictures 

In Fig. 3.2, shape 1 is missing. This state is the final state, when both components 
of the transmitted message pair are known. This state is omitted, otherwise all 16 
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Figure 3.3: The 4 x 4 discrete coding strategy 

possibilities had to be drawn. In all strategy tree pictures, the 1 x 1 shape is not 
displayed. 

In Fig. 3.2, we notice that there are other shapes that look the same and are 
divided in a same way, like the 1-shapes in states 4a, 4b, 4c, and the 'domino' 
shapes in states 8a and 8b of Fig. 3.2. In subsequent pictures of strategy trees like 
in Fig. 3.3, every shape is depicted only once, to minimize the amount of subdivisions 
needed in the strategy description. 

Between the transmissions of a strategy, the role of the two users can be inter
changed. This enables us to mirror a shape in its diagonal axis, like the domino 
shape nr. 8. The message labels are not given anymore in strategy tree pictures, 
because a shape may occur at different places in a strategy tree. Also, messages may 
be permuted and relabelled by each terminal, between subsequent transmissions in 
a coding strategy. The symbols (0, 1, 2, ... ) or letters (A ,B,C,D , . . . ) are only used 
to label different messages to identify them. The labelling is arbitrary, and may be 
changed 'inside' the strategy if it is more convenient. 

For each division in a picture of a strategy tree, a unique identifier (in big 
print), the number of message pairs inside a shape, the total number of transmissions 
needed to send each message pair inside that shape once, and the division rate pair 
(1(81; Yl8z, S), I(8 z; Yl81, S)) of the division subdividing the shape are indicated . In 
the strategy tree pictures in the rest of this thesis , shape numbers always refer to the 
same shape. Therefore, it might occur that some numbers are missing in a picture, 
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Figure 3.4: Channel outputs of 4x 4 strategy 

when the corresponding shapes are not used. The number 1 is assigned to the 1 x 1 
shape, and is never used in pictures. 

3.2.3 A gain in communication speed 

Given this communication strategy for 4x 4 messages, we want to know how much 
improvement this strategy offers. Since every message pair occurs with equal prob
ability, we only need to compute the average number of transmissions needed to 
exchange the two bits of information contained in each message. 

In Fig. 3.4 the message square is drawn once again. This time, the channel 
outputs given by the communication strategy are given for each message pair. There 
are 6 pairs which require 4 transmissions (the gray squares), all others require 3 
transmissions. On the average we need 3.375 transmissions per message pair, which 
is an improvement on the 4 transmissions per message pair needed for a time sharing 
strategy. The rate in each direction is: 

2 32 
54/16 =54 = 0.59259 bpdt (3.1) 

In Sec. 2.7 we have shown that a rate pair defined by a variable length strategy 
tree (a V0 (n) tree) is achievable by a fixed length two-way code with vanishing 
error probability. A discrete coding strategy is a V0 (n) tree, which is a subset of 
the V0 (n) trees, therefore rate pairs defined by discrete coding strategies are also 
achievable [v091] . Therefore, the 4 x 4 coding strategy described above offers a rate 
improvement of almost 20% compared to the time-sharing rate of 0.5 bpdt . 
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3.3 AXE , a coding strategy editor 

Discrete coding strategies like the example strategy described in the previous section 
provide a simple method to reach transmission rate pairs better than time sharing on 
a two-way channel. The problem is how to find good coding strategies. Computer 
search seems not to be possible, due to the enormous number of possible strategy 
encoding functions to choose from. As was discussed in Sec. 2.8.1, the number of 
possible strategies grows more than exponentially with the depth n of the strategy. 
This provides more possible coding strategies for a given length n than there are 
possible one-way codes for the same length n. 

3.3.1 The pencil and graph paper method 

Some early attempts were made to construct discrete coding strategies using pencil 
and graph paper. Starting point was the size of the message sets and not the depth 
of the strategy tree. For small values of M square divisions of an M x M square 
were drawn on graph paper. In this way, the first discrete coding strategies were 
constructed [PL83], [Lig83], [vd184] . Noteworthy are the results of Judith van der 
Leur, who constructed discrete coding strategies for values of M up to 17, using 
the pencil and graph paper method. In Tab. 3.2 (end of chapter), these results are 
indicated. 

The early method of designing coding strategies using pencil and graph paper 
made the construction of coding strategies a nice puzzle. The main objective of 
the first coding strategies was to obtain rate points as close as possible to the ca
pacity region boundary. The results obtained in [PL83], [Lig83], [vdL84] were very 
promising. Good coding strategies were found with high rate pairs, despite the vast 
amount of possible strategies to choose from. The human mind seems to be good 
at selecting good divisions (using trial and error). 

For larger values of M, the method becomes impractical. It involves dull drawing 
and calculation labor, something computers are good at. For every new division, 
parameters like the division rate and the overall strategy rate have to be computed 
and the new shapes must be determined. It takes more and more time to do all 
the drawing and all the calculations, and the process also becomes more subject to 
human errors. In strategies for large values of M, complex shapes appear, for which 
the determination of the sub-shapes of a division can be very tricky, as we will see 
later. In order to solve the problems arising for larger values of M, the powers of 
human mind (creativeness) and computer core (accuracy) were combined. A coding 
strategy designing tool called AXE was developed [Blo93], [Han91], [BMS93]. 

3.3.2 Requirements for AXE 

The following functions are required to automate the pencil and paper method: 
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• drawing: shapes are presented in their square representation; 

• computing: accurate computation of connected regions inside a shape, the 
division rate of a division, and the overall rate of a strategy; 

• selecting: comparing divisions entered by the user with divisions already 
stored in memory; 

• archiving: a database of already subdivided shapes is maintained; 

• presentation: printouts of coding strategies and programs to create strategy 
encoders can be generated. 

Furthermore, the program must be easy to use and require few actions of the user. 
Even people with no information theoretic background must be able to use it, after 
a basic explanation about coding strategies (for instance, how the 4 x 4 strategy in 
Sec. 3.2 works) . It should look like a computer puzzle, a challenge to solve. 

3.3.3 User interface of AXE 

AXE provides a graphical environment for the design of coding strategies. Each 
shape S occurring in a coding strategy is presented on the screen in its square 
representation. The only inputs needed from the person using the program to design 
coding strategies are the encoding functions <hs, ¢ 2.s. They can be entered for each 
row and column of the shape displayed on the screen. When the encoding functions 
are entered, feedback on the result of the division is given to the user. The channel 
output symbols for each possible message pair in S are calculated using the current 
values of the encoding functions, and the result of the subdivision is presented by 
coloring the shape S: each connected region is assigned a different color. 

If the user is satisfied, the division d( S) is entered into the database. The division 
rate and the overall strategy rate are calculated and displayed on the screen. Then, 
the database is searched for shapes which have not been divided yet as a service 
to the user. It is also necessary to subdivide each shape, otherwise the rate of the 
subtree subdividing S cannot be calculated. If everything is subdivided, the user is 
free to navigate through the tree in order to look for shapes which may be improved . 

. All divisions of shapes entered by the user are stored into a shape database. 
The database can store shapes of several coding strategies at the same time, and 
it also stores all shapes which were subdivided before, but are not used anymore 
in a strategy tree. This prevents the user from having to redesign subdivisions of 
shapes which are already done before. Improvements in one coding strategy can be 
propagated in all other coding strategies, which happen to 'share' the division in 
which the improvement took place. 

The possibility to construct coding strategies for other two-way T-channels ( es
pecially ternary channels) was one of the first additions to AXE . Later, interesting 
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new types of coding strategies were discovered, and extensions were made to AXE 
to be able to construct them. These new types of strategies will be discussed in the 
next chapters of this thesis. 

3.4 Subdividing squares using AXE 

3.4.1 Discrete shapes 

All M 1 x M 2 message pairs have the same probability of occurrence p (81, 82 ) 

J, J
2

• In a discrete strategy, subsets of the set of M 1 x M2 message pairs are also 
called shapes. The probability of occurrence of a shape in a discrete strategy is 

lSI 
p(S ) = L p (SJ ' Sz) = Ml Mz 

(e , ,ez )ES 

(3.2) 

where lS I is the number of message pairs in S. For the probabilities p (81IS ) and 
p(92 IS ) (see Eq. 2.4) on a discrete strategy we observe: 

(B·IS) = I{( E.J,E.z l E SIE., = Bd l 
P ' lSI 

(3.3) 

DEFINITION 3.2 (SHAPE ENTROPY IN DISCRETE CODING STRATEGIES) 

(3.4a) 
E.zEM z 

H(8zl81, S) = L p(81 = E.J!S)log l{9zi( E.J, 9z) E S)l (3.4b) 
L1E M1 

In a discrete coding strategy, the shape entropy of a basic 1 x 1 squares is equal 
to 0. All shapes larger than a basic 1 x 1 square in a discrete strategy tree will 
have positive shape entropies, the shape entropy of the 'root' shape (the M 1 x M 2 

rectangle) is (log M 1 , log Mz ). 
As in continuous strategies, shapes with high shape entropy are subdivided into 

shapes with low shape entropy; the difference must be accounted for by transmission 
of information. In a continuous coding strategy, the shape entropy of Eq. 2.6 is used; 
such strategies start subdividing in a shape with entropy 0 (the unit square). The 
shape entropy defined in Eq. 3.4 is used in discrete coding strategies: these stop 
subdividing in a shape with entropy 0 (the basic 1 x 1 square). 

3.4.2 Designing a subdivision 

After the global description of AXE in the previous section, the process of subdivid
ing shapes using AXE is described. We will use a BMC to elaborate the examples. 
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In Def. 2.3, a division of a shape S was defined only by S and the two channel input 
functions <hs, ¢ 2,5 . To perform the division, AXE takes the following steps: 

1. Determine the input message sets M 1 (S), M 2(S) of the shape S. 

2. Display the square representation of S. 

3. Prompt the user to enter the two channel input functions ¢ 1.s: MJ(S) ---1 X 1 , 

<l>2,s: M2(S) ---t X2. 

4. For each message pair (81, 82) inS: 

(a) Calculate the channel input symbols x1 = <l>t s(9t), x2 = <l>2,s(82l 
(b) Calculate the channel output symboly = tBMC(x1, x2) 
(c) Assign a color to the message pair (8 1,82) depending on y, and display 

it on the screen. 

5. PartitionS into subsets Sy of message pairs (81, 92 ) having the same y . 

6. Partition all non-connected Sy into their connected regions Sy ,o, Sy,l, ... , to get 
the set TI(S ). 

7. Compute the division rates I(8,;YI82,S),I(8z;YI8t,Sl of the division d(S) 
just performed. 

8. For every subshape Sy in TI(S) (which consists of only one connected region): 

(a) Normalize Sy. 
(b) Compute the input message set relabeling Z(9i, S, Sy) . 
(c) Check the shape database if Sy is already present, and create a new entry 

in the database if necessary. 
(d) Create a link between S and Sy, indicating 'Sy is a subshape of S' 
(e) Check if Sy was already subdivided. If not, call step 1 of this procedure 

recursively to subdivide Sy. The user is prompted for encoding functions 
<l>i,Sy ( 9d to subdivide Sy 

9. With all Sy E D(S) completely subdivided, the rate of the strategy tree starting 
at S can be computed. 

10. Check if there was already another division of S in the database. If there is, 
check whether the division d(S) just entered improves the rate of the strategy 
tree we are designing, and store the new division in the database if it is an 
improvement . 

The normalization and relabelling functions will be discussed later. In Fig. 3.5 
various steps of a subdivision in AXE are visualized. The upper left shape s• is 
part of a 5 x 5 strategy tree. The shapes are depicted in the way it is displayed on 
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Figure 3.5: Division d( S*) of a shape S* in AXE 

the screen. For each row and column, the user may enter the value of xi= 4>i.5(8 1 ). 
For instance: 4>1,5' (B) = 0, 4>z,5· (C) = 0, 4>1,5' (E) = 1. 

The shape S* is then partitioned into sets of message pairs having the same 
channel output symbol y = f(lP1,5(81), 4>z,5(8z)). We use the pair (B. B) inS* as an 
example: fTWC(4> 1.s· (B), 4>z,5· (B)) = 0. Also, the subsets having the same channel 
input symbol, are partitioned into connected regions. The final subdivision d(S*) of 
subdivides S* into 50,1, 50,2 and Sj. Compare this example also to Ex. 2.7. 

3.4.3 Shape similarity 

In Sec. 3.2.2, a second picture of the 4 x 4 strategy is drawn (Fig. 3.3) where similar 
shapes were removed, since the subtrees subdividing them were the same. By com
paring a shape to be subdivided with shapes already subdivided before, a lot of work 
can be saved. Similar shapes of a strategy tree can be joined together. The strategy 
tree becomes a directed acyclic graph (DAG), with only one leaf node since all 1 x 1 
shapes will be the same. To search the database for shapes already subdivided, we 
need to compare shapes with each other to see if they are similar. 

DEFINITION 3 .3 (SHAPE SIMILARITY) 

Two shapes P and Q are similar if and only if there are two permutations cr1 and cr2 

of their message sets such that: 

P Sim Q =?3cr1: MJ(P)---) MJ(Q), O'z: M 2{P)---) M 2 (Q) 

V(e~,ez) E P : (cr1{9J),cr2(92)) E Q (3 .5) 

V(E,~, E.z) E Q: (cr] 1{E,J), cr.21(E,z)) E P 
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Figure 3.6: These shapes are NOT similar! 

This means that two shapes are similar if they can be transformed into each other 
by permutation of row and columns, which is the same as relabelling their message 
sets. Permutation of rows and columns does not change the way a shape is subdi
vided . To check for shape similarity, we may have to look at a lot of permutations 
of the input message labels. In order to minimize search time in the database, a 
representation of a shape must be chosen to allow quick comparisons. 

The first shape representation which comes to mind is to store a shape using a list 
counting the number of message pairs per row p (811S )ISI and per column p (82IS)ISI. 
Using this representation, the shape in the left of Fig. 3.5 would be represented by 
[ ( 5, 2, 2, 1 , 1 ), ( 5, 2, 2, 1 , 1 ) ]. This representation is obviously not unique. It does not 
store the dependence between 81 and 82 , and therefore unsimilar shapes get the same 
representation. 

The second representation looks at the uncertainties between message pairs and 
their neighbors: for each message pair (81 , 82) E S the pair [p(8JIS)ISI ,p(82IS)ISIJ 
is calculated. A shape is now represented by a list of triples, where each triple 
(x , 1.!, z) means that the pair [x,1}] occurs z times in S. The left shape in Fig. 3.5 is 
represented by [(5, 5, 1), (5 , 2, 2), (2, 5, 2), (2, 2, 2), (5, 1, 2), (1, 5, 2)]. 

However, the second representation is also not unique. In Fig. 3.6, two shapes 
are displayed for which both representations yield the same value. Yet, the two 
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shapes are not similar, if we look at the bipartite graph representation. 

DEFINITION 3.4 (GRAPH REPRESENTATION OF A SHAPE) 

A shape S can be represented by a bipartite graph Gs in the following way: the set 

of vertices of Gs is represented by the set M 1 (S) u M 2 (S) (where the intersection of 
M1 (S)) and Mz(S) is empty, so the graph has IM1 (S)I + IMz(S)I edges) . An edge 
between vertices 81 and 82 exists if (81! 8z) E S. 

THEOREM 3 .5 (THE GRAPH OF A SHAPE $ IS BIPARTITE) 

A graph Gs as defined above is bipartite. 

Proof. We can divide the set of edges into two disjoint sets, one set representing 
the messages of terminal 1 , the other set representing the messages of terminal 2. 
Since two message from the same terminal cannot be a message pair in S, all edges 

are between these two sets of vertices, hence Gs is bipartite. • 

COROLLARY 3 .6 (SHAPE SIMILARITY IS EQUIVALENT TO GRAPH EQUIVALENCE) 

Two shapes are similar ¢::> their corresponding bipartite graphs are equivalent 

Graph equivalence is known to be a hard problem. For general graphs, equivalence 
can only be shown by considering all possible permutations of the vertex set of one 
graph, to find one which maps the first graph on the second. The number of possible 

permutations grows exponentially with the number of vertices in the graph. 
For special types of graphs, the graph equivalence problem is much easier. Un

fortunately, this is not the case for general bipartite graphs. In Fig. 3.6, the bipartite 
graphs of the two shapes are also drawn. It is easy to see that these graphs are not 
equivalent. Therefore, the two shapes in Fig. 3.6 are not similar. 

In the shape comparison routine in AXE , the size of the shape lSI, representing 
the number of message pairs inS, is used to check similarity between shapes. If sizes 
are equal, the two representations discussed in this section are used to make a further 
selection of possible similar shapes. If the representations do not match, the shapes 
are certainly not similar. If they do match, a permutation of the input message 
labels must be found. In the next section, a standard input message labelling of a 
shape is presented. By labelling the messages of the shapes in a standard way, they 
can be checked for similarity. 

3.4.4 Normalization 

Normalization of a shape assigns a standard input message labelling to it . Normal
ization is needed to be able to check similarity between shapes, without having to 
check all permutations of the input message labels. 

The input message sets M;,(S) of S are computed, and the messages are simply 
labelled 0,1, . .. (or A,B, ... ) . The order in which the labels are assigned depends 
on the probability of occurrence p(8;,1S) of a message 9;, inS. 
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Figure 3. 7: Normalization of shapes 

DEFINITION 3. 7 (NORMALIZED SHAPE) 

A shape S is called normalized if the messages ei in the input message sets Mi ( S) 
are labelled in order of decreasing p(8iiS). 

If on terminall for some 81, l..1 E M1 (S), p(81IS) = p(l..1IS), the tie in the ordering 

is resolved by computing L(e
1
,e

2
)ESp(8ziS) and LtE.

1
,e

2
)ESp(8ziS). For terminal2, 

ties are solved in a similar way. No empty rows or columns are present in the square 
representation of a normalized shape: the associated messages are not part of the 
input message set anymore. As a side effect, the message pairs in a normalized 
shape are concentrated in the 'top left' part of the square. 

3.4.5 Relabellings 

Grouping together equal subtrees in different parts of a strategy tree causes paths 
through different parts in the strategy to end up in the same shape. This and 
the removal of empty rows and columns in a shape makes it necessary to store 
information about the relabelling between the input message sets of shapes. 

If a message 81 of terminal 1 has label z1 in shape S, a different label z'1 may be 
assigned to it in the normalized subshapes Sy after the division of S. In order to keep 
track of a given message 8 1 through different relabelling which might occur during 
a strategy, the relabelling function Z(8 1, S, Sy) = z'1 of the message labels between 
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S and its 'relabeled' subshape Sy is used. This function is stored together with the 
subdivision of S. 

The 1 x 1 shape in the leaf of a discrete coding strategy is handled in a special 
way. If the 1 x 1 shape is subshape of a shape S, both sides know the message pair, 
and also the label of the other message in S is known. In order to find the initial 
label of 83_ 1 , the path through the strategy tree is traced back to the root, applying 

the inverse of the message relabellings. 

EXAMPLE 3.8 (NORMALIZATION AND RELABELLING) 

An example of the normalization process and the relabelling involved is given in 
Fig. 3. 7, which is part of a 8 x 8 strategy. The leftmost shape is subdivided into a 
lighter shape and a darker shape. The normalization process cuts out the empty rows 
and columns from the lighter shape, and rearranges the darker shape such that most 
of the message pairs are situated in the top left part. For example the message pair 

(A,C) is mapped onto (C,B) in the next shape. The message pair (E,D) is mapped 
onto (B,E). In Fig. 3.5, the example of the 'complete' division of S*, these mappings 

are also included. 

3.4.6 Rate and depth of discrete strategy trees 

The next definitions for strategy trees can be applied to any shapeS, since any shape 
is the root of a tree of subshapes subdividing S. 

DEFINITION 3.9 (DEPTH OF A TREE) 

The depth of a tree subdividing S is the maximum number of transmissions needed 

to send one message pair in S. 

D(S) = {

0

max D(Sy) + 1 
SyED(S) 

if lSI= 1 

if lSI > 1 
(3.6) 

DEFINITION 3.10 (AVERAGE NUMBER OF TRANSMISSIONS IN A DISCRETE TREE) 

This definition is obtained from Eq. 2.46, using Eq. 2.40. We only need to count 
the message pairs in each shape, since every message pair occurring in a shape in a 
strategy tree represents one transmission. 

= {0 L l~llw(Sy) + 1 
SyED(S) 

if lSI= 1 

if lSI > 1 

where N(S) denotes the set of all nodes in the strategy tree of S. 
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In AXE , the number of transmissions is evaluated recursively, using Eq. 3.8. 
AXE considers each shape S to be the root of a tree subdividing S. Therefore it 
is quicker to calculate the number of transmissions needed for the smaller shapes 
first : this allows to reuse results obtained earlier. The strategy tree is traversed 
bottom-up or depth-first in this way. 

DEFINITION 3.11 
The total number of transmissions needed to send each message pair in a shape S 
once is denoted by 

#(S) = ISiw(S) (3.9) 

The notation #(S) was introduced in [Lig83]. It is used in pictures of strategy trees, 
to avoid using real numbers denoting w(S ). To compute #(S), you simply count all 
squares appearing in the picture of the complete strategy tree. 

DEFINITION 3 .12 (RATE OF A DISCRETE CODING STRATEGY) 
This definition is similar to Def. 2.26 and Eq. 2.51. In a discrete coding strategy, a 
shape S is subdivided up to basic 1 x 1 squares (which have entropy 0 by definition). 
Therefore, vd S) = H;(8;l83-i, S), since all information in S is transmitted. 

K (S) = Hd8il83 -i• S) 
' w(S) 

(3.10) 

Using the Tolhuizen construction Thm. 2.29 , it can be proven that the rate pair 
of a discrete coding strategy (which is a V0(n ) tree) is operationally achievable. 
Therefore, the set of rate pairs obtained by discrete coding strategies is included in 
the set of achievable rate pairs of two-way codes [Sha61], the capacity region e. 

3.4. 7 Comparing divisions 

Suppose we are constructing a strategy tree T for a M 1 x M 2 rectangle. Somewhere 
in this coding strategy, a shape S occurs, for which a division d(S) exists. A new 
division d*(S) is designed for S. 

DEFINITION 3.13 (COMPARISON OF DIVISIONS) 
A division d * ( S) is an improvement of d ( S) in the ( M 1 x M2 ) strategy tree T if the 
rate sum improves: 

Rl ,ct (Sl (T) + Rz,ct(Sl(T) ~ Rl, ct·(SJ (T) + Rz, ct· (s)(T) 

Here, Ri,d(Sl (T ) computes the rate of T using division d( S). 

THEOREM 3.14 (RATE IMPROVEMENT IN DISCRETE STRATEGIES) 

(3.11) 

The rate of a discrete strategy is improved if a division d( S) is substituted by d * ( S) 
for which Wct(s1(S ) > Wct ·(s) (S) (You only need to look at the subtrees of S, not at 

the complete strategy) . 
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Proof. Since a discrete coding strategy subdivides every shape up to basic rect
angles, the average amount of information transmitted does not change. In order 
to improve the rate, the average number of transmissions needed must be lowered. 
Work out the rate of the overall strategy which subdivides the M 1 x M2 rectangle 
two times, the first time using d(S), the second time using d*(S). 

logMi 
Ri,ct(SJ(T) = (T) 

Wct(S) 
(3.12) 

logMi 
Ri,ct·(sl(T) = (T) 

Wct•(S) Wct(s)(T)- p(S)wct(Sl(S) + p(Slwct·(sJ(S) 
(3.13) 

Since Wct•(sJ(S) < WctisJ(S), the denominator is lowered. Lowering the average num
ber of transmissions improves the rate of the strategy tree in both directions. • 

3.5 Using AXE to construct discrete coding strategies 

Using AXE discrete coding strategies have been constructed for M = 2, 3, ... , 40, 
They are listed in Tab. 3.2, which can be found at the end of this chapter. As an 
example of how a large coding strategy looks like, the 8 x 8 strategy is presented. 

EXAMPLE 3.15 (A COMPLETE DISCRETE STRATEGY TREE) 

In Fig. 3.8, Fig. 3.9 and Fig. 3.10, the complete strategy tree for subdividing the 
8 x 8 square is shown. In Fig. 3.8, all14 divisions present in the coding strategy are 
listed. Fig. 3.9 shows how a coding strategy tree is constructed using the divisions 
in Fig. 3.8. A C-shape is obtained when an 1-shape is divided by an inner bound 
division, like the way shapes nr. 28 and 10 are divided: this results in a smaller 
1-shape and a C-shaped region (the Cis rotated 45 degrees). The resulting C-shapes 
are shapes nr. 27 and nr. 11, respectively. The normalization process destroys the 
C-shaped appearance. Noteworthy is the division of shape nr. 27 into shapes nr. 
26 and nr. 20, which is explained in Fig. 3.7 (the normalization example), and the 
division of shape nr. 26, which subdivides it into 7 new shapes. Shapes with the 
same appearance of nr. 26 will be called 7-shapes 

The overall rate of the 8 x 8 tree is 0.60188 bpdt. Finally, Fig. 3.10 shows the 
resulting channel output sequences. The shadings in this figure indicate the number 
of transmissions needed to transmit this pair, and the numbers the resulting channel 
output symbol sequence '!Jt. More examples of coding strategies are given in App. A. 

In order to be able to have different people working with AXE , each creating 
their own database of divisions, a possibility to merge shape databases was created. 
The divisions of the second database are presented to the program as a series of 
new divisions, as if the user had entered them. For each of the new divisions, the 
program checks whether it is an improvement to the divisions in the first database. 
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Figure 3.8: 8x8 strategy, R = 0.60188 
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Figure 3.9: Tree structure (DAG) for 8 x 8 square 

Figure 3.10: Output sequences of 8 x 8 square 
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Figure 3.11: Rate R of discrete strategies for different M 

The original plan was to distribute AXE to have many people design coding 
strategies. One of the design criteria was the program being easy to use for people 
with no information theoretic background: a nice computer puzzle. Several people 
used the program to design coding strategies with it. Erik Meeuwissen improved 
the already known strategies forM= 14, 15,16,21 (Mee92], and the students of the 
Advanced Information Theory course did M = 19 as an exercise. 

3.5.1 Results 

Some of the strategies found with AXE were already designed before using the 
pencil and paper method, like the coding strategies of Judith van der Leur [vdL84] 
for M = 2, 3, ... , 17. They were useful to test drive AXE . The values of M for 
which no better coding strategies were found are marked in the table. The rest of 
the strategies were made (or improved) using AXE . 

In Tab. 3.2, the following columns are present: the size M of the square to be 
subdivided, the number of transmissions #(M x M) = M 2w(M x M) needed in 
the best strategy to send every of the M x M message pairs once, the depth of the 
strategy, the average amount of information transferred per message pair, the rate 
of the best found strategy and the rate of the best found strategy when the input 
message distribution is optimized (more about optimization in Sec. 3.6.2) 

The results are also plotted in Fig. 3.11. For the 'binary' cases , the best results 
are 0.60188 for the 8 x 8 strategy, 0.61025 for the 16 x 16 strategy (a picture of this 
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0 1 1 1 1 1 0 0 1 1 1 1 0 0 0 0 
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1 0 0011 0010 000 
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1(8, , yl8z, S) = 0.60348 w(S) = 4.0256 1(8,, yl82 , S)) = 0.61538 w(S) =4.1282 

Figure 3.12: Greedy search does not work 

strategy is given in Fig. A.9), and 0.61134 for the 32 x 32 strategy. The current 
record is held by the 31 x 31 strategy, with a rate of 0.61164. 

The rate of discrete coding strategies increases very slowly for higher values of 
M, but will finally converge to the capacity region e of the BMC [v091]. The local 
minima in Fig. 3.11 are caused by changes in the depth d of the strategies: deeper 
(more complex) strategies have better rates . Local minima occur when the optimal 
discrete strategy for a given M does not 'fit' well on the M x M grid imposed on 
the unit square. Usually a jump in the rate occurs after a jump in the depth of a 
strategy. The rate decreases slowly for values around 40, it is conjectured that a 
further increase in the strategy depth is necessary. 

3.6 Final remarks on discrete strategies 

3.6.1 Automatic generation of coding strategies 

In Sec. 2.8.1, it was argued for a computer search for strategies, all possible strategies 
have to be checked. Due to the large number of possible strategies, this requires an 
enormous amount of computer time. 

For a computer search to be manageable an algorithm which does not search the 
complete space of possible coding strategies would be welcome. Therefore, a local 
optimization rule, which provides the 'optimal' division of a shape S, without having 
to compute all possible strategy trees of S must be found . 

An example of a local optimization rule is to choose the division of S which 
offers the highest division rate !(81; Yl8z, S) as (locally) optimal division . However, 
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in Fig. 3.12, two divisions of shape nr. 28 in the 8 x 8 strategy are shown to 
demonstrate that this does not work. On the left, the division which is part of 
the 'optimum' strategy tree is displayed (see Fig. 3.8), on the right the division 
with the best division rate is displayed. For every message pair in the shape, the 
channel output symbol sequences of the strategy trees belonging to the sub-shapes is 
displayed. The division with a higher division rate results in a coding strategy which 
is worse: the average number of transmissions per message pair w(S) is higher. 

As soon as a division with a high division rate (an outer bound division) is 
possible, it is selected by this greedy algorithm. However, the resulting sub-shapes 
require low-rate inner bound divisions inner bound division. The rate of a coding 
strategy is not only influenced by the division rate of a particular division, but also 
by the rate which can be obtained in the remaining sub-shapes of such a division. 
Sometimes it is worthwhile to pay a small penalty in a division in the beginning of 
a strategy, to obtain sub-shapes which can be divided at much higher division rates. 

It must be noted that no method of determining whether a given coding strategy 
is optimal, other than a 'proof' by exhaustive search on all possible strategies has 
been found yet. Due to the large number of possibilities (Eq. 2.72), exhaustive search 
is an impossible task. 

3.6.2 Optimizing discrete strategies 

In a discrete coding strategy, the probability distribution of the messages e, is 
uniform. The rate R of the strategy can be slightly improved by optimization of 
the probability distribution of e,. In order to do this, the discrete coding strat
egy for the M x M square is put back a 1 x 1 unit square. The thresholds ao = 

0, a 1, a 2 , .. aM-l, aM = 1 defining the message intervals, which were integers in the 
discrete coding strategy, take real values on the [0, 1) interval again, and become 
optimization parameters to optimize the distribution of the messages e,. 

In this way, the optimal input message distribution for a coding strategy is found. 
In the discussion of the Hagelbarger code (Sec. 2.1), such an input distribution 
optimization was already performed. Discrete coding strategies for which the input 
distribution is optimized, can be viewed as strategies subdividing the unit square 
using variable thresholds. 

However, there are some differences. In a general, continuous coding strategy 
subdividing a unit square, all channel input symbol function sets (the possible code
words for a coding strategy) are taken into account. Therefore, there will be IXnl- 1 
optimization parameters. In an optimized discrete coding strategy, only the channel 
input symbol function sets already appearing in the discrete coding strategy take 
part in the optimization process. This means that the some of the thresholds avail
able in the general coding strategy are fixed at 0 or 1 by the discrete coding strategy. 
No extra thresholds are added, only the width of a complete column or row may 
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Figure 3.13: Optimizing discrete strategies 

be changed. This usually means that there are less optimization parameters in an 

optimized discrete strategy, than in a 'continuous' coding strategy. 

In Fig. 3.13, some examples of such an optimization are given. It is clear from this 
figure that the optimum depends on the distribution of the message pairs requiring 

few transmissions over the messages square. Both the left and the right example are 
generated using the same set of shape divisions! The differences are caused by 

the possibility to define more than one mapping (shape relabelling) between a shape 
and its normalized version: see Def. 3. 7. 

The technique of using a discrete coding strategy as a basis for a continuous 
coding strategy subdividing the unit square looks promising. The discrete coding 
strategy may already have eliminated thresholds which contribute nothing to a good 

continuous coding strategy. It can provide a way to reduce the number of opti
mization parameters. However, a method must be found which provides the best 
Relabellings in a discrete coding strategy. From the examples, it seems the best 
results can be obtained by trying to put message pairs that require the same number 
of transmissions together in the same row or column. 

In Tab. 3.2, which contains all results on discrete coding strategies, rates for 
strategies optimized in this way are included. These values were found by optimizing 
only one strategy: the version which was generated by the AXE program. No effort 
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Table 3.1 Finite state machine for 4 x 4 strategy 

Input symbol x Next state, 83-i 

State A B c D 
-y=O -y=O -y= 1 
x=O x=1 x=1 

6 0 7 7 2 
7 0 0 8a 8b 4a 

8a 0 1,A 1,A 1,A 
8b 1,C 1,D 
4a 0 1,A 1,B 1,A 
2 0 5 5 3 
5 0 1,B 1,D 4b 

4b 0 1,B 1,C 1,B 
3 0 4c 4c 1,D 
4c 0 1,C 1,D 1,C 

was done to find the best relabeling, except for the two examples given in Fig. 3.13. 

3.6.3 Implementing discrete strategies 

Discrete strategies are easy to implement. A finite state machine can be used to 
construct a strategy encoder/decoder pair. In Tab. 3.1, a description of a finite 
state machine for the 4 x 4 strategy is given. Both terminals use the same finite 
state machine. The state numbers correspond to the shape numbers mentioned in 
Fig. 3.2. The machine has -y and ei as input symbols and xi as output symbol. The 
output symbol xi (channel input symbol) is a function of the state and ei, the next 
state is determined by ei and 1J . 

The initial state of the finite state machine for the 4 x 4 square is state 6 (the 
4 x 4 shape). In each state transition, a transmission is made on the channel. If the 
finite state machine reaches state 1 (the 1 x 1 square), it stops, and this instance of 
the strategy is finished . Both ei and 83-i are now known to each terminal. For the 
next message pair to transmit, the machine is put in its initial state (state 6, the 
4 x 4 square) again. 
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Table 3.2 Rates of discrete coding strategies 

M #(M x M) Dpt vi.(M x M) R(M x M) Opt 
2* 7 2 1.0000 0.57142 0.59305 
3t 24 3 1.5850 0.59436 0.61075 
4t 54 4 2.0000 0.59259 0.60304 
st 98 5 2.3219 0.59233 0.59896 
6t 157 5 2.5850 0.59273 0.59908 
7§ 230 6 2.8074 0.59809 0.60450 
8§ 319 6 3.0000 0.60188 0.60490 
9'i 427 6 3.1699 0.60132 0.60414 

10, 552 7 3.3219 0.60180 0.60547 
11§ 690 7 3.4594 0.60665 0.60962 
12§ 848 7 3.5850 0.60877 0.60988 
1311 1029 7 3.7004 0.60775 0.60866 

14** 1227 8 3.8074 0.60818 0.60946 
15** 1445 8 3.9069 0.60834 0.61002 
16** 1678 8 4.0000 0.61025 0.61264 

1711 1934 8 4.0875 0.61079 0.61164 

18 2214 8 4.1699 0.61023 0.61124 

19 2514 8 4.2479 0.60998 0.61060 

20 2834 8 4.3219 0.61001 0.61119 
21 •• 3172 8 4.3923 0.61066 0.61156 

22 3534 9 4.4594 0.61074 0.61179 

23 3915 9 4.5236 0.61123 0.61248 

24 4321 9 4.5850 0.61119 0.61252 

25 4747 9 4.6439 0.61142 0.61204 

26 5199 9 4.7004 0.61117 0.61216 

27 5673 9 4.7549 0.61102 0.61186 

28 6170 9 4.8074 0.61085 0.61151 

29 6687 9 4.8580 0.61097 0.61179 

30 7228 9 4.9069 0.61099 0.61179 

31 7784 9 4.9542 0.61164 0.61247 

32 8375 10 5.0000 0.61134 0.61205 

33 9007 10 5.0444 0.60990 0.61062 

34 9632 10 5.0875 0.61058 0.61124 

35 10284 10 5.1293 0.61099 0.61152 

36 10961 10 5.1699 0.61113 0.61192 

37 11671 10 5.2095 0.61107 0.61160 

38 12406 10 5.2479 0.61083 0.61149 

39 13165 10 5.2854 0.61064 0.61146 

40 13936 10 5.3219 0.61101 0.61180 

*D.W. Hagelbarger [Sha61] tJ.P.M. Schalkwijk lH.D.L. Hollman §K.A. Post, and L.G.T .M. 

Ligtenberg "~L.G.T.M . Ligtenberg IIJ.C.J.J. van der Leur **H.B. Meeuwissen 



4 
Discrete save-up strategies 

In the previous chapter, discrete coding strategies were discussed. No strategies 
having rate pairs beyond the Shannon inner bound have been found. The rate pairs 
of discrete coding strategies strategies do not converge quickly to the border of the 
capacity region e, when their depth is increased. In this chapter, a new type of 
discrete coding strategies will be introduced, with rate pairs that converge more 
quickly to the capacity region boundary: the save-up strategy. 

4.1 Observations on discrete coding strategies 

In the final transmissions of discrete coding strategies, small shapes are subdivided. 
Some of these small shapes may offer good divisions (the division of the length-2 
L-shape (nr. 4) has a division rate pair of (0.66667, 0.66667)). There are also small 
shapes which do not offer good divisions; they contribute to the overall rate pair of 
the strategy in a negative way. They also cause the slow convergence to the capacity 
region of discrete coding strategies: if the depth of a coding strategy is small, the 
final divisions have a large influence on the overall rate pair of the strategy. 

An example of such a bad shape is the strip: a 1 x M 2 or M 1 x 1 rectangle. A 
strip appears when terminal i is already sure of the message 93 -i. sent by the other 
party, while there is still uncertainty between two or more messages 9;, at terminal 
3- i. Such a strip can only be divided with time-sharing at a rate not better than 
0.5 bpdt: the information is flowing in one direction only. Especially the domino 
(the 2 x 1 shape) appears often. The 3 x 1 strip is even worse: it has a division rate 
pair of (R1, R2 ) = el~g 3 , 0), the average rate per direction is 0.47549 bpdt. 

In order to design 'good' strategies, strips must be avoided as much as possible. 
One might try to prevent the appearance of strips in a coding strategy. This may lead 
to complex subdivisions resulting in a large number of subshapes, like in Fig. 3.8. 
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Figure 4.1: Saving up dominos in 4 x 4 strategy, R = 0.6 

Do not divide bad shapes 

Another solution to the problem is simply not to divide strips. Not transmitting the 
information in a domino means that the rate pair of the overall strategy improves: 
the average information transferred by the strategy dividing S is decreased by Jir 
bits, but the average number of transmissions needed to transfer the information 
also decreases by Jir. 

EXAMPLE 4.1 (SAVING UP DOMINOS) 

In Fig. 4 .1, the 4 x 4 strategy from Sec. 3.2 is shown again. Transmission of all 
16 possible message pairs will transfer 32 bits of information per direction, the 
transmission rate is 0.59259 bpdt in the equal rate point. The domino shape in this 
strategy is cancelled: it is not transmitted anymore. The domino shape occurs two 
times on the 4 x 4 strategy. Omitting the dominos saves 1 transmission for 4 of the 
16 message pairs. The average number of transmissions per message pair drops to 
fG * 4 + fG * 3 + tG * 2 = ~ . Omitting the transmission in a domino also means 
that one bit of information will not be transferred in one direction. Therefore, the 
average amount of information transmitted per strategy instance drops from 2 to 

{i * 2 + fG * 2 + fG * 1 = ~ bits. The total transmission rate of the new strategy is 
~ = 0.6 bit per transmission per direction. 
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4.2 . WHICH SHAPES TO SAVE UP 

Now it is apparent that saving up bad shapes like strips will give large improvements 
in rate, the following questions arise: 

• For which types of shapes is save-up possible? 

• What are the implications for calculation of the rate? 

• Is it necessary to subdivide shapes in a different way than in a discrete coding 
strategy? 

• What will be done with the information in saved-up shapes? 

4.2 Which shapes to save up 

The save-up method can be generalized to saving up every sub-shape S of a coding 
strategy. The following theorem shows whether it is useful to save up a particular 
shape S or not (see also [Mee93]): 

THEOREM 4.2 {SAVE-UP PRINCIPLE) 

A rectangular shape S occurring in a tree subdividing rectangular shape T of size 

M 1 x M 1 square can be saved up such that the rate of the resulting strategy improves, 

if and only if the rate of subdivision of this particular shape S is lower than the rate 

of the subdivision ofT itself 

Proof. Have a non-empty shape S with RdS) ~ RdT). Then, from Eq. 3.10: 

logMi >- H(8i/83-i,S) = R·(S) (4.1) 
w(T ) "" w(S) ' 

-p(S)w(T)H(8d83- i, S) ?: -p(S)w(S) log Mi ( 4.2) 

w(T) logMi- p(S)w(T)H(8d83-i, S) ?: w(T) logMi -p(S)w(S) logMi (4.3) 

Since S is a sub-shape of the (M1 x Mz) root shape ofT, H(8i/83_i, S) ~ log Mi, 
and w(S) ~ w(T). 

log Mi- p(S)H(8i/83-i , S) >- log Mi 
w(T) - p(S)w(S) "" w(T) 

R~(T) :;:?; Ri(T) 

( 4.4) 

( 4.5) 

Therefore, R(T) :;:?; R( S) ¢:? R' (T) :;:?; R(T ), where R' (T) is the rate of the tree with 
save-up applied. • 

The save-up theorem can be applied to any shape S in any strategy tree T 
We restrict ourselves to rectangular shapes, for reasons which will be discussed 
in Sec. 4.5, where the processing of saved-up information is discussed. Saving up 
rectangular shapes means that only uncorrelated information is saved up. This 
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Figure 4.2: Discrete 4 x 4 save-up strategy, R = 0.6052053 

information can be treated by the terminal in the same way as information which 
has not been transmitted before. 

Discrete coding strategies are examples of V0 (n) trees (variable length trees 
ending in equal-sized basic rectangular shapes). The save-up strategies presented 
here are examples of V0 (n) trees. If the restriction to save up only rectangular 
shapes is dropped, the resulting trees will be examples of V(n) trees. See Sec. 2.6.1 

for descriptions of the various trees. 

EXAMPLE 4.3 (SAVING UP THE 4 X 4 STRATEGY) 

The save-up strategy for the 4 x 4 square is depicted in Fig. 4.2 . The only difference 
with the strategy of Fig. 4.1, is the additional save-up of the 3 x 3 sub-shape. The 
rate of the 3 x 3 sub-shape was 0.59436, so saving up this sub-shape improves the 
overall rate. Since the 3 x 3 shape (nr. 2) is saved up, the 2 x 2 shape (nr. 3) and 
the length-3 1-shape (nr. 5) are not needed anymore in this strategy. 

4.3 Changes to the rate calculation 

DEFINITION 4.4 (THE OVERALL STRATEGY TREE) 

The strategy tree T to which the save-up method is applied will be called the overall 
strategy tree. This strategy tree usually subdivides an M 1 x M2 square. The overall 
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4.3. CHANGES TO THE RATE CALCULATION 

strategy tree and its overall rate R(T) will play an important role in the computation 
of subtree rates RdS) of shapes S in T. 

4.3.1 How to save up a tree 

In the previous section, it was shown that saving up a rectangular shape with a bad 
subtree (a subtree with a rate less than the rate of the strategy tree) always improves 
the rate of the tree. 

In a discrete strategy tree T, each rectangular shape is a possible save-up shape. 
To find the best save-up tree given the divisions in a discrete strategy tree, the 
condition of Thm. 4.2 must be checked for all possible save-up shapes in bottom-up 
order. The strategy tree T is traversed depth-first: shapes close to the leaves are 
examined first. 

The following procedure is used: 

1. Given a discrete strategy tree T. Let k = 0, Ri0l (T) = Ri(T) (the overall rate 
of the discrete strategy tree we start with). Let S(0l(T) = {(1 x 1)} be the set 
of saved-up shapes in T. 

2. Traverse the tree ofT 'depth-first' 

3. For every shape S in T, check the following: 

(a) Does S(kl (T) not contain a shape similar to S? 

(b) Is S a possible save-up shape (a rectangle)? 

(c) Is R\kl(S) + R1kl(S] < R\kl(T] + R1kl(T]? 

4. If S passes the three tests above: 

(a) S becomes a member of the save up set S(k+ll(T] = S(kl(T] U {S}. 

(b) Compute Rik+ll(T) using S(k+ll(T] as save-up set. All shapes similar to 
S in T will now also be saved up. 

(c) Repeat the whole procedure for k = k + 1 , starting from step 2. This 
means that the whole tree is traversed again. 

5. If no new S was saved up: save-up set and rate pair of the best save-up tree 
are S(T) = S(kl(T) and R~(T) = Rikl(T), given the divisions in the discrete 
strategy tree T. 

This procedure will find the best possible save-up tree, given a discrete strategy 
tree. To prove this, we will use induction on the depth D ( S) of a subtree of a shape 
S we may want to save up. 

For D(S) = 2, we first visit all subshapes Sy E D(S). These subtrees all 
have D(Sy) :::::; 1. A tree with depth 1 has only one division with division rate 
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I(8i;YI83-i,Sy)- This division must be carried out, even in a save-up tree of Sy 
Therefore, (I(8i; Y[8 3 i> Sy), I(8i; Yl83 -i> Sy)) is the best possible rate pair of the 
subtree of Sy give the divisions of in the discrete strategy tree, and is compared 
with the overall tree rate pair Rfkl (T) . As a result, some Sy may be saved-up, this 
increases the rate of the subtree of S. The division of S itself must be carried out in 
any save-up tree of S. In this way, the maximal rate pair R'(S) in the save-up tree, 
given the divisions in the discrete tree, is obtained to compare to Rfkl(T)). 

For D(S) = n, we first visit all subshapes Sy E D(S). Using induction, we know 
that every Sy had 0 ( Sy) ~ n - 1 and R' ( Sy) is maximal, therefore the rate pair R' ( S) 
is also maximal, before it is compared to the rate pair Rfkl (T) . 

In this way, we know that the rate of the subtree of each saved-up shape was the 
best possible rate of that subtree, even when save-up was taken into account inside 
this subtree. 

DEFINITION 4.5 (THE SAVE-UP SET OF A TREE) 

The set S (T) consists of all shapes Sin a strategy tree T which are saved up, because 
Thm. 4.2 holds for S: 

S E S (T) {::} R' (S) ~ R'(T) and S is rectangular (4.6) 

A shape which is saved-up automatically becomes a leaf of the save-up strategy 
tree: no further information in this shape is sent. Therefore, the save-up set S (T ) 
is equivalent to the set of leaves of he save-up tree. The set of all shapes in T is 
the union of S (T) and N(T) (the set of all nodes in T). S(T) always has at least 
one member, even for a discrete coding strategy: the 1 x 1 shape. If a shape S of 
T belongs to the save-up set S(T), then also all shapes in T similar to S belong to 
S(T), where similarity is defined as in Eq. 3.5. Similar shapes will have the same 
optimal division in the t ree, and therefore the rate of subtrees subdividing similar 
shapes is also the same, which means that they also will be saved-up. 

4.3.2 Calculating the rate of a discrete save-up strategy 

DEFINIT ION 4 .6 (AVERAGE NUMBER OF TRANSMISSIONS IN A SAVE-UP TREE) 

When counting the number of transmissions in a save-up tree, we do not count trans
missions in saved-up shapes anymore ( cf. Eq. 3. 7). The number of transmissions in 
a tree is calculated recursively in AXE . 
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(4.7) 
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4.4. SAVE-UP STRATEGIES NEED DIFFERENT DIVISIONS 

DEFINITION 4. 7 {AVERAGE INFORMATION TRANSMITTED IN SAVE-UP TREE) 

In discrete coding strategies, it was not necessary to calculate the average information 
actually transmitted by the strategy for each message pair, since every shape was 
subdivided up to the 1 x 1 shape. Therefore, the average information per message pair 
was vdT) =log Mi . However, in a save-up strategy, there may be more information 
in a leaf shape (a member of S(T)), which is not transmitted. 

= L p(Sk)I(8i; Yl83-i, Sk) 
SkE:N(T) 

v~(S,T)={O' ~v'(S T)+I(8··YI83 · S) 
L lSI ' Y• '' -'> 

SyE2l(S) 

DEFINITION 4.8 (RATE OF A SAVE-UP TREE) 

if S E S(T) 

if S (j_ S(T) 

(4.9) 

{4.10) 

( 4.11) 

The rate of a strategy tree T is the average information transmission rate at which 
a message pair is transmitted. It is defined in each of the two directions in which 
information is transferred. The rate R~(S, T) denotes the rate of the subtree of S 
inside the tree T . 

( 4.12) 

{4.13) 

Since save-up strategies are V0 (n) trees, it can be proven that a two-way code with 
vanishing error probability, achieving the rate pair of a save-up strategy exists, using 
the Tolhuizen construction Thm. 2.29. Therefore, the set of rate pairs obtained by 
save-up strategies is equal to the set of achievable rate pairs of two-way codes [Sha61], 
the capacity region e. 

4.4 Save-up strategies need different divisions 

Because the rate of save-up trees is computed in a different way compared to discrete 
strategies, the subdivisions in a save-up tree may also differ. In the divisions of 
save-up trees, it is not necessary anymore to prevent the creation of strips and small 
rectangles, since these can be saved-up, and transmitted at the rate of the strategy 
itself. Therefore, the best save-up strategy for given message set sizes M 1 and M 2 

is not necessarily the best discrete coding strategy for these message set sizes with 
the save-up method applied to it. 
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Figure 4.3: 'Saving up' a 5 x 5 strategy 

In the 5 x 5 strategy in Fig. 4.3, the first division separates the 5 x 5 square into 
an 1-shape (nr. 10) and a 3 x 3 square (nr. 2) . The 1-shape itself is divided into 
a smaller 1-shape and a C-shape (nr. 11) . The C-shape is divided into 3 smaller 
1-shapes. When applying saving up to this strategy, only the 3 x 3 square can be 
saved up, resulting in R = 0.59167. 

In another discrete coding strategy however, shape nr. 10 is divided into two 
small 2 x 2 squares and a 3 x 3 square where the bottom right message pair fails 
(nr. 12). Actually, the rate of this strategy is the same as the originalS x 5 strategy: 
0.59303 bpdt. When applying save-up to this modified strategy, the 3 x 3 shape, two 
2 x 2 shapes in shape nr. lOb and two dominos and a 2 x 2 squares in shape nr. 12 

are saved up, resulting in a higher rate: R = 0.60783 . 
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4.5 Processing the save-up information 

In the previous sections, we described how the save-up method improves the rate 
of a strategy. One important problem has yet to be solved: how is the save-up 
information transmitted? Each time it turns out that the message pair (81 , 82 ) 

being transmitted is situated in a shape which is to be saved-up, each terminal 
registers how much information it still has to send and to receive. Both terminals 
can keep track of the amount of information saved-up at each terminal. A save-up 
resolving message is generated once there is enough save-up information available at 
each terminal for an additional message pair (at least log(Md bits are saved up). 

The save-up resolving message pair is transmitted using the strategy itself, like 
an ordinary message pair, and it may even be saved-up again. In this way, the 
information that is saved-up is transmitted with the rate of the overall strategy. 
The information received from the transmission of the save-up resolving message is 
used to fill in the missing parts of the message pairs where save-up occurred. This 
procedure can be repeated over and over again. 

If communication ends, it may be necessary to transmit saved-up information 
remaining at each terminal using a normal discrete strategy, or even using time
sharing. Some rate loss will be introduced, due to the processing of the 'tail' bits. 
The (bad) influence on the rate due to processing the tail bits can be decreased by 
transmitting large blocks of information messages. 

EXAMPLE 4.9 (RESOLVING SAVED-UP DOMINOS) 

For this example, we use the 4 x 4 strategy where only dominos are saved up 
(Fig. 4.1) . In Fig. 4.4, the domino save-up strategy is used to transmit 12 in
formation bits in each direction. In the first transmission, the message pair (C,A) 
is situated in a domino . Terminal 1 saves up a 0, and terminal 2 notes it still has 
to receive a bit from the first message. After 6 instances of the strategy, 2 bits of 
information are saved up at both sides, enough to create a save-up resolving message 
pair on a 4 x 4 square. In our example, the saved up bits 01 and 00 result in message 
pair (B ,A) . The save-up resolving message pair is sent immediately, using the strat
egy itself. Decoding of the received save-up resolving message into bits enables each 
user to solve the two unsolved dominos saved-up earlier by the other side. After 
the transmission of the save-up resolving message, both terminals are ready again 
to transmit new message pairs. In this example, the 12 bits are exchanged at the 
expense of 19 transmissions . Since the rate of 0.6 bpdt for the strategy in Fig. 4.1 
is an average transmission rate, the transmission rate may be higher for particular 
combinations of messages, like in this example. 

If non-rectangular shapes were saved up, there will be correlation between the in
formation saved up at each terminal. The save-up information then has to be treated 
in a different way. The combination of saved up shapes with different amounts of 
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Figure 4.4: Resolving saved up information 

correlation between 81 and 82 , to define a new save-up resolving message, is not as 
easy as it is to combine rectangular shapes. If correlated information is saved up, it 
should be combined with information correlated in the same way (i .e. only informa
tion from similar shapes can be saved up). Saving up non-rectangular shapes does 
not have a great impact on the strategy tree rate, since there are only a few non
rectangular shapes for which save-up will improve the rate. The length-3 1-shape 
(nr. 5) is one of these shapes. 

As we have seen in the last four sections, answers have been provided to the 
questions which arose when saving up the dominos in the 4 x 4 strategy. 
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4.6 AXE and save-up strategies 

4.6.1 Constructing save-up strategies using AXE 

The AXE program (with slight modifications to the rate functions, as described in 
Sec. 4.3) was used to construct the new strategies. A new database of shapes and 
divisions had to be created, due to the results in Sec. 4.4: different divisions may 
be needed for the same shape in different strategy types. 

For fixed sizes M1, M2 of the message square, save-up strategies can be designed 
faster, since the strategy does not need to subdivide the message square up to all 
singular message pairs. Complex divisions, in which the small squares and rectangles 
are divided before they appear are less needed. Save-up strategies consist of a smaller 
number of different shapes and divisions occurring in the strategy. In most cases, 
the depth of a save-up strategy is lower than the depth of the corresponding discrete 
coding strategy. Compare the two tables Tab. 3.2 and Tab. 4.1. 

Despite the fact that divisions for save-up strategies are made with different 
design criteria than divisions for discrete strategies (see Sec. 4.4), there will be many 
shapes having the same division in both a discrete strategy and a save-up strategy. 
In order not to have to create the shape database for save-up strategies from scratch 
again, databases with divisions for discrete strategies were merged into the save-up 
shape database using AXE . The merge function compares all 'new' divisions with 
the divisions already in the save-up strategy database; divisions not already present 
in the database are entered as new divisions. 

However, the borrowing of divisions from discrete coding strategies turned out 
not to be such a savings in time: every shape with a division from a discrete coding 
strategy, had to be re-checked manually in the save-up strategy. 

4.6.2 Results 

Save-up strategies have been constructed for M = 2, 3, .. . , 40, using the AXE 
program [Mee93], [MB93]. The results are tabulated in Tab. 4.1, and plotted in 
Fig. 4.5. In the proof of Thm. 2.29, the existence of a V0 (n) strategy tree was 
assumed. The save-up strategies constructed in this chapter are V0 (n ) trees. 

The save-up strategies for M = 3, 4, 5, 6, 7, 9 correspond to discrete versions of 
Schalkwijk's original 1982 strategy [Sch82] . In the table, these are recognized by 
their depth 3. Schalkwijk's strategy can be seen as a 'continuous' save-up strategy, 
which operates on the unit square, achieving a rateR= 0.61914. 

The 6 x 6 save up strategy already surpasses Shannon's inner bound G1 Shannon 
inner bound. This result is also achieved by all save-up strategies for M ;;:: 9. The 
rate of the 11 x 11 save-up strategy surpasses the rate of the 1982 strategy, 0.61914. 
The current record of 0.62790 is held by a 34 x 34 save-up strategy. 

In Fig. 4.5 the rate of a coding strategy is plotted versus the message set size 
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Table 4.1 Rates of save-up strategies 

M #'(M X M) Dpt ~(M X M) R'(M X M) Opt 
3 17 3 1.14052 0.60380 0.61914 

4 26 3 0.98346 0.60521 0.61914 

5 49 3 1.19134 0.60783 0.61914 

6 64 3 1.09858 0.61795 0.61914 

7 85 3 1.06127 0.61179 0.61914 

8 188 5 1.81174 0.61676 0.62086 

9 147 3 1.12236 0.61844 0.61914 

10 263 6 1.62368 0.61737 0.62146 

11 407 6 2.08493 0.61984 0.62366 

12 472 6 2.03805 0.62178 0.62348 

13 525 6 1.93551 0.62305 0.62416 

14 506 6 1.60459 0.62154 0.62452 

15 706 7 1.95466 0.62294 0.62422 

16 789 7 1.92324 0.62402 0.62614 

17 961 7 2.07575 0.62424 0.62689 

18 1060 7 2.04714 0.62573 0.62669 

19 1152 8 1.99606 0.62550 0.62711 

20 1231 8 1.92311 0.62489 0.62760 

21 1441 7 2.04196 0.62492 0.62672 

22 1547 8 1.99910 0.62545 0.62688 

23 1668 8 1.97248 0.62556 0.62712 

24 1918 8 2.08409 0.62588 0.62684 

25 2053 8 2.05702 0.62622 0.62770 

26 2132 8 1.97503 0.62623 0.62795 

27 2558 8 2.19899 0.62669 0.62756 

28 2693 8 2.15300 0.62679 0.62783 

29 2832 8 2.11057 0.62676 0.62771 

30 2972 7 2.07114 0.62720 0.62792 

31 3311 9 2.16195 0.62749 0.62809 

32 3452 9 2.11558 0.62757 0.62833 

33 3544 7 2.04328 0.62786 0.62859 

34 4008 8 2.17700 0.62790 0.62864 
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Figure 4.5: Rate R of save-up-strategies for different M 

M. The fluctuations and local maxima or minima in the rate are similar to the 
fluctuations found in Fig. 3.11 . As was the case for discrete strategies (Sec. 3.5.1), 
local minima occur when the optimal save-up strategy for a given value of M does 
not fit well on the M x M grid imposed on the unit square. However, the maxima 
in the curve seem not to be related anymore to increases in depth of the strategies. 
The depth itself is not monotonically increasing with M anymore. 

4.6.3 Optimizing save-up strategies 

Save-up strategies have also been optimized by putting a discrete save-up strategy 
for an M x M message square back on to the [0, 1] x [0 , 1] unit square (Sec. 3.6.2). 

We remarked earlier that the save-up strategies for M = 3, 4, 5, 6, 7, 9 were dis
crete versions of the Schalkwijk 1982 strategy. Optimization of the input message 
distribution of these strategies of course returns the Schalkwijk 1982 strategy itself, 
with its rate of 0.61914 bpdt. 

The results of the optimization are shown in the last column of Tab. 4.1. As 
was the case for the discrete strategies, there may be different relabelling functions 
between a shape and its normalized subshapes. No effort was made to select the best 
relabellings, but simply the relabellings provided by AXE were used. Compared to 
the optimization of discrete strategies, the optimization of save-up strategies provides 
a larger rate improvement. The resulting rates, especially the rate of 0.628639 bpdt 
obtained by optimizing the 34 x 34 save-up strategy, are very close to the 0.63056 
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mentioned in (Sch83]. Strategies reaching the rate of 0.63056 will be discussed in 
the next chapter. 

4. 7 The 2-power strategy 

4. 7.1 Practical problems using save-up strategies 

The example above can be used as a basis for an implementation of a save-up 
strategy. However, such an implementation has some serious disadvantages. 

• There is need for additional memory in the encoder/decoder pair of a save-up 
strategy. This memory is used for the save-up information . It also has to keep 
track of the messages which were not fully received, since save-up occurred at 
the transmission of those particular messages, and some bits are still missing. 

• A decoding delay is introduced. It may take several instances of the save-up 
strategy before all information in a message m is transmitted/received, due to 
possible save-up of information. Further buffering of the messages at the input 
and output of the encoder/decoder pairs may be necessary. 

• Memory overflow may occur. There are certain sequences of messages, in 
which only one terminal has to save up messages. Therefore, its memory will 
overflow. If both terminals know the total amount of memory available at the 
encoder/decoder pair of the other terminal, they can detect memory overflow. 

• Re-encoding losses. In order to generate save-up resolving messages, the save
up information must be re-encoded. Usually, shapes of different sizes are 
saved-up, like in Fig. 4.6: dominos, 2 x 2 squares and 3 x 3 squares. In case 
of the 3 x 3 square, a ternary digit is save up instead of a bit. However, there 
are no perfect codes for encoding ternary data into binary data with finite 
block length. This will cause coding losses, which will influence the rate of the 
save-up strategy in a negative way. 

The disadvantages presented here are also the main objective against saving up 
arbitrary, non-rectangular shapes. If correlated information is saved up, it can only 
be combined with information correlated in the same way (i.e. only information 
from similar shapes can be saved up) . This requires more memory to store save-up 
information, and it introduces more decoding delay. 

The decoding delay and the possible memory overflow can be prevented by forc
ing the transmission of save-up resolving messages . To force save-up resolving mes
sages, dummy save-up information bits are inserted at the terminal where the over
flow is not occurring, or where the delay is growing too large. Both terminals know 
when this happens, since they know each others state. The insertion of dummy 
messages of course will have a negative influence on the rate of the strategy. 
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Figure 4.6: Discrete 4 x 4 '2-power' strategy, R = 0.6046512 
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Figure 4. 7: Comparison of different types of strategies 

4.7.2 The 2-power strategy as a solution 

A better solution for the problems with save-up strategies is offered by the 2-
power strategy[Blo94]. This is a normal save-up strategy, except that only those 
M 1 x M 2 shapes are saved up, for which both M 1 and M2 are a power of 2. The 
root rectangle of a 2-power strategy must be a 2°1 x 2°1 rectangular shape. Powers 
of 2 are easily converted back to bits, making it much easier to implement a 2-power 
strategy. The save-up information always comes in full bits, and not in parts thereof 
(like ternary digits) . 
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Table 4.2 Rates of 2-power strategies 

M #'(MxM) Dpt vi(M x M) R'(MxM) Opt 
2 7 2 1.0000 0.57143 0.59305 
4 43 3 1.6250 0.60465 0.61900 
8 254 5 2.4375 0.61417 0.61856 

16 1417 7 3.4297 0.61962 0.62297 
32 5149 9 3.1328 0.62303 0.62542 

In Fig. 4.6, the 4 x 4 strategy is shown in its 2-power version. In most cases, 
dominos, 2 x 2 squares, and length-4 strips are saved up in a 2-power strategy. 
In order to compare the different types of strategies, the channel output symbol 
sequences for each version of the 4 x 4 strategy are displayed in Fig. 4.7. Using 
AXE , 2-power strategies were designed for M = 4, 8, 16,32 (Tab. 4.2). 

The sequence of input messages at each terminal i is represented by simple bit 
stream. Depending on M, 2, 3, 4, 5 bits at a time are taken from the input bit stream, 
to construct a message ei. Since all saved-up shapes consist of a number of messages 
which is a power of two, the saved-up information can be represented by a sequence 
of one or more bits. If save-up is needed, the saved-up bits are used as the most 
significant bits of the next input message ei. The bits needed to complete the next 
input message ei are taken from the input bit stream. 

In this way, no memory in excess of the memory needed to store the state of the 
encoder/decoder is needed, since the saved-up bits are immediately processed in the 
next input message and the next use of the strategy. Decoding delay is minimized, 
since the terminals do not have to wait till enough information is saved up for a new 
message. The immediate processing of save-up information also solves the memory 
overflow problems. Finally, re-encoding is simplified, since the save up information 
comes in 'full' bits. 

EXAMPLE 4.10 (USING THE 4 X 4 2-POWER STRATEGY) 
Suppose two bit streams of 14 bits each are transmitted, requiring 9 instances of 
the strategy. In Fig. 4.8, the 9 strategy instances are visualized. In each picture, 
the situation in terminal 1 's perspective is given. In the first use of the strategy, 
message pair (11, 1 0) is transmitted, and save-up already occurs for both terminals. 
The remaining uncertainty between 10 and 11 at terminal 1 is indicated by the 'x'. 
The next message now consists of the saved-up bit, and the next input stream bit: 
message pair (1 0,01) is transmitted. After reception of 01 as the second message of 
terminal 2, terminal1 recalls that the first bit of it was part of the previous message, 
therefore the first message of terminal 2 was 10. As a result, Terminal 1 correctly 
receives 101. Further transmissions using a two-power strategy are visualized in 
Fig. 4.8. Both terminals can keep using the same scheme for subsequent bit streams. 
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The total number of required transmissions to transmit the 14 bits is 23. The 
transmission rate for these particular bit sequences is slightly larger than the average 
rate of 0.60465 bpdt for the 4 x 4 two-power strategy. 
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5 
Bootstrap strategies 

In the previous chapter, the save-up method was introduced as a way to improve 
the rate of a coding strategy. It was shown that by subdividing the unit square 
up to rectangular shapes, considerable improvements could be made to the rate. 
This chapter discusses an alternate method to improve the rate of a coding strategy: 
bootstrapping. 

5.1 Observations on discrete save-up strategies 

When a shape is saved-up, the whole subtree used to subdivide that shape is removed 
from the overall strategy tree. This includes divisions which might have a better 
rate than the overall rate of a strategy tree. 

In the previous chapters we noticed that divisions with a high division rate are 
possible when there is correlation in a shape (i.e. it is non-rectangular). However, 
in some cases, the division rate of a correlated shape may be very low. Examples 
of this are L-shapes with long 'beams', for which the parameter ex. indicating the 
beam length is not close to the optimal value ex.* (Eq. 2.30). However, subshapes of 
a long-beam L-shape may be subdivided with a rate pair close to the outer bound, 
which covers the loss in rate. 

Do not execute bad divisions 

When saving up a shape, we not only get rid of its (probably) bad initial division, 
but we lose divisions with high division rates in its subtree as well. Therefore, 
we want to 'remove' only those bad divisions, without completely removing their 
subtrees. 

To show the effects of 'removing' only the bad subdivision, consider the 4 x 4 
strategy again. Here, the subdivision of the L-shape of length 4 (denoted as Lt) 
has a division rate of 7~2 = 0.57143 bpdt, which is way below the rate of 0.60521 
bpdt of the 4 x 4 save-up strategy. The division of l 4 results in three subshapes, 
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Figure 5.1 : Discrete 4 x 4 strategy with bad divisions 'removed', R = 0.617649 

two uninteresting dominos (which are 'saved-up', and transmitted at the rate of the 
scheme), and l 2 which has a division rate of of 0.66667. 'Remove' the division of 
l 4 , without removing its complete subtree will greatly improve the rate: only the 
division of the 4 x 4 square, and l 2 contribute to the overall rate. 

Ri(4 x 
41 

= I(Eli;YIEl3-iJ4 x 4) +p(lz)l(Eli;YIEl3-iJ lz) (
5

_
1

) 
1 + p(Lz) 

0.60846 + f60.66667 
= 3 = 0.61765 bpdt (5.2) 

1 + T6 

The rate in the equal rate point of the 3 x 3 bootstrap strategy, in which the division 
of L3 is 'removed', is even larger than the rate of the 4 x 4 strategy: 0.62581. In 
this context, 'removal' of bad divisions only means that the (negative) influence of 
low-rate divisions on the rate of a coding strategy is removed. The division itself is 
still performed, since the subshapes created by it are needed in the remainder of the 
coding strategy. We will call the 'removal' of bad divisions bootstrapping [Sch83]. 
This chapter explains how low-rate divisions can be performed by transmitting the 
information necessary for such divisions at the rate of the coding strategy itself. We 
will also explain why the 'removing' is called bootstrapping. 
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5.2 Schalkwijk's scheme revisited 

In this section, we take a closer look on the three divisions occurring in Schalk
wijk's 1982 strategy[Sch82) (see also Sec. 2.5). In order to achieve improvements to 
the overall rate, the division rates (Ii, Im, 10 ) must be improved, or the frequencies 
(Pi, Pm, Po) at which they occur must be adapted. 

The i-division, used to subdivide the initial square, has a division rate close to 
the Shannon inner bound 9;. When the optimal value for a 1 = 0.67571 is used, 
Eq. 2.32 evaluates to 0.61421 bpdt, which is slightly below 0.61695, the Shannon 
inner bound rate. Since the Shannon inner bound rate is the maximum rate at which 
the division of an uncorrelated shape like a square can occur, the i-division can not 
be improved much. 

The a-division is used to subdivide the 1-shape, left over after the i-division 
and the m-division, into three separate parts. Using the optimized values for a 1 = 

0.67571, a2 = 0.70231 the division rate in Eq. 2.36 equals 0.69423 bpdt, which 
is almost Shannon's outer bound rate of 0.69424 bpdt (Eq. 1.85). Therefore, the 
division rate of this division cannot be improved: by definition, the Shannon outer 
bound is the maximal division rate of any division. The only possibility for rate 
improvement is to enlarge the frequency p 0 at which this division occurs. 

The m-division is used to prepare the 1-shape remaining after the i-division such 
that an a-division can take place. The division rate of the m-division in the equal 
rate point ( cf. Eq. 2.34) is a disappointing 0.59564 bpdt. The m-division, which 
enabled Schalkwijk to achieve his breakthrough, turns out to be the weakest point 
in his strategy. 

The rate of the m-division (depicted in Fig. 5.2) is low because in many cases 
the information which is transmitted is already known by the receiver. Consider the 
information flow in the 1 -t 2 direction at time t = 2. The first i-division already 
occurred, and since 1J 1 was 0, we are now in an 1-shape. If 82 E [0, a 1), then terminal 
2 a priori knows the value of the next input symbol x1,2 . The 1-shape tells us that if 
82 E [0, a 1), then 81 E [1, a 1 ). Since a1 > a 1 a2, terminal 2 knows terminal1 is going 
to send x1,m = 1. Terminal 2 also knows his own next channel input symbol x2,m, 
therefore it can compute 'Yz a priori, and it will not gain any information during 
this transmission. The same applies in the reverse direction (2 -t 1 ). Conclusion: 
if the message pair is situated in one of the 'beams' of the 1 -shape, one of the two 
terminals a priori knows the next output symbol, and will receive no information. 

5.3 Schalkwijk's bootstrapping scheme 

Suppose N independent message pairs (81 , 82 ) are transmitted using the Schalkwijk 
1982 strategy, where N goes to infinity. First all N i-divisions are performed. After 
this, on the average N(1 - af) = Npm message pairs are in the 1-shaped region 
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xz = 0 0 

y=O 

0'----------

Figure 5.2: The m-division 

y = 0, so there will be N(l- cxf) m-divisions. 

5.3.1 Encoding of correlated sources 

When doing the m-divisions, terminal 2 can view the sequences x1,m,1, x1,m,z, ... 
and 82,m,1, Bz,m,z, ... as correlated information sources X1,m, 8 2,m· In order to cor
rectly decode the Npm pairs (xl,m,i, Bz,m,iL terminal 2 needs information equal to 
NpmH(X,,m, Bz,ml· Since H(X,,m, Bz,ml = H(8z,ml+H(X,,ml8z,mL and full knowl
edge about 82 is available at terminal2, NpmH(X1,ml82,m) bits of information need 
to be transmitted over the channel from encoder 1 to decoder 2. To shorten nota
tion, we write xj for the x~~m sequence, and the m-subscripts are dropped. The 
argument can be used on any division of a correlated shape. The m-division is used 
as an example. 

THEOREM 5.1 
Given complete knowledge of 82 at the receiver and € > 0, there exists a sequence 
of functions mapping a xj sequence into a binary zf sequence (correlated with a 82 
sequence) with vanishing error probability Pinl < 2-n€ as n goes to infinity, as long 
asK > nH(X18 2 ) + €). 
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Proof. A random linear mapping is constructed by selecting the Kn binary digits in 
a K x n matrix C and the K bits in a binary vector v independently and uniform on 
{0, 1 }. The mapping function is defined by 

(5.3) 

where EEl is modulo 2 addition. The probability that an arbitrary xf sequence is 
mapped onto a given zf sequence is 2-K: there are 2K(n+ll ways to select C and v, 
each with probability 2-K(n+ll. For each C, there is one v which gives zf any fixed 
value. Therefore, p(zf = Cxf + v) = 2Kn · 2-K(n+ll = 2-K. Given ~f =I xf, the 

corresponding zf and £f are statistically independent. Since the mapping is linear, 
we have (zf EEl £f) = C(xf EEl ~f). Suppose ~f and xf differ in the jth position. 
Then, we can fill in the remaining ( n - 1 ) rows of C as we like, and the jth row 
will enable us to give zf EEl £f any fixed value. There are 2K(n-ll equiprobable ways 

to select C which give the pair (zf, £~) a fixed value, and p(zf, 2n = 2-2K, which 
is the product of the probabilities of zf and if. Thus, in case of different x), the 
associated zf will be pairwise independent [Gal68]. In this way, a random linear 
mapping is constructed. 

For the achievability proof, we make use of typical sequences: the decoder at 
terminal2 declares x), 92 to be received if zf = Cx)+v and (xf, 92) E A~n1 (X,, 82). 
The error probability is 

p~nl = P(Eo U E,) ~ P(Eo) + P(E,) (5.4) 

Eo={ xf rJ. A~nl(X,, 82)} (5.5) 

P(E0 ) < £ for n large enough (5.6) 

E, ={:3~1 =I xf: C~f +v = z~ and (~f,92l E A~nl(X,,8zl} (5.7) 

P(E,) = L p(xf, 92)P(:J~f =I xf: £~ = z~ and (~f, 92) E A~nl(X,, 82)) (5.8) 
(x~ .e~) 

= L p(xf, 92)2-K IA~nl(X,, 82ll 
(x~.ei') 

~ 2- Kr(H(X,IE>z)+E ) 

(5.9) 

(5.10) 

(5.11) 

The error probability goes to zero for K > n(H(X1,ml82,ml + 2£), and n suf
ficiently large: then the average probability of error can be bounded by 2-n€. In 
this way we have proven that it is possible to encode x) into zf with vanishing 
error probability, using a linear mapping. The same argument can be applied for 

the 2 ~ 1 direction. • . 

After receiving the Zf sequence, decoder 2 can now decode the x) sequence. 
Since it knows 92, it also knows the value of some of the x1,i a priori. These are 
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substituted in 

ZJ,l = X1,1C11 + X1,2C12 + · · · + XJ,nCJn 

Z1,2 = X1,1C21 + X1,2C22 + · · · + XJ,nC2n 

ZJ,K = XJ,JCKJ + X1,2CK2 + · · · + XJ,nCKn 

(5.12) 

to simplify decoding of the remaining XJ ,i· Note that the number of unknown x1.i's 

is generally larger than K, the number of equations. However, we are able to decode 

all X 1 ,j, since there Will be leSS than 2 K typical ( xr8z) Sequences. 

Since decoder 2 does not receive X1 from the channel, but Y = X1 · X2, encoder 2 

must ensure that all information in X1 is also present in Y when selecting its channel 

input X2 . Of course, encoder 1 must do the same, and this puts restrictions on the 

type of divisions to which the proposed coding scheme can be applied: 

Vx, EX, : H(YIX, = xJ) = H(X2IX1 = xJ) 

Vx2 E X2: H(YIX2 = xz) = H(XdX2 = x2l 

(5.13a) 

(5.13b) 

The m-divisions on a BMC satisfy the restriction above: If 82 E [0, (.)J), in a 

m-division, terminal 2 knows a priori that 8, E [ex,, 1 ). Terminal 1 will send a 

x1 = 1 if 81 E [ex,, 1), therefore H(X,I8, E [ex,, 1)) = 0. Since sending x2 = 0 

means that H(YIXz = 0) = 0, terminal 2 can safely send a 0 if 82 E [0, 13 1 ). In 

all other cases, terminal 2 will send x2 = 1, which causes 1:J = x1, and therefore 

H(YIXz = xz) = H(X,IXz = xz). 

5.3.2 Pulling a strategy up by its bootstraps 

We have seen in Thm. 5.1 that in a block of n independent m-divisions of the same 

shape, it is possible to encode then symbols xi,m,l, xi,m,z, ... into K = nH(X,I8z, m) 

symbols Zi,l, Zi,z, ... using a linear code. 

The amount of information NpmH(X1I82, m) transmitted over the channel in 

the z-sequence is equal to the information Npmi(81; Yl8z, m) transferred when the 

m-divisions were performed: 

H(Xd82, m) =p(8z E [0, (.),)lm)H(x,l82 E [0, (.),)) + 
p(82 E [(.),, 1)1m)H(xd8z E [(.),, 1)) 

1

1
- !3~ h(1- ex1ex2) 

-ex, 1 

=1(8,; Yl82, m) Using (Eq. 2.34) 

(5 .14) 

(5.15) 

(5.16) 

Using Eq. 5.12, decoder 2 can reconstruct input symbols x1 ,m,1, x1,m,2, ... , x1,m,Npm 

for each of the Npm m-shapes, and then do all the m-divisions. Then, the strategy 

can proceed with the resolution of the Np 0 a-situations, as described in Sec. 2.5. 
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0 

Y=l 

Y=O 

0 L-----------~~------------------------~ 

Figure 5.3: Schalkwijk's 1983 bootstrap strategy 

Just doing them-divisions will surely cost Npm transmissions, whereas the trans
mission of Npml(Eh; Yl83 ·i• m) bits of information may cost less transmissions. We 
can transmit these two uncorrelated bit sequences z 1,1, z1,2, ... , zz,1, Zz,2 , ... using 
any coding strategy. 

When a coding strategy with a better rate pair than the division rate of the 
m-division is used to transmit the information for the m-divisions, a rate gain in 
the overall strategy can be achieved. We can use the 1982 coding strategy, since 
its overall rate is better than the division rate of the m-division. Let I~o) = Ri,1982 

be the rate of this strategy in the equal rate point. To transmit N message pairs 
using our modified strategy, we need PiN i-divisions, p 0 N a-divisions, and in to

tal Npml(8i; Yl83_i, m)/l~0 l = NPmll~o) transmissions to transmit the information 
needed for the PmN m-divisions. Then the rate in the equal rate point will be: 

y!l ) = N(pili,i+Pmli,m+Poli,o) (5.17) 

t N (Pi+ 11~0lPm +Po) 

- ( 1) - (0) 
So Ii appears to be an achievable rate, better than Ii . Therefore, we can also use 

a strategy achieving Ii1 
l to transmit the m-divisions, this results in 

!(2) = N (pili,i + Pmli,m + Poli,o) (5.18) 
t N(pi +11~ 1 )Pm +Po) 
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Here, 11iil = Ii,m/Iiil. Repeat this over and over again: each time the rate of the 
strategy is improved by using the just improved strategy. The process of improving 
a strategy by repeated use of itself is called bootstrapping. 

A closed expression exists for the final rate, by putting the rate at which the 
m-divisions are subdivided equal to the overall rate of the strategy (TJi = ~), we 
obtain Schalkwijk's 1983 strategy [Sch83]: 

y. _ Npili,i + Npmli,m + Npoli,o 
'- Npi + Nprr:,I, m + Npo 

(5.19) 

y. _ Npili,i + Npoli,o 
'- Npi + Npo 

(5.20) 

Note that the m-division has disappeared in Eq. 5.20. This is what we meant by 
'removing' a division: the information transferred in it is transferred at the rate of 
the coding strategy itself. The removal of the m-situation is depicted in Fig. 5.3, 
which shows a 'free' division between the y = 0 and y = 00 areas. The achievability 
of the resulting average mutual information pair (11 , 12 ) as a rate pair in the capacity 
region of the BMC was proven by van Overveld [v091], see also Sec. 5.6.2. 

Rewrite Eq. 5.20 in terms ofthe thresholds <X;. and f3i, using Eq. 2.32 and Eq. 2.36: 

(5.21) 

where R2 is defined analogous (interchange ex's and f3's). In the equal rate point, 
cx1 = (3 1 and CXz = (3 2 , and optimization results in 

cx1 = 0.69070 cx2 = 0.67940 R = 0.63056 bpdt (5.22) 

Any division for which Eq. 5.13 holds may be bootstrapped: a block of inde
pendent divisions of the same shape may be represented by a z-sequence. The 
z-sequences are then transmitted as if they were new messages, using the same cod
ing strategy in which the bootstrapped division occurred. In this way, the division 
rate of the bootstrapped division does not have any influence anymore on the overall 
rate. Bootstrapping a division improves the rate of a coding strategy if the division 
rate is lower than the overall rate of the strategy. 

5.4 Discrete bootstrap strategies 

The bootstrapping technique as it was presented by Schalkwijk [Sch83] can also be 
applied to discrete strategies. Before bootstrapping strategy trees, we first define 
some criteria like we did in the discussion of the save-up strategies (Sec. 4.2). 

• Which types of divisions can be bootstrapped? 
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A-0 B-1 C-1 D-0 A-1 B-1 C-1 D-0 

A-0 A-1 

B-1 B-1 

C-1 C-1 

D-0 D-0 

Not a bootstrap division Bootstrap division 

Figure 5.4: The bootstrap criterion 

• What are the implications for the calculation of the rate? 

• Is it necessary to subdivide shapes in a different way than in a discrete coding 
strategy or a save-up strategy? 

• How are bootstrapped divisions processed? 

5.4.1 Which divisions to bootstrap 

The requirement in Eq. 5.13 implies that not all divisions can be bootstrapped. In 
Fig. 5.4, two divisions of the same shape are shown. In order to bootstrap, the 
information contained in the transmitted symbol Xi,S = 4>i,s(8d must be the same 
as the information contained in the received symboly3_i at terminal 3- i, given the 
shape S and the own symbol X3- i,S = 4>3- i,s ( 83-d of terminal 3 - i to be transmitted. 

THEOREM 5 .2 (DISCRETE BOOTSTRAP CRITERION) 

A division d(S) on a dependent shapeS is a possible bootstrap division if and only 

if the following constraint holds for both terminals: 

\1(81, 8zaL (81 , 8zbl E S: <Dz(S, 8zal -=/= <Dz(S , 8zbl::::} 

f(<DJ(S, 81), <Dz(S, 8zall-=/= f (<DJ(S, 81), <Dz(S, 8zb)) 

\1(81, 8zaL (81, 8zb) E S: Xza-=/= Xzb ::::} XJ · Xza-=/= XJ · Xzb 

\i(8Ja, 8z), (8Jb, 8z) E S: <D1 (S, 81al -=/= <D1 (S, 81bl ::::} 

f(<D1 (S, 81aL <Dz(S, 8zll "I f(<D1(S, 81b), <Dz(S, 8zll 

\i(8Ja 1 8z), (8Jb, 8z) E S: XJa -=/= XJb ::::} XJa · Xz-=/= XJb · Xz 

(5.23a) 

(5.23b) 

In case of a BMC, a terminal only sends a 0 if it knows the other terminal is not 
going to send any information, since a 0 will kill all information available in Xi,S· 
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COROLLARY 5.3 

The channel input symbol pair (x1 , x2 ) = (0, 0) does not occur in a division on a 
BMC # this division is bootstrappable 

COROLLARY 5.4 
On a BMC, any non-bootstrappable division can be decomposed into two bootstrap
pable division by using timesharing: in the first division, terminal 1 sends <hs ( 8t) 
and terminal 2 always sends 1, in the second division terminal] sends 1 and terminal 
2 sends <hs ( 8t) . Since bootstrapped divisions do not contribute to the rate, this 
decomposition does not induce rate loss. 

In Fig. 5.4, the leftmost example does not meet the bootstrap criterion, the 
rightmost division does. Note that no division of a rectangular shape can be a 
possible bootstrap division. 

5.4.2 How to bootstrap a tree 

To bootstrap a tree, we only have to look at the possible bootstrap divisions, i.e. 
divisions satisfying Thm. 5.2. For each possible bootstrap division S, the division 
rate is compared to the overall rate of the strategy. We use R'(T) an R"(T) to denote 
the rate of a save-up tree and a bootstrap tree, respectively. 

The algorithm used to bootstrap a tree is a slightly modified version of the 
algorithm used to save up a tree. 

1. Given a discrete strategy tree T. Let k = 0, R[0l(T) = RdT) (the overall rate 
of the discrete coding strategy). Let s<0l(T) = {(1 x 1)} be the set of saved-up 
shapes in T, the first set of bootstrap shapes 13<0l (T) will be empty. 

2. Traverse the tree ofT depth-first . 

3. For every shape S in T, first check for bootstrapping: 

(a) Does 13!kl (T) not contain a division on a shape similar to S, divided in 
the same way as d(S )? 

(b) Is d( S) a possible bootstrap division? 

(c) Is I(81; YIBz, S) + I(Bz; Yl81, S) < R\kl(T) + R~kl(T)? 

4. If d(S) passes the four bootstrapping tests above: 
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(a) d(S) becomes a member of the bootstrap set 13(k+ll(T) = 13(kl (:T) U{d(S)} 
The new save up set remains the same as the old one. 

(b) Compute Rik+ll using the new g!k+ll(:T), 13!k+1l(:T) . 

(c) Repeat the whole procedure for k = k + 1 , starting from step 2. This 
means that the whole tree is traversed again. 
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5. If S did not pass the bootstrapping tests, check for save-up: 

(a) Does S(kl(T) not contain a shape similar to S? 

(b) IsS a possible save-up shape (a rectangle)? 

(c) Is R\kl(S) + Rikl(S) < R\kl(T) + R~kl(T)? 

6. If S passes the three save-up tests above: 

(a) S becomes a member of the save up set S(k+ll(T) = S(kl(T) u {S}. The 
new bootstrapping set remains the same as the old one. 

(b) Compute R(k+lli using the new S(k+ll(T), ~(k+1 l(T) . 

(c) Repeat the whole procedure for k = k + 1 , starting from step 2. This 
means that the whole tree is traversed again. 

7. After the whole tree is traversed, and no newS was saved up or bootstrapped: 
rate and save-up set of the best bootstrap tree are S(T) = S(kl(T), ~(T) = 
:B(kl (T), and R~ (T) = Rikl (T), given the divisions in the discrete tree T . 

The sets ~(T) and S{T) constructed in this procedure are disjoint, since only 
rectangular shapes can be members of S(T), and only non-rectangular shapes can be 
member of ~(T). This procedure will find the best possible bootstrap tree, given a 
discrete strategy tree. To prove this, we will use induction to the depth D(S) of a 
subtree of a shape S. 

For D ( S) = 1 , the strategy tree subdividing S consists of only one division. We 
may choose to skip the division of S if d( S) is a possible bootstrap division, or S 
is a possible save-up shape, and the division rate pair of d(S) is less than the rate 
pair of the tree R(kl (T). In both cases, one division will not be performed, and the 
rate of the overall strategy tree T will be increased. In this way, only good depth-1 
subtrees are picked. 

For D ( S) = n, we first visit all subshapes Sy E D ( S). We know that every Sy has 
D(Sy) ~ n-1 and we assume that R(kl(Sy) is maximalfor each subshape. Therefore, 
we only need to look at S itself. The rate of the subtree of S (consisting of d( S) and 
the optimal subtrees of the Sy) is the maximal rate possible. If S is a possible save-up 
shape, the subtree rate pair R(kl(S) is compared to the overall rate pair R(kl (T) . If 
S is saved-up, the complete subtree of S is removed from the strategy tree and no 
information is transmitted, If S is not saved-up, the (inner bound) division of S 
itself must be executed. If d(S) is bootstrappable, we compare the division rate pair 
to the overall rate pair R(k) (T ). The division d( S) can be bootstrapped if its rate 
is too low, and the subtrees of Sy are still executed. These subtrees already have 
optimal rates. In both cases, any information transmitted in the subtree of S having 
D (S ) = n is transmitted at the best possible rate, as part of the overall strategy tree 
T. Using induction, the overall rate pair R" (T) is optimal for strategy trees of any 
depth. 
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DEFINITION 5.5 (THE BOOTSTRAP DIVISION SET OF A TREE) 

The set 13(~) consists of all divisions d(S) in a strategy tree ~ which are boot
strapped: 

d(S) E 13(~) # I(81; Yl8z, S) + 1(8z; Yl81, S) ~ R'{(T) + R~(T) 
and d(S) satisfies Thm. 5.2 

(5.24) 

If a shape S and its division d(S) in T belongs to 13(T), then also all other shapes 
in T similar to S with the same division belong to 13(~) . Here shape similarity is 
defined as in Eq. 3.5. Note that the division rate of d(S) is not compared to the rate 
of the subtree starting at S. Instead, it is compared to the rate of the overall coding 
strategy R" (~). 

5.5 Rate of discrete bootstrap strategies 

DEFINITION 5.6 (AVERAGE NUMBER OF TRANSMISSIONS IN A BOOTSTRAP TREE) 

When counting the bootstrap tree number of transmissions, we do not count trans
missions in bootstrapped divisions and saved-up shapes anymore ( cf. Eq. 3. 7). The 
number of transmissions in a tree is calculated recursively in AXE . 

1 
w"(T) = L p(Sk) = ITI L ISkl = w"(T, T) 

SkEN(T)\ :B(T) SkEN(T)\:B(T) 

(5.25) 

!
0 ifSES(T) 

w"(S ~) = L w"(Sy, T) if S E 13(T) 
> SyED(S) 

L. w"(Sy, T) + p(S) if SIt 13(T) U S(T) 
SyED(S) 

(5 .26) 

DEFINITION 5. 7 (AVERAGE INFORMATION TRANSMITTED IN A BOOTSTRAP TREE) 

In a bootstrap strategy, the information in the leaf shapes (the set S(~)), and the 
information in the bootstrapped shapes (the set 13(T)) is transmitted at the rate 
R(T) of the strategy itself, and therefore they vanish from the rate calculations. 

v~(~) = 
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if S E S(T) 

if 5 E 13(~) 

if S \t 13 (T) U S(T) 

(5.27) 

(5.28) 
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DEFINITION 5.8 (RATE OF A BOOTSTRAP TREE) 

The rate of a bootstrap tree Tis the average information transmission rate at which 
a message pair is transmitted. It is defined in each of the two directions in which 
information is transferred. The rate R"(S, T) denotes the rate of the subtree of S 
inside the tree T. 

L p(S)I(8i; Yl83-i> S) 
R" (T) = v~' (T) = SEN(T)\:B(n) = R',-' (T, T) 

' w"(T) L p(S) 
(5.29) 

SEN(T)\:B(n) 

1
0 

' w"(Sy,T)R"(S T) 
R"(S T)- L- w"(S,T) i Y> i > - S,E:D(S)\S(S) 

w"(S,,T) 11 ~ ~ . · ~ • L w"(S T) Ri (Sy, T) + w"(S,T)I(8,, Yl83-t> S) 
S,E:D(S)\S(S) ' 

if S E S(T) 

if d(S) E 13(T) 

otherwise 

(5.30) 

5.5.1 Bootstrap strategies need different divisions 

Because the rate of bootstrap trees is computed in a way different from discrete 
strategies or save-up strategies, the subdivisions in a bootstraps tree may also dif
fer . For instance, we do not need to prevent the creation of 1-shapes with long 
beams, since the beams can be cut to optimal length using a bootstrapped division. 
Therefore, the set of divisions resulting in the best bootstrap strategy for given mes
sage set sizes M 1 and M2 is not necessarily the same set of divisions used in the 
best discrete coding strategy or the best save-up strategy for the same message set 
size. 

5.5.2 Discrete bootstrap strategies in AXE 

Up till now, the improvement of the rate of a subtree in a coding strategy always 
improved the overall rate of a coding strategy. Also, if a subtree has a better rate, 
the number of transmissions in it is always less than or equal to the number of 
transmissions in the subtree it improves upon. This property enabled us to reuse 
subtrees of other coding strategies in a coding strategy subdividing a new (bigger) 
square. If a subtree is improved upon, the improvements will propagate in every 
coding strategy the subtree is part of. 

When bootstrapping is used, a substitution of a subtree by a subtree with a 
better rate may not improve the rate of the overall strategy tree! Suppose we have a 
strategy tree T, which transmits v~(T) bits of information in w"(T) transmissions. 
Also, there is a shapeS in T for which two different divisions d1 (S) and d2 (S) exist, 
each on top of a series of subdivisions to process the resolution products of S further. 
The two subdivisions may make use of bootstrapping and save-up. When used in 

109 



[64,131 ,0.597] 

25 0 0 0 

0 

0 

0 

[39,67,0.335] (Bootstrap) (Subtree rate: 0.645) 

2aa1 1 1 1 1 0 

(33,67,0.617] 

24 0 1 1 1 

0 

' • 
1 --·· .. - --~ _. ~. . . 

,s ::illll 
... 

1 .. " ~ "' " 0 

"' , .. 

0 

[16,12,0.451] (Bootstrap) 

10 1 0 

!"l 
0 

(Sub tree rate: 0.667) 0 
l [12,12,0.667 

0 
21a 1 

"'~-. .,...: •.~; 

0 0 

1 

0 

0 

CHAPTER 5. BOOTSTRAP STRATEGIES 

{39,21,0.587] (Bootstrap) (Subtree rate: 0.694) 
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Figure 5.5: 8x8 bootstrap strategy, R = 0.62122 
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5.6. HOW TO PROCESS BOOTSTRAPPED INFORMATION 

T, subdivision d2 (S) has a better rate than d1 (S) but transfers less information per 
strategy tree instance: 

vtddSl(S, T) < v~,dz (S l (S, T) 

w~dSl(S, T) w~z(Sl{S , T) 

[SfvtdJ(S)(S , T) > [ S[v~,dz(S )(S, T) 

If subdivision d1 (S) inTis replaced by d2{S), the following may occur: 

[Tfvr(T) - [S[v'(_d dSl (S, T) + [Sfvtdz(Sl {S, T) < [T[v~(T) 

[T[w"(T) -[S[w~dSl(S, T) + [S[w~z(Sl(S, T) [T[w"{T) 

(5.31) 

(5.32) 

(5.33) 

the influence of the good rate of subdivisions dz(S) on the overall rate is lower: 
since less information will be transmitted per strategy instance if d2 {S) is used, the 
influence of other parts of T (especially the first inner bound division subdividing 
T) on the overall rate of T becomes larger. 

However, it may well be the case that in another bootstrap strategy, the exchange 
of d1 (S) with d2 (S) does improve the rate. This means that it is not possible anymore 
to 'recycle' parts of bootstrap strategies in other bootstrap strategies, and to put the 
divisions of all bootstrap strategies together in one database. A separate database 
of divisions must be created for each bootstrap tree. 

In Fig. 5.5, a discrete bootstrap strategy for the 8 x 8 square is drawn. The effect 
described above occurs twice: in the division of shape nr. 21 and shape nr. 28. 
In both cases, the subtree starting with division 'b' offers a better rate. However, 
the best overall rate is obtained when the 'a' divisions are chosen: R = 0.62122. If 
division 21 b is chosen, the overall rate is 0.62118, and if division 28b is chosen, the 
overall rate is 0.62047, despite the rate of 0.69423 of this subtree, which is very close 
to the Shannon outer bound rate. 

This is caused by the lower amount of information transmitted per strategy tree 
instance when a 'b ' division is used The first inner bound division is obligatory, and 
always transfers 0.59652 bits per direction. When subtrees 21a and 28a are used, the 
strategy transfers on the average 1 .2716 bits per direction per strategy instance, of 
which 0.67508 bits are transferred at 0.64482 bpdt. When subdivision 28b is used, 
0.82409 bits are transferred per strategy instance, of which 0.22757 are transferred 
at a rate of 0.69354 bpdt. The high rate transmissions in the subtree after division 
28b have a much smaller influence on the overall rate of the strategy. 

5.6 How to process bootstrapped information 

The use of the linear coding scheme introduced in Sec. 5.3.1 provides us with a 
theoretical lower bound to the information which must be transmitted for the m
divisions. The scheme proves the existence of a linear compression code compressing 
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the Npm symbols Xi into rNPm(H(Xd83-i, m) + €)1 bits with vanishing probability 
of error for any € > 0, but does not present us with actual codes. 

5.6.1 Analogies to Slepian-Wolf source coding 

The encoding of a block of bootstrappable divisions into a z sequence to be trans
mitted as a new message over the channel has analogies with joint source coding of 
correlated sources, as discussed in Slepian and Wolf's paper [SW73]. In this paper, 
information from two correlated sources is transmitted via separate encoders and 
separate channels. 

THEOREM 5.9 (SLEPIAN-WOLF) 

Given correlated sources X1, X2 . For separate encoding of the joint source (X1, X2 ), 

the source encoding rate pair (RJ. R2 ) must meet the following requirements: 

R1 ~ H(X1IXz) ; 

Rz ~ H(XziX1 ); 

R1 + Rz ~ H(X1 , Xzl 

(5.34) 

For the proof we refer to the original paper [SW73] or the description in [CT91]. 

COROLLARY 5.10 
The following rate points (R1, Rz) are achievable, given correlated sources X1, X2 : 

(R1, Rz) = (H(X1IXzl. H(Xzll 

(R1, Rz) = (H(XJ), H(XziXJ)) 
(5.35) 

In terminal 2's perspective, its decoder has full knowledge of 8 2 and hence of X2 . 

Therefore only H(XdXzl needs to be transmitted via the channel. 

5.6.2 Achievability proofs of bootstrap strategies 

Achievability proofs of rate pairs of bootstrapping strategies were given by van 
Overveld, first for the Schalkwijk 1983 strategy [v088], later for general bootstrap
ping strategies [v091]. The proofs are an extension of the Tolhuizen construction 
[Tol85], discussed in Sec. 2.7 and make use of the Slepian-Wolf data compression 
theorem for correlated sources. 

Since the achievability proof in Sec. 5.3.1 does not provide actual codes, we con
sider bootstrap strategies to be non-constructive. The most important part of a 
bootstrap strategy is its rate point, which is an achievable rate pair in the capacity 
region of the BMC. Therefore, this rate pair can also be achieved by F(n) (fixed 
length) trees and V(n) (variable length) trees. The rate pairs achieved by bootstrap 
trees therefore can also be achieved in a constructive way by discrete coding strate
gies (V0 (n) trees), discussed in Chap. 3 and by save-up strategies (V0 (n) trees) in 
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5.7. RESULTS 

Table 5.1 Rates of discrete bootstrap strategies 

M #"(M x M) Dpt v;_(Mx M) R"(M X M) 
3 12 2 0.83442 0.62581 
4 19 2 0.73346 0.61765 
5 37 2 0.90257 0.60984 
6 44 2 0.76525 0.62611 
7 57 2 0.72896 0.62665 
8 131 4 1.27156 0.62122 
9 102 2 0.79200 0.62894 

10 121 2 0.76255 0.63020 
11 142 2 0.73517 0.62644 
12 184 2 0.80377 0.62904 
13 209 2 0.77972 0.63050 
14 236 2 0.75726 0.62891 
15 290 2 0.81041 0.62877 
16 321 2 0.79024 0.63022 
17 354 2 0.77125 0.62963 
25 785 2 0.79153 0.63020 
37 1729 2 0.79556 0.62992 
40 2003 2 0.78854 0.62988 

Chap. 4. In her thesis, van Overveld [v091] proved that the achievable rate regions 
of F(n), V(n), V0 (n), V0(n) and bootstrap trees are all the same and equal to the 
capacity region of the BMC. 

5.7 Results 

In Tab. 5.1, the results for bootstrapping strategies are presented. The results 
indicate that discrete bootstrap strategies are almost always discrete versions of the 
Schalkwijk 1983 bootstrap strategy: every strategy constructed has a depth of 2. 
Optimization of such a strategy (by varying the discrete values of the thresholds) 
always reveals the 1983 strategy. There is one exception: the 8 x 8 discrete boot
strap strategy. This is be caused by the effects of the discrete thresholds: the 1983 
Schalkwijk strategy does not fit well on an 8 x 8 grid, therefore a more complex type 
of strategy gets a chance. 

The 8 x 8 strategy is depicted in Fig. 5.5. A picture of a 16 x 16 strategy is 
not given, since it is not interesting: it is a discrete version of the 1983 strategy. In 
Fig. 5.6, the channel output sequences of the 8 x 8 strategy as a discrete, save-up, 
2-power and bootstrap strategy are given. 
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(Discrete: 192 bits, 319 tr, R = 0.60188] (Two-power: 156 bits, 254 tr, R = 0.61417] 

,. 
' 
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\oooo; Q0110 010111 01001 o1oio '01000 010110 00100 . . ., ,;', 

00110 0111 0111 ono 010. 010 00100 0000 
f·' , 'i> . 

. '' 
000100 01001 ou.u 01110 0110 '01000 00'00 000101 

.. ; . -,; · 
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(Save-up: 115.95 bits, 188 tr, R = 0.61676] (Bootstrap: 81.38 bits, 131 tr, R = 0.62122] 

Figure 5.6: Output distribution of 8 x 8 strategies 

It may well be the case that an interesting (larger depth) bootstrap strategy is 
not found for M < 50, since the discrete depth 2 bootstrap strategies are so close 
to the rate of 0.63056, which is the optimum value of the 1983 strategy. Especially 
the 13 x 13 bootstrap strategy approximates this limit very welL Therefore, it may 
take a large value of M, before a new discrete bootstrap strategy can discriminate 
between the small variations in threshold values. 
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6 
The run for capacity 

6.1 A new lower bound 

Because of the simplicity of the 1983 strategy (discussed in Sec. 5.3), it was con
jectured [Sch85] that this strategy was optimal, and capacity-achieving. Accurate 
calculation in 10 decimal places of the bound given in Eq. 5.22 results in 

R1983 = 0.6305552557 bpdt (6.1) 

However, an improvement was found in 1990 [Sch90]. Although the improvement 
was marginal, in the 8th decimal place: R1990 = 0.6305552986, this result implied 
that the strategy in [Sch83] was not capacity-achieving. The hunt for the capacity 
region of the BMC was open again! A second improvement was found in [Sch91], 
with an even more marginal gain in the lOth decimal place: R1991 = 0.6305552995. 
These results were also discussed in [Sch92a, Sch92b]. 

6.1.1 Construction of a strategy 

In this chapter, a new strategy will be presented which combines results obtained in 
save-up strategies with bootstrapping. [MB93, SMB95, SMB96]. It is based on the 
Schalkwijk 1983 strategy. First, we will modify the 1983 strategy such that instead 
of one i-division, three i-divisions (on average) are executed before the o-divisions 
take place. The three i-divisions create a shape called the outer rim. We will see 
how this outer rim can be subdivided using a-divisions. Then, a shape with some 
nice properties occurring in save-up strategies is discussed. The subdivision of this 
shape will then replace parts of the division of the outer rim using o-divisions. This 
will imply both a loss and a gain in rate. Finally, the rate of the resulting strategy 
is calculated, indicating a new achievable rate region of the BMC. 
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6.2 The modified 1983 strategy 

The original 1983 strategy [Sch83] starts with one i-division, after which an a
divisions can take place. Our new strategy is an alternative version of the 1983 
strategy: it looks like it takes three instances of the original 1983 strategy together. 
It starts with three subsequent inner bound divisions with the same parameter IXJ 

as in the 1983 strategy to calculate the thresholds, before the a-divisions take place 
(also with the same parameter IX2 as in the 1983 strategy). 

6.2.1 The outer rim 

To do the first three i-divisions, each terminal proceeds as follows (Fig. 6.1): 

{ 
1 if 9i E [0, IXJ) 

xi, it = c!>i,it ( B;) = 0 if 9i E [IXJ, 1) 

{ 
1 if 9i E [0, 1XY) U [IXJ, l1X1 - 1XY) 

xi i2 = cj>i i2(ei, 0) = 
· ' 0 otherwise 

{ 

1 if 9iE [O,IXfjU[1Xf,21Xf-IXfjU 

[IXJ, 1X1 + IXf - 1XflU 
xt,l3 = ct>i,l3(ei, 0, 0) = 0 2 2 3 [21XJ - IX1, 3IXJ - 31X1 + IX1) 

otherwise 

The total area of the i-divisions in the unit square is: 

(6.2) 

(6.3) 

(6 .4) 

p(D)pi + p(y = O)pi + p(y = OO)pi = 1 + (1 - 1Xf) + (1 - 1Xf) 2 (6.5) 

The three inner bound divisions described above partition the unit square in the 
following four shapes. We list them with their respective areas: 

p(y = 1) = IXf 

p(y = 01) = IXf(l- IXf), 

p(y = 001) = IXf(l- 1Xf)2
, 

p(y = 000) = (1- 1Xf)3 

(6.6) 
(6.7) 

(6.8) 

(6.9) 

They = 1 shape is a square. As in the 1982 and 1983 strategy, we will not subdivide 
this square further in this instance of the coding strategy: the square will be the 
initial shape of a new, different instance of the coding strategy. 

The y = 000 shape is called the outer rim. 

6.2.2 Replicate the outer rim 

Two shapes remaining after the first three i-divisions are not yet accounted for: 
y = 01, and y = 001. In these shapes, we keep on performing similar i-divisions 
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0 

Figure 6.1: Three inner bound divisions 

until three times 0 is received. In this way, scaled versions of the outer rim will be 
created. In they= 001 shape, this will result in a series of shapes withy= OOlTO. 

These shapes are created by the following i-divisions: 

ei E [0, a~a'j) u [at, at+ (at- af}al)u 
[a1, a1 +(at- afla'j)U 
[2al- af,2al- af + (a1- 2af + a~)a'j) 
otherwise 

(6.10) 

The size of each of the shapes y = OOlTO is the size of its predecessor y = OOF-10 
scaled by a factor af. The total area in which i-divisions are performed in the 
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y = 001 shape is 

00 

p(y = 001 l ·I:. (afr = af{l - afl (6.11) 
r=O 

A similar procedure is carried out in the y = 01 parts. This will finally create 
they= OFOPO shapes which are scaled versions of the outer rim, where r;? 1 and 
s ;? 0. Each time a 1 is received, a scaling factor of ai will be introduced. The 
average area in which i-divisions occur while creating the the y = OFOP shapes in 
the y = 01 shape is 

00 00 00 

p(y = 01) ·I:. (afr + p(y = 01 l ·I:. (af)'(1- afl I:. (af)• = 2af (6.12) 
r=O r=O s=O 

Execution of all the i-divisions mentioned up till now will subdivide the unit 
square into a smaller square, an outer rim, and an endless series of shapes which 
are scaled versions of the outer rim. The situation after the i-divisions, depicted in 
Fig. 6.1, looks very much like a fractal : the outer rim is replicated in the inner rims. 

The total area in which all the mentioned i-divisions occur is the sum of the 
area of inner bound divisions in the outer rim, the y = OOF, andy = OFOP areas 
(Eq. 6.5, Eq. 6.11, Eq. 6.12): 

(6.13) 

6.2.3 Outer bound division of the outer rim 

We now show how the outer rim and all its smaller clones is subdivided using a
divisions only. First, we remark that in the pictures of the 1982 strategy Fig. 2. 7 
and and the 1983 strategy Fig. 5.3, the area in which the a-division takes place 
is situated next to the corner-piece of the 1-shape. When discussing our modified 
1983 strategy, it is more convenient to place this area at the other end of the beam. 
Therefore, the parameter az will be 1 minus the a2 used in the 1982 / 1983 strategy. 
1-shapes will play an important role in the subdivision of the outer rim. 

DEFINITION 6 .1 (RELATIVE BEAM LENGTH) 

The relative beam length in an 1-shape is the length of the beam relative to the 
overall length of the 1-shape: 

a1a2 
y = -,--------::---

1 - a1 + la1a2 
(6.14) 

The area of an 1-shape can be expressed in terms of 1 - a 1, defining the length of 
its corner-piece, and y: 
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~f 

Figure 6.2: The first o-division in the outer rim 

EJ 000· 

[)] 0000 

Ill 0001 

In the a-division of an L-shape, the corner-piece will be assigned y = 1, and the 
beams y = 0. The division rate of the a-division approaches the Shannon outer 
bound when -y approaches the optimal value of 0.38196 (see Eq. 2.29) . 

In the 1982 strategy, we saw that the L-shape remaining after the initial i-division 
had non-optimal proportions. Therefore, a m-division was needed to cut the beams. 
In the 1983 strategy, we bootstrapped the m-division, so that its rate does not 
influence the overall rate of the strategy anymore. 

We restrict ourselves to the outer rim only. Since the inner rims are scaled 
versions of the outer rim, they can be subdivided in a similar way. The outer rim is 
subdivided as if it was a collection of L-shapes. Since the proportions of the L-shapes 
in the outer rim are non-optimal, we also need (bootstrapped) m-divisions. Upon 
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~-1 

~01 

1B 1· 

~ 1o 
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Iii] 0000 ~ 0· 
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Figure 6.3: Three a-divisions in the outer rim 

the reception of y = 000, the first division is executed as follows: 

0 if ei E [0, Gtzct{) u [ctf' ctf + GtzctW - (Xl) )U 
lct1, ct1 + ctzctf(l - ctJ) )u 
[2ctl - ctf, lct1 - ctf + ctzctJ( 1 - ct1 J2) 

xi,oJ = 1 if 8i E [ct{ , ctf) U [2ctf- ct~, ctJ)U 

[ctl + ctf- ct{, 2ctl - ctf) u [3ctl - 3ctf + ctf, 1) 
otherwise 

{6 .16) 

In order to perform this division, first an m-division which separates the xi,o1 = · 
part from the xi o1 E {0, 1} part is executed. This m-division can be disposed of by 
bootstrapping. The area in which the a-division occurs is equal to -p(y = 0001) {the 
total area of the corner-pieces of the collection of L-shapes) times 1 ~Y. 

1 1 
"Pot= -p(y = 0001 J-

1
- = (1 - ctJ) 2

-
1 
-(1 - ctf)2 

-y -y 
{6.17) 

After the first a-division, three parts remain, designated y = 0001 (the darkest part 
in Fig. 6.3), y = 0000 (the middle part, it consists of two non-connected regions), 
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y = 000· (the lightest part in Fig. 6.3, also two non-connected regions) . Note the 
similarity of all five regions: they are scaled versions of each other, and the way 
of subdividing the five parts will be the same. We now continue to subdivide the 
y = 0001 part. This part looks very much like the area y = 00, which is the rim after 
only 2 inner bound divisions. The symbol xi,o2 to transmit in the second a-division 
is: 

{ 

0 if El; E 

x,,o2 = 1 if El, E 

. otherwise 

[a~, a~ + a2ai(l - ad )U 
[!XJ + af - af, £X1 + af- af + a 2aJ(1 - aJ)2) 
[2af - af, £X1) U [af - 3af + 3£XJ, 1) 

(6.18) 

The area in they = 0001 part where the second inner bound division takes place is 

1 4 2 1 
Po2 = p(y = 00011 )-

1
- = (1- aJ) (1- ad-

1 
- (6.19) 

- y -y 

Like the first a-division, the second a-division subdivides the y = 0001 part in 5 
non-connected regions: the shape y = 00011, which consists of the areas marked 
1,4,5 in Fig. 6.3, the region y = 00010 consisting of the areas 3,8,9, which has two 
non-connected shapes. The areas marked 2,6,7 are bootstrapped. They form the 
region y = 0001·, which also consists of two non-connected regions. All five regions 
are similar to ordinary 1-shapes. We continue to perform the third a-division in the 
they = 00011 part. 

{ 

0 if 9i E [2af - af I 2af - af + !X2£XJ( 1 - !XJ ]2) 

X;,o3 = 1 if 9; E [af - 3af + 3£XJ, 1) 

. otherwise 

(6.20) 

When (81, 82) is situated in the areas marked 1,2 or 3 (Fig. 6.3), then 1Ji,o3 = 1; in 
areas 5, 7 and 9 1Ji, o3 = 0. In areas 4,6 and 8 bootstrapping occurs. The area in the 
y = 00011 part in which the third inner bound division occurs is 

1 6 1 
Po3 = p(y = 000111 )-

1
- = (1- ad -

1
-

-y -y 
(6.21) 

After the third a-division, the areas marked with 1,4,5 now remain as separate 
regions. The total sequence of a-divisions of the outer rim results in the separation 
of all rectangular regions, as they are depicted in Fig. 6.3. 

To calculate the total area in which a-divisions in the outer rim are performed, 
we work backwards. In they = 00011 part, the area in which the o3-division occurs 
is (1 - a)6 1 ~y· The 51-shapes remaining after the second outer bound division in 
the y = 0001 all have the same size; their total area is 

p(y = 0001) = p(y = 00011) + p(y = 0001 0) + p(y = 0001 ·) 

= (l + 2cqoc2 + 2ocJ(l - ocz))p(y = 00011) 1- oc 1 1- oc1 

= :~:~ p(y = 00011) 

(6.22) 

(6.23) 

(6.24) 
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The total area in which the o3-division occurred in these 5 shapes together is ( 1 -
a 1 )

5 
1 
~Y ( 1 + a 1). Also, the 5 subshapes remaining after the first outer bound division 

are similar: 

p(y = 000) = p(y = 0001) + p(y = 0000) + p(y = 000·) 

= ::::: p(y = 0001) 

(6.25) 

(6.26) 

Using Eq. 6.17, Eq. 6.26, Eq. 6.19, Eq. 6.24 and Eq. 6.21, the area of the subsequent 
a-divisions in the y = 000 shape is: 

l+cq (l+ad
2 3{1 )1(1 2)2 I Pot+ 1-a1 Po2 + (1-aJ)2Po3 = - !X.J - !X.1 1-y (6.27) 

The total area of a-divisions in the whole unit square (i.e. in the outer rim and all 
its clones in the areas y = 001 andy = 01) now evaluates to 

which is exactly three times p 0 , as mentioned in Eq. 2.36. As a result, the rate of 
the strategy discussed in this paragraph, starting with 3 inner bound divisions, is 
exactly the same as the rate of the original1983 strategy (cf. Eq. 5.20). 

6.3 A better way to divide the outer nm 

6.3.1 A good part of a save-up strategy 

In Sec. 4.6.2 and Tab. 4.1 discrete save-up strategies with better rate pairs than 
the 1982 Schalkwijk strategy are listed. These discrete save-up strategies have such 
high rate because shapes similar to the one depicted in Fig. 6.4 and Fig. 6.5 occur 
in their strategy trees. Division of these shapes is quite spectacular: it subdivides 
the shape in no less than 7 parts. The division of the '1' part also achieves a high 
rate close to the outer bound. When we compare the divisions of the shape to a 
simple a-division of an L-shape of the same area, we see that the total area in which 
divisions occur is larger, although the average rate of the divisions is lower than the 
rate of the a-division (Fig. 6.5). Therefore, the influence of the divisions of such a 
'seven-part' shape on the overall rate of a strategy is larger. 

The example depicted in Fig. 6.4 comes from the 18 x 18 save-up strategy; it 
occurs in every save-up strategy on a larger messages square. In the save-up strategy 
of the 18 x 18 square, this shape occurs after receiving y = 000, i.e it is a discrete 
version of the outer rim. The shape has a division rate of 0.64987 bpdt, and the 
subtree subdividing this shape has a rate of 0.65837 bpdt . The subtree transmits 
1.0635 bits from the 2.08313 bits per direction in each message pair in this shape, 
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Figure 6.4: Highlighting a good subdivision 

Figure 6.5: The 'seven-part' shape in its pure form 
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ex, (2- ex,) 

Outerbound divisions: 

D 0 o-divisions 

IIi! I o-division 

• 2 o-divisions 

• 3 o-divisions 
0 

Figure 6.6: Location of the special shape 

the rest of the information is saved-up. Degenerate versions of this shape (where the 
area marked with'*' does not occur) with a rate slightly lower, also occur frequently 
in save-up strategies of depth 5 and deeper. 

We are now going to incorporate the division of a 'seven-part' shape into the 
modified 1983 strategy. 

6.3.2 Selecting a part of the outer rim 

In the previous chapter, we showed that bootstrapped divisions do not contribute 
to the overall rate of a strategy. Therefore, we can tailor a shape to our needs by 
removing unwanted parts using subsequent bootstrapped divisions. The removal 
of the excessive parts of the beams of the 1-shape in the 1983 strategy using a 
bootstrapped m-division is an example of this. In a similar way, a bootstrapped 
division (indicated by the bold lines in Fig. 6.6) divides the outer rim into a cut-out 
shape and a remainder, such that the 'cut-out' shape is very similar to the 7-shape 
found in discrete strategies and save-up strategies. The b1-division) depicted in 
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eD = cxJ(l - cxJ)2(1- cxz) (lJ .. Q 

e• = cxfcxz(l -ex, )(1 - cxz) m ·0· 

1 7 1~ ~ ~~ 

Figure 6. 7: Subdividing the cut-out shape with outer bound 

Fig. 6.6 is bootstrappable using the time-sharing trick in Cor. 5.4. In this way, 
we can incorporate the benefits of the subdivision of the 'seven-part' shape in the 
modified 1983 strategy. 

We want to minimize the amount of a-divisions possible in the cut-out shape, 
since we will lose the benefits of these a-divisions when the cut-out shape is sub
divided in a different way. Therefore, the cut-out shape is situated such that a 
maximal number of message pairs which get no (or just one) a-division is incorpo
rated in it. Message pairs for which more a-divisions take place will become part of 
the remainder of the outer rim. This remainder will be subdivided using a-divisions, 
as described in Sec. 6.2.3. 

6.3.3 Calculating the lost outer bound divisions 

In Fig. 6.7, the cut-out shape is presented again. In this paragraph, we will calculate 
the area in the cut-out shape in which outer bound divisions would have taken place 
when the outer rim was subdivided using a-divisions only, as in Sec. 6.2.3. 
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Lj?l ., 
D L____l •~ 

~i, 
c1 = (1- cx3)(1- cxz)cxJ(1- cxJ) 2 

Cz = (1- cx3)cxz(1- cx2)cxf(l- cx1) 

c3 = (1- cx3)cx2(1- cxz)cxf(l- cxJ) 

e, = cx3(1- cx2lcx1 [1- cx1 )2 

e2 = (1- cxz)cxJ(1- cxJ)2 

e3 = (1 + cx2cx3)(1- cxz)cxf(1- ex,) 

C4 = (1- 1X2)1Xl (1- IX] )2 

es = (1 + cxzcx3)(1- a2)cxf(l- ex,) 

e6 = (1 - cx~)cxf(l -ex,) 

Figure 6.8: Bootstrapping the cut-out shape 

L-shapes formed by the '6' parts were divided in the at-division; L-shapes formed 
by the '4' and '8' were divided in the o2-division, and L-shapes formed by the '2' 
and '7' parts were divided in the o3-division. There is no area in the cut-out shape 
in which two or more a-divisions would have been possible. Using 1' we only need 
to calculate the sizes of the square '2', '4', and '6' parts in Fig. 6.7, to count the 
number of a-divisions we will lose, because they are still remaining in the cut-out 
shape: 

(6.29) 

To have optimal dimensions for the cut-out shape to achieve the highest possible 
rate using the new subdivision, the b1-division is modified. A third parameter cx3 
is added, to 'save' some of the area originally in the cut-out shape, in which a

divisions are possible. In this way, an area 2(ezcl + e4c1 + e6c1 + ezCz + e4c3) 1 ~Y = 
4a~(1- cxJ)4(1 - cx2 )2(1- cx3) 1 ~ is added to the remainder of the outer rim, which 
is then subdivided using a-divisions. 

In Fig. 6.8, the final dimensions of the cut-out shape after the b1-division are 
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0 

C4 = CX-4(1 - oc~)ocf(l- oc1) 

cs = ocs(l + oczoc3)(J- ocz)ocf(J- ocJ) 

C6 = oc6(1 + oczoc3)(J- ocz)ocf(J- ocJ) 

Figure 6.9: New division of the special shape 

defined using e1, ••• , e6• The shaded parts become parts of the remainder of the outer 
rim. The hatched parts represent areas in which no o-divisions are performed, these 
parts are bootstrapped three times when subdividing with outer bound divisions 
(this is the area in which we will gain the most from our new subdivision). The 
white parts represent the area in which one a-division will be lost. The total area 
lost for a-divisions is denoted by: 

1 2 4 2 1 
PLoss= l(e1e2 + e1e4 + eze4)-

1
- = 2cx1(1- ex!) (1- cxz) (1 +2cx3)-

1
- (6.30) 

-y -y 

6.3.4 Application of the new divisions 

In Fig. 6.9, the sequence of new divisions from the discrete save-up strategy in 
Fig. 6.5 is mapped onto the outer rim. The three new n-divisions require three 
extra parameters, cx4 , cx5 , CXG· Here, ~ and CXG are used to define the b2-division, a 
bootstrapped division which gives the cut-out shape the optimal dimensions. The 
bootstrapped parts are just rectangles, and not subdivided further in this instance 
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of the strategy (they do not become part of the remainder of the outer rim). The 
calculations are done in the 1 ~ 2 direction in the equal rate point, therefore IXj = 13b 
for j = 1, 2, · · ·. The probability of occurrence of the first in the new series of 
divisions is equal to the final size of the cut-out shape after the bootstrapped b1- and 
b2-divisions. The n1-division divides this area into a corner shape and 6 rectangles. 

Pn1 =2(eJe2 + e1e4 + eJ(e6- c4) + e2e4 + ezes + e4(e3- c6)) (6.31) 

I =I(X . y \X n1) = e, (ez+e4+e6-c4)h( e2 +e4 ) + 
1,n1 h n1 2, Pnl e2 +e4+e6 -c4 

ez(e,+e4+eslh(e,+e4+cs) + e4(e,+ez+e3-c6)h( e,+ez ) 
Pn1 e,+e4+es Pn1 e,+ez+e3-C6 

The second n-division divides the corner shape into two rectangles and two 1-shapes: 

Pn2 =2(eJe2 + e1e4 + e2e4 + e2csl 

I1,n2 =I(X1; Y n2lX2, n2) 
e2 (e 1+e4+cslh( e4 ) e4(e,+ez)h(~) 

Pn2 e,+e4+cs Pn2 e,+ez 

(6.32) 

(6.33) 

Finally, the third n-division in the new set subdivides the two remaining 1-shapes: 

Pn3 =2(eJe2 + e1e4 + e2c5 ) 

I1,n3 =I(XJ; Y n3IX2, n3) 

ez(e,+cslh(___!j_) + e,(ez+e4lh(~) 
Pn3 e, +cs Pn3 ez+e4 

(6.34) 

(6.35) 

The resulting average mutual information per transmission in the equal rate point 
using the new coding strategy: 

-I _ 3Il,i + 3poi1,o- PLossll,o + Pn111,n1 + Pn2I1,n2 + Pn3I1,n3 
J-

3pi + 3po- PLoss+ Pn1 + Pn2 + Pn3 
(6.36) 

Definitions for Pi, I1,i, p 0 , l1,o can be found in Sec. 2.5. Optimizing the result for the 
6 optimization parameters a1, .. . , £X6 results in the equal rate point rate 

I = 0.63060 bpdt (6.37) 

In Fig. 6.10, the structure of the new strategy is visualized. 

6.3.5 Additional improvements 

The results obtained in the previous section already indicate a significant improve
ment of the rate of the 1983 strategy. However, some small adjustments even improve 
the rate further. 

The first adjustment is the introduction of an extra bootstrapped division in 
the final subdivision of the new shape. In the final subdivision, two non-connected 
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Figure 6.10: Structure of the new strategy 

• 

Figure 6.11: An additional improvement to the rate 
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Table 6.1 The new lower bounds to the capacity region of the BMC 

I tX1 (X2 CXJ <X4 cxs <X6 CX7 

0.63056 0.69070 0.32060 0.00000 

0.63060 0.69008 0.32010 0.65609 0.44002 0.48707 0.14825 0.00000 

0.63063 0.69007 0.31991 0.67046 0.44223 0.48718 0.14824 0.71578 

0.63072 0.68944 0.31864 0.67019 0.44374 0.48889 0.14821 0.71567 

L-shapes are subdivided. This is visualized in Fig. 6.11. The b3-division, controlled 
by parameter cx7 , cuts out excessive lengths of the beams of the L-shapes. The 
n3'-division (Eq. 6.35) now becomes 

Pn3' = 2(e1e2 + e1c7 + ezcs) 

I , = e2(e,+cslh(-e_1_) + elfe2+c7)h(___£z_) 
1,n3 PnJ' e1+c5 PnJ' e2+c7 

(6.38) 

(6.39) 

Optimization of the threshold variables cx1, · · · 1 cx7 results in I= 0.63063 bpdt. 
The second, and more important improvement, is the propagation of the new 

division through all rims, as depicted in Fig. 6.1. Up till now, the new division was 
only executed in the outer rim, and the inner rims (which are scaled versions of the 
outer rim) were subdivided in the old way, by three outer bound divisions. However, 
the new subdivision may also be executed in the inner rims. From Eq. 6.9 we have 
the total area of the outer rim p ( y = 000) = ( 1 - cxf) 3 . The total area of the outer 
rim and the inner rims together is 

00 00 1 
p(rims) = L L p(y = 01rOPO) = (

1 
_ cx2 )2 p(y = 000) = 1- cxf 

r=O s=O 1 

{6.40) 

Since the inner rims will be subdivided in the same way as the outer rim, the rate 
of the inner rims will also be the same. The total area in which the new series of 
divisions takes place is increased by a scale factor of (1 - ~tl 2 . Use this to adjust 
Eq. 6.36: 

3 ·I . + 3 I + Pn1I1 ,n1 + Pn.~I1,n2 + Pn3'11,n3'- PL0ssi1 ,o 
_ Pt 1,t Po 1,o (1 _ cx~)2 
11 =--------------------~----~--~--------------

3 . + 3 + Pn1 + Pn2 + Pn3'- PLOSS 
Pt Po (l _ cx~) 2 

(6.41) 

Optimization of cx1 1 • • • 1 cx7 results in 

I = 0.63072 bpdt {6.42) 

which is a new lower bound to the capacity region of the BMC. The results are also 
tabulated in Tab. 6.1, together with the maximizing values of the ex. 
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R1 
Figure 6.12: The new achievable rate region 

6.3.6 Unequal rates 

1 

The complete achievable rate region defined by our new inner bound is obtained 
by dropping the assumption <Xj = (3;. The expressions denoting the various average 
codeword lengths and division rates are rewritten as follows: The f3;, d; and f; are 
used for the 2 ---1 1 direction, and are defined in the same way as the ex;, c; and e; 
respectively. 

Pn1 =f1 (ez + e4 + (eG- c4)) + fz(e4 + es) + f4(e3- c6)) + 
eJ(fz + f4 + (fG- c4)) + ez(f4 + fs) + e4(f3- ~)) 

1 =f1(ez+e4+e6-c4)h( ez+e• ) + 
1 ,nl PnJ e2+e4+e6- c• 

fz(el+e•+es)h(e 1+e4+c5 ) + f•(e1+ez+e3-c6lh( e1+ez ) 
Pn1 e1 +e•+es PnJ e1 +ez+eJ-C6 

(6.43) 

(6.44) 

(6.45) 

(6.46) 
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(6.47) 

(6.48) 

The total area of the outer rim and the inner rims together is now ( cf. Eq. 6.40) 

00 00 1 
p(rims) = L. L. p(y = 01r01 

5
0) = 1 - CX] f31 = (1 - CX] 131 )2 p(y = 000) 

r=O s=O 

(6.49) 

Therefore the average mutual information per transmission in the 1 ~ 2 direction 
evaluates to 

3 I · + 3 I +Pntll,nt+Pn.2Il,n2+Pn3'll,n3'-PLOssil,o 
_ Pt l,t Po l,o (1 _ CXJ f3J)2 
II= + + 3 . + 3 + Pnt Pn2 Pn3'- PLOSS 

Pt Po (1 -cx1f3J)l 

(6.50) 

The expressions for the 2 ~ 1 direction follow from the expressions for the 1 ~ 2 
direction by interchange of ex's and f3's, of c's and d's, and of e's and f's. The 
complete achievable rate region of the new strategy [SMB96) can be obtained, by 
optimization of I;"+ .\!2 for different.\, using the 14 parameters cx1, f31, cx2, · · · , l37. 
The new achievable rate region is plotted in Fig. 6.12. 

6.3. 7 Achievability of the new rate points 

In the structure picture of the new strategy (Fig. 6.10), the states in which boot
strapping occurs are colored gray: when calculating the average mutual information 
they do not count. The picture can be used as a template to create a Markov chain 
like in Sec. 2.5.4 for the 1982 strategy, where a Markov chain was used to calculate 
the average mutual information per transmission of the new strategy. However, the 
proposed strategy is not of the tree type (there are internal loops in the Markov 
chain which do not refer to the initial state). The depth of the strategy tends to in
finity (the creation of all inner rims goes on ad infinitum). Therefore the theorem by 
Tolhuizen (Thm. 2.29) cannot be used to prove the existence of a fixed-length two
way code based on this strategy. The strategy also makes use of the Slepian-Wolf 
data compression theorem (bootstrapping!), for which no general code construction 
method exists yet, except for the random coding method described in the proof of 
Thm. 5.1. 

6.4 Upper bounds 

Up till now, we concentrated on tightening the lower bound to the capacity region. 
The lower bound is tightened by proving the achievability of rate pairs outside 
the previous lower bound region. In order to derive the true capacity region of a 
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TWC, it is equally important to prove the non-achievability of rate pairs outside 
the capacity region. Upper bounds to the capacity region are tightened by proving 
non-achievability of rate points inside a previous upper bound region. Eventually, 
the two bounds will coincide to establish the true capacity region. 

The first upper bound to the capacity region was given by Shannon in his pa
per on two-way communication [Sha61]: the Shannon outer bound (Eq. 1.27). In 
the remainder of this chapter tighter upper bounds to the capacity region will be 
discussed briefly. 

6.4.1 The Zhang Berger Schalkwijk bound 

The first new result in this area is due to Zhang, Berger and Schalkwijk who pre
sented a new upper bound to the capacity region of a TWC [ZBS86]. This bound, 
the ZBS bound for short, is achieved by imposing conditions on the probability dis
tribution of (X1, X2 ) : the amount of information coming out of the TWC can never 
exceed the amount of information which is put in the TWC. 

THEOREM 6.2 (ZHANG-BERGER-SCHALKWIJK) 

For the capacity region of an arbitrary TWC, 9 c 9zas where: 

9zas = {(Rt, Rz) I Rt ~ min[H(XtiU), I(Xt; YziXz)l; 

Rz ~ min[H(XziU), I(Xz; YtiXt, U)] 

U{(Rt , Rz)IRt ~ min[H(Xt iU), I(Xt; YziXz, U)] 

Rz ~ min[H(XziU), I(Xz; YtiXt )] 

(6.51) 

where p(u, Xt, Xz, llt, "Yzl = p(u)p(xtlu)p(xzlu)p*("Yt"YziXtXz) and lUI ~ IXtiiXzl + 2 

In [ZBS86], the constraint on the cardinality of 'U needed to calculate the ZBS bound 
is proven using the support lemma [Egg58, CK81] . The resulting upper bound to 
the capacity region of the BMC has an equal rate point of (0.64891, 0.64891 ). The 
ZBS bound can be applied to any discrete memoryless TWC. 

6.4.2 The dependence balance bound 

Another improvement of the upper bound region is obtained by the dependence 
balance bound. The dependence balance bound, as it is derived by Hekstra and 
Willems [Hek85, HW89, Hek94], can only be evaluated for T-TWCs. In this section, 
we will discuss the application of the dependence balance bound to the BMC. 

The dependence balance bound is based the observation that always 1(91 , 9z) ;? 0 
during the execution of a coding strategy. If we start with independent messages 91 
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and 82 , we will also end with independence between the messages. Therefore: 

0 ~ I(81;82 1Yi) for j = 1, · · ·, n with equality for j = 0 

0 ~ t (I(xl .i;Xz,iiYiYi-1) - l{Xl,i;Xz,i iYi-1)) 
J=l 

(6.52) 

(6.53) 

The terms of this summation are non-negative. In each of the n transmissions, 
dependence l{X1,i;Xz,jiYi-1) is consumed before the transmission, I(X1,i;X2,i1Yi) is 
produced as a result of the transmission. Since dependence cannot be negative, any 
strategy must first produce the dependence by doing inner bound divisions. A true 
i-division operates on a rectangular shape, and ony produces dependence, since there 
is no dependence in the rectangualr shape it can consume. Outer bound divisions 
will consume dependence, in return for a high transmission rate. A true o-division 
operates on an L-shape, and consumes all dependence available in it . 

The dependence balance, as described above, may be used to sharpen the Shan
non outer bound: 

9o• = {(R1, Rz) I R1 ~ min[I{XJ; YIXzU)], 

Rz ~ min[I(Xz; YIX1 U)], 

0 ~ I(X1;XziYU) - I(X1;XziU)} 

where p(u, x1,xz,1J l = p(uxlxz)p*(y lxlxz) and 1111 ~ 3 

(6.54) 

Again U is an auxiliary random variable denoting the history of the TWC, and 
is defined in the same way as in the ZBS bound. The cardinality 1111 is bounded 
in [HW89] using the support lemma [Egg58, CK81]. However, the extra constraint 
does not sharpen the Shannon outer bound 90 , in case of a BMC. The probability 
distribution p* (x1, x2 ) achieving the Shannon outer bound in the equal rate point 
satisfies I{X1; Xz) < I(X1;X2 IY ). Too much dependence is produced by outer bound 
transmissions on a BMC, when only considering the channel output Y. 

6.4.3 The parallel channel 

The knowledge of the 'own' channel input message ei available to the decoder of 
terminal i causes the excess amount of dependence. The decoder makes use of the 
feedback link from encoder to decoder, which can be viewed as a parallel channel 
inside the terminal. Information transmitted on the parallel channel enables the 
decoder to separate non-connected regions in the division of a shape, which destroys 
dependence between shapes. The parallel channel has x1 , x2 as channel inputs, and 
an output b, with a finite channel output symbol alphabet 'B, and a channel output 
probability matrix p 8 (blx1x2-y) . 
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:······ · · ············ ····· · ············· · ·. 

Terminal 1 Terminal 2 

Parallel 

B 
.I:>.1. .'0'.P2 .. B 

Figure 6.13: The parallel channel on a TWC 

THEOREM 6.3 (HEKSTRA-WILLEMS) 

For the capacity region of an arbitrary TWC, 9 C 9Hw: 

9Hw = {(R1, Rz) I R1 ~ min[I(X1; YBIXzU), I(X1; YIXz)]; 

Rz ~ min[I(Xz; YBIX1 U), I(Xz; YIXJ)] 

0 ~ I(X1;XziYBU)- I(X1;XziU) 

(6.55) 

where p(u, x1, Xz, -y , b) = p(uxlxz)p*(-ylxlxz)p 6 (blxlxiy) and lUI ~ IXdiXzl + 2 

The time-sharing variable U now indicates the history (previous outputs) of both 
Y and B: U = (S, ys-1, B5- 1), while X1 = X1s,Xz = Xzs, Y = Ys, B = Bs, and Sis 
distributed uniformly over {1, · · · , N}, independent of other random variables used. 

The probability matrix p 8 must be chosen carefully. It should destroy as much 
as dependence I(Xi; X3_dY, B, U) as possible, without 'leaking' too much information 

I(Xi; BIX3-i. Y, U). Therefore, we cannot use the deterministic channel output func
tion f 8 (x1,x2 ,-y) = (x1,x2 ): this means all information about the message pair is 
instantly known to both receivers, without using the channel. More interesting is 
f 8 (x1, x2 , -y) = x1: then Eq. 6.55 reduces to one of the two parts of the ZBS bound 
Eq. 6.2: 

9zss, = {(R1, Rz ) I R1 ~ min[H(X1IU), I(X1; YziXz)l; 

Rz ~ min[H(XziU), I(Xz; Y1IX1, U)] 

The other part is obtained with f 8 (x1, x2 , -y) = x2 . 

(6.56) 

It is also possible to use an adaptive parallel channel, depending on the one 

symbol channel history "Yt-1, bt- 1, and x1, x2. An improvement upon the ZBS bound 
[ZBS86] is obtained with the channel function f 8 in Tab. 6.2, which depends on the 
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Table 6.2 Parallel channel for use with BMC 
(x1,x2,1Jl P(b=·) P(b=O) P(b=1 ) 
(0,0,0) 0 p 1 - p 
(0,1,0) 0 0 1 
(1,0,0) 0 1 0 
(1,1,1 ) 0 0 

result of the previous transmission. If 1Jt = 1, we do not need to use a parallel 
channel: the current division is a hypothetical inner bound division. 

If 1!t = 0, a (hypothetical) 1-shape is divided with an outer bound division. Now 
the channel inputs x1,x2 are considered. If (x1,x0 ) = (0, 1) of (1,0), we are in one 
of the beams of the L-shape. There is an information flow via the parallel channel 
to separate the two beams from each other after the transmission. This operation 
destroys dependence using the parallel channel, having I(X1; X2IY, B, U) maximal. 

If (x1, x2) = (0, 0), then we are in the corner part of the 1-shape. The information 
leak I(Xi; BIX3_i, Y, U) is controlled by the parameter p, and minimized for p* 

I(X1; BIX2, Y, U) + I(X2; BIX1 , Y, U) 

= I(X1; BIX2, Y = 0, U) + I(X2; BIX1, Y = 0, U) 

= p (x2 = Olu)h.(p(xJ = Olu)p) + p(x1 = Olu )h.(p(x2 = Olu)p) 

- 2p(xJ = Olu)p(x2 = Olu)h.(p) 

(6.57) 

• p(x1 = Olu)p(x2 = 1lu) 
p = p(x1 = Olu)p(x2 = 1lu) + p(x1 = 11u)p(x2 = Olu) (

6
·
58

) 

In [HW89], the dependence balance bound is evaluated using the parallel channel 
as described in Tab. 6.2 for the BMC. This results in an upper bound to the capacity 
region of the BMC, with an equal rate point of (0.64628, 0.64628). A formal deriva
tion of the dependence balance bound is found in [HW89]. In Tab. 6.3 the various 
upper and lower bounds to the capacity region of the BMC are tabulated. 

Table 6.3 Closing in on the capacity region of the BMC 

0.5 < e < Time-sharing 
0.61695 < e < 0.69424 1961 Shannon [Sha61] 
0.61914 <e< 1982 Schalkwijk [Sch82] 
0.63056 < e < 1983 Schalkwijk [Sch83] 

< e < 0.64891 1986 Zhang Berger Schalkwijk [ZBS86] 
< e < 0.64628 1989 Hekstra Willems [HW89] 

0.63056 < e < 1990 Schalkwijk [Sch90] 
0.63072 < e < 1994 Schalkwijk Meeuwissen Bloemen[SMB96] 
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7 
Ternary TWCs 

Two-way channels do not need to have binary input and output symbol alphabets. 
This chapter discusses the application of coding strategies to n-ary TWCs. A n
TWC is a two-way channel where the input symbol alphabets have cardinality n. 
For n-TWCs that are not T-channels, the cardinality of the output symbol alphabets 
is equal ton. ForT-channels, the output symbol alphabet cardinality may be larger 
than n. This chapter first discusses methods to count the number of different TWCs. 
Then, the 3-TWCs are classified, and some are investigated further. 

7.1 Number of ternary TWCs 

An intuitive way to count the number of deterministic 3-TWCs is the following: 
choose any symbol for each channel input symbol pair (x1 , x2 ). In the general case, 
two output symbols 11 1,112 can be chosen, one for each of the two terminals. For 
2-TWCs, the amount of channels counted in this way is equal to (2 x 2fx2 = 256 
'different' channels, of which 24 =16 are T-channels. When 3-TWCs are considered, 
this amount goes up to (3 x 3)3 x3 = 387.420.489 'different' channels, among which 
are 39=19683 T-channels. 

In Fig. 7.1, some 3-TWCs are depicted. The leftmost example shows a typical 
example of a TWC, where the channel output symbol may differ for the two termi
nals. Usually, the two parts of the picture are merged into one, like in the example 
on the right of Fig. 7.1. The middle picture is an example of a ternary T-channel. 

7.1.1 Output symbol partitioning 

Each channel input symbol in the channel input symbol alphabet designates a row or 
a column in the channel output matrix, and selects a set of possible channel output 
symbols. Labels 0, 1, 2 are used to refer to each of the channel input symbols, 
and to determine the order of the rows and columns in the channel output matrix. 
The output symbols occurring in the selected row or column partition the channel 
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111 A B C 112 A B C y A B C 1!1'112 A B C 

X 0 

y 1 

z 2 

2 1 1 0 1 X 0 1 1 

2 0 1 1 2 y 2 2 1 

2 1 2 0 1 z 1 0 1 

Separate output 3-TWC T-3TWC 

Figure 7.1 : Some ternary TWCs 

Separate output 3-TWC T-3TWC 

X 00 01 01 

y 10 11 21 

z 10 12 00 

Symmetric 3-TWC 

···= T 
Symmetric 3-TWC 

Figure 7.2: Partition patterns of the example channels 

output symbol alphabet, and the receiver can only make a distinction between these 
partitions . In this way, the information is transferred; the amount of information 
depends on the sizes of the partitions the receiver can distinguish between. Labels 
0, 1, 2 are used to refer to the different channel output symbols. 

As an example, take a binary TWC. There are 2 ways to partition the 2 possible 
channel outputs in a column in the channel output matrix: assign different channel 
output symbols (C0), or assign equal symbols ( ' '). Here, C and~ do not represent 
an ordering in the symbols, they just represent different symbols. Hence, ~is the 
same as~- For n = 3, there are 5 ways to partition the 3 possible outputs in each 
row and column in the channel output matrix. They are denoted with : lxlol, ~. 
lill:IJ, ClliC, : : : ', where C, ~.[£]again just represent different symbols without any 
ordering. 

7.1.2 Visualization of TWCs 

Jacobs [Jac86] designed a way to visualize 3-TWCs. Consider the 3 x 3 channel 
output matrix of a 3-TWC folded on a torus. That is: the leftmost and rightmost 
column are connected, and so are the top and bottom row. On the torus, a line is 
drawn between any two distinguishable channel output symbols which are in the 
same row (or column) . A dashed line is drawn between indistinguishable (i .e. being 
in the same partition) channel output symbols in the same row or column. The 
resulting picture is called a partition pattern. The partition patterns of the example 
channels in Fig. 7.1 are given in Fig. 7.2. 

The representation chosen by Jacobs is only possible for 3-TWCs. 4-TWCs 
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cannot be modeled in this way, since nonadjacent channel inputs may be in the 
same partition. 

7.1.3 Partitions 

Consider the set V n consisting of n elements, which are distinguishable from each 
other. These n elements are labelled 1, 2, .. . , N . The set of partitions of V n is 
denoted by :Pn. 

THEOREM 7.1 (PARTITIONING A SET) 
The number of partitions I:Pnl of a set Vn is: 

I :Pol = 1, I:P1I = 1 

I:Pn+11 = ~ (~) I:Pn-kl 
(7.1) 

Proof. [dB64] (Induction ton) Consider the element labelled n + 1 in an arbitrary 
partitioning of Vn+l- Suppose it is in a partition consisting of k other elements 
(0 :::;; k :::;; n). These other elements can be chosen in (~) ways. The remaining n - k 
elements in v n+ 1 can be partitioned in I:P n- kl ways. • 

Instead of assigning channel output symbols to each row or column, a partitioning 
can be assigned to each row or column. For a n-TWC, the total number of ways to 
assign partitionings to the rows and columns 

(7.2) 

For n = 3, this results in 56 = 15625 different 3-TWCs, a number much smaller 
than the 99 mentioned earlier, but still larger than the actual number of different 
3-TWCs. 

7.2 Equivalent TWCs 

Many two-way channels are essentially the same, they only differ in the way input 
and output symbols are labelled. 

DEFINITION 7.2 (EQUIVALENT TWCs) 
Two TWCs 0 1,02 are equivalent when the channel output function of D1 can 
be derived from the channel output function of Dz, by permuting symbols in the 
input symbol alphabets X1 (0 1), X2 (0 1) or the channel output symbol alphabets 
}I,( 0,), 1h ( 0 1 ), or by interchanging the two terminals 1 and 2, such that terminal 
i uses X 3_i as input symbol alphabet, and }13-i as output symbol alphabet [Gaa85, 
Jac86] . 
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111Y 2 A B C YIY2 X y z 111111 X Y Z 111111 Y X Z 

X 00 10 01 A 00 21 11 c 10 00 02 c 00 10 02 

y 12 20 00 B 01 02 11 A 00 21 11 A 21 00 11 

z 11 11 20 c 10 00 02 B 01 02 11 B 02 01 11 

FfE
: ······· FfE····· : FfE: ..... . 

... ... . · · · ··· . . . . . . . . . . . ' . . . . . ' 

Figure 7.3: Permuting a ternary TWC 

THEOREM 7.3 
TWCs that are equivalent by Def. 7.2 have the same (or reflected, in case of terminal 
interchange) capacity region. 

Proof. Information is transferred over the channel by enabling the receiver to make a 
distinction between partitions of the set of channel output symbols. The sizes of the 
channel output symbol partitions determines the amount of information transferred. 
To each of the partitions, a channel output symbol is assigned. A permutation of this 
assignment does not change the size of the partitions of the channel output symbols. 

Each channel input symbol at terminal 1 corresponds to a row in the channel 
output matrix, and selects a partitioning of the set of possible channel output sym
bols . Labels 0, 1, 2 are used to refer to each of the channel input symbols, and to 
determine the order of the rows in the channel output matrix. A permutation of the 
labels of terminal 1 will alter the order of rows in the channel output matrix, but it 
does not change the size of the channel output symbol partitions in each row. The 
same holds for terminal 2, where the input symbol labelling determines the order of 
the columns of the channel output matrix. 

When the symbol alphabets of the two terminals are interchanged, the capacity 
region of a TWC will be reflected in the line R1 = R2 . Apart from this reflection, 
nothing changes in the partitioning of the channel output symbols given each channel 
input symbol. 

Since permutations of channel symbol alphabets or terminals does not change the 
sizes of the partitions of the channel output symbols, nothing changes in the amounts 
of information transferred on the channel, and therefore equivalent channels have the 
same capacity region. • 

A channel that remains the same under terminal interchange is a symmetric 
channel. The rightmost example in Fig. 7.1 is a symmetric channel. In Fig. 7.3, 
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a terminal interchange and two permutations of the input symbol labels are shown. 
The partition patterns of the channels show that the resulting channel is the same as 
the initial channel. 

7.2.1 Permutation groups 

In the previous section, we defined permutations on the set of TWCs, which can 
be used to define equivalence classes in the set of TWCs. This section introduces 
permutations and permutation groups, which we will need to count the number of 
different TWCs. 

DEFINITION 7.4 (GROUP) 

A group consists of a finite set G and a binary operator o, with the following prop
erties: 

• Closure: Va, bE G :a o b E G 
• Associativity: Va, b, c E G : a o {b o c)= (a o b) o c 
• Neutral element: ::Je E GVa E G : a o e = a = e o a 
• Inverse elements: Va E G::Ja-1 E G: a o a-1 = e = a-1 o a 

A group ( G, o) acts on a set 0 if there is a function 1jJ : G x 0 --7 0 such that for all 
91,92 E G, x E 0: 1jJ(91 o 92, x) = 1jJ(91, 1V(9z, x)) and 1jJ(e, x) = x if e is the identity 
element of G. We will write 9(x) for 1jJ{9, x) in the remainder of this chapter. 

DEFINITION 7.5 (PERMUTATION) 

A permutation 9 on a set 0 consisting of n elements {1, 2, · · · , n} is a bijection of 0 
to itself and is denoted with (gil) 9&1 9(3) ::: 9~1 ). 
In relation to permutations of a set 0, the operator o denotes 'composition of permu

tations' : 91 o 92 = ( g,(g
1
z(lll go(g; (Zll g,(g~(Jll ::: g,(g~(n)J) . Composition of permutations 

is associative. 

DEFINITION 7.6 (PERMUTATION GROUP) 

A set G of permutations and composition o form a permutation group if ::Je E GVg E 

G : 9 o e = eo 9 = 9 (the identity permutation), V91, 92 E G : 91 o 92 E G (closure) 
and Vg E G::J9-1 E G: (9 o g- 1) = e (inverse permutation). 

The set of all permutations of a set of n elements and o form a permutation group, 
called the symmetric group Sn. 

DEFINITION 7. 7 (CYCLE) 

A cycle is a permutation 9 with g(xl) = x2, g(x2l = x3, · · · , g(xk_J) = xk, 9(xk) = x1. 

Each permutation 9 can be written as a composition of cycles. For instance, 9 = 

( n n can be written in cycle notation: 9 = (13) o (2): 1 '3 form a cycle in 9. and the 
single element 2 also forms a cycle. To shorten notation, o is omitted. The elements 
of 52 are (1 )(2),(12); 53 contains (1 )(2)(3), (1 )(23), (2)(13), (3)(12), (123), {132). 
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DEFINITION 7.8 (TYPE OF A PERMUTATION) 

The permutation type of g is defined as the sequence (bJ(g), bz(g), ... , bk(g)), k E 
N, where bk[g) is the number of cycles of length kin g. 

In 53, there are three permutations of type (1, 1,0), two of type (0, 0, 1) and one 
permutation of type (3, 0, 0). 

DEFINITION 7.9 (CYCLE INDEX) 

For each permutation g E G, write its type as a monomial x~dglx~z(g) · · · x~dg l . The 
cycle index P G of G is defined by the sum of all monomials corresponding to the 
permutations in g, divided by the size of G: 

(7.3) 

The cycle indices of 52 , 53 , 54 and 55 are needed later. 

Ps2 (x1, Xz) = !{xf + xz) (7.4a) 

Ps3 (XJ , Xz,x3) = !(xf+3xlxz+2x3) (7.4b) 

Ps4 (x1, Xz, x3, X4) = i4 (xi+ 6xfxz + 3x~ + 8x1x3 + 6x4) (7.4c) 

Ps5 (x1, . . . , xs) = 1i0 (x~ + 1 Oxfxz + 15xlx~ + 20xfx3 + 30xlx4 + 20xzx3 + 24xs) 
(7.4d) 

7 .2.2 P61ya's theorem of counting 

In order to be able to count the number of TWCs, we need two important results from 
combinatorics: Burnside's lemma and P6lya 's fundamental theorem of counting. 
The lemma and the theorem are used to count equivalence classes in sets on which 
permutation groups act, and to count equivalence classes in mappings between per
muted sets. For the proof of the lemma and the theorem we refer to text books on 
combinatorics [dB64, dB81, Liu68]. 

DEFINITION 7.10 (EQUIVALENCE RELATIONS) 

Given a permutation group G of permutations acting on a set 0, an equivalence 
relation in 0 defined by: 

(7.5) 

The equivalence class or orbit of an element x E 0 is defined as Ox = {g(x)lx E 0 }. 
All orbits are non-intersecting, and partition the set D. 

LEMMA 7.11 (BURNSIDE, CAUCHY-FROBENIUS) 

The number of equivalence classes in 0 due to the action of G is equal to: 
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We want to 'color' each element of 0 with colors from a set R. The set of all possible 

color functions f is denoted by R0
, and consists of IRIIDI elements. In R0 , equivalence 

classes are defined by the equivalence relation: 

f1 ~ fz {::} :lg E G \fd E 0: f1 o g(d) = fz(d) for f1, fz E R0 (7.7) 

Each equivalence class is called a coloring or a pattern. 

THEOREM 7.12 (POLYA) 

The number of equivalence classes of functions from 0 to R is: 

#patterns in R0 = I~ I L_i{f E R0 I fog= f}l 
gEG 

(7.8) 

= PG(IRI,IRI, IRI, ... ) (7.9) 

= _1 L. IT I Rib;( g) 

IGI gEG i~l 
(7.10) 

where the permutation type of g E G described by b1 (g), bz(g), b3(g), .... 

The theorem in Thm. 7.12 is a special case ofP6lya's counting theorem [dB64, dB81], 
in which a weight w(r) is associated to each element in R. In our case, we omit the 

weight factor w(r), since we only want to know the number of patterns, each having 

weight 1. 
We go one step further by defining a permutation group H, acting on R: the 

colors themselves are also permuted. Again, we have an equivalence relation on R~: 

f 1 ~ fz {::} :lg E G, hE H\fd E 0: f1 o g(d) = hofz(d) for f 1, fz E R0 (7.11) 

Each equivalence class or color scheme is called a superpattern. 

THEOREM 7.13 ('SUPER' POLYA) 
The number of superpatterns in R0 due to the action of G in 0 and H in R: 

#superpat. in R0 = IG;IHI L l{f E R
0 

I Vd E 0: ho f(d) = f o g(d)}l (7.12) 
gEG,h.EH 

= l~l L PG(L jcj(h), L jcj(h), L jcj(h), ... ) 
h.EH jll jiZ jl3 

(7.13) 

1 ( ) b;(g) 

= IGIIHI LLf1 L_jcj(h) 
h.EH gEG i~ 1 jli 

(7.14) 

where permutations gin G have permutation type (bJ(g), bz(g), b3(g), ... ) and per

mutations h in H have permutation type (cJ(h), c2 (h), c3(h), ... ). 

Thm. 7.13 is a special case (all weights equal. 1) of a generalization of P6lya's theorem 

by de Bruin [dB64, dB81]. 
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Table 7.1 Influence of column permutation on row partitioning 

Column permutation Row partitioning 
n =2 ~ ~ 

(12) ~ -
(1 )(2) ~ -

n = 3 ; lx lol c::IJ8J r&::C CTIIJ --
(1 )(2)(3) : lxlol c::IJ8J lXI , : • lxl • --

(1 )(23) ; lxlol CTIIJ r&::C • ' lxl --
(13)(2) • lxlol r&::C c::IJ8J CTIIJ --
(12)(3) ' lxlol c::I:N CTIIJ r&::C .. . . 

--
(132) • lx lol lxl: : CTIIJ c::I:N . . . 

--
(123) • lx lol CTIIJ • • lx l r&::C --

7.3 The number of n TWCs 

We now apply P6lya theory to our problem: the counting of the number of different 
two-way channels. From Thm. 7.3, channels are equivalent if they can be trans
formed into each other by row permutations, column permutations and interchange 
of terminals 1 and 2. 

7.3.1 Partitionings permutations 

Consider the terminal 1 ---i 2 direction of transmission. Terminal 1 permutes the 
order of the n rows in the channel output matrix by permuting the labels given 
to the channel input symbols of terminal 1: the symmetric group Sn works on the 
set of rows. The channel output matrix assigns one of P n possible output symbol 
partitionings to each row. 

Terminal 2 also uses the symmetric group Sn to permute the labels given to its 
channel input symbols and (as a result) the order of the columns in the channel 
output matrix. Such a permutation will also modify the partitioning of the output 
symbols in a row: this is modeled by the influence function cr. As a result, a 
permutation group cr(Snl acts on the set of JPnl partitionings of the rows. 

The influence function cr is explained in Tab. 7.1 For instance partitioning r&::C 
is assigned initially to a row. Terminal2 uses (12)(3 ) to permute the columns. The 
result is the partitioning CTIIJ. If the row was assigned ' lx lol, the output symbols 
are partitioned into three different parts without assigning a particular label to these 
parts. Hence the result of the column permutation is still :::::lli@J. 

The cycle indices of the symmetric groups Sn are given in Eq. 7.4. For the 
permutation groups cr(Snl the permutation types are listed in Tab. 7.2, and the 
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Table 7.2 The influence function CT 

Column permutation 

perm.type bi(g) 

Influence function Lili jci ( <Y( 9 l l 
perm. type Cj ( CT( g)) 

(1)(2) (2,0) 
(12) (0, 1) 

(1)(2)(3) (3,0,0) 
(1)(23) (1,1,0) 
(13)(2) (1, 1,0) 
(12)(3) (1, 1, 0) 
(132) (0,0, 1) 
(123) (0,0, 1) 

cycle indices are: 

(c:El) (f""'t] 
[c:EJ) (f""'t) 

(: lxlol) (o:::N) ([&IJ) (c::NJ) (t : : t) 
(' lxlol)(o:::N c::NJ)([&IJ)( : : ') 
( lxlol)(o:::N [&IJ)[c::NJ)(' ' : ') 
( lxloi)(CJ:::N)([&IJ c::NJ)(t : : ') 
(: lx lol) (o:::N c::J8C [&IJ) ( : , ') 
(c::N2J) (o::::I8J lXI t : c::NJ) (t ' : ) 

Pcr(S2J(X1, xz) = !(2xf) 

Pcr(S3J(X1, Xz, x3) = ~(x1 + 3x~x2 + 2xfx3) 

(2,0) 
(2,0) 

(5,0,0) 
(3, 1, 0) 

(3, 1' 0) 
(3, 1, 0) 
(2,0, 1) 
(2, 0,1) 

(2,2) 
(2,2) 

(5,5,5) 
(3,5,3) 
(3,5,3) 
(3,5,3) 
(2,2,5) 
(2,2,5) 

(7.15a) 

(7.15b) 

Insert Eq. 7.4a and Eq. 7.15a for n = 2, or Eq. 7.4b and Eq. 7.15b for n = 3, in 
Eq. 7.13 to find the number of different ways to assign output symbol partitionings 
in one direction for a n-ary TWC. For quick reference, the rightmost column of 
Tab. 7.2 contains the terms Lilijci(CT(9)) needed in Thm. 7.13. 

1 
#classes= ISniiSnl L l{f1 E j'~n I CT(9z) of o 9]

1 = f}l (Eq. 7.13) 
91 ,92ESn 

(for n = 2) = 15
1
21 (Ps2 (2, 2)) = 3 (7.16) 

(for n = 3) = 15
1
31 

(Ps3 (5, 5, 5) + 3Ps3 (3, 5, 3) + 2Ps3 (2, 2, 5)) = 14 (7.17) 

The number of different ways to transmit the data in one direction on a 2TWC can 
also be determined by inspecting all possibilities: there are two partitionings of );1: 

rn and ' ' '· Terminal 1 can assign rn to zero, one or two of the two rows in the 
channel output matrix. 

7.3.2 Counting classes of equivalent TWCs 

Both information flows should be taken into account when counting the number of 
different TWCs. In P6lya theory, the problem is now stated as follows: we want to 
know the number of equivalent assignment functions (f1, f1 ) from a set X 1 of n rows 
and a set Xz of n columns to a set of lj'nl row partitionings Z11 and lj'nl column par
titionings );11 . The j'~n x j'~n (Eq. 7.2) possible assignment functions f define a chan
nel output matrix of a TWC. There are permutations 91 E Sn, 92 E Sn, CY(9zl. 0"(91) 
working on X 1, X1 , );1 1, );1 1 respectively where CT is the influence function as defined 
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in Sec. 7.3.1. Terminal interchange (possible exchange of f 1 and f2 ) is modeled 

by a permutation h E 52 • The action of the various permutations on the set F of 

assignment functions (f1, f2 ) is represented by a permutation function 'T(h, 91, 92 ). 

'T(h, 91, 9z) (f1, fz) = ( cr( 9zl 0 fn(1J o 911, <Y( 9d o fn(ZJ o 921) (7.18) 

Application of Burnsides lemma (Eq. 7.6) gives 

1 
/nTWCI = /Sz//Sn//Sn/ L i{(f1, fz) E j>~n X j>~n / 'T(h, 91, 9z)(f1, fz) = (f1, fz)}l 

hESz 
92.91 ESn 

(7.19) 

Case 1: No terminal interchange. Rewrite Eq. 7.18 using h = (1 )(2): 

'T((h,9T.9z))(f1,fz) = (<Y(9z)of1 o911,<Y(9dofzo921) (7.20) 

In the right hand side of Eq. 7.20, f 1 and fz are independent. Therefore: 

/nTWC/ = ISn~ISnl .L (1{f1 E j>~n I <T(9zl 0 f1 0 91
1 

= fdl· 
92 .91 ESn 

IUz E j>~n I <Y(91) o fz o 921 = fz}l) (7.21) 

Case 2: Terminal exchange. Rewrite Eq. 7.18 using h = (12): 

'T( (h, 91, 9zll ( f1, fz) = ( <Y( 9z) o fz o 91 1, <Y( 9Tl o f1 o 92 1) (7.23) 

Now in Eq. 7.20, f1 = <Y(9zl o fz o 9j-1 and fz = <Y(91) o f1 o 921, so f1 and fz are 

dependent: f1 = <Y(9zl o (<Y(9d o f1 o 921) o 911 = cr(9z9d o f1 o (919zl-1 

/nTWCI = ISn~ISnl L l{f1 E j>~n I 0"(9291) o f1 0 (9192)-
1 

= fdl = 
92.91 ESn 

ISn~/Snl L ( Il (~_jc;(<T(9z9Tll)bdg19zl) (7.24) 
9Z .91ESn 1;:, 1 J1t 

In [dB81] it is proven that 

type(§)= type( g)~ 3h E G: § = h.o 9 o h.-1 (7.25) 

This implies type(91 o 9z) = type(gz o 9d since 91 o gz = 91 o (9z o 9d o 91 1, and 
Eq. 7.24 becomes 

lnTWCI = JSlL Il(.L_jc;(<J( 9 )J)bd9l 
n gESn i;:, 1 jli 

(7 .26) 

Combining Eq. 7.22 and Eq. 7.26 proves the next theorem: 
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THEOREM 7.14 (NUMBER OF nTWCs) 
The number of deterministic two-way channels with input and output alphabet of 

cardinality n is equal to 

lnTWCI = 2~! 2 L (fl(L,jci(cr(92ll)bdgll fl(L,jci(cr(9dl)bdgzl) 
9 I ,9 2 ESn i ;?; 1 jli i ;?; 1 iii 

+ 2~! .L n (L, jci(cr(9dl)bdg,) 
91 ESn i ;?; 1 iii 

(7.27) 

From Eq. 7.25 we have type(!J) = type(9) ~ type(cr(§)) = type(cr(9)), since§= 
h o 9 o h-1 ~ cr(§) = cr(h o 9 o h-1) = cr(h) o cr(9) o cr(ll1 ). Only the types of 
91 and 92 are used in the calculation and type(cr(9)) is fixed by type(9), therefore 
only a list (Tab. 7.2) of the types of 9 and cr(9) is needed. Use Eq. 7.4a, Eq. 7.15a, 
or Eq. 7.4b, Eq. 7.15b respectively to calculate the number of inequivalent TWCs 
[Jac86, vdH87] : 

I2TWCJ = 1·1
1'·2'(1. 222°.222° + 1 . 222° . 2°21 + 1. 2°21 .222° + 

1 . 2° 21 . 2° 21 ) + _!_ ( 1 . 22 2° + 1 . 2°21 ) - ~ + ~ - 6 
(7.28) 

1·2! - 8 4 -

I2-3TWCJ = 3•12! (1 . 232°2°.525° + 3 . 21212°.325° + 2. 2°2°21.222° + 
1. 232°2°.5°51 + 3. 21212°.3°51 + 2. 2°2°21. 2°21) = w = 36 

(7.29) 

I3TWCI = 231!·3' (1 . 535°5°.535°5° + 3 . 335°3° . 51515° + 2. 232°5°.5°5°51 + 
3. 515150.335030 + 9. 315130.315130 + 6. 212150.305031 + 
2 · 5°5°51 · 232°5° + 6 · 3°5°31 · 21zl5° + 4 · 2°2°51 · 2°2°51) + 

3!1·2 (1 . 535050 + 3. 315130 + 2. 202051) = 227i"" + \8~ = 322 

(7.30) 

A 2-3TWC has one terminal that can choose between 3 messages, where the other 
can only choose between 2 messages. In this case, the exchange of terminals always 
results in a different channel, belonging to the class of 3-2TWCs. Hence, this op
eration is not counted when calculating the number of 2-3TWCs. The number of 
3-2TWCs is equal to the number of 2-3TWCs. 

7.4 Classification of 3-TWCs 

7.4.1 Class T 

An important class of TWCs are the T-channels, where the two output symbols -y 1 
and -y1 are equal. A first approach is to look at the n 2 input symbol pairs, and to 
partition this set. Each partition of this set can then be assigned a channel output 
symbol. This leads to the following combinatorial problem: we want to know the 
number of equivalent assignment functions f from a set of X1 x X 2 channel input 
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D IFf 

BE tHE tHB tHE tHE tffiHBE 
Figure 7.4: Different T-2TWCs 

symbol pairs to a set 1J of k channel output symbols. There are k1X 1 xX2 1 such 
assignment functions possible, and each defines a T-nTWC. Thus, there is a group 
G of combinations of row and column permutations g acting on the set of X 1 x X 2 

of channel input symbols pairs. Then, the channel output matrix of the T-TWC 
is selected, and finally the symmetric group Sk acts on the k output symbols. To 
calculate the number of equivalent T-TWCs using Eq. 7.13, we need the cycle indices 
of sk (given in Eq. 7.4) and the groups GnTwc: 

(7.31a) 

PG 3Twc(xl, Xz, X3, X4, xs, XG) =:Jz (xi+ 12x~x~ + 8x~ + 9xlxi + 24x3x6 + 18xlx~) 
(7.31b) 

The permutation group GnTwc is referred to as the Kranz product of the symmetric 
groups Sn and Sn [dB64, dB81]. For n = 2, 3 and k = 1, 2, . .. , 5, we find the 
following results: 

IT-2TWCkl = 1,4,6,7 

IT -3TWCkl = 1' 13, 84,233, 393, . .. 

(7.32a) 

(7.32b) 

However, these numbers are only an upper bound to the number of T-nTWCs. 
Consider the different T-2TWCs, shown in Fig. 7.4. Close examination reveals that 
3 of these TWCs are essentially the same: they have the same partition pattern. 
These TWCs are equivalent to the XOR-channel, see Sec. 1.5.1. The reason for 
the results in Eq. 7.32 being too high is the existence of non-connected regions in 
certain partitionings of the set of input symbol pairs. Non-connected regions may be 
colored with the same channel output symbol: the receiver can make the distinction 
between non-connected regions by looking at his own channel input symbol. 

The number of T-nTWCs was counted by inspecting the entire class of nTWCs, 
and selecting the T-channels among them. For n = 2 this results in the 5 different 
T-2TWCs depicted in Fig. 7.4. Only one of these needs 3 different channel output 
symbols. For n = 3, 125 T-3TWCs were found, of which 1,12,63,45,4 need respec
tively 1,2,3,4,5 different channel output symbols. The T-channels are clearly marked 
in the list of channels, as it appears in App. B. 
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7 .4.2 Class K 

An important subset of class T (the T-channels) is the class of rectangle channels, 
or class K. The channel output function of a K-channel subdivides the unit square 
in rectangular shapes only. 

Class K was first mentioned by Willems in his PhD thesis [Wil82]. It is the class 
of discrete memoryless TWCs for which x1 is a function of y and x2 , and x2 is a 
function of y and x1. In [HW84], it was proven that the capacity region for TWCs 
in class K is equal to the Shannon inner bound region. 

In the following discussion we will make use of a parallel channel with channel 
output B, as discussed in Sec. 6.4.2 (the dependence balance bound). It describes 
how information about the 'own' channel input symbols becomes available to the 
decoder of a terminal. 

DEFINITION 7.15 (K-CHANNELS) 

Class K consists of all T-channels for which a parallel channel exists with alphabet 
:B and channel output functions functions fi : X, x ~ ~ :B for (i = 1,2) such that: 

(7.33) 

for every (x1 ,x2 ,y) for which p(ylxJ,Xz) > 0. In addition, f 1 and fz must be cho
sen such that for any product distribution p(xJ)p(x2 ) and for all (y, b) for which 
p( (Y, B)= (y, b)) > 0, p(xJ, xzly, b) = p(xJ ly, b )p(xziY, b) is a product distribution: 

(7.34) 

THEOREM 7.16 (ELEMENTS OF CLASS K) 

A channel is in class K {::} The partition pattern of a channel consists of rectangular 
regions only. 

Proof. ::::} If 81 and 82 are independent, the set of message pairs (8~, 82 ) is rect
angular and 1(81;82 ) = 0 implies I(X1;X2 ) = 0. After the transmission takes 
place, I(X1;X2 IY, B)= 0 (Eq. 7.34). This implies I(XJ;Xzi(Y, B)= (y, b))= 0 when 
p((Y, B) = (y, b)) > 0. The values of (Y, B) with positive probability are used to 
subdivide the set of message pairs into sub-shapes: these sub-shapes all must be 
rectangular, since there may be no dependence between X 1 and Xz . 
~ When independent 81, 82 are transmitted over the channel, this implies that a 
rectangular shape is divided into rectangular sub-shapes only. Each subshape cor
responds to a different pair Y, B. This means that I (X 1 , Xz!Y, B) = 0 and functions 
fJ(x 1 , y) = f2 (x2 , y) = b exist, as required for a K-channel. • 

THEOREM 7.17 (CAPACITY REGION OF K-CHANNELS) 

The Shannon inner bound region of a K-channel is its capacity region. 
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Proof. This follows from Eq. 7.34 and the dependence balance bound Eq. 6.55. If X1 

and X2 were independent before a transmission, they will also be independent after 
a transmission: I(X1;X2 IYB) = 0. Therefore, no dependence is 'produced' during a 
transmission. It follows from Eq. 6.55 that we can never perform transmissions with 
a rate above the Shannon inner bound 91 when starting with independent 91 , 92 , 

since this would need dependence which is not available at the beginning and will 
not become available during transmissions. 91 is also a lower bound to the capacity 
region 9 of the channel, therefore 9 = 9I· • 

A formal proof of this theorem is given in [HW84, HW89). The capacity region of a 
channel in the class K is also operationally achievable, by using a save-up strategy, 
that consists of only one 'inner bound' division (only rectangles, which will be saved 
up, are among the resolution products of this strategy). The K-channels are marked 
in the channel listings in App. B. 

Note that it may be possible that the Shannon outer bound is different from the 
Shannon inner bound, even for a channel in class K. The additional restrictions on 
the parallel channel output functions f 1 , f 2 in Def. 7.15 are only imposed when X1 

and X2 are a priori independent. If they are not a priori independent, higher rate 
points may be reached, and therefore, Shannon's outer bound is not equal to the 
inner bound. These channels are marked in App. B with K*. 

7.4.3 Class S 

This class consists of the essentially symmetric channels i.e. the TWCs that remain 
the same when the two terminals are interchanged (the partition pattern remains the 
same). In App. B, these are marked with S. Their number was already calculated in 
Eq. 7.26, as part of the counting of the different nTWCs. Evaluation for n = 2 and 
n = 3 results in 3 symmetric 2-TWCs and 30 symmetric 3-TWCs. 

7.5 Computing the Shannon bounds 

The partition patterns are also helpful in determining the Shannon inner and outer 
bound of a 3-TWC. When applied to a 3-TWC, every row (or column, when looking 
in the opposite direction) will contribute to the inner bound value, depending on 
the chosen partitioning pattern of that column. The symbols used to indicate the 
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partitionings are explained in Tab. 7.2. 

0 if (k + 1 )th column is ' • • • 

h(p(x1 = 0)) if (k+ 1)th column is lXI • • 

I(X1; YziXz = k) = h(p(x1 = 1 l) if (k + 1 )th column is • lxl : 

h(p(xl = 2)) if (k+ l)th column is • : lxl 

H(XJ) if (k + 1 )th column is • lxlol 

2 

I(X1; YziXz) = L p(xz = k)I(X1; YziXz = k) 
k=O 

(7.35) 

(7.36) 

For I(Xz; Y1IX1 = k), an analogous expression can be defined, to calculate the mutual 
information in the other direction. The Shannon inner bound Eq. 1.26 can be cal
culated by maximizing l(Xi; Y3-dX3-d given a distribution p(x1, x2 ) = p(x1 )p(x2 ). 

The numerical value of Shannon's inner bound can thus be computed by optimizing 
at most 4 variables. For each of the terminals, the sum of the probability of occur
rence of the channel input symbols Xi must be one. For terminal 1, p(X1 = 0) and 
p(X1 = 1) are free to be chosen, then p(X1 = 2) = 1 - p(X1 = 0)- p(X1 = 1 ). 

Since the Shannon outer bound is based on the joint probability distribution of 
p(x1, x2), the evaluation is more elaborate: 

0 if (k + 1 )th column is • • • • 

h(p(X1 = OIXz = k)) if (k+ 1)th column is lxl • • 

I(Xl;YziXz=k)= h(p(X1=11Xz=kl) if(k+1)thcolumnis:::::I&J (7.37) 

h(p(X1 = 2IX2 = k)) if (k+ l)th column is • • lxl 

if (k + 1 )th column is: lxlol 

2 

I(X,;YziXz) = L p(Xz = k)I(X,;YziXz = k) (7.38) 
k=O 

Numerical evaluation of the Shannon outer bound requires optimization of at most 
8 variables: the total sum of the joint probability of the 3 · 3 possible pairs (x1 , xz) of 
channel input symbols must be one. In App. B, the Shannon inner and outer bounds 
are given for binary and 3-TWCs. For a large number of TWCs, the Shannon bounds 
are plotted in [Jac86]. 

7.6 Classification using partition patterns 

When calculating the Shannon bounds for 3-TWCs, it is observed that some 3-TWCs 
have the same Shannon inner and outer bounds. It turns out that the partition 
pattern of a TWC plays an important role in determining the capacity region and 
the two bounds. 
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7.6.1 The extreme rate points 

Consider the rate points (R,, 0) and (0, R2): how much information can be transferred 
when the channel is used as a one-way channel? To find these points, we only have 
to look at the partitionings of single rows (or columns). 

• If a partition pattern contains a column • lxlol, then R1,max = 1.5864 (terminal 
2 only sends the channel input symbol corresponding to that column) 

• If all columns have the partitioning • ! ! •, then R1,max = 0: all input symbols 
sent by terminal 2 do not enable terminal 2 to distinguish between channel 
output symbols. 

• In all other cases, R 1 ,max = 1 : terminal 2 can distinguish between at most 2 
sets of channel output symbols. 

The same observations also apply to columns, and can be used to determine Rz,max· 

7.6.2 Part-patterns 
DEFINITION 7.18 (PART-PATTERN) 

A part-pattern is a partition pattern that can be obtained from another partition 
pattern, by fixing the probability of one of the channel input symbols of one terminal 
at 0. The capacity region of the part-pattern is equal to the capacity region of the 
'remaining' TWC. 

Part-patterns are the result of deleting a row or column from the partition pattern 
of a TWC. The part-pattern itself is also the partition pattern of another (smaller) 
TWC. For example, a 3-TWC consists of 3 part-patterns that are 2-3TWCs, 3 part
patterns that are 3-2TWCS and 9 part-patterns that are 2TWCs. 

The part-patterns from which a TWC is composed play an important role in 
determining the capacity region of the channel. They were first investigated by 
Jacobs [Jac86]. 

THEOREM 7.19 
The convex hull of the capacity regions of the part-patterns of a TWC is a lower 

bound to the capacity region of that TWC. 

Proof. Consider a coding strategy for a certain TWC in which for each transmission, 
one of the channel input symbols Xi or x3 ·i is never used. Then, all coding strategies 
for the channel remaining after deleting one of the rows or columns from the partition 
pattern of this TWC can be used, and the capacity region of the part-pattern is a 
subset of the capacity region of this TWC. This is possible for each row and each 
column in this TWC. Since rate pairs obtained by interleaving different strategies 
are also achievable, all rate pairs in the convex hull of the union of all capacity 
regions of the part-patterns are achievable. • 
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nr 6 nr 46 nr 11 nr 14 nr 17 nr 12 nr 13 nr 16 

Figure 7.5: Special part-patterns 

This theorem and the observations of the extreme rate points in Sec. 7.6.1 imply 
the following corollaries [Jac86, vdH87]. In these corollaries, the capacity regions 
are defined for TWCs that contain a special part pattern, or a permuted version 
of it (row or column permutation). Terminal exchange is also allowed: then the 
transposed version of the part-pattern is used, and row should be read as column 
and vice versa. When discussing 3-2 part-patterns the transposed set of rules also 
hold for 2-3 part-patterns. The special part patterns are listed in Fig. 7.5, for easy 
reference. A list of all2TWCs and 3-2TWCS, which are also part patterns occurring 
in 3-TWCs, can be found in App. B. 

COROLLARY 7.20 (XOR CHANNELS) 
If the part pattern of a 3-TWC does not contain: lxlol in any of its rows or columns, 

but it does contain the XOR channel (see Sec. 1.5.1, or channel number 6 in App. B) 

as one of its part-patterns, then the capacity region of this channel is equal to the 

capacity region of the XOR channel: 

9xoR = {(R1, Rz) I 0 ~ R1 ~ 1/\0 ~ Rz ~ 1} 

COROLLARY 7.21 (3-2 XOR CHANNELS) 

(7.39) 

If the part pattern of a 3-TWC does not contain: lxlol in one of its rows, but it does 

contain 3-2TWC number 46 (see App. Band Fig. 7.5), then the capacity region of 

this channel is equal to the capacity region of 3-2TWC number 46: 

(7.40) 

COROLLARY 7.22 (SUPER INPUTS) 
If the part pattern of a 3-TWC contains one of 3-2 channels 11, 14 or 17, then the 

capacity region of such a channel is equal to the capacity region of the channel that 

remains when one of the columns belonging to the aforementioned part-pattern is 

removed by 'transferring' the probability of occurrence of that input to the other 

input. 

In this case, the channel apparently has two channel input symbols that refer to the 
same partitioning of the output symbols. Since there is no solid line in the partition 
pattern, the other terminal can never distinguish between these two input symbols 
and considers them as a super-input. Removing one of the columns and transferring 
all probability to the other column has the same effect. 
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COROLLARY 7.23 
If the part pattern of a 3-TWC contains one of the 3-2 channels 12, 13, 16 as a part 

pattern, then the capacity region of the TWC is the same as the capacity region of the 

channel that remains, when the column belonging to the aforementioned part-pattern 

with the lowest number of partitions is removed. 

The channel has two channel input symbols that can never be distinguished by 
the other terminal. By transmitting one of the channel input symbols, terminal 2 
will receive less information than by transmitting the other symbol. Since terminal 
1 considers both channel inputs as a super-input, terminal 2 can remove the bad 
channel input symbol by transferring it probability of occurrence to the probability 
of occurrence of the other input symbol. 

Dominating part patterns 

The five corollaries show examples in which one of the part patterns of a TWC consti
tutes the capacity region of the TWC. Such a part pattern is said to be a dominating 

part pattern. The notion of dominating part patterns was first mentioned in [Jac86]. 

DEFINITION 7.24 (DOMINATING PART PATTERN) 

A part pattern of a certain TWC is called dominating if the capacity region of the 
channel corresponding to this part pattern is equal to the convex hull of the capacity 
regions of all part patterns in that TWC. 

Since some of the capacity regions of 3-TWCs are not known yet (the BMC, for 
instance, is one of them, and is also dominating part pattern of some 3-2TWCs), 
the Shannon bounds were used in [Eng87] to define 'domination': A part pattern 
of a certain TWC is called 'dominating' if the Shannon inner bound region of the 
channel corresponding to that part pattern is equal to the convex hull of all Shannon 
inner bounds of all part patterns in the TWC, and the Shannon outer bound is equal 
to the convex hull of all Shannon outer bounds of all part patterns in the TWC. 
Based on this modified definition of 'domination', a partial ordering of the 2TWCs 
and 3-2TWCs (these are the part patterns of a 3-TWC) was made in [Eng87]. The 
ordering relation is defined by the inclusion relations of the Shannon bounds: a part 
pattern is lower in rank if both its Shannon inner bound is a subset of the Shannon 
inner bound of another part pattern, and its Shannon outer bound is a subset of the 
Shannon outer bound of that same part pattern. However, it has not been proven 
that the Shannon bounds of a channel can be used instead of the capacity region 
in the definition of domination Def. 7.24. Also, the ordering in [Eng87] is a partial 
ordering, therefore it might occur that a dominating part pattern does not exist for 
a certain channel. 

The concept of dominating part patterns was further investigated in [vdH87] and 
[Lor88]. In App. B, it is mentioned for each 3-TWC whether it has a dominating 
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part pattern, according to Def. 7.24. 

7. 7 Bounds, strategies, capacity regions 

This section is a summation of various results obtained on a very limited number of 
3-TWCs, as listed in Tab. 7.3. 

In [vdH87], the channel S3,3 was investigated because it is the first truly ternary 
non-T channel, i.e. rate points (1.5846, 0) and (0, 1.5846) are achievable. For this 
channel, Shannon's inner and outer bound were computed, and a Shannon K3 strat
egy was designed by an optimization program. This strategy is asymmetric, and 
achieves the rate point (0.82475, 0.92571 ). Then, rate point (0.92571, 0.82475) is 
also achievable, and any point on the line connecting these (see the definition of con
vex hull in Sec. 1.6). The equal rate point is (0.87523, 0.87523). In [Lor88], a Markov 
chain strategy for S3,3 achieving a rate pair of (0.88547, 0.88547) is described. 

The channel Sf0 ,10 subdivides the unit square into three congruent L-shapes. For 
this channel, a K3 strategy was generated using an optimization program [vdH87] . 
The strategy reaches a rate point (0.93628, 0.93586), which is translated into an equal 
rate point of (0.93606, 0.93606). Later, a Markov strategy with 4 states achieving 
(0.94719,0.94719) was found [Lor88]. 

A Markov strategy with rate point ( 1.05411, 1.05411) was found for S4 6 , which 
contains dominating part pattern number 36. Therefore, all channels having part 
pattern 36 as dominating part pattern can use this strategy. 

The channel sg.5 , for which a Markov strategy achieves (0.73881, 0.73881) was 
already investigated in [Gaa85]. 

As an excursion to asymmetric non-T channels, the channel S3,7 was investigated 
[Lor88] . A three state Markov-type strategy achieves ( 1.03324, 1.03324) . The rates 
of the strategies discussed here are also listed in App. B, together with the Shannon 
bounds of the discussed channels. 

7. 7.1 Discrete strategies for 3-TWCs 

Strategies for T-3TWCs can also be constructed using the AXE program, dis
cussed in Ch. 3 and Ch. 4. In Tab. 7.3, coding strategies for T-3TWCs are listed 
[Mes93],[vK93]. A coding strategy for a 3-TWC has many resemblances to a coding 
strategy for a binary TWC. The main difference is that strategy trees for 3-TWCs 
tend to subdivide the unit square faster, and in more subshapes per division, due to 
the increased number of different channel output symbols. In addition, the channel 
output function of certain TWCs subdivides the unit square such that subsets of 
message pairs having the same channel output symbol may already consist of two 
or more non-connected regions. 

155 



CHAPTER 7. TERNARY TWCS 

Table 7.3 Discrete strategies for some 3-TWCs 

Channel Discrete Save-up 
M R(M x M) M R5 (M X M) 9! 

5ts 3 0.67927 6 0.68618 0.68207 

56,6 9 1.01487 9 1.06795 1.08369 

5~.6 12 0.90251 12 0.91348 0.97297 

57,7 26 1.11957 26 1.18781 1.24124 

5~0,10 9 0.82296 9 0.87279 0.91830 

5\\n 12 1.14564 4 1.25000 1.25000 

5\\n 24 1.10269 12 1.15221 1.19555 

5\'2,12 25 1.12623 25 1.15663 1.21997 

5~2. 12 23 1.10785 23 1.15451 1.20909 

5~2,12 6 1.08208 21 1.09600 1.16906 

5\'3,13 17 1.30672 17 1.39534 1.41504 

5b_13 4 1.14286 30 1.37442 1.37442 

Table 7.4 Bounds for some 3-TWCs 
Channel 9; Beststrat. [ZBS86] [HW89] 9o 

53,3 0.83483 0.88547 0.932 1.00000 

53,7 1.02818 1.03323 1.044 1.09477 

5~.6 1.04936 1.05411 1.078 1.09477 

5ts 0.68207 0.73881 0.786 0.84955 

5~0. 10 0.91830 0.94719 0.964 0.975 1.00000 

On the channel S\'1.11 the capacity region can be achieved with a discrete save
up strategy! This channel is a member of class K, so the capacity region equals the 
Shannon inner bound. When the Shannon inner bound value is computed for the 
equal rate point, the probability distribution on the channel input symbols achieving 
the equal rate point of (1.25, 1.25) can be achieved by the distribution p(X; = 0) = 
p(X; = 2) = ~, p(X; = 1) = i for i = 1, 2. A 4 x 4 save-up strategy consisting of one 
division is enough to achieve the capacity region on this channel. 

7.7.2 New upper bounds applied to 3-TWCs 

In Sec. 6.4 and Sec. 6.4.2, two new upper bounds to the capacity region of TWCs 
were discussed. For some of the 3-TWCs, the Zhang-Berger bound [ZBS86] and/or 
the Hekstra-Willems bound [HW89] were calculated, in order to investigate their 
usefulness for TWCs other than the BMC. The calculations were done in [Lor88] . 

The results are given in Tab. 7.4. The Hekstra-Willems bound is only evaluated 
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Table 7 5 Shannon bounds for minimum channels 
n Inner bound Outer bound Best 

bits n-its bits n-its strategy 
2 0.61695 0.61695 0.69424 0.69424 0.63072 
3 0.97297 0.61388 1.06715 0.67330 0.97984 
4 1.22206 0.61029 1.31959 0.65979 1.22573 
5 1.41292 0.60851 1.50953 0.65012 

6 1.56725 0.60629 1.66143 0.64273 
7 1.69568 0.60401 1.78781 0.63683 
8 1.80772 0.60257 1.89592 0.63198 
9 1.90510 0.60099 1.99033 0.62788 

10 1.99169 0.59956 2.07409 0.62436 
11 2.06960 0.59825 2.14932 0.62129 

for the T-channels listed (Sf0 10 and S4 6). 
' ' 

7.8 The minimum channel 
DEFINITION 7.25 (MINIMUM CHANNEL) 

A minimum channel is a n-ary T-TWC with common channel output symbol 

11 = min(x1, xz) (7.41) 

The minimum channel was investigated in [Ver85]. Examples of minimum channels 
are the BMC and the 3-TWC 5~6 . 

THEOREM 7.26 (SHANNON OUTER BOUND FOR MINIMUM CHANNELS) 

Given a n-ary minimum channel and a joint probability function p(x1, x2 ) on its 

input symbols. Let p* ( x 1 , x 2 ) be the probability distribution for which Shannon's 

outer bound Eq. 1.27 is reached. Then 

\liE (0, 1, ... , n- 2) : Pti = 0. (7.42) 

Proof. Define the function 

k 

' Pi Pi h(po, P1, ... 'Pk) = L- k log ---;-k--
i=O Li=O Pi Li=O Pi 

(7.43) 

Then the following holds: 

h(p p ) - - __E.Q__ log __E.Q__ - ___EL_ log ___EL_ 
Q, 1 - Po+P1 Po+P1 Po+P1 Po+P1 

(7.44) 
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h(p p p ) - 1 (-p log Po - p log PI - p log pz ) (7 45) o, h 2 -Po+P1+P2 O Po+P1+P2 l Po+P1+P2 2 Po+P1+Pz . 

=Po+P\ +pz ( log(po + P1 + P2l -Po logpo-

(Pl +P2llog(p1 + P2l + (Pl +P2 lh(p1,P2ll (7.46) 

since 

-log Po'+:.~Pz +h(pl, P2l = -log(pl + P2l + log(po + P1 + P2l- Pl'+vz log(pJ) 

+ PI'+Pz log(p1 + P2l- p,~pz log(p2l + p,':;pz log(p1 + P2l (7.47) 

=v1'+vz log(po + P1 + P2l- PI~Pz log(pl) + 

Plv:vz log(po + P1 + P2l - p,':;pz log(p2l 

- - _F.L_ log( PI l - __EL_ log( P2 ) 
- V1+Pz Po+P1+P2 P1+Pz Po+PJ+Pz 

With induction we can also prove: 

Po Po 
h(po,Pl···· ,pk) =-~log~

L Pi L Pi 

L Pi - Po 1 L Pi - Po + L Pi - Po'-( ) , og , , lL P1 •... , Pk 
LPi L Pi LPi 

(7.48) 

(7.49) 

(7.50) 

Define the channel input symbol pair probabilities of an n-ary minimal channel as 

( 

Poo Po1 
Pw Pn 

. . . . .. 
Pno Pnl 

Pon ) Pln 

Pnn 

(7.51) 

For the binary minimum channel, the rate sum is Rmax = (Pol + p 11l h( Pol, p 11 l + 
(p10 +p11 )h(p 10,p11 ) . In Sec. 1.6.4, it was shown for the BMC that the rate sum 
is maximized by reassigning the probability Poo to p 01 , P10 and p 11 . For minimum 
channels for higher values of n, a similar procedure can be followed: for all i. = 
0, 1, · · · , n - 2 let Pii = 0 and reassign the probabilities Pii to the probabilities of 
the remaining channel input symbol pairs. Consider the rate sum of the ternary 
minimum channel: 

R1 + R2 =(Pol + Pn + P2dh(Po1, Pn + P2d + (Poz + Pn + pn)h(Po2, P12, pn) + 

(PJO + Pn + pn)h(pJO, P11 + Pn) + (Pzo + Pll + Pzz)h(P2o, P21, P22) 
(7.52) 
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=(Pol+ (pn + P21))h(p01, (pn +P2dl + 

(Po2 + (Pn + Pn))(h(Po2, (Pn + pn)) + 

p02~~~~:!~22 ) h(pn, Pn)) + (PJO + (Pll + P12))h(p10, (pn + pn)) + 

(P2o + lP21 + pn)) (h(P2o, lP21 + pn)) + vzS1~:l'.!~nl J-t(p21, P2zl) (7.53) 



7.8. THE MINIMUM CHANNEL 

R1 + Rz =(Pol+ p*J)h(Pol, (p*J)) + (Poz + pdh(poz, (pd) + 

fP12 + pn)h(p12, Pzz) + (PJO + Ph)h(pJO, (Pl*)) + 

(Pzo + Pz*) h(pzo, (pz*l) + fP21 + Pzz)h(pzl, P22l 

=(Pol+ p*J)h(Poh (p*J)) + (Poz + pdh(poz, (pd) + 

(PlO + PJ*)h{Plo, (p1*ll + (Pzo + Pz*)h(Pzo, (pz*ll + 

(P12 + pdh(p12, Pzzl + (P21 + Pzz)h(pzl, Pzz) 

(7.54) 

(7.55) 

Here P*i = Pn-l,i + Pni and Pi*= Pi,n-1 +Pin· The channel can now be viewed as 
a combination of two binary minimum channels: ( ~~: ~~~), ( ~~g g~; ). The rate sum 
is maximized when Pn = 0 and Poo = 0. In general, a n-ary minimum channel 
can be decomposed into a binary minimum channel (by viewing only the two input 
symbols with the most possible output symbols) and a (n-1 )-ary minimum channel 
by viewing the two 'highest' input symbols as one super-input '*'. • 

In Tab. 7.5, Shannon inner and outer bounds for minimum channels are listed. 
We notice that the gap (measured in n-its) between Shannon's inner and outer bound 
tightens with increasing values of n. It is an open problem whether the two bounds 
converge, and if, to what value. 
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8 
Derived channels 

This chapter studies types of channels which are related to two-way channels. By 
removing one or both feedback links from decoder to encoder, two-way channels 
with semi-feedback and two-way channels without feedback are created. Increasing 
the number of terminals results in three-way channels and n-way channels. /The final 
example of a 'derived' channel is the delay channel, which is a TWC with memory. 

8.1 Feedback links 

Two feedback links are present in each terminal in a general TWC: encoder -----1 de
coder and decoder -----1 encoder. The feedback links are shown in Fig. 8.1. Depending 
on the availability of feedback links, four classes of two-way channels can be defined: 

1. No local data flow at all between encoder and decoder of the same user. In 
Fig. 8.1, all four feedback links are removed. The channel then reduces to an 
interference channel. In case of a T -channel, it is reduced to a multiple-access 
channel. 

~-11 
82 -E-E---il Ded ~ 

.__E_n,c~2_...JI~-«E~--,--- Sz 

} 

Terminal 2 

~ 

Figure 8.1: Two-Way Channel with feedback links 
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2. The channel input symbol of the encoder is available to the decoder. Only the 
feedback links from encoders to decoders are available. The two way channel 
without feedback, is discussed in Sec. 8.2 of this thesis. 

3. In both terminals, the own channel input symbols are available to each decoder. 
Only terminal 1 has the previous channel output symbols available to its en
coder. In Fig. 8.1, the link 'decoder 2 ~ encoder 2' is removed. The user at 
terminal 1 can use a strategy to encode his message, using the previous channel 
outputs. The user at terminal 2, where no feedback from decoder to encoder 
is available, still has to use a code. The two-way channel with semi-feedback 
is discussed in Sec. 8.3 of this thesis. 

4. Both terminals have full feedback capabilities. Both users can use a communi
cation strategy to exchange their messages. This is the two way channel with 
feedback which was discussed in the previous chapters. 

8.2 Benschop codes 

8.2.1 The BMC without feedback 

The first example of a 'derived' channel is the two-way channel without feedback, 
where the feedback links from decoder to encoder are removed. The BMC without 
feedback was first investigated by [v091, Ben91], and later in [Blo92]. The decoder 
will have information from two sources: the channel output itself, and the 'own' 
channel input (the symbols transmitted by the 'own' transmitter) . 

The time-sharing method of Sec. 1.5.4 can be used to create a code: terminal 1 
sends its message bits on the odd positions, terminal2 sends its message bits on the 
even positions. Obviously, this scheme has rate R1 = R2 = ! . A better code was 
found by Benschop in [Ben91]. This (3,3,2) non-linear code, consisting of all words 
of length 3, weight 2, has a rate in both directions of: 

R = 
2

l~g 3 = 0.52832 

8.2.2 Benschop codes: definition and requirements 

DEFINITION 8.1 (EXTENDED CHANNEL OUTPUT FUNCTION) 

(8.1) 

The function F is the extension of the channel output function f . Where f is defined 
for every possible pair of channel input symbols x1, x2 , F is defined for every possible 
pair of channel input sequences x1 ,1, x1 ,2, · · · , x1,n.; xz,11 x2,2, · · · , x2,n· The sequences 
are the result of the encoding of the messages 8 1 and 82 . 

F : X~ X X~ ~ lf~ 

F(x~ , x~) g, (f(xl,l , x2,1}, f(x1,2, Xz,z), · · · , f(xl ,n, Xz,n. l 
(8.2) 
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Table 8.1 The first three Benschop codes 

II o11 1 101 1 110 1 
II 0111 I 1011 1 1101 1 1110 1 

01 
10 

011 
101 
110 

011 001 
001 101 
010 100 

010 
100 
110 

0111 
1011 
1101 
1110 

0111 0011 0101 0110 
0011 1011 1001 1010 
0101 1001 1101 1100 
0110 1010 1100 1110 

The channel output symbol sequence 1J1, 1Jz, · · · , 1Jn = F(<1>1 ,n(8J), <1>z,n(8z)) can be 

computed for all M 1 Mz possible input messages pairs. In order to be able to decode 

the message 83-i without errors, given the own 8,, each value ofF( <1> 1 ,n(81 ), <1>2,n(82 )) 

given 8, must be different. Therefore, the values of F(<1> 1,n(81), <1>2,n(82 ) together 
form an M 1 x M 2 pseudo-Latin square. 

DEFINITION 8.2 (PSEUDO-LATIN SQUARE) 

A pseudo-Latin square is a n x n square matrix A, for which the following holds, 

\fi,j, k, l E {1 ,2, · · ·, n}: 

A(i, j) # A(i, k) {:? j # k 

A(i,j) #A(l,j) {:? i#l 
(8.3) 

Every row and column must have different values. In a 'real' Latin square, there is 

an extra requirement: \fi, j E {1, 2, · · · , n} : A(i, j) E {1, 2, · · · , n}. 

8.2.3 Binary Benschop codes 

DEFINITION 8.3 (BENSCHOP CODE) 

Cis a Benschop code if: for every pair (81, 82 ) E C x C 

\f(e 1 .e2 )ECx c \f(E., ,E.l )ECX c : F( <t>i( E,,), <l>z ( E.z)) = F( <1> 1 ( e,), <1> 2 ( 8z)) 

=} (81 = E.1 1\82 = E.z ) V (8, i= £.1 1\82 i= E.z) 

In Tab. 8.1, binary Benschop codes for the BMC with n = 2, 3, 4 are listed. 

(8.4) 

The channel input symbols of the 'own' encoder constitute an error vector or 

erasure vector. The Os in the transmitted codeword x 1,,,x1,2, ·· · ,x1,n identify the 
positions where no information can be received, since the transmission of a 0 blocks 

the reception of a 1 on a BMC. 
If we look at one terminal decoder, the BMC without feedback can be seen as 

a Z-channel [Van89, vdM77, CT91], where 1s can turn into Os, but not vice versa. 

We can also view the channel as a binary erasure channel (BEC), where the Os in 

the own codeword create erasure symbols in the output sequence. However, error 
correcting codes for Z-channels or BECs must consider all possible error vectors, 

and try to extract information about the error positions from the received symbol 
sequence itself. On a BMC without feedback, the information about the position of 
the errors is available from the own transmitted symbol sequence. 
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8.2.4 Constructing Benschop codes 

Extending the erasure set 

Vamoose discussed multiple access channels in his thesis [Van89], in particular the 
binary switching channel. In this thesis, a construction method to create codes is 
introduced, based on the erasure set of a code. 

DEFINITION 8.4 (ERASURE VECTOR) 

An erasure vector gn is a vector (gt, 92, ... , 9nl E {0, l}n, where the Os denote the 
places where the erasures occurred. 

DEFINITION 8.5 (UNIQUELY DECODABLE) 

A code is uniquely decodable for a given erasure vector gn (notation ud(C, gn)), if 
it is still decodable with zeros at all positions where gn is zero: 

(8.5) 

DEFINITION 8.6 (ERASURE SET) 

The erasure set E( C) of a code C is the set of allowable erasure vectors for which C 

is still uniquely decodable: 

(8.6) 

A code pair for the BMC without feedback must have the following property: ( C 1) ~ 

E(C2 ) and (C2 ) ~ E(Ct). The code C is a Benschop code if C ~ E(C): the same 
code is used by both encoders. Benschop codes for the BMC without feedback can 
be constructed in the following way: start with C containing a single codeword, and 
compute the erasure set E(C) of the code C. Compute the subset D (C) from E(C), 

for which the following holds: 

The code Cis a subset of E(D(C)): all codewords in D(C) are unique decodable 

for all codewords in C seen as error vectors. Make a code C' by adding an element 
d E D(C)\C to C. Compute E(C') and D(C') and iterate this procedure until 
D (C') = C' . Because C' ~ D (C) ~ E(C), and d introduces no ambiguity, C' is a 
Benschop code. 

With a backtracking algorithm, all possible codes of a given length can be checked 
for being a Benschop code. Unfortunately, the number of possible codes of a given 
length grows exponentially with that length. The best codes found for n < 11 are 
concatenations of permuted length-3 Benschop codes (see Tab. 8.1, with a rate of 
0.52832. 
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Using MDS codes 

Maximum distance separable codes [MS77, Ber68, Van89] are a class of codes with 
parameters (n, qk, d.), d = n- k + 1. They have the nice property that any (d- 1) 
coordinates can be erased, while the code is still unique decodable. So if C is an 
MDS code with above parameters, then its erasure set contains all codewords with 
Hamming weight w(c) > n- d, Unfortunately, there are only four different types of 
MDS codes for the binary case [Van89]: 

C = {On} : E(C) = {0, l}n 

C = {0, 1}n: E(C) = {1n} 

C ={On, 1n}: E(C) = {gniw(gn) < n} 

C = {cnlw(cn) E {0,2,4, ... }} : E(C) = {gnlw(gn);;:: n- 1} 

(8.8) 

The first three types are not interesting. The last one (the even-weight code) is a 
linear code, but most codewords have too many Os to be useful. To construct a 
Benschop code, we can take the intersection of the even-weight code with its erasure 
set. For n = 3 this results in the Benschop code (see Tab. 8.1). For n > 4 the rate 
of the resulting code will be less than ! . 

8.2.5 Conclusions on Benschop codes 

Up till now no better Benschop code than the length-3 code is found. However, a 
proof for the length-3 code being optimal does not exist either. It is interesting to 
find out if there are Benschop codes for other minimum channels which have a rate 

above !· 

8.3 Semi-feedback 

The second type of a 'derived' channel is the two-way channel with semi-feedback, 
as depicted in Fig. 8.2. Here, only one feedback link is removed, and channel now 
will be operated with a mixture of a coding strategy and a code. This channel type 
was first investigated by Benschop [Ben91]. Schalkwijk [Sch93a],[Sch93b] addressed 
the problem using message percolation. 

8.3.1 A handicapped encoder 

Without loss of generality, we assume terminal 1 to have the extra feedback link 
between decoder and encoder on a TWC with semi-feedback. This means that the 
channel input symbol sequence of encoder 2 will only depend on 92 . Terminal 2 is 
'handicapped' by the fact that its encoder cannot see the channel output symbols. 
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m1--r-~ 1~-r--mz 

Terminal 1 Terminal 2 

mz <E<::-----JI Dec 1 '------"ll-o2~ I Dec 2 

Figure 8.2: Two way channel with semi-feedback 

For the BMC with semi-feedback, Schalkwijk [Sch93a, Sch93b] designed a con
tinuous coding strategy based on the 1983 bootstrap strategy. In the 1983 strategy 
for the BMC with full feedback, the first transmission is a i-division, which sub
divides the unit square into an 1-shape and a smaller rectangle. When a 1 was 
received (1J 1,1 = 1Jz,1 = 1 ), both terminals know that the message pair (81, 8z) E 
[0, a 1) x [0, 13 1), is in the lower right rectangle. Upon receiving a 0, they know that 
the message pair (8 1, 82 ) is in the remaining 1-shape. 

However, on the BMC with semi-feedback, encoder 2 can not make the distinction 
between llz,l = 0 and 1J2.1 = 1. Only if 82 E [131, 1), is is clear that the message pair 
(8 1, 82 ) is in the 1-shape. The ignorance of encoder 2 is indicated by dashing the 
lines in the unit square, which are only visible to decoder 2, and not to encoder 2. 
Of course, encoder 1, decoder 1 and decoder 2 do know whether 1Jz,1 = 0 or liz, 1 = 1. 

The original strategy [Sch83] prescribed bootstrapping of the 1-shape after the 
first i-division. Since encoder 2 does not know whether the message pair is in 
the 1-shape, also a part of the lower right rectangle must be bootstrapped now: 
everything on the right of the line 82 = 132 13 1 is bootstrapped (area A in Fig. 8.3). 
The bootstrapping of the lower left hand side of the 1-shape is also extended into the 
lower right rectangle: everything below the line 81 = a 2a 1 is bootstrapped (areas C 
and E in Fig. 8.3). 

For the second transmission, there will be a t-division, which divides area OF, 
the truncated 1-shape for which lll = 0, and an r-division, which subdivides the 
rectangular area B in the 1J1 = 1 part. The parameters a 3 , CX4, 13 3 , 134 define the t

division, and the r-division is determined by the parameters a5 and 13 4 (Fig. 8.4). 
Remember that encoder 2 can not make a distinction between ll = 0 and ll = 1 , 
therefore it uses the same parameter 13 4 for the t- and r-division. 

Since encoder 2 has no knowledge of 81 and cannot obtain it via feedback, it is 
not able to select message pairs message pairs with 81 < a2a 1 (area CE in Fig. 8.3) 
for bootstrapping. This is the point where message percolation comes into play. 
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1 131 
1 

F 

IX] 

D 
J' 

. E· 
'.~l 1/c 

0 , , ····. ·· .. 

6' • 

Figure 8.3: Percolation strategy 

8.3.2 Message percolation 

0 

A sequence of N message pairs is transmitted using the strategy. For all N message 
pairs, the first i-division is executed. Then, no further transmissions are performed 
for the 13 2 13 1 N message pairs situated in area A. The remaining ( 1- (31 f3z)N message 
pairs are considered for a second transmission. From these, message pairs with 
81,i E [0, cx1cx2) will be bootstrapped. In order for encoder 2 to determine which 
message pair is bootstrapped, and which requires a second transmission, terminal 
1 rearranges (percolates) his message points such that all message pairs in the first 
block ofv{l- (3 1132 )N message pairs are situated in BDF. Then, terminal2 knows 
that it can do the second transmission for the first block of v(1 - 13 1 (3 2 )N message 
pairs, and it must refrain from doing a second transmission for the remaining ( 1 -

v)(l - f3113z)N message pairs. 
The strategy for terminal 1 for the first v(l -(32 (3J)N message pairs is as follows: 

• 'Yl,i = 1, 81 E [cxzcxl, ex!). The message pair (81,i, 82,j) is situated in area B. No 
percolation is needed, and the strategy proceeds with the second division, the 
r-division. 

• 'Yl.i = 1, 81 E [0, CXJCXz). The message pair (81.i, 82,j) is now in area C (and 
no second transmission should be performed). 'Percolate' the message, by 
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Figure 8.4: Thresholds for optimum percolation strategy 

interchanging 81 ,; with 81 ,k, where 81 ,k is from a message pair ( 81 ,k, Sz,k), with 
81,k E [ct2 ct1,£XJ) (situated in area B) where k > v(1- (3 1f3 2 )N. The strategy 
now continues with the r-division for (81,k, Sz,;), and the message pair (81 ,;, 82,d 
becomes part of the last block of ( 1 - v) ( 1 - b2 ) N message pairs for which no 
second transmission will be performed. 

• y 1,; = 0, 81 E [ctz£XJ, ctJ} . The message pair (81,;, 82,; ) is now situated in area 
D, which is part of the truncated 1-shape. No percolation is needed, and the 
strategy proceeds with the t-division. 

• "Y1 ,; = 0, 81 E [0, £Xz£XJ ). The message pair (81,;, 82,;) is now in area E, the 
bootstrapped part of the lower beam of the 1-shape. 'Percolate' the message, 

by interchanging 81,; with 81 ,kt where 81,k E [ctz£XJ, ctJ} and k > v(1- (3 1f3z)N. 
Continue with the t-division for (8 1,kt 82.;), and do not perform a second trans

mission for ( 8 1 ,; , Sz.d . 

• 1J1 ,; = 0, 81 E [ctJ, 1 ). The message pair (81,;, 82.;) is now situated in area F, 
the upper beam of the 1-shape. No percolation is needed, and the strategy 
proceeds with the t-division. 
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Only ( 1 - l31l32) N message pairs are considered for the second transmission. 

In the first v(1- 131 I32)N message pairs (81,1, 82,1l, ... , (81,v(1-f3d3z)N, 82,v(l-i3d3zJN), 
we expect to find on the average (ex. 1 a2 )v ( 1 - 13 J(3 2) N message pairs which have 
81 < a 2a 1, for which no second transmission will be performed. These message 
pairs are percolated with suitable message pairs in the remaining (1-v)(1- 132131 )N 
message pairs. On the average, there are (1 - azla1 (1 - v)(1 - 131 j32)N suitable 
message pairs with 81 E [a2 a 1, a 1), where v is defined by 

a2a1v(1- 131 I32)N = (1- cx.2la1 (1- v)(1- b2)N:::::} v = 1- a2 (8.9) 

For only a fraction ~1 1 -"' of the total of (1 - 132131 )N remaining message pairs - cxzc:xl 

having 82 ,?: 13213 1, a second transmission will take place. The message percola-

tion ensures that the first 1 ~~~~2 (1 - 131 I32)N message pairs (for which a second 
transmission will take place) all have 81,j ~ a1a2. 

As an example, consider the message pairs (81,1, 82,1), (81,2, 82,2l. · · · , (81,1, 82,1), 
indicated in Fig. 8.3, for which a second transmission is considered. Encoder 1 
knows that the message pairs (81,1, 82,d, (81,4, 82,4), (8!,7, 82,1l are in the part to be 
bootstrapped, and that a second transmission takes place for the pairs (81,2, 82,2), 

(81,3, 82,3 ), (81,5, 82,5), (81,6, 82,6) . Encoder 2 only knows that a second transmission 
will be done for only 4 of the 7 message pairs. Therefore, encoder 1 percolates 

(81 ,1, 82,1) with (8!,5, 82,5 ), and (81 ,4, 82,4) with (8!,6, 82,6). As a result, a second 
transmission will be performed for message pairs (81,5, 82,1 ), and (81 ,6, 82,4). 

8.3.3 Percolation rate 

In Fig. 8.4, the final depth-2 semi-strategy with its threshold parameters is shown. 
The rate is now computed as follows: 

Pi =1 

Pt =(1 - a2aJ)(1- 132131)- (a1- a2aJ)(I31- 13213d 

Pr =(a!- a2aJ)(I31 - 13213Jl 

Pili,! =a1h(l31) 

Pili,2 = f31h(a1) 

Ptlt,1 =(133(1- f3J))(1- a2aJ)h("'3 ( 1 -"''i~~~:-cxz))cx,) + 
(134(1- 132lf3J)(1- aJ)h(a3) 

Ptit,2 =(a3(l- aJ))(1- f3zl3dh( 133 ( 1 -f3t~~:-f3zllf3•) + 
(CX4(1 - a2)aJ)(1 - f3llh(l33) 

Prlr,1 = (134(1 - 132)13J)(aJ(1 - a2llh(cx.5) 

Prlr,2 =(a5(l- a2lad(l31 (1- 132))h(l34) 

(8.10) 

(8.11) 

(8.12) 

(8.13) 

(8.14) 

(8.15) 

(8.16) 

(8.17) 

(8.18) 
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The average mutual information per transmission per direction is 

(8.19) 

(8.20) 

Maximizing I using thresholds ex~,~~, cx1 , ~z, · · · , cxs results in the optimal rate 
point (ll ,max 1 lz,max) = (0.61436, 0.62201) for CXJ = 0.0.70139, CXz = 0.78440, CX3 = 
0.92410,CX4 = O,cx5 = 0.87670,~1 = 0 . 70287,~2 = 0 . 67170,~3 = 1,(34 = 0.31931. 
The average mutual information I is 0.61818 which surpasses the Shannon inner 
bound rate of 0.61695 in the equal rate point . Note that the rate in the 2 ~ 1 di
rection is larger than the rate in the 1 ~ 2 direction in the optimal rate point. The 
handicapped encoder is able to transmit its information at a higher rate than the 
encoder with full feedback capability. 

Using the optimal value cx3 = 0.92410, the t-division leaves a non-rectangular 
shape for 1!t = 0. An extra division telling encoder 2 whether 81 > aJ(a3 (1 - cxJ) 
is needed in order to end with rectangular shapes. Since this division would have 
a very low division rate, it is bootstrapped. After this final bootstrapping division, 
terminal 2 knows all messages sent by terminal 1 , and it also knows which messages 
were percolated. 

8.3.4 Conclusions on semi-feedback 

The semi-feedback strategy discussed in this section is a variable length bootstrap 
strategy ending in arbitrary shapes (the remaining shape after the t-division is non
rectangular) . The value lmax serves as a lower bound to the capacity region of the 
semi-feedback BMC. Still an open problem is the true capacity region of the BMC 
with semi-feedback. The relation between the capacity region of TWCs with semi
feedback and the capacity region of TWCs with full feedback is also interesting: 
does the absence of one feedback link really lower the capacity region? 

8.4 Three-way channels 

So far, we have only considered two-way channels, i.e. channels where two terminals 
try to communicate with each other. In communication networks, the number of 
terminals is usually larger than 2. An extension of Shannon's theory on two-way 
channels [Sha61] was done by Tiersma [Tie89]. 

On a three-way channel, we indicate the 3 terminals by {i, j, k} = {1, 2, 3}. There 
are 6 information flows : 1 ~ 2, 2 ~ 3, 3 ~ 1, 1 ~ 3, 3 ~ 2, 2 ~ 1. The information 
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Enc. 1 Xl 

Terminal 1 

Dec. 1 'Yl 

'Y3 
Dec. 3 

Terminal 3 

Enc. 3 
XJ 

Enc. 2 
Terminal 2 

Dec. 2 'YZ 

Figure 8.5: The three-way channel 

transmitted in the information flows on a three-way T-channel is as follows : 

I~ = I(Xi, X;; YIXk) 

l~k = I(Xi; YIX;, Xk) 

(8.21) 

(8.22) 

The rate triple of a (M1, M2 , M3, n) block code for a three-way channel is defined 
as (Rp, Ri3, Rj2) = ( ~log MzM3, ~log M1 M3, ~log M1 Mz) i.e. R{k is viewed as the 
rate at which the information from terminals j and k goes to terminal i. 

8.4.1 Three-way Shannon bounds 

For a three-way channel, the Shannon inner and outer bounds are derived using a 
generalization [Tie89] of the methods Shannon used in [Sha61] . In the three-way 
version of the BMC, the channel output function is: 

fBMC = 1 {::: (x1,Xz,X3) = (1, 1, 1) 
(8.23) 

= 0 otherwise 

A lower bound is found when timesharing is used on the three way version of the 
BMC: the rate points (2, 0, 0), (0, 2, 0) and (0, 0, 2) and all points on or below the 
hyperplane going through these points are achievable. The 2 is there because a 
message sent by terminal 1 is received by both terminal 2 and terminal 3 (and 
therefore counts twice). 

The Shannon inner bound of the three-way BMC was derived in (Tie89]. 

(Ri + R; - Rk) k ii 
9; ={(Rl , Rz, R3) I 2 ~ Ii;• Rk ~ Ik, (

8
.
24

) 

for p(x1, xz, x3) = p(x, )p(xz)p(x3) 
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t3 -
~mz 

0,0,0 

Figure 8.6: Depth 3 cubic Markov strategy 

In the equal rate point, the input probabilities p(x1), p(x2 ), p(x3) can be taken 
equal. Using p(x1 = 1) = p(xz = 1) = p(x3 = 1) = p, I~ = ph(p2

) and It = 
p2h(p). The Shannon inner bound is achieved by maximizing ph(p2), and evaluates 
to (0.75458, 0.75458, 0.75458) for p = 0.79267. 

The Shannon outer bound of the three-way BMC is: 

Sa= {(rf3, Ii3, Ijl) I the probability distribution p(x1, x2 , x3) is arbitrary} (8.25) 

Using p(O,O,O) = p, p(1,0,0) = p(O, 1,0) = p(O,O, 1) = q, p(1, 1, 0) = p(1,0, 1) = 
p(O, 1, 1) = r, and p(1, 1,1) = s, and maximizing p, q, r, sin 

.. s 
I~=(q+2r+s)h( 

2 
) 

q + r- s 
(8.26) 

this results in the equal rate point (0.81137,0.81137,0.81137). 
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8.4.2 Cube cutting 

For three-way channels, is is also possible to design coding strategies, using a gener
alization of the square division method. The three channel input messages together 
form a message triple, and coding strategies for tree-way channels progressively 
subdivide a unit cube. 

In Fig. 8.6, a continuous coding strategy [Tie89] based on a Markov chain is 
depicted. In the initial state, terminal3 puts a 1 on the channel, and terminals 1 and 
2 put their first message symbol on the channel. When x1 = 1 and x2 = 1, the channel 
output is 1, and this subdivides a smaller, brick shaped region from the unit cube, 
which is saved-up. Brick-shaped regions in a three-way strategy are independent, 
just like rectangular division products in two-way strategies. However, when one 
of terminals 1 or 2 did send a 0, a cornerstone-shaped region remains. Now it is 
terminal 1' s turn to send a 1. When terminals 2 and 3 together send a 1, the division 
product is again a brick-shaped region. Otherwise, in the final stage, terminal 2 is 
silent, and terminals 1 and 3 send a message symbol. The resulting division is an 
'outer bound' division: the two smaller, non-connected bricks are chopped off in 
case a 0 was received. After the third division, the message triple is always situated 
in a brick-shaped region, and all three terminals know in which region the message 
pair is situated. Optimization of the thresholds ex, (3, 'Y of this strategy achieves a 
rate of 0.72740 in the equal rate point . Slight modification of the strategy, adding 
two extra states in the Markov chain, results in 0.73480 [Tie89]. 

Since the coding strategies mentioned are based on Markov chains with the 'tree 
property' Sec. 2.5.4, a generalization of Tolhuizens proof [Tol85] in Sec. 2.7 can be 
used to prove that the rate triple can be achieved by block length three-way codes 
with vanishing error probability and variable length three-way codes with zero error 
probability. 

As an example of a discrete coding strategy for a three-way channel, we show 
a strategy on the 3 x 3 x 3 cube [Tie89] in Fig. 8. 7. It has a rate = 2.1046 and 
it takes 122 transmissions to transmit all 27 message triples. Three-way strategies 
can be operated by a finite state machine at each of the terminals, just like two-way 
strategies. The design process is also similar to the design process for two-way 
strategies. The extra dimension just makes it more difficult to visualize. 

8.4.3 Conclusions on three-way channels 

In this section we indicated how the square division method can be generalized to 
three-way channels, turning it into the cube-division method. A similar argument 
can be followed to generalize the square division method to n-way channels. 

However, designing good coding strategies for three way channels is even harder 
than finding good coding strategies for two-way channels. Cubes are harder to 
visualize, and it will be harder to understand how good strategies 'look' on the 
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(12-,42_1 ___ ~[~4,8] rJ 

[7,14] 

[5,9] 

[2,2] 

[3.5] I 
Figure 8.7: 3 x 3 x 3 discrete coding strategy Rtot = 0.70156 

cube. When optimizing coding strategies, more parameters are needed. Extensions 
to four-way channels and even n-way channels will only aggravate this problem. 

8.5 Delay channels 

A new type of channels is derived from the two-way channel by adding memory 
to the channel. A channel with memory means that two uses of the channel at 
different times t 1 , t 2 with the same channel input symbols does not guarantee the 
same channel output symbol to be the same. Two-way channels with memory were 
already discussed in [Sha61], where Shannon shows the existence of a capacity region 
for channels with the recoverable state property. 

8.5.1 Motivation 

Two terminals are connected to each other by a BMC. We want to increase the 
distance between the two terminals. Since the transmission speed on the channel is 
finite, increasing the distance will introduce a time delay on the channel. 

Suppose the BMC is implemented by a glass fiber and a transmitter/receiver 
device. This device consists of a laser diode, and a photo-transistor. If the diode is 
used to transmit, it blinds the 'own' photo-transistor with its light intensity (sending 
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Terminal 1 Terminal 2 

Figure 8.8: The delay channel 

a light pulse is equal to sending a 0). If the diode stays off, the transistor can be used 
to detect the symbol transmitted at the other side of the glass fiber. A schematic 
drawing of a BMDC is given in Fig. 8.8. On a glass fiber, light traveling in one 
direction does not interfere with light going in the opposite direction. Interference 
effects only take place at the transmitter/receivers at the ends of the fiber; this is 
indicated by the two AND gates in Fig. 8.8. 

8.5.2 Two-way channels with memory 

For a general TWC with memory, the channel output symbols are determined by 
the history of the channel, i.e. the preceding channel input and output symbols. 

P{1J1,t.ll2,t I x1 ,t, x1,t-1, ... , x1,t- ,., x2,t, x2,t-1, ... , x2,t--'T' 

1J1,t-1, 1J1,t-2, · · · , 1J1 ,t-'r> 1J2,t-1, 1J2,t-2> · · · , 1J2,t-'r} (8.27) 

Here T defines the amount of memory on the channel. ln his paper on TWCs, 
Shannon discusses two-way channels with a finite amount of memory. In order to be 
able to define a capacity region, the channel must have the recoverable state property 
[Sha61]: 

DEFINITION 8. 7 (RECOVERABLE STATE PROPERTY) 

A TWC with memory has the recoverable state property if the following condition 
is met: there exists a d such that for any input symbol sequences xj, x2, there 
exist two functions 91(x1 ,1Jil.9z(x2 ,1J2 l which return input symbol sequences of 
the same length, less than d. If these two channel input symbol sequences are sent 
over the channel, the channel is returned in its original state it was in at t = 0, i.e. 
the state before the transmission of the xj, x2 sequences. 

The recoverable state is important, since it allows us to use block codes on the 
TWC with delay. The channel input sequence provided by the functions 91, 92 
is then appended to each codeword, to put the channel into the recoverable state 
again. In this way, the next codeword is not influenced by the state the channel 
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was left in after the transmission of the previous codeword. If a length-n block 
code has a rate pair (R1, Rz), and error probability P e,l, P e,z, the rate pair ( ~~~, ~), 
is achievable for transmission on the TWC with memory, with error probabilities 

P~.l ~ Pe,l, P~.z ~ Pe,2· 

8.5.3 The BMC with delay 

The channel output function of the BMDC is defined as follows (see also Fig. 8.8): 

1Jl,t = XJ,t * Xz,t--r 

1J2,t = X1 ,t--r * Xz,t 

(8.28) 

(8.29) 

Coding strategies discussed so far made use of the knowledge terminal i has of the 
output symbols 1JJ-i received by the other terminal. For the BMC, which is a T
channel, this knowledge is complete : 1JJ-i = "Yi· On a BMDC, the two output 
symbols -y 1 and -y2 are not necessarily the same anymore and they depend on input 
symbols transmitted at different time instants. 

The BMDC has the recoverable state property: let d = 'T ( d is equal to the time 
delay of the channel), and let g 1 ( x], -y]) = 1.,., gz ( x2, 112) = P. The transmission of 
'T 1 s will reset the channel to a ground state. 

Without loss of generality, we can define the time delay factor 'T to be 1. Suppose, 
the two terminals start transmitting a sequence of n symbols messages at t = 1 . From 
Eq. 8.29 it follows that 1J1.1 and 112,1 are undefined: the first input symbols have not 
reached the other side of the channel yet. Here the recoverable state property comes 
into play: we can assume that the channel started in its recoverable state, and behaves 
like x 1,0 = 1, xz,o = 1: this implies 1J1,1 = x1,1 and 112,1 = xz,l· When the transmission 
ends, the reception of 1Jl,n, 1J2,n requires the existence of x 1,n+l and x 2,n+l· Using 
x1,n+l = 1 and xz,n+l = 1, we can put the channel back in its recoverable state, and 
the transmission of the sequence of symbols for the next message can commence. 
Thus, in a coding strategy of depth n each terminal will send n + 1 channel input 
symbols. Summarizing, 

1J~+ l = (X;., 1 * 1 , Xi,2 * X3-i, 1, Xi,3 * X3-i,2, · · . , Xi,n * XJ-i,n-1, 1 * XJ-i,n) 
(8.30) 

If 'T > 1, then 'T coding strategies can be interleaved, without affecting the rate. 
The input and output symbols sequences of these 'T interleaved strategies now look 
as follows: 

X~k = (xi,k> Xi,-r+k• Xi,2-r+k> ... , Xi,n-r+k> 1) 

1J~k = (X;., 1 * 1 , Xi,-r+kX3-i,k, Xi,2-r+kX3-i,-r+k, · · · , Xi,n-r+kX3- i,(n-1 )-r+k> 1 * X3 i,n-r+kl 

(8.31) 

where k E {1, 2, ... , 'T}. 
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1!1.1 =X1.1 

xl XJ ,l XJ2 ,n 

x2,2 
1! 2.2 = 

Xl. l . X2.2 

x2,3 x2,4 
1!2 .4 = 

X 1.3 * X2.4 

XJ ,6 

x2,6 
1!2 .6 = 

X1.5 * X2.6 

Figure 8.9: Operation of zigzag strategy on a BMDC 

8.5.4 Zig-zag strategies 

The first research on constructing coding strategies for a BMDC was performed by 
Diederiks (Die94]. When the operation of the BMDC is observed in the time domain, 
two 'zig-zags' appear in the communication between the two terminals. The zig-zags 
represent two independent, sequential communication paths (Fig. 8.9). For the zig
zag starting at user 1, this leads to (for even n) 

1:1~ = (1:11,3, 1:11 ,5, · · · , Yl,n+l) 

X~= (XJ,l, XJ ,3 1 ... , XJ,n- 1, 1) 

and for odd n, 

1:1~ = (y1,3, 1:11,5, · · · , 1JJ,n) 

X~= (XJ,l 1 XJ ,3, . .. , XJ,n) 

Yz = (1:12,2, 1:12,4, · · · , Y2,nl 

x.Z = (x2,2, x2,4, ... , X2,n l 

Yz = (1:12,2, 1:12,4, · · · '1J2,n+Jl 

x.Z = (x2,2, Xz,4, ... , X2,n-1 , 1) 

(8.32) 

(8.33) 

The last channel input symbol 1 is used to receive the last symbol of the other 
terminal, and to put the channel in a recoverable state. When computing the rate 
of a strategy on a BMDC, we only have to calculate the average mutual information 
transferred by one of the two zig-zags. Without loss of generality, the zigzag starting 
at user 1 is used. 

A fixed length coding strategy is proposed, subdividing the unit square. For 
symmetry reasons, the values of the thresholds will be the same for both termi
nals. In the leftmost diagram of Fig. 8.10 the effects of the first 4 transmissions 
( x 1,1, x2 ,2 , x 1,3 , x2,4 ) of a depth 4 strategy are visualized. From the figure, we see 
that the two terminals were not able to divide the unit square into subshapes: the 
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bJ = J3, + 133(1- J3ll 
b.= 13·131 
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I 
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After 4 transmissions Terminal 1 sends X l ,S = 1 
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1 

--. ---f --. b. -
I 

a 1 a 1 a 1 a 1 
x1.s is coupled with x,, 1 

Figure 8.10: Subdividing the square using zigzag strategy 

whole unit square is still a single connected region. The first two symbols at each 

terminal are transmitted as follows: Xt ,1 = 1 if 81 < ~1' and Xz,z = 1 if Elz < 131· In 
the third transmission, x1,3 = 1 if 81 E [0, ~2~tl U [~t, ~1 + ~3(1- ~t)) . Feedback 
of the first transmission is not possible, since the channel state is unknown at the 
first transmission. Feedback does occur in the fourth transmission: the result of 
the second transmission enables terminal 2 to use an extra threshold: x2,4 = 1 if 

82 E [131, 131 + 133(1- ~tl) or (when Y2 .2 = 1) 8z E [0, l34l3t), or (when Y2.2 = 0) 
82 E [0, (3 213 1 ). The fifth transmission is used to 'clean' the channel, and carries no 
information (see the second diagram of Fig. 8.10. 

The average mutual information in each direction for the second, through fifth 
transmission are: 

I(81 ;Yd8zl =f31h(~1) (8.34) 

l(82; YJ,3181) =(~2~1 + (~3(1 - ~1 ))h(f31) (8.35) 

I(81;Y2.4I82;Y2,2l =(133(1- l3t))h(~2~1 + (~3(1- ~tll) + l32(31h(~3) + (34(31h(~2) 
(8.36) 

1(8z; Y1 ,sl81; Y1,3) =(1 - ~3 )( 1 - ~tlh((1 - l33)(1- (3t) + 132131) + 
(~3(1- ~t))(1- f3tlh(f33) + (~3(1- ~tll31h(l32) + 
(~1(1- ~2)lh((1- (33)(1- f3tl + 134131) + 
~2~1 (1- (3tlh(f33) + ~2~1 f31h(f34) (8 .37) 

and the overall information rate is given by 

I= !(81; Yz,zl82) + !(82; YJ,318t) + 1(81; Y2,4l82; Y2,2) + I(82; Y1 ,sl81; Y1,3) 
5 
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When the strategy will be used repeatedly on the channel, one may eliminate 
the last 1 which puts the channel in the recoverable state, by replacing it with the 
first symbol of the next strategy. This is called coupling of strategies. In coupled 
strategies, x1,n+l = x1,1 when n is even. When the depth n is odd, this means that 
the terminal who started the transmission series gets more useful transmissions than 
the other terminal. This may be solved by ceding the right to start the transmission 
to the other terminal after the strategy finishes: xz,n+l = Xz,l and x1,n+Z = x1,2 . 

Coupling of strategies is depicted in the rightmost diagram of Fig. 8.10, where 
x1,5 = x1,1· Then Eq. 8.37 becomes 

Ilim(8z; Y1 ,sl8z; Y1 ,3) = a1 ((1 - a3)(1- aJ)h((1 - !33)(1 - f3J) + !3zf3I) + 

(a3(1- ai))(1- f3dh(f33) + (a3(1- adf31h(f3z) + aza1 f31h(f34) + 

(aJ(1- az))h((1- l33)(1- !3d+ 134131) + azad1- f3dh(f33)) (8.39) 

The limiting overall transmission rate for a depth n coupled zigzag strategy is: 

Ilim = ~(I(81;Y2,2I8z) + I(8z;Y1 ,3I8d + 
n (8.40) L 1(83-i; Yi,ki8i; Yi,k- z) + Ilim(8z; Y1 ,n+1l81; YI,n-d) 

k=4 

where i = 2- k mod 2. Formula Eq. 8.40 holds for n even; for odd values of n, 
the limiting term becomes l1im(81; Yz,n+ll8z; Yz,n-d). Equation Eq. 8.40 is a lower 
bound to the capacity of the BMDC channel. In [Die94], zigzag strategies for lengths 
upton= 7 were investigated. Their rates are 0.56256 for n = 4, 0.58010 for n = 6, 
and 0.58740 for n = 7. The limiting rates of the coupled versions of these strategies 
are equal to the Shannon inner bound for the BMC: 0.61695; up till now, no strategy 
with a limiting rate exceeding the inner bound has been found. 

8.5.5 Conclusions on the delay channel 

The work on the BMDC presented here is just the beginning of the research of a 
totally new area. Almost nothing is known about the effects of memory on two-way 
channels, and a lot of open problems and interesting research topics exist. 

Determination of the capacity region of the BMDC and similar channels is a 
major topic. Is the capacity region of the BMDC the same of that of the BMC, 
or does it not even exceed the Shannon inner bound? Since the BMDC is not a 
T-channel, there will be uncertainty about the channel output symbols received by 
the other terminal. Therefore, it is not possible to make use of the symbol sequence 
received by the other terminal, as we did in coding strategies for the BMC. For this 
reason, it seems that the capacity region of the BMDC is not equal to the capacity 
region of the BMC. However, it is possible to determine the symbols received at 
the other side in some case and to use this as feedback to the encoder. Use of this 
feedback may lead to a coding strategy exceeding the Shannon inner bound. 
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Two-way channels with delay like the BMDC are more realistic models of prac
tical two-way communication situations than the TWC without delay. For practical 
use of the BMDC as a channel model for real-life communication situations, it is 
necessary to design discrete coding strategies for the BMDC. Research topics in
clude the design of simple, easy to implement coding strategies, and the design of 
save-up or bootstrap strategies for the BMDC. Related to practical usability of cod
ing strategies on a BMDC is the problem of measuring the exact delay between the 
terminals. Also, there must be a way to synchronize both terminals with each other. 
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A 
Example strategies 

This appendix contains some larger strategies, as well as the channel output distri
butions of these strategies. In the pictures, we use the following conventions, some 
of which were also stated Sec. 3.2.2. 

• Shapes which are not subdivided anymore are not shown in the strategy tree 
pictures. This means that shape number 1 (the 1 x 1 basic square), which 
is the final shape of any discrete coding strategy is not shown at all. Also, 
rectangular shapes appearing in save-up strategies are not shown anymore. 

• Shapes that are similar to other shapes are also not shown. Every shape is 
only depicted once in this appendix; if a shape does not appear in a particular 
strategy tree, it can be found in a strategy tree for subdividing a smaller 
square. Between the transmissions of a strategy, the role of the two users can 
be interchanged. This enables us to mirror a shape in its diagonal axis. Shapes 
which are mirror images of others are also omitted. 

• Message labels are not given in strategy tree pictures, because a shape may 
occur at different places in a strategy tree. Also, messages may be permuted 
and relabelled by each terminal, between subsequent transmissions. 

• The division of each shape in the strategy tree is indicated by listing the values 
of the channel input function <Pi,S for each message occurring in the shape. 

• For each division in a picture of a strategy tree, a unique identifier (in big 
print), the number of message pairs inside a shape, the total number of trans
missions needed to send each message pair inside that shape once, and the 
division rate pair (1(81; Yl8z, S), I(8z; Yl8, , S)) of the division subdividing the 
shape are indicated. 

• In strategy tree pictures, shape numbers always refer to the same shape. 
Therefore, it might occur that some numbers are missing in a picture, when 
the corresponding shapes are not used. 
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Figure A.4: The 17x17 strategy 

A.l Discrete strategies 

First, the discrete strategy trees for M = 2, 3, 4, 5, 6,7, 8, 9 are shown in Fig. A.l. 
Many of the shapes in these strategies were already encountered in various examples 
throughout this thesis. We see that things get interesting for M = 7, 8, 9, when the 
first divisions appear which subdivide a shape in 7 subshapes (nrs. 22, 26, 31, we 
call these shapes 7-shapes). We also see that the strategy trees for M = 7, 8, 9 are 
more or less the same: the unit square is subdivided into an L-shape and a smaller 
square, the L-shape is divided in a C-chape (an L-shape with two appendices) and 
a smaller L-shape, the C-shape is subdivided into a 7-shape and a smaller C-shape. 
The corner-piece of the 7-shape is then broken down into small parts. 
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Figure A.5: The 31x31 strategy, part I 

In the strategy trees for M = 10, 11, 12, this pattern is repeated. The small shapes 
occurring in these strategies also occur in strategies for lower M, hence they are not 
depicted anymore. For larger M, the 7-shape appears more often: for example, the 
11 x 11 strategy three already contains three 7-shapes: nr. 40, and two times nr. 22. 

In the 14 x 14 strategy, we see it is not always favorable to subdivide a 7-shape 
into 6 rectangular shapes and a corner-piece: a division of shape nr. 59 in this way 
would result in 2 x 2 squares and dominos, which can only be subdivided further at 
a low rate. 

The 17 x 17 strategy depicted in Fig. A.4 is the strategy designed by Judith van 
der Leur using the pencil and paper method [vd184], and is still the best known 
strategy for the 17 x 17 square. A large part of the 17 x 17 strategy is covered by 
the 12 x 12 strategy. 

The 31 x 31 strategy is the largest strategy we will show here. Is is impractical 
to display large strategies: either they span many pages in this appendix, or they 
become too small. Also, it becomes harder to tell which shapes are subshapes of 
other shapes, just by looking at the pictures. As a guide, the numbers of subshapes 
are given at each shape. Since one of the subshapes of the first division of the 31 x 31 
strategy is a 21 x 21 square, the 21 x 21 strategy is given in Fig. A.8, and the 14 x 14 
strategy is given in Fig. A.3. The 1-shape remaining after the first division of the 
31 x 31 shape is again subdivided into an 1-shape and a C-shape. Unfortunately, 
this second 1-shape (nr. 243) is not the same as the 1-shape remaining after the first 
division of the 21 x 21 strategy, but is is divided in a similar way, as shown in Fig. A. 7 
In Fig. A.6, the C-shape nr. 242 is subdivided further. Here, spectacular divisions 
happen, like the division of shape nr. 234, which falls apart in 15 subshapes, and the 
division of shape nr. 230, which has 10 subshapes. We see that complex subdivisions 
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(268.1678,0.1'11 55. 27 
69 0 0 0 1 1 , 1 1 1 , 1 1 

64, 54 

Figure A.9: 16x16 discrete coding strategy 

appear in large discrete coding strategies. The 31 x 31 strategy currently has the 
highest know transmission rate of a discrete coding strategy, with a rate of 0.61154. 
The rates of more discrete coding strategies are listed in Tab. 3.2. 

A.2 The 16 x 16 strategies 

For the 16 x 16 square, we will show the four different types of strategies: the discrete, 
save-up, 2-power and bootstrap strategy. Here, the 16 x 16 strategy serves as an 
example of a larger strategy. Throughout the thesis, we used the 4 x 4 strategy as 
the primary example of coding strategies (Fig. 3.3, Fig. 4.2, Fig. 4.1, Fig. 5.1). The 
8 x 8 strategy was also frequently used as an example strategy Fig. 3.8, Fig. 5.5). 

The discrete 16 x 16 strategy tree in Fig. A.9 also have shapes which are subdi
vided in the same way as in a discrete coding strategy for M < 16, these shapes are 
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Figure A.lO: Modifications for 16x16 2-power strategy 

not depicted. Use the shape number to find them in Fig. A.l or Fig. A.2. 
The initial subdivision of the 16 x 16 2-power strategy (and the save-up strategy) 

is the same as the initial division in the discrete strategy, hence shape nr. 69 is only 
shown in Fig. A.9. However, when looking at the 2-power version of the 16 x 16 
strategy, we see that the different strategy types for the 16 x 16 square need different 
subdivisions of the same shape. Examples are shape nr. 71, in which there is a small 
difference in the subdivision of the 1-shape. A second example is the 7-shape nr. 
40, which was originally part of the 11 x 11 discrete coding strategy. We already see 
that more dominos, length-4 strips and 2 x 2 shapes appear in the 2-power strategy, 
which will be saved-up .. 

By applying the small change in shape nr. 439 in Fig. A.ll and the addition of 
shape nr. 134 to the 2-power strategy, the 2-power strategy is converted in a save-up 
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[44,60,0.57S] 134 

439 1 I 1 I 1 0 0 0 0 0 fl!!10:wm0 11'mJl!lll 

. 
0 . . 
0 ~ 

Figure A.ll: Modifications for 16x16 save-up strategy 

strategy. We see that also a 3 x 2 rectangle will be saved-up now. 

The discrete 16 x 16 bootstrap strategy is not displayed here, since it is somehow 
uninteresting: it only consists of the initial subdivision of the 16 x 16 square into an 
11 x 11 square and a 1-shape. A bootstrapped division shortens the beams of this 
1-shape from 11 to 3, and the final short-beam 1-shape is the divided by an outer 
bound division in rectangular parts. 

In the same way as we depicted the channel output sequences for the 4 x 4 
strategy {Fig. 4.7) and the 8 x 8 strategy (Fig. 5.6), we depict these for the 16 x 16 
strategies in Fig. A.12, Fig. A.13 and Fig. A.14. The discrete strategy needs 1678 
transmissions to transmit all message pairs once, and has a rate of 0.61025. The 
save-up strategy needs 789 transmission to transmit every message pair once, and 
has a rate of 0.62402. Finally, the 2-power strategy needs 1417 transmissions to 
transmit all message pair one time, at a rate of 0.61962. 

A.3 Large save-up strategies 

Finally, some larger save-up strategies are shown. We start with the 18 x 18 strategy, 
where the 'cut-out shape' appears which was the basis of the new bootstrap strategy 
discussed in chapter 6. Actually, the cut-out shape is a '7-shape' as discussed in the 
discrete strategies. 

In the 18 x 18, 32 x 32 and 34 x 34 save-up strategies, shapes similar to the 
7-shape are important. These save-up strategies follow the same pattern: first two 
inner bound divisions are done, to divide the messages square first in an 1-shape and 
a smaller square, and the 1-shape in a C-shape and a smaller 1-shape. The C-shape 
is then divided into a 7-shape and a smaller C-shape. The 7-shapes are subdivided 
in the same 'standard' way: a corner piece, which is further subdivided at a high 
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Figure A.12: Channel output sequences of 16 x 16 discrete strategy #=1678 

rate, and 6 rectangular areas which are saved up. If the remaining smaller C-shapes 
or L-shapes are large enough, this pattern is repeated one or two times more. Many 
parts of the 32 x 32 strategy are repeated in the 34 x 34 strategy. 

In discrete strategies, the 6 rectangular shapes remaining after the division of 
a 7-shape have to be subdivided further. Since small rectangular shapes can not 
be subdivided at a high rate, it is not always favorable to subdivide a 7-shape in 
the 'standard' way in a discrete coding strategy. Instead, different divisions of 7-
shapes are used, as shown in the pictures of discrete trees forM= 14, 17,21, 31. The 
spectacular divisions like nr. 234 and 230 in the 31 x 31 discrete strategy occur when 
7-shapes are divided in a 'non-standard' way. These complex divisions subdivide the 
rectangular parts in the 7 -shapes 'before they appear'. Such complex subdivisions 
do not have a very high division rate, but they perform better than subdivisions of 
the small rectangular areas. 

The 6 rectangular shapes remaining after the 'standard' division of a 7-shape do 
not have a negative influence on the rate anymore, if they are saved up. In save-up 
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Figure A.l3: Channel output sequences of 16 x 16 save-up strategy #=789 

strategies, ?-shapes appear in many different forms and sizes, and get larger as M 
grows. Each time, these ?-shapes are subdivided in the 'standard' way: a 'corner 
shape' and 6 rectangular shapes. Since it is more desirable to keep rectangular areas 
together so they can be saved-up, than to try to subdivide these rectangular areas 
'before they appear', it is not necessary to subdivide the 7-shape in a non-standard 
way. Therefore, divisions like the ones described in the 31 x 31 discrete strategy do 
not occur in good save-up strategies yet. 

The best known save-up strategy is the 34 x 34 save-up strategy, with a rate of 
0.62790. In Tab. 4.1, the rates of more save-up strategies are listed. 

A.4 AXE and coding strategies 

The coding strategies presented in this thesis were constructed using AXE , a tool 
for designing coding strategies. AXE can be used to construct discrete strategies 
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Figure A.14: Channel output sequences of 16 x 16 2-power strategy #=1413 

as discussed in chapter 3, (discrete) save-up strategies as discussed in chapter 4 
and (discrete) bootstrap strategies as discussed in chapter 5. Most of the strategies 
constructed using AXE are for the BMC. However, the program can also be used to 
construct coding strategies for ternary channels, as long as they are T-channels. 

The example strategies presented in this section are a selection from the results 
obtained with AXE . For the BMC, many more coding strategies have been con
structed, their rates are listed in the tables at the end of each chapter (Tab. 3.2, 
Tab. 4.1, Tab. 4.2 and Tab. 5.1). It would take up too much space to show them all 
here. The remaining strategies can be viewed using AXE . 

The program AXE itself is available for anyone interested in designing coding 
strategies. It runs on any PC compatible computer, and can be obtained free of 
charge together with instructions for use. For more information about AXE , or 
coding strategies not shown in this thesis, contact the author, or the Information 
and Communication Theory group at the Eindhoven University of Technology. 
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B 
Partition patterns 

This appendix lists the 6 different 2TWCs, the 36 3-2TWCs and the 322 3TWCs. 
Each TWC is mentioned with 

• an index number (these numbers are mentioned in the thesis, particularly chap
ter 6, to reference the TWCs). 

• the partition pattern, 

• a channel output function if the channel is aT-channel, 

• the letter S marks a symmetric channel, 

• the letter K marks a member of the set K ([HW89]), for which a save-up 
strategy achieves capacity, 

• the number of the dominating part-pattern, if there is any. 

• from bottom to top: the value of Shannon's inner bound 9;, the value of the 
best known lower bound to the capacity region, and the value of the Shannon 
inner bound 9o, in the equal rate R1 = R2 point. 

8.1 2TWCs 

There are 6 different binary TWCs Eq. 7.28, of which 5 are T-channels. Channel 
number 4 is the BMC; number 5 is the binary switching channel [Van89). Channel 
number 6, finally, is also known as the XOR channel, mentioned in Sec. 1.5.1. 

1 
r · T - -

~ s 0 .. -+--
K 0 

4 o-- fml s 0.69424 
: : 0 0.61695 

2 >-+·-

5 FF tmj 0 K 

oneway 
0.5 

0.79248 
0.79248 6FF 

[ill] 
[QlQ] 

[ill] 
[QIT] 

oneway 
K 0.5 

s 
K 
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8.2 2-3TWCs 

On a 2-3TWC, one of the terminals can tranmit 3 different channel input symbols, 
the other terminal only 2. The class of 3-2TWCs is represented by the transposed 
versions of the channels listed here. 
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The ternary TWCs are numbered according to a numbering scheme designed by 
Jacobs [Jac86). Base of the numbering scheme is the fact that there are only 14 
different ways to assign output partitionings one direction with three symbols (see 
Eq. 7.17). These 14 possible row partionings are listed here: 

u: -- r:u:: fl 
-- r:r:: ["IT- rTr - - -- - - --

1- - +- -- 1- - +-+-- >- J __ - -+ - -
: : : : : : : : : : : : : : 
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The partitionings are numbered 1-9,A-E, left to right. A 3TWC is designated with 
S~.y. The two subscripts indicate the partitioning used for the rows and the columns. 
The superscript enumerates different possibilities to arrange the two output parti
tionings, which can not be mapped onto eachother by permutation of rows and 
columns, or terminal exchange. The table contains all known data on ternary TWCs. 
Results from [Jac86, Gaa85, Eng87, vdH87, Lor88, Mes93, vK93) were used to con
struct this table. 

5- >-+-+--
11 >-+-+--

' I I I 

5],7 

S],ct 

>-+-+·· 
~ -+-+--

~--

>-+-+ ·· 
>-+-+·· 

>-+-+-
>-+-+-

r:c:: 
5t2 >·+·+·· 

r:c:: 
st3 >--+-+--

u=.:..: 
5j s >-+--

. ' ' 

0 ·; 
sc ' '-r--

2,6 ~ - ; ·r-

0:::: 
5~.8 >· +·+·· 

St9 

0 0 0 
0 0 0 
0 0 0 

2 1 1 
0 0 0 
0 0 0 

oneway 
s 
K 0 

oneway 

0.5 

oneway 

0.79248 

oneway 

0.5 

oneway 

0.79248 

4 0.69424 
0.63072 
0.61695 

21 0.88578 

0.87251 

5 0 .79248 
0.79248 
0 .79248 

4 0 .69424 
0.63072 
0.61695 

0.69424 

0.61695 

24 0.92760 

0 .89964 

27 0 .92761 

0 .87251 

5 0.79248 
0.79248 

K 0.79248 

5 

5 

0 .79248 

0.79248 

0.79424 

0.79424 

5],2 

S],s 

S],s 

S],b 

S],e 

1-+-+·· 

1--i--+--

~ ,__.___ 
r -+-+--

r:u:: 
52,2 >--+-+--

5~.4 
a::--
1- -+-+--

u.: .. :.:.: 51,4 , __ 

u::c: 
S2,s - -+--

5~,7 

~ 5ts ............... 
' ' ' 

Sf OT 
2,9 >- -

1 1 1 
0 0 0 
0 0 0 

2 2 2 
1 1 1 
0 0 0 

oneway 

0 .5 

oneway 

0.5 

oneway 

K 0.5 

oneway 

0.79248 

oneway 

K 0.79248 

4 0.69424 
s 0.63072 

5 

0.61695 

0.79248 
0.79248 
0.79248 

4 0.69424 
0.63072 
0.61695 

5 0.79248 

0.79248 

24 0.92760 

0.89964 

27 0.92756 

0.87251 

28 1.00000 
1.00000 
1.00000 

5 

5 

5 

0 .79248 
0 .79248 
0.79248 

0.79248 

0.79248 

0 .79248 
0.79248 
0.79248 

5],9 

~-,__.___ 
H-t-
o:::: 

5~.z >- + -+ --

o:::: 
52,3 --+--

r:c= 
5t4 >-+-+--

a.:;::: 
s~.s ,_........,. __ 

m :: 
5 1.s >-+-+ --

a.:;::: 
5t6 >-+-+--

Dl 
5~.9 >- + --+-

[J.J""" 5ta ,_.,......_ 

1 0 0 
0 0 0 
0 0 0 

1 0 0 
1 1 1 
1 1 1 

1 0 0 
1 1 1 
0 0 0 

4 
s 

oneway 

0.79248 

oneway 

0.79248 

oneway 

0.5 

oneway 

0.79248 

0 .69424 
0 .63072 
0.61695 

21 0.88578 

4 

0.87251 

0 .69424 
0 .63072 
0.61695 

5 0.79248 

0.79248 

26 0.79121 

0 .66090 

21 0.88578 

0.87251 

21 0.88578 

0.87251 

21 0.88678 

6 

0.87251 

0.79248 

0.79248 

26 0.79121 

5 

0 .66096 

0.79248 

0.79248 

201 



n::L 
5ta >--+-+--

' ' ' 

Ql.:, '·;. --

5h >-+-+--

o:r: 
53,3 >-+--+--

Q.J:: 
5J,s ,_...__._ __ 

rTL 
5~ ,9 ;......;......; 

5J,d~ 

5~,4 

5~.s 

5~.s 

5~,6 

5~.7 

202 

m·· 
IT-~ --

rr.;:-
~ - L--

. .. [.E' 

EE 
EE 
EE 
F.E 
EE 

2 0 0 
1 1 1 
0 0 0 

2 0 0 
2 1 1 
2 2 2 

2 1 1 
2 0 0 
0 0 0 

5 0.79248 

0.79248 

27 0.92756 

0.87251 

27 0.92756 

0 .87251 

27 0.92756 

0.87251 

28 1.00000 

1.00000 

1.00000 
s 0.88547 

0.83482 

32 0.94929 

0.89784 

0.96654 

0.92100 

42 1.00000 
1.00000 
1.00000 

42 1.00000 

1.00000 

1.07057 

1.00869 

1.12123 

1.10597 

6 1.00000 
s 

1.00000 

6 1.00000 

1.00000 

5 0.79248 

0.79248 

32 0.94929 

0.89964 

32 0.94929 

0.89964 

32 0.94962 

0 .89964 

6 1.00000 

1.00000 

35 0.88578 

0 .83552 

o:r-
5J.4 >-+-+--

m:: 
5~s ----

, ' ' 

co:: 
53,7 ----

5 IT.C 3,a >·+-+-

5J,c 

5~,4 

5~.s 

5~,6 

54,8 

5~.9 

aL 
>-+--+-

[Jf 
[ :~ 
-l-~ 

0-,--
-+-
-+-

R-+-
-+--

0-+--
- +-

EE 
Eft 
ITF 

APPENDIX B. PARTITION PATTERNS 

3 2 1 
1 1 1 
0 0 0 

1 0 0 
0 1 1 
1 1 1 

24 0.92760 

0.89964 

27 0.92756 

0.87251 

24 0.92760 

0.89964 

28 1.00000 

1.00000 

27 0.92756 

0.87251 

32 0.94929 

0.89784 

0.85759 

0.81232 

1.09235 
1.03323 
1.02819 

42 1.00000 

1.00000 

0.99323 

0.91503 

1.07108 

1.02332 

1.12123 

1.08043 

5 0 .79248 

0.79248 

5 0.79248 

0.79248 

35 0.88560 

0.83552 

36 1.09477 

1.04973 

38 1.00000 

1.00000 

6 1.00000 

1.00000 

6 1.00000 

1.00000 

35 0.88578 

0.83552 

5tb 

5~.c 

cc::::: 
5td • -+-+-

cc:: 
52,e >-+-+--

w--
5l4 >-+-+·· 

co--
5J.6 >-+- · +· · 

rn: 
5J,s >- +· +--

rn: 
5J,b >-+-·+--

5b IT.C 
3,c >-+-+-

5~,4 

5~.s 

54,6 

5~,6 

5~,7 

5~.9 

EE 
EEF 
EfL 
trE 

--EE
--

EE 
8£ 
tE 

3 2 2 
1 1 1 
0 0 0 

3 2 1 
0 0 0 
0 0 0 

2 0 0 
2 0 0 
1 1 1 

2 1 1 
0 1 1 
0 0 0 

24 0.92760 

0.89964 

24 0.92760 

0.89964 

27 0.92756 

0.87251 

24 0.92760 

0.89964 

28 1.00000 
1.00000 

K 1.00000 

32 0.94929 

0.89784 

1.03710 

0.95433 

42 1.00000 
1.00000 

K 1.00000 

0.98328 

0.89887 

1.07108 

1.05060 

1.06244 

0.97586 

1.16096 
1.16096 
1.16096 

4 0 .69424 
s 0.63072 

0 .61695 

35 0.88560 

0.83552 

36 1.09477 
1.05411 
1.04937 

38 1.00000 

1.00000 

39 1.16096 

1.16096 

5 0.79248 
0.79248 

K 0.79248 

6 1.00000 
s 

1.00000 

35 0.88578 

0.83552 



8.3. TERNARY TWCS 

FEE 6 1.00000 
5g,a Eft 35 0.88578 8T 2 1 1 36 1.09477 

54, a 
. 

54,b 1 0 0 
1.00000 0.83552 0 0 0 1.04937 

FE 36 1.09477 [E 3 1 1 38 1.00000 

5h EE 38 1.00000 

5tb 54,b 2 1 1 1.00000 
1.04937 0 0 0 K 1.00000 1.00000 

Eft 36 1.09477 

5tc EE 36 1.09477 
54,c EtE 36 1.09477 

S4,c 
. 

+-
1.04937 1.04937 1.04937 

5g,c EE 38 1.00000 en: 36 1.09477 EEf 39 1.16096 
5~ .c ,__._...__ 54,d 

1.00000 : : : 1.04937 1.16096 

5td FE 36 1.09477 EE 39 1.16096 
5g,d tE 3 2 2 38 1.00000 

54,d 3 1 1 1.00000 
1.04937 1.16096 0 0 0 K 1.00000 

EEE FE .. ~:Ff 39 1.16096 
55,s 

-- 6 1.00000 

5~,5 
35 0.88560 

54,e 1.16096 
~ I I • • 

s >--
K 1.16096 1.00000 0.83552 

r:tf tiE cr.r 0.83328 

5ts 
0.83857 -- 6 1.00000 

55,5 ,_ s s 0.73881 55,5 s 
0.79248 : : : 0.68208 1.00000 

r:tf rTE EB--
5~ 5 

35 0.88560 
5~ 5 

0.84294 
55,6 

36 1.09477 

t-- --
0.83552 

,_ 
0.79248 

--
1.04937 

fiE flt a:r-5E_6 
2 1 1 0.98764 0.99163 

5g6 -- 36 1.09477 
2 0 2 55,6 
2 2 2 0.90559 0.90187 1.04937 

r:a: 0.99185 

5~ 6 trt 0.98994 

5~,6 EIJ-- 38 1.00000 

55,6 ,_ 
0.91200 0.88094 1.00000 

r:a= EEt EEr 5g6 
0.97512 

5~.6 
0.94814 -- 39 1.16096 

,_ 
0.89784 0.89784 

55,7 
1.16096 

5~.7 H:E 1.04990 F.fE 6 1.00000 

5~.s +F 5 0.79248 
,_ 

1.00324 
55,8 

1.00000 0.79248 

F.fE 6 1.00000 

5~.9 ffE 6 1.00000 
55,9 tEE 6 1.00000 

55,9 
1.00000 1.00000 

- 1.00000 

tEE 6± 2 0 0 0.92758 8i 5g9 - 6 1.00000 
5~9 

0.92296 
55,9 2 1 2 

1.00000 0 0 0 0.84811 0.84173 

5~.9 [F 0.87693 
5g,9 RI 35 0.88560 

5~.9 ~ 
35 0 .88560 

0.79543 
- 0.83552 0.83552 

tEE 6 1.00000 rn: 0.92290 FfF 6 1.00000 

55, a - 1.00000 
5~.a 

0.84190 
55,a 

1.00000 

5t,a Of 0.92738 EfF 36 1.09477 

5~b Rr 36 1.09477 

0.84409 
55.b 

1.04937 1.04937 

F.fE 1.03947 
5gb BI 38 1.00000 

55,b EEE 0.99660 

55.b 
1.00000 1.00000 0.90368 

Eft 1.09477 6f 1.04135 EEL 36 1.09184 36 
5~ c 55,c 

1.04937 
- 1.00000 

Ss,c 
-

1.04937 

5t,c tEE 1.01698 BE 2 1 1 1.00920 
5L EEE 36 1.09174 

55,c 0 1 0 
: : : 1.00000 2 2 2 0.91957 1.04937 
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Eft 2 1 1 1.04135 

Sfc EEE 1.01698 
SL tff 2 1 1 36 1.09477 

Slc 0 2 0 1 0 1 
2 2 2 1.00000 1.00000 2 2 2 1.04937 

s~.c Pi 1.01247 Err 39 1.16096 
sg,d ~ 

1.10276 

0.92587 
ss.d 

1.16096 1.05850 

EEE 1.09801 

st,d EEL 39 1.16096 at 3 2 2 1.07108 

S§,d s;,d 3 1 3 
1.06084 1.16096 0 0 0 1.03252 

Efr EEF EEE 39 1.16096 
56,6 

1.11063 

5~,6 
1.04638 

s.s.e 1.16096 s 
K 1.16096 : : :-- 1.08369 1.02500 

FE-- ~:g: a:+= 1.16622 

Si,6 
1.07825 

5~.6 
1.15544 

5~,6 s --
1.07743 1.01360 

- +-
1.07082 

EE-- EEE 5~,6 ur 2 1 0 1.06498 -- 1.08606 

s~ 7 
3 2 1 1.12592 

2 0 0 s 56,7 3 0 0 
2 2 2 0.97297 1.17299 3 3 3 1.09207 

F.fE 45 1.15596 

5~8 B± 45 1.15596 [[ 42 1.00000 

56,8 5~,8 
1.15097 1.15097 1.00000 

tfE 45 1.15596 

5~,9 tEE 2 1 0 45 1.15596 
5~,9 6f 1.09870 

56,9 1 2 2 
-

1.15097 2 2 2 1.15097 1.04987 

st9 Elf 1.05228 
5~,9 ITF 0.99224 

5~9 RI 1.01737 

1.00755 
-

0 .94026 1.00000 

tEE 6± [E s~ 9 
45 1.15596 

5~,9 
45 1.14413 

s~ 9 - 0.99480 

1.15097 1.15097 0.93235 

5~.9 6I 1.01531 

5~9 FEE 1.09870 

Sb Of 1.05255 

0.94026 1.04987 1.02194 

Rf 1.09870 

s~.a Eft 1.05228 [E 1.09870 

56, a s~.a 
1.04987 1.00755 1.04987 

EfF 1.21816 

s~.b FEE 1.19874 B± 1.21015 

S6,b 
1.17345 1.16255 

s~.b 
1.16422 

Si,b ttt 1.20042 BI 1.10364 

s~.b 0± 1.07699 
s~.b 

1.15524 1.08193 1.06084 

EfE tfE Rf S6,c 
1.21817 

s~.c 
1.20166 1.20685 

+- s~.c 
1.16802 1.15740 1.15847 

Sic 8f 3 0 1 1.18454 [IE 1.11627 

s~.c BE 1.17162 
2 1 1 s~.c 
0 0 0 1.10944 1.07430 1.09558 

s~.c EEF 1.15793 

s~.c FEE 1.17123 
SL [FE 1.09867 

1.12027 1.10886 1.09177 

S6,d EEE 1.25777 

s~ d R± 1.23757 EEE 1.25785 
s~.d 

1.22920 1.20967 1.22273 

st,d tEE 1.24433 tR 1.23765 

s~.d EEE 1.16096 
s~.d 1.16096 

1.19812 1.20071 K 1.16096 

EEE Ri"-1.28832 1.15891 8f 46 1.29248 
s;;,e 1.28417 57,7 -- s 5~.8 

K" 1.28417 : : : 1.16096 : : 1.29248 
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5~.8 [[[ 
42 1.00000 Rf 46 1.29248 

5~9 6£ 1.17438 
1.00000 5¥,9 

. 

K 1.00000 1.29248 1.16175 

[f 1.09476 R£ 1.19424 
5¥,b Bf 1.33577 

57,9 57, a . 
1.05097 1.16174 1.29744 

8I 1.16096 [IE 1.33563 
5~c 8£ 1.24522 

5h 1.16096 5¥,c 
K 1.16096 1.29737 1.21131 

EEE 1.37225 

5~.d a:E 1.29248 EEE 1.40368 

5¥,ct 1.29248 57,e 1.40368 
1.34114 K 1.29248 K 1.40368 

fF 6 1.00000 
58,9 f-fF 6 1.00000 

5K,9 FfT 6 1.00000 

58,8 s 1.00000 1.00000 1.00000 
K 1.00000 1.00000 K 1.00000 

f-fF 1.00000 FfF 2 1 1 45 1.15596 FF . 6 
5Kb 

45 1.15596 

58, a 1.00000 58,b 1 2 2 1.15097 
1.00000 0 2 2 K• 1.15097 1.15097 

FfF 1.16096 
5K_c FfT 45 1.15596 FfF 46 1.29248 

58,c 
1.15097 1.15097 

58,ct 
1.29248 +-

5K_ct f-fF 2 1 1 45 1.15596 

~ 
2 1 1 46 1.29248 

59,9 f-fF 1 0 0 6 1.00000 
1 0 0 1.15097 58,e 1 0 0 1.29248 0 1 1 s 
1 2 2 K• 1.15097 0 2 2 K 1.29248 0 1 0 1.00000 

5~.9 FfT 6 1.00000 Rf- 6 1.00000 

5?.9 qf 6 1.00000 

1.00000 
59,9 

1.00000 1.00000 

Fff R+ f-fF +- 6 1.00000 

5~.9 
2 1 1 6 1.00000 6 1.00000 

59,9 s 0 1 1 s 59, a 
1.00000 0 2 0 1.00000 1.00000 

m: 2 1 1 6 1.00000 
59,a Fff 6 1.00000 FfT 45 1.15596 

5~ a 2 0 0 59,b 
1 0 1 1.00000 1.00000 1.15097 

s~ b FF 45 1.15596 
59,b ffr 2 1 1 1.13632 

5?b ffr 45 1.15596 
0 2 2 s 

1.15097 0 2 0 1.06297 K• 1.15097 

~ 
45 1.15596 

5~.b qf 1.08496 
59,c qf 45 1.15596 

59,b 
1.15097 1.04882 1.15097 

Fff f-fF 2 1 1 ffr s?,c 
45 1.15596 1.13416 

5?c 
. 45 1.15596 

59,c 0 2 2 
1.15097 0 1 0 1.06057 1.15097 

qf 45 1.15596 

s~.c Fff 1.13748 
S§,c ffr 1.16096 

S9,c 
1.15097 1.05076 1.15097 

s~.c ffr 45 1.15596 

5~.c m: 1.08496 Fff 2 1 1 46 1.29248 
S9,ct 1 0 0 

1.15097 1.04352 0 2 0 1.29248 

s?.ct ffr 1.19382 ffF 1.21764 

s?.ct ffr 46 1.29248 

1.15798 
59,ct 

1.18710 1.29248 

qf 1.16096 

s~.d ffr 1.21838 

~ 
46 1.29248 

S9,ct 1.16096 59,e 1.29248 
K 1.16096 1.17991 K 1.29248 

ftF 6 1.00000 m= 2 1 1 1.00000 ffF 6 1.00000 

5~.a 
. s 5ta 2 0 2 s 0.94718 5~.a s 

r 1.00000 0 0 1 0.91830 1.00000 

ffF 1.15422 
Sb ffF 1.21431 m= 1.13779 

s~.b ab · s~.c 
1.07520 1.08291 . . 1.18177 
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m= 1.15268 

FFF 
1.14235 Ff-f 1.08496 

stc 
1.06439 

s~ .c 
1.07381 

sg,c 
1.06439 

FFF 
39 1.21764 

s~ d Rf 39 1.21764 ffi= 1.27155 

s~.d s~.e 1.25163 
1.18177 1.18177 K• 1.25163 

w 1.27155 

s~.b fff 1.24494 Fl+ 1.23614 
sg,b s 1.25000 sb,b s 

K• 1.25000 1.22626 1.19555 

FFt= 
1.26679 

s~.c FF 1.23596 fF= 1.24480 

sb,c 
1.23392 1.20187 

sb,c 
1.21003 

sg,c FF 1.27107 

s~.c Pf 1.22876 FF 1.35680 

1.21687 1.18368 
sg,d 

1.33188 

s~ d f-ff 1.29248 
sb,d FF 1.35631 

sg,d FF 1.28150 
1.29248 1.27083 

K 1.29248 1.32527 K• 1.27083 

FF 1.39857 FFr 1.27143 

stc ~ 
1.24473 s- 1.39340 s~,c s s b,e K• 1.39340 1.21997 1.20909 

fF= 1.22850 

s~.c ~ 
1.27026 FFf 1.24485 

s~.c s s~.c 
1.19596 1.16096 1.21619 

s~,c FFr 
1.27096 qf 1.16096 Fff 1.35649 

sg,c s 1.16096 s~.d 
1.19372 K 1.16096 1.32949 

s~ d Fff 1.33233 

FFf 
1.35631 

s~.d FFr 1.33248 

1.30151 
s~.d 

1.32348 1.28160 

Fff 1.29022 Fff 1.39454 
sd,d w 1.44992 

s~.d 1.28796 sz.e 1.38572 s 
K" 1.28796 K• 1.38572 1.41504 

s~.d w 1.40219 
sc w 1.38848 w 1.49610 

1.40070 s 1.37442 sd,e 1.49230 
K" 1.40070 

d,d . K• 1.37442 K· 1.49230 

~ 
1.58496 

s;:e s 1.58496 
K 1.58496 
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codeword, 4 
codeword length, 4 
coding strategie 

bootstrap, 113 

coding strategy, 25 

bootstrap, 104 

continuous, 62, 76 

discrete, 62, 76 

optimized, 75, 91 

connected, 30 

continuous strategy, 28 

converse, 18 

convex region, 13 

correlated sources, 100, 112 

correlation, 133 

cut-out shape, 127 

decoder, 4 
decoding delay, 92 

delay channel, 175 

dependence balance bound, 133 

depth-first, 69, 83, 106 

derived channel, 23 

directed acyclic graph, 64 

discrete strategy, 55, 173 

rate, 69 

discrete tree 
number of transmissions, 68 

division, 28, 29 

bootstrap, 106, 124 

bootstrappable, 105 

inner bound, 33, 37 

outer bound, 35, 37 

domino, 79 

encoder, 4 
encoding function set, 24, 50 

entropy, 2 
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binary entropy function, 2 
conditional entropy, 2 
joint entropy, 2 
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equal rate point, 12, 36, 41, 98, 104, 128, 

155, 170, 172 

equivalence class, 142 

erasure set, 164 

erasure symbols, 163 

erasure vector, 164 

error probability, 5, 12 

error-correcting code, 5 

Fane-inequality, 5, 8, 18 

feedback, 7 
finite state machine, 77 

graph equivalence, 66 
group, 141 

action, 141 

symmetric, 141, 148 

Hagelbarger code, 25 

Hamming weight, 165 

i-division, 38, 99 

influence function, 144 

information source, 1 

initial state, 40 

inner bound, 15 

inner bound division, 75, 116, 134 

instance, 43, 56 
interleaving, 176 

internal loop, 42 

Kranz product, 148 

1-shape, 29, 34, 36, 70, 104 

m-division, 38, 99, 102, 120 

Markov chain, 40 

Massey, 44 
MDS code, 165 

message interval, 26 

message label, 58 

message pair, 27, 55 
message percolation, 167 

message triple, 173 

mutual information, 3 



n-division, 128 
non-connected region, 31 
non-constructive, 112 

a-division, 40, 99, 119, 120, 125 
one-way channel, 3 
outer bound, 15 
outer bound division, 75, 134 
outer rim, 116, 122, 127, 130 
overall rate, 82, 108 
overall strategy, 70, 82 

P6lya, 142 
parallel channel, 134, 149 

adaptive, 135 
part-pattern, 152 

dominating, 154 
partition pattern, 138, 152 
partitioning, 139 
pattern, 143 
permutation, 141 

group, 141 
type, 142 

r-division, 166 
random coding argument, 6 
random variable, 2 
rate, 5 
rate pair, 12 
rate triple, 171 
recoverable state property, 175 
rectangle, 29 

save-up information, 87, 92 
save-up resolving message, 87 
save-up strategy, 79, 89, 122 

number of transmissions, 84 
optimized, 91 
rate, 85 

Schalkwijk strategy, 38, 89, 99, 103, 113 
Shannon, 6 

shape, 28, 62 
correlated, 97 
cut-out, 124, 127 
database, 89 
entropy, 32, 62 
normalized, 66 
rectangular, 33, 35, 81, 106, 134 
relabelling, 67, 76 
representation, 65 
saved-up, 81 
similarity, 64, 84, 108 
uncorrelated, 34 

shape database, 61, 70 
Slepian-Wolf, 112 
square division method, 26 
strategy, 7 

coupled, 179 
zig-zag, 177 

strategy tree, 42 
average information, 46 
depth, 43, 68 
discrete, 68 
edge, 43 
fixed length, 43 
leaf, 43, 84 
node, 42 
number of transmissions, 68, 84, 108 
picture, 58 
rate, 46, 69, 85, 109 
variable length, 44 

strip, 79 
subshape, 28 
superpattern, 143 
support lemma, 133, 134 
symbol alphabet, 3, 137 

t-division, 166 
T-channel, 11, 137, 147 
T-TWC, 133 
ternary TWC, 137 

Shannon inner bound, 15, 19, 89, 99, 150 three-way channel, 170 
Shannon outer bound, 15, 21, 99, 150 threshold, 26 

215 



time-sharing, 12, 14, 59, 79 
TWC, 10 
two-way channel, 10 

semi-feedback, 162, 165 
with memory, 175 
without feedback, 162 

typical rectangle, 48 
typical sequence, 16, 101 
typical set, 16 
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unit cube, 173 

unit square, 27 
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progressively subdividing, 27, 177 

XOR channel, 11 

ZBS bound, 133 
zero-error, 44 



E 
Symbol Index 

The base of the log function in this thesis is 2, unless explicitly stated otherwise. 

Indices 

The use of indices in this thesis is as follows: 

• The first index always denotes the number of the terminal in question. Usually, 
the numbers 1 , 2 are used, to denote the different terminals. If no specific terminal 
is needed, the letter i is used as first index, where i E {1, 2}. To denote the other 
terminal 3 - i is used. 

• The second index denotes time, or the index of a symbol in a series of symbols. 
• The third index is used to identify a sequence of symbols with a message label. 
• When there is no need to use a symbol in two separate versions, one for each 

terminal, the first index indicating the terminal is omitted. The abbreviation Yt 

is often used in the context of the BMC and other T-channels, where 'Yi = 'YJ-i· 

Symbol glossary 

Random variables are denoted by captials X, alphabets by calligraphic letters X, 
symbol values by normal letters x, and symbol sequences by boldface letters X. 

x1 input symbol alphabet for terminal1 
xl,t input symbol random variable for terminal1 at time t 
x1,t input symbol value for terminal1 at timet 
x~ input symbol sequence x 1,1 , x 1 ,2 • • • x 1, t at terminal 1 
Y output 

81 message of terminal 1 
1J1 Estimate of the message of terminal 1 
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4>1,t,9 

<1>1 ,9 

the 

f{x1, x2l 
N 

5 
d{5) 
1)(5) 

T 
T 
R{T) 
R'(T) 
R"{T) 
w(T) 
p{x) 
h(x) 
e 
9J,9o 

discrete message of terminal 1 
Set of messages for terminal 1 
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Number of messages for terminal1 to choose from (M1 = IM11) 

encoding function for terminal1 at time t, associated with message e. 
encoding function set of all 4>1,t,e associated with message e. 
decoding function for terminal 1 at time t 

channel output function 
blocklength of a code or strategy 
Shape (set of message pairs (el, e2)) 
division of 5 
set of subshapes of d(5) 
Strategy tree 
root shape of a strategy tree T 
rate of discrete strategy tree T 
rate of save-up tree T 
rate of bootstrap tree T 
average codeword length in strategy tree T 
probability function of event x 

binary entropy function 
capacity region 
Shannon inner and outer bound 

Symbol index 

A(n) 16 
£ , 

p(n) 5 
e , 

0(5), 68 p(n) 12 
e,l, 

F(n), 43 Ri(5), 69 
F0 (n), 44 R;_'(T), 109 
F0 (n), 43 R~(T), 85 
H(X), 2 5, 28 
H(X, Y), 2 V(n), 44 
H(XIY), 2 V0 (n), 44 

H(8il83- i, 5), 32 V0 (n), 44 
I(X; Y), 3 Vn, 139 
I(Xi; Y3-iiX3-tl, 14 #(5), 69 
I(8i; Y3- il83-i, 5), f:(T), 46 

32 d(5), 29 
Kn, 23 fBMC 11 , 
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fXOR 11 , 
h(p), 2 
p(m), 1 
p(1Jix), 3 
vdT), 46 
w(T),45 
D, 27, 32 
<Di, 12 
13(T), 108 

e," 6 
e!NF, 6 
eop, 6 
e, 6, 1s 
1)(5), 31 

Xn, 50 
Mi(5), 29 
Mi, 12 
N(T), 44 

Pn,k, 139 
S(T), 44, 84 
9r, 15 
9o, 15 
cf>i,S, 12 
11\, 12 
v~(T), 85 
w(5), 68 
w"{T), 108 
w'(T), 84 



F 
Summary 

Two-way channels are part of everyday life: conversations between people, or data 
exchange between computers. Two-way channels pose one of the most challenging 
problems in multi-user information theory: how efficiently can information be ex
changed between the two terminals? In other words: what is the capacity region of 
a two-way channel? This problem was already studied in 1961 by Shannon (Sha61], 
who derived bounds to the capacity region of two-way channels. The problem of 
finding the capacity region of two-way channels is still unsolved. 

Shannon showed that the capacity region of a two-way channel is achievable: 
coding strategies exist, which can be used by the two terminals to exchange their 
information. Such schemes are called coding strategies. However, Shannon did 
only show the existence of such strategies. This thesis concerns the construction of 
coding strategies. Using these strategies, information is transmitted over the channel 
in both directions at the same time, at transmission rates exceeding the 0.5 bit per 
transmission per direction which can be achieved by time-sharing. 

The binary multiplying channel (BMC), being the first non-trivial two-way chan
nel, will serve as the main example of a two-way channel. 

Chapter 1 consists of an introduction to two-way channels and multi-user infor
mation theory. First, basic notions like entropy, mutual information and channel 
capacity are presented for the one-way channel. Then, various types of multi-way 
channels are presented, and the BMC is introduced as our main example of a two
way channel. Finally, the Shannon inner and outer bound regions are discussed as 
a first approximation to the capacity region of a two-way channel. 

In chapter 2, coding strategies are introduced as a way to communicate simulta
neously on a two-way channel. We introduce the square division method as a way 
to describe coding strategies. All possible combinations of messages of the two ter
minals (message pairs) are represented by a unit square. The information transfer 
between the two terminals is modeled as the progressive subdivision of this unit 
square, using a strategy tree. The nodes of a strategy tree represent the divisions. 
They consist of a shape, a certain subset of the unit square to which the uncer-
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tainty about the message pair has been narrowed down by previous divisions. In 
each node, channel input symbols are assigned to each possible message from each 
terminal. The next channel input symbol thus depends on the message and on the 
shape remaining after previous divisions. The resulting output symbol enables each 
terminal to subdivide the shape and to go to the next node, deeper in the tree. 

In the leaves of the strategy tree, both terminals know the complete message pair, 
and transmission continues by starting again in the root of the strategy tree. As an 
example of a coding strategy, the 1982 strategy [Sch82] is presented. Schalkwijk 
introduced the square division method to describe this strategy. 

To every coding strategy, a transmission rate pair can be assigned. For the 1982 
strategy, the rate pair is situated between the two Shannon bounds discussed in 
chapter 1. The second part of chapter 2 proves the achievability of the transmission 
rate pair. Furthermore, it is shown that all rate pairs in the capacity region of a 
two-way channel can be achieved by strategy trees subdividing the unit square. 

Chapter 3 discusses discrete coding strategies. The 1982 strategy presented in 
the previous chapter is an example of a continuous strategy, in which each terminal 
chooses a real number on the unit interval; when the strategy tree finishes, both 
terminals know the interval in which each message point was situated. In case of a 
discrete strategy, the number of messages each terminal can choose from is finite. 

Discrete strategies are important, because we an use them to for practical appli
cations of two-way channels. Where a continuous coding strategy can be represented 
by a progressive subdivision of the unit square, a discrete strategy can be viewed as 
the progressive subdivision of an M t x M2 chessboard, called the messages square. 
Discrete coding strategies completely subdivide the M 1 x M2 chessboard up to basic 
1 x 1 squares. A computer program AXE was developed to aid the design of discrete 
strategy trees. Using this program, discrete coding strategies were constructed for 
M = 2, ... 40. The program and the results obtained with it are discussed in the 
second half of this chapter. 

Chapter 4 introduces save-up strategies, a new type of strategies which achieve 
higher rates. In a save-up strategy, a message square is not subdivided up to sin
gle basic squares anymore, but up to rectangular shapes. The rate at which the 
information can be transmitted by subdividing these rectangular shapes is low, and 
has a negative influence on the average rate of transmission. This means that not 
all the information contents of a message are transmitted at once. The rectangular 
shapes are saved up until it is possible to construct a new, larger messages square. 
In this way, it is possible to transmit the information in the rectangular shapes at a 
higher rate. Like discrete strategies, save-up strategies are operationally achievable: 
it is possible to create encoder and decoder pairs for them. Using AXE , save-up 
strategies for message sets of up to 40 messages were found. 

In order to apply save-up strategies in practical two-way communication, the 
2-power strategy is introduced, where information is saved-up bit by bit: only rect-
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angular shapes with sizes equal to a power of 2 are saved up. This greatly simplifies 
the encoding and decoding of the coding strategy, at the expense of a small loss in 
transmission rate. 

In Chapter 5 bootstrap-strategies are presented, where it is possible to 'skip' 
single divisions in a strategy tree. In a save-up strategy, those shapes which could 
only be subdivided at a rate below the average rate of the strategy were saved
up. This means that all divisions occurring in the subtree of such a shape are not 
performed anymore. In a bootstrap strategy, only the divisions with an information 
transmission rate below the average rate are skipped. The divisions are skipped 
in the following way: the information transferred by them is re-encoded, and then 
transmitted at the rate of the strategy itself. By repeating this, we can 'bootstrap' 
a coding strategy. The 1983 Schalkwijk [Sch83] strategy is used as an example 
of a bootstrap strategy for the BMC. Unfortunately, bootstrap strategies are not 
operationaly achievable anymore. However, it is proven that rate pairs obtained 
by bootstrap strategies are achievable, therefore also discrete strategies and save-up 
strategies with the same rate pairs exist. Bootstrap strategies are a good way to 
compute new lower bounds to the capacity region of two-way channels. 

In hapter 6, a new lower bound to the capacity region of the BMC is presented, 
in which we combined the best of save-up strategies and bootstrap strategies. In 
the equal rate point, this strategy achieves a rate of 0.63072 bits per transmission 
per direction, opposed to the 0.63056 bits of the 1983 Schalkwijk strategy. The 
construction of the new coding strategy and the calculation of the new achievable 
rate region are discussed. The last part of this chapter briefly discusses outer bounds 
to the capacity region of the BMC. 

Chapter 7 discusses ternary two-way channels, where the cannel input and output 
symbols can take the values 0,1 and 2. In the first part, the number of ternary two
way channels is investigated. Here, P6lya's theory of counting plays an important 
role. In the second part, the Shannon inner and outer bounds of the ternary channels 
are calculated, and classifications of ternary channels are proposed. Some results on 
discrete coding strategies for ternary channels are also included. 

Finally, chapter 8 presents some special TWCs, which are derived from the nor
mal BMC. First of all, two-way channels where one or both feedback links are 
removed are discussed. The case where both feedback links are removed is interest
ing, since encoding for this channel can be very simple: the encoders only know their 
own message, and they can use an ordinary code. Still, it is possible to exploit the 
behavior of a two-way channel to communicate at a rate better than time-sharing. 
When only one feedback link is removed, it is possible to communicate at rate points 
between the two Shannon bounds. Furthermore, the number of terminals can be in
creased to construct, for instance, a three-way channel. Finally, it is possible to 
introduce memory or delay on the two-way channel. The delay channel is a good 
model of long distance two-way commination situations, and it opens a whole new 

221 



APPENDIX F. SUMMARY 

area of research on two-way communication. 
In the appendices there are some examples of larger coding strategies, as well as 

an extensive bibliography, a subject index and a symbol index. 
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G 
Samenvatting 

Vaak is bij een Nederlandse proefschriften, in het Engels geschreven, de Nederlandse 
samenvatting vrijwel gelijk aan de Engelse. In plaats van twee keer hetzelfde te 
vertellen, wil ik de Nederlandse samenvatting gebruiken om niet-ingewijden in te 
leiden in de tweeweg communicatie, en wat de rol van mijn proefschrift daarin is. 

Wat is informatie 

Een informatiebron is een proces dat rijtjes berichten genereert. Deze berichten 
komen uit een set berichten M (het alfabet), en hebben een bepaalde kansverdeling, 
afhankelijk van de bran. Voorbeelden van berichtenalfabetten zijn de letters, lees
tekens en cijfers in een tekst, of de verzameling antwoorden van een multiple-choice 
vraag. De berichten kunnen worden genummerd 0,1,2,IMI- 1, met IMI het aantal 
mogelijke berichten. Elk bericht m van de informatiebron heeft een informatie
inhoud, die hager is naar mate het bericht minder voorkomt. De entropie H van de 
informatiebron is de gemiddelde informatieinhoud van zijn berichten. 

H(M) =- L p(m) log2 p(m) (G.l) 
mEM 

Entropie wordt in bits gemeten. Een bit is de kleinste geheugeneenheid in een 
computer, en kan de waarden 0 of 1 aannemen. De entropie van een informatiebron 
geeft dus aan hoeveel bits er gemiddeld nodig zijn om een bericht uit die bran op te 
slaan. 

G.l Tweewegkanalen 

In dit proefschrift gebruiken we het binair vermenigvuldigingskanaal (Binary Mul
t iplying Channel) als een voorbeeld van een tweeweg kanaal (zie ook Fig. G.l). Op 
een BMC kunnen aileen 0-en en l-en worden verzonden, en het produceert ook 0-en 
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ffiJ mz 

Terminal 1 Terminal 2 

ffii Dec 1 1:!2 

I 
Dec 2 >iTt; E 

Figuur G.l: Algemeen tweeweg kanaal 

en l-en als kanaaloutput. De kanaalfunctie van het BMC is de AND-poort: aileen 
als beide gebruikers een 1 verzenden is de output een 1, in de drie overige gevallen 
is de output een 0. Het BMC is een zogenaamd T-kanaal, waarbij beide ontvangers 
hetzelfde kanaaloutputsymbool ontvangen, zij weten dit dus ook van elkaar! 

Encoderen en decoderen 

Het te verzenden bericht kan meestal niet zomaar 'op het kanaal worden gezet' . Er 
kan een groot aantal verschillende berichten mogelijk zijn, maar er kunnen slechts 
een beperkt aantal verschillende kanaalinputsymbolen over het kanaal worden ver
zonden. Op het BMC kunnen bijvoorbeeld aileen maar l-en en 0-en worden verzon
den. Wanneer er meer verschillende berichten te verzenden zijn, wordt er gecodeerd: 
bij ieder bericht wordt een rijtje kanaalinputsymbolen ( codewoord) gekozen. 

Beide gebruikers van het tweeweg kanaal hebben een encoder en een decoder. 
De encoder dient om het bericht om te zetten in kanaalsymbolen. De verzonden ka
naalinputsymbolen worden door het kanaal omgevormd tot kanaaloutputsymbolen. 
De kanaalfunctie geeft aan hoe deze omzetting plaatsvindt, bij een tweewegkanaal 
geldt dat beide verzonden symbolen invloed kunnen hebben op beide kanaaloutput
symbolen. De kanaaloutputsymbolen moeten nu weer worden omgevormd tot een 
bericht; dit is de taak van de decoder. 

Feedback 

Wanneer de encoder alleen de te verzenden berichten tot zijn beschikking heeft, kan 
hij voor hetzelfde bericht altijd hetzelfde codewoord uit de code gebruiken. Dit is 
meestal het geval bij one-way communicatie. 

Bij een tweewegkanaal bstaan er tussen de encoder en decoder van iedere ge
bruiker feedback-verbindingen (encoder en decoder zitten 'in hetzelfde kastje') . Zo 
zijn de 'eigen' verzonden berichten en de kanaalinput symbolen verzonden door de 
'eigen' encoder bekend bij de decoder van een gebruiker en kunnen deal ontvangen 
kanaaloutput symbolen al bekend zijn bij de encoder. De encoder kan dan inspelen 
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op de al verzonden en ontvangen symbolen tijdens de verzending van een bericht. 
Daardoor kan het voorkomen dat voor een en het zelfde bericht verschillende rijtjes 
kanaalinput symbolen worden verzonden. We spreken nu niet meer van een code, 
maar van een strategie. 

Capaciteit 

Een van de belangrijkste vraagstukken in de informatietheorie is het volgende: 

Hoe snel kan data nog betrouwbaar worden verstuurd over een gegeven 
kanaal, en hoe gaat het versturen dan in zijn werk? 

In 1948 publiceerde Claude Shannon een paper waarin hij een wiskundig kanaal
model gebruikte om dit probleem op te lossen. Voor een aantal kanalen kon hij 
de kanaalcapaciteit afteiden: de maximale snelheid waarmee data nog betrouwbaar 
verstuurd kan worden over een kanaal. Shannon legde hiermee de fundamenten voor 
de kanaalcodering, een belangrijk onderdeel van de informatietheorie. 

'Betrouwbaar oversturen' betekent niet 'foutloos oversturen': het is nog steeds 
mogelijk dat er fouten optreden op het kanaal. Bij het coderen kan er rekening 
worden gehouden met deze fouten, die worden veroorzaakt door de eigenschappen 
van het kanaal, zoals ruis. De fouten kunnen worden gedetecteerd of zelfs verbe
terd door de codewoorden voor de te verzenden berichten zodanig te kiezen dat de 
bijbehorende te ontvangen codewoorden door zo'n fout niet op elkaar gaan lijken. 
Het ontwikkelen van foutencorrigerende codes is een belangrijk onderwerp in de 
kanaalcodering. 

Er zijn verschillende type foutencorrigerende codes, maar in het algemeen geldt 
dat hoe langer de codes worden, des te meer fouten zij kunnen verbeteren. Wanneer 
er nu wordt geprobeerd om informatie over te zenden met een snelheid hoger dan 
de capaciteit van het kanaal treden er zoveel fouten op, dat die niet meer verbeterd 
kunnen worden door de foutencorrigerende codes. Men zegt dan dat de foutenkans 
naar oneindig gaat. Wanneer de snelheid lager is dan de kanaalcapaciteit kan er altijd 
een een foutencorrigerende code worden gevonden waarmee alle fouten verbeterd 
kunnen worden zodat de informatie betrouwbaar kan worden overgezonden. 

G.2 Multi-user informatietheorie 

De kanaalcapaciteit die Shannon in 1948 afteidde geldt aileen als de data in slechts 
een richting over het kanaal wordt verstuurd. In bijna alle communicatie-situaties is 
er echter sprake van communicatie in twee (of misschien wel meer) richtingen: denk 
aan een gesprek of aan computers die informatie uitwisselen. Bij het gelijktijdig 
verzenden van informatie in meerdere richtingen treden nieuwe problemen op: deze 
zijn het onderwerp van de multi-user informatietheorie. 
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Tabel G.l Codes voor een BMC 
Time-sharing 

111010 11on 1n1o Inn I 
Benschop-code 

11 o11 1 101 1 110 1 
0101 0000 0001 0100 0101 

on1 0010 0011 ono on1 
no1 1000 1001 noo no1 
1111 1010 1011 1nO n11 

on on 001 010 
101 001 101 100 
110 010 100 no 

In de meeste gevallen wordt gebruik gemaakt van time-sharing wanneer er meer
dere informatiestromen over een kanaal moeten. Bij time-sharing zorgt men ervoor 
dat het kanaal op een gegeven tijdstip in slechts een richting wordt gebruikt. Hierbij 
wacht iedere zender op zijn beurt om te zenden. De volgorde waarin de verschil
lende communicatie-richtingen worden gebruikt wordt bepaald door een communi
catie protocol. In dit proefschrift zullen we zien dat het mogelijk om informatie in 
meerdere richtingen tegelijk te verzenden. 

Codes voor het BMC 

Time-sharing kan ook op een tweewegknaal worden gebruikt, in dit geval gebruiken 
we de feedback verbindingen dus niet. Stel, er zijn 4 berichten, die even vaak voor
komen en over een BMC worden verzonden. Ieder bericht heeft dus een informatie
inhoud van 2 bits. De codewoorden voor encoder 1 zijn respectievelijk 0101, 0n1, 
n01, nn, en voor encoder 2 1010, 1011, n10, n11. Dus encoder 1 stuurt ver
plicht een 1 als het 2e en het 4e symbool, zodat decoder 1 kan zien wat encoder 
2 verstuurt in die posities ( als er een 0 wordt verstuurd, wordt de kanaaloutput 
van een BMC altijd 0) . Hetzelfde geld voor encoder 2, die op de 1e en 3e positie 
verplicht een 1 stuurt. Door het verzenden van de 'verplichte' 1 geeft een encoder 
het kanaal dus 'vrij' aan de ander: we noemen dit time-sharing. Voor het verzenden 
van 2 bits per richting hebben we dus 4 transmissies nodig: een snelheid van 0.5 
bits per transmissie per richting (bpdt) . 

Er bestaan echter codes voor het BMC zonder feedback die een hogere snelheid 
dan 0.5 halen: de zogenaamde Benschop codes. Een daarvan gaat uit van 3 berichten. 
Ieder bericht wordt met een codewoord van 3 symbolen gecodeerd, en beide encoders 
gebruiken dezelfde code. De 3 codewoorden zijn respectievelijk on, 101, no. Omdat 
bij 3 berichten met gelijke kans ieder bericht 1.58496 bit informatie bevat, is de 
transmissiesnelheid 3.16992/6 = 0.52832 bpdt. In Tab. G.1 wordt aangegeven wat 
de output van het kanaal wordt bij het gebruik van de verschillende codes: 

Bij de time-sharing code zien we dat alle 16 mogelijke rijtjes van 4 outputsym
bolen voorkomen. Bij deze code weet de decoder dus altijd beide berichten die 
verzonden worden. Dat is niet het geval bij de lengte-3 code: hier komen slechts 
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6 rijtjes voor terwijl er 9 mogelijke berichten paren zijn. Wanneer de decoder over 
het eigen verzonden bericht beschikt, kan hij wel onderscheid maken tussen de drie 
berichten van de andere gebruiker. 

Capaciteitsgebied 

Net als bij eenweg kanalen is er ook bij tweeweg kanalen een maximum voor de 
transmissiesnelheid. Omdat er twee informatiestromen azijn op een tweewegkanaal, 
spreken we van een snelheidspaar (rate-pair). Omdat niet altijd evenveel informa
tie wordt uitgewisseld ( een gebruiker heeft meer te zeggen dan de ander) zijn er 
verschillende rate pairs mogelijk. In een equal rate point zijn de rates in beide 
richtingen gelijk. Elk rate pair kan met een puntje in een grafiek worden getekend. 
Het capaciteitsgebied bevat alle rate pairs waarvoor nog betrouwbare communicatie 
mogelijk is, en de foutenkans niet naar oneindig loopt. 

Nu is het capaciteitsgebied van de meeste tweewegkanalen nog onbekend. Shan
non leidde er in zijn paper [Sha61] een inner bound ('het gebied is minstens zo groat') 
en een outer bound ('bij rate pairs buiten dit gebied loopt de foutenkans naar on
eindig') voor af. Bij het berekenen van deze bounds speelt de afhankelijkheid tussen 
de berichten van de twee gebruikers van een tweeweg kanaal een belangrijke rol. 

De inner bound krijg je als de berichten onafhankelijk zijn, en je 1 transmissie 
doet . Voor het BMC is deze in het equal rate point 0.61695 bpdt. De outer bound 
kan berekend worden wanneer je alle mogelijke afhankelijkheden tussen de berichten 
in acht neemt, en is 0.69424 bpdt in het equal rate point. 

G.3 Discrete strategieen 

Vierkantjes opdelen 

Bij het algemene tweewegkanaal is er wel feedback is van decoder naar encoder, en 
kan de encoder gebruik maken van de symbolen die al eerder ontvangen zijn. Hier
voor is een codeerstrategie nodig. Veronderstel dat gebruiker 1 en 2 respectievelijk 
M 1 en M 2 verschillende hebben. Ieder bericht heeft dezelfde kans. We kijken nu 
naar de M 1M 2 berichtenparen, en rangschikken deze in een M 1 x Mz rechthoek. 
Gebruiker 1 kiest een rij en gebruiker 2 kiest een kolom: het kruispunt geeft het te 
verzenden berichtenpaar aan. Voordat de verzending begint weet iedere gebruiker 
slechts 1 coordinaat van het bericht. 

Een codeerstrategie werkt als volgt: ieder van de twee gebruikers zendt zijn eerste 
kanaalinputsymbool, afhankelijk van zijn bericht. De strategie vertelt nu wat het te 
verwachten output symbool is voor ieder van de berichtenparen. In plaatjes wordt 
dit aangegeven met wit (of lichtgrijs) voor een 0, en grijs voor een 1. Het ontvangen 
kanaaloutputsymbool bepaat voor beide gebruikers in welk gekleurd gebied (shape) 
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Figuur G.2: De 4 x 4 strategie 

het ontvangen bericht ligt. De berichtenparen in de overige gebieden doen verder 
niet meer mee. Het hele proces noemen we een deling. 

Voor de volgende delingen hangt het te verzenden kanaalinputsymbool af van het 
eigen bericht en van de shape die is overgebleven na eerdere delingen. Deze shape 
wordt weer verder opgedeeld, totdat er slechts een 1 x 1 vierkantje is overgeble
ven. Nu weten beide gebruikers beide coordinaten van het berichtenpaar, en is de 
uitwisseling van berichten voltooid. 

Om de gang van zaken in een codeerstrategie te beschrijven wordt een boom
structuur gebruikt, waarin de M 1 x M2 rechthoek de wortel is. In de knopen van 
de boom staan andere shapes, met de 1 x 1 shape uiteindelijk in de bladeren van 
de boom. Vanuit iedere knoop ( dus ook de wortel) ontspringen in ieder geval twee 
takken: een ervan leidt naar de subshape die overblijft bij ontvangst van een 0, de 
ander wordt gevolgd bij een 1. Voor ieder berichtenpaar wordt er dus een apart pad 
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naar de betreffende 1 x 1 shape gevolgd in de boom. 

Wanneer er bij ontvangst van een kanaaloutputsymbool meerdere losse shapes 
overblijven kunnen er meerdere takken ontspringen uit een knoop. Zulke losse stuk
ken worden ook wel non-connected regions genoemd. Met behulp van de kennis van 
het eigen bericht kan de juiste tak worden gekozen. In een discrete strategie wordt 
ieder shape compleet opgedeeld en is de wortel van zijn eigen onderboom van shapes. 
Door de berichten te hernummeren is het mogelijk een shape met zijn onderboom 
te hergebruiken in een andere boom. Op deze manier kunnen ook bepaalde takken 
in een boom worden samengevoegd. In het voorbeeld wordt dit nader uitgelegd. 

De methode van het progressief opdelen van een vierkant werd in 1982 door 
prof. Schalkwijk gei:ntroduceerd. Hij gebruikte hem om een strategie te beschrijven 
waarmee een eenheidsvierkant wordt opgedeeld. Deze 'continue' strategie heeft een 
rate van 0.61914 bpdt in het equal rate point. 

Een voorbeeldstrategie 

In Fig. G.2 is een complete codeerstrategie getekend voor de opdeling van het 4 x 4 
vierkant. Veronderstel dat het berichtenpaar (B,D) wordt verzonden (gemerkt met 
een kruisje). We beginnen met het 4 x 4 vierkant (shape nr. 6). Gebruiker 1 zendt 
een 1, gebruiker 2 oak, dus het grijze gebied wordt geselecteerd (shape 2). In de 
tweede transmissie zendt gebruiker 1 een 0 en gebruiker 2 een 1. Er wordt nu een 0 
ontvangen, en de 1-shape nr. 5 wordt geselecteerd. In de derde deling wordt door 
gebruiker 2 een 0 en door gebruiker 1 een 1 verzonden. Er blijven nu twee losse 
vierkantjes over: (B,D) en (D,B). 

Omdat iedere gebruiker weet wat hij zelf heeft verzonden, is het nu duidelijk 
dat (B,D) was verzonden. Een tweede voorbeeld is de verzending van (C,A): Hier 
wordt na de eerste transmissie de 1-shape nr. 7 gekozen. In de tweede transmissie 
zendt gebruiker 1 een 0 en gebruiker 2 een 1. Gebruiker 1 weet op dit moment 
eigenlijk al dat gebruiker 2 een 'A' verzendt. Na de tweede transmissie blijven er twee 
'dominosteentjes' over: ((C,A),(D,A)] en ((A,C),(A,D)]. Omdat beide gebruikers 
weten wat ze zelf zenden kan ((C,A),(D,A)] worden gekozen. In de laatste transmissie 
in shape 8a vertelt gebruiker 1 aan gebruiker 2 dat hij 'C' heeft verzonden. 

Als we naar Fig. G.2 kijken zien we dater verschillende shapes zijn die op dezelfde 
manier worden opgedeeld. Bij de grootte-3 1 -shapes nr. 4 zijn de betekenissen 
van de rijen en kolommen het enige verschil, en de 'dominosteentjes' zijn elkaars 
spiegelbeeld in de diagonale as van het 4 x 4 vierkant. Omdat in een codeerstrategie 
beide gebruikers precies van elkaar weten in welke shape zij zitten, kan de betekenis 
van de berichten worden veranderd (de berichten kunnen hernummerd worden), 
en kan de rol van beide gebruikers worden verwisseld (spiegelen in de diagonaal) . 
Op deze manier kunnen we de onderboom van bijvoorbeeld de grootte-3 1-shape 
hergebruiken. 
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Tabel G.2 Shape entropieen, delingsrates, rates van de 4 x 4 strategie 

Shape Next shapes Shape Shape Division Subtree Subtree 

11 = 0 11 = 1 entropy size rate size rate 

8 1 1 0.50000 2 0.50000 2 0.50000 

4 1,1 1 0.66667 3 0.66667 3 0.66667 

3 4 1 1.00000 4 0.50000 7 0.57142 

5 1,1 4 0.95098 5 0.55098 8 0.59436 

7 8,8 4 1.14290 7 0.57142 14 0.57142 

2 5 3 1.58496 9 0.61219 24 0.59433 

6 7 2 2.00000 16 0.60844 54 0.59259 

Het berekenen van de rate 

De rate van de 4 x 4 strategie kan nu als volgt worden berekend: eerst wordt het 
gemiddelde aantal transmissies bepaald per bericht. In Fig. 3.4, pg. 59 is het rijtje 
output symbolen aangegeven voor ieder berichtenpaar. Omdat ieder berichtenpaar 
even vaak voorkomt (kans 1G) kunnen we gewoon het gemiddelde nemen: (10*3+6* 
4 )/16 = 3.375 transmissies. In ieder berichtenpaar worden 2 bit informatie in elke 
richting verzonden. De rate is dan 3.; 75 = 0.59259 bpdt, dus beter dan time-sharing. 

Aan iedere shape kan een informatie-inhoud (shape-entropie) worden toegekend. 
Deze geeft aan hoeveel informatiebits er gemiddeld nog moeten worden verzonden 
voordat bekend is welk berichtenpaar uit de shape was geselecteerd. De shape
entropie van het 1 x 1 vierkantje is gelijk aan 0, voor de overige shapes is het 
de entropie van het andere bericht, gegeven het eigen bericht, gemiddeld over alle 
berichtenparen en beide richtingen. In Tab. G.2 zijn de shape-entropieen van de 
shapes in de 4 x 4 strategie weergegeven. De entropie van shape 5 is aldus berekend: 
~ * 1.5850 + g * 0 = 0.95098 bit. De delings-rate van een deling is het gemiddelde 
verschil in entropie tussen een shape en zijn subshapes. De opdeling van 1-shape nr 
5 heeft als delingsrate ~ * (0.95098- 0.66667) + ~ * (0.95098- 0) = 0.55098 bpdt. 

In Fig. 3.3, pg. 58 (en ook in andere figuren van discrete strategieen) zijn naast 
de grootte van de shape en de delingsrate ook de som van het aantal delingen nodig 
voor om ieder berichtenpaar van die shape 1 keer te verzenden. Deze gegevens zijn 
nodig voor het recursief berekenen van de rate van de onderboom van een shape. 
Als voorbeeld de delingsrate van het 3 x 3 vierkant: (9 * 0.61219 + 7 * 0.57142 + 8 * 
0.59436)/(9 + 7 + 8) = 0.59433 bpdt. 

AXE 

Voor kleine M kunnen discrete strategieen met pen en papier worden ontworpen. 
Wanneer M toeneemt wordt dit al snel ondoenlijk. Daarom is het ontwerppro
gramma AXE ontwikkeld om codeerstrategieen met behulp van de computer te ont-
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werpen. De computer doet het saaie werk: het tekenen van de plaatjes en het 
berekenen van de rate van de codeerstrategie. Ook wordt een hestand bijgehou
den van shapes die al opgedeeld zijn, zodat deze kunnen worden hergebruikt in een 
andere boom. In appendix A zijn een aantal grotere codeerstrategieen weergegeven. 

G.4 Opspaarstrategieen 

Bij de wat grotere discrete strategieen valt het op dat de rate maar langzaam toe
neemt (zie ook de tabel in hoofdstuk 3). Om in de buurt van de Shannon inner 
bound te komen zal er een zeer grate strategie moeten worden gemaakt, vanwege 
de complexiteit is dit onbegonnen werk. Dit wordt veroorzaakt door het feit dat 
aan het einde van een strategie ('onder in de boom') een groat aantal kleine shapes 
overblijven die meestal slechts met een !age rate kunnen worden opgedeeld. 

Domino's opsparen 

Een goed voorbeeld van zulke slechte shapes zijn de zogenaamde 'domino's' (de 1x2 
shapes). Hierbij is een van de terminals al zeker van het door de andere kant ver
zonden symbool, en moet de andere nog 1 bitje ontvangen, wat dus wordt verstuurd 
in een transmissie met een rate van 0.5 bpdt. 

In plaats van het ene bitje in een domino direct te versturen kunnen we dit bitje 
oak opsparen (zie Fig. 4.6, pg. 93). Bij de 4x4 strategie wachten beide terminals 
dan tot beide (minstens) twee bitjes hebben opgespaard (omdat beide terminals 
de strategie precies kunnen volgen weten ze ook beide hoeveel bitjes ieder heeft 
opgespaard). Met twee bitjes kun je vier mogelijke berichten verzenden, dus kan er 
nu een extra bericht worden verzonden met behulp van de 4x4 strategie zelf! Het 
effect is dat de 'domino-bitjes' met minstens 0.59 bpdt worden verzonden, in plaats 
van 0.5 bpdt. 

We hebben nu dus een 4x4 strategie waarin in geval van een domino niets meer 
wordt verzonden. Dit komt voor bij 4 van de 16 mogelijke berichtenparen. Daarom 
daalt het gemiddelde aantal transmissies per berichtenpaar, en wordt nu 50/16 = 
3.125. We moeten nu echter oak de gemiddelde verzonden informatie per richting 
per berichtenpaar berekenen: van de 16 mogelijkheden zijn er 2 waarin 1 bit minder 
verzonden wordt in de ene richting en 2 met 1 bit minder in de andere richting. Het 
gemiddelde aantal verzonden bits per richting wordt dus (14 * 2 + 2 * 1 )/16 = 1.875. 
De rate wordt dus 1.875/3.125 = 0.6 bpdt, wat meer is dan in het geval van de 
discrete strategie. 

In een discrete strategie kunnen meer rechthoekige en vierkante shapes in een 
strategie voorkomen, die slechts kunnen worden opgedeeld met een rate die lager is 
dan de totale rate van de strategie (zij beinvloeden de totale rate dus negatief) . In de 
corresponderende opspaarstrategie worden deze rechthoekige shapes niet meer opge-
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deeld. Bij de rate berekening tellen de onderbomen behorende bij de rechthoekige 
shapes dus niet meer mee. 

Opspaarresultaten 

De opspaarmethode blijkt een goede manier te zijn om van de slechte kleine shapes 
aan het einde van een codeerstrategie af te komen. Het effect op de rate is dan ook 
spectaculair: de Shannon inner bound wordt reeds met een 6x6 opspaarstrategie 
'gekraakt', en een llxll strategie is voldoende om het resultaat van Schalkwijk in 
1982 (0.61914 bpdt) te passeren. Schalkwijk's strategie is eigenlijk een 'continue' 
opspaarstrategie. De winst wordt behaald door de grotere diepte van de discrete 
opspaarstrategie. 

Het maken van grotere opspaarstrategieen gaat ook een stuk sneller dan het 
maken van grote discrete strategieen: bij een opspaarstrategie is het niet erg om 
grate rechthoekige stukken over te houden, deze kunnen immers worden opgespaard. 
Met grotere ( diepere) opspaarstrategieen wordt het tweede resultaat van Schalkwijk 
in 1983 (0.63056 bpdt) dan ook al aardig benaderd (zie de tabel in hoofdstuk 4). 

Om opspaarstrategieen makkelijk te kunnen implementeren kan de concessie wor
den gedaan om slechts die rechthoekige shapes op te sparen waarbij de lengte en 
breedte een macht van 2 is, zodat iedere terminal een geheel aantal bitjes kan op
sparen. De rate van zo'n tweemachtstrategie (zie Fig. 4.1, pg. 80) is verassend hoog. 

G.5 Bootstrap strategieen 

Bij de opspaarstrategieen hebben we gezien hoe we van kleine rechthoekige shapes 
af kunnen komen. De opspaarmethode zou ook kunnen worden gebruikt voor niet
rechthoekige shapes met een lage rate. Bij niet-rechthoekige shapes weten beide 
terminals echter al wat meer over het berichtenpaar dat verzonden gaat worden, 
omdat ze hun eigen bericht al kennen. Deze kennis kan bepaalde berichtenparen 
alvast uitsluiten, zonder dat de 'andere kant' dat weet. Bij de opspaarmethode kan 
deze extra informatie niet worden gebruikt: de zender die een shape opspaart denkt 
'ik moet nog x bitjes zenden', terwijl de andere kant er op basis van zijn eigen bericht 
misschien minder nodig heeft. Het is natuurlijk zonde om deze extra informatie zo 
maar weg te gooien. 

Bij niet-rechthoekige kleine shapes die een lage rate hebben is vooral de delings
rate belangrijk, en niet de rate van de complete opdeling van zo'n shape. Het komt 
vaak voor dat er in de opdeling van zo'n shape delingen voorkomen die wel een hoge 
delingsrate hebben. Als voorbeeld nemen we weer de 4x4 strategie (zie Fig. G.2 en 
ook Fig. 5.1, pg. 98). Na de eerste deling blijft er een 3x3 vierkant (dat in zijn 
geheel wordt opgespaard) en een 1-shape over. Deze 1-shape heeft een delingsrate 
van 0.5714 bpdt, en haalt dus de rate van de complete strategie naar beneden. Ech-
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ter, de L-shape wordt opgedeeld in twee domino's en een kleinere L-shape met een 
delingsrate van 0.6667. Deze laatste levert wel een positieve bijdrage aan de rate. 

Bootstrappen zorgt er nu voor dat bepaalde delingen van niet-rechthoekige shapes 
kunnen worden overgeslagen, zonder dat de complete opdeling van zo'n shape moet 
worden verwijderd uit de strategie. Het gebruikt ook de extra informatie die het 
mogelijk maakt om bij niet-rechthoekige shapes de te verzenden symbolen van te 
voren te voorspellen. 

Neem de L-shape in de 4x4 strategie: wanneer het berichtenpaar niet in het 
hoekpunt van de L ligt, weet een van de terminals al van te voren wat de andere 
zal gaan versturen. Bij bootstrappen worden een aantal van deze L-shapes achter 
elkaar op een rijtje gezet. Het rijtje symbolen dat verzonden zou moeten worden 
om de L-shapes op te delen is ten dele voorspelbaar door 'de andere kant', op basis 
van zijn eigen rijtje symbolen. Het kan daarom worden gecomprimeerd (met behulp 
van de typical sequences methode, beschreven in hoofdstuk 5). 

De twee gecomprimeerde rijtjes symbolen hebben (in het ideale geval) geen cor
relatie meer met elkaar, en kunnen als nieuwe series berichten worden behandeld. 
Deze worden weer met dezelfde strategie overgezonden. Omdat we de strategie zelf 
gebruiken om informatie over te zenden die nodig is om de strategie uit te voeren 
(de opdeling van de L-shapes) lijkt het alsof de strategie zich aan zijn veters omhoog 
trekt, vandaar de naam bootstrappen. 

In de praktijk kan er niet oneindig lang worden doorgegaan met bootstrappen, 
en zullen de L-shapes eens 'gewoon' moeten worden opgedeeld. Daarom zijn de 
rates die met een bootstrapstrategie worden behaald altijd een bovengrens van wat 
praktisch haalbaar is. 

Het resultaat van Schalkwijk in 1983 is een voorbeeld van een continue bootstrap 
strategie: de tweede deling (de m-division) die de rate van de 1982 strategie naar 
beneden trok kan nu worden verwijderd. Dit levert 0.63056 bpdt in het equal rate 
point op. Met behulp van de resultaten uit de wat grotere opspaarstrategieen is 
het mogelijk een bootstrap strategie te construeren met een grotere diepte en een 
rate van 0.63072 bpdt in het equal rate point. Deze strategie wordt in hoofdstuk 6 
beschreven. 

G.6 Afgeleide kanalen 

De laatste twee hoofdstukken in het proefschrift behandelt een aantal kanalen die 
familie zijn van het binaire tweewegkanaal. Tot nog toe zijn aileen binaire kanaal
modellen behandeld, met volledige feedback mogelijkheden. In het begin van deze 
samenvatting is het geval zonder feedback al aan bod geweest bij de beschrijving van 
de Benschop-code: de encoder kan niet meer inspelen op de resultaten van eerder ge
dane transmissies, en codeert dus ieder bericht hetzelfde. De code maakt overigens 
wel gebruik van de feedback link van encoder naar decoder. 
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In bet geval dat er slechts een feedback verbinding ontbreekt, kan de 'gehandi
capte' terminal gebruik maken van een code, en de andere van een strategie (Fig. 8.2, 
pg. 166). Zo'n semi-strategie is beschreven in bet laatste hoofdstuk. Hierbij valt op 
dat de 'gehandicapte' encoder de data verstuurt met een grotere rate dan de encoder 
die wel beschikt over feedback. 

Ternaire kanalen 

Er zijn natuurlijk ook kanalen waarover meer dan twee verschillende symbolen ver
zonden kunnen worden, of waar de ontvangers tussen meer dan twee symbolen on
derscheid kunnen maken. Ternaire kanalen hebben precies drie verschillende ka
naalinputsymbolen (zij mogen meer dan drie verschillende kanaaloutputsymbolen 
hebben). Analoog aan bet binaire geval gebruiken we een 3x3 matrix voor de ka
naaloutputsymbolen behorende bij de verschillende kanaalinputsymbool paren. 

In hoofdstuk 7 wordt eerst bet aantal verschillende ternaire kanalen bepaald. 
Het blijkt dat groot aantal kanalen eigenlijk hetzelfde zijn, als je de betekenis van 
kanaalinputsymbolen of kanaaloutputsymbolen verwisselt. Dit komt overeen met 
bet verwisselen van rijen en kolommen in de matrix, bet omwisselen van de twee 
gebruikers en bet permuteren van de outputsymbolen in de matrix. Met behulp van 
Polya-theorie kan bet aantal werkelijk verschillende kanaalmatrices worden bepaald, 
dit zijn er 322, waaronder 125 T-kanalen. De methode kan worden gegeneraliseerd 
voor n-waardige kanalen, voor n= 4 zijn bet er al meer dan 2 miljoen. In bet tweede 
gedeelte van hoofdstuk 7 wordt wat dieper ingegaan op bepaalde klassen van ternaire 
kanalen. 

Meerwegkanalen, delay-kanalen 

Als voorbeeld van een meerwegkanaal met meer dan twee gebruikers wordt een 
driewegkanaal beschreven (Fig. 8.5, pg. 171), met soortgelijke eigenschappen als bet 
BMC: de output is slechts dan 1 als alle drie encoders een 1 sturen, anders is hij 0. 

Als laatste wordt bet BMC met delay behandeld (Fig. 8.8, pg. 175). Tot nog 
toe namen we aan dat bet symbool dat verzonden wordt door de encoder, meteen 
ter beschikking komt van de decoder 'aan de andere kant'. In de praktijk is dit 
niet zo, en treedt er een vertraging op tijdens bet zenden. Denk maar aan een 
glasvezelkabel: bier wordt de data overgestuurd met de snelheid van bet licht, en 
die snelheid is eindig. Dit betekent ook dat er meerdere symbolen 'onderweg' zijn 
op bet kanaal. Het BMDC is een kanaalmodel voor bet glasvezel tweewegkanaal, 
dat veronderstelt dat symbolen op bet kanaal zelf niet met elkaar interfereren, maar 
alleen aan de uiteinden bij de verbinding met de encoders/decoders. 
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1. Het binaire vermenigvuldigingskanaal (BMC) is een T-kanaal: het 
uitgangssymbool is voor beide ontvangers gelijk. Het binaire ver
menigvuldigingskanaal met vertraging (BMDC) is geen T-kanaal; dit 
doet het vermoeden rijzen dat het capaciteitsgebied van het BMDC 
kleiner is dan het capaciteitsgebied van het BMC. 

2. De transmissiesnelheid (rate) van een gewone discrete M x M codeer
strategie voor het BMC, waarbij het aantal mogelijke berichten M 
in beide richtingen gelijk is, zal de Shannon inner bound passeren 
voor M kleiner dan 10000. De hoogte van deze bovengrens toont de 
kracht van opspaarstrategieen aan. 

3. De 'one-time pad cipher' of 'Vernam cipher' is een cryptosysteem 
waarbij de sleutel, die even lang is als het bericht zelf, willekeurig 
wordt gekozen en slechts eenmaal wordt gebruikt. Zo'n cryptosys
teem is absoluut veilig voor afiuisteren. Met een codeerstrategie kan 
op het BMC een implementatie van de 'one-time pad' worden gere
aliseerd, waarbij de zender de sleutel niet eens hoeft te weten. 

C.E. Shannon, Communication Theory of Secrecy Systems, Bell 
Systems Technical Journal, Vol 28, No. 4, p . 656-715, 1949. 
B.J .M. Smeets, On the use of the Binary Multiplying Channel in 
a Private Communication System, Proceedings Eurocrypt '84 (T. 
Beth, N. Cot, I. Ingemarsson, eds.), p . 339, Springer Lecture Notes 
in Computer Science. 

4. De "Chinese Army" benadering, waarbij via Internet grate aantallen 
computers in hun vrije tijd rekenintensieve problemen als het kraken 
van RSA codes aanpakken, kan ook gebruikt worden voor "comput
ers" van vlees en bloed, door hen een aantrekkelijk maar moeilijk 
puzzeltje voor te schotelen. 

5. Biedsystemen in bridge zijn oak codeerstrategieen: een bod dient 
tegelijkertijd voor het opvragen en overbrengen van informatie. De 
kunst is om zoveel mogelijk uit te wisselen, en zo min mogelijk weg 
te laten lekken. 

E.R. Berlekamp, Cooperative Bridge Bidding, IEEE Transactions 
on Information Theory, Vol 22, p 753-756, Nov. 1976. 



6. OV-kaarten moet je "als een auto" kunnen gebruiken: in de spits in 
je eentje, 's avonds en in het weekeinde met zijn vijven. Deze optie 
kan het recreatief autogebruik verminderen. 

7. Eenmaal toegekend, moet een bankrekeningnummer of telefoonnum
mer altijd "meegenomen" kunnen worden. Dat bevordert de concur
rentie tussen banken en telefoonmaatschappijen. 

8. De passie die sommige gebruikers voor bepaalde tekstverwerkers of 
besturingssystemen hebben kan soms fundamentalistische vormen 
aannemen. 

9. Opschorting van de opkomstplicht zal naast het verdwijnen van de 
afspiegeling van de bevolking in het leger ook het aantal "sterke 
verhalen" uit de dienst doen verminderen. 

10. Toegepast onderzoek bouwt voort op theoretisch onderzoek. Wan
neer echter de geldelijke vruchten worden geplukt krijgen de theo
reten vaak stank voor dank. 

11. De creativiteit die sommige universiteiten aan de dag leggen bij 
het verzinnen van plannen voor beurs-promovendi kan beter wor
den besteed aan een nette uitvoering van het huidige AiO st elsel. 

12. Loting is emotioneel de minst aangrijpende manier om iemand af te 
wijzen. 


